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SYMBOLS

A: Specific work content, or "maximum work"
a: A constant of proportionality

¢: Subscript denoting "circuit"j; subscript denoting "eritical
point's constant of proportionalitly

C1s €9y €33 Positive constants

Cps Specific heat at constant pressure
D: The discriminant of the quadratic form, g
€:s A unit vector

F: gpecific free energy

£f: A vector
‘rotvgz The rotation, or curl, of £

G: Any thermodynamic function

H: Specific enthalpy, or '“heat content"
ijk: Right-handed set of unit vectors
i=1, 2, 3---p: Indices

J: Jacobian

K: A constant

Kq9 Kos Principal curvatures; constants

L: A straight-line segment; perpendicular distance from tan-
gent plane to surfacej liquid state

m: Mass

W: Normal

n: WUnit normal

o3 Sﬁbscript denoting "triple-point"

P: Pressure

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



SYMBOLS - continued

v
-
€

Two functions of x and y

gq: A quadratic form

R: A point

T: Position vector

S: Surface areaj surface; solid state

s: Arc length

T: Thermodynamic temperature

¥: Position vector of a point in a tangent plane

To: Position vector of a point in a tangent plane through
the origin

U: A vector denoting the difference between the position
vectors of two points which represent co-existent states

V: Vapor state

v: Specific volume

Xy ¥y 2: Rectangular co-ordinates

[%y ¥» 2] A vector with components x, y, and z, respe?tively

X 3 %%, the partial derivative of x with respect to y

J
K 5
Xyt %;%, the second partial derivative of x with respect to y

o

AQ
AW

Heat absorbed in a change of thermodynamic state
Work done in a change of thermodynamic state

$: The variation of

m
ae

Specific internal energy
$, ¥ ,()1: Dyadics

#5: The second invariant of &
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SYMBOLS - continued
’P Specific entropy

e: Angle
V: ii-d—ﬁ, the gradient of
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PART ONE

PLANE DIAGRANMS
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I Definition of a Fundemential Equation

According to the First Law of Thermodynamics the
increase in the internal energy of a body undergoing a change
of state is given by the difference between the heat absorbed
and the work done by the bodyj or, in any consistent set of
units,

A€=AQ - Aw o (1)
But,y by the Second Law of Thermodynamice, the heat received
in the assigned change from state 1 to state 2 is given by

the expression
(¢ |
AQ= f T an _ ~ (2)
Ul
Also, if the work involved be limited to a pressure-volume
effect, ¥
AW = f P av (3)
v
The five thermodynamic functions; then, are subject to the
general differential equatieri
a€=T an - P av | (4)

whence

)

and
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Since the state of a body is capable, at the most,

" of only two independent variations, there must exist three
independent equations relating the five functions Q, v, €,
P, T. Any finite equation (i.e., not a differential equa-
tion) between €, 7? and v considered together with the dif;
ferential relations above will furnish the three independent
equations. Hence, such an expression relating €, Q, and v
may be regarded as a fundamental equation for the substance
in question,

———— A N————— . S—

II Basic Idea of Two-dimensional Diagram

The state of the fluid like the position of a point
in a plane is capable of two independent variations, and it
may be assumed that these variations can occur continuously,
or reversibly. It is therefore possible to associate in a
continuous manner all the equilibrium states of the fluid
with the points in a plane so that each point corresponds to
one, and only one, state of the body. The five quantities
v, P, T,rq, € thus become uniform scalar point functions in
the plane, Moreover, it is apparent that this one-to-one
correspondence between the states of the body and the points
in a plane is attainable by an infinitely large number of
different methods of association, the only restriction being
that the conditions of continuity must be fulfilled.

Points corresponding to states of equal temperature
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will form lines in the disgram, different lines being asso~
ciated with different temperatures. These lines are called
isothermals., Similarly, there may be traced isobaric (con-
stant pressure), isometric (constant volume), isentropic
(constant entropy), and isodynamic (constant energy) lines.
The shape of any particular family of such lines will vary
with the method of association used in formingfthe disgram,
Any finite and reversible change of state of the
body will appear on the diagram as a line composed of points
corresponding to all the intermediate states assumed by the
body in passing from its initial to its final state, Such
a line is called a path, The shape of a path likewise will
vary with the rule of association used in forming the dia-

gram.
IITI Properties of the General Diagram

Isothermals, isobarics, etc. may, in general, be
called contour lines, or level
lines. Let G denote any one of the
thermodynamic functions, and G =k
and G=k2(k2>kl) ‘be two contours.

Tl is a unit normal and € a unit
vector in the direction RR' (Figure
1).

Figure 1
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Then
lim gn'z = G(R) g - G(R) Bs' (5
E=Res ROR g RR'
1im Q(g) = G(E))( 1im B ag
(s—r-R )(RL»R ﬁ') ~dn cos €

=96 7.2=%.V ¢ where vg=n 9 'mgradient' of G
dn 1 ~ dn

The quantity %Gg is the directional derivative of G. 1Its
value gives the magnitude of the rate of change of the func-
tion along any line L. Ite maximum value is the magnitude of
VG (since %3 -é-‘g cos @). The gradient,VG, therefore, is a
‘vector giving both the direction and magnitude of the max-
imum rate of increase of G at R. From the .defini'bion, it
appears that V@G is invariant to the choice of eb-erdinate
systems. For computation, however, VG may be referred to

X~y co-ordinates as follows:

o _@ 2G dx 2G 2G G :
& Va= ds 0x ds ayds ( ax Tt Vy) Xi+%%‘))

~3G G 3
or VG.—ax i+ 55 J (6)

where 1 and j are unit vectors in the x and y directions,
respectively. The differential of G may be defined conven-
iently in terms of V@G and the differential of the position

vector ¥ of a point as follows:

_46 . =96 ®.97r—
dG—.dn cos @ d dn =V G+dr (7

1 the symbol 4 is used because along any line L, the inde=
pendent variables x and y as well as G are functions of s,
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The rotation of any vector f may be defined sym-
bolically in terms of the operator V(= i §§-+ J %59 as
follows:

rot F=VxE =i + Jx 5y (8)
in terms of x-y co-ordinate system.,

The integral AW is not independent of the path
followed by the body in undergoing a change of state; for if

é
the work effect be written z&Wz:/?Pdv + 0dP), then
/
) 20

atives is a necessary condition for independence. Hence, AW

But the equality of these partial deriv-

is a line integral in the P-v disgram. It is, therefore, a
line integral in any of the infinite number of possible dia-
grams attainable by different methods of association, all of
which represent P as a uniform point function. Similarly,
AQ is a line integral.

With any path representing a finite change of state
of the body, then, there will be associated definite quantit-
ies of heat and work which may be computed by egs. (2) and (3).
Any path forming a closed circuit also will involve definite
amounts of work and heat which by equation (1) must be equal.
Such a path likewise will inclose a certain area on the dia-
gram., It is desired to relate the work (end heat) of a e¢cir-
cuit to the area inclosed. |

If W denote the work of a circuit, then by egs. (2)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and (7) and Green's Theorem:

Wc—-:ﬁdv:\/P‘Vv-df=ﬁ-rot. (PVv) @8 (9)
Q o '

in which k is a unit vector normel to the plane of the dia-
graml. It will be observed that equation (2) is formally inQ
dependent of the particular law of association used in form-
ing the disgram.

To facilitate interpretation the right member of
equation (9) may be converted into its Cartesian equivalent.
Let x and y denote in geiaeral any two thermodynamic func-
tions, Let T denote the vector PVv, Then

F=pyv=p 2V av
f=pvv=p i+ p R

FEE Ry B B

F_[.2 P v P v azv).
x (Pa o )i+(axby+Payax

By equation (8)

1 Green's Theorem may be writtenf?df%wot T as
(+}

in vector notation, if f=Pi + R r=xi + yj; k=1ixj. Then,

this expression becomes ﬁ?ﬁx +Qdy)= /] %,Q[ - -g-g:) dx dy
Q. .

which is the usual form for Green's Theorem in the xy-plane,
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F— (2B v _ 2P v
rot £f= ('52 3y a}f 3% ).k

The vector k is chosen so that ijk form a right-handed set.
AP 2V _ 2P V) 4 _ ,

The quantity 3% 2y ~ 3y ax) is defined as the Jacobian of

P and v with respect to x and y. If it be denoted by J,

equation (©) becomes by substitution
Wo=| |J dx dy - (10)

In order that equation (10) be consistent with the definition
of W, it is necessary that aress circumscribed in a clockwise
direction be considered as negative.

The principle of dimensional homogeneity requires
that the J of equation (10) have the dimensions of gﬁgﬁl,
and, therefore, J may be regarded as the reciprocal of the
scale of work ( and heatg} in the disgram in question. It is
evident that the scale in generai will vary from point te
point in a disgram. If x and y be identified respectively
with v and P, the Jacobian assumes the velue minus unity,
and, thus, the P-v diagram exhibits work (and heat) ito con-
gtant scale., Similarly, the'f-q disgram is one of constant

scale. Such plots are most convenient for ascertaining the

1 tThie may be seen also directly from the definition of J.

2 By equation (1), We=Qe since €c =0, Hence, if We=con=-
stent x inclosed area, thenn Q¢ =constant x inclosed area;
and, therefore a diagram which exhibits work to constant
scale must also exhibit heat to the same scale,
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work (and heat) of a circuit graphically.

By starting with equation (3), a relation formally
similar to equation (9) may be obtained for the heat of a
circuit in terms of T and Q. The rec;procal scale, J, then
appears explicitly as the Jacobian of T and q with respect
to x and y.

In the special case in which J vanishes, the work
(and heat) of the circuit is zero by equation (10). But the
vanishing of the Jacobian is a sufficient condition that a
functional relation exist between P and v. Such a circuit,
therefore, consists simply ef.an oscillation along a plane
curve, and it circumseribes no areal,

Equation (10) may be applied to an open path by
forming a circuit consisting of the given path and suitable
contour lines. The work (or heat) of the path is then ob-
tained as the difference between the work (or heat) of the
circuit and the work (or heat) of the portion of the circuit
consisting of the contour lines, which latter quantities may
be readily obtained by eq. (2)(6r eqg. (3)).

e e—e—— S——  —— o_— S —— ———  Wn—

A gas may be considered ideal if it obeys the

1 Thig is true provided the functions are represented as
uniform point functions.
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equations
Pv =8T (11)
€ =cT (12)

Here, the relation of "a" to the gas constant R is apparent,
and "e" is evidently the specific heat taken at constant
volume. From egs. (4), (11), &and (12), T and P may be elim-
inated and the fundamental equation for an ideal gas obtained
by integrationl as

ln€=-ge--glnv (13)

By suitable manipulations among equations (11),
(12) and (13) the following relations may be evolved:

(T constant): Pv=const. (14)
(P constant): =T x const. (15)
(v constant): P=T x const. (16)
(rz constent): 1In €=const. - % In v a7n
(€ constant): rl - & ln v=const, , (18)

The vector equations of these contour lines are
most easily obtained in terms of the Cartesian components
of the position vector. Let x and y be the independent
varisbles., Then the quantities P, v, T, Q’ € are defined
by sets of values of x and y. For example,

P=P(x,y) and v=v(x,y)

whence,

1 The constent of integration becomes zero if rl=0 in the
state in which €=v=1.
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x =x(P,Vv)
provided J#0,
¥y =y(P,v) o
But along a contour line, P and v‘are.functionally related
(the relation for the isothermal, for instance, is given
explicitly by equation (14)), and, therefore, J necessarily
vanishes. Along such a line, y becomes a function of the
constant quantity and x, and, hence, the thermodynamic func-
tions are there defined by values of x, The position vector
of any point on a given contour line, then, is
F=xi +yj
in which x is an independent variable and the form of the
function y=y(x) is determined from the particular one of

the egs. (14)-(18) in question.

