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Chapter I
4 new approach to Euler summability

8. In this paper we shall ap-
pmach Buler anmmability from & somewhat different point

of view from that of Enopp')*). We shall summarize the

'} "Uber das Eulersche Summi erungsverfahren”,
Math. Zelt. 1922, 14-15, pp. 236-253.

~ *)See 8lso Enopp's "Theory and Appliea.tien of
Infinite Sarhs" § 63.

ler method briefly here in order to indicate our point
,91‘ éeparture. The Buler transformation of the infinite

saries > u: is
; oo | - .
(1) | Zn &A-PI ,)‘,2—45 ( ’)’ ) Mﬂ’ )
tnéif we define
m | L . ‘
Sam e sl-Ea 2

we have?)

,a.wo .

e ,“ | V' m M

%) The following proof is given in Knopp's srticle.
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(2)

Denoting the expression ——;—;:; MH)S bY 4.,
we have

L (AAn) = = GL)s: zZ(m)S
= 5.+ ¥ r::)s = (s - z(m)s

. 5 +§("‘)S go(”,.)s
= 208 - 2 (s
- @ = LTSS,

8o P p
Ar— 4. =3.~ 8,

and since A= S:,, we have S,',,=AM.

%his i3 the E transformation of the sequence S, , snd
xﬁ@pp defines means of positive integral arders.by 1t~
!}ara-tien, in a manner entirely anslegous to the procedure
s.n the HOlder process. He finds the pth power of E to

. f§af'fhe transformation*) )

@) — = (G H)(l ')

0 (V" =

which he uses as the definition of mesns of non-integral
: @ra@rs.

¥) This can be shown by mathematical induction.
We havo

JM = 24‘00 Z (':‘:'l)).:*i Z (‘*’) s’

(MH)’,, ~2’" Ss. E '
= —""—"k —.‘—‘.— A«'l
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(3)

- - ~
o el § TF ol 2
- amu‘ 1M+| z m=PHF+I 2 0‘"3“”»«-!2‘%“
~m- 1'
cﬂ )M+l ‘ ;:::)3 \5\

and aasuming that
-Q) leal ? '
5?. = (757::’__ ,‘:ch' ) S
wa‘fmve »
) ~m A-+l
m‘ »--H Z(A 4-!)(14.—')»!-! ')( ’) \S
{ ~m ;y|=8° ("“tﬂ(v‘l"'l) i( -1)
— {m+) y -
- 2"""",w~r)m+l 72‘ (M—ﬂ!(,a,-n)l ;..’ LM’»)'(A—p' 1’-9”4

= = (720G ') s,

(2*)”*‘

m+)

‘g‘(

) 1f §,. had been defined as ;E u;(n>0) and
. 8§,=0, we would have had for the pth trans-
formation ‘

L

T ?Ei( )(1—4) d?

This is equivalent to changing frem the
serjes u,+ u,+ ees t0 the series O+u,+u,
+eee, Or, as we shall say, from the Se~-
guence 8. to the sequence 3..,. Enopp
has shown '} thet if one of these series
is swumable B, the other is also, to the
same sum.

2. Definitions and formulas. Sterting with (8), we de-
_ fine the integral erders of Buler summsbility in & manner
:;éﬁalegous to the Cesdro method, and whereas the Holder

'Qénd Cesd8ro methods &are equivalent for all orders, Knopp's
‘fintegral orders sre not only equivalent to, but his means
;are jdentiesl to, certain of ours. Our integrel orders in-
i;ﬁ;nde all of his, with interpolations besides. ) We set

¢) We shall deal only with real orders of sum-
mability, yet our means of real order must
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(4)

be interpreted a8 means of certain complex
orders in the Khopp system, as will be shown
in 3.

N
m + 1)l
27 = (e, + v+—MM)/( ",
N
(o)
¢o) (o) A
) ’d’o /d/¢ 4 + o"; )
~ m. e -4,
() o ()
po
—_ °_ + ’
/am - ! + (M"')‘ J!
e . - - = '__(A:" - - :&") (:‘-l)
S e T
~ - M ' <M-— I)! 0

and say that = u_ is summable B, to 5 if

A)
. (mt )42
/@Wr. -—'""—"'T:;.—,—' — S-

- (A— +1)

Cﬁst as in the case of the Cesdro method, the definition

eau be put into & form having a meaning for non-integral

aaé. negetive r. We put

(,4_) 4. ’) 44 (o) (A-' ')
i) = —-—--——“m, , -F G,
o (8) (») = |
| \5‘ — ) (5= —1),
~ AA 4L )
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(6)

7) Rote that E., ;s convergence, B., is not deé-
fined, and 5¢*Y is reeisely (4). It ve

write S, _, =x.,(n>1), S_, =0, them 8“7’ 18
the expenential mean)‘ “ ')M-A
[} ’ - R
=== Xz,

(m=id) (A=)l p™A
defined in Miss Julis Dale's paper "Some
properties of the exponential mean"”, Amer-
iecan iogmal of Mathematies, vol. 47 (1925),
ppe 71-90.

(A) (A-)

7) If we had definei = > u;/nl, S
the other definitions being “$he same. enr §¢ Gt
would have been the pth transformation of Knopp
as given in’). In this connection see the gen-
eralizationiChapter IV.

i‘hat this is the same a8 (6) for integral r is seen from

/,"‘f,’she second of the two formulas 1)

(s) | 4(:4.&‘.') = i A. A (ﬁll resl r and 3),

(Atrdrt) M (4 ()

2{9) A = 2,4— A . (8ll real r and s),

%) The anslogy with the Cesdaro method is here
quite apparent. For if we had defined
a%¥=("1*)end 8.=5.. , leaving the other
definitions in (6) the same, S’ would have
been the Cesero mean, and the formulas (8)
and (9) the well known formulaes

MmrAta 1y ,..'4_/._) m-;+,4.)
- = = ("2
(A+a+1) '“ L (A

- 4-/4-
. = - C ).

'
A=

"fﬂ;jwhieh may be proved as follows.
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(8

i 4 (A+1) (4+y)

"‘”]Za@)dw)- = = ST

A m—aA
=0

A =0

(A +a+ 2)"‘ (A +a +1)

1
l
b

! ~ >
) A o)  (Aa-~1)
. . > /‘L’; a;_,
.. = O
¥
o ~m-y
M--) (0). 4) r-1)
<y T Z ”4 =y or A
12 o a= 0

(0) (/uu.) (A -+ 1)

u/d’?,d ‘ | o .
/r_ A

I
l

‘-i‘u’;ls formulas (8) snd (9) sre established.

:«.»,:7,1§'¢,‘now prove the following:

Th /‘gorom I. The product of the two trggsformatiom P
B, is given by the formula B, B,=3,, .. +e- This

act may be expressed also by')

(At +A +.4-)

a0 SE) = 8- (0 #-1).

