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ON THE SUMMABILITY OF DOUBLE FOURIER SERIES

PART I
On the Logarithmic Mean of

Double Fourler Series

The wide application of single and double Fourier sefies

t@ _problems in mathematical physics has justified a close
Vinvestigation of their summability by various methods, as
 we11 as of their convergence. One of the most 1nteresting
and significant of the problems relating to the summabllity
fof(a Fourier series by Cesaro means has been the\so-célléd
’ Geséro summability problem which has been sélved, but only
, in a modified form, by Hardy and Littlewood® fér a single
f:Fourier series. For the Fourier development of an integrable
;}function bounded near the point under consideration.they

have derived a simple condition which 1s necessary for sum-
~mability by Cesaro means of any order and sufficient for sum-
 ﬂmability by Cesiro means of every positive order. A similar
}Eﬁﬁeorem for double series was first considered by Merriman, +

'Qand~1ater by Gergen and Littauer. ¥

¥Herdy end Littlewood, Solution of the (essro summebili-
v,zx roblem for gower series and Fourier series, ‘Mathematische
it 1 sehrift’ VOol, (Igzzs, pp. 6:-960
. TG, M. Merriman, A set of necesssry and sufficient con-
@itions for the Cesaro summéFTlit of double series, Annals
of Methematics, (2), vol. ), pDP. 345-354,
i,fﬁ*' ¥dJ. J. Gergen and S. B, Littauer, Continulty and sum-
?;*biLitz for double Fourier series, Transactions of the
nerican Mathematical Socliety, vol. 38 (1935), pPp. 401-455.
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The fact that simple bounded functions exist which do
 not satisfy the conditions derived by Hardy and Littlewood,
3 $ut whose Fourier developments are summable by Rlesz's
logarithmic means suggested the desirabllity of finding a
~ general theorem, analogous to that of Hardy end Littlewood,
concerning summabflity by Riesz's logarithmic means. Hardy*®
has proved a theorem of this type for single Fourier serles.
'ﬁﬂa has derived a condition which is both necessary and suf-
‘fficient for the summability of a single Fourlier series by
;Rissz 's logarithmic means., It is the purpose of Part I of
- the present paper to prove a similar theorem for double
~Fourier series. Here only sufficient condltions for the
f gnﬁmab111ty of a double Fourier series by logarithmic means
nihré derived. The suthor hashot been able to show that

{  these conditions are also necessarye

~ *Gg, H. Hardy, The sunmability of a Fourier series by
1egarithm1c means, Quarterly Journal of Mathematics, Oxford
~ 8eries, vol. 2 (1931), pp. 107-112.
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1. Definitions, Consider the double series

o0

(1.1) 2 e,

Mz20 n=zo

and the simple seriles

g_?' o (every n),
(1.2)
f &m (every m),

,»ne:p‘resented by any row or column of the double series (l.l).

We define the following partial sums:

mn=ZZaijo

i 47: /:0
- (2.8) £ = L oy, (every n),
sr?m = 2 oy (every m)),f

~
w
o
Q"
[
Q

C gq
™M
™Me

,~, 1(,1¢4) | C OCyp = i “gn (every n),
R N
Con = /Z; sgj (every m);
Som = ZZ T3 °
) 4,../;1-/ ij
L C nog
(145) Som = > ' Sin (every n),
8
Sgn = B (every m),.

\_‘

")

<
Cde
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» ~The double serles (lel) 1s said to be summable by
~ Rlesz's logarithmic mean, or summable (Ry,1), 4f the double
1imit

5
1im m
m™rv2>log m log n
é~xists.

scngle
Similarly, if the dewede limits

sC oR

TN 115 prits
1im e (every n); lim (every m),
mree Jog m n+oe Jog n

~exist, then the simple series (1.2) are sald to be summable

(R,1) for every n and for every m respecftively.

2o Statement of the Theorems It 1s the purpose of Part

- I of this paper to prove the following theorem.

THEOREM. Let f(x,y) be a function integrable in the

génse of Lebesgue in the region 0 ¥ x 7, 0 £ y¥ 7, and let

- #g(u,v) .A_'L’.ff(:mu,y-vv) + £ (x-u,y+v)

+ f(xt,y-v) + £(x-u,y=-v) = 4Sjo

-

J& x
$ (x,%‘ = ,{[7])“(“’7)1 du dv = o(xy lcg% log _;_.)

17N
[

(2.1) §.(x,7) =fo",¢(u,y)] du = o(x log %), (0<ys<m,

ulN

¢ (x,7) s]7[¢(x,v)[ dv = o(y log %), (o

x £€1T),

- & sufficient condition that the Fourler development of f(x,y)
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be summable (R,1) at the polnt (x, ;y,) to the sum S and that

,\v}é}ach of the simple series represented by the rows and columms

of this double Fourier series be summable (R,1) at this same

point is that

f(%y) ff ¢(“’/"’)0Lwo/,u—=o(fo7 477),

 ,~,(’2..2) L (4, ) ;/ ﬂf_g}f_) de = 0(Ley ) (020 277),
; - 4 ,ﬂf) = — (o % £ )/
o)) B oChyy) TR

88 x,y—>0.

| For the sake of simplicity we shall assume throughout this
P wpart of the paper that the function f(x,y) #s even-even as well,
as integrable (L). We shall assume further that the Fourier
éoefficients a,  of £f(x,y) are zero whenever m or n or both
are zero, and that x, = y, = 0 and 8 = 0. Then #(x,y) = £(x,7),
and the Fourier development of f(x,y) can be expressed by the

relation

£(x,y) ~ Z‘Z a,  COS mx cos ny,

™2/ nzy
where the symbol~ denotes formal correspondence.
Before proceeding to the proof of this theorem we shall

~ state and prove a series of lemmas.

3. The Auxillary Functions X(x,y), )(.L(x,y), Xz(x,y).

LEMMA 1. If £(x,y) is even-even and integrsble (L),

 then the functions
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6

.
'X(x,y) :—‘:Z/x/y f(u,v) cot £~ 7 cot 7 du dv,

,~~ (3 1) X [(x,3) = 2’./ £(u,y) cotffdu, (o
X

N
o
N

)

N
o
IN
3
-

Xk(x,‘y) = i /”:f(x v) cot ¥ Z av, (o

/

are also even-even endintegrable.

For we have

(=x,7)
X

u

__/ / £(u,v) cot £ cot T dau dv
o

L {f j £(u,v) ecot i‘-’cot 1”’: du dv
‘IL /& 7/ a 7/

+ X(X,y).

il

| "rbr,If in the first term in brackets, we make the change of
"",,FVariable u! = -u, we get, since f(-x,y) = f(x,y) by hypothesps,

‘/ o [T _.u’ oo
7,?/; /%f(-u',v) cot ( --) cot - ( du'] dv

=-—— /f(u V) cot—cot"’du dv,
| /
- and therefore X(-x,y) = ){(x,y). Similarly, X (x,=7) =

-X(x’y) . AlSO,

il

X (=x,7) f(u,Y) cot £ qu

{/ / }f(u,y) cot%du + X (x,7)e

- If, in the first term in brackets, we make the change of

. variable u! = -u,’we get

o A ) o
-i-;'/’;f(-ut,Y) cot (-%) (-dut) = -21[ f(u,y) cot%du,
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}~and~therefore ')(,(-x,y) = X1 (x,y)e Since f(u,-y) = £(u,y),
,it 1s evident that X (x,-y) = )/, (x,¥)

~ we can show that '/ (x,y) is even-even.

To show that )/(x,y) is integrable, we write

f [r[r/}((x,yﬂ ax dy
éé—ﬂr</”]v[f(u,v)]~)cot ’i—{-‘)-lcot 1”’:{ du dv)dx dy

/7”'(}”;;’} L) 4y ay ) ax ay
0% iy e
_O//FZZ’J—CE:TU)—[ ([[ud:;)du av
lrfvif(u,v), du dv.

