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IIITRODUC TIOII

F o r c e d  o s c i l l a t i o n s  whose f r e q u e n c y  i s  a f r a c t i o n  1 / 2 ,

1 / 3 ,  . . .  1 / n  o f  t h a t  o f  t h e  e x t e r n a l  a p p l i e d  f o r c e  a r e

c a l l e d  s u b h n rm o n ic  o s c i l l a t i o n s . These  v i b r a t i o n s  h ave

b e e n  o b s e r v e d  i n  n o n l i n e a r  m e c h a n i c a l  s y s t e m s  an d  i n  non-
(1l i n e a r  e l e c t r i c a l  s y s t e m s .  ’ hven  i n  t h e  a u d i t o r y  s y s t e m  

o f  t h e  human e a r  t h e  o c c u r r e n c e  o f  s u b h a r m o n i c s  h a s  been  

d e t e c t e d  when t h e  h e a r i n g  s y s te m  i s  e x p o s e d  to  i n t e n s e  

s o u n d  w a v e s . ^  The e a r  u n d e r  s u c h  a  c o n d i t i o n  r e c e i v e s  

s o u n d s  w h ic h  a r e  n o t  c o n t a i n e d  i n  t h e  e m i t t e d  a c o u s t i c  r a ­

d i a t i o n  . Sounds  o f  l o w e r  f r e q u e n c i e s  t h a n  t h a t  o f  t h e  

s o u n d  waves  i m p i n g i n g  u p o n  t h e  e a rd ru m  a r e  c a l l e d  u n d e r ­

t o n e s .  These u n d e r t o n e s  o r  s u b h a r m o n i c s  a r e  a t t r i b u t e d  t o  

t h e  n o n l i n e a r i t i e s  i n  t h e  h e a r i n g  m e c h a n i s m s .

A l th o u g h  some t h e o r e t i c a l  and  e x p e r i m e n t a l  i n v e s t i g a ­

t i o n s  on s u b h a r m o n i c s  i n  n o n l i n e a r  s y s t e m s  have  b een  r e p o r t ­

e d ^ 5 ~5 ° 5 ^ } t h e i r  b e h a v i o r  an d  t h e  c o n d i t i o n s  u n d e r  

w h ic h  t h e y  may e x i s t  a r e  i m p e r f e c t l y  u n d e r s t o o d .  The e x i s t ­

i n g  t h e o r y  h a s  b e e n  d e v e l o p e d  w i t h  t h e  a s s u m p t i o n s  t h a t  t h e  

n o n l i n e a r i t y  and  th e  dam ping  i n  t h e  s y s t e m  i s  s m a l l .  Prom 

e x p e r i m e n t a l  o b s e r v a t i o n s  i t  seems t h a t  t h e  s u b h a r m o n i c s  a r e  

more l i k e l y  t o  o c c u r  i n  a s y s te m  w i t h  l a r g e  n o n l i n e a r i t y .

I n  t h i s  r e s p o c t ,  t h e  s m a l l  n o n l i n e a r i t y  a s s u m p t i o n  i s  a s e r ­

i o u s  l i m i t a t i o n  to  t h e  e x i s t i n g  t h e o r y .  I n  o r d e r  t o  p r o v i d e
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t h e o r e t i c a l  c o n s i d e r a t i o n  f o r  t h e  p r e d o m i n a n t  n o n l i n e a r  

c a s e s  we s h o u l d  become more  c o n c e r n e d  w i t h  t h e  p r o b le m  o f  

f o r m u l a t i n g  t h e o r e t i c a l  c o n d i t i o n s  w i t h o u t  a s su m in g  th e  

s m a l l  n o n l i n e a r i t y  r e s t r i c t i o n .

STATTJ.ir.IIT OP TIE PROELIl;

Some e x p e r i m e n t a l  d a t a  w i t h  r e g a r d  t o  t h e  b e h a v i o r  o f
( l  7 )s u b h a rm o n ic  o s c i l l a t i o n s  a r e  a v a i l a b l e . '  * I t  h a s  b e e n  ob­

s e r v e d  t h a t  t h e  o c c u r r e n c e  o f  t h e s e  o s c i l l a t i o n s  i n  s y s t e m s  

h a v i n g  n o n l i n e a r  r e s t o r i n g  f o r c e s  d e p e n d s  upon  t h e  a m p l i t u d e  

o f  e x c i t a t i o n ,  t h e  n o n l i n e a r i t y  an d  t h e  amount  o f  damping i n  

t h e  s y s t e m .  The t h e o r e t i c a l  p ro b le m  i s  t o  f o r m u l a t e  some 

c o n d i t i o n s  w h ic h  w i l l  i n d i c a t e  t h e i r  v a r i o u s  b e h a v i o r s  f ro m  

t h e  e q u a t i o n  o f  m o t i o n  w i t h  l a r g e  n o n l i n e a r i t y .

A n o t h e r  i m p o r t a n t  e x p e r i m e n t a l  o b s e r v a t i o n  h a s  been  

t h a t  o f  t r a n s i t i o n  o f  s u b h a r m o n ic s  i n  a  s y s t e m  w i t h  t h e  p r e s ­

ence  o f  s e v e r a l  t y p e s  o f  s y m m et r ic  n o n l i n e a r  r e s t o r i n g  f o r c e s .  

The re  e x i s t s  a  p r o b le m  o f  f i n d i n g  how t h e  e x i s t e n c e  o f  c e r ­

t a i n  s u b h a rm o n ic  i s  r e l a t e d  t o  th e  fo rm  o f  n o n l i n e a r  r e s t o r ­

i n g  f o r c e .  T h i s  p h a s e  o f  s t u d y  w i l l  be b o t h  t h e o r e t i c a l  and  

e x p e r i m e n t a l .  The f a c t  t h a t  t h e  phenomena w ere  o b s e r v e d  i n  

n e a r l y - p r e d o m i n a n t  n o n l i n e a r  s y s t e m s  r e q u i r e s  a  m e thod  o f  d e ­

v e l o p m e n t  w h ic h  d o e s  n o t  h av e  to  t a k e  p l a c e  i n  t h e  n e i g h b o r -
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h o o d  o f  l i n e a r  f o r c e d  v i b r a t i o n *

LI1IE OF APPROACH TO TIDf THEORETICAL PRO BLEU

The t h e o r e t i c a l  t r e a t m e n t  o f  s u b h a r m o n ic s  i n  n o n l i n e a r  

s y s t e m s  a c c o r d i n g  to  t h e  i t e r a t i o n  m e th o d  o f  S t o k e r ' ' a n d  

t h e  m e th o d  o f  H a n d e l s  tarn and  P a p a l  e x i  h a s  b e e n  d e v e l o p e d  on 

th e  a s s u m p t i o n s  o f  s m a l l  n o n l i n e a r i t y  a n d  s m a l l  dam ping .

The r e s u l t s  o f  t h e s e  m e thods  c an  be u s e d  as  a  g u i d e  i n  f o r ­

m u l a t i n g  more g e n e r a l  c o n d i t i o n s .  From th e  a n a l y s i s  o f  t h e  

above m e th o d s ,  one o b v io u s  a d v a n t a g e  o f  t h e  a s s u m p t i o n s  i s  

i n  s i m p l i f y i n g  t h e  r e s u l t s .  The a s s u m p t i o n  o f  s m a l l  damp­

i n g  i s  i n  a g r e e m e n t  w i t h  e x p e r i m e n t ,  b u t  th e  s m a l l  n o n -  

l i n e a r i t y  r e s t r i c t i o n  m u s t  be rem oved  i n  o r d e r  t o  c o n s i d e r  

o u r  p r o b l e m s .  S i n c e  t h e  o s c i l l a t i o n s  a r e  p r e d o m i n a n t l y  

s u b h a rm o n ic  o v e r  a w i d e - r a n g e  o f  f r e q u e n c y ,  some s i m p l i f i e d  

r e s u l t s  may be o b t a i n e d  by a s su m in g  t h e  a m p l i t u d e  o f  t h e  

s u b h a rm o n ic  i s  l a r g e  com pared  t o  t h a t  o f  t h e  h a rm o n ic  com­

p o n e n t .  Th is  l e a d s  t o  t h e  u s e f u l  i d e a  t h a t  t h e  wave f o rm  

o f  t h e  o s c i l l a t i o n  can  be r e p r e s e n t e d  e s s e n t i a l l y  by com­

p o n e n t s  o f  two d i f f e r e n t  f r e q u e n c i e s .  With  t h e s e  assum p­

t i o n s ,  one may d e v e l o p  a  v a r i a t i o n a l  p r o c e d u r e  a c c o r d i n g
/ p \

t o  t h e  i d e a  o f  R i v s K ' 1 t o  s t u d y  t h e  s u b h a rm o n ic  s o l u t i o n s  

t o  a n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n .  I t  seems l i k e l y
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t h a t  t h e  f o r m u l a t i o n s  w i l l  be  more  g e n e r a l  s i n c e  no r e s t r i c ­

t i o n  on th e  n o n l i n e a r i t y  i s  im p o se d .

l .  Tin  v a e i a t i o h a L mltrol

L e t  u s  c o n s i d e r  t h e  e n e r g y  i n t e g r a l

t

I  = (T -  V + R ) d t (1. 1)
t O

w here  T i s  t h e  k i n e t i c  e n e r g y ,  V, t h e  p o t e n t i a l  e n e r g y  o f  

t h e  s y s t e m  an d  R d e n o t e s  t h e  e n e r g y  d i s s i p a t e d  by  f r i c t i o n ­

a l  f o r c e s .  IVe w i l l  d e f i n e  R by t h e  e q u a t i o n

i n  w h ic h  £  r e p r e s e n t s  t h e  f r i c t i o n a l  f o r c e s  an d  6q i s  a 

s m a l l  a r b i t r a r y  d i s p l a c e m e n t .  I7e s h a l l  a l s o  s p e c i f y  t h a t  £q 

i s  a f u n c t i o n  o f  t i n e  an d  i t  m u s t  v a n i s h  a t  t h e  l i m i t s  of  a 

c h o s e n  t i m e  i n t e r v a l .  U nder  t h e s e  s p e c i f i c a t i o n s  we w an t  to  

f i n d  th e  c o n d i t i o n  w h ic h  w ould  make t h e  i n t e g r a l  I  a  minimum 

o r  a rcanimum.

