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Abstract

Stabilization of dynamical systems is‘ a very important problem and has
received great attention. The solution of such problems can be achieved for linear
autonomous small scale (centralized) systems with specific parameters using the
conventional control theory. This leads to the design of a centralized controller
which determines the control actions based on the centralized structure.
However, with the development of modern technology, the size and complexity of
the systems are increasing everyday, stabilization of large scale systems using
centralized techniques is therefore not feasible. And decentralized techniques are
an attractive approach for large scale systems stabilization. Our objective in this
research is to investigate the stability of linear nonautonomous large scale
systems with uncertain parameters. Both feedback-free and feedback control
systems will be studied. The technique is based upon using a Liapunov function
to disconnect and reassemble the subsystems in different ranges. So new criteria
for studying and designing the finite-time or uniform stability can be developed.
These criteria can also be used to design or estimate the convergence rate of the
global system. In addition, since small scale (centralized) systems are subset of
large scale systems, the theories developed for large scale systems will still be
valid for small scale (centralized) systems. Examples are given. Application and

extensions are also discussed.
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Introduction

When modern control theory [1,2] is applied to the stability analysis of
dynamic systems, either for simplicity or idealization reason, it is usually handled
in a centralized way. It is generally assumed that there is a single controller in
the system which observes the status of the environment and then makes the best
possible decisions. In spite of many successful attempts, numerous researches
have shown the theory to be limited when applied to large scale physical systems
[3,4,5,6,7,8] (for example, urban traffic networks, flexible manufacturing
networks and power networks). Large scale systems are not simply but large
versions of small scale (centralized) systems. Their essential differences are

enumerated below:

(1) Presence of more than one controller or‘decision maker share the planning,
allocation and management responsibilities, which results in decentralized
control and computations.

(2) Different information is delivered to the controllers and possibly at different
times.

(3) They require coordination between the operation of different controllers
resulting from hierarchical or multilevel structures.

(4) The systems may operate as a "team" or in a conflicting manner. Thus, there
may be a single-objective function, multi-objective function, or conflicting

objective function.
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Due to the importance of large scale systems, many researchers have recently
addressed themselves to linear autonomous decentralized of large scale system
with specific parameters. There has been an increasing number of books and
publications dedicated to this subject. However, the problem of synthesizing
controllers for linear nonautonomous large scale systems with uncertain
parameters has not been fully analyzed. This is due to the "large", in
dimensions, and "high", in complexity, of their dynamic structure. Such

problems however, have great significance, consider for examples:

(1) Attempts to comprehend subtle phenomena in the environment.

(2) Sophisticated dynamic systems created due to advance of modern
engineering.

(3) Physical systems functioning over a wide range of operating conditions
instead of over a specific set of parameters.

(4) Increasing complexity of physical systems. (In such cases the influence of
the parameter variations, time delay, time-varying and/or uncertain

disturbance become important.)
Hence, an expansion of the conventional control theory in a more general
framework, to account for the decentralized control of linear nonautonomous
large scale systems with uncertain parameters, is necessary.
The results presented in this research are organized in the following manners:
*  Chapter two discusses the previous research, in particularly, the analysis of

physical systems which carry uncertain, time-varying and/or time delay

parameters.
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¢ Chapter three outlines the main goals and objective of this research.

. Chai:ter four contains the principle algorithm of this research. The technique
is based upon using the different decomposition and aggregation procedure
for the subsystems based upon the Liapunov function. As a result, we
obtain low order matrix Riccati equations, producing an efficiency in
establishing the stabilizing feedbacks. Also, by making use of the properties
of the regular pencil and comparison principle, several stability criteria are
generated. Then we can design or estimate the convergence rate of the global
system.

