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Introduction

The purpose of this study Is the development of relations 
and theorems for convergent infinite integrals analogous to those 
developed for infinite series by C. Iff. Moore [J.8J*. It was de­
sired to determine conditions necessary and sufficient that the 
convergence factors he regular, without unduly restricting either 
the integrals or the convergence factors considered. It is in­
teresting to observe at what points the direct analogy between 
series and integrals holds, and at what points it breaks down.

Most of the sources drawn upon are listed in the bibliography. 
The most fruitful sources of inspiration were Professor Moore's 
book and Professor Agnew's expository article [2]. The present 
effort realizes but a small portion of the possible extension of 
these works.

I am grateful to Professor Moore for suggesting this most 
interesting problem, and for his guidance and help in pursuing 
the investigation.

* Numbers in square brackets refer to the corresponding items 
listed in the bibliography.
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CHAPTER I 
SINGLE INTEGRALS

1. Statement of the Problems.
In this chapter we consider, first, functions f(t) which are

Lebesgue integralsle over every finite range (0,x), and for which
the integral approaches a definite limit as x->~». Under such
conditions we shall say that ”fs-L". Let

r x
(1.1) ^(x) - J  f(t)dt, x*.0, f£L,

(1.2) ^  = J " f(t)dt,
~'o

(1.3) l^xjj  ̂ all x̂ .0.

It is desired to find "convergence factors" ̂ (ô t), defined 
for t £ 0 and for in some convenient set E (°0, such as to en­
sure the existence of the integrals
(1.4) <r(«,x) - ^fc,t)f(t)dt, x£ 0,<K£E(<<), f£L,

(1.5) <rW = /°Vk,t)f(t)dt.

We shall also require the existence of
oO

0(*,t)f(t)dt, ts L f s s'fc),
Where is a limit point of E(<*) not of the set, and E'(°0 is some 
sub set of E(or) also having o(0 for limit point.

In particular, if <r — \jJ for all fs L , we shall say that nf  is 
regular over L", or, briefly, "0 is regular". In some applications 
!(<*) will he the set of real numbers and <x0 the number eo.

(1.6) <r- - lim J
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It is noted that $(<* ,t) = 1 meets all the requirements made on 
$f(°c,t). Hence it is "but natural to consider the existence of integrals
(1.4), (1.5), (1.6) with $(<*,t) replaced by l-$(<*,t). Incidentally, 
regularity demands that

oO

(1.7) lim l-0(«<,t)J f(t)dt = 0, £*L.
o<—>«<» *

The other problem considered is the type of convergence factor, 
e(°<,t), required to give

r°*(1.8) lim I 9(o(,t) f(t)dt = tlim f(t),

where f(t) is any bounded measurable function for which the right side 
of (1.8) exists.

2. Existence of the Transform g~(°Q
In order that <r-(«<,x) exist for every finite range (0,x) and 

every f z L , it is necessary and sufficient that t) be measurable and 
essentially bounded in t over (0,x) for each <<£!(«<.). The existence of 
<r(c<) and <r, together with the desire for regularity of 0 require 
more of $(®<#t). Moreover, the convergence factors commonly used are 
very well-bahaved. We therefore assume that ̂ (°f>t) is absolutely con­
tinuous in t over (0,«o) for each c l(<*), and that it is uniformly 
bounded; thus,
(2.1) |tf(«,t)| $• B <°0, t i 0 , « ( £ l W ,

The absolute continuity of $(*,t) gives the existence almost every 
where of ̂  («K,t) for each «< £ !(<*)• Let us assume that ff* (<*,t) is
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bounded uniformly over every finite range (0,x) for < L  I^fa), a 
subset of E(«<), having °<0 as limit point, and that it converges in 
this subset. In order that ${o(0}%), the limit of 0(°f,t) as <*—* < , f 

be absolutely continuous also*, we assume that 00*,t) converges un­
iformly.

In place of (1.4) we can write
X X

(2.2) <r(*,x) = ^V(«<,t)f(t)dt = - J («,t) ŷ (t)dt.

In order that cr(<< ,x ) converge to a definite limit as x it is 
necessary and sufficient that the last two expressions in (2.2) con­
verge to limits as x -* -* . She condition analogous to that used by 
Moore £l8j for series, is the convergence, as x-?-<?, of the integral
(2.5) J j f f y  «,t)f dt, * c z M ° < ) ,

to some function of defined for oi l !(*).
The convergence of jT / (<K,t) / dt implies that of ̂  ̂  (<K,t)dt, 

which in turn gives that of 00*, x), as x~>-̂ . Since ̂ (xJ-j % the second 
last term of (2.2) approaches a limit as x~>°°. The convergence of (2.3)̂  
together with the boundedness o f  f ( t ) ,  ensure the convergence of the last 
term of (2.2). Therefore, the convergence of (2.3) is sufficient for the 
convergence of <r(o< ,x) as x-s><*u

In proving the necessity of this condition, we consider first the 
case in which f  (x)—>0 as x->•*». Assume that (2.3) does not converge, 
as x -»<*>, for some value °<, of °i . Then

j j f ' i  K,t)/ 4t - e>o .

* See Zygmund ĵ 22j, p.84.
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There exists a number < <=0 sueh that

I  i i \  K  >*) I «  = 2.

Since $(<x,,t) £ AO, it follows that (<*,,t) € L, and, also,
(*. I £ L* Given an arbitrarily small € > 0, there exists an 

")], > 0, such that for any set E C (0,N,tl) of measure < 7|., we have

>*)( dt< f

Choose any Y, , 0 < Y, < 1, such that
ft*,**

J 01 C-f. ,t)| dt<£./v, r

Consider the function*
g((t) - sgn 0* («*,,t), 0£ t $ H;,

= 0 , t > H,.
Since (<̂ ,t) g L (0,1,+• 1), so also is g,(t).

There exists ** a function ,̂(t) I  AC, such that Ĵ i(t) - g, (t)/ < Jr 
except in a set E , of measure < \  . If ^(t) Is not zero for t> H,+Y,/2, 
make it so by joining the points (N,, f , ( S , ) ), (H, + Y./2, 0 ) by means
of a straight line. Since g,(t) is bounded byil, so also is i#(t), and, 
moreover,

max j (f', (t) - g ,(t) { 4 2.

Let = (0,1,+ Y,/2) - E, . Then

* sgn z = z / j z j if z ̂  0, ss 0 if z = 0.
* *  See Titchmarsh [2l] p. 376.
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s.

I  - I  $e 'f'(t)4t|= / X  f*{ ( s ,  * [ $  s j j  it I
? I J * \  e, it j-I f'tl fr, - g,J at I
* T )  &  I «  -  S£ w m  -  s.l it s. |it

dt$ 2-a/E | til at- f- |
? 2 ~  i ~  f  [ s + t J  >  Z - 6  :

Since £ is arbitrary, it is clear that ire can find, an absolutely 
continuous function <̂ (t), as required., such that

K,t)tf(t) 4t > 1.

Under the conditions supposed, there exists an ‘S i < ^ o , such that 
[\i\ (*,,t)f dt = 4.

Consider, now, the function
gt(t) = (1/2) sgn ̂  U,t), H(+ jj * t£ lt,

- 0, elsewhere.

Defining a t/i(t), and a y2, in fashion similar to that for ^((t), and 
y, , we obtain

J  0! (*„t) l^(t)dt > 1/2.

Therefore,
£ ^  K,t)|(tf(t)*(^(t)jdt

-  Jo f t  + J ff'-^dt > 1 -f- l/2.* A/,*!.' c1 ^
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If we continue this process, with
g,Jt) = (l/n) sgn i \  (*.,t), â _(+ y^.( £ t £ ,

r: 0 , elsewhere,

we obtain a series of "non-overlapping** functions, each absolutely 
continuous. If we write

if/(t) Z  ltf(t) lfV(t) +■

we have an absolutely continuous function which —^ 0 as t -> «> .
Define now

f(t) =  ,

and consider again (2.2):
X

<r(#,,x) = JQ 0(«f, ,t)f(t)dt = ff(*, ,x) 'f’(x) -  jf ff* (*; ,t)y>(t)dt.

The second last term —> 0 , while the last as x — * .
Hence ,x) diverges.

