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ON THE STRONG SUMMABILITY OF THE DOUBLE FOURIER SERIES

. L. Introduetion. The notion of 'strong' summa-

bility (Cl) of a Fourier series was'introduced in 1913,by

Hardy and Littlewood.(l) Théy designated'a series as strong-
ly summable (Cl)_at a point of contimmity x, if ‘

(1.1) | . % | sp - f(x)l = o(n),
where s, is the sum of the firgt (m + 1) terms of the Fourler
series g (aycos nx + bHSin nx).
| These results were further extendéd by Carleman,(Z)
sutton,(#) and again by Hardy and Littlewood,(4)

All of this work was eonfined solely to the single
Fourier series., The purpose of this paper is the extension
of Carleman's theoremvto the two dimensional case.

| First, let us consider briefly the discussion of

the single Fourier series case due to Carléman, and the

previous work leading up to his theorem.

2., Strong Summability of the Single Fourier

Serieg. Considering an L. integrable funetion developadble

in the Fourier series

1)comptes Rendus t. 156 po 1307-1309

( 0 .
gg;yroe. London Math. Society Ser.(z% g.gl 1923 pp. 483-492
( )‘V

Proc. London Math., Society Ser.(2
. 26 1927 pp. 2873~

4)pProc. London Math. Society Ser.(2
286 ‘ , ,
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(2.1) £(x)~ % a, fmgl (ap cos mx + by sin mx)

for which the sum of the first w + 1 terms
1 w
(2.2) sy, =3 8, + I (apcos mx + by sin mx )

Then for a point xo where
(omy 1
(2.3) .8 =3 if(xo_f 0) + f(x, - 0)}

exists, we have by Fejer's theorem(l)
n

| D 1 |
,(2'.4) %3-1: -n-—:-i-wgo (Sw «8) =20

Farthermore Lébesque has proved‘that 'almost everywhere'

‘ 1 n.
(2.5) %313 el (:;)1;20 {Sw - f(.’X)} = 0 _

.and, in the case of functions of summable square, Hardy and

" LittleWoed(z) obtained the further results, true 'aglmost

'everywhere'

... 1 & | 2
(2.6) iiﬁ,ﬁ‘:‘r v§0{75w - f(x)} - 0
| " 1 _n o
(2.7) Bim 55T oD ) e - f(x)] =0

Iater Carlemaﬁ(g) extended equation (2.7) to

higher powers, showing that,

(1)See Fourier Series and Integrals - Carslau. 3rd ed. par.
101 p. 254 _ o ‘

(2)comptes Rendus t 156 (1913) p. 1307

(3)Proc. Lond. Math. Soc. Ser. (2) V. 21 1923 p. 483
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Lim = | s, - 2(x) | ¥ =0
Nns<n + 1 wso '~ ®

for all positive values of k, at any value of x for whiechsj

Ig[ £(x + %) + £(x-- %) - 2£(x) | at = o(8)

Ii (f(x + f) + f(x - t) - 2f(x)i 2 at % 0(5)

3. The Development of a Fungtion of Two Variables

in the Double Fourier Series. Let f(x,y) be a function

which is periodic of period 2m in both variables, and is
L. integrable in the rectﬁngle (=rr, -1} n,kn).\,Then we

may form the expansion:

(3.1) f£(x,y) = T ‘.éo (ajjcos ix cos Jy + bjjcos ix sin jy-

i=o

+ cijsin ix oos Jjy + dijysin ix sin iy)

where ajj = %g fiffﬁ” £(x',y') cos ix' cos Jy' dy' dx'
"]-""- Zﬂ 2“ 1 ] ! ] 1
80 = o3 Io Io £(x',y') cos jy' dy dx‘
1 2 21 . ‘
8i0 = 52 fo fo £(x',y') cos ix'»dyf dx!

2m 2 | ‘
a =i f‘ﬂfiﬂ f(x',y') dy' dax'

4ﬂ2 °
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—de

with similar formulae for bij'-cij' and djj.