* In chapter five, we extend the new decentralized control theory in chapter
four to analyze the stability of linear bounded nonautonomous large scale
systems with uncertain parameters. The basic idea is to consider the
nonautonomous large scale systems with uncertain parameters as a group of
autonomous subsystems with specific parameters subject to nonautonomous
disturbance with uncertain parameters. By using the Liapunov function and
comparison principle, we can disconnect the subsystems and reassemble
them in different range. Hence, we can convert nonautonomous uncertain
parameters to be specific parameters in Liapunov matrix equations. As a
result, the stability criteria are easier to establish. Also, by making use of
the properties of the regular pencil, we can design or estimate the
convergence rate of the global system using specific parameters of low order
Riccati equations.

¢ In chapter six, we extend further the new decentralized control theory in
chapter four to analyze the stability of linear unbounded nonautonomous
large scale systems with uncertain parameters.

*  Chapter seven contains the numerical examples and applications of the new

theories.
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* A summary and conclusions are submitted in chapter eight. An outline of

some outstanding problems are also presented.
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Z.1. Introduction

During the past five decades, engineers have developed a number of methods
for analyzing linear systems and for designing control strategies. Generally these
methods are based upon the common presupposition of "centrality”. Specifically,
all the data available for the systems and the calculations related to the data, are
considered the system as a whole. However, when considering large scale
systems, the presupposition of centrality often fails to be effective either because
of a lack of sufficient data or because of computing limitations. Hence, when we
are considering large scale systems (for example, power networks, ecological
systems and economic systems), it is helpful to introduce the concept of
decentralization and decentralized control. Decentralized systems have a number
of control stations. At each station, the controller observes only local system
outputs and controls only local inputs. The totality of the controllers then control
the large scale systems. The difficulties in the analysis and synthesis of

decentralized systems however, arise due to the non-centralized structure.

2.2 Previous Investigati

There has been a large amount of researches devoted to control large scale
systems in recent years. A widely used approach for solving the stability

problem is decomposing the large scale systems into a number of low order
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interconnected local subsystems based on the Liapunov function [9,10]. In

general, we can subdivide them into three main categories:

(1) Li | | " ifi

Different techniques [11,12,13] are now existing for the stability analysis of
linear autonomous large scale systems with specific parameters. However,
the most popular method is using either scalar or vector Liapunov function.
In 1978, Sandell [14] surveyed the control literature of decentralization
stability analysis of large scale systems. He developed a useful summary of
decentralized control. Djordjevic [15] and Mahalanabis [16] suggested a
vector and scalar Liapunov approach respectively. These theories depended
on the choice of a system of vector or scalar Liapunov function. It is a trial
and error procedure. As such, it is most effective for low order systems.
Also, Popchev [17] proposed a computer algorithm which can decentralize
the feedback control of the interconnected systems. However, difficulties
can arise in large scale systems when we try to determine whether a dominant
factor will influence the stability of the systems. The convergence rate of

the global system is also difficult to control.

(2) Linear nonautonomous large scale system with specific parameters
Stability conditions for linear autonomous systems have been studied
extensively for a long time. It is well known that a linear system with
constant parameters is asymptotically stable, if and only if all of the
eigenvalues of the system matrix have negative real parts [18]. However,
this is not the case for linear non-autonomous systems [19 20 21]. Indeed,
most non-autonomous systems can not be solved in close-forms. Hence, for

non-autonomous systems, it is desirable to be able to investigate differential
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equations solutions without explicitly determining them. The second method
of Liapunov is a basic tool for such studies. In general, it is not easy to find
an appropriate Liapunov function. Sinha [22], Jones [23], Xu [24],
Shrivastava [25,26], Abdel-Ramhan [27], and Shi [28] have tried different
kinds of approaches to locate a suitable Liapunov function for a given
system. However, no matter how the functions are chosen, these methods
still exhibit three common shortcomings: First, for a multi-dimensional
interconnected large scale systems, it is difficult to choose an appropriate
Liapunov function. Second, it is hard to find the suitable feedback
controller to stabilize the global system and determine or design its
convergence or divergence rate. Third, since there are both constant and
time-varying parameters, the system may not be uniformly stable. These

methods are not convenient for finite-time stability analysis.