V Arrangement of the Contour Lines about a Point

—— TS . . S—————. . SR -

The order in which the isothermal, isobaric, iso-
metric and isentropic of an ideal gaes succeed each other a=-
round a point, as well as the sides of these lines on which
the functions are increasing, appears from a consideration
of the gradients of the regpective functions. As V is an in-
varient to co-ordinate systems, no generality is lost by
identifying T and v with the rectangular co-ordinates x and
y respectively. The following relations hold:

T=T

v=v
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P=

<lB

rl=c Inc+elInT +alnv
Then, by equation (6):
VT=1i

Since the gquantities a, ¢, T, Vv are positive and finite
except al the absolute zero of temperature, the gradients
muet fall as in Figure (2).

Vv VQ,
vT
VP
Figure 2

. Figure 3
The corresponding contour lines then appear as in Figure (3)

in which the + signs indicate the side of a line on which the

function is inecreasing. The arrangement of Figure (3) (either
as it appears, ef inverted) must prevail in any diagram which

represents P, v, T, N as uniform point functions.

In general, choosing v and T as the independent

variables,
VT=1i
Vv=J
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vE= (g%)vi * ('Ba%)'rj

vn= (g%)vi i (%)Tj
The position of the isobaric and iéentropic will thus depend
upon the values of the quantities (%%)v’ (-g-%)'g, and
('g-TE)v [:(—%@)T:l which in turn may be expected to vary with
the substance in question and the type of equilibrium con-
sidered; i.e., stable or neutral, as well as with the posi=

tion of the point in the diasgram in certain cases.

VI Inter-relations among Special Diagrams

In determining the work and heat accompanying &
change of state, it may be desirable to consider the deform-
ation necessary +to transform a given diasgram into one of con-
stant scale. Consider, for instance, the volume-entropy dia-
gram, If each point be shifted vertically such a distance as
to make the isobarices straight horizontal lines spaced at dis-
tances proportional to the differences in pressure between
the lines, the diagram will become a volume-pressure diagram.
Thie "shearing" may be accomplished by the action of a suit-
able, variable, planar dyadic upon the position vectors of
the points in the volume-entropy diagram. Let $ be such a
dyadic and T the position vectors to be transformed into the
position vectors T'.

r=vi + r(j
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gl-ii + % Jd

F'=3.F=2%.vi + éorlj

Sevi=vi
enj =Pj
SF'=vi + PJ

The transforms are evidently position vectors in the volume-
pressure disgram, |
Similerly, consider the transformatien produced by
the operator V¥ : | |
T=2 11 +§3
Fr=" =T + nd
The volume-entropy diagram is thus converted into a t.empera;

ture-entropy disgram, and the effect of ¥ is to slide all
points horizontally so that isothermals become vertical

1 the dyadic # may be formulated in other ways in terms of

the idemfactor, I. For example, §=I - %-l(rz - P)jj effects

the desired transformation., Thie formulation, while lacking
somewhat in compactness, (i.e., it introduces an extraneous
dyad, kk), possibly presents more clearly the actual mechan-
ism of the transformation,

Along any isobaric, n may be computed from egs.
(11), (12), end (13) as a function of v and the constant
pressure chosenj gizi, for an ideal gas,

=+

n=e 1n £ pv®
In terms of the variable fact.or V, t.he dyadic & then appears

as 2.1
§1-11n-1°Pv° (cln Pvc - P)3J
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gtraight lines spaced linearly with respect to the tempera-
ture. }

The combined effect of the dyadics & and ¥ may
be achieved with a single dyadic )L as follows:

=P =3 2 3] ?- 3 —_— g i |
N=8% (11+,l,j,;) (311 +35)=F 1 +E 43
Fr=.-F=(L B 33 ( )
Ft =().F ("iiJr’ljJ) vi +nj)
F'=Ti + Pj | |
The volume-entropy disgram is thus deformed into a tempera-
ture~pressure diagram. The scale of work and heat for this

disgram, however, is not constant, the value of J being

(%)
oT/p’

In general, any diagram formed by such a method
that two thermodynamic functions can be identified with the
co-ordinates of an orthogonal system may be transformed into
any other such disgram through the operation of planar
dyadics as illustrated above,

VII A Defect in Disgrams of Constant Scale

It may occur in a diagram of variable scale for
certain substances that the reciprocal scale J change sign
in passing from one region of the diagram to another, From
the principle of continuity, two such regions must be sepa-
rated by a line upon which J vanishes, Consider the mapping
of points in such a diagram upon the v~P plane, a disgram of
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constant scale. A sufficient condition that biunique (one-
to-one) correspondence be obtained is that J be not zero.
However, the sense of rotation will be preserved or reversed
according as J is positive or negative; i.e., the region in
which J is negative will be inverted in mapping on the v-P
plane, In view of the continuity between the two regions,
such an inversion is attainable only by "folding" the diagram
along the line upon which J vanishes, In the v-P plane,
therefore, this line may be regarded as a boundary of the
diagram on one side of which no states of the body are repre;
sented and on the other side of which the points, for a ceré
tain distance, at least, are double~valued, Moreover, this
behavior may be expected in any diagram of congtant scale for
such a substance, as is evident from the consideration that
circuits described in the same direction in a diagram of var-
iable scale may be associated with quantities of work of op-

- posite signj whereas, this is not possible‘in a constant
scale diagram. ,

This defect need not hinder the'application of the
propositions previously developed under the assumption that
the thermodynamic quantities are represented as uniform point
functions, however, for sﬁch a constant scale diagram may be
considered as two, distinct, superposed diagrams continuous
only along the-.line of fold, Each such sheet will then be
amensble to treatment by the relations developed.

A specific example of the general case discussed
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above is furnished by water. In the v—-_rl diagram

o= ~(36), (%), - (30,08 =-(B)
_ 3"9'2 avqa'lv ‘anan Flv
It is apparent that the line of fold in this case is the line

which represents states of maximum density for liquid water;
for along this line J vanishes, and on opposite sides of it

J assumes eopposite signs.,
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PART TWO

THE ENTROPY~-VOLUME~ENERGY SURFACE
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1 Graphical Representation

From an application of the First and Second Laws
to a reversible change of state of a one-component body of .

unit mess there appears the fundamental differential equation

de=T7 d’l"' P av (1)
whence
T= €, and P= -6 (2)

It is obvious that an Equation of State for the body re-
lating €, ’P and v, considered together with the general
differential equation, will suffice to evaluate the five
variables €, Q?'v, P, and T, as well as any other thermo-~
dynamic functions of state which may be defined in terms of
them,’for any assigned values of rzand v. In terms of en-
tropy and volume as the independent variables, such an Equa-
tion of State may be written in the form

€=€(n,v) | (3)
in which € is an analytic function for homogeneous (i.e.,
one-phase) states of the bodyl.

Probably the simplest graphical representation of

equation (3) may be obtained by identifying Q,‘v, and € re-
spectively with the x, y, and z of a set of right-handed,

orthogonal axes. Points representing homogeneous states then

1 the equation for two-phase states is easily derived from
this equation, as will be shownj; a similar statement applies
for three-phase states.
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form an analytic surface which may be called, after Gibbs,
the primitive surface, Multi-phase states of the body are
shown by surfaces derived from the primitive surface in a
mamer 1o be described later., The general properties of the
primitiva and derived surfaces will be deduced from the
first two laws of thermodynamics,

II Regarding the Independent Varisbles: _r_%,_ v

The isometric and isentropic through a point p

(rl', v',€') will evidently be the curves of intersection of
the perpendicular planes v=v' and rl-:rl' regpectively with
the surface. By equation (2) the temperature of the body is
equal to the slope of the isometriec, and the pressure is
given by the negative of the slope of the isentropic. For
various values of T and v' there will be obtained two fam-
ilies of curves lying on the surface; and corresponding to
any point of intersection p, there will be unique values of
Q and v. The values (rl,v) may be regarded as curvilinear
co-ordinates on the surface, and the corresponding isentrop-
ics and isometrics as parametric curves. The parametrie
equations of the surface then are

— "

€=€(rl,v}

It is easily shown that the parametric curves are
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not, in general, orthogonal. In terme of the usual constant
unit vectors i, j, k, the position vector ¥ of a pointl p may
be writien as

T = rLi +vj + €k
or, more compactly, as

F= [rl, v, € (5)
The partial derivatives of T with respect to rl and v will
evidently be vectors tangent to the 1lsometric and isentropic
respectively, Thé condition of orthogonality, therefore, is
that the dot product of these two tangent vectors vanish,
Differentiating equation (5}, |

F=[1, 0, & . | ©

1"'v=[O, i, ev:l (7)
Hence, 6rt.hogonality requires that |

rrl'rV"GQGV"‘ ~“TP=0 (8)
But both T and P are, in general, positive, real quantities,
and, therefore, equation (8) will not hold true. The con-
dition is evidently equivalent géometrically to the property
that the tangent vector to either the isentropiec or the ig0=-
metric be pargllel to the r(-v plene,

1 por brev::by, a point p with position vector T will here-
after be referred to as “the point TV,
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III Effect of Veryinmg the Mase of the Body
The quantities €, Q’ v of equations (4) refer to a
body of unit mass., If a massy, m (m>0), be considered, the
parametric equetions take the form = |
== '
vyt —mv . ‘ " (9)
€ =mé(n,v) |
where the primed varisbles refer te a body of mass m., The
equations (9) represent a family of surfaces the various
members of which corregpond to various values of m but over
any one of which the value of m is constant;:""'BY"e’qa. }(5)
and (9),
r'"]:rl,v' E:I—mr ‘ (10)
Thue any surface of the family may be derived from the sur-
face of unit mass by means of a conical projection of the
points of the latter in accordance with the transformation
(10).
From (10)1, by differentiation,
aF'=m aF (11)

1 Equation (10) may be written in the fm:'m. T'=mF =mlT =38+F
where

F=mI=mii + mjj + mkk -
Thus eny surface of the famlly may be regarded as derivable
from the surface of unit mass by means of a Ypure strain®
with constant and equal prineipal ratios of elongation. For
such a transformation it is well known that the transforms of
plane areas are given by the second invariant of & (a dyadic)
and the magnification of volumes by the third invariant (a
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Let ds denote the length of the linear element dF connecting

adjacent points on the surface, Then

(d8') 2= 4F! +4F' = 265" aF =m2(ds)2
or
g -m | a2

T“he‘ linear extension ratio in a direction dF on the surface
for the transformation (iO) is equal to m. But the direction
of &r is arbitrary; and, thérefore, the magnification of an
element of surface is given by m?,
Differentiating equation (10) partially with respect

to entropy,

™, =u¥, a3
Similarly, differentiating with respect to volume,

Py =mTy . : (14)
Si;zce the two vectors iﬂ'l and F'y are tangexit to the surface

S', the unit normal N' to the surface must be perpendicular

to their plane; or

P xF!
fi'= bt
lr'qxf'vl (15)

scalar). Let g and 33 denote These respective invariants.
Then ,
izimj"mkj"k + mkxmikxi + mixmjisj=m (11 + jj + kk)= mZI

= (mixmj emk) (ixJ +k) =m®
Hence, if a5 be a vector denoting any plane area (e.g., the
area of an §lement gf surface)

dS'=m“I.ds =m“dsS
and, similarly, if V denote an element of volume enclosed by
the sux:facgvand the co-ordinate planes
=m

Thus, plane areas are magnified by mz; volumes by m3
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By egs. (13)=~(15),

a'=n : (16)
The surfaces S and 8' thus have equal unit normals at corres~
ponding points (i.e., points with parallel position vectors),
They are, therefore, similar.,

From equation (10) it is clear that no two surfaces
of the family may intersect or touch at corresponding points;
and, hence, they may not touch or intersect at any pointl.
The surfaces, however, although similar and non-intersecting,
will not necessarily be parallel; i.e., they wili not possess
common normals. The condition for parallelism as just de~

fined is easily derived. Consider the surface of unit mass

S and a congecutive‘surface 8'. LetT; (i=1, 2, 3y~~-p)
denote points on S corresponding to T'i on S'. Let ni be
the unit normel at T;. Assume that S is parallel to S'. At
the point ¥,, there is a unit normal 7, which must be normal
to 8' at the point F'y measured along the line of f; from Ty.
Corresponding to the point F', is the point ¥, on 5§ with unit
normal f,. By equation (10),

n =0y |
The points T; and Ty will be adjacent points on S since the
surfaces S and S' are consecutive meﬁbers of the family.

