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DIFFUSION OF NICKEL SULFATE INTO

AGAR GEL

1. INTRODUCTION

Although the phenomena of solute diffusion are
very wide-spread in nature and although a very close analogy
exists bejiween the flow of soulute and the conduction of heat,
the experimental data for diffusion and diffusion coeffi-
cients available in the literature are rather meager, wide-
ly scattered, and often uncorrelated with theory. In many
cases, diffusion coefficients have been determined not for
their intrinsic value, but for their utility in calculat-
ing other physical constants.

It hes seemed to the writer, however, that solute
diffusion is in itself so important to physical chemistry
that a critical investigation embracing all phases of the
subject with the sole purpose of testing the validity of
the general theory is badly needed. It is hoped that the
work described in this paper has, in its small and re-

stricted way, been a step in this direction.
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2. HISTORICAL

Although this paper is specifically concerned only
with a particular case of the diffusion of nickel sulfate
into agar gel, it seems highly desirable for reference pur-
poses, to preface the discussion of the present problem by a
rather comprehensive review of all important studies to date

on solute diffusion.

YWork of Fourier,

The mathematical foundation for the study of heat
conduction, and by analogy, of solute diffusion, was given

1
in 1822 by Fourier in his Theorie Analytique de la Chaleur.

Many other mathematicians, both contemporaries and success-
ors of Fourier, also helped to perfect the technique of re-
presenting arbitrary functions by trigonometric series.
D'Alembert, Euler, Daniel Bernoulli, Dirichlet, Riemann,
Stokes, Seidel, Weierstrass, Du Bois Reymond, Cantor, and

Lebesque can only be mentioned in passing.

Work of Fick,

By exact analogy with the Fourier treatment of
heat conduction, Fick in 1855 was able to establish, for

solute diffusion, the relation

,,(/Q:-}(A-ﬁ—f—gc{f, (1)



o
where dQ is the quantity of solute which flows in time dt
between two parallel planes. A is the area of surface ex-
posed to diffusion, and.jé% is the concentration gradient
between the surfeces. K is the'éoluté conductivity con-
stant"of the medium. This is known as Fick's law. From
(L) it can be shown that the following differential eguation

holds for uni-dimensional flow of solute:

2
d < 2t
— F3 )
.—)—? /é 9 X (2)
where ¢ = concentration of solute, t = time, and x =dis-

tance along axis of diffusion. £ is the diffusion coeffi-
cient? This is sometimes called the Fourier linear diffu-
sion law. Solutions of (2) of the form

2o = F(x,t) ()

for a given set of initial and boundary conditions are usu

ally obtainable only by a Fourier Series expansion. (For

further details see Mathematical Section, p. 17).

Experimental tests of Fick's law.

Fick conducted crude experiments with salt solu-
tions in the "steady state" to verify relation (1). Simi-
lar work was done by Thomas Grahama, of gas diffusion fame,
in 1861, but most of his experiments were not adapted to
numericel discussion. The first real confirmation of Fick's

4
Law was obtained in 1879 by Weber , who determined concentra-
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tion gradients in the case of zinc sulfate by electromotive
force measurements. At about this time Stefan5; who was
studying the diffusion of sodium chloride in aqueous solu-
tion, found that the value of the diffusion constant was

2

given by x

k( = 4t a (4)
where t is time in days required for diffusant to penetrate
a distance X into pure solvent, and a is & constant.

J. C. Grahamé in 1904 showed how to calculate k
directly from ¢, x, and t, in the Fourier expansion of
c = £(x,t). Procopiu' in 1910, stressing the analogy be-

tween heat and solute flow, used the formula

z

K = 2t (5)

in calculating diffusion coefficients. His value for copper
-7
sulfate was 50 X 10 .

iechanism of diffusion.

The mechanism of diffusion is to be found in the
energy of the particles diffusing, whether they be true
solute molecules or colloidal particles. Diffusion is re-
lated both to osmosis and to Brownian movement.

Nernst8 sought to identify diffusive force with
osmotic pressure, showing that solute diffusion is strictly

comparable to diffusion of gases except that it is slawed
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up enormously by the internal friction of the solvent.

Tne work of Svedberg (1906) with Brownian move-
ment and Pérrinq (1909) with sedimentation equilibria gave
quantitative evidence for the relation of diffusion to
Brownian movement. On the hypothesis that a suspension of
gamboge particles behaves as a perfect gas, Perrin was able
to derive an expression for concentration gradient of par-
ticles in equilibrium under gravity:

Rl on = = Ty (0-P)4
(6)
where:
R = gas constant

T = ebsolute temperature

avogadro numbexr

n,n, = no, of greins per unit volume at each of two
planes h units apart

r = radius of pearticle

= acceleration of gravity

= density of particle

VDU ®

= density of medium

Here r is readily determined by Stckes' Law

2 .R_/_L—-AZ-' 9 (7)

AT = 1{ 7
where

v =velocity of fall of particle
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7 = viscosity of mediug.
Einstein =~ in 1908 derived a relation giving
the mean squere of the x component of the horizontal dis-

placement for such colloidal particles in Brownian movement:

. _ RT t
x = N 3 a7 (8)

By extending (8) to solute particles, Wogau and Einstein ob-

tained the following formula for diffusion coeffiecients:
*

RT
K = — 2 (9)
emy |/ -

n
where M = molecular weignt of solute. Wogau found equation

(9) to hold in the case of various solutes in water. 1In
the absence of a relation connecting ii and D, it is diffi-

cult to reconcile (9) with the empiricel observations of

1z
Pissarievski that

Kk 7 VM
- = const. (10)
A
for electrolytes, where «=degree of dissociation; or with

Exnerts rule that

KM = const. (11)

* It appears that there is a mistake im (9] and

that tie following is the dorrect form:

’< R T
= 3 T °
cn7 VEEE
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for non-electrolytes in the same solvent. Other formulas
for rate of diffusion of particles were developed by Suther-
land and Einstein, and by Smoluohowskin(theory of fluctua-
tions based on probability conceptions). Perhaeps the most

useful relation of this type is the Stokes - Einstein

kK = ("IETT")(&W;/L)

which follows readily from (8).

equation:

(12)

Various tests of (12) are possible:
(1) K-r should be constant for different solutes
at constant temperature.
(2) K-7 should be constant for the same solute in
different‘solvents at constant temperature.
(3) 5%2 should be constant, for different sol-
vents, if r is independent of temperature.
Experimental evidence indicates that (12) is at least a good
first approximation. The most rigid test of the Stokes-
Einstein equation was made by Cohen and Bruins'4 in 1922.
By a refinement of technique so that concentration was main-
tained constant throughout an experiment, and by use of a
very sensitive water interferometer, an accuracy of 0.3%
for diffusion coefficients was made possible. The follow-
ing table for tie diffusion of tetrabromethane into

tetrachlorethane shows how well the Einstein equation holds:
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Temperature K (Observed) K (calculated) r X lO8
(Calculated)
0C 0.300 (0.300) 2.15
10 0.385 0.385 2.15
15 0.429 0.431 2.16
25 0.527 0.531 2.17
35 0.633 0.643 2.18
50 0.811 0.833 2.21

Deviations of diffusion coefficients.

The coefficient of diffusion is not & true con-
stent, but %aries both with temperature and concentration
of diffusant, as well as with the diffusing medium. "6holn;§
working with sugar in aqueous solution found the temperature
coefficient of k to be about 3.5% per degree, and the varia-
tion of k with ¢ to be linear. Optical rotation methods
were used to determine concentrations.

Tne more acourate measurements of Cohen and Bruins‘*-in-
dicated similer variatioas.

Svedberg" studied diffusion in an anisotropiec
medium and showed that k was different in different direc-
tions. He attempted to use his results in calculeting
shape of molecules.

Electrolytes, which in terms of the Arrheaius
theory would be expected to diffuse both as ions and as un-
dissociated molecules, do not appear to conform to Fick's
law. Since in general the mobilities of iong are different,

it might be expected that the more mobile ions would out-



strip tue slower ones in diffusion. The tremendous electro-
static field which would thereby be set up, however, over-
comes any such tendency, and the two ions diffuse together
but at a slower rate than the molecules. On these assumptions

8
Nernst derived his diffusion law for simple electrolytes

2 UV ¢%AZ
= - T -7 0ét7
L9 =- RTA 45, (15)
where U and V are mobilities of cation &nd anion respect-
2 UV RT
ively. iihence K = U+V

(14)

It is assumed thet the diffusant is so dilute that it may
be considered completely ionized.

"5holm * who made a comprehensive study of diffusion
coefficients for salt solutions, has presented the following

data in support of the Nernst theory:

Substance K, 188 (observed) K,18° (calculated)
KCl 1.460 1l.460
NaCl 1.170 1.173
LiCl 1.000 0.994
HC1l 2.324 2.43L
KOH 1.903 2.109
NaOH 1.432 1.558
KI 1.460 1.467
CH3000H 0.93 1.37

Noyes and Haske]_lw derived a relation similar to
z* z-
(13) for the general case of any electrolyte A_U* B,-
18
George mcPhail Smith introduced the concept of

ideal diffusion coefficients, defined by the relation
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I ::A@4Q. Here, I woula represent #he diffusion constant
for molecules having all properties the same as before,
except that their masses are reduced to unity. Smith found
M "= const., where n = 1.50, which was further evidence in
support of Exner's rule.

Dubinin’ in 1926 pointed out that Fick's Law repre-
sents the limiting case for very dilute solutions. The dis-
crepancy between fact and theory for concentrated solutions
arises from the existence of attractive forces between the
diffusing molecules, and from the fact that k = F(<).

Boltzmann's vector differential equation

o
At

I

div ( £ grad c) (15)

is supposed to hold for any concentration.

Diffusion in gels.

The use of gels in quantitative diffusion work
is fairly recent, although Lodgezo early showed that
gelatine in spite of its high viscosity offers practically
no retarding influence on the migration of hydrogen ions in
an eleoctrostatic field. YVoigtlander itin 1889, after study-
ing the diffusion of four electrolytes in agar at 20°, came
to the conclusion that k was independent of gel concentra-

22
tion. Bechhold and Ziegler in 1906, however, found a
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considerable decrease in k with inoreasing concentration of
gel. In 1920 Adairzs, who studied the penetration of elec-
trolytes into gels, applying Fourier's linear d4iffusion law,
found practically the same thing. Moreover Adaitr was able
to correlate the influence of gel concentration with vig-
cosity on the busis of the Einstein relation(ia).

Mann2+ was the first to determine k by chemical
analysis of slices at various depths. Seven metallic chlor-
ides were studied in 2% agar at 20° and 30° . Frickezr-per-
fected a method of microtome slicing and microchemical
analysis, studying sodium chloride in agar.

Wo. Ostwald.16(1925) presented his "diffusion
wave'" theory to account for formation of Lieségang rings as

an interference phenomenon.

Diffusion of nickel salts.

The only record to be found of work done with nick-
el salts is that of wmario ‘J.’o::'re?:7 (1915) and Elizabeth
Rona = (1920). Torre studied aqueous solutions of
chlorides, sulfates, and nitrates of chromium, manganese,
iron, nickel, and cobalt, in concentrations ranging from
0.01 to 0.l molar at 30 , 40° , and 50° . For 24 hour
runs, it was found that quantity of solute diffused was

proportional to concentration and to temperature.
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Rona used diffusion coefficients to calculate
ionic mobilities of cobalt and nickel at 18°C. Cobalt
chloride and nickel nitrate were studied in pure water
and in O.1 N and 0.01 N solutions of the common anion acid.
The K's were calculated by Stefan's law (4) and the

following values were given for nickel nitrate in aqueous

solution:

Ni(NO, ). concentration K at 18°C., t in days

0.068 N 0.802
0.0226 0.711
0.0204 0.692
0.0068 0.577

Ionic mobilities were calculated by means of the Nernst

equation (14).