%) Por Hélder summability the analogeus theorem
: 1334,34_—344—4* S : ‘
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> s ’(S,f“) |

~ from which (10) follows

(7)

= )
dM%—I
| m (A-1) (0 )
4 A=0
m A~r)  (0) )
/ :EE .
= ﬂ',..-~ A1 8,;
_/a‘m-l-l A=0
A=1) €0) (A')
" A4
M .
= tﬁq ZEE; Y e -
amd—l ’;'_:’—"o a4
(A'") (o) ; o) (A"‘)
”m .
» { Ao pi ) ¢ A
—_— W{A} » ) Mﬂ(:‘) - /d; A"’r
dmu”}.:o A4t ﬂ"=o
o A A4S
_ i M <o) gy Tom=A Tatt
T A ':Egi/d? ;EE; ‘foo
d&‘-' 1,:0 d ,g-‘-../), -t
(ao) ot (8) M (A~ (M*A——l)
_ Ry ,d.; 4y A
- ) ce) = = A “
4&\*( anﬂ” 1 “ 1
k m (Ao +A-Fa— 1)
' ,a§°{41, :
= (Aa+A+4) Z’O ?’ m—* b
4N\-fl 1’ -
immediately.

~.’[75? Relatiohship with the Knopp 8 stem. We now examine

;jﬁhﬁ relationship between our syatcm'aﬁd.that of Enopp. The

~ Fin (6) and the p in (4) are connected by the relation

./i/

2,

—

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



{8)

ST B ,Zoﬁ/(zt+l) . ‘efj/l/""‘”'*"’"‘ﬂj_. »
- 1573. o f ,&7&

~where the integer n is even or 0dd according as r+1 is

'"iff,:ﬁ':T_'fﬁesitiva or negative. 48 p ranges from 0 te — ~, r ranges
:tram 0 t0o —1. As r ranges from —1 to — <o, p ean never
- ‘be Tesl. It assumes all complex values whose purely imag-
my part is an odd multiple of 111'/195;2. Knopp hes showm

that his complex orders are not regular.

4. Yariation of the Borel method eorresponding te r< —1.

m;:p (Footnote 2°), § 6) proved that every E-summable series

5‘.:1:_7')'_9!1,.any positive order whatever is also B-summable to the

mme ‘sum. We now show that this is true for r > —1 (Vis.
ar ,Kﬁopp's negative as well as his positive orders), end
hat a certain variation of the Borel mesn sffords & cor-
'@f‘;s;i:éna:lng theoren for r < —~1l. We prove
e Theorem II. IZ B,.-1imS,=S then

X —> ao ~=e
-x & x
b £ ZSM - = S (r< -1).
x.—,-—-w ~m =0 .
We have ¥)
L e m i - (a)
Z\S‘M-' _.X_-,- — 2 x /d’m-'
=0 ’ M=l
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(9)

“) Note that the power series imvolved are con-
vergent for &ll x provided 2 u: is sum-
mable B, .

Bn.‘b the latter expression is the Ceauchy produet of two

_power series, viz. is equal to

x( Z LX) Z 4D x)

;ﬁb:nseqwntlv

M ‘M (ﬁ-) BA”.')XJ
ZGMPI M' Z 6 (M+.)'

ZS(A—) [o..wx] (S_(»:) _ o)'

'll

Therefore
N — X
Lirr 2 Z\S -t
~x & olay ™
= L ZS., —— (r>-1),
X —» <o M= M

. -X X \5(/'-) %M
et .aéiﬁ/y‘"e’ ;__E m—p (r(...l).
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(10

;'xgm this the theorem follows immediately when we note
b§§‘we can replace S,_, by S, if we replace S by 8., (S...),
4 that the latter approsches S by virtue of Theorem V

(See footnote '4)).
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(11)

Chapter II

Some applications of the Toeplitz Theorem

5. Relstive power of the different orders. We now show
‘Vthat,tha power of E, is monotonie inaréaaing for A >-1
i and @eerq&aing for 4+ < ~1, discuss the effeet of omitting

' \,g‘mﬁxm & firgt term in & summsble series, and derive

e zieeamary eonditions for summebility B. . We shall

"ﬁye':é.- the Toeplitz Theorem '?), vis.
%) See Enopp's "Infinite Series”, p. 78, Theorem 5.

4 - ‘Thg'orom I1I. If im x,.=§, and a,,, satisfy
(a) lim 8., = 0 (for avery i)

~mey oo

1) ) e, )+ |8.,]+ ses ]| in bounded for a1l m

(e) lim (ﬂ,,,’o-i' am,. + ...+am,m) v-_—_— 1’

Mep oo

lea)

M > A X = §

AN~ AD A=0

We: now prove |

s | 0 o |

- Eheorem IV. If S.'—>S then S, ->S providing either
r<-land k=0 or r>-1and kz0.

Ve have o
= m A,
(A-'flt) Z;;_(a‘:‘., am-; a_‘.*'

5 -~ ad-t o
A - a(ou-&)

) “ﬁ—() (A)

(ag) =
Z i Ko ( -;k:—ll ’
: =
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(18)

) ﬂ“-,, d.M-) A)
M- Frey] —
d‘m,,’. - ari) X/l - SA
~Mey
%hinking of i as ﬂxed, we have
‘ (-2 Gt M
a . == P T ’ A+&+_,m+l’
A (A +4+1) (,(.+I) (
(9!

%0 that (a) of (11) is sstisfied if end only if
[r+k+1] >)x].

‘f.'hia is also the eondition thet (e¢) be satisfied, since )

At+i (K~ +1
d'mo—l) a’m;—? \
iz A, ., A +4& + |
m+)

») () (Aradd) CA)

13) Nobing thet Z Al a4 == a0 4= LU~ A7,

mea’sing condition (b) we see that

. A.) ~ ('“ 1) _(1A+1)-1)
=142 4 = SR

, ~mya k) = =
% ‘ 'a‘nw-) J d

(MA-.A_-.- 1)

(MIHA*H-') Cl&l-1)
m = ARy
= (A+4+1]-1)
altr
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(13)

ekl

-

3 (MHMHL\MH £
- 144—%44]} R B

onsequently & necessery and sufficient condition that

(s}, (b), snd (e) all be satisfied is

(15)  Jl+)r+i)=|r+k+1],

gl *Lffbeins understood, of course, that r and r+ k are # -?1-
his says that k and r+1 must have the same sign, snd
refore completes the proof of Theorem IV.

6+ Relation between the summability of < u and _that of

ATO

4.+ Wo now examine the effect of omitting er adjoining

1{';511'31; term to a summable series. We ahall prevo

>-% %) “) We write

4) Knopp ') diseussed this for summabflity B,.

‘%) In terms of seguences this says the existence
~of E,-lim S, ,2the existence of B,~lim 3.,

but the exiatenca of B,~1im §,,, P the existence
of B,-lim S, onmly if r> -3

SM: M' +M1+"'+MM"",

a@ ’ithat smﬁ . Thqh
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- : (a~1) = a(” d;M-U
i ats - : -
(A) / Zo (‘_*')! a“mug Mo =3 adt ~m e
S8 = )
' m a-M4'!