Similarly, there may be located a point Tg; etc. There is

1 Equation (10) applies to the primitive surfaces. Similar-
ly, the derived surfaces may have no points in common. It is,
however, possible that the primitive surface S' intersect the
surface derived from the primitive surface 8.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-25=

thus obtained on the surface a linear succession of points
¥y for which

fj=f i=1, 2, 3,~~=p - (17)
where n; are common normals to S and S'.

Conversely, if equation (17) be assumed, it follows
that the surfaces are parallel. Moreover, it is apparent
that the reasoning may apply to any two consecutive surfaces
of the family. Hence,

The necessary and sufficient condition that the

surfaces of the one-parameter family of equation (9)
be parallel is that through each point of a surface
there may be drawn at least one curve having the
property that all unit normals to the surface from
points on the curve are equal and common to all sur-
faces of the family.

Such a curve must evidently lie in a plane., Hence,
in general, the condition that the energy surfaces be par-
allel requires that they be planar. As will appear later,
three-phase states of the body are indeed represented on a
plane surface; and, therefore, these planes must be parallel

for all surfaces of the-familyl.

1 Two special cases may arise which constitute exceptions to
the statement that parallel surfaces must be plane,

First, it may occur that the points ¥y (i=1, 2, 3,
---p) are co-incident. Such could be the case only if the
unit_normel N were linearly dependent upon the position vec-
tor ri; ioeo, .

nj=kry k+0

This is the requirement that the surfaces be central spheres.

Second, it may happen that the linear succession Ty
fall along a straight line. In this case, if plane surfaces
be excepted, only one such line may pass through a given
point; and, hence, the surface is a ruled surface. Bul along
each ruling the unit normal is constant. The ruled surface
is therefore a developable, Moreover, the restriction that
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The various surfages obtained by suitably repre-
senting the entropy, volume, and energy of one-component
bodies alike except in mass have been shown to be similar to
one another‘with linear dimensions proportional to the quan=-
tity of matter teken, It will be sufficient, therefore, to
consider in greater detail only a single surface of the fam-
ily. This may be chogen without loss of generality as the

surface corresponding to a body of unit mass.
IV Effect of Changing Units

Let Q, vy, €, Ty P be expressed in any units con-
sistent with the form of equation (1), and let the primed
letters refer to the same quantities expressed in ény arbi-
trary units. Suppose the entropy, volume, and energy of the
body be measured in terms of such units that

N'=e1n

Vi =cgv - (18)

€' =cg€ ,
where cjy Cg, and cg are positive constants. The fundamental
differential equation (1) then becomes

Nl be common to all surfaces of the family requires that the
unit normals (fij) lie in the plane of the position vectors
(Fi); for, otherwise the surface must be plane. This is the
condition that the developables be central, cirecular, co-
axial eylinders.

As these are the only two exceptions possible to
the requirement that any parallel gurfaces defined by equa-
tion (9) be plane surfaces, it is apparent that the energy
surfaces will not in general be parallel.
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1 1= _P _ .
¢, €'=¢, o -, - (19)

If the units of T and P be so selected that

¢3

T'==Ei T
and (20)
=23
Pr=go P
then
der="7t dq' - PY dv? (21)

It appears then that regardless of the units in which rz, vV,
€ may be measured, it will be possible go to change the units
of T and P that equation (1) is formally unaffected.

The effect on the thermodynamic surface of a change
in the units of Q, vy € is also easily seen. The position
vector to a point becomes

F'zclrli + eg¥j + cgfk (2é)
The vector connecting any two points ¥'j and ¥'5 on the sur~
face is, therefore, \

r'g - ?’1=c1(r12 - rll)i + eglvg = v1)J + egl€g = €Dk

(23)

'}:iae rl, v, and € componenivs of a vector joining two points
thus are directly proportional to C1s Cg59 and cq respectivelys
and, therefore, they vary inversely as the magnitudes of the
corresponding units employed.

To see how the area of an element of surface de-

pends upon the units used to measure entropy, volume, and
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energy, equation (22) may be written as

F' =38 | (24)
where

§=elii +edj + ekk (25)
Hence, the effect on the surface of the change of unite given
by equation (18) is the same as if the surface were subjected
to the transformation (24), But in such a transformation,
plane sreas are magnified in accordance with the gecond in-
variant of §, Hence, if A5 denote an element of area, its
transform is defined by the equatién

dS' =8548 | (26)

§2==c20311 + cscljj +-cl¢2kk (27)

The Equation of State (4) relates the entropy, vol-
ume and energy of a body of unit mass existing in a homoge-
neous state of equilibrium. Provided the body ie in a state
of thermodynemic equilibrium, however, it will have a defi-
nite entropy, volume, and energy irrespective of whether it
be uniform or diverse in phase, and the pressure and tempera=-
ture in either case will be uniform throughout. The entropy,
volume, and energy of the body as a whole must be the sums of
the entropies, volumes, and energies respectively of the

parts of the body existing in different states at equilibrium.
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This principlémay be used to derive the surfaces of multi-
phase states from the primitive surface.

Consider a p-?phase state, and let (rzi, Vi Ei) de~
note the co-ordinates of the point on the primitive surface
which represents the body when wholly in the state i. Let
jth

n

.‘Then the position vector of the point representing the p-

be the part of the total mass existing in the phase.

phase body may be expressed by

(Lol B (Fe

P

#Z{mi('lii +vyd +€ 1K)}

i_.

P

and, since the body is of unit mass, this may be wriiten

P

_ ;miri

F=ig— _‘ | (28)
Equation (28) expresses that the point T on the de-

rived surface be the centroid of the points T; on the primi-

tive surface associated respectively with the scalars my

(i=1, 2, 3y---p). In particular, for p=3, equation (28)

expresses the necesaary and sufficient condition that the
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four points ¥ and T; be éo-planar; and for p=2, it expresses
the condition that the three points T and I'{ be collinear.
For any given coexistent states 1 (i=1, 2, 3,===p),
the point ¥ is evidently a function of mj which is continu-
ously variable with;‘sn the limits 0 < my << 1, subject to the-
restriction that m;=1. The point T is therefore a func-
tion of (p - 1) i%;;endent variables. Hence, two-phase
states are represented by a curve (viz., a straight line);
three-phase states by a gurface (viz., a plane), Moreover,
since states capable yof coexistence must be of egqual tempera=-
ture and pressure, the continuum of points T, as well as the
points ¥y (i=1, 2, 3,~-~p), must have perallel tangent
planes; and, therefore, they have a common tangent plane,
Hence, a necessary condition that points represent states
capable of coexistence is that they possess a common tangent

planel.
VI Gibbs' Criteria of Equilibrium and Stebility

To determine the properties of the surface relating

1 It is immediately evideni geomeirically that the body may
not be compounded of more than three phases capable of cone-
tinued coexistence. For, if a four-phase state were possible,
the point ¥, being a function of three independent variables,
“would necessarily generate a volume; and, hence, the proposi=
tion just proved would lose meaning. Four distinet phases
obviously may not be represented by co~planar points since
any one of such points would be expressible as the centroid
of the other three, suitably weighted.
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to the various possible types of equilibriavit is desirable
to have a geometrical criterion for each type of equilibrium.
Such conditions have been derived by Gibbs through an appli-
cation of the First and Second Laws to a process by which the
body is permitted to attain a state of equilibrium when sur-
rounded by a medium of constant temperature and pressure. In
terms of Gibbs' criteria, the following definitions may be
leid down for thermodynamic equilibria.

The necessary and sufficient condition for stable
equilibrium of the body when surrounded by the aforementioned
medium of constant T and P is that |

&€ - Tn+ PV)>0 (29)
where "$ refers to the variation produced by any variation in
the state of the body, and (when different parts of the body
are in different states) in the proportion in which the body
is dividéd between the different states?! The guantities €,
q, and v refer to the state of which the stability is in
question,

The necessary and sufficient condition for neutral
equilibrium is that

s - T + Pv)=0 (30)

It may be observed that neutral equilibrium is not to be con-
sidered as a particular case of stable equilibrium as defined
above, for the word "necessary" would then mske the defini-
tions contradictory.

If the term "equilibrium" be used to include both
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stable and neutral itypes, then the necessary and sufficient
condition for eguilibrium is that
5(€ - Tn+PV)>0 (31)

The equilibrium is said to be metastable if equa=~
tion (31) holds for all continuous variations restricted to
the neighborhcod of the point representing the state in ques-
tion but does not hold for variations not so restricted.

All states not satisfying equation (31l) for contin-
uous variations confined to an arbi‘trari_’ly small neighborhood

are unstable.

I Vectorial Expression of Gibbs' Criteria

The geometrical interpretation of the criteria of
equilibrium and stability presents itself when the analogous
vectorial expressions are displayed.

If N denote the normal vector to the thermodynamic
surface at a point ¥, then )

'ﬁ=i‘,1)fi‘v=[-€q, ~€Eyy 1] (32)
Let ¥ be the position vector of any point in the tangent
plane at ¥, The vector (¥ - P) lies in the plane; and, hence,
the equation of the tangent plane is

(T - F)N=0 | (33)
By egs. (32) and (33)

€ - T + Pv=-nGy - vEy + E:[r(, v, €] [:-e,l, -€yy 1=

FN=T.N (34)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



For a plane through the origin parallel to the tan-
gent plane at ¥, equation (33) reduces to |
ToH=0 ' ‘ (36)
where EB is the position vector of any point in the plane,
By egs. (34) and (35),
€~ Tn + Py=(T - Tp).N | (36)
The vectorial analogues of Gibbs' Criteria then

appear as ‘
S[(T - Tp)eH|>0 (37)
5[(T - To)F|=0 (38)
5[(T - To)-H|>0 (39)

- If @ denote the unit normal to the surface, then
F=|Nl5 ¥>0 (40)

The necessary and sufficient conditions may be expressed in
terms of the unit normal by equation (40) as follows:

Stable equilibrium -

5[(T - Tp)-n|>0 | | (41)
Neutral gquilibrium - |
5[(T - Tp)-B]=0 | (42)
Equilibrium - .
S[(T - Tp)-n]>0 (43)

The vector (¥ - Ty) has as its terminus a point in
the tangent plane to the thermodynamic surface and as its
origin a point in the plane through the origin of Eo-erdinates
parallel to the tangent plane. The expression in brackets is

the normal component of this vector. It therefore is the per-
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pendicular distance of the point denoting the state of the
body at a pressure P and a temperature T from the plane
through the origin representing the same pressure and tempera#
ture; and the conditions of equilibrium state that this dis~
tance may not be diminished by any variations in the state of
the body when surrounded by a medium of pressure P and tem-
pebature T, supposed constant,

Equation (42) may equally well be written |

(T - T,) -7t =constant : (44)

for all possible states in neutral equilibrium. But equation
(44) is the equation of the tangent plane to the thermodynam-
ic surface. Hence the sufficiency of the necessary condition
for points representing states capable of continued co-exisF
teneel; viz., that they have a common tangent plane, is esé
tablished.