A c c o r d i n g  t o  t h e  u s u a l  v a r i a t i o n a l  m e th o d  t h e  v a r i a t i o n  

o f  I  i s  s e t  e q u a l  t o  z e r o . ( G e n e r a l i z e d  H a m i l t o n ' s  P r i n c i p l e )

SR = f  Sq ( 1 . 2 )
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t ,r  l
(T -  V ) d t  + = 0 ( 1 . 3 )

I t  c u n  e a s i l y  be shown t h a t  t h e  v a r i a t i o n  o f  t h e  i n t e g r a l  

o f  ( 1 . 3 )  c a n  bo e x p r e s s e d  as

t ^  t-j_

(T -  V ) d t = j r j q ( T  -  V) ^ q d t  -

S'
d<)(T -  V) 

cFE d <3 &qdt--  ( 1 . 4 )

ler.ce we o b t a i n  

t-,n
(a a(T -  v)
3 T  T 4  ' b q

( 1 . 5 )

S i n c e  ^q i s  a r b i t r a r y  we s e o  t h a t  t h e  c o n d i t i o n  t h a t  w o u ld  

nairc- t h e  i n t e g r a l  I  a  minimum o r  a maximum i s

d 3 L  _ b L  
oT T q 0 q f (1 . 6 )

w h e re  L = T -  V. E q .  1 . 6  i s  t h e  e q u a t i o n  o f  m o t i o n  f o r  tlio 

s y s t e m .  E ie  i n t e r e s t i n g  p o i n t  w h ic h  we w a n t  t o  s t r e s s  i n  

t h i s  d i s c u s s i o n  i s  t h i s :  i f  E q .  1 . 6  i s  g i v e n , E q .  1 . 5  c a n  be 

u s e d  to  f i n d  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  w h ic h  an assum ed
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•q ( t )  c a n  s a t i s f y  Eq.  1 . 3  i n  th e  b e s t  p o s s i b l e  way. S in c e  

we a r e  d e a l i n g  w i t h  e q u a t i o n s  w h ich  have  p e r i o d i c  s o l u t i o n s  

t h e  i n t e g r a l  ( 1 . 5 )  w i l l  be e v a l u a t e d  o v e r  a  c o m p l e t e  c y c l e  

o f  t h e  p e r i o d i c  o c c u r r e n c e .  Thus we w r i t e

-  f  ) 6q d t  = 0 (1»7)
d q

We s h a l l  a t t e m p t  t o  p r e s e n t  a  s o l u t i o n  o f  t h e  p r o b le m  o f  sub- 

ha r rnon ic  o s c i l l a t i o n s  by u s i n g  Eq.  1 . 7  t o  d e t e r m i n e  t h e  c o e f ­

f i c i e n t s  o f  a  F o u r i e r  s e r i e s  s o l u t i o n .

cTc d q

2 .  SUBHAM OHIO QSC ILLATIONS IE SYS TEES WITH NONLINEAR

symmetric  restop .iug  f o r c e .

I n  n o n l i n e a r  s y s t e m s  w i t h  v i s c o u s  damping and  h a v i n g  a 

p e r i o d i c  f o r c i n g  f u n c t i o n  o f  f r e q u e n c y  noj f i t  i s  p o s s i b l e  

t o  h a v e  f o r c e d  o s c i l l a t i o n s  o f  f r e q u e n c y  oj i n  a d d i t i o n  to  

t h o s e  o f  ncu. These  l o w e r  f r e q u e n c y  o s c i l l a t i o n s  a r e  c a l l e d  

su b h a rm o n ic  o f  o r d e r  1 / n .  From e x p e r i m e n t  we know t h a t  s u b -  

h a r m o n i c s  do n o t  o c c u r  i f  t h e  damping i s  t o o  g r e a t  o r  t h e  

n o n l i n e a r i t y  i n  t h e  s y s t e m  i s  to o  s m a l l .  An i m p o r t a n t  f e a ­

t u r e  o f  a s u b h a rm o n ic  i s  t h a t  i t s  a m p l i t u d e  i s  u s u a l l y  

l a r g e  c om pared  t o  t h a t  o f  t h e  h a rm o n ic  com ponen t  and i n
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t h i s  r e s p e c t  t h e  terra subhar raon lc  r e s o n a n c e  m i g h t  be v e r y  

a p p r o p r i a t e  i n  d e n o t i n g  i t s  o c c u r r e n c e .  F i g .  1 shows th e  

o r d i n a r y  h a rm o n ic  o s c i l l a t i o n s  and  th e  subha r raon ic  o s c i l ­

l a t i o n s  o f  o r d e r  l / o .  A t  A th e  n o n l i n e a r  s y s t e m  was s u b ­

j e c t e d  to  a p u l s e  d i s t u r b a n c e  w h ic h  g a v e  r i s e  t o  t h e  s u b ­

h a r ra o n ic  o s c i l l a t i o n s .

/ / . • /• /• .• /  / /  1 ! 1 l-.l < 1 i I / • /  /  / /  ’ /  /  I ! ! / ! i / / 7 - 7  n .  ! i ! -I i ; ; / -./ N i f r M -1 r r r r  /
h r r  i^l  i l l  ■. i 1 / I ' l l ;  r  i h l  i i T F - r l  I

- I :l--i I I • | - | j f 1 j ! j . h M b i  i - f i  I ; i i : i r - i - l - . j - j  M i M l f i rz i ! j : j

r a r a r a - i  i m - v n r a r a r r a  i \ - \ - \  i ; ; i i i -i > \ \ s i s i n  ; ; i \  m A i )  - M A \ ; • \
■u > \  \ \ - i - \ u \  \ \ \ \ r u t h  i n  \  \ v \ \ \ \ \ ; ; > ‘ ; \ 1 i \ \ \ '• i. ;
U l V - h V h u h  \ -\-\--\  V \  I \  ; \ \  \  \  \  u i  \  A \ . \  \ \ "
:HART NO. BL 9 0 9  B R U SH  E L E C T R O N IC S  C O M PA N Y  — o o* ».

/ - /  i - i  i i r  h i  i i / / / -  / ; ; ;  ; /  ; ; ; ; ; / / / / ; : /

/ :i /  / i i i I i i / • ! / , ’ M  / : : ; ; ■ : ; ; I ; ! i f f - I i i i
i ~! 1 - '"T f f ■ : ; r / i i A ' L.i v . ‘ •' I- /\ I A :f\ A A ’ A  1 ;y'>: ;/>•

; i ! !  i - t  t i t 1 j  ’ : ■ a  j iA A  A  A  A  A  A  f \  A- A. A A  A :A  A A A  A  A  A  A\ f  i j  VJ y  y  \ / V v j x ] \ f  \ l  \ , LvJ :U -vi- XJ U  U  WA' K \ ' i  1 1 I '  '  ! 1 ’■ : : ■! i 1 ! i . i - 1- i : '. i s.. . : ' .1- i i.-i. '-i 
! \ \ i V i " ;  1 i ; ’ i ' ; i ; ! ; : i ; • : ; i i ■ i ; i i ; ; ; ■ 1 i • ; ! 1 ; •. -- ---

\ \ \ \ \ \ \ \ ; ; i i \ • \ \ ; \ \ ; ; ; \ \ ; ; ; \ \ \ \ ; \ > ;

F i g .  1

Harmonic  a n a l y s i s  h a s  shown t h a t  t h e  waveform o f  t h e  o s c i l ­

l a t i o n s  o v e r  a r e l a t i v e l y  l a r g e  r a n g e  o f  f r e q u e n c y  ca n  be 

r e p r e s e n t e d  e s s e n t i a l l y  by two co m ponen ts  o f  a F o u r i e r  

s c r i e s .  These  e x p e r i m e n t a l  f a c t s  a r e  some o f  t h e  ad vance  

i n s i g h t  a b o u t  t h e  c h a r a c t e r  o f  t h e  s u b h a rm o n ic  s o l u t i o n .

L e t  u s  c o n s i d e r  a n o n l i n e a r  s y s t e m  r e p r e s e n t e d  by  th e  

f  o l 1 owing e qua t i  on

© + C© + &e + pg(©) = F c o s  (nco t  + 0) (2 . 1)
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• I t  i s  c l e a r  t h a t  t h i s  e q u a t i o n  c a n  be e x p r e s s e d  i n  t h e  fo rm  

o f  E c .  1.C5. S i n c e  we a r e  i n t e r e s t e d  o n l y  i n  t h e  s t e a d y  s t a t e  

o s c i l l a t i o n s  t h e  s o l u t i o n  t o  Eq.  2 . 1  may be r e p r e s e n t e d  by a 

F o u r i e r  s e r i e s

oo 0o
© = c o s  k c o t  + ^ _  s i n  k c o t

k=0 k=0

w h ere  ^  = 0,  k  = 0 ,  1 ,  2 ,  5 ,  n , ---------------

However,  f ro m  w h a t  h a s  b e e n  s a i d  a b o u t  t h e  w av e fo rm  o f  t h e  

s u b h a r m o n ic  we w i l l  as sum e  t h a t  a  t w o - t e r m  a p p r o x i m a t i o n  i s  

s u f f i c i e n t .  I n  g e n e r a l  t h e - a p p r o x i m a t e  s o l u t i o n  w i l l  be

© = CL + A c o s  cot ■*- B s i n  cot + Q c o s  n c u t  ( 2 . 2 )
n

The a Q i s  i n t r o d u c e d  t o  a c c o u n t  f o r  a n y  asym m etry  due t o  

a s y m m e t r i c  r e s t o r i n g  f o r c e .  I f  we l i m i t  o u r  a n a l y s i s  t o  

s y s t e m s  w i t h  s y m e t r i c  f o r c e s  t h e  a p p r o x i m a t e  s o l u t i o n  f o r  a 

s u b h a rm o n ic  o f  o r d e r  1 / n  i s

© = A co s  cot + B s i n  cot + a co s  n w  t  ( 2 . 3 )
n

The a r b i t r a r y  v a r i a t i o n  o f  t h e  d i s p l a c e m e n t  ^0 i s  ex ­

p r e s s e d  a s

$© = <̂ A c o s  cut + s i n  cut + tiq ' c o s  n c u t  -
n
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-  (A s i n  <-ut -  B c o s  cot + n s i n  n c u t )  c)(tot) ( 2 . 4 )

i n  w h i c h  6a ,  6p, 6a and   ̂to a r e  a r b i t r a r y  v a r i a t i o n s .  Let-1- 

t i n g  6q = & €) and a p p l y i n g  Eq. 1 . 7 ,  we f i n d

2ir
(to -  <x ) A -  ( g(€>) c o s - c d r + c c o B  =

tr
( 2 . 5 )

2-rr

(u) -  o' ) b  -  ~  ( g ( 0 )  s i r n r  dx -  cu>A -  0 ( 2 . 6 )

'TT

( n c o f - o d d -  ^
r

n TT g ( e )  c o s  nrdT+ F c o s  0 = 0 ( 2 . 7 )

2 2 2
coo ( CL + n a  ) = c l  n F s i n  0  ( 2 . 8 )

-i n n

2, 2, 2,
where  a  -  A + B , a n d  x =  c o t .  The f o u r  c o n d i t i o n s  a r ei
n e c e s s a r y  f o r  the e x i s t e n c e  o f  t h e  s u b h a rm o n ic  o s c i l l a t i o n  

o f  o r d e r  1 / n  a p p e a r i n g  i n  t h e  f o rm  g i v e n  by Eq. 2 . 6 .  I t  i s  

o f  i n t e r e s t  to n o t e  t h a t  ( 2 . 7 )  and  ( 2 . 8 )  r e d u c e  t o  t h e  fam­

i l i a r  c o n d i t i o n s  f o r  l i n e a r  f o r c e d  v i b r a t i o n s  i f  (3 = 0 and
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0-1 = 0* The e x p r e s s i o n  ( 2 . 8 )  i s  a  r e l a t i o n  b e tw e e n  th e  

e n u r g y  s u p p l i e d  by t h e  e x c i t i n g  f o r c e  an d  th e  e n e r g y  d i s s i p a  

t e d  t h r o u g h  v i s c o u s  damping o v e r  a c y c l e  o f  o s c i l l a t i o n .

