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PREFACE

I n  M s  G eo m etric  d e r  Z a h le n  ( p .  147 f f . ) ,  Minkow­

s k i  h a s  c o n s id e r e d  f o r  two l i n e a r  fo rm s w i th  r e a l  co ­

e f f i c i e n t s ,

I := c<x + ^ y ,  ri «  1 x + £ y  (<*<£ -  1 ) ,

t h e  p a r a l le lo g r a m s  | | l  = ItjI = <T w h ich  have  on e ac h  

s id e  a  l a t t i c e  p o i n t ,  b e s id e s  th o s e  w hich  may b e  a t  

v e r t i c e s ,  and  o n ly  t h e  o r i g i n  i n  th e  i n t e r i o r .  He fo u n d  

a n  o rd e re d  s e t ,  o r  "chain*1, o f  m a t r ic e s  P 0 , Px> •••

whose d e te r m in a n ts  a r e  e q u a l to  1 and  i n  th e  colum ns 

o f  e ac h  m a tr ix  a r e  fo u n d  th e  c o o r d in a te s  o f  tw o l a t t i c e  

p o i n t s  on  th e  c o r r e s p o n d in g  p a r a l l e lo g r a m .  T h is  s e t  h a s  

a  f i r s t  te rm  i f  r\ -  0 c a n  be s a t i s f i e d  by r a t i o n a l  i n t e g e r s  

x ,  y ,  n o t  b o th  z e r o ,  and  a  l a s t  te rm  i f  |  = 0 c a n  b e  s a t ­

i s f i e d  by r a t i o n a l  i n t e g e r s  x ,  y ,  n o t  b o th  z e r o .
0 ,  -  e*

S e t PT*P* = Ti ,  th e n  T< i s  o f  th e  form
• e*), g“)

w here  e (^ =  ±  1 and  g r^ i s  a  p o s i t i v e  i n t e g e r .  T h en P * ..*

t r a n s f o r m s  |  and  r\ i n t o  H  = A ^ X  + e^*’ ,‘> XWY and

h| -  -  e ^ / v J  +yu-*.xY, w here >AU )* 0 ,  / ^ _ x > / V 2 = 0 ,

e “l  = ± 1 .  The e x p re s s io n

pCA-t-0 +  1
gtt+l.) + .
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i s  th e  n o rm al c o n tin u e d  f r a c t i o n  d ev elopm en t o f
i

and  t e r m in a te s  o r  i s  i n f i n i t e  a c c o rd in g  a s  t h i s  r a t i o  

i s  r a t i o n a l  o r  i r r a t i o n a l .

I f  I = x  ~ & y ,  r, = y ,  w here  © i s  a  r e a l  num ber su ch  

t h a t  0<- e -  g < . l / 2 ,  g  b e in g  th e  l a r g e s t  i n t e g e r  i n  © ,  th e n

*o =
1 ,  g 0 ,  1 0 , - 1

ss •
0 ,  1 -  1 , 0 g

I n  t h i s  c a s e

g® +
g00 +

i s  th e  no rm al' c o n tin u e d  f r a c t i o n  developm en t o f  © a n d , 

i n  a d d i t i o n ,

Pl i >
c * \

P i s Pl l > P i s
n t k )  
^81> P22 _  ( U  

P.a/* P 22
•

0,  - ( - 1)

( - D * , g

so  t h a t  PjgVpa*! i s  th e  k th  c o n v e rg e n t i n  th e  no rm al 

c o n tin u e d  f r a c t i o n  developm en t o f  © .

In  e i t h e r  e sse  (w h e th e r  o r  n o t  o( = i # p  = _ o ) i f  

p  /«,( i s  i r r a t i o n a l ,  th e n  |®<p£? + p P 2 s |  te n d s  m onoton- 

i c a l l y  t o  z e ro  a s  k i n c r e a s e s ,  w h e re a s , a t  th e  same t im e ,  

| P i 2 | , |P s * a l  a r e  r e l a t i v e l y  p rim e  i n t e g e r s  w h ich  become 

i n f i n i t e  w i th  k .  The r a t i o s  -  P is /P a s »  (k = 0 ,  1 , .•• ,« * > )

a r e  r a t i o n a l  f r a c t i o n s  i n  t h e i r  lo w e s t  te rm s  an d  th e y
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te n d  to w a rd  p/c*  a s  a  l i m i t .  I f  /3/<x *e r a t i o n a l ,  th e n  

^ P i ^  + ^ P s *2 a c t u a l l y  v a n is h e s  f o r  some v a lu e  k o f  k ,  

s in c e  th e  c o n tin u e d  f r a c t i o n  t e r m in a t e s .

S i m i l a r ly ,  g o in g  to w a rd  th e  o th e r  end o f  th e  c h a in ,  

t h e  v a lu e  o f  l*P xx̂  + £ Ps*x| te n d s  m o n o to n ic a l ly  to w a rd  

z e ro  and a c t u a l l y  becom es e q u a l t o  z e ro  i f  and  o n ly  i f  

~ r / £  i s  r a t i o n a l .

We c o n s id e r  i n  t h i s  p a p e r  th e  t h r e e  d im e n s io n a l 

a n a lo g u e  f o r  w hich  I *  ^ ix ^ x  + *x2x 2 + ^ 3X3 ,

T) * « 81x x + ^£,,X2 + °S 3X3,  i  = <*SXXX + <*S 2X2 + ^33X3 ,  

w here  a r e  r e a l  num bers su ch  t h a t  no one o f  th e  

e q u a t io n s  |  = 0 ,  T) = 0 ,  ©,r„ £ = 0  i s  s a t i s f i e d  by i n t e g e r s  

x x,  x 2, x s , n o t a l l  z e r o .  The r e g io n s  c o r re s p o n d in g  to  

th e  p a r a l le lo g r a m s  a r e  now p a r a l l e l e p i p e d s .

I n  t h i s  c o n n e x io n , t h e r e  a r e  two p ro b le m s :

(1 )  To d e v e lo p  a  p r o c e s s  f o r  o b ta in in g  a l l  th e  

p a r a l l e l e p i p e d s  111 = I p i = £T, I £ | o f  su c h  a

n a tu r e  t h a t  on each  f a c e  th e r e  i s  a  l a t t i c e  p o i n t  o th e r  

th a n  th o s e  w hich  may b e  on th e  e d g e s , and  su c h  t h a t  th e  

o r i g i n  i s  th e  o n ly  l a t t i c e  p o in t  i n  th e  i n t e r i o r .  (T h a t 

i s ,  t o  o b t a in  a  c h a in  o f  t h i r d  o r d e r  m a t r i c e s . )

(2 )  ( a )  To d e te rm in e  se q u e n c e s  o f  l a t t i c e  p o i n t s

f o r  w h ich  one o f  th e  l i n e a r  fo rm s te n d s  t o  z e r o .
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(b )  To d e te rm in e  se q u e n c e s  o f  l a t t i c e  p o in t s  

f o r  w h ich  two o f  th e  l i n e a r  fo rm s te n d  s im u lta n e o u s ly  

to w a rd  z e r o *

M inkow ski (A n n a les  de l ’E c o le  N orm als S u p £ r ie u re .  

S e r .  3 ,  X I I I ,  p p . 4 1 -6 0 ) s t a t e d  th e  r e s u l t s  f o r  p ro b lem

(1 )  w ith o u t  g iv in g  p r o o f s .  T h is  p ro b lem  i s  s o lv e d  in  

C h a p te rs  I I  and I I I  o f  t h i s  t h e s i s .

In  C h a p te r  IV b o th  p a r t s  o f  p ro b lem  (2 )  a r e  s o lv e d  

and  a  se co n d  a lg o r i th m  i s  g iv e n  w h ich  f a c i l i t a t e s  th e  

d e te r m in a t io n  o f  se q u e n c e s  o f  l a t t i c e  p o i n t s  s a t i s f y i n g  

th e  c o n d i t io n s  o f  p a r t  ( b ) .
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CHAPTER I

IITRODUCTIOH

H e rm ite 1 h a s  g iv e n  an  e le g a n t  p ro o f  o f  a  th eo rem  

o f  T c h e h y c h e f . T h is  th eo rem  we now p ro p o se  t o  g e n e r a l i z e  

f o l lo w in g  th e  m ethods t h a t  have t h e i r  b e g in n in g s  i n  th e  

S e o m e tr ie  d e r  Z ah len  o f  M inkow ski, T h is  re m a rk a b le  work 

w as d e d ic a te d  t o  H e rm ite , a s  i t s  i n s p i r a t i o n  w as d e r iv e d  

from  th e  above m en tio n ed  p a p e r  among o th e r s  o f  th e  v e ry  

c e l e b r a t e d  F re n c h  m a th e m a tic ia n . P r o f e s s o r  H i l b e r t  i n  

h i s  m em oria l e u lo g y  o f  M inkow ski2 m akes th e  f o l lo w in g  

q u o ta t io n  from  H e rm ite  r e g a r d in g  t h e  w ork o f  M inkow ski, 

"Oh. H e rm ite , dam als d e r  S e n io r  d e r  f r a n z b s i s o h e n  M ath - 

m a t ik e r ,  h a t t e  von A nbeginn  d ie  z a h l e n th e o r e t i s c h e n  

A r b e i te n  M inkow skis m it h dchstem  I n t e r e s s e  und  l e b h a f t -  

e s t e r  F re u d e  v e r f o l g t .  I s  i s t  r u h r e n d , w ie  r u c k h a l t l o s  

e r  d i e  V orziige d e r  M inkow skischen  M ethods g e g en u b e r 

s e in e n  e ig n e n  E n tw io k lu n g en  a n e r k e n n t ,  a l s  M inkow ski ihm 

d i e  eben  b e sp ro c h e n e n  R e s u l t a t e  m i t t e i l t .  Au p re m ie r

1. Oh. Hermite, OEuvre. Ill, p. 513,
2 .  H. M inkow ski, G esam m elte A bhand lungen . I ,  p .  x i v ,

1
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c o u p  d ' o e i l  .1fa i  re o o n n u . so  s c h r e i b t  Ch. H e rm ite  i n  

einem  d e r  a n  M inkowski g e r i o h t e t e n  B r i e f e ,  que vous 

a v ez  e t e  b i e n  a u  d e ls , de mes r e o h e rc h e s  en  n o u s o u v ra n t
Ji

d a n s  l e  dom aine a r i th m e t iq u e  d e s  v o ie s  t o u t e s  n o u v e l l e s .

Und i n  e inem  zw ei J a h r e  s p a te r e n  B r ie f e  vom November 1892 

h e i s z t  e s :  Je . me se n s  re m p li  d 1 e 'tonnem ent e t  de p l a i s i r  

d e v a n t v o s  p r in o ip e s  e t  v o s  r e ' s u l t a t s .  i l s  m* o u v re n t 

oomme u n  monde a r i th m e t iq u e  e n t ie r e m e n t  n o u v e au , ou l e s  

q u e s t io n s  fo n d a m e n ta le s  de n o t r e  s c ie n o e  s o n t  t r a i t e e s  

a v ee  u n  e o l a t a n t  s u c e e s  a u o u e l to u s  l e s  g e o m e tre s  r e n d r o n t  

hommage. Vous v o u le z  b i e n .  M o n s ie u r . —  e t  jje vous en  

s u i s  s in o e re m e n t r e c o n n a is s a n t  —  r a p p o r t e r  a  mes a n o ie n n e s  

r e c h e r c h e s  l e  p o in t  de d e p a r t  de  v o s  b eau x  t r a v a u x .  m ais  

v o u s l e s  a v ez  t a n t  d 6p a s s e e s  q u *e l l e s  ne  g a rd e n t  p lu s  

d 1a u t r e  m et i t  e que d e v o i r  o u v e r t  l a  v o ie  d a n s  l a q u e l l e  

v o u s e t e s  e n t r e '. B H erm ite  w as much to o  m odest r e g a r d in g  

h i s  own w o rk .

M inkow ski s t a t e d  w ith o u t  p r o o f ,  th e  f o l lo w in g  

th eo re m 3 :

L o rsq u e  j a ,  g e s t  u n  p a r a l l e l e p i p e d s  e x tre m e ^

3 .  I b i d . . p p .  2 8 1 -2 8 2 , MZur T h e o r ie  d e r  K e t te n b r u o h e .B 
F i r s t  p u b l is h e d  i n  A n n a les  S e i e n t i f i q u e s  de 1*10016  
N orm als S u p e r le u r e . 8e r .  3 . X I I I .  1 896 . p p . 4 1 -6 0 .

4 .  See b e lo w , D e f in i t io n  5 ,  ex trem e  p a r a l l e l e p i p e d ,  o r  
a u s z e r s t e s  P a r a l le le p ip e d u m .
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p o u r  r\, £ , on a u ra  to u jo u r s

(1 )  a  g / < A }

•[a, g ,  / J o o n t ie n t  e x ac te m e n t un  p o in t  du r e s e a u  s u r  

chaque  f a o e  e t  o e s  p o i n t s  du r e s e a u  o n t d e s  o o o rd o n n ee s  

e 'g a le s  e t  de  s ig n e s  o o n t r a i r e s  p o u r  l e s  f a c e s  a  1 O p p o s i t e  

l e s  u n e s  d e s  a u t r e s .

On p e u t  a l o r s .  e t  o e la  d*une s e u le  m a n !e re . t r o u v e r  

t r o i s  p o i n t s  du r e s e a u

r ,  s ,  t ;  r ' ,  a ' ,  t ';  r " ,  s " ,  t "  

s u r  t r o i s  f a c e s  non op p o sed s

8 = t a ,  *n = z ' g ,  i  = *-*£

t e l s  que

U ' l ' m  + 1

e t  t e l s  q u e . lo r s q u e  l e  sy s tem e £ 1,  tj, £''£ e s t  t r a n s ­

form e p a r  1 » e f f e t  de

r " ± b , ±  0

S , 8 ' , s" en (j) = *  * , g , ±  b

t , t" *  i , ±  k , I

l e s  g ra n d e u rs  a .  b ,  c ,  f ,  g ,  b ,  ;}, e o ie n t  t o u t e s

p o s i t i v e s ,  l e u r s  s ig n e s  e t a n t  r e p r e s e n te s  p a r  u n  d e s  

s i x  sy s te m e s  s u i v a n t s ;
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i  i i ________ m  H _________ v________ v i

+  +  +  +  _  +  —  +  +  -  +  _  +  +  —

-  +  -  +  +  +  -  +  -  - + +  + + -  -  +  -

—  + —  + + + + + -  + -  + + —  +

Le d e te rm in a n t  de  P s e r a ,  d a n s  l e s  o a s  I -V , e g a l  a  1 

e t  d a n s  l e  o a s  VI r e s t a n t  e 'gal a  z e r o ,  e t  l f on a u ra

( 2 ) a > to ,  a  > c ;  g  > h ,  g  > f  j / > j , / > k ;

e t  de p I u b . dans l e s  c a s  in d iq u e s  c i - .d e ss o u s  p a r  l e u r s  

num eros d ’o rd x e . on a u ra  l e s  c o n d i t i o n s  s u i v a n t e s ;

____________I__________________I I _________________ I I I ____________

to + e > a  h  + f  > g  j + k > / ^

f :> b  ou  j x k  k > j  ou b  > c c >  b  ou b  > f

■___________  IV___________________________ V____________________

b  > o ou b  > f  ou j  > k o b  ou f > b  ou k >  j

____________ _ V I________ _

to + c = a ,  b  + f  *  g ,  j  + k  = / / .

U sin g  g e o m e tr ic  c o n c e p ts  w h ich  have toeen em ployed 

i n  o th e r  c o n n e c t io n s  toy M inkow ski, we s h a l l  p ro v e  t h i s  

th e o re m . 5 B e s id e s ,  we s h a l l  d e r iv e  c o m p le te ly  th e

5 . M arie  Z e i s e l  p ro v e d  t h i s  th eo re m  and  gave a  d ev e lo p m en t 
o f  two p a r t s  o f  th e  f i r s t  a lg o r i th m .  He s t a t e d  th e  t h i r d  
a lg o r i th m  i n  i t s  c o r r e c t  form  and  gave  an  exam ple t o  i l ­
l u s t r a t e  th e  c a s e  i n  w h ich  M inkow ski’ s  a lg o r i th m  f a i l e d .  
( K a i s e r l i c h e  Akademie d e r  W is s e n s c h a f te n  (W ien) . S l t z u n g s -  
to e r io h te , GXXVl. 1917 , “Zur Minkowski’ sch en  P a r a l l e l e p i p e d -  
a p p ro x im a t io n . ,‘) (F o o tn o te  c o n tin u e d  on n e x t  p a g e .)
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a lg o r i th m s  s t a t e d  by  M inkowski i n  th e  above o i t e d  p a p e r .

A c o r r e c t i o n  i s  made i n  th e  l a s t  a lg o r i th m *  We s h a l l  a l s o  

s t a t e  an d  p ro v e  s e v e r a l  o th e r  th e o re m s w h ich  g iv e  a  c l e a r e r  

u n d e r s ta n d in g  o f  th e  e n t i r e  s i t u a t i o n *

S e v e ra l  c o n c e p ts  and  d e f i n i t i o n s  n e c e s s a r y  i n  t h i s  

w ork w i l l  now b e  in t r o d u c e d .  A C a r te s i a n  c o o r d in a te  

sy stem  i n  a  t h r e e  d im e n s io n a l  sp a c e  w i l l  b e  u s e d ,  th e  

c o o r d in a te s  r e p r e s e n te d  by  x x, x s ,  x s .

D e f in i t i o n  1 * A l a t t i c e  i s  t h e  t o t a l i t y  o f  a l l  p o i n t s  

w hose c o o r d in a te s  a r e  i n t e g e r s .

D e f in i t i o n  2 . A l a t t i c e  p o in t  i s ,  t h e n ,  any one o f  th e  

p o i n t s  o f  t h e  l a t t i c e .

By em p loy ing  M in k o w s k i^  r e s u l t s  f o r  l a t t i c e  o c ta ­
h e d ro n s  we s h a l l  s h o r te n  one  p o r t i o n  o f  th e  p r o o f  g iv e n  
by  M arie  Z e i6e l ;  a l s o  we s h a l l  g iv e  a  c o m p le te  d e t a i l e d  
d e r i v a t i o n  o f  a l l  t h r e e  a lg o r i th m s .

A ll  p r o o f s  i n  t h i s  p a p e r  h ad  b e e n  w orked o u t by  me 
an d  p r e s e n te d  i n  se m in a r  a t  th e  U n iv e r s i ty  o f  C in c in n a t i  
b e f o r e  I  d is c o v e re d  th e  e x is te n c e  o f  t h i s  p a p e r  by  M arie  
Z e i s e l .

As i s  t o  b e  e x p e c te d ,  c e r t a i n  p a r t s  o f  my r e s e a r c h  
a r e  s i m i l a r  to  th e  c o r re s p o n d in g  p o r t i o n s  o f  th e  above 
m en tio n ed  p a p e r ;  b u t  w h e rev e r p o s s i b l e ,  I  have  a p p l i e d  
th e  more g e n e r a l  th e o r y  d e v e lo p e d  by  M inkow ski, To h i s  
p r o o f s  o f  t h i s  more g e n e r a l  th e o r y  I  r e f e r  i n  t h i s  f i r s t  
c h a p te r  a s  I  in t r o d u c e  th e  n e c e s s a r y  c o n c e p ts  and  de­
f i n i t i o n s .

H aving  p ro v e d  th e  above th eo rem  o f  M inkow ski and  
h a v in g  d e r iv e d  th e  v a r io u s  a lg o r i th m s ,  I  o o r r e l a t e  th e  
m a te r i a l  b y  means o f  some e x is te n o e  th e o re m s .
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D e f i n i t i o n  3 . I f  | ,  r\, £ a r e  t h r e e  in d e p e n d e n t l i n e a r  

e x p re s s io n s  w ith  r e a l  c o e f f i c i e n t s  hom ogeneous i n  th e  

r e a l  v a r i a b l e s  x X9 x 8,  x 3 and  h a v in g  a  d e te rm in a n t  4 ^ 0 ,  

th e n  | | |  = f3,  ItjI = <T, I £ I = ri”,  w here  (T, <T a r e  t h r e e  

a r b i t r a r y  p o s i t i v e  o o n s t a n t s ,  i s  a  p a r a l l e l e p i p e d  w i th  

c e n t e r  o f  sym m etry a t  th e  o r i g i n  and  f a c e s  p a r a l l e l  i n  

p a i r s  t o  t h e  p la n e s  I = 0 ,  -p = 0 , and  £ = 0 .  Such a  

p a r a l l e l e p i p e d  s h a l l  b e  r e p r e s e n te d  by  th e  sym bol { j ° ,  (T, ‘Tj 

The q u a n t i t i e s  , <T, w i l l  b e  c a l l e d  th e  p a ra m e te rs  o f  

th e  p a r a l l e l e p i p e d .

D e f i n i t i o n  4 . F u r t h e r ,  I f  ,  <T, c o n ta in s  no l a t t i c e

p o i n t  o t h e r  th a n  th e  o r i g i n  i n  i t s  i n t e r i o r  i t  s h a l l  b e  

c a l l e d  f r e e .

D e f in i t i o n  5 .  The p a r a l l e l e p i p e d ^ ,  < 7 " , s h a l l  b e  c a l l e d  

ex trem e  i f  i t  i s  f r e e  and  i f ,  a t  th e  same t im e ,  i t  h a s  

on e ac h  o f  i t s  f a c e s  a t  l e a s t  one l a t t i c e  p o in t  o th e r  

th a n  th o s e  w hich  may b e  c o n ta in e d  in  th e  e d g e s .  The 

e x is te n c e  o f  a t  l e a s t  one e x tre m e  p a r a l l e l e p i p e d  w i l l  

b e  e s t a b l i s h e d  i n  C h a p te r  I I .  An ex trem e  p a r a l l e l e p i p e d  

i s ,  t h e n ,  su c h  t h a t  no one o f  i t s  p a ra m e te r s  c a n  be  i n .  

c r e a s e d  w ith o u t  i n t r o d u c in g  l a t t i c e  p o i n t s  i n t o  th e  

i n t e r i o r  o f  th e  p a r a l l e l e p i p e d .

D e f i n i t i o n  6 . The o p e r a t io n  o f  t a k in g  a  s m a l le r  p o s i t i v e
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v a lu e  f o r  p  s h a l l  b e  c a l l e d  lo w e r in g  th e  £- f a c e s ,  and  

t h a t  o f  t a k in g  a  l a r g e r  v a lu e  f o r  p  s h a l l  b e  c a l l e d  

r a i s i n g  th e  E- f a c e s . S im i la r  d e f i n i t i o n s  w i l l  h o ld  f o r  

lo w e r in g  and  r a i s i n g  th e  tv- and  £ - f a c e s .

I n  a l l  t h a t  f o l lo w s ,  one r e s t r i c t s  £ , r\, and  £ 

t o  b e  in d e p e n d e n t l i n e a r  fo rm s o f  su ch  a  n a tu r e  t h a t  

no one o f  th e  e q u a t io n s  £ * 0 ,  tj *  0 ,  o r  £ *  0  i s  s a t ­

i s f i e d  by any l a t t i c e  p o in t  e x c e p t  th e  o r i g i n ,  an d  i t

may b e  assum ed w ith o u t  e s s e n t i a l  r e s t r i c t i o n  t h a t  A > 0 *

Due t o  t h e  r e s t r i c t i o n  p la c e d  on th e  ty p e  o f  l i n e a r  fo rm s , 

t h e r e  c an  b e  a t  m ost one l a t t i c e  p o in t  i n  any  p la n e  

|  *  c o n s t . ,  tj *  c o n s t . ,  o r  £ = c o n s t .  T h e re  a r e  e x a c t ly  

s i x  l a t t i c e  p o i n t s  on  th e  s u r f a c e  o f  e ac h  e x tre m e  p a r a l l e l e ­

p ip e d ,  one and o n ly  one on e ac h  fa c e *

D e f in i t i o n  7 . I f  <T, ff] i s  an  a r b i t r a r y  e x tre m e  p a r a l ­

l e l e p i p e d  f o r  | ,  r\, and  £ , th e  l a t t i c e  p o i n t s  on th e  r*- 

and  £- f a c e s  m ust l i e  i n  d i f f e r e n t  p la n e s  |  *  c o n s t . ,  no 

one o f  t h e s e  p la n e s  b e in g  |  = 0 .  Lower th e  £ - f a c e s  u n t i l  

th e y  to u c h  a  f i r s t  p a i r  o f  l a t t i c e  p o i n t s  i n  th e  t>- o r  

£ - f a e e s .  I f  t h e s e  l a t t i c e  p o i n t s  a r e  th e  o n e s  i n  th e  ty. 

f a c e s ,  t h e  tv -fa c e s  c an  now b e  r a i s e d  and l e a v e  th e

p a r a l l e l e p i p e d  s t i l l  f r e e *  On th e  o th e r  h a n d , i f  t h e s e

p o i n t s  a r e  i n  t h e  £ - f a c e s ,  th e n  th e  £ - f a c e s  c a n  be  r a i s e d
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in s te a d *  R a is e  th e  p o s s ib l e  p a i r  o f  f a c e s  u n t i l  t h e  

p a r a l l e l e p i p e d  becom es e x tre m e . The new ex trem e  p a r a l ­

l e l e p i p e d  th u s  u n iq u e ly  d e te rm in e d  w i l l  b e  c a l l e d  th e  

! - n e ig h b o r  S im i la r  d e f i n i t i o n s  a r e  made

f o r  an  <r>- and  a  t - n e ig h b o r  o f  f p ,  v , f j .  I t  w i l l  b e  

s e e n  t h a t  t h e  r e s t r i c t i o n s  on £ , and  £ r e q u i r e  t h a t  

t h e r e  b e  an  i n f i n i t y  o f  ex trem e  p a r a l l e l e p i p e d s ,  i f  th e  

e x i s te n c e  o f  a  s i n g l e  one b e  e s t a b l i s h e d .  F o r e a c h  o n e , 

w ith o u t  e x c e p t io n ,  w i l l  p o s s e s s  t h r e e  n e ig h b o r s ;  th e  

seq u en ce  o b ta in e d  by  t a k in g  s u c c e s s iv e  ^ - n e ig h b o r s ,  

s t a r t i n g  fo rm  an  a r b i t r a r y  ex trem e  p a r a l l e l e p i p e d ,  i s  

a  seq u en ce  i n  w h ich  no two o f  th e  e le m e n ts  a r e  th e  sam e, 

f o r  th e  f i r s t  p a ra m e te r  i s  l e s s  i n  e ac h  e le m e n t th a n  in  

th e  one w h ich  p re c e d e s  i t .  The t o t a l i t y  o f  t h e  e x trem es  

b e lo n g in g  t o  £ , n ,  an d  £ i s  c a l l e d  th e  c h a in  o f  e x tre m e  

p a r a l l e l e p i p e d s  f o r  | ,  T|, and £ .

D e f i n i t i o n  8 .  An o c ta h e d ro n , sym m etric  a b o u t th e  o r i g i n  

and  h a v in g  e ach  v e r t e x  a t  a  l a t t i c e  p o i n t ,  w i l l  b e  c a l l e d  

a l a t t i c e  o c ta h e d ro n 6 i f  i t  c o n ta in s  on i t s  s u r f a c e  and  i n  

i t s  i n t e r i o r  no l a t t i c e  p o i n t s  o t h e r  th a n  th e  o r i g i n  and  

i t s  v e r t i c e s .

F o r su c h  l a t t i o e  o c ta h e d ro n s ,  th e  d e te rm in a n t  o f  

c o o r d in a te s  o f  t h r e e  v e r t i c e s  p 4,  p 8, no two o f  w h ich

6 .  H* M inkow ski, D io p h a n tiso h e  A p p ro x im a tio n e n . p .  9 7 .
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a r e  sym m etric  to  e a c h  o th e r  w i th  r e s p e c t  t o  th e  o r i g i n ,  

i s  ±  X o r  ±  2 .  I f  t h e  d e te rm in a n t  i s  i  2 ,  th e n  e ach  

p o in t  o f  t h e  form

^  *  (Y i + £)f> i + ( y s + j-)Pa + (Y"a *  g^Pa* (Tfj ,  <f, i n t e g e r s )  

i s  a  l a t t i c e  p o i n t *7

D e f i n i t i o n  9 * I f  f ( x x , x 8,  x 3 ) i s  a  f u n c t io n  s a t i s f y i n g  

t h e  f o l lo w in g  c o n d i t io n s

( 1 ) f ( x x, x 8 , x 3 )>  0 ( ( x x, x 8, x a ) f  ( 0 , 0 , 0 ) ) ,

( 2 ) f ( t x x, t x 8, t x a ) -  t f ( x x, x 8, x a ) ( t  = 0 ) ,

( 3 ) f ( x x,+  y x,  x 8+ y 8, x a + y 3 ) *  f ( x x, x 8, x a )+  f ( y x, y 8, y a ) ,

(4 )  f ( - x x, - x 8, - x a ) = f ( x x, x 8 , x a ) ,

t h e n  f ( x x, x 8, x a ) *  1 d e f i n e s  a  co n v ex  body R w i th  c e n t e r  

o f  sym m etry a t  th e  o r i g i n .

