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In tro d u c tlo n

M acroscopic e lec trodynam ics may be reg ard ed  as based  on 

M axw ell's f i e l d  e q u a tio n s , th e  c o n s t i tu t iv e  r e l a t i o n s ,  and 

th e  L oren tz  fo rc e  eq u a tio n . Some authors^- s t a r t  t h e i r  t r e a t ­

ments o f  m acroscopic e lec trodynam ics by assuming th ese  equa-
pt io n s ,  o th e rs  re g a rd  them as g e n e ra l iz a t io n s  from th e  c l a s ­

s i c a l  ex p erim en ta l laws o f Coulomja, Ampere, F araday , e t c .

I n  e i th e r  c a se , th ey  a re  accep ted  as fundam ental eq u a tio n s  of 

m acroscopic e lec tro d y n am ic s , fo r  th e y  have been s u c c e s s fu l ly  

a p p lie d  to  a wide range o f  p h y s ic a l phenomena.

The m icroscop ic  f i e l d  eq u a tio n s  o f  Maxwell and Lorentz 

must a ls o  be co n s id ered  w e ll e s ta b l i s h e d ,  s in c e  many o f  the  

laws o f  e lec trodynam ics can be deduced from them. The a t ­

tem pt by L oren tz3 to  make th ese  eq u a tio n s  In v a r ia n t  w ith  r e s ­

p e c t to  tran sfo rm a tio n s  betw een i n e r t i a l  co o rd in a te  system s 

f i r s t  le d  to  the  L orentz tra n s fo rm a tio n  eq u a tio n s  fo r  the  

c o o rd in a te s . These tra n s fo rm a tio n  eq u a tio n s  a re  a ls o  d e riv e d  

In  th e  s p e c ia l  th e o ry  o f r e l a t i v i t y .  There seems to  be a 

c lo se  connection  between m icroscop ic  e lec trodynam ics and 

s p e c ia l  r e l a t i v i t y ,  which lends su p p o rt to  b o th  th e o r ie s .

The m icroscop ic  f i e l d  eq u a tio n s  have a lso  been g e n e ra liz e d  

and q u an tized  w ith  a c e r t a in  degree o f  success In  fo rm u la tin g  

quantum e le  c trodynam lcs.

Thus we have two s e ts  o f  f i e l d  e q u a tio n s , b o th  o f  which 

a re  accep ted  as governing  e le c tro m a g n e tic  phenomena in  th e i r  

p a r t i c u la r  domains. However, s in c e  the  m acroscopic w orld i s
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assumed to  be composed o f I n te r a c t in g  m icroscop ic  system s,

I t  would seem th a t  the  m acroscopic eq u a tio n s  and c o n s t i tu t iv e  

r e la t io n s  should  be d e r iv a b le  from th e  m icroscop ic  e q u a tio n s . 

S ince we can t e s t  th e  m acroscopic eq u a tio n s  much more d i r e c t ­

l y  than  th e  m ic ro sco p ic , we m ight re g a rd  such a d e r iv a t io n  

as a p rim ary  requ irem en t fo r  our accep tance o f  the  m icroscop­

ic  e q u a tio n s .

Such d e r iv a tio n s  have been c a r r ie d  ou t In  a number o f 

d i f f e r e n t  ways by v a rio u s  w orkers in  th i s  f i e l d .  L oren tz^  

reg a rd s  m a tte r  as composed o f  d i f f e r e n t  types o f  p a r t i c l e s  

d is t in g u is h e d  by the ty p es o f f i e ld s  th a t  th e y  produce. He 

a s s ig n s  th e se  p a r t i c l e s  c e r ta in  s p e c ia l  c h a r a c te r i s t i c s  and 

makes o th e r  s im p lify in g  assum ptions. To o b ta in  m acroscopic 

q u a n t i t i e s ,  he averages the m icroscop ic q u a n t i t ie s  over a 

" p h y s ic a l ly  i n f i n i t e l y  sm a ll” volume elem ent o f  m a tte r ,  i . e . ,  

one which c o n ta in s  a v e ry  g re a t  number o f p a r t i c l e s ,  b u t 

which i s  v e ry  sm all compared to  th e  dim ensions o f  th e  m a te r ia l  

body co n s id e red . The tra n s fo rm a tio n s  o f  th e se  r e s u l t s  be­

tween I n e r t i a l  co o rd in a te  system s a re  no t c a lc u la te d . D al- 

lenbachV however, though u sin g  th e  same model o f  m a tte r  as 

developed by L orentz and u s in g  many o f  th e  assum ptions and 

c o n d itio n s  imposed by L o re n tz , employs a fo u r-d im en sio n a l 

form alism  and averages the m icroscop ic  q u a n t i t ie s  over an i n ­

v a r ia n t  reg io n  in  fo u r-sp a c e , so th a t  h is  r e s u l t s  a re  In  

te n so r  form.
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A d i f f e r e n t  approach i s  used "by Van V leckf B a s ic a l ly ,  

he assumes th a t  th e  space averages o f  the  m icroscop ic  p o tan - 

i a l s  a re  the m acroscopic p o te n t i a l s .  He th en  co n s id e rs  the 

e f f e c t s  o f  m olecules on th e  m icroscop ic  p o te n t ia l s .  By v a r ­

io u s approx im ations and assum ptions, and hy in te rc h a n g in g  

c e r t a in  o p e ra tio n s  which a re  no t g e n e ra lly  commutahle, he a l*  

so produces Maxwell’s eq u a tio n s  and th e  c o n s t i tu t iv e  r e l a ­

t io n s .  By working in  a co o rd in a te  system  a t  r e s t  w ith  r e s ­

p e c t to  the  m o lecu les , he ig n o res  the e f f e c t s  o f  moving m at­

t e r ,  and thus the r e s u l t s  a re  n o t a p p lic a b le  to  media moving 

w ith  re s p e c t to  th e  o b se rv e r.
7 8As s e v e ra l au th o rs  have p o in te d  o u t,*  th e se  methods 

w ith e r e x p l i c i t l y  o r im p l ic i t ly  exclude c e r t a in  h ig h e r  o rd er 

e f f e c t s  due to  e l e c t r i c  qu ad ru p o le , o c to p o le , and h ig h e r  mo­

m ents, as w e ll as m agnetic m u ltip o le  moments o f  h ig h e r  o rd er 

th an  the  m ag n e tiza tio n . These e f f e c t s  a re  n o t n e g l ig ib le ,  as 

th e y  have a lso  p o in te d  o u t ,  when c o n s id e rin g  c e r t a in  problem s, 

e . g . ,  the e q u a tio n  o f  s t a t e  o f  a l iq u id .

T herefore we s h a l l  co n s id e r here  th re e  problem s. One i s  

to  d e r iv e  Maxwell’ s eq u a tio n s  and th e  c o n s t i tu t iv e  r e la t io n s  

from th e  m icroscop ic eq u a tio n s  w ith o u t e x te n s iv e  o r unw arran­

te d  assum ptions. A nother i s  to  determ ine th e  e f f e c t s  o f  the  

h ig h e r  o rd er e l e c t r i c  and m agnetic moments on the  m acroscopic 

e q u a tio n s . L a s t ly ,  we would l ik e  the  r e s u l t a n t  eq u a tio n s  to  

be in  te n so r  form so th a t  th ey  may be a p p lie d  to  any i n e r t i a l

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



-4 -

co o rd ln a te  system .

In  th i s  work we s h a l l  make th e  u su a l assum ptions o f  the 

( s p e c ia l)  r e l a t i v i s t i c  m icroscop ic  e lec trodynam ics o f  p o in t 

ch a rg e s , and we s h a l l  p o s tu la te  th e  e x is te n c e  o f  d e f in i t e  

groups o f  th ese  p o in t charges (m o lecu les). H ien, a f t e r  de­

te rm in in g  the  a c t io n  fu n c tio n  o f  such a system , we s h a l l  ap ­

p ly  th e  p r in c ip le  o f  l e a s t  a c t io n  (th e  v a r ia t io n a l  m ethod). 