Prom t h i s  r e l a t i o n  we n o t e  t h a t  no p u r e  su b h a rm o n ic  ca n  e x ­

i s t  i n  a  damped s y s t e m .

I f  we s o l v e  f o r  ( t h e  a m p l i t u d e  o f  th e  s u b h a rm o n ic )  

i n  t e rm s  o f  Q. > we g e t

T h i s  i n e q u a l i t y  shows t h a t  t h e  s u b h a rm o n ic  o f  any  o r d e r  1 / n  

c a n n o t  o c c u r  u n l e s s  t h e  damping c o e f f i c i e n t  c i s  s m a l l e r  

t h a n  a  q u a n t i t y  w h ic h  dep en d s  upon  c e r t a i n  p a r a m e t e r s  o f  t h e  

s y s t e m .  We n o t e  t h a t  c m u s t  be s m a l l e r  f o r  s m a l l e r  a m p l i ­

t u d e  P o f  t h e  e x c i t a t i o n  and f o r  h i g h e r  o r d e r  n  o f  s u b h a r ­

m o n i c .  We s h a l l  s e e  l a t e r  t h a t  t h e  n o n l i n e a r  c o e f f i c i e n t  B 

i s  e s s e n t i a l  i n  d e t e r m i n i n g  a  more s p e c i f i c  r e s t r i c t i o n  on the 

dam p in g .

I t  i s  a l s o  w o r t h  n o t i n g  t h a t  f o r  p = 0, we c a n  e l i m i n ­

a t e  A and  B f ro m  e q u a t i o n s  ( 2 . 5 )  and  ( 2 . 6 )  and o b t a i n

n

( 2 . 9 )

F o r  r e a l  v a l u e  o f  we m u s t  h a v e

c P s m  0
<;   £Lncu a

n
(2 . 10)

,  2. ,2 ( to — oc ) (ecu ) 2
(2 . 11)
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f  '

S i n c e  (to -  of ) m us t  bo r e a l ,  we may c o n c l u d e  t h a t  e q u a t i o n s  

( 2 . 5 )  and  (: . .;) a r e  i n c o m p a t i b l e  f o r  p = 0® I t  f o l l o w s  t h e n  

t h a t  s u b h a r m o n i c s  a r e  n o t  e x p e c t e d  i n  a l i n e a r  s y s te m  w i t h  

clomping. S h i s  c o n c l u s i o n  may a l s o  be o b t a i n e d  f rom  (2 .S)  

and (2 , 1 0 ) s i n c e  th e  e q u a l i t y  s i g n  m u s t  h o l d  f o r  t h e  c a s e  i n  

w h ic h  p = 0 .

So f a r  we h a v e  o b t a i n e d  some i n t e r e s t i n g  g e n e r a l  i n ­

f o r m a t i o n  w i t h o u t  1mowing w h a t  g(©) i s .  I n  o r d e r  t o  i n v e s t i ­

g a t e  th e  c h a r a c t e r i s t i c s  o f  su b h a rm o n ic  r e s o n a n c e  i n  a 

s y s t e m  h a v i n g  a n o n l i n e a r  sy m m etr ic  r e s t o r i n g  f o r c e  g(©) ,v;e 

w i l l  f i x  o u r  a t t e n t i o n  t o  t h e  p r o b le m  o f  o b t a i n i n g  t h e  r e ­

l a t i o n s h i p  b e tw e e n  th e  f r e q u e n c y  and t h e  a m p l i t u d e  o f  t h e  

su b h a rm o n ic  o s c i l l a t i o n .

5 .  SUEIIAFJ.'OillC OF ORDER 1 / 3  RD FOR g(©) = ©°

VJhon t h e  n o n l i n e a r  r e s t o r i n g  f o r c e  g(©) i s  g i v e n  by

p(©) = 6 ° ,  I t  i s  p o s s i b l e  to  e x c i t e  su b h a rm o n ic  r e s p o n s e  i n

a s y s t e m  r e p r e s e n t e d  by Eq. 2 .3 ,.  The t y p e  o f  su b h a rm o n ic

a lw a y s  o b s e iw e d  I n  t h i s  sy s tem  i s  o f  t h e  o r d e r  1 / 3  i . e .  th e

f r e q u e n c y  i s  o n e - t h i r d  t h a t  o f  t h e  a p p l i e d  f o r c e .  Th is
(4)

s y s t e m  h a s  b e e n  p a r t i c u l a r l y  i n v e s t i g a t e d  by  S t o k e r  and  
(5)H a y a s h i  ' b u t  most  o f  t h e  r e p o r t e d  r e s u l t s  a r e  n o t
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■ a p p l i c a b l e  i n  t h e  a b s e n c e  o f  l i n e a r  r e s t o r i n g  f o r c e  o r  when 

t h e  n o n l i n e a r  c o e f f i c i e n t  p becomes l a r g e ,  y/e s h a l l  f i r s t  

c o n s i d e r  t h e  e f f e c t  o f  damping by  a n a l y z i n g  t h e  e x i s t e n c e  

c o n d i t i o n s  d e s c r i b e d  i n  s e c t i o n  2 .

II' we s e t  n  = 3 i n  t h e  a p p r o x i m a t e  s o l u t i o n  ( 2 . 3 )  and 

g(<?) = 9 °  i n  ( 2 . 5 ) ,  (2 .G )  and  ( 2 . 7 )  we o b t a i n

( w ' - < x - ( 3 / 4 p a  ̂ -  3 / 2 p a ? ) A  -  Ecu) = 3 /4 pa  (A2 -  eP ) ( 3 . 1
1 o '  3

2 2 2 
( to -  o< -  io/4)pa -  3 /2  pa „ )  B + ’Acuj = - 3 / 2 pa.. AB ( 3 . 2

o ^ o 2
(9a)*" - c x ) a .  -  p / 4  (A° + oa  + 6A a ) -  

*-> 5 3

i f  we s q u a r e  b o t h  s i d e s  o f  ( t . l )  and  ( 3 . 2 )  and  a d d ,  we 

o b t a i n

2 2c u i ( a  + 9a  ) = oa  F s i n  0 
n o  3

2
to =o( +

2 2 1 /2
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2
I t  i s  a p p a r e n t  t h a t  f o r  r e a l  v a l u e  o f  co we m u s t  have

c $ 3 / 4  P . a -5: ( 3 . 6 )

S h i s  i n e q u a l i t y  i n d i c a t e s  an u p p e r  l i m i t  on t h e  v a l u e  o f  c .  

I t  i s  i n t e r e s t i n g  to  n o t e  t h a t  i f  v;e now assume t h a t  p i s  

s m a l l  an d  t h e  dam ping  i s  a l s o  s m a l l  i n  ( 3 . 1 ) ,  ( 3 . 2 ) ,  ( 3 . 3 ) '  

and ( 3 . 4 ) ,  we can  a p p r o x i m a t e  a~ by

R e p l a c i n g  a 3 i n  t h e  i n e q u a l i t y  ( 3 . 6 )  we h a v e

w h i c h  i s  t h e  r e s u l t  o b t a i n e d  by  S t o k e r '  t h r o u g h  an 

i t e r a t i o n  p r o c e d u r e .  T n i s  i s  a  m a j o r  r e s u l t  on th e  e f f e c t  

o f  v i s c o u s  dam ping  a c c o r d i n g  t o  t h e  s m a l l  n o n l i n e a r i t y  

t h e o r y .  I t  i s  e n c o u r a g i n g  t o  f i n d  o u r  c o n d i t i o n s  r e d u c i b l e  

t o  t h e  r e s u l t s  o f  a n o t h e r  m e th o d  o f  i n v e s t i g a t i o n .

I t  i s  o b v i o u s  t h a t  i n e q u a l i t y  ( 3 . 8 )  h a s  no  m ean ing  i f  

(*= 0 . In  o r d e r  to  c o n s i d e r  t h e  c a s e s  i n  w h i c h  p i s  l a r g e  

o r  cx i s  s m a l l  o r  z e r o ,  we m u s t  a v o i d  t h e  a p p r o x i m a t i o n  ( 3 . 7 )  

S u p p o se  we l o t  c i n c r e a s e  t o  t h e  maximum v a l u e  i n  ( 3 . 5 ) .

When t h i s  c o n d i t i o n  i s  r e a c h e d  we h av e

a  -  F / 8 k ( 3 . 7 )

( 5 . 9 )
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2 2 2 
an d  co = cx + 3 / 4  p ^  + 2 a 5 ) ( 3 . 1 0 )

From t h e s e  two r e l a t i o n s  we ca n  s o l v e  f o r

a2 = 2 / 3  ( U ^ O O  *  1 / 2 f  16 (l4L2 .  «  , 2  .  8 ) 8 ] 1 / S  ( g . u )
V ~  — p —  J b P J

Here wo s e e  t h a t  t h e  maximum c i s

( t o 2 - *  )

2 f 2  co

f o r  w h ic h  Eq. ( 3 . 1 1 )  becomes

2

( 3 . 1 2 )

a -  = 5 y s  ( ^ 2 L )  ( 3 . 1 3 )

2rmowing a^  we can  f i n d  a^  f ro m  Eq.  ( 3 . 1 0 ) .  

