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PREFACE

In his Geometrie der Zahlen (p. 147 £f.), Minkow-

~ski has considered for two lineer forms with real co-
efficients,

E =ax +(3y, 'na'(x +4y (o(c(’- pf= 1),
the parallelograms |¢£1| é{”, Iml = ¢ which have on each
‘side a lattice point, besides those which may be at
verticee, and only the origin in the interior. He found
an ordered set, or "chain", of matrices ++°,P.y, Pg, Py, ***
whose determinants are equal to 1 and in the columns
of each mstrix are found the coordinates of two lattice
~points on the corresﬁonding parallelogram. This set has
a first term if m = O can be satisfied by rational integers
X, ¥, not both zero, and a last term if ¢ = O can be sat-
isfied by rational integers x, y, not both zero.
0, - ¢
etf), gaj

‘lfme're e™= £ 1 and g'k)is a positive integer. Then Py_,

Bet PC P, = Ty, then T, is of the form

transforms ¢ and m into = = \™¥% + e* " WY ana
S - , (k-1) &
‘ l-‘ B - e(‘ l)/L*_lx +/“'ﬁ-1Y3 where A : >)\ ); 0, /“"'-1 >/A‘ﬁ_3 2 0,

et =11, The expression

1
W . _ 1
g g(‘.‘l‘l) + 1
g(‘.*’l-) 4 *

.
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ii

is the normal continued fraction development of AﬁbiyA’*)
and terminates or is infinite according as this ratio
is rational or irrational.

If ¢ =x -6y, 1=y, where 6 is a real number such

that 0< 6 - g«1/2, g being the largest integer in e, then

1, g 0, 1 0, ~1
Po = = ) . *
0, 1 -1, 0 1, g
In this case
6=g + —1
g 1 1
1 g@) .‘. *

is the normal continued fraction development of © and,

" in addition,

L} (4 %) th-1) +
o p;.l): Pai: P(n.: Pi2 0, -(-1)
(T W = 4- )

R, pis pis) o (-1)*, g®

so that p{‘g/p;*; is the kth convergent in the normal
continued fraction development of ©,
In either czse (whether or not & =1, {3 = - Q) if
| 'p/o( is irrational, then k(pi? +(3p,§'2‘ tends monoton-
ically to zero as k increases, whereas, at the same time,
'P‘:g s lp?gl are relatively prime integers which become
infinite with k. The ratios - p{’g/pg;, (k = 0, 1, eeo,0)

are rational fractions in their lowest terms and they
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iii

tend toward(s/« as a limit, If /o is rational, then
otp,“:) +ﬁp§2 actually vanishes for some value k of k,
since the continued fraction terminates,

8imilarly, going toward the other end of the chain,
the value of lY@ft)+-8p§?1 tends monotonically toward
zero and actually becomes equal to zero if and only if
Y/§ is rational.

We consider in this paper the three dimensional

- analogue for which ¢ =v°‘nx1 + ¥%1aXp + KX gXg,
M= % Xy b HgpXy o+ RppXg, [ o= Hg Xy b %Xy + SGaX,,
’where “L% are real numbers such that no one of the
equations £ =0, n =0, or. { = 0 is satisfied by integers
X3, Xa, X3, Dot all zero. The regions corresponding to
the parallelograms are naw‘parallelepipeds. |

In this connexion, there are two problems:

(1) To develop a process for obtaining all the
parallelepipeds I¢| érﬂ, Imi =0, 1t £ T, of such a
h_ature that on each face there is a lattice point other

 than those which may be on the edges, and such that the
oiigin is the only lattice point in the interior. (That
| ig, to obtain a chain of third order matrices.)

(2) (a)'To determine sequences of lattice points

~ for which one of the linear forms tends to zero.
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iv

(o) To determine sequences of lattice points

for which two of the linear forms itend simultaneously

toward zero.

~ Minkowski (Annales de 1'fcole Normsle Sup€rieure,

Ser. 3, XIII, pp. 41-60) stated the results for problem
(1) without giving proofs. This problem is solved in
Ohapters II and III of this thesis.

| In Chapter IV both parts of problem (2) are solved
end a gecond algorithm is given which facilitates the
determination of sequences of lattice points satisfying

the conditions of part (b).
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CHAPTER I

INTRODUCTION

Hermitel has given an elegant proof of a theorem
of Tchebychef, This theorem we now propose to generalize
following the methods that have their beginninga in the

Geometrie der Zahlen of Minkowski., This remarkable work

was dedicated to Hermite, as its inspiration was derived
from the above mentioned paper among others of the very
celebrated French mathematician, Professor Hilbert in
‘hie memorial eulogy of MinkowskiZ makes the following
quotation from Hermite regarding the work of Minkowski,
~ ¥Ch, Hermite, damals der Senior dei franzosischen Math-
 matiker, hatte von Anbeginn die zahlentheoretischen
 Arbeiten Minkowskis mit héchstem Interesse und lebhaft-
‘ester Freude verfolgt. Es ist riihrend, wie ruckhaltlos
~er die Vorzuge der Minkowékischen Methode gegeniiber
seinen eignen Entwicklungen aneikennt, als Minkowski ihm
die eben besprochenen Resultate mitteilt, Au premier

1. Ch, Hermite, QBuvre, III, p. 513,
2. H, Minkowski, Gesammelte Abhandlungen, I, p. xiv,
1
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coup d'oeil j'ali reconnu, so schreibt Ch, Hermite in

einem der an Minkowski gerichteten Briefe, que vous

avez eté bien au dels de mes recherches en nous ouvrant

‘dans‘lg domaine arithmétique des voles toutes nouvelles.

Und in einem zwel Jahre spateren Briefe vom November 1892

heiszt es: Je me sens rempli: Q}éfonnement et de plaisir

devant vos principes et vos resultats, ils m'ouvrent -

| , _
gomme un monde arithmetique entiérement nouveau, ol les

- guestions fondamentales de notre science sont traitéés

: / A 4 N\ ’
avec un eclatant succes auquel tous les geometres rendront
hommagze. Vous voulez bien, Monsieur, -- et je vous en

"gg;s sincérement reconnaissant -- rapporter & mes anciennes

A SP————— S S—————————

vous les avez tant dépassédes qu'elles ne gardent plus

d'autre mérite que d'avoir ouvert la voie dans laquelle

- yous etes entré.’ Hermite was much too modest regarding

~his own work,
Minkowskl stated without proof, the following
~ theoremd: |

Lorsque {é, g,JK}est un parallélépipede extréme?

3, Ibid., pp. 281-282, “Zur Theorie der Kettenbriiche.®
First published in Annales Scientifigques de 1'Ecole
. Normale Supérieure, Ser. 3, X111, 18%6, pp. 41-60.

“§; See‘below, Definition 5, extreme parallelepiped, or
auszerstes Parallelepipedum,
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pour £, m, ¢, on aura toujours
(1) agl<A;

{a, g, ,l} contient exactement un point du réseau sur

chague face et ces points du réseau ont des goordonnées

~ égales et de signes contraires pour les faces & 1'opposite

~les unes des autres.

On peut alors, et cela d'une seule maniére, trouver

trois points du réseau

r, s, t; r', 8/, t3 7, 8", t"

sur trois faces non opposées
t=ta, m=¢tg, (=t
tels que

£€e = + 1

et tels que, lorsque le systéme £¢,¢'m, t"¢ est trans-

forzﬁe' par ll'effet de

r, r, r" a, b, fo
P= |ls, s, 8 en § = X, g, *nh
t, t', t" ty3, *x, X

les grandeurs a, b, ¢, £, g, h, J, x, / soient toutes

positives, leurs signes ¢tant répresentés par un des

 gix systémes suivants:
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S ¢ 111 Iv v VI
T + - - tte tet -
- te  tF e+t et -+ + + 4 - -+ -
B S . TR TR S S N

Le déterminant de P sera, dans les cas I-V, ezal & 1

et dans le cas VI restant égal & zéro, et 1l'on aura

(2)  a>b, ave; g>h, gv£; L3, L>k;

et de plus, dans les cas indigués ci-dessous par leurs

numéros d'ordre, on aura les conditions suiventes:

I II 111

b +c>a h+f>g j +k> 2
f>hou jr>k k>joub>c c>bouhb>f
Iv v

br»ocou h>f ou j>k c>bouf>h ou k>

Vi

b+ec=a, h+f=g, j+k=4
Using geometric concepts which have been employed
in other connections by Minkowski, we shall prove this
theorem,5 Besides, we shall derive completely the

5., Marle Zeisel proved this theorem and gave a development
of two parts of the first algorithm, He stated the third
- algorithm in its correct form and gave an example to il-
- lustrate the case in which Minkowski's algorithm failed.
(Kaiserliche Akademie der Wissenschafien (Wien), Sitzungs-
; XxVI 1917, “®Zur Minkowsk'schen P Parallelepipe&;
approximation.“’ (Footnote continued on next page.)
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algorithms stated by Minkowski in the above cited papet.
A correction is made in the last algorithm. We shall also
state and prove several other theorems which give a clearer
understanding of the entire situation,
| S8everal concepts and definitions necessary in'this

work will now be introduced. A Cartesian coordinate
system in a three dimensional space will be used, the
coordinates represented by x,, Xz, Xg.

- Definition 1. A lattice is the totality of all points
whose coordinates are integers,

~Definition 2. A lattice point is, then, any one of the
points of the lattice. |

; By employing Minkowski's results for lattice octa-
~hedrons we shall shorten one portion of the proof given
by Marie Zeisel; also we shall give a complete detailed
‘derivation of all three algorithms,
A1l proofs in this paper had been worked out by me
and presented in seminar at the University of Cincinnati
before I discovered the existence of this paper by Marie
: As is to be expected, certain parts of my research
~are similar to the corresponding portions of the above
mentioned paper; but wherever possible, I have applied
‘the more general theory developed by Minkowski, To his
proofs of this more general theory I refer in this first
‘chapter as I introduce the necessary concepts and de-
~finitions.
: Having proved the above theorem of Minkowski and
. having derived the various algorithms, I correlate the
‘material by means of some existence theorems,
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Definition 3. If ¢, m, { are three independent linear

expressions with real coefficients homogeneoue in the
real variables x,, X;, Xz and having a determinant 4 # O,
then 11 éf‘, Int 26, 1t1 £ 7, where fs T, T are three
arbitrary positi#e oonetanfs, is a parallelepiped with
center of symmetry at the origin and faces parallel in

' paire to the planes £ = 0, =0, and { = O, 8uch a
parallelepiped shall be represented by the eymbol‘ﬁﬁ a, r?
The quantities , T, 7 will be called the parametexrjof
the parallelepiped.

Definition 4. Further, if{p, 7, fJoontains no lattice
point other than the origin in its interior it shall be

ealled free.

Definition 5. The parallelepiped {/9, g, f’} shall be called
extreme if it is free and if, at the same time, it has

‘on each of its faces at least one lattice point other
than those which may be contained in the edges. The
existence of at least one extreme parallelepiped will

 be eetablished in Chapter II. An extreme parallelepiped
is, then, such that no one of its parameters can be in-

creased without introducing lattice points into the
interior of the parallelepiped.
Definition 6. The operation of taking a smaller positive
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value for f’shall be called lowering the {-faces, and
that of taking & larger value for,o shall be called
raieing the f-faces., 8imilar definitions will hold for

1éWer1ng and raising the m- and t-faces.
In all that follows, one restricts £, m, and {
t0 be independent linear forme of such a nature that
no one of the equations § = 0, 7 z‘o, or { = 0 is sat-
'isfied by any lattice point except the origin, and it
‘may be assumed without essential restriétion that A>0,
Due to the restriction placed on the type of linear forms,
- there can be at most one lattice point in any plane
g = gonst.,, m = const., or { = const., There are exactly
six lattice points on the surface of each extreme parallele-
piped, one and only one on each face,
',ﬁefinition 7. If{{’,ﬁ’,ﬁ} is an arbitrary extreme paral-
lelepiped for §, m, and ¢, the lattice points on the m-
and f-faces must lie in different planes § = const., no
one of these planes belng £ = O, Lower the g-faces until
they touch a first pair of lattice points in the m- or
{~faces, If fhese lattice points are the ones in the m-
~faces, the n-faces can now be raised and leave the
parallelepiped still free., On the other hand, if these

points are in the {-faces, then the {-faces can be raised
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instead. Raise the possible pair of faces until the

- parallelepiped becomes extreme, The new extreme paral-

: lelepiped thus uniquely determined will be called the
§-neighbor gg_{e, G;G?. Similar definitions are made
for an n- and a {-peighbor of {p, 7, rrf. It will be
seen that the restrictions on £, m, and { require that
there be an infinity of extreme parallelepipeds, if the |

 existence of a single one be established., For each one,

-~ without exception, will possess three neighbors; the
gequence obtained by taking successivs g-ne1ghbors,
starting form an arbitrary extreme parallelepiped, is
‘'a sequence in which no two of the elements are the same,
for the first parameter is less in each element than in
the one which precedes it. The totality of the extremes
belonging to £, m, and { is called the chain of extreme
~§axallelepipeds for ¢, m, and £
9efinition 8. An octahedron, symmetric about the origin
énd'having each vertex at a lattice point, will be called

a lattice octahedronsif it contains on its surface and in

its interior no lattice poinfs other than the origin and
. its vertices,
For such lattice octahedrons, the determinant of

ecoordinates of three vertices p,, Pz, Py, N0 two of which

6. H, Minkowski, Diophantische Approximationen, p. 97.
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are symmetric to each other with respect to the origin,

is 1 or £ 2, If the determinant is ¥ 2, then each
’point of the form

= + %)-P; + (Vs + %)Pa‘ + (rg + %)-Pa’ (fa §, integers)
1s a lattice point.” ‘ o

Definition 9. If f£(x,, X3, Xg) is a function satisfying
the following conditions

(1) £(x,,Xs,%3)> O ((xy,%s,Xs) # (0,0,0)),
(2) £(tx,,%%;,tx5) = $£(x,,X;,X;) (t £0),
(3) £(xy,+ V1, Xa+ Vo, X+ ¥s) = £(X3,X5,%3)+ £(¥1,¥2,Va),
(4) £(=xy,-%a,-%3) = £(x1,%3,%3), |

then £(X,,Xs,X) = 1 defines a convex body R with center
of symmetry at the origin.

The function £(x,,X3,Xs) i8 to be called a generalized

distance function. Minkowski has shown the existence of

such a function for an arbitrary convex body with center
of symmetry at the origin.8
If a lattice octahedron has all its vertices on the

surface of R and if three of these vertices non-coplanar

7. Ibid., p. 100.

8. Geometrie der Zahlen, p. 36. Symmetry about the origin
was not assumed in the general theory, consequently, con-
~dition (4) does not occur there.
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with the origin are denoted by Ay:(ayr,a:s,814),
#a%(azxaaza:aaa)s and Ag:(ay;,832,833), then the trans-
 formation )
Xy = 83Xy + 8;5,X; + 833X, »
X3 = 833Xy + 855X, + 85,X; (det.la; .| =31 or &2),
Xg = 833X, + az3X; + a35Xs
'transforms £(x,,x5,X3) into F(X,;,X,,Xs) which satisfies
the conditions (1) - (4).
Minkowski has proved the following results:®

1) If the determinant la; ;| = £ 1, then R contains

|
~in ite interior no lattice pointi (x3,x3,Xxg) other than
the origin, if and only if
F(X3,Xs,%s) 21
for each of the twenty-two following sets of values for
(X3,X32,X4): -
(0, 1, £1), (1, 0, £1), (1, +1, 0), (1, £1, £1)
(i, £1, £2), (1, £ 2, 1), (2, 1, *1),
~ where all possible combinations of signs are to be taken.
| ' 2) If the determinant la;}t = £ 2, than R contains
in its interior no lattice points other than the origin,

~if and only if

‘9. Diophantische Approximationen, pp. 102-103, and
Gesammelte Abhandlungen, II, p. 13.
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| F(X,,Xs,%s) 21
for each of the four following sets of values for
:(xxaxz:xa)

(% L, *1).

o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER II

BASIC PROPERTIES OF EXTREME PARALLELEPIPEDS

Because of its extreme length the theorem of Min-
kowskil stated in Chapter I will be here divided into
eéveral theorems. Unless specifically stated other-
wise, all theorems will be for §, m, { of the special
typé assumed above,

Theorem 2,1 1In a free parallelepiped for £, m, and

§ the inequality (oq—,Q a is always satisfied.}

The parallelepiped 1§} é[), Iml S0, 1t) £ Tis a
convex body with center of symmetry at the origin., The
volume of such a parallelepiped is V = 2ff0’fr /A .2 Sup-
pose U T>4a, then V >231 and the para.llelépiped, from

& theorem on convex bodies,d must contain at least. two
lattice points othexr than the origin in its interior.
But such is not the case for a free parallelepiped,

‘therefore, fTT’é 4, Suppose fﬁ”l‘= A, then V = 23 and

1, To prove this theorem H., Monkowski refers to another
theorem first stated in a letter to Oharles Hermite (H.
 Minkowski, Gesammelte Abhandlungen, p. 266 ff.), and =
later published in his Geometrie der Zahlen, pp. 102-1086.