Compilations of data.

Further data on diffusion coefficients, compiled

from the work of various investigators is to be found in
29
Thovert's Tabelles Annuelles Internationalles de Constantes

(volume 4, p. 746), and in Landolt - Bornstein,
30
Physikaligch-chemigche Tabellen  (volume 1, p. 68).
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Recent work.

This brings us up to very recent work in the field
of diffusion. E. L. Lederer3| in 1928 applied Fourier's
partial differential equation to colloid problems. Weaver >
inaa purely mathemafical paper gave a complete and rigorous
treatment for the case of a column of gel containing solute
at the uniform concentration o,, and dipped with one face
exposed into a finite quantity of pure water.

Hillg3, also in 1928, in connection with his study
of diffusion into nerves and muscles, presented a very good
mathematical discussion. He showed that the general differ-
ential equation for diffusion was completely solvable for
only three cases:

l. Infinite plane sheet.

2. Semi-infinite solid.

. 3. Infinite cylinder.

Hill introduced a powerful new tool into diffusion work by
showing that the total quantity of solute absorbed into a
given solid can be obtained by integrating the concentration
function (e.g. equation (3) ) throughout the volume in ques-
tion. Heretofore in order to determine diffusion constants
it had been necessary either to measure small concentration
gradients, whioh was inaccurate, or to determine rate of
flow in the steady state, which was cumbersome.

34
Friedman and Kraemer in 1930 applied their dif-
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fusion studies with non-electpolytes to the problem of the
structure of gelatin and agar gels. The conditions of
Weaversz were followed, and concentrations were measured by
means of refractive index. Unfortunately, Weaver's formula
was incorrectly applied (Sse Riokettsag). In the case of 5%
sucrose diffusing into 6.91% gelatin at 5°, the mean of ten
determinations of k was 0.148x lotr (Average deviation, 5.7%)
Linear relations between k and gel % were found to hold.
The size of pores was found to be of the order of 5.5 mu for
5% gelatin, 2.9 mu for 2% ager, and 0.74 mu for 5% agar.
The relation kWﬁ“: const. (11) was found to hold approxi-
mately for a number of non-electrolytes. The effect of man-
ner of preparation of gel, as well as the influence of non-
electrolytes on grain size of gel were also studied.

Ricketts and Culbertsonzs—(lQSI) studied diffusion
in alkaline copper systems’in an attempt to determine the
nature of the copper-glycerol complex. The mathematical
case studied is identical with that studied by the writer
using nickel sulfate, and discussed at length under Math-
ematical (p.3¢). The diffusion coefficient for the complex
was found to be 0.29 x ld$_ cm:/sec., with an average devi-
ation of 5%. This was compared with the k for copper sul-
fate (k= 0.25 = 0.6 x 10 ).

Newmangc and Sherwood37 have applied the laws of

diffusion to the drying of materials. Finally a very com-



plete mathematical discussion of the mechanism for the
diffusion of electrolytes, in terms of the modern theories

of inter-ionic attraction, has been presented by Onsager

38
and Fuogs .



3. MATHEMATICAT
Definition of diffusion. -

Diffusion in the most general terms can be de-
fined as the spontaneous flow of matter from a region in
space of higher pressure, concentration, or activity to one
of lower. To restrict this definition to solute flow only,
we can say that solute diffusion is the spontaneous flow of
solute in solution from a region of higher concentration to

one of lower concentration. The substance diffusing is

called the "diffusant®,

Theory of solute diffusion.

The mechanism for diffusion has been discussed

already under Historical (p. 4 ). We will here only pre-
sent a brief summary of the facts known. Solute diffusion
appears to be related both to osmosis and to Brownian move-
ment. Nernst8 , stressing the analogy between gaseous and
solute molecules, worked out a theory in which the force
causing diffusion was identified with osmotic pressure.
The fact that non-diffusing substances or states of disper-
sion are common, and that there is a wide wvariation in the
rates of diffusion of different solutes 1is at variance with
the Nernst theory.

By statistical treatment, Einstein'o and others
have derived relations, identifying solute diffusion with
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Brownian movement, which apparently hold well, if hydration
is assumed. See equations (9) and (1l2).

The following factors influencing diffusion must
therefore be considered:

l. Temperature. On the basis of either theory,
K is proportional to T.

2. Medium. Viscosity, grain size if a gel,
interfering solutes. From the Einstein formula (12), K is
inversely proportional to 7 for constant T.

3. Size of partical diffusing. The Einstein
formula predicts that K is inversely proportional to the
radius (r) for constant T. More complicated relations

between K and M exist. See formula (9).

Analogy with heat conduction.

If we put aside for the moment all considerations
of the mechanism of diffusion and look upon it, in the
light of the general definition, as simply the flow of
matter from a higher to a lower potential, we are struck by
the similarity between flow of solute on the one hand and
conduction of heat (and of electricity) on the other. The
"cause" from the standpoint of thermodynamics is the same in
each case: it is merely the existence of a potential gradi-
ent in space, together with an inherent tendency of all

energy to seek a lower level of availability.
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The identification of the basic assumptions of
the solute problem and the heat problem leads to a complete
set of analogous equations. If "temperature" be replaced by
"concentration", and "quantity of heat" by ﬁquantity of
solute" in any given heat conduction equation, the corre-
sponding solute diffusion equation is obtained. Since the
heat problem has been very completely handled by Fourier?
and by Carslaw3q itiis often convenient to obtain the
solute expressions for any particular case by direct sub-
stitution. If these derived expressions meet the test of
experiment, the validity of the original assumptions can

scarcely be doubted.

Derivation of Fick's lawe.

For the sake of completeness Fick's law (1) amnd
the Fourler diffusion law (2) will be derived from first
principles. The reasoning in every step is completely
analogous to that used by Carslaw in his treatise on Heat

39
Conduction. Consider an infinite slab of liquid or gel,

assumed homogeneous and isotropic, of thickness h and with
plane faces kept at the constant concentrations c, and o,
(¢, > ¢, ), respectively by contact say with large volumes
of well stirred liquids of these concentrations. Suppose
that the distribution of concentration does not vary with

time. Consider solute flow within a cylindér perpendicular



-19-

to the plane surfaces and with area of cross section A.

e To
|
I ! A
N R
s 4 .T!JL Y
/I OJ'L: )
! |
&.
// v “(’_‘_‘} v

This case cannot be realized in practicedbut it can be ap-
proached as closely as desired. Experiments show that the
quantity of a given solute flowing through the cylinder

from face 0 to face 1, Q, is directly proportional to A, to

(c, - ¢,), and to time t, and inversely proportionasl to h.

o (co- ) A2

Q= ya (16)
where K = const. )
ACy —C
If we consider @ very thin sheet, h — dx and ‘_—‘ox :
. de
becomes — T x, the concentration gradient. The rate of

flow of solute is therefore

Lo _ _ d < (1
e = A = ”

d <
oo 4§ = - KA G5 4L ()

which is Fick's law. The negative sign indicates that flow

of solute is in the direction of decreasing concentration.
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K is the solute conductivity constant of the med-

ium, which may be defined by the relation:

%EQ (15)

K =

i.e. it is tane rate of flow of solute per unit area per
unit time across & unit concentration gradient. If & is in
cms., A in cmsf and t in seconds, and if Q and ¢ are in any
corresponding units, e.g.: moles and moles /em’, or grams
and grams$/cm® , then K is in em. /sec.

In the case considered it is apparent that the
direction of flow of solute is perpendicular to the plan
faces of the slab, or to use an analogy with electricity,

the "lines of diffusive force" are normal to the faces.

Depivation of Fourier diffusion law.

Now let us consider diffusion through a medium
of any shape. The concentration will in general vary from
point to point, and will vary with time at the same point,

so that we can say

< = f ( x, ;V) ;3) i;)

(19)
Construct an equi-concentretion surface through the medium,
having a concentration c¢,. Such a surface separates points

at a higher concentration from those at a lower. Construct
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an entire series of such shells of equal concentration,
The flow of solute must, by definition of an equi-con-
centration surface, be normal to it.
The rate at which solute crosses from inside to
outside of an equi-concentration surface per unit area ver

0

unit time is equal to - -~ (20)

oM

where-%; denotes differentiation along the outward drawn
normel to the surface. This is true because by taking the
surface area small enough this case approaches that already

considered under Fick's law. (P.-/¢ ).

Now consider the case of flow across any surface,
not necessarily of equal concentration. Since a limiting
process is to be used, we can make this surface a plane

A B C with direction cosines of normal, X , A4, v

aY
Cc
S - y X
B
z
Let f = rate of flow of solute across triangular face A B C.
5%_: rate of flow across P B C
§ = " 1 " 1" PAB
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% = rate of flow across P A C
Let A = area of face 4 B C
+# = vperpendicular distance from P to A B C.
Then area PBC = A A (21)
" paB = 4B
w pagc = vA4
Ultimately the tetrahedron gains solute at the rate:
;,LAA +f]/{4 +fj,'VA—{A (22)
Let 8 = quantity of solute required to increase

tne concentration of one gram of the medium by one unit.
(one gram per ce, or 1 mole per cc). This is the "solute
capacity" of tie medium. Let p = density of medium.
Then S @ = quantity of solute required to raise one cec of
medium, one concentration unit. (The product S/ would be
unity, if there were no volume effect attending the process
of svlution). The rate of gain of solute, therefore, is
given also by:

R 2

3 £ 4 5P e (23)
Let the tetrahedron shrink down to a point (i.e., p =0)
Then the relation

§:)\7cx+/4£]+-z)>‘; (2%)
holds. 4ssume that P is on an equi-concentration surface,

the normal to which is the Z - axis,



Then $, = ;F—7 = 0 (25)
| ;.=—¢)ag=~/r7)—§—;— (26)
f= - K %f?’ (27)

where §p denotes differentiation in the direction (X, 4,7 ).
(Since %ﬁ{ = X %’f} + A4 —%; v g?/ (28)
and % = %? = 0 ) (29)

Thus we have generalized our previous concept of
flow of solute, and can now say that the rate of flow of
solute at a point across any surface from the inside to the

outside per unit area per unit time is
e 2=
I M
where ")%;: denotes differentiation along the outwardly
drawn normal to the surface at this point.
Therefore the quantity of solute flowing across

one of these equi-potential surfaces is given by

L°Q = - 35 LALE

This is a generalization of Fick's law (equation (1)).

(39)

Consider now the rectangular parallelopiped with
B !

center atv (x, y, 2).