Thus

e.2 = l / 5 ( w g -  <x ) ( 3 . 14)
3 — P

I n  v i e w  o f  ( 3 . 1 3 )  and ( 3 . 1 4 )  t h e  r a t i o  o f  a  to  a„  when th e
1 5

damping i n c r e a s e s  t o  t h e  q u a n t i t y  e x p r e s s e d  by ( 3 . 1 2 ) ,  i s  

± J~ 2 .  I lence Eq .  3 . 9  becomes

3 p a 2
c =  _ _ L _  ( 3 . 1 5 )

4 [2 co

2
Me c a n  now e l i m i n a t e  a^  f rom  ( 3 . 1 5 )  b y ' u s i n g  E q . ( 3 . 4 )  f o r
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1

2 a?' Thus we h a v e

3 27 SP 2 „
c =  R in  $ ( 3 . 1 6 )

f ro m  w h ich  we c an  w r i t e

o 3« 27 pP"
!42 / 2 uo

( 3 .1 7 )

Tills I n e q u a l i t y  shows t h a t  t h e  s u b h a rm o n ic  o f  o r d e r  1 / 3  c a n ­

n o t  e x i s t  u n l e s s  t h e  damping i s  k e p t  below a  c e r t a i n  v a l u e  

w h i c h  d e p e n d s  e s s e n t i a l l y  on F, p and  t o .  The r e s u l t  does  

n o t  i n c o r p o r a t e  t h e  q u a n t i t y  cx, b u t  i t  s h o u l d  be rem em bered  th a t

t h e  u p p e r  l i m i t  on c i n  E q .  3 .12  d ep e n d s  on cx and to ..  Tha t

i s  t o  s a y ,  f o r  l a r g e r *  v;e m u s t  h a v e  a l a r g e r  co f o r  a g i v e n  C. 

E q . ( 3 . l 2 )  may be i n t e r p r e t e d  as a  l o w e r  l i m i t  o f  co f o r  g i v e n

oc an d  c .  In  t h i s  s e n s e  we w r i t e  Ecu 3 .1 2  a s

( co -  o( ) ^

2u)/2~
( 3 . 1 8 )

ii  .i : f ' ::t .l______

Wo s h a l l  compare  t h e  t h e o r e t i c a l  r e s t r i c t i o n s ( 3 . 1 8 )  and 

( o •1 7 )  w i t h  some e x p e r i m e n t s  p e r f o r m e d  w i t h  t h e  a i d  o f  an 

e l e c t r o m e c h a n i c a l  a n a lo g ^ ® '  F i g .  2 i l l u s t r a t e s  t h e  l o w e r
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l i m i t  on t h e  f r e q u e n c y  00 f o r  a  g i v e n  c as  a f u n c t i o n  o f  oc 

F o r  v e r y  s m a l l  v a l u e  o f  a  , a  s i g n i f i c a n t  d e v i a t i o n  f rom  t h e  

t h e o r e t i c a l  l i m i t  a p p e a r s .  T h i s  may be due to  t h e  e f f e c t  o f  

s m a l l  amount  o f  d r y  f r i c t i o n  i n  t h e  e x p e r i m e n t a l  s y s te m  s i n c e  

t h e  v i s c o u s  dam ping  becomes l e s s  e f f e c t i v e  a s  t h e  v e l o c i t y  d e ­

c r e a s e s .  F i g .  3 shows t h a t  f o r  a p a r t i c u l a r  v a l u e  o f  p ,  w  , 

and  c<= 0 ,  t h e r e  i s  a  l i m i t i n g  r e l a t i o n s h i p  b e tw ee n  c and  F .

A c o m p a r i s o n  o f  t h e  r e s u l t s  w i t h  t h e  r e s t r i c t i o n  g i v e n  by 

( 3 . 1 7 )  i n d i c a t e s  t h a t  th e  t h e o r e t i c a l  l i m i t  i s  a  l i t t l e  o v e r  

two t i m e s  as  h i g h  a s  i n d i c a t e d  by  e x p e r i m e n t .  The r e s t r i c ­

t i o n  ( 3 . 1 7 )  seems to  show t h e  r i g h t  t r e n d .  The e s s e n t i a l  

p o i n t  o f  t h e s e  c o m p a r i s o n s  i s  t h a t  t h e  l i m i t i n g  c o n d i t i o n s  

a r e  a p p l i c a b l e  t o  c a s e s  w i t h  t h e  a b s e n c e  o f  l i n e a r  r e s t o r ­

i n g  f o r c e  w h ic h  t h e  s m a l l  n o n l i n e a r i t y  t h e o r y  f a i l e d  to  

e x p l a i n .

F r.h fU niT C Y  -  SUBIIAEI10IIIC AZ.:rtTITUI:h RELATIOIT

We now t u r n  t o  t h e  p r o b le m  o f  o b t a i n i n g  a f r e q u o n c y -  

a m p l i t u d e  r e l a t i o n s h i p  f o r  su b h a rm o n ic  r e s o n a n c e  o f  o r d e r  

l / 3 r d .  I t  s h o u l d  be m e n t i o n e d  t h a t  t h e  p r o b le m  o f  e l i m i n a t ­

i n g  a 3 f ro m  Eq.  3 . 5  p r e s e n t s  g r e a t  d i f f i c u l t i e s  o f  a l g e b r a i c  

n a t u r e .  F o r  s i m p l i f i c a t i o n  we s h a l l  n e g l e c t  t h e  damping i n  

t h e  s y s t e m .  F o r  c = 0 we n e e d  t o  c o n s i d e r  o n l y  Eq. 3 .2
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and  Eq. 3 . 5  I n  t h e  f o l l o w i n g  fo rm

cu -  ex -  3 / 4)$ d q  + Q-q ^ 3 ' ^ ^ - 3 ) = 0 ( 3 .  q 9 )

and

2 3 3 2
(9 uj -  a  ) a „  -  B / 4 ( a n + 3 a„  + 6a_ ai ) + F = 0 ( 3 . 2 0 )

o q o 1 3

S i n c o  we a r e  i n t e r e s t e d  i n  t h e  c o n d i t i o n  i n  w h ich  a  i s
1 2

l a r g e  com pared  t o  a „ ,  we s h a l l  n e g l e c t  t h e  a  and a
& 3 3

t e r m s  i n  ( 3 . 1 9 ) .  and o b t a i n  as  a  f i r s t  o r d e r  a p p r o x i m a t i o n  

f o r  a^

2 2
CO ~  ex + (3 /4)pa1 ( 3 . 2 1 )

3
How n e g l e c t i n g  t h e  a^  te r ra  i n  ( 3 . 2 0 )  and  u s i n g  ( 3 . 2 1 )  we 

g e t

( w - « )  a, - 3F 
a ~ ---------------£---- __ (o.22)

3 ( 7 u T  + « )

2
F o r  t h e  n e x t  o r d e r  a p p r o x i m a t i o n  we n e g l e c t  o n l y  t h e  a

3
t e r m  i n  ( 3 . 1 9 )  and  u s i n g  ( 3 . 2 2 )  we o b t a i n

* p ( l lu >  t-ex ) a ^ - 3 p p a _ (uj2- o( ) (7u?+ ex ) = 0 ( 3 . 2 3 )& 1 4 a

S o l v i n g  f o r  a ^  , we f i n d

a;L = |PP±  [ ( |p ? )2 + 2 p (J2-oC)(7cJ\eX )(llu,2+cx)] 1/2 (3. 24)

p( 11 uo 2+ eX )
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Here we s e e  t h e r e  a r e  two p o s s i b l e  v a l u e s  o f  a ^ .  The i n ­

t e r p r e t a t i o n  o f  t h i s  r e s u l t  i s  t h a t  t h e r e  may be two p o s ­

s i b l e  w ave fo rm s  f o r  t h e  s u b h a r m o n i c ,  one i n  w h ic h  and  

a 3 h av e  t h e  same s i g n  and t h e  o t h e r  c a s e  i n  w h ich  and  

a -  h a v e  t h e  o p p o s i t e  s i g n .  I t  i s  n o t  a p p a r e n t  f rom  o u r  

d e v e l o p m e n t  w h ic h  s i g n  i s  t o  be t a k e n .  I f  t h e  n e g a t i v e  

s i g n  i s  a s su m e d ,  we s e e  t h a t  t h e  m a g n i t u d e  o f  F m i g h t  n o t

h a v e  t o o  much e f f e c t  on t h e  s i z e  o f  a  ,

HXPEEILIEU T AL

F i g .  4 shows t h a t  a^  i n c r e a s e s  i n  m a g n i t u d e  w i t h  

i n c r e a s i n g  f r e q u e n c y  to  . ( I t  s h o u l d  be rem em b ered  t h a t  t h e  

f r e q u e n c y  o f  t h e  e x c i t i n g  f o r c e  i s  3co i n  t h i s  c a s e ) .

The e x p e r i m e n t -  !  v a l u e s  a g r e e  w i t h  t h e  l o w e r  c u r v e  w h ic h  

c o r r e s p o n d s  t o  ( 3 . 2 4 )  w i t h  t h e  n e g a t i v e  s i g n .  The e x ­

p e r i m e n t a l  p o i n t s  d e n o t e  t h e  p e a k  a m p l i t u d e  o f  th e  o s c i l ­

l a t i o n s  w h ic h  a r e  p r e d o m i n a n t l y  s u b h a r m o n i c .  The i n h e r e n t  

am ount  o f  v i s c o u s  damping i n  t h e  e x p e r i m e n t a l  s y s t e m  i s  

g i v e n  by  c = .172  w h ic h  c o r r e s p o n d s  t o  t h e  damping f a c t o r

b = . 0 2 4 .  A b o u t  tw e l v e  c o m p l e t e  o s c i l l a t i o n s  were o b s e r v e d

b e f o r e  t h e  m o t i o n  was damped o u t  c o m p l e t e l y .

A l t h o u g h  t h e  s y s t e m  c o n t a i n s  some damping th e  e x p e r i m e n t ­

a l  d a t a  i s  i n  good  a g r e e m e n t  w i t h  t h e  t h e o r y .  S i n c e  damping
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m u s t  be s m a l l  i n  o r d e r  t o  m a i n t a i n  t h e  s u b h a rm o n ic  o v e r  a 

w id e  r a n g e  o f  f r e q u e n c y ,  Eq.  3 . 2 4  m i g h t  be s u f f i c i e n t l y  

a c c u r a t e  t o  d e s c r i b e  t h e  f r e q u e n c y  -  a m p l i t u d e  r e s p o n s e  f o r

th e  s u b h a rm o n ic  o f  o r d e r  l / 3 r d .  i n  t h i s  s y s t e m  w i t h  o r  w i t h ­

o u t  d a m p in g •

POr.fJIEL:- KXISTMICE OF OTHER ORDER STOILET.OHIO5.

