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Chapter I 

A new approach to  B aler aummahillty

1. She Baler-Knopn means. In  th i s  paper we s h a ll  ap­

proach B aler sammahility from a somewhat d if fe re n t  po in t 

of view from th a t of Ifcopp ')■*)• We s h a ll  summarize the

') "Uher das lu le rseh e  Stnm ierungsverfahren",
Math. Z e it. 1922, 14-15, pp. 225-250.

“•JSee a lso  Xhopp *s "Sheory and A pplication of 
In f in i te  S e rie s" , $ 63.

Euler method h r ie f ly  here in  order to  in d ica te  ©or po in t 

of departu re . She Euler transform ation  of the  in f in i te  

s e r ie s  ^  ux i s

(X) ( ? )  >

and i f  we define

« )  6 1  =  , 6 ^  =  ± i b  ± A )  »

we have5)

/y\

3) She following proof i s  given in  Khopp *s a r t i c l e .
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Denoting the expression ■— 7 ^  by Am,
we have * i=° '

i  £  O i  "  ® A SO
• r* /vi — i „ m -#

= >5- * 2 0 ; -  S O S . ) ’*-

" -  S C T ) 5 ; „,

X — o

So ,
A ,^  3 ^ , S,„_#}

and since A e = S,, we have S ^ = A m .

Shis i s  the 1 transform ation  of the sequence , and 

Enopp defines means of p o s itiv e  in te g ra l o rders hy i t ­

e ra tio n , in  a manner e n t ir e ly  analogous to  the procedure 

in  the  Solder p rocess. He f in d s  the  p th  power of B to  

he the tran sfo rm atio n ¥)H

J ^  v /
» >  s>,

(<5 )  ^  -  0

which he uses as the d e f in itio n  of means of non -in teg ra l 

o rders .

*) This can he shown hy mathematical induction . 
We have
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( 2 * r +' p r z \ * y ~
and assuming th a t

-sr’ = -stp vx*"- f'~s~.
ms p e- P t -  ( T : ; ) p - r ^ r  t -  (;*■)(** -  > f %J. A -  O (Z /  *»o

 I___________ ,*1 <<-»>)! Sj. «*jr <~-»MCa*-») *(£')
D""*"'. ufc‘rY**’> -* -j'

/  ^  !r 'T -̂n /**_ , r vS

I f  S**, had been defined as JEI a;, (m ?■ ©) and 
S0 — 0 , w® would have had fo r 'th e  p th  t ra n s ­
form ation ^

c ^ r ^ ™ 4 - '}
fh is  i s  equivalent to  changing from the 
s e r ie s  a #+ a , +  •*• to the s e r ie s  0 + u o + u, 
•* • • • ,  o r , as we sh a ll  say, from the se­
quence to  the  sequence Eaopp
has shown ') th a t  i f  one of these se r ie s  
i s  summable 1 , the  o ther i s  a ls o , to  the 
same sum.

2. D efin itions and form ulas. S ta rtin g  w ith (8 ) , we de­

f in e  the in te g ra l  orders of Euler summability in  a manner 

analogous to  the  Cesaro method, and whereas the Holder 

and Cesaro methods are equivalent fo r  a l l  o rders , Knopp*s 

in te g ra l orders are not only equivalent to ,  but h is  means 

are  id e n tic a l  t o ,  c e rta in  of ou rs. Our in te g ra l  orders in ­

clude a l l  of h is ,  w ith in te rp o la tio n s  besides. fo) We se t

*>) We Shall deal only w ith r e a l  orders of sum­
m ab ility , yet our means of r e a l  order must
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( 4 )

be in te rp re te d  as means of e e r ta in  complex 
orders in  the Enopp system, as w il l  be shown 
in  3.

S  -  M .  +- 'U , 'M.
' r*\

(o')
/W

( îA0 +- stA , -f~ ' ’ ’ -h y / O  ‘• " O f ,

( 6 )

(0) I*) \ y ^ 0)
=• — r +* ; r .  ^  0 »"mj,

<st)

,v» J ( ^ - 0 !

- ~ ~ ~ (*-•>

/*  ( </V\ - 0  f 0 {

and say th a t  vlx i s  summable S*. to  S i f

■ s ,  . . +■ 0 f — . 7
^  «f*S> (sA.

Ju s t as in  the ease of the Cesaro method, the  d e f in it io n  

can he pat in to  a form having a meaning fo r  non -in teg ra l 

and negative r .  We pat

j a .) ( A l + O  M )  ^ 2 - } * >  < * - ' )
a . *  =  ^ r r  > ,

(6) o< ->  > *
• s ~  =

and say the  se r ie s  i s  summable I^ t©  S provided ^ *)

f 7) vS^ =  vS ,/vi -»  e*s>
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( • )

7) Note th a t S 0 i s  convergence, S ., i s  not de­
fin ed , and s£*“'* i s  p re c ise ly  (4)* I f  we 
w rite  (n > 1 ) , S ., = 0 , then 3“ ^  i*
the exponential mean x~,-~

j f ;  aT~x " ’
defined in  M ss J u l ia  D ale 's  paper "Some 
p ro p e rtie s  of the exponential mean", Amer­
ican  Journal of Mathematics, v o l. 47 (1928), 
pp. 71-90.

*) I f  we had defined s ^  = ̂ -0 U i/n ., -  a*  / a ~ l» .
the o ther d e f in itio n s  being the same, our S”  
would hare been the p th  transform ation  of Khopp 
as given in*"). In  t h i s  connection see the  gen­
e ra l!  zation^Chapter IT.

That th i s  i s  the  same as (6 ) fo r  in te g ra l  r  i s  seen from

f i l l  real r and s),

( a l l  r e a l  r  and s ) ,

%) The analogy with the Cesaro method i s  here 
quite  apparent, fo r  i f  we had defined 
a ^ C l t ^ a n d  s"=S*, , leaving the o ther 
d e f in itio n s  in  (S) the  same, would have 
been the CesSro mean, and the  formulas (8 ) 
and (9) the  w ell known formulas

=  f . r r ) r x ^ ,

A - *

which may be proved as fo llow s.

the second of the two formulas*)

< A .+ 4 . +  >) jTL ( A .)
(9) ^  J:<r> /►» —a
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We have
—  <«j  <-*> ^

— o ^

(A. -i~s4.+ x)** (A.+A-4-l)
—      —

AV J ^

and

- i s o

/ K  '♦ t  / »  ^  t O J  ( A .  ~  » )

^  -  o 'fr "  °

co> ^  (a-i) i--- <o) (*4*) iA-- <)
=  2 . - ^ '  * - •

* -  = * '  ^  * -1 = 0

<fô (X.+S0.) (^  +" O
7  * ~ i  =  '* * -

r  = °

SJhus formulas (6 ) and (9) are  e s tab lish ed . 

We now prove the follow ing!

Theorem I .  fhe product of the two transform ations S^. 

and B^, i s  given by the formula JB^= *--*/. fh is

fa e t  may be expressed a lso  by ,0)

(io> $T&?) =
10) For Holder summability the analogous theorem 

i® I£»vH««- ~ H .̂, •
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We have
<A > / C <A) \

^  '(S T )  =

I _21- </i-0 «<»)/ow \

: t>

/»* <a -») (o; ^  (.A)

<yt) _ fl A=0^ 7V»+- I

I

_  <*-'■> a'-V C*-)
t  A i .  f  .