ME e (amg A _ A
Z é—?a!\!#l—a‘- — U, (d. a )

(14)

P X} N A~
. A=q , ~—
- Ay
{R) CA-t)
Py S tA~) (4 ~1)
' Az-z::}! 4’“"‘: —M°a’m+r Uo (d,,.,.. "“")
=§’1' AZ‘AJi
M+
Eaal of J (/t ')
2’4’ (""") M~
= - U,
A)
d“)«ﬂ
N (o) <Ar-0)
~m P A7) A a
| d. ——AE 2 Rpi |
Ca (,34.9) Z ,-'f M fm & izo — MU,
— A)
d»uq_
_ A—‘A)
e (mta) A m-H' A A — U,
o T ( ()
o dm,-}-l
: | | (A)
‘ “*) — U
= LAt1) 5,_,,‘“1"'/’—\5; ‘-

ﬂ?hu.s the first hal:f of theﬁ,' f:ﬁeerem is proved. We now es-

‘bablish the formuls,

asatl 4’(,.-, ; .i‘(/:)
T M-k!-—.;
(15 ) - R —
o JﬁMH A) o (A) (”4-. = )
(/H-o) z ( ) (‘S S ,Sf':’ = 0 .
- We have
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(18)

(U-

i
(o)
o/
~

~ from which 1t follows that

’ : M+' ‘ : . ’ . )
MR Ay S () EET
e e Al — A " (a)
(17):':0 - (A’"" LA =0 @+ a;

(A
a

lankl adl 2
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2’“ S: ) 1 22 S .
Ay _ ,.-_-.o““’"a'm-“ R T Lt
B A 7Y
-~y
dm-’-!

St~
ol Izo (x40 "M Mt L To Aty ™
(0! »
- (A)
AN !
s 0 m=t S (A1) / MZ-’ S (A=)
— Al Tl T AT —o (At TMmTima
— m+ygl Mt =0 T ~= —_— —
— A
ami—l
"~ S A~v) i EM S ' A1)
. A
- —— et -
A = r &, iz A mea
+! l=0 !
i am 4
P ow ey Zwmg A
L —_ . Z il A-A
ambt T A e T=s (S-l: 0)
oy ” <A) i )y A) ’
' a Y (A*' 'am
e

:aJ;zollewsrfrem;jlvjmgnd (18) 1mm§aiately- Now we ecan

ove the second half of the theorem. We write

n

S.=u+S._, (3_. =0).
 Then M . »n S; A-1)
e ) A i~ ’
L 5(/'-) ’ A Eaz"fl a‘m-; + %(i+'}! a'm—A.
= ' (A
. (I =
m . -
) (41) \.SA_, (A .).
— M(QM-!'I—. a‘mo-v + A= et n ] -
- CA) am.) 7
am-‘-l M
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am

e vmet

e A) | (A) " %_ -H)’ a(::: : |
| LS\M —'SM' (SM) = 222 ﬂ.‘A) - M + M(/L-l-)
- M+t
Mt s
- = m.)‘MH" “ +M(’“") (ﬂ"' )
At
AL )
= (£, Z( 2y (S S
i “n
() (557=0),

"“&ho last step following from (16). We shall show that for
Ly >—% '“) the right side of (19) approaches —u 88 n

@pmes infinite provided 8’ — s, and for r <— % we cen
31vc an example to show that S.. may not be limitable B, .
M do the former we need only show that

(‘/::—l) 2( — 0,

A= 0

mre r >—% and €,..—->O. I —3<r<0 we ¢an write k= -r,
nd4 (20) becomes

| mf = -4k s 0
)G =& 0
"';where ’? ={( ‘1) € , 80 it is sufficient to prove

= re
f f,mﬂ __90’

here > >1. This cen be proved by application of the

i(o), The case r=0, being convergence, is already
taken cere of.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(18) |

k oplitsz Theorem. 1) There remains now enly the exhibition

). Applying the Toeplitz theorem (Theorem III), we
have @ = = _
i = s S X, = €;,
() is obviously setisfied, and (b) is aatisfied.
if (e) im, sinee the ,°'s are positive. We need
only show then that ? e’

Loy e
exists, since then we could multiply by the
prepor eanstant to make it 1. We have

2 < = —P—-——-— R |
f’ f f d“ e £y P g
"~ 80 that === 2 P~ 1s bounded sbove. It is
monetenie .'mereaaing since et

S S ZEe-=0

A=Q 22— = > o,
I

“:,‘ﬁf a2 series summable B, (rs-—%) whieh loses its summebility
@n having 8 term prafixea in order to complete the proer

e£ meorem V. The firat example in the next gsection is of

this nature.

%m‘amples of summable series. The series

R -y
1—=r+2"— 9 o o (~2)+ ¢ 0 ¢

inaummable B, (r#-1) to the sum 1/(1+7), for we have

+~
| — (~a)"*!
I 4+~ A 2

(—-A—)A.‘.' ‘A ')

S. =
SW _ Zrz;r"r =i
=

o r—

(A)
mEl
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(19)

— A=0 adl A A= O
- &)
( '.'-A') ] am + 1
(r) A0 () a?/t—')
Y] aM}:A A, “ ot

i

( AL afﬁ);}i L

—es

1 +A

i

ﬂmwaquently fcr the series (21) we havo fram (19)

; A~ ~

’ ».‘:5(,«) S(A)(S”) 1+-/L ":ﬁ — (”_A

Whan r < —+% the right side will oseillate or become in-

ﬁ,ni.ta exéspt in the case where u = —r '. This shows that

ho ;prefixing of a term may destroy the summabilﬂy (o

%) of a series. Note that when r < -1, the series

is d:lvergent to + oo, yet it is summable B, to the

"’tiant which then formally expanded gives the series.

:fl.r_xo‘bher example which illustrates the behavior of the
:”":e}gahtive orders is the following. The series 0+0+0+<es

 oan be written as (1-—1) +(2r—2r) + (82" — 32*) + eve. Re=-

maving the parentheses and regrcnpi,ng the terms, we get

1—(1+80)+ (22 +35 ) —(Br + 4T )+ o o .

.;'{';;gﬂiia,iseri'ea, is summeble B, to 0, fer, an)
:?" s : ~ ™ O) —A.)M - -
S« = (-1) (M+l)/‘l.’ ,me = '(—;\-T = A ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



{20)

8o that oy iy
‘ "~ ~A~t (A~ ~1)
k\f;éﬁl—; izo 4 oo = :E::—— = 0.
=T A, a2l

éi_m,» 8 pos:!.tive r, series (22) is an alternating one. For

f‘\_[‘—-1< r<0 its terms ovsntually beccme negative. ‘5) It iwm,

1%) We have a.,..i‘- ))é '+ (n+1)r’“ = (-r)'&*’n 1]

Vhen —1< rzo - 1a poaitive and - is
negative. So u,.‘ will ba negative for su 1cien’cly
large n.

: cfmafvﬁar. convergent, as must be the case from Theorem IV.

- Por example, when r = -%, we have

0 1+0"‘4 %-“Té“'z‘éﬂ"'t T T

 When ¥ < -1, %) the terms are sll positive, snd the series

 11) phe general term is
: sc") [mquc_‘_(m*.)/\mj = —A. [M(/l-+l - ‘J .
and when r < —1 we have ";‘ > 0.

f’ﬁiwfgos to + oo. For example, when r = -2, we have
1+3+8+80+e o o+2 (B+2)+e o o,

Although the means of negative order would seem to be

'(:’i:{ﬁmtﬂ powerful as evidenced by these two exsmples, it ia

,b}sy to see that they are unsuited for more delieate work.

r exsmple, the means of order < — % for the series

1+04+0+0++¢ ¢ o
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;}éﬁgill‘ate‘batween + o0 and — < as‘n—-r> o, For, we have

) | (o)
\S\m = R A = —

=
. (,y"'_')! M+ ) ]

80 that

A (0) ,)
S = a0, &
: ™~ - )
Pan 3 2 4
) A-1) P
. Rmipyt Fprr ) + (2=
- A) "‘ At
a

-

S0 8.)—>1 i r>—%, S/ oscillates between O and 2 if

| ‘—?-7*,% s’ oseillates infinitely if r < —%. However, a
f,;n s#.tive erdor (< —1) ean never treat & sequence so bad-
1;! that 1t can't be restored by & suitable negative oré.er,
‘,-i"i',.aa is seen from Theorem I.

| i'ha qmntien of whether the orders < —1 oould give re-

:ﬂf;ﬁ‘:zanlts ineonsistent with those > —1 is one of great im~

: a;:tance. We have not been asble to settle it yet but ex-
q»’k to :return to it in the future.