Y

p:(2,3) |
A ' . ¢| c
113 243

D zdx p'
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Ultimately, the flow across A B C D

:4'&(74(3 (3(',{ - ’39—9%’ ”(“) (31)
and the flow across 4' B'¢'D’

= 40(? A3 (5 +

. Rate at which solute is accumulating inside the solid,

Ax) (32)

due to the two faces considered is

) x
— ¥ p(?: d} Y x A x (33)
Similarly for the other two sets of faces, we have:
) 5
~9 Axdg 5=+ A (34)
) 7
23— A (35)
.. The total rate of gain of solute is
O 5x ) £ (36)
— +.__l— -2
SM@X;( 7 L 23
which is equal to
)0
570(75,(/12 SP yE (87)
da o o L[ x 2%, 35 (38)
Sy E S P d 7¢ J 7 95
PLd
But Fx = = N O (39)
_ ad
;] - )y
RL:
g, = -k
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Substituting these values, we have:

e - K (2% 2% ,
—)—-Z__ -_— S/o A?C" + )71, "- );1. (40)
Qe _ D% Je )%’)
or y & -~ /% dx + 97 + 351, (41)
where k = g%%‘i the 'diffusivity, (42)

or tue coefficient of diffusion. Since § @ is a pure number,
the units of k are the same as those of K, namely cmz/sec.
If the medium considered is isotropic but not

homogeneous, we must write:
22 _ 2 -———( £ 2/ 22) (48)
5P )t )ac ) + 37 /r ){7 (/\’ 27
where K is a function of x, y, and z.

If the medium is homogeneous but not isotropic:

de  _ P 2% Qe
SP S = K, Sx- +/},]L - 1055 (44)

It has been assumed of course all through the de-
rivation that solute is lest or gained only by diffusion
through the six faces. If thers is a "source" or "sink" of
golute inside the volumevconsidered, such that quantity A
of solute is contributed or removed per unit volume per unit

time, equation (40) becomes

e _ e RiceA 2_/_6,)
sp 3= k(S sn e rA e
Equation (41) is often abbreviated to
dC z (46)
—_ C
Y VI v 4

~ 3 ;t -
where V:G means the Lavplacian function (3:. fg-; +§Z—-"§,).
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The Concentration Function.

The general solution for (4/) (=)
which would be of the form
a = -)'—(7(,7,;,5') (19)
is impossible to obtain. Solutions for svecified initial
aud poundary conditions can be obtained in many cases,
however, by means of Fourier series, spherical harmonics,

zonal harmonics, and similar series developments.

Linear Difrfusion.

If the diffusion of solute is known to be uni-
dimensicnal tae problem is enormously simplified. This
means that the equi-concentration surfaces are all parallet

plenes, perpendicular to the line of flow, say along the

X - axis. Then

27 °J
and equation (41) becomes .
3 dLea (2)
< = = 2 2
S & J x

Solutions of (2) for specified initial and boundary condi-
tions wi.l be of the form

o = £(=x, ¢). (3)
Here again the concentration function can usually only be

determined by a Fourier series expansion.
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The Steady State.

Two trivial ceses, however, are immediately sol-

vable:
(a) If the concentration does not change with
distance |
’ _sz =0 oo .2:fL =0
d ) I=x " (48)
DT —
e = ¢ (49)
and
¢ = const., (50)

for all times and distances.

(b) If the concentration at any point does not
cnange with time. This is the "steady state" which is men-
tioned so often in the literature, and which has been used

for most of the earlier determinations of diffusion coeffi-

cients.

o e < © (49)

then A )ﬁ’t = 0 (51)
‘3/; = A (52)
A = on{ac = Ax + B8 (53)

where A and B are constants of integration. For the pound-
ary conditions: ¢ = ¢, , when x = 0 } (54)

¢c=¢ , when X=h
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equation (53) becomes
<, —C,

A = —T—-%F’co (55)

See Derivation of Fick's law (P. (3 ).

The ~uantity Function.

When the form of the concentration function (19)
is known, the quantity function, expressing total quantity

of solute within a given boundarycan usually be obtained by

integrating (19) over the volume considered:

t"- A

-:E“),,f)-‘—'ﬂ f,,,i'a[/”{
Q (%73 !!L (“79')"7; (56)

For the case of linear diffusion, the quantity function is

given by:

§= &my) =esf A S(mOdx T o)

These quantity functions have been obtained for three of the
simpler cases by Hill?

For the case of linear flow in the steady state,
already considered (P. 2¢8 ), the quantity of solute con-

tained in a volume h A, is given by
= £ -
g = Aes§ (%i‘.’_a\u,co]a(«

o)
—es A A Jf—:_'—ﬁ"“ (58)

The cuantity of solute contained within a given
* 15 initial Concentration Wwas every where zero.
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boundary (§ ) must not be gonfused with the quantity (@)
flowing through the boundary, although sometimes these two

functions are identical. In general,
en.t-tre

Z s'i&eG - 5 (59)

For any given time intervael, in the steady state

> 39 = §

t=E&y (60
£y _
for g_: 2 @ = 0, and § is a (61)

aefinite positive constant (e.g., by (58).
The function Q can be obtained by integrating the

generalized Fick's law expression:

ArQ = — o 474— A ¢ (30)

d

Q = 6(x73 i)— —k//__ At dA  (62)

For the case of linear diffusion
Q= ¢(xt) =k f %—’f—t AEJdA (63)

In the particular case of linear flow in the steady
state, the quantity flowing past one of the equi-concentra-

tion surfeacses 1s glven by

fj k32 4t d A
’(—711’41' (1c)

I
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This is tne original form of Fick's law.

Fourier series.

Since Fourier series are very frequently useful
in obtaining the concentration functions (19), (3), and
since in particular, the Fourier integral was used by us in
developing the concentration equation for the case studied
experimentally, it seems advisable to summarize at this
point the chief facts relating to Fourier series. No at-
tempt at proof or mathematical completeness is intended.
These points are well taken care of by CarleWS?and Byerlyfo

A trigonometric series is any infinite series of

tiie form
! 20 .
+ a, + S (4mMIZ/n.ac +/ém«x) (64)
=y

where the coefficients, a and b, are either constants or
functions of x. If such a series converges in the interval
A £ 92¢E LM +4 | 14 getermines a definite function
there. Moreover, if it converges for an interval of 2T,
it converges for all values of X, due to the periodicity
of the trigonometric functions. The question naturally

arises as to whether an arbitrary function ¥(9<)can be
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represented by a trigonometric series exnension.
If we assume for tne moment that it can, we find

that tne coefficients of the series are given by Euler's

formulas:
2T
(
am_:TT’.C )C(ﬂ()/cﬂ"ﬂ//lo(ﬂ(d (65)
N ur
L

z 4o instead of 4, was used as the "constant" term so
that it could be included under the general formula for &,.
Such a trigonometric series in which the coefficients have
tue values given by the Euler formulas is known as the
Fourier series expansion of ¥ (x). If § (x) is finite

and integrable, a,, a end b, exist. This is no guarantee

oy
that the Fourier series converges, or if it does, that it
converges to f(x). However, it can be shown that if series
(64) converges uniformly in 0£ x £ 27 , it is the unique
Fourier series expansion of the function represented by it.
The sum of the first n terms of a Fourier series,

for a particular value of X = X,, is given by the

D irichlet integral:

Sm (7 - ’——f f (7(0 f'Zf) F f{%a‘zf} M(zﬁy)i:(t
Aen (67)

In order that the Fourier series generated by a function

f (x), integrable and periodic with period 27 may converge
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at the point », , it is necessary and sufficient that the
Dirichlet integrel approach a finite limit as n becomes
infinite. This limit is the sum of the Fourier series at
X ge

This statement can be further specialized into
the bDirichlet conditions for the convergence of Fourier
series: If f(x) is periodic, of period 27 , and if
£{x+0) and f(x - 0) exist, and if f”r/ )(/7)/61/%
converges, and if furthermore both ’

f’g' [ $(mxru) - ’((’”‘0)//(0( (68)

X

and fﬁ | $(x-) = $z-0) ,

X

(4L 2>0 ) converge, taen the Fourier series for f(x)

converges at the point x to the value

+ [ $lzro) + $(=-0)] (69)

for 0L 2 < 27T . For x=0, or x = 27

it converges to

L [ $(+0) + $(er~0)f (70)

If f(x) is defined only in the interval
0 <X< 2T, its definition can readily be extended out-
gide, by saying that it is periodic of period 21T.

The funaamental interval of convergence of a
Fourier series can readily be shifted, e.g. to ~IT < x < JT

in which case Euler's integrals become
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/8
am=’rlr’f !(o()/cmzmow(o( (71)
-
T
A = Wf $(L) domn & A (72)
-1

The fundamental intervel of convergence can also

be extended by the following transformetion
a®)
nJrx . M
f(x) = L a, *‘4\2_‘ Ao €€ 5 P A ) (73)

(0 < x<2.¢) (4= ary const. >0)

/ 24 n I«
“n = 7 ) flt) <org 5 A« (74)
_ L (¥ L AT/
Ly Fl) sin — A (75)

0

If the last series is shifted to the interval

(-2 < ~ < + £ ), Buler's formulas for it become

.0
( <@y
A :7[1 JC[”()W /(K A K (76)

[ ™€ L
”L”:’?/-,e Flt) tin —5— A< (77)

If we define f(x) to be even or odd, we need con-
sider onlyvthe interval ( 0 < X < £ ). If even, a

cosine series only is needed, i.e.
$(x) = T a0+ 3 4, epg 2T
i £ (78)

=]

l

£
L = — %
= fo F(x)cre 4 A (79)
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If odd, a sine series only is needed, i.e.:
o
. n o
,C(;t = 2 Ao — 8
) g /g:.\ 7 (80)

< -
e = j:;«f £(4) sin /Zd Ax  (81)

0

Pernaps the following example will make these
last statements clearer. The cosine and sine developments

of f(x) = x are:

- A 4.4 T l 3=
H’/‘C)*-—z-'-ﬁz Cr® ", +t37 v ¢
- >, _.
+ 5 e 7 J
(0 < = < 1) (82)
_ —_— ’ -z _ L . 2=
L 3T~
- Tty ]
(=4 < 2¢c < +4) (83)
The curves for each of these are drawn below:
f(x)
(82)
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£(x)

L L
¢ 1/34/;7«

If, for a Fourier series, convergent in the inter-
val (-4 < =< ﬁ{l it were possible to find the limit of
the sum of the series ag _¢ > o0, this limiting ex-
pression shduld be equal to the f(x) for all values of X.

Fourier's integral is just such a limiting expression:

If £(x), arbitrary and defined for all values of x, sat-

isfieg§ Dirichlet's conditions in any infinite interval, and

+o00
if j;oo ;_(1) A x is absolutely

convergent, then

T [ f_mm)w o (x-mc) d )

- L _ ]
= 7 [ $(x+0) + $(x-0)
(84)
at every point where f (x +0) and f(x - 0) exist.
If the function is even, i.e. £(x) = £( - x),

Fourier's integral becomes
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$(x) = %La/o(foof(/\)m X N erzdxd N (gs5)

0

If the function is odd, i.e. f(x) = —f(-x), the integral

beccmes
fx) = %fo Xxj; £(A) e st X acnrxd X (g6)

If tiue function is defined for positive values of x only,

either {85)or (86) may be used.

Application to the case studied.

The case studied experimentally was the diffusion
of nickel sulfate into a finite rectangular parallelopiped
of 1% agar gel, with one end open, and all other faces
imperaeable. The solute was never allowed to reach the
opposite eud of the column so that it could be treated as
of infinite depth. The concentration at the exposed face
was kept constant, and the initial concentration of the
gel was zero.

The concentration function and the quantity func-
tion GT , have been derived by Hillsafor the semi-infinite
column, of which tiils is a special case. Since the method

he used is not quite clear from his article it is deemed

advisable to repeat the derivation here.
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On the assumption of straight line flow in the

column with no "reflection" or fanning out of the "lines of
diffusive force" at tue containing walls, the simplified
uni-dimensional equations should hold. Either a modified
Fourier series expansion, or the Fourier integral could be
ased to determine the concentration function. Since the
latter leads to a neater expression, it only was used by
tne writer.