VIII geometrical Requirements of the Criteria

The position of the surface relative to the tan-
gent plane may be inferred readily from the equilibrium éon—
ditions just stated. Suppose the body to be initially in
equilibrium at the pressure and temperature of the medium,
Its state will be represented by a point on the’thermodynamQ
ic surface., By suitable variations in the entropy and vole

1 gee footnote (1) on page 30.
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ume of the body it obviously will be possible to bring it to
a state represented by any arbitrarily chosen point on the
surfacel, and such a point by virtue of relation (43) may not
lie below the tangent plane to the surface at the initisal
point, No part of the sufface,“therefore, may fall below the
tangent plane tq a point corresponding to a state of equilibé
rium,

The varied state may or may not be at the tempera-
ture and pressure of the medium, As it is represented by a
point on the thermodynamiec surface, however, its pressure and
temperature in either eveni will be denoted by the inclina-
tion of the tangent plane at that point. Consider the case
in which the varied state is at the temperature and pressure
of the medium. The initial point and the varied point may
have distinct but parallel tangent planes, or they may have
identical tangent planes. If equation (42) hold for the in-
itial point with respect to the variation considered, the
tangent planes will be identical, and the equation must hold
also for the varied point. The two states are then said to
be in neutral equilibrium, for the relation between them is
a reciprocal one, and there can be no tendency for the one to
paés into the other, If, however, the inequality (41) hold
for the initial point, the varied point will have a tangent

1 Certain points in the region of unstable states may not
be actually realizeble., If they be considered at least pos-
sible in theory, however, they must fall as indicated.
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plane parallel to, but above, the tangent plane to the ini-
tial point, The varied point, therefore, will be unstable

with respect to the initial point; and, hence, the state of
the body must spontaneously revert to the initial state,

In the event the temperature and pressure of the
varied state differ from the temperature and pressure of the
initial state, equation (42) obviously does not apply. If
the relation (41) hold for the initial state, the varied
state evidently will be unstable with respect to the initial
state; for the temperature and préssure of the body must re-
vert to the temperature and pressure of the medium, and, as
shown above, such processes will then engue that return the
body to its initial state. Points for which condition (41)
holds are thereforeksaid to represent states of stable equi-
librium.

Thus far, only those varied states represented by
pointé on the thermodynamic surface have been considered. It
may occur that the varied state be denoted by a point not on
the surface. Such a state cannot bevone of equilibrium or of
metastable equilibrium, for all such states are represented
on the surface, It is, therefore, unstable, and by the cri-
teria stated it must revert to a state denoted by & point on
'the thermodynamic surface whose tangent plane represents the
temperature and pressure of the surrounding medium.

Tt remains to consider states of metastsable equi~

librium. If in the vieinity of the initial point the surface
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does not fall below the tangent plane but does do so at other
points not in this vieinity, it follows from what has been
said that the initial point will represent a state of equi-
librium with respect to varied étates restricted to the
neighborhood of the point, but of instability with respect

to certain variations not so restricted., Such a point, there=-

fore, is said to represent a state'of metastable equilibrium.

IX Expression of Criteris for Infinitesimal Variations

In order to study more closely the nature of the
surface in the neighborhood of a point, the conditions of
equilibrium and stability may be thrown into a form more con-
venient than the relations (41)-(43). The change in energy
of the body in going from a state q? v to a state 14-57,

v +46v is, by Taylor's Theorem,

se=6oin + eyde + B € B + 26,578 + €y (5VZ] + ==

(45)

or,'rearranging and denoting the quadratic form in brackets
by q, -

S€ - TSIZ + PSv=%q + === | (46)
If the varied state be sufficiently near the initial state,
terms of order higher than the gecond in ZQ and §v are neg-
ligible. Furthermore, since the body is considered sur-
rounded by a medium of constant temperature T and pressure P,

the left member of equation (46) is precisely the left mem-
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bers of relations (29)-(31). Hence, for sufficiently small
variations, the necessary and sufficient conditions may be
expressed as follows:

For stable equilibrium -

q>0 (47)
For neutral equilibrium -

q=0 | (48)
For -equilibrium - ‘
Q=0 | (49)

The behavior of a quadratic form is determined es-
sentially by the value of its discriminant. If D denote the
diecriminant, by definitionl,

D=€yy - <e,l,,)2 (50)
From the elementary theory of quadratic forms, certain de-
ductions may be drawn from conditions (47)-(49) as to the
signs of D and of the differential coefficients Erm and €.
Thie information may be tabulated as follows:

Stable equilibrium -

q>03 D>03 e,n>o; €Eyv=>0 (51)

Neutral equilibrium -

- gq=03 D=03 GQQ=GW=€QV=0 .(52)

1 1¢ equation (850) be written in determinate form; i.e.,
€ €
n
D=

€v & | .
ately as the Hessian of the function €,

s the discriminant: will be recognized immedi-
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Equilibrium -
q=>0; D=0 (53)
The following definitions and theorems are listed
for convenience, It is assumed that both Srz and 5v are not
zero simultaneously; for then the quadratic form would dis-
appear since there would be no variation in the state of the
body.

(A) If q is of ome sign only, the form is said to
be deflnite. The necesgsary and sufficient condi-
tion that g be definite: D>0, It is then positive
definite if €)n>0 (so that €yv>0 also); other-
wise, it is negative definite,

(B) If q assume values of different sign, the form
ie indefinite. The necessary and suff icient condi-
tion that q be indefinite: D<O,

(c) If q vanish for certain variations but other-
wise assume values of one sign only, the form is
gsemi-definite. The necessary and sufficient condi-
tion that g be semi-~definite: D=0,

(D) If érm—éw €ny =0, the statements above do
not apply. " It is ev1dent that this is the neces-

sary and sufficient condition that the form vanish
for all variations.

X Geometrical Meaning of g

Let T be the position vector to a point

A
A on the thermodynamic surface for which the par- 7
]
ameter values are r}\, v. Then, by Taylor's Theo~ B
rem, the position vector to a neighboring point
B (Q + Sr(, v + $v) has the value Figure 4
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F*’FQS"L + F ov + &[?,m(Srz) + 2F 5725v+ b o (5V)2:]+ ———
The length of the perpendicular dlstance from B to the tan-
gent plane at A is the component of the vector AB in the di-
rection of the normal at A. Denoting this length by Z,
L= ii-(r 5rz+r8v)+ | _
-%n.[?qq(éq)z +~2rqv5?8v + rvv(Sv)?] —— (54)
Since n is perpendicular 1o rQ and Ty, terms of the first or-

der vanish; and, hence, to terms of the second order,

2=38 [ 5, (62 + 28, 5nsv + T v o (58)
From equation (5), by dlfferentiation, _ '
Tan=[0s 05 €mn] | (68)
Tv= l:o, 0, e’l"] | (57)
and, also, ' ‘
.1 ‘
BT YT SRR [ -6 3] (£9)

By egs. (55)-(59),

2egher [ ,wwrpg + 26 arZav + € (5v>2]

Zszlﬂ»:’l q ‘ (60)

or

At a given point the quantity |N|, of course, is a
positive constant., The value of the quadratic form q, there=
fore, is directly proportional to the length / which is the
perpendicular distance from the tangent plane at a stationary
point A of a varied point B on the surface, The \}alue of g
is thus intimately connected with the curvature of the sur-

face in the immediate vieinity of the stationary point in
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question,

XI Sign of g for Equilibrium States of One, Two, and Three

Phases

(A) Three-ghase §pates
By equation (28) all states of the body composed of

three co-existent phases must-be represented by eo-planar
points., Such points, therefore, satisfy equation (44); and,
hence, constitute a field of mneutral equilibrium for which
the relations (52) hold; viz., . o
§QQ=EW=EQV==O; qr—:‘=0; D=0 ' (61)
(B) Two-phage States
If, in equation (2&), T, (i=1, 2) be constant, then
any state T composed of the two states (or phases) denoted by
T, and T, must be collinear with T, and r by equation (28).
Hence, all possible such two~phase states will be represented
by a stfaight line. If the primitive states now be varied
slightly and equilibrium maintained,‘a second series of two-~
phaée states will be possible, and these will be represented
by a second straight line. Thus all possible two-phase states
will be shown by a series of straight lines. Mbreover, the
condition that ¥j; (i=1, 2) be continuously variable requires
that these lines be the generators of a ruled surface.
Congider one such ruling.” It has been shown that

points representing states éapable'of co-existence are char-
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acterized by a common tangent plane (p. ’34}, and hence all
points on the ruling satisfy equation (44); States shown by
points along the line are,ktherefore, in neutral equilibrium,
and for such states q=0., But no other point on the ruled
surface may represent a state in equilibrium with these
states, for i‘b would then be possible to have the body com-
posed of three co-existent phases; whereas, by premise, the
discussion is limited to the field of two-phase states.
Therefore, for any variation from a state represented by a
poin£ on the ruling to a point not on that ruling ¢>0, and
the initial point denotes a state of stable equilibrium with
re‘spec‘b to the varied point, Hence, this is a field of equi?
1ibx;ium states neutral toward variations at constant tempera-
ture and pressure and stable toward all others. The relations
(563) must hold; viz., |
q=>03 D=0 7 (62)

The geometrical sifnificance of the vanishing of

the discriminant is easily shown. Equation (62) may be

written in the form
€ v
D= EJ(—E-'J—'EE) =0 (63)
qu €vv ’2' Y ' ,
where J denotes the Jacobian. Hence, equation (63) expresses

a necessary and sufficient condition that E,.l and Ev be func«
tionally related. But, in view of egs., (6) and (7), this is
equivalent to a functional relation between 'i",1 and Fy. The
equation of the tangent plane to the surface, by virtue of
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egs, (33) and (59), is |
& -9 FrFy =0 | (64)
and the necessary and sufficient condition that this equa-
tion represent a one-perameter family of planes is that there
exist a functional relation between ?q and T,. But the en-
velope of a‘oﬁe-parameter family of planes is by definition
a developsble surface, Hence, the necessary and sufficient
condiﬁion that the surface be developable is
D=0 |
{C) ' One-phase gtates
No succession of ppints in the field of homogeneous
states may have & qommon‘tangent plane, for then these points
would denote states which could exist in equilibrium in ac-
cordance with equation (28) contrary to the supposition that
~the field is constituted solely of points which represent
states of one phase. Therefore, for any possible variations
q#0; and, hence, q>0. These are thus states of stable
equilibrium, and the relations (51) must hold; viz.,
Q> 0; D>o; €= 05 Exy>0 (65)
- (D) Metastable States
For variations restricted as previously defined,
the foregoing considerations apply without change to those
portions of the surface which corréspond to states of meta?
stable equilibrium. Points in this field, therefore, may

represent states either homogeneous or diverse in phase.
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XII Sign of g in the Region of Unstable States

It is true that, in genersal, ngtates" of instabil-
ity lie outside the domain of definition of the thermodynam=-
ic functions, and, consequently, these quantities lose mean~
ing when applied to such states. Unless there are to be gaps
in the primitive surface, however, it is apparent that there
will exist sets of values of q, €, and v which satisfy equa~
tion (3), and which, therefore, determine points on a surface,
but which fail to satisfy the conditions of equilibrium or of
metastable equilibrium. Such portions of the thermodynamic
surface may be defined arbitrarily as the field of unsteble
states, and the‘points 80 defined will correspond in accor-
dance with the assumption of analyticity of € (Qf v), to u~
nique sets of values (€&, Tl’ v) and, consequently, to unique
values of P and T. Obviously, not all of the iriple infini-
tude of conceivable unstable states is included by this def-
inition.,

A sufficient condition that a point on the surface

~lie in the field'of unstable states then is
5(€ - Trz + Pv) <0 | |
or . (66)
S[(T - Tp)om| <0 |
where § has the same significence as previously indicated.
The state represented by such a point will exhibit instability

with respect to all variations. In order that a state be un-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-45-

steble, however, it is not necessary that the inequality (66)
hold true for all variations; it evidently is sufficient if
it hold for ény particuler continuous variations. The follow=-
ing possibilities, therefore, may occur:

6<03 §<<0; 5=03 530 (67)
where the variation "sY is understood to refer to the quan-
tity (€ - Tn+ Pv). |

If 5<0, then ¢<0 and by ) (p. 39), the followa
ing relations mey be written:

q<°3D>0;eQQ<0;e <o (68)

If =<0, then <0, and the point must lie on a sur-
face derived from points on the primitlve surface by equation
(28). Owing to the practical ineignificance of even the prim-
itive parts of the field of unstable étames, however, it is
not worthwhile to investigate in detail the derived portions
of this field, It may be observed immediately, nevertheless,

that this derived surface will be a developable of a similar
nature to the developsble found previously for two-phase equi-
librium states with the exception that the latter was convex
downward whereas this‘ohe must be convex upward.

