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Introduction

Macroscopic electrodynamics may be regarded as based on
Maxwell's field equations, the constitutive relations, and
- the Lorentz force equation. Soms sauthorsl start their treat-
ments of macroscoplc electrodynamics by assuming these equa-

tions; other32

regard them as generalizations from the clas-
sical experimental laws of Coulomb, Ampdre, Faraday, etc.
‘Ih either case, they are accepted as fundamental equations of
macroscople electrodynamics, forkthey have been successfully
- applied to a wide range of physical phenomens.
The microscoplic fleld equaticns of Maxwell and Lorentz
‘@ust also be considered well established, since many of the
laws of electrodynamics can be deduced from them. The at-
tempt by Lorentz® to make these equations invariant with res-
- pect to transformatlons between inertial coordinate systems
Pirst led to the ILorentz transformation equations for the
coordinates, These transforﬁation equations are also derived
ln the special theory of relativity. There seems to be &
ciosé connection between microscopic electrodynamlics and
special relativity, which lends support to both theories.
The mlcroscopic fleld equations have also been geﬁeralized
and quantized with a certain degree of success 1ln formulating
qﬁantum electrodynamics.
Thus we have two sets of field equations, both of which

are accepted as governing electiromagnetic phenomens in their

particular domains. However, since the macroscopic world is
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sssumed to be composed of interacting microscopic systems,
-1t would seem that the macroscopic equations and constitutive
raiations should be derivable‘from the microscopié equations.
',Since we can test the macroscoplic equations wmuch more dlrect-
1y than the microscopic, we might regard such a derivation
a8 a primary requirement for our accepbance of the mlcroscop-
ic equations.

Such derivations have been carried out in a number of
~different ways by various workers in thig field. Lorentz?
regards matter as composed of different types of particles
dlstinguished by the types of fields that they produce. He
agsigns these particles certain special characteristics and
makes other simplifylng assumptions. To obtain macroscopic

- quantities, he averages the microscopic quantities over a
ﬁphysically infinitely small" volume element of matter, i.e.,
’one which contains s éery great number of particles, but
which 1s very small compared to the dimensions of the material
body considered. The transformations of these results be-

 ’tween inertial coordinate systems are not calculated. Diél-
1enbach§ however, though using the same model of matter as
developed by Lorentz and using many of the assumptions and
conditions imposed by Lorentz, employs & four-dimensional
fdrmalism and averages the microscopic quantities over an in-
varlant reglon in four-space, so that his results are in

- tensor form.
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A different approach is used by Van Vleck@ Basically,
he assumes that the space averages of the microscopic poten-
~ials are the macroscoplic potentlals. He then considers the
effects of molecules on the microscopic potentials. By var-
ious spproximations and assumptions, and by interchanging
certalin operations which are not generally commutable, he al+
80fproduces Maxwell's equations and the constitutive rela=-
tions. By working in a coordinate system at rest with res-
pect to the molecules, he ignores the effects of moving mat-
ter, and thus the results are not applicable to media moving
~wlth respect to the observer.

As several authors have polinted out?’s

these methods
aither explicitly or implicitly exclude certain higher order

effects due to electric quadrupole, octopole, and higher mo-

i ments, as well as magnetic multipole moments of higher order
than the magnetization. These effects are not negligible, as
they have also pointed out, when considering certain problems,
e.g., the equation of state of a liquid.

Therefore we shall consider here three problems. One is

to derive Maxwell's equations and the constitutive relations
’from the microscopic equations without extensive or unwarren-
ted assumptions. Another is to determlne the effects of the
higher order electric and magnetic moments on the macroscopic

equatlions. ZLastly, we would like the resultant equationa to

: be in tensor form so that they may be applied to any inertial
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coordinate system.

In this work we shall make the ususl assumptions of the
(speclal) relativistic microscopic electrodynamics of point
charges, and we shall postulate the existence of definite
groups of these point charges (molecules). Then, after de-
termining the action function of such a system, we shall ap-
ply the ﬁrinciple of least action (the variational method).
Thls yields a set of microscopic field equations which in-
cludes effects dve to the molecules (including the higher or-
der effects ﬁentioned above). By means of an averaging pro-
cess we then obtain.Maxwell's equations and the constitutive
relations, which also include effects due to the higher order

electric and magnetic moments.
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Microscopic Electrodynamicsg

The classlcal microscopic viewpoint in electrodynamics,
~whlch we shall adopt, 1s that matter is entirely composed of
t&o entitles- the charged particles and the electromagnetic
field. We regard the charges as polnts, and agsume that the
trajectorles of such particles are either known as functions

7 of time or can be measured or salculated to any deslred de-
gree of accuracy. Thus we ignore quantum mechanical effects.
We also ignore gravitational and other forces, and conslder
only electrical forces.