2. H. Minkowski, Geometrie der Zshlen, p. 68.
30 Ibidc, p. 760

12
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the parallelepiped, if it contains no lattice points
other than the origin in its interior, must contain
‘at least fourteen lattice points on its surface.* It
is impossible to distribute these fourteen lattice
points on the six faces of the parallelepiped without
~having at least one face with two or more lattice points
on it. But this is contrary to the hypothesis that none
6f the planes ¢ = 0, n = 0, and { = O contains other
lattice points than the origin.5 Therefore, the theorem
is proved.
It is by this theorem that the existence of at
least one extreme parallelepiped can be established,
Let ﬂﬂo, 6;,‘T°§n be an arbitrary parallelepiped for ¢, m,
and ¢, then {6(,, €7, erro} where 0 < © <1 is a paral-
lelepiped similar to the original and simarly placed
about the origin. If one decreases © toward zero, the
three altitudes and also the volume of the parallelepiped
~tend to zero, When 6 is equal to a sufficiently small
constant ©, the parallelepiped will lie entirely within
the cube with center at the origin and edges parallel to

40 I‘bid., p. 85.

5, See Theorem 2,2 below,
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the three axes. The parallelepiped {e,,/)o, B0 U0, 90‘70}
1s then free, since it can contain no lattice point
other than the origin in ite interior. Keeping the
- last two parameters constant, increase the first para-
‘meter of the parallelepiped {[’, 6070, eofro} continu-
ously from (’ = 6, fo until the parallelepiped first con-
té,ins on the {-faces lattice points which are not on the
- or {-faces; the parallelepiped remains free., Let
this corresponding value for ‘[-' be (’;. Such a number P,
exists, for the inorease of the first parameter to the
value (" = A/(8g7To) insures that the parallelepiped
18 no longer free, Then (r<a /(©6T5Ts). Increase
the second parameter of [ (A> 7, 90‘7’9} continuously from
T = 6,7, until the n-faces first contain lattice points
‘:which are in neither the £~ nor the {-faces, the paral-
‘llelepiped remaining free, Let 0, be the corresponding
value of the second parameter ¢, Then 0, < A/(GO(&'T,,).
Finally, increase the third parameter of .f Pas Ty, ‘T}
continuously from T= eo;f'o until the {-faces first con-
fain lattice points which are in neither the £~ nor the
m-facee, the parallelepiped remaining free. Let T, be
‘the new value of the third parameterT. Then T, < a8/(P171),

and the parallelepiped {(’;, Ty ’1',} is extreme as well as
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free.

It is seen at once how Theorem 2.1 applies to prove
also the existence of the three neighbors of a given
extreme parallelepiped. This theorem insures that the
parameters do not become infinite, The three neighbors,
however, do not always exist when one of the equations
8 =0, mn=0, or { = 0 is satisfied by other lattice
pOints besides the origin; for in this case diminution
of one of the parameters to zero may be necessary be-
fore another can be lncreased; consequently, when one
decreases this parameter to zero, the entire domain is
situated in a plane and has no interior, both of the
other parameteré can then be increased indefinitely.

The region correspondingyto the neighbor is no longer

 a parallelepiped but an entire plane.

‘Theorem 2,2 The parallelepiped Ja, g,/f}oontains,

‘besides the origin, exactly six lattice points, one on

each face, on opposite faces latiice points with co-

ordinates the negatives of each other.

Since ¢, m, and { are homogeneous linear forms,
the absolute value of any one of these linear forms is
the same for a point » with coordinates (p,, Pa, Ps) |

as it is for the point - p with coordinates (- p,,- Pz,~ Pa)e
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Therefore, if p is a lattice point on the surface of
{a, g,,ﬁ}, S0 also is - P. |
There are six faces to the parallelepiped and each
can contain at most one lattice point; for suppose two
lattice points p and g were in the same face, then the
k point » - g with coordinates (P~ 935 P2 - Q25 Ps - Qs)
 won1d make one of the linear forms ¢, m, or { vanigh,
But this is contrary to the hypothesis that the origin
is the only lattice point in any of the planes ¢ = O,
n=0, or ¢t =0,
~ From the definition of an extreme parallelepiped,
each face must contain at least one lattice point |
; - Wwhich is in no other face., Therefore, each face con-
‘ tains exactly one lattice point, and this lattice point
~is thus not on an edge. The whole surface then contains
exaétly six lattice points.

Theorem 2.3 One can always select from the lattice

points on {a, g,l} in one and only one way three lattice

E?}_l}_t_s ?1-(91: Pas p(;))s 'Pa.(p;, p(g’: pg)): gnd ?ac(Pu Pz, p ) )

'on respective faces £ = eja, n = e,g, and { = eyZ 6 not

~ opposite one another, so that e,ezes = + 1 and so that

- 8. The quantities e,, ez, €3, are equal to * 1, since the
three planes concerned are those containing faces of a, g }
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when the matrix of coefficients of the linear forms

e b, ezn, egl is transformed by

o) @ @
to,

“

, p;s Pi1s, Py a, c
P = 'P%): P(g‘: Ifg’ into @‘ *f, g *af,
)
p‘;: pc:?v P(g,) i, %k, /Z

then the numbers a, b, ¢, f, g, h, j, k, and / will

be all positive and the matrix ¢ will have onme of the

following six systems of signs:

1 II III IV )'J V1
+ + + + - = + - - + + - + - + + - -
-+ - + + + -+ - -+ + + + - -t -
- -+ - -+ + + + + - + -+ + - -t

and also, a>b, a>c; g>f, g>h; 4>3, />k.
In the proof of this theorem several lemmas will be

used.,

Lemmg 2.1 No two of the six lattice points on the

surface of an extreme parallelepiped for £, m, and { can

‘lie in the same one of the octants formed by the planes

£=0,m=0,{ =0,

Assume two of these six points, ® and 8, are in one
and the same octant, Denote by ¢(=), t(e), n(z), nis),
L(x), and t(e) the values of ¢, m, and ¢ for r and =,
Then |
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E(x) =e iy, n(z) =exh, {(2) = esfh,
£(8) = e, K3, m(s) = ezhs, ((8) = eym,
where e; =+ 1 (1 =1, 2, 3) and

o fa, o<kg, oemEt  (1=1,2).
Due to the distributive property of linear forms one has )
t(z=8) = ey (Ky-ta), n(2-8) = es(31-1,), L(z=8) = ez(sq-pa).
From Theorem 2.2 the points # and 8 are not in the same
plene ¢ = const., m = const., or { = const. It would
follow, then, that
0 £ 1¢(z-8)l<a, O 2 In(z-s8)lcg, O =2 1t(z-m)ic /.
‘8ince r and s were assumed distinct points, it is seen
that 2 - 8 is not the origin. A lattice point 2 - s,
not the origin, could thén be within the extreme paral-
lelepiped, but this contradicts the definition of such
a parallelepiped. Therefore, the assumption that two
| lattice points could be in the same octant is untenable
and the lemma is proved,
Lemma 2,2 If #,, ®;, ¥y, -~ ¥,, - ¥3, — ¥y are the
gix lasttice points on the surface of the extreme parsllel-
~ epiped {a, g,/}, then there is a unique way of choosing
o ‘three lattice points 4,, 9;, and g9 from these six so

ihat 4, is in the plane ¢ = a, 4, in the plane m = g,
and gy in the plane ¢ =/. In the matrix
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tla)s tlan), Ba)|| i m R Ho
V= lInta:), nlas), nlas) <. if.g.ifh ,
| Hetay), tlas), tlas) l R I
where | |
a = 1t(g,)!, b= It(qs)l, ¢ = '_5('@3)!;
f = In(g)l, & = In(gz)!, b = In(gs)l,
3= 1tla)l, k= 1ta)t, L= 1t(as)1,

the system of signs must be one of the following twenty-four:

1 2 3 4 5 3
+ + + + 4 - + - + + - - + - - + - -
+ + - + + + + 4 - ++ - 4+ + 4 -
Ch -+ + - + +E A+ o+ + - + + - +
7 8 9 10 11 12
S+ o+ 4 + + - + - + + - + + - + + - =
o R + + + + + + + + - + + + + + +
-+ 4 -+ + -+ + -+ + - -t - -t
13 14 15 16 17 18
+ + + + + - + 4+ + + + + + - + + -
-t - _+-,-+‘+ -t - -+ + -+ -
ctFt et F et e et amt =+
19 20 21 22 23 24
+ + - + + - + + + + + - + -+ + - -

B T . T IE T S

4+ o+ o+ + + + + - + + = + + + + + + + 3
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also, a>b, a>c; g> £, g>h; L3, L-k.
 The first statement in Lemma 2.2 follows directly
from Theorem 2.2, the second statement is a consequence
‘of Lemma 2.1, and the inequalities at the end of the
lemma are & consequence of the definition of an extreme
- parallelepiped and the restrictions imposed on §, m,
end {.
The twenty-four systems 6f signs can be subdivided
into six classes as follows:
Choose e,, e, and eg equal to + 1 or ~ 1 independ-
ently of each othef; then e,t(e,q;) = £(q,), e;n(eaqa) =
n(4s), and egl(egqs) = L(95). Let By, = ey, P2 = €29,

and p; = e€5€,. The matrix

e t(»,), e t(pa), e t(ps) e e t(a,), e e, t(as), e,eqat(gs)
@,’" ean(®,), ean(pa), ean(ps)|| = ezen(g,), es2:n(dz), esegnidas)
llegt(py), esti®pa), esl(ps) eseyt(ay), esesllas), egeyl(as)

differs from the matrix D only in the sign attached to each
element,

Lemma 2,3 For each of the twenty-four systems of signs

'..'g._‘x__x_‘ the matrix ), integers g;, €z, and e can be chosen in

‘one and only one way so that e,e;eg = + 1 and so that the

matrix  has one of the six following systems of signs;
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I II I11 IV )i V1
+ + + + - - + - - + + - + - + + - -
-t - + 4+ + -t - -+t + + - -+ -

- -+ - -+ + + + + - + -+ + T
- 8ix of the twenty-four systems are identical with these
six, A brief inspection will show what values to take for
e, €2, and ey in the other eighteen cases, The following
- tabulation gives in each case the e; which have to be
taken negative and gives also the system of signs which
the matrix ¢ assumes under this selection of €.
1. e;,ey,VI; 2. e,,e5,III; 3. e,,6,,II; 4. e,,e;,IV;.
5. ey,e3,V; 6. €;,85,I; 7. e;,e5,I1I; 8, e,,e,,VI;
9. e,,e4,I; 10. none, V; 1l. eg,eqy,IV; 12, none, II;
13. e,,ez,IV; 14. e,,e;3,II; 15. e,,es,V; 16. none,l;
17§ e1,83,I1I; 18, none,VI; 19. e,,e;,I; 20. e,,es5,V;
21. e;,65,II; 22. none,IV; 23. e,,es,VI; 24. none,III;
The six systems of signs I - VI will be called the

normal systems.

Regard the transformation of a matrix by this process
a8 an operation on the matrix apart from any consideration
in connection with the problem., It is at once seen that
—if‘the matrix:@ is operated upon by the same transformation

(i.e., the same set of e;) as that which transformed ¥ in-
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to @, then & will be transformed back into .

More generally, if a transformation with one choice
of e; is followed by a transformation with a different
choice e;, the total effect is that of one transformation
in which the choice ez is to be taken as e; =e;e. (i =1,
2, 3). It appears at once that any choice of the e;other
than those listed above transforms ¥ into a matrix which
has none of the six normal systems, but whiéh has a dif-
ferent one of the eighteen other systems. For example,
“the system 1 is txjaneformed into the system 23 by e; = 1,
e, =eg =~ 1.

It is noteworthy that the lemma could just as well
have been stated that there is & unigue way of selecting

integers e,, ez, and e; so that the product e;ezeg = ~ 1

and so that the matrix @ has one of the six normal systems

of pigns. This is obvious if one notes that changing the
signe of all the e; at one and the same time does not
‘affect the matrix,é.‘

| The extreme parallelepipeds are to be classified
ﬁccording to the normal system of signs in é, that is,
according to six distinct types of distributions of the
lattice points on the surface of the parallelepiped.

Theorem 2.3 is found to be proved in the combined
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results of Lemmas 2.2 and 2.3, for when the €, and the e,

are uniquely determined, so also are the p..

Theorem 2.4 According as the normal system of signs

in § is the system I, II, ---, or VI, the elements of the

‘ma;t:rix 3_5 satisfy the following conditions listed under the

' éorrespondigg numeral:

I II III
b +c>a, f+hvg, j+k>/,
f>hor j>k kvyjorbre c>bor h>f
IV‘ v VI

brc or h>f or j»k ©>b or £>h or k>j bic=a, f+h=g, j+k={;

among the two or three conditions geparated by the word

Wor#, at least one must be satisfied each time,

The proofs for the individual cases follow seriatim;
I. In this case one has
e t(py) =2 e t(p) =Db, e,t(p,) =0,
ean(p,) = - £, exn(pa) = g,  eanlps) = - b,

esl(pi) = = J, egl(p:) = - k, esl(ps) ""/Zo
The values of ¢, m, and { for the lattice point » = p, + P,

are
E(p) = t(ps) + t(py) = ey(b +0),
(@) = n(ps) + nlpy) = es(g - h),
E@) = t(ps) + L(pg) = eg(- k +2).

i
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This point ® is obviously not the origin since I{(s)|
has the value b + ¢ >0, Then the point p cannot be in the
interior of the extreme parallelepiped., Therefore, since |
n and { have absolute values less than g and [ , respec-
 tively, it follows that 1t(p)l 2 a, 1. e., b + ¢ Z a.
~ 8uppose that b + ¢ = a, then §(p) = e,a, but this is the
value of £(®,). There is at most one lattice point in
f the plane ¢ = e,a, hence p = p,. This requires that
n(®) = n(p,) = -e;f, whereas it has been seen that
n(p) = e;(g - h); then g - h = ~ £, But this is im-
possible since g> h and £ >0 by virtue of Theorem 2.3..
Thﬁs the condition b + ¢» a is proved.
The values of ¢, m, and { for the lattice point
P =-P, +Pp + P, are
E®) = - t(py) + t(ps) + t(ps)
n(p) = - n(py) + nlps) + n(Ps) = ea(f + g - h),
L) = - L(py) + L(p2) + L(Ps) = e3() -k +1).