To show that )/, (x,y) is integrable write

[ i [ ([T ] )
‘ ‘ /77(/7 /gw,z)/ du) ax dy
a/‘”-/f(u«z)/(/ dx)dydu

// | £(u,y)] au ay,

which shows that )(i(x,Y) is integrable when f(x,y) is inte-
‘grable,

In a similar maenner

HEN HA

i

A

A

8imilarly, if f(x,y) is integrable, 7(,(x,y) is shown
_to be integrable.

LEMMA 2. Let f(x,y) be & function which satisfies the
 relations (2.2). [Then

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission



8

X (x,7) = o(log _'.x log L ), when X,y —0;
(5‘2) X.L(x’y) = o(log 54’_), when x>0, (0 < y £7)s
X (x,7) = o(logL), when y—0, (0 £ x<7),

- where Y(x,7), X,(x,¥), and X (x,y) are defined as in (3.1).
Now,

X(x,y) = lvrf(u,v) _;_ cot £ cot % du dav
7

,:/77 ()  gu av + o(1)
. Al

F (x,5) + o(1)

n

= o(log -9‘2 log -)

7

_i_é.saifx,y-&o, by the first of equations (2.2). Also
X (x,y) = L f f(u,y) cot -du
| /Tﬁf_‘:#)du + o(l)
=¥ (x,7) + o(1)
=0(10g7’c), (0 gy =m),

~as x)—0, by the second of equations: (2.2). Similarly, the
[ :,,third of equations (3.1) can be proved if we make use of the

xthird of equations (2.2).
Let us develop Y(x,y), X (x,5), and X (x,y) in double

.. Fourier series in the following way:
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e o0
X(x,y) ~ 7;; ;; )Mb”wc'os mx cos ny,
o4 o2
X(x,y) Z > A..C,,, cos mx cos ny,
Mm=p N=0
X (x,7) ~ Z'o' Zao: A4 cos mx cos ny,

where

, (3.3) A

1/2,1fm:0, A _)\.)
i, if=m >0,

- We can then prove the following lemma.

LEMMA 3. The Fourier coefficients b , ¢ , d (m > 0,
- n > 0) of the functions )((x,y»),' Xo(xs5)s N (x,¥), respective-

o 1.1, are expressible in terms of the Fourler coefficlents a

*gsg’,__»f(x,y) as follows::

™ .
. . .
bw T o 2-:; Z:/ >m-¢,w-] 37. ’ m,n 7 03
7

(3.4) c, = ;,‘:, Z; A 8. » m > 0, every n;
) | ) ‘
a, =+ Z/' )n_/. 8, n >0, every m.

e _

We have by definition,
4 (T[T
b, = 'ﬁn"zf / X(u,v) cos mi cos nv du dv

(/f £(x,y) cot .f cot % ax dy)

. cos muicos nv du 4v

:77__’_ 7(/ /ycos mi cos nv du dv> £(x,y)

. cot 7‘ cot gidx dy

_’_._
p—)
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10

/ T %
;:j—;.z,/f f(x,y) sin mx cot Z sin ny cot z dx dy

Mw% MW Aﬂv% dx dy.
&M’%

-__..—-———

T

/f(x ,y) A

L aw %
A

Now by an elementary trigonometric formula,

sin (2m + 1) X -sin % cos mx,
A s

1}

sin mx cos X
Z

- and therefore

,a..w) ,c_,o-;zz-’é ) (Lo 1) X :
ko & L -cos mx/2
= x .
Z
= I /
= Zco‘six+zcosmx--i
[~ .
m>»mS
§
= LZ,' )m_é cos ix - ik
. Hence L
: +

b , = 4 — f"‘/‘”f(x,y) {? A, cos ix - _:}[Zl }cos jy/\]dx dy
A f’i} , . (Fz/.ff(x,y) cos ix cos jydxdy)
5 G ey b
7
_ i’ o (.ﬁ_‘%[zrf(x,y) cos 1x dx dy>
] Z 277. <7?"_‘_L/a‘/o- £(x,y) cos jy dx dy

+ --_/_(#for/v‘rr(x,y) ax dy)

1]

>

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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~J

)
:-—!——ZZ‘ RTN-J,WV'L' a..» m,n > Oe

M ey 7 "]
gvS»imilarly, making use of the same trigonometric formula, we

o get
L | .
| H // X(u,v) cos mu cos nv du dv
o) 2
7= Yo v
o2 YA/ w
._.// / f{x,v) cot X dx ) cos mu cos nv du dav
77." () =3 N &
T rr X "
= 2 / / / cos mu du | £(x,v) cotX cos nv dx dv
2 J, D o Fa

= L ]T/Wf(x,v) cot %. sin mx cos nv dx dv
(2]

‘77U77'1' 0

o
it

m/

S fir/”f(x,v) [Z: A, . cos ix - L ] cos nv dx dv
T ® o Jo ) & v

[ 4 (T
— ; Moo (FL[ﬁ(x,v) cos nv dx dv)

T
L[4 f/f(x,v) cos nv dx dv>
onJ 77-& [-Rd~]

m/
— Z' Ai G (m >0, n =1,2,e04),

H

In an entirely analogous manner we can prove the third

_ of the equations (3.3).

LEMMA 4. The partial sums s , . (Very n), s (every m)

_g ~expressible in the followlng way in terms of the Fourier
aaefficients of Y(x73), Y (x,3), gnd Xolx,57) 2
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S f ! /
mn o — + — + 0/ —]3
Proro bM + Ly cM 2o d”""-’ ‘ (M),
C
(3.5) oo+ o( ’ (every n);
2. 7 % ~ vl
R
™ = g + O (.’_) (every m)e
n e ~

Sﬂw g alt.‘
M L=/ Z.=I
mo »n/ -/ -/
4. / Lim, / a"m; aw
B ZZ.: acd * 2 Z:" Treny * _Z e * Py
vzt ]—/ e=/ ],_/
N m.} -t
L. LS5 L5 Oy G ]
= + = 22 4 - 2 f —T
P ey A
™mal . a -/ a ) Q@
+_.'_..[J?_'f_l+w + L _;ﬂ;+&w]+ o)
dov |72, ™o 2 Lrn 7o n 4 ™o
S 2 N SN ! in
Z,Z; Gty I TR 42; Tl ey
/
N
a, . a
PR T W M =
3 /2'/ J’ ey ¢M
= b +-6 +-1a +o CJ-°
P L VY dayy, TV )’

by Lemma 3. Also, by the second of the definitions (1.3),

: and by Lemma 3,

wn

i

ms
Z aén

/
s m Cay

i
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13
Similaerly, the third of the relations (3.5) follows.

4. Some Lemmas on Partial Sums. Let us now make the

following definitions for the Fourier coefficients of X(x,y),
X ((x,7), end X&(x,y):

™ ~J
EM ZZ €.,

NE
M

(4*1) t = PR ;
P ro ]—O L] / P ;=° i
(6, , =50 2 A epy (T =3 (), 3
o 40 i:o / Czo ]:O i
(6,0, = 2 A ep ()L = o )
(every n), | (every n);

() = D0 D0 Ay (T =) (). s
tzo J':. / / ¢zo J.=0 ax
N ol )k <5 s f
= : < = :
FIRE ) ]év;_l: -m.] & frrns ;.=a (tl)mf h
(every m), (every m).

