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THTRODUCTION

Forcod oscillations whose frequency is a fraction 1/2,
1/3, «es 1/n of that of the external applied force are

called subharnenic oscillaticns. These vibrations have

been observed in nonlinear mechanical systems and in non-
linear electrical systems,(l’zﬁven in the auditory systen
of the human ear the occurrence of subharmonics has been
detected when the hearing system is exposed to intense
sounc waves.(s) Tho ear under such a condition recelves
sounds which arc not contained in the emitted acoustic ra-
liation « Sounds of lovier frequencies than that of the
sounc vaves inmpinging upon the eardrum are called under-
tonez. These undertones or subharmonics are attributed to

the nonlinearities in the hearing mechanisms.

Although some theoretical and experimental investiga-

-

icns on subharmonics in nonlincar systems have becn report-
cal4s © oy 7), their behavior and the conditions under
whilch they may exist are imperfectly understoocd. The cexist-
in~ theory has bhecn developed with the assumptions that the
nonlincaritiy and the danping in the system is small. From
crperinental observations 1t seems that the subharuenics are
morce liltely %o occur in a systoem with large nonlincaritye.

In tials respect, the small nonlinearity assumption is a ser-

lous limitation to the oxisting theory. In order to provide
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or

theoretical consideration for the predominant nonlinear
cases we should become more concerned with the problom of
formulating theoretical condltions without assuming the

small nonlinearity restrictione.

STASTMINT OF T

2L des sitiind

5
J
=)
O
3
-3

Some experimental data with regard to the behavior of
subharmonic oscillations are available.(l‘7) It has been ob-
served that the occurrencc of these oscillations in systens
having nonlinear restoring forces depends upon the amplitude
of oxcitation, the nonlinearity and the amount of damping in
the system. The theoretical problem is to formulate somec
conditions which will indicate their vorious bechaviors from
the equatlon of motion with large nonlinearitye.

Another important experimental obscrvation has been
that of transition of subharmonics in a system with the pres-
ence of several types of symnetric nonlincar restoring forces.
There exists a protlem of finding how the existence of cer-
tain subharmonic is related to the form of nonlinecar rcstor-
ing force. Thils phase of study will be both theoretical and

xpcrinentel. The fact that the phenomena were obscrved in
nearly-predominant nonlinear systems requires a method of de-

velopment which does not have to take place in the neighbor-
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hood of lingar forced vibration.

LITE OF APPROACH 70 TIn: TIHLLOREZTICAL PROELIL

Tho theoretical treatment of subharmonics in nonlinear
systems according to the iteration method of Stoker(4)and
the =method of llandelstam and Papalexi(e)has been developcd on
the assumptions of small nonlinearity and small dampinge.
The results of these methods can be used as a guide in for-
melating more general conditionse From the analysis of the
above 1methods, one obvious advantage of the asswaptions is
in siwmplifying the results. The assumption of small camp-
ing is in agreement with experiment, but the small non-
lincarity restriction must be romoved in order to consider

. our protlemse. Since the oscillations are predominantly
subharmonic over a wide range of frequency, some simplified
resul ts may be obtalned by assuming the amplituce of the
subharmonic is large compared to that of the harmonic com-
ponent. This leads to the useful idea that the wave form
of the osclillation Ean be represcnted essentially by come
poncnts of two different frequencies. Vith thesce assunip-
tionz, one may c<cvelop a variational procedure according
te the idea of Ritz(s)to study the subharmonic solutions

to a nonlinecnr differential equation. It secems likely
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that the formulations will be more general since no restric-

tion on the nonlincarity is imposed,.
J D

1o TIZ, VARIATIONAL 1I1MTIFOD

Let us consider the cncrgy integral
b5
I= Jﬁ (T - V + R)at (L.1)
t()

where T 1s the lrinetic encrgy, V, the potential energy of
the system and R denotes the encrgy dissipated by friction-

al forecse We will deline R by the equotion
SR = f 59 (1.2)

in vhich f represents the frictional forces and §gq is a
small arbltrary displacemcnte 1/e shall also specify that éq
is a function of time and it must vanish at the limits of a
chosen time interval. Under these specifications we want to
find the condition which would make the integral I a minimunm
O a masiimune

fccording to the usual varistional method the variation

of I is set equal to zerc.(Gencralized Hamilton's Principle)
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J (T - v)as /fath = 0 (1.3)
. |

It ¢on easily be shown that the variation of the integral

of (1L.3) can bo expresscd as

b, tq
AT -
5/ (T ~ ‘v)dt—foq(T - v) $qat j Tt “*-a_— $gdt-- {1.4)
g t t

2 o

licnec we obtain
tl .
O(T = - - . )
f (-f-r-g oy ag)'" AT = 1) bz) = f )Yéaat =0 (1.5)

