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I. Introduction

Among the well known tests applied to materials, are
those for tensile strength, elongation, fatigus stresses,
and hardness.

Tensile strength can be measured under constant loa&
or under impact. For a test under constant load, a standard
piece is gripped between the upper and lower jaws of a
machine and the total resistance to rupture is measured.
The tensile strength is usually given in pounds per square
inch. For a measurement under impact, the material is
ruptured by the blow of a heavy pendulum. The tensile
strength is given by & number which corresponds to the
height attained by the pendulum after breaking the test

piece, See Fig, 1. .
TENSILE STRENGTH

]
=

1

CONSTANT LOAD IMPACT
LBS. 7 SQ. IN.

~ Figure 1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.

Elongation is measured in percent of the original
test section and is commonly the amount of stretch which
will occur in the material when pulled apart by tension.
It is usuvally measured in relation to an initial distance
of two inches. In Tig. 3., as the meterial stretches,
the two metal arms fastened to the test plece move apart
and allow the wedge to meove to the left. The motion of
this wedge is communicated to a pen which traces, on a
revelving drum, & curve which shows the elongation as a

function of the force used in breaking the specimen.

ELONGATION
!

_,\,ﬂ
=
|

RESULTS IN PERCENT
- Figure 2.

Fatigue tests are made by applying forces of varying
magnitude and direction to a test plece and noting the

number of timee the plece withstands this strain before
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Se

brezking. Figure 3. shows two types of fatigue tests,

FATIGUE
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P

MOTOR E[ ) ;
T 77

.
N\
\

N\

REVOLUTIONS TO BREAK

Figure 3.

In the diagram on the left, a thin test rod is supported
at each end and weighted in the middle. The rod, curved
under this weight, is rotated until it breake. On the
right, a thin test strip ls clamped at one end and then
vibrated to and fro. In both cases the result is given
in revolutions necessary to break the test specimen.

Hardness ie usually measured by impressing a diamond
or steel point into the material to be tested and noting
the dimensions of the indentation made. Figure 4. gives

three types of hardness tests.
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HARDNESS

VICKERS BRINELL ROCKWELL
O @) ———
Figure 4,

In the Vicker's test a diamond point is used and a square
indentation made. The diagonal of the square is measured
by a microscope. The magnitude of the diagonal is used
as a measure of hardness. The Brinell test is very similar,
using however a steel ball instead of a diawond point. In
thie case the diameter of the indentaticn is used as a
measure of hardness. In the Rockwell test no microscope
is used. A guage measures the depth of the indentation
made by a steel ball. The reading of the guage is used
as a measure of hardness.

These are only a few of the tests commonly made to

determine the suitabiiity of a material for various
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5.
purposss and to insure uniform quality of the material.
However, we notice two.characteristics common to each of

these tests. They are:

(1) The result in each case is represented by a
single number.

(23) Each test involves numerous properties of the
material which can not be digentangled. That ie, in each
of these testes we do not understand exactly what we are
measuring but we do know that theee measuremenis can be
used as a check on the quality of the material.

Having briefly reviewed some of the more common
tests applied to materials I must now explain what
led me to a new methed of testing. For a long time it
has been a well known fact among bell mskers that all
metals are not equally sultable for bells and that
certain heat treatments greatly increased the duration of
gound emitted by bells. Thus we are faced with two
problems. Firet, we must in some way assign to each
material a number which will serve as an index of its
vibration properties. ©Second, we must find how this
number varies with heat treatment.

At first an attempt was made to measure with a stop
watch the duration of sound emitted by a materlal when
caused to vibrate. Thie leads to at least one serious

difficulty. The human ear must determine exactly when
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the sound ceuses to be audible; and since the sound
diminishes gradually, this is very difficult to do. Thus
tc investigate the problem we must in some way determine
the decrement curve of the vibrating material. That is,
we must know the rate of change of amplitude with time
while the amplitude is stiil sufficiently large to make
neasurements upon it. Therefore lst us attempt to

answer the yuestion, "What is decrement curve of a
vibrating baxr rigidly clamped at one end?".

If we assume that the energy dissipated by vibration
is used scliely in disturbing the surrounding medium we
have no means of explaining the chahge in the decrement
curve due to heating; because externally at least, the
material remains the same. Therefore, let us considerx
the decrement curve in relation to the internal structure
of the bar.