This expanéion gives the following double

Fourier ser%es:

'alleosacosa 815C080C0828
+bjjcosasind +blgeésasin25
‘+¢118inacosé. - +cigsinacoszﬁ
+d;38inasiné >+dlzsinasin28
(3.2) . +

+3213082aéoss 8590082060825
+b31¢oszasiné +bpocos2asin2b
+¢g18in2aco0sd ' +czgsin2dcoszsi
+d,,81n2a81ns +dpo81in2asin2b

-+

4+

o e 2o 2y 9
.

bszcosZasindbd
+

alzcosacosﬁs

*hizcosas in3%
+e000

¥blzsinacossa

+dlzainasin38

*
23c032ac0858
. +00.0
cpzsin2acos3?d
d2551n2a81n35
+

.
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4. (Cesarp Summability of the Double Fourier

Series.(1l) Let us define

(401) - ‘ Ak = r(m b k) .. | f_(n + k)
| M (k+1) T (n) I (x+1) [ (n)
m n - B : '
(4.2) sk . > [ (k +m - 1) . f(x+n - 3)
m o 4=l =1 T (%) T (m - &+ 1) T (K) T (m-3+1) 1
. 1 _ |
where - S1) % ph qgl ®pq °
| SE, | |
A4 XE“ approacges a limit as m and n become in-
mn

finite 1ndependentiy, theﬁ the double series is said to be
summable (Cki and to have a valua.equal to this limit.
In this paper we are concerned with'gummability
(C1), so that x = 1 in expressioné (4;1) and.(é.z),-thus
giving | ’ | |
n n

. = Ii T =. Bi) .
(4 5) S m’%avﬁialjsl -m_i-l

5. Definitions. Let us define the following

functions which willkbe needed in the development of the
theorem to be proved: |
(5.1) 0(t,u) = £flx + ¢, y +u) + £(x - &, y+u)+

| £f(x - t, y-u)+ £(x + £, vy - u) - 4f(x,y)

(l)See C. N. Yoore YOn Convergence Factors in Double Series
and the Doudble Fourier Series - Pransactions of the Amer-
jcan Mathematical Society' Vol. X1V No. 1 pp. 73-104
Jan. 1913. ~
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(5.2) Fi(t,n) = f:sin ix ¢ (x,u5dx
(5.3)  Fa(t,u) = Ijsin 3y O (t,y)ay
(5.4) ;Fs(t,u) - {fsin ix ¢ (x,u)dx
(5.5) Fult,u) =-{?sin 3y 0 (+,y)ay

6, Statement of the Theorem. If sp, is the

double sum of the first (m +1)(n + 1) terms of the double
vFourLer series of an L. intégrable function f£(x,y) end for

particular values of x and y'\

(6.1) - £210(t,u)] au = o(8)
(6.2) ~f§ {¢(t,u)} 2 au = o(s)

uniformly in t for the interval (-m,m), and

(6.3) .f; J6(t,0)| at = o(f)

. £ . : \ '
(6.4) £y {dce,m)) 2 at = o)
uniformly in u for the interval (-m,m) and furthery

(6.5) - rz F1(t,u)du = o(8)
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uniformly in u for the interval (-m,m) 62 a<b<m and for

1=1,2, 3......,
(6.6) I By(t,u)dt = off)

uniformly in t for the interval (-m,m) 0% a<bsm and for
J = l, 2’ lz.“.. "

(6.7) I Fa(t,u)au = o)

uniformly in u for the interval (-m,m) o< a<b<m and for

i=1,2, Beeeens,
(6f8) o | J’Z F4(£,u)at = o)

miformly in t for the interval (-m,m) ofa<bFm and for
3 =1,2, Beieeus,
then: |

1 m

(6.9) Lﬁﬁé = ey LT, 33 lsij - f(x,y)l

for the eorresponding values of x and vy, and for every

positive integer k.

7. Remark. If the equs,tion (6.9) is true for .

k = ko, it 1s also true for Ochko.' for by Holder's

inequality:

i .
m n ’ x < n n
(7.1) 4T, 380 | 81y = £(x¥) | .’ {1§0 sE
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| . m n _ s
(7.2) ZT T 1% 3% 515 - 2(x,y)| = S

o
1 1 & =& | ko} %5
[m#I n+l 1§°'3§° \313 - £(x,y) [ _ |

Therefore it will be sufficient to preve the
theorem where Xk is an even positive integer 2p. Also we
may, ﬁithout loss of generality, take the parfieular values
of x and y considered to be x = 0, y-= O. We can suppose
further that f(x,y) = 0 except for [x[< a, I'yl <5 so that
the square of f(x,y) wili be summable throughout (-m,m).

- 8., Proof of the Theorem.‘ Let

(8.1) £(x,y) = fi(x,y) + f2(x,y)
where : ’
f1(x,y) = 0 L & < (x| 4m, 8<lyl<m
| jx| <a, |yl »8
x| 7a, |y[<8
and
fo(x,y) = 0 |x] « a, JyW< )

and for the corresponding partial sums sia and S;J'
(8.2) -~ syy = siy+ sy .

