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Introduction

The purpose of this study is the development of relations
end theorems for convergent infinite integrals analogous to those
aeveloped for infinite series by C. N. Moore [18]%., It was de-
sired to determine conditions necessary and sufficient that the
convergence factors be regular, without unduly restricting either
the integrals or the convergence factors considered. It is in-
teresting to observe at what points the direct amalogy between
series and integrals holds, and at what points it breaks down.

Most of the sources drawn upon are listed in the bibliography.
The most fruitful sources of inspiration were Professor Moore's
book and Professor Agnew's expository article [2]. The present
effort realizes but a small portion of the posaible extension of
these works.

I am grateful to Professor Moore for suggesting this most
interesting problem, and for his guidance and help in pursuing

the investigation.

. S M . - W AT WY TR A O S MY p w e WD W S S oy WO s min S MDA P G P T A 2

* RNumbers in square brackets refer to the corresponding ltems
listed in the bdibliography.
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CHAPTER I
SINGLE INTEGRAIS

1. §Statement of the Problems.

In this chepter we consider, first, functions f(t) which are
lebesgue integrable over every finite range (0,x), eand for which
the lntegral approaches a definite limit as x—>ws. Under such

conditions we shall say that "f:L”. Ilet

X . .
(1.1) J(x) = [ (v, x20, fzL,
(1.2) W = j:f(t)dt,
(1.3) M/(x)) $ A<yo, all x20.

It is desired to find “convergence factors™ flx,t), defined
for t20 and for < in some convenient set E (x), such as to en~

gure the existence of the integrals

(1.4) Tx) = [Peouneas,  x20merx), fol,
(]
’ oo
(1.5) Tlx) = [ f,t)e(t)at.
[
We shall also require the existence of
0
(1.8) o = lim f g(«,t)e(t)at, £rL, xEEB'(X),
°(‘>°(o e

Where «, is & limit point of E(«) not of the set, and E'(x) is some
sub set of E(x) also having o(, for limit point.

In particular, if o — W for all fegl, we shall say that "¢ is
regular over 1, or, briefly, "¢ is regular®. In some applications

E(x) will be the set of real numbers and «, the number <o .
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It is noted that @(x,t) = 1 meets all the requirements made on
d(o(,t). Hence it 1s but natural to consider the existence of integrals
(1.4), (1.5), (1.6) with glec,t) replaced by 1-g((,t). Tncidenmtally,
regularity demands that

(1.7) lim jo[l-gé(o(,t)_] £(t)dt = 0, « & B'(x), feL.
X —> o

The other problem considered is the type of convergence factor,
o(x,t), required to give
‘ od
.8 1 t) f(t)dat = +lim £(t
(1.8) m [elnt) £(t)at = lgm 2(t),

where f(t) is any bounded measursble function for which the right side

of (1.8) exists.

2. Existence of the Transform & (<)

In order that o~(x,x) exist for every finite range (0,x) and
every f:l, it is necessary and sufficient that ¢(a<,t) be measurable and
essentially bounded in t over (0,x) for each <£E(«{). The existence of
0 (<) and ¢, together with the desire for regularity of ¢ require
more of ¢(o( ,t). Moreover, the convergence factors commonly used are
very well-behaved. We therefore assume that ¢(o( »t) is absolutely con-
tinuwous in t over (0,c0 for each « £ E(X), and that it is uniformly
bounded; thus,

(2.1) l¢(o<,t)| § B <9, t20, < & E(x),

The sbsolute continuity of ¢(o< ,t) glves the existence almost every-

vwhere of ¢2_ {%,t) for each £ £ E(x). Let us assume that ¢; («,t) 18

7
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bounded uniformly over every finite range (0,x) for «¢ E, («), a
subset of E(«), having «, &3 limit point, and that it converges in
this subset. In order that @(«,,t), the limit of @(«,t) as x—>«.,
be ebsolutely continuocus also¥*, we assume that ¢(°< ;t) converges un-
iformly.

In place of (1.4) we can write

(2.2) @l=,x) = '[3(«,t)f(t)dt = fl=,x)¢(x) -/0;‘; («,t) p(t)at.

In order that o («,x) converge to a definite limit as x-—<-o, it is
necessary and sufficient that the last two expressions in (2.2) con-
verge to limite as x—>-., The condition analogous to that used by

Moore [18] for series, is the convergence, as x->-5, of the integral

(2.3) _{x[q}; «,t) [ at, « & EB(x),

to some function of « defined for oz B(X).

The convergence of f;/ §: (x,t)/ at implies that of ]:95; («,t)at,
which in turn gives that of #(«,x), as x—>-. Since Y(x)~ ¢, the second
last term of (2.2) approaches a limit as x>0, The convergence of (2.3 ))
together with the boundedness of Y (t), ensure the convergence of the last
term of (2.2). Therefore, the convergence of (2.3) is sufficient for the
convergence of o(x,x) a8 X-s-a

In proving the necessity of this condition, we consider first the
case in vhich ¢ (x)—0 as x-—>-, Assume that (2.3) does not converge,
as x-»e0, for some value %, of ¥ . Then

j:7¢2 (¢,,t)] &t = = .

. e G G D S D G D S S T A B I T OO S D o G G TR SO IS G KU I G G W G A G G G W Y T R D 4 e IR D D R OV A AR G N AR G R D S A S S

* See Zygmund [22], p.84.
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There exists a number N <o0 such that
My
[lfé; («,,t) | at = 2.

Since P(«,,t) £ AC, 1t follows that §#! (x,,t) £ L, and, also,
|8y (« »t)] £ L. Given an arbitrerily small €> 0, there exists an

M, >0, such that for any set E C (0,N,+1) of measure <7, we have

fEW(‘"\ ,t) ] at< £,
Choose any Y, , 0<Y, < 1, such that
N, £Y
J I8, («,,t)] at < 5.

Consider the function¥*
el(t):: 98n¢;. («,5%), 0{t¢Nw,

= 0, t)N,o

Since ¢t'- («,,t) & L (0,N,+ 1), so also is g(t).

There exists ** & function Y,(t) £ AC, such that |y(t) - g, (t)/< &
except in a set E, of measure <7, . If Yy,{(t) is not zero for t> H,}Y‘ /2,
meke it so by jJoining the points (8, p(x,) ), (W + Y, /2, 0 ) by means
of a straight line. Since g (t) is bounded by +1, so also is W, (t), and,

moreover,

mex | ¥, (t) - g,(t) ¢ 2.

= (0,N,+Y, /2) - E, . Then

* sgn z = z/)2| ifzg4 0,=01f z= 0.
** gee Titchmersh [21) p. 376.
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”‘4‘{1

B! («.,t) Pi(t)at]= | /o”'mm {e, [V s]{ at ]
2 | [y eae] =) [0 [v) - 8 at
Lol ee -1k —alas-L 18] v- el

?/
ze-2f [ glat- & [%)4;] s
2.—.

11

¥
£-Flergd >2-c

v

Since € ia arbitrary, it is clear that we can find an sbsolutely

- eontinuous function (ﬂ(t), aB required, such that

WrYe
[ @ e > L

Under the conditions supposed, there exists an N, <-0 , such that
Wa '

[{{6; («,,t) [ at = 4.

Consider, now, the function

gz_(t) - (1/2) sgn ¢'t (o{l)t)) N,"' 3; :‘ té Nz.’
= 0, elsevhere.

Defining 2 () (t), and a y,, in fashion similar to that for (t), and
y, » we obtain

Nyt s
B («,,t) W, (t)ae > 1/2.
Wird

Therefore,

J

o

N tYe ,
g (4,,8) { Y(8) # Yu(8) ] as

N +Y/s : N+l
J g yat + J ¢ gL-p.odt > 1 +1/2.
My

o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



If we continue this process, with

g, (t)= (l/n) 8gn ¢; (4 5t), N, +¥,.,& £ R,
=0, elsewhere,

we obtain a series of "mon-overlepping" functions, each absolutely

continuous. JIf we wriﬁe

P(6) 2 W(E) + Walt) + -,

we have an absolutely continuous function which —»0 as t —> =0,

Define now

£(t) = Pt ,

and consider again (2.2):
Ployx) = [ Bl 00208088 = g, x) Wix) = [y (w,0) p(t)as.

The second last term —> 0 , while the last —<¢, ag x —> =0,
Hence o*(«, ,x) diverges.

This contradiction proves the necessity of the convergence of (2.3)
as x—>00, for the case \Y(x)—> 0. For the case Y (x) — @W# 0, let
us consider function f(t) as decomposed as follows: '

£(t) = £,(t) + £,(t) ,

where
f,(t):k{), 0stsl,
= 0, t>1.
Then

(2.4) j°x¢( «,8)E(t)dt = Lpfold(e( ,t)dt +j:¢(o< yE)E,(t)at ,  xZ L.
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The first integral on the right of (2.4) exists, and the second is
the case l,l}(x) —> 0 already hendled.