Making use of these definitions and those contained in §1,
thé follc&wing well known integral expressions can readily

. Dbe derived:

T A -2 - a .
ﬁ%[f f(x,y) &= mf2 penlmg/2 gy dy,
[4

o
iid oot a/a M"'7//&

&

v 2 |
(444) O'MCW L f”/ £(x,y) ’“".._;__”"__ﬂé cos ny dx dy,
7 Jo Ma?"/‘a

(J;i: d f’rfvf(x,y) cos mx __._T;Z’_/i dx dy,
a o

;"‘ /0-4.4«,'7‘7/»1

gy | T Al M/,z, Aan, /:2.
- {445) T 2 L 7 (x,7) mf dx &
AT T 77-4_[ A )/ ’ P 2/ MN‘Q,7/°L T
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n

(z), // )((z,7) /2 M”uf/ﬂ-@czf.

: (4 .6) PSRNy Y73 Al 7/&
LR . M/’L |
(T')"’W:;/'// J((x7)4-ac/x¢ ”7’47447/
s i [ R S ,.;‘“;7/& drdy
(4a7)

!
:

(z;)/? _,_l/o-zrj(l(x,y)wmu/c _"“——_'_‘*—?//% 04,447

For exsmple, we derive the expression for 7. .. By

| def inition,

it

::.//': /;/ 2/ e
=77_% ;’Z; 0[}2’(74,7)/02:;§olj7w/n¢ MW 01446%/
o pirs (Rt )%/2 M(£]+/)7/"7- '
- ;'a/f /5"7);; Rpr R a0/ 0@“{//

- L omn /i Eriey/
S [ 7 ”‘;,fx,y{ St e Ay

vssince a,, =0 for every p ahd every q. The other

7o
‘~‘d_{-,c‘i;:-”\,.";,expressions in (4 4)=(4,7) may be derived in precisely the
aame e Nner,

We are now ready to prove some lemmas.
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LEMMA 5, For the partial sums r s, () m® (T, )

.:ﬁ?l’(everz n)y, (7,) m? (z, )R (eve_rl m), as defined by (4. 1),
'    (’4.2), and (4.3), we have the following relationships:

o(mn log m log n),

X m =
('498) Tmp = o(m Xog m kég h),
Tym = o(n log m log n__),»w

(7, )m‘ = o(mn log m log n),

:  ,(’:'4 .;9) (z, )ml = o(m log m log n),
| (z,)1, = o(n log m log n),
’ ("Q)mn = o(m log m log n),
 (,4"10) (Z}_)ml = o(m log m log n),
(7.)y, = o(n log m log n),

asmy, n 03

(1) , )gm = o(m log m), (every n),
oot (7,)C = o(log m) (every n),

| _;t_l;l,g 8lso as n becomes infinite; and

- (% )py = o(n log n) - (every m)
 (aa2) ol ’
L (Z, )y = o(log n), (every m),

: and also as m becomes infinite.

‘Let us first condider equations (4.8)s From (4.5) and

Lemma 5, we have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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=_,_/7r o(log -~ log L) T ’“"”‘*m"f/“‘dxdy
T4 x 7’ A, 94/2. Atn. 7/.1

[///7 l:[% 'ﬁ[ym/;mT+/y:ﬂ.//ﬂlj

N )M”M/ﬂ- Mnuf/az. dx dy
7’ ﬂ-«um'?‘Ol./al M‘27/ﬂ.

- o(log -- log

Vil
_// 0(1og——1og;

2 T fim
+ 2 / / o(log L log
Ty x

) dx dy

~¢l-

»
§
o
I~
fod

log

+
E

A
S~
F
‘K\
q

(o]
-
[o]
[4:¢]
I~
~N8 -
&
.y

+77—-f—if/wf//mr o(log%log?} d”‘ ;*f

= o(mn* - log m log n) + o(n®“?log m log n)
Dy m
+ o(m" 2 log m log n) + o(mn log m log n)
o » ‘
= o(mn log m log n).

In g similar manner we can verify the other two of the rela-
:‘y??f:.i}.ons (4.8)s PFrom the first of equations (4.6) and;by Lemms

;2,"?’16 have
. ) / " N Lo M/.z, )( )
. (’5; )Ma (;[ Q(log x ) M‘zoé/& / Airs 7’/&. v )

Now, Hardy has shown that®

*G. He Hardy, loc,, cit.
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“_/ o(log L)M mz/"?' dx = o(m log m),
[ .

,and it is well known that

__L/VAMle'?/L dy = 1.
I ” :1.7//02'

Thus we see immediately that

—

), = o(mlog m) n =o(mn log m log n).

(t

| ?In an analogous manner the other two of the relations (4.9)

~and the three relations (4.10) follow.
Next, we have from the second of equatlons (4.6) and

2 and making use of Hardy's work again,

by Lemma
Ly - [ L / M/L /

,(,E; )M = (77 Z o(log —72 DSy v )( cos ny dy

= o(m log m), (every n),
end 1t is evident that
: e

’ (T, )m = o(log m), (every n).
We also notice that

(T ) = o(m log m); (T, ), = 6(log m), as m,n oo,

ATy

Similarly, relations (4.12) follow and we also have

R R
g A(t‘*—)”w = o(n lqg n); (tz)m/ = o(log n), as}m,n —$ooe

LEIWA 6, We have the following identities for the par-

tial sums defined in 81:
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- L $
1) (42 S = z; RIS B Bl S 2
J, ta /i'z/ /J:/ p
nDIDID S fiq o
b-/;:/ }al q
(4.13) o o
: (m+1)S = ;,’ Sin + o—mn (every n),
(nﬂ)sﬁ: = ;/__7',3 3 + 0‘§m (evegzl m) e

In order to veri&y, for example, the first of equations

[71_,(4.13), we morely mske use of the definitions of S, and O

~‘,,‘»,,(m~t1)(n+1) 2. fj S f - s P4
: e // / 15 4-.//.-//,,/5” pq

(m+1 ) (n+l) .

L)

) )
= (m+lj(n+l) Z'Z b F - (mt1l)(n+1) 2 07 24
o~//-/ j /J=/ i:/ pq

™ oA g ) ) g
o+ (mr) 20 By 1)) BPe. 32 s
T 2
m ) ond ) ) S
‘+(n+1)Z'ZiEl + (n+1) 50 :E-ZZS
’ /9-&/ :/ p gg-,/f:/ q fa/ia/
£ sE
¢ 5 /

i «{m@,‘other two relations can be verified in a similar manner,

3
3
So
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R
T LEMMA 7. If S , Sfiu(everx n), 8__ (every m), are
defined as in §1, then

mw S

Z Z' S, = o(m log m log n),
cey/ ;':/ / .
&8s m,n —> oo and
> 0
Z S, = o(m log m), as m-»oo (every n);
(4.15)
&R
Z: ST} = o(n log n), as n-—vo (every m).
s |

We shall consider first the relations (4.14). By Lemma 4,

F BP0 s T o
v B fo-?z ALY

:t"-tdo t “‘Z’:[(t) (t/)o}]} |

Vi
+i—/§ [(t.zzpf -7—

ty fo
+ o(log 1 log j),

trecalling the definitions in (4.1), (4. 2), and (4.3). Now,

‘aince
(t,)f =1L }x,e,, = 0(1) (every q),
2 23
(t )’R =L a.4a._ = 0(1) (every p),
2./.70 2 f /?o .