This y ie ld s  a s e t  o f  m icroscop ic  f i e l d  eq u a tio n s  which in ­

c lu d es e f f e c t s  due to  th e  m olecules ( in c lu d in g  the h ig h e r  o r ­

der e f f e c t s  m entioned above). By means o f  an av e rag in g  p ro ­

cess  we th en  o b ta in  M axw ell's eq u a tio n s  and th e  c o n s t i tu t iv e  

r e l a t i o n s ,  which a lso  in c lu d e  e f f e c t s  due to  th e  h ig h e r  o rd e r 

e l e c t r i c  and m agnetic moments.
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Q
M icroscopic E lectrodynam ics

The c l a s s i c a l  m icroscop ic  v iew poin t in  e lec tro d y n am ic s , 

which we s h a l l  a d o p t, i s  th a t  m a tte r  i s  e n t i r e l y  composed o f 

two e n t i t i e s -  th e  eharged p a r t i c l e s  and the e le c tro m a g n e tic  

f i e l d .  We re g a rd  the  charges aa  p o in ts ,  and assume th a t  the  

t r a j e c t o r i e s  o f  such p a r t i c l e s  a re  e i th e r  known as fu n c tio n s  

o f  tim e or can he measured o r c a lc u la te d  to  any d e s ire d  de­

g ree  o f  accu racy . Thus we ig n o re  quantum m echanical e f f e c t s .  

We a lso  ign o re  g r a v i ta t io n a l  and o th e r  f o rc e s ,  and co n s id e r  

on ly  e l e c t r i c a l  fo rc e s .

The m icroscop ic  e le c tro m a g n e tic  f i e l d  i s  c h a ra c te r iz e d  

by th e  v e c to r  and s c a la r  p o te n t ia l s  "S. and cp, o r  th e  f i e l d  

v e c to rs  3 and h  ( th e  arrow s in d ic a te  th r e e -v e c to r s ) .  The 

r e la t io n s  betw een the  p o te n t ia ls  and th e  f i e l d  v e c to rs  a re

-  1 da , ,xe = (1 )

h  = ? x a . (2)

The a c t io n  fu n c tio n  W o f such a m icroscop ic  system  may 

be w r i t te n  a s  the  sum o f  th re e  p a r ts

W = / L  d t  = + Wf  ± Wp f , (3)

where L i s  the L agrangian  fu n c tio n  o f th e  system ,
Wp i s  the a c t io n  fu n c tio n  o f  th e  p a r t i c l e s  
a lo n e ,

i s  th e  a c t io n  fu n c tio n  o f  th e  f i e l d  a lo n e , 
and Wp|. i s  th e  in t e r a c t io n  between th e  p a r t i c l e s  

and th e  f i e l d .

S ince we reg a rd  th e  f i e l d  as produced by the  ch a rg e s , p lu s  

any e x te rn a l  f i e l d  which m ight be p r e s e n t ,  th e  in te r a c t io n s
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betw een the  p a r t i c l e s  a re  co n ta in ed  in  W f . Wp may be w r i t te n

Wp = -Z m ,c‘/  g 'd t

where ms i s  th e  mass o f  th e  p a r t i c l e ,
P j=  (1  - v / / c l ) 't

th e  summation over s ex tends over a l l  the  p a r ­
t i c l e s  in  th e  system , 

and the  l im i t s  o f  in te g r a t io n  a re  p o in ts  on the
w orld l in e  o f  the  p a r t i c l e .

This ex p re ss io n  fo r  W i s  a lre a d y  in  a form d ic ta te d  by the

req u irem en ts  o f  th e  s p e c ia l  th e o ry  o f  r e l a t i v i t y ,  r a th e r  th an

th e  form co rrespond ing  to  Newtonian m echanics. For we have

( in  G aussian -u n its , which we s h a l l  use th roughout)

Wf  * l / 8 i r / ( e *  -  l?)dVdt (4)

where dV i s  the elem ent o f  volume in  th re e -s p a c e , 
i . e . ,  dV = dxdydz.

F in a l ly ,  fo r  Wp|. we have

Wp f  = v a ( r , , t )  -  ^ ( r , , t ) ]  d t  (5)

where th e  p o te n t ia ls  a (1 |, t )  and tp(:q»t) a re  the  
v a lu es  o f  the p o te n t ia ls  ev a lu a te d  a t  the  
p o s i t io n  o f  the  s*'*1 p a r t i c l e ,  rt = (x ,,y ; ,z ,)  .

I f  we now re q u ire  th a t  th e se  r e s u l t s  be c o n s is te n t  w ith  

th e  s p e c ia l  th e o ry  o f  r e l a t i v i t y ,  th e  t o t a l  a c t io n  fu n c tio n  W 

o f th e  system , and th e re fo re  Wp , W^, and a ls o , must be i n ­

v a r ia n t  w ith  r e s p e c t  to  tra n s fo rm a tio n s  betw een i n e r t i a l  co­

o rd in a te  system s. We o b ta in

Wp = - | m , e / d s # (6)

where ds i s  the  elem ent o f  the  w orld l in e  o f  the 
p a r t i c l e .
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I f  we d e fin e  th e  m icroscop ic charge d e n s i ty  * and the
Cm

m icroscop ic  c u r re n t d e n s i ty  j f o r  the p o in t charges by

fi =* Z  e, 6 (v -r t ) (7)I M S
s
Cand J  = Z e s% b ( r - £ )  » (8)

10i t  can be shown th a t  ( j , i^o) i s  a four-vector(R om an in ­

d ic e s  ru n  from 1 to  3 , and in d ic a te  v e c to r ,  d y ad ic , e t c .  com­

p o n en ts . Greek in d ic e s  ru n  from 1 to  4 and in d ic a te  fo u r - te n -  

so r  components; e .g ., the  p o s i t io n  v e c to r  3^= ( x ,y , z , i c t )  i s  a 

f o u r -v e c to r .  S ince we s h a l l  co n s id e r  o n ly  re c ta n g u la r  i n e r ­

t i a l  co o rd in a te  system s, we s h a l l  n o t d i s t in g u is h  betw een co­

v a r ia n t  and c o n tra v a r ia n t  te n so r  components. We s h a l l  a lso  

adop t th e  E in s te in  summation conven tion  fo r  re p e a te d  in d ic e s  

in  a te rm , excep t fo r  summations over s and n ) . For Wp^we g e t

V  = h / w 2 (9)
where <p i s  th e  fo u r-v e c to r  p o te n t ia l  (a ,i< p), 

and d& i s  the  fo u r-d im en sio n a l volume e lem en t, i . e . ,  
dS = dx,dx^dxjdx* = d x d y d z d ( ic t) .

I f  we d e fin e  th e  an ti-sy m m etric  second ran k  te n so r  f ^  by

^  > <10> 

we f in d  th a t  Wf may be ex p ressed  in  the in v a r ia n t  form

(1 1 >

The fo u r-d im en sio n a l re g io n  o f  in te g r a t io n  in  E q .(9) and (11) 

i s  the in v a r ia n t  re g io n  o f  fo u r-sp ac e  between two i n f i n i t e  

s p a c e - l ik e  h y p e rsu rfa c e 3. Thus the  a c t io n  fu n c tio n  fo r  the

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



m icroscop ic  system  may be ex p ressed  in  the  in v a r ia n t  form 

W = - £ ra ,c /d s ,  + ^ / j ^ d C

To o b ta in  the  m icroscop ic  f i e l d  e q u a tio n s , we assume th a t  

the  t r a j e c t o r i e s  o f  the p a r t i c l e s  a re  g iven  and th a t  o n ly  the 

f i e l d  i s  v a r ie d . From th e  p r in c ip le  o f  l e a s t  a c t io n ,  0W = Oj 

s in c e  the  t r a j e c t o r i e s  o f  the p a r t i c l e s  a re  known, 5W = 0 ,
Jr

and in  the u su a l way we o b ta in

■5? I n f  = • tl3 )

The f i r s t  th re e  components o f  th i s  eq u a tio n  g iv e , in  th re e -  

v e c to r  form ,
-m 1 -m

?xh -  H I  * 4tt j  , (14)

w hile  the  fo u r th  component g iv es

V* e = 4 ir^e . (15)

We a ls o  o b ta in , d i r e c t l y  from th e  d e f in i t io n  o f  f ^ ,  th a t

a 0 • (16)dXy dx* dXf ' '

In  th re e -v e c to r  form , th i s  g iv e s  the eq u a tio n s

Vx© + -i | |  «= o (17)c a t

and V*h * 0 . (18)

These can a lso  be o b ta in ed  d i r e c t l y  from the  d e f in in g  equa­

tio n s  o f  e and h  in  term s o f  th e  p o te n t ia ls  a and q>.