Thus we complete the necessity part of the theorem:

Theorem 1 A neceasary and sufficient condition that
"

X
(K ,x) = f B, t)£(1)at, fel, <2E(«) ,

converge as X -0, i8 that
(2.5) /079’% («,8)] at < K («), |
where K ( <) is a positive function of « defined for « £ E ().

3. Application to Bounded Functions.

Given any bounded measurable function f(t) , defined for t20 ,

and for which

(3.1) lim £(t) = L

t~poo

exists, it is desired to find convergence factors 6 (< ,t) to ensure

the convergence of

(3.2) 7(«,x) = [0 (& ,t)E(t)at , x30, «2 B( ) ,
(3.3) r) = [o(« b, «eB(<)
(3.4) r = }}34 foe (x,t) £(t)at , e B'() .

In particular, " 6 is regular over B" if ™= L for every f£B.

It is noted here, end will be elaborated on in §6, that this 1is

essentially the problem treated by Agnew [2].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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4.

We see that 6 must be Iebesgue integreble in t for each .,
A sufficient condition, since f is bounded, for the exlstence of

(A ) 18 the convergence, &8 x—~-¢, of
X
L8 («,t)] at.

Suppose this condition is not necessary. Then
o0
Llo («,t) ] at = o0
for some value «, £ E («). Therefore there exists & sequence of

numbers N,= 0 , 7\} ’ 7\7_, --— ?\m, - = = with N,=-2 , such

that
Ant!

e {(«,t) | dt > n+1.
& (4, %) n

Define f(t) as follows:
£7(t) = ( 1fatD) sgn 0@ («,t) , Nd t 5 Das

This ££B, and il_.in;f(t) = 0. But
->

"~ /\JH

Am’\
J78 ) #t1at =Z | fo(4,1)lat > n.

° . {4+
Therefore ™ («,) = o0, and this contradiction proves the theorem:

Theorem 2 A necessary and sufficient condition for the convergence,

a8 x-—>-0, of the integral

X
P {« ,x) = [e (« ,t)£(t)at , f¢B, «cE(«),
is that
(3.4) ﬁe («,t)] 2t ¢ K (x),
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/2,

where X (« ) is a positive function of x defined for «£ E {« ).

4 Conditions Sufficient for Regularity

We desire that
(41) o=tm [l mnna = oz [CH0E,  «ce («),

where e (<) is some subset of E (« ) » having «, as limit point. We

shall prove the sufficiency of the following four conditions:

(4.2) L7181 (2 ,0)] at < K (<), <eE (<),

(4.3) [1#: (<)) &t <k, «<£E' (<),

(4.4) lim § (x,t) = 1, 05t < o0 ,xsB" (x) ,
oL ~» oo

(4.5) j.ifz’(’l)}gé;_ (x,t)] at= o, 05x < 00 ,xE" (),

where E' (« ), E" (x ), E” («) are subsets of E (< ) having «, for limit

point, snd X is en absolute constant.
The first three of these conditions are the asnalogues of the three

conditions required by Moore [18]. In our work we have found that the

fourth condition must be included.

Consider first the case y/(x) -0, a8 x —> =2 . From (2.2) we have
o« ,x) =f,,(¢(°< »t) £(8)at = ¢ ( ,x)p(x) - f¢; (x ,t) (t)at.
Hence

(4.8) o (x) = [Hureae = ~ [T (« 0y (6.

From (4.3), for « ¢ E'(« ), there is an M<es, such that
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o6
&
_,/4”62 ("(’t”d‘b(.{;‘: <t E'().
From (4.5), there is a set E"(« ) such that
‘ M nt
L18 («,0) et < &, « & E"(«).

Then for4A:E' (X ) * E”(«) , we have

M o0
Jo ()| ¢ ,[[¢; (¢ ,8)] [ w(t)] dt+fmj¢;(o< )|l (e) as

N
L)

£ -
+ = - €,

Since € > 0 is arbitrary, it follows that o(x ) — 0 88 « —>«,, with «

in some suitably chosen subset of E (« ).

Next we consider the case w(x)—> ¢ #0 , &8 x—» oo . As before,

jrewrite
2(t) = £ (t) + £,(¢) ,
with
£(t) =y, | 0¢tg1,
= 0, t>1.

Then, for x 2 1,
(4.7) f:¢ (« ,t)E(t)at = 30/6';6 (= ,t)d.t+‘[ g («,t)f,(t)at

mhe first term on the right of (4.7) tends to Y 88 o> o,, in view of
condition (4.4). The last term in (4.7) tende to zero by the proof Just
completed. Therefore, if we choose e{«X ) = E' (<) * E" (x) * E"(x ) ,
s}e can say that the conditions (4.2) — (4.5) are sufficient for the con-

vergence to (Y 88 « —>«(, In e{« ) , of the expression (o).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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/4.

5 Recesai‘bz of the Conditions

We proved the necessity of (4.2) in §2. To investigate (4.4)

we consider the function
f(t):l, 0 £ t$h<oeoo,
=0, t>h.

This leads to the necessity of

£ |
(5.1) lim [7¢ («,t)at = 1, 0§ h<oo ,xeE(),
-y e,

or, what is the same thing,

(5.2) 1 [ 1-ge,t)]atz0.

By the restrictions we have imposed on (< ,t), we can write*

[(lm 1= gl«,t)]at= o,

v‘~>‘(p

and » themfore ’
£
‘/0 [l“¢(0(p ’t)] dt =‘ O .
Since 1 - ¢(o(, ,t) is absolutely continuous, and h is arbitrary, we must
have¥*
(5.3) l - ¢(0(° ,t) E 0 L]
The necessity of (4.4) is thus proved.

By our suppositions concerning @! (< ,t), we can writex**

(5.4) Lin_ jbxl frix,t) | at = [791; (,t) | dt, g E ()

- e D e s S ST W s e R N S e S A D Y e W G G O A GBSt Mt e SR N G e G GO W M G G A WS W i O M v B e W U N GO SN R AP A v . W S W e

* See Franklin [9] p.402
** gee Titchmersh [21] p.360

*#%See McShane [16] p.169
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Since @(x,,t) = 1, and the convergence to $(x,,t) is uniform, the
derivative ¢£ («¢-,t) must be zero. Therefore, the right side of
(5.4) is zero, and this proves the necessity of (4.5). -

If the condition (4.3) does not hold for any subset of E (),
having «, as limit point, we can select from E () a sequence {«. |,
approaching «., such that

Ko .
‘£l¢;(d7"t)‘d’t>n’ n=z1, 2, 3, - - -,

for a proper choice of x,, .

Choose y, > X, , &nd define
8(t) = L s ¢ («,t) , 0 ¢t 5 ya.
Choose «, from { "("“3 such that
;‘n
£/¢'¢ (0(,,,‘:"5)’ at < '5’?’ ’

which is possible from the neceasity of (4.5) already proved.

Let x, , (r>n) , be the corresponding value for which
P= [([9!; (xmft),dt > m.
Teke y, > X, and such that

[218: (o] v < 4,

which is possible in view of the necessity of (4.2) already established.

¥e now define

IN
ot
JIn

T’

&(t) = == egn gy («4.%) , I &

Let %>0 be such, that for any set E C (0,7.,) of measure <N, we

have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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6.

LN;_ ()| dE < .

Let \/)(t) be &n absolutely continuous function such that*

(W) —gt)] < 55 ot ¥,

except on a set E, of measure <7. Let E, = (0,5,.) - E, .

Moreover,

t) — £ 2.
max |\P (%) e(t))\_m
Let k{J(t) , &(t) at present be both undefined for t> y,. , merely re-

gtricted to be less than 1 in absolute value.

Now

| (Bt piorms] = | [9 Gntifs0) o i) - gt} ] s
2 [ [8; oot ] — |15 0 { @ io) - ge)] atf
21 /33’{““? Mabael = B Hajas] —| L2193 { s

- | [PEr-e) o - [y - 6]

> '—’,%fjw'l at — _L_ﬁ"m} at — f?gbéldt_ £,¢;) at

'ﬁ A
- L ";¢”"]c1t - J-f{gé']dt_.afoolgf'}dt
«gp E’,_t WE, € 3'm +
W - A L Lt L
>ym m TFTETE T iAo £
>fm - 1.

o L b L L L T L T e S R R e L T P Y PR P Ry T YRR T N Y

¥ see Titchmarsh [21] p.376
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Function (t), convergent to zero, for which the left side of (4.6),

namely,
_/:°¢(°(,t)f(t)d.t = — ‘/"0¢; (o( ’t) (/J(t)dt ,

increases indefinitely over a set of values of « , having «, &8 &
limit point. Thus we have a contradiction, and the mecessity of
(4.3) is established.