As m e n t i o n e d  a t  t h e  b e g i n n i n g  o f  o u r  d i s c u s s i o n  c o n c e r n ­

i n g  t h e  s u b h a r m o n i c s  i n  t h e  s y s t e m  h a v i n g  t h e  n o n l i n e a r
r?

c h a r a c t e r i s t i c  g ( 0 )  = 6 ° ,  t h e  s u b h a rm o n ic  o f  o r d e r  l / o r d .  i s  

t h e  o n l y  t y p e  o b s e r v e d  f o r  6 °  r e s t o r i n g  f o r c e .  The q u e s t i o n  

now a r i s e s  as  to  t h e  p o s s i b i l i t y  o f  e x c i t i n g  t h e  su b h a rm o n ic  

o f  o r d e r  1 / 2  o r  o t h e r  o r d e r s  i n  t h i s  s y s t e m .  The h i g h e r  o r d e r  

t y p e  m i g h t  n o t  be e x p e c t e d  i n  v iew o f  w h a t  h a s  bec-n s a i d  

a b o u t  t h e  damping f o r  h i g h e r  n# We s h a l l  c o n s i d e r  t h e  pos= 

s i b l e  e x i s t e n c e  o f  t h e  o r d e r  1 / 2 .  I f  we s e t  n  = 2 i n  th e  

a p p r o x i m a t e  s o l u t i o n  ( 2 . 5 )  and  a p p l y  i t  t o  ( 2 . 5 )  and  ( 2 . 6 )  

f o r  g ( € )  = we f i n d  

p p -  ' p
( 3 . 2 5 )

( 3 . 2 6 )

E l i m i n a t i n g  A and B f ro m  t h e s e  two e q u a t i o n s  we have

( 3 .2 7 )
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B in c e  th e  q u a n t i t y  i n  p a r e n t h e s i s  on t h e  l e f t  s i d e  m u s t  be v 

r e a l ,  Eq.  3 . 2 7  c a n n o t  e x i s t  u n l e s s  t h e  damping i s  a b s e n t .

I n  v ie w  o f  t h i s  r e s u l t ,  we do n o t  e x p e c t  a su b h a rm o n ic  o f  

o r d e r  1 / 2  t o  be e x c i t e d  i n  t h e  e x p e r i m e n t a l  s y s t e m .  I t  i s  

c o n c l u d e d  t h a t  t h e  s u b h a rm o n ic  o f  o r d e r  l / 3 r d  would  be t h e  

t y p e  m o s t  l i k e l y  t o  o c c u r  i f  g ( 0 )  = €>3 . Hie l a t t e r  r em a rk  

i s  i n  l i n e  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n .

4 .  SU BHxRIi OH IC 8 III A SYS m i  WITH SYMMETRIC RESTORING FORCE

PROPORTIONAL TO 02

S i n c e  v;e a r e  i n t e r e s t e d  i n  how th e  o r d e r  o f  sub h n rrao n ic s  i s

r e l a t e d  t o  t h e  fo rm  o f  th e  n o n l i n e a r  c h a r a c t e r i s t i c s ,  we

c h o o s e  to  s t u d y  t h e  s y s t e m  i n  w h ic h  g ( 9 )  = l e i  0 • From a
{c ^r e p o r t e d  e x p e r i m e n t  i n  w h ic h  t r a n s i t i o n  o f  s u b h a rm o n ic s  

was o b s e r v e d ,  i t  i s  s u s p e c t e d  t h a t  t h e  sy m m etr ic  r e s t o r i n g
O

f o r c e  p r o p o r t i o n a l  t o  0^ i s  e s s e n t i a l  i n  s u s t a i n i n g  a s u b -  

h a r m o n ic  o f  o r d e r  1 / 2 .

I n  o r d e r  to  a p p l y  o u r  m e th o d  o f  a n a l y s i s  t o  a s y s te m  

h a v i n g  a n o n l i n e a r  c h a r a c t e r i s t i c  g ( 0 )  = l© l  0, we m u s t  

h a v e  some ad vance  i n s i g h t  a b o u t  t h e  w aveform  of  0 { t )  b e ­

c a u s e  t h e  g(Q)  = 0 ^  c h a n g e s  s i g n  w i t h  0 ( t ) .  S in c e  we do 

n o t  know e x a c t l y  w here  0 ( t )  c h a n g e s  s i g n  o v e r  a w hole  

c y c l e ,  t h e  e v a l u a t i o n  o f  t h e  i n t e g r a l  i n  ( 2 . 5 ) , ( 2 . 6 )  and 

( 2 . 7 )  seems t o  be a v e r y  d i f f i c u l t  p r o b l e m .  However,  i f
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v;e a s s i m e  t h a t  th e  damping i s  s m a l l  a n d  th e  o s c i l l a t i o n s  

w i l l  be p r e d o m i n a n t l y  s u b h a r m o n i c ,  i t  m i g h t  be s a t i s f a c t o r y  

i f  v;e e v a l u a t e  t h e  i n t e g r a l  i n v o l v i n g  g ( 6 )  = \Q\Q a s  f e l l o w s

2tt

€ | G  K ( x ) d x  + f  | ©J K ( t ) a t -

o U  .

■6~/2 J V z
c

I e | e  K (x )d x  ( 4 . 1 )

^ / z

whore L(x)  i s  c o s t  , o r  s i n r ,  o r  co s  n x .

L e t  us  s e t  n  = 2 and  d e t e r m i n e  th e  c o n d i t i o n s  f o r  th e  

e x i s t e n c e  o f  s u b h a rm o n ic  o f  o r d e r  1 / 2  i n  t h e  f o l l o w i n g

s y s to m

0 + c e  =► p|©!© = P c o s (2 u ) t  + 0)  ( 4 . 2 )

From ( 2 . 5 ) ,  ( 2 . G ) ,  ( 2 . 7 ) ,  and  ( 2 . 8 ) ,  we o b t a i n

(cu-cx -  £ l a )A -  -  ~ _ p a ^  -  c w B  = 0 ( 4 . 3 )
v atr orr 15rr 2

O
-  *  -  | f “ A) B -  c to  A = 0  ( 4 . 4 )

( 4 u / - o c -  ^ ^ A ) a o + P  c o s  0 - 0  ( 4 . 5 )

:co ( a'"' + 4a"  ) -  2 a o P s i n  0  = 0 ( 4 . 6 )
1 2  2
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From these conditions we sh a ll  attem pt to  formulat© a re­

la t io n  between the frequency and the subharmonic amplitude 

fo r  the case in  which damping i s  neglected* For c = 0 ,we 

need to  consider only (4*3) and (4*5) which reduce to

( oj2-  a  -  §£a- )a_ -  a5 = 0
3~  A 15rr

(4 .7 )

(4 co2-a  -  §§J> a^)a^ -  F 
15tr

= 0 (4.8)

Assuming a^ i s  small compared to a^ we may w rite

2 8/3 e_to ^ <x a  —t- u-
3tt

Replacing a^ in  (4.8) with the help  of (4.9) we have

25B^

( 4 .9 )

a ?  = **2
(13co2+ 2 ol )2

(4.10)

2S u b stitu tin g  the above expression fo r  ag in  (4.7) we get

a 2 -  3!T(u;2 -oc  ) a  + 
1 8/3 1

55 P2
2 ( 13<o2 + 2 oC )2 = 0 (4.11)

The so lu tio n  of (4.11) is

eu, s  3]l < - 2 -  oc ) ± 
1 160

±  — ( 5 a ( a . 2 . « )   ? Q - i ? ----g
8 3  ( 13co2 +20f )

1 /2
(4.12)
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1 S i n c e  m u s t  be r e a l ,  we m u s t  s p e c i f y

P * T ? f r ( 7 0 j (U)2 “ a ) ( 1 3 a j2  + 2o () <4 *13)

Thus f o r  l a r g e r  a m p l i t u d e  P o f  t h e  e x c i t a t i o n ,  t h e  f r e ­

q u e n c y  co o f  t h e  s u b h a rm o n ic  o f  o r d e r  1 / 2  w o u ld  h av e  t o  be 

h i g h e r .  I n  v ie w  o f  t h e  a p p r o x i m a t i o n  ( 4 . 9 )  we s h o u l d  t a k e  

t h e  p l u s  s i g n  i n  ( 4 . 1 2 ) ,

iXPERDhliTAL

I f  t h e  p a r a m e t e r s  o f  t h e  s y s t e m  a r e  s e t  a t  c e r t a i n  

v a l u e s  t h e  s u b h a rm o n ic  o f  o r d e r  1 /2  c a n  be e x c i t e d  w i t h i n  a 

c e r t a i n  r a n g e  o f  t h e  f r e q u e n c y  w h ic h  d e p e n d s  upon  t h e  am­

p l i t u d e  F o f  t h e  e x c i t a t i o n .  Hie a m p l i t u d e  o f  o s c i l l a t i o n s  

i n c r e a s e s  w i t h  t h e  f r e q u e n c y .  The a g r e e m e n t  o f  Eq.  4.$ ' ,  

w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  i s  shown by  F i g .  5 .  The 

l o w e r  c u r v e s  c o r r e s p o n d  t o  t h e  h a rm o n ic  com ponen t  g i v e n  by 

Eq ,  - . 1 0 .  F o r  l a r g e r  P t h e  r a n g e  o f  f r e q u e n c y  i n  w h ich  th e  

s u b h a rm o n ic  o f  o r d e r  1 / 2  c a n  be m a i n t a i n e d  i s  s h i f t e d  t o  the  

r e g i o n  o f  h i g h e r  f r e q u e n c y  a s  i m p l i e d  by  ( 4 . 1 3 ) .  These r e ­

s u l t s  were o b t a i n e d  f o r  o(= 0 i n  w h ich  c a s e  t h e  su b h a rm o n ic  

was e a s i e r  to  i n i t i a t e  t h a n  i n  t h e  c a s e  when cX > o .
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v I n  t h i s  e x p e r i m e n t  a r a t h e r  i n t e r e s t i n g  phenomenon was 

o b s e r v e d ;  as  th e  f r e q u e n c y  i n c r e a s e d , t h e  a m p l i t u d e  o f  t h e  

s u b h a rm o n ic  o f  o r d e r  1 /2  i n c r e a s c - d  up t o  a  c e r t a i n  v a l u e  a t  

w h ic h  a t r a n s i t i o n  f rom  a s u b h a rm o n ic  o f  1 /2  to  t h a t  o f  

o r d e r  1 / 3  o c c u r r e d .  T h is  r e s u l t  shows t h a t  s u b h a rm o n ic  

o s c i l l a t i o n  o f  o r d e r  1 / n  does  o c c u r  when t h e  h i g h e s t  d e g r e e  

o f  power  o f  t h e  n o n l i n e a r  t e rm s  i n  g ( 6 ) i s  l e s s  t h a n  n .  