In any vibrating system the amplitude slowly
diminishes unless energy is supplied to the system. In the
case of a bar clamped at one end, part of the energy is ab-
sorbed by the support, part is dissipated by the internal
friction of the bar, and part is used in disturbing the
surrounding medium. In order to calculate the energy
dissipated by internal friction, let us postulate that
the bar is made of rows of crystals which silde upon sach

other as the bar vibrates.
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II. Theoretical 7

Let E be the energy of the vibrating system.
-3E/dt is the rate of decrease of the energy.

If the forces causlng this decrease in E are
frictional, we can say:

-dE/dt is proporticnal to the force between

sliding surfaces.

~-dE/dt is proportional to the sliding distance.
We assume that the amplitude 1s always small compared to
the length of the bar and that the form of the bar
always approximates the arc of a circie.

Let us now determine the force beitween surfaces.
. ds

i{:::____,_tﬂb___;:f;? top of the bar is stretched
4 bottom of bar is compressed

The force on an element of surface ds long and dw wide

is proportional to the curvature, which is the reciprocal
of the radius of curvature. For a circle, curvature
equale 1/r where r is the radius of the circle. Therefore
the force between layers in a bar of length unity and
width w is given by

Fo 1/r £(w)
where F is the force per unit length, and £(w) is some

functicn of the width.
In order to determine f£(w) we must examine how the

pressure in the horizontal direction varies with the

width. From X-ray photographs we know that the crystals
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8.
in the bar are not arranged with their sides parallel 1o
the sides of the bar. Hence we have a component of pres-
gure in the horizontal direction. Considexr the crose

section of a bar with pressure applied perpendicularly.to

ite width. l | L J{
tt 1

Due to the horizontal pressure the bar bulges at the

edges, and in doing so lncreases the pressure vetween the
sides of the crystals near the edge of the bar. But we
developed the theory for vertical preséure as if we had
a thin section out of the middle of an infinite sheet.
Thus we see that the horizontal pressure is less in the
middle of the bar than it is near the edges. Therefore
the "effective width" of the bar is much greater than 1its
actual width. Since the edge effect would be constant
with various widthe and of greater relative lmportance
with smaller widths, we say:

f(w)= wgk
where w is the actwal width, and k is a constant to
compensate for edge effect. (k may be larger than w)
Thus we have:

F =1/r (w4Xk)
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Q.
Ve must now determine the siiding distance. Consider
a bar made of only two layers of crystals. The average
distance D that the layers will sllde on each other
when the bar moves frcm ites present positicn to zero

amplitude is given by

D *{%—r (21!(r+d) - 2‘(:)} |
D ek fd |

For a bar of many layers

Dot pe

where ¢ is the thickness of the bar. MH* l

Therefore the sliding distance per unit length of the
bar 1s proportional to Pc .
X
But Fh1l/r (w+k)
Thue the energy dissipated by a unit length of the bar is

proportional to

fc (wak)
2

Therefore the energy dissipated by the bar is proporticnal
to

fc (wak) = Ao (we+x) since P = A/r .
T ;z
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10,

The equation of the form of the bar is:
& 2 b Y
(Y -r)F x =71

If A<< 8§ , s = = constant A

Therefore the coordinates of the

%
end of the bar are ({,4) 0

-~

A® - 2Ar+_€2 =0

pe Pz
Aéi:&.:r;_l_:,ZA,_z_@é,(ﬁ/ > 24
24 xr A3+£2 116‘ AQ,Q?I-'I ‘ ,86

Thus 1/r &« A/£2

Therefore the energy dissipated by the bar is proportional

to 3
:‘23 c(w+k)

The energy dissipated per cycle is proportional to
Apax
c(w+Xk) 2 clw+k) .3
ARdA & -~ A
£3 £3 max.
0
Since the frequency is approximately constant we have

~-3E o cgw +k2 A3

dt 23 m.

But E X A2 from which A dA 4 4E (I have dropped the m.)
at  as

\

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1i.