This completes the proof of the theorem:

Theorem 5 Necessary and sufficient conditions that
b — ]

(1.5) (%) = [ Hlt)z(t)at

converge in E (X ) , whenever

(1.2) Y = f:"f(t)at

is convergent, and approach the value W as « —> L , are that the con-

vergence factor #(« ,%) satisfy the conditions (4.2), (4.3), (4.4), 2nd

S4is ! .

6 Regularitg for Bounded Functions

We desire that

(6.1) 1m [6(«,t)f(t)at = lim £(x), £eB, s E(<).
K>l ~° X eb

Agnew [ 2] considered Just this problem. One of his conditions on 6 (« ,t)

18 equivalent to

(6.2) um  Jf e («,t)f(t)at = o0,
ol ~> ol

for every 0 ¢ h € and f £ B, for « in some set E'(x ) < E (x ).

We suppose that 6(« ,t) is continuous in t for all <« and converges

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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/8.

boundedly.. We are then eble to modify the condition (6.2) so as to
obtain the direct analogue of the condition for series used by Moore
ilB]. The condition in question becomes our condition (6.5). One
is reminded by conditions (6.4), (6.5), (6.6) of the conditions on
fquasi-positive™ kernels*.,

Agnew proved the theorem which we now state. We could refer to
l;is paper for the proof, dbut it is better that we develop a proof
which will have simple extensions to the double~ and multimple- in-

tegral cases.

The theorem in question is

Theorem 4 Hecessary and sufficient conditions that

(6.1) lm fo“’ o (« ,4)2(t)at = Lim £(x) ,

ol —> oy XD 00

for all functions f£(x), bounded and measurable, for which the right

side of (6.1) exists, are

(6.3) [le mlat < x (), <t E(x),
(6.4) - [he(xst) at < K, «s B (=),
(6.5) 33(09 («<,t) = 0, 0ft coo, x& E™ex ),
(6.8) 3.(1;1:‘ fowe (4 ,8)at = 1, s E(«) .

Con@iider first the case where f(x) -0 as x>, ILet

12(x)| < B

for all x 2 0. There exists a number N <=¢, such that for xz N, we

have

P L b e e A R T T P L P Y L L L R L L L )

* gSee Zygmund [22] p.45
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/9.

[£(x)]| < Z_f-(- .

In virtue of condition (6.5), there is a set E"(« ), with limit

point o, , such that

8 (<) [< 1, < Ex)

Then, for «¢+ B'(« )* B"(e ) ,

nn

Ife (¢ ,t)£(t)at | fore (« 58) | < | £(8)] dt+/;(e («,t)[-[£(t)]at

<B _[Nle («,t)] at + Q%Laole (« ,t) | at

€ -
<'§:+_?: _E‘,

Since € > 0 is arbitrary, it follows that

o
ln | e («,t)f(t)at =0, o £ o(«) ,
ch~>el, 4

where e( « ) is a suitably chosen set.
Consider now £(x) —> L # 0 . ILetting

f(x): L+ f,(x) »

we obtain

(6.7) f‘; (< ,t)f(t)at = Lj;cée (< ,t)at + f’we (« ,t)f, (t)dt.

The last term on the right of (6.7) is the case already considered and
tends to zero &8s « -~ «,. The first term on the right of (6.7) tends to
L 88 o — « because of the condition (6.6).

Thus, the left side of (6.1) tends to the limit reached by the right
side whenever © (< ,t) satisfies the conditions (6.3), (6.4), (6.5), and

(6.6).
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To show the conditions to be necessary, we consider the con-

vergence of

[o (%) ¥ (v)as

where y/(t) is a bounded absolutely continuoue function, instead of

the function f£(t) merely bounded as in the requirements of this
gection. Ilet
o

dle,t) = [0 (o m)a.
Then

g («,8) = -0 («,t).

If we define £(t) by means of
£7(t) = %),
we can write the identity (2.2) in the form
X

(6.8) Lo («,t) W (t)at = o~ (x,x) = § («,3) W (x) -
Consider first the case where y)(x) —> 0 a8 X —> o . VWe see that the

convergence of the left side of (6.8) can be made to depénd on the con-

ditions prescribed for the convergence of o~(«x ,x).

The condition
o0
£’¢;(¢:t)’ at < X, x ¢ E(x),
goes directly into condition (6.4). The condition
j— "
.,JZi-n;oc, fjefz («,t)] at =0, «x ¢ EY(«),
which depends on

lin @ («,8) = 0, 0£t$x «EE(X),
A ~>Xeo
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goes over to condition (6.5). |

The condition (6.6) is shown to be necessary by considering a
function y/(t) identically a constant.

Since the conditions (6.3) . (6.6) are necessary when the
function considered is bounded and absolutely continuous, it is
obvious that they are also necessary when we consider a more general
clags of functions, namely, the class of funciions bounded and meas-
urable. Therefore, the conditions (6.3) — (6.6) are necessary and
sufficient that (6.1) should hold.

In later work, we shall have %o refér to Theorem 4 in which

condition (6.5) is modified. Let us write instead of (6.5),
X
(6.5)! Jam Jle(«,t) at= 0, 0fx<oo, e B L) ,

where E ( x) 1s & subset of E (), depending on x , and having «,
as a limit point. This condition, instead of (6.5), together with
(6.4) and (6.6), can be shown to be sufficient. The necessity of it

follows at once from the necesaity of
.
bm Lig (0| at =0 <& B (<),

instead of the more restrictive

1im ¢'¢ (,t) = 0.
A ~>Ko
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CHAPTER II
DOUBLE INTEGRALS

1 Statement of the Problems.

Corresponding to the single-integral case we are to consider
functions £(x,y) which are Lebesgue integrable over every rectangle
0£x%2p, 02y $4q, and for which the integral exists as either

P, or g, or both (independently), increase without limit. ILet

Pré
s(p,q) = f]:f(x,y)dxdy s 930, f £ L,
(1.1)

J ‘I ez, y)azax

and suppose that

(1.2) |8(p,a)| $A < 0, all p,q 2 0 .
Let us write’

o0 od
(1.3) s= [ [ #(x,y)axdy.

[ ]

After the fashion of Chapter I, we desire convergence factors

@#(x,y; < ) defined for x,y 2 0, and « in some set E ( X ), having .
" as a limit point of the set but not of it. These convergence factors

must ensure the existence of the integrals

(1.4) o (peuo) = fpf1¢(x,yso<)f(x,y)dxdy, E(=x),
o o
(1.5) ~oostix) = [T flayy; < )e(x,y)axay, E (<),
(1.6) y 003 - P ;
~Np o5 «) = joj:°¢(x,y,o<)f(x,y)dxdy, E(«),
(1.7) () = 77 oy «)Ex,y)axdy, E(«),
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and

(1.8) r o= X5 [Zoa(x,y; «)£(x,y)dxdy, « & B (),
’ wheré E'(( ) 18 E () or a subset of E (< ) having «, for a limit
point.

As before of particular interest is the case 0" = S, when we say
that "¢ is reguler”.

We shall assume that #(x,y; ¢ ) has all the properties necessary
for the manipulations which follow. We might be tempted to assume ¢
un.’_gfomly bounded; thus:

(1.9) |#(x,550¢ )| < B< o0, all x,7 2 0, A& E(e ).
But we see later that we do not need quite a&s much restriction on f.

The other problem considered in this Chapter is analogous to the
second one of Chapter I. Ae in Chapter I, we shall designate the com-
vergence factor sought by O, in this case 8(x,y; #). This will be dis-

cussed more fully in sections 4 and 7.

2 Existence of the Transform

Tt will be useful to assume that ¢(x,y; o« ) converges uniformly in
xand yas « —>oc¢, . By taking ¢(x,y; ) abgolutely continuous we are
assured that §(x,y;«,) 1s also absolutely continuous.

We assume that ¢(x,y; «) posaeas?\first partial derivatives #!(x,y;« )
and ¢§ (x,5; <) for all «¢ B( <), which are absolutely continuous in y
and x respectively. Then ¢;‘? (x,¥; ¢ ) exists almost everywhere. Suppose
that, for every square 0 £ x,y £ z<co, there is a subset E,(x ) of E (« ),

having «, &8 limit ’point,‘ such that ;é:‘; (x,¥5; «) converges boundedly for x
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and y in this square a8 «—>«, in Ez( « ). This is the same condition

as required in Chapter I.