This contradiction proves the necessity of the convergence of (2.3) 
as x —><*>, for the case y>(x)— > 0. For the case if'(x) —» 0, let
us consider function f(t) as decomposed as follows: 

f(t) . f((t) + fjt) ,

where
f, (t) =  f  , o ^ t u ,

= 0 , t > 1 .

Then
(2.4) J  0( *,t)f(t)dt = fjf 0(* ,t)dt + , x $ 1.
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fla© first integral on the right of (2.4) exists, and the second is 
the case (x) -~> 0 already handled.

Thus we complete the necessity part of the theorem:
Theorem 1 A necessary and sufficient condition that

^(<*,x) = / 0(<><',t)f(t)dt, f a / i E W  ,

converge as x-goo. is that
(2.5) (*,t)/ dt < K (o<) ,
where £ (<*) is a positive function of defined for * £ E (°<).

3. Application to Bounded Functions.
Given any hounded measurable function f(t) , defined for t̂ .0 , 

and for which

(3.1) lim f(t) = L£->«>
exists, it is desired to find convergence factors e («* ,t) to ensure 
the convergence of

(3.2) r(«<,x)= ^0 (*< ,t)f(t)4t , x 50, *£E(«<)

(3.3) r(<* ) = fe (<* ,t)f(t)dt , * £ i(«0
r**

(3 .4 ) r  = lim J e (*,t) f(t)at , ^ s e ’U )
ei~>e(v •

In particular, " 9 is regular over B" ifr= L for every f £B.

It is noted here, and will he elaborated on in £6, that this is 
essentially the problem treated by Agnew [2].
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¥© see that 9 must he Let©ague integralle in t for each *.
A sufficient condition, since f is hounded, for the existence of 

) is the convergence, as x , of

I  /e (* ,t) I dt.

Suppose this condition is not necessary. Then
j f  16 (tf, ,t) I dt —  °o

for some value £ E («< ). Therefore there exists a sequence of 
numbers A0= 0 , A, , A,,,---, A,*., - - - with T\^r3 °° , such 
that

.A**1
J |0 (< ,t) i dt > n tl.
F\~-

Befine f(t) as follows:
f(t) = ( l/fetj)) sgn 0 («<,t) , A t i A^+1

This fSB, and lim f(t) = o. But
y| -A ‘Vi
f *« (*, ,t) f(t)dt = 2  J lQ(at, ,t)[dt > n.
J0 t=o

Therefore '?■'(*<, ) =. oq , and this contradiction proves the theorem:

Tfcsoremji a necessary and sufficient condition for the convergence, 
as x — > <?o, of the integral

^(o(,x)sb [  9 {<* ,t)f(t)dt , f £ B, »<tE (^ ) ,

is that

(3.4) £ \ e  (.< ,t) | dt < K (* ) ,
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where K ( 4  ) le a positive function of* defined for A t 1 (* ).

4 ConditIona Sufficient for Regularity
We desire that

(4.1) 0 - _ lim ̂  J " 0 $ («,t)f(t)dt = y j  -  /f(t)dt, * £ e (rf) ,

where e ( °<) is some subset of E (* ), having <*» as limit point. We 
shall prove the sufficiency of the following four conditions:

(4.2) t)/dt < £ ( * ) ,  *eE(<>0,

(4.3) f j $ \  (<K ,t){ dt < E , *£X' ( 4 )0
(4.4) lim 0 (* ,t) = 1 , O^t < 00 , *.£ Ew ( *

(4.5) lim f  [ f f f (<* , t )  I & t  z: 0 , OJ: < ,«<£l'"(«(
o ' r

where X* (* ), E” (<* ), S'" (* ) are subsets of E («< ) having «f. for limit 
point, and K is an absolute constant.

She first three of these conditions are the analogues of the three 
conditions required by Moore [  1 8 ]. in our work we have found that the 
fourth condition must be included.

Consider first the case ^(x)—>0, as x —* . From (2.2) we have

= / * $ ( «  >t) *(*)dt « $ (* ,x)^(x) - J *  i \  (* ,t)^(t)dt.
Hence

(4.6) <̂ (<* ) = J ^ U  ,t)f(t)dt = - (<* ,t)î (t)dt.
0 0

from (4.3), for *£E’(«< ) , there is an M <<*, such that
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•3 .

J j t l  «  ,t)| 4t < * L E'U)-

from (4.5), there is a set !w( ) suoh that

* £

Then for-CiE’ (* ) * e "'(* ) , we have

|<r(o<)/ £ ^ (* ,t)|.|^(t)| d t + J j ^ U  ,t)|*|if>(t)(dt

Since 6 > 0 is arbitrary, it follows that <r(o< ) — » 0 as —>or0, with «< 
in some suitably chosen subset of 1 (<* ) •

The first term on the right of (4.7) tends to f t  as in view of
condition (4.4). the last term in (4.7) tends to zero by the proof just 
completed. Therefore, if we choose e(<* ) = E’ (<* ) * Ew (e< ) * E"'(«*) , 
we can say that the conditions (4.2) — (4.5) are sufficient for the con­
vergence to as oi. —xx'p in e(o(.) , of the expression <r(o()*

Hext we consider the case y/ (x) — yy 0 , as x —*«x>. As before,
we write

f(t) = f, (t) + fz(t) ,

with
f, (t) = ft 0 £ t £ 1 ,

0 , t > 1 .

Then, for x £ 1 ,

(4.7) /V (<* ,t)f(t)dt - f t j f { *  >t)dt + J $ ( a ,t)f (t)dt £ • 6 0
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5 Necessity of the Conditions

We proved the necessity of (4.2) inf2. To Investigate (4.4) 

we consider the function

f(t) = 1, 0 J t n <

= 0, t > h .

This leads to the necessity of
a

(5.1) lim S f  (*,t)dt = h , 0 * h < , * £Sw(o<),

or, what is the same thing,
£

(5.2) lim f  [  1 - i (o< ,t)] dt = 0 .

By the restrictions we have imposed on 0(°< ,t), we can write*

/lim [l ~ i ( «  ,t)]dt = 0,p SC •( p ^

and,therefore,
Jo\  1 - j u ,  t)3 dt = 0 .

Since 1 — i(o<l ,t) is absolutely continuous, and h is arbitrary, we must 
have**
(5.3) l-^,,t) S 0  .

The necessity of (4.4) is thus proved.
By our suppositions concerning 0’ (<*,t), we can write***

X x(5.4) lim J l i l i * ,  t) | dt = f  10' Uo,t) | dt, o i l  E x(rf).
<*—'> O'® » t

* See ITanklin [9j p.402
** See Titchmarsh [21) p.360
***See McShane [16] p.169
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Since t) ss 1, and the convergence to $(°<o , t) is uniform, the
derivative 0* (*o,t) must "be zero. Therefore, the right side of £

(5.4) is zero, and this proves the necessity of (4.5).
If the condition (4.3) does not hold for any subset of 1 (), 

having eCo as limit point, we can select from £(<*)& sequence {*■*}> 

approaching «r0, such that
(°f*>b) | dt > n , n — 1, 2, 3, - - -

for a proper choice of x ^ .
Choose y^ > x*., and define

g(t) - agn $1 («̂ ,t) , 0 § t £ y^

Choose o(^ from (*<■*.) such that

S f i ' t dt < T ,
which is possible from the necessity of (4.5) already proved.

Let x^, (m>n) , be the corresponding value for which
fJCnK

2 m J I $1 I dt > m .

Take y^> x^ and such that

r i t ' t  «  < j r >

whleh is possible in view of the necessity of (4.2) already established. 
We now define

g(t) = > sgn («̂ ,t) , y^ € t 4 y^-Y ffYK. r

Let i|>0 be such, that for any set E C (0,y<w) of measure <^j , we
have
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J jt 't  K *t)| « <  -f •

Let ip(t) 1)© an absolutely continuous function such that*

f y / ( t) - g(t) I < f t p  , 0 t y ,

except on a set E, of measure < ?|. Let Er = (0,yw ) - I, .

Moreover,

max | (t) - g(t) j 4 _ 2 _ .

Let (̂ (t), g(t) at present he both undefined for t^ y^, merely re­

stricted to be less than 1 in absolute value, 

low

j f i t  | J j l  -g(t)j J at |

I fit I —  (<>*) { f  to - 8(t)j dt|
'>Tg<?r)..i i rt:

>

- I J ' T t l r - “ I -

> r k M l  * * -  J r I’M / 4t - -fte4t - /V;l4t

p f i f c i "  -  ^ i l ^ l 4* - 2 / ,  i * > ; / 4 t
cx £ | ^

> (/IT — _i—  _ J- — L — ' — _L J-
ZuPy*. 2 ? 2 4.JZ. 4~

? \fm — 1.