Thereforse

—%_%0‘ c(w +k) Az

23
Integrating this we find:
% = Kﬁﬁﬁgbklt + %u
j A o

This would be the decrement curve 1f no energy were lost
to the support and to the medium. Because of this
additional loss of energy, for each value of 4+, A will be
lees than thie eqguation predicts. Therefore let us

aseume that the corrected equation can be written:

= do(Wihk)y 1

1
A 1‘3 23 A°+8
Whexre & is & constant of the material
c is the thickness

vtk is the effective width

w is the actual width
L is the length
S is a constant introduced to compensate for

the energy lost to the support and to the

med ium
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IiI. BExperimental 13 .
In order to test this equation the following

apparatus was constructed. See Fig. 5.

Figure 5.

The bar is rigidly clamped in a vise which is firmly
fastened to the wall. On the free end of the bar is a
small aluminum holder, on the face of which is a tiny
mirror at a 45 degree angle to the length of the bar. The
mirror is illuminated by a 50 candle power auto bulb.

The rear of the camera coneists of a slide along which an
electric motor drivee, at a uniform rate of speed, a

5% x 7" Graflex film holder.
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13
The bar is set in motion by a striking mechanism

which worke as follows: (See Fig. 6.)

STRIKING MECHANISM ,

D

PR & R 89
TR

Gzzzz Y, S

N

Figure 6.
As the hammer falls upon the bar it strikes the trigger
and releases the sliding catch. This allows the spring
to expand and keep the hammer from striking the bar more
than once.

Difficulty was encountered in getting a suitable
spot of light. In oxder to get a curve with fairly sharp
edges, it is necessary that the spot be very small.

See top diagram of Figure 7.
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Figure 7.
Because of the finite image of the spot which is formed
on the film, for large amplitudes the curve consists of
a heavy inner line and a faint outer line. The heavy
inner line is caused by the overlapping of the spot images.
For small amplitudes the two lines coincide and gilve
the curve a sharp edge.

At first a small mirror was cemented on the
aluminum holder and all but a small circle of mirrxor's
surface was painted black. (Lower left hand diagram of
Fig. 7.) However, because of the smooth surface of the

mirror, the portion painted black reflected too much light.

4
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15.
Next, black paper was tried, but it was difficult to cut
& small opening in the paper without leaving a fuzzy edge.
Finally, four strips of phofographic tape were pasted on
the mirror so as to obscure all of its surface except a
1 mm. square. Thie worked satisfactorilye.

A test was made 10 determine if results were
reprodticeable. Thie would constitute a check on the uni-~
form motion of the film holder, and on the effect of
clamping in the vise. The test was made on two bars of
cold rolled steel 20.00 cm long, l.87 cm. wide, and
0.15 cm. thick. For each bar three pictures were taken,
the bar being removed and then reinserted in the vise'for

each picture. The resulte were:

Bar #1
t A A A
0 3453 3453 3.53
= 1.42 1.39 1.40
4 .78 .74 75
) 4D 44 .45
8 .30 «28 .89
Bar #28
t A A A
0} 3.53 3053 3.03
P l.44 l.43 L.45
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4 «78
6 047
8 <31

078 72
47 « 49

.30 <34

This does not show that the vise absorbs none of the

energy, but it does show that
the same in each case and the
is the same in each case.
Since nothingwas said in
of the equation as to how the
the following test was made.
vibrate firet by striking and
| with a thread and burning the

decrement curves were:

the effect of the vise is

motion of the fiim holderx

the theoretical development
bar is to be set in motion,
The bar was caused to

then by pulliing it downward

thread. The resulting

Bars of cold rolled steel 20.00 cm. long, 1l.57 cn.

wide, and 0.15 cm. thick.

Bar #1

t A A
(Struck) (Held with thread)

o) 3,53 3.53

2 1.43 1.39

4 .72 .73

8 44 .43

8 .28 .28
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- Bar #2

A .
(8truck)
0 3003
Ll.39

[aN]

4 78
6 043
8

&8

A
(Held with

3453
1.3¢
73
43
27

17,

thread)

Thus,whether the bars were struck or held with thread,the

resulting decrement curves were the same.

Finally, though the bars emitted no sound whiie

vibrating, there was ¢f course a metallic ping as the

hammer struck the bar. By covering the hammer with felt

the sound was reduced to a dull thud. Testes we

gee if this altered the decrement curve. The r

Carbon Steel

% A
(Lead hammer)
0 3455
2 s.05
4 1.89
6 .88
8 « 85

(Felt

re made to

esults were:

A
hammer)
3455
Q7

ny

1.30
.88
«65
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18.