Since a>b, a>c and b + ¢ >a, it follows that

e;(-a +b +e¢),

‘a>b+c-8a>0, i, e., a>t(p)! >0, Then p is not
the origin and, consequently, is not in the interior of
the parallelepiped. From the relations g>h and £ 5>k
it follows that £ + g - h>0 and j - k + £>0, so that
either f + g - h 2 gor j - k + £ Z / must hold in order
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to insure that the point p be not interior to the paral-
lelepiped. Consegquently, at least one of the inequalities
£ 2hand j 2k must be satisfied. Neither equality sign
oa.h hold; for suppose f = h, then since no two lattice
points can lie in the same plane m = const., it would
- follow that p; = pg. But this is contradictory to the
fact that p,, p2, and p, aré three distinet points. A
gimilar contradiction is reached if the assumption j = k
is made. The necessity of the conditions in I is then
“proved.
II. Let o(,-,j; be the element in the ith row and the
Jth column of the matrix of coefficients of the linear
fdms £, m, and {. Bet B'=oL,.x] + L a9%Xs +A2yx3,
N'= o gaX] + KgaXp +okgyX5, and = oqax + o axp + Ay,Xy;
this has the effect of renaming the axes and the linear
forms as follows: ¢'=m, n'= ¢, {'= ¢, x} = x5, X§ = Xa,
and x§ = Xx,. Thé determinat of the matrix of coefficients
of ¢/, n/, and {’/ is the same as that of ¢, m, and ¢{. |
The extreme parallelepiped -{ a, g,,Z f for ¢, m, and
{ is the extreme parallelepiped{g, ,Z, ag' for ¢/, n/,
and {/. Theorems 2.1, 2.2,and 2,3 apply in such a way

as to yield matrices P’ and § of the same natures as P

and § . Since the normal system of signs in @ is II,
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then that in @ is I, The conditions b’'+ ¢'» a’} £5h'or
j’> k'which hold for & ‘can be translated by means of the
relations between §{, m, { and £’, m’, and ¢{'into £ + h>g;
k> j or b>c for d. | |
III. If the normal system of signs in ® is III, one
sets £'=t, m'=§, '=m; x; = x5, X} = X, X} = X,
In the same manner as in II one obtains the conditions:
J o+ k?f; ¢>b or h>f,
IV. In this case
e, t(p,) = a, e t(pz) =1, e 8(ps) = - o,
exn(P,) = - f, ean(ps) =g, e:m(ps) =h,
| 02t (1) = §,  est(®s) = -k, egtlps) = L.
. For the lattice point » =9, + p. + s one has,
| E(@) = E(py) + L(pa) + b(ps) = ey(a +Db - ¢),
nie) = nl@y) * nlps) + n(ps) = es(- £ + g + 1),
t®) = Lipy) + L(pe) + L(ps) = 83(] ~ k +1)s

Thie point p is not the origin since a >¢ yields

1¢(p)I =a +b - ¢ >0, All three algebraic sums in the
| p’arentheses on the right in the equalities above are
positive, Since the point p does not lie in the interior
' of the parallelepiped, at least one of the following

~three inequalities must hold:

liv

a+b-c2a, ~f+g+h3g,orj-k+l32 /L,
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The equality sign can hold in no one of the cases, for
the assumption that it may hold leads to a contradiction
similar to that in the preceding cases. Therefore, b>o
korh>f or j>k.

| V. In this case set ¢ =¢, n'=2¢, t'=m; x1 = x,,
X, = X3, X3 = Xz, The matrix & has the normal system of
signs IV. The conditions b'>¢’or h'>f’'or j'> ¥’ for &'
,beodme c»bork>jor £>h for §.

VI. In this ocase

ez&(‘?;) = 8a, elg(‘Pz) = b, e;ﬁ(?a) = - C,
ean(p,) = - £, e n(ps) =g, ean(ps) = - h,
esl(p,) = - J, egl(ps) = -k, egl(py) = ,Zo

‘F:or the lattice point p = P2 + Ppg + Py one has
£(p) = t(py) + £(p2) + Lips) = - ey(-a +b +0),
n(®) = nlpy) + nlPs) + n(ps) = - ex(f - g + 1),

Lip) = L(py) + L(p2) + C(ps) = - eg(] + Kk "[)-
§ince avb>0, a>¢ »0; g>£>0, g>h>0; />3>0, and

,/> k>0, it follows that [¢(p)lc &, In(®)i<g, 1L@)I< L.
This requiree that the lattice point p be in the interior

]

of the parallelepiped and identifies it with the origin,
the only such lattice point., Therefore, all of the
‘Qﬁantities tE(®), nip), and t(p) are zero, that is to say,
b+o=a, f+h=g, and j +k = 2.
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Any matrix @ will be called normal if its system of
signs is normal and if, at the same time, its elements
satisfy the conditions a>b, a>c; g> £, g>h; />3, I>x
é,nd also the oconditions which by Theorem 2.4 correspond

to its normal system of signs., A normal matrix ¢ will be

~oalled normal of type I, II, +-+, or VI, according as its
normal system of signs is I, II, s+, or VI,

Theorem 2.5 If @ is normal of one of the iypes I -V,

then the determinant of P is + 1; if it is normal of iype

VI, the determinant of P equals zero.

Denote the determinat of P by |§| , and that of P

by D. From the definition of &, it follows that AD = Iél .
8ince the elements of P are all integers or zero, the
deteminént D is an integer or zero.
The proof that D = O when  is normal of type VI.
Hére one has |
| . a -b, -c
|§|=ap= |-, g -n/|,
—i-x, A
where b +c =a, £ +h=g, j +k = /. Then |§| =0,
a.nd since 4 > O, D must equal zero,

The proof that D = 1 when ¢ is normal of type I - V

follows.
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Lemma 2.4 If @ is normal of type I, II, «.+, or V,

then 4 2 D 21,
| 8ince the proof of the lemma follows the same lines
.for all five types, the details will be given for only
type I. Here one has |
a, b, c
|&|=ap=|-¢, g -n
_ 3, -x, L |
= ag/ - ahk + fo/ + fok + jbh + jgo,

where a>b>0, a>¢>0; g>£>0, g>h>0; £-3>0, />k>0,
Then agl, ahk> 0, agl»> fbl >0, agl> fek»> 0, agl> jbh> O,

agl> jée; 0, so that Sag @Ar S lO.’ 0. From Theorem 2.1 and
the definition of an extreme parallelepiped, one obtains
ag./ <4, which leads to 5>D>0. But D is an integer,
| thérefore, 4 2D 21, The lemma is thus proved.

Use is made of theorems concerning lattice octahedrons
(of. Definition 8, Chapter I) to prove that D # 2, 3, or 4.
The octahedron with the six points P,, Ps, Pss = P1, ~ P2y
- Pg &8 vertices has the origin as its center of symmetry
and all its vertices are lattice points. 8ince the entire
octahedron except its Vertices is in the iriterior of the
'féxtreme parallelepiped z(a, g, ,Z%, this octahedron is then

by definition a lattice octahedron. It follows at once
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that D =1 or 2. If D = 2, than all the points of the form
p=( +8)p, + (V2 +§)pa+ (V5 +§)ps, (], 6 integers)
~are lattice points. This alternative does not occur here
as one will see.
If @ is normal of type I, consider the point for
which Y; =0, Y =Yy =-1, &§=1. Namely

P =19, - 12 - 19,

Then
1$()1 = %—la -b-clca,
In(e)l =31 - £ - g +hicg,
1te) =31 - i rr L1 L.

- Hence p is in the interior of the parallelepiped. Since
D # 0, it follows that p is not the origin, and,conse-
quently, is not a lattice point, Therefore D =1,

If ® is normal of type II, it follows in the same way
that the point for which ¥ =0, ¥; =Ya =-1, =1 is
not ailattice point; consequently, D is again equal to 1.
Likewise for type III, ¥3 =0, V; =Yz =-1, §=1
yields a point which is not a lattice point. Hence again

D=1, In types IV and V, the point for which 7, =Y
=Yy =0, §=11s not a lattice point, Hence D = 1 and

--the theorem is proved,
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Theorem 2,6 'y‘_ one can find three lattice points

Pi1» P2, Ps and three integers e,, e;, and ey for which

©;8z65 = 1, such that the matrix P of the coordinates of

Pi1s Ps, Ps has 2 determinant + 1, and such that P trans-

forms the matrix of the three forms e §, e,n, eyl into

a normal matrix § of type I, II, +++, or V, than the

y'mat:‘rix P is one of those matrices associated by Theorem

2.3 with the exireme parallelepipeds in the chain for
¢, m, and ¢.
One can regard the matrix P as a transformation

‘introducing a new coordinate system (X,, Xg, x,) wher‘ev

| xﬁ-=p<§x,+4f'xa+ql2x. (L=1, 2, 3).
8ince the determinan’; of P is 1 thé coefficients q“.'f)
in P-? are integers and one has _
:x;=q‘?xi+q‘f’xa+q‘fxs (1 =1, 2, 3).
It appears at once tk'aat lattice points in (X, X;, X3)
are lattice points in (x,, Xz, X3), and conversely.
The three points p,, $z, and p, have respective co-
~ ordinates (1, 0, 0), (0, 1, 0), and (0, O, 1) in the
system (X,, X;, X3). It is obvious that the octahedron
having »,, P2, Pas -~ .p,,"- P2, - Py a8 vertices is a

lattice octahedron in (X;, X,, X5). Since the lattice
is transformed into itself by P (or P-*), this octahedron
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is also a lattice octahedron in (x,, X, Xg).

" Qonsider the parallelepiped ‘{a., g,/} where a, g,
and £ are the elements in the principal diagonal of § .
Since ® is a normal matrix, one has from the definition,

a¥b, a>c, g>f, g>h, {5, L>k. Consequently, p,,
Ps, Py are on the surface of {a, g,l}, not merely in the
- planes of the faces. This parallelepiped is a convex
body with center of symmetry at the origin., The function
- of generalized distance which corresponds to this paral-
- lelepiped is | 7 |
£(x,, x5, X3) = max(18/al, Infgl, 18/21).
Applying P as is indicated in Definition 9, one obtains
F(X,, X:, Xg) = max(I1=/al, Wi/gl, 1z/L1),
‘where=, |4, andZ are the respective transforms of e,§,
~ez.m, esl. Hence the coefficients in= are the elements
o.f the first row of the matrix @, those ofi- are the
elements of the second row, and those of Z are the
elements of the third row,
" ¥When the coordinates of the points listed in 1)
;if:of Definition 9, (see p. 10) are substituted into
?(x,, X., X,) it is seen, upon recognition of the con-
,ditions on the elements of a normalized matrix, that

‘ {a, g,/} ie free., This parallelepiped then satisfies
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the definition of an extreme parallelepiped for £, m, ¢

and the theorem is proved.
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CHAPTER III
DEVELOPMENT OF THE MINKOWSKI ALGORITHM

The purpose of this chapter is to develop the al-
gorithms necessary for finding all the parallelepipeds
in the chain for ¢, m, {, taking for a starting point
an arbitrary extreme parallelepiped for which P has a
~determinant equal to 1.

Theorem 3.1 When one starts with an arbitrary

extreme parallelepiped for ¢, 1, and {, he can secure

the totality of all existing extreme parallelepipeds

by the successive formation of all possible neighbors.
8 ~ The demonstration of this theorem was given by
Minkowski.l It is an obvious consequence of this
theorem that the transition from one arbitrary extreme
-parallelepiped to another can be effected by a finite
number of passages from neighbor to neighbor.

Theorem 3.2 Under a suitable renaming of the axes

1. H. Minkowskl, Gesammelte Abhandlungen I, p. 283, “Zur
- Theorle der Kettenbruche."

34
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and the linear forms,? the desired -, m-, or {-neighbor

becomes the ¢ - neighbor and in such a way that the matrix

@ is always a normal matrix of type I, II, .-+, V in

which the inequality b’y e ;L__g_ gsatisfied:

The type of &"is in Goj-
Condition Transformation headed by type of @.
, I IT [III]IViy [VI
T-meighbor, c>b [E =8, n=(, { = na T
Xy= Xy, Xp= X3, X3= Xy I ({IIX|II |V |IV |VI
meneighbor, ©-h | E=mn, n=b, L =1
; | Xy= Xf, Xa= X§, Xa= X4 II| I [III|V IV |VI
Trmelghbor, of | £ = 8, n=8, L=m] | '
Xy= Xy, Xg= Xy, Xg= X III I |II |IV|V |VI
T-neighbor, >k [E=m, n=0, L = ¢
o ’ X,= X}, Xg= X4, Xg= x4|II III | I [IV|V |VI
Fhelghbor, k-3 |E =0, n=1n, L = . '
! s X,= Xf, Xp= x'a: Xa= X3 III|II | I |V [IV |VI

In the chain of parallelepipeds for §, m, and {, those
‘parallelepipeds for which the corresponding matrix P has
& determinant D = 1 are to be designated as parallelepipeds

of first kind. The parallelepipeds for which D = O will

be called parallelepipeds of second kind.
Theorem 3,3 The neighbors of a parallelepiped of

; ee]koond. kind are all parallelepipeds of first kind.

'2. This same type of renaming was done in the proofs of
. Cases II, III, and V of Theorem 2.4.
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Rename the axes and linear forms as indicated in the
table, so that the neighbor in question becomes the §'-
neighbor with b’'> ¢, Then since ® is of the type VI, so
also is &', From Theorems 2.3 and 2.4, one has a’> b,
a'vo, gy, g'>h, L5 L5k ;0 +¢e'=a) £+ 0’ =g

i e k’=,Z: I1f py, P2, P5 are the three lattice points of
P’, in the order of their occurence in the columns of P/,
then the ¢’/ -neighbor has on its surface the four lattice
points %, P53, - P, - Ps» and,'besides, two other lattice
pdints which will be designated by P%, and - 3. (The
subscript 2 is used here because the coordinates of P

~ take their place in the second column of the matrix P.3)
Since b’> ¢/, the coordinates of p3 or - pz will occupy

the first column in the matrix P/, and those of pj or
-~ Py, the third column. |
Under the assumption that the neighbor is of the
second kind, the matrix ®'for this neighbor then becomes |
b, -, - ¢ =D + ¢,
E’: -g, g, -1h'|| where g'=g’+ 1|
-x, - L L= x'+¥%.

‘But from above, £'= k' + j, therefore, k'= j, Since

3, The matrix P’ is the matrix of lattice points on the

- neighbor with coordinates referred to the axes as renamed
above; 5'13 the normal matrix for the neighbor under this
reference.
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there is only one lattice point, either »; or - py for
which { = j} one has B3 = ¥ p}y; this yields a'=Db'= b~ ol
But this is impossible because b’'> ¢’70 and a’> b, Thus
the theorem is proved.

To secure the {-neighbor when b>c, one lowers the
t_faces to the lattice points in the faces m = * g (one
,has tE =% b for these points) and subsequently raises
the m-faces to the first pair of lattice points in
neither the £~ nor {-faces; the first parameter is de-
creased, the second is incressed, and the third is left
unchanged, For the {-neighbor {al, g,,,[;§ of {é, g,,gf
one has then a, = b<a, g,> g, and Z; = /. S8ince there
yié at most one lattice point in each of the planes
g = const., m = const,, it follows that two of the lattice
points whose coordinates are in the matrix P for the
heighbor are P, = d,P,, Ps = dgpg Where d;, = +1, 44 =+ 1,

Ifﬂ{a, gpff is a parallelepiped of the first kind,
then P is a matrix of integral elements with a determinant 1.
Then the inverseA;f the transformation P exists and has
integers as elements; and the determinant of P~* is 1.