The f u n c t io n  f ( x x, x 8, x a ) i s  t o  b e  c a l l e d  a  g e n e r a l i z e d  

d i s t a n c e  f u n c t i o n * M inkow ski h a s  shown th e  e x i s t e n c e  o f  

su c h  a  f u n c t io n  f o r  an  a r b i t r a r y  convex  body w i th  o e n te r  

o f  sym m etry a t  th e  o r i g i n *8

I f  a  l a t t i c e  o c ta h e d ro n  h a s  a l l  i t s  v e r t i c e s  on th e  

s u r f a c e  o f  R and i f  t h r e e  o f  t h e s e  v e r t i c e s  n o n -c o p la n a r

7 * I b i d . . p .  1 0 0 .

8 * G eo m etrie  d e r  Z a h le n . p .  3 6 . Symmetry a b o u t th e  o r i g i n  
was n o t  assum ed i n  th e  g e n e r a l  t h e o r y ,  c o n s e q u e n t ly ,  con ­
d i t i o n  (4 )  does n o t  o c c u r  t h e r e .
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w ith  th e  o r i g i n  a r e  d e n o te d  by  Ax : (a j., , a n , , a l # ) ,

A * :( a 8 i , a a 8 ,a a a )»  Aa * ( a ax , a a g , a a a ) ,  th e n  th e  t r a n s ­

fo rm a t io n

x i  ~ + a 3 iXg + a 31Xa

x 8 ■ a l s Xx + a 8gXg + a 3SXa ( d e t . i a - l  »  ±  1 o r  ±  2 ) ,
0

X3 *  8>X}XX + a 3 9^S "*■ a 3S^3

t r a n s fo r m s  f ( x x, x 8 , x a ) i n t o  F(X x,X 8,X a ) w h ich  s a t i s f i e s  

th e  c o n d i t i o n s  (1 ) -  ( 4 ) .

M inkow ski h a s  p ro v e d  th e  f o l lo w in g  r e s u l t s : 9

1 ) I f  th e  d e te rm in a n t  l a ^ l  ■ i l ,  t h e n  R c o n ta in s  

i n  i t s  i n t e r i o r  no l a t t i c e  p o i n t s  ( x x, X g , x a ) o t h e r  th a n  

t h e  o r i g i n ,  i f  an d  o n ly  i f

F(X x,X s ,X a ) *  1 

f o r  e a c h  o f  th e  tw e n ty - tw o  fo l lo w in g  s e t s  o f  v a lu e s  f o r  

(X x .X a ,* .) :

( 0 ,  1 ,  i  1 ) ,  ( 1 ,  0 ,  ±  1 ) ,  ( 1 ,  t 1 ,  0 ) ,  ( 1 ,  ±  1 ,  ± 1 )

( 1 ,  ±  1 ,  ±  2 ) ,  (1 ,  ±  2 ,  ±  I ) ,  ( 2 ,  i  1 ,  ±  1 ) ,

w here  a l l  p o s s ib l e  c o m b in a tio n s  o f  s ig n s  a r e  t o  b e  ta k e n .

2) I f  th e  d e te rm in a n t  l a ^ l  = ± 2 ,  th a n  R c o n ta in s  

i n  i t s  i n t e r i o r  no l a t t i c e  p o i n t s  o th e r  th a n  th e  o r i g i n ,  

i f  and  o n ly  i f

9 .  D lo p h a n tis c h e  A p p ro x im a tio n e n . pp* 1 0 2 -1 0 3 , and  
O esam m elte A bhand lungen . I I ,  p .  13*
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r ( x „ x „ x , )  2  i

f o r  e ach  o f  th e  f o u r  fo l lo w in g  s e t s  o f  v a lu e s  f o r  

( I , , ! ! , ! . )
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CHAPTER II

BASIC PROPERTIES OF EXTREME PARALLELEPIPEDS

B eoause  o f  i t s  ex trem e  l e n g t h  th e  th eo rem  o f  Min­

kow ski s t a t e d  i n  C h a p te r  I  w i l l  b e  h e re  d iv id e d  i n t o  

s e v e r a l  th e o re m s . U n le s s  s p e c i f i c a l l y  s t a t e d  o th e r ­

w is e ,  a l l  th eo re m s w i l l  b e  f o r  f ,  *rj, £ o f  th e  s p e c i a l  

ty p e  assum ed a b o v e .

Theorem  2 .1  I n  a  f r e e  p a r a l l e l e p i p e d  f o r  f ,  r\, an d  

t  th e  i n e q u a l i t y  >̂<r'T< a  i_s a lw ay s  s a t i s f i e d .^

The p a r a l l e l e p i p e d  l | l  = Iril = 0", l£ |  ^  T”i s  a  

convex  body  w ith  c e n t e r  o f  sym m etry a t  th e  o r i g i n .  The 

volum e o f  su ch  a  p a r a l l e l e p i p e d  i s  V »  2*^cr<r / A  . 2 Sup­

p o se  > a ,  th e n  V > 2® an d  th e  p a r a l l e l e p i p e d ,  from  

a  th eo rem  on convex  b o d i e s ,3 m ust c o n ta in  a t  l e a s t  two 

l a t t i c e  p o i n t s  o th e r  th a n  th e  o r i g i n  i n  i t s  i n t e r i o r .

B u t su c h  i s  n o t  th e  c a s e  f o r  a  f r e e  p a r a l l e l e p i p e d ,  

t h e r e f o r e ,  |°<TT = A,  Suppose «  a ,  th e n  V = 2 a and

1 .  To p ro v e  t h i s  th eo rem  H. Monk ow s k i  r e f e r s  t o  a n o th e r  
th eo rem  f i r s t  s t a t e d  i n  a  l e t t e r  t o  C h a r le s  H e rm ite  (H. 
M inkow ski, G esam m elte A bhand lungen . p .  266 f f * ) ,  and 
l a t e r  p u b l is h e d  in  H is  G eo m etrie  d e r  Z a h le n . p p .  1 0 2 -1 0 6 .

2 .  H. M inkow ski, G eo m etrie  d e r  Z a h le n . p .  6 8 .

3 .  I b i d . .  p .  7 6 .

12

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

t h e  p a r a l l e l e p i p e d ,  i f  i t  c o n ta in s  no  l a t t i c e  p o i n t s  

o th e r  th a n  th e  o r i g i n  i n  i t s  i n t e r i o r ,  m ust c o n ta in  

a t  l e a s t  f o u r t e e n  l a t t i c e  p o i n t s  on i t s  s u r f a c e . 4  I t  

i s  Im p o s s ib le  to  d i s t r i b u t e  t h e s e  f o u r t e e n  l a t t i c e  

p o i n t s  on th e  s i x  f a c e s  o f  th e  p a r a l l e l e p i p e d  w ith o u t  

h a v in g  a t  l e a s t  one f a c e  w i th  two o r  more l a t t i c e  p o i n t s  

on i t .  B u t t h i s  i s  c o n t r a r y  t o  t h e  h y p o th e s is  t h a t  none 

o f  th e  p la n e s  t  = 0 ,  T) = 0 ,  and  £ = 0 c o n ta in s  o th e r  

l a t t i c e  p o i n t s  th a n  th e  o r i g i n . 5 T h e re fo r e ,  t h e  th eo rem  

i s  p ro v e d .

I t  i s  by t h i s  th eo rem  t h a t  th e  e x is te n c e  o f  a t  

l e a s t  one ex trem e p a r a l l e l e p i p e d  c an  b e  e s t a b l i s h e d .

‘a r y  p a r a l l e l e p i p e d  f o r  f ,  «p, 

w here  0  < © <1 i s  a  p a r a l ­

l e l e p i p e d  s i m i l a r  t o  th e  o r i g i n a l  an d  s im a r ly  p la c e d  

a b o u t th e  o r i g i n .  I f  one d e c r e a s e s  © to w a rd  z e r o ,  th e  

t h r e e  a l t i t u d e s  and  a l s o  th e  volum e o f  th e  p a r a l l e l e p i p e d  

t e n d  t o  z e r o .  When 9  i s  e q u a l t o  a  s u f f i c i e n t l y  sm a ll 

c o n s ta n t  ©0 th e  p a r a l l e l e p i p e d  w i l l  l i e  e n t i r e l y  w i th in  

th e  cube w i th  c e n t e r  a t  th e  o r i g i n  and  ed g es  p a r a l l e l  t o

4 . I b i d . . p .  85 .

5 .  See Theorem  2 .2  b e lo w .

L e t | ^ 0 ,  <Te ,  b e  a n  a rb

a n d  i ,  t h e n ,  {©(°o, e (ro*
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t h e  t h r e e  a x e s .  The p a r a l l e l e p i p e d  6 o <J'o» 6 o(I‘oJ

i s  th e n  f r e e ,  s in c e  i t  c a n  c o n ta in  no l a t t i c e  p o in t  

o th e r  th a n  th e  o r i g i n  i n  i t s  i n t e r i o r .  K eep ing  th e  

l a s t  two p a ra m e te r s  c o n s t a n t ,  i n c r e a s e  th e  f i r s t  p a r a ­

m e te r  o f  th e  p a r a l l e l e p i p e d  c o n t^iau-

o u s ly  from  (° = 0©fo u n t i l  th e  p a r a l l e l e p i p e d  f i r s t  con­

t a i n s  on  th e  | - f a c e s  l a t t i c e  p o i n t s  w hich  a r e  n o t  on th e  

Tj- o r  t - f a c e s ;  t h e  p a r a l l e l e p i p e d  re m a in s  f r e e .  L e t 

t h i s  c o r re s p o n d in g  v a lu e  f o r  h e  f * .  Such a  num ber 

e x i s t s ,  f o r  th e  in c r e a s e  o f  th e  f i r s t  p a ra m e te r  t o  t h e  

v a lu e  ^  -  h/(eQ<7"0 'f0 ) i n s u r e s  t h a t  th e  p a r a l l e l e p i p e d  

i s  no lo n g e r  f r e e .  Then ^ x < a / ( e o r ©'r© ). I n c r e a s e  

th e  seco n d  p a ra m e te r  o f  f ( \ ,  (r9 e 0q'0'̂  c o n t in u o u s ly  from  

(T a  Ge r0 u n t i l  t h e  T j-faces f i r s t  c o n ta in  l a t t i c e  p o i n t s  

w hich  a r e  i n  n e i t h e r  th e  | -  n o r  th e  £- f a c e s ,  t h e  p a r a l ­

l e l e p i p e d  re m a in in g  f r e e .  L e t 0~x b e  th e  c o r re s p o n d in g  

v a lu e  o f  th e  second  p a ra m e te r  <T. Then <TX < A / ( e 0 f°xT0 ) , 

F i n a l l y ,  in c r e a s e  th e  t h i r d  p a ra m e te r  o f  f ( ° x, G~Xt 

c o n t in u o u s ly  from  ^  = &0 T0 u n t i l  th e  £ - f a c e s  f i r s t  con­

t a i n  l a t t i c e  p o i n t s  w h ich  a r e  i n  n e i t h e r  th e  | -  n o r  th e  

r i - f a c e s ,  t h e  p a r a l l e l e p i p e d  re m a in in g  f r e e .  L e t x be  

t h e  new v a lu e  o f  th e  t h i r d  p a r a m e t e r <T . Then < &/((°xcrx ) ,  

and  th e  p a r a l l e l e p i p e d  {(°x,  ^ i ,  ^ i  \  ex trem e  a s  w e l l  a s
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f r e e .

I t  i s  se en  a t  onoe how Theorem  2 .1  a p p l i e s  t o  p ro v e  

a l s o  th e  e x i s te n c e  o f  th e  t h r e e  n e ig h b o rs  o f  a  g iv e n  

e x tre m e  p a r a l l e l e p i p e d .  T h is  th eo re m  i n s u r e s  t h a t  th e  

p a ra m e te r s  do n o t  become i n f i n i t e .  The t h r e e  n e ig h b o r s ,  

how ever, do n o t a lw ay s  e x i s t  when one o f  th e  e q u a t io n s  

|  * 0 , tj *  0 ,  o r  £ = 0 i s  s a t i s f i e d  by  o th e r  l a t t i c e  

p o i n t s  b e s id e s  th e  o r i g i n ;  f o r  i n  t h i s  c a s e  d im in u t io n  

o f  one o f  th e  p a ra m e te r s  t o  z e ro  may b e  n e c e s s a r y  b e ­

f o r e  a n o th e r  c an  b e  in c r e a s e d ;  c o n s e q u e n t ly ,  when one 

d e c r e a s e s  t h i s  p a ra m e te r  t o  z e r o ,  th e  e n t i r e  dom ain i s  

s i t u a t e d  i n  a  p la n e  and  h a s  no i n t e r i o r ,  b o th  o f  th e  

o th e r  p a ra m e te r s  c an  th e n  b e  i n c r e a s e d  i n d e f i n i t e l y .

The r e g io n  c o r re s p o n d in g  to  th e  n e ig h b o r  i s  no lo n g e r  

a  p a r a l l e l e p i p e d  b u t  an  e n t i r e  p l a n e .

Theorem  2 .2  The p a r a l l e l e p i p e d  | a .  g . c o n t a i n s ,  

b e s id e s  th e  o r i g i n ,  e x a c t ly  s i x  l a t t i c e  p o i n t s ,  one on 

e ac h  f a c e ,  on o p p o s i te  f a c e s  l a t t i c e  p o i n t s  w i th  co ­

o r d i n a t e s  t h e  n e g a t iv e s  o f  e a c h  o t h e r .

S in c e  | ,  tj, and  £ a r e  hom ogeneous l i n e a r  fo rm s , 

th e  a b s o lu te  v a lu e  o f  any one o f  t h e s e  l i n e a r  fo rm s i s  

th e  same f o r  a  p o in t  p  w i th  c o o r d in a te s  ( p x, p s ,  p 3 ) 

a s  i t  i s  f o r  th e  p o in t  -  p  w i th  c o o r d in a te s  ( -  p x, -  p 2, -  p 8 ) .
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T h e r e f o r e ,  i f  p  i s  a  l a t t i c e  p o in t  on th e  s u r f a c e  o f

T h e re  a r e  s i x  f a c e s  t o  th e  p a r a l l e l e p i p e d  and  e ac h  

c a n  c o n ta in  a t  m ost one l a t t i c e  p o i n t ;  f o r  su p p o se  two 

l a t t i c e  p o i n t s  p  and  -q w ere  i n  th e  same f a c e ,  th e n  th e  

p o in t  p  -  -q w ith  c o o r d in a te s  ( p x-  q x,  p 2 -  q 2,  p s -  q 3 ) 

w ould make one o f  th e  l i n e a r  fo rm s | ,  o r  £ v a n is h .

B ut t h i s  i s  c o n t r a r y  t o  th e  h y p o th e s is  t h a t  th e  o r i g i n  

i s  th e  o n ly  l a t t i c e  p o in t  i n  any o f  th e  p la n e s  1 = 0 , 

r) = 0 ,  o r  £ »  0 .

From th e  d e f i n i t i o n  o f  an  ex trem e  p a r a l l e l e p i p e d ,  

e a c h  f a c e  m ust c o n ta in  a t  l e a s t  one l a t t i c e  p o in t  

w h ich  i s  i n  no o t h e r  f a c e .  T h e r e f o r e ,  e ac h  f a c e  con­

t a i n s  e x a c t l y  one l a t t i c e  p o i n t ,  and  t h i s  l a t t i c e  p o in t  

i s  th u s  n o t  on a n  e d g e . The w hole  s u r f a c e  th e n  c o n ta in s  

e x a c t ly  s i x  l a t t i c e  p o i n t s .

Theorem  2 .3  One can  a lw ay s  s e l e c t  from  th e  l a t t i c e

o p p o s i te  one a n o th e r ,  so  t h a t  e xe ze s  = + 1 an d  so  t h a t

6 .  The q u a n t i t i e s  e x,  e 2,  e s ,  a r e  e q u a l  t o  ±  1 ,  s in c e  th e  
t h r e e  p la n e s  c o n c e rn e d  a r e  th o s e  c o n ta in in g  f a c e s  o f  / a ,  g

p o i n t s  P i ^ p f ,  p ^ , pcJ ) ,  p 2 : (p Cf ,  p ? ,  pfs ) ,  and  p 3 : ( p f ,  p f ,  p ^ )  

on  r e s p e c t i v e  f a c e s  |  ■ e xa ,  r\ = e 2g ,  and  £ -  n o t
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when th e  m a t r ix  o f  c o e f f i c i e n t s  o f  th e  l i n e a r  fo rm s 

® i l ,  e 8r), e 3 £ is .  t r a n s fo rm e d  by
rSl)P l»

_(8)
P i , P ? a , + h -  D, ±  c

(l)
Pa> Ps» a . i n t o  <I - g , i  fa

p(l)P a ,
_C8)
Pa* p(? i  h ± k , X

th e n  th e  num bers a ,  b ,  e ,  f ,  g ,  h ,  k ,  and  /  w i l l  

b e  a l l  p o s i t i v e  and th e  m a tr ix  w i l l  have  one o f  th e  

f o l lo w in g  s i x  sy s te m s  o f  s i g n s :

I ________ XI________ I I I  IV_________ V VI

+  +  +  +  — —  +  — —  +  +  —  +  —  +  +  —  —

— + — +  + +  — + — — +  +  +  +  — —. +  —

— — +  — — +  +  +  +  +  — +  — +  +  mm mm +  j

and  a l s o .  a > b ,  a > c ;  g > f .

I n  th e  p r o o f  o f  t h i s  th eo rem  s e v e r a l  lemmas w i l l  be

used*

Lemma 2 .1  Ho two o f  th e  s i x  l a t t i c e  p o i n t s  on th e  

s u r f a c e  o f  an  ex trem e  p a r a l l e l e p i p e d  f o r  r\, and  £ c an  

l i e  i n  t h e  same one o f  th e  o c t a n t s  fo rm ed  by  th e  p la n e s  

g = 0 ,  T) -  0 ,  I = 0 .

Assume two o f  th e s e  s i x  p o i n t s ,  *  and  -fl, a r e  i n  one 

an d  th e  same o c t a n t .  D enote  by  £ ( - r ) ,  K -6)* **■}(*)» *n('S), 

■£;(*), an d  £ (-b ) t h e  v a lu e s  o f  t | ,  and  £ f o r  r  a n d -s*  

Then
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£ ( * )  =  e ^ ,  ri(a?) =  e 2 Ax ,  £ ( * )  =  e 3/ \ ,

£ (e )  = e x k’s ,  <n(«) b e 8 As , £(-s) = e a/ ^ ,  

w here  ■ ± 1 ( i  = 1 , 2 , 3 ) and

0 <K- £ a ,  0 ^ ; ^ g ,  0 < / ^ i /  ( 1 = 1 , 2 ) .

Due t o  t h e  d i s t r i b u t i v e  p r o p e r ty  o f  l i n e a r  fo rm s o n e  h a s  

l ( r - - s )  = e x (Kr -tf2) ,  p(a?_-s) *  e 8 (Ax_A8) ,  £ (* -* )  =

From Theorem  2 .2  th e  p o i n t s  *  and  -e a r e  n o t  i n  t h e  same 

p la n e  |  = c o n s t . ,  r) «  c o n s t . ,  o r  £ = c o n s t .  I t  w ould 

f o l lo w ,  t h e n ,  t h a t

0  ^  I | < a ,  0  = |^ ( a ? - s ) l  < g ,  0  = I £ ( r - e )  I < / .

S in c e  *  and  -e w ere assum ed d i s t i n c t  p o i n t s ,  i t  i s  se e n  

t h a t  r  -  -s i s  n o t  th e  o r i g i n .  A l a t t i c e  p o in t  -r -  -e,

n o t  th e  o r i g i n ,  c o u ld  th e n  b e  w i t h in  th e  e x tre m e  p a r a l ­

l e l e p i p e d ,  b u t  t h i s  c o n t r a d i c t s  th e  d e f i n i t i o n  o f  su ch  

a  p a r a l l e l e p i p e d .  T h e r e fo r e ,  t h e  a s su m p tio n  t h a t  two 

l a t t i c e  p o i n t s  c o u ld  b e  i n  th e  same o c ta n t  i s  u n te n a b le  

an d  th e  lemma i s  p ro v e d .

Lemma 2 .2  I f  * x, -a?8, r 3 , -  r x ,  -  r 8,  -  -r3 a r e  th e  

s i x  l a t t i c e  p o i n t s  on th e  s u r f a c e  o f  th e  e x tre m e  p a r a l l e l -  

S E iE S d ( a ,  8 , / j .  ih e n  t h e r e  i s  a  u n i s * j a j ,  o f  c h o o s in g  

t h r e e  l a t t i c e  p o i n t s  -ql9 -qs ,  an d  -g3 from  th e s e  s i x  so

t h a t  -eh i s  i n  th e  p la n e  £ = a .  -qa i n  th e  p la n e  rj = g ,

an d  -q , i n  t h e  p la n e  £ -  j l  * In  t h e  m a tr ix

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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I t e s ) , l ( - q a ) : 'a,: b , -  ±  o

• n U i ) , T l U a ) , • n U a ) : &  £  h 9

S U i ) , S U s ) » S(-q3 )
;

where

a  * U ( ^ ) l ,  b  = i e U a ) l ,  o -  i K i u J l *

f  « ItiC ^ )!, g = t*nC-€i») I > h = N U a)!#

3 = h “  I C(-^2) I * — f£(-*ta)l*

the system of signs must be one of the follow ing twenty-four;

1 ________ £________ 2 _________&________ 5_ ________Sl

+ + + + + - + - + + — - + — - + - —

+ ' + - + + + + + - + + — + 4* + + + -

+ - + •f - + + + + + + + + — + + - +

7 8 9 10 11 12

+ + + + + - + - + + - + + — + + - -

+ + *- + + + + + + + + - + + + + + +

. -  + + - + + - + + — + + -  - + ----- +

13 14 15 16 17 18

+ + + + + - + + + + + + + — + + - —

-  + - - + - - + + -  + - — + + -  + -

-  + + - + + - - + -  - + + ----- +

19 20 21 . 22 23
+ + - + + - + + + + + - + — + + — -

-  + + - + - - + + — + + _  + + -  + -

+ + + + + + + — + + - + + + + + + + 5
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a l s o .  a > b ,  a  > o ;  g > f ,  g > h j

The f i r s t  s t a t e m e n t  i n  Lemma 2 .2  f o l lo w s  d i r e c t l y  

from  Theorem 2 . 2 ,  t h e  seco n d  s t a t e m e n t  i s  a  c o n seq u e n ce  

o f  Lemma 2 . 1 ,  and  t h e  i n e q u a l i t i e s  a t  t h e  end  o f  t h e  

lemma a r e  a  con seq u en ce  o f  t h e  d e f i n i t i o n  o f  an  ex trem e  

p a r a l l e l e p i p e d  and  t h e  r e s t r i c t i o n s  im posed  on £, r\, 

and  £.

The t w e n ty - f o u r  sy s te m s  o f  s i g n s  c a n  b e  s u b d iv id e d  

i n t o  s i x  c l a s s e s  a s  f o l lo w s j

Choose e x, e 8, and e a equal to  + 1  or -  1 independ­

en tly  of each o th er; then e ^ K e ^ jJ  ■ ©a^(ea-qa) =

*l(-«la), and ea£(ea<|a) .« S fas). Let p x * e x-qx, f>8 = e 8q 8, 

and p a = e3-q3. The m atrix

$

d i f f e r s  f ro m  t h e  m a t r i x ^  o n ly  i n  t h e  s i g n  a t t a c h e d  t o  e a c h  

e le m e n t .

Lemma 2 .3  F o r  e a c h  o f  t h e  t w e n ty - f o u r  sy s te m s  o f  s i g n s  

i n  t h e  m a t r i x  lip . i n t e g e r s  e x, e 2, an d  e a c a n  b e  c h o se n  i n  

one and  o n ly  one way so  t h a t  e xe 8e a = + 1 and  so  t h a t  t h e  

m a t r ix  §) h a s  one o f  t h e  s i x  f o l lo w in g  sy s te m s  o f  s i g n s ;

© x l t e x b © x t ( p a ) > © x S f e a ) ® x ® l l (^ [x ) i © x ^ a S O q a ) ,

m ©a*}(Px)» © a ^ ( P a ) , ©a^CPs) S e 8ex*n(-qx ) , e 8e 8*n(-q8 ) ,

©s£(l>x)> © s £ ( p a ) > © a $ ( P s ) ® s ® x t k x ) > ©s©aS(-qa)»
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1 II I I I  IV________ V VI

+  +  +  +  — — +  — — +  +  — +  — +  +  — —

— + — ■+• + + — + — — + + + + — — + —

— — + — — + + + + + — + — + + — — +

S ix  o f  th e  tw e n ty - f o u r  sy s te m s  a r e  i d e n t i c a l  w i th  t h e s e  

s i x ,  A b r i e f  i n s p e c t i o n  w i l l  show what v a l u e s  t o  t a k e  f o r  

e x,  e 8, an d  e a i n  t h e  o t h e r  e i g h t e e n  o a s e s .  The f o l lo w in g  

t a b u l a t i o n  g iv e s  i n  e ac h  c a s e  t h e  e^ w h ich  h a v e  t o  b e  

t a k e n  n e g a t i v e  and  g i v e s  a l s o  t h e  sy s tem  o f  s i g n s  w hich  

t h e  m a t r ix  $  assum es u n d e r  t h i s  s e l e c t i o n  o f  e ^ .

1 ,  62 , e 3 ,V I ;  2 . e ^ e ^ I H ;  3* 4 ,  ® i*ea , l V ;

S .  e x, e 8,V ; 6 ,  e 8, e a , I ;  7 .  e 8, e a , I I I ;  8 ,  e 1 , e a ,V I ;

9 .  e i , e a , I ;  1 0 .  n o n e ,  V; 1 1 .  e 8 , e a , IV ;  1 2 .  n o n e , I I ;

1 3 .  e x, e 8 , I V ;  1 4 .  e x, e 3, I I ;  1 5 .  e x, e 3 ,V; 1 6 .  n o n e , I ;

1 7 .  e x , ® * , ! ! ! ;  1 8 ,  n o n e ,V I ;  1 9 .  e x, e 8, I ;  2 0 .  e 8, e 3 ,V ;

2 1 .  e 8, e a , I I ;  2 2 .  n o n e ,IV ;  2 3 .  e x, e 8,V I ;  2 4 .  n o n e , I I I ;

The s i x  sy s te m s  o f  s i g n s  I  -  VI w i l l  b e  c a l l e d  t h e  

no rm al s y s te m s .

R e g a rd  th e  t r a n s f o r m a t i o n  o f  a  m a t r ix  by  t h i s  p r o c e s s  

a s  an  o p e r a t i o n  on t h e  m a t r ix  a p a r t  from  any c o n s i d e r a t i o n  

i n  c o n n e c t io n  w i th  t h e  p ro b le m . I t  i s  a t  once  s e e n  t h a t  

i f  t h e  m a t r ix  $5 i s  o p e r a t e d  upon by  t h e  same t r a n s f o r m a t i o n  

( i . e . ,  t h e  same s e t  o f  e ^ )  a s  t h a t  w h ich  t r a n s f o r m e d 1̂  i n -
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t o  <§, t h e n  w i l l  h e  t r a n s f o r m e d  b a c k  i n t o  U*.