Brass
t . A ‘ A
(Lead hammex) (Felt hammer)

G 3.53 3.53
2 1.97 1.8
4 lL.17 1.17
6 .70 71
8 48 48

Having satisfactorily tested the apparatus, it was
now time to test the equation. For a particular size

of bar the equation can be written

1 = 1] 1
g L vy

where p is a constant. This is in the form of a

straight line if we plot L against %, pbeing the

D —————

| A+ &
slope and __ 1 the y intercept.

DoingA%lrii for a copper bar 33.00 cm., long, 0.56 cm.
wide, and 0.15 cm. thick, we get the following results.
Our + is measured in units of 1.3 seconds, the time

required for the film holder to move 1 cm.
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. o o' e 190

t A (Experimééﬁé;):ill;lgﬁ;Acalculated)
0 BedB e . . BudB
1 5.78 Lo 3473
2 BenB 2 eR4

Equation
3 1.88 1.87
4 1.59 1.58 A+.87
5 1.35 1.35

& was deftermined
6 1.15 1.18

by trial and error.

7 1.00 1.01
8 .87 .88
°) .76 _ 77
lo .68 '68

Thus we see that our theoretical equation satisfies

experimental results.

1

If we piot a graph of experimental values we have:

A +.67
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20.

In order to test the equation, bars of different
widths and lengths were cut from a sheet of copper O.1l5 cm.
thick. Consider a set of 5 bars 0.15 cm. thick and 23.00 cm.

long, but of va rious widths. The experimenta 1 results

were:
Width ]
0.56 cm. .050
0.72 054
0.93 +061
1.08 «063
1.25 ' 065

Wheré

= Ye(w+k)
g A

Before we can eva luate § we must find k. Since in each
case the thickness, length, a2 nd material of tne bar is the

same, the following equation 1is true.

ﬁ_:W]'l‘K
lez Wz-{‘k

or
B ¥~ Byw,

B1-F>
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By lnserting the above values of w and P into this

equation and taking the average of the results, we find

that k mleH

The value of & can now be calculated, and

if the form of f{(w) 1s correct, we should find that &

is a constant.

w
0.6
0.72
0.93
1.08
1.25

The results were:

,
1.97 x 10°
1.97 "
2,03 "
1.98 "
1.92 M
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33 e
We now consider a set of 5 barg 0.15 cm. thick,

0.56 cm, wide, but of different lengths. The experimentald

resultse:
Length p
16.40 cm, 135
17 .20 104
19.40 081
20,20 .087
23.00 .050

Since we ar2 using the same material as before, k
will remain 1.50, and hence we can solvs for §. If g
containsl in the proper relation, ywill bs constant

and should be the same as the previous ¢ . We find:

Length ¢

18440 cm. 1.93 x ."LO3
17.80 l1.0¢ "
19.40 l..2 "
280,90 l..8

83.00 1.7 "

Thues we see that the form of our equation is correct

and that it contains the dimensions in the proper relation.
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IV, Examples of the Vibration Method
of Testing

At this point we see that we have answered the
first question which suggested this research. That is,
we have assigned to every material a number which serves
48 an index of its vibration properties. This number
wé call ﬂ’, the vibration modulus. (If we test bars
of the same size we can use B in stead of¢.) The

results of tests made on several materials are:

Length 20.00 cm.
Dimensions of bvar Width 1.87 cm.,

Thickness 0.158 cm,

Material ﬁ
Copper 115
Iron «110
Equation
Yellow Brass 075
Spring Brass 068 i = Bt 1______1_._____._
A4 .87 Ao-l- . 67

Phosphor Bronze .085

Thus as we descend the list of materials the
internal friction becomes less.
We turn now to an investigation of the manner in

which p varies with heat treatment. We shall limit
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ourselves to temperatures of 500 degrees Centigrade.

Various bars were hesated for one hour and allowad to

cool in air. The gqualitative results are given in

Figure 10.
/
IRON A
e
bAl\
\Qf
RASS
Q, 7 @ T
CHIME
—— 4 !
i

0 100 200 300 400 500

Figure 10.