- 8. Some necessary eon&;tiona for Euler summability.
»‘fﬂ,:f% now prove

- Theorem VI. If Zu, 8_summeble E, then
() SOk ([{-_‘“—,’s_;‘—é’f] )(lkl+lr+ll=lr+k+—ll)

(m8) (b)) ML o([§ It ) (Jel + ]z +1) = |r+k+1))

(¢) Ba_ - Umu? =0 ~ (Il <|r+1]),

AR+

- ore u”’  denotes the gensrel term of the rth $rensformed
 sertes.
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| We have

~ Ay (~Ak-1)
S(A ~4) = A |
"~ = df::f? : | (r -k #-1).
Putting

(A) A) (A) v
V= S a,, e 2, (x = -1),

M|
~

,é'rt € —>0, we have :
T e ’ (A-) (-4~1)

a(»t-m__ k=) Ze | Am-i
M4 o~y £=0 (5_4) -
alil Ao
sy
pensd 5[' - (-4 A..—“") ] )
“ ) Lt
LA W _ZC" €L Ay Rt .
+(Z':;::T) KLTH
m ¥/
Gonsequently
'»‘,\S“A—‘*) *—A'"m-}-l ]
\;-_:  2 — 5[‘(4.;_/., +1 ( 4;—44—1)
'été_t_) ler _a) k-
N -4~ 2(") €; a,uo-t am-A
+ A +4) )
a’M'ﬁl

"f:&s-aoen from (12) and (18), the right side —0 88 n— <«

yrevided k end r+1 have the same sign. So the eondition
(a.) i‘er summability B, is established. I?or r=kx0 this
reaul’s was obtsined in different form by Knapp. 209) In
| “) niber des Eulersche Swmierungsverfahren II".
Mathematisehe Zeitsehrift, vol. 18, 1923,

126-1656. Putting r =2*—1 in our condition (s),
we get the third eondition in Knopp's Theorem 4.
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' ’y}«yfieula.r, if we put r=k =1, we see that snmmability
requires that S5,=o(3™) ),

*') See EKnopp's "Infinite Series™, p. 612, Theorem 1.
 We have
, ' .
) (») (0]
W& = 8P s (557= o).

Eha :prime is used to distinguish from the u‘,t)

a8 defined
_lster, Than we have from (18)

T A
4/(“), ifZe st M '
A
~ (A+1) &

m inverse of this is

- h) (=A=1)
u, = (A+1) ! Z /M d. 2 S

,‘—-0

H

ld

m (A) (A) (~a-~1)
|\ =, a4,

T A A0 ) < YUg 00
= A+ M! Z 4 K, A~ (A'l-l)dM) 5=o ! ¥
,1:0
P ~m
A (A~ 0) (A- )
b 25 E
= m! = 7! , ﬂ R
= T s
e
= a, /
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Further, we have from (24) and (25)

Ml AW, (A-k-1)

@ty | = AL Tl

U
mE A—~%4+1) 61.A "’
M'f'l_'_- (Aede—1 ' « (‘) (“"a(‘/‘-"')
T ha s =0 Ay
= (A~&)
(A—* + t) a.mﬂ

~met (A) ‘4) M+ A~k ~1) A=)

A4 gfuf} 2 = am-ﬂ-—i a}—i.

i

A=k + | A-k)
ey
4 (A) o) no ¥t (A4 -1) ‘.‘A")
- « a? e +l-.~ ’
— A’+l _Lzo # ‘A_.O ’ o
T A=kt A4
a’m*l
nr oy W (k1)
e B
- —- (A~4)
A~ + 1 a5
' (4) (--It ') s "‘) =)
_ A 41 15—’“1“ g & -_g;
- A A+t _CA~A).
dM*I'J

_ A+ M(:)’ -+ e
Py *—A—1

e Zw*“ el £

A+a+1) ”' - Y
+ 4 —~ A~/ A(A.-o-&)
' Lol o ]

Thus, preeisely as we obtalned the necessary condition (g)

,‘E‘Q see that (b) is also necessary. In particular when k—;r,

we have
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| (27) LW, =o~6ar+1)") (l.:}-_ll +|r +1) = |2r]).

. This result for r20 is Knopp's second condition in aif-
- ferent form (See footnote 1°)). |

Also, we have from (26),

m (,,_) W (k=1

‘ - ...,4_.) .
’ “ d . 7.8 -
) s WA+ TG Ry O
'/Mm-t-i = A__,%_F‘ (A.—{) ‘
dm*’l

I

’ m|
At A) ( +* -~
—_— ]
At ° K —a-t
. o + A+
o (—“"ZT-'F")

wr)"t %o (F+0! 7

+ A~ 4&)
am +)

P
At ‘4)<
--,44—!

I

R ! <A.+l) 4)
[T s e,

Now 1f we replace r by r—k and k by —k, we have

W’ a4+t [ @ 4 N (4.-£+l (A—A))
(e8) 2¢, ., = ——'-—"['“0 (4+c + \S Uns

!

A+t
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Gondition (e) follows from this. In partieulsr when r=Xk,

m have *?)

| ~(89) B-limu, =0 (r>-%).

%) Note thet the n+1 has been replaced by n by
virtue of Theorem V.

 This result for 20 is Knopp's first eondition (See foot-

| ’fmto 20)),
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Chapter III
A product theorem |

| 9. The Csuchy product of twe infinite series. Cauehy
pmvod that if = u, and > v, are both absolutely con-
w,,s,nt then their Ceuchy produet, = W., is convergent
to the correct sum. Mertens showed thet this is the casme
wen if only one of the two convergent series is abso-

 lutely convergent, snd Abel had already shown that if all

; hru of the series converged, say to U, V, and W respect-
iuly, then W=UV. Knopp haa proved theorems (mee foot-

: nm;a 29, § 2) anslogous to the Abel and Mertens theorems
~for B, ~summability of positive orders. Cesare proved
,ﬁ;?’shat if = u; is sumnsble C.to U and > v; is summsble
1'»'»;6,4, to ¥V, thm the Gamhy product is summable C. ..., to
W. Ve have pointed out the analogy between E, — summability

 and the Cesarec method, and in the proof of the produet

:?'_ ‘héarcm of this chspter we find the similerity still
;}ifiatriking, although in the case of Buler snmmability the
.:‘Qemshy prcduot is replaced by & new definition of the pro-

duet of two series.