More g e n e r a l l y ,  i f  a  t r a n s f o r m a t i o n  w i t h  one c h o ic e  

o f  eji i s  f o l lo w e d  by  a  t r a n s f o r m a t i o n  w i t h  a  d i f f e r e n t  

c h o ic e  e ^ ,  t h e  t o t a l  e f f e c t  i s  t h a t  o f  one t r a n s f o r m a t i o n  

i n  w hich  t h e  o h o ic e  i s  t o  b e  t a k e n  a s  e ;  «  e ; e'- ( i  = 1 ,JU A A % 9

2 ,  3 ) .  I t  a p p e a r s  a t  once  t h a t  any  c h o ic e  o f  t h e  ej,o t h e r  

t h a n  t h o s e  l i s t e d  above t r a n s f o r m s  i n t o  a  m a t r i x  w hich  

h a s  none o f  th e  s i x  no rm al s y s te m s ,  b u t  w h ich  h a s  a  d i f ­

f e r e n t  one o f  t h e  e ig h t e e n  o t h e r  s y s te m s .  F o r  exam ple , 

t h e  sy s tem  1 i s  t r a n s f o r m e d  i n t o  t h e  sy s tem  23 by  e 8 ■ 1 ,

©i = e 8 « -  1 .

I t  i s  n o te w o r th y  t h a t  th e  lemma c o u ld  j u s t  a s  w e l l  

have  b e e n  s t a t e d  t h a t  t h e r e  i s  a  u n iq u e  way o f  s e l e c t i n g  

i n t e g e r s  e l f  e 8, and  e 3 s £  t h a t  t h e  p r o d u c t  e l e 2e s = -  1 

and  so t h a t  t h e  m a t r ix  Q  h a s  one o f  t h e  s i x  n o rm al sy s te m s  

o f  s i g n s . T h is  i s  o b v io u s  i f  one n o t e s  t h a t  c h a n g in g  t h e  

s i g n s  o f  a l l  t h e  e^ a t  one and  t h e  same t im e  d o e s  n o t  

a f f e c t  t h e  m a t r ix  <$.

The ex tre m e  p a r a l l e l e p i p e d s  a r e  t o  b e  c l a s s i f i e d  

a c c o r d in g  t o  th e  n o rm al sy s tem  o f  s i g n s  i n  3>, t h a t  i s ,  

a o c o r d in g  t o  s i x  d i s t i n c t  t y p e s  o f  d i s t r i b u t i o n s  o f  t h e  

l a t t i c e  p o i n t s  on t h e  s u r f a c e  o f  t h e  p a r a l l e l e p i p e d .

Theorem 2 .3  i s  fo u n d  t o  b e  p ro v e d  i n  t h e  com bined
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r e s u l t s  o f  Lemmas 2*2 an d  2 . 3 .  f o r  when t h e  -a . and  t h e  e ;A- A
a r e  u n i q u e l y  d e te r m in e d ,  so  a l s o  a r e  t h e  -p^.

Theorem 2 .4  A c c o rd in g  a s  t h e  norm al sy s te m  o f  s i g n s  

i n  (j) i s  t h e  sys tem  I ,  I I ,  • * • ,  o r  V I , t h e  e le m e n ts  o f  t h e  

m a t r ix  ([) s a t i s f y  t h e  f o l lo w in g  c o n d i t i o n s  l i s t e d  u n d e r  t h e  

c o r r e s p o n d in g  n u m e ra l :

_________ I__________________I I _________________I I I ___________

b + c > a ,  f  + h ’ g ,  j  + k > / ,

f  ,> h  o r  j  > k k  v j  o r  t  > o c > b  o r  h > f

 ________ IV______________ V_______________________ VI

b y e  o r  h > f  o r  jy k  c^b  o r  f  >h o r  k > j b + c « a ,  f+ h= g , j + k = JL

among t h e  two o r  t h r e e  c o n d i t i o n s  s e p a r a t e d  by  t h e  word

11 o r 11, a t  l e a s t  one m ust b e  s a t i s f i e d  e a c h  t i m e .

The p r o o f s  f o r  t h e  i n d i v i d u a l  c a s e s  f o l l o w  s e r i a t i m :

I .  I n  t h i s  c a s e  one h a s

e l | ( p 1) = a  e x f ( p 8 ) = b ,  e x | ( p 3 ) = c ,

e 8<n(px) = -  f ,  e 2<n(p2) «  g ,  e 8ri(f>3 ) = -  h ,

e 3 t ( f i )  = -  3 , e 3 £ ( p 2) = -  k ,  e 3£ (p 3 ) = / .

The v a lu e s  o f  g, r\, and  £ f o r  t h e  l a t t i c e  p o i n t  p  = p 8 + p 3

a r e

! ( ? )  *  E(Pe) + l ( p 3 ) *  e x (b + c ) ,

r \ b )  ■ *n(p8 ) + <n(f)3 ) = e 8 (g  -  h ) ,

£(?) -  £(f>a) + £(f>3) -  es ( -  k +A)»
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T h is  p o i n t  p  i s  o b v io u s ly  n o t  t h e  o r i g i n  s i n c e  l | ( p ) l  

h a s  t h e  v a l u e  b + e > 0 .  Then t h e  p o i n t  p  c a n n o t  b e  i n  t h e  

i n t e r i o r  o f  t h e  ex trem e  p a r a l l e l e p i p e d .  T h e r e f o r e ,  s i n c e  

r) and  $ have  a b s o l u t e  v a lu e s  l e s s  t h a n  g and  r e s p e c ­

t i v e l y ,  i t  f o l lo w s  t h a t  l | ( p ) l  £  a ,  i .  e . ,  b  + c ^  a .  

Suppose t h a t  b  + c = a ,  t h e n  | ( p )  = e xa ,  b u t  t h i s  i s  t h e  

v a lu e  o f  £ ( p x) .  T h ere  i s  a t  m ost one l a t t i c e  p o i n t  i n  

t h e  p l a n e  £ «  e xa ,  h ence  p  = -px * T h is  r e q u i r e s  t h a t  

•n(p) « *n(px ) » - e 8f ,  w h e reas  i t  h a s  b e e n  s e e n  t h a t

i^(p) *  e 8 (g -  h ) j  t h e n  g -  h  = -  f .  But t h i s  i s  im­

p o s s i b l e  s i n c e  g >  h  and  f  > 0 by  v i r t u e  o f  Theorem 2 . 3 . -  

Thus t h e  c o n d i t i o n  b + c > a  i s  p r o v e d .

The v a lu e s  o f  £, <q, and  £ f o r  t h e  l a t t i c e  p o i n t

+ f >8 + IPs a r e  

l ( $ )  = -  i ( V i )  + t ( V z )  + l(f>3 ) = e x( -  a  + b  + c ) ,

T)(p) = -  ̂ ( p x) + r i ( f 8 ) + ■n(Ps) = e 8( f  + g -  h ) ,

t ( p )  = -  £(f>i) + £(f>8) + £(f>s) *  e a (3 - - k  + / ) •

S in c e  a  > b ,  a  > o and  b  + c > a ,  i t  f o l lo w s  t h a t

a > b  + c -  a  > 0 ,  i .  e . ,  a  > I | ( p )  I > 0 .  Then p  i s  n o t  

t h e  o r i g i n  a n d ,  c o n s e q u e n t ly ,  i s  n o t  i n  t h e  i n t e r i o r  o f  

t h e  p a r a l l e l e p i p e d .  From t h e  r e l a t i o n s  g > h  an d  j t  > k 

i t  f o l lo w s  t h a t  f  + g -  h  > 0 and  3 -  k  + £  > 0 ,  so  t h a t  

e i t h e r  f  + g -  h  = g o r  j  -  k  + J- ^ /  must h o l d  i n  o r d e r
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t o  i n s u r e  t h a t  t h e  p o i n t  p  h e  n o t  i n t e r i o r  t o  t h e  p a r a l ­

l e l e p i p e d .  C o n se q u e n t ly ,  a t  l e a s t  one o f  t h e  i n e q u a l i t i e s  

f  «  h  and  j  = k m ust h e  s a t i s f i e d .  N e i th e r  e q u a l i t y  s i g n  

c a n  h o ld ;  f o r  su p p o se  f  = h ,  t h e n  s i n c e  no two l a t t i c e  

p o i n t s  c an  l i e  i n  t h e  same p l a n e  r\ =* c o n s t . ,  i t  would 

f o l l o w  t h a t  p x = p 3 . B u t t h i s  i s  c o n t r a d i c t o r y  t o  t h e  

f a c t  t h a t  p x,  p 2,  and  p s a r e  t h r e e  d i s t i n c t  p o i n t s .  A 

s i m i l a r  c o n t r a d i c t i o n  i s  r e a c h e d  i f  t h e  a s s u m p t io n  j  = k 

i s  made. The n e c e s s i t y  o f  t h e  c o n d i t i o n s  i n  I  i s  th e n  

p ro v e d .

I I .  L e t  erf ■ ; h e  t h e  e le m e n t  i n  th e  i t h  row and  t h e  

j t h  colum n o f  t h e  m a t r ix  o f  c o e f f i c i e n t s  o f  t h e  l i n e a r  

fo rm s ri, and  £• S e t  | /=  2s x 2 + ^ 8^X3 ,

V s  o i s * * x  +  oCa a x /2 * n d  t ' *  +  ‘’‘x a * *  +

t h i s  h a s  t h e  e f f e c t  o f  ren am ing  t h e  a x e s  and  t h e  l i n e a r  

fo rm s a s  f o l lo w s :  f '  = t), t / *  £ , i '  = | ,  x x «  x 2, x 2 = x 3, 

a n d  x a = x x . The d e te r m i n a t  o f  t h e  m a t r ix  o f  c o e f f i c i e n t s  

o f  ,  r \ '9 and  £ '  i s  t h e  same a s  t h a t  o f  | ,  %  and  £.

The ex trem e  p a r a l l e l e p i p e d  f a ,  g , / |  f o r  | ,  tj, and  

$ i s  t h e  ex trem e  p a r a l l e l e p i p e d  | g ,  I ,  f o r  £ ' ,  t} ' ,  

and  Theorems 2 . 1 ,  2 . 2S and 2 .3  a p p ly  i n  su c h  a  way 

a s  t o  y i e l d  m a t r i c e s  P '  and  $  o f  t h e  same n a t u r e s  a s  P 

and  . S in c e  t h e  no rm al sy s te m  o f  s i g n s  i n  ^  i s  I I ,
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t h e n  t h a t  i n  § ' i e  I ,  The c o n d i t i o n s  b '  + c'> a ' j  f ' > h ' o r  

j ^ k / w h i c h  h o ld  fo x  ^ j 'c a n  b e  t r a n s l a t e d  by  means o f  t h e  

r e l a t i o n s  b e tw ee n  J ,  %  £ and  f ' ,  *q', and  £ ' i n t o  f  + h  > g ;  

k > j  o r  b  > o f o r  § .

I I I .  I f  t h e  no rm al sy s tem  o f  s i g n s  i n  c§ i s  I I I ,  one 

s e t s  | '  = £ , r)'= I ,  £' = <n; x'x »  x 3, x'z = x x, x£ « x 8 .

I n  t h e  same manner a s  i n  I I  one o b t a i n s  t h e  c o n d i t i o n s :

3 + k  > £ ;  o > b  o r  h >  f .

IV . I n  t h i s  c a s e

© i l t e i )  *  a ,  e x | ( p 8) *  b ,  e x£(§>3) = -  c ,

e 8'n t e i )  = -  f ,  e 2n(-Pa) = g ,  e 8<n(p3 ) «  h ,

e 3 t ( P i )  = 2 ,  e 3£ ( p 8) = - k ,  e 3£ ( p 3 ) = / .

F o r  t h e  l a t t i c e  p o i n t  p  = p x + p 2 + p 3 one h a s

l ( p )  *  l ( p i )  + l ( P a )  + l ( p 3 ) *  Q i(a  + b  -  c ) ,

•n(p) *  TjC-Pi) + 'nCpg) + <ri(p3 ) *  e s ( -  f  + g + h ) ,

£ (p )  84 £ ( P i )  + U P a )  + £ ( p 3) -  e 3 U  -  k  + / ) c

T h is  p o i n t  p  i s  n o t  t h e  o r i g i n  s i n c e  a > c  y i e l d s  

U ( p ) l  = a +  b -  c > 0 .  A l l  t h r e e  a l g e b r a i c  sums i n  t h e  

p a r e n t h e s e s  on th e  r i g h t  i n  t h e  e q u a l i t i e s  above  a r e  

p o s i t i v e .  S in c e  t h e  p o i n t  p  d o e s  n o t  l i e  i n  t h e  i n t e r i o r  

o f  th e  p a r a l l e l e p i p e d ,  a t  l e a s t  one o f  t h e  f o l lo w in g  

t h r e e  i n e q u a l i t i e s  must h o ld :

a  + b  -  o »  a ,  -  f  + g  + h  »  g ,  o r  j  -  k  + /  »  / ,
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The e q u a l i t y  s i g n  c an  h o ld  i n  no one o f  th e  o a s e s ,  f o r  

t h e  a s s u m p t io n  t h a t  i t  may h o ld  l e a d s  t o  a  c o n t r a d i c t i o n  

s i m i l a r  t o  t h a t  i n  t h e  p r e c e d i n g  c a s e s .  T h e r e f o r e ,  b  > c 

o r  h  > f  o r  j  > k .

V. I n  t h i s  c a s e  s e t  £' = g, r\' -  g , £' = rj; x i  = x x,  

x 8 ** * a ,  X3 = x s . The m a t r ix  3> 'has t h e  no rm al sy s tem  o f  

s i g n s  IV . The c o n d i t i o n s  b S - c 'o r  h ' > f ' o r  ;)':?• k ' f o r  

become o b  o r  k  > j  o r  f  > h  f o r  .

V I .  I n  t h i s  c a s e

6 11 (p  i ) ** a > ® i. £ (p  2 ) = -  b ,  e xg (p a ) *  — c ,

e s*n(px) = -  f ,  e 2r i (p s ) »  g ,  e 2'n(p3 ) = -  b ,

® a£tpx) 81 — 3* ®s£(Pz)  = — k ,  e 3g ( p 3 ) =

F or t h e  l a t t i c e  p o i n t  -p = p x + p s + -p9 one h a s

l ( p )  = g(Px) + l ( p 8 ) + l ( p a )  =* -  e i ( -  a  + b  + c ) ,

-n(p) = T](px ) + -nlpa) 4* T)(pa ) «  -  e 8( f  -  g  + h ) ,

£ Cp) -  £ ( P i )  + £ ( p 2) + £ ( P 3 ) = -  e 3 ( j  + k  -  / ) .

S in c e  a  -7 b  > 0 ,  a  > c > 0 ;  g  > f  > 0 ,  g > h  > 0 ;  / >  0 ,  and

J >  k > 0 ,  i t  f o l lo w s  t h a t  [ g ( p ) l < a ,  J ' n ( p ) l < g ,  l £ ( p ) l < / .  

T h is  r e q u i r e s  t h a t  th e  l a t t i c e  p o i n t  p  b e  i n  t h e  i n t e r i o r  

o f  t h e  p a r a l l e l e p i p e d  an d  i d e n t i f i e s  i t  w i t h  t h e  o r i g i n ,  

t h e  o n ly  su c h  l a t t i c e  p o i n t .  T h e r e f o r e ,  a l l  o f  th e  

q u a n t i t i e s  g ( p ) ,  *n(p), an d  g (p )  a r e  z e r o ,  t h a t  i s  t o  s a y ,  

b  + c = a ,  f  + h  = g ,  and  j  + k  » JL*
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Any m a t r ix  $  w i l l  b e  c a l l e d  n o rm al i f  i t s  sy s tem  o f  

s i g n s  i s  no rm al and  i f ,  a t  t h e  same t im e ,  i t s  e le m e n ts

and  a l s o  t h e  c o n d i t i o n s  w h ich  b y  Theorem 2 . 4  c o r r e s p o n d  

t o  i t s  n o rm al sy s te m  o f  s i g n s .  A no rm al m a t r i x  <£ w i l l  b e  

c a l l e d  n o rm al o f  t y p e  I ,  I I ,  • • * ,  o r  V I , a o c o r d in g  a s  i t s  

no rm al s y s te m  o f  s i g n s  i s  I ,  I I ,  • • • ,  o r  V I.

Theorem 2 .5  I f  <§> i s  n o rm al o f  one o f  t h e  t y p e s  I  -  V,

t h e n  t h e  d e te r m in a n t  o f  P i s  + 1 ;  i f  i t  i s  n o rm al o f  ty p e

V I, t h e  d e te r m in a n t  o f  P e q u a l s  z e r o .

D enote  th e  d e te r m in a t  o f  <£ by  |c§ | ,  and  t h a t  o f  P

by  D. Prom t h e  d e f i n i t i o n  o f  $  ,  i t  f o l lo w s  t h a t  AD = ( | •

8 i n c e  t h e  e le m e n ts  o f  P a r e  a l l  i n t e g e r s  o r  z e r o ,  t h e  

d e te r m in a n t  D i s  an  i n t e g e r  o r  z e r o .

The p r o o f  t h a t  D «  0 when <j> i s  norm al o f  ty p e  V I.

HSre one h a s

and since 4 > 0, D must equal zero.
The p r o o f  t h a t  D « 1 when (f> i s  n o rm al o f  ty p e  I  -  V 

f o l l o w s .

s a t i s f y  t h e  c o n d i t i o n s  a > b ,  a >  c j  g > f ,  g > h ;  j t>  j ,  / >  k

a  -  b ,  -  c

w here  b  + c = a ,  f  + h  = g ,  j  + k  = / .  Then |
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Lemma 2 .4  I f  i s  norm al o f  ty p e  I .  I I ,  ♦ • • ,  o r  V. 

t h e n  4 ^  D ^  1 .

S in c e  t h e  p r o o f  o f  t h e  lemma f o l lo w s  t h e  same l i n e s  

f o r  a l l  f i v e  t y p e s ,  t h e  d e t a i l s  w i l l  h e  g iv e n  f o r  o n ly  

ty p e  I .  H ere  one h a s

Then a g £> ahk  > 0 ,  ag Ji> f h / > 0 ,  a g / >  f e k >  0 ,  agJi> jb h >  0 ,

t h e  d e f i n i t i o n  o f  an  ex trem e  p a r a l l e l e p i p e d ,  one o b t a i n s

Use i s  made o f  th e o re m s  c o n c e rn in g  l a t t i c e  o c ta h e d r o n s  

( c f .  D e f i n i t i o n  8 ,  C h a p te r  I )  t o  p ro v e  t h a t  D f  2 ,  3 ,  o r  4 .  

The o c ta h e d r o n  w i t h  t h e  s i x  p o i n t s  p x,  p s ,  p s ,  -  -px,  -  p 2,

-  -p8 a s  v e r t i c e s  h a s  t h e  o r i g i n  a s  i t s  c e n t e r  o f  symmetry 

and  a l l  i t s  v e r t i c e s  a r e  l a t t i c e  p o i n t s .  S in c e  t h e  e n t i r e  

o o ta h e d ro n  e x c e p t  i t s  v e r t i c e s  i s  i n  t h e  i n t e r i o r  o f  t h e  

e x tre m e  p a r a l l e l e p i p e d  | a ,  g , / j ,  t h i s  o c ta h e d r o n  i s  t h e n  

by  d e f i n i t i o n  a  l a t t i c e  o c t a h e d r o n . I t  f o l lo w s  a t  once

a ,  b ,  o

| 5  | -  AD -  -  f ,  g ,  -  h

-  3, - I
* a g /  -  ahk  + f b I  + f c k  + j b h  + j g c ,  

w here  a >  b  > 0 ,  a  > c > Oj g >  f  > 0 ,  g>  h >  0 ;  / >  j  > 0 ,  / >  k > 0

dgc > 0 ,  so  t h a t  5agJ»| $  | > 0 .  From Theorem 2 .1  and

a g w h i c h  l e a d s  t o  5 > D > 0 .  B u t D i s  a n  i n t e g e r ,  

t h e r e f o r e ,  4  £  D »  1 .  The lemma i s  t h u s  p r o v e d .
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t h a t  D = 1 o r  2 .  I f  D = 2 ,  t h a n  a l l  t h e  p o i n t s  o f  t h e  fo rm  

p  *  (Y .  + f ) s> i  + (T i  + §)*>2 + C^s + f ) ^ 3 * « * , *  I n t e g e r s )

a r e  l a t t i c e  p o i n t s .  T h is  a l t e r n a t i v e  d o e s  n o t  o c c u r  h e r e  

a s  one w i l l  s e e .

I f  $  i s  norm al o f  ty p e  I ,  c o n s i d e r  t h e  p o i n t  f o r  

w h ich  = 0 ,  Y  = Y s = -  1 ,  £  = 1 .  Hamely

P  -  | P i  -  |" P a  -  | f > s «

Then

I ! ( p )  I *  | - l a  -  b  -  c l  < a ,

I t ) (p ) I «  -  f  -  g  + h i  < g v

, { ( , ) ,  _ | l  -  3 + k

Hence p  i s  i n  t h e  I n t e r i o r  o f  t h e  p a r a l l e l e p i p e d .  S in c e

D ft 0 ,  i t  f o l lo w s  t h a t  p  i s  n o t  t h e  o r i g i n ,  a n d ,c o n s e ­

q u e n t l y ,  i s  n o t  a  l a t t i c e  p o i n t .  T h e r e f o r e  D *  1 .

I f  $  i s  no rm al o f  ty p e  I I ,  i t  f o l lo w s  i n  t h e  same way 

t h a t  t h e  p o i n t  f o r  w h ich  Y s = 0 ,  Y x *  Ya *  -  1 ,  £  ** 1 i s  

n o t  a  l a t t i c e  p o i n t ;  c o n s e q u e n t ly ,  D i s  a g a i n  e q u a l  t o  1 . 

L ik e w ise  f o r  ty p e  I I I ,  Y i  = 0 ,  Y ^ ^ T s ^ - l ,  £ = 1

y i e l d s  a  p o i n t  w h ich  i s  n o t  a  l a t t i c e  p o i n t .  Hence a g a in  

D * 1 *  I n  t y p e s  IV and  V, t h e  p o i n t  f o r  w h ic h  ~YX ■ Y z 

= Yg = 0 ,  £ = 1 i s  n o t  a  l a t t i c e  p o i n t .  Hence D = 1 and

t h e  th e o re m  i s  p r o v e d .
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Theorem 2 .6  I f  one c a n  f i n d  t h r e e  l a t t i c e  p o i n t s  

P i>  P a  afld t h r e e  I n t e g e r s  e x,  e 8,  and  e 3 f o r  w h ich  

ex®8®a = 1* su ch  t h a t  t h e  m a t r ix  P o f  t h e  c o o r d i n a t e s  o f  

P i 9 -Pa* P a  h a s  a  d e te r m in a n t  + 1 ,  and  su c h  t h a t  P t r a n s ­

fo rm s t h e  m a t r ix  o f  t h e  t h r e e  fo rm s  e x e 8Tj, e a £ i n t o  

a  no rm al m a t r ix  $  o f  ty p e  I ,  I I ,  • • • ,  o r  V, t h a n  t h e  

m a t r ix  P is: one o f  t h o s e  m a t r i c e s  a s s o c i a t e d  by  Theorem 

2 .3  w i t h  t h e  ex trem e  p a r a l l e l e p i p e d s  i n  t h e  c h a i n  f o r  

I ,  f], and  g .

One c a n  r e g a r d  th e  m a t r ix  P a s  a  t r a n s f o r m a t i o n  

i n t r o d u c i n g  a  new c o o r d i n a t e  sy s te m  (Xx, X8,  Xa ) w here 

X ;  = p«Xx + cffxs + < m ,  (1  -  1 ,  2 ,  3 ) .

S in c e  t h e  d e te r m in a n t  o f  P i s  1 t h e  c o e f f i c i e n t s  

i n  P “A a r e  i n t e g e r s  and  one h a s

-  d?Xx + q?X2 + qJXa ( i  .  1 ,  2 ,  3 ) .
i f

I t  a p p e a r s  a t  once t h a t  l a t t i c e  p o i n t s  i n  (Xx,  X8,  x a ) 

a r e  l a t t i c e  p o i n t s  i n  ( x x,  x 8,  x a ) ,  and  c o n y e r s e l y .

The t h r e e  p o i n t s  -px,  -p8,  and  -pa have  r e s p e c t i v e  co­

o r d i n a t e s  ( 1 ,  0 ,  0 ) ,  (0 ,  1 ,  0 ) ,  and  ( 0 ,  0 ,  1 ) i n  t h e  

sy s tem  (Xx, X3, Xa ) .  I t  i s  o b v io u s  t h a t  t h e  o c ta h e d r o n  

h a v in g  p 2, p a ,  -  p x,  -  p a,  -  P»  a e  v e r t i c e s  i s  a  

l a t t i c e  o c ta h e d r o n  i n  (Xx,  X8, X8 ) .  S in c e  t h e  l a t t i c e  

i s  t r a n s f o r m e d  i n t o  i t s e l f  by  P ( o r  P " 1) ,  t h i s  o c ta h e d r o n
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i s  a l s o  a  l a t t i c e  o c ta h e d r o n  i n  ( x x,  x 8, x a ) .

O o n s id e r  t t e  p a r a l l e l e p i p e d  { a ,  g , / }  w here  a ,  g ,  

and  JL a r e  t h e  e le m e n ts  i n  t h e  p r i n o i p a l  d i a g o n a l  o f  <§ . 

S in c e  $  i s  a  norm al m a t r i x ,  one h a s  from  t h e  d e f i n i t i o n ,  

a > b ,  a > c ,  g > f ,  g-> h ,  / > j ,  / > k .  C o n s e q u e n t ly ,  p x,

•Pa* -p8 a r e  on t h e  s u r f a c e  o f  { a ,  g , / | ,  n o t  m e re ly  i n  t h e  

p l a n e s  o f  th e  f a c e s *  T h is  p a r a l l e l e p i p e d  i s  a  convex  

body w i t h  c e n t e r  o f  symmetry a t  t h e  o r i g i n .  The f u n c t i o n  

o f  g e n e r a l i z e d  d i s t a n c e  w h ich  c o r r e s p o n d s  t o  t h i s  p a r a l ­

l e l e p i p e d  i s

f  ( x x, x s ,  x s ) s  m ax(l l / a l ,  l -n /g l ,  l £ / / l ) .  

A p p ly in g  P a s  i s  i n d i c a t e d  i n  D e f i n i t i o n  9 ,  one o b t a i n s  

F ( Xj ,  Xg, X3 ) =» max ( I—/ a  I , I l-f/g I ,  l z / / l ) ,  

w h e r e z , H , and  z a r e  t h e  r e s p e c t i v e  t r a n s f o r m s  o f  e x £, 

e 8 .r}, e a £ . Hence t h e  c o e f f i c i e n t s  i n z  a r e  t h e  e le m e n ts  

o f  th e  f i r s t  row o f  t h e  m a t r ix  <§ ,  t h o s e  off-/ a r e  t h e  

e le m e n ts  o f  th e  seco n d  row , and  t h o s e  o f z  a r e  t h e  

e le m e n ts  o f  th e  t h i r d  row .

When t h e  c o o r d i n a t e s  o f  t h e  p o i n t s  l i s t e d  i n  1 )  

o f  D e f i n i t i o n  9 ,  ( s e e  p .  10)  a r e  s u b s t i t u t e d  i n t o  

F(Xx,  Xs ,  Xa ) i t  i s  s e e n ,  upon r e c o g n i t i o n  o f  t h e  con­

d i t i o n s  on th e  e le m e n ts  o f  a  n o r m a l iz e d  m a t r i x ,  t h a t  

■[&, S i s  f r e e .  T h is  p a r a l l e l e p i p e d  t h e n  s a t i s f i e s
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t h e  d e f i n i t i o n  o f  an  ex tre m e  p a r a l l e l e p i p e d  f o r  rj, £ 

and  t h e  th eo rem  i s  p r o v e d .
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CHAPTER II I

DEVELOPMENT OP THE MINKOWSKI ALGORITHM

The p u rp o s e  o f  t h i s  c h a p t e r  i s  t o  d e v e lo p  t h e  a l ­

g o r i th m s  n e c e s s a r y  f o r  f i n d i n g  a l l  t h e  p a r a l l e l e p i p e d s  

i n  t h e  c h a i n  fo x  J ,  %  £, t a k i n g  f o r  a  s t a r t i n g  p o i n t  

a n  a r b i t r a r y  ex trem e  p a r a l l e l e p i p e d  f o r  w h ich  P h a s  a  

d e te r m in a n t  e q u a l  t o  1 *

Theorem 3 .1  When one s t a r t s  w i t h  a n  a r b i t r a r y  

e x tre m e  p a r a l l e l e p i p e d  f o r  £ ,  T |, and  £, h e  c a n  s e c u r e  

t h e  t o t a l i t y  o f  a l l  e x i s t i n g  e x tre m e  p a r a l l e l e p i p e d s  

b y  t h e  s u c c e s s iv e  f o r m a t io n  o f  a l l  p o s s i b l e  n e i g h b o r s .