Continuing in this fashion, we define an absolutely continuous 

See Titebmarsh [21] p.376
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Function (̂ (t), convergent to zero, for which the left aide of (4.6), 
namely,

jfV(*,t)f(t)4t - - j , t )  y»(t)dt ,

increases indefinitely over a set of values of * , having * 0 as a 
limit point. Thus we have a contradiction, and the necessity of
(4.3) is established.

This completes the proof of the theorem:
®xeorem3 lecesaary and sufficient conditions that

(1.5) O 'i «<)* jfV(*,t)f(t)dt

converge in E (c< ) , whenever 

(1*2) y / — J^f (t)dt

is convergent, and approach the value as <<-><*., are that the con­
vergence factor j (<* ,t) satisfy the conditions (4.2), (4.5), (4.4), and
(4.5).

We desire that

(6.1) lim fe(<* ,t)f(t)dt = lim f(x), f *B , t B’(*< ).

Agnew £2J considered Just this problem. One of his conditions on 6 (* ,t)

is ©etuivalent to

(6.2) lim 1 0 (* ,t)f(t)dt = 0 ,

for every 0 ^ h it"1 and f 2 B , for o< in some set !'(<<) C S (°< ).

We suppose that 9(<x ,t) is continuous in t for all °( and converges
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boundedly.. We are then able to modify the condition (6.2) so as to 
obtain the direct analogue of the condition for series used by Moore 
[18J. The condition in question becomes our condition (6.5). One 
is reminded by conditions (6.4), (6.5), (6.6) of the conditions on 
"quasi-positive” kernels*.

Agnew proved the theorem which we now state. We could refer to 
his paper for the proof, but it is better that we develop a proof 
which will have simple extensions to the double- and multimple- in­
tegral cases.

The theorem in question is
Theorem 4 necessary and sufficient conditions that

(6.1) lim J °* 6 (<* ,t)f(t)dt = lim f(x) ,
ei— a

for all functions f(x), bounded and measurable, for which the right
side of (6.1) exists, are

(6.3) f t  0 (* ,t) | dt < K,(^) , * £ l ( « ) ,

(6.4) JJ°(B U  ,t)| dt < K, , .< £*'(*),

(6.5) lim e (*,t) = 0 ,  0.<t < ^ « / l * ( ^ )  ,

/ o6 hi
B (<* ,t)dt = 1 ,  *< £ E (<*) •

ci~3ai0 0

Consider first the ease where f(x) 0 as x -> «» » Let 
|f(x) I < B

for all x 'f 0. There exists a number I <<=<*, such that for x^H, we 
have

* See Zygmund [22] p.45
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|fW| " u b r a r v "
In virtue of oondition (6.5), there is a set EB(o< ), with limit 

point eio , such that

I* (< >*) \ < 3 % Z > *< £ *"(•<) •

Then, for )* i*(o< ) ,

| jfe (* ,t)f(t)dt I $ _|[e U  ,t) | • | f ( t ) i dtf / j e  («,t)((f(t)|dt

< B jr"i8 dt + e (* ,t)| dt

<

Since 6 > 0 is arbitrary, it follows that
, ob

lim J 0 (<* ,t)f(t)dt = 0 , o< t e( <*) ,oC—W  o 6
where e( e>c) is a suitably chosen set.

Consider now f (x) — > L ̂  0 . Letting 
f(x) a L -f f;(x) ,

we obtain

(6.7) jf ° 9  (c< ,t)f(t)dt = l | s  («* ,t)dt + 0 (<* ,t)f( (t)dt.

The last term on the right of (6.7) is the case already considered and 
tends to zero as c<~> <*0. The first term on the right of (6.7) tends to 
L as oi —> <  because of the condition (6.6).

Thus, the left side of (6.1) tends to the limit reached by the right 
side whenever 0 (°< ,t) satisfies the conditions (6.3), (6.4), (6.5), and
(6.6).
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To show the conditions to he necessary, we consider the con­
vergence of

J °9 u  >t) y  (t)4t ,

where y'(t) is a hounded absolutely continuous function, instead of 
the function f(t) merely hounded as in the requirements of this 

section. Let

0(<x ,t) s j 0 ,x)dx.r
' t

Then

i \  (* >t) = -.0 («< ,t).

If we define f(t) hy means of 
f(t) = '̂(t) ,

we can write the identity (2.2) in the form.

(6.9) JdQ (<* ,t) tjJ (t)dt = ,x) - $ ( a  ,x) yjJ (x) •
Consider first the case where ^(x) — > 0 as x — > =*> . ¥e see that the 
convergence of the left side of (6.8) can he made to depend on the con­
ditions prescrlhed for the convergence of >x) •

The condition
cp

X  I (* >t)| dt < K , «£*'(*),

goes directly into condition (6.4). The condition

lim Jl&l C* >t) | dt = 0, oi i  ) ,

which depends on

lim (<< ,t)< = 0 , 0 $ t £ x, * t Sx( < ) ,
-><*<
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goes over to condition (6.5).

The condition (6.6) is shown to he necessary hy considering a 
function f ( t )  identically a constant.

Since the conditions (6.3) _ (6.6) are necessary when the 
function considered is hounded and absolutely continuous, it is 
obvious that they are also necessary when we consider a more general 
class of functions, namely, the class of functions bounded and meas­
urable. Therefore, the conditions (6.3) - (6.6) are necessary and 
sufficient that (6.1) should hold.

In later work, we shall have to refer to Theorem 4 in which 
condition (6.5) is modified. Let us write instead of (6.5),

rx(6.5)» lim J  I 9 (<< ,t)( dt _ 0, 0 * x <«>, «c i  Ex( ■* ) ,
<<—> “t'o °

where S*( *) is a subset of 1 (<k ), depending on x , and having <*„ 
as a limit point. This condition, instead of (6.5), together with
(6.4) and (6.6), can be shown to be sufficient. The necessity of it 
follows at once from the necessity of

instead of the more restrictive

lim (<* ,t) = 0 / *
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CHAPTER II 
DOUBLE IHTBSRAIS

I Statement of the Problems.

Corresponding to the single-integral ease ve are to consider 
fractions f(x,y) which, are Leteague integrahle over every rectangle 
O - x J p ,  05yiq., and for which the integral exists as either 
p , or § , or hoth (independently), increase without limit. Let

S(p,q) ■ ^^f(x,y)dxdy , p,f %0 , f £■ L ,
(1.1) ^

= f* f f(x,y)dydx ,
J0 J0

aad suppose that

(1.2) jS(p,q)|^A < , all p, q ^ 0 .

Let us write
(1*3) S : [ f f(x,y)dxdy.

Jo »

After the fashion of Chapter I, we desire convergence factors 
$(x,y; o<) defined for x,y * 0, and «< In some set !(•<), having <*0 
as a limit point of the set hut not of it. These convergence factors
must ensure the existence of the integrals

(1.4) <r-(p>gj<*) = f  f^(x,y;o()f(x,y)dxdy, 
Jo Jo

1 (*) ,

(1.5) ;«:) = f 0  0(x,y; <* )f(x,y)dxdy,0 0
E («) >

(1.6) ^(p* ° ° i <*) 3 0(x,y; << )f(x,y)dxdy, E (* ) ,
(1.7) cr(oc) = r00̂  0(x,y,- ̂  )f(x,y)dxdy,

0 6
E ( * ) ,
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and

(1.8) cr = *)f(x,y)dxdy, * £ ! ' ( * ) ,
O 6

where I'U ) ia E (<*) or a subset of I (<< ) having «<0 for a limit 
point.

As before of particular interest is the case <r m S, when we say 
that is regular”.

We shall assume that $(x,y;*) has all the properties necessary 
for the manipulations which follow. We might be tempted to assume <f> 

uniformly bounded; thus:

(I*9) |0(x,y;o< ) j < B < <=*a , all x,y % 0, <*<fE(°r).

But we see later that we do not need quite as much restriction on (ft.

She other problem considered in this Chapter is analogous to the 
second one of Ghapter I. As in Chapter I, we shall designate the con­
vergence factor sought by 0, in this case 9(x,y; <*). This will be dis­
cussed more fully in sections 4 and 7.