S8et T = P-1P. Being the product of two matrices.whose |
élements aée integers, T is itself such a matrix. Moreover,

the determinant of T is equal to that of P, Of one denotes
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by q(Z) the cofactor of pi(f) in P, one has ||q;

— @ A
A=l
- From the relations PP = 4,p?, 7% = dsp;ﬂ (1 =1, 2, 3)
t !’ ?
. it follows that

0, i qﬂp(a)
T = dl’ Z Qﬁ *_’
. 0, 2 4B da
rThean‘”i)@ = = d;d3 = ¥ 1 or 0 according as the neighbor
‘ 3
jia,, g,,,ﬂ % is of first or of second kind. Set;Z dpEkud,,

3

. ? q%p? = 2_ q%® = nd,, where d, = -d,d and where
af

Y= 1 or O accordlng as {a,, gl,f} is of first or second

kind. Then

d;p(i}, dz(WP( + mpy + np(? > ap‘f)
P =P = |ldp%, da((p} + mp} + n}), dsp}
| 4,63, 4, (tpY + mp% + np3), drd
The integers W, m, and n are not all zero, for this case
~ Pa would be the origin, which is impossible.
 Then
Ps = d,(0p, + mp,; + npg)
and
' £(32) = exdsla ¥ ub ¥ no),
n(Be) esda(-Wf + mg & nh), -
L(Be) = egda(d ) £ mk + nﬂ),

where the system of signs is that of the normal system of

l
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signs 1n§.
Due to Theorem 2.1, the relations a, = b, g,< g,
B /; =,Z yield the condition g,< BA‘Z . The lattice point
" Ps is to be found smong those lattice pointe of the form
p =Wp, + mp,; + Dpg (yq =1 1 or 0; m, n integers;
| IRl + lml + Inl 1)
‘which satisfy |
181<, Imi< gy, ati<f,
and, in particular, I $, will be the two such points -
which make Im} & minimum.# It is clear, then, that if
the simultaneocus inequalities just stated can be solved
 for the finite number of solutions Which they poseess,
then $; can be determined except for sign. The sign e¢an
‘be later determined to make E a normal matrix.
| The metrix T for © normal of the various types I - V
is given in the following table, the derivations will be
carried out later,
SR ALGORITHM FOR THE ¢-NEIGHBOR (b>c).
- I:1] jok,
0, -1, ©
T =1, 1, O}, +, +, +; V,
o, 0, 1

‘4. There are only two lattice points for which Inl will
assume this minimum value, otherwise m = 0 would be sat-
- isfied by lattice points other than the origin.
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2] i<k,
0, 1, O ,
?= ||, -1, ol , + -, -; III.
0, -1, - 1

'The Roman numeral denotes the normal system for@ s the
‘three gigns are the signs of the products gie; (1 =1, 2,3),
‘the e, being those for ® in Theorem 2.3 and the &; those
~ for 5 .
IT end V:

The upper sign is for Case II; the lower sign for

Case V,
ME[%],NS[%g],uEa-Mb-Nc,inj+Mkv-NZ;

Here F, &, and H are the signed minors of £, g, and ¥ h

]

in Q. The square brackets denote the largest integer
the quantity within them.,

m n ry
1) u<e, v>k M1 |N+1]+1
2) u<b ~c¢, v< 0 M N-1|-1
3) u<h, v >0, but not 1)|M N -1
4) u<b, v< 0, but not 2)| M N +1
5) us b, v>0, M N+1|+1
6) us b, v<0 M+1|N -1
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0, 3§, o0
6,6, +1;
T= |18, ¥6m, O ,
§=+1,1; $=21, IV,
0, -§n, 1 '
CIII: 1) a +c<2d
o 1, O
=1, 1, of, -, + -; I
0, -1, -1
2l a +cv 2
o, 0, O
T =||-1, 1, O)f , +, +, +; VI.
0, -1, 1
o 1ve 1) a.<2b,f<h,j+k<l
| \ 0, -1, ©
T= 41, 1, O} , +, +, +; IIl.
o, o0, 1
2] a>2bor £>hor j + k.2
0, 0, O
T ={-1, 1, of , -, + -3 VI.
0, 1, -1

ALGORITHM FOR THE {-NEIGHBOR OF THE E¢-NEIGHBOR IN III 2], Iv 2].
The upper sign ie for Case III 2], the lower for IV 2].
1] b - c>ec:
M= (te/F], ¥ = [(£ ¢ +H)/F;
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u a8~ Mu® ~ Nuj v E - j + Mv/- Nve

m n )
1) u<u v> v M-1|{N+1|+1
2) u< u v>v>0 = |M N+1|-1
3) urv, v> 0 M N+1|+1
4) u<uo, v< O M N + 1
5) u> uo, v<0 M+1l|N+1|-1

0, T§, O .

il,-é,;s;

T =|| - 1, -§m,
ll8=+1, V; §= - 1, III.
*1, 2 §(m-n), ¥6

2] b - c<os

M= [(Fx +1)/3), ¥ = (2x/];
u =c,uw'=b.-oc; vO =g +h, v'=h;
uSa-M®_- N v=_-7f+M'- Nvo,
| 0o, 0, %8§
7= 0, -6 -én
1, 5§, F65(m - n)

:.1: -8, ;65
§=+1, IV; 6§ =1, II.

When b >c¢ the m-neighbor of the f-neighbor j_._g_{a, g, VA f
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ALGORITHM FOR THE {~NEIGHBOR OF THE §-NEIGHBOR IN III 2],

1] k< /f_ ks
¥=[-H/fF], ¥
we = £ -k, w'=%k; vo =
wEJ - Mu® - N, v=
0, +§, 0
T= [|§, =8§(m =n), -1},
o, - Efm, 1

2] x> 4 - k:

In case III:

In case IV:

154;j'>k:i

§ =

[(+ & -8)/F|;
b, v=b - ¢;

- 8 + Mv - Nvo,

3§, -6, 1

L 7
-

™
1
-

-

-
L

il N I

’

1,

2

-
o F F O F H O

H

0, -1,

The derivations are taken up

by the Roman numerals below,

I.

0, -1,

M O O K O O M O

0

+1, I 6= -1, I,

= = +5

v.
-t -5
II.

t - =
V.

seriatim as indicated

The relations to be satisfied by the integers ', m,

and n are
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(1) 1Wa +mb +necli<b,
(2) 1-Hj - mk +np1</,
(3) t=#f + mg -~ nhi = min,

One has from Theorems 2.3 and 2,4 the additional con-

(181 + 1m) + |n) 21,
K==L 1 or 0),

~ ditions a>b>0, a>¢>0; g>f>0, g>h> 0; £>3>0,
[7 k> 0; b +0>a; and £ h or j>k, Besides these the
assumption b7 ¢ is made. |
Rewrite (1), (2), and (3) as

(1’) Us=«Wa +mb +nc =4,b ’ '
1P, (.Au <1, /\,; #0).

(2') V= ¢j - mk +nf =/\3/,
(3') W= f +mg - nh to have minimum absolute value.
Since = £ 1 or 0 for all solutions with which we

‘are concerned, solve (1) and (2’) for m and n in terms

of X, a, b, ¢, etec.:

mooy_8lrod 4 ApL- dgol

st Cd =0& + v
-(b £+ ck) b/l + ck VQF+V;,
_y_8k-b) L -Ablo Avk _LH
=T + ok) bl + ok k‘F"L 2

where F, G, and H are the cofactors of -f, g, and-h,
respectively, in § , and Y, and ¥, are the above ex-

pressions involving /\1 and Ag. It is at once apparent

from the conditions on b, o, /, k, /\1, and /\,B that
}\’,’_l( 2 (i =1, 2).

If # =0, thenm =V, n =Y, and since m and n
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are integers one has - lml 1, . In). 1. Among

the m and n satisfying these conditions m = O, n =0

is the only pair of values which satisfy (1) and (2).

But this would make $, be the origin whiéh is impossible,
since'_y‘ﬁa is a point on the surface of an éxtreme parallele-
piped. Thereforé W=2121, In the terminology introduced
above, one can state this result as follows:

If b>c and 1f & is a normalized matrix of type I,

then the f-neighbor of SLS" g ,Z} is always of the first

kind.

ItU =1, one secures bounds for % and

=)

. From
Theorem 2.4, b + ¢ > a, hence

%<1.

| - 3<%<o , = 1<
Use of these in conjunction with the bounds of Y, and VY,
and the fact that m and n are integers, yields
-45ms1, -2=n3s2,
Bubstitution of these values in (1) and (2) shows that

none but the following are solutions:

(1) m=-3,n=1, W} =f + 3g + h;
(i1) m=-2,n =0, Wl = £ + 2g;
(i) m=-2,n=1, W) = £ + 2g + k
(iv) m=-1,n=-1, IW§ =f +g - h;
(v) m=-1l,n=0, Wl =£ + g;
(vi) m=-1,n=1, Wl =f +g + hy
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each of which can be a solution under certain restrictions
on a, b, ¢, ete. o
| The smallest value of IW| occurs for (iv), but (iv)
satiefies (2) only if j<¢k, (1) being satisfied always

by (iv). Thue when j<k, thenm = - 1, n = - leatisfy (1), (2),and (3).
| " The next smallest value of |W| occurs for (v), and
(v) always satisfies both (1) and (2). Hence if j>k,
"then m=-1,n=0,satiefy (1), (2), and (3).

’ The use of K = - 1 will merely give the two solutions
J<ki K=-1,m=1,0="1; j>kif=-1,m=1,n =0,
which are the negatives of the above solutionvs, hence
veésentially the same,

| It remains to determine d‘, dz, d5, €,e;, €ze5, €g€,,

P

‘and the system of signs in E .

1] jvk Ps = da(Py - Pa)
0, ds, O g d;p‘?, da(P(‘? - pD), daP‘:\
T= |4, -ds, 0| , P =PI = dxp(?, ‘3-:3(1’(%D - P(g)): daP(:)
| 0, 0, dg d;p(‘g), da(P(g - P(:) ’ daplg)

Let &,, &,, & be the e, for P and e,, e,, e, those for P,
~then ‘
_ 8,4,¢(pa), 8,d:(8(1) - E(P2)), B1dsE(p,)
® - |l.ainies), Eadalnies) - n(pa)), Tadanivs)
8ad,((P2), Bad2(L(py) - L(P2)), Bsdsl(ps)
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8,€,4,b, §;e,d,( a - b), B,e,d40

=
‘H

826,48, 8§z8,d5(~-f - g), ~ 838,450
- Bgeadyk, By8gds(-j + k), Bgesds)
Since the diagonal terms must be positive one has

6.1 = §,e,, dz = - &zep, dg = €385 and

L (6,e,) %, ~(&,e.)(830;5)(axb), (5191)(5333)3 )

@ = (8ze:)(eye,)8, | (8ze2) 2(£4g), —(8se5)(8ge5)n |,

-(Bse5) (e1e,)k, (85e3)(8205)(j-k), (84e5)2L

Since €,8,85 =1 and e ezeg = 1, it follows that
("6131)(62%)(35@3) =1, Then Lemmas 2.2 and 2.3 afford
’a'wa,y of selecting the unique products?lkel, €ze3, €384
which meke ® & normal matrix; namely, 8,8, = 1, 8¢, = 1,
Bsey = 1, and the system of signs ini is V. Hence 4, =1,
¢1s ==~1, d3 =1, By =Pz, Pa = = P, + Pz, P3 = Ps-

' 2] J <k, Pz = dz(p, ~ P2 - P3).
The same procedure as in part 1] leads to

| 8,0,4,b, - 8,e,d,(-a + b +c), 8,e,d,40

@_" | Ba03d38, - 8ge,d,( £ + g - h), - 8zexd5h ||,

|- Baestik, - Bgesdal § =k +£), Eeadsl
‘hgnce d, = €,8,, d; = - Eze;, dg = €3€,. ‘Replace these
v;;lues in E and noting that b + ¢>a apply Lemmas 2.2
'a.‘nd‘2.3ﬁbo obtain € e, =1, €383 = -~ 1, €485 = -~ 1, and

‘the system of signs in @ to be III, Hence d; =1, d, = 1,
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dg = -1, B, =P2,P2 =P, - P2 ~ Pgy Ps = - Pae

IT and V,

If V is transformed, Cases II and V can be solved
simultaneously. The conditions (1), (2), and (3) to
be satisfied in the respective cases are

II

() I1Ka - mb - nel<b,

(2) 1-uj - mk +nfic/,

}(3’) | K + mg + nh| = min.,

(1)¢1 + mj + inj =1,

v

(I) 1X¥a - b +Tcl<D,

(2) 1-fj + 8k +nhic< L,

(3) 1#£f +@g - nhil = min.,
'For Veeth=K, m= E, n = - & and rewrite (1), (2), and
(3) as | |

(1) U =wa.-mb - nc =A,b,

(2) V=xwj+mk-nl=44, . ,‘(-’f\/\;\4<1, AL #0)

(3). W =Wf +mg +nh to be as small as possible

r 0).

H

in absolute value. )
,The upper sign in (2°) is for II and the lower sign for V.
One has also F = bl +ck, 6 =al Foj, B==2ak +Dj.
Solve (1 ) and (2 ;) for m and n to obtain
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_ g8l ¥ci AL+ Asek —n&.y
m=Welvok ¥ bl+ok g+ 1

tbj +ak | =dgbl w A3bk H oy
= o [ o .
n=Krrer * b i o Ry o

If K = 0, one has as before ju| £1, ny, £ 1,
,,‘;a,nd of these, only m = 0, n = 0 is a solution of (1 :‘) and
- (2"). But P, is not the origin, therefore: |
If b>c and if @ ie & normal matrix of type II or

'V, then the E-neighbor of {a, g,/ ; is always of the firgt
}g;g_cl.
- Numerical bounds for G/F and H/F independent ‘of
a, b, ¢, etc,, cannot be secured as in I, hence the
_éolution will have to be expressed in ternis of these |
two quantities, ‘
Set M =[G/F], N = ['-'-'H/F], where the square brackets

‘have the same meaning as before.

| By determinant theory one obtains from 5 the relations

=

Betu'éa-Mb‘-Nc,v_te-a- -N,ws=sf + Mg + Nh,

then
O<u<b +¢, - k<v</, % - (g + h)<w< ? .
From the above expressions for m and n one obtains
el + DS m s o] + [v,] +1,
(*v/F] + [Vﬂé n = [tuH/F + Yj’;} +1,
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where - 2 £ EQJ £ 1, The solutions of (1) and (2) for
W = -1 are the negatives of the solutions for K = + 1,
due to the homogeneity of the expressions in 4, m, and n.
et { = 1, 8ince m is an integer, either G/F a.ndv1 are
both integers or neither is an integer. When both are:
integers, it is seen that — m = -%- Y, =-[%}+ E_VJ
80 that - M - 2 S_omi.u+ 1. When neither is an
integer, it is seen that m = % + Y, =[%]+ EV;X+ 1 so that
-1 fm3M+2, Similar results follow for n and one
has

M-1l=m=M+2, N-1=n=VN+2,
Of the sixteen possible combinations, many can be eliminated
by using the bounds on u and v derived above. For example,
ifm=MM+2,n=N-1, thenU =2a - b(M +2) - ¢(N - 1)
tyvxmen) - fwo1)=vaeox+l
80 that - 2b +¢c<U - b +2¢, k + L<v<zx +2/ Then