A c c o r d i n g  to  p r e v i o u s  i n v e s t i g a t i o n ^ t h i s  o c c u r r e n c e  was 

n o t  t o  be e x p e c t e d .  The f a c t  t h a t  t r a n s i t i o n  t a k e s  p l a c e  

when t h e r e  i s  o n l y  one  ty p e  o f  n o n l i n e a r  c h a r a c t e r i s t i c  

p r e s e n t  may be  h e l p f u l  i n  u n d e r s t a n d i n g  t h i s  i n t e r e s t i n g  

b e h a v i o r  w h ic h  so f a r  h a s  r e c e i v e d  no e x p l a n a t i o n .

So f a r  we have  t h e  f o l l o w i n g  e x p e r i m e n t a l  d a t a  a b o u t  

t h e  t r a n s i t i o n .  I f  t h e  damping i s  to o  g r e a t  o r  th e  l i n e a r ­

i t y  ( 0<) i s  to o  l a r g o ,  th e  t r a n s i t i o n  d o e s  n o t  o c c u r . - 

T a b le  I  i n d i c a t e s  f o r  a g i v e n  F th e  a p p r o x i m a t e  a m p l i t u d e s  

a t  w h ic h  th e  s u b h a rm o n ic  o f  o r d e r  1 /2  b e g i n s  to  d e c a y  i n t o  

o t h e r  fo rm s  o f  o s c i l l a t i o n s  f o r  v a r i o u s  v a l u e s  o f  cx .

TABLE I

- F =  3 . 0 0  (o(_) (u>) r a d / s e c .  a p p r o x .  ( r a d )

c = 0 . 1 7
0 4 . 9 1  .140

3 .2 2  4 . 9 0  .170

7 .2 3  4 . 9 3  .1 0 5
2 . 3  7 4 . 9 2  .0 8 1

1 2 .9 0  4 . 9 4  .0 6 0

1 3 .1 0  4 . 9 0  .0 3 5
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£  =189 ( UPPER LIMIT OF ^>)
F =3

50.

EXPERIMENTAL

4.5,

4 0 ,

0 .6.2 .4 .8 1.0
(C)COEFFICIENT OF VISCOUS DAMPING
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I t  i s  i n t e r e s t i n g  to  n o t e  t h a t  t h e  o c c u r r e n c e  s t a r t s  a t  

a p p r o x i m a t e l y  th e  same f r e q u e n c y  i n d e p e n d e n t  o f  t h e  v a l u e s  

c f  <x« The e f f e c t  o f  i n c r e a s i n g  a  i s  i n  d e c r e a s i n g  th e  

a m p l i t u d e .  F o r  od = 0 to  a b o u t  (X = 3 . 2 2 , t h e  t r a n s i t i o n  f rom  

t h e  o r d e r  o f  1 /2  t o  t h a t  o f  1 / 3  was obse rved ,  p r o v i d e d  t h a t  

t h e  dam ping  i s  k e p t  t o  a minimum. I t  i s  s u p p o s e d  t h a t  th e  

s u b h a rm o n ic  o f  o r d e r  1 /2  i s  i n t e r r u p t e d  by  th e  v i s c o u s  damp­

i n g  w h ic h  i n c r e a s e s  w i t h  t h e  f r e q u e n c y .  Fig® 6 shows th e  

r e l a t i o n  b e tw ee n  t h e  damping ( c )  an d  t h e  a p p r o x i m a t e  f r e ­

q u e n c y  a t  w h ic h  t h e  su bha r rnon ic  o f  o r d e r  1 /2  d e c a y s  i n t o  

h a rm o n ic  o s c i l l a t i o n s .  The t r a n s i t i o n  to  a subharrnonic. o f  

o r d e r  1 / 3  seemed p o s s i b l e  o n l y  f o r  s m a l l  c .  So f a r  we have  

n e t  been  s u c c e s s f u l  i n  f o r m u l a t i n g  any  s p e c i f i c  t h e o r e t i c a l  

c o n d i t i o n  to  p r e d i c t  t h e  t r a n s i t i o n .

I t  s h o u l d  be m e n t i o n e d  t h a t  i f  t h e  damping i s  s u f f i c i e n t ­

l y  low ,  t h e  subhar rnon ic  o f  o r d e r  1 / 3  c a n  be e x c i t e d  v e r y  

e a s i l y  i n  t h i s  s y s t e m  f o r  0(- 0 .  With  l a r g e r  (X i t s  o c c u r r e n c e  

seemed l e s s  l i k e l y .  The f o r c i n g  f r e q u e n c y  h a s  t o  be h i g h e r  

i n  o r d e r  t o  g e n e r a t e  t h i s  subharrnonic-  f o r  l a r g e r  oc •

THEORETIC .L CONSIDERATION OF SUEHsRTOIIIC OF ORDER 1 / 3  I  IT 

g ( e )  - i e  i e  s y i t f f

In  o r d e r  to  p r o v i d e  some t h e o r e t i c a l  c o n s i d e r a t i o n  f o r  

t h e  su b h a r rn o n ic  o f  o r d e r  1 / 3  i n  t h e  s y s te m  r e p r e s e n t e d  by
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Eq.  4 . 2 , we s o t  n = 3 i n  ( 2 . 5 ) ,  ( 2 . 6 )  ( 2 . 7 )  and ( 2 . 8 )  and 

o b t a i n

(OJ2 - 0 < -  | | a -  1 6 |  a  )A .  CUJ B + 4£ a2 _ 4j3 ^  _ o ( 4 .1 4 )
°Tr i. GTT O 5fT °  OTT

(CO2 - a -  -  1 § |  p a 3 ) B  +  CLO A =  0 ( 4 . 1 5 )

(9 <-8 - « ) . 3 +  § § & # *  1 1 ^ ,  g g * . ^

-  F co s  0 — 0 ( 4 .1 6 )

0 p
(a'" + 9 a „ ) c c o  -  3a.- P s i n  0 = 0  ( 4 . 1 7 )1 o

For- s i m p l i f i c a t i o n ,  v,>e s h a l l  assume as  b e f o r e  t h a t  a 5 i s  s m a l l  

com pared  to  a^  and  th e  damping ca n  be  n e g l c - c t e d .  From ( 4 ,1 4 )  

and  ( 4 . 1 6 )  we g e t  a p p r o x i m a t e l y

J 2 Q f a i  _ 55^  _ 0 ( 4 .1 8 >
orr Tbm c

•and

O uj2 - « ) a 3 -  | | |  a i  + 8 Pal a o + F = 0 ( 4 . 1 9 )
Sir

i f  «  1 ,  we f u r t h e r  s i m p l i f y  ( 4 .1 8 )  by w r i t i n g
7T

®Pa l  . g
-  ( ^  -  oC) ( 4 . 2 0 )orr

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 2 7 -

In  v ie w  o f  ( 4 . 2 0 ) .  Eq. 4 . 1 9  becomes

a 3 = 5

[ 9tt2 ( f -2 “ -2-co -O f )  _ G4[3 p

64p2 ( 48 co2 -  2 oc )
( 4 . 2 1 )

j

S u b s t i t u t i n g  t h i s  r e s u l t  i n  ( 4 . 1 8 ) ,  we g e t  t h e  s e c o n d  o r d e r  

a p p r o x i m a t i o n  l o r  as

a-
3tt ( U) -  a  )

8p

o 2 . 2  .2  29rr ( u-> - o f )  -  64p  F 

32p2 ( 4 8 W2 -  2 a )
( 4 . 2 2 )

As shown i n  F i g .  7,  Eq. 4 . 2 2  i s  i n  f a i r l y  g o o d  a g r e e ­

m e n t  w i t h  e x p e r i m e n t .  The a p p r o x i m a t i o n  seems t o  be b e t t e r  

f o r  h i g h e r  f r e q u e n c y .  T h is  s h o u l d  be e x p e c t e d  s i n c e  d e ­

c r e a s e s  w i t h  co w h i l e  a^  i n c r e a s e s  w i t h  w a s  shown i n  ( 4 . 2 1 )  

and  ( 4 . 2 2 ) .  Hie e x p e r i m e n t a l  r e s u l t s  shewn a r e  f o r  CX =  0 .

F i g ,  3 ,  i l l u s t r a t e s  t h e  c h a r a c t e r i s t i c s  o f  t h e  s u b -  

b u m  u r i c  s as  a  f u n c t i o n  o f  the  f r e q u e n c y  o f  t h e  a p p l i e d  f o r c e  

The v e r t i c a l  d a s h  l i n e  shows how t h e  subharrnon ic  o f  o r d e r  1 / 2  

r e a c h e s  a c e r t a i n  f r e q u e n c y  and  jumps to  t h e  l o w e r  c u r v e  

r e p r e s e n t i n g  a subharrnonic  o f  o r d e r  1 / 3 .  As th e  f r e q u e n c y  

i n c r e a s e s ,  t h e  o s c i l l a t i o n s  f o l l o w  t h i s  c h a r a c t e r i s t i c  w i t h
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a f r e q u e n c y  1 / 3  t h a t  o f  t h e  e x c i t i n g  f o r c e .

5 .  SUBIIAEMOHIOS I h  SYSTEMS WITH IIOHLIHFAE GIIARAGTERISTICS

s (©) = I®3! e

The n e x t  l o g i c a l  s t e p  i n  t h i s  i n v e s t i g a t i o n  was to s t u d y  

t h e  s u b h a rm o n ic  o s c i l l a t i o n s  i n  c o n n e c t i o n  w i t h  t h e  form o f  

n o n l i n e a r i t y  e x p r e s s e d  b y | e 3 | e  . A t  t h i s  p o i n t  t h e r e  was a  

p r o b le m  o f  p r o c e d u r e  i n  g e t t i n g  some i n f o r m a t i o n  i n  the  

s i m p l e s t  way .  In  v ie w  o f  t h e  f a c t  t h a t  t h e  t h e o r e t i c a l  t r e a t  

n e n t  becomes more c o m p l i c a t e d  f o r  h i g h e r  d e g r e e  n o n l i n e a r  

t e r n ’, i t  was d e c i d e d  t h a t  t h e  p r o b le m  s h o u l d  be c o n s i d e r e d  ex 

p o r i m c - n t a l l y  f i r s t .
O  , rr

A l t h o u g h  t h e  t e rm  &1" and-  ©J wore a b s e n t  f rom  t h e  non -  

l i n e a r  c h a r a c t e r i s t i c  g ( 0 )  i n  t h i s  c a s e ,  t h e  su b h a rm o n ic  o f  

o r d e r  1 / 3  a n d  t h a t  o f  1 / 2  were o b s e r v e d .  The h i g h e r  o r d e r  

s u c h  as  1 / 4  c o u l d  n o t  be d e t e c t e d .  P e r h a p s  one o f  tho 

r e a s o n s  f o r  i t s  a b s e n c e  i s  t h a t  t h e  damping i n  t h e  e x p e r i ­

m e n t a l  s y s t e m  was too  g r e a t  i n  v iew  o f  w h a t  h as  b e e n  s a i d  

i n  s e c t i o n  2 .