T

&}

Since Sq is arbltirary we seo that the condition that would
maizc the integral I a minigum or & maxlmum is

gl

G 5e 2 =S (1.6)
where L= T - Vo Eqge 16 is the equation of motion for the
syctere The interesting point which we want to stress in
thic cdiscussion is this: 1f Eq. 1.8 is given Eq. 1.5 can be

uged to find theé necessary conditions for which an assumed
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g (t) can satisfy Eq. 1.3 in the best possible way. Since

we are dealing with eguations which have periodic solutiocns
the integral (1.5) will be evaluated over a complete cycle

of the periodic occurrence. Thus we write

211 fu

d dL . dL . 5 - .
(-d"t- =8 -S-q. f) dgdt = 0O (1.7)

)

We shall attempt to prescnt a solution of the problem of sub-
harmonic oscillations by using Ege. 1.7 to determine the coef=~

ficients of a Fourier series solution.

3. SUBHARMONIC OSCILLATIONS IN SYSTEKS WITH NONLINEAR

SYLUMITRIC RESTORING IORCE.

In nonlinear systems with viscous damping and having a
periodic forecing function of frequency nw , it is possible
to have forced oscillations of frequency w in addition to
those of nw. These lower frequency oscillations are called
subharmonic of order l/n. From experiment we lmow that sub-
harmonics do not occur if the demping is too great or the
nonlinearity in the system is too small. An important fea-
ture of a subharmonic is that its amplitude is usually

large compared to that of the harmonic component and in
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this respect the term subharmonlc resonance might be very

appropriate in denoting its occurrence. Fig. 1 shows the
orcinary harmonic oscillations and the subharmonic oscil-
lations of order 1/3. At A the nonlinear system was sub-
jected to a pulse disturbance which gave rise to the sub-

harrionic oscillations.
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e

Harmonic analysis has shown that the waveform of the oscll- "
lations cver a relatively large range of frequency can be
represented essentially by two componcnts of a Fouricr
scries. These ecxperimental facts are some of the advance
insight about the character of the subharmonlc solution.

Let us consider a nonlinear system represented Ly the

following equation

6+ CO+ 6 + pg(€) = F cos (nw t + #) (2.1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



‘It is clear that this egquation can be expressed in the form
of E¢e. l.C. ©Since we are interested only in the steady state

oscillations the solution to Eg. 2.1 may be represented by a

Fouriser series

oo

o0
@ = 2> Aypcos kwt+ 2 B sin kwt
k=0 k=0

vnere B, =0, k=0, 1, 2, 3, === n,-===
However, from what has been said about the waveform of the
subharmonic we will assume that a two-term approximation 1s

sufficient. In general the'approximate solution will be

€ =0, + Acoswt+ Bsinwt+ Q cos nwt (2.2)
n

The 0, is introduced to account for any asymmetry due to
asyrme tric restoring force. If we limit our analysis to
systems with symetric forces the approximate solution for a

subharmonic of order 1/n is

6 = A coswt + B sin wt + an cos nwt (2.3)

The arbltrary variation of the displacement $0 is ox-

pressed as

5 = A coswt + $B sinwbt + dq cos nwt =
n
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- (A sin wt - E cos wt + a, n sin nwt) §(wt) (2.4)

in which 64, oF, 5an and $w are arbitrary variations. Let>

ting dq = d@ and applying Eq. 1.7, we find

21
(w2 '“)A-'T%j-g(e) costr dt + cwB= 0 (2.5)
.
2 au
(W )R - % fg(e) gsintdtr - cwA = 0 (2.8)
ST
[(nwf““}an- %f g(e) cos nrdr+ F cos § =0 (2.7)
2 2 2
cw{aq +naqa )=a nFsing (2.8)
1 e n

2 2 .y
vhere al= A% . B, and T= wt. The four conditions are

necessary for the existence of the subharmonic oscillation
of order 1l/n appearing in the form given by Eq. 2.3. It is
of interest Lo note that (2.7) and {2.8) reduce to the Tam-

iliar conditions for linear forced vibrations if § = O and
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~10=

&1 = 0. The expression (2.8) is a relation between the
enurgy supplied by the exciting force and the energy dissipa-
ted through viscous damping over a cycle of oscillation.
From this relation we note that no pure subharmonic can ex-
ist in a damped system.

If we solve for al (the amplitude of the subharmonic)

in terus of @ , we get
n

al :{}Egé?__ (F sin g - nanqu)} /2 (2.9)

For real wvalue of al we must have

Fsing (2.10)

nwaq
n

This inequality shows that the subharmonic of any order 1/n
cannot occur unless the damping coefficient ¢ is smallcr
than a quantity which depends upon certain parameters of the
system. Ve note that ¢ must be smaller for smaller ampli-
tude F of the excitation and for hicher order n of subhare
monice We shall see later that the nonlinear coefficient 8
is essentlial in determining a more spscific restriction on the
Campinge.