Using an inequality due to Minkowski(l)

(1)See F. Riesz - Les Systems d'equations lineaireg a une
infinite 4'inconnues - Paris 1913 p. 145
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: 1
yp n ‘ v 1 2p{ %D ﬁ& ZPSE‘
iiz -);‘o lsij - f(O,D). l } E = izo j lSiJ - £(0, 0)\ +

1
m n | 2p} 75
{i%o 3§o lsij | | N

 Noting that, for the #alues x=0,y=0

-

ety = 0

wevsee that
L1 _1_momo . 2p o
JB T T o ofo |2
Hence ’ |
1 1 m n ar 2p _ 0
P) S;s = f(eso)

~ mLéfé m+1ln+ 1l 1Zo j=o0 | iy - | k
if
(8.8) 14y —L1__1 z | 8!, - £0,0) | % = o

m,I;i-»wm'-rln«;-]_ =Ojo ij s | J.
Ve have

(8.4) sy - £0,0) = 3z [My7 sinliemye EEEL%iEQE §(%,u)at au

sin E % sin = u
2 2
T 11 ) B u
-4 ,J'o J‘os_in it cot ¥ sin ju eot}vz (ﬁ(t,n)dtdu

1 o1 %
+ ;2 fg fg sin it.co¥b %’eos Ju ¢(t,u)dt du

1, T ' u : ‘
+ 3 fgfz sin Ju cot 3 cos it P(+,u) 4t du
+ %g fgfz cos it cos ju ?(t,u) at du.
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If we let

.701(1;,11) = ;]_;-g-sin it cot % sin ju cot g_.,;s(t,u)

‘fz(t’u) = %g gin it cot % cos Ju é(t,u)
1 1" SR
fal(t,n) = Tz sin Ju cot 3 cos it 0(t,u)

Yé(t,u) = ;]:é- GOS it cos ;ju?(t.u)

equation (8.4) can be written in the form

. ' . PR T
51y - £(0,0) = ol Ty(t,2) ab au + Ig.fq F (t,2) 2t au

+ Jgj‘: “G_(t,u) 2 au ‘+ J”gff “!al(lt,/u)v dt,@
" fgj'; T,(4,u) 4t au + I’gff) L102(1;,11) at du
o 1og Tplem) b au s O ATAIREL
+ ygfj LATRY % @ ;.f‘g‘rifa(i,u) at du
+ !gfz’ ‘fﬁ(_t‘,u-). at du + fgr? 7°3(t,'u) at du

+ f;yg 504(1;,11) at du
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(‘) (2) (3) <4) (1), g(2), 4(3),
““1:; %35 % %44 B "1y ﬁia

(4) (1 (2 Ko}
315 Jia)fjga;)* 1w (e 6y

Now using the Minkowski inequality again

1, | l_
m n Zp}.éi z & = 2 (o) 2p
L & e - o [ PIB 2L (5 R o) )

p=l i=o J 9]

1
{2 2 P}Eﬁ

iz=o j=o "1J
| L
{'g §:1 ‘b,(r»)lzln} 2p:]
i=o 3:0 1;
1
n n 2p | 2p
iz = ls,. | } .
{iso j=o  1J

We will now treat the foliowing dguble suns~in order

Roon () 2D (@ 2y pa12,3,a.
%0 %o la i? | + 1Zo J @ 1% 350[ iJ | e=1.2,

and 2 jaol Sij\

.é§nsider first

(1) ,E 3%0 {1, ‘?’=-szs1n 1t cot &
sin Jju cQt ¢(t u) 4t gu.

. We can simplify the integrand
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|sin 1t cot 51 < 1]t cot $[< a1
| sin ju cot %_k< 3| cot §|V<,Bj

where A and B represent maximum values of l t cot g and

J u cot %.[ in the interval (O,m).

Using the first mean value theorem fcr integrals,

(8.5) (“[< .._zij' ild}(t,u)\‘dt‘ au,

and hence , _ :
‘ n n (1) 2 > | 2p+l 5
(8.6) ﬂizo JZ, 1o | p] 2p < {mzp*l np+} 2 o(s)

1L 1+l
= (m *2P g 2p ) o(8).

For the next sum

2 1 A £
(11) i% z lagg?{ 2p ( : = 52 fgfe sin it cot 3

i=0 J=°
. u |
sin ju cot ¥ ¢(t,u) dt du,
we have the inequality (8 5)

la \ABU. 38, o, u)i at du,

and hence :
1 1 1l .