Consider the condition §=0, For sufficiently
small variations this is equivalent to q=2 0. But if g be
positive for certain variations and negative for others, there
will exist at least one variation for which g vanishes since
€ is analytic. Therefore, the possibility of the case 6=0
may be denied.
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If §20, then for sufficiently small variations
qZ0. The quedratic form is said to be indefinite, and, hence,
by (B) (p. 39), D<O,

But these are the only possible types of points
which characterizé unstable states on the primitive surface,
Hence, regions which correspond to states unstable to all con-
tinuous variations are constituted of points for which

q<03; D>03 e,ﬂ<o; €Egy <O (692) |
Regions which correspond to states stable with respect to cer~
tain continuous variations but unstable toward others are cone
stituted of points for which

q=0; p<ol (70)

XI1X Geomet.rx of the Surface Near a Point

The geometry of a surface in the neighborhood of a
point may be studied readily by considering the curve of ine
tersection of the surface with a plane parallel to the tangent
plane at the point and displaced from it an infinitesimal _dis#
tance along the normal. To infinitesimals of the first order

it is easily demonstrated that this curve is a conic section

with semi-axes equal toVvZah KI% and vZh Kéé respectively,

1 The character of the succession of points constituting the

boundary line between two such regions appears at once from

the consideration that q and D are continuous functions; thus
q=<0; D=0

See footnote (1), p. 56,
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where K; and K, are the prinicipal curvatures at the point
and h is the displacement of the plane from the point measured
along the principal normall, The corresponding .conic section
with semi-axes équal respectively to Ki% and Kgé is a similar
curve, It is called the indicatirix at the point.

The equation of the indicétrix is expressible most

simply perhaps in dyadie form. If the dyadic ® be defined as

2=Kqii + Kojd (71)
then the equation of the indicatrix may be written2
ref.r=1 _ (72)

It is of interest to consider the form of the indicatrix for

1 the following derivation is from Weatherburn, "Differen-
tial Geometry", Cambridge Press, 1927, p. 74.
Let the plane QQ' be taken parallel to P

the tangent plane at P, and displaced from it a Q/ _"\Q'
distance h in the direction of the unit normal 7 r oS
n., The figure shows a normal section cut by a
plane QPQ'. If o is the radius of curvature of ]
this sectlon and %r the length QQ', then

(p=-hn)2 +r .
whence to first order infinitesimals, 4

r<=2hp

By Euler's Theorem on normal curvature, in which @ is the an-
gle bet.ween the normal section and a principal direction,

"‘"'Kn chos?'e + Kzsinze r2

or
K1r2c0829 + Ko r2sin®e =2h
Writlng X=r cos G and y=r sin @ gives

%hmz :1‘

2 If the unit vectors i and J be taken at the point in
question as origin and parallel to the tangents to the lines
of principal curvature, then eguation (72) will represent a
curve not only similar to but also similarly situated to the
section of the surface cut by the plane parallel to the tan-
gent plane,
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various points on the thermodynemic surface,

(A) States Not Unstable

(1) Three-phase ggggggr
The field of three phase states has been shown to
be plane (p. 30), and, therefore, K3=K5=0, The dyadic @
vanishes, and, hence, the indicatrix as defined by equation
(31) does not exist.
{2) Two-phage States
The total curvature of a surface at a point is dew

fined as the product of the principal curvatures, given by
the equation1 ’

€y - |
e ez v 3)2 - e,zl Tenz (73)

The sign of the total curvature is evidently the same as the

sign of the discriminant D, In the field of two-phase states
the discriminent is zero, and, consequently, either K4 or K,
venighes, The dyadic & thus reduces to a single dyad, and
the indicatrix, therefore, consists of a pair of parallel
straight lines. Such a point is called parabolic. The por-
tion of the thermodynamic surface corresponding to two-phase
states is therefore a surface of parabolic points.

(3) Ome-phase States

- In the field of homogeneous states the discriminant

1s positive, and, therefore, by equation (73), K, and K, are

1 gee Weatherburn, loc. cit., p. 76,
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of the same sign. Equation (72) thus represents an ellipse,
and the points are said to be elliptical, or points of pos=-
itive curvature. The surface in the neighborhood of such a
point evidently lies entirely on one side of the tangent
plane, The region of the thermodynamic surface representing
homogeneous states, therefore, is a surface of elliptical
points.
(B) Unstable States
That portion of the field of instability which is

composed of points representing states stable toward certain
continuous variations while unstable with respect to others
was found to satisfy the relation D <0, For this region,
therefore, by equation (73), the two principal curvatures
differ in sign. The indicatrix is, by equation (72), then,
a hyberbola. The points in the field are said to be hyper-
bolic points, or points of negative curvature. The two lines
of principal curvature evidently lie on different sides of
the tangent plane at a point of this type, and the hyperbola
cehjugate to that of equation (72) would be cut by a plane
parallel to the plane cutting the curve of equation (72) but
on thé opposite side of the tangent plane from it, This is
easily seen to be the case by writing the equation of the in=
dicatrix of such a section; i.e.,

Fed . F=-1 | (74)
The equation of the asymptotes is clearly the same whether
obtained from equation (72) or equation (74); viz.,
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and, hence, the hyperbolas are conjugate,

Letting Qf=r cos €& and v=r 8in @, equation (75)
may be transformed into polar co-ordinates as

chesze +-Kgsin29==0 (76)
But the left member of equation (76) is, by Euler's Theorem
on normal curvature, precisely the normal curvature in the
direction‘given by €. Therefore, the normal curvature of the
surface in the directions of the asymptotes is zero.

The region of states unstable toward all varistions
is composed of points characterized by a positivé diserimi-
nant. For any such point the indicatrix has been shown to be
an ellipse, and the surface, accordingly, must lie eniirely
on one side of the tangent plene. Since qu<:0 and € <0,
such a point is a meximum, Both principal curvatures are neg-
ativel, and the surface lies below the tangent plane, being
convex upward., This region thus differs from the field of
stable one-phase states which was shown to be constituted
also of elliptical points; for in the latter both prinecipal
curvatures are positive, and the surface falls above the tan-

gent plane, being convex downward.

1 The convention is here adopted that a line of principal
curvature is positive if the unit normal to the surface points
toward the concave side of the linej; otherwise, it is nega=~
tive, With this convention, equation (74) represents the in-
dicatrix if K3 <O and Kg <0; whereas, equation (72) is appli-
cable in all other cases,
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XIV General Features of the Thermodynamie Surface

The mutual relations between the various parts of
the energy surface, whose properties have been investigated
separately, may be made clearer perhaps by a discussion of
the surface as a whole., Homogeneous stategs of the body are
represented on the so-called primitive surface; multi-phase
states on surfaces derived therefrom. éuppose the substance
to be capable of existing in the three forms solid, liquid,
and vapor, The derived surface of three-phase gtates then is
a plane triangle whose vertices are three points on the primi-
tive surface lying in the fields of solid, liquid, and vapor,
respectively. The plane of the triangle is tangent to the
primitive surface at these three points, and except for these
points the primitive surface lies entirely above the plane,

Each edge of the triangle represents states of twna
phase equilibria; viz., solid-liquid, liquid-vapor, vapor-
solid, and points representing such equilibria must lie in a
plane tangent to the primitive surface at two points. Suppose
the triply tangeni plane to leave the primitive surface at one
point; say, solid, and roll on the surface while maintaining
its double tangency. That pari of the envelope of the rolling
plane between the points of double tangency is the developable
surface representing states df liquid-vapor equilibrium, and
the primitive surface must everywhere fall above this envelope

except along the two lines where they touch. The envelope is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



52~

developable in the sense that if the tangent plane be con-
sidered stationary and the surface imagined to roll over it,
the two lines traced upon it would bound a plane surface.

Similarly, two other derived developables may be
formed by letting the doubly tangent plane commence to roll
from the other two edges of the three-phase triangle. Thus
the plane triangle together with the three developables and
the three sections of the primitive surface included between
them form a continuous sheet which is the surface of digsi-
pated energy. The surface of diséipated energy may nowhere
fall below the tangent plane to it at any point,

The rolling doubly-tangent planes trace six lines
on the primitive surface. These are the boundary lines be-
tween the developables and the primitive surface. The three
sections of the primitive surfacé outside these lines repre-
sent homogeneous states of stable equilibrium of liquid,
vapor, and so0lid respectively, Inside these lines on the
primitive surface are the points which represent homogeneous
states of metastability and instability. The tangent planes
to such poinzs‘cut the primitive surface at points removed
from the point of contact. Included between any two regions
of metastability, which are included between a pair of lines
traced by ﬁhe rolling doubly tangent plane, is a region of
unstable states., The tangent plane to any point in this re-
gion either cuts the primitive surface at the poiﬁt of cone-

tact or else lies above the surface in the vicinity of the
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of the point of tangency. Thus any field representing homo~
geneous metastable states is bounded on one side by one of
the aforementioned six lines and on the other side by a regibn
of instability, and each such region of instability is includ-
ed between two fields of metastable states; viz., solid and
liquid, solid and vapor, or liquid and vapor,

| The triply-tangent plane may not only roll on the
primitive surface as a doubly-tangent plane by leaving one
point of contact as previously described, but it may also
commence by rotating in the opposite direction; The part of
its envelope included between the points of double tangency
is thus a continuation of one of the three developables men-
tioned above, but the tangent plane to it along any generator
cuts the primitive surface at a point removed from the line
of tangency. This part of the developable represents two-
phase states of metastable equilibrium. It terminates in a
region of instability.

The Clapeyron-Clausius Equation may be derived read=-
ily from a consideration of the geometry of the developable
surfaces. Let the vector U denmote the difference between £he
position vectors of any two points which represent states
capable of co-existence, Then U lies in the common tangent

’plane to these points. Hence, if ¥ be the normal to the tan-
gent plane,
TeN=0 ' | (77)

Let the tangent plane turn about the line connecting the two
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points as an instantaneous axis through an infinitesimal ane
gle, and let the corresponding new value of K be N'. Then
q.N* =0 | (78)

Combining these two equations by subtraction and denoting the
infinitesimal vector (W' -« N) by dN gives |

| G.d¥=0 | | (79)
Equatiqn (79) is the vector equivalent of the Clapeyron;Clau?
sius Equation., |

‘The relation may be converted to the usual form by

evaluating the vectors in terms of their components.