The d e m o n s t r a t i o n  o f  t h i s  th eo re m  was g iv e n  by 

M inkow sk i.*  I t  i s  an  o b v io u s  c o n se q u e n c e  o f  t h i s  

th eo re m  t h a t  t h e  t r a n s i t i o n  from  one a r b i t r a r y  ex trem e  

p a r a l l e l e p i p e d  t o  a n o th e r  c a n  b e  e f f e c t e d  by  a  f i n i t e  

number o f  p a s s a g e s  from  n e ig h b o r  t o  n e ig h b o r .

Theorem 3 .2  U nder a  s u i t a b l e  renam ing  o f  t h e  a x e s

1 .  H. M inkow ski, Gesammelte A bhandlungen  I ,  p .  283 , MZur Theorle der Kettenbrtiche«'•
34
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and t h e  l i n e a r  f o r m s . 2 t h e  d e s i r e d  £ - ,  i>-, o r  t - n e ig h b o r  

becom es t h e  - n e ig h b o r  and  i n  su c h  a  way t h a t  t h e  m a t r ix  

a lw ay s  a  norm al m a t r ix  o f  ty p e  I ,  I I ,  *»*, V i n  

w h ich  t h e  i n e q u a l i t y  b S  o./ i s  s a t i s f i e d ;

C o n d i t i o n T r a n s f o r m a t io n
The ty p e  o f  i s  i h  & ol-  
umn h e a d e d  by  ty p e  o f ® .

I I I m vr v  , VI
| - n e i g h b o r ,  c>b 1  = i r ,  t} = V ,  J ■■ *n;

x x« x'x,  x 8= x'3 ,  x 3= x j I I I I i i V IV VI

T )-n e ighb o r ,  f ? h |  t  T) = I' £ = V
Xx* X ,̂ Xg= X'x, X3= Xj I I I i n v IV VI

r i - n e ig h b o r ,  h ? f t  “  V » = S' > 5 = n'
x l = x 8 ,  Xg=s x'x,  X#S= Xg I I I I i i i ? V VI

£- n e i g h b o r ,  j>k i  *  f \ ' ,  <n -  ?  ,  i  «  t '  
x x= Xg, Xg= x 3 ,  x 3= x x I I I I I i IV V VI

^ - n e ig h b o r ,  k>j i  -  £' , -n -  r\*,  £ = 
Xx= Xg, X2= Xg, x 3= x x I I I I I i V IV VI

I n  t h e  c h a i n  o f  p a r a l l e l e p i p e d s  f o r  f ,  rj, and  £, t h o s e  

p a r a l l e l e p i p e d s  f o r  w h ich  t h e  c o r r e s p o n d in g  m a t r i x  P h a s  

a  d e te r m in a n t  D »  1 a r e  t o  b e  d e s i g n a t e d  a s  p a r a l l e l e p i p e d s  

o f  f i r s t  k i n d . The p a r a l l e l e p i p e d s  f o r  w h ich  D = 0 w i l l  

b e  o a l l e d  p a r a l l e l e p i p e d s  o f  se c o n d  k i n d .

Theorem 3 .3  The n e ig h b o r s  o f  a  p a r a l l e l e p i p e d  o f  

se co n d  k i n d  a r e  a l l  p a r a l l e l e p i p e d s  o f  f i r s t  k i n d .

2 .  T h is  same ty p e  o f  ren am in g  was done i n  th e  p r o o f s  o f  
Oases I I ,  I I I ,  and  V o f  Theorem 2 . 4 .
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Rename t h e  a x e s  and  l i n e a r  fo rm s a s  i n d i c a t e d  i n  t h e  

t a b l e ,  so  t h a t  t h e  n e ig h b o r  i n  q u e s t io n .b e c o m e s  t h e  | 7-  

n e ig h b o r  w i t h  b / > o'. Then s i n c e  ^  i s  o f  t h e  ty p e  V I, so 

a l s o  i s  . From Theorems 2 ,3  and  2 , 4 ,  one h a s  a '>  b '  

a '>  o', g ' > 1', g ' y  lo', / ‘> y ,  / >  V }  b ' +  o '=  of, f ' +  h '=  g',

■ J ' +  k '  = / :  I f  *>'„ P a ,  "P3 a r e  t h e  t h r e e  l a t t i c e  p o i n t s  o f

P ' ,  i n  t h e  o r d e r  o f  t h e i r  o c c u re n c e  i n  t h e  co lum ns o f  P ' , 

t h e n  t h e  - n e ig h b o r  h a s  on i t s  s u r f a c e  t h e  f o u r  l a t t i c e  

p o i n t s  p ^ ,  p g ,  - -Pa, -  Ps*  b e s i d e s ,  two o t h e r  l a t t i c e  

p o i n t s  w h ich  w i l l  b e  d e s i g n a t e d  by  p g ,  and  -  -p'a, (The 

s u b s c r i p t  2 i s  u s e d  h e r e  b e c a u s e  t h e  c o o r d i n a t e s  o f  p'a 

t a k e  t h e i r  p l a c e  i n  t h e  seco n d  colum n o f  t h e  m a t r ix  f' ,%) 

S in c e  b S  e', t h e  c o o r d i n a t e s  o f  p'g o r  -  p '2 w i l l  occupy 

t h e  f i r s t  column i n  t h e  m a t r ix  P / , and  th o s e  o f  p's  o r  

t h e  t h i r d  co lum n.

U nder th e  a s s u m p t io n  t h a t  t h e  n e ig h b o r  i s  o f  t h e  

secon d  k i n d ,  th e  m a t r ix  $ ' f o r  t h i s  n e ig h b o r  t h e n  becom es

b', -  b', -  o ' b '  = b 7 + c',

r = -  g'> I i  -  k ' w here  g '=  g '  + h',

-  e ;  -  e ; / ' jU  = k ' + k'.

B ut from  a b o v e ,  p  -  k ' + j i  t h e r e f o r e ,  k '  = j ' .  S in c e

3 .  The m a t r i x  P '  i s  th e  m a t r ix  o f  l a t t i c e  p o i n t s  on t h e
n e ig h b o r  w i t h  c o o r d i n a t e s  r e f e r r e d  t o  t h e  a x e s  a s  renam ed
ab o v e ; 1 ' i s  t h e  norm al m a t r ix  f o r  t h e  n e ig h b o r  u n d e r  t h i s
r e f e r e n c e .
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t h e r e  i s  o n ly  one l a t t i c e  p o i n t ,  e i t h e r  p'x o r  -  p x f o r  

w h ich   ̂ = y ,  one h a s  pg = £  p x; t h i s  y i e l d s  a '  = b '=  b '  -  c'. 

B ut t h i s  i s  im p o s s ib le  b e c a u s e  b ' >  c ' ’ 0 and  a ' > b', Thus 

t h e  th eo re m  i s  p r o v e d .

To s e c u r e  t h e  | - n e i g h b o r  when b > c ,  one lo w e rs  t h e  

| - f a c e s  t o  th e  l a t t i c e  p o i n t s  i n  t h e  f a c e s  rj = ± g (one 

h a s  |  = i  b  f o r  t h e s e  p o i n t s )  and  s u b s e q u e n t ly  r a i s e s  

t h e  Tv-faces t o  t h e  f i r s t  p a i r  o f  l a t t i c e  p o i n t s  i n  

n e i t h e r  t h e  i -  n o r  £ - f a c e s ;  t h e  f i r s t  p a r a m e te r  i s  de­

c r e a s e d ,  t h e  secon d  i s  i n c r e a s e d ,  and  t h e  t h i r d  i s  l e f t  

u n c h an g e d . For t h e  | - n e i g h b o r  j a x, g x,  o f  | a ,  g ,  / j  

one h a s  t h e n  a x = b < a ,  gx> g, and  £ x = Jl, S in c e  t h e r e  

i s  a t  m ost one l a t t i c e  p o i n t  i n  e a c h  o f  t h e  p l a n e s  

|  = c o n s t . ,  T) »  c o n s t . ,  i t  f o l lo w s  t h a t  two o f  t h e  l a t t i c e  

p o i n t s  whose c o o r d i n a t e s  a r e  i n  t h e  m a t r ix  P f o r  th e  

n e ig h b o r  a r e  -px * d xp 2, - f s = d ap 8 w here  d x =* t  1 ,  d a = i  1 .

t h e n  P i s  a  m a t r ix  o f  i n t e g r a l  e le m e n ts  w i t h  a  d e te r m in a n t  1 ,  

T hen t h e  i n v e r s e Ao f  t h e  t r a n s f o r m a t i o n  P e x i s t s  and h a s  

i n t e g e r s  a s  e le m e n ts ;  and  t h e  d e te r m in a n t  o f  P " x i s  1 .

Set T as P " 1P . Being the product of two matrices whose 
e le m e n ts  a r e  i n t e g e r s ,  T i s  i t s e l f  such  a  m a t r i x .  M o reo v er ,  

t h e  d e te r m in a n t  o f  T i s  e q u a l  t o  t h a t  o f  P .  Of one d e n o te s

i s  a  p a r a l l e l e p i p e d  o f  th e  f i r s t  k in d ,
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by  qP  t h e  c o f a c t o r  o f  i n  P ,  one lias  | |q^}| | '
-cp
P;

From t h e  r e l a t i o n s  p® = U  = 2 ,  3)

i t  f o l lo w s  t h a t

0 , t  c^pjf, 0

T  * v s , 0

T hen cf^p^ = -  d j d 3 = i  1 o r  0  a c c o r d in g  a s  t h e  n e ig h b o r
A'-i

P = PT =

\  a x,  g x,  i s  o f  f i r s t  o r  o f  se co n d  k i n d .  S e t  ^  diW*)-K d2,

Z  Q?P? = rads> i .  <r t s w = n d 2> w here  d 2 = -  d , d 3 and  w here
A* **' r /*?■W » 1 o r  0 a c c o rd in g  a s  i a j ,  g j ,,Jcy i s  o f  f i r s t  o r  seco n d

k i n d .  Then

d iP(x» d s(tfpCi  + ®Pi + npff ) ,  d 3plf  

d i p ? ,  d 2 (Kpla + mpf + n i g ) ,  d ^ jff  

d iP a ,  M tfp 'S  + mp^ + n p f ) ,  d j f g  

The i n t e g e r s  K1, m, and  n  a r e  n o t  a l l  z e r o ,  f o r  t h i s  c a s e  

§>2 would be  th e  o r i g i n ,  w hich  i s  im p o s s i b l e .

Then

f a  = d 2 (tfpx + rap 2 + n p 3 )

and

Ufa) *» e xd 8(^ a  -  mb 1  n c ) ,  

r-|(f s ) = e sd 2( ± t f f  + rag ±  n h ) ,  •

U f a )  = e 3d 2(+  ±  mk + n / ) ,

w here  t h e  sy s tem  o f  s i g n s  i s  t h a t  o f  t h e  n o rm al sy s tem  o f
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s i g n s  i n  i§ .

Due t o  Theorem 2 . 1 ,  t h e  r e l a t i o n s  a l  = b ,  g t < g ,  

y i e l d  t h e  c o n d i t i o n  g l < ^  . The l a t t i c e  p o i n t  

p 8 i s  t o  h e  fou nd  among t h o s e  l a t t i c e  p o i n t s  o f  t h e  form  

p  = + mp2 + n p 8 ( Vf = i  1 o r  0 ;  m, n  i n t e g e r s ;

m i  + iml + | n |  = 1 )

w h ich  s a t i s f y

I I I  < b ,  | T ) I <  fa, K I  <  / ,

a n d ,  i n  p a r t i c u l a r ,  ±  p 8 w i l l  h e  t h e  two su c h  p o i n t s

w h ich  make | t]I a  minimum.^ I t  i s  c l e a r ,  t h e n ,  t h a t  i f

t h e  s im u l ta n e o u s  i n e q u a l i t i e s  j u s t  s t a t e d  c a n  h e  s o lv e d

f o r  t h e  f i n i t e  number o f  s o l u t i o n s  w hich  th e y  p o s s e s s ,

t h e n  p s c an  he  d e te rm in e d  e x c e p t  f o r  s i g n .  The s i g n  c a n

h e  l a t e r  d e te rm in e d  to  make <j) a  no rm al m a t r i x .

The m a t r ix  T f o r  $  norm al o f  t h e  v a r i o u s  t y p e s  X -  V

i s  g iv e n  i n  th e  f o l lo w in g  t a b l e ,  t h e  d e r i v a t i o n s  w i l l  h e

c a r r i e d  o u t  l a t e r .

ALGORITHM FOR THE |-NEIGHBOR ( b > c ) .

I :  l j  3 > k ,

0, - 1, 0 

T = 1 ,  1 ,  0

0, 0, 1

+» +, +; V.

4 .  T h ere  a r e  o n ly  two l a t t i c e  p o i n t s  f o r  w h ich  Irjl w i l l  
assum e t h i s  minimum v a l u e ,  o th e r w i s e  p  = 0 w ou ld  he  s a t ­
i s f i e d  by  l a t t i c e  p o i n t s  o t h e r  t h a n  t h e  o r i g i n .
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2] 3<k,
o , 1 , 0

T = 1# -  1 , 0 , +, I I I .

o , -  1 , -  1

The Roman nu m era l d e n o te s  t h e  no rm al sy s tem  f o r  <jj ;  t h e

t h r e e  s i g n s  a r e  t h e  s i g n s  o f  t h e  p r o d u c t s  e ^ e ;  ( i  = 1 ,  2 , 3 ) ,

t h e  e^ b e i n g  th o s e  f o r  <1? i n  Theorem 2 .3  and  t h e  e^ t h o s e  

f o r  .

I I  and  V:

The u p p e r  s i g n  i s  f o r  Case I I j  t h e  lo w e r  s i g n  f o r  

Case V.

M a  [ | ] ,  N a  [ ^ r ] ,  u  a  a  -  Mb -  He, v  *  t  j  + Mk -  n / .

Here  F ,  G, and H a r e  t h e  s ig n e d  m in o rs  o f  f ,  g ,  and  ±  h

i n  $ .  The sq u a re  b r a c k e t s  d e n o te  t h e  l a r g e s t  i n t e g e r  » 

t h e  q u a n t i t y  w i t h i n  them .

m n <s

1 )  u  < c ,  v ?  k M -  1 i  + 1 + 1

2) u < b  -  o ,  v <  0 M S -  1 -  1

3) u  < b ,  v  > 0 ,  b u t  n o t  1) M N -  1

4 )  u  < b ,  v < 0 ,  b u t  n o t  2) M N + 1

5) u>  b ,  v  > 0 M H + 1 + 1

6) u >  b ,  v <  0 M + 1 I -  1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



41

T =

I l l s  l ]  a  + c <  2b

2 ]  a  + o> 2b

T «

+ S , 0

+ 6m,  0 »

-  &n,  1

0 1 , 0

1 ,  1, 0

*H
IIO

-  1

0 , 0 , 0

-  1 ,  1 , 0

0,  -  1, 1

1,  3 +  k  < I
0 ,  - 1, 0

1, 1. 0

OO

1

+ £> +

$ -  + 1 ,  1;  6  = -  1 ,  IV .

» +, - j  I I

* +* +> +; v i*

» H  •

2]  a  > 2b  o r  f  > h  o r  3 + k > 

0 ,  0 ,  0

T = 0

I

+, V I .-  1 ,  1 ,

0, 1,
ALGORITHM FOR THE l-IEIGHBOR OF THE l-IEIGHBOR I I  I I I  2] ,  IV 2] .  

The u p p e r  s i g n  i s  f o r  Case I I I  2 3 , t h e  lo w e r  f o r  IV 2 } .  

l ]  b  -  c > c :

M s  [ ± G / f ] ,  l a  [(± G + H )/F ] ;
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u° = b -  c, u' = c; v® = / ,  kj

u = a -  Mu® -  iu j  v s -  3 + Mv'-  Nv®

m n 6

1) u< u7, v> v7 M -  1 H + l + 1

2) u < u7, v > v > 0 M H + 1 -  1

3) u > u7, v?- 0 M N + 1 + 1

4) u< u®, v< 0 M H + 1

5) u > u®, v < 0 M + 1 H + l -  1

^  l j  — 6 , lr Si }
$ = + 1, V; -  1,  I I I .

0 , 0

T =  -  1 ,  -  <5 m ,  0

i  1 ,  i  S(m -  n ) ,  1  S

2j b  -  o < o j

M ® [ ( ±  K + L ) / j ] ,  N = [±  K / j J ;  

u °  = c ,  u '  = b  _ c ;  v °  = g + h ,  v ' = h j

u  s  a  -  Mu® -  Nu£ v »  -  f  + Mv7-  Nv®,

0 ,  0 ,  * 6  

T  *  0 ,  -  <5, -  <S n

U ,  ± £ ,  -  n )

When b  ^ c t h e  Tt-n e ig h b o r  o f  t h e  ^ -n e ig h b o r  l s j a .  g ,  /  j

± i ,  - s ,  * S }

+ 1, IV ;  £  = -  1,  I I .

i t s e l f .
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ALGORITHM FOR THE £-NEIGHBOR OF THE f-NEIGHBOR IN I I I  z ] ,  IV z\ .  

l ]  k< / -  k :

M « [ -  H /F ] ,  N s  [ ( +  G -  H )/F] ;

u® » / - k ,  u 7 = k ; v® = b

u  * J -  Mu® -  Nu7, v  s  -

o , % S ,  o

6 ,  --S (m -  n ) ,  -  1
* <$■ =

o , t  & m, ± 1

*8 , ± 1}

z \ k > JL -  k :

I n  c a s e  I I I :

I n  c a s e  IV:

1) 5 > k : T *

2 ) j i  k :

- 1, 0 , 0
“>- 1 , - 1 , 1 »

1, 1 , 0

- 1, 0, 0
- )

0 , 1 , 1 »

1 , 1 , 0

1, 0, 0
+,

0, - 1 , 1 »

0, - 1 , 0

-»  -*  +> 

V.

I I ,

“ i ■>

V,

The d e r i v a t i o n s  a r e  t a k e n  up s e r i a t i m  a s  i n d i c a t e d  

by  th e  Roman n u m era ls  b e lo w .

I .

The r e l a t i o n s  t o  b e  s a t i s f i e d  by  th e  i n t e g e r s  tO, m, 

an d  n  a r e  :
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(1 )  I K a  + mb + n c l  < b ,
. ( |K |  + (ml + |n l  m i

(2 )  l -K j -  mk + n i l  < / ,
K* =* i  1 ,  o r  0 ) .

(3 )  l - l f f  + mg -  n h |  -  m in .

One h a s  f ro ®  Theorems 2 .3  and  2 . 4  t h e  a d d i t i o n a l  con­

d i t i o n s  a  > b > 0 ,  a  > e > 0 ;  g > f > 0 ,  g > h> 0 ;  / : ?  3 > 0 ,

/ >  k> Oj h  + o > a ;  and  f  ? h  o r  j  > k .  B e s id e s  t h e s e  t h e

a s s u m p t io n  b ?  c i s  made.

R e w r i te  ( 1 ) ,  ( 2 ) ,  and  (3 )  a s

( l ' )  U = M*a + mb + nc  = /I xb ,

(2' ) V s -tfj - mk + n/ = A 2/,
( 3 ' )  W s  - r t f  + mg -  nh  t o  h av e  minimum a b s o l u t e  v a l u e .

S in c e  H1 « ± 1 o r  0 f o r  a l l  s o l u t i o n s  w i t h  w h ich  we 

a r e  c o n c e rn e d ,  s o lv e  ( 1 / ) and  (2 ^ )  f o r  m and  n  i n  te rm s  

o f  t f ,  a ,  b ,  c ,  e t c . :

„  ♦ ^ 4 -' - ^ —  - K i  + -»w- ( b /  + ck )  b  /  + ck  F

alt -  b j  + - / U b i - -  A.bk , | , H  ,
- ( l> y  + ok) b /  + ck  F s ’

w h ere  F ,  G, and H a r e  t h e  c o f a c t o r s  o f - f ,  g ,  a n d -h ,  

r e s p e c t i v e l y ,  i n  <]) ,  and  and  V8 a r e  t h e  above  ex­

p r e s s i o n s  i n v o lv i n g  \  x and  ^ 8. I t  i s  a t  once  a p p a r e n t

from  the conditions on "b, o, Jl9 k, ̂ x, and /\8 that
I V / l<  2 ( i  «  1 ,  2 ) .

I f  H* = 0 ,  t h e n  m = ~̂ x,  n  = V2 and  s i n c e  m and  n
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a r e  i n t e g e r s  one h a s  fml = 1 ,  | n |  = 1 .  Among

t h e  m an d  n  s a t i s f y i n g  t h e s e  c o n d i t i o n s  m = 0 ,  n  = 0 

i s  t h e  o n ly  p a i r  o f  v a lu e s  w h ich  s a t i s f y  (1 )  and  ( 2 ) .

B ut t h i s  w ould  m ake be  t h e  o r i g i n  w h ich  i s  im p o s s i b l e ,  

s i n c e  p 2 i s  a  p o i n t  on t h e  s u r f a c e  o f  an  e x tre m e  p a r a l l e l e ­

p ip e d *  T h e r e f o r e  W a i l .  I n  t h e  t e r m in o lo g y  i n t r o d u c e d  

a b o v e ,  one can  s t a t e  t h i s  r e s u l t  a s  f o l lo w s ;

I f  b > c and  i f  $  i s  a  n o r m a l iz e d  m a t r ix  o f  ty p e  I ,  

t h e n  t h e  ^ -n e ig h b o r  o f  ^ a ,  g ,  / j  i s .  a lw ay s  o f  t h e  f i r s t  

k i n d .

I f  K = 1 ,  one s e c u r e s  bounds f o r  ~  and  ~  , From 

Theorem 2 , 4 ,  b  + c > a ,  h ence

-  3 < f  «3 ,  -  1< | < 1 .

Use o f  t h e s e  i n  c o n ju n c t i o n  w i t h  t h e  bounds o f  V* and  Va ,

an d  t h e  f a c t  t h a t  m and  n  a r e  i n t e g e r s ,  y i e l d s

-  4 = m = 1 ,  -  2 = n  = 2 .

S u b s t i t u t i o n  o f  t h e s e  v a l u e s  i n  (1 )  and (2 )  shows t h a t

none b u t  t h e  f o l lo w in g  a r e  s o l u t i o n s ;

( i ) m = -  3 , n  = 1 , |W| ■ f + 3g + h j

( i l ) m « -  2 , n = 0 , 1W| -  f  + 2g ;

( i i i ) m = -  2 , n = 1 , IWI = f + 2g + b ;
( i v ) m = -  1 , n = -  1 , IW1 = f + g -  h ;

(v ) m »  -  1 , n  « 0 , |W| * f + g{

( v i ) m = -  1 , n  * 1 , IWI a  f + g +
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e a c h  o f  w h ich  c a n  h e  a  s o l u t i o n  u n d e r  c e r t a i n  r e s t r i c t i o n s  

on  a ,  b ,  o ,  e t c .

The s m a l l e s t  v a lu e  o f  IWI o c c u r s  f o r  ( i v ) ,  h u t  ( i v )  

s a t i s f i e s  (2 )  o n ly  i f  j £ k ,  (1 )  h e in g  s a t i s f i e d  a lw ays  

by  ( i v ) .  Thus when j  < k ,  t h e n  m = -  1 ,  n  = -  l a a t i s f y  (1), ( 2 ) , and (3).

The n e x t  s m a l l e s t  v a lu e  o f  |W| o c c u r s  f o r  ( v ) ,  and

(v )  a lw ay s  s a t i s f i e s  b o t h  (1 )  and  ( 2 ) .  Hence i f  j > k ,  

t h e n  m = -  1 ,  n  = 0 , s a t i s f y  ( 1 ) ,  ( 2 ) ,  and  ( 3 ) .

The u se  o f  K1 = -  1 w i l l  m e re ly  g iv e  t h e  two s o l u t i o n s  

■ j  < k :  K1 = -  1 ,  m = 1 ,  n  = 1 ;  3 > k :  j f*  -  1 ,  i  *  I ,  n  *  0 ,

w h ich  a r e  t h e  n e g a t i v e s  o f  t h e  above s o l u t i o n s ,  h ence  

e s s e n t i a l l y  th e  sam e.

I t  re m a in s  t o  d e te rm in e  d x,  d 2,  d 3, e xe x, e s e 2, e 3e s , 

and  t h e  sy s te m  o f  s i g n s  i n  2? ,

I ^ l J  j ? k  -  " P s )

T =

0 , d .a  0
J _t8)
d xPx> M p ?  - P  i h * a P ?

d x ,  --  d 8 ,  0 , P =  PT = j  _(S)
d xP s» d 8(p(8 -

1 P ? ) , d SP t

0 , 0 ,  d g A^ x P a * d 8(p(J  - P(f ) , d a P ?

L e t  e x,  0 gj 

t h e n

b e  t h e  f o r  P and  e x,  e a , e a t h o s e  f o r  P ,

© x^xK pa)*  ®x^-s(£(Px) ~ 5(Pa) )> ©x^-sKPs)

©8<M (Ps ) ,  M aC 'nC px) -  T)(Pa))* © a ^ C P s )

i j d x U P s ) ,  5 3< is ( t (p x )  -  £ ( p a ) h  5 3d 3 £(Pa)
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e xe xd xb , <H©ld 8( 8* - ©l©ld a°

ea® adxg , ©8e8d 8( - f - g)/ -  e 8e 8d ah

-  e 3e 3d xk , ea®3d a ( - j + k ) , ®a®ad a ^

S in c e  th e  d i a g o n a l  te rm s  m ust b e  p o s i t i v e  one h a s  

d x a  © i® u dg = — ®s®st d 3 ~ ®s®3 and

(® i® i)813* - ( e xe x ) ( e 8e 8) ( a - b ) , ( e xe x) ( e 3e 3 )c

^  * (® B e a ) (e i® i)g , ( § 8e 8) s ( f + g ) , -(®a®a) (®a©a)k

- ( S 3e 3) ( e xe x) k , ( e 3e 3 ) ( e 8e 8) ( j - k ) , ( M a ) 8/

S in c e  § XS 2§3 = 1 and  e xe 3e 3 = 1 ,  i t  f o l lo w s  t h a t  

(®x®i)(®s®a)(®3®a) = Then Lemmas 2 .2  and  2 .3  a f f o r d

a  way o f  s e l e c t i n g  t h e  u n iq u e  p r o d u c t s  e xe x, e 8e a , e 3e 3

w h ich  make !& a  n o rm al m a t r ix ;  n a m e ly ,  e xe x = 1 ,  e 2e 2 = 1 ,  

e ae 3 = 1 ,  and  t h e  sy s te m  o f  s i g n s  i n  ^  i s  V. Hence d x »  1 ,

d 8 » -  1 ,  d 3 = 1 ,  P i  = p 8, P a  88 -  P i  + Pa* P a  58 Pa*

2] j  < k ,  p 8 = d 8 ( p x -  p a -  P s ) .

The same p ro c e d u re  a s  i n  p a r t  i j  l e a d s  t o

e xe xd xb , -  ®xe i d 8 (.-a + b + ©)» ®i®xd 3c

©2©8d lg j - ®a©ada( f + g -  k), •- e 8e 8d ah

-  ©3e 3d ^ , -  e 3e 3d 8( 3 «*• k + &)* Bae ad a /

h en ce  d x = e xe j ,  d 2 = -  e 2e 2, d 3 = e 3e 3. R e p la c e  t h e s e  

v a lu e s  i n  ^  and n o t i n g  t h a t  b  + c > a  a p p ly  Lemmas 2 .2  

and  2 .3  t o  o b t a i n  e xe x « 1 ,  e 2e 2 = -  1 ,  e ae a = -  1 ,  and  

t h e  sy s tem  o f  s i g n s  i n  $  t o  b e  I I I .  Hence d x = 1 ,  d a = 1 ,
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&3 » - 1, * X * f>8^8 = ^ x  --P8 “ f>8J f>3 = ” *»•

I I  an d  V.