It is also worth noting that for B = O, we can elimin-
ate A and B from squations (2.5) and (2.6) and obtain

2 )2

(W™= x = - (cw)z (2.11)
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Since (w - m’) nust bo real, we may conclude that equations

- (£.8) and (@ .2) are incompatible for p = 0. It follows then
Ehet subhormenics are not expoeted in a lincar systom with

dompin, s This conclusion may also be obbained from (2.2)
and (Z.10) since the equality sign must hold for the caseé in
vihich § = C.

So far we have obtained some interesting general in-
formation without lmowing what g(e) is. In order to investi-
gate the characteristics of subharmonie resonance in a
system heving 2 nonlinear symsetric restoring rorcu g{e),ws
will fix our attcention to the problem of obtaining the re-
lationshiip between the frequency and the amplitude of the

subharonic oscillation.

Cl

S SUEIARI'OWIC CF ORDER 1/3 RD FOR g(@) =

Tmicn the nonlinear restoring force g(e) is glven by

() = 87, 1t is possible to excite subharmonic response in

=

\ -

a sysiem represcnted by Eqe. Z.1. The type of subhar:onic

£

always chseirved in this system is of the order 1/3 i.c. the

-

fregucney is onc-third that of the applied force. This
(4)
svstem has tecn particularly investigated by Stoker and

ut most of the repcrted results are not
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applicable in the absence of linear restoring force or when
the nonlinear coefficlent § beccomes large. /e shall first
consider the effect of damping by analyzing the existence
conditions described in section 2.

If we set n = 3 in the approximate solution (2.3) and
g(e) = 0% in (£.5), (2.6) and (2.7) we obtain

2 2 2
(w.-u-(s/” a, - 3/2[38.3)A - Bow

3/4p2, - ) (5.1

2 2 2 .
(w -cx-(S/@ﬂaZ - 3/2pa )B+ 'Acw= - 3/2pa_ AB (3.2)

2

3 2
Qu° -x)a . - {3/4;‘(1&O + oao + 64 & ) -
< I} )
) 2 ~
- 3/28(B 2, + 5/2AB)+ Fcos =0 (3e3)

2] 2 - . .
cwia + 9a” ) = 3a_ Fsin g (3.4
1 o 0

If we square both sides of (v.l) and (¢.2) and add, we

cttaln

2 2 2
W =+ 3/4—[3(&1 * 2&5 JES [(5/4@511 a,_

=
(%4

o~ 1/2
)2 - (cw)” ) S
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It is apparcal that for real value of w we must have

¢ ¢ { s/a P22 (3.6)

3

2is ineguality indicates an upper limit on the value of c.

-

t is interesting to note that if we now assume thet g is
small and the damping is also small in (3.1), (3.2), (3.3)°

and (3.4), we can approximate az by

6z ~ — F/8« (3.7)

which 1s the result obtained by Stoker(4)through an
iteration procedure. This is a major result on the effect
of viscous damplng according to the small nonlinearity
theorys It is encouraging to find our conditions rcducible
tec the results of another method of investigation.

It is obvious thnt inequality (9.8) has no meaning if.
X= 0, In orcer to consicder the cases in which g 1s larpe
or & is small or gzoro, we wust avold the approximation (5.7)
Supposc ve lot ¢ increase to the maximum value in (3.5).

viaen this condcition is reached we have

(5.9)
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o 2
and WF = x + 3/4 B(al2 + 2ag ) ($.10)
From these two relations we can solve for al
o 2 2 q1/2
e® = 2/5 (W) = 1/2[ 16 (w?. 2-8(&‘2.)’} 5,11
1 B g—- ( —‘ﬁ~) B . (5.11)
liere vie gsee that the maximum ¢ is
2
w -
o= (LX) (5.12)
2y2 w

for which Fg. (3.11) becomes

2 o

> - P L.:_d

a, = 2/3 (“’B ) (3.13)
'?:'.n PR 2 (3 ~ - ry
fnowing a; we can find 2. from Eg. ($.10).
Thus

2 - 2

8, = 1/3(w” - x ) (3.12)

[

In viow of (3.13) and (5.14) the ratio of 2, to a_ when the
(o]

damping increases to the quantity expressed by (3.12), is
xy 2. Ilence Ege. 3.9 becomes

2
3 a
c = P 1 (3.15)

4[2 w

2
e can now eliminate al from (0.,15) by using Eq.{3.4) for
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ai = 2 a% . Thus ws have
- 2
3 27 BE 2 -
c = - s‘ (0016)
21575-wg~— in g |
from vhich we can vrite
(9]
¢ 5¢ 27 pE™_ (2.17)
242 J2 w®

This incquality shows that the subharmonic of order 1/3 can-
not exist unlcss the danping is kept below a certain value
which depencs essontially on F, B andwe The result does

not incorporate the guantity o, but it should be remembered that
the upper limit on ¢ in IEqe 9412 depends on « and w.. That

is to say, for larmerwx we must have a larger w for a glven C.
Eqe(ce12) may be interpreted as a lower limit of w for given

& and ¢. In this sense we write Eqe 3.12 as

2
2wi2

Y/lo shall compare the theoretical restrictions(5.18) and
(5.17) with some experiments performed with the aid of an

)
elce tromechanical analogfg' Fig. 2 illuctrates the lowver
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301

2.5

THEORY
o EXPERIMENT

FREQUENGCY (w) IN RAD. PER SEC.