Our problem is this: to find a solution of the

differential equation

D/G:%Q_i’f—

f;j;' ) x* (2)
of the form
c = £(x,t) (3)

subject to ti.e initial and boundary conditions:

(87)

— e — )

e
K - -

Since we are concerned only with positive values of x, we

may use the form
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F(x) = -??faoop(xf;(,\)wx,\mxau()\

(86)
Since equation (2) is linear with constant coefficlents we

can obtain a particular solution by the following device:

gt +X X
Let ¢ = £ (88)
gt +ol X
Tnen )T = B 2
J £ .t (89)
Bt + o A
and ,‘;)_l,’c’1 = 7,8 113-
? % (99)
Substitute in (2) and obtain B = A o 2 (91)

This is tine only relation that need hold between B and X.

Hence Xx +ABxX*T poo P £ X

ML = 2 = XL (o2)

is a solution of (2), no matter what valus is given to <.
To get a trigonometric form replace & by & i in

(92). Then

'%&Zt—z oL X ¢

A = 2
(93)
If we replace & by - & ¢ in (92), we get
_ ALY _ Xz
a = £ (94)

Subtract the value of ¢ in (94) from the value in (93) and
divide by 2 1.

Then
o = /e_,éoz‘t- .
= et & XK (95)
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is also a solution of (2). Similarly by adding the two

values of ¢ in (93) and (94) and dividing by 2, we have

- Bt
A = _e Ay o X (96)

(95) and (96) are particular solutions of (2); « is en~
tirely unrestricted.
From these solutions we must build up a func-
tion which will reduce to
c= f(x)=0 (97)

when t =0, and f(x) is to be given oy
2 06/ g
f(x)= TT—j; X ff())/—o‘n oz no) A\ (86)
0

We shall now build up a function for ¢ which reduces to
(86) when t=06. If we multiply (95) by Lo M

the result is still a solution of (2), i.e.:

o= o R dem L K gm L\ (98)

Multiply by f£(x) d A, and have

- RBxt

Q -2 FONton wx giac ) AN, (99)

I

which is still a solution of (2).
Then

o3 2
A = fo.e'%‘( )C{/\)Mp(a,%oé)\ AN (100)

is still a solution of (2), since it is the limit of the



sun of terms (99) as A\ ranges from O to oO.

Then we have reason to think that

=) o9
n \(o ‘("(‘f; 2—/40( (/\) a(%dﬁ“"() (101)

is also a solution of (2), since it is ‘;?' multiplied by the
limit of the sum of terus formed by multiplying the second
member of (100) by da, and allowing & to range from O to ©9.
Function (101) reduces to f(x), i.e. to (86) when t = O.
Equation (101) may be considerably reduced:

_L L:(A)M J;":_é,x2{[01“(/\_%)_%%[”@7/&(102)

or

l () ﬂ’) _ (/\'I'Q’) (103)
S ,c(A)/;,, iae _ 7 s |A)

_#
. -¢£4c T4
(s:.nce /g £ i/gt M ﬂ_ 4 (104))

Equation (103) mey be written:

— — T 4AZ
= UrAE [f £(3) < A

o0 _ (/\-I—d') /(
_[ F(A) = tRAE /\J (105)

For the first integral,

_ A -—=
letB it zl/z-—i:—

then X = x + LUYAE Vg
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AN
4B =  2Uze

For tne second integral,
A +x

letB = 2 UAE

then X = “OCZi—m/lg
N

Then equation (105) becomes:

o= f__ e =t v p) A

-f:o ,e'p’z,f/-aul-zl//?f/,@)é(/g]
L YBE (106)

Case I. : Let the initial concentration be con-
stant and equal to c (i.e., when t =0). Thenf(x + ¢ [/Fe )
and f(-x +2 VA¢ ) are each constant snd equal to c,,

since f(x) in (105)= ¢, . Hence

B co[f 4"6;& e _ﬂﬂ({/ (167)
| (/"

Ué— Z
or x
2 <, Lizr 2
< = I f e~ FAr (108)
0
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Ccase II. : Let the initial concentration be con-

stant and equal to - ¢, . Then

X
2 <, 2U%¢

T Ur _e ~F A8

< = (109)

Case III. : Let the initial concentration be
constant and equal to zero, and let concentration at the
piane face, x=0, be ¢,. This is our case. Then we need

only add ¢, to the second member of the (109) :

x

AL R 27E 2
PR f Y
0

(110)

The second member of (110)= - ¢, when t=0, and hence ¢ =0
when t = 0. Also the second member = O when x=0, so that
c = coﬁhen x = 0. We are pemitted to add ¢, in (110)
because ¢, 1is also a solution of (2)

Therefore tie concentration function for the case

studied experimentally is:
x

L = Ay [/“‘}',F’fz@,e ﬂgl/ﬂ]
0

33
This agrees with Hill's result.

(111)
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It must be remembered that k, the coefficient
of diffusion, 1is related to K, the solute conductivity con-

stant of the medium, in the following way:

£ = Tp (42)

In the derivation of Fick's law (P.I19 ), K was an expirical
constant of proportionality. In the above derivetion of the
concentration function, k was assumed to be a constant in-
dependent of concentration. If it should turn out that, k
is a function of concentration, either by virtue of the fact
that s and/o are functions of the concentration, or because
K itself is such a function, then to that extent equation
(I11) would be in error. It is believed, however, that for
' relétively small variations in concentration, at least,
equation (I1I) is a close approximation to the truth. It

is unlikely that the entirely general case of k as a
function of ¢ could be solved at all, and if it could be,
the solution would certainly be too complicated to be useful.

The portion of equation (III):
% _ '
Y2 le/ét'/e_ﬂlp(lg
Vi 0

is the probability integral, which may be abbreviated to
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X
P (772) (122)

and which means in words the probability that the function

x X
2 VAL has a value, lying between zero and Z VA .

Since X and t are independent variables, this function can

have any value between zero and infinity. Equation (II1I) can

now be written
= 2 [1-pGE)]

Values of ¢ for given values of c¢,, X, and t may be found

d
x
by mean f probability table or by expanin (
y means of proba y tables, y expaning Fzm)

(113)

into infinite series:

P(0) == (v~ 57 + & — )

7-31

(114)

Derivation of gquantity function.

We have already seen that the quantity of solute
inclosed in a given boundary is given by
— 6(1

Z,
(If initial concentration was everrwhere z ero).
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If this is applied to our case we have

pSAf [/ V_f £$115)

x —Z_
rPs A <, X — ﬁSA’cof zm_—:@z
0 vV o)t AfAx

(116)

Aﬁf»

"

5 ;’g;/ﬁ]/«

I

Tne second integral can be evaluated by a series expansion

(_2!., .
of P zl7e/. IT this is used we have,

— 2 Ps A [ x*
Q@ = PsAc, X — U o/ 2(tvmz)
x ¥+ x ¢ x £

f=--((117)

—_ 5 + -
4.3.1! (2v7®) ¢-5.2! (21/47)3- g-7.3) (2v7d)"

= _ 2 PsA« VT o — xt + 2 *
o 0 s V™ 2 2 (2 Vze) #3101 (2vmE)’
¢
w “ ! ..._..f.....
- —s T 7
¢ 521 (2VZEE) 3731 (2 VAE)

(11g)
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This series converges so slowly, however, for large values
of X, that it is not very useful. Also, while (118) tells
us that é-is directly proportional to A and to c, , it
gives no hint as to how it varies with t.

4 far more profitable expression can be derived
from (116) by carefully interchanging the order of inte-

gration. We will work at first only with the portion

* TEE .
f f e CUp dx (119)

which to avoid confusion can be written

.
x e —
LURE z
I = f‘f e P ApdT (120)
0 0
The value of the double integral [ is
the shaded area in the figure. <
T e
T—=x (L‘B |
dfe;;@jif;;%7
Z o
Z
0 g= I
LUAE

It mekes no difference whether the elemental strips to be

integrated are taken horizontal 1y or vertically



= e
L= [ 'eﬂedl rdE (121)
B-2VzaE
=
—_ % 2
- f tl-ﬂ (x-,@-Z (/Z}_’)/,@ (122)
0

|

X X

V7% 2 v] UAE
/sz e A8 +[./,—é;:;ﬂ o (Y
4(/ —ﬂ/,g 4_ +ét— /) (124—)

(11t) becomes ¢

= 2 Z_{/CEZ% 2
= — = FPsAc,| x -PL8
Q = PsAc, & /e [ l 2

FVre (2~ Fae —/)] (125)
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To obtain the total quantity of solute absorbed

into tue entire column, let x — ©O
X

then —%ff fozm,e'ﬂ;(/? — 1

(126)

xt
and e T 444 —_ 0 (127)

It can readily be seen from (126) that
2 -
PRy ZV-_ ._.2 )
€quation (125) becomes

O = 2pPsAc VEE (128)

Equation (128) can also be derived by a slightly
different mode of reasoning. We have seen that the quantity

of solute flowing pest a given boundary is given by
ove )

0= @nt) = —/r]f&-gf-c-ﬁ(fo(/} (63)
t

Since the case we are considering, all the solute inclosed
in the column must have passed through the plane face x = 0,

it follows that

Z? = .25::_ C? (129)



Since

—b-ﬁ—_ ___Z—___ ,)— z(/Z?
> - I/rr’/a" b"“fo o PAB
Y Y.
x
where ﬁ - 2 UZ ¢
d.0 :
B L
) % vir 7° L =
Z 2
= -—W::/eoz"'g- :
2 /Ar
17—
or —b—:'c’ = - < ’e.- e
dJx TAt

(130)

(t1)
(131)

(132)

(133)

(134)

(135)

(13¢)



t x
* = kA ,0____, +AE #
Q 0 V]T}Lt' < 0[
or
kae 5 x
= o - FAE
0 = ez f 3 At o)

This is the general expression ror quantity of
solute flowing past any cross-sectional plane at a depth

x. In particular, when = O,

K3

x
- 74 = 1 (138)

L

and the quantity function becomes

= _ kA=, f" At
(]

§ = v Ve (139)

x l/—t/ (140)

a—
—

2 kA<o
AN AR .
V-4
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or é = 2 K A .c, ')TF{:/Z (141)

if we recall that

H
£ = 55

(42)

then our equation (141) becomes

5 = 24 spA, I/F"jf (142)

— At
G = 2pPs A, m (128)

or

as before.

This does not agree, as far as constants are
concerned, with the equation derived by Hill33 and used
by Ricketts and Culbertson;;; which is

_ I £
O = 2 A A, /én- (143)

Hence A= Pis’A (124)

If we assume that
Ps =1, (145)

as it would be in the ideal casefand as it often very nearly

*Addition of solute without changing total volume of
solution.
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is in practice, then our equation (128) becomes identical

with Hill's (143). As Hill'sg3 derivation is not given in

his paper, it is impossible to determine whether he made

this approximation knowingly, or whether he confused K
and k, thinking them the same constant, as has been done

so often in the literature.

This confusion of constants in tkhe literature un-
doubtedly has had much to do with discrepancies in the re-
ported data of different observers, as well as with ap-
parent variations fram theory. For example, the reported
veriation of coefficient of diffusion (k') with concentra-
tion might be attributed to the variation of s and L with
¢, ratner than of the true coefficient k. Of course, there

is nothing to prevent k itself from being a function of c.

We don't know.

Calculstion of solute capacity.

The following relation for calculeting s has been

derived by the author.