<-*) -*

^/K + f **r '*-+(

A  • -, T o *) Z -  i- * -*■
^  • J s . OC L^¥% ^  = o ^  + 1 ^

r-A-0 <*“*> <®>
£0> A A+t

A t . > ■  ---- x — < T j
l ‘** j-=0 t  ^A-«- .^<-1 a f

,<*> *#ka: S - ^ - t

S*t (O ')  ( ^ 4 - + A - + A — 0

- ^ - f r(/l4,+A.+>9 <
M+l »

from which (1 0 ) follow s immediately.

5 . R elationship w ith the Boopp system. We now examine 

the re la tio n sh ip  between our system and th a t  of Ifcopp. fhe 

r  in  (6 ) and the  p in  (4) a re  connected by th e  re la t io n

^  =  a  - 1 ,
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. ( • )

-4Lensis(̂ A. +1) Sert^jA.-bll ++  ^ 7 T /M

where the in teg e r  n i s  even or odd according as  r  + 1 i s  

p o s itiv e  or negative* As p ranges from 0 to  — # r  ranges

from 0 to  —1# As r  ranges from — 1 to  — ■*», p can never 

he real*  I t  assumes a l l  complex values whose pure ly  imag­

in ary  p a r t i s  an odd m ultip le of i i r / l e g £ .  Xnopp has shown 

th a t h is  complex orders are not re g u la r .

4 . V ariation  of the Borel method corresponding to  r  < —1. 

Enopp (Footnote # $ 6 ) proved th a t  every B-summahle se r ie s  

of any p o s itiv e  order whatever i s  a lso  B-summahle to  the 

same sum. We now show th a t th i s  i s  tru e  fo r  r  > - 1  (Vis. 

fo r  Enopp's negative as w ell as h is  p o s itiv e  o rd e rs), and 

th a t a c e rta in  v a r ia tio n  of the  Borel mean a ffo rd s  a cor­

responding theorem fo r  r  < - 1 .  We prove

theorem I I .  | f  11® SL = S then

v  - ^  OO /v% =■ o

We have ")

1
"Sr
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") Hot® th a t tli® power se r ie s  involved are  con­
vergent fo r  a l l  x  provided i  u^ i s  sms- 
siahls .

Btit th e  l a t t e r  e g re s s io n  i s  the  Cauchy product of two 

power s e r ie s , v is* i s  e&ual to

\  / k  c  O  / k  r  o

Consequently
-  [<MO*J09 'V'*’ ~/l^ KTf C « / V  i _ v -  - - j

’  'S -  , i =  T ^ O 7I A \ » / v t s O  V 7  *
m : 0

^vi ■= o

Therefore
X

- £ *  . S .  7 TT

=  ^L'Av,-, — 7 (r >
and

«>©

^ —> o«9 /v* — o A' !

2 . ^ - ,  x
<30 'V' -  ° /V ' 1

oo

pC —̂  <ao /vi — o A1 , ( r<
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(10)

Trom th is  the theorem follow s immediately whan wo not*

th a t we earn rep lace hy i f  we rep lace s£ '( hy 3™, 

and th a t the  l a t t e r  approaches S hy v ir ta e  @f fheerem T 

(See foo tnote '*))•
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Chapter II
gome ap p lica tio n s  o f the fo e p li tz  fheorem

5. R elative power of the  d if fe re n t o rd e rs . We now show 

th a t the power of i s  monotonie inoreasing  fo r  A*> - 1  

and decreasing fo r  < - 1 , d isease  the e f fe c t  of om itting 

or p re fix ing  a f i r s t  term in  a sommahle s e r ie s ,  and derive 

some necessary conditions fo r  summability • We sh a ll

need the  fo e p litz  fheorem ’*), v iz .

'*) See Knopf s " In f in ite  S e rie s” , p .  73, fheorem S.

fheorem I I I .  I f  lim x„ = § , and a ^ ,v s a t i s fy

(1 1 ) (b) l* ~ ,o }  + Ia~ „ | + *•• + | a ^ j  i s  bounded fo r  a l l  n

( a ) .  M b (*„„+ +  • • •  +  a /^ )  =■ 1,

We now prove

fheorem IT. I£  then providing e i th e r

r  < - 1  and k £ 0 or r  > -1  and k £0*

We have

(a) lim  =  000 (fo r every 1 )

A X; — %

(IS) ‘̂ +i

where

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



=  ~ " ~ W  ’ X i  =  $

Thinking of i  as f ix ed , w® have

(rr)<A+.#>--' f ^ ± l K  + t a<-,
S W('*'-*)! (a ■ * ■ * ) / _______ ______________

*  " (a T ^ T T t77 ^  (x  +  l)l /  A. 4- 4  +• <\~  + ' 
(a* f  f /1 v  ^  /

so th a t  (a) of (1 1 ) i s  s a t is f ie d  i f  and only i f

| r  +  k  + 1 |  > | k | .

This i s  also  the condition  th a t (®) ho s a t i s f ie d ,  since «)
, <'*■+*') <*~0 , _ •v'*'-*-*a..

cl . — -
■=. a

» 1 _____________ » i  . I  _____ /  \

*  <A) ‘A) (A) (A+++tt <A.)
,J ) Hoting th a t 51 d*.i *.•„ = *. ~ a.„+, ~ a ~+>.

Testing condition  fh) w© so© th a t

I -$r CLlk*~ ĉL1**'1'*)51 ^  j ) I -̂A+ ij A + I
I a. I —   —--  — 1 j — —  

\ f C ? \
" * AM + - /

(V * !  <!*( - • )
^  /v\ +■ I • ->-/

( / A ^ + . | | - < )
^ V n -M
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(18)

( j±l±l±i±LS
\  I ̂  -h'k +.11 y

Consequently a necessary  and su f f ic ie n t  condition  th a t 

(a) ,  (b),  and (c) a l l  be s a t is f ie d  i s

i t  being understood, of ©ourse, th a t  r  and r + k  are i= —1# 

Shis says th a t k and r-*-l must have the same sign , and 

th e re fo re  completes the proof of fheorem XT*

ao

6« R elation  between the  summability of ^  u^ and th a t of 

We now examine the e f fe c t of om itting ©r adjo in ing  

a f i r s t  term to  a summable s e r ie s .  We s h a l l  prove

and to  the  co rrec t sum, but the  converse i s  t ru e  only fo r  

r  > -& . '*). " )  We w rite

"0 Knapp1) discussed th i s  fo r  summability 1 , .

,5) In  terms of sequences th is  says the  ex istence 
of 1^-lim  S ^ ^ t h e  existence of E^-lim , 
but the  ex istence of lUrlim  S*„.,;?the ex istence 
of $«, only If r > - f.

(14) — 'U i -h x -h ' • • -f-

so th a t s l  = S^+l-  u*. fhen

(13) I k/ -b J r  + 1 j = | r  + k 1 | ,

fheorem T. I J S u -  l a  summable 1A g  u- jJLSllSL.
•* >=i
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\ <a - o

. a s * : ------------   —  —  u

a ! A>M+t• "• ’ -'if.

^ J fa )  S ^  ^ ^  fr-p - *»-'«• _  ^

e * * » ■

^  </»■)

1 - ' )  &  + s i - S „  — - M o .

Ihus ’the first; half ©f th© Theorem is proved* Wi row es­
tablish the formula,

W x - t  if*-'*
2 * . j .  i ~

^  = e
(1 6 )  , ^ >

'•v* +- f(-r ̂  (W-c*) (::)
^  =  o  '  * '  *

¥© have
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90 th a t

■s. O t ® °

4 / t *  J ^ ~ ' }
y—  0L> ■/

fry

A . ■=. o

~ - V  m ^ k ± A A'°  2  ^  a ' " 0!
l  C ^ ,) ! j ^ ^ o - f r ^ + t - r  *+• po  j ! a - * J

(̂+•,>1 2. -fr -* A ’ ft-, t?