These f i e l d  eq u a tio n s  ( 1 4 ) ,( 1 5 ) ,( 1 7 ) ,  and (1 8 ) , which 

a re  c a l le d  the M axwell-Lorentz e q u a tio n s , enab le  us to  c a lc u -  

l a t e  the f i e l d  (e and h) when j  and ^  a re  g iv en .
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I f  we ke&p th e  f i e l d  f ix e d ,  and v ary  the  t r a j e c to r i e s  o f  

th e  p a r t i c l e s  to  g ive fiW * 0 ,  we o b ta in

where P i s  the  k in e t ic  momentum o f  th e  p a r t i c l e ,  
i . e . , P = pmv , 

e i s  the charge o f  the p a r t i c l e ,  
and v i s  th e  th re e -v e c to r  v e lo c i ty .

This i s  the L oren tz fo rc e  eq u a tio n  fo r  th e  m otion o f  a p a r ­

t i c l e  in  I t s  e x te rn a l  f i e l d .

dtw _ ©

where .

In  th re e -v e c to r  form , we o b ta in  fo r  each p a r t i c l e

g - , ( » + I x S ) (19)
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M acroscopic E lectrodynam ics

M axwell’s equa tions, (the  m acroscopic f i e l d  eq u a tio n s) may­

be w r i t t e n ,  in  th re e -v e c to r  form , fo r  p o in ts  in  m a te r ia l  media 

a t  which the p ro p e r t ie s  o f  the  media do no t change a b ru p ly , as

Vxe + -  | |  = 0  (20)c do
mm

VXH -  i  ~  a  4rrJ (2 1 )c o t
V*B *  0 (22)

7*D *  4trp . (23)

In  th e se  e q u a tio n s , as  in  the m icroscop ic  c a s e , we assume 

th a t  th e  m acroscopic charge and c u r re n t d e n s i t ie s  p  and J  a re  

known fu n c tio n s  o f  spaee and tim e , and th e se  e q u a tio n s , w ith  

c e r t a in  boundary c o n d itio n s , determ ine th e  f i e l d .  U nfortun­

a t e l y ,  the  m acroscopic f i e l d  i s  c h a ra c te r iz e d  by fo u r v e c to r  

q u a n t i t ie s  B ,D ,E,and H, and th e  above eq u a tio n s do n o t d e -
mm mm mm

term ine B ,D ,E,and H u n iq u e ly .

The use o f  the above fo u r  f i e l d  v e c to rs  I n fe r s  th e  ex­

is te n c e  o f  s a t i s f a c to r y  d e f in i t io n s  fo r  th e se  q u a n t i t i e s .

Prom th e  m acroscopic L orentz fo rce  eq u a tio n

F *  p  ( E + |  x b )  (24)

where P i s  th e  fo rc e  on an u n i t  volume elem ent o f
m a tte r  w ith  charge d e n s ity  f> ,

and "v Is the macroscopic velocity o f this charged
volume elem ent o f  m a tte r ,

we can g ive B and E o p e ra t io n a l d e f in i t io n s  in  term s o f  f o r ­

ces on charged m a tte r . In  s p e c ia l  c ircu m stan ces , such as  in
mm -m

e l e c t r o s t a t i c s  and m a g n e to s ta tic s , we can g ive D and H sim ple
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o p e ra t io n a l d e f in i t io n s ,  "but fo r  th e  g e n e ra l e le c tro m a g n e tic  

f i e l d ,  t h e i r  meanings a re  somewhat o b scu re .

In  any c a se , we can no t determ ine the m acroscopic f i e l d

com plete ly  from M axw ell's e q u a tio n s , g iven  p  and J  and the

boundary c o n d itio n s . C e rta in ^ a u x ilia rjjr  r e la t io n s h ip s  betw een

th e  f i e l d  v e c to r s ,  c a l le d  the c o n s t i tu t iv e  r e l a t i o n s ,  a re

norm ally  in tro d u ce d  which we use  w ith  Maxwell’s eq u a tio n s  to

determ ine the f i e l d .  These c o n s t i tu t iv e  r e la t io n s  a re

D =» E + 4trP (25)

B = H + 4trM (SC)
where P i s  the p o la r iz a t io n  o r d ip o le  moment p er 

u n i t  volume o f th e  m a te r ia l ,  
and M i s  the m a g n e tiza tio n  p er u n i t  volume.

I f  we re g a rd  th ese  eq u a tio n s  as  d e f in in g  P and 1 ,  th en  

we have two more unknowns and two more e q u a tio n s , which does 

n o t remove the  inde term inancy  o f  th e  f i e l d  e q u a tio n s . But i f  

we have se p a ra te  d e f in i t io n s  o f P and M, th en  we may use the  

above eq u a tio n s  to  d e fin e  D and H. E x p e rim e n ta lly , i t  ap­

p ea rs  th a t  fo r  many homogeneous i s o t r o p ic  m edia, P i s  p a r a l ­

l e l  to  E and M i s  p a r a l l e l  to  B, so th a t  E q .(25) and (26) can 

be w r i t te n  sim ply  as

D = fE  (27)

B =/*H (28)

where € and a re  c o n s ta n ts  c a l le d  r e s p e c t iv e ly  the 
d i e l e c t r i c  c o n s ta n t and p e rm e a b ili ty  o f  th e  medium.
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In  u s in g  M axw ell's eq u a tio n s  and th e se  c o n s t i tu t iv e  r e l a t i o n s ,  

we no te  th a t  a lth o u g h  the p o la r iz a t io n  and m ag n e tiza tio n  ap ­

p ea r in  S q .(25 ) and (2 6 ) , a t  no p o in t do th e  h ig h e r  o rd e r  e l ­

e c t r i c  and m agnetic e f f e c t s  ap p ea r. In  a d d i t io n ,  a q u e s tio n  

a r i s e s  concern ing  the  e f f e c t  oh the  above r e s u l t s  i f  th e  med­

ium moves w ith  r e s p e c t  to  the o b se rv e r.

This q u e s tio n  i s  u s u a lly  answered by im posing th e  assump­

t io n  o f  the s p e c ia l  th eo ry  o f r e l a t i v i t y  th a t  p h y s ic a l laws 

have the  same form In  a l l  i n e r t i a l  co o rd in a te  system s. When 

th i s  i s  re q u ire d  o f  the f i e l d  e q u a tio n s , and th e  L orentz 

tra n s fo rm a tio n  eq u a tio n s  fo r  th e  c o o rd in a te s  a re  u se d , we ob­

t a in  the  tra n s fo rm a tio n  eq u a tio n s  fo r  the f i e l d  q u a n t i t i e s .  

These r e s u l t s  a re  shown q u ite  sim ply  i f  we pu t the  f i e l d  equa­

t io n s  in  fo u r- te n s o r  form , s in c e  th e y  w i l l  then  have th e  same 

form i n  a l l  i n e r t i a l  co o rd in a te  system s, and by exam ining th e  

te n so r  c h a ra c te r  o f  th e  e le c tro m a g n e tic  f i e l d  q u a n t i t ie s  we 

s h a l l  see how th ey  tran sfo rm . We in tro d u ce  th e  m acroscopic 

fo u r-v e c to r  p o te n t ia l  (A ,I$ ) , where A i s  th e  u su a l v e c to r

p o te n t ia l  and # th e  s c a la r  p o t e n t i a l ,  where

E * -  I  | |
c a t (29)

and B = VxA

Then I f  we d e fin e  F^ by F^ = — J- -  - | ~  , we o b ta in

(30)

(31)

/  0 By -Bj -iE * \
-B. 0 Bx -IE .