If we represent solute capacity per unit volume

by Y , We have

V/ = LS (146)

Y/ may be calculated as follows:
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To one cc of a solution of concentration ¢, (moles of

solute 1, per cc of solution), add quantity of solute

A m, moles. Volume increases A V.

_ 2, 4—A/’L‘,’_ — e
Ay = | +A V ' (147)
/)ll
: A — 4 (148)
' 4 e, Ay + Ay ~ e,
I+ 4V
+ AV
_ ' = (149)
| = A Am,
| et _A/"/ > 0 N } (15—0)
then A vV —0
ahd 3 My _ ______{__..—f——-— (is1)
—_— = — P14
20y ' L Amy
BU-'L' _?,__Y . = —: ) (lS'Z)
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the partial molal volume of solute component 1

Also by definition

%, - d ¢, (155)

. HV: = _ ([r4)

I

and S, (15%)

(0(1—4.477)

The calculation of § therefore is dependent
upon data for density and partial molal volume at the con-

centration desired, and of course at the given temperature.

The velocity relation.

One other interesting relation for the case of
diffusion into & semi-infinite column, should be considered.
That is the velocity relation. We have seen that for our

case
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ﬂ =—h’/‘r-b—£’ (63)
c[f—' d X

The quantity of solute diffusing past any cross sectional

plane of a slab in the steady state (See p.27) is given by

A € ’ (156)

A 7
o j_(—,Q = A (0,- 2= (157)

where A/~ is the constant velocity of flow of solute (the
root mean square velocity of the solute particles@ﬂ and c,
and ¢, are the concentrations of the faces of the slab.

Let us consider now the velocity with which the
moving boundary of solution is advancing into the pure med-
ium in our case. Let /& = depth of this boundary at any
given time, i.e., X is a function of t. If we assume that

the diffusion is so slow that it can be broken up into an

infinite number of steady states, then J%%; in (63)
is constant between x = 0, ¢ =¢, , and X = X , ¢ = 0.
’Qo
S0 T - — X+ o, . (158)
x
e _ %
and =

y ¢ = (159)
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Equation (63) becomes

A9 _ Ak
A& = (160)

By equating (63) and (157), we have for the

plene at denth zero:

J<
/4(’('0"0)/1/5 ”-’4/\/3«
_ kK de
AV = <, J (161)
or, substituting (159):
= _ (162)
Ay P
Since in the steady state velocity is independent of
depth, for constant cross section,
vy, = A, (163)
the vel:city of the moving boundary,
K
: Ldx  _ Kk (165)
Ad & =z
-_ 2
and ~x = 2Kkt (166)
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S K = 2 t (5)

which is Procopiu's expression, where .xX is the distance
tie boundary has moved in time t. The euthor has been
unable to derive Stefan's law ({)by a similar mode of
reasoning. It is important to note thet the constant
which would be obtained from (5) is not k, but K.

Equation (164) is of interest because it is the
link that connects the Stokes-Einstein equation (12) with
the Einstein Brownien movement equation (8). It should be
noted that here again the constant is K , and not k.

By substituting (166) in (160) we have:

LY = — At (167)

. 0 — Ak4a A#

(1¢8)

. : 0 = A A, Lk t (léq)



for tne quantity of solute flowing through open end in

time ¢t,

Lo§ = A, Vort (170)

which does not agree, as regards constant factor, with
either of the expressions previously discussed. This dis-
crepancy is attributed to the invelidity of the sassumntion

made in deriving (158).

Deviations from theory.

Before going into the experimental study of
nickel sulfate a few words should be said regarding devia-
lons to be expected from the general theory discussed.
These deviations are conveniently discussed under four
heads:

(1) Deviations due to faulty analogy with heat.
Solute diffusion may be accompanied by an irreversible
absorption into the medium, so that a corrective term A
would have to be added to the general diffusion law.
(Ssee P. 25, eguation (45)).

(2) variation with the solute. There is only
one kind of heat to flow, but there are as many cases of
solute diffusion as there are combinations of solutes

and solvents. The solute particles may not obey Stokes
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law exactly, in which case the Stokes-Einstein law be-
comes inexact.

In the case of diffusion of electrolytes, the
raie of diffusion is slowed down (See tue Nernst theory
p. 8). Tune simple Fick's law equation is still velid for
electrolytes if we clearly understand what is meant by

"concentration" of an electrolyte. It would be better to use
-"activity" at least for concentrated solutions where inter-
ionic attraction becomes a prominent factor. Hydration and
association effects, and complex ions would be exvnected to
introduce furtier complications.

The variation of diffusion coefficient with con-
ceatration, which by analogy with heat we might have ex-
pected, has been discussed already (pp. 8, 43).

(3) Variation with the solvent. Vvariation with
medium would also be expected from the analogy between heat
and golute flow. The Stokes-Einstein law gives a quanta-
tive treatment of this variation, in terms of viscosity of
the medium. Unfortunately other fectors such as associa-
tion of solveat molecules, and the fact that the solvent
also diffuses, enter in.

(4) The variation with temperature. This fac-

tor has been mentioned under Historical (P. 8). Correc-

tive expressions of the form
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A= R, (I +x 9) (171)
have been derived; where k, is diffusion constant at 0°C.,
A is temperature coefficient of k, and & is the

temperature.
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4. EXPERIMENTAL

Caseg studied.

The case studied experimentally has already been
referred to (P. 36 ). It is that of diffusion into a finite
rectangular parallelopiped of agar gel, with one end only
open, and all other faces impermeable. The face exposed
was malntained at a constant concentration and the gel was
initially devoid of solute. The solid was not allowed to
reach the opposite ead, so that for all practical purposes
the solid considered was of infinite depth. The total
quantity of solute absorbed and the concentration at various
depths were determined for different boundary concentrations
and different times, with temperature and cross sectional
area constant. Equations (I11) and (12%) or (148) for the
seni-infinite diffusion column would therefore be exvected
to hold. Cylinders with one eund exposed were also tried,

but with little success.

Diffusion procedure.

The solute used in all experiments to date has been
Merck's nickel sulfate, and the diffusion medium, 1% agar
gel. The melted agar was poured into the mold and allowed
to solidify for one hour. The entire mold was then placed
| into a closed jar containing a large volume (6 liters) of

Ni SO+ solution, which was in turn immersed in a water



-2~
bath kept at 25.00° + 0.02°C , dquring tne entire time of
dirfusion,by meaas of a gas thermostat. Five cc. samnles
of tie solution were removed from the vicinity of the ex-
posed guce at the beginning and end of the period of diffu-
sion. As the concentration so determined never varied
more than 0.5%, stirring was deemed unnecessary and the
average of tne two readings was taken as the constant con-

ceatration at the boundary.

Construction of molds.

Special attention was given to the molds. The
rectungular parallelopiped was constructed from a U-shaped
wooden frame saturated with paraffin, and slotted to re-
ceive two glass plates 19.36 cm X 8.25 cm. Before each run
the plates were careful.y cleaned by &l ternate washing with
Na OH and concentrated H N g, followed by washing with dis-
tilled water until the 4, of tne washings after long soak-
ing was approximately that of the distilled water used, 6.
This was done to make the agar adhere better and thereby to
minimize seepage of solution between the gel and the walls
of tiue mold. All joints in the mold were made solution
tight by sealing with paraffin. The dimensions of the ex-
posed face were 6.67 cm X 2.49 cm = 16.59 cmf’ The cylin-

ders were made simply by stonpering one end of sections
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of glass tubing of large bore. In spite of careful clean-

ing of the cylinders, however, seepage was excessively great
and the results obtained for this case must be regarded as

only rough.

Slicing of agar.

The agar cake after removel from the mold was
sliced on & specially constructed slicing teble, and the in-
divicual slices melted by boiling water and analyzed for
nickel. In some instances where total solute only was to

be determined, the slices were ocut larger and inaccurately.

Electroanalysis.

All analyses were made electrolytically according
to t.ue method of Smith4l, To each sample was added 1.2
grams of (NH4). 504 | 30 cec of 6 N NH40H, and water to
make 100 cc. The nicxkel was plated on a cylinder of plati-
num gauze. The anode was a rotating spiral of platinum.
The current was kept at two emperes and the voltage ranged
from about 3.5 to 4.5. Electrolysis was stopped when drops
tested on a spot plate gave no pink colecr with dimethyl
glyoxime. A slight correction was necessary due to the
fact that the anode dissolved very slowly and plated in
part on the cathode. The deposit of nickel on the cathode
was removed from time to time by dipping in nitric acid.
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S. DATA

Form of presentation.

The data determined is presented in two forms:
(1) the original data, aside from slight corrections for
solution of anode; (2) derived tables of data. Reliability
of individual readings is indicated by mean deviations in
original weights only. The reliability of derived figures
is indicated only by the retaining of the proper number of
significant figures.

Tables of data.

(1) Original data.
(a) Slice runs with rectangular
parallelopiped.

The depth - volume data for slices given in
Table 1 below holds for all subsequent tables referring to
slice runs. For convenience, therefore, each slice will
henceforth be referred to only by its number.

The following symbols and units have been used in
the tables:

A = area of face exposed,bin cms.

X = average depth of slice, in cms.

) X = thickness of slice,in cms.
AV = volume of slice,in cms’
AW = weight of Ni in slice in grams (corrected
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for anode solution).

Corrected Aw = weight of Ni reduced to the same
boundary concentration bassgs.

Ave & w: First column (no. 6) indicates mean
deviations; second column (no. 7) indicates
the correct number of significant figures.

The figures given in columns 2 and 3, and 4 and 5
under 4w and corrected 4w are for two
independent check runs.

6 = total quantity of solute absorbed,in grams
(columns 2 to 8, inc. of Table 2 and follow-
ing), or in moles (column 9).

¢, = boundary concentration,in grems per 5 cc.
sample of solution (columns 2 to 7, inc.),
in grams per cc. (column 8), or in moles per
liter (column 9).

¢ = concentration of Ni in agar at depth x, in
grams per cc. (column 8), or in moles per
liter (column 9).

t = time in hours ,or in seconds.

k' = coefficient of diffusion in om./sec.
(Hin).