The microscopic electromagnetic fileld is characterized
by the vector and scalar potentlals € and ¢, or the field
vectors § and T (the arrows indicate three-vectors). The

relations between the potentials and the field vectors are

e =-Ve- o3t (1)
L= Vxa . (2)

The action function W of such a mleroscopic system may
be written as the sum of three parts
W=/Lat =W, +Wet+Wyr (3)
where L 1s the Lagrangian function of the systen,

Wp 1s the action function of the particles

alone, \
Wf ig the actlon functlon of the fleld alone,

and Wpf is the interaction between the particles

and the field.
Since we regard the fleld as produced by the charges, plus

any external field which might be present, the interactlons
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between the particles are contained in be. Wb may be written
W, = -gm,ct/p‘,'dt

where m; ls the mass of the gth particle,
Bs= (1 --v,.'/c‘yl,l
the summation over s extends over all the par=-
ticles 1n the systenm,

and the limits of integration are polnts on the

world line of the particle.

This expression for Wp is already in a form dictated by th9
requirements of the special theory of relativity, rather than
'the form corresponding to Newtonian mechanics. For Wy we have
-~ ( in Gausslan units, which we shall use throughout)
We = 1/8w /(e ~ ¥)davdt (4)

where AV ls the element of volume in three-space,
i.e., dv = dXdde.

Flnally, for Wpf we have

Woe = 2o/[5%:8(E:t) - oF,t)]at (5)

where the potentials A(E,t) and ¢(TF,t) are the
values of the potentials evaluated at the
position of the ath particle, i’*, = (X9 ,525) «

If we now require that these results be consistent with
the special theory of relativity, the total action function W
of the system, and therefore Wﬁ, We, and be also,must be in-
variant with respect to transformations between inertial co-

ordinate systems. We obtain

Wb =‘-§n§cj'dq, (6)
where ds 1s the element of the world line of the
gth particle.
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If we define the microscopic charge density'f and the
mlcroscopic current density 3 for the point chafges by
e, ée,b(f-ﬁ) (7)

and § = Ze g 8(F-R), (8)

]

1t can be showni® that = (?,1ﬁ)'is a four-vector(Roman in-
;dicqs run from 1 to 3, and indicate vector, dyadic, etc. com-
ponents. Greek indices run from 1 to 4 and indicate four-ten-
sor components; e.g., the positlion vector x,= (xsysz5ict) is a
four~vector. B8ince we shall consider only rectangular iner-
tlal coordinate systems, we shall not dlstinguish between co-
variant and contravariant tensor components. We shall also
‘adopt the Elnstein summation conventlon for repeated indices

in a term, except for summations over s and n). For bewe get

1 .

where ¢, 1s the four-vector potential (&,l¢),
and dR 1s the four~dimenslonal volume element, i.e.,
49 = dx,dx,dx,dx, = dxdydzd(ict).

If we define the antl~symmetric second rank tensor ﬁ$ by

= 2% _ 39«
ﬁ? x, oxg ’ (10)

we find that Wy may be expressed in the invariant form
W, = = —fe/f £ 4R (11)
T 16wic” " «p *

The four-dimensional reglon of integration in Eq.(9) and (11)
is the invariant region of four-space between two infinite

gspace~like hypersurfaces. Thus the action function for the
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microscopic system may be expressed in the invariant form
W= ~Eme/ds, + /1040 - Tors/ fted® - (12)
To obtaln the microscopic field equations, we assume that
- the trajectories of the particles are given and that only the
- fleld is varied. From the principle of least action, 8W=0;
since the trajectories of the particles are known, 5Wb= 0,

and in the usual way we obtain

1 3z _

ﬁ aXP = Ju . (15)

The'first three components of thls equation give, in three-

vector form,

- 138 -
VXh = = == = 4n] , (14)

-~ while the fourth component gives
VeE = dmp . (15)

We 8lso obtaln, directly from the definition of ﬁ$, that

QQ‘ of, of.
..._ﬂ' -—.ZSz
Xy + ax, + OXg o . (18)

In three=-vector form, this gives the equations

- 1ah |
Vxe + s 3t = 0 (17)
-
and Yeh=0 ., (18)

These can also be obtained directly from the defining equa-
tions of & and h in terms of the potentials & and g.

These fleld equations (14),(15),(17), and (18), which
are called the Maxwell-Lorentz equations, enable us to calcu~-

late the fleld (e and h) when E'and.ﬁ‘are given,
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If we keep the fleld flxed, and vary the trajectories of

. the particles to give 8W=0, we obtain

Qle. _ ©
me 3= "cf'\‘fuﬁ’
where u = %%5 .