F *. *  > * *
V  B) -B, 0 - iE }

\IE* iEy iE j 0 /

(32)
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From i t s  d e f in i t io n  F. i s  an an ti-sy m m etric  te n so r  o f  second 

ra n k , and the f i r s t  and th i r d  o f  M axw ell's e q u a tio n s , E q .(20) 

and (2 2 ), become, in  te n so r  form ,

3x, 3x. Bx/s (33)

I f  we In tro d u ce  an o th e r an ti-sy m m etric  second ran k  te n so r  

d e f i i f l  by11
/  0 ■iDx\

“H, 0 Hx -ID ,
H, -H* 0 -ID.

\iD * iD, ID, 0 /

th en  th e  second and fo u r th  o f  M axw ell's e q u a tio n s , E q .(21) 

and (2 3 ), have the in v a r ia n t  form

= 4rr «Ld x f (34)

where JK i s  the fo u r-v e c to r  (J , i p ) .

These r e la t io n s  a re  s u f f i c i e n t  to  make M axw ell's eq u a tio n s  i n ­

v a r ia n t  to  a L orentz tra n s fo rm a tio n .' They a ls o  g ive th a t

must be an  an ti-sy m m etric  second ran k  te n s o r .  I f  we 

assume th a t  the  c o n s t i tu t iv e  eq u a tio n s  (25) and (26) h o ld  in

one co o rd in a te  system  and l e t  4ir = Gr  ̂-  (3 5 ) , then
I 0 -M, Mj - iP * \

M, G -M» -IP ,
-M. M. 0 -IP,

(36)
^  v 5

\ l P *  I P ,  I P ,  0  /

and thus the  c o n s t i tu t iv e  r e l a t io n s  (25) and (26) h o ld  in  

ev e ry  i n e r t i a l  co o rd in a te  system . We see t h a t  P and M are  

no t a b so lu te  q u a n t i t ie s }  I . e . ,  a lth o u g h  an o b se rv e r a t  r e s t
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w lth  r e s p e c t  to  th e  medium (th e  p ro p er o b se rv e r) can se p a ra te  

th e  p o la r iz a t io n  and m ag n e tiza tio n  d e n s i t i e s ,  th e se  q u a n ti­

t i e s  fo r  an observer moving w ith  r e s p e c t  to  the  medium w i l l  

in  g e n e ra l be compounded from b o th  the p o la r iz a t io n  and mag­

n e t iz a t io n  d e n s i t ie s  o f  the p ro p er o b se rv e r. However, the 

s im p le r eq u a tio n s  (27) and (28) h o ld  s t r i c t l y  o n ly  in  the 

p roper co o rd in a te  system  o f  th e  m a te r ia l ,  and a re  n o t r e l a -  

t l v i s t i c a l l y  in v a r ia n t .
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D e riv a tio n  o f the  M acroscopic E quations

Prom th e  m icroscop ic  p o in t o f  view , a m a te r ia l  medium i s  

composed o f  a v ery  la rg e  number o f p o in t charges w hich a r e ,  

i n  g e n e ra l ,  moving r a p id ly  and in  complex t r a j e c t o r i e s  in  an 

E u c lid ean  th re e -sp a c e  and which in t e r a c t  w ith  th e  m icroscop ic  

e le c tro m a g n e tic  f i e l d  in  accordance w ith  the  M axwell-Lorentz 

f i e l d  eq u a tio n s  and the  L oren tz  fo rc e  e q u a tio n . M acroscopic- 

a l l y  we observe c e r t a in  c h a r a c te r i s t i c s  o f  th e  medium such as 

th e  p o la r iz a t io n  and m a g n e tiz a tio n . S ince th ese  c h a r a c te r i s ­

t i c s  a re  inv o lv ed  in  th e  m acroscopic e q u a tio n s , i f  we w ish  to  

d e r iv e  such eq u a tio n s  from the m icroscop ic  d e s c r ip t io n  o f  the 

medium, th e n  we must m odify t h i s  d e s c r ip t io n  in  some way.

The p ro p e r t ie s  o f  m a te r ia l  m edia, such as  p o la r iz a t io n  

and m a g n e tiz a tio n , seem to  be b a s ic a l ly  a s s o c ia te d  w ith  c e r ­

t a i n  groupings o f the  p o in t charges whi&h rem ain  somewhat 

s ta b le  in  tim e ( i . e . ,  th ey  rem ain in  a sm all re g io n  abou t the  

c e n te r  o f  g r a v i ty  o f  th e  g ro u p ) . The charges making up the  

group may be in  r a p id  m otion abou t t h e i r  c e n te r  o f  g r a v i ty  

w hich may i t s e l f  be in  m otion . L et us in tro d u ce  such group­

in g s ,  which m ight be atom s, m o lecu les , o r groups o f  m olecules 

(we s h a l l  h e r e a f te r  c a l l  them m o le cu le s ) , in to  th e  m icroscop­

ic  d e s c r ip t io n  o f  th e  medium and determ ine the  e f f e c t  on the 

a c t io n  fu n c tio n  o f th e  system , from w hich, u s in g  th e  p r in c i ­

p le  o f  l e a s t  a c t io n ,  we can d e r iv e  f i e l d  eq u a tio n s  which w i l l  

in c lu d e  e f f e c t s  due to  th e  m o lecu les .

In  E q .(12) we g ive the e x p re ss io n  fo r  th e  a c t io n  fu n c tio n
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W o f  a m icroscop ic  system . Of co u rse , W and i t s  p a r ts  a re  

n o t a l t e r e d  in  value by the  in tro d u c t io n  o f  m o lecu lar group­

in g s , b u t th ey  can be r e w r i t te n .  F i r s t ,  l e t  us s e p a ra te  the 

charged p a r t i c l e s  in to  two ty p e s : the f re e  charges n o t a s so ­

c ia te d  w ith  any o f  th e  m o lecu les , which we may c a l l  conduc­

t io n  ch a rg e s , and the charges which make up the  m o lecu les. 

Then W as g iven  in  E q .(6 ) i s  unchanged, where th e  summation
J.

ex tends over a l l  the  charges o f  b o th  ty p e s . may a ls o  be 

l e f t  i n  th e  form g iven  in  E q .(1 1 ).

However, we s h a l l  s e p a ra te  V  in to  two p a r ts

V  = -  'W  *
where Wc f  i s  the  in te r a c t io n  between th e  f i e l d  and 

the  f re e  o r conduction  ch a rg e s ,
and W ~ i s  the  in te r a c t io n  between th e  f i e l d  and mf

the  m o lecu lar ch a rg es .

From th e  e x p re ss io n  f o r  o f  E q .(5 ) ,  we see th a t  Wc^ has 

the  forms
Wc f  * ^ / [ ^ a ^ t )  -  <p (ij ,t ) ]  dt (38 )

S

or Wc f  « | i - / .#>*<38 , (39)

where the  ex p ress io n s  fo r  , l p ) a re  th e  same
as those  g iven  in  E q .(7 ) and (8) ex cep t th a t  the 
summation ex tends over th e  conduction  charges o n ly .

For Wm|>, we d iv id e  th e  f i e l d  f o u r - p o te n t ia l  cp̂ in to  two 

p a r t s :  the  f i r s t  p a r t  <p* = ( a*, i<pe ) due to  a l l  the charges 

and f i e ld s  e x te rn a l  to  the  m o lecu le , and the  second p a r t  <pj 

due to  the  o th e r  charges o f  th a t  m olecu le . Then th e  i n t e r -
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a c t io n  te r n  Ŵgp. fo r  the charges o f  the  n*'*1 m olecule i s

W'm/ d t  + wi i /  =
+ Wmnf  <40>

where i s  th e  L agranglan  fu n c tio n  fo r  the  i n t e r a c t ­
io n  betw een the m olecu lar charges and th e  e x te r ­
n a l f i e l d ,

and H  i s  the  in te r a c t io n  o f th e  charges o f  th e  n*3*1 
m olecule w ith  the  f i e l d  produced by th e  o th e r  
charges o f  th a t  m o lecu le . Of c o u rse , t h i s  term  
cou ld  be pu t in  the  same form as  th e  f i r s t  term , 
w ith  the in te r n a l  p o te n t ia l s  s u b s t i tu te d  fo r  the 
e x te r n a l ,  b u t ,  a s  we s h a l l  s e e , th e re  i s  no need 
fo r  w r i t in g  f  i n  i t s  expanded form.