I f  V 1 b t r a n s f o r m e d ,  O ases I I  and  V c an  b e  s o lv e d  

s im u l t a n e o u s ly .  The c o n d i t i o n s  ( 1 ) ,  ( 2 ) ,  and  (3 )  t o  

b e  s a t i s f i e d  i n  t h e  r e s p e c t i v e  c a s e s  a r e

n
( l ')  I W a  -  mb -  n e l  < b ,

, „ „ (IWI + Iml + l n |  « 1,
(g)  |-W3 -  ink + a / |  < / ,

W = ±  1 o r  0)
(3 )  I K f  + mg + nhI =  m in . ,

V

( l )  IW a  -  mb + n c l  < b ,  

(S') l-Wj + mk + n / | <  i, ( IWI + |mf + ln| = 1,

_  __ W = - l o r O ) .
(3 )  I ^  f  + mg -  n h |  = m in . ,

F o r  V s e t  W = K ,  m = in, n  = - ! T  and  r e w r i t e  ( 1 ) ,  ( 2 ) ,  and

(3 )  a s

(1) U s  Wa -mb -  no *  Axb ,

(2) V = ± W;j + mk -  n /  = I ,  , ^ |A ; \< 1 ,  A;. i  0)

(3 ) ,  W s  K f  + mg + n h  t o  b e  a s  sm a l l  a s  p o s s i b l e

i n  a b s o l u t e  v a l u e .

The u p p e r  s i g n  i n  (2  ) i s  f o r  I I  and  t h e  lo w e r  s i g n  f o r  V,

One h a s  a l s o  F = b /  + c k ,  G = a /  ^  c j ,  H = *  ak  + b j .

S o lv e  (1 ) and  (2 ) fo x  m and  n  t o  o b t a i n
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and  o f  t h e s e ,  o n ly  m = 0 ,  n  = 0 i s  a  s o l u t i o n  o f  (1 ) and  

(2  ) .  But i s  n o t  t h e  o r i g i n ,  t h e r e f o r e :

I f  h  > c i t  §  JLs a  n o rm al m a t r ix  o f  t v n e  I I  o r  

V, t h e n  t h e  i - n e ig h b o r  o f  £ a ,  g ,  ^  i s  a lw ay s  o f  t h e  f i r s t  

k i n d .

N u m erica l  bounds f o r  G r/F  and  iH /F  in d e p e n d e n t  o f  

a ,  b ,  c ,  e t c . ,  c a n n o t  be  s e c u re d  a s  i n  I ,  h e n ce  t h e  

s o l u t i o n  w i l l  have  t o  be  e x p r e s s e d  i n  te rm s  o f  t h e s e  

two q u a n t i t i e s .

S e t  M s? £ < J /f ] ,  N -  [ Z R / f]  ,  w here  t h e  s q u a r e  b r a c k e t s  

h av e  t h e  same m eaning  a s  b e f o r e .

By d e te r m in a n t  t h e o r y  one o b t a i n s  from  t h e  r e l a t i o n s

S e t  u  »  a  -  Mb -  Nc, v  = I  j  + M k - H l w s f + M g  + Nh, 

t h e n

0 < u  < b  + c ,  -  k < v < / ,  j  -  (g  + h )  < w< ^  • 

From t h e  above e x p r e s s io n s  f o r  m an d  n  one o b t a i n s

I>o/r] + - [wu/f] + W  + l,
[iKH/F] + K l i  n -  [± K H/r] + [v + 1,
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w here  -  2 ^  [ ^ ]  »  1 .  The s o l u t i o n s  o f  (1 )  and  (2 )  f o r

U1 = -  1 a r e  t h e  n e g a t i v e s  o f  t h e  s o l u t i o n s  f o r  K* = + 1 ,

due to  t h e  ho m ogene ity  o f  t h e  e x p r e s s i o n s  i n ^ ,  m, a n d  n .

S e t  ^ = 1 .  S in c e  m i s  an  i n t e g e r ,  e i t h e r  G/F an d  Vx a r e

b o t h  i n t e g e r s  o r  n e i t h e r  i s  an  i n t e g e r .  When b o th  a r e  

i n t e g e r s ,  i t  i s  s e e n  t h a t  -  m = -  y  -  V  

so  t h a t  - M - 2 = - m  = - M + l .  When n e i t h e r  i s  an  

i n t e g e r ,  i t  i s  s e e n  t h a t  m = ~  + Vx ss[y ]+  + 1 so t h a t  

M - l = m = M + 2 .  S i m i l a r  r e s u l t s  f o l lo w  f o r  n  and one 

h a s

M - l = m = M + 2 ,  N - l = n = N + 2 .

O f t h e  s i x t e e n  p o s s i b l e  c o m b in a t io n s ,  many c an  b e  e l i m i n a t e d  

by  u s i n g  t h e  bounds on u  and  v d e r i v e d  a b o v e .  F o r  exam ple , 

i f  m = M + 2 ,  n  = E -  1 ,  t h e n  U -  a  -  b(M + 2) -  c (E  -  l )

= u  -  2b + c , 7  = ± j  + k(M + 2) -  , / ( !  -  1 )  = v  + 2k + / ,  

so t h a t  - 2 b + c < U  -  b  + 2 c ,  k + /  < 7  <-2k + 2 ^  Then 

c o n d i t i o n  ( 2 ) ,  nam ely  | 7 | < / ^ ,  i s  n o t  s a t i s f i e d .

A f t e r  a l l  p o s s i b l e  r e j e c t i o n s  a r e  made i n  t h i s  way 

t h e r e  re m a in  th e  c a s e s :

“ ~ [ f ] + t  A ]
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S o l u t i o n l
o f  ( 1 ) ,  ( 2 ) Bounds f o r  U an d  V W b o n d i i i o n s  

f o r  s o l u t i o n

( i ) m = M + 2 
n  = N

-  2b < U < -  b  + c 
k <■ V < X  + 2k

w + 2g u  < b
v < £  -  2k

< i i ) m = M + 1 
n  = N

-  b < U  < c , 
0 < V < k + X

w + g XL > 0
v <  X -  k

( i i i ) m = M + 1 
n  = N + 1

- b - c < U < 0
-  L < V < k

w + g + h u  > c 
v >  -  k

( i v ) m = M + 1 
n  = I  + 2

- b  -  2c * tJ < -  o 
-  2 l < V < k  - X

w + g + 2h u  >2o 
v ^ X  -  k

(v) m = M 
n = N -  1

c < U < b  + 2c 
X -  k <• V <• 2 X

w -  h u < b  -  c 
v <  0

(V i) m = M 
n  = N

0 <U <b + c 
-  k

w u  <-b
v < £

( v i i ) m = H 
n = N + 1

-  c <-b 
-  t  -  k<  V < . 0

w +  h u  > 0 
v  > 0

( v i i i ) m = M -  1 
n  = N + 1

b -  c <U < 2b 
-  %  -  2k <. V < -  k

w -  g +  h u  < c 
v >  k

I t  i s  now a  q u e s t i o n  o f  t h e  minimum o f  jWf, From t h e  

d e f i n i t i o n s  o f  M and  I  and  th e  c o n d i t i o n s  a > b  > c  > 0 ,  j ,  

one  o b t a i n s  M = 0 ,  N = -  1 .  T hen w = f  -  h  f o r  a l l  s o l u ­

t i o n s ,  so  t h a t  e x c e p t  p o s s i b l y  f o r  ( v ) ,  W = f  -  g>  -  g .

But t h e  d e f i n i t i o n  o f  t h e  ex trem e  p a r a l l e l e p i p e d  e .  - i ]  

r e q u i r e s  t h a t  t h e r e  be  no s o l u t i o n s  o f  | | |  < a ,  

f o r  w hioh  | t \ |  *  g j  hence  no s o l u t i o n s  o f  (1 ) an d  (2  ) 

f o r  w h ich  |WJ = g .  Then f o r  a l l  s o l u t i o n s  e x c e p t  ( v ) ,  

one h a s  W > g .  F o r  (v )  one h a s  W = w -  h ,  b u t  w henever
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(v )  i e  a  s o l u t i o n  o f  ( : i  ) and  ( 2 ) so  a l s o  i s  ( v i ) .  I t  

was j u s t  shown t h a t  when ( v i )  i s  a  s o l u t i o n ,  w > g ,  so 

t h a t  f o r  (v )  f = w -  h > g - h > 0 ;  c o n s e q u e n t ly ,  w -  h  > g . 

Hence |W| = 1  f o r  a l l  s o l u t i o n s *

The v a lu e s  o f  W i n  ( v i i i )  and  (v )  a r e  t h e  two s m a l l ­

e s t  and  s i n c e  t h e  c o n d i t i o n s  u n d e r  w hich  t h e  two a r e  

s o l u t i o n s  a r e  m u tu a l ly  e x c l u s i v e ,  ( v i i i )  i s  t h e  s o l u t i o n  

o f  ( 1  ) ,  ( 2 ) ,  and  ( 3 ) w henever u < c ,  v  > k j  an d  (v )  i s  

t h e  s o l u t i o n  w henever u <  h  -  c ,  v <  0 .  The n e x t  s m a l l e s t  

v a lu e  o f  W i s  f o r  ( v i )  w h ich  s a t i s f i e s  ( 1  ) and  ( 2 ) when­

e v e r  u < b .  But (:s  ) i s  n o t  s a t i s f i e d  by  ( v i )  u n l e s s  

n e i t h e r  ( v i i i )  n o r  (v ) .  s a t i s f i e s  ( 1 )  and  ( 2 ) .  Hence

( v i )  i s  t h e  s o l u t i o n  o f  ( 1  ) ,  ( 2 ) ,  and  ( 3 ) i f  u  and  v 

s a t i s f y  t h e  c o n d i t i o n s  f o r  ( v i )  t o  b e  a  s o l u t i o n  o f  ( 1  ) 

and  (,2 ) b u t  n o t  t h e  c o n d i t i o n s  f o r  ( v i i i )  o r  (v )  t o  b e

a  s o l u t i o n .  The c o n t i n u a t i o n  o f  t h i s  p r o c e s s  l e a d s  t o  th e  

f o l lo w in g  t a b l e  w hich  c o v e r s  a l l  p o s s i b i l i t i e s :

C o n d i t io n s ra n C o r re s p .

1) u <  c ,  v >  h M -  1 N + 1 ( v i i i )

2) u <  b  -  o ,  v <  0 M N -  1 - (T)

3 ) ,  4) u  < b ,  b u t  n o t  1 )  o r  2) M N (V i)

5) u  > b ,  v  > 0 M N + 1 ( v i i )

6)
% *

u  > b ,  v  < 0
/

M + 1 N ( i i )
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I t  r e m a in s  t o  d e te rm in e  T , I xe x, ®2®8> ©363 ,  and  

t h e  sy s tem  o f  s i g n s  i n  . S in c e  p 2 =* d 2 ( p x + mp2 -  n p 3 ) 

one h a s

0 , d s» 0
T = d 2m, 0

0 , ±  d 2n , > 3

F o l lo w in g  t h e  p r o c e d u r e  i n  I ( s e e  p .  4 $  ) one o b t a i n s

3  .

- § xe xd 2( a -  mb -  n o ) , *  e xe xd 3o

^3®2d XS> ® 2® 2d 8( f + mg + n h ) , -  e ae zd 9b.

1  ^3e 3d l^ J e 3e 3d a (.-3 2  mk ±  n / ) , ®3e 3d 3 ^

R e c a l l i n g  t h a t  W > 0 one h a s  d x -  e , ei v i> ®3®2>

d s 88 e 3e s> and

__ ( e xe x ) ab ,  ( e xe x ) ( § 2e 2)U, *  ( e xe x ) ( e 3e 3 )c

$  «  -  ( e se s ) ( e xe x) g J ( e 2e 2) 2W, ±  ( e 2e 2) ( e 3e 3 )h

±  ( e ae a ) ( e xe l )fc, 1  ( e 3e 3 ) ( e 2e 8)V, ( e ae 3 ) 8 /

1 )  u  < c ,  v  ? k :  m = M -  1 ,  n  = N + 1 .  R e c a l l i n g  t h a t

Q < u  < b + c ,  -  k  < v<  /  one h a s  U > 0 ,  V<  0 .  Lemmas 2 .2  

a n d  2 .3  y i e l d  e xe x = *  1 ,  e 2e 2 = H ,  e 3e 3 = 1 ;  

d x s  i  1 ,  d g a  + l ,  d ,  * I j  and  t h e  sy s tem  o f  s i g n s  i n  1> 

i s  I .

2 )  u < b  -  c ,  v <  0: m = M, n  = N -  l j  U > 0 ,  V>  0 .  Lemmas

2 .2  and  2 .3  y i e l d  e xe x -  -  1 ,  e 2e 2 = -  1 ,  e 3e 3 = 1 ,

d ,  = 1- 1 ,  d 2 = -  1 ,  d 3 = 1 ,  and  t h e  sy s tem  o f  s i g n s  i n
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i s  IV .

3) u  < b ,  v  ? 0 ,  b u t  n o t  1 ) :  m = M, n  * Hj U > 0 ,  V > 0 .

Same a s  2 ) .

4) u<  b ,  v <  0 ,  b u t  n o t  2 ) ;  m = M, n  = N; U > 0 ,  V< 0 .

Same a s  1 ) .

5 ) u >  b ,  v  > 0 ;  m = M, n  = N + 1 ;  U > 0 ,  V 0 .  Same a s  1 ) .

6 ) u  > b ,  v  < 0: m = M + 1 ,  n  = N; U > 0 ,  V> 0 .  Same a s  2 ) .

I l l  and  IV.

The two c a s e s  c a n  b e  com bined . The c o n d i t i o n s  t o  be  

s a t i s f i e d  i n  t h e  r e s p e c t i v e  c a s e s  a r e ;

I I I  IV

( 1 ) I U a  -  mb -  n c l  < b ,  (1 ) | K*a + mb -  n c | < b ,

( 2 ) I i?3 + mk + n / |  < i ,  (2 ) I -  mk + n i l  <

(3 )  | - # f  + mg -  n h |  ** m in . ;  (3 )  l - t f f  + mg + n h |  = m in .

I n  I I I  s e t  = K1, m = -  m, n  = n  an d  f o r  b o t h  c a s e s  one 

h a s :

( 1 ' )  U s  a  + mb -  nc  *  A xb ,
/ h A ( lAi I < I ,  Xji £ o) .

(2 ) V a  3 -  mk + n-l  -  A 2/ ,

( 3 7) 1  s  i « f  + mg + nh  t o  h av e  minimum a b s o l u t e  v a l u e .

The u p p e r  s ig n  i s  f o r  I I I  and  t h e  lo w e r  f o r  IV i n  ( 3 ^ ) .

y  = o;

S o lv e  ( l x) an d  ( 2 7) f o r  m an d  n ,
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t h e n
i b /  -  b k  ^ i c /  -  b /

m “ 11 * * ib J -’“Sk + A 2b JT iF  *

S in c e  b > e , / > k ,  one h a s  |m -  n |  < 2 ;  b u t  m an d  n  a r e  

i n t e g e r s ,  t h e r e f o r e  |ra -  n |  $ 1 .  W r i te  ra = n  + &

( £  »  0 o r  i  1 ) ,  R e p la c e  i n  ( l 7 ) and  ( 2 ' )  t o  o b t a i n

(1 " )  n (b  -  c )  + £b  = Axb ,
( U : I < 1 ,  X: 4  0 ) .

(2 " )  n ( /  -  k )  -  I k  = A2/ ,

Not b o t h  ra and  n  a r e  z e r o ,  h en ce  | n |  + |£,| = 1 .  From 

( 1 * ) ,  i t  i s  e v id e n t  t h a t  n  0 ,

The s u p p o s i t i o n  t h a t  t  = 1 y i e l d s  n  = -  1 from  ( l " ]  

and  n £  0 from  ( 2 * ) .  T h e r e f o r e ,  I  f  1 .  The s u p p o s i t i o n

t h a t  £ = -  1 y i e l d s  n  = 1 from  ( l " )  and  n  = 0 from  ( 2 " ) ,

T h e r e f o r e  £ ^  -  1 ;  i . e . ,  L = 0 an d  m = n .

The minimum o f  |W I i s  t h e n  y i e l d e d  f o r  m = n  »  i  1 ,

|W| = g + h .  A ls o ,  1̂  = 0 ,  m = n » l  a lw ay s  s a t i s f i e s

( I 7) and  ( 2 ') ,  so  t h a t  t h i s  i s  t h e  s o l u t i o n  o f  ( lO ,  (2*), 

<3*), e x c e p t  When a  s m a l l e r  v a lu e  o f  IW| i s  y i e l d e d  b y  

a n o th e r  s o l u t i o n  o f  ( l 7) and  ( 2/ )  f o r  w h ich  1̂  = 1 .

K * * h

S o lv e  ( 1 / ) f o r  m and  ( 2 ; ) f o r  n ,
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( 1 " )  » - A i - |  + n | ,

0 / U '  < x > h  t  0 ) .
(S'") n  = ; , . l  + » | ,

Then s i n c e  m and n  a r e  i n t e g e r s

m = [A J  + [ - a / i j  + [n c /b j  + 2 ,  n  = [A s~] + + [ a k / / J  + 2 .

( a )  Assume m > 0 ,  n >  0 ,  t h e n  m = 0 - 2 + n - l  + 2 = n  -  1 ,

n  = 0 -  1 + m -  1 + 2 = m; b u t  t h e s e  i n e q u a l i t i e s  axe

i n c o m p a t i b l e ,  h en ce  e i t h e r  a  = 0 o r  n  a  0 ,

(b )  Assume n  < 0 ,  t h e n  from  ( l " ' ) ,  m = 0 - 2 - 1  + 2 = -  1 .

(o )  Assume m < 0 ,  t h e n  from  (2 W) ,  n  = 0 -  1 -  1 + 2 = 0 .

(d )  Assume n  = 0 ,  th e n  from  (1 '" ) ,  m = _ a / b  < 0 o r  m = -  1 .

( e )  Assume m = 0 ,  t h e n  from  (2 '" ) ,  n  = As -  j / /  < 1 o r  n  = 0 .

Then i n  a l l  c a s e s  one h a s  m = -  1 ,  n  = 0 ( s i n c e  (d )  p r e ­

c lu d e s  t h e  p o s s i b i l i t y  o f  m = 0 ,  n  = 0 ) .

The minimum o f  | f |  w i l l  b e  d e te rm in e d  n e x t ,  and  f o r  

t h i s ,  I I I  and  IV w i l l  b e  t r e a t e d  s e p a r a t e l y ,

I I I ;  From Theorem 2 . 4 ,  j  + k  > / ,  h  > f |  t h e n  (2 ^ )  

i s  n o t  s a t i s f i e d  by  W = 1 ,  m = -  1 ,  n  = 0 .  The two

s o l u t i o n s  f o r  w h ich  |W| i s  t h e  s m a l l e s t  a r e

m = -  1 ,  n  = -  1 ;  | ¥ |  = -  f  + g + h  * g ;

m = -  1 ,  n  = -  2 :  |W| = -  f  + g + 2 h > g + h .

Of t h e s e ,  o n ly  t h e  fo rm e r  v a l u e  o f  |W| i s  l e s s  t h a n  

g + h ,  and  t h e  t r i p l e  K = 1 ,  m = -  1 ,  n  = -  1 i s  t o  b e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

t a k e n  w henever i t  i s  a  s o l u t i o n  o f  £ l ' )  an d  ( 2 ; ) ;  o t h e r -  

wiseK* = 0 , m = 1 , n  = 1 .

T h a t  vC = 1 ,  m * -  1 ,  n  »  -  1 b e  a  s o l u t i o n  o f  ( 1 / )

r e q u i r e s  t h a t  a  + c < 2b ;  w h e reas  t h e  t r i p l e  i s  a lw ays  

a  s o l u t i o n  o f  ( 2 ' ) .

Then f o r  I I I  one h a s

l } a + c < 2b : ^ = l ,  m = - l ,  n = : - l ;

2]  a  + o > 2b :  K = 0 ,  m = 1 , n  = 1 .

The ^ -n e ig h b o r  i s  o f  th e  f i r s t  k in d  i f  a  + c <  2b ;  

o th e r w i s e  i t  i s  o f  th e  se co n d  k i n d ,

IV; H ere  m = -  1 ,  n  = 0 ,  and  t h e  s m a l l e s t  v a lu e  o f  

IW| i s  y i e l d e d  f o r  m * -  1 ,  n  = 0 ,  nam ely  H I  = f  + g .

F o r  a l l  o t h e r  p a i r s  o f  m and  n  s a t i s f y i n g  t h e s e  i n e q u a l ­

i t i e s .  IW| = f +  g +  h > g + h .  Then H I  c a n  b e  s m a l l e r  

t h a n  g + h ,  th e  v a lu e  f o r  K* = 0 ,  m = 1 ,  n  = 1 ,  o n ly  i f

f < h ,  and  i f  th e  t r i p l e  K = 1 ,  m = -  1 , n  = 0  s a t i s f i e s

b o t h  ( l ')  and  (2 ') .  T h a t  ( l ')  and  (20 be  s a t i s f i e d  im poses 

th e  c o n d i t i o n s  a  < 2b ,  j  + k <JL
Then f o r  IV

1] a  < 2b ,  f  < h ,  3 + k< / :  K -  1 ,  m * -  1 , n  = 0 ;

2)  a  > 2b  o r  f  > h  o r  3 + k - ? / :  K1 = 0 ,  m = 1 ,  n  = 1 .

The | - n e i g h b o r  is ,  of_ t h e  f i r s t  k in d  o n ly  i f  a  < 2b ,

f  < h ,  and  j  + k < / ;  o th e r w i s e  i t  i s  o f  t h e  se c o n d  k i n d .
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I t  r e m a in s  t o  d e te rm in e  T , &/&/., and  t h e  sy s tem  o f  

s i g n s  i n  <£ •

H i : 0 , K d 2, 0

T = d 2 , 0

0 , -  d 2 , dl3

Then f o l l o w in g  t h e  p ro c e d u r e  a s  i n  I  ( s e e  p .  46 ) one 

o b t a i n s

$ -

Hence d x »

-  e xe xd x b , ■@xe xd 2( k? a -  b + c ) , -  e xe xd 8c

e ab ad xg , e 2e 2d 2( - ^ f + S + * ) , -  e 8e8 d 3h

©3e 3d.nk, + k S 3e 3d 3/ -

®xe x> = ©ae a» d 3 = e s e 3,  and

(©ie i ,)8b ,  ( e xe x ) ( e ae 2) ( H a -  b  + c ) ,  -  ( e xe x ) ( e 3e 8 )c

$  -  -  ( e 2e 2) ( e xe x ) g ,  ( e ae 8) a ( - t f f  + g  + h ) ,  -  ( e 2e 2) ( e 8e 8 )h

-  ( e 3e 3 ) ( e xe x) k ,  ( e 8e 8 ) ( e ae a ) ( + k  -  / ) ,  ( 6 36 3 ) * /

H = 0 :  Lemmas 2 .2  and  2 .3  y i e l d  e xe x = 1 ,  e ae 2 = 1 ,

e 3e s  * l ,  and t h e  sy s te m  o f  s i g n s  i n  $  i s  V I; t h e n  d x = -  1 ,  

d 2 ® 1  ̂ d 3 = ' 1 .

^  1 :  Lemmas 2 .2  and  2 .3  y i e l d  e xe x = -  1 ,  e 2e a =* 1 ,

e 8e 8 ** -  1 ,  and t h e  sy s tem  o f  s i g n s  i n  ^  i s  I I ;  t h e n

d. 1 ,  d 8 *s 1 ,  d a = -  1,

IV: 0 , K1 d 2 0

T = dx* -  d 2,  0

0 , — l ) d 2,  d 3
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The same p r o c e d u re  a s  b e f o r e  l e a d s  t o

i  .
®xe i d j b , e xe xd 2( tfa _ b - - 1 o ) ,  .-  e xe xd 3c

e s e 2d xg , e 2e 2d s (—i^f -  g  + M - 1 *)> e 2e 2d 3h

-  e 3e 3d xk , e 3e sd 2( + k + H* - 1 t ) , e 3e 3d 3 /

t h e n  d t  = d 2 = -  e 2e 2,  d 3 = e 3e 3 . One o b t a i n s ,

f i n a l l y ,

K*= 0 :  = -  1 , e 2e 2 = 1 , e 3e 3 = -  1 ;  t h e  sy s tem  o f

s i g n s  i n  i s  V I; and  d x = -  1 ,  d 2 = -  1 ,  d 3 = -  1 .

= I s  e xe x ~ I* e 2e 2 = 1 ,  e 3e 3 = 1 ;  t h e  sy s te m  o f  s i g n s

i n  3? i s  I I ;  and  d x = 1 ,  d 2 = -  1 ,  d 3 = 1 .

The &- n e ig h b o r  o f  t h e  E-n e ig h b o r  i n  I I I  s j  and  IV z \ i  

L e t  P, <j>, b e  t h e  m a t r i c e s  and  e x, e 2, e 3 t h e  e i  of  

Theorem 2 .3  f o r  £ a ,  g , a n d  l e t  P * ,^ * ,  e x,  e 2,  and  e 3 

h ave  t h e  c o r r e s p o n d in g  m ean ings  f o r  th e  f - n e i g h b o r  o f  

t h e  | - n e i g h b o r .  The s o l u t i o n  f o l lo w s  t h e  same l i n e s  a s  

f o r  t h e  | - n e i g h b o r  i n  I I  and  V.

Theorem 3 .3  shows t h a t  th e  d e te r m in a n t  o f  P ^  i s  1 .

S in c e  P a l s o  h a s  a  d e te r m in a n t  1 ,  P -1  i s  a  m a t r i x  o f
!

i n t e g e r s  w i t h  d e te r m in a n t  1 .  Then T"*= P " l P * i s  a  m a t r ix  

o f  i n t e g e r s  w i th  d e te r m in a n t  1 .

l j  b  -  c > c :  S in c e  p  x = -  f>2, p 3 = -  f>3 ,  w here  p 2 

an d  p 3 a r e  t h e  l a t t i c e  p o i n t s  on t h e  ^ - n e ig h b o r  o f ^ a ,  g , / J  

a s  fo u n d  i n  I I I  2 j  and  IV 2~J, one h a s

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60

0 , 0

II * 1 , m#d 2, 0

•3" dx> n * d 2 , *3

w here  m*,  n*,  a r e  i n t e g e r s  and  a r e  t o  d e te rm in e d

a s  1 o r  -  1 .  The u p p e r  s i g n  i n  t h e  f i r s t  colum n o f  th e  

m a t r ix  T* i s  f o r  I I I  and  t h e  lo w e r  s i g n  f o r  IV* S in c e  

t h e  d e te r m in a n t  o f  T* i s  1 ,  IK*| = 1 .  Choose vf* = 1 .

S e t  m*= i  m, n* = -(m  ~ n ) ,  t h e n

If ° , d 2, 0

T = d 1# i  md2, 0

llfrdx, -(m  -  n ) d 2, d

t h i s  h a s  t h e  e f f e c t  o f  e x p r e s s in g  p 2 i n  te rm s  o f  p x ,

S a  (= Vz  a n d f s

S e t  u °  = b -  c ,  u '  = c ;  = / ,  v '=  /  -  k ;  w° = g + h ,  

w' = h ,  t h e n  u °>  u '>  0 ;  w°> f  > 6 ,  w° > w'> 0 ; ,  v®? j  > 0 ,  

v > '0  (an d  w S f  > 0  i n  I I I ) ,  and

Kfj5s) *  e x ^ 2( a  -  mu° -  n u ' ) ,

^ (P a )  = e a < M -£  -  mw° * n w ' ) ,

U f a )  *  e ad 2( j  -  mv7 .+ n t r ° ) .

The c o n d i t i o n s  t o  be  s a t i s f i e d  a r e

(1 )  I a  -  mu° -  n u ' l  < u ° ,

(2 )  l - j  + mv7 -  n v ° |  < v ° ,

(3 )  l+ f  + mw° -  n w 'l  = m in .
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R e w r i te  ( 1 ) ,  ( 2 ) ,  and  (3) a s

( I 1) u s  a  -  mu° -  n u '=  ^ xu ° ,
, ( Mil 4 0 )  •

(2  ) V s . j  + m v '-  nv° = h av®,

( 3 ' )  W »  %f + mw® -  n w 'to  have  minimum a b s o l u t e  v a lu e *  

S o lv e  ( 1 ' )  and  (2* ) f o r  m and n  and  e v a l u a t e  t h e  p a r t s  

in d e p e n d e n t  o f  /t i. i n  te rm s  o f  F ,  G, and  H, t h e  r e s p e c t i v e  

c o f a c t o r s  o f - f ,  g ,  a n d ?h  i n  ^  •

-  a v °  + j u '  - A ^ v ®  + Aav®u' j fG  ^
m "" u®v® T W "  + u®v® + u ' v '  ~ F x»

_ ~ ju °  + a v '  -A bu °v° -  A i ^ v '  f  G + H ^
n ~ u®v© + u ' v '  + u©v® + u ' v '  “  F + »•

As b e f o r e ,  from t h e  c o n d i t i o n s  u ® > u '> 0 ,  v ° >  v /> 0 ,  and

I A1 1 < 1 ,  one h a s  |V ^ | < 2 ,  and  M - l » m  = M + 2 ,

N - l = n = N + 2 .