-1t 18 evident that

s = b, -t + L L3 ()8 w0 X L
b 9 &?‘J;j:‘f/ 2 FeY ! ‘¢ 7 ;
- + .LZLT" (t,JR. +0(1) 20~ + o(log 1 log 1)
. 02./9:/ /,] /’1/
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o .. - - L ‘ C L4 1
ey 137 %0 " P03 T2 ;: (tl)i_q 9 Z( b2 p:]

+ o(log 1 log j)e

‘NTherefore, if we again mgke use of the definitions in (4.1),
(4.2), and (4.3), we have

t,z/ =7
0»7

= Tatl,ned = (0%1) Ty q = ()0 pya+ (mmtl) Ty

m/
+ :’Z']Z;; i/ ?ﬂq)g+l q B (Il)g,q]

Mi

+ )R

+ o(mn log m log n
p,l ( g g )‘

| \
z 4‘=/ =/ ]"[( 2)1) n+l (2-2

“We now apply Lemma 5 and obtain thereby

S.. = o(mm log m log n) + (n+l) o(m log m log n)

+ (m+l) o(n log m log n) + oz/ f L o(m log m)
. / /; /
-9,—:—_ Z,’Z 2 o(n log n)
v

= o{mm log m log n),

Sk il since all the relations in Dema 5 hold when myn — o

Let us now consider the first of relations (#.15). We
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: ,h&?e'by definition (1.5) and Lemma 4,

c L sk
8y = 2., L=
A
- Z epn+}:o(1/p)
f—l ;:../
C
= (tl)in + o(log 1), (every nj,
making use of the definition of (1:1):;“m given in (4.2). Hence,
by Lemma 5, |
S .
c [ c
& Byp = ; (tl)in * o(log 1):]
c |
= (fl)m1 +o(m log m)
= o(p log m) (8very n),

and also as n +oo,
The second of the relations (4.15) can be proved in an
~ analogoud memmer,

The lemma is now completely proved.

LEMMA 8. Let f(x,y) be a function which satisfies the

‘iiglation (2.1), and let 84 be defined as in (1.3), where the

ey fyi_are the Fourier coefficients of f(x,y)e. Then

m . o ¢
| Z’ZZ—%:O(mﬂlogmlogn)
(4.16) o T
. %ff%ﬁ- = o(mn log m log n),
cz/ Z'-./ i;/ .

88 myn — oo

~ For, we have by definition (1.3),
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Sy = 8D, = 8+ (5, o7 s,

- where (t ). 1s defined as in (4. ?). ‘Therefore, making use

v

~ of the definition of (%), , we have

iz #zfi(t/)a"zz_:(t)
ce/ ]/ /r-./ /0 c=/ ]z/ / Y /..

7/ m )
- 22 (s 2000 (8,
cz 7= / ¢/ ]:/
C BT
4 / / / i/ z/ /0
= (T )y, 0y, = (m41) (€))L

- (m+l) (%)), ., + (wnil) (T)) |

+/

+ mn 0(1) + Z;Zf#
Lz/ Ee f

; and hence by Lemma 5
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ZZZ_&L (mnZlogm10gn)1&»2:2’}:.}32{‘;g"’“ﬁL

=g P V= gel eyt R
ﬁow let us consider the second term of the right-hand side

of the relation ébove. We have

izl J/PI%I
r 7
=4 S . (,y) —LT dx
Wgﬁ%wllfv ~ 1Y
mom 2 & e e *
=54 f(x’g)gjg e 3@2?2/2@%,
T T 2 con e ¥
- £ »[Ifa f(&;{);z/: 2. ___#/f.gc,u%,,

IJ,/é %ff //(x,g)/g% “’;)"‘ s ”t{/a ‘ﬁ)‘é‘k
_8 TT (x,1) 25 [eoe px/ i, /2
= L /g 2. --;;’i_ drdy
T~ zy £ / con pox/
+7%J‘; J;’t /f("iéf)/g P/ /°m d“'a"

1 i}
Now, making use of the third of relatioms (2.1), it is seen
that

4

T'=00 [ 1papl 2.2 3 % 4 dy

3/ p=/
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2 m
= 0(n m log m) f §.z. (X’%) dx
4

0(n*m log m) o(;n‘—log n)

i

= o(mn log m log n),

”

o(zg log m)/c (//m 5,‘7, -?fac,?r) dy| dx
o(m 1og m)/orr[zm%% (%O%QZ_)) dy
vo [ By dyj)dx
o
= 0(m log )/ % O"F) - n*& (x,1)

-
+2f o( “L)dy]dx

In 7‘2‘

= 0(m log m) f’r[zé;(x,‘rr) + o(n log n)] dx

J,/,’=o(1)/ //w /o / j_(ﬂ_/dy dax

]

i

Q

mw
= 0(m log m) / 5‘1 (x,7m) dx + o(mn log m log n)
i ]

= 0(m log m) & (7,7) + o(mn log m log n)
o(m log m log n).
We therefore have

J, = o(mn log m log n).
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Next, we consider J, and obtain

|J&[ < & frfﬁ)‘f(x,y)} ﬁ fj ._/._’C:wﬁﬁj- sin® ny/2 0(1) dx dy
0 o) L=/ /;:}/ ‘

77--?..

om/f/f l2x,y)] 2 /Zj ;ﬂ’— dx dy

it

= 0(m log m)
= o{mn log m log n).

: Thus we have proved that

m o L '1 Q s
ZZZZZ—Z&? o{mn log m log n),
o=/ i:/ /.7.-.-/ ;-_/ /ﬂ

~and ‘consequently that

i

o(mn log m log n).

MY

™

™M
~fy

Similarly, since

o =Z‘;ZUL +Z:;{-?Zi)‘
T T

we can show that the second of the relations (4.16) holds.

LEMMA 9. Let f(x,y) be & function which satisfles the

- xelations (2.1), and let C , G'%i(eveg n), 7, . (every m)

‘be }defined as in (1.4), where the a  are the Fourler coeffl-

~ slents of f£(x,y). Then

g, ,=o(mn log m log n) @8 m,n -y003
( C
(4.17) o, ,= o(m log m) as m—oo (every n);
(T/? o(n lo ‘ ]
- g n) as n-—voo (gvery m).

In order}to prove the first of relations (4.17) we use
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the. expressions for U,  given in (4.4):

_
T ™ mf/rf(x,y) pem /2 Aenlnyfi gx dy
aint ¢/& ﬂ¢m,;f/&

r -2
=.ﬁé J/‘J[”Ff(x,y)‘um'”n¢/L ‘*“*”;Zﬁi.dx dy + o(1)
= Yo Jo xR 74—

J + o(1),

H

. ‘'where

ey
TN

16 Yrns plferw T Y Wernd 7T T 7o)
LA i A
< ) 7 Yon o ) Yom. Yons Yo

e(x,y) | 2 /2 e fmy/t ax ay
Bk /e Mt 7UQ

#

= J, +J, +J, +J4,

Lot us first consider the integral J, for which we have

Yoono Y 2, % » &
2L /}f(x,y)Jm¢{4 44 ax ay
) o X

7 2

ey
1)\

772

FA P ’/m ‘/
- m / /”lf(x,y)l ax dy
4 ]

i

mn?
) ¢ (1/m,1/n)

- mwn" o(-L log m log n).
onn

= o(mn log m log n),

by the first of equations (2.1).

Next using the second of equations (2.1) we get
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T i 2%
J :12// 12(x,7)] L 2474 ax ay
mm
4m

|

ﬁ

2 [T [ ./
4 .[/MJ If(x,y)/ ot dx dy

1//7'"55&[04;,-,’;) dax

Yom A

3

_ ot !
= no(alog n)

= o(n log n) (-1/7 + m)

o(mn log n)

u

T

= o(mn log m log n).
--;similarly, we can show that
JJ = o(mm log m log n).