1.5¢
W 2 /IC+ /2R +
C=.172
LO -
05 :
0 ~t — + +— 4
2 4 6 8 10

() COEFFICIENT OF LINEAR TERM
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C COEFFICIENT OF VISCOUS DAMPING

1.5

Fige 3

3 2
c¢cl2’B | F
T 242v2) W
THEORY
o EXPERIMENT
— -
o
/
/
-6
0"
o /
_ - B =843
s % =0
v © w=12.6 rad./sec.
P ,
S
/
/
S
5 0 15 2.0

AMPLITUDE(F) OF THE EXCITATION
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limit on the frequencyw for a given ¢ as a function of «
For very small valus of x , a significant deviation from the
theoretical limit appears. This may be due to the effcct of
small amount of dry friction in the experimental system since
thie viscous damping beconmes less effective as the velocity de-
creascs. Fige 3 shows that for a particular value of B, w ,
and K= 0, there is a limiting relationship between ¢ ancd F.
A comparison of the results with the restriction given by
(3417) indicates that the theoretical limit is a little over
twvo times as high as indicated by experiment. The restric-
tion (3.17) seems to show the right trend. The essential
point of these comparisons is that the limiting conditions
are applicsble to cases with the absence of linear rostor-
ing force which the small nonlinearity theory friled to

explain,

PLETUIICY = SUBHARNONIC AUHRIITULD RELATION

WYe now turn tec the problem of obtalning a frequency-
armplitude relationship for subhariionic resonance of orcder
1/5rde It should be mentioned that the problcm of eliminat-
ing 8z from Eqe 3.5 prescnts great difficulties of algebraic
netures. For simplification we shall neglect the damping in

the systeme For ¢ = 0 we need to consider only Eg. Je2
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and Eqe 305 1n the following form

2 2
W= ="3/483 (alz + a) ag + az )=0 (5.19)
and
(9cu2-<x)a - B/4(a ° + 3a S + 632 ar) + F=0 (3.20)
3 1 3 1 3

Since we are interested in the condition in which al is

large compared to &g, W shall ncglect the a5 and ai

terms in (%$.19). and obtaln as a first ordser approximation

ior al

2
W ~ x +(5/4);3a?_ (3.21)

7

<9
Now neplecting the 8, term in (5.20) and using (3.21) we

get

a_ o~ (5.22)
3 R 2]
3 (7TwW »x)

For the next order approximation we neglcct only the az

term in (3.19) and using (3.22) we obtain

1o

.

p{1lw’s )ai-gﬁFal - W) (T x) = 0

—~
[$3]
.
gv]
[N}

S

O

Solving for 8, 5 Ve find

o
i
e

CF 4 [(25}?)2 £ 280 o) (Tufr o )(11&.0()} /2 (3.24)

|..]

B( 1lw2+0()
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Here we see there are two possible values of al. The in-
terpretation of this result is that there may be two pos-
sible waveforms for the subharmonic, one in which 84 and

&z have the same sign and the other case in which a, and

1
2 have the opposite signe. It is not apparent from our

cdevelopment which sign is to be taken., If the ncgative
sign 1s assumed, we sce that the magnitude of F might not

have too rmuch effect on the sizs of al.

Fize 4 shows that &, increases in magnitude with
increasing frequency w « (It should be remembered that the
frequency of the exciting force is 3w in this case).

The experiment:l values agreec with the lower curve which
corresponds to (%.24) with the negative sign. The cx-
perimental points denote the pealk amplitude of the oscil=-
lations which are predominantly subharmonic. The inherent
amount of viscous damping in the experimental system 1is
piven by ¢ = .,172 which corresponds to the damping factior

b = 024, About twelve complete oscillations were observed
beforc the motion was damped out completelye.

Althoush the system contains some damping the expoeriment-

al data is in good agreement with the theory. Since daumping
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pust ke small in order to maintain the subharmaonic over a
wide range ol froquency, LEge. .24 might be sufficiently
acecurate to cdescribe the Trequency - amplitude responsc for

the subharmonic of order 1/5rd. in this system with or with-

cut cdampinr.

FOSCITEL. TIISUNCHE O OTILGR ORDER SUBILUINIQNICS.