We have,
s
(2.1) 4¢fy(x,y; <)y = @ (x,8;) — ¢! (x,05%) , 0 sq £8,
and
(2.2) Z?‘:?’ (x,7; «)ix = ¢; (r,5; «) - ¢; (p,¥5«) » 0%p &r,

On integrating (1.4) by parts twice, the second time with en in-

version of the order of integration, we obtain

o(pa«) = [I?¢(x,y; «)£(x,7)axdy
= $s ) [0 [Teyany - [ (0 «0f[[fapdedylax
= L8 0f [ e e )4y
n [Tg! £, (53 <) {fox foaf(z,u)dzdx;,}‘dxdy
(2.3) = #(p, 5 ¢ )S(p,9) - j; ﬁ¢,: (x5 o« )8(x,q)ax

$ |
- foifé; (p,5; < )s(p,¥)dy +fa [Z ¢:}(xgysc()S(x,y)d;dy.

From the form of the last term in (2.3), we are led to the con-

dition
(é.4) | f[{ g}(x,yso()[dxdy<x(a<), “:E(x),

where K( ) 18 & positive function of « , defined in E (« ). This con~

dition is analogous to that used in Chapter I.
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- The satisying of condition (2.4) leads at once to the convergence
P
of -[ f?’% (x,5; < )dxdy as p,q—> oo . We impose on @#(x,y; x) the

further conditions

(2.5) ;—3131“ .[o )¢,',, (I,y;‘*)/ x =0, «:E («),
and
(2.6) lim j:[ #, (ys«)|ay =0, <t E (%) .

We note that these conditions are somewhat different from the ones used
by Moore [18] for series. For exasmple, the direct analogue of the series

condition, in place of (2.5), would have required

lim ¢; (x,75¢) = 0.

J—>ob

Such a condition would have been sufficient, but not necesssry.

If (2.5) holds, it follows that

X2
. 1 . —
;li;m.w ’£I¢K (x,y,d)dx-— 0, xl, xz ;, 0 s
or,
#x,,005x) = P(x,,05 ) , x,, X, 3 0.

Using both (2.4) and (2.5), we then obtain
L s |
A ,¢x}(x:¥:°‘ )axdy = g(py005 ¢ ) = Plo, =05 %) — g(p, 05 ) + #(0,05 )

= ¢(°’°3°() — ¢(P:°5 <) .

In virtue of these conditions, therefore, ¢( P,0; <) is defined for

all p>, 0. Likewise, by use of (2.6) and (2.4), we arrive at the existence

of @(o,q;« ) for all q Z 0.
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Again, because of (2.4), we can write
P
,[ £1¢:7 (x,5; 4 )axdy = ¢(?;Q5 «) = @(p,05¢) - #lo,q; x) + g(o,0; ).

‘Therefore ¢(p,q; <) exists for all p,q 2 0. Thus we see that the con-

cliti’bn (1.9) can be replaced by a less-restrictive one, namely,
(2.7) [¢(x,y;a<)j < B(«), <& E(«).

In proving the sufficiency, for the existence of o (<), of the
conditions (2.4), (2.5) and (2.6), let us consider first the case where
s{p,q) — 0 as p,q —>ec . Given an arbitrary €& > 0, there exist

P,< 005 Q,<aa, such that for p > p,, 49 > q,, we have

&
3B(<) ’

ﬁﬁ‘; (x,054)] &% < 55 5

\ s(psq) l <

and
- ¢
fo 19, (¥ <) [ &7 <57 -
Therefore, for P>P, , 4> 4,, (2.3) gives us
brg
|o~(psa50) - / fofé:";(x,y; «)8(x,y)axdy [ < € .
Since € is arbitrary, it follows that

(2.8) Jin (2,050 = L7[d x3s 08z, )axay

The boundedness of S(x,y) and the holding of (2.4) ensure the existence
or the right side of (2.8).

To consider the case S(p,q) —>S # 0 , we write

£(x,7) = £,(x,5) + £,(x,7) ,
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where
f(x,y) = 8, 0sx,y5 1,

olsevhere.

i
o

Then, for p,q Z 1, we have

p ‘r! P
(2.9) fofﬁ(x,y:d )2(x,¥)axdy = S[f #(x,5; « )axdy +lf,z¢(x,y; « )£ ,(x,¥)axdy.
The first integral on the right of (2.9) exists, and the second is the

case 8(p,q) —> 0 as p,q —> = , already considered.

Therefore, the conditions (2.4), (2.5) and (2.6) are sufficient
for the existence of (), for all f(x,y) such that S(x,y) is bounded

and convergent.

3 HNecessity of the Conditions.

Suppose that (2.4) 18 not true. Then for some value «, of «
we have
foo-/‘.o »
) ) l¢,(g (x,5;4)] dxdy = o0 .
Therefore, there exists an N, < oo , such that
N, ¥,
]f 162, (x,33 %) | axéy = 2.
(A ¢
Consider now the function
8,(x,3) = sgn ¢ (x,7:), 05x,7¢N,,
= 0, elsevwhere.
The integrability of ¢;‘; gives that of.g, .

Given € » 0 , choose 2 z, >0 , such that

M2, 0,82,
f, j’ l@”;(x,y;a(.) dxdy < 2+€ .
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Let 1>0 be such that for any set E , contained in the square

0 $x, y$N,+1,, of measure <7, we have
ffelﬁ"}a(x,y;o(,)l dxdy < £ .

By the analogue of the theorem used in I, § 2, there exists &
function S ,(x,y), with

(3.1) s (x,7) = [{j;“f, (s,t)asdt,

such that

[8,(x,¥) - g (x,¥)] < T 0sx, yAN42,
except on a set E, of measure less than 1]

As in I, §2, we meke
8,(x,y) zero for x,y 2 W, + z, /2. 1In particulasr, S (x,N, +z) and

S (N + 2,,y) are zero, rega.rdless of the values of x,y.

Substituting f,(x,5), a8 given by (3.1), in (2.3), yields

42, N2,
lo‘(H+z,,N+z,,ok) =]o-a—0+ fo ‘}(x,y,«)S,(x,y)dxdy)

/ fo”'*zf'vﬁz' ¢§' (x,3; ou») fe,(xa)+[5,(1,9) - g (x,9)] | axay]

I N,41 8I a_;dyl _ } foﬂ,+21/v,f2,¢:’

s, - &, |axy
|+ & sty — [[(d5,] - canay

W

W
sy
3
z'
’&.
-
&
ﬁ‘
—
‘—\

A
o
|
.
n
+
[N
S

We continue this process by considering the number N, < <0 , such

[ . (235 4) [ axay =

and the function g (x,y) defined by

that

4,
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82.(1!3.)2 0, , 0fx, y & N+ z,,
= 0, x or y> N, (or both),
- 212‘ 8gn ¢,',’7 (x,75 %), elsewhere.

By choosing & functlon S,(x,y) in a wey similer to that for S,(x,y),
with & corresponding z,, we shall obtain
¢(N1+ z&.) K2."" zzi*l)> l+% .
Thus, a8 in Chapter I, we arrive at a contradiction, and this proves
the necessity of condition (2.4).

Suppose that (2.5) is not true. Then there ia a constant C > 0, and

a value «, of « , such that for some infinite sequence [ q,‘} sy 4, - ‘14.-,3’ 1,

g, —> e , we have

' f:olg!j( (x,qm;o{,)] dx > C .
If this is true, there exists a corresponding sequence { p“}, P.2 P,.,
P, —> <« , such that

f«"
j: ]¢;(x,qm;o(,)|d;>%_—0-
Define
n
&(x,y) = (1) Bgn ¢,'< (17943"%)) 0fx ¢ P,,\‘l’ I=9q,,
= 0, elsevhere.

By the method adopted in Chapter I, we can obtain & function S, (x) ab-
solutely continuous in x for each q,, approximeting the function g(x,y),

bounded by * 1, zero for x % p, , and such that

P
If; ¢! (x,9a5%) 8,(x) ax| > cf2 .
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Define the absolutely continuous function S(x,y) as any convenient
surface, bounded by * 1, which has the traces S, (x) in the planes ¥ = q .

We note that the integral
N
f, g (x,0,54, )s(x,q.)ax

is alternately > -S—_- and < - &

z
From (2.3) we have
b
a(p,,9,5«,) = #r.,a;«)8(p,,q,) - [ ! (x,0.5)8(x,q,)dx

(3.2)

- ff“sl; (p,,35« )8(p,,¥)ay +,[ Pﬁf,%‘:‘?(x,y; «,)8(x,y)dxdy.
From our method of choosing S(x,y), we have S(P,_,y) = 0, which makes the
first and third terms on tﬁe right of (3.2) zero. The last term converges
to & definite limit as 2, 4, ~—>=0, in virtue of the condition (2.4) and
the boundedness of S(x,y). The left side of (3.2) also must approach a
definite limit. The oscillation of the second term on the right of (3.2)
between limits greatér than % and less then — —g,: provides a contradiction.
Therefore it is seen that condition (2.5) is necessary.