S e t  M = [± G /f ] ,  R  = [(±G + H ) / f ] ,  u  s  a  -  Mu® -  N u ' ,  

v  s  _ j  + Mv'~ Kv®, w s  + f  + Mw® -  Nw', an d  o b t a i n  

from  a s  i n  I I  and  V:

u® + u'> u  > 0 ,  v® > v  > -  v '  w > -  w° > -  w° •

(The q u a n t i t i e s  u®, u ' ,  v®, v ' ,  w®, w '  h e r e  t a k e  t h e  

p l a c e s  o f  b ,  c , / ,  k ,  g ,  and  h ,  r e s p e c t i v e l y ,  i n  I I  and  V# ) 

The s o l u t i o n s  o f  ( " 1 )  and (;2  ) i n  te rm s  o f  t h e  M and  

N defined here have precisely the same form as solutions
( i )  t o  ( v i i i )  o f  ( 1  ) and  ( 2 ) f o r  I I  and  V. T h e re  i s  a  

d i f f e r e n c e ,  how ever, i n  t h e  r e l a t i v e  m a g n i tu d e s  o f
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S o l u t i o n s  
o f  (1 )  and  (2 ) W C o n d i t io n s  f o r  

s o l u t i o n .
( i ) m = M + 2 w + 2w® u  < u®

n  = N v <  v® -  2 v '

( i i ) m = M + 1 w + w® u  >0
n  = N ~ v <  v® -  V '

( i i i ) m = M + 1 w + w® -  w ' u  > u '
n  = H + 1 .... v  > -  v '

( i v ) m = M + 1 w + w °  -  2w' u  > 2 u '
n  = N + 2 v  > v® -  v '

(v ) m = M w + w ' u  < u® -  u '
n  = H -  1 v < 0.

( v i ) m = M w u  < u®
n  = N v <  V®

( V i i ) m = M w -  w' u  > 0
n  = N + 1 v-> 0

( v i i i ) m = M -  1 w -  w° -  w ' u  < u y
n  = N + 1 V > V '

From t h e  c o n d i t i o n s  on w, w®, w ' ,  i t  i s  a p p a r e n t

t h a t  W> -  w® f o r  e a c h  s o l u t i o n ,  e x c e p t  p e r h a p s  ( i v ) ,

( v i i ) ,  and  ( v i i i ) ;  h u t  t h e r e  a r e  no s o l u t i o n s  o f  (1 )  

and  (2 )  f o r  w hich  )W{ <w®, hence  t h e  s o l u t i o n s  f o r  w hich  

W> -  w® s a t i s f y  a l s o  t h e  c o n d i t i o n  W >w®. I t  c a n  h e  

shown t h a t  W> w® even  f o r  t h e  t h r e e  p o s s i b l e  e x c e p t io n s  

m e n t io n e d .  F o r ,  i f  ( v i i i )  i s  a  s o l u t i o n ,  so  a l s o  i s

( v i ) .  Then w>w®, and  a s  a  c o n s e q u e n c e ,  w -  w® -  w>_ w® 

i s  s a t i s f i e d .  Hence w -  w® -  w> w®. I f  ( v i i ) ,  h u t  n o t

( v i i i ) ,  i s  a  s o l u t i o n ,  t h e n  e i t h e r  ( v i )  o r  ( i i i )  i s  a
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s o l u t i o n ,  and  i n  e i t h e r  e v e n t ,  one h a s  w -  w ^w ® . I n  a  

s i m i l a r  m anner i t  c a n  he  shown t h a t  i f  ( i v )  i s  a  s o l u t i o n ,  

w + w® -  2w '?wo. Hence IWI = W.

From t h e  e i g h t  s o l u t i o n s  o f  (1 )  and  (2) one o b t a i n s  

t h e  f o l lo w in g  t a b l e  o f  a l l  s o l u t i o n s  o f  ( 1 ) ,  ( 2 ) ,  and  ( 3 ) :

C o n d i t io n s m n C o r r e s p .

1) u  < u / , v > v '

2 ) ,  3) u  > 0 ,  v  > 0 b u t  n o t  1 )

4) u  < u®, v < 0

5)  u  >u®, v  < 0

M -  1

M

M

M + 1

1 + 1

1 + 1

1

1 + 1

( v i i i )

( v i i )

( v i )

( i i i )

The v a l u e s  o f  d x, d s ,  d a ,  e * e x,  e%ez ,  e ae a ,  and  

t h e  sy s te m  o f  s i g n s  i n ^ w i l l  now b e  d e te r m in e d  f o r  th e  

v a r i o u s  s o l u t i o n s  1) t o  5)*

S in c e  P*= PT*, one h a s

+ e ^ e jd jU 0 , e xe xd 2( a  -  mu® -  n u ' ) ,  -  e ^ e xd au '

e ^ e 2d xw®, e £ e sd 8( - f  ±  raw® + nw7) ,  + e 2e 2d aw'

+ e s e a d i V ' ,  e $ e ad 2( j  -  mv7 + nv® ), e £ e ad av®

Then d x — + e xe x, d 2 — — e 2e 2 ,  d a = e ae a , and

( e t e j ^ o ,  ± (etexJCeteaJU,  -  ( e t e x) ( e a e , ) ^

*  ( e ^ M e ^ e J w ® ,  ( e £ e a ) 8W, *  ( e £ e a ) ( e £ e a )w'

( e * e a ) ( e £ e x) v ' ,  *  ( e £ e a ) ( e 2e a )V, ( e £ e a ) 8v©

r  -
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1) u < u ; ,  v > v ' *  U > 0 ,  V < 0 .  Lemmas 2 .2  and  2 .3  y i e l d  

et e i  = -  1 , e | ' e 8 « -  1 ,  6363 = + 1 ,  and  t h e  sy s te m  o f  

s i g n s  i n  I>*i8 V. Then d x = -  1 ,  d 2 = + 1 ,  d 3 = + 1 .

2 ) u < u ;, v ' > v > 0 ;  t f < 0 ,  V < 0 .  Lemmas 2 .2  and  2 .3  y i e l d
 ̂ jJL-

®ie i  *“ *  1 ,  e 2e 2 = 1 ,  e 3e 3 = ±  1 ,  and  t h e  sy s te m  o f  s i g n s

i n  3 T i s  I I I .  Then d x = -  1 ,  d g = ±  1 ,  d 3 = ±  1 .

3 ) u > u ' ,  v > 0 :  U > 0 ,  V < 0 .  Same a s  1 ) .

4 ) u < u ° ,  v  < 0j  U > 0 ,  V < 0 .  Same a s  1 ) ,

5) u  > u®,  v < 0 :  U 0 ,  V < 0.  Same a s  2 ) .

2}  b  -  c < c s  .

H ere  = d jp g  and  -p% = d 8 (-p8 -Ps ) • The t h i r d  p o i n t

i s  a  l i n e a r  c o m b in a t io n  w i th  i n t e g r a l  c o e f f i c i e n t s  o f  

P i ,  P s ,  *  P s ,  and  $ a . S e t  p 3 « d 3 (Kpx ±  n ( p 8 * - p 3 ) + rap3 ) ,  

t h e n

0 , 0 , ^ 3 )

II
*e-< 0 , d 2, *  n d s

<*1, *  d 8, (m -  n ) d a

B ut t h e  d e te r m in a n t  o f  T* i s  1 ,  so  t h a t  (Ml = 1 .  Ohoose 

H1 =  1 a s  b e f o r e .  Then

l ( P s )  = e xds ( a  -  n  b  -  0 -  m o),

*n(pj) = e 2d s (.-f  1  n  g  + h  + m h),

t ( p 3 ) *  e 3d 3 ( j  -  n  /  -  k  + m / ) ,
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S e t  u °  = c ,  u 7 = b  -  c ;  v® = g + h ,  v '  = h j  w° = jLt

w '  « j i  __ ic. The c o n d i t i o n s  t o  b e  s a t i s f i e d  by  i n t e g e r s

m and n  a r e

( 1 ) U = a  -  mu® -  n u ' = A.u®,
, , ( I A; I  < 1 ,  ±  0 ) .

(.2 ) V s  i f  + mv -  nv® = ^ 8v ° ,

( 3 ) W s  ;j + mw® -  nw ' t o  h av e  minimum a b s o l u t e  v a l u e .

S o lv e  ( 1  ) and ( 2 ) f o r  m and n ,  e v a l u a t i n g  t h e  p a r t s  i n ­

d e p en d e n t  o f  A ^ i n  te rm s  o f  J ,  K, and  L, t h e  r e s p e c t i v e

c o f a c t o r s  o f  j , ± k ,  and  /  i n  .

m * - aY° * -  + -Aiu°v® + Aauf  v®_ ±K__+_L + v
u®v® + u ' v '  u®v® + u ' v '  . J

n  a ±  fu® 4t a v 7 -4 u ® y Q  -  ^ u ® v / ±  K o
u®v® + u ' v '  u®v® + u 'v ^  ^  J  8 *

S e t  M «  [ ( ±  K + L ) / j J ,  ' N*[± K / j J ,  t h e n  a s  b e f o r e  

IV; I < 2 and M - l = m = M  + 2 , H - l = n = N + 2 .

L e t  u  = a  -  Mu® -  Nu7, v  = ±  f  + Mv 7 -  Nv®, w = j  + Mw® -  Nw 

t h e n  from  o b t a i n

u°  + u ' y  u  > 0 ,  v °  > v  7 -  v / ,  w > 4 - w ® > - w ® .
J

One h a s  a l s o ,  u® > u 7> 0 ,  v ® > v > 0 ,  v ® > f > 0 .  T h e re  a r e  

t h e n  f i v e  s o l u t i o n s  o f  ( 1 ) ,  ( 2 ) ,  and  ( 3 ) i n  te rm s  o f  

t h e s e  M and  N and  th e y  a r e  o f  t h e  same form  a s  f o r  

b  > 0 ^ 0 ,

The o n ly  d i f f e r e n c e  a r i s e s  i n  t h e  v a lu e s  o f  &x,  d 3, 

d s> e i Qi> ®?e 2> e s e 3> and  t h e  sy s te m  o f  s i g n s  i n  3T*.
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Em ploying  P* = FT* one o b t a i n s

r- -  e xe xd xu ° , T e £ e xd 2u ' , e xe xd 3U
-r J "1t  e 2e 2a xv  t e 2e 8d 2y o , *  e £ e 2d 3V •

e 3e 3d xwO, *  eaSs&z* ' , ®3®a^-3^

Then d x ®I®i> s  ®1s®8> ^-s “  ®a®a» and
*•s O7̂ i

(e‘i e l )» u # , T ( ®t ®i ) ( ®2e s )u<» (® r® i)(® 3ea)U

*  ( e t e s ) ( e t e x ) v v,  ( e s Q s ) 8̂ ,  *  ( e £ e s X e > s ) V

-  (®a®a)(e! e i ) w°> *  ( e l e a X e ^ ) * ' ,  (®a®a)aW

1) u < u ' ,  y  ■? y  U •? 0 ,  V < 0 .  Lemmas 2 .2  an d  2 .3  y i e l d  

®x®x = ^  1 ,  e | e 2 = -  1 ,  e £ e 3 = + 1 ,  and  t h e  sy s te m  o f

s i g n s  i n  <j)*is IV . Then d x = + 1 ,  d 2 = -  1 ,  d 3 = + 1 .

2 )  u < u ' ,  v /> T > 0 i  U < 0 ,  V < 0 .  Lemmas 2 .2  an d  2 .3  y i e l d

e i®i = i l * ®2®2 * e s e 3 = ±  1 ,  and  th e  sy s te m  o f  s i g n s

i n  $ * i s  I I .  Then d ,  = ?  1 ,  d 2 = 1 ,  d 8 = T 1 .

3) u  > u ' ,  r  > Ot U > 0 ,  V < 0 ;  same a s  1 ) .

4 )  u < u ° ,  v  < 0 :  U > Q ,  V < 0 ;  same a s  1 ) .

5) u  > u ° ,  y  < 0 :  U < 0 ,  V < 0;  same a s  2 ) .

The tv-n e ig h b o r  o f  t h e  £- n e ig h b o r  i s  .ja , g ,  £ j  i t s e l f

when b  > c .

T h is  i s  an  im m ed ia te  c o n se q u e n c e  o f  t h e  d e f i n i t i o n .  

The t - n e ig h b o r  o f  t h e  (j-n e ig h b o r  i n  I I I  2 j  and  IV 2J :

l j  X -  k > k :

H ere  « d xf»2,  «  d 3 ( p 2 * 1 3 3 ) ,  and  ^  =dj(KPi 

±  m ( p 2 + p 3 ) + n p g) .
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Then

0 ,  t f d 8 0

V* m d x,  ±  (ra -  n ) d 8, d s

0 ,  -  md8,  *  d s

The d e te r m in a n t  o f  T* i s  1 ,  h e n c e  |K | = 1 .  Ohoose M1 = 1*

S e t  u® = /  -  k ,  u '  «  k ;  v® = b ,  v '  «  b  -  c ;  w® = g + h ,

w ' «  g;  t h e n

S(f>*s) = s xd 8 ( a  -  mv'  + nv® ),

*n(p8) = e 8d 8( - f  ±  mw® ’f  n w ' ) ,

= ®3<M 3 -  mu® -  nu').
The c o n d i t i o n s  t o  be  s a t i s f i e d  a r e  t h e n

(1 )  U s  j  _ mu® -  n u '  = Axu®,

(2)  V = - a  + mv' -  nv® * Asv®,
/

(3 )  W s  ?-f + mw® -  mw' t o  h ave  minimum a b s o l u t e  v a l u e .

S o lv e  (1 )  and  (2 )  f o r  m and  n  and  e v a l u a t e  t h e  p a r t s

in d e p e n d e n t  o f  X^ i n  te rm s  o f  F ,  S ,  and  H, t h e  r e s p e c t i v e

c o f a c t o r s  o f  -» f ,  g ,  and  T h  i n  ^ ,

jv® + a u '  ^
=       ——-  +

Mil Â t  o).

m u®v® + u 'v '
Axu®v® + A au' v® __ -  H .

i / w/ j* i*u®v® + u ' v '

-au® + J v '  u®v® -  /UuQy7 T 6 - H  ^
u®v® + u ' v '  u®v® + u ' v '  5:3 F s *

S e t  M = [ -  H /f ] ,  N = [ (+  G -  H ) / f] ,  t h e n  s in c e

v®> v ?  0 ,  u®> u  'y  0 ,  one h a s  I < 2 and  M -  1 = m = M + 2 ,

N -  1 = n  = N + 2 .
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S e t  u  = j -  Mu® -  N u '  ,  v  = -  a  + Mv' -  Nv®, 

w = T f  + Mw® -  Nw'j t h e n  from  u® + u S  u  > 0 ,  

v® > v >  -  v ' ,  and  w? -  w®> -  w®. The s o l u t i o n s  o f

( 1 ) ,  ( 2 ) ,  and  (3)  axe  t h e n ,  i n  te rm s  o f  t h e s e  M and  N, 

o f  t h e  same form a s  t h e  f i v e  s o l u t i o n s  i n  t h e  l a s t  two 

p r e v i o u s  c a s e s .

The e s s e n t i a l  d i f f e r e n c e  a r i s e s  i n  t h e  v a l u e s  o f  

d x,  d s ,  d 3,  e xe x,  e g e 8, e s e s» and  sy s tem  o f  s i g n s  i n  

<$*, Em ploying  P *  « PT* one o b t a i n s

T e * e xd xv ° ,  -  e * e x&sV, 1- e ^ e jd g V 7

3? = e^e8dxw ', ± efegdgW, egegd3w®

± e £ e 3d xu ' ,  e J e 3d 2U, + e | e 3d 3u®

Then d x = *  e j e x,  d 2 = ± e g e 2, d 3 = *  e j e 3,  and

( e * e x) 8v®, ^ ( e xe x ) (egeg)lT , ( e £ e x) ( e t e 3 ) v '  

* ( e 2e s ) ( e xe x )w', ( e ^ e g ) 8! , ^ ^ )  ( e j e 3 )w©

• ( e j e 3) ( e t e x)u', * ( e 3e s0 ( e £ e 2)U, ( e | e a ) 8u®

1 ) u < u ' ,  v > v ' : U > 0 ,  V < 0 .  Lemmas 2 .2  and  2 .3  y i e l d

e xe x s  T 1 ,  e 2e 2 = -  1 ,  e 3e 3 = i  1 ,  and t h e  sy s te m  o f  

s i g n s  i n  i s  I ? .  Then d x = 1 ,  d 2 = ?  1 ,  d 3 = -  1 .

2 )  u  < u ' ,  v ' >  v  > 0 ;  U < 0 ,  V < 0 .  Lemmas 2 .2  and  2 .3

y i e l d  e £ e x = ±  1 ,  e t e 2 » 1 ,  e ^ e 3 = ±  1 ,  and  t h e  sy s tem

r=

o f  s i g n s  i n  c£ i s  I .  Then d x = - 1 ,  d s = ±  1 ,  d s

3) u > u ' ,  v > 0 :  U > 0 ,  V < 0 ;  same a s  1 ) .

1 .
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4) u < u ° ,  v < 0 :  U > 0 ,  V < 0 ;  same a s  1 ) .

5) v < 0 :  U < 0 ,  V < 0 ;  same a s  2 ) .

2] k> /  kj

H ere  «  d 2(-ps f  ? 3 ) ,  «  d & s ,  and  = d l ( ^ l

+ mpg + n f ^ ) .  Then

Kd i» 0 , 0

1-3 * It mdl t d g ♦

n d i , * 0

The d e t  e rm in a n t  o f  T* i s  1 , h en ce  Wl * 1 .

Then

S ( K )  - e xd %( a  * mb - n c ) ,

•hCp *)  = e a<M - f  + mg * “*)«

J (* t>  - ® 3^ 1  ( j  ± mk + n  / ) .

The c o n d i t i o n s  t o  h e  s a t i s f i e d  axe

(1 ) U s  - f  + mg T nh  = Ax( g  + h ) ,

(2) V a j 1 rak + nJi = Ask, A
(3 )  W s  a  *  mb -  nc  t o  have  minimum a b s o l u t e  v a l u e .  

S o lv e  (1 )  and  (2 )  f o r  m and  n  an d  e v a l u a t e  t h e  p a r t s  

in d e p e n d e n t  o f  \ i  i n  te rm s  o f  A, B, and  0 ,  t h e  r e s p e c t i v e  

c o f a c t o r s  o f  a ,  + b ,  and  -  c  i n  if  .

m + **3 + ' U g / *  I j i d  ±  A2hk = B + y  
g /  + hk g i .  + hk A 19A

n  - ~ g J  T  f lc  +  /U gfc  ?  A i S t  ?  =  0  +  v
g /  + hk g /  + hk A
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Due t o  t h e  c o n d i t i o n s  on and t h o s e  from  Theorem 2 .3  

on g ,  h ,  / ,  and  k ,  one h a s  < 2 .

S in c e  b > e ,  Theorem 2 . 4  r e q u i r e s  t h a t  h >  f  f o r

I I I ;  t h e n

t h e  u p p e r  l i n e  b e in g  f o r  I I I ,  t h e  lo w e r  f o r  IV . Hence

D i r e c t  s u b s t i t u t i o n  o f  t h e s e  v a l u e s  i n  (1 )  and  (2 )  r e ­

j e c t s  a l l  e x c e p t  t h e  f o l lo w in g  p a i r s  w hich  a r e  s o l u t i o n s  

o f  (1 )  and  ( 2 ) :

m n Oase W C o n d i t io n s  f o r  s o l .

( i ) -  1 0 I I I a + b f  < h ,  j  < 2k

( i i ) 0 -  1 I I I , IV a * c j  + k > Z

( i l l ) 0 0 I I I , IV a j  < k

( i v ) 1 -  1 I I I a -  b  + c | j  + k - j t \< k

(v) 1 0 IV a + b j  < 2k

( v i ) 1 1 IV a + b  -  c j + /< 2k

( v i i ) 2 0 IV a + 2b f  + h «» g ,  3k j > k .

The v a lu e s  o f  W a r e  a l l  p o s i t i v e .  Amohg t h e
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s o l u t i o n s  f o r  I I I ,  ( i v )  c o r r e s p o n d s  t o  t h e  s m a l l e s t  

v a lu e  o f  W. On t h e  o t h e r  h a n d , t h e  c o n d i t i o n  

| j  + k  -  / |  < k  i s  a lw ay s  s a t i s f i e d  a s  a  c o n seq u e n ce  o f  

t h e  c o n d i t i o n s  j  + k > / ,  J-> 3 > 0 ,  J- > & > 0 ,  o f  Theorems

2 ,3  and  2 . 4 .  T h a t  i s ,  ( i v )  i s  a lw ay s  t h e  s o l u t i o n  o f

( 1 ) ,  ( 2 ) ,  and  ( 3)  f o r  I I I .

Among th e  s o l u t i o n s  f o r  IV , t o  ( i i i )  c o r r e s p o n d s  

t h e  s m a l l e s t  v a lu e  o f  W, h ence  ( i i i )  i s  t h e  s o l u t i o n  

o f  ( 1 ) ,  ( 2 ) ,  and  (3 )  i f  j < k .  When j > k ,  i t  i s  a p p a r e n t  

t h a t  ( v i )  i s  n o t  a  s o l u t i o n  o f  (1 )  and  (2)} t h e n ,  t o  ( i l )  

c o r r e s p o n d s  th e  s m a l l e s t  v a lu e  o f  f .  C o n s e q u e n t ly ,  ( i i )  

i s  th e  s o l u t i o n  o f  ( 1 ) ,  ( 2 ) ,  and  (3 )  e x c e p t  when j  + k < / .  

B u t t h i s  d o e s  n o t  o c c u r  when k ■> /  -  k j  j  > k .  T hq t i s ,  when 

j  7 k i t  f o l lo w s  t h a t  ( i i )  i s  alwayB th e  s o l u t i o n  o f  ( 1 ) ,

( 2 ) ,  and  ( 3 ) .

The d e t e r m i n a t i o n  o f  d x, d 8,  d 3, e f e x, e t e 2,  e 3e a , 

and  t h e  sy s tem  o f  s i g n s  i n  $ * i s  c a r r i e d  o u t  b e lo w :

I I I :

*rft o , 0
<p ■**" _

^ i > d

•  d x, — d 2, 0

Em ploying P*  = PT* one o b t a i n s
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e *e i d i (  a  -  b  + c ) ,  -  e t e 1d 8(b -  c ) ,  -  e £ e xd 3b

§>* -  e £ e 8d x( _ f  + g  + h ) ,  e 8e 8d 8 (g + h ) ,  e | e sd ag

©3e 3d i (  3 + k  -  I ) ,  -  e | e 3d 8( / ~  k ) ,  e £ e 3d 3k

Hence d x = e1Jex, d 8 = e * e 2, d 3 = e%e3; t h e n  Lemmas 2 .2  

and  2 .3  y i e l d  e j e x »  -  1 ,  e ^ e 2 = -  1 ,  e 3e 3 == 1 ,  and  t h e  

sy s tem  o f  s i g n s  i n  i s  V. Hence d x «  -  1 ,  d 2 = -  1 ,  

d 3 = 1 .

IV l )  3 > k :

d l» 0 , 0

iptf __ 0 , d 2> d

-  d ». d 2» 0

e xe xd 3b 

e 8e 2d 3g

E m ploying  P* =• PT* one o b t a i n s

e t e l d x ( a  -  o ) ,  e t e xd 8(b  -  c ) ,

5 * =  -  e t e 8d x ( f  + h ) ,  e a e 2d 8(g  + h ) ,

— e s e adx( /  -  j ) #  ©a©3d 2( /  ~ &)> ~ e 3e 3d 3k

Then d x = e * e x, d a ■ ©2©2> d 3 ** -  e ae s» ©nd Lemmas 2 .2  

and  2 .3  y i e l d  e j e x = -  1 ,  e 8e 2 = 1 ,  e 3e 3 = -  1 ,  and  

t h e  sy s tem  o f  s i g n s  i n ^ * i s  I I .  Hence d x = -  1 ,  d 8 = 1 ,  

d 3 = 1»

IV 2) 3 < k :

d i» 0 , 0

o , d a> d

0 , d 2» 0

3
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Em ploying P*  = PT * one o b t a i n s

e t e 1d l a , e t e 1d s (h  -  c ) , e t e xd 3h

r = -  e £ e sd xf , e f e 2d 2(g  + h ) , e | e 2d 3g

®Se 3^-ld> e s © 3 < M i -  &), -  e 3e s d 3k

Then d l  »  © tex , d 8 = e £ e 2, d s = -  e £ e 3,  and  Lemmas 

2*2 and  2*3 y i e l d  ©^e^ —- 1  ̂ ©2©2 = •  1  ̂ ©3e 3 — — 1  ̂

and  t h e  sy s te m  o f  s i g n s  in 3 > * i s  V. Henoe d x «  1 ,  d 2 

d a = 1 .
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CHAPTER IV

A SECOND ALGORITHM

I n  w hat f o l lo w s  t h e r e  i s  g iv e n  a  p r o c e s s  f o r  ob­

t a i n i n g  t h e  c o o r d i n a t e s  o f  l a t t i c e  p o i n t s  f o r  w h ich  

| | |  and  I Til a r e  a r b i t r a r i l y  s m a l l .  I n  t h i s  c h a p t e r  

t h e  same r e s t r i c t i o n s  a r e  im posed  on tj,  and  a s  

b e f o r e .

Theorem 4 .1  T h e re  e x i s t s  an  i n f i n i t e  se q u en ce  

o f  l a t t i c e  p o i n t s  f o r  w hich  | f |  and  It)I a r e  a r b i t r a r i l y  

s m a l l .

L e t  Si  and  l z b e  two a r b i t r a r y  p o s i t i v e  c o n s t a n t s .

The t h r e e  l i n e a r  fo rm s V s  Tl fe . t 1 =

h a v e  t h e  same d e t e r m i n a n t ^  a s  | ,  ri, and  £ . From a  

th eo rem  o f  Minkowski c o n c e rn in g  l i n e a r  forms*- t h e r e  e x i s t s ,  

b e s i d e s  t h e  o r i g i n ,  a  l a t t i c e  p o i n t  f o r  w h ich  | % 'J »

I t /  { ^  V ^ ,  and  1 ^ 1  = V a  . F o r  t h i s  p o i n t ,  t h e n ,  t h e  

i n e q u a l i t i e s  | | |  ® l Xt It,! = Cz a r e  s a t i s f i e d .  C a l l  

t h i s  p o i n t

S in c e  t h e  o r i g i n  i s  t h e  o n ly  l a t t i c e  p o i n t  i n  t h e

1 .  H. M inkow ski, G eo m etr ie  d e r  Z a h le n .  p .  1 0 4 .
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p la n e  f = 0 (o r  t h e  p l a n e  tj = 0 )  i t  f o l lo w s  t h a t  

U(f>i)l >£x>0> I'nCPi) I > I z  *> 0 w here  t x and  t 8 a r e  

s u i t a b l y  c h o se n  p o s i t i v e  c o n s t a n t s .  I f  t x and  a r e  

em ployed i n s t e a d  o f  l x and  t s , i t  i s  c l e a r  t h a t  t h e r e  

e x i s t s  a  seco n d  l a t t i c e  p o i n t  f>2 f ° r  w h ich  l|(f>2)l = £x < SXi 

I*n(ps) I = i s from  t h e s e  l a s t  i n e q u a l i t i e s  i t  i s

o b v io u s  t h a t  p 2 ^  i  %>x.  By i n d u c t i o n  t h e  e x i s t e n c e  i s  

e s t a b l i s h e d  o f  an  i n f i n i t e  se q u en c e  o f  l a t t i c e  p o i n t s ,  

a l l  d i f f e r e n t ,  f o r  w h ich  | | |  »  i X9 | r j |  = S8, Thus th e  

th eo re m  i s  p ro v e d .

Theorem 4 .2  Among t h e  e x tre m e  p a r a l l e l e p i p e d s  i n  

t h e  c h a i n  f o r  f ,  v\,. £ , t h e r e  e x i s t s  a  p a r a l l e l e p i p e d  

[ a ,  g ,  ^ j ' f o r  w hich  one o f  t h e  p a r a m e t e r s ,  c h o se n  in  

a d v a n c e ,  i s  a r b i t r a r i l y  s m a l l .