D

As mentioned at the beginning of our discussion concern-
ing the subharmonics in the system having tho nonlinear
characteristic g(e) ='@3, the subharmonic of order 1/5rd. is
the only type observed for 95 restoring force. The question
now arices as to the possibility of exciting the subharmonic
cf’ order 1/2 or other orders in this system. The higher order
type might not be expected in view of what has becn said
abeut the damping for higher ne We shall consider the pos-
£ible cxistence of the order 1/2. If we set n = 2 in the

approximate solution (2.3) and apply it to {2.5) anc (2.6)

(V3

Tor p(€) = €°, we find

2 3 o2
(u>-cx-z Bai-‘g Baé JA + Bow= 0 _ (5¢25)
(W - ~§ Qai - gpaf )B -~ Acw= 0 . (5.26)

Llinminatins A and B from these tvio equations we have
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pince the cuantity in parenthesls on the left sicde must be
real, Ege. 3.27 cannot exist unless the damping is absent,.
In view of this result, vwe do not expect a subharmonic of
order 1/2 to be excited in the experimental systeme. It is
concluded that the subharmonic of order 1/3rd would be the

type most likely to occur if g(e) = 8%, The latter remarlk

i3 in line with experimental obscrvation.

4o SUBHARIIONICS IN A SYSTHNM VWITH SYUIIETRIC RESTORING FORCE
PROPORTIONAL TO &7
Since we arc interested in how the order of subharmonics is
related to the form of the nonlinear characteristics, wve
choose to study the system in which 7(8) = 1€] € « From a
reported experiment(G) in which transition of subharmonics
vas obscrved, it is suspected that the symmetric resitoring
force proportional to o° is essentlial in sustaining a sub-
harmonic of order 1/2.

In order to apply our mcthod of analysis to a syston
having a nonlinear characteristic g(e) =({e] e, we nust
have scme advance insight about the waveform of €(t) be-
causc the (@) = €° changes sign with €(t). Since we Co
not lmow exactly where &(t) changes sign over a wholo
cvcle, the evaluation of the integral in (2.5),(2.06) and

-

Z.7) seems to be a very difficult problem. However, il

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-]

viec assumme that the damping is small and the oscillatlons

vill be prodominently subharmonic, it might be satisfactory

if we evaluote the intepral involving g(e) = (816 as follovs
241 w/2 21 .
J“ lete K{ T )dt = je]e K(T)dt-ﬂj‘ | ] & K(T)dt-
o o
51’[/2 371'/2
- f lele K(z)dt (4.1)
2

where (t) is cost , Or siny, Or COs nt.
Let us set n = 2 and detormine the conditions for the
crlstenceo of subharmonic of order 1/2 in the following

e I
cysten

+ c@ # p|ole = F cos(2uwt + 9) (4.2)

From (Z.0), (2.6), (2.7), and (2.8), we obtain

(woa - 5ka)a - 2262 . _pa° - cwB=0 (4.3)
O a1 low
2 an
(W - - 3%~A)E - cwA =0 (404)
OCL . 4
(Aw-o(- Iy—hzx)&o + I cos ﬂ =0 ‘_—.5)
e} ,-.2 da ."12 - 2 B o - A...C‘
uw(al . 4“2) a, F sin g 0 ( )
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From these conditions we shall attempt to formulate a ree
lation between the frequency and the subharmonic amplitude
for the case in which damping is neglected. For ¢ =‘o 'y We
need to consider only (4.3) and (4.5) which reduce to

2 2
,-t(w -a-%fral)al - %82 = 0 | (4.7)

(4 wlea = 568 a,)eg = F 0 (4;8)

15w
Agsuming R is small compared to 2, we may write
o %8 8y (449)
w

Replacing &, in (4.8) with the help of (4.9) we have

ag = 25F2

4,10
(13w2+ 2 )2 ( )

Substituting the above expression for ag in (4.7) we get

2 _ 3w¢.,2. 35 F°
8y 8_B(u.) Qt)al + 5 (25w% 20)2 =0 (4.11)

The solution of (4.1l) is

2

8y = _i_g_ﬁ (w® e x ) =
+ X [( 3% w2, «) ). 70 F° o ]1/2
2 88 ( 13w<+20¢ ) (4.12)
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[ . .
Since al must be real, we must specify

VQ&
I
Fsm%(%)(wz ~x)(18w2 + 2« ) (4.13)

Thus for larger amplitude F of the excltation, the fre-
quency w of the subharmonic of order 1/2 would have to be
highor. In view of the approximation (4.9) we should take

the plus sign in (4.12).