10, Definitions snd formulas. Before stating the product

?theerem we introduce some notations and derive some formulas.

u snd 2 v. are said to be summsble E, to U and V re-

aze

: ‘;;matinly provided
| Up 02 = v anda limvS =7V,

M =P 0o ”M > oo
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S

1
Mg
\.g '
S

1

M
S

- =0 =0
@) U:v\ 1/_(M _ \7,“ ,
U = — R—
~ (m +)) ( + )

A~z ? ™ A=0
A) (d’ V(A\
h) — W n - 3 ~ . #-,
U:.. = e (/i- # l) , VM a“‘) ( ).
m+i : a1
o >~ U (=2)
REET M (e) (~2) . a~ )
G 1) — ‘ .
U, = Z,M’: d,ﬁ“; %o —‘—‘—"(H_.)! ~
s i=
= <o) -2) E"'
= Z P A—M—; % MT
A-=0 T= o
& s (o) (-2)
= MG AL, Sl
1,.:'0 ~ =T
:~ Ce ﬁﬁt
. Z o) -2) (_.,) 2) (o)

‘,“ now show by mathematicel induetion. For § =0 we have
o 2. ) -y -

P 2 | AR~ o M""]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(29)

-/

= a0 =0
M-!-l-»; 2

,:o

which is true by virtue of (8) and (6). Then sssuming the

:rmnla true for J, we subtraet a,+,a from both aiden

iml get

o o ) -2) (~I)M (tz)a(o) - (?) Ab’k)'
. 2 a:...., = - Py T m-3 3,-9—: ~m-y
o a =gt

D" e o)
) a

—————

M pt a“‘“f" s

a—

_whieh ocompletes the induective proof. Thus

: o (_‘)m idﬁn a(o-) Ak
; ‘52) Ui = A+l =0 T Y ¥

e m now prove

A-!—! =1

2>
A:O

whiah is the inverse of (32). We need to show that

,~

E a'("l) aco, /b( .
b Aizo """). A“"" &go ? A-T 1’

Um

i
3
Ma

”N -
_ | ‘ (?)‘ . al-z.? o)
3= o |
o w) "g -2) (o)
= ml = ? G Wy = AL By
’v =0 “w =0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission



(80)

 the last step coming from the use of (8). Since a0 =0
- _‘ﬁ?sén) this is obviously true. |

| Wo now establish the relation

o M) (4) m <4+&) (4-»&)
e ZUYP=3

<=0

(all resl r,s,k).

m ~
(4) Ark) (—hk-1)
= V. . :>__ n Ay
A0 Z 1""0 4 4
A
(A_+.A) e “‘*") (".)
— 1, _>__ A-y /U-m-/s
1:0 '*‘-'3

]
it
~>§$

+

1S

-

M

Do

*

2

t I

- P

‘ Su?
*

i
M
QS ¢

+

k)
S
1S
~

o

by virtue of (9).
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- 11. 4 new definition of the product of two infinite
,:rf;‘,,:s;s'g”‘rias. ‘We now prove
~ Theorem VII. If E u, is summable B, to U &_ . s

A=0

Wn,,,g__v then 3 w., where

2

M-V
Z (m-;-l)'(.'{m-l-z ~m=v)(~1) i U, W

‘55) w,, = /4! U_’ (M—/a—v)!(m-p-'--—/u) (m+1-v)

AV Em

*‘a‘fég sumnsble B,.., o UV provided r and s sre both
- —1 or both < —1.

 The sertes 2 w: will be sumsble 8,,,,, providing
Sﬁl,évﬂrios G+Av::+ W, + eee ia, a8 seen from Theorem V. We
mw show that the latter series is sumable B,,o+r s ond
we shall use a dash to distinguish our notation referring

J o it. Por cxamplo ’

w,=0, W.=W._, (n>0).

.  ph ¥
W S S _@iraponc) Ty
gyl AvEL AEVI(Lmpt =V L+ 1 p) (4 +1=V)
= S Gy < __12’..__.’2% Yy (24 +2-pm-0) 1)
- 2 Z AAL (A4 1=p2) VI(A+1=v) (A=p =~V
;:0 o M=0 v=20
' e . Ampp =V
2 U o (L) 'ﬁ%(l,‘+z—/‘-v)(“'7
= Z St E. Gt 10 V(4 +1=V) (£ —er =y) |
M =0 n = A V=9 E k
37) G @t (e *Z V,, (24 42 +m-v) O
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PN M=y . ! . _ _')A—V
vy <+ +1) ) (@i+zrm—vI(

-n
=z = =

= v o (LR mv) (A=)

VIR . ;
m_ g MM, LY (hturv e (it b ppm V)0
— E L _ \ ‘

- ! pr ! P (,{1:-9.'.,)'(,«4-,“ +l){-.'

~ But

: A
o mpuey L a v+ D) (@2t v) 1)

(A +v+1)(Aep 1) A

L 4= -
o (%) M—u—v ! )A
:(m-#-z)!/*! Z (m=-v=at+t D! (l4v+1) L '

A =0

] m we now showe It is easily seen to be true for n=0,
_and n =« +v . *) Using mathematical induction we need
~ *2) It is necessary to observe this since the as-

& sumption that it holds for n, for all _«,v such

that « + v £ n, will not enable us to inelundé
- in our induetion the case « +v =n+1,

if,yl'{,:‘?‘i‘“‘ﬁh@w that

Mm—A-V +|
e @) T

(m—;,u +2) (v +2) (Mo —v )]

M|~V (__')’;
— a4l ~
- {M+3)!/A' Z (m-v—A+2) (A+vrr)al
A0
- -V : A

— (M“‘l)!/“! ‘

A=0

(m=v-i+ DI (irveni!

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(33).

laalaZantall 20 3 |

(m+3)| A o

(H+ D)l (Mm=it +2) (mmma=v )]

Aty +) Lt

' mAaY (_'); m+3 -
"—(M“-")'/A! (M-V-,{.’.:.)! (m-v—;"-’)! ’

. er
(M+ 2)! (—-l)M—’“_‘H" Im—m—v +4 m+3]
L el w ) (v + D! MoV 2 At
Y (—')'; A+ . |
= (m+a) pm! z (Atve Al | (mav=isa)l (m-v=2 +1)1]7
A= 0
- - - _.v A
G 0y "‘Z" ")
S ' = (m+2) '/‘"' (ma~v=i+2)) AT
S ‘(m,_/“_‘,).{(/, + ,)(m-—v+,z) =
alsanni N -2) 2) <o) ! )
Zd’m-»v—,li-z_f d'/: = dm-,u-u M Ve

.=0

~ %hat this is true follows from the formula

j L e (~2) (o) __ _=2) @ ]
B9 DRt = R Ty iz 0),

whieh wWe Nnow prove. We have
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S e
‘ (=2 (o)
e Z a',i 12 o l—A

+
Mt 1) o) —_‘M ey (~L)
—_— E a»h a—m*m‘*._ﬁ E M+/w+l-A
A=o A = Arl
+
9 Mzma.-” al”
— &M""/m 7 o N AR A —A
A=
-1 M-G-m o (_;)
= - 6&
a'M-l-fm-o-l + ( ') 2 M+M—A
(~2) w)
a. a,.

]

>

0 + =

M4t |

%he second step coming from (8) and the last step from
!(6) end (51).