. e < 1

(8.7) {i’z% E | o220} T2 "% a TP o(t).

‘80 J=0 v
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Turning now to

(3)121) (3)

m
(ii1) 2 % l I fz gin it cot z

i=0 J=o0
u
gin ju cot 3 ¢(t,u) at du,

‘'we have from the inequality (8.5)

'] (5) \ ABl i \¢(t,u).dt au,
and hence
‘m m (3) 1 ¢ %__1%—"
(8.8) I, E, loiy | 2 1 2 S ") ols).

For the cogsideration of the next sum
m n 2 (4) 1 .mrm
(iv) z §°| a( )l L ajy; = FZ,ISQ. sin it gin ju
t u '
cot T cot T P(t,u) at au,
we will define,
Ciq(t,u) = ﬁg ftfu sin ix sin Jy ¢(x.y) dx dy
i3t m™ “o0"o

Cgi)(t u) = éz gsin it f sin jy ¢(t,y) dy

Cgi)(t,u) = ig sin ju Iz sin ix @(x,u) dx

® .
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(l)

Integrating aijby parts we obtain:

(4) L t u | 4 ’t a . R ” T
%3 [:4 cot 5 cot 3 {“E‘Iofo sin ix sig'jy ¢(x{y) d%d€85;2

m

T g céc‘ 2 Cij(t,ﬁ) dt du N

t (1)

L LA F——
-8— ISIL cot 2]}0 2‘ Cij (t,u) dt du +.

fgﬁ? csc? 3% 5 cot— C§§) (t,u) 4t au

@ [

5 £
cot 3 cot = CiJ(S i) - f f cscmi

Nld'

ose® 2 ci 3 (4, watdn

I[N TS

: . |
Ig%f cot g csc2 % (1)(t u) at du

.

Laom 2y q (2) |
+ J‘sfe ese -2-001:2- Cij (t yu) at d‘l:

®

)

—_ X,y 2 N » :
' Lﬁv] o XY ¥y oax dy
a b 3¥Ix? < a,b

8 brﬁxsy'

b
"
f.=
q
o
fal]
i
o
=y
Lot
o
&
]

- XY 3 Y ax a
RS- A

SRR

providing u = [fU dx dy end v = [JV dx dy

See Hilda Gerringer - Monatshifte fur Mathematik und Physik
Yo. 29 (1919) p. 182
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o{

1l mm o<
+ 7§~ I'sds i Z, j l}xﬂij CiJ(t u){csc %

asﬂz %~ dt du

1 m < o« - (1) |
v 5 300 B B gy oy e

2

t .
cot $ ese dt du

e

’ (2)
eécz g— cot ¥ dt du

for any value of /“13 for which the right siQe exists.-

Now if
< A : 2
L I p-1 =1
i=1 j=1 l/aij l

then

| S 1
P4 o< « 2p =
}fﬁ ,12‘31 351[./413 Cy5] = {;51. jgl,lcia | } P

since ILECjij is convergent, hence
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11 o 1
Bl S1E £ Joinn] P} B
5121 s51 a3y’ | L fi-zl 32y | Cij(ﬁfi)] coté-cotg

l w7 » oG p} %—5
* Tedsd €1§1 351 [Cyy(t,u) |
escz g‘ cscz g‘-' dt du
: : o 1
» l & & 1 2p) 3%
(8.9) +g fﬁé? { 1§1 ngAfcgj)(t,u)y vf P.
% 2 u -
cot T cse 3 dt du
) -]:- f’n 1 g | < 0(2) t. J.Zp\x %3
t 8 S\f;_ {1:1 351 ij (t,u)

et ,
cscz'g'cctlzl'dt du

4 r.8 . , ' ,
But 013(\19,.3) = ;‘gfo!o sin it sin ju {)(t,u) at du
is the typieal coefficient of the double Fourler sine

series Pug(x,y), where
ﬁm's(x’y) = (P(xtY) (0< X< 0< y<S),
¢sr,3(xﬁy) = 0 : | (r< X < Ty s<y<11').,
From
' R .
‘hr,s(x,.?') ~ 4Z, Jéo Cijslsin ix sin jy,
we obtain

¢:r,s-(x+v’ y+w) = igl 3§1 Cij(‘p,s) sin i(x+v) sin j(y+w).
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Next we define

¢é2) (x,y) i‘izfznfzn ¢3,s(v,w).¢m,s(x+v,‘j+w) dv dw
. y | \
= 151 j§1 {Cij(m,s)}~ qosvix cos j?
Similarly
ég?g (x.y),= L, ﬂ M ¢(2)(v W) é (x+v,‘y+w)‘mm dw

| 5:0' i )5 i ix si '
=35 5 013("‘"8}» sin ix sin Jy,

and in general we have

(x,y) = g T icij(ﬁ,s)} Zp cos ix cos Jy

which for the particular value x=0, y=0, yields .