R= ['E'I’ €,y 1] =[-1, P, 1] (80)
Differentiating, ‘

aN=[-ar, ap, 0 (81)

= [A'l’ Av, A€ | (82)

. TedN=-Andr + AvaP=0 | (83)

Rearranging, and replacing Arl by its equivalent ,-g- where /£ de~
notes the specific latent heat of the change of state at the
temperature T, the equation becomes

e _2L '
T TAV | (84)

XV Boundary PQ. ints

It reméins 10 consider the nature of the points on
the primitive surface which constitute the boundaries between

regions of stability and metastability, and of metastability
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and instability, and, in particular, the critical point. The
latter point is excluded in the following discussion.

It has been shown that for points in the fields of
both stable and metastable homogeneous states the relations
(65) hold; viz.,

gq>03 D>0; >03 €,,>0 (85)

eqq
and, therefore, these relations hold for points on the curve
dividing these two fields. For these points, then, both prin-
eipal curvatures are positive, the indicatrix is an ellipse,
and the surface nowhere falls below the tangent plane buﬁ
touches it at two points each of which lies on such a boundary
curve, | |
The curve which lieg between the fields of meta-
stability and of instability, however, is somewhat different.
On the metastable side of this curve, both principal curva-
tures are positive. On the unstable side, at least one of
them is negative, On the curve, therefore, at least one of
them is zero; i.e., the lines of that principal éurvatﬁre
which changes sign on crossing the curve have points of in-
flection on this curve. The tangent planes to the surface
at such points then have contacts of ithe second order at least
with the surface in the section of least curvature, and since -
these planes must be pierced by the lines of that curvature
whiéh changes sign, they must be cut by the surface. The
points on the boundary curve consequently represent unstable

states. Moreover, by equation (73), for these points
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XVI The Critical Point

The critical point may be defined as the limiting
state at which the distinction between co-existent masses of
ligquid and vapor disappears. It is therefore the point at
which the points of bi-tangency of the rolling tangent plane
whose envelope is the derived surface of liquid-vapor equi-
librium become identical. The two curves, joining at the
critical point, which are the loci of the points of contact

of this rolling tengent plane with the primitive surface con-

1 By (€) (p. 39), this is the necessary and sufficient con-
dition that a point be characterized by a semi~-definite quad-
ratic form, and in view of the fact that one principal curva-
ture is positive, the form must be positive for variations a-
long that line of curvature, however smallj and, therefore,
q=0 for the point. The equaliiy sign evidently arises from
the fact that the other line of prinecipal curvature has a con-
tact of the second order with the tangent plane at the point.
With respect to variations sufficiently small so that infini-
tesimals of order higher than the second vanish, therefore,
the condition of equilibrium is satisfied; viz.,

5(€ ~ Tr(b+ Pv)=0
But for sensible variations this condition is not satisfied,
and the point represents an unstable state.

In the region of unstable states there may be traced

a similar succession of points which constitute the boundary
curve between that portion of the field which satisfies re-
lations (69) and the part for which the conditions (70) hold
(see footnote (1), p. 46). This curve also is the locus of
points of inflection of a line of principal curvature. It
differs from the curve discussed above, however, in that the
other principal curvature is negative for all points on it.
The relations D=0, q=<0 hold, and the states represented ob-
viously are unstable,
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stitute the saturation curve for the liquid. Likewise it
appears from the definition of the critical point that the
normal plane through any two points representing co-existent
states, however slightly removed from the critical state,
must cut the primitive surface in the region of unstable
states, Hence the boundary curve between the region of meta-
stable liquid states and the field of instability and the
curve between the field of metastable vapor states and the
region of instability join at the critical point. This curve
may be called the gpinodal curve; and the saturation curve
will be designated the connodal curve. Both of these curves
pass through the critical point, and, since they may not in-
tersect, they are tangent to each other therel,

By virtue of equation (86) and what has been said
above, the value of D for any point on the spinodal curve ar-
bitrarily close to the critical point is zero; and, therefore,
since the function € is analytic, for the critical point

D=0 (87)
Hence, by equation (73), at least one principal curvature be-
comes zero at the critical point. This accords with the fact
that the critical state is represented by the point of coa~
lescence of the two points of inflection of the lines of that

1 That both curves are continuous is evident from the fact

that the critical state is a state of continuous transition

from the liquid state to the wvapor state; i.e., the propertiy
of continuity is inherent in the definition of the critical

point. '
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principal curvature which changes sign on crossing the spine
odal curve, The particular line through the critical point,
therefore, has a third order contact with the tangent plane
to the surface at that point, It is tangent to the spinodal
curve (and, hence, to the connodal curve) but does not actual-
ly cut it. Its normel curvature is zero at the critical
point, but positive elsewhere.

Since the critical point marks the merger of the
points of bitangency of the rolling tangent plane, the surface
may nowhere fall below the tangent plane at that point. The
critical state, then, is not unstablej; and, therefore, by
equation (87) and (C) (p. 39),

q=o0t (88)

1 In light of the discussion of the curvature of the surface
at the critical point, it is clear that for infinitesimal ver-
iations the equality holds with respect to varied points along
the line of that principal curvature which vanighes at the
eritical point. Along the other line of prineipal curvature,
therefore, the inequality must hold. At the critical point,
then, one principal curvature is positive; the other, zero,

By (D) (p. 39), this conclusion is valid only if
the discriminant does not vanish identically, term by term.
It appears unlikely that the discriminant should so vanishj
but, on the other hand, there seems to be no theoretical basis
for the denial of this possibility. Regarding it, therefore,
as a trivial case, it may be stated at once that for such a
point

D=0 term by term; q=0 term by term; €,,=€ywv= €nv=03

Ky =Kg =0 L A A
Moreover, since that line of principal curvature which cuts
the spinodal curve at the critical point cannot change The
sign of its normal curvature there (for it would then cut the
tangent plane, which property is not allowable since the crit-
ical state is not unstable) it must have a contact with the
tangent plane of 0dd order exceeding unity. At such a point,
therefore, the tangent plane to the surface osculates both
lines of principal curvature,
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It follows from relation (88) that

E’l'l> 03 €Eyw>0 (89)
and from egs, (87) and (89) that \
e,lv#o : (20)

Experimentally, the value of the partial derivative € v is
found to be negative for the critical state, - It will be ob=
served, however, that none of the considerations so far ad-
duced suffices to determine the sign of this quantity. It
thus appears to be possible thermodynamically that substances
exist having thé property that eqv is positive for the crit-
ical state, It is known that certain compounds, said to ex=
hibit anomalous thermodynamic behavior, do show this property
in other states, Water, for example, behaves anomalously in
the 1liquid states below 4° C, In accordance with experiment,

{

The following relaxibns may then be written for the critical

however, the quantity € . will be assigned a negative value.

point:

q=0; D=03 €,,>03 €,,>0; €,,<0 (91)

i i

XVII Sequence of the Isentropic, Isometric, Isothermal, and

A N GE—————S . SAS——————

Congider the projection on the entropy-volume plane
of the primitive surface in the neighborhood of the critical
point. By equation (6), Part One, the gradients of the func-

tions 7, vy Ty, and P are as follows:
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V=1 | (92)
vv=j v (93)
vi=(%) 1 + (&) I=Ept + e (94)
vp= (%%)vi + (%%)sz-é‘"li - €gyd (95)

From egs. (87), (94), and (95), it appears that the
gradients of T and P have the same direction (and sense); and,
therefore, the isothermal and the isobaric are tangent at the
critical point in thé entropy-volume diagram. But the oper-
ator V is formally invariant with respect to a transformation
of co~ordinates. The property of tangency, consequently, must
hold in any diagram whatever which represents states of the -
body uniquely. In particular, it follows that in any inten-
sity-extensity diagram, constant intensity curves have hori-
zontal tangents at the critical point,

By relations (91)-(95), the grédients must fall as
indicated in Figure (5), and the corresponding iso~lines as
in Figure (8), in which the side of a line on which the*func?
tion is increasing is designated by a plus sign.

.y U Perm
- TlrP)
7
Vﬂl v—=* v
Figure 5 VT VP TlrP) / Figure €
PlrT) n
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As the constant intensity curves are tangent at the critical
point, the relative positions of these two lines are not as?
certainable from a consideration of the gradients alone, The
condition that the critical state is stable, however, requires
that at constant pressure the temperature increase with heat
received, and therefore with the entropy. The iso-lines at
the critical point then may fall only in the order indicated
in Figure (7), and this arrangement is independent of the par-
ticular method selected for forming the diagram.

Equation (87) holds not
only for the critical point but also
for any other point on the spinodal
curve, The isothermal and isobaric
through any point on this curve,
therefore, are tangent to each other,

But states répresented on the spino-

dal curve are, in general, unstable, and, hence, the arrange-
ment of Figure (7) may not hold; i.e., the order of succession
of the isothermal and isobaric about é point on the unstable
side of the spinodal curve is reversed. These two lines,
therefore, although tangent to each other, may not intersect
on the spinodal curve if they cross it. Thus, in general,

the isothermel and the isobaric may have a simple tangency on
the spinodal curve, but at the critical point they must have

a contact of the second or higher even order.
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XVIII Slope of the Spinodal and Connodal Curves at the Crit-
ical Point

It has been shown that the isothermal and isobaric
have an even order of tangency at the critical point, and,
hence, they may not cross the spinodal curve. Therefore, the
isothermal and isobarie are tangent to the spinodal curve at
the critical point, and, consequently, they must be tangent
to the connodal curve (p. 57). It follows that in any exten=-
sity-intensity diagram the connodal curve has a horizontal
tangent at the critical point; i.e.,

CI oo
Thus, on the connodal curve, at the critical point
P and T have extreme values, They evidently are maxima. The
discriminant, D, on the other hand, is a minimum at the crité
ical point where it vanishes, for at all other points on the
connodal curve its #alue is positive. The following equa~-

tions, therefore, hold:

AP = =€ ydv - €v7d1==o | (°7)
ar :6,lvdv + € ,ndqzo (98)
dD =Dydv +—quq==o (99)

These are the "Equations of the Critical Point"., From egs.
(97) and (98), it is seen that

an)y —_Cw__ Env
)= e ey
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XIX The Geometry of Plane Diagrams in the Neighborhood of
the Critical Point

At the critical point, the arrangement of the iso-
lines shown in Figure (3) must hold, as must also eqs. (96)-

(99). These relations are illustrated geometrically in the
following diagrams.

P

Figure 10 \ ’l rl'

Figure 1l
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1
Figure 12
v
The following analytic expressions are immediately evident,
2P) _(2T) _(2B) _(2T) _ ’
(“’)‘1‘ (“’)P (aq)'n (afl)P_o (100)
ﬁQP QVT dyc 0 (101)
P
(av),z<° (102)
2T
(5%)'{<o (103)
2F) ~o (104)
@, | '
(g-'?—) >0 (105)
| Vv |
In particular, by virtue of eqs. (100),
=mf20)
Cp=T (-a-,;_,L)P.w @ (106)

The only other diagram possible using the four guane-
tities ,l’ Vy Py and T is the temperature-pressure diagram,
But this diagram fails to show rland v as single-valued funce
tions in regions of multi-phase states, and, therefore, the
conclusions reached in Chapters XVII and XVIII from a consid-
eration of gradients are not applicable. By egs. (97) and
(98), the differentiais of P and T vanish at the critical
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point. At a point infinitely little removed from the crit-

ical point, however, they are not zero; hence, by division,

P €

(%) =~ -@iﬁ o
and

2P} _ _Ew

bT)Q 'eQV (108)

These equations hold for a point in the field of stabley; homo-
geneous states infinitely near the critical point, and, con-
sequently, from continuity considerations, the value of the
discriminant may be assumed to differ infinitely little from
zero., Hence,

(), =(3%) (109)

1

Moreover, by the Clapeyron Equation, for the cone

nodal curve at the critical point,

) T e f—V-Y—>o
c

(%) =(&

evq
Hence,
3P\ _[2P) _(éP
(a'i‘)v"‘ 3T)7“(51')c>0 (110)

The isentropic, the isometric, and the connodal
curve thus have a common tangency at the critical point, At
a point sensibly removed from the critical point in the field
of steble states, however, the discriminent is positive, and,

hence,

(%%),l>(§—§),>°

The isentropic, therefore, is steeper than the isometric in
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v
must appear as shown in Figure (13) '
for the critical neighborhood.