2 Existence of the Transform
It will be useful to assume that 0(x,y; o<) converges uniformly in 

x and y as > cxr0 . By taking 0(x,y; «K) absolutely continuous we are 
assured that $(x,y;of0) is also absolutely continuous.

We assume that $(x,y> ** ) posses^first partial derivatives $J(x,y;« )
and <f>\ (x,yj «<) for all < t E( < ) , which are absolutely continuous in y
and x respectively. Then Gf” (x,yje<) exists almost everywhere. Supposer
that, for every square 0 i' x,yi z< °<>, there is a subset 12{oC ) of 1 (<* ),
having o(0 as limit point, such that (x,y; ) converges boundedly for x

*2
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and y In this square as <*-><, in 12(«). This Is the same condition 
as required in Chapter I.

We have,

(2.1) J p  (x,y;^)dy = (x,S;«) -  (x,f;<*) , 0 H ^ S ,
? y

and

(2.2) (x,yj ̂ )dx » 0* (r,yj «) - (p,y; * ) , o * p %r ,
t  f  • r

On integrating (1.4) hy parts twice, the second time with an in­
version of the order of integration, we obtain 

<7'(p,<i; <* ) = /^$(x,y; <*)f(x,y)dxdy

- 0(P,<1; *) f  * f j f(x,y)dxdy _ (x,qj * j^x

f / z, ct.)a.zdXJU 3 axdLy

(2.3) s ̂ (p,q; * )S(p,q) _ J (x,q; ̂ )S(x,f)dx

- / V *  (p,yj «<)S(p,y)dy * /  ft fc. (x,y; <* )s(x,y)dxdy.J 6 * <r
From the form of the last term in (2.3), we are led to the con­

dition

(2.4) (*,y; °0 I dxdy < K( « 0  , W £ I ( « 0 ,° 0 i 1

Where E(o<) is a positive function of << , defined in 1 (<* ). This con­
dition is analogous to that used in Chapter I.
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The satisying of condition (2.4) leads at once to the convergence 
of /Vfy* (x,y; •( )dxdy as . we impose on $(x,yj<x) the

e y3r
further conditions

(2.5) lirn̂  I  l f c ( x , y ; * ) l  dx = 0 , 

and

(2.6) lim J*6/0' (x,yj cc ) J dy = 0 ,
o ' i

We note that these conditions are somewhat different from the ones used 
by Moore [18] for series. For example, the direct analogue of the series 
condition, in place of (2.5), would have required

lim (f>l (x,y; ) = 0 .

Such a condition would have been sufficient, but not necessary.

If (2.5) holds, it follows that

lim J <f>' (x,y; * )dx = 0, x .  x z 2, 0 ,

or,

0(x(,o*; c<) = 0 ( x l f  * * } < * ) ,  X ) , ^ 0 .

Using both (2.4) and (2.5), we then obtain

T i *  = ${?,*>><<) -< /> { *> *« ' ,« )  -  ̂ (p,oJo<) + 0(o,o;o<)

= c<) _ jff(p,OJ o<) .

In virtue of these conditions, therefore, 0(p,°j«<) is defined for 
all p % 0. Likewise, by use of (2.6) and (2.4), we arrive at the existence 
of $(o,qjo<) for all q ̂  0.

•<{ S ( v ) ,

t £ ) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Again, because of (2.4), we can write

J0 (w **  )dxdy = ff(p,4J *) -  0(5,0;*) -  +^>°;«r)

Therefore 0(p,q; <*) exists for all p,q £ 0. Thus we see that the con­
dition (l.f) can he replaced by a less-restrictive one, namely,

(2.7) |fl(x,j;«<)J < £(*) > * £*(•<).

In proving the sufficiency, for the existence of ĉ (<* ), of the 
conditions (2.4), (2.5) and (2.6), let us consider first the case where 
S(p,q.) — > 0 as p,4 - ? » 6 . Given an arbitrary 6 > 0, there exist 
po < oo , i such that for p > pe , q. > q a, we have

I S(M) I < i k r  ■

£ \ i \  to < ,

and

jfitf; (p,yj« ) f  < — ;■ .

Therefore, for p>p0 , qa> (2.3) gives us

|t7-(p#qĵ ) - J0 jT (x,y; *0s(x,y)axdyj < £ .
Q

Since € is arbitrary, it follows that

(2.8) lim ̂ (p,q;°<) = f*°/ 0" (x,y; <*)s(x,y)dxdy
h%->ot> * *

The boundedness of S(x,y) and the holding of (2.4) ensure the existence 
©f the right aide of (£.8).

To consider the case S(p,q) — => S 0 , we write

f(x,y) = £, (x,y) + fz(x,y) ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where

f, (x,y) = 3 0£x,y £ 1 ,

= 0 , elsewhere.

Then, for p,q ̂  1, we have

(2*9) i f f i t * * * * 10' )f(ac,y)d*ay = S^^(x,y; <* )dxdy +_|j[̂ (x,y; -c' )f z(x,y)dx<ly

The first integral on the right of (2.9) exists, ant the second is the 
case S(p, q) — >0 as p,q.—> **> , already considered.

Therefore, the conditions (2.4), (2.5) and (2.6) are sufficient 

for the existence of ^(°<), for all f(x,y) such that S(x,y) is hounded 
and convergent.

3 necessity of the Conditions.
Suppose that (2.4) is not true. Then for some value <*, of 

we have

Therefore, there exists an N, < <=o , such that

Consider now the function

g (x,y) = sgn j("(x,y;<),' £ K , ,

0 , elsewhere

The integrahility of 0” gives that ©f g,

Given 6 > 0 , choose a z( > 0 , such that
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Let ■>/ > 0 "be such that for any set I , contained in the square 
0 /  x, y * 1,+ z,, of aeasure , we have

JJ 10? (x,y; <*,) f dxdy < §■ . c *
By the analogue of the theorem used in I, § 2, there exists a 

function S,(x,y), vith

(3.1) S ((x,y) = ^  jf f, (s,t)dsdt,

such that

| S,(x,y) - g,(x,y)| < r , 0* x, y*

except on a set 1, of measure less than ^ . As in I, § 2, we make
S((x,y) zero for x,y 2 I, +■ z, /2, in particular, S^x,!^* z) and 
S( (I, +- z, ,y) are zero, regardless of the values of x,y.

Substituting f, (x,y), as given by (3.1), in (2.3), yields 

I £T-(H( + z, ,H,+ z, } * )  0 - ^ - 0  + J 0**̂ (x,yj )S, (x,y)dxdy )
rNx*l, rN^Z, r r 7 /

I  J J 8 ,(*»*)+jS,(x,y) - gi(3c,y)J j axdyj

>  | S, t o a y |  -  J X  ' X  £ ,  ! > ’ -g.1 4147 I
* r n  ̂  i4x47 - _//1 i * t 4x37 - / / 1 *24x37£ I
;> 2 _ J (2 + 6) - 2 *f > 1.

We continue this process by considering the number Nt < , such
that

f T l % (x,7ie<,) 1 4x47= 4>
and the function g(x,y) defined by
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= 0 , x or j> Hi. (or both),

elsewhere.

By choosing a faction Sz(x,y) in a way similar to that for S, (x,y), 
with a corresponding zt, we shall obtain

(Ha , Iz + z, W.) > 1 i .

Thus, as in Chapter I, we arrive at a contradiction, and this proves 
the necessity of condition (2.4).

Suppose that (2.5) is not true. Then there ia a constant C > 0, and 
a value <*, of , such that for some infinite sequence jf q»}, q.̂ — 1,
f —? «>, we have

If this is true, there exists a corresponding sequence | p.j, p4.( ,
p —5 , such that''K '

By the method adopted in Chapter I, we can obtain a function Ŝ (x) ab­
solutely continuous in x for each q̂ , approximating the function g(x,y), 
bounded by ± 1, zero for x % p^ , and such that

Define

g(x,y) = (-I)* sgn $1 (x,q̂ ;<*,), 0^x5 p̂ -|, y.- q̂ ,

= 0 , elsewhere.
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Define the absolutely continuous function S(x,y) as any convenient 
surface, bounded by t 1, whieh has the traces S^(x) in the planes % —
We note that the integral

I 91, (x,f,j«Os(x,q*)dx 

is alternately > and < ~ .

from (2.3) we have
ft*.,̂)S(p̂ ,qJ - JP 0* (x,<U*,)S(x,<lJfcc

(3.2)
“ J„ )S(P^y)«J +J# J, s(x,y)dxdy.

from our method of choosing S(x,y), we have S(f/K,y) = 0, which makes the 
first and third terms on the right of (3.2) zero. The last term converges 
to a definite limit as p̂ , q.̂  —? «*> , in virtue of the condition (2.4) and 
the boundedness of S(x,y). The left side of (3.2) also must approach a 
definite limit. The oscillation of the second term on the right of (3.2) 
between limits greater than — • and less than - ^  provides a contradiction. 
Therefore it is seen that condition (2.5) is necessary.