I t  was i n t e r e s t i n g  to  n o t e  t h a t  i f  t h e  a m p l i t u d e  F o f  

t h e  e x c i t a t i o n  i s  s u f f i c i e n t l y  h i g h ,  t h e  dam ping  i s  k e p t  to  

a  minimum and  a  i s  s m a l l  com pared  to  p, tho  subharrnon ic  o f  

o r d e r  1 / 3  was v e r y  d o m in a n t  i n  t h i s  s y s t e m .  T ie  subharrnon ic
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of  order- 1 / 2  c o u l d  n o t  be e x c i t e d  u n l e s s  o< was i n c r e a s e d  

to  s u p p r e s s  t h e  one o f  o r d e r  1 / 5 .  I n  t h i s  r e s p e c t  t h e  

r a n g e  o f  o c c u r r e n c e  f o r  t h e  su b h a r rn o n ic  o f  o r d e r  1 / 2  was 

v e r y  much c o n s t r i c t e d  f o r  s m a l l e r  o< •

SOI.:!; ThhORETIC/vL C0HSIDEEATI01T

F o r  s i m p l i c i t y  we s h a l l  c o n s i d o r  t h e  f o l l o w i n g  s y s t e m  

w i t h  v e r y  l i t t l e  damping i n  i t

e  •! c<g -t- [3 | | © = f  cos  S c o t  (3®i)

I f  we s e t  n = o and  g ( e )  = | 0 ° |  © i n  ( 2 . 5 )  an d  ( 2 . 7 ) ,  we 

o b t a i n  a f t e r  n e g l e c t i n g  th e  h i g h e r  o r d e r  i n  a

a n ( c o 2  -  oc ) -  H L p a f  -  128  ( 3 a f a , - 0  ( 5 . 2 )
i  lorr l  ooir ^  °

one.

** * « )  -  i y p a j  -  * i » »  - p = °  <5 - s >

we e an w r i t o  ( 5 . 2 )  as

2 . _ o2 (3 . o  / , 12 a,, v t ~ a \u) -  o( -  a _̂ ( 1 + o ) w . 4)
V a i

. aunung a . :/ a 1 «  l j we haveo _
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and  t h e r e f o r e  we may e x p r e s s  a -  as

S2p a 4 -  VPa.
5tt 1

( 5 .0 )
3  2 -----------51 to + 5 tx

I t  I s  e v i d e n t  t h a t  t h e  n e x t  o r d e r  a p p r o x i m a t i o n  w i l l  bo too  

c o m p l i c a t e d  f o r  a n a l y s i s .  I t  i s  s u p p o s e d  t h a t  Eq.  p . 5 w i l l  

be s u f f i c i e n t l y  a c c u r a t e  t o  i n d i c a t e  t h e  f r e q u e n c y - a m p l i t u d e  

r e s p o n s e  f o r  t h e  s u b h a rm o n ic  o f  o r d e r  1 / 5  i n  t h i s  s y s t e m .  

P i p .  9 i n d i c a t e s  t h e  a g r e e m e n t  o f  ( 5 . 5 )  w i t h  t h e  e x p e r i m e n t ­

a l  r e s u l t s .  A g a in  as  we w o u ld  e x p e c t  t h e  a p p r o x i m a t i o n  i s  

b e t t e r  i n  t h e  h i g h e r  f r e q u e n c y  r a n g e  i n  w h ich  t h e  a^  i s  

l a r g e  c o m p a re d  t o  a .

She t h e o r e t i c a l  c o n s i d e r a t i o n  f o r  t h e  su bha r rnon ic  o f  

o r d e r  1 /2  c a n  be c a r r i e d  o u t  i n  t h e  same way as  i n  th e  

above  a n a l y s i s .  I h e  r e s u l t s  c an  be s t a t e d  a s  f o l l o w s  f o r  

n = 2 , c — 0 . a 2/ a i «  1

O r?0 n n
( Co - oO =; a °  ( 5 . 7 )

15-rr 1

and
7P

a2 -  ------- o —----------  ( 5 . 8 )
^ 26 00^ -  4 7 x

w here  2 u )= c o ^ = :  f r e q u o n c y  o f  t h e  f o r c i n g  f u n c t i o n .

Hie d i f f e r e n c e  b e tw e e n  ( 5 . 5 )  and  ( 5 . 7 )  I s  t h a t  i n  t h e
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f o r n e r .  o o j = u j  and  i n  t h e  l a t t e r ,  2u)=;co„ » The i n t e r e s t -  
f  1

inn; p o i n t  t o  be r a i s e d  i n  v ie w  o f  a l l  t h e  f i r s t  o r d e r  

a p p r o x i m a t i o n s  wo h a v e  b een  m aking  i s  t h a t  a l l  t h e s e  f i r s t  

a p p r o x i m a t i o n s  a r e  t h e  f r e q u e n c y  f o r m u l a e  f o r  t h e  f r e e  n o n ­

l i n e a r  o s c i l l a t i o n  o f  t h e  s y s t e m  b e i n g  d i s t u r b e d  by a p e r i o d ­

i c  f o r c e  n t im e s  t h i s  f r e q u e n c y .
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I )  The p r i n c i p a l  a im o f  t h e  t h e o r e t i c a l  i n v e s t i g a t i o n  

was t o  f o r m u l a t e  more g e n e r a l  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  

o f  s u b h a rm o n ic  o s c i l l a t i o n s  i n  n o n l i n e a r  s y s t e m s .  S p e c i a l  

a t t e n t i o n  was g i v e n  t o  s y s t e m s  w i t h  sy m m et r ic  n o n l i n e a r  

r e s t o r i n g  f o r c e s  m a i n l y  b e c a u s e  some e x p e r i m e n t a l  i n f o r m a t i o n  

a b o u t  t h e  s u b h a rm o n ic  i n  t h e s e  s y s t e m s  h a s  b ee n  r e p o r t e d  and  

was i n  n e e d  o f  t h e o r e t i c a l  c o n s i d e r a t i o n .

A v a r i a t i o n a l  p r o c e d u r e  o f  s t u d y i n g  th e  su b h a rm o n ic  

s o l u t i o n  t o  th e  e q u a t i o n  o f  m o t io n  was d e v e l o p e d  a c c o r d i n g  

to  t h e  i d e a  o f  R i t z ^ ? ^  The a p p l i c a t i o n  o f  t h i s  v a r i a t i o n ­

a l  m ethod  l e d  t o  f o u r  g e n e r a l  c o n d i t i o n s  f o r  an assum ed 

a p p r o x i m a t e  s o l u t i o n .  Hie method seems t o  be a p p l i c a b l e  

w i t h  any  t y p e  o f  r e s t o r i n g  f o r c e  w i t h o u t  r e s t r i c t i o n  on 

t h e  m a g n i t u d e  o f  t h e  n o n l i n e a r i t y .  T h is  means t h a t  tho  

d e v e l o p m e n t  does  n o t  h a v e  to  be i n  t h e  n e i g h b o r h o o d  o f  th e  

l i n e a r  f o r c e d  v i b r a t i o n  as  i t  i s  i n  t h e  t r e a t m e n t  by o t h e r  

m e t h o d s ( p e r t u r b a t i o n  o r  i t e r a t i o n ) .

Some i n t e r e s t i n g  g e n e r a l  i n f o r m a t i o n  can  r e a d i l y  be 

e x t r a c t e d  f ro m  th e  g e n e r a l  c o n d i t i o n s .  I t  i s  shown t h a t  

s u b h a r m o n ic s  c a n n o t  e x i s t  i n  a l i n e a r  s y s te m  w i t h  damp­

i n g .  The i n e q u a l i t y  (C .10 )  i n d i c a t e s  t h a t  subhar rnon ic  

o s c i l l a t i o n s  o f  any  o r d e r  1 / n  c a n n o t  o c c u r  u n l e s s  th e  

damping c o e f f i c i e n t  c i s  s m a l l e r  t h a n  a  q u a n t i t y  w h ic h
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d ep e n d s  upon  t h e  a m p l i t u d e  P o f  t h e  e x c i t a t i o n  and  t h e  o r d e r  

( 1 / n )  o f  t h e  s u b h a r m o n i c .  S i n c e  t h o  h a r m o n ic  c o m p o n e n t ( an ) 

d e c r e a s e s  s l o w l y  w i t h  t h e  f r e q u e n c y ,  i t  seems l i k e l y  t h a t  

th e  dam ping  c o e f f i c i e n t  c w o u ld  hav e  t o  be t a k e n  s m a l l e r  i n  

o r d e r  to  s u s t a i n  t h e  s u b h a rm o n ic  o f  o r d e r  1 / n  a s  n becomes 

l a r g e r .

2) From t h e  a n a l y s i s  o f  t h e  subhar rnon ic  o f  o r d e r  1 / 3  i n

t h e  s y s t e m  h a v i n g  (Q ) ty p e  o f  r e s t o r i n g  f o r c e ,  i t  i s  shown

t h a t  c e r t a i n  i m p o r t a n t  r e s u l t s  o b t a i n e d  by t h e  i t e r a t i o n
(4)p r o c e d u r e  o f  S t o k e r  a r e  c o n t a i n e d  i n  t h e  r e s u l t s  o f  o u r  

v a r i a t i o n a l  m e th o d .  F u r t h e r  c o n s i d e r a t i o n  l e a d s  t o  r e s t r i c t ­

i o n s  on t h e  damping  and  f r e q u e n c y  f o r  p r e d o m i n a n t l y  non­

l i n e a r  c a s e s  w h ic h  o t h e r  m e th o d s  f a i l e d  t o  e x p l a i n .  The 

r e s t r i c t i o n s  a r e  i n  a g r e e m e n t  w i t h  e x p e r i m e n t a l  e v i d e n c e .