¢(” 8 (6 0) = §1 ng {Cij(m,s)} P,

Now let

0 g | 2t s = plnie),
.ff:f: {'(f)(t,u)} 2 dt' d@ = 6(1.13.,8) 3
Then

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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N

I ¢é?gtx.33{. ig‘{f?nfﬁﬂ {ém’s(v,w)] z'@% aw

ffﬂftn [¢r g (X+7, y+w)] 2 av dw};z

IR

}%E L ’ﬁn,s(v?*) (2 av aw

%2"9(:13,8),

‘and

'\Q;?;(x,y) - %2 fZHTZW LQL?Q(V’W)J r ﬁn’s(z+v,y+w)[ av aw

#A

4 . :
-2 9(r,8) fznfzﬂ [ﬁp,s(x+v, y+w)+ dv dw

un

(55)2 8(»,s) p(x,s)

Continuing this process, we obtain

'kap) _ , < 4 ,2p-1 ) :~5§ 2p-2
lpf_:v"s (X9Y) I - (1:2') G(-‘F,S) {p(r’s)s

Hence for the particular values x = 0, y = 0

T % 2 4 ] 2p-1 ‘ 2p-2
1§1,;§1 { Cij(ﬁ,s)} b g %,;2} v Qcp,s)g p(m,s)} -
Now

P(fl?,s)‘ < Kl‘]’s,

Qtr;s) < Kyvs.
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Hence
T 5 2P 2z (442p-1 (K. e 12D-2
121 jgl ‘ Cij(rr‘s)} _ = (T‘.l'.') : KziIF'S ,(Klrs)

and so

R £ < : 2p! 5p 2p -1 gp - 1
(8.10) {igl 351 [bia(r{s)il } <Kgr oo 8 Ty

whereﬂKl, Ko, and Xz are ahsolute constants;b

Substituting in equation (8.9) the expressions (6.5), -
(6.6), and (8.10), we obtain the value for |

' 1
A (4) |2 -k 2 -1 2p -1

: 5 R T . |
X fgf" t 20 T 4 23 at du +
K ol8§) + K o(€)

I N | \
<K 5 P& PP 4 oo(5) + ol€)

where K represents the largest'of the X's.

9. Theorenm (continued). Now we will proceed to

obtain inequalities for the /Jij's

mom o (2 4 (1) L oge &
(v) i§o 3501/313 ] R i = gz_ifofc sin- it cot 35 cos Ju

B(t,u) at au.

We can simplify the integrand by using
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]sin it eot 3| <1 [t oot § ]<Ai

\cos Ju ] < ,j‘f“uf < Bj,

where A and B represént the maximum values of {{ cot %1
and |u\ in the interval (0,m).

Using the first mean value theorem for integrals

(9.1) A< -—-9- A ‘JqS(t,u)] at au,
and ﬁence ‘
m (1) | 2p]| & | ‘1+:2L" l+%" .
(9.2) {r‘éo Jgolﬂn \ 9%2‘5 < (o7 o1*EP) o(s).
Consider next
| (4
(vi) 1§ \ﬂ(m[ 2p g) = 1%3- g, sin 1t cot -g-

cos ju‘¢(-t,u) at du.

From the inequality (9.1) we have

ﬂ(2)< --2-1 J’"J‘ | oct,0) | at au

and hence

o _
m (2) 2p 1 < 1+2p 1l+2p )
(9.3) & Zo 1% IP13 | k 55 S (m Ta T) olf)

Tarning now to
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| | v %
(vii) ig M(a)\ p (ig’) - ;lrg fg,g" sin 1t cot %

cos ju ¢(t,u) dt du,
we have the inequality (9.1) :
/bg?)< fT;.l Ii.f: ‘ ¢(t,u) S at du,
and hénce
1L
(9.4) { = ]/b‘z)l 2p } I s nl*zp') o(5).

i=o Jao

For the consideration of the next sum,

(vi11) (I Ol(g(‘ﬂlap , (4) - L0

;gfs sin it cos Jju

cot P(t,u) dt du,
we will define

Dij(t,u) = ;5 fofz gin ix cos Jy ?(x,y) éx ay,

(1) 4 % |
Dij (t,u) = -2 ¢os Ju fo sinlixl¢(x,u) dx.