Finslly, using the first of equations (2.1) again, we have

I, = _/é ”f [f(x,y)/—-—lf—L ax dy
T Y o 7

6 (T[T Eray) | ax ay
Yo~ tn I 97/ x 7

A f’" T % §(96Lry)dx dy
77’4' /47: Ym 99497/ ( %’" 2’

i

f//mvc((m) 7dxay

5 [0T2 () g
7% //,m‘//‘
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L f_f_w_dxdy
Yim 7

- B () w02 & (1, //m)]

+

77"4 Tt
= [2EY - 2] o

3 §Coc,7r) B, 1/n)] 1
+ & ~//:m I/m* ]%" ‘dx

4 Lz f __(ﬁy_)dx dy
7/“‘z Vo= ? 7

= of(mn log m log n)

//m[m) ﬂfmj"?”"‘["? :)dy
/[o(ﬁoy/ %) | olntey f?”“)]ax

[ g

N

= o(mn log m log n) + m f 0('&7’””’&77) dy
0(47/ '&7’" 7

Jn
/ A
+/r/ﬂ'o(ﬁov7;z¢7//y)dxdy
Yon Y, ,xaz, LS

= o(mn log m log n).
‘, ,‘We;therefore have

J = o(mn log m log n),
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In order to prove that the second of equations (4.17)
holds, we use the integral expression for U as given in
»,'1«1;'("‘”4.4) « We have

C 4 /‘77 - Lo ;LM/L
g =z I
L=y YA £f(x,y) Ty cos ny dx 4y

il

o) | [T etx,y) f:tlﬁ;_/éidx ay

= l){/l/v +/ﬂr/]f(x,y)mm/‘zdxdy

o(l)m/ /f(x,y) dx dy
o J7 [T FE Y ax oy

Now making use of the second of relations (2,1), we get

a‘fw 0(1) m f 5, 0/my) + o) || 5 5 2, 7)o

n

1

§l

I p T )
o(m log m) +0(l)// i(ﬁ%‘% dx ay
° x

Yon DX

VaVadia
+ 0&(;1‘)V// ELQ;LZZ)- dx dy + o(m log m)
_ o Ym x

+ 0(1) _[75,(7717) dy + 0(1) m"2/07r§l (1/m,y) dy

+ o(1)/ ,/m ——%—~)dx dy

o(m log m) + O(1) + o(Z””.:zlog m) + o(m log m)

il

1l

o(m log m) (every n).

o ﬁiﬁiiarély, the third of the relations (4.17) can be proved.
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We are now ready to prove the theorem stated in §2.

5. Proof of the Theorem. In order to prove the theorem

we must show that from the hypothesis (2.2) it follows that

S, = o(log m log n);

'SC o(lo ) (every n);
s — g M), ¥ ]
SN = 0(log n) | (every m).
e L. )

If ;wé conéider the expressions (4.13) in Lemma 6, and meke use

| ef Lemmas 7,8, and 9, we obtain the above relations immediately.
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PART II
On the Cesdro Summabllity of
Double Fourier Series

We now turn to a problem concerning Cesaro summability
‘of double Fourier series. The theorems in Part II are not
~concerned with deriving conditions under which a.series is
‘YS@M@&ble by Cesaro means of given order, nor with finding
'rsébé’astual sum of the series. We are rather concerned with
“iﬁvéstigating the’rapidity with which the rth Cesaro mean
‘ (¢ < r <1) of a double Fourler series approaches a given
 ¥E§um~when the function considered satisfies certain conditions.
 5fI£ 1s plso shown that values connected with the function
1ifﬁ@der consideration, other than the wvalue of the function
‘E:kitéélf at a given point, can be represented by mesns of the
f;?th‘CeSAro mesn of the Fourier development of the function,
The results contained in this part of the paper are
f;igeneralizations of results obtained by Szész¥ who considered

. fthg~case of a single Fourier series. Invan earlier paper

'7,;5 Qsz,proved similar results for the arithmetlc mean of a

”féiagle Fourier series.t

. *otto Szhsz, Uber die Cessroschen Mittel Fourierscher
~ Beihen, Acta Litterarum. ac Scientiarum, vole & (1927), DDe

T t 0tto Szasz, Uber die arithmetischen Mittel Fourierscher
~ Reihen, Acta Mathematica, vol. 48 (1926), pp. 353-362. e
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Let us consider a function

Its

B, Definitions and Notatiom.
’ »ff(v'x,y) periodic of periods 27 and integrable (L)e

E F;ﬁzfcier development may be written iIn the form

' o0 & A  p
(6.1) £(x,y) ~ Z; - 77.’“;_" /_” /_; £(u,v) Em(x,y,u,v) du ‘dv,

where the symbol ~ denotes formal expanslion,

Pm(x,y,u,v) = cos (m({u-x)) cos (n(v-y)),

~and A,__1is defined as in Part I, (3.3)s The Cesdro mean of

the rth order of this series, where o < r <1, may be expressed
5 j_j,».nj,the férm
472 [f(x-l-u.y-i-v) + £(x-u,y+v)

':(5}'2) T
AS-4

f(x+tu,y-v) + f(x-u,y-v)] Hm(u,v) du dv

where
(r)  _ [(owrn) (r) (r) (r)
C G C «C
[(tr) ) m ® “m n
3 (m_/) o (-7
Hm('ﬁ) - Z_j o /‘u/rv( Jar /& ,
"" Airo ut 2
B (V) = Hz,,(u)'ﬂm(v).
7‘;‘——5‘_[[ Hm(u,v) du dv = 1,
we have
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Sms (2 .
  »51(~§~;;:5) C,c,u) / - 7?’.,. f [ Wgﬁ (u,v) HM(u,v) du dv,

,'where 55 u v) is defined as in Part I, §1.

7. A Special Gas‘e. We shall first prove a theorem which

indicates the rapidity with which the rth Cesaro mean (0< r
< 1) of the serles (6.1) as glven in (6.2) approaches a

'~,f,‘;§mtable chosen quantity 8.

 THEOREM 1. Let £(x,7) be & function which is integrable

{L), and let S ( X,y )/G( ™ be the Cesaro mean of the rth

@rﬁe of 1ts Fourier series, where 0 <r < 1, If, for a

. suiteble s,

' ('7.1) & (x,7) = / /7 }yﬁ u,v)} dy dv = o(x**y f"/g), {:

S
L%

\’U\ TN
UN uN

§.§. X,y—>+0, and 1if
x ,
§/(x,y) = fc ] @ (u,y){ dy = O(x”“") a8 x—>+0,
(0fx € r, 0 £y<m),
2 (x,y) = f 7 75 (x,v) ] av = o(y”) as y+o,
| (0sx % W,O‘Pér),

om*nry, (0<x<r, 0< P <r);
o Cn
(7 5) S,M:C'x,z)_ S . o(m™~n/1og m), (0« B<r);
e ce) " o(mr*n"1og n), (0 € X< 1r);

o(m™n"“log m log n),
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ﬁm,n —yr e
. Let us consider the sbsolute value of the expression on
the left-hend side of (7.3). From (6.3) we have

Cn) :
(7.4) :§7Z£§}2L -8 = ;%iglvzcﬂ']¢(u,v)}} B _(w)| |H, (v)] au av.

In view of the hypothesis (7.1) as well as (7.2) we can deter-

“fimine a positive b < 1 corresponding to a given posl tive e<7m,

iuch that
~(7.8) u "y B (u,v) < €, (u;v <5y,

while at the same time

Y '

‘ ' ® (u,v) < A, (w<d, 0 €£vsm,
v'/‘/ﬁﬁk(u,v)<A/, (0 cuswm, v<J4),
ﬁwh,ai'e A, is a positive constant.¥® The integral on the right-

hand side of (7.4) may then be written as the sum of four

- integrals

|  ’ i §rs § rr T ~f v
A7 //.+/f+ ff = I +I +I_+1
( ) o Yo o “§ F Yo ’ ‘/5 ‘/): ’ * ? #*

Whére the expression under the integral sign 1s the same as

 in (7.4). Let us first consider the integral I,. M, Rieszt

*Mroughout the remainder of the paper we shall indicate
,kpasitive constants by A , A ,.4;,, ***°

+ M. Riesz, Sur las sommatlon des séries de Fourier, Acta

Iitteraurm ac Scientarum, vol. 1 (1923), p. 110.