In three-vector form, we obtain for each particle

dF - >
'a-gﬁe(e +=xh) (19)

where -P’ is the kinetic momentum of the particle,
1.00, P = Bm;; ’
e 1s the charge of the particle,
and V is the three-vector velocity.

ol

This 1s the Lorentz force equatlion for the motlon of a par-

ticle in its external field.
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Macroscoplc Electrodynamics

Maxwell's equations. (the macroscopic field equations) may
- be written, in three-vector form, for points in material medias

~at which the properties of the media do not change abruply, as

= 1038 _
VXE + S 3 =0 (20)
- 13D _ , =
UXH = oy -5-1-;- = 4nJ (21)
VB =0 ’ (22)
-

In these equations, as in the mlcroscoplc case, we assume

that the macroscopic charge and current densitieslp and J are

known functions of space and time, and these equations, with
~¢ertain boundary conditions, determine the field. Unfortun=-
~ately, the macroscoplc field is characterized by four vector
‘quantities g,ﬁ;ﬁ,and ﬁ; and the above equations do not de~

termine'ﬁ,ﬁ,ﬁ;and ﬁ'uniquely.

The use of the above four field vectors infers the ex-
istence of sstisfactory definitions for these guantities.

From the macroscoplc Lorentz force equation

'ir?a,o(ﬁ'+-5x§) (24)

<3

where T 13 the force on an unit volume element of
matter with charge denslty p ,
and ¥ is the macroscoplc veloeclity of this charged
volume element of matter,

we can give § and E'operational definitions in terms of for-
¢es on charged matter. In special circumstances, such as in

- electrostatics and magnetostatics, we can glve sland B simple
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- operational definitions, but for the general electromagnetic
field, their mear;ings are somewhat obscure.

In any case, we can not determine the macroscopic field
completely from Maxwell's equations, given P and 3‘- and the
boundary conditions. Certain auxliliary relationships between
the fleld vectors, called the constiﬁutive relations, are
normally introduced which we use with Maxwell's equations to

determine the fleld. These constitutive relations are

D =E + 4nP (25)
B =+ 4nil (32)

-p

where P ia the polarization or dilpole moment per
unit volume of the material,
and M is the magnetization per unit volume.

If we regard these equations as defining P and ﬁ, then
we have two more unknowns and two more equatlons, which dées
not remove the indeterminancy of the field equations. But if
we have separate definitions of F and iﬂ’, then we may use the
above equations to define D and H. Experimentally, it ap-
pears that for many homogeneous 1sbtropic media,. P 1s paral-

~lel to E and ¥ is parallel to B, so that BEq. (25) and .(26) can
bé written simply as

D =¢E (27)

B =l (28)

where € and u are c’oﬁstants called respectively the
dielectric constant and permeability of the medium.
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In using Maxwell's equations and these constitutive relations,
~ we note that although the polarization and magnetization ap-

pear in Eq.(25)‘and (26), at no point do the higher order el-

ectric and magnetlc effects appear. In addition, a question
_arises concerning the effect»oﬁ the above results if the med-~
~dum moves with respect to the obsgerver,

This question is usually answered by lmposing the assump-
tion of the speclal theory of relativity that physical laws
have the same form in all inertlal coordinate systems. When
this is required of the field equations, and the Lorentz
‘transformation equations fof the coordinates are used, we ob-
tain the transformation equatlions for the field quantities.
These results are shown quite simply if we put the field equa-
Htians in four=~tensor form, since they will then have the same
;fﬁnm in all inertial coordinate systems, and by examining the
ténsor character of the electromagnetic field quantities we

- shall see how they transform. We introduce the macroscopic
four~vector potential §, = (,18), where A 1s the usual vector

- potential and ¢ the scalar potential, where

- 1 3A
E = =~V& = 3% (29)
| and B = UXA (30)
Then 1f we define F. by F, =228 - 28« ey (31)
0 B‘ -B* ~1Ex
B, = -B, 0 B, -iE, (32)
f B, =B, 0 =~iE,
iE, iE, 1E, O©
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From its deflnltion E _ is an anti-symmetric tensor of second

]
rank, and the first and third of Maxwell's equations, Eq.(20)

and (22), become, in tensor form,

3Ry , 3By, 3Fw . 4

3x, Ox, X4 : | (33)

If we 1Introduce another antl-symmetric second rank tensor G"F

defirh byt
‘ 0 H} ""Ha "'iD“
N A

¢ H, -H, 0 -iD,

ip, iD’ 1D} 0
then the second and fourth of Maxwell's equations, Eq.(21)

and (23), have the invariant form

%}%ﬂ = 4md, (34)

where J, 1s the four=-vector (.-I.,i,o).