From these resulis we see that such heat treatments

increase the valus ofF:for iron, lower it for copper,

bronze, and chime metal, and leave unchanged the value of

f for brass. Before making a quantitative test for

copper, bronze, and brass, 2 test was made to see if the

value of § could be further diminished by heat treating
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the bare for more than one hour. The results were:

0 20 - 40 60 80 100 120 140
MINUTES

Figure 11l.
We sese that the curve reachss a minimum at about 45
minutes. Thus I continued to use one hour as the time
of heat treatment. The results on copper, brass, and

bronze are given in Figure 13.
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Figure 13.

Thus I have answered the two questions which gave
birth to this thesis, and in doing so I bellieve 1 have

introduced a new method of testing.
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Appendix
Usually no attempt is made to derive the decrement
aquation from considerations of invernal friction. Instead,
the decrement curve is taken to be exponential in form and
is written:
A = Aoe:"l“5
where A is the amplitude at time ¢
A, v " " "t =0
k is the number which represents the ability of a
bar 40 continue in vibration.
Using this equation, which fits the experimental
results approximately, the results recorded on Figure 12

take on the form shown in Figure 13.

M

20 | ;
Y §§
X o o
.18 O—S‘@ T%b—o- C//O-O
Y ot
16 o—B-'>-—c\ o—

LT

0 100 200 300 400 500
DEGREES C.

Figure 13.
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1.
V. Fock, in the @eitschrift fur Physik, Volume 61,

1930, page 126, gives as the eguation of energy for a -

system of electrons:

n+l 2 2
W= /3 ¥, (x)E(x)¥, (x)dx + e"//p(xx) P(x'x') -;lfj(xx')l axdx'
i=1

2 lr - v

where W is the energy of the system.
n+l is the number of electrons of the systeu.
H(x) is the energy operator of a single electron.
Wi(x) (1=1,2, ¢+ « « nt+l) are the wave functions
of each electron in the systen.
n+l
P(xx') = 2 ¥, (x)¥, (x*)
— "1 i
i=1
For the case of two free electrons the potential energy.
is given by:

E = ng/P(xx)P(x'X') - Ip(xx)l © axax’
2 Jr - rf|

where E is the energy of the two electrons and
1y =7 ) v '
Pxx') Yl(x)wl(x ) + Wz(x)wz(x ) .

In the expression for E,

%CfP(XX)P(XEX') dxdx' represents the Coulomb energy
[

£
2

2 >
-e“// /P(:xx') Zaxdx" represents the interchange energy
[r - r!
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2.

It is the purpose of this paper to evaluate the
expressions for Coulomb energy and interchange energy.
With this in mind, wave packets for the electrons are
introduced. On page 271 in Volume 117 of the Proceedings
of the Royal Society, C. G. Darwin gives as tﬁe wave

packet for an electron at time t = O,

2 2 2
exp [;%jlx~xo) . (y-v,) . (z=2)
{ ¢2 22 -v?

+ 12mm u(x-xo) + v(yhyb) + W(z‘zo{?]
h

where ¢ 1s the uncertainty in x
T 1 " "y

Yo n f n o,

u is the velocity in the x direction

" " n noon 1
y

" n n z n

(xc,yo,zo) is the initial position of the

electron.

In the provlem to be treated, the velocity of both

electrons is taken t0 be the same.
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Thus for a spherical distribution,

\yz(x) = N exp[“%{(x-xo)zﬂk (y-yo)2+ (z-zo)gz
L €

<r2
+ 12wm {u(x-xo) + v(y-yo) + w(z-zo)}}
h

and if particle 1 is at the origin,

_ -1 2 2 2
‘I’l(X) -NGXP[ z{x‘*'yz‘*'z }.,. iomm {ux-f-vy-i»wz}]
q h

where N is & normalizing factor. That is,

N/ T, (x)¥,(x) av = 1 . Yt is found that N = 1

3/ & 3/2
uael

Before beginning any evaluations, consider the integral

0 2, 2 2 2
J/) 7P (&7 + BT + e gaange.
—00

This can be written
2 1

[\ o)
_/o‘dqa,é' siné de%' e

In Dwight, Tables of Integrals, page 176, formuls 861.7

2.2 wo_ 2 2
Prrgdr=4qéeprr2dr

glves
4@x2ae-pxzdx = 135 § « «(2a~1) (ﬂ/b)%
2a+l pa
From which o o 1
.é' e P T rfar = i
47°