=u-2b+c, V

condition (2), namely 1V|<}Z, is not satisfied,
After all possible rejections are made in this way

there remain the cases:
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Solutions |, . Conditions
of (1), (2) Bounds for U and V ¥ for solution
Ki) m=M+2 - 2b<U<-b +c|W + 2g u<b
: n=~XN k<V< L + 2k Ved - 2k
(ii)’ m=M%+1 - b<Ux<e W+g u>0
" |n=n¥ 0<V<k +4 | vl -k
(141) |m =M +1 | - b-c<U<0  |w+g+h| uve
: n=N+1 - L<V<k Vy-k
(iv) m=M+1|-Db-20<U<a0 v +g + 2h uv2o
_ n=N+2 - 24<V <k =X | veL -k
{(w) m=M c<U<b +2¢c [w-h u<b - ¢
' n=N1 L-k<Ve2 AL v< Q0
(vi) m =M 0<Uc<b +¢ |w u<b
: n =N ..k<V</. ved
(vit) |m =M - c¢U<D w +h u>0
|l |n=NN+1] -/ -kc<V<0 v>0
Wviit) |m =¥ -1 b - ¢ <U<2b W-g+h| u<ce
n=N+1|-f-2keV<ecak v>k

It is now a question of the minimum of
definitions of M and N and the conditions a
one obtains M 20, NZ -1, Thenw £f - h

tions, so that except possibly for (v), W &

I¥1, From the
vb>c>0, v,é’>.j,
for all solu-

f—g7—gc

But the definition of the extreme parallelepiped '{a,' g,‘[.f

‘requires that there be no solutions of 1] <a, It1<Z,

for which |m| = g hence no solutions of (1
for which W) =

) and (2°)

g. Then for all solutions except (v),

one has W>g, For (v) one has W = w - h, but whenever

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




52

(v) is a solution of (1) and (i2) so also is (vi)., It
was just shown that when (vi) is a solution, w>g, 80
that for (v) W=w - h>g - h>0; consequently, w - h>g.
. Bence IW) = W for all solutions.
o The ‘valﬁes of W‘ in (viii) and (v) are the two small-
| fe.st and since the conditions under which the two are
solutions are mutually exclusive, (viii) is the solution
~of (1), (2), and (3) whenever u<c, v>k; and (v) is
| the solution whenever u<b - ¢, v<0, The next smallest
value of W is for (vi) which satisfies (1) and (.2) when..
e#er,u <b. ‘But (:3) is not satisfied by (vi) unless
'_‘/neither (viii)‘no:L; (v). satisfies (1) and (:2). vHence
(vi) is the éolution of (1), (2), and (3) .if uand v
satisfy the conditions for (vi) to be‘a'. solution of (1)
and (:2) but not the conditions for (viii) or (v) to be
a solution., The continuati(on of this process leads to the

following table which covers all possibilities:

.Conditions . m n Corresp.
h) u<e, vok M-1|N+1| (viii)
2) u<b - o, v<o M N -1 (v)
13), 4) u<b, but not 1) or 2) M N (vi)
5) u>b, v>0 . oM N 41| (vii)
6) u>b, v<0 - M +1|N (ii)
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It remains to determine T, ©,e,, 88, €585, and
the system of signs in 5 . Since P, = dz(p, + mp; ¥ npy)
one has |

0, ds, O
T=||d,, dzm, O {|.
0, +d,n, d,
~ Following the procédure in I(see p.46 ) one obtains
b - &,e,4,b, &,e,d,;( & - mb - nc), F &,e,d,40
@ = Bge,d,8, €s8,d,( £ + mg + nh), ¥ B,e,dgh]| .
T 8 e,d,k, 8ge4d5(=] Fumk * nf), Bsesdsl
V»Recalling that W>O0 one has 4, = ~ €,e,, d, = €ze,,
"d, = €84, and
(8,6,) %0, (&,8,)(B.05)U, F (8,e,)(Eae5)0
| = (€ge,)(8,0,)e, (Bgep)®W, T (8,e,)(8505)h] &
1|2 (5.e2)(810,)k, F (8585)(8225)V, CRLY

"‘1¢)'_u.</'c, v>k:m=M -'1, n=N+1, Recalling that

=
i

O<u<db +c, - k<v</ one has U>0, V< 0. Lemnas 2,2
and 2.3 yield ‘élle1 =F 1, &8, =F 1, €4 = 1;
4, =%1,4, =%1, d3 = 1; and the system of signs in (3
e I. |
2) u<b -c, v<0:m=M,n="N-1; U>0, V>0, Lenmas

202 a-nd. 2.3 Yield 5131 = t l, 5333 = i 1, §383 = 1,

—

4y =%1,d, =31, dg = 1, and the system of signs in )
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is IV, 4

‘3) u<b, v>0, but not 1): m =M, n=N; U>0, V>0,

Bame as 2).

\»4) u<b, v<0, but not 2): m =M, n = N; U>0, V<O,

Same as 1),

" B)u>b, v>O0:m=M, n=N+1; U>0, V<O, Same as 1),
m =M

6) u>b, v<Os +1, n=N; U>0, V>0, Same as 2).

III and IVo
The two cases can be combined, The conditions to be

satisfied in the respective cases are:

-~ IIX : Iv
(1) 1Wa - @b - Ticl < b, (1) 1 #a + mb - ncl< b,
(2) 14j + 1k + 70 <4, (2) 1 w3 - mk +nl1</,

(3) 1-#f + mg - Th| = min,; (3) |-Hf + mg + nhi{ = min,
" InIII set =¥, m = - T, n = 71 and for both cases one
has:
(1') U= e +mb - no = A,b,
(2/) Ve i -mk +nd=4,/[
| (3/) w
The upper sign is for III and the lower for IV in (3').

(1Az1 <1, A; #0).

]

]

i#f + mg + nh to have minimum absolute value,

Solve (1’) and (2') for m and n,
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AL+ Al o = Aabl + Ajpk
STl - ok ° ol - ok}
then ’
- _ bl-vk ol bZ
m-n=higrTox sz

-8ince b‘>c,/€>k, one has |m -~ ni<2; but m and n are

 integers, therefore Im - ni£1l, Writem =n +¢

(&€ =0o0r £1), Replace in (1’) and (:21) to obtain
(1") n(db -c) +€b = A,b,
(2") n(f -x) - ek = AL,

Kot both m and n are zero, hence (nl + &l 2 1. From

(M,i'<1: )\L # 0)0

i

(1"), it is evident that n # O,

. The supposition that € = 1 yields n = — 1 from (1”)
and n 2 0 from (2°). Therefore, £ # 1. The supposition
that € = - 1 yields n 21 from (1”) and n = 0 from (2").
Therefore £ # — 1; i,e., €=0andm = n,

' The minimum of IW| is then yielded form =n =31,
W) =g +h, Also, ! =0, m = n =1 always satisfies
‘,f'('z~;1’) and ( 2'), so that this is ‘the golution of (1), (&), and
iﬁhexoemwnen a smaller value of W} is yielded by
}?a.x\;other golution of (1/) and (2/) for which W =
| K =1:

Solve (1') for m and (2') for n,
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(1H0 m = Al - %’+‘n

® oo
“

. ('/\A:'<1’ )‘,L #0)-
(2") nnAa-:JZ-l-va,

Then since m and n are integers
{/\;\ + [-a/a + [nc/b}-i— 2, n = [}\,ﬂ + [—j/[,] + [mk/L] + 2,
(a) Assume m>0, n>0, thenm 2 0 -2 +n -1 +2=n -1,
$0-1+m-1+2=m; but these inequalities are

‘incompatible, hence either m = 0 or n = 0,

(b) Assume n<0, then from (1), m $ 0 -2 -1 +2 =1,

(o) Assume m < 0, then from (2”), n £0 -1 -1 +2 =0,
(d) Assume n = 0, then from (1"), m = A, - a/b<O orm = - 1.
(e) Assume m = 0, then from (2”), n = Ag - j/£ < 1l orn £ 0,

Then in all cases one hag m = - 1, n = 0 (since (d) pre-

cludes the nossibxllty of m = 0, n = 0),
\ The minimum of W) vglll be determined next, and for
this, III and IV will be treated separately. ,
III; From Theorem 2;;4, j +k >ﬂ, h>f; then (2’)
is not satisfied by W =1, m = -1, n = 0, The two
golutions for which |W| is the smallest are
m=-l,n=—1: Wl =~ f +g + h>sg; ,
m=-1,n=-2; IWi =-f+g+2h>g +h
Of these, only the former value of |W| is less than

dg,+ h’ and the triple K= 1, m = - l’ n=--1 ig t0 be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

taken whenever it is a solution of (1') and (2'); other-
1.
That W =1, m = -1, n = -~ 1 be a solution of (17)

wiseK =0, m=1, n

requires that a + ¢ < 2b; whereas the triple is always
a solution of (27).
| ‘Then for III one has
1) a+c<2b:h =1, m=-1, n=-1;
2 a +c>2b: =0, m =1, n =1,
The t-nelghbor is of the first kir@d.g a + c<2b;

 otherwise it is of the second kind.
| IV: Herem £ - 1, n £ 0, and the emallest value of
IW| is yielded for m = - 1, n = 0, namely Wl =£f + ge
Y‘Fcr all other pairs of m and n satisfying these inequal-
ities. IW) 2 £ +g +h>g +h, Then IW) can be smaller
than g + h, the value for ¥ =0, m =1, n = 1, only if
3 ~f<h, and if the triple K=1, m = -~ 1, n = 0 satisfies
‘both (1) and (2). That (Y) and (2) be satisfied imposes
~the conditions a<2b, J + k<ﬂ, |
Then for IV
1} a<2b, £f<h, } +x¢ /i W=1,m=-1, n=0;
2) a>2b or £>h or j +ks4: W=0,m=1,n=1,
The ¢-neighbor is of the first kind only if a<2b,

‘f<h, and § + k<ﬁ; otherwige it is of the second kind,
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~ It remains to determine T, e,e;, and the system of

‘si‘gns ind.
I 0, Wd,, O
| T =||d,, ds, Ol
0, =-4d,, d,

Then following the procedure as in I (see p.46 ) one
ﬂobt'ains

- §,e,4,b, B;e,d;(Ka - b +c), = B,e,4,C

9

égegd;g, ézeadz(—wf + g + h), — Egeadah .

I}

Bsead k, Bgegda( Wi +k -L), é,e,dall

‘Hence 4, = -~ §e,, d; = §ze,, d3 = ye5, and
S (830,)3b, (8,8;)(ezez)( e - b +0), - (B,e,)(se5)c
D =|- (5:00) (530, )8, (Eaea)2(-HE + g + ), - (850,) (8505

|- (Bae5)(8102)k, (8se5)(Baea)( i + Xk - £), (8583) %
W= 0; Lemmas 2.2 and 2.3 yield &,e, = 1, €85 = 1, |
€485 = 1, and the system of signs in d is Vi; then d, = - 1,
dg =1, dg = 1.
v = 1: Lemmas 2.2 and 2.3 yield €,e, = - 1, €ze5 = 1,
'é',e,' = - 1, and the system of signs in ® is II; then
 d1 =1, dp =1, dg = - 1, B
Iv: 0, S hd, O

T = ||d,, - dz, 0|

0, (u-1)d,, dg
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The same procedure as before leads to

| 8,6,d;b, §;e,d,(Ha - b - f =1 0), - &,e,450
E = €ze5d,8, éaeada(-wf - g + H-1 h), €zexdsh|| ,
| - Baeqd k, Bgegda( U) +k + W= 1 f), Esesds
then 4, = €,e,, d = - €z8;, dg = €383, One obtains,
finally,

H=0: ©€,e, =-1, 8,85 =1, g8 = ~ 1; the system of
signe in @ is VI; and d, = -1, dy = -1, dg = = 1.

W=1: €,e, =1, 8ze, =1, €ge5 = 1; the system of 'signs
in ®4is IT; and d; =1, d; =~ 1, 45 = 1,

The §-neighbor of the f-neighbor in III 2] and IV 2]:

Let P, @, be the matrices and e,, e;, ey the e of
‘Theorem 2.3 for {a, g, 4 and let P*,d", e7, e7, and e3
have the corresponding meanings for the f-neighbor of
the {-neighbor, The solution follows the same lines as
for the ¢-neighbor in II and V.

Theorem 3.3 shows that the determinant of P~ is 1.
‘Bince P also has a determinant 1, P7! is & matrix of
integers with determinant 1, Then T*= p-3p*is a matrix
~of integers with determinant 1., |

1 b -~ c>c: Since Py =+ Py, Ps = £ Py, where P,
and P, are the lattice pointe on the E-neighbor of{g, g,[}

_as found in III 2] and IV 2], one has
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0, K, O

T=| d,, m'ds, O |}

Fd,, n*d;, dg
where W% m*, n*, are integers and 4; are to determined
és 1 oT - 1., The upper sign in the first column of the
matrix T* is for III and the lower sign for IV. Since
the determinant of T” is 1, ¥ = 1. Choose #* = 1.

Set m"= ¥ m, 0= -(m - n), then
- 0, dz, O
1?d1, tmd,, O]|;

I

| Fdy, -(m - n)d;, d
this has the effect of expressing p3 in terms of pa,
$o (=9s F9s), and B (= £ 3,). |
w Set u» =b -~ ¢, u'=c; ve =£, v’=,Z.. k; wo. =g + h,
rw?’-:‘ h, then u®> u’>0; we> £>0, wo> w>0; vo> j>0,
¥o5 v5 0 (and w’>£ >0 in III), and N
g 8(p2) = e,d2( & — mu® - mu'),

ezdz(-f ¥ mwo ¥ nw'),

it

n(p)

U(P3) = egda( § - mv’/ .+ nvo),
‘The conditions to be eatisfied are

(1) 1 a - mu° - nmu’| <uf,

(2) 1-] + mv’/ - nvO| <vo,

(3) 1¥f + mw® — nw/i = min.
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Rewrite (1), (2), and (3) as
1) v
(2') v

(3') W= Ff + mw® ~ nw'to have minimum absolute value.

a - mu® - nu’'= A,ue, '
(140 <1, A # 0).

i

-3 +mv’s nvo = A,ve,

Solve (1/) and (2') for m and n and evaluate the parts
independent of Az in terms of F, G, and H, the respective

cofactors of-f, g, andsh in Eﬁ .

ave + ju’ ~Au%v0 + A vou' 4G

m = ==+
uove + u'v’ uove + u’v’ F 1
~4u0 ’ _ oyo _ oy ‘
n = —4ud + av Agulv Aluv= G+H+Va,
uove + w v’ uove + u’'v’ F

As before, from the conditions u® > u'>0, vo>v’>0, and

1Al <1, onehas - [V,) <2, and M -1 =m <K + 2,

N-13n=¥X+2,
Set M =[tG/F], N

TE_ § o+ MV NvO, w

[(t'G + H)/F], u=a - Mu® - Nu',

+ f + Mw® ~ Nw’, and obtain

M

- from d as in II and Vi
u® +u>u>0, V0> v> . vy WO IA'IF' woy — wo,

(The quantities u®, u’, vo, v’, wo, w’ here take the |
places of b, ¢, £, k, g, end h, respectively, in II and V,)
| The solutions of (1) and (2) in terms of the M and
"N defined here have precisely the same form as solutions
(1) to (viii) of (1) and (2) for II and V. There is a

~difference, however, in the relative magnitudes of I¥),
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Solutions W ‘ Conditions for
of (1) and (2) solution,

u<u® -
Ve Ve -~ 2v/

il
=
+
AV]
=
+
g
©

(1)

n

+1 | w4+ wo u>0
Vvl - v’

! B

wn

(11)

w4+ WO - w u>u’

(iii) 1
1 1 L Vy-v’
1
2

se

nn

w4+ wo . 2w/ urau’

(iv)
: v >ve . v

B

BB BB
o
ZHe|l 2] 25| @] g 2] =xg5)] =
=
+
2

u<u® - uw
-1 v< O

(v)

w u< u¥.
v< VO

(vi)

BB
i

W - W u>0

(V‘ii)
- + 1 v5 0

-1 W WO - w/ u<u’

+1 . vyv'

sBl BB
b

nh

‘(viii)

From the conditions on w, w®, w’, it is apparent

that W>» - wo for each solution, except perhaps (iv),
(vii), and (viii); but there are no solutions of (1)
and (2) for which |W| <w®, hence the solutions for which
W7 - wo satisfy also the condition W>w°, It can be
‘ks'h'own that W> wP even for the three poséible exceptions
mentioned. For, if (viii) is a solution, so also is
(vi). Then w>w®, and as a consequence, w — W — wi- w®
is satisfied, Hence W - w® - w5 w°, If (vii), but not

(viii), is a solution, then either (vi) or (iii) is a
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solution, and in either event, one has w - w>we, Ina
~similar manner it can be shown that if (iv) is a solution,
‘§ + wo - 2w'>wo, Hence IWl = W,
.~ From the eight solutions of (1) and (2) one obtains
;fthe following table of all solutions of (1), (2), and (3):

Conditions m n Corresp.
| u<u’, v-v’ M-1|§ +1](viii)
) 3) u>0, v>0 but not 1) | M N + 1] (vii)

. u<ul, veO | u N (vi)
u>u®, v<O0 M+1|N+1/|(1i1)

The values of d,, d,, ds, €1e,, €3;, €23, and
kfk'the system of signs in®” will now be determined for the
~¥¢arious solutions 1) to 5).
 Since P'= PT*, one has
¥ e%e,d,u%, e,0,d,( & — mu® — nu'), - ele,dgw
= e3€:d,W0, eje d (~f = mw® F nw/), F ehe.dgv'| .
. F ehead, v/, e3esds( § - mv/ + nvo), eiegad,ve
‘Then 4, = ¥ &'e,, d, = ¥ e}e,, dy = eles, and ”
(e¥e,)?u®, * (ele,)(e%es)U, - (ele,)(eses)u’
Q* = ||¥ (e3e.) (e, )ws, (e%ez) W, * (eze;)(ejes)w

(ehes)(ele,)v’, * (efey)(etes)V, ‘ (edes)dve
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1) u<u', v>v/'; U>0, V<0, Lemmas 2.2 and 2,3 yield
eje, =+ 1, efe, = - 1, ejey = ¥ 1, and the system of
‘signs in ®"is V. Then dy ==1,d, =%1,d, =F1,

2) u<u’, v/>v>0; U<0, V<0. Lemmas 2.2 and 2,3 yield
eie, =+ 1, eze, = 1, 65eg = + 1, and the system of signs
1n ®"1s II1I. Thend, = -1, d, =+ 1, dy = * 1.