These relations are sufficient to make Maxwell's equations in-
variant to a Lorentz transformation. They also give that
G“P-P"‘F must be an anti-symmetric second rank tensor. If we
assume that the constitutive equations (25) and (26) hold in

one coordinate system and let 41 Mg = Gy = F“F (35), then
0 =M, M, -iPR,
My O =i, =iP,

M, 0 -iR

M, = (36)

d -H,
| 15, 1R, 1B, ©
and thus the constitutive relations (25) and (28) hold in

every inertial coordinate system. We see that T and ¥ are

not absolute quantitles; l.e., although an observer at rest
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14~

with respect to the medium (the proper observer) can‘separate
the polarizatlion and magnetization densities, these quanti-
tles for an observer moving with respe¢t to the medium will
in general be compounded from both the polarlzation and mag-
netization densities of the proper observer. However, the
simpler equatlons (27) and (28) hold strictly only in the
proper coordinate system of the material, and are not rela-

tivistically invariant.
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Derivation of the Macroscoplic Equations

From the microscopic point of view, a material medium 1s
composed of a very large number of point charges which are,
in general, moving rapidly and in complex trajectories in an
‘Buclidean three-space and which interact with the microscoplc
electromagnetic field in accordance with the Maxwell-Lorentsz
fleld equations and the Lorentz force equation. Macroscopic-
ally we observe certain characteristics of the medium such as
the polarization and magnetization. Since these characteris-
tics are involved in the macroscople equations, if we wish to
derive such equations from the mlcroscopic description of the
medium, then we must modify this description in some way.

The properties of material media, such as polarization
and magnetizatlion, seem to be basically assoclated with cer-
tain groupings of the point charges whiéh remain somewhat
stable in time (i.e., they remain in a small region about the
 qenter of gravity of 'the group). The charges making up the
group may be in rapid motion about their center of gravity
which may itaelf be in motion. Let us introduce such group-
1ngs, which might be atoms, molecules, or groups of molecules
(we shall hereafter call them molecules), into the microscop-
ic description of the medium and determine the effect on the
action function of the system, from which, using the princl-
ple of least action, we can derive field equations which will
include effects due to the molecules.

In Eq.(12) we glve the expression for the action function
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16~

W of a mlicroscopic system. Of course, W and 1ts parts are
not altered in value by the introduction of molecular group=
ings, bﬁt they can be rewritten. PFirst, let us separate the
charged particles into two types: the free charges not asso-
clated with any of the molecules, which we may call conduc-
tlon charges, and the charges which make up the molecules.

~Then Wb as given in Eq.(6) is unchanged, where the summation
extends over all the chargea of both types. We may also be
left in the form given in Eq.(11).

However, we shall separate be

Woe = Wop + Wop (37)

where W,, 1s the interactlon between the fleld and
the free or conduction charges, .
and Wﬁf is the interaction between the field and
the molecular charges.

into two parts

From the expression for be df Eq.(5), we see that ch has

the forms -
Wer = Ze/(T TEt) -0 (E,b) at (38)
1
or Wep = ig:/_ﬂb*dﬂ ’ (39)
where the expressions for j: = (3:,1ﬁ) are the same
L

as those glven in Eq.(7) and (8) except that the
summation extends over the conduction charges only.

For W,r, we divide the fleld four-potential ¢ linto two
parts: the first part ¢f = (8¢,1¢%) due to all the charges
and fields external to the molecule, and the second part QJ

due to the other charges of that molecule., Then the inter~

¥
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actlon term th Tor the charges of the n™ molecule is
— e — -V'. -y s oo [ Td
Vo =/Lpg Ot + Wgp = Zs_e,/]j-g‘ &(Tyst) = ¢ (T t)]dt
'
+ Wm..f (40)

where Iihf is the Lagrangian function for the interact-
lon between the molecunlar charges and the exter-
nal field,

and Wémf 1s the interactlon of the charges of the nbh

molecule with the field produced by the other
charges of that molecule., Of course, this term
could be put in the same form as the first term,
with the internal potentials substituted for the
external, but, as we shall see, there 1ls no need
for writing Wés. in its expanded form.

In Eq.(40), the summation index s goes over the charges in the

n*® molecuie, and T,, 18 the position vector of the gth

charge
in the n®® molecule. We shall obtain Woe by summing Wﬁ&f
over n.

From the definition of the external fileld, it has no
singularitles in the region occupled by the molecule. Thus
the potentials 8T, ,t) and §(F,,,t) may be eipanded about an
arbltrary point indide the molecule, and such a series will
converge. For definlteness, we choose this point to be the
center of gravity of the molecule, to which we assign the
position vector T(t). Dropping the superscript e denoting

the external field and the subscript n in'ﬁ“, we have, for

~the vector potential term,
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~]8-

Te LT(F,t) = 2 Te,v, [at(r,w + 32 (5 -5)

s °C T J
+ gy oot (B-E )G -B) + ]
z ax ax 5 nilg sseee »
where all the partial derivitives are evaluated at T, .
Let B, -% = 1,. Then, since ¥, = %—%"— and since % = B, + 14,

- an, ar.
o —-—n' 8
%= 3 T dat

where ¥, 1s the velocity of the center of gravity of
the n™h molecule, and the dot denotes differ-
entiation with respect to time.