The proof of the necessity of condition (2.6) is entirely analogous 
to the of (2.5),and need not be shown here. This completes the proof of 
the theorem;

Theorem 1 necessary and sufficient conditions that

«*) - J* fj *)f(x,y)dxdy
converge to a definite limit as p,q —? °o , for all functions f(x,y) sat­
isfying condition (1.2) are that

" (x,yjo( ) I dxdy < K (o< ), * £ E{ X ) ,
*3 I
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31.

(2.5) lim J j  $ \  (x,y;o< ) I da = 0 , *  £ E ( *< ) ,
a->°* '

and

(2.6) lirn̂  (x,y; *) | dy = 0 , ■< l e( * ) .

4. Application to Bounded Functions of Two Yariables.

Given any bounded, measurable function f(x,y), defined for x^O, 
y 10, and for vbich

(4.1) lim f(x,y) = A,
x, £-><*>

We desire to discover the properties of convergence factors 0(x,y; <*), 

defined for x? 0, y$0, E (<*), to ensure the existence of the in­
tegrals

•a rf(4.2) r(P,<i;*) = J I  Q(x,y; *)f(x,y)dxdy, p,$$ 0, f/B,4 c
(4.5) r (^ x ) = [ *  f t  e(x,y; )f(x,y)dxdy,J# 0
(4.4) r(p,«» w )  = ®(x,y; * )f(x,y)dxdy,® -'g
(4-5) **U) = ,T J *  9(x,y; ■< )f(x,y)dxdy,

(4 *6) r  = iim jT <*)f(x,y)dxdy.

The case of regularity of 0  r  = A for all f £ B, as , in
some set E'( °<)--- will be considered later. We shall be concerned at
the moment with the existence of (4.2) — (4.5). let

11(x,y) | £ B, All x,y % 0 .

We assume that 0(x,y;o<) is Lebesgue integrable over every finite
rectangle, for each o< i  1 (u ). This condition is necessary and sufficient 
for the existence of (4.2).
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A condition we investigate is the finiteness of the integral
* r i .//|©(x,y; 4 )  I dxdyo •'a

as p,q -500 . fhe boundedness of f(x,y), together with the finiteness 
of this integral, for all << t, l( ), are easily seen to he sufficient 
for the existence of the integrals (4.3) - (4.5).

Suppose this condition is not necessary. Then, for some value 
X, of , we have

I  jT|e(x,y; *,} | dxdy = «*> .

There exists a sequence of numbers {^^J> such that

X X  I ) | dxdy = na .

If we consider the function f(x,y) defined as follows:

(A*.,* x  *  7  <

f(x,y) = (l/n) sgn e(x,y;*,), Y 0 ^ x K . ,  k y *

x </!„, y < A*.

and substitute this in (4.2), with p,q taking on successively the values 
, A  * , we have

/ v.

J e(x,yj^)f(x,y)dxdy
o t

= m -' > n.

But, f(x,y)—  ̂0 as x,y —><=o . Therefore, if ̂(p,qicx,) — j, oo 
as p, q — > oo we have a contradiction. lence we have proved

Theorem 2 A necessary and sufficient condition for the convergence, 
as p,q — > oo , of
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f / S j *  (x,yj <* )f(x,y)cLxdy, 

whenever lim f(x,y) exists, is that

(4.7) 0 (x,y; x) / dxdy < E((^),

where K,( <*) is a positive function of * defined for ** £ 1 ).

__5.

We desire that

(5.1) t r  m lim X J[ 0(x,y; *)f(x,y)dxdy = J  _(°f(x,y)dxdy = S, <*£*(«<)ps v<C*

where e( <*) is some subset of 1 (<< ) having ̂ .as limit point. Let us in-
vestigate the sufficiency of the following conditions:

(5.2) I focdy < K (*)> E (« ),

(5.3) lim£~>0O f *  / (x,y;« ) | dx = 0 , E («),

(5.4) limX «> oo c  ( i \  u,y; ̂ )( iy = o , 1 ),

(5.5) I ^ V l ̂ V (x,yjo< * 1 dxdy < K » E»U ),

(5.6) lim
ti ~->oC, X ?{ 0 ^j(x,yj 1 °» 0 ̂ t* i E^(«C )

(5.7) lim
d, °C& • r/f r ^ ) 1 4yJ ax = o> 0 i p< °o; E^( * )

(5.8) lim 0(x,y; «<) = 1 >
<*■') «o

x,y $0; 1*(«̂  ).

If s(p,t) — > 0 as p, q —> °<> , hy the method of $2, we have

(5.9) ^( *0 = X J^(x,y; °<)f(x,y)dxd.y = ^ J a w *  )S(x,y)dxdy.
a
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In view of (5.5), for E'( ), there is an N < , such that, for
p,q. ? I, we have

I JTj[ I ( x , j ;  * ) I dxdy - // XV*^(x,yj x ) | dxdy | Ef( ̂

Then

| <r( <* ) _ f j  ^(x,yj •< )S(x,y)dxdy J < £ .

Fix p. From (5.7), there exists a set { u ), such that for * i  IS,"' (<* )

04 J * ̂  ■? * *  * &  * *'"(«)0

Therefore,
A $

// •/ * )S(x,y)dxdy / < f , 1 '"( «<)
ff

Hence, for ^€.E’(^) * e "'( *), we have

^  ( of ) I  ̂ £ *

Since £ is arbitrary, it follows that 

lim o"(d ) = 0 » S ,
o£ <*o

and regularity is obtained in this case.

The case S(p,q.) — > S /flis handled as in previous work. ¥e let 

f(x,y) = f (x,y) fjx,y) ,

where
f (x,y) « s , Oil, y £ 1

— 0 , elsewhere.
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Then, for p, q ? 1 ,

_/^(x,yj »c )f(x,y)dxdy » sX I  0(x,y; * )axdy yj * )fjx,y)dxay

The first integral on the right converges to S as <<.->•(> , for «<lE"( «c), 
because of condition (5.8). The lest integral — >0 by the -work above.

Therefore, in all cases, the conditions (5.2) _ (5.8) are sufficient 
for regularity.

6 necessity of the Conditions*
a r m .■■■ r.ffir.'gT'tiraaaes&BaSn "B.   "i l.".......................... ...wriuw

The necessity of conditions (5.2), (5.5), and (5.4) was proved in a 
preceding section. To prove the necessity of (5.8), we consider the 
function

f(x,y) = 1 , 0 /x fh, 0/ y S k,

= 0 , elsewhere.

Then,

lim X X * )dxdy = hk , L E "( *).

This reduces to

lim X X [ MU,y; *  )] dxdy = 0 .
t< L-

By the same reasoning as used in Chapter I, since h and k are arbitrary, 
we conclude that

lira [l - 0(x,y; d )] = 0 , 0 ix, y < 00 ,

which completes the proof of the necessity of (5.8).
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We have required that 0”t(z,y; «0 converge boundedly for x,y in 
a square 03 x,y s z and °t t  Ea( ). Since the limit of $(x,yj < ) is 
identically 1, the value of 0"̂ (x,yj ■**) is zero, and the limit of 
$“̂ (x,y; «<), for x,y in this square and*̂ £Ee(K ), is zero almost 
everywhere. Thus

2 r ̂(6.1) I (0* (x,y;^)| dxdy = 0 ,

Suppose that condition (5.5) does not hold for any subset E’(V) 
of E (oC ) having <, as limit point. Then there exists a sequence of
<K * s converging to , such that

(6*2) F(p, ocl%9) » - I  £  I (x,y; ) j dxdy > m
Q

for a proper choice of p.