(3) Linear autonomous large scale systems with uncertain parameters

The system parameters in mbst practical problems are usually not known
with great precision. At best, the ranges of values of the parameters are
known. Hence, it is reasonable to explore the system stability when the
parameters assume all values in their ranges. There have been a number of
studies of systems with uncertain parameters. Calahan [29], ,Yeung [30]
and Karl [31] have studied the characteristic polynomials of such systems.
Their theories are applicable to linear systems with associated transfer
functions. Xu [32] studied the special system matrix with negative diagonal
elements and non-negative off-diagonal elements. Bialas [33] explored the
transformation technique from the interval matrix to specific parameters
matrix. Zhou [34] considered using the norm to analyze the stability of the

interval matrix. However, these methods still exhibit two common
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shortcomings: First, for a large scale systems, it is difficult to find the
feedback controller to stabilize the large scale systems. Second, it is hard to

design or determine the convergence or divergence rate of the global system.

2.3, Whatd | Lo N 11 us ?

It is clear that none of the prior studies have attempted to study the stability
of linear nonautonomous large scale systems with uncertain parameters.
However, these systems are extremely important due to our advance modern
technology. Previous methods have their own limitations in extending their
present theories to analyze these systems, and they also have three common short

comings:

(1) For a multi-dimensional interconnected large scale systems, it is difficult to
choose an appropriate Liapunov function.

(2) It is hard to find the suitable feedback controller to stabilize the global
system and determine or design its convergence or divergence rate.

(3) Since there are both constant and time-varying parameters, the system may
not be uniformly stable. These methods are not convenient for finite-time

stability analysis.
Therefore, a new concept need to be created in order to by pass the previous ideas

so that we can study linear nonautonomous large scale systems with uncertain

parameters more effectively.
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P i Objecti

The main goal of this research reported hereafter is to combine the scalar
Liapunov function, the comparison principle and the properties of the regular
pencil to study the stability of linear nonautonomous large scale systems with

uncertain parameters. The objectives of the study include the followings:

(1) To develop a new decentralized control theory to analyze the stability of
linear autonomous large scale systems with specific parameters.

(2) To extend the new decentralized control theory to investigate the stability of
linear nonautonomous large scale systems with uncertain parameters.

(3) To estimate or design the convergence rate of the global linear

nonautonomous large scale systems with uncertain parameters.
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4.1. Decoupling the Interconnected systems

Given the linear autonomous large scale systems with specific parameters

modeled by the following equations:

N PR,
2 (A%

j=1,j=#i

X; = [AdX; + + {[Bil[U) (1)

fori=1,2,...,N with X; = (X(li),--- , X)) e R™ being a vector state and Uj being the
local feedback controller of the subsystems. The summation term represents the

effects of interaction among the ith and the other subsystems. Ay, B; and A; are
real matrices with specific parameters and have appropriate dimensions. It is

assumed that the (Aj;, Bjj) are completely controllable.

Consider first the feedback-free interconnected systems

X; = [AdXi +’ Y (A% (2)

We generate a quadratic Liapunov function Vi(Xj) for each subsystem
Vi(Xi) = X{PiX; 3)

10
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where P; is a real, symmetric, constant and positive definite matrix

Liapunov function for the whole system (2) is [35]:

N
VX) =Y, ViX))

i=1

N
V(X) =Y XIPX;

or
i=1

The derivative of this function will be

N
VX) =Y, Vi(Xp

i=1

N
=), (XIPX; + X[PX))

i=1

or VX) = 2 XT(ALP; + PADX; + Z Z 2XTPAX;
i=1 i=1 j=1,jei

Hence, the

(4)

(5)

It is possible to show that the interaction terms satisfy the following bounds (see

Appendices 1 and 2).