* ?
= V.t 15 »

Then L, ¢ becomes
n
= 1 7 {1 1 aa % J &L !
e = ARl Rn 2Bl RN o]
1 2 ry LR
T3 9x; x4, [vh ;e\rlrls". + 23;1:-1;1;]4' coes

d 1 d* il
[ ‘ “’t)ge; + -a'% ;3‘1; + §'T —'-'9— ;e.rl‘lj' + oo.o]

9x; 9X;
Let Z_e, = q, , (41)
; ;,e,i',‘ = -Ign a (42)
ﬁge: 1r1.: = —Q..“ ? (45)
-;;}1- zse,'i,‘i,'i, = 0 , etc. | (44)

where g, 1s the net charge of the nth molecule,
'15,. is 1ts dipole moment,
@, is its quadrupole moment,

n

%,‘ is its octopole moment, etc.
' 'ﬂms the dipole moment E\ 1s a three-vector, -'Qg,‘ is a symmet-~
ric second rank tensor in three-space(a self-conjugate dyadic),
ete. The number of arrows above a symbol denotes 1ts tensor

“rank. We have also

—

Fo= Zel
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Thus , me-—ai( »8) [viq, + "]+

1
¢ ox;
1 a 8¢ \ J'l 1 i k3t
+ c ax ax& Q ﬁ! ;e:];l:l:] + LR BN 2

- [o(® t)q,+—-‘2- ——--3°--Q,';5 ¥, (45)

o,

From the identity

axj 9x; ax;/ * M 3x o ?
we obtein
| 138 ipio 17 138y pl |
c ox; Wh =g (BXV W)+ (VXE) + ¢ c ax Vo B (46)

where VX8 1g evaluated at T, .
With the additionsal identity
1 . 1 X1 YO ¢« e
1 Tedinh =148 + 330, (dixi - 1] ,

1f we define the magnetization M, of the n'® molecule by

i, =gt Zexl) , (47)
then
_:_L_ da. 28 m _J:' E_EL 28 - >
P -a—J-c-;-\Zse‘ ;lJ = P an n + (an) M“ o (48)

By performing simllar manipulations » we obtain

1. 2% gt Ly Fxd, )] (md) + LS8 3*a 2L gitvi , (49)

c ax. axi c 9x; ax*
where Ve (E},‘: Xy ) = —-r Z_e 14 (Ix TA . ;
AN £ n ax‘l 4
also,
1 3. - 1 _Q:..L k3l _ 4 i
T axax Ze l‘ll, Scaxax f;_e,(l 1_,- 11)1
L1 ey 30t
c axjax* ot .

Then 1f we define ﬁ“, the second order magnetization for the
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for the n'® molecule, by -I;II.,‘= -51‘6 Z‘.e;i,(-ixi,) (80), we get
- i ijh
1 38, j (T Y. (x4 L ey 30,
2Te 3x;9x, ;elll = (VW) (7xe) + 3 ax;0x4 9t  ° (51)

Thus we obtein

e = Thng = Z{-w:ﬂvq + 3laEen v S ain]

1 7). 19ai . 1 _3%; b i
+ (anvn) (an) + c an Qn + c "a‘;:a‘;t—kq'\vn
+ M oUxs +-[v (Exi)] (VX)) + (Vo M) (vx3)
.'.3{.
+ -]-: a‘.a. ao + LR K 3N
c ax,-ax& 3t

. 3
-[¢@,t) q, + -B%P,‘ 5;%; + ]} (52)'

We now define the followling microscopic quantities

L, = 2q,8(F-F) , (53)
& 3., = ;q,,-‘cz"o(?—?.) (54)
T = ZE 8(F-F) (55)
3 = ZE,&(F -7,) (56)
=2 LB 6(FF.) (57
g =2 ‘z;(é.\xﬁ) 8 (F-%,) (58)
T = ZH8FF) | | (59)
™ o= Zﬁ 6(F-%,) ,ete. (60)

where P' is the microscopic convection charge density
due to the net charges of the molecules,

3':, is the microscopic convection current density,
P is the microscoplic dipole moment density, etc.

Integrating over the entire three-space and using the

kpr_operties" of 8(F¥-T.) , we have
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Za,0(F,t) = So(F,t) ¢ (F,t) av
2 Zaaf,t)vi = JEE ) LF ) av
;-2% Bn= =/oV:5av, etec.
Since 3F 2;6 F-7,) + Zg-g-—&("-'r’)
3t & " w03t "
= 25 8(FF) - ZET-v8(F-), we find that
lsrac, (= 38 :pi] o 1 ,2.38
salBe@ 0 + gl = /o av .