The proof of the necessity of condition (2.6) is entirely analogous
to the of (2.5),and need not be shown here. This completes the proof of

the theorem:?

Theorem 1 Necessary and sufficient conditions that

b
(P k) = f [?{d(x,y; L)F(x,y)dxdy
converge to a definite limit as p,q —» =, for all functions f(x,y) sat-

iefying condition (1.2) are that

; (2.4) fﬁ}:}j(x:Yio() ]dxdy < K (), £ K«),
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3.

(2.5) ¢;'liumw [795; (x,55 ) l dx = 0, «< £ B(X) ,
and
(2.6) lim, f:‘}¢3 (x,7;5«) | &= o, <& B(x) o

4. Application to Bounded Functions of Two Variables.

Given any bounded, measurable function £(x,y), defined for xzO0,

¥y 20, and for which

(4.1) lm £2](x,5) = &,

Xyy4~>00
We desire to discover the properties of convergence factors 6(x,y; «),

‘defined for x2 0, y20, x¢ E (x ), to ensure the existence of the in-

tegrals
(4.2) (P, ) = fbﬁf;fe(x,y;x)f(x,y)dxdy, p,93 0, ££3B,
(4.3) Meosas %) = [7 [T e(x,5; «)2(x,7)axdy,

(4.4) r(eix) = [ 7oy <)tz yany,

(4.5) () = [T [ elx,5; < )2(x,5)axey,

(4.6) ~ = lim fff:’e(x,y; &) E(x,y)dxdy.

oo,
The cage of regularity of @ — 7 — A for all £¢éB, as «£ >«, , in
some set E'( x ) —— will be considered later. We shall be concerned at

the moment with the existence of (4.2) — (4.5). Let
lf(x;Y){ $ B All x,5y Z O

We assume that 6(x,y;« ) is Lebesgue integrable over every finite
réctangle, for each o« £ E (). This condition is necessary and sufficlent

for the existence of (4.2).
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A condition we investigate is the finiteness of the integral

rf
fle(x,y; L) | axdy
®
as8 p,q —veo . The boundedness of £(x,y), together with the finiteness
~of this integral, for all <¢ E(«), ‘are easily seen to be sufficient
for the existence of the integrals (4.3) - (4.5).
Suppose this condition is not necessary. Then, for some value
«, of «, we have
o8
[fle(x,y; «)| dxdy = oo .
There exists a sequence of numbers { /‘m} s such that
A
f,fb le(x,¥; )] axdy = n* .
If we consider the function f(x,y) defined as follows:
Y - $A,.,05 7<AL
£(x,y) = (1/n) sgn o(x,¥;«,), 05 x<d, An, ¢ 7 < A
Au,$ X Ay A €T < A
and substitute this in (4.2), with p,q taking on successively the values

Av s N, we have
w [Mn
* (A hid,) = fj { 6(x,3; «,)f(x,7)axdy

" .
Z 2e~| s> n.
[ 27

L

But, £(x,y) — 0 a8 X,y —>os . Therefore, 1f 7(p,q;«,) —> oo

a8 p,q —> oo Wwe have a contradiction. Hence we have proved

Theorem 2 A necessary and sufficient condition for the convergence,

a8 P, —> oo , OF
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(P oA) = fo”ffe (x,¥; < )£(x,5)dxdy,

whenever lim f(x,y) exists, is that

(4.7)

L6 (x5 <) | axdy < (=) ,

where K,( #) is a positive function of x defined for x:zE ().

5.

Conditions Sufficlent for Regularitl

We desire that

P 0 rod
(5.1) »r= }}ggc./, L35 <)z, y)axay = [ [e(x,)axdy = 8, <ze(x ),

where e( <) is some subset of E (< ) having « a8 limit point. Let us in-
véatigate the sufficiency of the following conditions:
(s.2) LT6,Gri) | any < x (), E («),
(5.3) :‘L;(iﬁ’o ,{;o‘( ¢,'( (x,7;¢ )| a&x= 0, E(x),
(5.4)  Lm  f7 (4! (ny;«)| d&y= 0, E (o),
(5.5) LU oy | ady <k, E'(x ),
] . — o s
(5.86) ‘]zjfi{. f‘ { ["¢:}(x’1’ d)‘ d-x} dy = 0, 0§geo; E«),
P ' . — - (l‘)
(5.7)  lm f {/:"M‘Z?(x,y,a) | av}ax= o, 0¢pe=; EM),
(5.8) lim §(x,y; ) = 1 X,y30; EY«).

LS X Y

1f S(p,q) — O &8 p,q—> = , by the method of §2, we have

(5.9) () 2 f:f:;‘(x,y; <)£(x,y)dxdy = f‘,AJ:ggZ(x,ysol)S(x,y)dxdy-
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3¢,

In view of (5.5), for «t E'(« ), there 18 an N <o , such that, for

P,q4 7> N, we have
e f,'7¢;} (x35 ) | axty — S A0 Gy ) Lamy |< &, ().
Then
| (=) - A B, (235 <)8(x,3)axdy | < § .
Fix p. From (5.7), there exists a set E" (« ), such that for « ¢ B (« ),
JTe wraote]a g, B"( ).

Therefore,

M

/[,P.[g?";’?(x,ys « )s(x,y)dxdy [ < ; E ().

Hence, for «¢ E'(«) + E"( «), we have
\o~ (<) | < € .
Since € 1is arbitrary, it follows that

lim o(x) = 0 = S,

L~ o,

. and regularity is obtained in this case.
The case S(p,q) —> S ;éois handled a8 in previous work. We let

£(x,5) = £(x,y) + £,(x,5) ,

where

£ (xy)= 8, 0$x, 531,

elsevwhere.

b
e
~-
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3s.

Then, for p,q 2 1,

ff[gﬁf(x,y; « )E(x,y)dxdy = S[f I¢(x,ys « )dxdy +f‘f.7¢(x,y; « )£, (x,y)dxdy

The first integral on the right converges to S as «~>« , for«sE"( « ),
because of condition (5.8). The lest integral —> 0 by the work sbove.
Therefore, in all cases, the conditions (5.2) _ (5.8) are sufficient

for regularity.

6  Necessity of the Conditions.
S
The necessity of conditioms (5.2), (5.3), and (5.4) was proved in a

preceding section. To prove the necessity of (5.8), we consider the

function
f(x,y) = 1, 0fx ¢h, 05y<Kk,
= 0, elsewhere.
Then,
£ rk
un J [ #x,y; <)axdy = bk , <& B ).
““)‘(o .

Thie reduces to
Lf/c
lim fa A L1—¢(x,y;a< )] axdy = o .
< e,
By the same reasoning as used in Chapter I, since h and k are arbitrary,

we conclude that

um [1-@x3:4)] = 0, 0fx, y <=2,
oL~2al,

which completes the proof of the necessity of (5.8).
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X.

We have required that ¢’;}(x,y; «) converge boundedly for x,y in
a square 0% X,y sz and «¢ E,(«). Since the limit of #(x,y;«) 18
identically 1, the value of ¢;’}(x,y; o) 18 zero, and the limit of
¢;’a (2,75 <), for x,y in this square and «: E,(« ), is zerc almost

everywhere. Thus

. ” 2 &
(6.1) um (5 v, (75 4)] axiy = 0, e E(<).

Suppose that condition (5.5) does not hold for any subset E'(« )
of E (¢ ) having «, as limit point. Then there exists a sequence of

«'s {4™ converging to A, , such that

b
(6.2) F(p, «™) = fa foP' ¢37(x,y; « ) |dxdy > m

for a proper choice of p.

For any perticular value m, of m, let «, and p, be the corresponding

values of « and p. Choose ¢ > p, and define

8(x,5) = —L= sen ¢,‘:;(x,y; AN 0% xys q
) .

Iet z, > 0 be such that
(6.3) F(a,#2,5 %) = Fa,,4) <% .

- Let %, > O be such that for any set of points E of measure <7, taken from

the square 0 £ X,y £ q,+ 2,, we have

. £
(6.4) f/,:_l¢::? (x)y:"‘,” axdy <7 -
There exists an absolutely continuous function S(x,y) such that

{
CF(?,;-Z,) c(’)

(6.5) | s(x,¥) - &(x,y)] <
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except on a set E, of measure < 7,. Further

2
(6.8) mex [S(x,¥) - g(x,y)] $ el 04X,y $q, »

Let ue require that S(x,y) be zero for x=gq,+ 3 , 0 & y ¢ q,+ 2 end

Py 2, 2
0§X;q_|+5_-) Y= q,+ <.
o)
Now choose «, from the sequence Zf’( fsuch that
(6.7) Flg,+ 2, ,o6) < +,

vhich we can do in view of the necessity of (6.1). Letm_ >m , and P,
‘be the corresponding values of m and p for which (6.2) holds. Take

9, > P, and such that

(6.8) F(o0 ,,) = F(q,, %) = R(g,,x) < ‘GL )
which is possible in view of the necessity of (5.2).