Table 1
6, = 0.137 M., t = 24 hours
1 * 2 3 4 5
No. “ X AX AV AW corrected Aw
1 0.32 0.63 10.53 0.0618 0.0619 0.0618 0.0622
2 0.85 0.63 10.53 0.0270 0.0252 0.0270 0.0253
3 1.59 0,63 10.53 0.0092 0.0081 0.0092 0.,0081
4 2.22 0,63 10.53 0.0024 0.0020 0.0024 0.0020
51 2486 0,63 10.53 0.0004 0.0002 0.0004 0.0002
6 3449 0.63 10,53 0.0000 0.0000 0.0000 0.0000
7 4.44 1027 21007 ------------------------
8 6435 2.54 4R13 ===  ccmeem- —————— | ——————
9 889 2.54 42,13 ~—cmee  cccaa- -
B - o o= o ramemar s eeren e EEerEew 2 eeenesentnar 22 etemacepeves oo o mow e em
Q === === eee—-= 0,1008 0.0974 0.1008 0,0978
6., (1) ==== —coe oo 0.0402 0.0399
e &}
G, (8) «=== come  cacaa 0.0399 0.0399
Ve Cp ==== =cce ccae- 0.04005 0.0399 0.0400 0.0400
+0.00015 +0.0000
6 7 8 9
No. AV, aW ¢ (g/cc) ¢ (mol/1)
1 0.06200 + 0.00020 0.0620 0.00589 0.100
2 0.02615 + 0.00085 0.0262 0.00249 0.0424
3 0.00865 £ 0,00055 0.0087 0.00083 0.014
4 0.00220 £+ 0.00020 0.0022 0.00021 0.0036
5 0.00030 £ 0.00010 0.0003 0.00003 0.0005
6 0.00000 —=c-emew 0.0000 0.00000 0.0000
7 ----------------------------------
8 | eccememes  ccamcsms | cecons | cecaeees ecccasee
o] ——————— —m———ea | emecece | ecceeces | eeeee——
Remainder =-=--==  —ccecee  cccmee | ccdmcece e
Total (Q) 0.0993 + 0.0015 0.099 0.099 0.0017
Av. o, 0.0400 0.0400 0.00801 0.137
* A= (.59 cm’



Table 2
Slice run: c, = 0.274 M., t = 24 hours
1 2 3 4 5
No. AW m AW gag Corrected Aw
1 0.1045 0.1098 0.1045 0.1100
2 0.0599 0.0505 0.0599 0.0506
3 0.0234 0.0176 0.0234 0.0177
4 0.0078 0.0047 0.0078 0.0047
S5 0.0024 0.0010 0.0024 0.0010
6 0.0004 0.0000 0.0004 0.0000
7 0.0004 | —cec-- 0.0004 = eccoe-a
Q 0.1988 0.1836 0.1988 0.1840
c, (1) 0.080750 0.0804
before £ 0.,000050
c, (2) 0.07985 0.07995
after +0.00025 +0,00045
Av. ¢, 0.08030 0.08017 0.0803 0.0803
+0.00045 +0.,00023
7 8 9
No. AV, AW ¢ (g/ce) ¢ (mol/1)
1 0.1072 + 0.0027 0.107 0.0102 0.173
2 0.0552 + 0.0046 0.055 0.0052 0.089
3 0.0205 + 0.0028 0,020 0.0019 0.032
4 0.0062 + 0.0015 0.006 0.0006 0.01
S 0.0017 * 0.0007 0.0017 0.000186 0.0027
6 0.0002 t+ 0.0002 0.0002 0.00002 0.0003
Q 0.1914 t 0.0074 0.191 0.191 0.00326
Av. G, 0.0803 0.0803 0.0161 0.274




Slice runs: ¢, =
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Table 3

0.3726 M., t = 24 hours

T 2 3 Z 5
No. AW 111 AW 12[ Corrected A w
1 0.1619 0.1591 0.1619 0.1597
2 0.0641 0.0683 0.0641 0.0685
3 0.0230 0.0241 0.0230 0.0242
4 0.0060 0.0072 0.0060 0.0072
5 0.0014 0.0014 0.0014 0.0014
6 0.0002 0.0002 0.0002 0.0002
7 0.0001 0.0000 0.0001 0.0000
8 0.0002 ———— 0.00028 = =me---
9 0.0000 ——— 0.0000 = —=me-e-
) 0.2569 0.2603 0.2569 0.2612
c, (1) 0.10940 0.1087
+ 0,00020
c. (2) 0.1091 0.1090
Av. o, 0.10925 0.10885 0.1092 0.1092
+0.00015 +0.00015
6 7 8 9
No. AV. AW ¢ (g/cc) ¢ (mol/l)
1 0.1608 t 0.0011 0.161 0.0153 0.261
2 0.0663 + 0.0022 0.066 0.0063 0.11
3 0.0236 + 0.0006 0.0236 0.00224 0.0382
4 0.0066 + 0.0006 0.0068: 0.00063 0.011
5 0.0014 + 0.0000 0.0014 0.00013 0.0023
6 0.0002 + 0.0000 0.0002 0.00002 0.0003
7 0.00005 £+ 0.00005 0.00005 0.000002 0.00004
8 0.00032 + 0.0001 0.0001 0.000002 0.00004
q 0.2590 + 0.0021 0.259 0.259 0.00441
AV. o, 0.1092 0.1092 0.02186 0.3726




Slice run: ¢, =

Table 4

004742 Mo, t = 24 hours

T ) 8 9
No. LW c ce ¢ (mol/1)
i 0.2151 0.02042 0.3479
2 0.0834 0.00793 0.135
3 0.0266 0.00252 0.0431
4 0.0084 0.00080 0.014
5 0.0025 0.00024 0.0040
6 0.0007 0.00007 0.001
7 0.0006 0.00003 0.0005
8 0.0007 0.00002 0.0003
9 0.0000 0.00000 0.0000
Q 0.3380 0.005759
co (1) 0.1393
e, (2) 0.1387
AvV. c, 0.13900 0.02783 0.4742

= 0.00030
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Table 5

Slice runs: ¢, = 0.6977 M., t = 24 hours

T 2 3 7y 5
No. AW 512 AW (2) Corrected A w
1 0.3084 0.2941 0.3084 0.2948
2 0.1097 0.1185 0.1097 0.1188
3 0.0419 0.0454 0.0419 0.0455
4 0.0135 0.0147 0.0135 0.0147
5 0.0039 0.0042 0.,0039 0.0042
6 0.0010 0.0007 0.0010 0.0007
7 0.0005 0.0008 0.0005 0.0008
8 0.0005 0.0003 0.0005 0.0003
9 0.0000 0.0000 0.0000 0.0000
Q 0.4794 0.4787 0.4794 0.4798
o, (1) 0.2046 0.2041
e, (2) 0.2045 0.2040
Av. c, 0.204550 0204050 0.2045 0.2045
+ 0,000050 +0.,000050
6 7 8 9
No. AV. AW c (g/ec) c (mol/1)
1 0.2966 + 0.0018 0.297 0.0282 0.481
2 0.1142 + 0.0045 0.114 0.0108 0.185
3 0.0437 + 0.0018 0.044 0.0042 0.071
4 0.0141 t 0.0006 0.0141 0.00134 0.0228
5 0.00405 + 0.00015 0.0040 0.00038 0.0065
6 0.00085 + 0.00015 0.0008 0.00008 0.001
7 0.00065 + 0.00015 0.0006 0.00003 0.0005
8 0.,0004 t 0.0001 0.0004 0.00001 0.0002
ol 0.47960 + 0.00020 0.4796 0.008172
AV. ¢, 0.2045 0.2045 0.04095 0.6977
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Table 6

Slice runs: ¢, = 0.9346 M.,

t = 24 hours

bl 2 3 4 [5)
No. Aw 51; AW gzz Ccorrected A w
h 0.3758 0.3738 0.,3713 0.3738
2 0.1746 0.1783 0.1725 0.1783
3 0.0715 0.0707 0.0707 0.0707
4 0.0312 0.0243 0.0308 0.0243
5 0.0144 0.0087 0.0142 0.0087
6 0.0062 0.0027 0.0062 0.0027
7 0.0040 0.0028 040040 0.0025
8 0.0015 0.0029 0.0015 0.0029
g eeee—-— 0.0022 |  <+=ee=- 0.0022
R 0.,0001 0.0085 0.0001 0.0055
Q 0.6793 0.6716 0.6713 0.6716
e, (1) 0.2785 0.2749
c., (2) 0.2760 0.2729
) +0.0011 +0.0012
Av. ¢, 0.2772 0.2739 0.2739 0.2739
+ 00,0012 +0,0010
6 7 8 9
No. Av. AW ¢ (g/cec) o (mol/1)
1 0.3725 + 0.0012 0,372 0.0353 0.601
2 0.1754 + 0.0029 0.175 0.0166 0.283
3 0.,0707 * 0.,0000 0.0707 0.,00671 0.114
4 0.0275 + 0.,0032 0.027 0.0026 0.044
153 0.0114 *+ 0.0027 0.011 0.0010 0.018
6 0.0044 + 0.,0017 0.004 0.0004 0.006
7 0.00325 + 0.00075 0.0032 0.00015 0.0026
8 0.0022 + 0.0007 0.0022 0.000052 0.00089
9 0.0011 + 0,001l 0.001 0.00002 0.0004
Q 0.67145 + 0.00015 0.6714 0.01144
Av. ¢ 0.2739 0.2739 0.05484 0.9346
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Table 7

Slice rung: ¢, = 0.9346 M.,

t = 6 hours

L 2 3 4 S
No. AW 51! Aw_(2) Corrected AW
1l 0.2532 0.2462 0.2572 0.2502
2 0.0412 0.0395 0.0419 0.0401
3 0.0069 0.0095 0.0070 0.0097
4 0.0013 0.0039 0.0013 0.0040
5 0.0007 0.0014 0.0007 0.0014
6 0.0001 0.0006 0.0001 0.0006
7 0.0007 0.0004 0.0007 0.0004
8 0.0000 0.0000 0.0000 0.0000
Q 0.3041 0.3015 0.3089 0.3064
c, (1) 0.2698 0.2695
c, (2) 0.2695 0.2695
Av. ¢, 0.26965 0.26950 0.,2739 0.2739
t 0.00015 +0.,00000
6 7 8 9
No. AV. AW ¢ (g/ce) c¢ (mol/1)
1 0.2537 + 0.,0035 0.254 0.0241 0.411
e 0.0410 + 0.0009 0.0410 0.00389 0.0664
3 0.0083 + 0.0013 0.008 0.0008 0,01
4 0.0026 + 0.0013 0.003 0.0003 0.005
5 0.00105 + 0.00035 0.0010 0.000095 0.0016
6 0.00035 t+ 0.00025 0.0003 0.00003 0.0005
7 0.00055 + 0.00015 0.0005 0.00002 0.0004
8 0.00000 0.,0000 0.00000 0.0000
Q 0.3076 t 0.0012 0.308 0.00525
Av. ¢ 0.2739 0.2739 0.05484 0.9346

o




Table 8
Slice run: ¢, = 0.9346 M., t = 12,1/6 hours

* 0.00050

1 2 4 8 9
No. AW Cor. AW ¢ (g/co) ¢ (mol/1)
1 0.3192 0.3221 0.0306 0.521
2 0.1183 0.1193 0.0113 0.192
3 0.0360 0.0363 0.0034 0.058
4 0.0133 0.0134 0.0012 0.021
5 0.0052 0.0053 0.00050 0.0086
6 0.0024 0.0024 0.00023 0.0039
7 0.0027 0.0027 0.00013 0.0022
8 0.0020 0.0020 0.000047 0.00081
°] 0.000%7 0.0007 0.00002 0.0003
Q 0.4998 0.5042 0.00859
C, (l) 0.2720
¢, (2) 0.27100
+ 0.00050
Av. c, 0.27150 0.2739 0.05484 0.9346




Slice runs: ¢, = 0.9346 M., t = 18 hours

i 2 3 4 5
No. AW m pAw_(2) corrected A w
1 0.,3636 0.3462 0.3656 00,3488
2 0.1633 0.1554 0.1643 0.1565
3 0.0614 0.0515 0.0618 0.0519
4 0.0195 0.0151 0.0196 0.0153
S 0.0058 0.0043 0.0058 0.0043
6 0.0018 0.0017 0.0018 0.0017
7 0.0016 0.0015 0.0016 0.0015
8 0.0020 0.0011 0.0020 0.0011
9 0.0005 0.0011 0.0005 0.0011
Q 0.6195 0.5779 0.6230 0.5822
c. (1) 0.2733 0.2719
c, (2) 0.27155 0.2720
+¥ 0.00035
Av. ¢, 0.287240 0.2871950 0.2739 0.2739
+ 0.00090 +0.000050
6 7 8 9
No AV. A W c (g/cc) o (mol/l)
1 0.3572 t 0.0084 0.357 0.,0339 0.578
2 0.1604 + 0.0039 0.160 0.0152 0.259
3 0.0568 * 0.0049 0.057 0.0054 0.092
4 0.0174 t 00,0021 0.017 0.0016 0.027
5 0.00505 £ 0.00075 0.0050 0.00047 0.0081
6 0.00175 + 0.,00005 0.00175 0.000166 0.00283
7 0.00155 * 0.,00005 0.00155 0.0000736 0.,00125
8 0.00155 + 0.,00045 0.0015 0.000035 0.00061
9 0.0008 t+ 0.0003 0.0008 0.00002 0.0003
Q 0.603 t 0.020 0.60 0.010
Av. ¢, 0.2739 0.2739  0.05484  0.9346
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Table 10
Slice run: ¢, = 0.9346 M., = 36 hours