', By means of such transformations, we may write L, in the form

- - o rg 1 93 = ~ -
Lyp = fa(r,t)-{jw + 3 '5% + xf -3 —a-E(V'q) + Ux@ =~ VX(V<E)

i-g—;(\?o(m%)] + ....}dv - Jo(F.e) o,

- PB4+ Ve(7+F) -.oJav . (61)

- Ux{Vem) +

For the total action function W of the system, we have

W=W_ + W%f + W

1
o me T Ve + Ve

In order to cbtaln the fleld equations; we shall apply the
principle of least action, i.e., we minimize W with respect
to varistion of the external field, holding the trajectorlies
of all the charges flxed and also the lnternal fleld. Varla-
tion of the internal field might be expected to give field
equations applicable inside the molecules, but this would
bring us into a sltuation where classical electrodynamics is
known to faill, and where the basic laws are thought to be
quantum mechanical. When we vary the external field with the
charge trajectories and internal field fixed, we have 8W_= O

b
and QW&f = 0, and therefore
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5W = Gch + &Wmf + GWf = 0 .
Substltuting the expressions obtained previously for these

functions, we obtain

= /88 {T + 7.+ 18 - 12 (q.
= [ 88 {Jc‘*‘ Jew t 3% * Uxf 5 at(V q) + Vxm (62)
PR L gup - 1238
Ix(v g) Vx(Vﬂm) toeees = (Vxh P at}dth
1

- Joofg + g, = Ve + ve(vE) -o... - -k ve3lavat = 0.

In order for this equation to be true in general, we must have

-‘I%(Vxﬁ -2 -g%) =T+ T3 -a-B + UxF - 2 (v + wxdE

- UX(VeE) = UX(Vom) + euus (63)

and Zlﬁv-a = p' o+ Q: - Ve + Ve (7eF) - uu.. (64)
Then, if we let L +7, =7 (65)
and gt e, =P, | (66)

where 3.' is the totel microscopic conduction and con-
vection current density,
and P' is the total microscopic conduction and con-
vection charge denslty, and 1f we also let

=% - an(F+T) + an(VF + VRH) - ... (67)

and d =8 + 4nP - 4w V-F + ..., ’ (68)

we get UxH - % g—% = 4n 3’ (69)
and v-d = 411,6' . (70)

Also, from the definitions of € and h in terms of the micro-~

scopic potentials, Eq.(1l) and (2), which still apply here,

we have Uxe + % % = Q ' (71)
and Vh =0 . (72)
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We would like to derive the macroscopic field equations
from the microscopic equations (69) to (72). The simplest
ptocedure is to assume that the macroscopic equations and
field quantities are éome kind of averages over a macroscopic
region of the corresponding microscopic equations and quanti-~

bties. In order to obtaln equations involving the averages of
the microscoﬁic field quantities from the averaged microscopic
fleld equations, we shall have to use some kind of linear av-
eraging process which commutes with the operators g;‘. One
such linear averaging process 1ls integration over a "physic-
ally infinitely small" volume element of matter, as proposed
’by Lorentz. However, 1f we apply any linear averaging pro-

ceas which commubes with giu to the microscopic equations (69)

to (72), we obtain

= 1 6?1 -
Vxe. + s 3t = 0 (73)
‘-
T 1224 _ LT
VX b = 3% 4ﬁj (74)
vd = 4md (75)
V'h = 0 ’ (76)

where the bar over a microscoplic quantity denotes
the average of that quantity.

S8ince these average microscopic quantities are sssumed to be
the macroscoplc guantities, if we compare the above eguatlons
with Maxwell's equations (20) to (23), we see that we shall
be successful in our derivation i1f we make the ldentiflcatlons

-y

Z =3 77) 3 = H (78)
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= B (79) T =7 (80)

L

"= T (81) =y (82)

The validity of these idertifications is further sugges-
ted when we note that 1f the mlcroscoplc Lorentz force equat-
ion is averaged and we use Eq. (77) and (792), we obtain

F = e( B + -gx E) ,
which is the macroscopic Lorentz force equation for a chargé
e moving with veloclty ¥, as given in Eq.(24).

When the averagling process is applied to the microscopic

constitutive equations (67) and (68), and we use Eq.(77) to -
- (80), we have

=B - (B +F) + 4An( VB + VeRB) = 0..s (83)

T

end D=E + 4nF = 4nv-q +.... . (84)

Since _b; is the average of the microscople polarization
density, 1t is natural to equate this to the macroscopic pol-
arization density, i.e., % =P (85). TFor the Magnetization,
however, the sltuation 1s more complex. I1If we wish the con-
stitutive equation (83), obtained by averaging, to be identi-
 09.1 with Eq.(26) when we drop the higher order terms invol-

ving g, ﬁ, ete., then we must have

M=m+F =m+7F . (86}
In order to indicate why & term contalining F appears in the

macroscopic magnetization, consider the following. From its
definitien, f involves quantities B.x¥,. If we conslder a di-

pole moving with respect to an observer, with the axls of the
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dipole 1n the dlrectlon of the veloclty, the currents due to
the movement of the positive and hegative charges making up
the dipole cancel each other, since the current is a line
vector. If the dipole axis 1s not: parallel to the velocity,
‘then we have two equal and opposite currents which are not
acting along the same line and therefore their flelds do nof
completely cancel; the result 1s a magnetic field which con~
tfibutes to the magnetlzation.
| For the higher order terms, ﬁre define
3='§ ’ :’éa—E, ;l\f=§ » ete., (87)
where :.Q: is the macroscopic quadrupole moment per

unit volums, etc.