~
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hes show that for 0 < r < 1 and 0 < u <7,
(7.8) [H (u)] < ma,

(7.9) B ()< m™ a4,

where A‘Z and A, éepend only on r. Let us choose m and n,
 depending on the € we have aslready chosen, such that m >/
a >//f. We may then write

Yo s £ Al Yous P4 Yot 2 Y
° (- Ym0 0 Yo o o

R R

‘where the expression under the integral sign is the same as

| ,.,1»1*1'.('7.4). In view of (7.8) and (7.5) we have
2
I' < m T (1/m,1/n)A;
80 that
‘;(7.’10) Ir< w* n e A:_',

If we make use of both (7.8) and (7.9) andﬁntegrate by parts

. with respect to u, we get

I'< m™¥n f//fd/”‘gﬁ(u v v au av
< m¥na a5 'jf/””/gb(u,v)} du av

+ (r+1)_// //M( s i/;m é(r, v; dr) du dv] .

'”\-

Now since the integrand in3¥(u,v) is positive,it‘is
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i;d'ent that 1ts integral taken over any part of the region

_ of integration indlcated in (7.1) is less then its integral
- over the entire region. It is also clear that the sanie is
~ true for §, (u,v) and §a(u,v), and we shall make]use of this

fact later on in the proof of the theorem. We therefore have
) ) ) 5 ) 5
I} < A A, m™" nfS MUB (5 ,1/m) + (r+1)‘///‘mu Y %% (u,1/n) du:)

2 N —asdt X _/_/@ ‘ _1_/@ ol -]
<A A;m n[€§v n + (r+l) e n f/ u du]

"
-80 that
’ | .. - ) ot -/
o {7.11) I' <A A w " n"/ee[m M, (r+1) u ’ du:) .
Z 2 3 Yo,
Similarly, we can show that

. | P
" i -3 ‘_./IJ B+ N ’.-/‘IJ-/’/@"/
- (Te12) I; < Al A,m n € }:n(@ + (r+l) j;m v dv_’)v.

NGW, 1f we make use of (7.9) and integrate by parts twlce, we

get

I 5 e
1; < m" n'NA;j / | 4 (u,v)] w7 v %7 du av

2
-t -/ J 5 —AS -
Em n'MA; [f ///:m ///‘m v @ (u,v)] au day

+ (r+1) //if/j(u'm“ v j: | 6 (r,v)] dr) du civ

n

 Zm Ve AT [fw-://-fv””'/ &, (4,v) av

+ (rfl)fg fg wE e &, (u,v) du dv]

Yrn " m

can-a [f
L S Ry A U
oy 5 -fu- 2 v
+ (r+1) 0§ ///m (v _/%) §/(£,s) dstv
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Sy J‘ 5 A2
+ (r+1) & [/mf//m u £ (u,v) du av
nwhty Y8 1,v) du d
+ (r+1)* .[;mjm % (u,v) du dv

<m*nvadt [0 8(,9)

J
+ (r+l) ;-m_/ / v V% (§,v) av

'/

+ (r1) &7 j/‘/; u M tE (u,d) da
+ ( +l)’z/J/J u % v-*? H(u,v) du av
, * Yo o ’
< m a"e A% [’ J"~N7‘D( J-N,I-/@
3
) ]
+ (r+l) 5"’“"“[/ v av
eyl
Rt S mdol-!
+ (r+1) & ////‘mu du

5 rs
+ (r—i—l)"/,/m_[/’)1 ui“’*“" v au dv] .

Hence,
' Y 2 P n/u_/@
Il <m™ n Ve A fm
, | p -
+ (r+l) m/”'“/ v'M‘/g/ av
"/m
(7.13)

5 .
+ (p+1) n”'/@‘[/' u Y an
M

P Y S - - -
+ (r+1)°z[/ _[/ 2Ty M"/? " au dvj.
(e n

Now, if we consider the four inequalities (7.10), (7.11),
- (7.12), and (7.13), which we have just obtained, we see that
‘ - o m S
1. <L €A [ n® n A+ (r+1) ¥ n- / ~r

+ (p41) m % n"u‘/// v ey
a
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/J a X gt gu dv].

Ym,

‘L-N o
+ (r+l) m n'/

Yorn,

‘We therefore have
0<xX < 1
- n-/d_:z/u_o(ﬂc/ 2r- B+ 1 ’

€m .,4’
fo - o w- B 0</Z~7< r,

. v ‘../9 1 1 oZ/U—IﬂJ—/ A
em n ):1)+ (r+1) ogm] Ty T

~ ;1‘,:(".7.1'4) I, = (0 <B < 1)

em ¥ nr XY ! [1 + (r+1) log n:)A
M- &

(0 < <« < 7),

e m™" n"“[l + (r+l) log m] [1 + (r+l) log n]A,*.

L

We shall now consider the integral I, in (7.7)s We shall

| ﬁrite I, as the sum of two integrals,

1:‘1 . {/””Z’Q/;’/:j;sﬁ(u,v)) [ (w5 (v)] du av,

% -~ f—-/b-/

cmn”d”" F (1/m,m) A, A, +m n A;‘

g Aot :
f u’ 2, (u,m) du

Yo
in view of the inequalities (7.8) and (7.9). Now, integrating

 the last integral by parts with regard to u we obtain

. » s
~[/mu / §A.(u’77‘) du = ; ./ v,//’m §ﬂ_ (u,‘ﬂ') du
| ] 3
+ (r+1) -[/m (u'”"?' " g (r,m) dr) du
5 _a-
<5 @ (S, + (r+1).[ u *3 (u,7) du.

-~ We therefore have, if we make use of the second of the in-
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equalities (7.6),
S ) e .
I, <mn” " " & (1/m,m) A, A, + w0 STV G S, ) A
J
s nMSY (r4l) A: f u " %E(a, ) du.
Yom

Hence,

. & _ Y -3 A -/ <
I, < m n"v4 A/ A A +m n 3 A A7

!
A Y 2 L’- Y-
+m™ a7 (rel) A A ) u du
m

5

- - - - A By VY Y-

< m % o™ a +m " nY (r+1) A, u du,
4# Yorn

fgndvtherefore

mvdn_/‘d o?.A.a-o('+ / A " (°<'< r),
Ao - X # '

- (7.15) I <
R 8 m_/u n_/u [:l + (3?+1) 1og m] A4.

‘;Sgimilarly, it can be shown that

w8 -8+ L
2 | mn n A o A, (/3<r),
o (7.18) I, < |
e o m" n" }:1 + (r+l) log n] A,
, » Finally, we consider the integral I, in (7.7)e From the
ipé;quality (7.9) we have

— A - Ao 2 77:/‘7 -ho-/ [y Ny y
I, < m¥ oY a2 [} ) | & (u,v)| u v au av

£ m n_,uj-.z/u-&, & () A::
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(7,1'7) I‘)‘ < m™ A
Now, if we combine the inequalities (7.14), (7.15), (7.16),
~ and (7.18), we obtain the following relations:

R WPy ar- B+ 1/

m* n’e v
m n o /1./-/3 7,

(x < r,IB r),

‘ S(”') Gony) m”“n'ﬁe log m %:_é—i—/— A, (,ﬁ <r),
[ = Tacly ZQRN )
CCN)
' asd m’dn"‘ué wlogn‘a

M- 7? («<r),

m " ne log m log n A7,

for m = m(¢), n = n(¢). It is now evident that the relations

 (7.3) hold.

8. The Gerieral Case, We shall now prove a more general

theorem involving not only the sum of the serles, but certain

Tﬁ?;,Other quantities connected with the function.