Integrating ﬁgijiby parts, we obtain

(4) : 1 1 o (1) 2t
) o5, ) geot ke g J‘t Dyj (b,u) ese” 2 at dau,
end so
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&

STE

(4) | < < % -
i=l jal I/“ij ﬂ = i§l ng.//aijbij(_sgz)! 9012 >
ese 2 % dt du |

A for any value of /aij for which the ?ight gide exists.

Now 1if |
T 2p
1§1;3§1 I/%ij l zp-1 =1,
then |
< | [2 %—*
Mex. I I ,a.n[=ﬁ§_§[1>ij } e
wiy =1 3-_-1] 15713 151 j=1
since II Dij is convergent and hence
' 1
1 1 < 2
(4) ¢ 2p <= D 5 £) p} 2p oot
ﬂ1=1 jal[/pi \ % 2 =3 {151 z, | i.’:( | %2
1 75
T
+ g0sd, }iljzl[nw(tu)f }
2:?: ('11;'5.11.

4 »s | “
But Dia(m,s) =1 Iofc gin it cos Ju ¢(t,u) dt du in the

typlcal coefficient of the oross product double Fourier

series n,8(3;:,3:‘) where
by, 5(x,3) = 8(x,5) (0<x<mp O<y<s)
%}E(_x,y) =06 - | (rex<mg s<y=<m).
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From
¢’ (x,y) ., 2. D ~(?~') in ix cos j&
n,8 Xy R j=1 ij'“'s 8] :

~we obtain

d

% g(x+v, y+w) =30 3 Z, U(n s) sin i(x+v) cos J(y+w).

We then define

ézg(x y) = %g ff" ?ﬂ ¢“ g(v,w) (;5‘¢3 g(x+v, yew) dv dw
< 12 f'

= 1§1 ng % Dij(m.s)} cés ix QOS~JY'

Similarly

¢(3)(x,y) . ﬂ f fdn ¢ (2)(v w) ¢r B(x+v,y+w) dv dw
) < < | ’ 2
= 1§l 351 {Dijbﬂ,s)} 'sin 1x-cos jy,

‘and |

¢(4)(x.y) ¢(3)(v w) ¢ (x+v,y+w) dv dw
= iél ng.&'DiJ(m,s)} 4 cos ix cos Jy.

In general we have

¢(2p)(x,y) = ,E 1 le ﬂ,Dij(B’s)} 2p cos ix cos Jiy

" which for the‘particular values x = 0, y = 0 ylelds
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(2p) ( 2p
¢ (910) - 1 l 35 1 { DiJ('v,Sv)} ,
Novw let
- fzwr:» H;(fc,u) | at au = p(n,8),
Iifz {¢(t,u)-}2 dt du = 9(@3s).

Then -

W2 el 22 |50 Dheptrm] * 2t a0

LN
fn

1
fznfzn [¢m’s(x+v,y+w)] 2 av dw} 2

- %? fznffn'}'éﬁ,s(v,w)\ 2.§§ aw
- :—;5 o(w,8),
\¢‘5’(xm oy q&fz)(v,w;\ *) by glxeviyem) | araw
25w fT | g, o) o
:‘(%) o(z,s) p(r,s)

'Continuing this process, we obtain

4 | | 2p-2
\ ¢(2P)(x,y) < (§§)2p 1'9(”’3) { p(n,§)X
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Hence for the particular values x =0, y = 0

o

121 321 ihpij(”'s3} 2p £ (§§)2P'1 e(r,s) {p@v,s)l 2p-2 |

Now
plw,8) < Kyvs,
8(r,s) < Kprs.
Hence
= 2p < (4,2p-1 2 2 ‘
i§1 j§1 {Dij(n S)} P ( )“P- KZBS(K]_L'S) p .

and so
-l 2p-1
{i=1 21 [Dij(n S)] } P < K3 D—gp— ‘-gr-

where K1, K5, and Kz are absolute constants.