/«-A +1
y t 2*. ~frr  *+-1

X -  I
-  Q

/v\ — I
‘H  —V4, r H  •

t  y -
s. o

4A  • , ^ -  0

* 1
-  O

* = « 1r

from which i t  follow s th a t 
£ - 'u ; _ ,  <^-0^  * ./CL

(17)
— O

o :IA)
'/*■*-!

“ i ^ r 1
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(16)

Also
/*» (A-i)

2 .  <7+o» &-AA.-.X
1  «=r O '

-a. -f-1
'V t + -  j

A O

fA..)
>»•<*/ .a?*^  /v% + i

M -  !^  A + l  L̂. '■■* v *

F ^  <-+•>! ~  /v»f-r f r 0
/V t—f

('A.}
/wi f- /

c . /V'~' tSj <A-») I <5- „<*-•}J   ZLi- ̂  / --- L_ —̂  A  .
Vm+TT)} <~<+ f X-° ■* • '**'*'* X = * t*4*1?? ''**

a .<*oAA +- I

: ^ 4 v a r ° .  -  - u  2  • % -  ^ r : ,;f a! '*'■> /V* +-1  ̂— f A I '*■

a.<*-)

'IX  ' ( A - - l )

/M+l Z — O > .IT -*.
<a;
/VV+ I

(16) follow s from (17) and (18) immediately, low we can 

prove the seeoad h a lf  of the  theorem* We w rite

Sm = u + S„_, (S., = f ) .

Then to) tx-l) vSi-l'" " - ' H/  _ '  7  c —«• V A *_  a „ . ;  ■*- S . (- r ^
<A.)
Alf I

_  r " .
u. = / (*+•)!

< C i .
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(17)

90 th

(19)

m

the l a s t  stop following from (16). Wo s h a ll  show th a t fo r  

Q ^ r  > - ■ ,fc) tho r ig h t side of (19) approachoa —a as n 

he comes in f in i te  provide a S ^ - > S f and fo r  v m  ©ea 

give an example to  show th a t sX* may so t he lim ita h le  B ^ . 

To do the  former we need only show th a t

where r  > - £  and I f  - £ < r < G  we ©an w rite  k = - r ,

and (SO) heeomes

where . s© i t  i s  su f f ic ie n t to  prove

where f* > 1 . This oan he proved hy ap p lica tio n  of the

'*>) The ease r  = 0, heing convergence, i s  a lready  
takes care o f.

(SO)

0
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(18)

T oeplitz  Theorem. »**) There remains now only the ex h ib itio n  

<7) Applying the Toeplitz theorem (fheorem I I I ) ,  we
have  a  =  _ g - _  *  _  *ft**** ■>------------- --- C > .
(a) i s  obviously s a t i s f ie d ,  and (b) i s  s a t is f ie d  
i f  (e) i s ,  since the  / ° ’s are p o s it iv e . We need 
only show then th a t a*

S '

e x is ts ,  sinee then we could m ultip ly  by the  
proper constant to  make i t  1. We have

s r  < / V — *

so th a t f  i s  bounded above. I t  i s
monotonic increasing  sinee

« -n  . /*« . i
^ p ‘ s . p ‘ i _i  = « > = 0 - -1*°____ £_=J----   —---  > O,    “ 1 1 i 1 ■ — _  _ ^ Wt l

of a s e r ie s  summable IU (r  l  —fr) which lo ses  i t s  summability 

on having a term p re fix ed , in  order to  complete th e  proof 

of Theorem ?* The f i r s t  example in  the next seo tion  i s  of 

th i s  n a tu re .

7. Some examples of summable s e r ie s .  The s e r ie s

(81) i - r + r * - *  • • + ( ~ v f +  * ? *

i s  summable (r  ^  - 1 )  to  th e  sum l / f l + r ) ,  fo r  we have

o  * -  i - A . r "
=  — T T X ~ ~ -

/ -  c - J + - 0
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Consequently fo r  the s e r ie s  (21) we hare from ( I f )

1 /  * - V ~  / A. v" * 1

When r £ - |  the r ig h t side w il l  o s c i l la te  or heeome in ­

f i n i t e  except in  the case where n = -r~ *  . This show* th a t 

the p re fix in g  of a term may destroy  the sammahility (#f 

order 4 ”  %) Of a s e r ie s .  Bote th a t  when r  < - 1 ,  the  se r ie s  

(21) i s  divergent to  ■+■ <*=, yet i t  i s  sammahle EU to  the 

quotien t which when form ally expanded g ives the  series*  

Another example which i l lu s t r a t e s  the  behavior o f the 

negative orders i s  the  follow ing. The se rie*  0-+-0 4-© +• •** 

©an he w ritten  as (1 - 1 )  + ( 2 r - 2 r ) +  (®r* -  0 r* ) +  • • • .  Re­

moving the parentheses and regrouping the  term s, we get

(82) 1 -  (1 + 2 r ) + (2r +• 3 r " ) -  (5r + d r 3 ) + * * • .

This s e r ie s  i s  summahle to  Q, f o r ,
r / v~/ \ j(0) ^  ^

J v y j  l *
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80 th a t
J7L. <-*->) (a - i ) ( - • )

_  ^  _  _ ^ i _  _  o .

O  — ’ A*** /2  C* }
/v» + (

For & p ositive  r , ser ies  (22) i s  an alternating one. For 

—1< r <0 i t s  terms eventually fee come negative. IS) I t  i s ,

1 We liave a ̂  = ( --1) Jtr!’-' ( a  + 1 Jr^ = ( -  r ffe*+a+-lln ( —jj* r  i + T  (JLI1
When ~ 1 <  r < @, ( - r f  Is p o sitiv e  ant -̂ y ^ i a 
negative. So u^ w ill fee negative for su ff ic ie n tly  
large n.

however, convergent, as must fee the case from fheorem IT. 

For example, when r  = - i ,  we have

0 _ . . .

When r 4  “ 1, /9) the terms are a l l  p o s it iv e , ant the ser ies

'*) The general term i s
c- faATV-*- ♦ oat]  = c- ^ f  (*±i) + .j #

ant when r  < - 1  we have > 0. 

tiverges to -f-oo. For example, when r »  - 2 ,  we have

m—|
l  + s-p®-hg0-f. • • + 2 (a + 2) + . • *.

Alth.ough the means of negative order would seem to  fee 

&uite powerful as evidenced fey these two examples, i t  i s  

easy to  see th a t  they are a n s a ite t  fo r  more d e lic a te  werfc. 

For example, the  means of order < ~  I ’ fo r  the s e r ie s

1 +  Q +  Q +  0 +  . • .
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o s c i l la te  between ■+■ oo and — <*> as n -v  »°. fo r ,  we have 

c  — i / t} I i0)

so th a t ^
"==r -<"0~ c a ) <̂ x+, •C _  Xz=-Q + ' '*"'■*

C l .
C i . ^ c v :  - -= .  /

/H + t
A** -  ̂ 1 O^VSo —>1 i f  r  > -  i ,  S ^  o s c i l la te s  between © and 2 i f

r  — “ ik, o s e i l la te s  in f in i te ly  i f  r  <-■§♦ However, a

negative order f < — X> can never t r e a t  a sequence so bad­

ly  th a t i t  can’t  he re sto red  by a su itab le  negative o rder, 

as i s  seen from fheorem I*

fhe Question of whether th e  orders < — 1 could give re ­

s u l ts  inconsisten t w ith those >  -"1 i s  one of g rea t im­

portance. We have not been able to  s e t t l e  i t  yet but ex- 

peet to  re tu rn  to  i t  in  the future*

8 . Some necessary conditions for Buler auimaabllitj.