Figure I3
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PART THREE

OTHER SURFACES
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LI Surfaces in General

The Q~v~6 surface has been ¢oiisidered at some
lepgth. The geometrical criteria corresponding to Gibbs!
Criteria of Equilibrium and Stebility, however, may be ex-
pressed in a form more readily applicable to other gurfaces
than are the relations previously developed. For this pur=-
pose, equation (34) may be written as

€ -Tﬂl+ Pv =N.F \ : (111)
whence, by eqe. (37)-(39), the sign of the quantity N.5F is
taken as the geometrical criterion of stability. The quan-
tity 6T is defined as

SF=F' - F (112)
where T' and ¥ denote two points on the surface, and the nor-
mal W is to be taken at the point T.

The quantity We5F will serve as a convenient crite-
rion of the geometry of any thermodynamic surface. A positive
value indicates that the vector 8T lies on the same side of
the tangent plane to the surface at the point ¥ as does the
normal B. A negative value indicates that these two vectors
lie in regions on opposite sides of the tangent plane., The
quantity vanishes only if 5? lies in the tangent plane. In
view of equation (32) the vector N must always make an acute
angle with the positive direction of the z-axis; i.e., ¥ must
fall on the "upper" side of the tangent plane, If the crite«

rion is always positive, therefore, the surface lies above the
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tangent plane; if negative, below; and if both positive and
negative, the plane cuts the surface,

Consider the surface

z=2z(x, y) (113)
then |

T=xi +yj + 2k (114)

ST =6xi + 8yj + dzk (115)

F=ruFy =[1, 0, z,~[0, 1, zy] (116)
and

Ne 5T =TyxTy 8T =582 = 2zx8x% - zydy (117)

To evaluate the right member of equation (117), it is desirQ-
eble to express the quantities appeariﬁg there in terms of ’2
and v as independent variables. Thus
x=x(v, rl) :
y=y(v, ) | (118)
2=50
whence :
dx =x,dv + x'}é? o
dy= yvdv + y,ldq . (112)
dz—_-zvdv + z,ldrl

From these equations

_,g_%z, z%

zx—J Xy ¥ , (120)
_d X

2y=5G % - @

where J denotes the Jacobian of the gquantities in parenthesis
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with respect to rz and v, |

To study a surface in the neighborhood of a point,
the function z may be expanded in Taylor's Series and the cri-
terion expressed‘ as a quadratic form for variastions suffi-
ciently small so that orders higher than the second of varied
quantities are negligible. Thus

E-S'i"::%[zn(Sx)z + 2z, 5x5y + zW(SY)ﬂ=%q (122)

The signs of the partial differential coefficients Zyy 804
Zyys and of the discriminant D, generally may be ascertained
readily from the sign of q.

The foregoing equations now will be applied to‘

specific cases,
II The T-v-A Surface

The so-called maximum work function A is defined by
the equation
A=¢ - Trz | (123)
If this function be identified with z and the functions T and
v with x and y respectively, it is easy to see thal the sur-
face so obtained will be a fundamental surface in the sense
that all the thermodynamic properties of the body are there=
by determined, |
For such a surface, |
$z= € - S(Trz) (124)
§x=§T ' : (125)
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Sy =bv 3 | (126)
Also, by equation (120),
Ay Ay
Ap €, =~ T =nT
—An=i0 11 0. 70 1°n_
1 n il
o 1
and, by equation (121),
Ay Ay
gomp=itn Tyl _AnTy = &yTn
y vV TI|0 1 " e T )
N
Ty =T - ) STy B e
- TQ
Hence, by equation (117),
N.5F=6€ = (Trl) + 753: + PéV
=56 = 'B‘Srl + PSv - 8'1‘3!2 (129)

For variations at constant temperature, the conditions that
a state ¥ be stable, neutral, or unstable appear at once from
this equation,

To determine similar condi-tions for variations at
constant volume, the equation above may be re-written in the
form |

Nbr=5¢ - T'Srz + PYSvV - SPSV (130)
or ‘ ‘
Fe§F=-[(~5€) ~ T'(=5n) + P'(=5v)] = (=§P)(~5V)
- (131)
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From this equation there may be read immediately the condi-
tions that, for constant volume, a state T' be stable, neutral,
or unstable with respect to any state T. The symbol 6, as al~-
ways, means the primed quantity minus the unprimed.

The following relations, therefore, may now be writ-

ten,

For stable homogeneous states:

T constant, N«5F>0; stable state ¥ (132)
Sq>035 Ayy>0 | (133)

v constant, N«$T<O; stable state T (134)
'.q<0j3 App<O (135)

Hence, D<<0O . (136)

For two-phase states of neutral equilibrium:

T constant, N+6F=0; state tested ¥ (137)
C.Q=0 term by term (138)
Ayv=0 (139)

v constant, Ne0T<O0; state tested T (140)
.q<0; App<O (141)

rl constant, N+5¥>0; state tested T (142)
.q>0 (143)

Hence, D<O (144)

For three-phase states of neutral eguilibriums

T is constant necessarily,

;. HesF =0 (145)
q=0 term by term (146)
Ayy=0 (147)
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For unstable states:

In the region characterized by §€ = TSQ + Pév <0,

- T constant, N.§T<O; state tested ¥ (148)

g <03 Ayy <O R | (149)

v constant, N«5¥>0; state tésted T (180)

.q>03 App<O | (151)

Hence, D<O | | (152)
In the region characterized by §€ - TSrZ + P5vZ0,

€yv<0) F6F 0 (163)

E’W>O} ..q <03 Ayy<O03 App <03 D=0 (154)

€Eyv>0] He5F>0 | | (185)

6'?'2(‘0} .@>05 Ayy>03 App>0; D>0 (156)

In view of equation (132), the T-v-A surface must
be such that in any iSbthermal,‘plane section every point
falls above the tangent pléné to a point representing a stable
state; i.e., the fields of stable equilibrium must be concave
upward in such a section. On the other hand, in any isometrie
plane section, by equation (134), a point is stable if it
falls below the tangent plane to any other point on the sur-
face. Hence, stable fields must be convex upward., It is
apparent that fields of stable homogeneous states, then, are
regions of hyperbolic points. '

From egs. (137) and (140), and considerations of
continuity, it is seen that two~phase states cofrespond to
ruled surfaces, Such surfaces are skew in light of equation

(144). 1In isometric section, they are convex upward; curves
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of constant entropy are concave upward. The generators lie
in isothermal planes,

Three-phase, or invariant, states of neutral equi-
librium must lie along the line of intersection of the plane
of equation (145) and the isothermal plane which contains the
three points representing respectively the three homogeneous
states which are capable of co-existence., The slope of this
line is given by equation (128).

The regions of instability, from relations (148)-~
(156) , may contain hyperbolic points and elliptic points of
both positive and negative curvature., Hyperbolic points cdré
respond to elliptic points of negative curvature on the Q~v~€
surface; whereas, elliptic points correspond to hyperbolie
points on the latter surface. The explicit correspondence
between the two types of elliptic points and the two kinds of
hyperbolic points appears from relations (153)-(156).

| It is now possible to present an integrated picture
of the general features of the T-v-A surface, The surface
lies completely in the first octant, and it may be assumed to
be of indefinitely great extent. Letting the subscript zero
denote quantities pertinent to three-phase equilibrium states,
co-existent L, -V, -5, states are shown on a straight line para¥
1lel to the v-A plane with a slope of -P,. The three homo=-
geneous states are represented by three points on this line.
For normal substances, the extremity nearest the A-T plane is

the point §,, while the other extremity is the point V,. 1In
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between, is found the point L. Thexslopes of the tangent
plenes along this line are equal in the plane T=Tg. Their
inelination with the negative direction of the temperature
axis, however, increases progressively from S, to Vo3 i.e.,
the tangent plane rotates clockwige, as viewed from the point
Soy @s it moves along the line from S, to V,.

The segment S L, is a terminal generator of the
stable portion of the skew surface of S~L equilibriaj like=~
wise, the segment L V, is a terminal generator of the stable
section of the ruled A A

surface of L-V equi-

i)

libria. The 1line

!

E\

SOLOVO is a terminal

generator of the sta~-

ble portion of the

ruled S-V surface. Figure |4 M T Figure 15
It is apparent that these three surfaces intersect along the
line of invariant states. The form of the primitive surface
is such that in the plane section T=T, projected on the v«A
plane it falls everywhere above this line except at the three
points Sy, Loy and Vo where it touches the line. In the three
pPlanes v=vy , V=vp , and v=vg  projected on the T-A plane,
. however, the primitive surface must be convex upward.
- Let the body be in a state represented by the point

L,y and let the temperature increase slightly, the volume re;

maining fixed. For this change,
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dA=—=AT.dI=~rzdf ar>0 (157)

If the entropy of the liquid state L, exceed the entropy of
| the composite state S, - V,, represented by the co-ordinsates

of the point L,, then it is evident that the value of A for
the liquid state will diminish more rapidly with temperature
than will the value for the composite state, Part of the
primitive surface L, therefore, will protrude below the line
8V in the plane

T=T, + &r
Tha£ is, composite S~V states here become metastable, and the
section of the surface of dissipated energy cut by the plane
will consist of three sections of the primitive surface re~
presenting respectively stable states of solid, liquid, and
vapor together with two tangent segments which correspond re-
respectively to composite states of solid-liquid and liquid-
vapor, On the other hand, a decrease in temperature will
have the result that the portion of the primitive surface of
liquid states will fall completely above the line SV in the
section cut by the plane

T=T,- dT

- The liquid state thus becomes metastable with respect to the
composite state S~V for temperatures less than T,.
It is apparent from a consideration of the Clausius=-

Clepeyron Equation in connection with the P-T diagram for
bodies in the neighborhood of the triple-point that substances

which undergo a diminution in volume upon freezing may be
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reﬁresented by surfaces like that described above. For ano-
melous substences, like water, which suffer expansion upon
solidification, on the other hand, the order of the points S
and L, will be switched, and the effects of changing thektem-
perature near the line of invariant states will be the reverse
of those described. It follows that a necessary and suffi-
cient condition that YL;>-VSG is that the entropy of the lti
uid state L, exceed the entropy of the composite solid-vapor

state So-Vovof the same volume., An evident alternative state?

ment ie that whenever it is possible to form a composite So~Vo

state of the same volﬁmé as the liquid state L,, the entropy
- of the liquid will exceed the entropy of the composite state}

for the possibility of such formation hinges upon the truth

of the inequality, v. >, Likewise, whenever it is possi-
: o

L So’
ble to form a composite stgte L,-V, of the same volume as the
solid state S, (i.e., when vsé>-vL°), the entropy of the com=-

- posite state will exceed the entropy of the homogeneous state.
The truth of this statement, howevér, is obvious, apart from
eny consideration of the T-v-A surface,

For temperatures less than T,, the surface of dis?
sipated energy, then, will normally consist of a ruled skew
surface of S~V equilibria adjoining, on the side nearest the
T-A plane, a portion of the primitive surface of solid states
and, on the other side, a primitive field of vapor states.