1 2 4 8 9

No. AW Cor. AW ¢ (g/cc) ¢ (mol/1)
1 0.3772 0.3822 0.0363 0.618
2 0.2408 0.2440 0.0232 0.395
3 0.1105 0.1120 0.0106 0.181
4 0.0480 0.0487 0.00462 0.0787
5 0.0203 0.0206 0.00195 0.0333
6 0.0067 0.0068 0.00065 0.011
7 0.0040 0.0041 0.00019 0.0033
8 0.0018 0.0018 0.000043 0.00073
] 0.0008 0.0008 0.00002 0.0003
Q 0.8101 0.8210 0.014

c, (1) 0.2705

c, (2) 0.2701

Av..c; 0.27030 0.2739 0.05484 00,9346

+ 0.00020
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(b) Total solute runs with rectangular

parallelopiped.
Table 11
le o, = 0.274 M., t = 24 hours
Run_no. 1 2 3* 4*
Q 0.1902 0.1821 0.1988 0.1836
c, (1) 0.08090 0.07970
< £ + 0.00060 10.00020
c, (2) 0.07955 0.07975
t* 0.00015 *0.00025
Av. ¢, 0.08022 0.079725 0.08030 0.08017
_ +0.00068 +0,000025 + 0.,00045 + 0.00023
Cor. Q 0.1904 0.1934 0.1988 0.1840
COre. G, 0.0803 0.0803 0.0803 0.0803
Av. @ 0.1916 * 0.0044 grams; 0.00327 moles
Cor. o, 0.0803 grams/5cc. : 0.274 moles/liter
Se C, = 0,9346 M. 9 t = 24 hours
®un no. 1 2 BX ¥
. q 0.6911 0.6777 0.6793 0.6716
c, (1) 0.2804 0.2794
c, (2) 0.2810 0.2803
Av. o, 0.28070 0.27985 0.2772 0.2739
t 0.00030 10.,00045 t+0.0012 +0.,0010
Cor. Q 0.6744 0.6634 0.6713 0.6716
Cor. o, 0.2739 0.2739 0.2739 0.2739
Av. Q 0.6702 * 0.0034 grams; 0.0114 moles

Cor. C, 0.2739

grams/5 co.

0.9346 moles/liter

Se C, = 0.9346 Mo,

t = 36 hours

Run_no. 1 ¥ Run no. 1 ¥
Q 0.8045 0.8101 Cor. Q 0.7850 0.8210
Cor. ¢, 0.2739 00,2739
c, (1) 0.2804 0.2705 Av. Q 0.803 t 0.018 g.
0.014 moles
o, (2) 0.2810 0.2701
Cor. ¢, 0.2739 g./5 cc.
Av. o, 0.28070 0.27030 0.9346 moles/l.
+0.00030 +0.00020
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Data marked * in Table 11 has been copied from preceding

tables. All other total solute data, not included in Table
11, is also to be found in Tables 1 to 10 on Slice rums.

(c) Total solute runs with cylinders

Table 12
1. Cylinder #l. ©,=0.9346 M., t = 24 hours; A = 17.52 cm’
Run no. 1 2 3
1.2057 0.7993 T.0342—
c. (1) 0.2785 0.2761 0.2749
c, (2) 0.2760 0.2741 0.2729
1+ 0.0011 + 0.0012 + 0.0012
AV. o, 0.2772 0.2751 0.2739
_ + 0.,0012 +0,0010 + 0,0010
Cor. Q 1.191 0.7960 1.0342
Cor. c, 0.2739 0.2739 0.2739
AV. Q 1.01 £t 0O.l4 grams ; 0.020 moles
Cor. ¢, 0.9346 moles/liter

2. Cylinder #2. ¢, = 0.9346 M., t = 24 hours ; A 7.92cm’
Run_no. 1 2 3 4 5 6
Q 0.4006 0.3554 0.2830 0.3933 0.267I 0.3591
c, (1) 0.2794 00,2794 0.2785 042761 0.2749 0.2733
c, (2) 0.2803 0.2803 0.,2760 0.2741 0.2729 0.27155
10.0011 *0.0012 +0,0012 *0,00035
Av. o, 0.27985 0.27985 0.2772 0.2751 0.2739 0.27240
_ 10.00045 :0.00045 :0.0012 :0.0010 :0,0010 +0.00090
Ccor. Q 0.3921 0.3478 0.2797 0.3915 0.2671 0.3611
cor. ¢c, 0.2738  0.2739 0.2739 0.2739 0.2739 0.2739

Av. § 0.340 2 0.044 grams ; 0.0058 moles
gcor. ¢, Q0.,2739 gxgmg[ﬁ cC. ;3 0.9346 moleg[l.

3. OCylinder #3. c = 0.9346 M., t = 24 hours; A = 2.85 cm.’

Run_no. o 2
Q 0.2091 0.1889
co (1) 0.2733 0.2733
c. (2) 0.27155 * 0.,00035 0.27155 * 0.00035
Av. ¢, 0.27240 2 0.00090 0.27240 * 0,00090
Cor. Q 0.2102 0.1900
Cor. G, 0.2739 0.2739
AV. Q 0.200 £ 0.0I0 grams ; 0.0034 moles

Cor. o, 0.2739 grams/5 cc. : 0.9346 moles/liter




71
(2) Derived Tables of Data
Table 13

Total solute absorbed, for rectangular parallelopiped

Co 0 V' k'
moles/1) mo%es (cm'’/sec. )
- A

0.137 0.0017 2.256 x 10 5.09 x 10
0.274 0.00327 2.169 4,70
0.3726 0.00441 2.152 4.63
0.4742 0.00576 2.208 4.87
0.6977 0.008172 2.129 4.53
0.9346 0.0114 2.218 4.92

t = 86,400 gsec. (24 hours)

.A. = 16059 Omz' i .

Table 14

Total solute absorbedl¥f6r rectangular parallelopiped

t

(sec.) (moles) Ve VX' k'
21,600 0.00525 147.0 2.042 ~ 10-’ 4,17 x lO-L
43,800 0.00859 209.2 2.348 5.51
64,800 0.010 254.6 '2.246 5,04
86,400 0.0114 93,9 2.218 4,92
129,600 0.014 359.9 2.R24 4,95
6, = 0.9346 moles/liter
A = 16.59 cmz'

Av. k'for the 10 independent readings of Tables 13 and 14
= (484 £ 0.27Q x 10™° cmifec. (4.8)

Av. Vk' = (2.199 + 0.061) x 10~ °

(2.20)




Table 15

Total solute absorbed, for cylinders

Diam. Area Q
in om. in cm?: in moles k" k'
R -t

1.90 2.85 0.0034  3.850 x 10°° 14.8 ~ 10
Se17 7.92 0.0058 20363 5.59
4,72 17.52 0.020 3.684 13.6
Rect, 16,59 0.0114 2.218 4,92

t = 86,400 sec.

c,= 0.9346 moles/liter




-80~

Tsble 16

(sec.)

Slice runs, rectangular parallelopiped, constant t (86,400)

¢ for ¢,=
x 0.137M 0.274 0.3726 0.4742 0.6977 0.9346
(cm. ) Experimental
0.32 0.100M 0,173 0.261 0.3479 0.481 0.601
0.95 0.0424 0.089 0.11 0.135 0.185 0,283
1.59 0.014 0.032 0.0382 0.0431 0.071 0.114
2.22 0.0036 0.01 0.011 0.014 0.0228 0.044
2.86 0.0005 0.0027 0.0023 0.0040 0.0065 0.018
3.49 0.0000 0.0003 0.0003 0.001 0.001 0.006
4.44 0.00004 0.0005 0.0005 0.0026
6.35 0.,00004 0.0003 0.0002 0.00089
8.89 0.00000 0.0000 0.0000 0.0004
Theoretical*

0.32 0.09949 0.1990 0.2706 0.3444 0.5066 0.6787
0.95 0.04094 0,08189 0.1114 0.1417 0.2084 0.2793
1.59 0.01127 0.02253 0.03063 0.03898 0.05735 0.07683
2422 0.00208 0.00417 0.00566 0.00721 0.01060 0.01420
2.86 0.00025 0.00049 0.00067 0.00085 0.00126 0.00168
3449 0.00001 0.00003 0.00004 0.00005 0.00007 0.00009

00 0.00000 0.00000

&35 *% Calculated from equation

1l

» using Probability

8=89 Tables, and the value of k from Tables 13 and 14.
% Deviation of Experimental from Theoretical
0.32 - 0,51 +13. + 3.7 -1.0 + 5.1 + 1.2
0.95 - 3.7 - 8.0 0.0 + 4,9 +11. - l.4
1059 "'270 - 39. - 250 - llo - 250 = 480
2.22 -71. -150. - 83. -100. -120. -210.
2486 -100. -440. -230, -340., - 400, - 940,
3.49 +100. -1000. - 650. -2000. -1400, -6700.

Negative sign indicates Experimental > Theoretical

% Deviation of experimental ¢

from mean, on check runsg #

0.32 + 0.33 3 2.52 +0.69 0.61 +0,
0,95 327 8.36 333 13.95 -g.gg
1.59 6.32 1.33 2.50 4.12 0.0
2.22 9.10 24.2 9.10 4,29 1l.16
2486 3363 4l1.2 0.0 3.71 23.7
3.49 100. 0.0 17.7 38.6
4.44 100. 23.1 23.1
t From Column 6 , Tables 1 to 10.
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Table 17 ”
M.,
Slice runs, rectangular parallelopiped, constant ¢, (0.9346)
c for t =
pd 21,600 sec. 43,800 64,800 86,400 129,600
(ocm. ) Experimental
0.32 0.411 M. 0.521 0.578 0.601 0.618
0.95 0.0664 0.192 0.259 0.283 0.395
1.59 0.01 0.058 0.092 0.114 0.181
2.22 0.005 0.021 0.027 0.044 0.0787
2.86 0.0016 0.0086 0.0081 0.018 0.0333
3449 0.0005 0.0039 0.00283 0.006 0.011
4.44 0.0004 0.0022 0.00125 0.0026 0.0033
6.35 0.0000 0.00081 0.00061 0.00089 0.00073
8.89 0.0003 0.0003 0.0004 0.0003
Theoretical
0.32 0.4524 0.5821 0.6412 0.6787 0.7244
0.95 0.03533 0.1350 0.2152 0.2793 0.3702
1.59 0.00047 0.01355 0.04168 0.07683 0.1455
2.22 0.00000 0.00056 0.00467 0.01420 0.04411
2.86 0.00000 0.00028 0.00168 0.01000
3449 0.00000 0.00009 0.00168
4.44 0.00000 0.00009
% Deviation of Experimental from Theoretical
0.32 + 9.1 + 11, +9.8 +1.2 + 15,
0.95 - 88. - 42, - 2l. -1l.4 - 6.8
1.59 -2000 - 310. - 120. - 48. - 24,
2.22 -3400. - 480. - 210. -79.
2086 - 28000 - 940. - 2000
349 -6700. - 530.
4.44 - 3600.

from mean, on check runs

% Deviation of experimental ¢

0.32 1+ 1.38 + 2,36 +0.32
0.95 2.19 2.44 l.66
1.59 15.7 8.50 0.0

2.22 50.0 12.1 l.16
2.86 3363 14.9 23.7

3.49 71.5 2.86 38.6

4.44 27.3 3.23 23.1

6.35 29.0 31.8

8.89 37.5 100.
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Calculations.