Then Eq.(83) and (84) become

—

H=3 - 4nM + 4n(Vel + VeM) = o.uun (88)
- > - -
D=E + 4wP = 47 VeQ + ..... . (89)

Thus we have derived Maxwell's field equations and a
new get of constitutive eguations which include higher order
“terms in electric and magnetic moments. If we write out the
field equations, substituting for D and ¥ from the constitu-

| tive equations (88) and (89), we have

-~ 1 3B _
VXE+c 3T T 0 (90)
- - = = 1 3E
VXB = 47¥x( M VoG = Vel + ,..) S 3t
_ 4w 3F _3 . F -
TS -5V Feeee. ) = 4nd (91)
VB = 0 | (92)
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26

VeE + 4w V-F - 411\7-(‘?%) + eeee =411,c . (93)

From the requlrements of the spéci.al theory of relativ~

1ty, these equations must have the same form in every inert-
lal coordinate system. If we define E‘F in terms of E and B

‘as in Eq.(32), we may write Eq.(90) and (92) above as

Ol , OBy | O . ¢ | (94)
Xy 99X, dXg

"If we now define an antl-gsymmetric second rank tensor M,f by
0 ""M} M: "‘iP’,

Meg = : (95)
“¢ -M, M, 0 -iR
1B, ip iR 0
where M = W + T and P = § ,
and 1f we define a third rank tensor M“F’ by
0 X, -Xa 18, 0 X5 %, *t1Q,,
M, = X 0 X, 1Q. M, = Xy 0 X, 1Q,
N Xo ~Xu 0 1Q, f X%, 0. 1Q,
-1Q, =iQ,~1Q,; O -1Q, =1Q,1Q,, O
(96)
0 Xy =X 1R\ 00 0 0
-X,s O Xy 1Q,, 0o 0 0 0
Vps = Vegr = ’
f Xy, X5 O 1Qy F 0o 0 0 ©
=1Q,, ~1Q;,=1Q, O 0 0 0 0

3 =3 3
where X = M + G, and simlilarly for higher order moments,

then we can put Eq.(91) and (93) in the tensor form

3

JF, AM, 3 v
’a'&f* 391;’+55!;%:'+"" = 4n J. . (97)
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“2’7“‘

Dlscussion

The macroscopic'field and constitutive equatlions for
certain special cases may now be considered.
Case I: The microscopic electrostaﬁic case.

In this case we assumé there exists a coordiﬁate system
in which all of the charged particles are at rest, and that
the observer 1ls also at rest in this system. This case is
characterized by the absence of currents, magnetic effects,
and changes with time. The governing macroscopic fileld eqﬁa-
tions are then

VxE = 0 (98)
and VT = v-(E + 40F - 407 + o.0) = dnp . (99)
Since E is here irrotatlional, there exlsts a scalar potential
function ¢(¥) such that E = =V¢ , and thus we obtain the gen-
~eralization of Poisson's equation
Ve = =anfo - V-F + ve(ved) - ...] . (100)
Case II: The macroscopic electrostatic case.

In this case, the centers of gravity of all the molecules
are at rest in their propér coordinate system(this condition
~actuvally defines the proper coordinate system) and the obser-
ver is also at rest in this coordiﬁate system. Then V,=0
for all the molecules, and the convedtion current 3:v=(), 80
that the macroscopic durrent density T is due to conduction
charges only. Also, F=o0, gm 0, and similar equations for

“higher order terms of this type. We have the usual fleld

 equations, but the constitutive relations become
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+ ...), where M = 1,
and D=F+ an(F = V8 +...) .
CaSe ITIT: Moving media.

In this case the centers of gravity of the molecules are
ét rest in their proper coordinate system, but it is moving
with velocity ¥V with respect to the observer. Thus V.= ¥V

~ for all the molecules. Then 3:,, = -ga:' and we have also

::t? = Pxv , g = ﬁx Vv , and similar equations for higher terms.
While the fleld equations still have the same form as Eq.(20)
to (23), BEq.(91) can be put in the form

4 Vxﬁ—%@ = 403 + 4 U@ + 4n Vx(PX¥) - ... . (101)
The term Vx(Px¥) for this case was found experimentally by

Réntgen, and 1s called by Lorentz the Réntgen currentl®,

It is also interesting to note that the macroscopic
chérge and current densitles P and J are not simply averages
of the microscoplc densities a and :j' To show this, we apply

the averaging process to the mlcroscoplc fleld equations and

use the identities (77) to (80). We obtain

F.138 . 5-13E& _ .7
WE +=< =0 (102) B -2 =2 =4ni  (104)
v-B =0  (103) v-E =4rg  (105)