~ THEOREM 2. Let f(x,y) be integrable (L), and let
B

SM(x,y)/Cf:i be the Cesaro mean of the rth order of its

Fourler serles, where 0 < r < 1, If, forsultable values of

g and S and suitable functions ¢,(u) and 95‘,_(17) integrable

(L) and such that, for 0 <« £ r, 0< B £r,

, $,(u) dau = 0(x’**), as x ++0,
Sbl(v) dav = (ﬁ-/-lr/)’ g.__?_ 'y'——)'+0,
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- we have

f%[:?’(ﬁ(u,v) - 9, (w) v/ - ¢, (v) v+ g u"‘vvﬁfdu av

(8‘2) :o(x/-l-l)( .y/-f/é)’ -a_'-s- x,y..?-j-o,
~while
: 4
16w - ¢, @) v/ - 4, + g u v fm
L = 0(x'*%), as x-—+0,
- (8.3) ‘ |
| f7l¢(uyv)"‘ ¢/ (u) v/@ = ¢£(V) w4 g u” v/gldv
- o(y'), as y+o,
then
S ()
(
1im m® n/” <S”""’ o) - )
; m,m 00 C’C"’)
8 i M
r(ren) ~ /1t n)
® 2 T/t w-a) Cow AT/ 2P FC/*/U”/) c‘“"/f”/'z
(ot < 2y /8 < r),
S g , i o(m™ n” log m), (}3 < r),
(8.5) _____’ZSMCC”)" )_s - ]o(m™ n~1log n), (< r),
i Comens o(m™“n-* log m log n),

g8 myn —00,

Let us write for brevity
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Q(u,V)

:515 (u,v) = ¢ (u) v” - ¢, (v) w* + g ut vh,
R(x,7) = 7],y du, (0% y<m),
R(x,3) = jo7/Q<x,v)l av, (0 ¢ x£7),

F(x,y) = _[xfy |Q(u,v)] au dv,

wherever these expressionsoccur. Since 1Q(u,v)! is always
ﬂ‘jgra‘q'sitive, i1t 1s evident that its integral taken over any part
cf the region indicated above will be less than its integral
i”"f_alver the entire region. We shall make use of this fact in
“thﬂ proof,
From equations (6.3) we see that
\SCN) (9‘ ) el
DY L _f_/f Q(u,v) E (u,v) du dv
CCN} 2 o YO
oy
/ /e
+ 7-;,.‘/0/; <j5, (u) v’?HM(u,v) du dv

+ 77'1 /‘:Zrd’x(v) uO(HM(u,v) du dv
,%J’Zru“ v’ H,_(u,v) du dv
&[T, + T, + 1, -8L,]

 We shall first show that

o(m™™ n,'/g), | (o(<r,}§<r),
o(m* n-/ log m), (B<r),
(8.7 I =
; '(’ d ) ! o(m* n"ulog, n), (t< 1),

o(mn"”log m log n),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43
Let us consider the absolute value of I,,
< [T
(308) \I,] = fofo ‘Q(u’v)HHM(u)HHW(V)\ du dve

Now Szész* has shown that for o < P < 1l, 0 <u<m, m =1,
2y 35

L
|

(849) (1+mu) E (u)| < Am,

- where A, depends only on r. Thus we see that the right-hand
f,',s,ide‘ of (7.8) 1s less than

e o et
mnA: va/‘[Q(ﬁ,v)/ (1+mm) "~ (1+nv)"" au dv,
. [ 0
‘and integrating by parts with regard to u, we get
. - .
1,1 < ma* (1P [T F (7,v) (1) av
[<]
T w - - -
+ 2(r+1)m5nA1vf Jf F (u,v)(1+m) 2 (14nv)“ " au av
8 Jo Jo ! ‘
V] m -l
< nAg\/‘ F)(ﬂ',v)(1+nv) e dv
o
. T nrt -/
+2(r+1)n " ma® [ /7P, (u,v) w' (24m) "
. 8 o Yo
«(14nv) ™" au av.
aﬁew integrating by parts with regard to v, we obtaln
iz,] < m¥n A"; (7, ) '

+2(r+1)m”'n’”ﬁ A? JfTF(ﬂ',v) v7g‘/(l+nv)ﬁ’u'/ dv

a

~ *gpfsz, Uber die Cesaroschen Mittel Fourierscher Reihen,
~ Acta Litterarum ac Scientarum, vol, & (1927), DPe 43.
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A A | d

o
+ 2(r+l)m'"™" n‘”A’lf Fu,7) u®/ (1+m) u
[+

e + 4(r+1)gm/-o<n/-pAa;

~f#f7u‘°‘" v A (14m)* M (L+nv)?-*- 1 du av.
o 0

The integral in the second term of the right-hand side of

r'f(;Blg”lO) may be written as the sum of two integrals,
"~~;f5F(TT,v) v (1w Y av + f; F(r,v) v/ (14nv)P ™ av
Yo

"ff-~f<f‘{F(7T,V) v (1)l av + (Lnd) [T FOryv) v av.
 :,]' o ")

m view of relation (8.2) we can find a positive J < 1 corre-

»;fspanding to a glven positive ¢ <7 such that
(8.11) x4y AR(x,y) <€ (x<8, y<4),

-khile from the relations (8.3)

HN

x'"% F (%) < A,» (x<d, 0 ¢y <T),

N

(l ) y-/-/‘ Fl(x,y) < A7, (y <f, 0 x 57-,«)’

",‘:'{a*ifius, meking use of the second of the relations (8.12), we
:4 339 that the integral in the second term on the right-hand
side of (8.10) is less than

:»1’&7 [5(1+nv)/”w/ dv + (nf)ﬁ-/w’f#F(ﬂ”,v) v/’ av

4]

4A? fg (1+nv)ﬁ'/u" av + n %48 .

jo
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Similarly, meking use of the first of the relations (8.12),
" we cen show that the integral in the third term on the right-

. hand side of (8.10) is less than

oL =M ]
A/,.

§ oA-ts=/
Aq L (1+mu) du + m

~ The integral in the fourth term of the right-hand side of

(8 lO) may be written as the sum of four integrals,

P L L T e

where the expression under the integral slgn is the same as

in (8.10). For the integral I' we have, from (8.11)
Jrd ro-
I:' < € / f (1+mu)°( i (1+nv)f@"”" du dv.
(] o

_ If we meke use of the second of the relations (8.12), we
~ find that

s | 11( 5P (1+n)/j'b'/‘/o‘;‘£” F(u,v) u’"~ (1tm)* """ au av
<5 (nﬁ)ﬂw-/ﬁ.? /Q,JIW (1+nm)°(-m-/ du dv
¢ o, [ m,
V' ‘gna' similarly, if we make use of the first of these relations,
we'find that
1< A, m”"”"’[aﬂ (1+nv)/@'/u-/ dv,
| For the integral I! we have

[+

I ¢ (1) (1+n[)/0°/”"/77:/7r F(u,v) u’™? v'/'ﬁ du dav
_¥  () )
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< (mf)x'w'} (ng)f-*! /rr_/:r F(u,v) v au av

[}
*

< A, m* v n A,

. Combining the results which we have just obtained we see that
Y Y .
1,/ < A Jm™n
+ m'™ n'“j; (1+mm)* ' au
+m” n’/ﬁf (1+nv)/6~

+m nl A //o’ (14m)* " (140v) P du av
[

, é‘.ﬁnd we therefore have

a [wvare s 252l ol nr ],
16 A - & w-f (r - e()[m -/8)

(£ <r, <),

Am[m'wn"u(l + log (1+2m))

~

o + i /é) (L + ¢ log (1*2131} )_/ (% < 1“),
©(8.13) T |< g

A, [m™ o™ (1 + 1og (142n))

- o n
$ 2227 (1 + €log (1+2n))], («<r),
M-

A, [m”“ m™(1 + log (1+2m) + log (1+2n)

\

-

f log (1+2m} {1+2n))],

'k"'I't 18 now evident that the relastions (8.7) are proved.
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Let us now consider the integral I 2 on the right-hand

'side of (8.6). We shall show that

o(m*nP), (< Ty 8< 1),

: o(m®n-f 1og m), (B< r),
(8.14) I =

, 2 o(m=n-* log n), (X< r),

o(m*n-* log m log n),

gsz-m,n —o0, First we note that

B _ 4 : T :
(e.15) I, = (/D ¢ (u) H_(u) cm)([ v/ H (v) dv) .