N N N
Y Z 2XTPAX; < Y Y, (XTPPX; + XTATA X))

i=1 j=1,jei 1‘-"11 1,j#i
N N T N N T T.T
Y Y 2xXTPAgX; 2 Y, Y - XTPPX; + XTATAX)
i=1 j=1,jei i=1 j=1,j#i
11

(6)

(7)
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By substituting Equations (6) and (7) into (5), we obtain the following

inequalities
N . N
Y XTgx; < vix) < Y xTQix; (8)
i=1 i=1
T N
where qi = AjP; + PiAj; - niPiP; - Z A};Aji (9)
=1,
T T
and Q= AﬁPi + PA;; + niPiP; + z AjiAji (10)
j=1,5#i

where 7; is the number of non-zero Aj; matrix for j = 1,2,...,N and j # i . This

leads us to the following theorems.

Theorem 1

In Equation (10), if at least one of the Q; is a negative definite matrix and the
others are either negative definite or negative semidefinite matrices for i =
1,2,...,N, the interconnected systems which are governed by Equation (2) are

asymptotically stable.

Proof:

The Liapunov function V(X) > 0 is chosen by the designer. From the constraint
which governs the Q; for i = 1,2,...,N, it is assured that V(X)<0. Hence, from
the stability criteria of the second method of Liapunov, the interconnected

systems are asymptotically stable.

12
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Corollary 1.1.

In Equaiion (10), if all the @ are negative semidefinite matrices for i =
1,2,...,N, the interconnected systems which are governed by Equation (2) are

stable.

Theorem 2
In Equation (10), if all the q; are positive definite matrices for i = 1,2,...,N, the

interconnected systems which are governed by Equation (2) is unstable.

Proof:

The Liapunov function V(X) > 0 is chosen by the designer. From the constraint
which governed the q; fori = 1,2,...,N, it is assured that V(X)>O. Hence from
the stability criteria of the second method of Liapunov, the interconnected

systems are unstable.

+ 2. Feedbacl | and stabili lysi

Consider now the stabilization of the large scale systems arising from
Equation (1). The states X; and U; are available for feedback and the controllers

are selected as follows:

Ui=- al_-RngiTiPixi (11)
1

wherei=1,2,..,N. The problem is to choose the feedback elements U; so as to
ensure the stability of the interconnected systems and its convergence or

divergence rate. This motivates the following theorems.

13
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Theorem 3

If there exists a positive definite matrix P; for a positive value of K in the Riccati
Equation (12) fori = 1,2,...,N, where H; is a positive definite matrix chosen by
the designer and m; is the number of non-zero Aj; matrix for j = 1,2,...,N and j #

i. Then Equation (11) is a stabilizing feedback controller.

'u'lHl An i+ PlAn + nxPxP: + z Ajl ;LZfPiBiiRilB'iIi i (12)
j=1,j#i !

Proof:

From Equations (11) and (1), we have

X; = ( Ay - i—BuR'lBﬁPI )X + 2 AyX; (13)
j=1,j#i

Following the same procedures of decoupling the interconnected systems as in

Section 4.1., we can decompose Equation (13) and obtain the inequalities:

N
Y XThX; € V(X) < ZX,ul (14)
i=1 i=1
where -h; = ALP; + PA;; - N;P;P; - 2 ATA; - PBuR B (15)
j"‘ ,_]#l
3 T 1T
and -wH; = ATP; + PA;; + PP+ ), Al TAji- uP,BHR 'BIp; (16)
j=1,j#i

If we iterate a positive value of j; in Equation (16) and find P; is a positive

definite matrix for i =1,2,..,N, then V > 0 and V<0. From the stability criteria

14
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of the second method of Liapunov, the interconnected systems are then

asymptotically stable. Hence Equation (11) represents a stabilizing feedback.