A
In  E q .(4 0 ), th e  summation index  s goes over th e  charges in  the

m olecu le , and r n5 i s  th e  p o s i t io n  v e c to r  o f  th e  s^*1 charge
t*hin  th e  n Xl m o lecu le . We s h a l l  o b ta in  Wmf  by summing Wm ^l\

over n .

Prom th e  d e f in i t io n  o f  th e  e x te rn a l  f i e l d ,  i t  has no 

s in g u l a r i t i e s  in  the re g io n  occupied  by th e  m o lecu le . Thus 

the  p o te n t ia ls  a*(rnJ, t )  and <^(rn<.,t )  may be expanded abou t an 

a r b i t r a r y  p o in t in d id e  the m o lecu le , and such a s e r ie s  w i l l  

converge. For d e f in i t e n e s s ,  we choose t h i s  p o in t  to  be the  

c e n te r  o f  g r a v i ty  o f  th e  m o lecu le , to  which we a s s ig n  the  

p o s i t io n  v ec to r  5£(t). Dropping the  s u p e r s c r ip t  e deno ting  

the  e x te rn a l  f i e l d  and the s u b s c r ip t  n in  I* ,, we have , fo r  

the v e c to r  p o te n t ia l  term ,
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J *a(5| , t )  * -  E ^ v / j a ^ t )  + “ ^)j

+ Wl dX jdxk  ̂̂ “ r" tyT* " ^ 4  + .......... ]
where a l l  the p a r t i a l  d e r iv i t iv e s  a re  e v a lu a te d  a t  r „ .

•■9* » o-wrl o'? r»n£i t i s  w JL 1
d t

^  (3il?r ^L et r, -  r„ = l s . Then, s in c e  v, = *jr- and s in ce  r, *= r n + 1, ,

-» dr« , î i’j -* ?
v* = d t  dt" *  v** + ls  ’

where v* i s  the  v e lo c i ty  o f  the  c e n te r  o f g r a v i ty  o f
4-1*the n UiA m o lecu le , and the d o t deno tes d i f f e r ­

e n t i a t io n  w ith  r e s p e c t  to  tim e.

Then becomes
h

haj: s  ^  ai(rn, t )  [ <  Ze, + £ e ,  i; ]+  |  | | f  [v; £ ^ 4  + £ > , i j  l i  ]

+ 27c a x j I x i [ v* + J, £ fe]+ • • • •
-  [<p(?n, t ) Z 6j + | | ^ e , l i  + ^ - 5 ! ^  I e xi ; i i  + . . . . ]

L et * qn , (41)
Zexl ,  = Pn , (42)

^ Z e t 1A, = I *  , (43)
mm

^e, 3^1,1* = 0 , e t c .  (44)

where qn i s  the n e t  charge o f th e  n ^ 1 m o lecu le ,
•m
P„ i s  i t s  d ip o le  moment,

i s  i t s  quadrupole moment, 
i s  i t s  o c to p o le  moment, e t c .

Thus th e  d ip o le  moment PH i s  a th r e e -v e c to r ,  (£* i s  a symmet­

r i c  second rank  te n so r  in  th re e -s p a c e (a  s e lf - c o n ju g a te  d y ad ic ), 

e t c .  The number o f  arrow s above a symbol deno tes i t s  te n so r  

ran k . We have a ls o
—*  ■ mm

K  “  5 eP-* ,
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Qn = gT y exf^T1J + > e t c .

Thus, L ^ f  = i a lC ^ ,t)[y i< i,+  P„‘]+ i  | | - [ v ‘Pi + £ e , i ‘, ] i  ]

+  ^  s ^ K « ? + s  S ' W * ............

- [ * f ^ t ) q .  + % i 4  + ^ j  9;J + . . . . ]  . ( « )

Prom the  id e n t i t y

p i*  (d&k -  vipi + i® ivipj
aXi v*p* * l aXj 9x. J v* p« + a x iv*p* ’

we o b ta in

i  HtV»P' = 0 (?-* 7-> •(Vx7) + S I t  *P“ <46!J

where Vxa i s  ev a lu a te d  a t  r„ •

W ith the a d d i t io n a l  i d e n t i ty

|  |  [ 4? + * £ e ,  ( i ‘,B , -  l^ ij)] ,

fhi f  w© d e fin e  the m ag n e tiza tio n  M* o f the n m olecule hy

“ » =  "k  »  < 4 7 >

th en

1 1 |  ±  I t  w - <toS>•». • <48>
By perform ing s im ila r  m a n ip u la tio n s , we o b ta in

O «»* =  H 7 ' < ^ x 7 » >11 ( 7 X ? )  +  e  * ( 4 9 )

where V* (C*x ^X = L  e, i f  (1 ,*  vn) ■—  ,*

a l s o ,

2 lc  axj-ax^ ? Gj ~ 3c axjBx* 5 'e-r ^ lf  ̂  ^
+ I  3*ai aQn1* 

c axjSx* a t

Then i f  we d e fin e  Mn , th e  second o rd e r m ag n e tiza tio n  fo r  the
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fo r  th e  n th  m olecu le , by  Ee,"!^ 1,*!,) (5 0 ), we g e t

2 lc  a x '3x^ (vxa) + i  ^  9 * 4  a t 1, • (51>

Ihus we o b ta in

\ t  -  Z \ f  = l { ^ c < V t ) v X +  | [ a l { f , , t )  P‘ +

+ - ( P B* v J *  (Vxa) + -c * * c 8xj c axt a x ^ *

+ Mn*vxa + i [ v »  ( f nx v H)]» (V*a) + (V * f)* (V x a )

i  a1,at aojj* 
c 3Xj3x̂  at '*’ *

- [# (? ,» * )  q . ♦ f £ p . ‘ * i ! i -\|}-<62>

We now d e fin e  th e  fo llo w in g  m icroscop ic  q u a n t i t ie s

I°ci = Z q * 6 ( r - r J  , (55)

7 *v =  5 q * c ‘ ®( ? “ SU (54)

■p = Z p* 6 ( r - r J (55)

q = Z Q ,6 ( r - r J (56)

f  =  -  Z (?x v J 6 ( r - r JQ * n (57)

f  =  |  Z ( t * v J  5 (r-r„ ) (58)

m = I m k 8 ( r - r „ ) (59)

m =  Z mb© ( r - r B) , e t c . (60)
where p* i s  the  m icroscop ic  convection  charge d e n s i ty  

due to  the  n e t charges o f th e  m o lecu les ,

j fcW i s  the m icroscop ic  convec tion  c u r re n t d e n s ity , 
p i s  the  m icroscop ic  d ip o le  moment d e n s i ty ,  e t c .

I n te g r a t in g  over th e  e n t i r e  th re e -sp a c e  and u s in g  the

p ro p e r t ie s  o f  8 ( r - ^ )  , we have
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£ q n<p(r„,t) * /< p ( r , t )  x>f ( ? , t )  dVti. fev
f  = / a ( r , t ) * £ v( r , t )  dV
v  H

L |^ :  p« “  -/fp 7 • P  dV , e t c .

Sine© | |  = £  p„ ©C?-*',) + © ( r - r w)

= “ £  P*v«* V S (r -r„) , we f in d  th a t

§  + § f j v ; #  = | / S - | f a v  .

By means o f such tra n s fo rm a tio n s , we may w rite  L -̂p in  th e  form

h a  =  + I l f  +  7 x 7  - f  l t ( 7 , 5 ) +  V x S -  7 x <7 - ? ’

-  Vx(Vm) + ^  ~ [ V ‘ (V *f)] 4 . . . . ] d V  -  / < p ( r , t ) [ <o’v

-  ?*p 4 V*(V»?) - ___ ] dV . (61)

For the  t o t a l  a c t io n  fu n c tio n  W o f  the system , we have

w = *p + wc f  + wmf + w ;f  + * f  ,

I n  o rd e r to  o b ta in  the f i e l d  e q u a tio n s , we s h a l l  ap p ly  th e  

p r in c ip le  o f l e a s t  a c t io n ,  i . e . ,  we minimize W w ith  r e s p e c t

to  v a r ia t io n  o f th e  e x te rn a l  f i e l d ,  h o ld in g  th e  t r a j e c t o r i e s

o f  a l l  the  charges f ix e d  and a ls o  th e  in te r n a l  f i e l d .  V aria ­

t io n  o f the in te r n a l  f i e l d  m ight be expected  to  g ive f i e l d  

eq u a tio n s  a p p lic a b le  in s id e  th e  m o lecu les , b u t t h i s  would 

b r in g  us in to  a s i t u a t io n  where c l a s s i c a l  e lec tro d y n am ics i s  

known to  f a i l ,  and where th e  b a s ic  laws a re  though t to  be 

quantum m echan ical. When we v ary  the e x te rn a l  f i e l d  w ith  the 

charge t r a j e c to r i e s  and in te r n a l  f i e l d  f ix e d ,  we have SŴ  * 0 

and ©W ,̂ = 0 , and th e re fo re
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m  = swcf + m mf + owf * o .