We next define

glx,y) = —Lz-ssn ¢"’;(x,yso<&)

Ny X

for

D(q,+ z,,qz)E(qla-zléx $9,, 08750, 08x$¢+2,9+227¥S% 4,)

-

Define a z, and an 7. in & fashlon similar to that used for 2 and 7, .
Choose S(x,y) asbsolutely continuous and such that

l

(6.9) |8(x,3) ~ &(x,9)| < — Flgr <

over the region D(q,+ Z,, 4, + zz), except in a set E_ of measure <7, . We

see that over D(g, + 2z, 4,+2,),

max | 8(x,5) - &(xy)| § —E=— -

Vom,,
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Making use of relations (6.3) — (6.9) for a function f(x,y) whose

s(x,y) is always less than unity in absolute value, we have
o0
} fof P (x,7;4,)8(x,y)axdy |
N o Za XJ

} | 17%3,(%3’3 «)8(x,7)axdy + le” [ 1l¢:'a(x,y; «,)8(x,7)axdy |

>
- }ﬁf #" (x,3;4)8(x,7)axdy |
. /f,w/f gr, (x,3; )8(x,3)axdy - / i’f,i'g?(x,y <)8(x,y)axdy |

2 f‘z 4 (x,7; «.)e(x,y)dxdy +f f ¢ RE®S 4,)&(x,¥)axdy |
- “o%’f;}‘:‘} (x,7;4) [ s - g] axdy +f f WREI N [S ~ g ] axdy |
= L 0 stray | - B (e,

y =/ 1tfo%lk¢:’7(x,y;x,)l dxdy - fo [ I8, (x,354,) | axdy
- Z‘E“Zm f,g‘f,’fﬂffy(x,y; <) | axay - ;,-;—: jé’ ¢,';’a(x,y;o(1)1 dxdy
-+ -t

>m""7/:m"2/' 34;&1 t -

> Ym, — 1,

Continuing in this fashion, we define a function f(x,y), whose

8(x,y) converges to zero, for which the left side of (5.9), namely,

I x3; 12z, 7)axa3,
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increases indefinitely over a set of values of « , having «, as & limit
point. The choice of the marginal regions D(q, , q; #2;), 1 = 1,2,.....,
enables us té define the absolutely continuous fuhction 8(x,y) in a sat-
isfactory fachion. Thus we have a contradiction, and the necessity of

(5.5) 18 proved.

The proofs of the necessity of (5.6) and (5.7) are hendled together.
In view of the necessity of (5.5), there exists a p < <, such that for
< & B'(x),
L8 ovs <) L axay = [/ffign (3540 ] axay < £ .
o | $ ,
[ 118 (x5 <) | axsy - LA t(mysa) ] axdy < £ . ave

From (€.1), there exists a set E f"’) () such that for « '"Eiﬁ( «), we have
b
| (¢, (o354 ) | axdy < § .

[d_[‘ol¢,?a(1,ysd)ldxdy< € , s («).

Therefore, both conditions (5.6) and (5.7) follow.

=-.Z= Reglaritg for Bounded Functions.

We are interested in having

(7.1) T (0,005 x) = lm flz(x,y; «)E(x,y)axdy = lm £(x,3).

-3 ol x,y ~>

Conditione enalogous to those used for series, and for the single integral

case, are
(7.2) [ Tetxys <) ( axay < x,(«), E (),
(7.3) L7 71e(x,y; <)) axdy < K, , B «),

L
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(7.4)  1lim f {f [o(x,5: <)) dy ) ax= o, | 0§p<~, E¥( ),
(7.5) 'x{gg,f,zfﬁe(x,y;«>1ax}ay= 0,  0tges, ¥(x),
(7.6) lim f fe(x,yso()dxdy= 1, E" ().

Consider first the case f (x,y) —> 0 a8 X,y —> ¢ . Then there exists
a .finite N such that for x,y outside the square 0 £ x, y ¢ N, (f(x,y)l <5

This means that

/ff,z(x,y; «<)f(x,y)dxdy - f,Nf.Ne(x,ys < )£(x,y)axdy |

~ /U f fo Q}S(I,V:«)f(x,y)dxdy/

7N

Ti,‘ {70+ [0+ 7] 16txys <)) asay

(]
S ;
< 2 <& EBY(«).
We need, therefore, consider only
fN Nz
s IQ(X:YS « )E(x,y)dxdy.
Fix §N. From (7.4) we can choose a set EM( o) such that
et € @
fbffo[e(x,y;*)ldy}d.x<-z—é~> « & B ().

Hence, if we choose o« ¢ o{« ) = E'(x) * EY( «), we shall have

fffowe(x,y;o()f(x,y)dxdy) < €.

Thus 7 (o0 y00 5 x) —> 0, 88 < ~>e,, for «: (< ), & suitebly chosen subset

of E ().

For the cese where lim f(x,y) = A # 0, consider
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f(x,y) = A +£(x,5) .

Then

lim  f,(xy)= o,
x,¢a~>°°

and

A

|f,(x,y)( [A]+B .

Now

o

(7.7) rﬁ’(x,y;x)f(x,y)dxdy= Afb fe(x,ysd)dxdy +f,,df,.3(x,y;°<)f, (x,y)dxdy.

The first term on the right of (7.7) —> A as = -« for « £ E¥(« ), according
to condition (7.6). The last term is the case f(x,y) — 0 already discussed.

Therefore for «x in some suilably chosen setl

o4
lim S Lo(x,5; < )£(x,7)axdy = &,

oL ~>
for all cases.
The necessity of condition (7.2) has already been proved. The necessity

of (7.6) follows at once by considering f£(x,y) = A.
The necessity of (7.3) — (7.5) follows readily by the procedure of

Chapter I. We let
¢ (x,5;<) = 'f_g“e(r,s; x )dr ds
Then
| ¢; (x,7; 4) = -f;é (x,8;) a8 , ¢3 (x,73¢) = - f:é (r,y; «)ar,
and
¢?Z}(x,y; L) = 6(x,¥; <) -

Condition (7.3) follows from
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f:of,“i g, (x,35 <) [ axdy < K,

~and conditions (7.4) end (7.5) from

lim fP{fow! ¢:’a(x,y;x)ldyj ax= 0

£, O
and
113 )
uan [l (yse)lexjaya o,
respectively.

These conditions, therefore, as reasoned in Chapter I, are necessary

for a bounded absolutelyvcontinuous function f£(x,y). They are then even

more necessary when the function f(x,y) is merely bounded and measurable.

We have thus completed proof of the theorem:

Theorem 4 Conditions necessary and sufficient that

, o8 pos '
(7.1) lim J f, o(x,y;x )f(x,y)dxdy = lim £(x,y),
: X ~>, x,q=> e

for all functions f(x,y), bounded and measursble, for which the right side

of (7.1) exists, are (7.2), (7.3), (7.4), (7.5) and (7.8).
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CHAPTER III

Multiple Integrals

1. ZExtensions.

f— o
As in the chapters on single and double integrals, we are
concerned with the introduction of convergence factors into con-
" vergent integrals. For convenience of notation, we shall write

S[p]for S(P,s Pys +++ 5 P, )>
4 P orp. o
(1.1) L for ,ﬁfo fo )
dx for dx'dx‘_... ax_ .

Let
P
(1.2) s(p] = ‘[f[x]dx ’
with
(1.3) [s[P1|< A < =0, all p = 0.

We suppose that S [_p'] approaches a definite limit as the p's

become infinite, independently or not. Finally, let
.
(1.4) s= [ £[x] ax.
o -

On the introduction of the convergence factors ¢ [x; «],

ﬁth « belonging to some convenient set E (« ), let us write
b
(1.5) a*[p; o(] .-=f°{£XJ¢ [x;4] ax.

We desire that & [p;«| exist for all p and all & E(x), and
that the limit ¢ [«] of o[p;«] , as the p's become infinite,
exist for all o« & EB( o().‘ For the regularity case, we require that

d-[«] approach the value S, a8 &>, , where o, 1is & limit point
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of the set E ( « ), not of the set.
(w]
As in the previous cases, we shall assume that ¢m[x; a(J exists
almoat everyvwhere and is integrable; that for every hyper-equare

K-Dol o
[0,x] there exists a subset E"(« ), such that as Afor « £ E(x ),

¢ e x; ] converges boundedly; and that ¢[x; a(] converges uniformly
Vo]
to @ [x;d.]88 < =, .