Dividing Equation (14) by V(X), we obtain

-(XThyX; +- - - + XThyXn) < V) < -(XTH Xy + - + XFunHNXN)

(17)
XTPiX; +---+XfPnXn VX XTPiX; +-+« + XTPNXN
Theorem 4
Given Equation (17), we can modify the inequalities to have the form
V(Xo)e&n(t-to) < XTX < V(xo)el.M(t-to) (18)

BM Bm

where Ay is the maximum eigenvalue of -w;H;P;! fori=1,2,...,N,
Ay is the minimum eigenvalue of -hP;! fori = 1,2,...,N,
Bm is the maximum eigenvalue of P; fori = 1,2,...,N,
Bm is the maximum eigenvalue of P; fori=1,2,...,N,

and XT=(; X3 --- XN)

Proof:
By using the properties of the regular pencil of quadratic form [36,37], we can

show that

)

Am
X'irPiXi

(19)

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Th.X.
and Ay < “Za 0% (20)
XTPX;

fori=1,2,...,N. Since XTPiX; is a positive definite function, from Equation

(19), we have

MWXIPX; 2 -XTwHX; (21)
Therefore, AMXIPX; 2 X H X, (22)
KMXEIPNXN 2 'X;IHNHNXN (23)

By adding the left and right sides separately and then rearranging, we obtain

5 “XIWHIX) + -+ + X{punHNXN)

Am (24)
XTP1X; +--- + X{PNXN
In a similar procedure, from Equation (20) we will obtain
MXIPiX; < -XThiX; (25)
Therefore, AMeXTP1X; € -XIhiX; (26)
MXIIPNXI;”S -XWhXN 27)

By adding the left and right sides separately and rearranging, we obtain

16
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< “XThiX; + -+ + XyhnXn)
XTP1X; +++« + XEPNXN

(28)

From Equations (14), (24) and (28), we can obtain a modified inequalities in the

form of Equation (29).

V(X)
Am < Voo Am (29)

Let X be X, when t is t,. Then by integrating Equation (29), we obtain the

bounded exponential inequalities for the global system.

V(Xp)eMt-) < V(X) < V(Xp)ehHt-t) (30)

or  V(XeMt© < (XIPiX; + XJPiXa + - - + XEPNXN) S VXEME ) (31)

V(Xo) ; V(X,) .
hence, D20l ehalt-t) g XTX g 0l ahmlt-to) (33)
Bm Bm
Corollary 2.1.

For feedback-free interconnected systems governed by Equation (2) and
decoupled in a similar manner, we will obtain the inequalities analogous to

Equation (33). Hence, the global system is asymptotically stable, if

AM < 0 (34)

17
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Proof:

From Eqﬁation (33), we have

. (35)
The criterion of Equation (34) implies that
Limit XTX €0 (36)

t—yo0

Therefore, the global system is asymptotically stable.

Corollary 2.2,

For feedback-free interconnected systems governed by Equation (2) and
decoupled in a similar manner, we will obtain the inequalities analogous to

Equation (33). Hence, the global system is stable, if

M=0 (37)

Proof;

From Equation (33), we have

XTX V(XO) AMCt - to)
* ha 38)

18
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The criterion of Equation (37) implies that

XTX < XTX, < K (39)

where K is a positive number. Hence, the global system is stable.

Corollary 2.3,

For feedback-free interconnected systems governed by Equation (2) and
decoupled in a similar manner, we will obtain the inequalities analogous to

Equation (33). Hence, the global system is unstable, if

Am > O (40)

Proof:

From Equation (33),we have

XTX > X(_)S's_).e?vm(t-to)
Bm (41)
The criterion of Equation (40) implies that
Limit XTX 2> oo (42)

t—oo

Hence the global system is unstable.

19
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Theorem 5

For feedback control interconnected systems governed by Equation (13), we can

design the upper bound convergence rate of the norm of the asymptotically stable
global system by choosing Ay, H;=2P; and B, >y for i = 1,2,...N in Equation

(16) and (18) respectively.