Bw using (38) we see that (57) baaomes

of 8
M-,u MgV ‘- )

WL = ! = qu» = '

(Mm=V—r+r D (A +VT+I)

M=o V=
. ~ ' (-2)
4a < o a .
-;_(m+z.)_' E Uy 21{” a(n Z i A—v.
=0 Ve Rl e T (Mt —At )] (Aopr +1)
<
~ » } e  (~2)
E 2 E v, Q.
—_— (M+2)! /u"/“ (M{_/“_;*')‘ (A‘-“"/‘A"") Vom ai"‘/“' PRl 4
M=o < = ea ’ Vs
” ”m ) Ao o) (~2)
v,a G
= (m+3)! Z/M/‘ E (+pa= s+l (Gopr +1) Z v B
A =D Az ’ v=o
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A MQA

= (o) ( %)
= (m+2)! = U v, &,
( 2)./4=a /A;(A*‘)'(nhAi-c) Z

M—A—V

"MA

= (-x}
= (w+2)! Z (,4-;)) Z/M et VZ:/; meiov,
and from (30) and (32) we have
1 ~ ‘__0
(40) W, = (m+:z)l 2 2y
“ From (56) and (40) we heve
i L . o . M—! (o) <_') o)
() = W Al v, (7 = 0).
\ M W*.l)., ,“20
39
— (At+aty) M ¢o) (A_+4-)
w;c. = Z— “ m-.;
M ara) 22U ) -0
= Zam-,: Z’-My 1‘5—:—1«
A=l +=°
A -
= S AT E A uy

E
]

(A+n) 1)

M~ ;-3

)
\YE

g«
M
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(A +4)

22 )
= 2 W, Yy
¥ =!

et

ZM 11' ,M)

- - Py
the first step following from (80), the second from (41),

the i'ifth from (9), and the last .from (54). Thus
<)

A+a+) Z fu fu;_
pegrey - (Atatr)
4»«4—2.

e following theorem %) is & special case of Theorem X
oved in the next chepter.

Tg gorem VIII. If

n.(A) v(b)

exe r and s sre either both > ~1 or both < —1, then

<= Sy

4 =0 > UV.
a(4+4+o)
M2

- 24) Thig is analogous to the lemmes used in prov-
ing the Cesdro ,bheorem on the Cauchy product.
(See footnote *), p. 490.)

~ Theorem VII follows from this immedistely.
Wo saw that while the summability of the sories O+w,+

w. 4 oo implies thaet of w,+ W, + +++, the converse is not

rue when r+8+1<—%. So when r and & sre < —1 & little

are ean be seid then is ssid by this produet theorem.

%hin is taken care of in the more gensral produet theorem

4 of the next chapter.
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Chapter IV | |
Generaligzation of the foregoing method

;12- Sannia's generalization of the Borel method. It is
~ possible to destroy the Borel summebility of & series by
_ prefixing a term to it, Saunis *) conceived the idea of
2%) "Hnovo Metodo Di Sommazione Delle Serie:

Estensione Del Metodo Di Borel™, Rendieenti
D4 Palermo, XLII, 1917, p. B03.

bifining the summabilities of o o o Zu,, ’ Z Y

A=0

j","‘isu 0+0 + 2 u; , * » ¢+ , respectively to be

A=O

g,;’ﬂ.ifferent orders of Berel summability., This enabled him

f’_,;fta prove & Cauchy product theorem for Borel summability

rwisely enalogous to the Cesiiro theorem, We follow
mma 8 example and extend each BA, transformation ’ee
1£ferent erdars, although as seen from Theorem v, we

et orders of different power only when r £ -%. This en-
blas us to prove & more general product theorem than that
. ~of the last chapter.

13, Definitions and formulas. We define (fer k any integer)

(A) ) —
.—'&_,:0_,_—“’-
Up = S .,

iz0
k,0) (o)

R, = U Brvi

o
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2] M (&,0) -1
fnh) - Z a/’- ‘M“A L ’J')
hyA

e wa '( r#—l)

m a‘,:’,._‘ n'f'k; -

(& , A

~26) Note that u = 0 (n+k<0).
Sl ~ (k)
&hnn if 1im U0 = U, we say = u; is summable E, - to

"> 00 a=o0"

1

‘ 27) Note that E* is the same as B, in the pre-
 ¢eding, and that B is the method mentioned
in footnote 7).

o ‘We now prove the formula:

(—&,A.-t\»g,.q-l) Un/») u.)

We have
- ¢h,0) (A=1)
~ (AA) (A T ) : )
= =S a7 Yy M
A moa y, = O
o A= D r 4
“ =
> M(&, 0) a(.A -1) )
= Z r < imy M
1.:0 ,-.:‘..o‘f
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2 (4,0) (A+4) (A +aH1)
=%y A, =l
14-
-0

e ' (4,
- Ve now derive a formula for 2, in terms of the

‘n's., We have

ER (4 - ’) v (é O’ ) Z U— o ( )
M U ,.-o-k ,..-
az=0 <=0 .

M

i
3-%';
+
X*

z':
§

- .

o _ il @ )
Z ﬂ’)’ ‘ ; AA‘-‘—A AM’—;‘- .
| = 5
3w
[ 0 (k& —m)
e ~ (o) -
w T (4 = —m)
/:=3, | ato) «-2)
N a .
3r+l<-l ~— % -
\ M +/£ ( g M),

m seen from (42) and (31). So
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o)

h,— 1)
u,.. = 0 (k < -n)
L o =1)
 (45) 7 = .
(","') (o) L“ 2)
% F‘Mf& ’}z"‘-u i L M'? (k> —n)“

A}.m, we have

”n [a)
) _(44) G4 (GAtp) (—F=1)
A = ZT z_o PR Y

? (K arp) 2 (1~-') ,+)
=z uy = 8,
,;:0 A‘:a',

Bl

-?- M'-A

u Arp) (z a-t)
V. -¥

ll

L

f_o

. We now prove

,l,,‘&garem 1x. ;g 8 series is summeble EA, then it is

mmabl Eﬁf " but the converse statement is true only
r >~ 4, %) | |
Wa write
5. = 0, ®. = u._, (a>0).

L .28} The proof of this theorem brings out the sim-
| ilarity of the method (r <—#) with Sannia's
generalization of the Borel Method. See **).