We now prove
90

fheorem ? I .  I f  ^ .u ^  i s  summablc E^ then

<•> ° ( [^ ^ ]"<') (IkH-lr + l l ^ l r + k ^ l l )

(SB) (b) <£*’= "(’[ t - r - l ]  )  (|k| + |r + 1| = | r+k+l |  )

(e) -  l i *  <&?,’' =  0 ( Ikl < |r + l | ),

where u ^  denotes the general term of the rth transformed 

ser ie s .
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(2 2)

We have
<*-> c-'A-1")

^  .< -* 1  " (r  — k ^  —1 ).
/vt I

Putting

<A-> c  ^ <yL) > £
^  +-1 '*» ^+-t (r  —1 ),

where e ^ - >-0, we have

r < / . - ^  A ^ - c t  1 A ~ - iC  r  rVl 4-  I  —---

~  _  a.‘A-*> e C l V/VI +. I evi-t-f

/ 4 + * -+ ± \  
V - t - x . -  i /

/*> L + l (•»•) ■ ’)
m-n 'ZE.CrO &X&-X+1 n *

^  = o _____

Consequently
<A—A) = ^L ^r-< ^ -n

f -A + A .4- l \  '— M ,
i j z ^ z r )  -«*) -<*“'>■

•f- -i ^ -
/vi + 1

As seen from (12) and (12), the  r ig h t  s ide  —>0 as a —*’ **» 

provided k and r-f-1 have the same sign . St the condition  

(a) fo r  summability i s  e s tab lish ed . Per r = k  £0  th i s  

re s u l t  was obtained in  d iffe re n t form by Kaopp. *°) In

*•) "Uber das Bulersohe Sarnie rung sverfahren XX?* 
Mathematisehe Z e its e h r if t ,  v o l. 18, 1923, pp. 
126-136. P u tting  r  = 2 * - l  in  oar eondition (a) ,  
we get the  th i rd  eondition in  in tp p 's  fheorea 4 .
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(33)

p a r t ic u la r ,  i f  we put r = k  =1, wo sec th a t summahility 
B, req u ires  th a t S„ = of 2 0  »)

XI ) See Knopp*s " In f in ite  S eries" , p , 512, Iheorem 1. 

We have

'H  = •  S k  ( 3 -  -

She prime i s  use a to  d is tin g u ish  from the uĉ J 

l a t e r ,  Ehen we have from (18)

2  —r
(84) "2* —

She inverse of th i s  i s

€*■)' tA)
(86) ^  ^4 ; ^  ,

^  — 0

e&ioh we shew as follows* We have 

, jtl I*-)' &*■) <~*~o
(,A + f)/vv! 2 .

— '( - i f  i ) ^ (  ^  A . 2̂. •  TTmJ 4- • '‘" j’
-« = o

/'Kt -iX' tT— C'A'O M--0
f -  ^  a. . a .— ''*'*• ^  , 4-1 —; - -y

— o o • >;
/•

=  ^  /
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(24)

fu r th e r ,  we hare from (24) and (25)

/w +  i

n \  +  < ^ ( A . — 4 - 0

JL s  o

6 * - — 4 }

(& -+  *■ <)

mfl
: *  < £ l £ W «

(* ■ 7  1

-X L  +  /

XH +  * (A)'(A) (A .-A . ~ l )  £ -  A  -  1 )

A . —A  + -  / C A .- J k)

A * * * ,

-h  I

I n . /  (A J 2 ^ * '  f A - A - O  C ~ A - i ;

A ,  +  /

A * - * ’XVI -v  1

x t  - # -  / * •  ~  + l - j

X L  —A  + -  /
4 C l V

x i  -b  1
< 4 f ' * r + - 0  „ .< * > ' n iK>

' M o  i + '  ~ - r

■A. —  A  +■ I a <*.-*4)
<H+J

_*** _ ,*+i t*/ m.) “I
/ i ± ^ f  H V " 1

+ U — , ;  J

Ehus, p re c ise ly  as we obtained the  necessary cond ition  (a) 

lie see th a t  (h) i s  a lso  necessary . In  p a r t ic u la r  when k ^ r ,  

we have
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m )

< m  - o f c v  + l f )  ( | r - l |  -t-jr +-l| = | 2 r | ),

p tia  r e s u l t  fo r  r > 0  i s  Knopp1 u second condition  in  d i f ­

fe re n t form (See footnote J0) ).

Also, we have from (26),

'  ( - £  _  A ~  W

C*~A) A .-h i  ™<> “ -n + i ^  j - o  S • ________f

y<u~<k +  i L  °  V -A -^ -0
iA.y /__ * t±J^A -i

C-j- *■•)! ~ - j __________

*   J+-1

si. ~-4 +■ 1

^  <0, (A.)\ I
K * . )  *

y<-> ^  A f (  ^   1

r  wV -« \"' + ' C*~ **'\nA t*’y  \1

lew i f  we rep lace r  by r - k  and k by —k , we have

-A \
«t) -A. -'Z-h I [ < - * ) (  A V™*1 £-(■*-/<+ !// (*-4)\ 1

<“ > =  1 7 7 7 7  p  ( ^ )  + &
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Condition (e) follow s from th i s .  In  p a r tic u la r  idiom r  = k , 

wo have Xi)

(SI) gA- l la t i „ = o  ( r> - i) .

*■*) Not© th a t  the  n + 1 has been replaced by n by 
v ir tu e  of Theorem V.

This r e s u l t  fo r  r > 0  i s  Knopp’s f i r s t  eondition  (See fo o t­

note l0) ) .
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(27)

Chapter I I I  

A -product theorem

9* The Cauchy product of two In f in i te  s e r ie s . Cauchy 

proved th a t i f  ^  and v . are  feoth ab so lu te ly  con­

vergent then th e i r  Cauchy iro d u c t , ^  w^, i s  convergent 

to  the  co rrec t sum. Mertens showed th a t th i s  i s  the  case 

even i f  only one of the two convergent se r ie s  i s  abso­

lu te ly  convergent, and AheX had a lready  shown th a t i f  aXX 

th ree  of the s e r ie s  converged, say to  B, T, and W re sp ee t- 

iveXy, then W = TJV. Xhopp has proved theorems (see fo o t­

note *°), |  2) anaXogous to  the AheX and Mertens theorems 

fo r  E^-sum m ability  of p o s itiv e  o rders. Cesaro proved

th a t i f  2 .  *1 i s  snmmahXe to  U and l i  Tj. i s  summable

CL* to  7 , then the  Cauchy product i s  summahle to

tJ7. We have poin ted  out the analogy between -  summabillty 

and the Cesaro method, and in  the  proof of th e  product

theorem of th i s  chapter we fin d  the  s im ila r ity  s t i l l

s t r ik in g , although in  the case of Buler summabillty the 

Cauchy product i s  replaced fey a new d e f in itio n  of the  pro­

duct of two s e r ie s .