S u b s t i tu t in g  th e  e x p re ss io n s  o b ta in ed  p re v io u s ly  fo r  th ese  

fu n c tio n s ,  we o b ta in

fiW « / 5 a • { Je + J cv + i  | |  + Vxf -  |  ~ (V * f )  + vxjf (62)

-  V x (? .|)  -  ? x (? x f)  + . . . .  - X ( v x h  -  |  | |) |d V d t

-  /5cp{ jo’ + (o'v -  V»p + V»(V*q) ~  V*e|dVdt * 0 .

I n  o rd e r  fo r  th i s  eq u a tio n  to  be tru e  in  g e n e ra l ,  we must have

^ (7xS ‘ I i f 5 - I  + L, + I If  + vxf - i  fjlV-l) + ?xS

-  Vx(V.f) -  VX(V*I ) + . . . .  (63)

and 7*e ~ + £  -  V*p + V»(V»q) -  . . . .  (64)

Then, i f  we l e t  J. + J v = J '  (65)

and £» + ^  b p' , (66)
where j ’ i s  th e  t o t a l  m icroscop ic  conduction  and con­

v e c tio n  c u r re n t d e n s i ty ,  
and p1 i s  th e  t o t a l  m icroscop ic  conduction  and con­

v e c tio n  charge d e n s i ty ,  and i f  we a ls o  l e t

b -  h  -  4tr( m + f ) + 4Tr(V«g + V*m ) -  . . . .  (67)

and d = e + 4rr p -  4rr V • q + . . . .  1 (68)

we g e t  Vxb -  ~  | |  « 4rr~J* (69)

and V*d = 4-nr p  . (70)

A lso , from the d e f in i t io n s  o f  e and h in  term s o f  th e  m icro­

sco p ic  p o te n t i a l s ,  E q .(1) and ( 2 ) ,  which s t i l l  ap p ly  h e re ,

we have ?xe + — : * 0 (71)c a t

and V*h *» 0 . (72)
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We would l ik e  to  d e r iv e  the m acroscopic f i e l d  eq u a tio n s  

from the  m icroscop ic  eq u a tio n s  (69) to  (7 2 ). The s im p le s t 

procedure i s  to  assume th a t  th e  m acroscopic eq u a tio n s  and 

f i e l d  q u a n t i t ie s  a re  some k ind  o f  averages over a m acroscopic 

re g io n  o f the co rrespond ing  m icroscop ic  eq u a tio n s  and q u a n ti­

t i e s .  In  o rd er to  o b ta in  eq u a tio n s  in v o lv in g  the  averages o f  

the m icroscop ic  f i e l d  q u a n t i t ie s  from the  averaged  m icroscop ic

f i e l d  e q u a tio n s , we s h a l l  have to  use some k in d  o f  lin ea l!  av -
9e ra g in g  p rocess which commutes w ith  th e  o p e ra to rs  One

such l in e a r  averag ing  p ro cess  i s  in te g r a t io n  over a "p h y s ic ­

a l l y  i n f i n i t e l y  sm all"  volume elem ent o f  m a tte r ,  a s  proposed 

by L o ren tz . However, i f  we ap p ly  any l in e a r  av e rag in g  p ro ­

cess  which commu te s  w ith  4 -  to  th e  m icroscop ic eq u a tio n s  (69) 

to  (7 2 ), we o b ta in

Vx? + “  f f  = 0  (73)

V xl “ “  | f  * 4 tr ?  (74)

V • d = 4w? (75)
V -I = 0 , (76)

where the b a r  over a m icroscop ic  q u a n t i ty  denotes 
the average o f  th a t  q u a n t i ty .

S ince th e se  average m icroscop ic  q u a n t i t ie s  a re  assumed to  be

th e  m acroscopic q u a n t i t i e s ,  i f  we compare the  above eq u a tio n s

w ith  M axw ell's eq u a tio n s  (20) to  (2 3 ) , we see th a t  we s h a l l

be s u c c e s s fu l in  our d e r iv a t io n  i f  we make th e  i d e n t i f i c a t io n s

f  * E (77) S = I (78)
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1 * B (79) 1 = 5  (80)

T' = J  (81) ?  = /0 (82)

The v a l id i t y  o f  th ese  id e n t i f i c a t io n s  i s  f u r th e r  sugges­

te d  when we note th a t  i f  th e  m icroscop ic  L orentz fo rce  e q u a t­

io n  i s  averaged and we use Eq. (77) and (7 9 ), we o b ta in

P = e( E + - x B) ,c
which i s  th e  m acroscopic L oren tz  fo rce  e q u a tio n  fo r  a  charge 

e moving w ith  v e lo c i ty  v , a s  g iven  in  E q .(2 4 ).

When th e  av e rag in g  p ro cess  i s  a p p lie d  to  th e  m icroscop ic  

c o n s t i tu t iv e  eq u a tio n s  (67) and (6 8 ), and we use E q .(77) to  

(8 0 ), we have

H * B - 4 i r ( S + f )  + 4ir( V *f + V«m ) -  . . . .  (83)

and D = E + 4 t r f f - 4 T r 7 * q + , . . ,  . (84)

Since p i s  the average o f  the m icroscop ic  p o la r iz a t io n  

d e n s i ty ,  i t  i s  n a tu ra l  to  equate  th i s  to  the  m acroscopic p o l­

a r i z a t io n  d e n s i ty ,  i . e . ,  p * F  ( 8 5 ) .  For the  M ag n etiza tio n , 

how ever, th e  s i t u a t io n  i s  more complex. I f  we w ish  the  con­

s t i t u t i v e  eq u a tio n  ( 8 3 ) ,  o b ta in ed  by av e ra g in g , to  be i d e n t i ­

c a l  w ith  E q .(26) when we drop th e  h ig h e r  o rd e r term s in v o l-
-y -y

v ing  g , m, e tc .  , th en  we must have

M = m +  f =  m + f  (86)

I n  o rd e r to  in d ic a te  why a term  co n ta in in g  f  appears in  the 

m acroscopic m a g n e tiz a tio n , co n s id e r the  fo llo w in g . Prom i t s  

d e f in i t i o n ,  f  in v o lv e s  q u a n t i t ie s  P ,x fn . I f  we co n s id e r  a d i ­

p o le  moving w ith  r e s p e c t  to  an o b se rv e r , w ith  th e  a x is  o f  the
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d ip o le  in  th e  d i r e c t io n  o f th e  v e lo c i ty ,  the c u r re n ts  due to  

th e  movement o f  th e  p o s i t iv e  and n eg a tiv e  charges making up 

the  d ip o le  can ce l each o th e r ,  s in c e  the c u r re n t i s  a l in e  

v e c to r . I f  the d ip o le  a x is  i s  n o t p a r a l l e l  to  th e  v e lo c i ty ,  

th e n  we have two eq u a l and o p p o s ite  c u r re n ts  which a re  no t 

a c t in g  a long  the same l in e  and th e re fo re  t h e i r  f i e ld s  do n o t 

co m p le te ly  c a n c e l; the  r e s u l t  i s  a m agnetic f i e l d  which con­

t r ib u te s  to  the m a g n e tiza tio n .

For the h ig h e r  o rd e r te rm s, we d e fin e

I f  =  q ,  G = g , M = m , e t c . ,  (87)

where Q i s  th e  m acroscopic quadrupole moment per
u n i t  volume, e t c .