L (R, A) M _(R-1,0)  (h-i) 2 ko) (A1)
= n‘ am—-A - 2 n"-l M‘-:‘
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(41)

M=l k0 (A~ _ c4,A) -

= E L v L
‘=0
(“_. A __(" -, A) Ch,A)
— ,4) N . Um-r e, 1)
- = O el T e
V*i'f«jf%’m guppose first that k2. (4’1) pays that the EM ') trans-
: %)

mtion for the series 0+ n°+ 0,4+ e i oqul to the B,

m.nnfematiah for the series m,+ u,+ u, ++¢e . By iteration
T this process we see that the Ef,) tramaf@rmation for the
gé‘rigg W+ @, +u,+ ese is the B, (or B,t ) transformation
ii’arﬁ"‘kha series |
0+0+*!0'+G+u+u+0»‘,

whare there are k—1 zeros., fhen the E -9 transfermatien

&ér; the series n,+ w,+u,+ e+ ig the B, transformation for
0+ o o+ 0 +u,+8,+0 » »,
""k'r“g there are k—2 zeros. So when k2 2 the above theorem
lows by virtue of Theorem V.
 Now suppose k <0. We write

. ”-”n
k,0)  (a-1) o (fet1,0) o) A-1)
=u, 8 + Z (B.0, " + u.8:.4 )am_*

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



© ta2)

M ~
o) A-~1) ~“‘"'I°’ A~
= u'O a.A"'& aM-A + z n,«-—l -~
A"'—" A=Y
A) (th'l,,t)

- noa'mi-»k + am—l °

‘ (h,A) (A +hA)
(4, A) u‘. ~ /)
IR me b

a e
1erefore the EL} transformation for u + u,+n + v+ is

q,mﬂ. to u, plus the E(“') transformation for u,+ u,+ u, +
« By iteration of this process we see that the . g
xmsfierms.tion for

Qo+ B, + U, 40 o »

- -13 eg,ual to Ut u,+ece+u_ plus the E transformation

ar' ’eha series
ﬁ“'ﬂ'ﬂ “3 pte *

 '~$_‘ the E,,, ? trensformstion for u ot W, +U,+eee i8 aqual
ta Ug+U, 4+ oo +’n_4+ u_, plus the B, transformation for
o ths series ‘

| ﬂ.’.-‘-&us l¢+‘ o & o
;5{?;{3» when k<0 our theorem follows.
| Now suppose k=1. From (48) we have that the EA_ trans-

- "‘ﬁx}:ormati@n for u,+ W, +u4,+++0 is equel to u, plus the B,

 transformation for w,+ U, + W, + s+ o Bub the summability
; ] f@f Uo+ U, + U, + ooe implies that of w,+u,+u,+ee.o,
uand. tharefore the summability E,‘.f’ of w,+un,+w,+ <+, vhich

”f;ﬁ’}.wmpletely establishes the theorem.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ve now prove

. ‘Iheorem X. If

‘4"‘) (—e,l-)
&- —>U  an —!’%’1‘)" —>V
SO a— aM-O- *
z ere rand 8 are either both > —1 or both < —1, and

k amd £ are any integers, then

M (hr)  (£,4)
=u; ;
A =0 nA vM— ~
' (A+at)
a‘nw—* +£

~—> UV,

1;1;9.; write

ha) ) (£,4) |
u (U + )av,...;& ) : = (v +9 )am-'-,l 14

lial

re &, —>0and 2.0, ﬂ!han

Sy = S wvevs

A RO "'=°

. ) . (A) a)
+ Ue'm_,‘ + Sa sm—h )a"..pl. ‘M—-;'Lz‘

M-f-»‘ﬁl m+&+l "‘—l
- z — E — Z “) (&)
——W( c . )‘,&".‘4.4..;1-;
<=0 A Tmtht! A=0

M+‘<+£ M"" "'1

(4) (A-)
+v( )6:-4 8.8, st
A-—M"‘*‘."

Mq—»/ct-t ma kL
; () (A)
+B( )9—1 ,. M+4+£~A
a=0 Py Y

ﬁ =0 if v«
. {Ar) 4‘-’ a=pp o /‘ 'Y
+ AZ S"" 8‘“‘; a',i.,._k ém-»h-,ﬁ 0= 6 = 8 2= e s

0 =0, =...

-2
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1"a§aguant1y

% Chya) (,a) Z-1 C mede l

;-;,oa“ Voani . 1 (n_'_k_,_z) ( )
ﬂt:’; T (A A1) r+8+2

!

aM+A4.£

r n-‘-k-'-,e ( '+1 ksl
”ii 8+ T+e+8

R«s

AZO
P Y
— (A) (4)
: . A / me kel
. :2-"‘ 6:*1-.8‘1- Bstre-a £ 8+ 1 n +k+£ r +1 8- T
TV 2 T+re+e s
’ 8 . ctre A=0 J
: ‘ M+l¢¢l
b 8. “) ) de+2 7
“ 'Amd a a’m;&-‘-l** l (n-‘-k""e ‘+1 ~* ’
giA+atn r+R+ 2 9’“"“‘—;
i Ml -
,.., - A (A) (4)
4—" — ‘(A.-l-“-*n
kR

”‘baifris apparent that the limit of the left side of (49)

‘egual to
M-D-‘O-Lé‘ A) (e )
g i v Z N Ak B Bicbre-s
+ i
W M_,n;o ) aus+4.+a)
’ s mekel
: (5@) ' wrhve 4y =
i AN A (+)
L Z o““ a‘ﬁ- f:i—‘(-l-vs .236\"‘ 9’" - a'»"l--ﬂ a"‘“" +.2
A0 AT
v a(/n.i-4.+|) + au‘-.-!-&-kl) *
Mkl mrbht L

Jﬂha firat term in the brackets is equal %o

n\+-l;+2 ! )
4,
mah+ 2 6:‘51‘”&4” m‘_“’.'e_,‘

¥ g. (r+8+3 + s AtA+ D 7

"Mc-lnfl .

hieh ‘approaches szero as seen from (18) and (18). Simi-

larly the second term in brackets in (50) approaches zero.
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(45)

We now diseuss the third term. We choose K 8o that
lé\M, <K>I&.l (81l n).

fl‘hon given any positive € we choose N so that

€
5. <S>0 el
asnd ﬁe have
(A-) )
| Z 0.8, B @i An-ive K € Edau Aoy-ive
f51) vy AN s

N+ttt | N+kie

m.tthe discussion of the cosfficient of UV in (49) shows
that the limit of the right side of (51) as N—> < is € .

This completes the proof of the theorem.

 14. More genersl definition of the product of two inm-
""f'-;".inite series, Ne define the (¥, £) product of u,+u,+u,+

~;g :rand Vot T4+ T, 4+ s $0 be Walk, L)+vw (&, L)+w,(k, L)
oe, , where W, (k, £) is defined as follows:

(1) When n <~k .2, w..(k,£)=0.

(2) When n= -k -4, the coefficient of w.v, in
W, (k,£) 18 1 provided either v =-£ o
M = -k, or provided both v < —~¢ and A < -k,
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(46)

and is otherwise 0.

~ (8) When n>-k—£ , the coefficient of u.v, is
{53) (8) 1 when both v £ —~Z and “=n+L4.

() 1 when bofh/ué-k gndv =n+k .

rrh+ D] aron botn "”“‘ +V =n.
(o) oo Gorny em Bo { and

» . e M-y“—\’
(a) (b Mampumv s e 2) when

(e 4 LY~ RWF DO Vol — 1) ()]

poth {*~ ~&

and +¥ < n.

'(a), 0 when otherwise.