10. D efin itions and form ulas. Before s ta tin g  the  product 

theorem we introduce some n o ta tions and derive some form ulas.
CO a®
5  u- and 2 . v- a re  said  to  fee summahle 3^ to  B and 7 re -  xT0 i** *
sp ec tiv e ly  provided

Urn -  U and lim  7 ,
•>% —> 0O
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where

/V I ««**

U h =  v :  =
=.0

_  _ o 1_  ( v »> _  ,
~  6"+-0l c~«-0<

✓v\ »
•V1 dtk\  / A - O  / A )  t   .  _ Co? ( A - O

w r  -  ^  * - - -A * o ^

u <A,= ( - i # - - ) ,  V  = - % r  O 1* - ')-
<*h’. '  ~m + #

We have
c-o ^  l9) J ' x) — ^  - a"’**

'K i  = ~ a+o<
;  = 0

^  <«) r-*) ^

r = °

- <0) <-*> 
= 2 « t 2  4 ; t , .

*-=• ^ = r

Bat

■p. . / v i

^—— to) <-■»•) C~0 t®)f31) A. . £L —   <5t-. L̂,* 1 -£—~ --*-' '*»-'* /m +-1 y /H-j' »
^ =t

as we now show fcy mathematical indaetion* Bor j - 0  we hare 
^  a io> _  „<-x)

-̂l-t ~~ +• / ,A *b O
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which i s  tru e  by v ir tu e  of (®) and f6) * Ihen assuming the 

formula tru e  fo r  j ,  we sub trac t a^V, a ^ ^ f r o m  bcth  s id es , 

and get
<*> <-*> c-O'” __ >?<o; /tc''x).

+ , «■*-; =  ^ 7 7  A t  a ~ "*
X = 'j'+ t

e-i)~ t-o co>
_   L. ^ , A  •

/vt -h i + » T " >

which oompletes the  inductive p ro o f. Thus

We now prove

<-o

which i s  the  inverse of (32). We need to  show th a t

_ J ± _  < - x )  C o )

nA„ — sv\l J - r- ^

,  < «  < - * )  < o )

fr-o *  * f r ?  *

■ J T i -  t o )  • ' * ! _ £ .  t - i )  t o )

=  At I X  * -̂/v»—y-'*'
j- - ° J. -0
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|Jb« last step coming from the as© of (8). Sine© = 0 
ti^n) this is ofeTioasly true*

W© new establish the relation

<*) KT <A-+A> (*-■£)
  K -; = 5  ^  'K ,-. ( a l l  r e a l  r , s ,

have
:- ,v ; ,■

< * ) c a .) <*) • £ -  * + * >
j  * -x -t'K . V  • ~  /  XT >  XA: 0LA i ■» ^ **^

^  <-*-•) 14.)
'1/1-

— -—  (A*A) '
..

■ ■

: ; -..

: -/'/•
,r  ..

— o

4*7 A ; X - i - .

'Kl- <*■ + *) {.A-k)
'W l V~ • t  w'* - f  ,

| y  Tirta© ©f (9),
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fs i)

11. A new d e f in itio n  of the  product of two In f in i te  

a e r ie s * We now prove

theorem Y II. I f  2  i s  summable S ^ to  U ^nd % v  ̂ i £
-i=0 -*a®

MB8St.lt. I i , k  T. th ,n  § .w , .  wh«r.A — O

(88) u r  = '>  ,
'** -!i——■ y*4! U* t'**—A1 ~V) !(/»* +r~/*)(>v*+1-1?)

+ , M  W £rpTidg|, r  ss§. s are both 

>  —1 or both < —1.

The se r ie s  wu, w il l  be summable providing
a

the  s e r ie s  G + w0 + w, + •••  i s ,  as seen from Theorem T. We 

now Show th a t the  l a t t e r  s e r ie s  i s  summable 8^+^.+ , , and 

we sh a ll  use a dash to  d is tin g u ish  our n o ta tio n  re fe rr in g  

to  i t .  For example,

(36) W .»0. (n >0).

We have

W T  =. '5 > (i+ 0 ‘ ’2 .  (a> * v~,

— (i+-iV ^  ^  ^  (^x ^  ->»- v)C-0* ^
~  J  / + ! { * + > - / * )  U f  { jL +  I - V )  ( a - / 1 "  *'->1O y« = 0 |/-*

^  Ca + qI '*=£?’ %(.Z* +- i.'r/A~v)i-0 ***

/*  ■=. o m. —/ *  V ~ o

A*-o

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



v \

<•»* vv (^-hs* +-o f +■*+>**-"H-')
■/—— /*! , — */-1 (.■*• 't'OC'*- +1 +y** ~ C-* — v)lyCt - O |/ = 0 -̂ av '  V '

*
ry \ rvx-s* -* < |T  ( > + ■ / « +  1/  f  l ) !  ( ^ *  2 -  ■*•/* *.)

yU=.0
y t * l  V !  ■ ( - i f - v t l ) l  0  >  ./  • (/ = o y. — 0 '  '  '

+V«* 4- 1/ + -<-■?. +/* -*-  ̂ 0
l)<A4ytA  +- t )  y i  I

■•>.*. ■■• ■ ~-i = 0
m  h ___________ ,

( 'V, +  2 ) ! / A < ( / l » - ^ - / »  +  l ) J  (X  +  1( +  t )  ^  *
-  o

>.V-'.':'. ■
■• .'• -.• '• " - -.- 

; V ' ;

as we now show* I t  Is  e a s ily  seen to  be tru e  fo r  n = 0,

a»4 a  = /«  +v . x3) Using mathematical induction we need
• , •:.... ■ '

xa) I t  i s  necessary  to  observe th i s  since the a s ­
sumption th a t  I t  holds fo r  n , fo r  a l l  v such 
that>< ♦ w a n ,  w ill  not enable as to  incladd 
in  our induction  the case ^  +v = n-*-l.

to  show th a t

+- a ) /  ( 2/v» - /*  -  v +H-) ( -  i)

rr; //m +-3) I am* -—  : ■ . . , . ,
A Z O

'"-siZ* * ,V
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(M )

i , |  /  v '* ' V *  - • '  +  1(^ + 3 )1  s 1! c~0
+ | (ai 4-a.) (/**->**-»/-i-J

, r  ~+3 . _ i 1
• /* ' (;+v+i);i ( /v . - o o ! j^/(:o 1 L

or

> -v<v' — »/+•• r «
( a » +  a.) I ( ~ i )  | ^ ^  ~v*

+ j.) +• i)[ [_ /t* x> * ~ X

r r \

A*
2 ]

"Qg-"' ( - /  L j m ___________ 1 1
— £rt'  + 9 ) ! /< i /  -* + 2)! (/m- ii- a f l ) [  I *

‘̂ ■= o J

or

C~+-s>!<-0
X-/4 -1/

or
/V* - t/

— o

< ~ X )  J L « )  I

' '* *  "  ^  , v \  -  \> + - %.

fha t th i s  i s  tru e  follow s from the formula

/M—m ^— i )  < o )

(89) 2  a-j.X » o
< - x )  to y

<z~ a*
/ v »  + - + -  /

which we now prove* We have
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(34 )

/Vt

A

/yi +■ /v*«% +. f in \+A« ♦  |<-*> t°>   J'** Aic>
✓*. = <»»■»•»

<-•> ^-— t-2-* <<>)
— <̂-^l+.^vk •A+ ' /n •►,»*»-.i

A=/»»

<
a

•*+ • ^  t/V W -/
0 /W-f-Wl ‘ J J1 '

/V I+A M 4-f '  *  ■ • •*+ • *

<-V <•>
■̂/«*-  £> -f- —----------  >/v» +■ /vv\ + I

the second step coming from (8) and the l a s t  step from 

(6) and (HI). 