X PERILIITAL

If the paraumeters of the system are set at certain
valucs the subharmonic of order 1/2 can be excited within a
zortaln range of the frequency which depends upon the an-
plitude F of the excitation. The amplitude of oscillations
increcasss with the frequency. The agrcement of Eqe. 4.9
with the experimental results is shown by Flg. 5. The
lover curves correspond to the harmonic componcnt given by
Ege 4,10, For larger F the range of frequency in which the
sutharmonic of order 1/2 can be maintained is shifted to the
rcgion of hicher frequency as implied by (4.13). These re-
sults were obtained for &= O in which case the subharmonic

vas easier to initiate than in the case when o > 0.
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\ In this sxperiment a rather interesiing phenomenon was
obscrved; as the frequency increased,the amplitude of the

. subharmonic of order 1/2 increascd up to a certain value at
which a transition from a subkarmonic of 1/2 to that of
order 1/3 occurrec. This result shows that subharmonic
oscillation of orcer 1/n does occur when the highest degreé
of pover of the nonlinear terms in g(&) is less than n.
According to previous investigation(5)this oceurrence was
not to be expected. The fact that transition tekes place
whien there is only one type of nonlinear characteristic
nresont may be helpful in understanding this interesting
behavior which so far has recelved no explanation.

50 far we have the following experimental data about
the transition. If the damping is too great or the lincar-
ity (X)) is too largec, the transition does not cccur, -
Takle I indicates for a given F the approximate ampliliudes
at which the subharmonic c¢f order 1/2 begins to decay into

other forms of oscillations for various valucs of X .

TARLE I
P o= 5,00 (dj~ (w) rad/sec, apPIrox. 2, (rad)
' ¢ = 0,17 |
0 4,91 2 140
Ge 4,90 <170
7 : 7.23 4,938 «105
' G, 7 4,92 .C81
. 12.30 4,24 s 068
e 1¢.10 4,90 «035
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It is interessting to note that the occurrence starts at
ppreximately the same frequeoncy indspendent of the values
ci X The effect of increasing x 1s in decreasing the
amplitude. For ol = O to about = 3,22 ,the transitlon Irom
the order of 1/2 to that of 1/3 was observed provided that
tlie Camping is kept to a minlmum. It is supposed that tho
subharmonic of order 1/2 is interrupted by the viscous damp-
ing which incresses with the frogquency. Fige. 6 shows the
relation between the danping (c¢) and the approximate fre-
quency at which the subharmonic of order 1/2 decaye into
haronic oscillations. The transi'ion to a subharmonic of
order 1/ seemed posuible only for small c. So far we have
rct been successful in formulating any specific theoretical
condition ©o predict the transition.

£

-1

@]

houwld be mentioned that if the damping is sufficient-

FJ

e A
4

-3

o

', the subharmonic of order 1/3 can bte exclited very
casily in thils systom for = 0. With larger « its occurrence
seened less 1lilely. The forcing frequency has to be higher

in order to renerate this subharmonic for larger « .

TIEORETIC I CONSIDERATION OF SUBHMARIONIC OF ORCER 1/3 IN

g {€) =l€) @ 3VITN

In order to provide some theoretical consideration for

the sukhermonic of order 1/5 in the system represented by
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Bge 462, we sot n = 3 in (2.5), (2.6) (2.7) and (2.8) and

obtalin
2 3 180
w - - - B 4 - + & 2 _ 4 _
104 Bgﬁ IB% 95)A cwB 5% 8s; = E? =0 (4.14)
2 8: .
(W ~o- —%T%-lg% ﬁas)B+ CwA =0 (4.15)
(9w® -x)a,+ 2B A% . 288 2, 8B .2 . 8pA ., .
3% IBy or ~ % 3y %y T oo
~ Fcos =0 (4.16)
8 2 LFe 2 — ry
(al + 9aq)cu3 - daz F sin g =0 (4.17)

For simplification, we chall assume as before that az is small
compared to ay and the damping can be neglccted. From (4.14)

and (4.16) we get approximately

2 8[38.'] 58
w X = - A 2 = O 4018
e = Bag ( ¥
and

= 2%+ F=o (2.19)
1w 7 f_?r << 1, we further simplify (4.18) by writing
Y a
8‘3&1
= (w* - ) (4.20)
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In view of (4.20), Eqe 4.12 bccomes

[on® (w2 -x)® . 64(321?]
g (4.21)
.

64p° ( 28 W - 2 )

Subsiituting this result in (4.18), we get the second order

approximation Ior a, as

lod 2 2
311_(&) -X) 9172(w -O<)2 - 64(32F.I

ay = -
' 8p 5262 (48 w® - 2u)

(4.22)

o P mINENTL L

k=l

As showm in Fige 7, Lqe 4.22 is in falirly good agree-
ment with experiment. The approximation seems to be better
for hirher frequency. This should be expected since a; de-
creascs with w while a; increases withwas shown in (4.21)
anG (4.22). The experimecntal results shovn are for X = Q.

i-s 8, illustrates the characteristics of the sub-
herrcnics as a function of the freguency of tho applicd Ioirce

The vertical cGash line shows how the subharmonic of order 1/2

~gaches a certaln frequency and jumps to the lower curve

. -
P

¢
¢}

PCDTCS

ntins a subharmonic of order 1/3. As the frequcncy

increases, the oscillations follow this characteristic with
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a frequency 1/3 that of the exciting ferce.