The stable part of this ruled surface terminates in the line

of invariant states, For temperatures exceeding T, the sur-
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face of dissipated energy is composed of the two, ruled, skew
sheets representing respectively S-L and L~V equilibria and
three sections of the primitive surface which correspond to
stable states of solid, liquid, and vapor respectively. The
iwo, ruled surfaces are included between the solid and vapor
fields§ whereas, the liquid field is included between the
ruled surfaces., The point L, is common to ﬁhis liquid field
and the three, skew surfaces of neutral states. The length
of the generator of the skew surface of L-V equilibria di-
minishes as the temperature increases, the surface terminating
in a generator of zero length at the critical temperature.
The tangeht plane to any’point of the surface of dissipated
energy cuts that surface at the point of contact.

Regions of metastable composite stales appear as
extensions of the three, ruled surfaces past the line of in-
variant states., Homogeneous metastable states are shown by
sections of the primitive surface covered by the three, ruled
sheets. Between any two such sectiong covered by a skew sur-
face there must be included a region of instability. The
curves bounding regions of instability must pass through
points of inflection of at least one line of principal curvas
ture; but it is not necessary, on the other hand, that all
such points of inflection lie on the border line of a region
of metastability, for such pointe may occur also within the

fields of unstable states remote from the boundary line.
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I1II The P-q-H Surface

The enthalpy function H is defined by the equation
, H=€ + Pv (158)
A third fundamental surface may be obtained by identifying
P with x, rzwith ¥y @and H with z. It mey be of interest to

see what form the criteria take for this surface. Thus

$z=09€ + §(Pv) (159)
9x = 5P , (160)
Syzgrl (161)
and, by egs. (120) snd (121),
Hy) Hy
I o | By &+ P+ VP,
Zy=Hp= P"l Py "§;~ "ﬁf‘; = (1e2)
1l 0
n Hy
P P Py(€, + VP,) = P,(VP.)
=H, =il A ANFI Aad ) 4! ¥ ¢ =T
“y |3 Y Py e'l
(163)
Py Py
'Hence, by equation (117),
N oF=56€ + 5(Pv) - VP ~ T6n
=€ - Térz + Pév + §P6V (164)

‘whence the criteria for a state T may be obtained for var-

iations at constant pressure by inspection,

To find the criteria for isentropic variations,
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equation (164) may be put in the férm
Ne6F=-[(-5€) - T'<-57>]+ PU(=5V) + (-5T) (-5
(1e5)
This equation furnishes a geometrical test of the type of
equilibrium represented by a point T?,
The follo#ving information is contained in the two
foregoing equations.

For stable homogeneous states:

P constant, N.§F>0; stable state T (166)
-.q>0; H,m>0 (167)
r(constant,‘ﬁ-8?<0; stable state T (168)
.q=<<03; Hpp<O ' (169)
D<<0 : (170)
For iwo-phase states of neutral equilibriums
P constant, N+SF=0; state tested ¥ (171)
°.q=0 term by term - (172)
H,m-‘:O ' (173)
rlconstant, N6 <0; state tested ¥ (174)
..q<<03 Hpp<0 (175)
v constant, N+5F>0; state tested ¥ (176)
C.q>0 (177)
D<<0 (178)

For three-phase states of neutral equilibrium:

P is constant necessarily,
. N.8F =0 (179)
q=0 term by term - (180)
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H. .=0 (181)
M |
For unstable states:

In the region characterized by the relation §€ - Térz+ Pév <0,

P constant, N.5F<0; state tested T (182)
..q <03 Hrm<0 (183)
r’lconstant, Ne§F¥>03 state tested F' (184)
+.q>05 Hpp>0 (185)
D<O (186)

In the region characterized by the inequality
S5€ - T‘Srz + PSv =0,

ew<o} N-5F>0 | (187)
€,,>0) ..¢>03 Hpp>0; Hpp>035 D>0 (188)
5W>o} N.6F <0 , (189)
EQQ<O 5.q<0; Hpp<<0; H,m<o; D>0 (120)

A comparison of the criteria above with those found
for the T-v-A surface reveals the striking similarities in the
geometry of the two surfaces. In order to avoid further repe
etition, therefore, a detailed geometric interpretation of the

preceding relations will be omitted.

IV The P-T-F Surface

The free energy function F is defined by the equa-
tion
F=€ + PV = Trl (191)

A fourth fundamental surface is represented by equation (113)
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if z be identified with F, x with P, and y with T, The geo-~

metric criteria may be formulated as before, Thus,

6z2=5%€ + §(Pv) =~ S(Tll) (192)
dx = 6P , (193)
Sy=86T (194)
and
Fy Ty
.|ty Tyl TF, = TF
i
Tr2 TV _
Ty(VE, = NT) = Tn(VP, - NTy)
L Adial 2} Tqu-‘I‘P L —y (195)
Fp Fy
LN
y Ty Tv] Pyn - Pty
'Pq Py
P (VP TIT ) - PQ(VP r)TV)___ _ (196)
v — 'T < — —
PyTy = FnTy 1
Hence,

Re5T= 86+ S(PvV) - S(T‘rz) - V5P + rzST
= 5€ - Tarz + PSv + 8PSV - 5T5rz :
=§€ ~ T'Srz + P'v
=-[(-56) - T'(=6n) + PI(~5V)] (197)
Equation (197) is in a form from which the condi-.
tions that a state T' be stable, neutral, or unstable with
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respect to a state T may be read off immediately. The ex~
plicit information is as follows:
For stable homogeneous states:
N.6F¥ <0 | (198)
:.q<<03 Fpp<0; Fpp<0; D>0 (199)
For two-phase states of neutral equilibrium:
P (and, hence, T) constant, N.6F=0; i.e., 5F¥=0 (200)
P, T variable, N+5F <0 (201)
.. q<<0 L (202)
For three-phase states of neutral equilibrium:
P, T constant necessarily, S.ST=0 (208)
For unstable states:

In the regions for which §€ - Térz + PSv <0,

N.6T>0 | , (204)

..q>03 FPP‘>O; FTT>0; D>0 (205)
In the regions for which 5€ - T‘Srz + PSV=O0,

N.5F 20 | (208)

.q=03 D<O (207)

In light of the criteria above, the general geo-
metric properties of the P-T-F surface may now be described.
From equation (203) it is manifest that states of Ly~Vy-S,
equilibria are shown as a single point (the triple~point) on
the sﬁrface; and it is further evident that this point must
be common to the three primitive fields L, V, and S. The in-
tersection of these three primitive sheets constitute the

three curves of univariant equilibria (see relations (200)-~
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(202)) which emanate from the triple-point and which corre-
spond respectively to composite states of solid-liquid, solid-
vapor, and liquid~-vapor. The surface of dissipated energy,
then, consists simply of the stable sections of the three
sheets described, together with the three curves of inter-
section mentioned as converging to the triple-point., In ac=-
cordance with relation (198), any point on this surface falls
below the tangent plane to any other point, and, consequently,
from continuity considerations, each of the three constituent
sheets is a region of elliptic points convex upward. The
curves of intersection, therefore, also are convex upward.

It is apparent from what has been said that, if neg-
ative values of P and T be excluded, every point of any path
circumscribed about the triple-point in the P-T plane may be
considered as the projection, parallel to the F-axis, of é
corresponding point on the surface of dissipated energy. It
is possible, on the other hand, to describe such a path by
the projection of points which, with the exception of three
points of univariant equilibria, lie wholly in regions of
metastability. For it is apparent that the three primitive
sheets do not terminate with the‘curves of intersection pre-
viously mentioned; they extend continuously beyond these
curves, and by condition (198), such extensions must fall in
a region above the surface of dissipated energy. They are,
therefore, representative of states which are unstable with

respect to states of the same pressure and temperature shown
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by points on the surface of dissipated energy. Provided con=-
dition (198) is satisfied for continuous variations in the
neighborhood of a point, however, the state corresponding to
that point will be stable toward such variations; i.e., pro-
vided the extensions are convex upward in both principal curva-
tures, they will represent regions of metastable states, Fur-
ther extension into a field of instability, by relations (204)
and (206), must involve a change in the sign of one, or both,
principal curvatures, Metastable composite staxes correspond
to points on the curves of intersection of the metastable ex-
tensions of the primitive sheets., Such cufves obviously con-
verge to the triple~pointVWhere they are continuous with the
corresponding curves which lie on the surface of dissipated
energy.

For given positive values of P and T, a line para-
llel to the F-axis will intersect each of the primitive sheets,
and, therefore,'thére will be obtained, in general, three dif-
ferent #alues for the free energy., The smallest value will
be that of the point on the sur-
face of dissipated energy, and
the other two points will re-
present metastable states un-
stable with respect to this

state, The intermediate point,

however, by condition (198),

will be stable with respect to

FigUre 16
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the point above it,

'v A projection of the P-T~F surfabe in the neighbor-
hood of the triple-point on the T~P plane is shown in Figure
(18). The dotted lines represent the metastable extensions
of the curves of univariant equilibria. The critical point
(not shown) lies at the terminus of the stable L~V curve re-

mote from the triple-point.

V Interrelationships among the Surfaces

Certain interrelationghips among the four primitive
surfaces discussed derive from the fact that the quantities
proportional to the slopes of the tangent planes to one sur-
face are the independent variables for another. Thus con-
sidered, the surfaces fall naturally into two paire, the € and
F sﬁrfaces obeying the rule, and also the A and H surfaces.

~ Considerations of surface eurvahufes further emphasize this
classification. When the € surface is concave upward in both
principal curvatures, the F surface is convex upward, and the
A and H surfaces exhibit hyperbolic points. Where one prin-
cipal curvature of the € surface changes sign, the other sur-
faces exhibit a response, the points of the € and F surfaces
becoming hyperbolic and those of the A and H surfaces ellip-
tic, Likewise, when the € surface is convex upward in both
curvatures, the F surface is concave upward, and the points

of the A and H surfaces are again hyperbolic, both lines of
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curvature having changed sign once,

Other similarities appear when expressions for each
of the dependent variables €, F, A, and H are formulated in
terms of the quantities appearing in the equation of a given
surface, These expressions are tabulated below for conve-

nience in comparison.,

vrface

vartity v € P-T-F TVv-A P- T H
€ z T Ty F FxFy-j FxFyq2J
F Rxty-F z i-ryxT i-fy *F
A FxTx J FxTy-j Z EXFJ'F
H iyxF i“FyxF Fx*ryF pd

The quantities are expressed as scalar triple-pro-
ducts of triads of vectors chosen from the position vector,
its derivatives, which are tangent vectors to the pafametric
curves, aﬁd the unit base vectors i and j. These expressions
may easily be verified by expanding them in terms of the come
ponents and comparing the relations so obtained with the de~
fining equations for the thermodymamic functions. The simf
plest geometric interpretation of the value of the scalar
triple-product is thaxyit expresses the volume of a parallel-

ogram having the three vectors as concurrent edgesl.

1 other expressions, of course, may equally well be chosen
to represent the functions in question., The derivatives of
the position vector may be replaced by the normal, for exam-
ple. Thus
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An inspection of the table reveals that the € and
F surfaces exhibit reciprocal properties insofar as the quan-
tities € and F are concerned; but they are similar inasmuch
as the geometrical representation of the functions A and H are
identical for the two respective surfaces., The A and H sur-
faces, likewise, are seen to exhibit reciprocal properties
with respect to A and H, but similar properties with respect
to € and F,

T Tyt T =NeT
Ag’ain,x y

-f‘xfx'j;_— ?.Tx‘j — Y’i.rx
where

::-rIXj

The dyadic % is a so-called perversor; i.e., it effects a ro-
tation of the vector Ty about the j-axis through an angle of
90 degrees, followed by reflection in the origin., The scalar

triple-products, however, are simpler and formally more con-
sistent.
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