For any particular value m, of m, let «r, and p, he the corresponding 
values of<< and p. Choose q (> p, and define

g(x,y) « ~ ^ r  sgn #^(x,y; * , ) , 0 i x,y q.

Let z, > 0 he such that

(6.3) ^Kq,+z(, —  F(q,,^,) < ^  .

Let > 0 he such that for any set of points E of measure <y, taken from
the square 0 c x,y ,< q,+ zf, we have

(6.4) J J  | 0" (x,y;^) j dxdy < j  .£ o

There exists an absolutely continuous function S(x,y) such that 

(6-5) I S(x,y) - g(x,y)| < — ---- !-------- ■— •
^  J
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except on a set 1, of measure < Further

(6*6) |S(x,y) -g(x,y)| ^ 7=- , 0 * x,y * q,

Let us require that S(x,y) he zero for x = q, +- ̂  > 0 J y H , +  |  and

0 £ x * q,+ \  , y = q,+- %  .
r t*nj Jlow choose <*,_ from the sequence J such that

(6.7) F(q,+ z, , ®0  ̂ ~£~ t

whioh we can do in view of the necessity of (6.1). Let a 4 > m,, and p 
he the corresponding values of m and p for which (6.2) holds, fake 
q̂  > and such that

(6 .8) F(oO,-<J- F(q4,*<i)= B(q,,«i) < ,

which is possible in view of the necessity of (5.2).
We next define

g(*,y) « ~r-Bga 0"V«i
for

D(q,<- Z, ,qj = (q, * Z( £ X £ q^ O k y ̂  q4; 0 ^ X ̂  q, + a,, q, + Z(£ y i

Define a zt and an ^  in a fashion similar to that used for z, and . 
Choose S(x,y) absolutely continuous and such that

(6.9) |S(*,y) - g<*,7) | < ’

over the region D(q,+ z t , q^+ z4)> except in a set l tof measure < .
see that over D(q, + z , , q *+£,.)>

max I S(x,y) - g(x,y) | ^ ~ ~ k= ^ •V
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Making use of relatione (6.3) — (6.9) for a function f(x,y) •whose 
S(x,y) is always less than unity in absolute value, we have

I I ”I  ^  (x,yj^)S(x,y)dzdy j

^ I C^ywJS(x,y)dx4y +• [U*■ I Jt J%, * v 0 *
I J ^ 'j* ^  (x,y;<.)S(x,y)dxdy J

II f o Z t l * > 7 S < M x , y ) t o 3 7  - /Y^(x,y<)s(x,y)dxdy|

 ̂ I f f o >  ̂ X,7i + ^  -(V^CaW ‘Os(*>y)tady j

ICtf, ^x , y i t s ”  s J 4x47 t s  ~  e J I

I l? i?̂ "/X,yJ ̂  S(x,y)dx<3y j - B (q*, •<*)

 ̂ Idxdy- I ***

~ I dxay ' ^  dxdy

_ X, _ J.£ £

> _ _i- _  /_X _ i-e ^ t  ̂ JV5rx 6 6

> t/w*. — 1.

Continuing in this fashion, ve define a function f(x,y), whose 
S(x,y) converges to zero, for which the left side of (5.9), namely,

n <̂
$U,y; °Of(x,y)dxdy,
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increases indefinitely over a set of values of << , having °<a as a limit
point. She choice of the marginal regions D(gt , g • f - z - ) , i = 1,2,....,
enables us to define the absolutely continuous function S(x,y) in a sat­
isfactory fachion. Thus we have a contradiction, and the necessity of
(5.5) is proved.

The proofs of the necessity of (5.6) and (5.7) are handled together. 
In view of the necessity of (5.5), there exists a p < *>, such that for

Conditions analogous to those used for series, and for the single integral 
ease, are

< I !•(*),

r o  j  i ^  ~ * )  i dxdy  < 4  •
/ p \ / p jFrom (6.1), there exists a set 1 f (<* ) such that for «t t'E ( *), we have

) f dxd3r < ! •

Choose e («< ) = I’(* ) • j t f ' i * ) .  Then

Therefore, both conditions (5.6) and (5.7) follow.

7 ^ ^ ^ ^ it^^r^Bo^^^^^MoM.

¥e are interested in having 

(7.1) r (<*>, «»; »<) = lim X°°X ®(x,y; «r)f(x,y)dxdy = lim f(x,y).

(7.2) 1 (*)
(7.3) J ° ° *  ) I dxdy < K, , Q 0 s’U)>
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4 o .

C7*4) I  [jf /©(x,y: oi) ) dy} dx = o , 0 *p<-, *0 ,

(7.5) lim / ̂ f / 7©(x,yj «0 j dx ? dy = 0 , 0 U<*o> E^( * )>e< ~>ef, 0 » -/

(7.6) lim Q(x,j',c< )dxdy = 1 , EM («<).e(
Consider first the ease f (x,y) — -> 0 as x,y —> ■*> . Then there exists 

a finite IT such that for x,y outside the square 0 £ x, y § N, (f(x,y) I < .
Exis means that

I X°-[ ®(x,y> «< )f(x,y)dxdy - ^ {  ©(x,yj * )f(x,y)dxdy /

= \ { r r < j ; s ; < f j ; h ( x , r , « m M i

S i f  r  * r e  * r £  j > e(̂ y; * * **
/ € .' ■"£ > * £ I»(* )•

We need, therefore, consider only

■f /©(x,yj °< )f(x,y)dxdy.

Fix U. From (7.4) we can choose a set E^( ©('J such that

/«v/t /tfre  ̂ a aw7
jT j j  I 6(x,yi <*■) I dyj dx < jg- ’ *  *■ E (^ )•

lence, if ve choose ^ t e( .< ) = S'C* ) * E^( <*), we shall have

| f l * 9(x ,7S* )f(x,y)dxdy | < £.

Thus T (o& , ot>; oC) -- > 0, as for <<£ e(*c ), a suitably chosen subset
of E (ot).

For the case where lim f(x,y) = A ̂  0, consider
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41.

f(x,y) = A + f, (x,y) .

Then

lim f( (x,y) = o , 
x , r >«>

and.

|f,(x,y)| < | A I + B .

Nov

(7.7) j ;  a )f(x,y)dxdy = Ajf**j[*e(x,y5 <* )dxdy *j[ •£®(x>yi * )f/ (x,y)dxdy.

The first term on the right of (7.7) — > A as *-><«, for «<■ i 1M( °<) , according 
to condition (7.6). The last term is the case f(x,y) — > 0 already discussed. 
Therefore for in some suitably chosen set

lim S f(x,y)dxdy = A,-> ®C »
for all cases.

The neoessity of condition (7.2) has already been proved. The necessity 
of (7,6) follovs at once by considering f(x,y) E A.

The necessity of (7.3) _ (7.5) follows readily by the procedure of 
Chapter I. We let

i  (x,y; <<) = 0(r,s; dr ds

Then

$ ' (x,y; <*) -  - J e (x, s; < ) ds , 0* (x,y; << ) = - / e ( r >7> °< )&* ,
<1 3 *

and

fe(x,y;<<)= 0(x,y; <<) .
a

Condition (7.3) follovs from
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I  I  1 K f < K>

and conditions (7.4) and (7.5) from

lim J * f  / I (x,yj * ) / dy j dx = 0

and

lim J^f *) / dx J dy « 0,

respectively.

These conditions, therefore, as reasoned in Chapter I, are necessary 
for a hounded absolutely continuous function f(x,y). They are then even 
more necessary irhen the function f(x,y) is merely hounded and measurable.

We have thus completed proof of the theorem:

Theorem 4 Conditions necessary and sufficient that

C7*1) lim J * j  e(x,yj* )f(x,y)dxdy = lim f(x,y),* x, £-><*>
for all functions f(x.y), hounded and measurable, for which the right side
of (7.1) exists, are (7.2). (7.5), (7.4). (7.5) and (7.6).
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CHAPTER III 
Multiple Integrals

_JL.
As in the chapters on single and double integrals, we are 

concerned with the introduction of convergence factors into con­
vergent integrals. For convenience of notation, we shall write

We suppose that S £p] approaches a definite limit as the p*s 
■become infinite, independently or not. Finally, let

with <* belonging to some convenient set E (<K ), let us write

We desire that <r [ v i  at') exist for all p and all *£ l(*<), and 
that the limit cr[̂ ] of <r[p; , as the p*s become infinite,
exist for all I  E(°0 • For the regularity case, we require that 

approach the value S, as <*■ — , where o<tis a limit point

(1.1)
_ dx for dx.dx ... dx .^  I 2. /v\.