Se SURIARNONICS I SYSTEMS TH TONLINEAR CHARACYLSRISTICS

11 LiunL

() = |o°0

The next lotical step in this investigation was to study
the subharmonic oscillations in connectlon with the form of

nonlinearity expressod by|e2|e , At this point there was a

protlem of procedure in getiing some information in the
cimplest way. In view of the fact that the thooretical treat-
ment bccomes more complicated for higher degrec nonlinear
term, 1t was docided that the problem should be considecred ex-
porimcntally first.

Althoush the teim 92 and- 8% werc absent from the non -
linear characteristic g(e) in this case, the subharmonic of
order 1/8 and that of 1/2 were obscrved. The higher order

such a3 1/4 could nct be detected. Perhaps one of tho

=

[

cagsons for its absence is that the damping in the expceri-
mental system was too great in view of what has Dbecn said
in section 2.

It was interesting to note that if the amplitude F of
the excitation 1s sufficiently hich, the damping is kept to

a nminimum and o« is small coupsasred to , tho subharmonic of

orceor 1/3 was very dominant in this system. The subhiarmonic
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of orcder 1/2 could not be excited unless X was incrsasod
to supyrress the one of order 1/0. In this respcct the
ranse of occurrence for the subharmonlic of order 1/2 wias

very much constricted for smallor o .

SOOI TiLLORLTICAL CONSIDERATION

For simplicity we shall considor the followlng systen

with very little damping in it
A
€1+ 06+ Ble’| & = Fcos Swt | (3.1)

If we setn= 9 and g(®) = |6°] @ in (2.5) and (2.7), we

cLtain after neglecting the higher order in a

3

aq ((,u2 -x) - %Bai - %%% Bafaszo 5.2)
ond
2. (Qw'»? -x) - j‘iﬂ pai - %ég: aiaa - PP ~0 (5.3)
Ve enan write (T.2) as

W - = B WS (1. 1Bay 5.4)

. Ta1

WBoinan a5/31<<1 , we have

W _a:%ﬁa.f (5.5)
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anG therefora we may express a., as

e §
f=y

Sy 1

R

— (5.5)

2
Slw + O

[
[@N]

It 1s evidenl thet the next order approximation will bo too
complicated i'or analysis. It 1s supposed that [g. 7.5 will
be sulficiently accurate to indicate the frequoncy-miplitude

response for the subharmonic of order 1/5 in this system.

!‘)Q

™
°
[

indicates the agreement of (5.5) with the expcrivent-
al resulbs. Agein as we would expect the approximation is
better in the higher frequoncy range in which theval is
large compared to ag.

The theoretical consideration for the subharmonic of
réer 1/2 can be carried out in the sswe way as in the
alkove analysis. The results can be stated as follows for

n=2, ¢=0, ag/al« 1

(w? - o) =~ 828 53 5.7)
1570 1
and
7 -
32 ~ 2 (-.‘o\:))
26 W¥ - 47X
wvhere 2w= “ﬁ‘: frequancy of the forcing function.

The difference bhetween (2.5) and (5.7) is that in the
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formey, 5u)=<uf and in the latter, EUJ:(uf ¢ The interest-
ing polnt to be raised in view of 2ll the first order
anproximations we have been making is that all these first
approxinations are the frequency formulae for the froec non-
linear oscillsation of the system belng disturbed by a period-

.

force n times this frequency.

|~
Q
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CONCLUS IONS

I) The principal aim of thg theoretical investigation
vas to formulate more general conditions for the existence
of subharmonic osclllations in nonlincar systemse. Spccial
attention was given to systems with symmetric nonlinear
restoring forces mainly because some experimental inforzation
aktout the subharmonic in these systems has heen reported and
vas in nced of theoretical consideration.

A variational proceduré of studying the subharmonic
golution to the equation of motion was developed according

L3

to the idea of 1tz( ) The application of this variation~
al wethod lecd to four reneral conditions for an assumed
approximate solution. The method scems to be applicable
with any type of restoring force without restriction on
the magnitude of the nonlinearity. This means ti:at the
ceveclopment coes not have to be in the neighborhocd of the
lincar forced vibratlion as it is in the treatmcnt by other
methods(periturbation or iteration)e.