Sibstituting in equatlon (9.5), the relations (9,6) and (6.7),

we obtain the following inequality

© 2pol 21
(9 7)5113=1 /3(4) } %F" + K o(€),

where K represents the largest of the K's,

10, Theorem (continﬁed). Next we will obtain

inequalities for the 7 | ‘1"7
1 1 8 £ u
(ix) 2 § “'(l)! 24 ¥ { h. 2 [0, sin ju cot 2

cos it /5(1:,11) at dau.
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We can simplify the integrand by means of

\sin ju cot ‘<-J \ u cot = 3 ‘ < AJ.F,'

\cos 1t |<1|s]| < 31,

where A and B represent maximum values of [ u cot g { and
| u| in the interval (0,m).

Using the first mean value theorem for integrals,

(10.1)  ¥{} < -——1—! ]sé(t,u)l at du,

1. 1437 1+
(10.2)%,’120 b l (1)\2pi 2P < (m"’pnfp) o(5).
Consider now
n (2 (2) L1 mé | |
(X) i=° 3 o ‘X il ’ Kij = 11‘2 ISJ‘O l ¢)(t,u)$ at du. |

From the inequality (10.1) we have

’6(2) ‘ i—%—f’- \ ¢(t u) ‘ at d.uf
and hence | ,
- 1
o lmoom 2y 2p) = 1*% 1+2p
(10.3) {150 z Wi; \ } 2p < (m ~m ) olg)

Turning next to

I~

' ’ (3) 1§ u
(xi) 'igo jgo \'X(Z) 1 , K 1 _;g jOQ? sin ju cot 2

cos it H(t,u) dt du,
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wevhavé from the inequality (10.1)
6(5) < AL ) Gt | at an,
ne 0F
and hence

- 1. 1
| L 1435 1
(10.4) { g, 2 v 1 2 < (m P TP) o(s).

i%o j=o

For the consideration of the sum

(xii) Z, .2 \ e (4)

1 o u
120 J o ;E f T sin Ju cot 3

cos it ¢(t,u) dt du,

we will define

‘Eij(t,u) = ﬁg ftf: sin jy cos ix ¢(x,y) dx dy,
Eg%)(t,u) = ﬁ% cos it fg sin Jy ¢(t,y) dy,

4)

and integrate iﬂga by parts, thus obtaining

\62.4) = - Eu('ﬁ’,‘t) = cot 5 3 + z J' J‘ Eg.i;')(t,u) gin ju
esc? 2 at au.
Hence | | ;
(4) <L = By .(6,4) | cot
i51 3:1 STRE T4 1§1 =1 I ”33 4 2

+,§ ol Ii [/“13 ( )(t,u) [sin ju

cse? g dat du
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for any value of (34 for which the right side exists.

< oG 2
Now if ,Z, 3§1\/‘131 ZETI = 1, then
1
% i 2p}2'§
ﬁ?fj 1=1 3:1[ #15 Bij ‘ - {i=1 3 l‘ Eij{
since IZ Eij is convergent. Hence
. 1
1 F-
: (4) 3p <1 5 2pl 2p 8
51131” }21’ ’2{1131)*"‘3“(”)\} cot 3

- 1
< < | (1) 2p1§5
f.riiil“\ P (e, | [
sin‘ju csc2 % dt du

Bu 8) = 2 178 g it‘ f u) dt du is the
But Eij(#}S) —z IOIO gin ju cos ¢( ,1) ‘
typical coefficient of the cross product double Fourier

séries ﬁm’s(x;y), where
\
B, s(x,7) = B(x,5) (0<xew; O<y<s),

¢ (x,y) = 0 (p<xcmy 8<y<T),
2,8 ;

- From

ém,s(x,y)’~’i§l 35 Eyy(v,s) sin ix cos Jy

we obtain

¢n S(x+v y+W) = 81 321 1j(r s) sin. i(x+v) cos J(y+w)..
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Next define

é(z)(x'y) = ﬂ,g ﬂnﬂn By, 5(Vo¥) Op, 5(X+7, Y*“f”)d”' dw
o ‘ - 2 ' -
= 1§l'j§l {Eij (»v,s)} cos ix cos Jy.
Similarly

75;33) (x,y) ':f ffjﬁf?ﬂ ;2.”9)’ (v,w) ¢;1,,s(x+v, y+w) dv aw

= 151 jél { Eij(»‘r.é)g % sin Jy cos ix,
and

}5(4)(2! y) = ﬂg J’_ﬂf {'Eij(“’vs)14 cos ix cos jy.