Let

(1.2)
with

(1.3) Jsfpj j <T A < oe, all p ■%- 0.

(1.4)

On the introduction of the convergence factors <f> [ x ;  o f ] ,
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4 4 .

of the aet I (<* ), not of the set.
jd*)As in the previous cases, we shall assume that 0 [x;<] exists 

almost everywhere and is integral)le; that for every hyper-square
x  *.-*•<» x

[ 0 , x ]  there exists a subset 1 (®<), such that asAfor <* t  E (<* ),
$ fx; ocj converges boundedly; and that converges uniformly
to $ [̂ xĵ ejas <x ->»<„ .

The relation analogous to II, (2.3) is

^[p;*) » $ [p;*] S[pJ
rt*~ J p ' P,» ••• > P ;»<)s(x , P ,PJdxAj / 1. j  "K ' 2 .  "W »

- )'$' (p, > Pj, ... , pj* )s(p(, jr̂ ... >\)^

(1.6) XL> V  •••» P^w)S(x(, x4, P3, p ,...,PK)dx/dxi

+ ( “ i f  L *i [x J dx.

2

We shall omit the preliminary discussion undertaken in the single 
and double integral cases, but shall go at once to the regularity case. 
The extensions of the conditions in the double integral case are seen 
to be

(2.D n ^ - o i *  < * (-o, ic*),

(2 .2) r * * < *> *'(-<)»

(2.3) n conditions of the type
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CI 1** = 0 » E (*>'
01-̂

where 7f>_ X > stands for xp—* °° , XF*X> ®« , ... , x^~> ,

(2.4) ( ̂ ) conditions of the type

-  n  i c. i j  «] i te,tii= o, s u ),/ 3-̂

(2.5) n conditions of the type

i 1" , e i s x - s r i  O i ;  * 3 1 111 • • •  41 - r  ° ’

0 $ p( < «=> j Ê 'i u ) .

(2.6) lim (f) [x; -O = 1, lw(<) .

By the method of Chapter II, hy means of these conditions, we 
can show that $ [ x ;  * ( ] is hounded hy a function of <* t o r all x. We
can also show that, for S [ x ] — ) 0 as x «  ,

t a - 7 )  - « =  *»•
Then, hy use of conditions (2.2) and (2.5), successively, we 

show that

lim < r [ d l  -  0 ,  Iw( °0 •
C< —> Ct 0 J —

for the case S[x] —>S ̂  0 , exactly as in the previous work we

decompose fLxJinto two functions, and invoke condition (2.6) as well.
Thus we see that the conditions (2.1) — (2.6) are sufficient that

llm <r[^] = S = f ~ t  0 3  dx, E"( e< ).ffC “*) "'0
The necessity of these conditions is proved in the same way as 

for the double integral case. Thus (2.1) goes through in the same
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way. The necessity of conditions (2.3), (2.4), and up to (2.5) can 
he proved hy the method of oscillations on (1.6), as was done in 
Chapter IX. The necessity of (2.6) is easily proved hy considering 
a function identically a constant over an arbitrary hyper-rectangle, 
and zero elsewhere. Then we prove the necessity of (2.2) hy a proof 
analogous to that for the corresponding condition for double integrals. 
Finally, the necessity of the conditions (2.5) is shown.

We thus have the theorem:

lim / [ x ;  f/Yjdx = J dx , << e !“(«< ) ,
oi~9 UB 6 0

whenever the right side exists, are that $ { x; satisfy the conditions
(2.1) —  (2.6).

As in the previous chapters, we desire that

(3.1) lim / 9 [ x ;  p<] f [ x ]  dx = lim f [ x ]  -  a,° X - ) . .

where f£x] is measurable over every hyper-rectangle 0; x J p <- , and

(3.2) ( f  Cx3 ( < B < of , all x.

The conditions we shall investigate in this problem, as for the 
double integral case, are fewer in number than those for the preceding 
section. They are

(3.3) j T ( e L.x > * J  1 dx < S ( - 0 ,  ■
06

(3.4) j [  I 0 1%; * J t dx < K(, S‘( ),

(3.5) lim I dxl.“ *4x-J to, “ °> E6̂  «*),
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and (n — 1) more conditions of this same type (3.5); and

(3.6) lim f  8 f x; *7 dx = 1, E”( ).eC-XK.
Consider first the case f [ x ]  —> 0 as x — > •«* . Then there is a 

finite N such that for x outside the hyper-square 0 s x * H, ve hare

(f LX 1  I < z l t ’  V W ) .

We can then write

J jf 8 £_x; <*] f [ x J dx | < \ I  Q [x}c<] f lx ] dx / +■ - j - .

In view of condition (3.5), there exists a set S^J( <* ) such that
for << in this set, we have

I  { C ' " l  Id [>J *J7 I 4x* ••• dx^ j dX, < .

Therefore, for oi t E'( «0 • a ), we have

j  Jo 8 [x; »(2 f[xj dx j < 6 , 

and, since £ is arbitrary,

lim J © f xj <<J f [xl dx = 0,, e (o( )c<-9 oi, i> L ' ' ' '

where e ( )  is some suitably chosen subset of 1 (<* ), having ‘X'o as a 
limit point.

The case f £ x 3 — ?> A, £ is handled by the method of decomposition 
of f j_x 3 into a sum of functions, one of which is identically A, and the 
other — > 0 as x — > . This completes the proof of the sufficiency of
the conditions (3.3) to (3.6) that 0 be regular.

The necessity of condition (3.6) follows at once by considering the
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function f identically A. To prove the necessity of the other con­
ditions, we proceed as in the two former chapters. We let

The <f> function w© have defined must satisfy the conditions (2.1)

— (2.6) of this chapter. In the employment of these conditions, the 
function S is absolutely continuous. Since the conditions (2.1)

— (2.6) are necessary for an absolutely continuous (bounded) function, 
they must also be necessary when the function f£xl considered is merely 
bounded and measurable.

Thus we complete the proof of the theorem:

Theorem 2 Conditions necessary and sufficient that

Then

X̂ J <X) — (— 1) 0 (Xj , • • •> X^J oO

lim J 9 r x;-0 f [x 3 dx «= lim f [xj , EWU),

are (3.5) —  (5.6) of this section.
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CHAPTER 17

Summation Methods

_1 Definitions.

Given any function f(t) integral)le over a finite range (0,x), 
we aay that the integral _£*f(t)dt is summahle X , if the transform 
associated with the summahility method X gives a value to the in­
finite integral. We usually concern ourselves with regular summa- 
hllity methods, i.e., methods which assign the value ^°f(t)dt to 
the transform, whenever this original integral has a meaning.

We shall investigate the regularity of the analogues of the 
methods used for series. Methods considered are Ceaaro, Holder,
M. liesz, Abel, and Horlund. We devote a special section to this 
last method.

_2 Regularity

The existence of the limit

(2.1) (;G,r;f) » lim f *  (1 - ~ f(t)dt, r£0,X — > C*> O

is called* (G,r) summahility of f * f(t)dt. It is seen that the 
$(o< ,t) of Chapter I is given hy

(2.2) ,t) = ( 1 )A ,

= 0 , t >o(,
where 0 < < =*> , and o(t — oo • Also,

* See Titehmarsh [ 2 0 j p.26
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5t>.

= 0 , t > of .

We note that (<* ,t) is unhounded in the neighhorhood of t = <*, 

if r < 1. If, however, °< > 2x, then, for r < 1 ,

|0! U  >t)| < - ~ 2=—  > O U ^ i .4 -?A.x
Thus, the existence of the set E («* ), as postulated in Chapter I, 
is assured.

It is easily verified that the 0 defined hy (2.2) satisfies the 

conditions (4.2) —  (4.5) of chapter I. Since (C,rt - rf ), for 
rt - r( % 0, is a regular method, we see that (C,r( ) summahility 
implies (C,rt) summahility whenever r z % r ,.

Ordinary convergence is (C,0) summahility. The nsummahility* 
used hy Moore [  17J, and hy Bromwich C4), is (c,l) summahility.