*The need and value of N was suggested to me by Dr. Podolsky.
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4,
Consider the Coulomb energy given by the

eguation

e%//P(xx)P(x'x!) dxax'
[r = =

where  P(xx) =¥, (x)¥,(x) + F,(x)7,(x)

P(x'=z') =¥ (x")¥ (x') + T, (x")¥ (x")

plax) p(x'x") = N* {?l(x)wl(x)gl(x')‘l’l(x')
* T (1) ¥ (x)¥, ()Y, (x') + T (x)¥, ()T, (x") ¥, (x")

+ ?Z(x)wg(xﬁg(x’ )‘Pg(X')}
¥, (2)¥, (27, (¥, (x) =

]

exp [— 21 (x%+ y2-£- z.2)}exp [- 1 (x' %+ 'y'2+ z'zi]
¢2 T2

Therefore

2

12 L 2 2
)dx'dy'dZ’fffe- q-z(x + J Bz )dxd.ydz (1.)1_

[
/ff e-&"'l-(x'2+y'2+ z

Ex—x')g-ﬁ— (y—y')2+ (z_z,)2]

must be evajuated. Let x-x'= X, y~y'= ¥, and z~-z'= Z,

Hence, the integral becomes:

S/ e CHE 'y"2+ Z"B)dx'dy’dz’/fle- 'q"'-tiX+x‘)2+(Y+y’)2+(Z+z')%
Ecz + Y2 4 22] z

which can be written:
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5,
fffe- a-":.(X2+ Y2 ¥ Zz)dXdefofe- %(x'2+](2§'+y'2+Y‘y’+z'2+ZZ')
dxdydz
[}'(2 + Y2 + Z.ZJ 5

But the last three integrations can be written:

expNz(X + Y+ 2 )/ffexp["?{(x +X) + (y'+ _3_()2 + (z'+ g)gx'dy'dz.}]
S 5

= exp 2-6.'-,;(}{24.- ¥ + 2% o2 S

23 2
2, 2 2 2
because J[//fe P (a%+ b~ = )dadbdc = 7r3/2
3
P

Therefore integral (1) can now be written:

w20 3/ expl@txBe Yo+ 22 ]axavaz =

3/2 1
2 X% + ¥° + 22] =
2w ™ 00 2 kA
w*/2q3 [ag [ sin e ae [ o “FRpag = B2 B
2372
Thus integral (1) equals 2“ 5/2 S .

Consider next the integral due to the term

?2(x)w2(x)?2(x')w2(x') =

exqu—’;{(x-xo)2+ (y..yo)Z + (z_zo)ﬂexplggxs.xo)2+(yc_yo)z2+ (z'-zo) ]
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S,
Let X = x=x_ and X'=x'-x ete.
o o]
Thus the integral to be evaluated is:
/S exp [-G'i(x'% Y'es z'z}ax'dy 147 'fffexpﬁv‘li(X2+Y2+Z2_)]dXdez (2)
[(X-X')2+(Y-Y')2+(Z~Z')2] ®

This is the same as integral (1) and is equal to 2%175/20-5
Consider the term -fz(x)‘i’z(x)fl(x')?zl(x’) =
expt-éi{(x-xo)z.;.(y.yo)z.;. (z-zo)z}]exp[-&-’;{(x'z* y'2+ 312)}]
which yields the integral

S/ ex ‘é‘z{(x-xﬁ)z-s- (y-‘yv)z-ﬁ» (z:-z.c).g-t- (x+X')2+(Y'+y)2+ (z+Z')23](3

L
[x"2+ v

where X' = x'=x, ¥Y'= y'=y, and 2Z'= z'-z .