We have in general
¢m,s (x,¥) = 457 3% Eyj(m,s) cos ix cos Jy

which for the particular values x = 0, y = 0, yields

(ZP) w 2P
?5 ,s (0,0) = 2, .') Z, SEij(”’S)}'

Now let

J‘gf: \ tf)(t,'a) \ it du = p(»,s)

o 0

5258 gé(t,u)H 2 4t au = o(»,s).
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Théh
8] 35 | 2Tyt P o

Iiﬂ \¢m g(X+v, y+w)2 dvaw X %

1 4
& Zm T T 2 .. =
= 2 I_ﬁf_ﬂ_{¢m,s(v,w) av dwy: 2 e(r,s),

and

lh

\4)3(&53( ‘ f_ﬂf_ﬂ | ¢(2)(v,w)} 2 \ ¢;n',$(X+v’y+w) S dv aw

< 4
= ﬂz Q(D 8) f f - én 8(x+v y+w)1 dv dw

£ (%)% o(m,8) plr,s).

EYTN

Continuing this process ﬁe obtain

¢(2p)(x.y),h s (fg)zp'} 8(»,s) § p(r,s) } ep-2

Hence for the particular values x = 0, y = O

o

< | ) 4 2p 2P-2
| i§1 ng {'Eia(m,s) } P ( | Q(n,s) 59(@,8)\

Now

ple,s) < Kvs , - 8(p,8) < KXors,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-31-

go that

~ - v] 2p < ,4 \2p-1 : 2p~2
i§1 JElA{ Eij(n,S) } - = (f;) Kors(Kyrs) ,
and

“ 1

“ 2p=-1 2p-1
< [ 2p | &7 el

| Substituting in equation (10.5) the relations (6.8) and
| (10.6), we have '

1 2p=-1 2p-1
(107){ 131[7{‘4’{21’(2‘5 B e R

. g o(s), .

where X represents the largest of the X's.

11. Theorem (continuned).

; . Lastly we will obtain
an inequality for the 8;; |

L : 2 ' 1 v ‘
(x111)’ 1 , g l&lj[ P , ,813'% ;5 IOIO ecos it cos Ju

9(t,u) % du

We see that §;; is the coefficient of the cos ix cos Jy

terms of the double Four1er\aeries fﬁnction‘¢(t,u) epply-
-ing Parseval's Theorem(l)h

()gobson V. 2 2nd Edition paragraph 470
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2 ~  n. &2 }__ T AT ) )2
550 *+ 4 43y 43 81y = 3 00, {¢(t,u)f ® 4t an.
Hence A | '
. ‘ : ng m n o 9 ) } L
1?0 jgo"sii{- , {150 jfo' ‘ Slji ‘& 0(1),

and so

(11.1) IR R 5 < o(if
'. i=o jzo ij | 4.

12, Theorem (conclusion). Combining the ex-
pressions (8.3), (8.6), (8.7), (8.11), and (9.2), (9.3),
19.4), (9.7), and (10.2), (10.3), (10.4), and (11.1), we
find that '

a . L 1
(12.1) %ige jgo Lsij - f(0,0)l . '<.m‘i . n o(8)
| | e X 5—§§Az_ 2D + X o8)
+ K olg) + K 8
. l”]___qj
+ X 5 2P & 2P, of1)

" where K represents the largest value of the various KU"s.

so that
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(12.2) § 5T w1 1Z, 3%, | 854 = £(0,0) ] P} Zp¢ m 8 a (8)
K . Ksa(8)
1 aﬁl; A . %_ ,
(n6)P(ng)?P  m 87F
Kz a'(&) K §
+ LT + 1 I
wZP nfP (m8)2D(nz)2P
_ K & kK
+ 1 I + 1 1
(m§)ZF (n€)ZF  m2P 2P
where a(§) = o(1) when § approaches 0 and
a(¢) = o(1l) when approaéhes.O.
We take
. . »
(12.3) - &=, £ =n
where s and b are large enough to make
1.1 121 S R 1
(12.4) K a ZP b 20 +x6a 2P b 2P + k€ o 22 p 2P 2 53,

and m and n large enough to make
. -1 ‘ "'-]-'——
(12.5) mn § a (8§) + K m 2P n 2 5 a (5)

| | L )
sX¢a (¢) +XmZP P < ﬂ

In the previous expression

b
a(8) = a(®) , a(£) = a'(@),

o
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‘and both -approach zero as m, n approach v ., ‘Hepee

m>~ m+l n+l i=0 jgo
n>< ‘

- and since /9 is as small as we please

o m o h 2 o
Lin Z £ | Sy5- 20,00 | “F =0, .
m< i=0 J=o0 ot
ns<

and the theorem is proved.
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