The weights given under 84«rand ¢ in columns
2 and 3 of tne first ten tables, represent the original
weights measured, minus a slight correction for anode solu-
tion. It was found that the anode lost approximetely 0.002
grams per hour. Under the conditions of the electro-
analysis used, all of this avparently plated on the cathode
in tue absence of agar, and sbout one half plated out, if
appreciable agar was present in the solutiun. The corrections
used therefore were:
- 0.0011 grams per hour, with agar
= 0.0021 grams per hour, without agar.
Since tue average analysis lagted sbout 30 minutes, these
corrections in most cases were in the néighborhood of
- 0.0005 eand -0.0010 grams, resnectively.

Since the boundary concentration was never quite
the same for any two check runs, it was necessary to reduce
tne weights obtained, to the weights which would have been
obtained had the concentration not changed. This wes easily
done, on the assumption that the concentration function (113)

is valid for at least slight changes in concentration.

LA = AL, [: | - P (zZé;;l] (113)

Therefore, ror constant - and t,




L - %
< <! (172)
D .
But average o = AV (1173)

For the same volume,

bar - G0 (174)
Aw' A,
CI
o
or L' = =, A (175)
A ! so calculated is the "corrected 44" of Tables

1 to 10 (columhs 4 and 5).

R The check corrected values of A« were then
averaged to give column 6, which includes mean deviations.
Column 7 gives the same averages correct to one doubtful
decimal place. Significant figures only were used to indi-
cate reliability in subsequent calculations.

@ in each case was obtained by adding together
all these A4 s (columns 2 to 5). @  in moles was obtained
by dividing the average § (in grems) by the molecular weight
of nickel, 58.68 (column 9).

The original data for ¢, was in terms of grams
per 5 cc pipette semple. The volume of the pipette at 25°
C. was found by calibration to be 4.994 * 0.004 cc. By
dividing by this figure, ¢, in grams per cc was obtained

(column 8). By furtier dividing by the milli=molar weight
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of nickel (0.05868), 4, in moles per liter of scluticn
(molarity) was obtained (column 9).
In each case, ¢ was calculated by dividing A w
by 4V, to get gramns per cc (column 8), and then by 0.05868,
to get moles per liter (column 9). This is an average con-
centration for tie entire slice. AV was obtained by
Av = A dx (176)
A = ([(l7x249 cm.= .57 cm?
for rectangular parallelopiped.
The coefficient of diffusion (4' in tables 13,

33
i4, @and 15 was calculated from Hill's quantity equation

— At
Q 24 c, - (143)

c A = mgsex0’ Aot

(177)
where ¢, 1is in moles per liter and @ is in moles.

The theoreticsl c's in Tables 16 and 17 were cal-
culated from equation (113) for the given ¢, , x, and t,
usiung Probability Tablesfz The average value of x'
from Tables 13 end 14, instead of the true k was used in

these calculations, i.e.: Ps was assumed equal to unity.

Ccurves.

The ( -~, data from Teble 13 is plotted in
Graonh 1.
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The & - V¥ data from Table 14 is plotted in
Graph 2.

The experimental ¢ -, data for constant time,
from Table 16 is plotted in the femily of black curves of
Graph 3. The four red curves plotted on the same graph,
indicate the variation of concentration of slice with
bouncary concentrat.on, for the first four slices.

It did not seem profitable to plot the data
of Tables 15 and 17.
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6. DISCUSSION

Results obtained.

The coefficient of diffusion for nickel sulfate
in 1, agar gel has been determined, for 25.00°C. + 0.02°
and within the concentration range of 0.137 to 0.9346
molar, as

(484 £ 027)x 107 cmigec.
lhis constant has been calculated on the basis of Hill's
quantity function for the semi-infinite diffusion coiumnt,

with the initial and boundary conditions:

2 =0 , when t=0 } (87)
< = Ly , when =0,

namely:
= AL .
§ = 2A<, VZF > (143)

and is tuerefore k' , not k, or K (See P. 51).

By plotting { as a function of c, , and of Ve,
linear curves were obtained for the case of diffusion inth
one exposed face of a rectangular narallelopiped of agar
gel. (See Graphs 1 and 2). Excessive errors due to
seepage prevented the drawing of any definite conclusions
as regards similar relations for the cylinders.

The concentration-depth curves (Graph 3)

plotted from the aata of Table 16, agree in general form
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at least, with the theoretical equation:

x

Ve 2
e = L, [/“f—,,’/z“z""/ﬂ] (111)
(]

Approximately linear curves for ¢ as a function of c,

for constant 4 eand t were also obtained.

LTTOTS.
Since the experimental errors in @,A, and ¢,
are squared in calculating k' (See equation (177)), it

is more satisfactcry to consider V4’ , which from the
data of Tables 13 and 14 is

(2.199 £ 0.061) x 10™",

This is roughly a 2.7% deviation and is consistent with
the estimated errors in §, A, and ¢, . The observed
variations in @ for check runs, range from about 0.05%
(Table 5) to about 3% (Table 9).

The /% deviations in CS for the cylinders ranged
from 5% (Cylinder #3) to 147 (Cylinder #1) (See Table 12).
This excessive error is attributed to the unavoidable
seepace which occurs when an all glass mold is used,
especially when its perimeter is small as compared to its

cross sectional area, as is the case with the cylinder.
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This is sufficient, it is believed, to account for the
lack of constancy of k' when computed for the cylinders
using equation (143).

In Tables 16 and 17, the experimental concen-
trations (c¢) for various values of «,t, and ¢, , are
compared with the theoretical values calculated from
equation (113) using Probability Tables42, end the
average value of k' from Tables 13 and 14. Except for
the first and second slices in each case, the deviation
between Bxperimental and Theoretical, is far in excess of
that between check experimental runs. It is also perhaps
significant that while the experimental value is usually
sligntly smaller than the theoretical for the first slice,
it is invariably much larger than theoretical for dilute
slices.

In an attem»t to explain this discrepancy, the
following possible factors of error have been studied:

(1) Experimental errors in determining c.

The above considerations obviously rule this out, unless
there is a systemetic error in AV or in A« , which
seems unlikely. Similarly for errors in c, and t.

(2) Experimental errors in slicing, the first
slice being consistently cut too thin and all the sub-
sequent slices being therefore less remote from the

exposed face t..aun expected. This could account for the
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sign of the deviation between Experimental and Theoretical,
but hardly for its magnitude.
(3) Errors due to error in k. It was found that
the experimental error in k (taken as k' = (4.84 t 0.27)

x 10°° ) produced an error in ¢ comparable to the de-
viation between Theoretical and Experimeatal for the first
two slices, but that this factur was entirely inadequate
to account for the devi#ations in the more dilute slices.

(4) Error due to using Hill's k' from equation
(143) in equation (11ll), in place of the true k which is

given by
,é’

A = g (144)
Wie nave not yet been able to obtain sufficient data on
partial molel volumes of NiSO, , to evaluate S. It is
hoped that this may be done in the near future. However,
if ps is approximately unity, as has been assumed, then
this error in identifying k' with k is also inadequate.

(5) Error due to the fact that the experimental
concentrations are averages for slices of finite thickness,
instead of true mathematical point concentrations. The
magnitude of this error has not been examined.

(6) Systematic error due to seepage. This
would have only a slight influence on the deviations of the

Tirst two slices where ¢ is large, but it would become the
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predominating factor for the slices of low concentration.
Moreover it would be in accord with the sign of the de-
viation mentioned &bove.

(7) Fundemental theoretical errors in deriving
equation (111). It does not seem probable, however, that
equation (11ll) should be less valid than equation (143),
which was derived from it without additional assumptions.

All things considered, therefore, it seems to
tiie writer that factor (6) is undoubtedly the most im-
nortant in accounting for the deviations between Experi-

mental and Theoretical concentrations:

Cconclusions drawn.

The linearity of the & -<, and (- V% curves
(Graphs 1 and 2), as well as the constancy of k' (Tables
1o and 14), indicate the velidity of equation (143) within
the limits of experimental errcor.

Within the range of concentrations studied, the
coefficient of diffusion, k' , anpears to be independent
of conceatration. If sP =1 , as has been assumed, then
the value we have determined for Hill's constant (k') is
likewise approximately the value of k and K . If the
retarding influence of the agar is slight, as is probable
(but see p.1l0), then the coefficient we have determined for

an agar medium must be of the same order of magnitude at
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least, as tiue coefficient for diffusion in pure water.
Our constant for NESQ‘ in agar agrees in order of magni-
tude with diffucion constants for other electrolytes,
both in agar and in water, as given in tiie literature.

(See Historical).

The ¢ - x curves (Graph 3) in generel form agree
with the theoretical concentrution function (111). In the
light of the facts considered under Errors, we may also
conclude that the concentration data of Tables 16 and 17,
within the limits of experimental error, is in agreement
with equation (1l1l1).

Therefcre, within the limits of experimental

error, the theoretical treatment of solute diffusion as
analogous to heat conduction, together with all the assump-
tions made in the derivations, appear justified.

Outside tue limits of our experime:.tal error,
however, there are undoubtedly deviations from theory.
Illany of these have already been discussed at the end of

the MMathematical section (p.58). The most important

factors in our case, outside of tie purely experimental
o..e of seepage, are the following:

(1) Deviation of electrolytes from theory. It
would be interesting to compare our k' with the K from
the Nerast equationf?)The two constants should agree

(neglecting the @S5 factor), if only we could ascertain
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tne correct values for ¢, (activities, instead of a~parent
concentrations); or, working backwards, we might equate
the constants and have a new method for calculating
activities.

(2) Irreversible adsorption of NiS(0,into the
agar mediume.

(3) Hydrolysis of Ni$0O, to produce the very
slowly diffusing Ni (OH),.

In the light of our empirical method of deriva-
tion, and until the influence of these unknown factors has
obeen eiuciaated, it would perhaps be safer to look upon our
k ' as an empirical constant, valid for the range of con-
ditions considered, regardless of what may be the true

nature of the diffusant or the true mechanism for diffusion.
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7. SUMMARY.

(L) A complete mathematical treatment of the
theory of solute diffusion has been presented, the funda-
me.tal assumption being that solute diffusion is formally
analogous to heat conduc tion.

(2) Concentration and quantity functions, which
agree with Hill's have been derived for the case uof diffu-
sion into a semi-infinite column, with the initial and
bounaary conditions:

87
e ey x=0 (87)

(3) These equatbons have been tested experi-
mentally for the case of diffusion of nickel sulfate
into 1% agar gel at 25° C., within the concentration range:
0.137 t0 0.9346 molar, and the time range: 6 hours to 36
hours.

(4) The diffusion coefficient for nickel sul-
fate in 1% agar gel at 25.00° C. * 0.02° , and within
the concentration range: 0.137 to 0.9346 molar, has

been found to be:

(.84 + 0.27) * 10°° cmifec
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