-We now prove the mero general proé.uct theorem;

wn-ﬁzu is_summeble B teﬁmZv
M 2, to V, fhen zw (k, £), where w,(k, m

"":";s ﬁexineg by (68), is summable EAM,),‘ to UV groviaga
r ggg._ 8 are either both > —1 or both < —1, and where

k snd £ are integers.
Ve show that

i cho)(

(55) W (kL) = (a+k +.2)! >

( z-k-2),
A=0 *
':,::;f.,whera u‘,f"’) : ana. va’“') are given by (42) and (45) respective~

1y. To do this we write
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(47)

(54’ X, = (n+k +£)! 2 234 (nz-x-2),
e X.=0 (n<-k—2),

. fined in (62). The coefficient of w.v, inX, (az -k—2)

" and show that X_— X__, 1is precisely the w.. (k,.2) de-

18 the coefficient of uw. v, in

e "=V 4o ~1
~ (55) (n+ kv 2)l S aEOVETY (m+v = n),

e have only the five possibilities 1) V < —Z, 2) M< —k
V==-f,4) «=-%k, b) both_« >-k and vV >-2.
 9 are not mutually exelusive but we take these cases
r the sske of symmetry. |
1) Suppose V < —¢+ Then n—v >n +.£. The coefficient

e;tv, 1n'vf’:g according to (45) is
o e 0 if i>n+2,
 (86) 1 if i=n +7,
Crt 0 if i<n +2.

Ehe latter statement follows since u‘,fl ¢-,~ 09, whieh in
 turn follows from V < —.£ . The coefficient of w. in
a according to (42) is

A+ 4"

Ehen combining (566) and (57) we see that the coefficient

gg_“f‘ v, in X, is O or 1 acoording 88 m>n +.£ 0T
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' (48)

,0)

2) Suppose 4« < — k. We have u‘;,' = 0 when 1< -ék,

 the expression (566) is gero when v > n+Xk. Suppose

£,
= n-:-k. The coefficient of v, in v,:__ﬁ) is
e ) ¢2)
a a
y+L—1 M-y —A
e (1# n+.2)

1l or O acoording 88 vs-—-/Z orV>-£ (i= n+ﬂ.).

4f V& -2 the coefficlent of u,v, in X is 1, and
v>-Lit is

na-y a‘o) “"1)

o) VL=t Panay_ L :

(n+x+2)! 8, .., - R
ey n-1i+ 4

 4 ~and this is equal to 1 as seen from the formula

M o) (~2) <o)
F sl o L z0)
“ M - L - a(a) 1= *
A0 Ana . .

"‘Tf‘j.;ch we now prove. It is easily seen to be true for

.:-;.n:wé'@',l,a. Using mathematical induction, we need only show
i ‘bhat

”m u) (-2.) M ¢0)  (~1)
E 8- . E 8»;_ a'm-c-l-—.i
n+m+2 i =p n+tm+l-4 i=o n+m+8 -1
<~2) i U’) o—'z.)
— a’M-‘-I E *4..' M"A
n+mn+2 i—o Atm+1-1

2

- ) ; )
“:.)ﬂ &‘: [ 1 : _] a'M-M

";g-‘o a+m+1-—1 n+m+2 n+m+a
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(49}

)
1 -2) <o) et
— & .8,
n+m+2 oo T n+m+2
ma!
( ———
‘M*I—A- - 9’

whieh is ohviansly the cage. S0 the aoeffic;ent of L

;a X, 18 0 or 1 acecording as v > n+k or v < n+k.
.  8) Suppese v =-—_¢. Sinee v.( "20 when i<n +.£,
k k vy &@- Xm -i-'.g. 1.

80 the coefficient of u.,v, in X, is 1.
" 5) Suppose both_« >—k and v > —¢ . Then the ce-

. ~‘~i~a~ient of u.v, inX, 18

aw) -2)
L Co) Vil=( =V =4
n+Xk +z 1 2 8., .

" We now summarize the preceding results in the form of

Case Coefficient of n. v, in X,
212 ern+s 0
Iftm2p+so 1
-k |If V >n+k 6]
Ifvsn+k 1
-£ 1
-k 1

it w Ayep, d5Y,

5)/,,, >S—%kand V > —& (m+4+z)l‘_—zﬂd. T2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(5@3

 We now find the coefficlent of uxv, in X _—X,_,

i};&iﬁ;sﬁzew thet our results coincide with the definition
w {k Z) in (B2). When n—12Z -k -£€ the eoefficient
: :a,“ ‘ m both X, &nd X, may be obtained readily
fram the above teble. When n= —k —€ we have X_— X
X, » The following table is roa.a:l.ly verified exeepting

;he second part of ease B), which is worked out in detail

Case Coefficient of uu.v, in X, — X ;,,,,

S when n+k+£ =1 ,
u<-._g If «=n+¢£ 1
e | | Otherwise 0
8),« <—% |Ifv=n+k 1
' Otherwise 0
It ~«= n+.Z | 1
Otherwise 0
Ifv=1n+k 1
Otherwise 0

If “+V=n (n+k+2)! a0, o)),
12 siv < (M“MZTL/%—;%;‘:;‘:‘V%: ;.m- vekel)

 In case 5) when _«+v < n we have

) m-—y a(o) {~x) .
(L4 - . P N T PN
(m+k +2)! 8., —> 2% -
| i BTivl
(o) (&2 N
M=y -
8. & v
—(n—1+k+.€)’ .f” Z a e t-v
. v+l—y
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(51)

{0) «-2)
(n"'k +f2)’ v+£ ‘a’/“..* a'm—/.l—

n—a + e -2
m~y a Ve
0) e

o+ (aex+e-1) ), = nC 1+1.[ W,(mkw) H,,]

<o) )
(Ii +k+4 “ au-a-l-v‘:'ﬂ-& 8- ¢o) =Y ) -2}

+ (n+k +4- 1hvu—:2‘)+& a‘m-v—;‘
n / +Z At/aéi
Bu'b ; mtde-V-1
T B e m=V -2) : @ _(=2)
vt Bmev-i T B Bkl
)_,_/‘4-/ J-‘./«-O-»&
_ MAE +]L oy %)

&
"“‘*0-0 ~ "‘"—V—l’

',ia\lff;aen from (31). So the coefficient of w. v, in

- X is

IR P P

[ - n+k+<£ n—x-v
(n - 8 , 8, 8 . _ . N
‘n+k + £ 1) . Cwaeha Surk by N 2 Btk -V

€0) ~2)
(n+k+£ -1)! ‘:’“,,a.,,‘-, 8.  (2n-ux—-v+k +Z)

P (p-+L)(n+k—v)
. Yhemn=-k-£, we easily set up the following table.

Cese Coefficient of wu,. v, in X,
when n+k+ 2 = 0.

V< —4 |I2M> -k 0
If ~ < -k

If v > -2
If V-4

HlH|rlole
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(62)

.'f‘li’mm the last two tables it is evident that X — X

f!»’prnisely the w_ (k,£) of (52), whioh fact establishas

i;the formula (65), So we have
4 +4,9 o ] -t
( £, )(k Z) = W (k, 2 ) 3‘m)+4+£ — z (4,0) u, ) ,

.
» = o

6. 3‘eonsaquent 1y

( B+ R, Atat 1) ~ (_&,_g (A +a)
W,,. (k,€) = o)(k ¥4 ) 8
)=o
"‘ (44-4.) A n(&, o) (4, ")
- ,.:o =0 ‘-7
M M
_ (h,0) ,~1) (A+at)
= ~_n7 E \'”7 8 _.
- =

Pe el .
: L, A+L)
= >u, v

301 M-7

LAY R, 4.)
m-—y 4

)
nfM3 '}f
.
8. 5

‘&‘.ha latter step being due to (46). Thus

(AR, At te1) 1 D ) (£,4)
W & L)~ >u, v,

mrbeld A= o0

gﬁﬁ:@&,y?&haerem XI follows by virtue of Theorem X.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