Eq.(102) and (103) are identical with Eq.(20) and (22) of

Maxwell's equations. Subtracting equations (104) and (105)

from (93) and (91), we have

—
-

- (108)
T - T =4anvx (M= G - VU +...) + am QP

3
"'c-' "é""‘ - 'a"EV’E +ooc)

B-p o= man[veF - ve(ved) + L] (107)
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Lorentzl5

explains the first order terms of such differ-
eneés by noting that when we average the microscoplc charge
density, for example, over a macroscoplc volume element, we
count all the charges in the volume element, including not

- only the conduction and convection charges(which appear in
the macroscoplic charge denslty) bubt also charges from mole-
cules vhich have been cut by the edges of the volume element.
He shows that such charges give rise to the term v-F in Eq.
(107). If one considers higher order effects of this kind,
one might explainbthe terms V~(VJ§), etc. in a similar man=
ner. One of the advantages of this devélopment 1s that if we
use this averaging process of Lorentz we do not have to cal-
culate effects due to chafges in molecules cut by the'edges
of the volume element. In this development, ohly those mol~-
ecules whose centers of graﬁity fall within the volume element
contribute to the average, and they contribute their whole ef-
fect, despite the fact that some of the charges of these mole-
cules lie in other volume elements. Thus here we are able to

- avoid this-additional problem both for the terms in ? and'ﬁ,
for which these calculations can be carried out fairly easily,
and for the highér terms involving quadrupole moments,etec.,
for which these calculations have not been carried out and

- where they appear to be considerably more complicated.

The field equations (102) to (105) have certain lnter-

esting differences from Maxwell's equations. Maxwell's
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equations do not completely determine the four fiéld quanti-
ties E,I-B’,'ﬁ',and H when e and T and the boundary conditions are
knewn.' Eg.(102) to (105), however, contain only -15 and E, and
these quantlities will be determined by these equations when g
and ? and the boundary conditions are known. From the defin-
itiéns of P and J in terms of conduction and con\%ection char-
gés we see that they are not defined in terms of simple oper-
ations~ the operational deflinition ivoulci require averaging the
conduction and convection charges only, ignoring other charges
which might be present in the macroscopic volume slement. On
the other hand, ,'6: and 3: do have sifnple operational meanings
in berms of total charge in a volume element and charge pass-
ing through a certaln unit surface per unlt time. Unfortunate-
ly, while it is easy to define g and ? operafionally, it is
not a simple matter to measure them, especially at interior
points of a medium, in a moving medium, etc. But we often
have some knowledge of the conductlion and convection charges
and currents in a particular physical sltuatlon and therefore
uge these approximate values in Maxwell's equations. 8till,
it ‘n: and ;-]; can be determined by measurement or caleulation,
then Eq.(102) to (105) could be used, and the same results
obtained as by use of Maxwell's equations with the generalized
constitutive equations (88) and (89).

If we examine the equations which we have developed, we

- i

k- ; -
" notice that if Q, Oseees M, G,... are all 0, we obtain the
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usual macroscoplic field and constitutive equations. Then the
tensor Mv,and those of higher rank will be 0, and the field

‘equations have the tensor form

3E 3Fyy Fp
e T 3w t 3ms = O
A
JF. M
—a-xif + 4rn ’a;if = 4nd. .

Thus, to this order of approximation, theifield equations are
invariant to Lorentz transformations, a# required by the spec~
1al theory of relativity. If we wished to include the quad-
rupole moment 3 in our field equations, however, and still
keep them invariant, 1t would be necessary to introdncelﬁland
% also, since what appears as -'5 to one observer will appear
as‘ﬁ and'g to an observer moving relatively to the first.
Thus if we wish to use higher order terms in theffield equa- '
~tions and keep them lnvariant, we must introduce béth higher
electrical and higher magnetic moments, including all those

- moments of the same vector, dyadic, triadic, etc. character.
It seems a fortulbtous accident that the magnlitudes of the

| various effects are such that the natural approximation(l.e.,

=z = =X
neglecting Q, M, G, .... in the field equations) is one which

makes these approximate field equations Torentz invariant.
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Conclusions

We have shown that by using the action functlion as de-
veloped in microscopic electrodynamics and by introducing-
the concept of groups of charges, the principle of least ac~-
tion can be used to derive a set of microscopic field equa-
tlons which include effects due to these charge groups. These
equations can be averaged to give the mecroscopic field equa-~
tions (Maxwell's equations) and generalizations of the con-
stitutive equations. These generalized constitutive equatlions
contain effects of higher order electric and magnetic moments
 0£ the charge groups. No arbitrary or extensive assumptions

| éoncerning the nature of these groups were required. The
definitions of the macroscopic quantities were stated in
terms of averages of microscopic guantities, giving greater
‘insight into the nature of such guantities as f\ﬁ.', P, P and J.
Finally, when the generalized constlitutive equations are sub-
stituted into the field equations, the resultant fleld equa-
tlons are put in a tensor form which is invariant to Lorentsz
transformation, as required by the speclal theory of rela-

tivity.
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