A definition of (C,k) summahility, for k a non-negative in­
teger, analogous to that for series, involves the limit.

k ! T ( x ) v
(2.3) (c,k;f) = " ' I  f(t)dt

On integrating (2.1) hy parts, for r a non-negative integer, we 
obtain the same multiple Integral as in (2.3), with the factor out­
side replaced hy

*■lim

Thus, for r = k , The representations (2.1) and (2.3) are equiv­
alent .
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Suppose g(t) Is a positive monotone function of t, increasing
sodto infinity with t. We say that J f(t)dt is summahle (E,g,r) --ft

the method of M. liesz  when

(£.4) (B,g,rSf)- f / { l -  r*0,
exists. The 0 (V  , t) defined in this case has

<t\ (- ,t> = - {i - - 4 $ L  r -',
** ’ f U) I J 9

which converges boundedly almost everywhere in (0,x) for a suitable 
set 1 (<x ). Since this convergence almost everywhere was all that 
was needed in Chapter I, we can easily show that this method is 
regular also.

It is noted in passing that, if g(t) = t, we have the Cesaro 
method, which, therefore, is a special case of the M. Rlesz summa- 
bility method.

The analogue of the Abel method for series yields

(2.5) (A,f) = lim f f(t)dt, 0 <°< <1,p<. —> l 0

or, what is equivalent,

(2.6) (A,f) = lim r° (1 _ * ff(t)dt, 0 <* < J..
o °

The convergence factors* ( or (1 - 4  )* ) is easily verified to satisfy 
the regularity conditions of Ghapter I.

Itor the Holder method we define 

Hff?(x) = I *  f(t)dt,

Hl0(x) . X jT H^(t)dt,
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We say that J°*f(t)dt is summable (H,k) to s, if

lim H^(x) = S.x
(k)The Holder method is regular, as is seen by observing that the H 

transform is the (0,1) transform of the H**(1 transform, and all 
G methods are regular.

3 lorlund Summablllty.
ssss r lir"".'l"i,l" "vumti rw

We proceed to define for integrals what is analogous to 
Horlund means for Series. Consider the function (t), real or
complex-valued, of the real variable t , 0  ̂t -< <*> , "Jf'(Q) ^ 0.
Let H (t) £ L(0,x) for all x \  o , and set

(3.1) T  ( x )  = jT*Y(t)at.
cxFor any Integral / f(t)dt, with <p(x) — Ja f(t)dt, we form

(5 2) g - U )  -  C „ « lE jl. I .
< r W  ~ rui r «

,o<S
If er(x) — cr- as x —? , we say that the integral J f(t)dt
is summable (W, t ) to the value <r . in particular, if <r -  lim <Mx),X-Joa r
whenever this limit exists, the summation method (l, #) is regular.

Referring to the definition of 0(o<,t) given in Chapter I, we 
see that
(3*3) 9(o< ,t) = , 0$tj«f,

T t*)

= 0, t >«c.
The E (®0 corresponds to the range 0 £ < <*> , and <*0 z: <x> .
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Condition (6.6) of Chapter I becomes

jT©(* ,t)dt - J *  dt = 1 , all* i 0,

and hence is satisfied. Condition (6.3) is satisfied hy definition, and 
condition (6.4) is equivalent to

(3.4) < K l T ( x ) l ,

where K is a positive constant and x^O. The condition (6.5) means that

(3.5) ~ t ? 7 ~  = 0, all t£*U -•> ob T(<*-)

For the case where T  (x) — > <*> with x, we shall try to replace (3.5) 
hy the condition

(3.6) lim o.*->«» 7Y*) ~
Set

'o(3.7) ' b(x)  -  (X(x) I , A(x) = S(t)dt, x-5 0.

Given (3.6), for £ >0, there is a p( such that for q > p(, we have

W  / < A.
Tfj; I *

Then choose p̂_ such that

(3.8) I-1A2
r e p

For q £ k 5 p(, we have

< € > Of k< p( , q p̂  ̂  p (,

I *  ffO I I (V(k) I , I K(k) I Aik) , , /  I tifO I ,ts-9) l7 ir l= m r l w r l r v l  <Kl m l <e-
A combination of the inequalities (3.8) and (3.9) shows that the right- 
hand side of (3.3) tends to zero as <* becomes infinite 

We thus have the theorem:
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Theorem 1. Necessary and sufficient conditions that the 

definition (N, V) shall he regular are that (5,4) and (5.5) shall 
hold. For the ease where T(x) --><*3 as x  <=0 , (5.4) and (5.6) 
serve as necessary and sufficient conditions.

The integral analogue of Norland means for double series 
follows in similar fashion. Given a real or complex-valued 
function 7f (x,y) of the real variables 0  ̂x, y <•«> , 2((0,0) ^ 0, 
we set

(4.1) T  (x,7) _  f X/ ^  (u,v) du,dv.*■ © 0

For any double integral f f  f(u,v)dudv, with
(4.2) S(x,y) s= f k ( u , r ) t o 6 * ,

write

(4.3) y(x,y) . 1  1  ̂  (x - u, y - T)S(u,T)a.aT _ ^  (i,f)
r  (x,y) r(x,y)

If (T(x,y) tends to a limit as x,y 04 , we say that the in­
tegral (4.2) is summable (l; y ) to the value <r .

Corresponding to the convergence factor used in Chapter II, 
we may write

-) = e(u,v;x,y) . , " 1 " * 1T  (x,y) 0 I v £ y

— 0 , elsewhere.
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The set 1 (<* ) corresponds to the range x,y £ 0, and °Cp has the 
coordinates (<*> ,<*>).

It Is seen from (4.4) and (4.1) that condition (II 7*6) 
is satisfied for all «  f and hence also as «*-->«£. Condition 
(II - 7.2) is satisfied from definition. Condition (II - 7.3) 
is equivalent to

(4.5) /  /*/* (x,y) ( dxdy < 1 f T (p,q) j ,

■where I is a positive constant and p,t \  0. fhe conditions 
(II - 7.4) and (il - 7.5) hecome

r l

1 J•r(4.6) lim I  - u, y - v) 1 dvjdu _^ _ ,

and

h r * ,(4.7) lim X {Vlix -__u± y ̂ v)l.du]dv Q Q i a <oC
x> r >eto V  (x,y) “ *

Thus we have the theorem;

Theorem 2 Conditions necessary and sufficient for the regu­
larity of the definition (ff; <T ) of this section, for double integrals 
whose partial sums are hounded, are the relations (4.5), (4.6) and

J5 Multiple Integrals.

Given a real or complex-valued function Jft} of the n variables 
0 £ tf, tx, ... , t^ < o* , X [0] 4 0, we set
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Consider

(5.2)

the multiple integral / f (t} dt, with 

S O J  = //f [t] dt.

Let

(5.3) <r[x] =
-X

X y[x - t] S [tJ dt [  x  3 .
V [xj T  C x i

If < r [ x j tends to a limit <r as the x's become infinite, we say that 
the multiple integral (5.2) is suxnmable [H; H ] to the value <r .

Following procedure analogous to that used for single and double 
integrals, we note the expression which corresponds to the 0 [ t ; d ]  

of Chapter III. Then we carry over to this case the conditions dis­
covered to be necessary and sufficient for regularity. We have

From the definitions (5.4) and (5.1) we see immediately that 
the conditions (ill -3.3) and (ill - 3.6) are satisfied. The con­
dition (ill - 3.4) is equivalent to

where 1 is a positive constant and [x] \  0. The set of conditions 
(ill - 3.5) become the conditions

(5.4) 9 Lt; <s] _ y Cx - 1 j j 0 5 t * x,
T [x 3

0 , elsewhere.

(5.5)

(* / .. f a(5.6) lim
—> oc
- -YV
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for p( 5- 0, and (n _ 1) similar conditions.

Thus we have the theorem:

Theorem 3 The necessary and sufficient conditions that the 
Cn> ? "ft of this section he regular for multiple integrals, whose 
partial integrals are uniformly hounded, are the relations (5.5) 
and (5.6).

Corresponding to the factorable transformations of double and 
multiple sequences, we consider the case where the i f (x,y) and & [  x ]  

take the form

(6.1) 2fU,y)= i', ( x ) • ^(y) , oa, y

and

(6.2) =  M x , )  * ^  (xj  t j x j ,

respectively.

It is readily seen that this reduced the problem of regularity 
to that of making both X, and , in the case of double integrals,
and all of ft , , ... , Xw , in the case of multiple integrals,
satisfy the conditions of Theorem 1 of this chapter.
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