3) ﬁ>u’, v>0; U>0, V<O, 8ame as 1).

4) u<u®, v<0: U>0, V<O, Bame as 1).

B) u>ul, v<0: U<0, V<0, Same as 2).

2] b -~ c<ey

Here p3 = dyps and »% = dz(p: ¥ Pg). The third point

is & linear combination with integral coefficients of
P1, P2s FPs, ond pg. Set Py = dy(kpy * nips Fp,) + mps),
then
| o, o, Kd, .»
™ = ||0, d,, t ndg (d; =X 1),
dy, ¥ dg, (m - n)d, '
But the determinant of T* is 1, so that |{KI = 1, GChoose
‘I =1 as before. Then
t(ps) = eydy( a-nbd - ¢ - me),
N@3) = esds(~f Tn g F B +mn),
t(25) = esds( 3 -0 Lok +ml),

L]
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Setu?=c,u’=b_c; ve = g + h, v’=h; wo =/,

W= /Z.. k. The conditions to be satisfied by integers

(1) U= a-me

(2) Ve=if +mv'

| (3) w
-f‘B';dlve (1) and (2) for

Jj + mwo

m

m

nu’ = A,ue,

nv° = )3v°, ‘

/

(‘I\,‘,I <1, A/’# 0).

nw’ to have minimum absolute value.

and n, evaluating the parts in-

dependent of )U. in terms of J, K, and L, the respective

_cofactors of j,tk, and [ in ®.

ave ¥ fu’

-/ yuoVo

nm = e —
ueve + u’v/

+ £.0 /
==---fu + av

u%ve +u’'v’/ .

* Agu/ve 2R 4Ly

uovo + u’'v’

uve + u/v/ J

Set M = f(i X + L)/JJ,' Ne[2 K/J], then

Vil <« 2andM-1Sm

Letu=a-Mu - Nu', v

then from © obtain

=

—
=

M+2 N-1=n
T f + Mv’ - Nvo,

/ )
- lu‘-"vc'-",K_._))

1

2

as befo;'e

<

—
1

w

N + 2.

= J + Mw® - Nw’,

A
w +u'yuy0, voovy. v/, w73 - wo> - we,

One has also, u9>u’> 0, v9>v>0, v®5£>0, There are

‘then five solutions of (1), (:2), and (3) in terms of

these M and N and they are of the same form as for

P - G >C.

The only difference arises in the values of d,, da,

: . *
dy, ele,, eles, ehes, and the system of signs in .
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Employing P* = PT* one obtaii;s
- eie,4,u°, F ole,du', ere,dsU
§*= ES eresd v, ©3e5d;v0, F ehesdgV|l .
e5e3,W0, T eheg d W/, elegdgW
| ,Tﬂfhen d, = - eje,, d; = ehe,, dg = eley, and |
f (sle,)%u®, ¥ (eje;)(efe,)u’, (efe,)(ehe,)U
1@*-.- * (e}ez)(ele,)v/, (eze3)2v,, F (e%ez)(0%es)V| .
- (e3e3)(eleL)wo, F (eZes)(e3eq)w/,  (ezes) W
1) u<u’, v>v’: U0, V<O, Lemmas 2.2 and 2.3 yield
‘4;,fefe; =11, eje, = -1, ege, = + 1; and the system of
| ,s’,igns in "is IV, Thend, =% 1, d, = - 1, ds = ¥ 1.
| 2)' u<u’, vy >0: U<0, V<O, Lemmas 2.2 and 2.3 yield
‘-e,:e,, =%1, e:«ea =1, eges =+ 1, and the system of signs
1in®'1s II. Then 4, =%1, d; =1, dg = ¥ 1.
3) uvu’, v>0: U>0, V<O; same as 1).
4) u<u®, v<0; U>0, V<O; same as 1) .

5) u>u®, v<0: U<0, V<0; same as 2),

The m-neighbor of the f-neighbor is (a, g, )Q} itself
when b>c. |
’ This is an immediate consequence 6f the definition,
The {-neighbor of the f-neighbor in III 2] and IV 2]:
]J /é- k>k:
~ Here p} = d;ps, P3 = d(ps ¥ P;), and 3 =d(Ke,
Em(p, Fps) Fops).
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Then
0, Rd, 0.
™ =lld,, * (m - n)ds, dgf-
. o, - mdg, Fdgj
The determinant of T* is 1, hence K} = 1, Ohoose # = 1.
fSet.u°’=/-k, u =k; vO =Db, v/ =b ~¢c; WO =g +h,
w' = g; then
£(p%) = e,d,( & - mv/ + nve),
n(p2) = ezdz(-f ¥ mwo = nw’),
L(@%) = esda( § - muP - nu’).
The conditions to be satisfied are then
(1) US § = mu® - nu’ =A,u®,
(2) V = —a ¢ mv’ oo - Ao, (12,1 21, Ai #0),
| (3) W=3%f + mw©® - mw’ to have mini/.mum absolute value.
ysblve (1) and (2) foi" m and n and evaluate the parts

‘independent of A, in terms of F, G, and H, the respective
cofactors of ~ f, g, and ¥+ h in @F.

iv0 + gu’ — A, udvo ryo
n = Y0 + au Aufv +)\au/v - H+V1,
uove + uw' v uve + u’'v/ . F
n = =2u° + jv/ =AguOve -~ Aqulv’ _F G -H
T udvo 4 u/v’ ulvyd + w v/ F &

8et M = [— H/F], N = [(T- G - H)/F], then since
ve> v>0, u%> u’>0, one has |V;l<2and ¥ -1 S m 2M+2,

¥-12n=N+2,
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CSetu=j -Mu® - Nu’, v =-a+ldv - NvO,
W=Ff +Mw® - Nw/; then from O, wo +u’>u>0,
'~vﬁ°’7v> - v/, and w> }AF - WOy - wo, The solutions of
(1), (2), and (3) are then, in terms of these M and N,
:‘o\f the same form as the five solutions in the last two
previous cases.

The essential difference arises in fhe values of
dy, ds, dj, €ie,, eXes, e%e,, and the system of signs in
,@*‘. Employing P* = PT* one obtains
1‘-.e":eld1v°, - efe,d,V, ¥ ele,d, v’

@*

ehed,w', * efe,d W, ele dgwol|.

il

| + ejegd,u’, e;eadztr,‘ T ejegdgu®
Then d, = ¥ ele,, d, = ¥ efe,, d; = F eze,, and
(€h0,) 270, F(ele,) (eFe,)V, (efey) (ehes)v”
@*z F(ezez)(ele,)w, (eZea.)%‘?W,#(e:ez)(e:ea)wt’ .
-(eseg) (efe, )u, H(eltey)(efe,)U, (eles) ul
1) u<u/, vyv': U>0, V<0. Lemmas 2.2 and 2.3 yield
ehe, = -T-‘l, €6 = - 1, eseg = 1, and the system of
signs in @ is IV, Then d, =1, 'da =31, dy = - 1,
2) ucu', v'>v>0: U<0, V<O, Lemmas 2.2 and 2.3
yield efe, =11, ele, = 1, ehe, = + 1, and the system
of signs in® is I. Thend, =-1, dp =31, dy =~ 1.

3) u>u’, v>0: U>0, V<0; same as 1).
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4) uwu<uo, v <O Us0, V<0; same as 1).
§) u>u®, v<0: U<O, V<0; same as 2).
2] kx> [~ ks
Here p; = dp(p; ¥ P5), B3 = GsPs, and p] = 4, (P,
 +;®2 + NP ). Then |
kd,, O, O
T = md,, dg, daf .
nd,, +dg, O
The deberminant of T* is 1, hence |kl = 1, COhoose # = 1.
Then
E(pf) = e d,(a ¥ mb - nc),
npi) = exd;(-f + mg ¥ nh),
L(p%) = exd, ( § ¥ mk + nf).
The conditions to be satisfied are
(1)U =-f +mg Fah = Ay(g + 1),
(@) Vejtmk+nl = Ak, (it <3, 4 #0).
(3) W=a ¥ mb -~ nc to have minimum abaoiﬁte value.
Bolve (1) and (2) for m and n ana evaluate the parts
independent of )\, in terms of A, B, and ¢, the respective

cofactors of a, + b, and - ¢ in @,

=§Z¢hj+klg/(,+AihltAé_l_1§_=l_3.+v,
gl + hk gl + hk A Y

n:'&.i.iﬁ‘.+./\_£$l‘¢)\18k¢hhk=g+\)'g,
gL+ hk gl + hk A
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Bue,to the conditions on.,X;and those from Theorem 2.3
-on g, h,,ﬁ,-and k, one has {V;1<2.

Since b > c, Theorem 2.4 requires that h> f for

: III; then
-1 1 0
B c
LEL -1 < 2L :
0)33{2 ’ <A{1’

~the upper line being for III, the lower for IV. Hence

-2 2 1
} émé{, -2én§{ :
- 1 3 2

Direct substitution of these values in.(l) and (2) re-
jects all except the following pairs which are solutions

of (1) and (2):

. m |n |Case W o Conditions for sol.
(1) [-1| o |11I a +b f<h, j<ok

(11) 0| -1 [III, IV |a + ¢ j+x>L

(1i1) | o] o0 |II1, IV |a j<k

) | 1]-1 | a-b+o|1j+k-fi<k
v 1| o0 IV |a + b j< 2k '
,L(Vi) 1 1 IV|ia+b-c|j+ feok
ey | 2| o IV|a +20 |f+h>g, 3k>3>k.

The vafues of W are all positive. Amohg the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




71

solutions for III, (iv) corresponds to the smallest
‘value of W, On the other hand, the condition |
13 +k “Li<x ie alwaye satisfied as a consequence of -
the conditions j +k » £, £>3>0, L5k >0, of Theorems
2.3 and 2.4, That is,.(iv) is always the solution of
(1), (2), and (3) for III.
Among the solutions for IV, to (iil) corresponds
‘the smallest velue of W, hence (iii) is the solution
‘léf‘ (1), (2), and (3) if j<¢k. When j>k, it is apparent
‘that (vi) is not a solution of (1) and (2); then, to (ii)
‘corresponds the smallest value of W.‘ Consequently, (ii)
is the solution of (1), (2), and (3) except when j + k< X,
But this does not ocour when k » £ - k, § k. Th.@t is; when
:j 7k it follows that (ii) is always the solution of (1),
(2), and (3).
| The determination of d,, d,, ds, ele,, e%e,, efe,,
,and thé system of signs in @Vis carried out below:
1y,
| dy, O, O
T = dy, dz, Qgaf| s
-dy, -dz, O

’f"mlwing P* = PT* one obtains
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e¥e,d,( a - b +¢), - eje,ds(b ~ ¢), - efe,dgb
@* = egead;(-f +g +h), ezezds(g+h), ezesdagl|| .
 lefesay( 5 +x = £), - efeada(£- k), efesdsk
’, Hence d, = €ie,, dp = efes, 45 = e3ey; then Lemmas 2.2
«"ax,n’d 2.3 yield e*{e1 = < 1,(e§ez =1, ehes = 1, and the
_system of signs in ®*is V. Hence d, = - 1, d; = - 1,
:’da = 1.
W 1) ik
e d,, 0, O
7% = o,‘ dg, daff .
| ~d,, dz, O

Employing P* = PT* one obtaine

| e¥e,d,(a - ¢), eie,dz(b - ), eje,dsb
: "‘§*= - e3ezd,(f +h), efe.do(g +h), ejesdazll.

- e;ead;(,ﬂ— 3), elesds(£ - k), - ezesdski
Then d, = e¥e,, d; = ee;, ds = - €hes, and Lemmas 2.2
and 2.3 yield ele, = - 1, ete; = 1, e3ey = - 1, and
_-*the system of signs in ®"1s II. Hence d, = -1, dp = 1,

4, = 1.

IV 2) . j<ks

dl’ o’ O
T* = 0’ da, d3 .
0, da, 0
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Employing P* = PT* one obtains
| eie,d,a, efe,dz(b -c), efe,dzp
®’= ||~ efesd,f, elesda(g +h), efesdug|l .
e3eady], e§93§.3(l- k), - egegdsk
‘Then 4, = e’{el,‘ d, = ete,, dg = - egey, and Lemmas

2,2 and 2.3 yield eje; =1, eze; = - 1, egey = - 1,

il

and the system of signs in ®*is V. Hence 4,

~dg = 1.

1: dz="1:
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CHAPTER IV

A SECOND ALGORITHM

In what follows there is given a proceés for ob-
;?a;ning the coordinates of lattice points for which
;:g| and Im} are arbitrarily small. In this chapter
the same restrictions are imposed on ¢, m, and {, as
;before.

Theorem 4,1 There exists an infinite sequence

~of lattice points for which I1¢f and Iml are arbitrarily
Let &, and £, be two arbitrary positive constants.