I t  i s  a l s o  shown t h a t  a  r e l a t i v e l y  s i m p l e  f r e q u e n c y  - 

a m p l i t u d e  r e l a t i o n  can  be o b t a i n e d  f o r  t h e  p r e d o m i n a n t l y  

s u b h a r rn o n ic  o s c i l l a t i o n  i n  t h e  a b s e n c e  o f  d a m p in g .  S i n c e  

trie dam ping  m u s t  be s m a l l  i n  o r d e r  to  m a i n t a i n  t h e  s u b ­

har rnon ic  e v e r  a wide r a n g e  o f  f r e q u e n c y ,  i t  i s  r e a s o n a b l e  t o  

c o n c l u d e  t h a t  t h i s  r e l a t i o n ( 3 . 2 4 )  i s  s u f f i c i e n t l y  a c c u r a t e  

t o  d e s c r i b e  t h e  f r e q u e n c y  a m p l i t u d e  r e s p o n s e  e v e n  th o u g h  

some dam ping  i s  p r e s e n t .  F u r t h e r  a n a l y s i s  o f  t h i s  s y s t e m  

shows t h a t  subhar rnon ic  o f  o r d e r  1 /2  i s  n o t  e x p e c t e d  to  

o c c u r .  In  v iew  o f  t h i s  r e s u l t  and th o  damping  r e s t r i c t i o n
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'(::. 1 0 ) ,  i t  i s  c o n c l u d e d  t h a t  th e  su bha r rnon ic  o f  o r d e r  1 / 3  

w o u ld  be t h e  one m o s t  l i k e l y  to  o c c u r .  The l a t t e r  r e m a rk  

i s  i n  l i n e  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n .

3) I n  o r d e r  t o  make f u r t h e r  s t u d y  o f  t h e  c o n n e c t i o n  b e ­

tween t h e  o r d e r  o f  t h e  su bha r rnon ic  and  t h e  fo rm  o f  t h e  no n ­

l i n e a r  r e s t o r i n g  f o r c e ,  t h e  s y s t e m s  h a v i n g  n o n l i n e a r  

c h a r a c t e r i s t i c s  | 0 |  6 a n d  | 0 ^ |  0 were  i n v e s t i g a t e d  s e p a r a t e ­

l y  o In  t h e  I © I 0  s y s t e m  t h e  subharrnon ic  o f  o r d e r  1 / 2  and  t h a t  

o f  o r d e r  1 / 3  c a n  be e x c i t e d  e x p e r i m e n t a l l y .  I n  p a r t i c u l a r ,  a 

s p o n t a n e o u s  t r a n s i t i o n  o f  s u b h a rm o n ic s  c a n  be o b s e r v e d  when 

t h e  s y s t e m  i s  p r e d o m i n a n t l y  n o n l i n e a r  a n d  t h e  damping i s  

s^.if f  i c i e n t l y  s m a l l .  The above  o b s e r v a t i o n s  a r e  r a t h e r  

i n t e r e s t i n g  and  i m p o r t a n t  i n  c e r t a i n  r e s p e c t s :  t h e y  show 

t h a t  t h e  su b h a r rn o n ic  o f  o r d e r  1 / n  d o es  o c c u r  when t h e  h i g h ­

e s t  d e g r e e  o f  th e  po w er  o f  t h e  n o n l i n e a r  te rm s  i n  t h e  g ( e )

e x p r e s s i o n  i s  l e s s  t h a n  n* T h i s  was n o t  t o  be e x p e c t e d
f 5̂a c c o r d i n g  t o  a p r e v i o u s  i n v e s t i g a t i o n '  ; I t  i n d i c a t e s  t h a t  

t h e  s u b h a r rn o n ic  o f  o r d e r  1 / 2  can  be g e n e r a t e d  i n  a  s y s te m  

g i v e n  by ( 2 . 1 )  w i t h o u t  h a v i n g  an u n s y r a m e t r i c a l  n o n l i n e a r  

r e s t o r i n g  f o r c e .  F i n a l l y ,  t h e  t r a n s i t i o n  f rom  t h e  o r d e r  

1 / 2  t o  t h a t  o f  1 / 3  shov;s t h a t  a  s i n g l e  t y p e  o f  n o n l i n e a r i t y  

may c o n t r i b u t e  to  t h e  s u p p o r t  Of more t h a n  one t y p e  o f  

s u b h a r rn o n ic  o s c i l l a t i o n .

So f a r ,  i t  i s  n o t  a p p a r e n t  f rom  o u r  t h e o r e t i c a l  

d e v e l o p m e n t  how t h e  t r a n s i t i o n  o f  s u b h a rm o n ic s  c a n  be
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p r e d i c t e d .  . I t  h a s  o n l y  b e en  'shov;n t h a t  t h e  f r e q u e n c y - a m p l i ­

tu d e  r e l  i t i o n s  can  bo o b t a i n e d  f o r  t h e s e  s u b h a r m o n ic s  i n  t h e  

a b s e n c e  o f  damping* T h is  I s  i n  f a i r l y  good a g r e e m e n t  w i t h  

e x p e r i m e n t .  I t  i s  s u p p o s e d  t h a t  i n  t h e  t r a n s i t i o n ,  th e  cu b -  

h a rm o n ic  o f  o r d e r  1 / 2  i s  i n t e r r u p t e d  by th e  v i s c o u s  damping 

w h ich  i n c r e a s e s  w i t h  t h e  f r e q u e n c y *  Hie a m p l i t u d e  t h e n  d e c a y s  

t o  t h a t  o f  a l o w e r  f r e q u e n c y  o s c i l l a t i o n  i . e .  t h e  o r d e r  1 / 3  

o f  l o w e r  a m p l i t u d e .  T h is  may h a p p e n  p r o v i d e d  t h a t  t h e  damp­

i n g  i s  s u f f i c i e n t l y  low f o r  t h e  e x i s t e n c e  o f  su b h a rm o n ic  o f  

o r d e r  1 / 3 .

4) I n  t h e | |  q s y s t e m  th e  s u b h a rm o n ic  o f  o r d e r  1 /2  and

t h a t  o f  o r d e r  1 / 3  w ere  t h e  o n l y  t y p e s  d e t e c t e d .  The h i g h e r  

o r d e r  s u b h a rm o n ic  c o u l d  n o t  be e x c i t e d .  I t  seems t h a t  t h i s  

i s  w h a t  we s h o u l d  e x p e c t  i n  v iew  o f  t h e  r e s t r i c t i o n  ( 2 .1 0 )  

on t h e  c o e f f i c i e n t  o f  dam ping  f o r  t h e  h i g h e r  o r d e r  s u b ­

h a r m o n ic s *  In  t h i s  c a s e  f o r  low damping t h e  s u b h a rm o n ic  o f  

o r d e r  1 / 3  i s . t h e  d o m i n a n t  t y p e  when t h e  s y s t e m  i s  p r e d o m i n a n t ­

l y  n o n l i n e a r .  The s u b h a rm o n ic  o f  o r d e r  1 /2  can  be i n i t i a t ­

ed  o n l y  i f  «  i s  i n c r e a s e d  t o  s u p p r e s s  t h e  one o f  o r d e r  1 / 3 .

The t r a n s i t i o n  o f  s u b h a r m o n i c s  was n o t  o b s e r v e d  i n  t h i s  

s y s t e m .  I t  i s  s u s p e c t e d  t h a t  t h e  s u b h a rm o n ic  o f  o r d e r  1 / 3  

may o c c u r  i n  a l l  sy m m e t r i c  n o n l i n e a r  s y s t e m s .

The t h e o r e t i c a l  c o n s i d e r a t i o n  f o r  t h e  l $ 3 | @ s y s te m  

becomes  r a t h e r  c o m p l i c a t e d .  I t  i s  c o n c l u d e d  t h a t  t h e  a n a l y s i s  

o f  t h e  s y s t e m  w i t h  h i g h e r  e x p o n e n t  n o n l i n e a r i t y  w i l l  p r e s e n t
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g r e a t  d i f f i c u l t i e s  o f  a l g e b r a i c  n a t u r e ,  The a s s u m p t i o n  o f  ( 

p r e d o m i n a n t l y  su b h a rm o n ic  o s c i l l a t i o n s  l o a d s  t o  i m p o r t a n t  

s i m p l i f i c a t i o n s  i n  f o r m u l a t i n g  th e  f r e q u e n c y - a m p l i t u d e  

r e l a t i o n s  v ;h ich  a r e  i n  f a i r l y  good a g r e e m e n t  w i t h  e x p e r i m e n t .

5) I n  g e n e r a l  we s e e  t h a t  t h e  a s s u m p t i o n  o f  p r e d o m i n a n t

s u b h a rm o n ic  o s c i l l a t i o n s  i s  v a l i d  i n  t h e  u p p e r  r a n g e  o f  th e  

f r e q u e n c y  i n  w h ic h  th e  a m p l i t u d e  o f  o s c i l l a t i o n s  i s  l a r g e .

I t  i s  w o r t h  n o t i n g  t h a t  t h e  f i r s t  o r d e r  a p p r o x i m a t i o n  u s e d  

i n  g e t t i n g  t h e  f r e q u e n c y - a m p l i t u d e  r e l a t i o n s  f o r  t h e  s u b ­

h a r m o n ic s  i s  e q u i v a l e n t  t o  t h e  e x p r e s s i o n  d e s c r i b i n g  t h e  

f r e q u e n c y  o f  t h e  f r e e  n o n l i n e a r  o s c i l l a t i o n  o f  t h e  s y s t e m  

e x c i t e d  by  a  p e r i o d i c  f o r c e  w i t h  n  t i m e s  t h i s  f r e q u e n c y .  I n  

e f f e c t  we b e g i n  t h e  a p p r o x i m a t i o n  w i t h  t h e  f r e e  n o n l i n e a r  

v i b r a t i o n  by  a s su m in g  t h a t  t h e  f o r c e d  v i b r a t i o n s  a r e  p r e ­

d o m i n a n t l y  s u b h a r m o n i c .  The p h y s i c a l  i m p l i c a t i o n  o f  t h i s  

r e s u l t  i s  t h a t  t h e  f r e e  n o n l i n e a r  o s c i l l a t i o n s  c a n  be s u s ­

t a i n e d  by a  d i s t u r b i n g  f o r c e  w i t h  a p p r o x i m a t e l y  n  t i m e s  t h e  

f r e q u e n c y  o f  t h e  f r e e  v i b r a t i o n .  Hie i n t e g e r  n d e p e n d s  upon  

t h e  t y p e  o f  n o n l i n e a r  r e s t o r i n g  f o r c e .  This  phenomenon 

may o c c u r  w i t h  darapinn i n  t h e  s y s te m  p r o v i d e d  t h a t  t h e  damp­

i n g  i s  n o t  t o o  g r e a t  an d  t h e  a m p l i t u d e  o f  t h e  e x c i t a t i o n  i s  

s u f f i c i e n t l y  h i g h .
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