I t  s u f f i c e s  t o  show t h a t  t h e r e  e x i s t s  an  ex trem e

p a r a l l e l e p i p e d  f o r  w h ich  a  i s  a r b i t r a r i l y  s m a l l .  L e t

£x and  b e  two a r b i t r a r y  p o s i t i v e  c o n s t a n t s .  By

Theorem 2 .1  th e  p a r a l l e l e p i p e d  \ s Xt £ a ,  . V i s  n o t

f r e e .  Lower th e  | - f a c e s  t o  o b t a i n  t h e  f r e e  p a r a l l e l e p i p e d .

5 a, £ 2, } f o r  w h ich  t h e  f i r s t  p a ra m e te r  c a n n o t  be
v i \  *2 J

i n c r e a s e d  w i th o u t  i n t r o d u c i n g  a  l a t t i c e  p o i n t  i n t o  t h e  

i n t e r i o r  o f  th e  p a r a l l e l e p i p e d .  The h y p o t h e s i s  t h a t  t h e  

o r i g i n  i s  t h e  o n ly  l a t t i c e  p o i n t  i n  t h e  p l a n e  |  = 0
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r e q u i r e s  a >  0 .  Hext r a i s e  th e  £ -£ a c e s  u n t i l  t h e  t h i r d  

p a r a m e te r  i s  e q u a l  t o  t h e  l a r g e s t  v a lu e  £  f o r  w hich  

t h e  p a r a l l e l e p i p e d  re m a in s  f r e e .  F i n a l l y ,  r a i s e  t h e  

r j - f a c e s  u n t i l  t h e  p a r a l l e l e p i p e d  becom es an  ex trem e  

p a r a l l e l e p i p e d  £a, g ,  £ j »  The e x i s t e n c e  o f  t h e  two 

num bers g and  £  i s  e s t a b l i s h e d  by  Theorem 2 . 1 .  I n a s ­

much a s  a  <.tx» i3*16 th eo rem  i s  p r o v e d .

Theorem 4 .5  When a  s u f f i c i e n t l y  g r e a t  number o f  

o n ly  s u c c e s s i v e  S-n e ig h b o r s  a r e  t a k e n ,  a n  ex tre m e  

p a r a l l e l e p i p e d  i s  a t t a i n e d  f o r  w h ich  th e  f i r s t  p a r a ­

m e te r  i s  a r b i t r a r i l y  s m a l l . L ik e w is e ,  when o n ly  

s u c c e s s iv e  rj- o r  £ - n e ig h b o r s  a r e  t a k e n ,  a n  ex tre m e  

p a r a l l e l e p i p e d  i s  a t t a i n e d  f o r  w h ic h ,  r e s p e c t i v e l y ,  t h e  

seco n d  o r  t h e  t h i r d  p a ra m e te r  i s  a r b i t r a r i l y  s m a l l .

I t  s u f f i c e s  t o  p ro v e  t h e  th eo re m  f o r  a  se q u en c e  

o f  s u c c e s s i v e  (“- n e i g h b o r s .  D eno te  b y £ a 0 ,  g 0> ^ o l ^  

a n  a r b i t r a r y  ex trem e  p a r a l l e l e p i p e d  w hich  i s  t o  be  u s e d  

a s  a  s t a r t i n g  p o i n t .  L e t  [ a ^ ,  g ^ i ^ b e  t h e  | - n e i g h b o r  

o f  ( a x - x ,  ( i  = 1 ,  2 ,  •♦ .,* > ) .  From t h e

d e f i n i t i o n  o f  t h e  | - n e i g h b o r  i t  f o l lo w s  t h a t  a * ^  a <i+ 

g ; +( -  = So* £ 2+1 = £  o ( i  = 0 ,  1 ,  * • v » e ) .  Con­

s e q u e n t l y ,  l im  a • = a  e x i s t s ,  and  a ; > a  ^ ' 0 ,

Suppose a > 0 .  The i n e q u a l i t i e s  g. 4 r- y -  < r n r  >
a x 0.^0
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a r e  a  c o n seq u e n ce  o f  Theorem 2 . 1 ;  I t
a i&>L ago

w ould  t h e n  f o l lo w  t h a t  th e  i n f i n i t e  seq uence  o f  s u c c e s s iv e  

l - n e i g h b o r s  would b e  c o n ta in e d  i n  t h e  p a r a l l e l e p i p e d  

i 8 ®' a Jo  '  D enote  by -p ^  t h e  l a t t i c e  p o i n t  whose

c o o r d i n a t e s  a r e  i n  t h e  f i r s t  colum n o f  t h e  m a t r i x  P.: 

w h ic h ,  by Theorem 2 . 3 ,  c o r r e s p o n d s  t o  S in c e

a ^ > a ^ + l  t h e  p o i n t s  ( i  = 0 ,  1 ,  " y * )  a r e  a l l  d i f f ­

e r e n t .  E ach  p o i n t  b e in g  on t h e  s u r f a c e  o f  a n  ex tre m e

p a r a l l e l e p i p e d  i n  t h e  se q u en ce  o f  s u c c e s s iv e  | - n e i g h b o r s ,  

m ust b e  c o n ta in e d  i n  | a 0 ,  • But t h i s  i s  im­

p o s s i b l e ,  whence a  = 0 .

Prom t h e  d e f i n i t i o n  o f  a  l i m i t ,  i t  f o l l o w s  t h a t  

t h e r e  e x i s t s  a,n i n t e g e r  su c h  t h a t  a^. = 2  f o r  a l l  

i  ^  Nt ,  t h e  number £ b e in g  an  a r b i t r a r i l y  c h o se n  p o s i t i v e  

q u a n t i t y .  The th eo re m  i s  t h u s  p r o v e d .

L e t  [ a x ,  g ^ , & }  ( i  -  0 ,  1 ,  •••,<*>) b e  a n  i n f i n i t e  s e ­

quence  o f  ex tre m e  p a r a l l e l e p i p e d s  f o r  | ,  T), £ , and  l e t  

^ a n d  ( i  = 0 ,  1 ,  b e  t h e  i n f i n i t e  s e q u e n c e s

o f  m a t r i c e s ^  and  P w h ich  by  Theorem 2 .3  c o r r e s p o n d  t o  

t h e  r e s p e c t i v e  ex tre m e  p a r a l l e l e p i p e d .  L e t  a ^ ,  b ^ ,  • • •  

h av e  t h e  same meaning f o r  ^  a s  a ,  b ,  • • • , £>  h av e  f o r  ^  . 

D enote  by  ( r  = 1 ,  2 ,  3 ; i  = 0 ,  1 ,  t h e  p o i n t

whose c o o r d i n a t e s  o c c u r  i n  t h e  r t h  column o f  t h e  m a t r ix  P ^ .
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The f o l lo w in g  lemma c an  th e n  b e  s t a t e d .

Lemma 4 .1  Among t h e  ex trem e  p a r a l l e l e p i p e d s  i n  t h e  

c h a i n  f o r  £, p ,  £, t h e r e  e x i s t s  an  i n f i n i t e  s e q u en c e  

{a ;> j ( i  = l i  •••,<*>) o f  f i r s t  k i n d ,  a l l  d i f f e r e n t .

&2JL E h lS k  > oA+1, h . >  h ^ x ( i  = 1 ,  L ik e w is e ,

t h e r e  e x i s t  two o t h e r  su c h  i n f i n i t e  s e q u e n c e s  o f  ex trem e  

p a r a l l e l e p i p e d s  o f  f i r s t  k in d ,  one f o r  w h ich  b^ > b ^ , .  

kt+a> an d  a n o th e r  f o r  w h ich  f L

B ecau se  o f  t h e  symmetry o f  t h e  r o l e s  t a k e n  by £, t), 

5 , i t  s u f f i c e s  t o  p ro v e  t h e  f i r s t  p a r t  o f  t h e  lemma.

L e t  |  a c ,  g 0> ^ o }  an  a r b i t r a r y  ex tre m e  p a r a l l e l e p i p e d ,  

and  l e t  ,  g ^ , ^ ]  ( i  = 1 ,  • • • ,  ^ ) b e  t h e  i n f i n i t e  s e ­

quence  o f  ex trem e  p a r a l l e l e p i p e d s  d e te rm in e d  i n  th e  

f o l lo w in g  m anner. B ecau se  o f  t h e  r e s t r i c t i o n s  imposed 

upon T}, and  £ , no one o f  t h e  num bers a 0 , b 0 , 

i s  e q u a l  t o  z e r o .  C o n s e q u e n t ly ,  Theorem 2 .1  -

e s t a b l i s h e s  th e  e x i s t e n c e  o f  a t  l e a s t  one l a t t i c e  p o i n t  

b e s i d e s  t h e  o r i g i n  i n  t h e  i n t e r i o r  o f  t h e  p a r a l l e l e p i p e d  

{ e 0 ,  h 0 , • Among a l l  t h e  l a t t i c e  p o i n t s  ( e x c l u s i v e0 0M0 J
o f  t h e  o r i g i n )  w h ich  may b e  i n  t h i s  p a r a l l e l e p i p e d ,  t h e r e  

i s  a  p a i r  o f  p o i n t s  f o r  w h ich  | £ |  i s  th e  l e a s t .  L e t  

J h  ( f o r  w h ich  J / X7s i0 ) be  t h i s  v a lu e  o f  I t  I ,  and  l e t  

±  p j  b e  t h e  two l a t t i c e  p o i n t s  f o r  w h ich  | £ |  88<^x» The
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p a r a l l e l e p i p e d  £c0 , h e , ^ x} i s  t h e n  f r e e ,  b u t  i t  i s  n o t  

e x tre m e .  I t  i s  p o s s i b l e  t o  r a i s e  e i t h e r  i t s  £- f a c e s  o r  

i t s  T )-faoes w i th o u t  i n t r o d u c i n g  l a t t i c e  p o i n t s  i n t o  i t s  

i n t e r i o r ;  on  t h e  o t h e r  h a n d ,  s i n c e  n < f £ ) i  -  o , , ,  

l im p 's)! l£(pa*)l “  <£.<«£ i» i t  i s  i m p o s s ib l e  t o

r a i s e  b o t h  p a i r s  o f  f a c e s  s im u l t a n e o u s ly  w i th o u t  i n t r o ­

d u c in g  -p^ and  -  i n t o  t h e  i n t e r i o r  o f  t h e  p a r a l l e l e p i p e d .  

The r a i s i n g  o f  th e  f - f a c e s  a s  h i g h  a s  p o s s i b l e  w i th o u t  

i n t r o d u c i n g  l a t t i c e  p o i n t s  i n t o  t h e  i n t e r i o r  y i e l d s  an 

e x tre m e  p a r a l l e l e p i p e d  [a * ,  h 0 , / ^ xj  f o r  w hich  

a x< • L ik e w is e ,  t h e  r a i s i n g  o f  t h e  ^ f a c e s

a s  h i g h  a s  p o s s i b l e  y i e l d s  an  e x tre m e  p a r a l l e l e p i p e d  

1°o* f o r  w h ich  g ^  . I t  i s  a p p a r e n t

t h a t  ^ c 0 ,  g l f Jl x j  i s  b £  d e f i n i t i o n  t h e  f - n e i g h b o r  o f  

Theorem 3 .3  r e q u i r e s  t h a t  a t  l e a s t  one 

o f  t h e s e  ex trem e  p a r a l l e l e p i p e d s  b e  o f  f i r s t  k i n d .  I f  

b o t h  a r e  o f  f i r s t  k i n d ,  i t  i s  p o s s i b l e  t o  ch o o se  e i t h e r

a x s  a x, gx 3  21. a i  ~ c o» S i  s  S i  i n  t h e  d e f i n i t i o n

o f  { a x,  O th e rw is e ,  £ a x, g x, ^ xj  i s  d e f i n e d  t o

b e  t h a t  one w hich  i s  o f  f i r s t  k i n d .  A ga in  from  t h e  

r e s t r i c t i o n s  im posed on | ,  t), a n d  £, no one o f  t h e  con­

s t a n t s  a x,  b x,  i s  z e r o .  When £ a x,  g x, ^ x^ i s

u s e d  i n  p l a c e  o f  | a 0 , g o t ^ o ]  * a  se co n d  ex trem e
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p a r a l l e l e p i p e d  £a8, Z z , J b z \  o f  f i r s t  k in d  c an  b e  s im i la r ly -  

d e f i n e d .  The c o n t i n u a t i o n  o f  t h e  p r o c e s s  l e a d s  t o  an  

i n f i n i t e  se q u en ce  o f  ex trem e  p a r a l l e l e p i p e d s  £ a ^ ,  g ^ , ^ : }  

o f  f i r s t  k in d  f o r  w h ich  h* ?  h ^ * .  I n  any

seq u en ce  c o n s t r u c t e d  i n  t h i s  w ay, o n ly  [ a 0 , 

c a n  be  o f  seco nd  k i n d ;  t h e  o t h e r  j a ^ ,  g a r e  a lw ays  

a l l  o f  f i r s t  k i n d .  The lemma i s  t h u s  p r o v e d .

Such a  seq u en ce  f o r  w hich  c^> c„;+ x, h ^>  b ^ + l ,

•i* < iL+x = i s  c a l l e d  a  gp -se q u e n c e  o f  ex trem e

p a r a l l e l e p i p e d s . L ik e w is e ,  a  s e q u en c e  f o r  w h ic h  Tony b ^  x, 

g; < g i + l  = m in . ,  i s  c a l l e d  a  U --se q u en c e  o f

e x tre m e  p a r a l l e l e p i p e d s . S i m i l a r l y ,  an  p t - seq uenoe  o f  

e x tre m e  p a r a l l e l e p i p e d s  i s  d e f i n e d .

I n  a l l  t h a t  f o l lo w s  t h e  r e s u l t s  w i l l  b e  s t a t e d  f o r  

o n ly  t h e  |r>- s e q u e n c e s ,  b u t  i t  i s  t o  b e  k e p t  i n  mind 

t h a t  l i k e  r e s u l t s  o b t a i n  f o r  t h e  f £ -  and  r ^ - s e q u e n c e s .

A lth o u g h  i t  may b e  p o s s i b l e  a t  t im e s ,  s t a r t i n g  w i th  

t h e  same £ a 0 , have  s e v e r a l  f f j - s e q u e n e e s ,

i t  i s  o b v io u s  t h a t  t h e  se q u en e e  fln . A y . o f  t h i r d  

p a r a m e te r s  i s  a lw ay s  t h e  sam e. T h a t  i s  t o  s a y ,  t h e  

i n f i n i t e  seq u en ce  o f  l a t t i c e  p o i n t s - q 0 ,  -qx,  • • •  f o r  

w h ich  S(-q^) i s  i n v a r i a b l e .  T h is  se q u en c e  w i l l  be

c a l l e d  t h e  |*rj-sequence o f  l a t t i c e  p o i n t s  a p p e r t a i n i n g
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t o  J a 0 ,  g 0J X© }*

Lemma 4*2 When an  a r b i t r a r y  ex trem e  p a r a l l e l e p i p e d  

i s  t a k e n  a s  a  s t a r t i n g  p o i n t  and  t h e  Iry-se q u e n c e s  o f  

ex trem e  p a r a l l e l e p i p e d s  o b t a i n e d , t h e r e  i s  u n iq u e ly  

d e te rm in e d  a  I n - se q u en ce  o f  l a t t i c e  p o i n t s  -qx,  -q2> • • • ,  

a l l  d i f f e r e n t ,  su c h  t h a t  e a c h  p o i n t  i s  on t h e  s u r f a c e  

o f  two c o n s e c u t iv e  ex trem e  p a r a l l e l e p i p e d s  o f  t h e  s e ­

q u e n ce ,  and  such  t h a t  | | ^ ) *  = ° i>  I =

£

S in c e  ( r  4  s )  t h e  l a t t i c e  p o i n t s  -q , ,  -qs , • • •

a r e  a l l  d i f f e r e n t *  The m ethod by  w hich  t h i s  In - s e q u e n c e  

i s  O b ta in e d  shows t h a t  -q, i s  on t h e  s u r f a c e  o f  b o th

S^i;)and S^xJ^x)*
Lemma 4 ,3  Let. c x, c 2, c 8 ) . . .  a n d  h x, h B, h 3 ) • • •

b e  two se q u e n c e s  ( f i n i t e  o r  i n f i n i t e ) o f  p o s i t i v e  te rm s  

su c h  t h a t  c^ ? cx+ x, h^y  h ;+ x j l e t  £ x and  1 8 b e  two

a r b i t r a r y  p o s i t i v e  c o n s t a n t s ;  and  l e t  t  b e  an  a r b i t r a r y

p o s i t i v e  i n t e g e r . When
*

n  = 4 t a + 2 t ,  + +

t h e r e  e x i s t s  an  i n t e g e r  r  = n -  t ,  su ch  t h a t

°a . ** c /v,+5t ^  £ x, hA— h ^ . ^  <Z€.z .

F i r s t  choose  n  l a r g e  enough t o  s a t i s f y  t h e  t h r e e
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I n e q u a l i t i e s .  ( I f  t h e  s e q u e n c e s  a r e  f i n i t e ,  t h i s  may 

n o t  a lw ay s  be  p o s s i b l e . )  Then f n i yx
The i n e q u a l i t y  n = 4 t a + 2 t  ( t  = 1 )  r e q u i r e s  t h a t  

n  -  1 > [fn -  i ]  + 1 .  The number o f  d i f f e r e n c e s  

A z  c 3  0a; -  cl>rl f o r  w h ich  ^  -*■ i s  l e s s  t h a n

jjfn -  l ]  + 1 ,  f o r  o t h e r w i s e ,

0 l  -  c n  = ^ A C  > ( [ f n  -  l ]  +  ^ «mJL( rt
+ ~ °X*

• . . >

w hich  i s  i m p o s s i b l e .  S i m i l a r l y ,  t h e  number o f  d i f f e r e n c e s  

A ^ h  s  h ^ - h ^ j ,  f o r  w h ich  i s  l e s s  tlaan L^n  -■ l l  + 1*

The number o f  i n d i c e s  i  f o r  w h ich  e i t h e r  A * c  »  o r  

A ^ h  = I*2- i s  n e v e r  more t h a n  g j j |n  - i Q *  I n  o r d e r  t o  

i n s u r e  t h a t  t h e r e  e x i s t  t  c o n s e c u t iv e  i n d i c e s ,  r ,  r  + 1 ,  

r  + t  -  1 ,  l e s s  t h a n  o r  e q u a l  t o  n , f o r  w hich  A z g <^t -

( i  ss r ,  ***, r  + t  -  1 )  and  a t  t h e  same t im e  A ^ h C ^ "

( i  a  r ,  • * • ,  r  + t  -  1 ) ,  i t  i s  s u f f i c i e n t  t h a t  n  s a t ­

i s f y  n  -  1 >  2 t  n  -  1 J  + t  -  1 .  But t h i s  i n e q u a l i t y  i s

a lw ay s  s a t i s f i e d  when n  ^  4 t 8 + 2 t .  Thus t h e  lemma i s  

p r o v e d .

Theorem  4 .4  Among t h e  l a t t i c e  p o i n t s  o f  a  £r e s e ­

quence . there are two ̂  and (ew + 2 * s ^ J  for
w hich  | | ( - q A - -q. ) |  and  ItiCck -  -qA ) |  a r e  a r b i t r a r i l yrr~T  + \ ~ “ *****\ 0 r ''
s m a l l . I n  p a r t i c u l a r ,  l e t  t x and  6S be  two a r b i t r a r y
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p o s i t i v e  c o n s t a n t s ,  t h e n  w henever

n  m 6 ,  n  + 1 ,  n> + 1 ,

t h e r e  e x i s t s  an  i n t e g e r  m = n  -  1 su ch  t h a t

cu -  o. hA -  h*  < ^2j

w here

|(-qA ) = 6 xca ,  £ (q . ) = Sxc* ,3 '  l * <*.♦!« ( i  ^ )

' n C ^ J  =

The p l a n e s  £ = 0 ,  T) = 0 ,  £ = 0 ,  d i v i d e  t h e  sp a ce  

i n t o  o c t a n t s .  Each l a t t i c e  p o i n t  ( e x c e p t  t h e  o r i g i n )  '

i s  i n  a  s i n g l e  one o f  t h e s e  o c t a n t s .  A l l  t h e  p o i n t s  o f

t h e  |t> -sequence  a r e  i n  t h e  f o u r  o c t a n t s  f o r  w h ich  g > 0 .

L e t  u  b e  an  a r b i t r a r y  p o s i t i v e  i n t e g e r .  At l e a s t  one o f  

t h e s e  o c t a n t s  c o n t a i n s  no l e s s  t h a n  + 1 o f  t h e  p o i n t s  

* i »  ■•••♦ % ,  o f  t h e  g ry-sequence. L e t  - q ^ ,  •* ♦ ,  - q ^

b e  t h o s e  p o i n t s  o f  t h e  |*r>-sequence w h ich  f a l l  i n  su c h  an  

o c t a n t ,  t h e n  + 1 = n = s n = u .  L e t  tt b e  Chosen

s u f f i c i e n t l y  l a r g e  t o  s a t i s f y  *| *  6 ,  +

+ 1# Then n  ® 6 ,  n >  + 1 ,  n  > ( ^ J ^) + 1

and  Lemma 4 .3  p r o v e s  th e  e x i s t e n c e  o f  t h e  i n t e g e r  m. By 

Lemma 4 . 2 ,  th e  p o i n t s  -q^ and  CL+i &r e  b o t h  on t h e  s u r f a c e  

o f  ^ a ^ x,  g / +x,  • A p p l i c a t i o n  o f  Lemma 2 .1  shows

t h a t  * u  „  ,  h e n ce  s _  + 2 = s ^ x .
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S in c e  t h e  p o i n t s  o f  t h e  |  r e s e q u e n c e  a r e  a l l  d i f f e r e n t ,  

t h e  p o i n t  r x == - q ^  -  iB n o t  t h e  o r i g in *  Then

-  < K +. *  0 ,  hA_  -  h ^ +t *  iTiC^a.) I > 0 .  L e t

&x and 6 2 b e  two a r b i t r a r y  p o s i t i v e  c o n s t a n t s  s a t i s f y i n g  

0 < Sx c  | £ C * i ) l ,  0 <. 6 Z c, |r j(-rx) I . When <fx and  <5a a r e  u s e d  

i n s t e a d  o f  £ x and  £2, i t  becom es a p p a r e n t  upon  a p p l i ­

c a t i o n  o f  Theorem 4 . 4  t h a t  t h e r e  e x i s t s  among t h e  d i f ­

f e r e n c e s  o f  l a t t i c e  p o i n t s  o f  a  I r i - s e q u e n c e ,  a  second  

l a t t i c e  p o i n t  r 2 f o r  w h ich  | | |  Ir^l < (f2. By i n ­

d u c t i o n  i t  i s  e s t a b l i s h e d  t h a t  t h e r e  e x i s t s  among t h e s e  

d i f f e r e n c e s  an i n f i n i t e  se q u en c e  o f  l a t t i c e  p o i n t s  r x,

-*2, •>*<> a l l  d i f f e r e n t ,  f o r  w h ich

l im  U ( - * i ) l  *  0 ,  l im  |T|(-3?/)| = 0 .

Lemma 4 .4  MQHS. t h e  p .o in tg  g f  t h g  |>n-gg.qu enc.e. I g t  

• • •  (&!<  s a <*»») be  a l l  t h o s e  w hich  f a l l  i n

& same one o f  t h e  o c t a n t s  fo rm ed by  t h e  p l a n e s  I -  0 ,

T| = 0 ,  i  = 0;  two a t  l e a s t  o f  t h e s e  f o u r  s e q u e n c e s  a r e  

i n f i n i t e . L et Lx and  £* be  two a r b i t r a r y  p o s i t i v e  con­

s t a n t s . Then

1 ° :  t h e r e  e x i s t s  an  i n t e g e r  H, d e p en d e n t  upon  k x 

and. £-8,  o f  such a  nature that whenever = N, the i n ­

e q u a l i t i e s  < ^ x, I 1 < h

( t  *  1 ) ,  o r
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2° : ~tihe seq u en ce  - q ^ ,  q ^ ,  • • • i £  a s s u r e d l y  f i n i t e . 

Even f o r  a  f i n i t e  se q u en c e  i t  i s  p o s s i b l e  a t  t im e s  t o  

f i n d  an  N s a t i s f y i n g  t h e  c o n d i t i o n s  o f  1 ° .

As a  co n seq u e n ce  o f  t h e  r e l a t i o n s  c^ > >Q,

h ^ > h ; t x > 0 ,  th e  s e q u e n c e s  c x,  c 2,  • • • a n d  h x,  h a ,* * *  

t e n d  to w a rd  r e s p e c t i v e  l i m i t s  c = 0 and h  = 0 .  The 

i n e q u a l i t i e s  > c and  h ^ > h  a r e  a lw ay s  s a t i s f i e d .  From 

t h e  d e f i n i t i o n  o f  a  l i m i t  i t  i s  c l e a r  t h a t  a n  i n t e g e r  Nx 

c a n  be  fo u n d  su c h  t h a t  w henever i  = lfx,  t h e  i n e q u a l i t y  

Oi  -  c<€-x i s  a lw ay s s a t i s f i e d .  L ik e w is e ,  an  i n t e g e r  I 2 

c a n  b e  fo u n d  su ch  t h a t  w henever i  -  Ha , t h e n  h^* -  h<

L et N be  t h e  g r e a t e r  o f  th e  i n t e g e r s  Hx and  Ns ,  and  l e t  

i  and r  b e  two i n t e g e r s  su ch  t h a t  r  > i  = N, t h e n  

0 < -  c^ < -  c < ^ x and 0 < h^  -  h ^<  h^ -  h  < &2,

S in c e  q u  +, 4  q*, > t h e r e  a r e  a t  l e a s t  two o c t a n t s
>*v» /m.+- I

e a c h  o f  w h ich  c o n t a i n s  an  i n f i n i t y  o f  th e  p o i n t s  q x, -q2, . • •  

t h e  o t h e r  two o c t a n t s  c o n t a i n i n g  p o s s i b l y  o n ly  a  f i n i t e  

number o f  t h e s e  p o i n t s .  Suppose f o r  a  c e r t a i n  o c t a n t  

one c h o o s e s  = N, t h e n  q A_ tJt) I -  i>x,

1 * V m+* < t ' f  I n  c a s e  t h e  o c t a n t

u n d e r  c o n s i d e r a t i o n  c o n t a i n s  o n ly  a  f i n i t e  num ber o f  p o i n t s  

-qa, • • •  i t  i s  n o t  a lw ay s  p o s s i b l e  t o  s a t i s f y  s ^ =  N. 

Lemma 4 .5  I n  a  Sry-se q u en ce  o f  ex trem e  p a r a l l e l e p i p e d s
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t h e  t h i r d  p a r a m e te r s  s a t i s f y  t h e  I n e q u a l i t y

f—1 A
( i ,  t  = 1 ,  2 ,

From t h e  m ethod o f  c o n s t r u c t i o n  o f  t h e  | t> -se q u e n c e ,  

i t  i s  e v id e n t  t h a t  7 Among t h e  p o i n t s - q ; ,  -qxvx»***» 

t h e r e  a r e  a t  l e a s t  two t h a t  a r e  i n  t h e  same o c t a n t  

( s e e  p r o o f  o f  Theorem 4 . 4 ) .  L e t  -qA and -qA b e  twoI
su ch  p o i n t s .  Then t h e  l a t t i c e  p o i n t  -q s  ^  -  - q ^

s a t i s f i e s  t h e  r e l a t i o n s  I | ( q )  I = cA -  c* < , ̂ 2» *
lT](q) I = -  h ^  < h ^  ,  I £(-q) I »  / Ajl -  S in c e  -q

i s  n o t  i n  t h e  i n t e r i o r  o f  t h e  f r e e  p a r a l l e l e p i p e d

i*,J> t h e i n e q u a l i t y  m ust b e

s a t i s f i e d .  Inasm uch a s  /*. i t  i s  s e e n  t h a t x I
From t h e  d e f i n i t i o n  o f  s x and s 8 i t  i s  c l e a r  t h a t  

i ^ s l < S a = i + 4 ,  from  w hich  + ̂  > 2 / / .  By i n d u c t i o n  

t h e  i n e q u a l i t y  ^ . +i//> 2 . ^ i s  o b t a i n e d .  T h is  i n e q u a l i t y  

c a n  be  com bined w i t h  t o  o b t a i n  t h e  r e s u l t  o f

t h e  lemma.