Hew using (Hi) we see th a t (H7) heoomes

(-*■)/*» '"-v** ẑ 2 ^ 'v A ;
2 : ^ - s

^4* — °  \J — O 4  — ®

<T* 5*1 - /vi
------------

x * = Q ^ 7   ^  V - / 4  - 4 - —  ( /V I  + y t *  - / u  +  l)l^  1/=/* /< = W • v

**» /y> | i^- («; <-i)
-S 2 !  (^+j~-X + )\ (±-s* + 7) ^  Ai-v>

•/•*  -  °  ^  =y*A ^  - v ^

_2L | to) <-*)

/« =o V *0
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( 2 5 )

+-a) ^  <U ;>  -------!  >  % <*.„ a.
K ^  f ^ o + o u ^ + o  f r „  v v  ----------

— <p*+*)\ S  <*+»>> 2 T ^  +l Ê1 •> a * - * - * ,
Ji =  0 / "  -  °  A V/ -  0

and from (20) and (22) we have

,  _  . t o )  1 - 0

(40) =  <-»i■<-*>! •
A = 0

from (26) and (4©) we have

{ 4 1 )  ( * r = ° ) .
+ *). si — °

So

  <a + a  +  iJ  rTL ___<o; <a +,*)
2a/" -  3> <Ji_ ./V* > /H -a,

si -  O

* *  ( A . + s t . )  ^_T_1 t o )  < - / )■ ir. 
t  —i  *2.

, ;  =  /  »  0

^  d**** *> /U’<0} V '10z^~ 1~rt t~' *'*
si~i 1 ~ l

t o )  ■ — ( 4 + 4 . J  (~<)
'K- , >  a  v -■fr ~ 1 /? -. s»-s. '"•%

f  ~ 1 s. ~ y
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(36)

(A,**-')

the  f i r s t  step following from (30), the second from (41), 

the f i f t h  from (6 ), ana the l a s t  from (34)* Thus

She following theorem xY) i s  a  sp ec ia l ease of Theorem X 

proved in  the next chapter*

Theorem T ill*  l i

where r  and s are e i th e r  both >  —1 or hoth <  —1, then

**) This i s  analogous to  the lemma used in  prov­
ing the Gesslro theorem on the  Cauohy p roduct.
(See footnote x), p* 490.)

Theorem VII follow s from th i s  immediately.
We saw that while the smnmability of the series 0 + f o + 

w, + ••• im plies th a t  of f„ + w ( + the  converse i s  not 

tru e  when r-«- s + l <  - £ .  So when r  and s are < - 1  a l i t t l e  

mere can he sa id  than i s  sa id  hy th i s  product theorem.

This i s  taken care of in  the  more general product theorem

of the next chap ter.

w

^  l / V .
+  0
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(97)

Chapter IT 

Generali gat i  on of the  foregoing method

12. S annia 's g enera l!ga tion  of the  Bore1 method, i t  i s  

p o s s i b l e  to  destroy  the Borei sammability of a s e r i e s  by 

p r e f i x i n g  a term to  it*  Sannie x*) e o n o e i T e d  t h e  i d e a  ©f

**) "Ha©v© Metodo Pi Sommazione P e lle  S erie:
Bstensione Pel Met©d© Pi lo r e l" ,  len d ieo n ti 
Pi Palermo, XPII, 1917; p . SOS.

defin ing  the som m abilities o f *  • • , lE a ; .  , 5 .  »
«*> ^  *-•

0 -t- . , © + 0 + S .  , • • ♦ , re sp e c tiv e ly  to  beIsO X~0
d iffe re n t orders of B erel sammability. Shis enabled him 

t© prove a Cauchy product theorem fo r  Borel sammabllity 

p re c ise ly  analogous to  the  Ces&ro theorem* We follow  

S annia 's example and extend each transform ation  to  

d if fe re n t o rders, although as seen from Sheorem T, we 

get orders of d if fe re n t power only when r  s - i .  Shis en­

ables us to  prove a more general product theorem than th a t 

of the  la s t  chapter.

13* P e fin itio n s  and form ulas. We define (fo r X any in teg e r)

_ ( s i . )  (4)_______0 -  a_f = a_* = • • ♦ ,

=  fil ux,
is o

<A>°) _  TT -«•>

(42)
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m n  th a t ® (n + fc<0).

{j.a\ afh e a  i f  U® V  = H, we say ^  a- i s  sommable E_̂  to
■ — . . . .  . „  . 

O ^ m m  SB ®  u .  * 7 )

v-.'-:-'v ■ • •
' '■ ■■ . ; ■ _v:-

> 7) m *  s ‘i  I s  the  same as M*, in  the p rer­
eading, an t th a t i s  the method mentioned
in  footnote

fe  now prove the formula:

C^r,yi.^-h i) / I . t'O
' — 2> _  ^  *v.

'̂ .vv 
•■: • •■. : .'

•■■■

W» ta T .f- ■ : : ■.
✓**

*  =■ o

=  2 L ^ i  2 -  A ; - r  A — xV-■
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-rL (* ,0 ) <.*+*)
j

t s#

(*4;A -h/0-+t)
<v»

We now derive a formula fo r  4><„ in  terms of the 

u*s, We have

a , - < y
*K yyy

CA, o) <-*-> 
/U  • ^  .

A  y44 — A-
= ^  u > '“-f-A '**-A

-  fl —  o

/ v \  .
S T " 1-  ( O )

; >  a -j+ A * -~ -~  * > ̂ ' _ C
\  a * —  °

/w

But

/ v \

(O) <-t)

— « = ar
^ 4 - A A  n

0

/—s*iV£

1
CO )

^s
. II 1 v
l

/ m  -f~ /A
> - y ~ ) t

as seen from (42) and ($ !)• So
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Also, we have

c+.a.) <4,a.) __ (4,4.) ^  (r'fr-OlW/A) (‘*7'f/ *" (^4 / V* W f / f /  \«u T ^ .I -  2 .  a . tt^
•  _  .  X ~ o  f r ~o  * ■ ~ J r

t= °  '  -= j *

t

tA,A.+'b) (H a,-4~)
t f i  * ~ i  ■

We now prove

Theorem IZ. I f  a s e r ie s  i s  flammable then  i t  i s  

gammable B ^ ‘,} bat the  converse statem ent la  t r a e  only 

i f r > - i .  *n 
We w rite

a . = 0, =  a ,,., (»>© ).

**} The proof of th i s  theorem brings out the  sim­
i l a r i t y  of the  methoa (r *.-& ) w ith Sannia’s 
g en e ra lisa tio n  of the Borel Method. See xs") •

Then

_ . < • * - ■  , a )  A *  _ ( * - > , O) (A . , y  ~  ( 4 , 0 )  ( a . ~ i)

hi ®e>-* — h/»» — -*•
i  = ° i 's - l
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( 4 1 )

(*>«) __ <4, a.)
~  a — <

J. -O

So

U i  A )  A )  ( W

/4 7 ) TT — ____ —B^rL- -m,<*> ~  &<*> J —

Wo suppose f i r s t  th a t  h = 2. (47) says th a t the  B ^ ~ ^  tra n s -
/4  V

form ation fo r  tho se r ie s  0 + a o+ a,4- ••• i s  e fua l to  th# S*. 

transform ation  fo r  th® s e r ie s  n„+ a#+- a*+ •••  . By i te r a t io n
CA)of th is  process we see th a t th e  B^ transform ation  fo r  the 

s e r ie s  a„+ a, * a*-*- • i s  the l A(or } transform ation  

fo r  the  se r ie s

0 -h 0 -h * • ♦ +■ © +  vl0+  a ,  +• • ♦ * ,

where there  a re  k - 1  zeros, Then the  0 transform ation  

fo r  the se r ie s  ae*- a , +- a x+ ••• i s  the transform ation  fo r

0 + * • * + 0 4- a 0 a , 4- * * * ,
where there  are k - 2  zeros. So when k = 2  the  shore theorem 

follow s hy v ir ta e  of Theorem T.