The relation analogous to II, (2.3) is
~[p;x1 = ¢ [p;s«] S[p]
- [« 5 < )8( Jax
o Px, ‘X, P,os Pys oo s B 53LJOAX, 5 P yere »P JOX
t
i ‘{ ;L(P,: X2 By ove s P s )S(P,: Kz"“ :P,\)dx..

—.
L 4

i
(1.8) + ,[a;fxfx,: X 3 By eeey P K)S(x,: X2 P P4_;~";P%)d-x,dx(

P
+(-1) f,,¢éx])£xso(]s[x]dx.

e Reglaritg Conditiona.

We shall omit the preliminery discussion undertaken in the single
and double integral cases, but shall go at once to the regularity case.

The extensions of the conditions in the double integral case are seen

to be
(2.1) /o“mg"i[x;xjjdx < K («), E («),
(2.2) [l1gfm«ila < x - E(X),

(2.3) n conditions of the type
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gs,

o
b L7 ¢ [x:4]|ax = o, E(«),
2=-m
where yf“? -- gltands for X,y X P em y eee ) XD o0,

(2.4) ( ':) conditions of the type

) I e _
7iﬁj.“> oo % ,”’¢x,x,[-x’ «J | dx ax, = o, E (=),
(2.5) n conditions of the type
P, Lol ad oo &) _
3211%0(0 f; {LL-.-J; ! ¢[x3(x,0(3( d.xl oo d.x“j dxl— 0,
0§p <= ; ECMx) .
(2.8) lim @ [x;41 = 1, B () .
oK ~poly

By the method of Chapter II, by means of these conditions, we

can show that ¢ [ x; <] 1s bounded by & function of « for all x. We

can also show that, for S[x] — 0 a8 X — o= ,

2.7 - M )
(2.7) 7 [a] = /; ¢Cx3[x; «] 8 [x] dx.
Then, by use of conditions (2.2) and (2.5), successively, we
show that
lin f‘[d} - 0 s E"(O()c
K->l -

For the case S[x]—S :,é 0 , exactly as in the previous work we
decompose f(x]into two functions, and invoke condition (2.6) as well,

Thus we see that the conditions (2.1) — (2.6) are sufficient that

od
lim _ _
Un s(«j=zs = [ £(x]a E"(« ).
The necessity of these conditions is proved in the same way as

for the double imtegral case. Thus (2.1) goes through in the same
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way. The ‘necesaity of conditions (2.3), (2.4), and up to (2.5) can

be proved by the method of oscillations on (1.8), as was done in
Chapter II. The necessity of (2.6) is easily proved by considering

a function identically a constant over an arbitrary hyper-rectangle,
end zero elsewhere. Then we prove the necessity of (2.2) by a proof
enalogous to that for the corresponding condition for double integrals.
Finally, the necessity of the conditions (2.5) is showm.

We thus have the theorem:
Theorem 1 Conditions necessary and sufficient that
b — ]
od o
un [ #[x; «] £[x)dx = f f(x] ax , < £ B« ),
L-pel, “° ° S

whenever the right side exists, are that { { x; <) eatisfy the conditions

(2.1) — (2.6).

___3_)_, égglication to Bounded Functiomns.

As in the previous chapters, we desire that

(3.1) lm [ O[x«]f[x]dx= lm £(x] = &,
. oL ~> X, e K => 08 ’

where f{x] is measurable over every hyper-rectangle 05X £p <= , and
(3.2) [£[x1] < B < oo, all x.
The conditions we shall investigate in this problem, as for the

double integral case, are fewer in number than those for the preceding

section. They are

(3.3) F[G[x; «] | ax ‘< K (), | E (),

(3.4) _[6[9 fx;23 [ dx < K, EY( ),;

(3.5) lin fp"[{ff~-~f’°°f{9[xso<:{ fax,...ax, ] a&x = o, EW(oc),
oK —> ol
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and (n — 1) more conditions of this same type (3.5); and

. od
3.6 lim 0l x;«fdx = 1 " .
(.6)  1m  [Te(x , B( <)

Consider firet the cese f [x] —> 0 &8 x —» <« , Then there is a

finite N such that for x outside the hyper-squere 0 $x sXK, we have

HERTR ZZ , B ().

We can then write
}fje[x;x] fixJax| < ,/oﬂe[x;oqf[x] ax/ e

In view of condition (3.5), there exists a set EM( o« ) such that

for « in this set, we have

UL e a1 SERY
> ° 0 Ie [x’ O(J dx?.." d'xm.j d'xl <2-B *
Therefore, for « s E'(«) * ¥{ ), we have

{ffe[x;«]f[dexhe ,

)

and, since € is arbitrary,

ob
lim f o[x;«]f (x1dax = 0,. e ()

K=-» ek, 0
where e (o« ) is some suitably chosen subset of E (« ), having «, &s &
limit point.

The cage f [x] —> A, # 0, is handled by the method of decomposition

of £ {x]into a sum of functions, one of which is identlcally A, and the

other —> 0 a8 x —> « . This completes the proof of the sufficiency of

the conditions (3.3) to (3.6) that 8 be regular.

The necessity of condition (3.6) follows at once by considering the
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function f identically A. To prove the necessity of the other con-

ditions, we proceed as in the two former chapters. We let
ot b
¢(x‘, seay xm; OC) - i ‘e L 9(2', veey zﬁ;o() d.z. ces d.zm-
1 ~
Then
oo
¢;'(x,, veey xpt-; OL) = e _{x“---. [::Q(x', Zz, sy zm;*)d.zz_ se d.z’b,

eow

(m) ”~
¢Dq(x|, seey IM; o() - (""’ l) 8 (x" sy x,“, 9()'

The @ function we have defined must satisfy the conditions (2.1)

= (2.8) of this chapter. In the employment of these conditions, the

function S [ x] is absolutely continuous. Since the conditions (2.1)

~ (2.6) are necessary for en absolutely continuous (bounded) function,
they must also be necessary when the function f[x] considered is merely

bounded and measursble.

Thus we complete the proof of the theorem:

Theorem 2 Conditions necessary and sufficient that

lim [ @ [x«] £ [x)dx = lim f[x], E"( ),
AL=r2el, " O R~ 0o

are (3.3) — (3.6) of this section.
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CHAPTER IV

Summatioﬁ Methods

1 Defintions.

Given any function f(t) integrable over a finite range (0,x),
we say that the integral j:° f(t)dt is sunmable X , if the transform
asgociated with the summability method X gives & value to the in-
finite integral. We usually concern ourselves with regular summa-

‘bility methods, i.e., methods which assign the value [ £(t)at to
the transform, whenever this original integral has & meaning.

We shall investigate the regularity of the analogues of the
methods used for series. Methods considered are Cesaro, Holder,

M. Riesz, Abel, and Norlund. We devote a apecial section kto this

last method.

_2 Regulerity

The existence of the limit

™

X
(2.1) (Cr;f) = ,Jf.’fobfo (1 - %)™ #(t)as, rzo0,

is called* (C,r) summability of J f£(t)dt. It is seen that the
o

¢(x ,t) of Chapter I is given by

(2.2) #le,t) = (1-5)", 0§ ts«,
: o’ t>«,

where 0 <« <o0 , 80d o, = oo + Als0O,

. - A b . - M. - S e M A e M WA WS D s WP ate o S o e M o O S e WD e S N G T N G W W

* See Titchmarsh [20] p.26
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¢: (et ,8) = ~£(l—i)_, 0st<e,
= O, t>°(o
We note that ¢£ (« ,t) is unbounded in the neighborhood of t =«,

if r < 1. 1If, however, « > 2x, them, for r <1,

19 (<58 ] <« —2— 0gt ¢ x.

Thus, the existence of the set E < (<), as postulated in Chapter I,
is assured.

It is easily verified that the ¢ defined by (2.2) satisfies the
conditions (4.2) — (4.5) of Chapter I. since (C,r, —T,), for
r, -r, %0, is & regular method, we see that (C,r, ) sunmebility

implies (C,r,) sumebility whenever r, 2 r,.

Ordinary convergence is (C,0) summability. The "summebility™

used by Moore [17], and by Bromwich [4], 1s (c,1) summebility.

A definition of (@,k) summability, for k a non-negative in-

teger, analogous to that for series, involves the limit.

k1T sifd ik
(2.3) (C,k;f) = i:nw Sy ff f £(t)at dy, dy, see Oy, .