The three linear forms ¢'= ﬁé&i ,» M'E ﬂégzm, ¢'= Qéi%?
,ha#e the same determinant;ﬁ‘a; £, n, andaﬁ. From er-
Hfheo:em of Minkowski concerning linear formsl there exists,
»?ﬁsideS‘the origin, a lattice point for which (¢’ £ Ya s
;iﬁ'i £ 3/A, and 1t/ é"72;. For this point, then, the
 ihequa1ities €1 £ £4, Iml € €, are satisfied, Oall

this point p,. | |

| 8ince the origin is the only lattice point in the

1. H, Minkowski, Geometrie der 3Zahlen, p. 104,

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



75

piape £ = 0 (or the plane m = 0) it follows that
| ;",g,(-p;).l ¥4 0, In(®,)1> &3>0 where £1 and £; are
suitably chosen positive constants. If Z{ and Z; are
employed instead of €, and £,, it is clear that there
 §x;sts a second lattice point ®, for which |{(p,)| £ £;<f£;,
In(es)1 £ £7 <2, From these last inequelities it is
6b#;ous that p, # ¥ »,. By inductién the existence is
established of an infinite sequence of lattice points,
'éll different, for which 1§| = 2;, Imi & £,, Thus the
theorem is proved,

Theorem 4.2 Among the extreme parallelepipeds in

~the chain for ¢, m, {, there exists a parallelepiped

'{a, g,;Z}for which one of the parameters, chosen in

‘advanoa, is arbitrarily small.
It suffices to show that there exists an extreme
parallelepiped for which a is arbitrarily small. Let

2, and £; be two arbitrary positive constants, By

k is not

:Thedrem 2.1 the parallelepiped {61, €3, o
s %s

free., Lower the ¢-faces to obtain the free parallelepiped.

a, ¢
23'3 8> 2122
‘increased without introducing a lattice point into the

} for which the first parameter cannot be

~interior of the parallelepiped., The hypothesis that the
origin is the only lattice point in the plane § = 0
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reqﬁires a? 0. Next raise the {-faces until the third
, ;iarameter is equal to>the largest value A for which
the parallelepiped remains free. Finally, raise the
'ﬁ_faces until the parallelepiped becomes an extreme
paxallelepiped a, g, ,Z}. The existence of the two
: nﬁmbers g and ,Z is established by Theorem 2.1. Inas-
‘much as a <%,, the theorem is proved.

Theorem 4.3 When a sufficiently great number of

only successive f-neighbors are taken, an extreme

- parallelepiped is attained for which the first para-

‘meteg is arbitrarily small. Likewise, when only

- successive m- or {-neighbors are taken, an extreme

parsllelenived is attained for which, respectively, the

 gecond or the third parameter is arbitrarily small.

It suffices to prove the theorem for a sequence
~of successive f-neighbors. Denote byda.o, ga,ﬂo}
"’,'s;n arbitrary extreme parallelepiped which is t.o be used
a8 a starting point. Let {a; g; ,,@,.} be the g;ﬁeighbcr

A D

of {a.,,;-;, g,;-l,,ﬂ,;_,‘g (L =1, 2, ++9o0), From the
“‘definition of the g{-neighbor it follows that a > a,.>0,
Civ 28 Zeondin 2420 (120, 1, +oem). Oon
s‘equently, lim a; = & exists, and a;.>a 3‘0.' |

A
Suppose a >0, The inequalities g {——7 ,.A a7
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' JAN
,Z-<-—7-<-£3- are a oconsequence of Theorem 2.1. It
~ 88, ag, ' ’

would then follow that the infinite sequence of successive
§-neighbors would be contained in the parallelepiped
{a A D
| °r afy ’ a%o J °
- eoordinates are in the first column of the matrix P

Denote by £%’ the lattice point whose

which, by Theorem 2.3, corresponds to iau;‘g;,lﬁ}. 8ince
: 8,7 a&;,, the points -pti) (1 =0, 1, *-%0) are all diff-
: erént. Each point'pfi being on the surface of an extreme
parallelepiped i"n the sequence of successive f-neighbors,
 must be contained in {20, 5% ,-é-fgé; . But this is im-
‘possible, whence a = 0.
~ From the definition of a limit, it follows that
~there exists an integer N, such that a, £¢ for all
' ;,z N, , the number € being an arbitrarily chosen positive
‘,  quantity. The theorem is thus proved.

Let ja., L,,éi,;}'(i =0, 1, *+%cd) be an‘infinite se-
quence of extreme parallelepipeds for £, m, ¢, and let
g?;and P, (1 =0, 1, +++°°) be the infinite sequences

'of matriceszﬁ and P which by Theorem 2.3 correspond to

the respective extreme parallelepiped. Let a,, b, *°° ;12
~have the same meaning for @:, as a, b, o--,L have for @ .

~ Denote by fﬁ? (r=1, 2, 3; i = 0, 1, *++,9°) the point

~ whose coordinates occur in the rth column of the matrix P,.
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| The following lemma can then be stated.,

Lemma 4.1 Among the extreme parallelepipeds'ég_the

 g§ain for ¢, m, {, there exists an infinite sequence

~{?;; g;,lk} (i =1, »++,70) of first kind, all different,
for which ¢, > ¢4y, > by (L =1, +.cp20), Likewige,

there exist two other such infinite sequences of extreme

parallelepipeds of first kind, one for which b;? b4y,

k.7 k;,,, and another for which £.7 £, 4, 317 Jicae

Because of the symmetry of the roles taken by £, m,

{, 1t suffices to prove the first part of the lemma.
'Let'{ao, go,Aeo} be an arbitrary extreme parallelepiped,
~and let igz, g&,,ﬂi}(i =1, s¢¢,20) be the infinite se-
~quence of extreme parallelepipeds determined in the
'fallowing manner., Because of the restrictions imposed
ruﬁon £, m, and {, no one of the numbers a;, b, ---,440
‘ia‘equal to zero. Consequently, Theorem 2.1
 eétab11shes the existence of at least one lattice'point
Qbésides the origin in the interior of the parallelepiped
,{¢°, hg, Ef%;fk. Among all the lattice points (exclusive
]éf the origin) which may be in this parallelepiped, there
1is & pair of points for which I{| is the least. Let

;2, (for which ,£17,Z°) be this value of It|, and let
‘Li{p%)be the two lattice points for which {1 =44;. The
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_parallelepiped {0q, ho,£,} is then free, but it is not

: éx#ieme. It is possible to raise gither its {-faces or
~‘vits n-faces without introducing lattice points into its
interior; on the other hand, since 1)1 = ¢,

@D = hy, 1LED =Locd ,, it is impossible to

raise both pairs of faces simultaneously without intro-
di;cing p‘g’ and - p‘g into the interi&r of the parallelepiped.
The raising of the {-faces as high as possible without
Entrdducing lattice points into the interior yields an
extreme parallelepiped {&,, ho,Z 1] for which

. A A . . «
:a;{ A <h0% . Likewise, the raising of the m-faces

as high as possible yields an extreme parallelepiped

| {06: §;s/£11] for which §,4< 3?[1-45—;% . It is apparent

that {o,, 8.,L ,} is by definition the f-neighbor of

,{E;, ho,zﬂ 1}. Theorem 3,3 requires that at least one
of these extreme parallelepipeds be of first kind., If
‘both are of first kind, it is possible to choose either
‘@, Z8,, g, % hyg or 8, = Cq, g, = g, in the definition
of {a,, £:,.2,}. Otherwise, {a,, g1, 4.} 1s defined to
_ b’é that one which is of first kind. Again from the
‘i‘estrictions imposed on ¢, m, and {, no one of the con-
:Stants a1, D1, ...,,21 is zero. When éa,, gl,,él'k is

'gsed in place of {_aa, go,,go} » & second extreme
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~parallelepiped ﬁag, gz,Jﬂa} of first kind can be similarly
~defined. The continuation of the process leads to an
infinite sequence of extreme parallelepipeds {ax, g;,/&;}
: df first kind for which ¢, ¢;,;, h;7? hipye In any
sequence constructed in this way, only {a,, gc,jo'3
can be of second kind; the other {a;, 8.,L;} are alwaye
all of first kind. The lemma is thus proved.
S8uch a sequence for which ¢;7 €.y 4, he? hiygy,

D¢ = min, is called a fn-sequence of extreme

parallelepipeds. Likewise, a sequence for which b:> b, ,,

8:< 8,41 = min., k.vk,,,, is called g £{-sequence of
~extreme parallelepipeds. 8imilarly, an mf{-seguence of

-extreme parallelepipeds is defined.

In all that follows the results will be stated for
‘bnly the §n- sequences, but it is to be kept in mind
that like results obtain for the {{- and m{-sequences.
" Although it may be possible at times, starting with
fhé same {aé, gQ,Ago}, to have several fm-sequences,

'it‘is obvious that the sequeneeijg,Azl, s+« of third

~ parameters ig always the same, That is to say, the

infinite sequencé of lattice points-qo,-ql, eee for
_which L) =,£L ie invariable. This sequeﬁce will be
*calied the fmn-sequence of lattice points appertaining
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"‘60 {ao: 80: /éo }‘

Lemma 4.2 When an arbitrary extreme parallelepiped

is taken as a starting point and the &m-sequences of

extreme parallelepipeds obtsined, there is uniquely

determined a ¢m-sequence of latiice points @;, 42, **-,

all different, such that each point is on the surface

of two consecutive extreme parallelepipeds of the se-

guence, and such that 1£(g;)! =oc:, In(g )l =h,,

g(ﬁ;) =/£,.',-
| Since ﬂ,,#ﬂ,, (r # 8) the lattice points g,, @z, ***

are all different. The method by which this §n-sequence
is obtained shows that g, is on the surface of both

{% sw-,ﬁz} and {81, 8iersdinle

Lemms 4.2 Let ©,, C3, Cgy+-+ and hy, hp, hg,eee

‘be two sequences (finite or infinite) of positive terms

/kgudh that ¢, 7 Civyy, Bi7 N0, 35 1et £, and £; be two

arbitrary posgitive constantg_; and let ¥ be an arbitrary

;'ﬁg’_t_)_gitiv,e_ integer. When

4

\ & ]
n 2 4t% + 2%, n> o)+ 1, n) -@J—)# 1,
¢ €2
4

there exiets an integer r = n - t, such that
‘ Cp=Crat< &y, B—h it <‘€z'
First choose n large enough to satisfy the three

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



82

inequalities. (If the sequences are finite, this may
not always be possible ) Then Vn - 1 >EP-"- ,Yn 173-1-13-
The inequality n % = 462 + 2% (t 1) requires that

n-1> [Yn - 1.} + 1. The number of differences
AL 6 e, -c,, 4 for which A, ¢ 2 4 is less than

%
Uﬁ__.—i] + 1, for otherwise,
Ot-cn“ZAc><hn-1) +]>§J-éc1’

which is impossible, 8imilarly, the‘ number of differences

‘A h=h,~h;,, for which A h = 2 £ £% is less than [“‘n 21 +1.

The number of indices 1 for which eitherwA,‘,c 24 or

A,h2 %—‘-’- is never more than Q,Un - 1]. In order to

A;

insure that there exist t consecutive indices, r, » +1, ...,
r+1%t -1, less than or equal to n,for which A,¢ <€-‘-

: i3
(=2, ***, r 4+t - 1) and at the same time 4 [ h<{g™
(i=1r, +*+, r +t - 1), it is sufficlient that n sat-

isfyn - 12t YA -1 |+t - 1. But this inequality ie
always satisfied when n € 4t% + 2t, Thus the lemma is
proved.

Theorem 4.4 Among the lattice points of a fn-se-

Quence, there are two q, and @, (s+ 2 £ g,,,) for

‘which 1t(a, - e, )i and m(qﬂm "‘qa,_,‘)' are arbitrarily

:“small. In particular, let &, and €, be two arbitrary
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gositive consgtants, then whenever

8 2

2 3 E:.)
n = 6, n><£1> +1, n>(£2 +1,
there exists an integer m = n - 1 guch that
c"’m - c“’m\.-n(&l’ h""mv - h"mu(&a’

where

o t(ae,) = 10, g(%u+‘) = 8194, (6-=vi' 1)
"'I(Qw,.,) = &gh,,_, 'ﬂ(ﬂa.,m.) = Sahp,m.o )

‘ The planes § = 0, n =0, { = 0, divide the space

4into bc;cants. Each lattice point (except the origin) -

yiys in a single one of these octants. All the points of

‘kt‘he tn-sequence are in the four octants for which ¢% 0.

"Let u be an arbitrary positive integer. At least one of

~these octants contains no less than [%] + 1 of the points

My G2, **c, 9, of the fm-sequence. Let Q. , €s,, ***, 4a,

be those points of the §rn-sequence which fall in such an
octant, then §$ S[2) +1 Sn & &y Su. Let u be chosen

1 3
sufficiently large to satisfy % < 6, %>(9€:‘) +1,

‘ %'><%-:-)3+ 1. Thenn £ 6, n> (%—)Z 1, n >(Ié—'28-f-)a+ 1
| and Lemma 4,3 proves the existence of the integer m. By
Lemma 4.2, the points 4, and g.., are both on the surface
“éfff{a;f,, Cires A\.,} . Application of Lemma 2.1 shows

<
o? hence 8 +2=28_ ..

thet @, . F 9.
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8ince the points of the gmn-sequence are all different,
‘the point =, = n,, -4, is not the origin. Then
= |§(2,)1>0, b, - h, = In(2,)1>0, Let

O = O,
 ~5, and ,‘S 2 be two arbitrary positive constants satisfying
0<E <rb(=z)1, 0<8a<Iniz,)1. When §; and S, are used
instead of £, and €,, it becomes apparent upon appli~
cation of Theorem 4.4 that there exists among the dif-
i‘,ferences of lattice points of a fmn-sequence, a second
:].,attice point 2, for which |£1 < dy, Iml <8z By in-
‘V“sviuction it ie established that there exists among these
fdifferences an infinite sequence of lattice points =z,,
®3, +¢*,all different, for which )
Mum 18(z)1 =0, lim In(z:)) = O,
Lemma 4.4 Among the pointg of the {n-gequence let

“pys o5 ¢t (B3¢ B3<e-+) be gll those which fall in

‘& same one of the octants formed by the planes ¢ = 0,

n =0, { = 0; two at least of these four seguences are

‘infinite, Let ¢, and €; be two arbitrary positive con-

| g_;bé.ntg . Then

19; there exists an integer N, dependent upon €,

~"‘and €25 of such a nature ihat whenever sm=>= N, the in-

equalities 1¢(q, -, )I<&, In(g, -1, )<
(¢ 21), ox
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2°9: the sequence Qo s Quys **° is assuredly finite.

~Even for a finite seguence it is possible at times to
~find an N satisfying the conditions of 1°.

As & consequence of the relations ¢; > 6,3 >0,
‘b, >h,,, >0, the sequences ¢,, C5, +++and h,, hp,++*
tend toward respective limits ¢ Z 0 and h Z 0, The
inequalities ¢, > ¢ and h,>h are always satisfied; From
the definition of a limit it is clear that an integer N,
can be found such that whenever i 2 N,, the inequality
©; - 6<%y is always satisfied. Likewise, an integer N,
can be found such that Wwhenever i % N,, then h; - h<¥%,,
‘Let N be the greater of the integers N, and N, and let
i and r be two integers such that r>1i 2 N, then

; =¢<% and O<h; - h,<h; =« h<¥&,,

o< G, = C, <0
 Since €o_+ # 9. , there are at least two octants
each of which contains an infinity of the points g, €z, -«
‘the other two octants containing posseibly only a finite
number of these points. Suppose for a certain octant
one chooses e, < N, then I(g, -4, ) =c.,.-c <,
yl“,'fl(-qﬁw - ﬂpm+;)l =h,,~-h. ., <&. In case the octant
i;;xid.er consideration contains only a finite number pf points
q;, gs, *++ it is not always possible to satisfy g.= N,

Lemma 4.5 In a fn-sequence of extreme parallelepipeds
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the third parameters satisfy the inequality

L >2["’&J,Z; (1, t =1, 2, ++2,0),
From the method of construction of the ¢n~-sequence,
it is evident that /Z,',,,, 7[«;. Among the points g, g.31,°°",
k'rq::w there are at least two that are in the same octant
‘;‘(see proof of Theorem 4.,4), ‘Let q,, and g, be two
such points. Then the lattice point ¢ =g, - 4,
satisfies the relations |§(q)! = ¢, -0, <o, ,
In(@1 =h, -he < he, 1)t =L - £,. Sinceq
,i:s not in the interior of the free parallelepiped
$o., ha, Z,I}, the inequality £, - L. 2 /.. must be
satisfied. Inasmuch as ,Z,,ﬁ?ﬂh, i1t is seen that £, 7 —Zﬂtl.
FiOm the definition of s, and s; it ig clear that
1 8 g,<8; =i + 4, from which Z&+4>>2 . By induction
‘the inequality L, ,>2%/is obtained, This inequality
can be combined with /61,,1 ” /4- to obtain the result of

~ the lemma. A
| Theorem 4.5 In a fn-sequence of extreme parallele-
‘Pipeds the inequality —-[‘ﬁj

a;,t 8t < 58,8, 2 ' (i, =1, 2, ++,0)

‘is always satisfied,

It has been seen (p. 29,1inel0 ) that for an ex-
treme parallelepiped {a, g, / f of first kind the Telation
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sag>4-D >0 always holds. Theorem 2.5 shows that D = 1
~and Theorem 2.1, that ag[<4. Gonsequently,‘:for each
parallelepiped {ai, g;,}é}of a gn-sequemce (except for
~the first in the case where it is of second kind) the
 1nequa1ity '

‘ 1 A>3A8iﬂz>§

holds., The application of Lemma 4.5 leads to

F71  [%] \
A2* Y ¢ <« __ 4
e, g; 8 /Z" zht 8.z 8or (1, £ =1, 2, +++, ),

and from this the desired Tesult is obtained.