Then S q . (83) and (84) become

H = B -  4irM + 4ir(V*G + V*M) -  . . . .  (88)

D = E + 4rr P -  4it 7*^  + . . . . .  . (89)

Thus we have d e riv e d  M axw ell's f i e l d  eq u a tio n s  and a 

new s e t  o f  c o n s t i tu t iv e  eq u a tio n s  which in c lu d e  h ig h e r  o rd e r 

term s in  e l e c t r i c  and m agnetic moments. I f  we w r ite  o u t the 

f ie ld , e q u a tio n s , s u b s t i tu t in g  fo r  D and H from the  c o n s t i tu ­

t iv e  eq u a tio n s  (88) and (8 9 ), we have

(90)

(91)

(92)

dr 1 3B VxE + — ~  = 0  c at

VXB -  4irVX( M -  ?*G -  V*M + . . . )

-  M (  -  3 - 7 . ?  + )« ' at at H ........  }

1 3E
c at

* 4tr J
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From th e  req u irem en ts o f  the s p e c ia l  th e o ry  o f  r e l a t i v ­

i t y ,  th e se  eq u a tio n s  must have the same form in  ev e ry  i n e r t ­

i a l  co o rd in a te  system . I f  we d e f in e  ^  in  term s o f  E and B 

as  in  E q .(3 2 ) , we may w rite  E q .(90) and (92) above as

(94)

I f  we now d e fin e  an  an ti-sy m m etric  second ran k  te n so r  by
to -Mj M} -IP*.)

M1
-M„

•M •iP*
*

0 -IP.

where

0
J M* w -j.*! 

\iP*. IPj iP^ 0 /

m + T  and T  = f> ,

(95)

and I f  we d e f in e  a th itfd  rank  te n s o r  M^y by

/ 0 x„ -xtl

M 18«|ll
-X„ 0
xlt -XH

X,

M«p3

iSlu\
„

0 iQ„ 
\-i^ii “*iQa “i^ ,j  0 J

/  0 XM -X„ l% t\ 
X„ iQs,

si 0 iQ,j,
~iQji"iQj3 o J

M«pz

/  0 x„ -x„ +iQ,A
-X„ 0 X

-XM 0
xn -X, *(S*

XI

3-Qax

iQ1( ■*IQ,J"IQ.3j 0 J

/o  0 0 0 \
0 0 
0 0 

\o  0

(96)

0
0
0 /

where X = M + G, and s im i la r ly  fo r  h ig h e r  o rd e r moments, 

th en  we can p u t E q .(91) and (93) In  th e  te n s o r  form

a1dBy + dM«y +
3xft d X jd X y * 4ir J. (97)
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D iscu ssio n

The m acroscopic f i e l d  and c o n s t i tu t iv e  eq u a tio n s  fo r  

c e r t a in  s p e c ia l  cases  may now be co n s id e red .

Case I : The m icroscop ic  e l e c t r o s t a t i c  ca se .

In  t h i s  case we assume th e re  e x i s t s  a co o rd in a te  system  

in  which a l l  o f th e  charged p a r t i c l e s  a re  a t  r e s t ,  and th a t  

the o b se rv e r i s  a ls o  a t  r e s t  in  th i s  system . This case i s  

c h a ra c te r is e d  by th e  absence o f c u r r e n ts ,  m agnetic e f f e c t s ,  

and changes w ith  tim e . The govern ing  m acroscopic f i e l d  equa­

tio n s  a re  then

7X E = 0 (98)

and V»D = V* (E + 4-rrP- -  4 + . . . ) “  4tr^> . (99)

S ince E i s  h ere  i r r o t a t i o n a l ,  th e re  e x i s t s  a s c a la r  p o te n t ia l

fu n c tio n  <p(r) such th a t  E = -?<j> , and thus we o b ta in  th e  gen­

e r a l i z a t i o n  o f P o is so n 's  eq u a tio n

V*<p * ■»4ir(Jo -  V*P + V«(V*q) - . . . ]  . (100)

Case I I :  The m acroscopic e l e c t r o s t a t i c  c a se .

In  th i s  c a se , th e  c e n te rs  o f  g r a v i ty  o f  a l l  th e  m olecules 

a re  a t  r e s t  in  th e i r  p ro p er co o rd in a te  ay s te rn (th is  c o n d itio n  

a c tu a l ly  d e f in e s  the  p roper co o rd in a te  system ) and the  o b se r­

ver i s  a lso  a t  r e s t  in  th i s  co o rd in a te  system . Then vjj = 0 

fo r  a l l  the  m o lecu les , and the  conved tion  c u r re n t  1 * 0 , so 

th a t  the  m acroscopic d u rre n t d e n s i ty  J  i s  due to  conduction  

charges o n ly . A lso , T  = 0 , f  * 0 , and s im ila r  eq u a tio n s  fo r  

h ig h e r  o rd e r term s o f th i s  ty p e . We have the u su a l f i e l d  

e q u a tio n s , b u t th e  c o n s t i tu t iv e  r e la t io n s  become
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9̂ *4̂ *51̂̂ 9̂* mm
B * H  + 4tr(M -  V»M + . . . ) ,  where M = m ,

and D = E + 4tt ( F  -  V • Q + . , . )  .

Case I I I : Moving m edia.

In  th i s  case th e  c e n te rs  o f  g r a v i ty  o f  the  m olecu les a re  

a t  r e s t  In  th e i r  p roper co o rd in a te  system , b u t i t  I s  moving 

w ith  v e lo c i ty  v w ith  r e s p e c t  to  th e  o b se rv e r. Thus vj, = v"

fo r  a l l  th e  m o lecu les. Then J .  = £  £  and we have a lso

f  * f x y " , S = Qx v , and s im ila r  eq u a tio n s  fo r  h ig h e r te rm s. 

While the f i e l d  eq u a tio n s  s t i l l  have the  same form as E q .(20) 

to  (23) ,  E q .(91) can be pu t in  the  form

VxB -  -  = 4wJ* + 4ir V x g  + 4tr V x ( p x f )  -  . . .  . ( 1 0 1 )c a t
The term  7x(pxv) fo r  t h i s  case was found ex p e rim e n ta lly  by 

Rontgen, and i s  c a l le d  by L orentz the  B8ntgen c u r r e n t ^ .

I t  i s  a lso  in t e r e s t i n g  to  no te  th a t  th e  m acroscopic 

charge and c u r re n t d e n s i t ie s  p  and J  a re  n o t sim ply  averages 

o f  th e  m icroscop ic  d e n s i t ie s  ^  and J. To show t h i s ,  we ap p ly  

th e  av e rag in g  p ro cess  to  the m icroscop ic  f i e l d  eq u a tio n s  and 

use the i d e n t i t i e s  (77) to  (8 0 ). We o b ta in

?xE + -  | |  = 0  (102) VxB -  |  | |  = 4tt J  (104)c a t  c o t

V*B *  0 (103) V*E ** 4it£  (105)

E q .(102) and (103) a re  I d e n t ic a l  w ith  E q .(20^ and (22) o f  

M axwell’s e q u a tio n s . S u b tra c tin g  eq u a tio n s  (104) and (105) 

from (93) and (9 1 ), we have (106)

X -  T  = 41? vx ( M -  V«G -  7*1 + . . . )  + “ ( § f  -  f t ?#^  + * *

Jm ~ f  = -4n{v*P -  7* (7 ‘1) + . . . . ]  . (107)
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i  ■*
L orentz e x p la in s  the  f i r s t  o rd er term s o f  such d i f f e r ­

ences hy n o tin g  th a t  when we average the  m icroscop ic  charge 

d e n s i ty ,  f o r  exam ple, over a m acroscopic volume e lem en t, we 

count a l l  the charges in  the  volume e lem en t, in c lu d in g  no t 

on ly  th e  conduction  and convec tion  charges(w hich  appear in  

the m acroscopic charge d e n s ity )  h u t a ls o  charges from mole­

cu le s  which have "been cu t by the  edges o f  the  volume e lem en t. 

He shows th a t  such charges g ive r i s e  to  the  term  in  Eq.