How sappose h i® .  We w rite

~  +- t *

Then

(4,. a) (4,o) f*-0
a ~  =  a—

<■*,©) «*.-/) w  (-ft+'jO) C<» . CA-«>=  a* a„  -f- (ai_, 4- a 0a A+^ )a„_i
= /

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



fherefo re  th© transform ation  fo r  a 0+ a, + • • • i s

©q.ual to  a„ p lus the  E***0 transform ation  fo r  u,+ ux+ a 3 -f- 

••• • By i te r a t io n  of th i s  process we see th a t the  

transform ation  fo r

a e+- a, + u a-f- . . * 

i s  e<iual to  u 0 + a, +■ •••  + u_A p lus the  E^ transform ation  

fo r  the  se rie s
&  t  .  f  &  4 -  •  •  •  •

Also the ^ transform ation  fo r  a 0-#-a,+• a x-t-• • • i s  e^ual 

to  a 0 +-u, + • •• + u_^+. a ,*  tlle transform ation  fo r

the s e r ie s
a + u. + • • • .0.-A 3-A

Bo when k £  0 our theorem fo llow s,
<o)

Bow suppose k = l .  from (48) we hare th a t the  E^ t r a n s ­

form ation fo r  u0-f- u, +■ u a + ••• i s  ©q.ual to  u0 p lus the  SA 

transform ation  fo r  u # +■ ua + a 3 + • • • • But the sammahility 

of a, +• vlx+ ••• im plies th a t  of u, + u 3 + • • • , 

ana th e re fo re  the  summahility of u 0+ a l -f-ua+ • • • ,  whieh 

completely e s tab lish e s  the theorem*
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BOW prove 
Shaorea I .  I f

-P2r- -* U  and - f e r -  *%.+.* r &»*+£

r  an& ® are a i th e r  both ^  — 1 or feoth < — I ,  and 

II SSI. a r t  any in te g e rs , then

a,a.) a,*-)
a sQ _______

' a <* +++<> t»+4 +£.

 ̂ ' '

-  (V + -  ( f  + K \9 E {z ,

wkera ~»® an t ^ - > 0 *  Shan
V” ■■

■■ ... ■■ ■-

-  -  • ~

+  TT»„.i + ) ^ ’A

-*zL/  ^ ---- V  ^  X /Ai M( A* I-*'**- C   \

S  - . z .  - z  )£•!*

I# . /*\+Js±4 aa+A±£
* r (  Z ' Z  U-<«W r^-̂2:0 A iM+Afl '

/M+-4+-4 ~+±±*-

+• ^  X'* « <A> <̂> rzf  ~0 v < /*
0 = »., = =.. •
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(44 )

Consequently

J?*/ . i  . . . «+■ 4

-f- T

«+A+.£ ,.\
J* °*~A.

(b+M C^i)
y*. = o

(nT ^ )
( AJ  { * )  . *1

^ 7 *  + l \ 7 n + k + £ )  /  r + 1  v~*^;L 1
t ^ + o  / i - l r - t - l M  i  y  (. r +  S + - 2/  A * * * - ; !

+  U

..„f.1r,°___

*:
•*> •bit+Ji ,

•*zr a  (A .) /

•*“ •*  & ,*  ® < «  ♦ ■ * + £ - a  ^ —  A .  _I_ 1 X '*' /  « .  L  % . L  0  \  / •  «  J .  1  y*  + 4+4-_ y / v  + l \  / n + 3 c ^ )  / J L ± - i_ \  
M *  +  V  V 1  y  \ r + s  +  g )  8

j ?  s .  a 'Ji t  *'?_.
J — o

_ C-A- -f-.*. *- »J 
•/w f4 +.J*

So i t  i s  apparent th a t the l im it  of the l e f t  s ide  o f (49) 

i s  equal to

%4'Ae-̂
-

 ___  _ kf-4+-€~^
W  +• lim  '

[ /V.W-X- <*> t-*->
2 l  *̂4 ®!X ®Mf4

T  __
'»"#-4+A(SO') <*.■»-*■*■*. ..Aj

B X  2 - Su - =x°____________  . - -°
^^+■-4-+ l)

<H4>4 *%£

\ a  . „<*-> J+-* I* v**~+ j
ftlA+-Afl| I
“V-t-A + £ -*

The f i r s t  term in  the b rackets i s  equal to
f-~ *i

y S~,/-»-■-1 ) ^  -«-•■;♦, I
I \T  +  1 + 8 / ~t~ -tA<-4+« I
/ + —I

which approaches sere as seen from (IS) and (IS ). Simi­

la r ly  the second term in  b rackets  in  (SO) approaches aero*
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( 4 5 )

We now d iscuss the th ird  term* We choose X so th a t

K |  < K  > / 8 u| ( a l l  n ) .

Then given any p o s itiv e  € we choose W so th a t

1 * 1  < ~ k  > l * ~ l
(a>*f )»

and we have

(51)

^  r .  a .  <*■) <+)

< K
a

-h I)
A/+-* +̂ e.

K

IV

=• O

a.M+-k4-jZ

But the d iscussion  of the  c o e ff ic ie n t c f  W  in  (4 t)  shows 

th a t the lim it of the r ig h t  side of (51) as  H —> *** i s  6 . 

This completes the  proof c f  the theorem.

14. More general d e f in it io n  of the  product c f  two in ­

f in i t e  s e r ie s . We define the ( k , M  product of u0+ u,-*- u ^  

•••  and T®+ v* + T*-+ *•* to  he w0fkt -£}+ w, (ktX  ) +  -wx Ckt £>)
• • • f where w „ , ( k , ) i s  defined as fo llow s:

(1) When n w _ (fc ,^ )= Q .

(2) When B g - t - i . ,  the c o e ff ic ie n t c f  u^v ., in  

w ^ ( k , Z ) | s  1 provided e i th e r  V =  or

/* = - k ,  or provided both v < —X  and < —k,
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(46)

and i s  otherwise ©.

(3) When n > -  k - X  , the  c o e ffic ien t of v„ is .

(62) (a) 1 when both i/ £ «3& /*  * n  + X •

(h) 1 when both / *  ^ - k  and w' = n + k  .

(e) when hoth and
(*+ *)'(v+A)! -------------- ( * > - X  ^

(4) <r*+A+Jl-1) ? C*'* y*-tf +-4-*-l) when
(*-y*-b£}(»,-tr+-A)(/“+4-v! < ———

^  ( C > Z ^  * a 4 r +1' < n *

f») © when o-fchenri.se.

We now prove the  more general product theorem;
42.

Theorem Z I. I f  2 %  i s  SQmniahle 1 ^  to  U and 2  v^
U) 'i ~° *•i s  summahle t £  Y, Yhgn w^fk, >£), where wm(-k.*^)

la  defined h r  (62), i s  aqmaaiqe 1 ^ ; .  $& W provided

r  and s are e i th e r  hoth > “ 1 o r both < - 1 ,  and where

k and X  are in te g e rs .