Some interesting gencral information can readily be
extracted from the gencral conditionmse. It is shown that
subnarmonics cannot exist in a lincar system with camp=-
inse The inequality (£.10) incdicates that subharmonic
osclllations of any order 1/n cannot occur unless the

camping coefficient ¢ is smaller than a quantity which
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‘dopends upon the amplitude F of the execitation and the order
(1/n) of the subharmonic. Since the harmonic component(a,)
decreases slowly with the frequency, it scems likely that
the damping coefficlent ¢ would have to be taken smaller in

order to sustaln the subharmonlc of order 1/n as n becomes

laregere

2) From the analysis of the subharmonic of order 1/3 in
tlie system having (@3) type of restoring force, it is shown
that certain important results obtained Yy the lteration
procscure of Stoker(4) are contained in the results of our
variational method. Further consideration leads to restrict-
ions on the damping and frequency for predominantly non-
linear cases which other methods failed to oexplaine The
restrictions are in agrcement with experimental evidence.

t ls also shown that a relatively simple frequency -

-1

amplitude relation can be obtained for the predominantly
subliarmonic oscillation in the aisence of dampinge Since
the Gamping rust be small in order to maintain the sub-
harmonic cver a wide range of frequency, it is rcasonable to
conclude that tids relation(S.Zé).is sufficiently accurato
to Ceseribe the frequency amplitudc response even theush
sowme camping is presente Further analysis of this systsom

shows Lhat subharmonic of or

ﬁl
l_J.

er 1/2 1s not expected to

oceurs In view of this rosult and the damping restriction
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(7.10), it is concluded that the subharmonic of order 1/3
wonld be the one most likely to occur. The latter remerlk
is in line with experimentsl observation.
5) In order to make fwrther study of the connection be-
tween the order of the subharmonlic and the form of the non-
linear restoring force, the systems having nonlinear
characteristics |€]| € and 193| & were investigated separate-
ly. In thele! € system the subharmonic of order 1/2 and that
of order 1/3 can be excited experimentally. In particular, a
spontaneous transition of subharmonics can be observed when
the system is predominantly nonlinear and the damping is
sufficiently small. The above observations sare rather
interesting and important in certain respects: they show
that the subharmonic of order 1/n does occur when the hizh-
est cegree of the power of the nonlinear terms in the g(e)
expression is less than ne This was not to be expected
according to a previous investigation(sz It indicates that
the subharmonic of order 1/2 can be generated in a system
given by (2.1) without having an unsymmetrical nonlinear
restoring force. Finally, the transition from the order
1/2 teo that of 1/3 shows that a single type of nonlinecarity
nay contritute to the support of more than one type of
subharmonic oscillation.

So far, it is not apparent from our theoretical

cevelopment how the transition of subharmonics can be
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precicted o IE has only been shown that the frequency-anpli-
bude reli:tions can bo obta;ned for these subharmonics in the
aboenes of dampinge This is in fairly good agrecment with
experiment. It is supposed that in the transition, the sube-
harmonic of order 1/2 is interrupted by the viscous damping
which increases with the frequency, The amplitude then decays
to that of a lower frequency oscillation i.e. the order 1/3
of lower amplitudee. This may happen provided that the damp-
ing 1s sufficiently low for the existence of subharmonic of
order 1/J.
) In the|6®| g system the subharmonic of order 1/2 and
that of order 1/3 were the only types detected. The higher
order subharmonlc could not be exciteds It seems that this
is what we should expect in view of the restriction (2.10)
on the coefficient of damplng for the higher order sub-
harmonics, In this case for low damping the subharmonic of
order 1/3 is. the dominant type when the system is predominant-
ly nonlincar. The subharmonic of order 1/2 can be initiat-
ed only if x is increased to suppress the one of order 1/3.
The transition of subharmonics was not observed in this
systeme It 1s suspected that the subharmonic of order 1/3
may occur in all syrmetric nonlinear systemse.

The theoretical consideration for the {6%| & systen
becomes rather complicatec. It is concluded that the analysis

of the system with higher exponent nonlinearity will present
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great difficulties of al-ebraic nature. The assumption of
predoninantly subharmonic oscillations lcads to important
simplifications in formulating the frequency-amplitude
relations which sre in fairly good agreement with expcriment.
g) In general we see that the assumption of predominant
subharmonic oscillations is valid in the upper range of the
frequency in which the amplitude of oscillations is large.
It is worth noting that the first order approximation used
in getting the frequency-amplitude relations for the sub-
harmonics is equivalent to the expression describlng the
frequency of the free nonlinear oscillation of the system
exclited by a periodic force with n times this frequency. In
effect we begin the approximation with the free nonlinear
vibration by assuming that the forced vibrations are pre-
dominantly subharmonic. The physical implication of this
result 1s that the free nonlinear oscillations can be suse
tained by a disturbing force with approximately n times the
frequency of the free vibration. The integer n depends upon
thr type of nonlinear restoring force. This phenomenon

may occur with dampins in the system provided that the damp-
ing is not too sreat and the amplitude of the excitation is

sufficiently high,
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