This can be written

2 2 2 2 2 2

-1 ' 12, ot ‘

f/exp‘ﬁf(x + X' 27 xS 7T+ oz rox X'+y Yz Z'}]
{ 2 5 o o} o

1
[Xl8+ Y?2+ 2'2] 3

x exgQx+X'=x )7+ (y+X' =y )7+ (24Z2' -z ) dydzdx'day'az’
] 2 3 2 3 2 3 ,

which beconmes

[ 2 2 | ]1)( 3/2 ¢ 3
f/fexrb-;,{x’-i-xo) +(Y'+yo) +(z'+z03§ 'taytdz' 230"2
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7.
This integral in polar coordinates is:
2w
113/20'3

o d 7 2
> - M ‘ '
4de [ sinede 4 exp[ 7 (R + v ) ]R dR
3/2
2
If r
o

is in the z direction this equation becomes
>/

T exli"‘ 1‘0/:26? ] {:xp['%R'z/w 2] R'AR' [exp
E

- ?
[ roR cose]sinede

‘»1.
- 5/2 5 _1 2
exp[ r /G'J [ezp(-%R'z/¢2+ T R'/WZ)

2,2 2
o -1 - t ]
exp(-3R"'“/q r R /g )dR
In order to integrate this, consider the integral
Po

J Texp(pg + apz)dp =
Py

3
exp(-g /4-a)ferp[ (ipa ig/2az)§i

Py
2 P2 2
= exp (-§ /4a) exp[ (ipa + ig/Zaz)ﬂd(ipa 1g/2a%)
ig® p1
=S x2 S
= " w2 [/ exp(-x")ax
2 % x
k11 1
Therefore
[+ )
s

(¢}

e~

exp(pg + apz)dp

7 exp (;gg/ 4q)
210:_2—

[l - erf( ig/2a%)]
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8.

With the use of this integral,
J[exp(-3r"2 /g% v 7' /d°) - exp(—-%n'z/v"’-roﬁ'/q-z)] ar' =

1

2"w§éxp(ri/zwe)erf(roﬁrzé)

a1
Thus integral (3) is equal to g erf(ro/q' 27)

r
(o)

T T (! 1 t
ST (R)¥ (x) ¥ (x) ¥ (x) Axdx’ 4y 1o sntegral not yet
/r-r'{
considered, is equal to ,[fgé(x)wg(x)§i(x')Wl(x') dxdx'

R

which is integral (3). Therefore integral (4) equals

3 .6 5
v g erf(ro/crz ).

r
O

Coulomb energy = N422{f(1) +/(2) + /[(3) + f(‘-’c)}

2
_ 2,3 2 1
= e 2_£ + % erf(ro/ﬂ' 2%)
e o) )
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9.
. Consider now the integration of the interchange

term,

J/APGx) B azaxt  where P(xx') = T (x)¥ (x")+¥,(x)¥,(x")

o=
Let ¥ (0¥, (x') = eP™9 , and Ty(x)w,(x') = &770° .
Plxxt) = oPH 4 THIS
/f(xx{y“= o2 , 21 , J(pir)+(a=s)i | (p+r)=(g-s)i

From page 2,

ig = =i2m(ux + vy + wz) + i2mm (ux' + vy' + wz')
h h

s = -iﬁm{u(x—xo) + v(y-yo) + w(z-zo)}

+ii‘21nm {u(x'-xo) + v(y'-yo) + w(z'-zo)}

ig =is = 0 and /f(xx')/ 2_ &P . = 4 2e(p+r)

p=-—l—'(x2+x

Jrzl 2.2, .2 ! 2 2 2
2p _ e'?x(x +y° +z )e"q?-'i.(x' +y'“+z ')

2, y2 * 'y'2+ z.2 + z'z)

©

Thus the term e<P yields integral (1) on page 4, and

1
is therefore equal to 22175/ 2 q”5

*

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10.

r =3&'-,_[(x-x0)2+ (y-yo)2+ (Z~zo)2+(x'-x0)2+(y'-y0)2+(Z'-zo)2]

Thus o=¥ yields integral (2),on page 6, which is equal to

2%71'5/2¢5
2 2 .22 1oy 12 tey )2
P Sl (5% 3 ez T (50
) 2 2 2 2
N2, .2, .2 .2
+ (z f_o) ""xo*’ryo'&zo}
2 2.

Let x=x' = X, y=y' = ¥, andz-z' = Z.