The ‘absolute value of the first factor of the right-hand side
i ch (8.5) 1s less than

mAgf ¢, (w)] (1+m)™™" au
(¢}
by the inequality (8.9). An integration by parts gives
" . s
f‘m(f;fmﬁ) A, /; | 95/ (w)|[ au

+ om’ (r+1)Ag j;r [ (1+mu)_m-&fl (]5, (s) ] ds| du

17

.- " . ; 7T
= wa, + (x4, {l ’L/;}

.[u"'d (1+mu)°z"”"‘/ow) g(s) ] ds]au

<‘m’uA + Bm"d(r+1)A3/o7r[u"'°‘ (1+mu)d i ’/ I@,(s) | as| au

weaa B 5 -
g mMA,7 + 2m’ d(r-l'l)A/y / (1+m:u)°< v e
4

+ 2m/~% (p+1) (14md) 4

) ,. - \ 4{ K-rs=f -AJ
; <; m A/7 + 2m (r+1)A/g ‘/o (1+ma) du + m (r+l)A&0,

5 . ';ajnd therefore
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w5 2 e,

Mo~ ok

’4

Mc;b,(u) H (u) du s, a1 + log (1em)],

It is thus evident that

s [ 0w ), (x< ),
- 1 B du =
(8 16) A ¢I(U.) m(ll) 131 {o(m_/‘u log m),

asm —yo00, Szhsz® has shown that

lim n /Fv/gﬂ (v) dv = m [t 1)
: nyoo o o AL Tl w-g) o /2
 (8am) (4<n),
- i av = 0
e 7”“4 vAE,(v) av = o,

80 that

b - o), (4< 1),
-~ (8.18 Au dv =
X ( - ) f v W(V) v {O(n-/‘u log n)’

(4

. as n->e0, By combining relations (8.16) and (8.18) we see

 that the relations (8.14)hold.

 Similarly, we can show that

o(m*n-A), (< vy, f< 1),
et o(mf“nﬂé log m), 94<Iﬁ,
v 3 o(m“n-* log n), (< 1),

o(m™n-* log m log n),

ff*Szész, lber die Cesaroschen Mittel Fourierscher Reihen
Acta Litterarum ac Scientiarum, vol. & (1927), Pp. 45-47.
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Finally, we consider the integral 1, on the’right-
hend side of (8.6). It can be written as the product of two

 f integrals

I, = (/:P u“Hw(u) du)(/nvxgﬁw(v) dv).

}lf'ﬁemake use of the relations (8.17) obtained by Szdsz,
4t is at once evident that

. (8.,20) 1lim e I~ (ot 1) [t 1)
. ' nroo # 2/t (/- pps) Cou&7T/2 27+ /'(/-/@*AJ) ﬁo—vﬁn’/,z

(x < r,ﬁ< r),

and
o(m”*n"? 1og m), (A< r),
(8.21) I, = o(m ¥n-* log n), (A< p),
™)

o{m™n-

a8 m,n Yoo
The theorem follows immediately from the relations (8.7),
. (8.14), (8.19), (8.20), and (8.21).

4. The Case of the Arithmetic Mean. We shall now prove

a vthe'orem similar to Theorem 2 for the case when r = 1.

THEOREM 3. Let f(x,y) be a function which is integrable

(L), and let ; be the arithmetic mesn of its Fourier series.

=

. I£0<« <1, 0% F£1, and if for sultable velues of g and

v :s,kand suitable functions ¢(u) end ¢.(v) satisfying the
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conditions‘gg Theorem 2, the relations (8.2) and (8.3)»are

~ satlsfied, then

A _qy L =8 &) amar/a TG pofT/2
”iilf»om e, - 8) = TE (/- )R T-pIaf )

(o<1, A< 1),

Loy P (o8 s 28 LIRS (s,

)

: | oy n— 00 o~ T (/_/5)’02/&
{9.1) [7
S /. P P _S) - .-g‘ f_(d)/ﬂ-»w\)dﬁ/i, (X< 1)
mﬂw+w1&7mu T ) = (1-x)a ™ ’

,".éﬁ“%:z;w ..~ 5) =%

It is well known that

. R- - 2'
A, Mui /R Riro N/
T -8 = /fd/ﬁ(u V) —3 / — /% du dv,
mev 6‘muu7r" Ay .uv/oz. A, m—/,,z,
80 that
o - - f’r T alu,v) A /2 Aoz gy ay
[ ‘fm‘?' M"‘u/az, /ﬂ—mz/lf'/oz

J/QJ[ u)v/%““‘m“*/l e m”7hdu av
9‘M77' /)

e /2 renZar/a
(902)

fir/.ﬂ- (V)ud AR /7"’4*‘#/4z MMLI—"du dv
< 4 ]

YT

f )g Mmuu./oz ,aM.; /Il.—d‘/ol. du av
%M?T"' o Vo forsan /2 P

—-1{1, + I, + I, - gl
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Now, we note first that when r = 1 the integral I, of Theorem
8 :vis» the integral I, of this theorem, and that the relatlions
(8.7) still hold for r = 1, since the inequality (8.9) holds

When r =1, Similarly, for the same reason the inequallty

(8.9) holds when r = 1. We therefore have only to consider

the integral I,. We may write

L 2 . |
- (9.3) I, - <..L fﬁ poeclidameriad N0 du> (__’- TS /2 v/gda .

o A /2 dngy  pendur/a

Wow, if &< 1,

K=l [T o % o
MM/Lu du

linm m
: m Yo 0 At/
o (9.4)
m © R
= 1im m”‘"f AT Tt /2 g3n Fu du
oo 0 Len? /2

or. |
& TR .
(9.5) 1lim mn” '/ Ren S f2 (u°‘- sin® u) du = 0,
. to o MYee ) . LM/ZL
_For since

u* - sin® u < ut*s, (u >0, 0 < &(<1),

and ;
2
L
77_.1. ARty ML 5
at

Mamﬁ <
M&M/.Q

the integral in (9.4) 1is 1ess}than the integral

Faﬁld" " & £ < ot [T & o=/
ST . sin*mu/2 uTaw £ w77 ) wdan <m*A ,
Rt 0 (o)

~ and hence can be made as small as we please by choosing m
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‘ ‘ ;i§ﬁ££1eient1y large. We have thus proved the equality (9¢4).

Now Szasz* has shown that

lim "‘"’d-lf et /e gip® u/2 du = [() par ot/ , (e« <1),
meyeo & Yo g tafa (-a)aX

Fa

1im / /FMM/J'M:J.
M—roonz.b7mu Jo o AREu/a

It 1s therefere evident that

g of - ,
1m [T e situfe au = JEJAmATR L (w <)),
My R o 4 '&M/& (/- ) g & ~
1im ! /”" /e o L,
ny o 4«447//»\/' o Ao ‘z«ua/,z # . 2

- Hence we have

1im m“nfI = FOxQ)*a)anvk r(ﬁ)4¢%y37%1 (x< 1, g< 1),
o My # (/o) &% (-2,
1im :ﬁufn/g I = L /'(ﬂ),w/@ﬂ'/az. (ﬁ <1),

mm-—ym,éo7 -8 (/-/6) aZ/@

- r[“)&wdﬂ‘/&
(/- )%

(£ < 1),

-
7

and, if we combine the results obtained, it 1s evident that
. the limits (9.1) exist.

NN ‘”'Szasz, Uber die arithmetischen Mittel Fourieracher Reihen,
,AAeta Mathematica, vol. 48 (1926), ppe 353-562.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



o ~The author is deeply indebted to Professor C. N. Moore

£or his guidence in the preparation of this menuscript.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