Theorem 4 .5  I n  a  grv-se q u en c e  o f  ex tre m e  p a r a l l e l e ­

p ip e d s  t h e  i n e q u a l i t y

au t S i + t  * 5axgx 2 ^  ( i ,  t  = 1 ,  2 ,  . . . , . 0  )

i s  a lw ay s  s a t i s f i e d .

I t  h a s  b e e n  s e e n  ( p .  2 9 , l i n e  10 ) t h a t  f o r  an  ex­

t rem e  p a r a l l e l e p i p e d  i a ,  g , f . l o f  f i r s t  k in d  t h e  r e l a t i o n
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5ag,^>4*D>0 a lw ays  h o l d s .  Theorem 2 .5  shows t h a t  D = 1 

and  Theorem 2 . 1 ,  t h a t  a g / < d .  C o n s e q u e n t ly ,  f o r  e a c h  

p a r a l l e l e p i p e d  | a ^ ,  g ; . , / ; j o f  a  frj-sequem ce ( e x c e p t  f o r  

t h e  f i r s t  i n  t h e  c a s e  w here  i t  i s  o f  second  k i n d )  t h e  

i n e q u a l i t y

A> a * g * / i> §

h o l d s .  The a p p l i c a t i o n  o f  Lemma 4 ,5  l e a d s  t o

M [$]
A 2 *  , J * I  < 0 < A f , . .  _ .

5 a - g '  * a  5  ̂ * m * *

I
a n d  from  t h i s  t h e  d e s i r e d  r e s u l t  i s  o b t a i n e d .

C o r o l l a r y  I n  a  En-se q u en c e  o f  ex trem e  p a r a l l e l e p i p e d s . 

t h e  i n e q u a l i t y
- f l l

< 5*sZj.2 f  U*  * -  1* 2 ,  ♦ • * , - « )

i s  a lw ay s  s a t i s f i e d .

T h i s  r e s u l t  i s  d e r i v e d  by u s i n g  t h e  i n e q u a l i t i e s  

a-l >Gji> 88 1* 2 ,  • *•,«<»)' s a t i s f i e d  by  t h e

e le m e n ts  o f  t h e  m a t r i c e s  I? ; .

Next w i l l  be  g iv e n  a  m ethod f o r  com p u tin g  t h e  co­

o r d i n a t e s  o f  a l l  t h e  l a t t i c e  p o i n t s  on th e  ex trem e  

p a r a l l e l e p i p e d s  o f  a  | i> -se q u e n c e ,  when a n  a r b i t r a r y  

extreme parallelepiped o f  first kind is taken as a  

s t a r t i n g  p o i n t .  A t a b l e  w i l l  b e  em ployed w h ich  s e r v e s  

e q u a l l y  w e l l  i n  t h e  d e t e r m i n a t i o n  o f  t h e  l a t t i c e  p o i n t s
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on t h e  e x tre m e  p a r a l l e l e p i p e d s  o f  an  t) | -  o r  | | - s e q u e n e e .

I t  s u f f i c e s  t o  e x h i b i t  a  p r o c e s s  f o r  t h e  e v a l u a t i o n  

o f  t h e  c o o r d i n a t e s  o f  t h e  l a t t i c e  p o i n t s  on

g i + i ,  when t h e  l a t t i c e  p o i n t s  on J a ^ ,

( o f  f i r s t  k in d )  a r e  g i v e n .

Theorem 4 .6  When i s  n o rm al o f  ty p e  I .  I l l  ( c ^ < b ^ ) ,

o r  V, s e t  |  = T)', T) = x x = Xg, x 2 * x x . U nder t h i s

in t e r c h a n g e  t h e  c o r r e s p o n d in g  m a t r i x  ^  i s  n o rm al o f  

t h e  r e s p e c t i v e  ty p e  I I .  I l l  ( c ; > b ; ) .  o r  IV .

T h a t i s  o f  t h e  r e s p e c t i v e  ty p e  I I ,  I I I ,  o r  IV i s  

a p p a r e n t .  When i s  o f  ty p e  I I I ,  t h e  c o n d i t i o n  b / 7 - o ; ,  

by  Theorem 2 . 4 ,  r e q u i r e s  h A* > fA- ,  Under t h e  above  i n t e r ­

c h a n g e ,  h ;  becomes c^ and  f A* becom es b ^ ; h en ce  t h e  i n ­

e q u a l i t y  c ^ > b A* i s  s a t i s f i e d .

I t  s u f f i c e s ,  t h e n ,  t o  f i n d  a n  a lg o r i t h m  f o r  t h e  t h r e e  

c a s e s  I I ,  I I I  ( c ? b ) ,  IV .

T h ere  a r e  two s o l u t i o n s  ±  -q o f  I I I < o ^ ,  Iril < b / ,  

l | |  *  m in .  < 4^/Cih i*  Then ® K ^ x V i)  > 0* T h ere  a r e  

two e x tre m e  p a r a l l e l e p i p e d s i a ; .  , ,  h , { and

6 ^ , 4 * }  w hich  c an  h e  s e c u r e d  l „ x]

by  r a i s i n g ,  r e s p e c t i v e l y ,  t h e  | -  o r  t h e  iv -fao e s  ( s e e  

p , 7 9 ) .  I t  i s  p o s s i b l e  t h a t  one o r  t h e  o t h e r  o f  t h e s e  

two e x tre m e  p a r a l l e l e p i p e d s  b e  o f  t h e  second  k i n d ,  b u t
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n o t  b o t h ,  f o r  t h i s  c i r c u m s ta n c e  i s  p r e c lu d e d  by  Theorem 

3 .3  and  t h e  f a c t  t h a t  *[c^, g £+\* $1+%̂  i s  t h e  ^ - n e ig h b o r

I n s t e a d  o f  a s s o c i a t i n g  w i t h ^ tVx a  s i n g l e  ex trem e  

p a r a l l e l e p i p e d  o f  f i r s t  k i n d ,  one a s s o c i a t e s  w i t h  i t  

t h i s  n a i f , t h u s  o b t a i n i n g  a  se q u en c e  o f  p a i r s  o f  ex ­

t re m e  p a r a l l e l e p i p e d s .  C o r re s p o n d in g  t o  a  g iv e n  

s t a r t i n g  p o i n t ,  t h i s  seq u en ce  i s  u n iq u e ly  d e te r m in e d .

C a l l  i t  a  d o u b le  seq u en ce  o f  ex trem e  p a r a l l e l  e p ip e d s

f o r  | ,  T), a n d  £ .

S e t  g ^ n  »  % ^ x a  c - .  L e t l ^ . +X a n d $ ; +x fee t h e

P and (§ m a t r i c e s  w h ich  by  Theorem 2 .3  a r e  a s s o c i a t e d  w i th

a n d ^ j  be  t h o s e  a s s o c i a t e d  

w i t h | a / +x, g ^ x ,  i ^ x|  J a n d ,  f i n a l l y ,  l e t  P;  and  b e  

t h e  ones  a s s o c i a t e d  w i th  t h e  e x tre m e  p a r a l l e l e p i p e d

! [* ; ,  g

S in c e  | a ^ ,  i s  o f  f i r s t  k i n d ,  P; h a s  a  d e t e r ­

m in a n t  1 an d  I*--1 i s  a  m a t r ix  o f  i n t e g e r s  o f  t h i s  same
*

n a t u r e .  L e t  p x,  p s ,  -p3 b e  th e  l a t t i c e  p o i n t s  whose co ­

o r d i n a t e s  a r e  t h e  e le m e n ts  o f  Pj ; l e t  p x, f g ,  |T3 b e  t h o s e  

i n  PAv xj and  l e t  p x, -ps ,  p 3 b e  t h o s e  i n  T>x:+X. S in c e  

p's = ±  p s a n d - p x * i  p 3, t h e  two m a t r i c e s  a
an d  T ^ j  s  P,"1,P ^ +X a r e  m a t r i c e s  o f  t h e  r e s p e c t i v e  t y p e s
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£ x ^ x x * o, ^a^r#a 0 , £ 2 ^ 1 2 * ^3* 13
/■-v.T < „ =

1 <c -t- X
A* '*%*

0 , 5 gt 3 3 a n d T • , = 0 , Sgtgg, £ 3 ^ 2 3

/ v  2 "
^ 2 >

<A/
jt 3 3 ^ X 9  ^3^38> S  gt 3 3

w h e r e  ^ x , • • *, t 1 2 » •**» *33 ar e integers, a n d  a -+ 1 ,
a  ±  1 .

ALGORITHM FOR TU l  AID T/ + x .

L e t  A, B, L d e n o te  t h e  r e s p e c t i v e  c o f a c t o r s  o f

t h e  te rm s  a ^ ,± b ^ ,  i n  $ ■ .

I I :  S e t  ( f o r  c o n v e n ie n c e ,  om it  t h e  s u b s c r i p t  i  from 

e le m e n ts  o f ^ )

Mj. = [ e j ] ,  Ms «  [ -  ,  M3 = 0L = i n t e g e r ,  © > 0 ;

I M » l < 6 + ^ - ,  | M , | < 4 _ - | ,  |Ma l < 3 + ^E } 

a  = u ° ,  b  = u ' ,  c = u " ,  u  s  _  u ° l l  -  u 'M a + u^Mg;

f  = v ' ,  g  « v ° ,  h  = v " ,  v  ■ v yMx -  v°Ma + v y/Ms ;

j  »  w " , k  »  w/ ,  $  = w°, w s  -  w^Mj, + w'Mg + w°Ms ;

W a  -  w^mj + w 'm2 + w®Mg#

I I I :  ( o b ) ;  S e t

Mi = [eL]»  “ I ® * ] ,  M» = 6 J  = i n t e g e r ,  e > 0 ;

IMj I < 6 + ,  |Ma I < S + ,  IM3 I < 3 + }

a  = u ° ,  b  «  u c  a  \x",  u  a  -  u'*' Mx -  u 'M a + u°Ms ;

f  a  Vy, g a v°,  h a v ", v s  v ' M j -  V°MS + V/ Ma|

I  a w ", k  a w' , j  a w®, W «  + w'Ms + w®Ms j

. W * ŵmjL + w'mg + w®Mf .
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IV: S e t

Mx = [ -  Q k ] ,  M2 = [© j ]  ,  Ma = OL »  i n t e g e r ,  ©>0;

g « u ° ,  f  = u ' ,  h  = xl11,  u  *  -  u°Mx -  u'Mg + u <lUQ}

P a r t  1 , D e te r m in a t io n  o f  t X3, t 83,  t 33 .

L e t  0  ra n g e  o v e r  a l l  p o s i t i v e  v a l u e s  w h ich  make 

M3 an  i n t e g e r  an d  f o r  w h ich  IMXI ,  IMSI ,  IMS I a r e  l e s s  

t h a n  t h e  u p p e r  bounds g i v e n .  Whenever su c h  a  t r i p l e  

Mi, Ms , M3 o c c u r s  f o r  w h ich  u  and  v  s a t i s f y  a  p a i r  o f  

c o n d i t i o n s  f o r  s o l u t i o n  i n  t h e  f o l lo w in g  t a b l e ,  one 

a s s o c i a t e s  w i th  Ms  t h e  c o r r e s p o n d in g  mx and  m8 . Among 

a l l  su ch  t r i p l e s  mx,  m2,  M3 ( o f  w h ich  t h e r e  i s  a t  l e a s t  

one )  t h a t  p a r t i c u l a r  t r i p l e  s x,  s s ,  s 3 i s  s e l e c t e d  f o r  

w h ic h  |Wf = m in .

b  = v / ,  a  = v ° ,  c  = v //r, v s  v / Mx -  v°M2 + v"M3; 
k  = w ", j = w', j i  = wo, w s +v/M2 + w°M3j

W s  w"mx + w'm8 + w©M
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TABLE

a* m2
C o n d i t io n s  f o r  S o l u t i o n

I I .  IV I I I

1 Mi Ms 0 < u .c u "_v"cv < V" Same a s  I I ,  IV

2 Mi Ms+1 - u "  +U, <U<
—V * +V®< V <; V® Same a s  I I ,  IV

3 Mi+1 Ms
- u " + u 0< U<u"+U® 

—v '<  V < V//—V*
0 < u < 2 u "  

- v  " < v  < 0

4 M^+l Ms+1 ~u" +U ' +U° < U < u '  4U® 
-V'-V ' +V® < V C TP'-V'-tfT® u f <- u  <- u ' +u" 

v®-2v" < v  < v®

SUPPLEMENT 1

5 Mi M2- l
p  < u  <• u " - u '  

-.v'< V < V" -v®
0 <  u  < u " - u '

—V " < V < V ,/—v®

6 M*+l Ma+2
-U" +2uy -HI0 < U < u '  +U® 

+2y ®<v < v ® 2 u ' < u <  u '+ u "  
-2 v " + 2 v 0 < V < v °

SUPPLEMENT 2

7 Mx-1 1 2+1
0 < n  < u"+u'-u®

..y" 4-y 1 .fy© <. V < V®

8 Mi+2 Ms
-u"+2u®< u <u'+u® 

- v /  <. v  < v " - 2 f '

IV, u ' > u " , V 1 > v"i use Table alone.
I I , IV, u '  < u \ V' > v " : u s e  T ab le com bined w i t h  Supp. 1 .

M M IV,
9

u  > u " , ▼#< v " ; u s e  T a b le  com bined w i t b  Supp. 2 .
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I I ,  IV , u '< / u ^ ,  v  v ^ j  u s e  T a b le  com bined w i t h  b o t h  S upps . 

I l l :  u se  T a b le  com bined w i th  Supp . 1 .

A f t e r  s x, s 2,  s 3 a r e  e v a l u a t e d ,  t h e  i n t e g e r s  t X3,

^23* ^33 a r e  g iv e n  i n  t h e  v a r i o u s  o a s e s  by  t h e  r e l a t i o n s

I I : t j .3 = s x, t 23 = -  ®2* *33 = ®3»

I I I : t X3 = ®3, t 23 = ® 2 » *33 “  ®1*

IV: *13 = -  S2, t  23 = ®1> ^33  = ®3•

P a r t  2 .  D e te rm in a t io n  o f  t xx, t 2x,  t 3x 

O b ta in  a l l  p a i r s  o f  i n t e g e r s  y x, y 2 w h ich  s a t i s f y  

-  y st X3 = 1 o r  0

and

| y i ! < 2  + + - £ ~  ,  i r . K  2 + .

By means o f

and

I -  f y x + g y a ±  b y 3 | < h ,

w here  t h e  s i g n s  a r e  t h o s e  i n  t h e  se co n d  row o f  ^ i , a n  i n ­

t e g e r  y 3 i s  d e te rm in e d  t o  b e  a s s o c i a t e d  w i t h  e a c h  p a i r

y x, y 2 t o  form  a  t r i p l e .  At m ost two t r i p l e s  c a n  c o r r e ­

spond t o  any  p a i r  y x, y 2 . Among t h e s e  t r i p l e S j t h e  one 

i s  so u g h t  f o r  w h ich

Ia y x ± b y 2 ±  c y 3 | = min.,

|±  j y x ± k y s + i y 3 l ,
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t h e  s i g n s  b e in g  r e s p e c t i v e l y  t h o s e  i n  th e  f i r s t  and  

t h i r d  row s o f  . T h is  t r i p l e  i s  t h e  s o l u t i o n  t x l ,
At fJ

P a r t  3« D e te r m in a t io n  o f  t x2,  t 82> t 3S.

O b ta in  a l l  p a i r s  o f  i n t e g e r s  y x,  y 2 w h ich  s a t i s f y  

Y x tgs  -  y 2t x3 = 1  o r  0

and

l y i K  2 + ^ - + - P - , lyal <2 + + —r —  .ch c ^ n  ch  c ^ +x
By means o f

an d

|a y x ± b y 2 ±  c y 3 l < o ,  

w here  t h e  s i g n s  a r e  t h o s e  i n  t h e  f i r s t  row o f  c ^ .,  an  

i n t e g e r  y 3 i s  d e te rm in e d  t o  b e  a s s o c i a t e d  w i t h  e a c h  p a i r  

7  i t  7 z form  a  t r i p l e .  A t m ost two t r i p l e s  c a n  c o r r e ­

spond  t o  any  p a i r  y ^ ,  y 2 . Among t h e s e  t r i p l e s ,  t h e  one 

i s  d e te rm in e d  f o r  w hich

i *  fy x  + g y s *  fcya i = m in *>

|±  3yx ±  k y a +<£y3 l < i U X, 

t h e  s i g n s  b e in g  r e s p e c t i v e l y  t h o s e  i n  th e  se c o n d  and  t h i r d  

rows o f  T h is  t r i p l e  i s  t h e  s o l u t i o n  t l f l , t a g .

 ̂ S* t* —
P a r t  4 .  P e t  e l im in a t io n  o f  £x, Sat S i t  bzt  S 3 and
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t h e  t y p e s  o f  $X +i*

Use o f  th e  r e l a t i o n s  P t +X »  Px x,  Px+x = P^T^+j,
'c —and Lemmas 2 .2  and  2 .3  y i e l d  t h e  v a l u e s  o f  o x,  S 3

an d  t h e  t y p e s  o f  x and  ^ ^ + x »

The d e r i v a t i o n ,  o f  th e  a l g o r i t h m  i s  a lo n g  t h e  same 

l i n e s  i n  a l l  t h r e e  c a s e s ,  t h e r e f o r e  we s h a l l  show i t  

o n ly  f o r  norm al o f  t y p e  I I .

The f i r s t  p ro b le m  i s  t o  f i n d  t h e  s o l u t i o n s  o f  | | |  < o ,  

|T | |< .h ,  |£ l  «  m in .  i n  i n t e g e r s .  T h is  i s  e q u i v a l e n t  t o  

f i n d i n g  a  s e t  o f  i n t e g e r s  t xa, t 23, t 33 w h ich  s a t i s f y

(1 )  l a y x -  b y 2 -  c y 3 f < c ,

(2 )  l f y x + g y 2 + h y 3 | < h ,

(3 )  I -  j y x -  k y 2 + / y 3 l = m in . ,

f o r ,  t h e n ,  t h e  two s o l u t i o n s  Of t h e  fo rm e r  i n e q u a l i t i e s

a r e  t h e  c o o r d i n a t e s  o f  t h e  l a t t i c e  p o i n t s

* ( t Xsl>X + t 23p 2 + t 33p 3 ) .

R e c a l l  t h e  d e f i n i t i o n s  o f  u ,  u ° ,  u ' ,  u " ,  e t c . ,  made 

a t  t h e  b e g in n in g  o f  t h e  a lg o r i t h m  and s e t

U = -  u°mx -  u' ma + u"M3 

V » v / mx -  v©m2 + v*Ma .

The s o l v i n g  o f  ( 1 ) ,  ( 2 ) ,  and  (3 )  i s  e q u i v a l e n t  t o  f i n d i n g

i n t e g e r s  mx, m2, Ms f o r  w hich

( ! ' ) ,  ( 2 ' ) ,  ( 3 ' )  l , U K u " ,  I V I ^ v " ,  |W| = m in .
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D e te rm in a n t  t h e o r y  y i e l d s  J a  -  Kb -  Lc = 0 ,

J f  + Kg + Lh = 0 ,  so t h a t

(4 )  C U u < u °  + u ' ,  - v ' < v < v ° .

S e t  = mx -  Mx, f3z m m8 -  M2;  t h e n  (Ŝ  = i n t e g e r .

F o r Ms f i x e d ,  t h e  v a l u e s  o f  3̂ x and  ^  2 w h ic h  c o r r e s p o n d  

t o  s o l u t i o n s  o f  ( l 7 ) and ( 2 / ) a r e  d e te rm in e d  f i r s t .

From ( 1 / ) and  (2 0  one h a s

-  u"<l u ° ^ x + u '^ g  -  u  < u " ,

-  v V  - ’V ^ i  + V® p  a -  V <?v".

Combine (4 )  and (5 )  t o  o b t a i n  t h e  r e l a t i o n s

u ° ^ x + u '^ g  + u"  > 0 ,

u O ( l  -  a x ) + u ' ( l  -  /SB). + u" >  0 ,
(6) . r 1

vo^g + v ' ( l  -  (3X) + v" >  0 ,

v o ( i  - ^ g ) + *,+'▼" ><)♦

From Theorem 2 .3  a p p l i e d  t o  <£>,{, one h a s

uo > u ' ,  u °  •? u " ,
(7 )

V ® ? v ' ,  v °  > v " .

S e p a r a t e  t h e  p ro b lem  i n t o  t h e  f o u r  c a s e  u 1 > u" ,  v ' y v " ;  

u ' < u" ,  v '>  v " j  u ' > u " ,  v '<  v " ;  an d  u '<  u " ,  v '<  v " ,  and 

d e r i v e  from  (6) and  (7 )  t h e  p o s s i b l e  v a lu e s  f o r  and  

(VB. ( I n  H I  ( c > b )  one h a s  a lw a y s  u" > u' ,  c o n s e q u e n t ly ,  

t h e r e  a r e  o n ly  two c a s e s . )

R e p la c e  t h e s e  i n  (5 )  t o  s e c u r e  t h e  c o n d i t i o n s  f o r
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s o l u t i o n .  The T a b le  and i t s  two S u pp lem en ts  a r e  a  r e ­

s u l t  o f  t h i s  s o l u t i o n *

To f i n d  u p p e r  bounds f o r  lMj.1, IMa l ,  and  |Ma | ,  r e ­

w r i t e  ( 1 ) ,  (2 ) a s

The s o l u t i o n s  o f  ( 1 ) ,  (2 ) ,  and  (3 )  a r e  a l l  among t h e  

s o l u t i o n s  o f  ( 1 ' ) ,  ( 2 " ) ,  and  ( 3 " ) .

When t h e s e  a r e  s o lv e d  f o r  y x, 7a  and  a c c o u n t  i s  

t a k e n  o f  Theorem 2 .1  and  t h e  c o n d i t i o n s  a > b ,  a > c ;  

g > f » g > h ,  t h e  r e l a t i o n s

one h a s  t h e  p r e v i o u s l y  s t a t e d  b oun ds  f o r  Mx, Ms , Ma * 

The seco nd  p ro b lem  i s  t o  f i n d  t h e  s o l u t i o n s  o f

e q u i v a l e n t  t o  f i n d i n g  a  s e t  o f  i n t e g e r s  t xx, t ax , t ax 

w h ich  s a t i s f y

( 1 ' )  a y x -  b y 2 -  c y a= Axc,
( l Afct  * 1 ,  A.  + 0 ) .

(2 " )  f y x + g y a + h y a = Aah ,

Use Theorem 2 .1  t o  o b t a i n  t h e  u p p e r  bound  ̂  f o r  t h e

minimum i n  ( 3 ) .  R e p la c e  (3 )  by  ...

(3") -  iYi - ky* + /y »  * Aa • (|Aa| < i ,  Aa f  o)
/ ...

Imx I < 4  + ,  l -m a | < 2

a r e  o b t a i n e d .  S in c e  Inu -  M,

| | |  = m i n . ,  |Tj| < h ,  \ { \ <  i n  i n t e g e r s .  T h is  i s

(8)

( 9 )

l a y x -  b y a -  c y a | = m i n . ,  

I f y x + g y a + h y a | < h ,
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(10) I -  j y x -  k y 8 + i y s l < 4 > i <  ^  .

The same p ro c e d u re  a s  b e f o r e  y i e l d s  t h e  u p p e r  bounds f o r  

f t 8 x | ,  l t 3X| .

On t h e  o t h e r  h a n d ,  t h e  s o l v i n g  o f  ( 8 ) ,  ( 9 ) ,  and  (10 ) 

i s  e x p e d i t e d  by t h e  r e l a t i o n  t Xxt 83-  *  1 o r  0 ,

w h ich  i s  o b t a i n e d  from  t h e  f a c t  t h a t  t h e  d e te r m in a n t  

o f  T i + l  i s  1 o r  0 ,  a c c o r d in g  a s  [a„;+ x,  x,  /^ + x]  i s  o f  

f i r s t  o r  secon d  k i n d .

The p ro b lem  o f  d e te r m in in g  t X8, t 88,  and  f 38 i s  

e x a c t l y  s i m i l a r  t o  t h a t  o f  o b t a i n i n g  ' t xx,  “t ^ ,  and  ' t 9x»

I t  i s  s u f f i c i e n t  t o  m e n t io n  t h e  i n e q u a l i t i e s  t o  b e  s o lv e d ,  

t h e  m ethod b e in g  t h e  same.

(8 )  l f y x + gy8 + h y 3 l = m in .

(9 )  l a y x -  b y 8 -  c y 3 | c c

(10 )  I -  j y x -  k y 8 + l y s K ^ ^ x <C ^. .

The d e s i r e d  r e s u l t s  f o r  b o t h  t h e  o t h e r  c a s e s ,  I I I ( c > b )  

and  IV , a r e  o b ta in e d  i n  a  l i k e  m ann er .

T h is  a lg o r i t h m  h a s  t h e  d i s t i n c t  a d v a n ta g e  o f  l e a d i n g  

d i r e c t l y  t o  l a t t i c e  p o i n t s  f o r  w h ich  two o f  t h e  l i n e a r  

form s a r e  a s  s m a l l  a s  d e s i r e d  i n  a b s o l u t e  v a l u e .  A l th o u g h  

t h e  a lg o r i t h m  i n  C h a p te r  I I I  w i l l  e v e n t u a l l y  l e a d  t o  any

extreme parallelepiped of the chain, and, in particular,
t o  t h o s e  o f  t h e  |f> -seq u e n ce ,  t h e s e  l a t t i c e  p o i n t s  a r e ,

' v

i n  g e n e r a l ,  much more q u i c k l y  o b t a i n e d  by  t h e  a lg o r i t h m  

o f  t h i s  C h a p te r  IV .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



99

BIBLIOGRAPHY

B onnesen , T . ,  a n d  W. F e n c h e l ,  T h e o r ie  d e r  Konvexen 

K d rp e r  (1 9 3 4 ) .

F u r tw a n g le r ,  P . ,  and  M. Z e i s e l ,  Zur M inkow skisehen

P a r a l l e l e p i p e d a p p r o x i m a t i o n ,  Mh. M ath . P h y s .  XXX 

( 1 9 2 0 ) ,  p p .  1 7 7 -1 9 8 .

H e rm ite ,  0 . ,  OEuvres I I I ,

J a c o h i ,  0 .  G. J . ,  A l lg em e in e  T h e o r ie  d e r  k e t t e n b r u e h -  

h h n l i c h e n  A lg o r i th ra e n ,  J .  r e i n e  angew. l a t h . ,

LXIX (1 8 6 8 ) ,  p p .  2 9 -6 4 .

Koksma, J .  F . ,  D io p h a n t i s c h e  A p p ro x im a tio n e n  ( 1 9 3 6 ) .

K ro n e o k e r ,  L . ,  N aheru n g sw e ise  g a n z z a h l ig e  A u flb su n g  

l i n e a r e r  G le ic h u n g e n ,  S . - B .  p r e u s z .  Akad, W is s .  

(1 8 8 4 ) ,  p p . .1 1 7 9 -1 1 9 3 , 1 2 7 1 -1 2 9 9 ;  W erke, I I I X, 

p p .  4 7 -1 1 0 .

M a u n e e l l ,  F .  G . ,  Some N o te s  on E x te n d ed  C o n t in u e d

F r a c t i o n s ,  P r o c .  London M ath . S o c . ,  XXX (1 9 2 9 - 3 0 ) ,  

p p .  1 2 7 -1 3 2 .

M inkow ski, H . ,  G eo m etr ie  d e r  Z a h le n  (1 9 1 0 ) ;  D io p h a n t i s c h e  

Approximationen (1927); Gesammelte Abhandlungen,
I ,  I I  (1 9 1 1 ) .

P e r r o n ,  0 . ,  G ru n d lag en  f u r  e in e  T h e o r ie  d e s  J a c o b i s c h e n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

K e t te n b r u e h a lg o r i t h m s ,  M ath . Ann. LXIV (1 9 0 7 ) ,  

p p .  1 -7 6 ;  D ie L eh re  von K e t te n b ru c h e n  ( 1 9 2 9 ) .  

Z e i s e l ,  M ., Sur Minkowski * sc h e n  P a r a l l e l e p i p e d a p p r o x ­

im a t io n ,  S . - B .  Akad. W is s .  W ien, OXXVI (1 9 1 7 ) ,  

p p .  12 2 1 -1 2 4 7 .

( J .  P .  Koksma, i n  t h e  work c i t e d  a b o v e ,  g i v e s  a  

much more c o m p reh en s iv e  b i b l i o g r a p h y . )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.