‘ 2 ‘ . 2
p+r =.&L’-{Ec' + J{*XOJ + [y' + Y-ycj +l:z' + Z zo]
2 2 2

2 2 2 2 1__,2 2
. 1 : -
+xo+yo+zo X+ Z

2 2

offeP Taxax!  _
je-r |

Z/ex}i;w;gx + y + z )+(x + Yo+ zz}]dxdmz
[X2+ Yo+ 22 J ®

- ' -
x/ex _1x+X-x Y‘*”YY R E N 1 grt @ 1
dx 'dy s

2
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- - 2y 2w w
2exp( ro/20" 3/

odcp 0/ 3inede o/

llg
*® 2 2 3/2
exp(=-R°/29T°) RAR w a3

3/2
‘ 2
= 25/2,5/ & Sexp(-rg/zqz ) v

= Interchange energy = N4

] 2
_g_ { 2(22175/2 a 5) + 23/2w5/2exp(~r§/2q2)}
= 2oF 2.5
22 . 22 exp(~r>/2¢7)
L T R ©
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12,

Consider now an interpretation of the results,

= : i
Coulomb energy = e 2; * e erf(r /227 )
T = To o
- Interchange ener = e22% 22% 2 2
& &y - + == exp( -r</2 T°)
T 7= T °
2 1, 1
E= e ¥ e k5B
T erf(r /2°7) e2? exp(-r§/2 <?)

T 7

where e 1s the charge on the electron.
r, 1s the distance between electrons.
T 1s the spherical uncertainty of position.
E 1s the total energy of the two electrons.
As a check on the final result for E, use is made of
the fact that, when r,= C the system is reduced to one

electron and E is zero.

2 1
E erf(r /2F7) = £ 2 o PO
To °© T _%( L .2 + —2 ete.
o T LA 3¢3237'2

1

which equals e°2% when r = O and T #0 .
= °
i
% -
-6 2 2 2 _ 2.%
o exp(-r /2 T%) = "9.._&_2_ when r = 0 and T# 0.
Tw

Therefore E = 0 when r = 0 and T # 0.
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13,

In the expressions for Coulomb energy and inter-
2
change energy , 6227 1s the self energy of the two
T Tr;é
electrons; and, as is proper, this term disappears in
the expression for the total emergy. Thus the Coulomb

energy is given by
e %
c 2
roerf(ro/z )

which is correct; because as < approaches 0, thils

expression approaches 9_2 .

r
O

The interchange term,
2

ol

9———r2; exp(-ri/z ¢2) — 0 as T—=>0,
T w=
because
2.3
lim. 9—-?—_1_- exp(-rg/z T2) = 1lim, 26% x exp(-rgxz)
T»o U7 | x»® T3
= 1lim, 262 X

ey = O-
X0 = exp(rixz)

Thus, when the position of both particles is kngwn exactly,
2
e

T
(o)

E =
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14,
In order to make a numerical table of the relative
importance of Coulomb energy and interchange energy, the

expression for E is written in the following form:

2

E=8" one(.707 To) = .798(F0) exp(-r-/2 %)
= _° -2 0
o Ny T
= o 2
;O(C“I) where C % = Coulomb energy
o
T 2
-I?_- = Interchange energy
o

Following, is a table of C, I, and C-I, for wvarious

v

values of r /¢ .

r/fc C I C-I r /e C o1 c-T
0.1 .080 ,080 O 1.1 729 479 250
0.2 .158 ,157 ,001 1e2 770 o467 ..303
0.3 236 4229 L,007 1.3 .807  .445 ,362
0.4 o311 .294 L.017 ' le4 o839  .419  .420
0.5 4383 o352 .031 1.5 866 .388 .478
0.6 +451 .400 .051 1.6 .B890 ,355 .535
0.7 516 .437 .079 1,7 .911 .321  .590
0.8 .577 .463 .114 1.8 .928 .284 .644
0.9 .632 .478 .154 1.9 .943  .249 694
1.0 .683 .484 ,199 2.0 .954 .215  .739

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Poﬁ}
2.1
2.2
2.3
2.4
245
2.6
2.7
2.8
269

S0

«964
o972
978
0983
987
«991
0993
995
¢ 996
997

I
0185
156
+130
+113
+088
o« 071
«056
«045
035
+026

179
«816
«848
8170
899
920
957
¢ 950
961
#9711

r /v
3.2
3ed
346
38
4.0

560

C
« 299
99V
1,000
1,000
1.000

1,000

I
015
008
004
« 002
«001

000

15.

«984
+ 991
996
998
<899

1.000
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