We show th a t

(53)
A =  0

where il*'0* and r “ r °  are  given hy (42) and (45) re sp e c tiv e ­

ly .  To do th is  we w rite
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and show th a t X ^ -  i s  p re c ise ly  the (k,*6)  de­

fined  in  (52). She ©©efficient of it* v„ in  Hm (a £  - k - ^  ) 

i s  the c o e ffic ie n t cf u^ rv in

(66) (a* (S* 3 n ).
J- z=y**~

We have only the  f iv e  p o s s ib i l i t i e s  1) \) < -'J? , 2) /*  < — k , 

5) i/ =  -J?  t 4*)/“  -  - k ,  5) both ^  > - k  and »/ >  •

These are not m utually exclusive but we take these eases 

fo r  th e  sake of symmetry.

1) Suppose i/ < Then n - t /  >  n . The c o e ffic ie n t

of v„ in  according to  (45) i s

O i f  i  > n + -^ ,

(56) 1 i f  i = n ^ ,

0 i f  i <  a  + £  •
lo)

The l a t t e r  statem ent follow s since i v ^ - , 33 0* which in  

tu rn  follow s from v < • The c o e ff ic ie n t of u ^  in

xlcJj0) according to  (42) i s

<o)
(67) , .

Then combining (56) and (57) we see th a t the  co e ffic ie n t 

e f  u/  t /  in  i s  0 or 1 according as +■£ or

4 n +-^ .
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( 4 8 )

2) S a p p o s « < -  k . We have vl*'0) — Q when i  < -  k, 

so the expression (55) i s  zero whem v > a + k ,  Suppose
C£,~ I)u ^ a  + k . fhe c o e ff ic ie n t of v„ in  v^_^ i s

— A +-J&

1 or 0 aceording as or t />-£ ( i  = a  +JL)

So i f   ̂ the c o e ff ic ie n t of u^ in  i s  1, and

i f  i / >  -J t  i t  i s

— i/ .

(68) ( n * U i | ' y  -------------— — ,

and th is  i s  e&oal to  1 as seen from the formula

^  si‘°} L~z),
" >  — ~ £  r-~ r =  — ^ ± rm ± i_  (»>© )."• /H -/-I — ̂  *■"

a s O ^

which we now prove* I t  i s  e a s ily  seen to  he tru e  fo r

n = Q ,l,2* Using mathematical induction , we need only show

th a t
<n ^  +/ J? M(~x>

®* *• ^  ’  >• / v i + i - a

n + m+ 2 x ~  o m-t-a + 1 -  i  x = o n m  + 2 — i

<-D ^  *•> t- i)

i + a + 8  ^ -  o a + » + l - i

Qr^  c i  a{:? r  i  i_ 1  _  £ V ,  ^
^ -o  8 + a  + l - i  [_ a + i  + 8 i •+■ !* •» +  2
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which i s  obviously the ease* So the c o e ff ic ie n t of a* v„ 

In  i s  0 o r 1 according as v > B + k £  ^  n + k .

8) Suppose v Since vJitx when i<  n

the  co e ffio len t of u^ v„ in  X.. i s  1.

4) Suppose ^  = ~k. She case i s  taken care 

of by cases 1) and 5)* then  v  > we can apply fS8).

So the  co e ff ic ie n t of u^ ▼„ in  J j. 1 .

5) Suppose both/** > - k  and i/ > -4 . • fhen the  co­

e f f ic ie n t  of u« v„

fn+ k + -£ aCp;
<*> a<-*> 

a  - i

We now summarize the  preceding r e s u l ts  in  the form of 

a  table*

Case C oeffic ien t of v  v„ in

1) v < I f  > n 0

I f ^ ' i - n  ^ 1

Z ) / * <  - k I f  i/ > n + k ©

I f  v < n + k 1

3) i/ =* - -£ 1

4)y« = - k 1

5) > -  k and v >  —JL
J o)(™+4+£)\ ^-.x+-^e * =/*
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(50)

We now fin d  the  co e ffic ie n t of ^  v„ in  X ^ _ f

and show th a t our r e s u l ts  coincide w ith the  d e f in itio n  

o f w i n  (§2). When n - 1  ^ -  k the c o e ff ic ie n t 

of v„ in  hoth and X„_,  may he ohtained re a d ily  

from the  above ta b le .  When n =  —k — we hare X^,~ X ^_< =  

X^ . She follow ing ta h le  i s  re a d ily  v e r if ie d  excepting 

the  second p a rt of ease 5 ) , which i s  worked oat in  d e ta i l  

below*

Case C oeffic ien t of v  ia  
whea n + k ■*--£ x l

1) v  < —̂ Its** = n +■£ 1

Otherwise 0

2) s** < — k I f  i/ — m + k

Otherwise 0

a) i/ ==■ I f  -  n-K^ 1

Otherwise ©

=*-* I f  v =  a+k,:. 1

Otherwise ©

5) > -  k I f — a (a + k

and v  > —J&
I f -*•»' < n

(~>+£i-£-0{al .̂, +■*+£.

( s y \~ y lA .

In  case 5) when + v < n we have

/*-!/ A'*-)

-  ( n - H - k  + £ ) l  4

A*-A ~ '
n - i  +--£

<o>
* + £ - )
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(SI)

(n + k  -t--£) I a<©) t a ) t-a .)
V+£~! ->" -*

n r -v <-*> . r  "1) VT" — V-x- I , (0) I
-f* (n + k +JL \_*ji+j.(n  + k ) -  a ^ *  _ J

(a *  k v -l)/ a * * , . , a ^ . t 

n -V'* ^ &
<•> «̂ rr*, . . - y <•» tt" i*J

+ (m + k +-*~1 Ik***., Z*;**

But
t"2-)

s/* +•/
a ^ ' *-tr —

«*> -<'X>
^»4-| ^4-A - l / ' l - A

-y*« 4*-̂

y* + k 4-1 < o> <- ».)
— V - * *E + k - v

as i s  seen from (31)* So the  co e ffic ien t of u^ in

2 - 2  , i s/N /**-!
*o> <-%.)

(n-f-k + £ - 1 )  f a ^ , ,  a ^ a [n + k n -v* ~ ̂  1
7 + k - » J

(n + k -/- - 1 )! *V+*-f%»+*-*-i- . f 8a ̂  -  •/ + h +■-* )
(n )(a  + k —»/ )

When n = ; - k - x ,  we e a s ily  se t up the follow ing ta h le .

Case C oeffic ien t of u^ v„ in  2 ^  
when n -fk  +- £  = ©.

1 ) v < -~£ I f  ^  > -  k ©
I f  -  k 1

s) /* *  < —k I f  v >
W1

0

I f  »/ i 1
3) i/ - 1

4) /* = ~ k 1
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(52)

Here ease 5} i s  ru led  out since otherwise we would have 

> —k —X =  n.

Prom the l a s t  two ta b le s  i t  i s  evident th a t  Z — Z _  ,/H ^  "  I

i s  p re c ise ly  the w „ ( k t ^ )  of (52),  which fa c t  e s ta b lish e s

the formula (53). So we have

(it* ^  J — } S/H I
** = r  O

and consequently

> !se

=  a . r .  •
=̂.o -j-— 0 '

-j- Tw-i

(A ■<-)
~  * T/*«-l »£ * o * *

the l a t t e r  step  being due to  (46). Thus

1 U,k) (A,+)
1U (k, ̂  ) ——— r >  a • v/  * (h- a.

/■■* -t- -A +  J — o

and Theorem ZI follow s by v ir tu e  of Theorem Z.
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