(107). I f  one co n s id e rs  h ig h e r  o rd e r  e f f e c t s  o f  th i s  k in d ,
as

one m ight e x p la in  the term s 7*(V*Q),  e t c .  in  a s im ila r  man­

n e r . One o f  the  advantages o f  th i s  developm ent i s  th a t  i f  we 

use th i s  av e rag in g  p rocess o f  L oren tz  we do n o t have to  c a l ­

c u la te  e f f e c t s  due to  charges in  m olecules cu t by th e  edges 

o f  the  volume e lem en t. In  th i s  developm ent, on ly  th o se  mol­

e c u le s  whose c e n te rs  o f  g r a v i ty  f a l l  w ith in  the  volume elem ent 

c o n tr ib u te  to  th e  av e rag e , and th ey  c o n tr ib u te  t h e i r  whole e f ­

f e c t ,  d e s p ite  th e  f a c t  th a t  some o f the  charges o f  th e se  m ole­

cu le s  l i e  in  o th e r  volume e lem en ts . Thus h ere  we a re  ab le  to 

avo id  th i s  a d d i t io n a l  problem  b o th  fo r  the term s in  P and M, 

fo r  which th ese  c a lc u la t io n s  can be c a r r ie d  out f a i r l y  e a s i ly ,  

and fo r  the h ig h e r  term s in v o lv in g  quadrupole moments, e t c . ,  

f o r  which th e se  c a lc u la t io n s  have n o t been c a r r ie d  out and 

where th ey  appear to  be c o n s id e ra b ly  more com plica ted .

The f i e l d  eq u a tio n s  (102) to  (105) have c e r t a in  i n t e r ­

e s t in g  d if fe re n c e s  from M axwell’s e q u a tio n s . M axwell’s
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eq u a tlo n s  do no t com plete ly  determ ine the fo u r  f i e l d  q u a n ti­

t i e s  E»B,3T,and E when f> and J  and the boundary c o n d itio n s  a re  

known. Eq. (102) to  (105), how ever, c o n ta in  o n ly  B and S’, and 

th e se  q u a n t i t ie s  w i l l  he determ ined  by th e se  eq u a tio n s  when 

and Y and the boundary c o n d itio n s  a re  known. From th e  d e f in ­

i t i o n s  o f  p and J  in  term s o f  conduction  and co n v ec tio n  c h a r­

ges we see th a t  th e y  a re  n o t d e f in e d  in  term s o f sim ple o p e r­

a t io n s -  the o p e ra t io n a l d e f in i t io n  would re q u ire  av e rag in g  the  

conduction  and co nvec tion  charges o n ly , ig n o rin g  o th e r  charges 

w hich m ight be p re s e n t in  the  m acroscopic volume e lem en t. On 

th e  o th e r  h a n d ,^  and j do have sim ple o p e ra t io n a l meanings 

in  term s o f t o t a l  charge in  a volume elem ent and charge p a s s ­

in g  th rough  a c e r t a in  u n i t  su rfa c e  per u n i t  tim e . U n fo rtu n a te -  

l y ,  w hile  i t  i s  ea sy  to  d e fin e  £  and J o p e ra t io n a l ly ,  i t  i s  

n o t a sim ple m a tte r  to  measure them, e s p e c ia l ly  a t  i n t e r i o r  

p o in ts  o f a medium, in  a moving medium, e t c .  But we o f te n  

have some knowledge o f th e  conduction  and co n v ec tio n  charges 

and c u r re n ts  in  a p a r t i c u la r  p h y s ic a l s i t u a t io n  and th e re fo re  

use th e se  approxim ate v a lu es  i n  Maxwell’s e q u a tio n s . S t i l l ,  

i f  and j can be determ ined  by measurement o r c a lc u la t io n ,  

th en  E q .(102) to  (105) could  be u sed , and th e  same r e s u l t s  

o b ta in ed  as by use o f  Maxwell’s eq u a tio n s  w ith  th e  g e n e ra liz e d  

c o n s t i tu t iv e  eq u a tio n s  (88) and (8 9 ).

I f  we examine th e  eq u a tio n s  which we have developed , we 

n o tic e  th a t  i f  Q, 0 , . . . ,  M, If, . . .  a re  a l l  0 , we o b ta in  the
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u su a l m acroscopic f i e l d  and c o n s t i tu t iv e  e q u a tio n s . Then the  

te n so r  J ^ a n d  those  o f  h ig h e r rank  w i l l  he 0 , and th e  f i e l d  

eq u a tio n s  have the  te n so r  form

d-!v5ty? + i^Slr + dF,* = q 
a x ;  a x K a x ^  u

+ 4 ,r  “  4 r r  *

Thus, to  th i s  o rd e r o f  app ro x im atio n , t h e . f i e l d  eq u a tio n s  a re  

in v a r ia n t  to  L orentz tra n s fo rm a tio n s , as re q u ire d  by th e  sp ec­

i a l  th e o ry  o f  r e l a t i v i t y .  I f  we w ished to  In c lu d e  the  quad-
mm

ru p o le  moment in  our f i e l d  e q u a tio n s , how ever, and s t i l l

keep them in v a r ia n t ,  i t  would be n ec e ssa ry  to  in tro d u c e  M and 
3S qs
G a l s o ,  s in c e  what appears as  Q to  one o b serv er w i l l  appear 

as  M and G to  an o b se rv e r moving r e l a t i v e l y  to  the  f i r s t .

Thus i f  we w ish to  use h ig h e r o rd e r terms in  t h e f f i e l d  equa­

t io n s  and keep them in v a r ia n t ,  we must in tro d u c e  bfcfch h ig h e r  

e l e c t r i c a l  and h ig h e r  m agnetic moments, in c lu d in g  a l l  those 

moments o f  th e  same v e c to r ,  d y a d ic , t r i a d i c ,  e t c .  c h a ra c te r .

I t  seems a f o r tu i to u s  a c c id e n t th a t  th e  m agnitudes o f  th e  

v a rio u s  e f f e c t s  a re  such th a t  th e  n a tu ra l  a p p ro x im a tio n ( i .e . ,  

n e g le c tin g  Q, M, G, . . . .  in  th e  f i e l d  eq u a tio n s) I s  one which 

makes th e se  approxim ate f i e l d  eq u a tio n s  L orentz in v a r ia n t .
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C onclusions

We have shown th a t  by u s in g  th e  a c t io n  fu n c tio n  as  de­

veloped  in  m icroscop ic  e lec tro d y n am ics and by in tro d u c in g  

th e  concept o f groups o f  ch a rg e s , the p r in c ip le  o f  l e a s t  a c ­

t io n  can be used to  d e riv e  a s e t  o f  m icroscop ic  f i e l d  equa­

t io n s  which in c lu d e  e f f e c t s  due to  th e se  charge g roups. These 

eq u a tio n s  can be averaged  to  g ive the m acroscopic f i e l d  equa­

tio n s  (M axw ell's eq u a tio n s) and g e n e ra l iz a t io n s  o f  the  con­

s t i t u t i v e  e q u a tio n s . These g e n e ra liz e d  c o n s t i tu t iv e  eq u a tio n s  

c o n ta in  e f f e c t s  o f  h ig h e r  o rd e r e l e c t r i c  and m agnetic moments 

o f  the  charge g roups. Ho a r b i t r a r y  or e x te n s iv e  assum ptions 

concern ing  the  n a tu re  o f  th e se  groups were r e q u ire d . The 

d e f in i t io n s  o f th e  m acroscopic q u a n t i t ie s  were s ta te d  in  

term s o f averages o f  m icroscop ic  q u a n t i t i e s ,  g iv in g  g r e a te r  

in s ig h t  in to  th e  n a tu re  o f such q u a n t i t ie s  as M, P , p  , and J .  

F in a l ly ,  when th e  g e n e ra liz e d  c o n s t i tu t iv e  eq u a tio n s  a re  sub­

s t i t u t e d  in to  th e  f i e l d  e q u a tio n s , the  r e s u l t a n t  f i e l d  equa­

t io n s  a re  p u t in  a te n so r  form which i s  in v a r ia n t  to  L orentz 

tra n s fo rm a tio n , as  re q u ire d  by the  s p e c ia l  th e o ry  o f  r e l a ­

t i v i t y .
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