On integrating (2.1) by parte, for r a non-negative integer, we

obtain the same multiple integrel as in (2.3), with the fector out-
slde replaced by -
(

lim ——/}-:
X=>et X

Thus, for r = k , The representetions (2.1) and (2.3) are eguiv-

alent.
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Suppose g(t) is a positive monotone function of t, increasing
o0 .
to infinity with t. We say that fb £(t)dt is sumeble (R,g,r) —

the method of M. Riesz —— when

X
&) 1™
(2.4) (Rog,w5f) =  lim fo {1 - ??Kj £(t)at, rz 0,

exists. The ¢ (« ,t) defined in this case has

3 My {1- —3_‘1’—}"”’

¢2 (0‘ ;t) = - ?(d) ;(‘0

which converges boundedly almost everywhere in (0,x) for & suitsble
set Ex( « ). Since this convergence almost everywhere was all that
wae needed in Chapter I, we can easlly show that this method is
regular also.

It is noted in passing that, if g(t) = t, we have the Cesaro

method, which, therefore, is & special case of the M. Riesz summa-
bility method.

The analogue of the Abel method for series yields

@t
(2.5) (A,2) = 1lim f: < £(t)at, 04« < 1,
& => |
or, what is equivalent,

(2.6) a8 = ua [ (1-« ) 2(t)at, 0 <« < 1.
~» 0

The convergence factor okt— (or (1 -« )t ) is easily verified to satisfy

the regularity conditions of Chapter I.
For the Holder method we define
X
0)
B%x) = fb £(t)dt,

) X o
5" (x) = xlf B(t)at,
(]

oo
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X -
5®(x) = %L g “t)at.

Ve say that [ £(t)at is sumsble (E,k) to s, if

lim Ha"(x) = 8.

X ~>od

The Holder method is regular, as is seen by observing that the Hm ,

H(k—-l)

transform is the (C,1) transform of the trensform, and all

¢ methods are regular.

3 Norlund Smmnabilitg.
—_—

We proceed to define for integrals what is analogous to
Norlund means for series. Consider the function ¥ (%), real or
complex-valued, of the resl variable t , 0 £t <o , ¥(0) # 0.

Iet ¥(t) ¢ L(0,x) for all x > 0, and set

=~

(3.1) T (x) = fox Y (t)dt.
X _
For any integral f f(t)at, with ¢ (x) = _[ f£(t)at, we form

Lroc-tpwde g

T (x) T(x) ~

(3.2) o(x) =

od
If o(x) — o &8s x — oo , we say that the integral j., f(t)at

is summeble (N, ¥) to the value ¢ . In particular, if ¢ = Lim {(x),
X=>c0

whenever this limit exists, the sunmation method (N, ¥) is regular.

Referring to the definition of 6(« ,t) given in Chapter I, we

gee that
(3.3) o(x ,t) = 17%3? , ’ 0§t Sof,
— o’ t >°( .

The E () corresponds to the range 0 S« <co , and of, = o0
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Condition (6.6) of Chapter I becomes

/ooe(o( was = 7 “T((’i)“ at= 1, allx 2 o,

and hence is Batisfied.; Condition (6.3) is satisfied by definition, and

condition (6.4) is equivalent to
X
(3.4) [lxwlas < k|7l

where K 18 a positive constent and x% 0. The condition (6.5) means that

(3.5) lim X&) _ o all t£«.

K~ T()

For the case where T (x) —> °¢ with x, we shall try to replace (3.5)

by the condition

(3.6) lim _¥&)_ 4.
X=>e Tfx)~
Set
(3.7) 2Ux) = | ¥(x)]{, O(x) = f:g(t)dt, x20.

Given (3.6), for €>0, there is a p, such that for q 3 p,, we bave

]_EQL_/< £,

Tg) K

‘Then choose p, such that

(3.8) Xé‘;i <€ 0sk<p, a3 D, 3 D,

For ¢ 2 k 2 p, , we have

(5.9) ¥ (k) ’ LY ) [T[h)l <{7{(h) I A (k) !/I Y(k)

T (%) TR ITE ! [Tl Agyk Tk

A combinestion of the inequalities (3.8) and (3.9) shows that the right-

hand side of (3.3) tends to zero as « becomes infinite

We thus have the theorem:
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Theorem 1. Necessary and sufficient conditions that the
p— ]

definition (N, ¥) shall be regular are that (3.4) and (3.5) shall

hold. j‘or the case where [ (x) oo 88 X ~> <o, (3.4) and (3.6)

gerve as necesgsary and sufficient conditions.

4. Double Inteﬁrals .
]

The integral analogue of Norlund means for double series
follows in similar fashion. Given a real or complex-valued

~ function ¥ (x,y) of the real variables 0 § x, y<e , ¥(0,0) # 0,

we sel

(4.1) T (x,y) = foxfo’X(u,V) du,av.
For any double integral f f lf( u,v)dudv, with
(4.2) s(x,y) = fox foJf(u,v)d.ua.v,
write

L o (x w3 = v)s(uyv)away _ S (x,3)

4.3 ,¥) = =
“3) olx) T (x,5) 7 (x,¥)

If o (x,y) tends to & limit ¢ as x,y — =¢ , we say that the in-

tegral (4.2) is summable (N; ¥ ) to the value s .

Corresponding to the convergence factor used in Chapter IJ,

we may vrite

-y JF -V 0fwus<x
o(w,vi<) = 8(nviny) = JLE-W ), ’
= 0, elsewhere.
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The set E (« ) corresponds to the range x,y 2 0, and «. has the

coordinates (e ,00).

Tt is seen from (4.4) and (4.1) thet condition (II — 7.6)

is gatisfied for all « , and hence also as « —>«,, (ondltion
(II - 7.2) is satisfied from definition. Condition (II - 7.3)

is equivalent to
b ri
(4.5) [[r@niay < 5 (7 k0],

where H is a positive constant and p,q 2 0. The conditions

(IT - 7.4) and (II - 7.5) become

bo o4
(4.6) lim f,{»ﬁ”’(x-u,y-v)ldvf&u N 0 € peoo
X,y ~>ob T\(x’ﬂ = » s 2
and
(4.7) lim f { ¥ (x - u, y - v)| aul av 0 <
xla“?d’ T1 (x y) - 0’ £Q <=0 .
2

Thus we have the theoremi

Theorem 2 Conditions necessary and sufficient for the regu-

larity of the definition {N; ¥ ) of this section, for double integrals

whose partial sums are bounded, are the relations (4.5), (4.6) and

(4.7).

____g Multigle ;ntegral .

Given a real or complex-valued function ¥[t] of the n varisbles

0§tb,, 6, eos st <oy ¥[0]1+# 0, we set
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LY

(5.1) Tlx] = [J[t] at.

Consider the multiple integral [ £ [t} dt, with

(5.2) s(xl= [ £[t]at.
Let
[ J
_ o ¥[x - t]s [t] dt [x] .
(5.3) slxl= 7 x] = T 7[x1

If «[x] tends to & limit ¢ a8 the x's become infinite, we say that

the multiple integral (5.2) is summeble [N; ¥ ] to the value ¢ .
Following procedure analogous to that used for single and double
integrals, we note the expression which corresponds to the © [t;d]

of Chapter III. Then we caxrry over to this case the conditions dis-

covered to be necessary and sufficient for regularity. We have

(5.4) o[tiu] = 8 [x-%t] 0fts x,
T[x]
= 0, elsewhere.

From the definitions (5.4) and (5.1) we see immediately that
the conditions (III -3.3) and (III - 3.6) are satisfied. The con-

dition (III - 3.4) is equivalent to
(5.5) flz’[tjlat < 8] Trxll,

where H is a positive constant and (:x] 2 0. The set of conditions

(III - 3.5) become the conditions

’ A X3 XM
(5.6) 1lim f/.,//, R ACE TR 2 -t X d.x.n}dx.’: o,
R T
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for p, 2 0, and (n _ 1) similar conditions.

Thus we have the theorem:

Theorem 3 The necessary and sufficient conditions that the
]

L N; J J of this section be reguler for multiple lntegrals, whose

partial integrals are uniformly bounded, are the relations (5.5)

and gs.s;.

6. Factorable Transforms.
T e e e e e

Corresponding to the factorable transformations of double and
multiple sequences, we consider the case where the X (x,y) and ¥[x]

take thejform

(6.1) 3y = 6E) - Y (7, 0§x, § <=,
and

(6.2) ¥exd = B (x,) " YL (x,) eeeer Ex,), 0 £ [x]<oo,
respectively.

It is readily seen that this reduce$ the problem of regularity
to that of making both J, and ¥, , in the case of double integrals,
end 8ll of &, ¥, +e+ , 8, in the case of multiple integrals,

 @atisfy the conditions of Theorem 1 of this chapter.
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