Corollary In a ém-sesquence of exireme parallelepipeds,

-[%]

‘bhé inequality

(i: t=1, 2, "':"o)

“1is plways satisfied.

‘ . This result is derived by using thé inequalities
‘a;%c;, g;>h; (1L =1, 2, +++,°0) satisfied by the
~elements of the matrices @;‘.

. Next will be given a method for computing the co-
ordinates of all the lattice points on the exireme

- parallelepipeds of a fm-sequence, when an arbitrary

extireme parallelepliped of first kind is taken as a

'starting point. A table will be employed which serves
~equally well in the determination of the lattice points
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on the extreme parallelepipeds of an n{- or g;l-séquence.
' It suffices to exhibit a process for the evaluation

~ 0f the coordinates of the lattice points on

ﬁ:{al_'-r:.‘, Eivras ﬁ;ﬂ} when the lattice points on {a.;, g/:,,f;f
-~ (of first kind) are given.

Theorem 4.6 When . is pormal of type I, III (e ¢b;),

orV, get £t =q', n=12¢, x; = X3, Xz = X7. Under thig

- ;\.nterohange the corresponding matrix @ is normal of

the respective &ype 11, III (¢~ b/;), or IV,

' That @2 is of the respective type II, III, or IV is
a.pparent. When @; is of type III, the condition b,/ >0c,,
by Theorem 2.4, requires h >f,. 'Undei' the abé:ve inter—
change, h_  becomes 02 and. f, becomes b/é; hence the in-
_equality c; >b, is satisfied.

_’ It suffices, then, to find an algorithm for the three
a.":oases II, III (¢>Db), IV, |
There are two solutions ¥ g ;, of m < c,‘, Int<b.,
181 = min, < Q/cﬁh Then ﬁm‘ = {(g;vy) >0. There are
f‘ itwo extreme para.llelepipeds{ 8v1s By Ln_?g and
{‘A., Biers [”1} which-can be secured from {c/;, h;, ,Z;,,,‘?
k by raiging, respectively, the . or the m-faces (see
""«“1):.79). It is possible that one or the other of these
two extreme parallelepipeds be of the second kind, but
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~not both, for this circumstance is precluded by Theorem
3.3 and the fact that {o;, Bi+as fi+1} 18 the f-neighbor
Of{&p—u h, 2u:l}

: Instead of associating with g, , & single extreme
; paralleleplped of first kind one associates with it

: "!:his pair, thus: obtaining a sequence of pairs of ex-

' “brem“e parallelepipeds, Corresponding to'a given
starting point, this sequence is uniguelz determined,

| Call it a double tEn-sequence of extreme parallelepipeds

fbr, £, m, and ¢{.
Bet g+ =hy, B,y =¢;. Let /f,;‘ﬂ and $;+1 be the
P and ® matrices which by Theorem 2,3 are associated with
{Eéﬂ, Fivasliva b5 let P,y and &,,, be those associated
with{ 8., B, lm? ; and, finally, let P, and O be
_ the ones associated with the extreme parallelepiped
iai: ;i’L&'
‘ 8ince {a;’, SLHQL; is of first kind, P; has a deter-
,mf'inant 1 and P~?* is a matrix of integers of this same
_ynature. Let p;; Pas, Py Pe the lattice points whose co-
,o:bdinates are the elements of P, ; let $,, $,, Py be those
in B,,; and let $,, s, Py e those in Poy,. Since
‘,@a‘ =% py and P, = + p,, the two matrices '1‘,,,_1 g P- Eﬂ

V,jand T,G = P~ P,,ﬂ are matrices of the respective types
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| Satyy, 0, Fgtys 0, 8stya, &3ty
Teer = || §i%ey, 0, Bstag and Ty =[|0, S5tsa, Satas
3i¥s1s 82, Sstas gu Batas, Satas

whe:e '%Ju', ceey Bya, "”, tss are integers, anciz;_ =X1,

ALGORITHM FOR T,,, AND T,,,.

Let A, B, *++, L denote the respective cofactors of
the terms a;,tb,, --',/,; in ®,. |
1I; Set (for convenience, omit the subscript i from
élements of@;) |
M, =[6J], M, = [~ 6K], M, = 6L = integer, ©>0;
lM;l<6'+-é%l s Mgl< 4 -5% , 1Mzl <3 +%E5 |
a=u% b=u/, c=u’, us=_-uM; - u'M; +ul;
f=v,g=v" h=v", vevM - voM, + v/N,;
j=w, k=w, [=wo, w= - whi, + WM, + wOM;
| We_wn, +wmn, + WMy, “
III:(c>b): Bet , ‘
M, =(er], u, =[6K], U, = 6J = integer, ©50;
M1 <6 + 55, IMal<5 + gk | Mgl <3 + 2 ;
a=u9% b=u’,ec=u’, us=-uM -uM; +udly;

v/ v E VM, - VoM, + v/M,;

f=v/,g=v% 1
/ =w,k=w, j=wl, w=wl, +_,wa9 + WOMg;

W=wn +wmn, +woM,,
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o1

¥, = [- oK], M, =[9;], Mg = 6L = integer, ©>0;

1M1 <6 +
gnuO,fz
b=v/, a-=

k=w7 j=

oy
u', h

2

Mzl <5

[/
u’, u
v, v

wo, w

J L,
+ 5 |M3l<4+a;,
= - ufM, - u'M; +u'My;

= v/M, - vOM, + v'My;

n

WM, +v/M, + wolly;

We=vwm +wmn, + woMg,

Part 1. Determination of b,s, tss, tsge

Let 6 range over all positive values which make

fﬂ, an integer and for which IM,), IM,I, IMg] are less

than the upper bounds given.

Whenever such a triple

My, Mz, My occurs for which u and v satisfy a pair of

conditions for solution in the following table, one

~agsociates with Mg the corresponding m, and m,. Among

“a.ll‘ such triples m,, m,, Mg (of which there is at least

one) that particular triple s,, 8,, Sy is selected for

which W] = min,
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TABLE

"

n m Conditions for Solution
. 2
II, IV IIX
~ 0<ucu”
1M, |M VT < T Same as II, IV
\ u' +u'<u<u’+u’
2 Ml Mo+l VI V0¥ < VO Same as II, IV
"+ < u<u”+uo O<u<2u”
4 I} [ ! 4310 / I "
<1’ +u' 41 <u<u + u/ <u<u’'+
41My+L | Mo+l _gv ¢y 4y0 < v < vr_v/ 470 VO.2V” < V< VO
SUPPLEMENT 1
O <usu’-ua' O<ucu’-u’
5|M, |M.-1 Sl v <V O “V7< ¥ <V"Y0
-’ +2u’ o< u<u’ +u° 2u' <ucu’w
B M+l Ma+2 gy 4299%¢v < VO -2v/+2v0% < v < vO
SUPPLEMERT 2
i , 0 €ucu’+u’-u®
7 My=l|Ma+l | _v"4v/4v0 < v ¢ vO
i v’ +2u%< u <u'+u®
B8N, +2{M, VT <vra2y’

11, IV, u'>u’, v'> v"; use Table alone,

II, IV, u'< W',

11, IV, u'> u’,

v'> v": use Table combined with Supp. 1.

v'< v”; use Table combined with Supp. 2.
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II, IV, u'¢ v, v'< v/; use Teble combined with both SBupps.
III: use Table combined with Supp. 1.

After s,, s;, 8y are evaluated, the integers t,,,
:tzav, t,s are given in the various cases by the relations
II: | Tys =8y, tas = - 83, tgg = 853
III: 6,3 = 85, tas = 8, ‘tgzg = B33

Iv: tla = o 33, vtza = 81’ tas = 83.

Part 2. Determination of %11, 2., T2y

Obtain all pairs of integers y,, y; which satisfy
Y'xtaa - YEt13 =1 ’01' 0

’,e:x.nd_ L
J A 1X} 1B1
< T .
1yal <2 + LG% + hiie, ’ 17a1< 2 +‘ oh * hi,
By means of' '

Lo 101
Iygld2 + g + 5d,n

‘and

¥ fy, + gya ¥ nysl < h,
where the signs are those in the second row of @;,,an in-
teger y; is determined to be associated with each pair
Yis ya to form a triple. At most two triples can corre-
qund to any pair' Vi, V2. Among these triples,the one
is sought for which

lay, ¥ by, ¥ cysl = min.,

1 jY;b T xy, "’le| (24:“ P)
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_the signs being respectively those in the first and

third rows of .. This triple is the solution %11,

A ~
: talﬁ tsx*

Part 3, Determination of t,, T3z, Taze

Obtain all pairs of integers y,, ¥; which satisfy

Vitbzg = Vatyg =1 or O

and
2o 4 L _IF] IX| G ‘
1val ch. sz,u»; » Iralc2 s ch ¥ G,&;.,.; ’
By means of ;
: " L {H|
lysl<2 + bt o "
and

lay, ¥ by, ¥ cygl<e,

‘where the signs are those in the first row of‘&&, an
integer y, is determined to be associated with each pair
V., Vs to form a triple. At most two triples can corre-
gspond to any pair y,, ys. Among these triples,.the one
is determined for which

I+ fy, + gys ¥ hygl = min.,

1t 3y, £ ky, + Lygl < Lina,

~the signs being respectively those in the second and third

~ rows of Q;. This triple is the solution t.5, Taz, Taze

Part 4. Determinstion of &,,,‘gg, Sas ;S-,,Sg, 3, and
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 the types of fivas Qivav
Use of the relations Piyy = B Tiyy, Ping = B:Tiuy

and Lemmas 2.2 and 2.3 yield the values of &3, *+*, &4
~and the types of §;+ 1 and é Axye |
The derivation: of the algorithm is along the same
- lines in all three cases, therefore we shall show it
only for §; normal of type II.
| The first problem is to find the solutions of |§|1<o,
Imt<h, 11 - min. in integers. This is equivalent to

finding a set of integers tzg, tza, tas Which satisfy

(1) layy; - byg - cygl<ec,
(2) Ify, +gvs + hygl<h,
(3) l- jyy - kys +4ygl = min.,

for,‘then, the two solutions of the former inequalities
~are the coordinates of the lattice points
(4,59, + tagPp + tasPs)e
Recall the definitions of u, u®, u', u”, etc,, made
at the beginning of the algorithm and set
 u=- um; - wmy-+ u“Mg
V = v/my - vom, + v'M,.
The solving bf (1), (2), and (3) is equivalent to finding
~1ntegeis m,, m,, Mg for which

@), (2°), (3') 1Ui<u”, IVI<v", \W) =min.
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Determinant theory yields Ja - Kb - Lc = O,
Jf + Kg + Lh = 0, so that
(4) Ocu<u® +u', - v/ <vgve, -
Set 731 = m, - M, fia = mg — Mz5 then P = integer.
For Mg fixed, the values c>:t‘fa1 ,ancha which correspond
to solutions of (1’) and (2') are determined first.
From (1/) and (2/) one has
o AU
~ -V vB + V0P, - vev,
Qombine. (4) and (5) %o obtain the relations
| uog, + u'{e, +u" >0,
ud(l - Ba) + u/ (1 -3,) +u' >0,
vog, + v/(1 - B1) +v' 70,
vo(1 -Bs) +VEy + VY0,

(e)

From Theorem 2,3 applied to one has
i: u°>ul’ uojull’
(7) V, o
. vos>v/, voeyv,
Separate the problem into the four case u'> u', v!>v";
wteu, v v uwy u, v/< v’y and w'< u”, v< v, and
derive from (6) and (7) the possible values for [3 y and
(.5 se (In III (c>Db) one has always u’ >u , consequently,

_there are only two cases,)

Replace these in (5) to secure the conditions for
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solution, The Table and its two Supplements are a re-
"sult of this soclution.
To find upper bounds for I1M,I, |Mzl, and IMgl, re-

_, yrite (1). (2) as \

(") ay, - byy - cyy = Ae, ’
- T UAL L, A, £ 0.
(2") £y, + g¥s + hys = A,sh, .
Use Theorem 2.1 to obtain the upper bound‘-é% for the

minimum in (3). Replace (3) by _

(3") - vy - kys +fys = Ag - ‘é%‘ (1551 <1, Ay #0)
o) = Jd¥a - K¥a THY¥s T Ng " GR  MTel 4 ng #0).

;.

 The solutions of (1), (2), and (3)_'51'3 all among the
golutions of (1”), (2”), and (3").
| When these are solved for y;; Va, ya‘ and account is
taken of Theorem 2,1 and the conditions a >‘b, a>cg
| g> £, g>h, the relations.
| imgt <4 + L maic2 - £ uy <3 Yo,
aTe obteined. Bince Imy ~My| < 2 and Ims - Mal =2
one has the previocusly stated bounds for M,, M., M.
~ The second problem is to find the solutions of
1¢1 = min., Ini<h, 1LI< ,‘é;ﬂ in integers. This is
‘equivalent to finding a set of integers %4, Ta;; %ay
,which satisfy
1(8). ‘ layy - by - ¢ygl = min.,
(9) Ifyy + gys + hygl<h,
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- (10) I- J¥yy, - kyg "'/QY;|<£;+1< -5% .
‘The same procedure as before yields the upper bounds for
%01, 12,0, £,

- On the other hand, the solving of (8), (9), and (10)
is expedited by the relation %,,tse- $21t19 =1 o O,
~which is obtained from the fact that the determinant
of ?;+i is 1 or 0, according as {§¢+,, §b,1,lb+£k’is of
'firét or second kind.

~ The problem of determining %,5, %s5, and Tgs is
~exactly similar to that of obtaining %11, ?31, and.%si.
It ie sufficient to mention the inequalities fo be solved,

the method being the same.

(5) Ify, + gye + hygl = min.

(9) " lay, - byy - Oyl <0 )
T A
(10) - jYI. - kYQ +£ys'(£.¢+1<aﬁ' .

‘fhe desired results for both the othe:’cases, III(c D)
and IV, are obtained in a like manner, ‘ |
This algorithm has the distinct advantage of leading
 direct1y to lattice points for which two of the linear
forms are as small as desired in absolute value, Although
- the algorithm in Chapter III will eventually lead to any
extreme parallelepiped of the chain, and, in particular,

‘ §0 those of the f{m-sequence, these lattice points are,
in general, much more quickly obtained by the algorithm
- of this Chapter IV.
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