Proof:

By substituting Hi = 2P; in Equation (16), we obtain

N
24P = ALP; + PiA; + MiPiPi + ), A};Aji-%PiBﬁR{IB}; i (43)
j=1,j#i

Hence, if y; > 0, there exists a positive definite matrix P; in Equation (43) fori =
1,2,...N, from Theorem 3, we can assure that the global system is asymptotically

stable. By using the properties of Theorem 4 and letting

AM = UM = Max{ dy,--- ,un}, from Equation (33), we obtain the upper bound

convergence rate equation of the global system which is

XX < Yo azhut-to)

44
B (44)

From the giving constraints,

we get, NORM = VXTX < 4/ V(\’V(o et~ 1) 45)

20
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Theorem 6

For feedback control interconnected systems governed by Equation (13), we can
design the lower bound convergence rate of the norm of the asymptotically stable
global system by choosing Ap, h; =2u;P; and B, >y for i = 1,2,...N in Equation
(15), (16) and (18) respectively.

Broof:
By substituting h; = 2u;P; in Equations (15) and (16), we obtain

N

-2uP; = AIP; + PiA - \iPiPi - D, ATA; - 2PB;R;'BIP; (46)
jeLisi i
. N
-iH; = AIP; + PA; + PP+ Y, AJA;- ILZ—_PiBiiRilB}; i (47)
j=1,j#i '

"Hence, if p; > 0 and H; is a positive definite matrix, there exists a positive

definite matrix P; in Equations (46) and (47) for i = 1,2,...N, from Theorem 3,
we can assure that the global system is asymptotically stable. By using the

properties of Theorem 4 and letting Ay, = Py = Min{ yy,.+- ,un }, from Equation

(33), we obtain the lower bound convergence rate of the global system which is

XTX 2 _evéxo) Dhant-10) 48)
M

From the giving constraints,

we get, NORM = VXTX > y_g\)l!(_")elm(t-to) (49)

21
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Given the linear bounded nonautonomous large scale systems with uncertain

parameters is modelled by the following equations:

X; = [AdXi+

N ——n
2 A

j=1,j#i j=1

N
+ {Z[AAij(t)]?_(j} + {[Bil[Ui]) (50)

where i = 1,2,...,N with X; = X®, ..., X{) € R" being a vector state and U; being
the local feedback control of the subsystems. The summation term represents the
effects of interaction among the ith and the other subsystems. Ay, B; and Ay are

real matrices with specific parameters and have appropriate dimensions.

However, the matrices AA;j(t) and AAj(t) are also real but nonautonomous with

uncertain parameters. It is assumed that the (Aj;, B;) are completely controllable.

Consider first the feedback-free interconnected systems

N N
X; = [Ag] X+ z [Aij] Yj + {2} [AAij(t)] _XJ} (51)
j=1,jwei =
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We generate a quadratic Liapunov function Vi(Xj) for each subsystem
Vi(X)) = X[ PX; (52)

where P; is a real, symmetric, constant and positive definite matrix. Hence, the

Liapunov function for the whole system (51) is [35]:

N
VX) =Y ViX) (53)
i=1
N
or VX) =Y, XTPX; (54)
i=1

The derivative of this function will be

V(X) = Z ViXy) = 2 &TPX; + XTPX)) (55)

i=1 i=1

or

N N N N N
V)= ) XT(AL i+PiAﬁ)xi+{2 Y 2x"i“PiAijx,-}+{2 Y 2xT lAAu(t)XJ} (56)

i=1 i=1 j=1,j»i i=1 j=1

It is possible to show that the interaction terms satisfy the following bounds (see

Appendices 1 to 4).

Mz

N
Y. XTPPX; + XTATAX)) (57)

N N T
2 2 2X{PiAjX; <
i=1 j=1,j=i

j=1j*

-
]
—
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N N N
2 2XPAX; 2 3 Y - (XIPPX; + XTAJAX)
j=1,j#i i=1 j=Lj#i

Mz

-
L
—

N N N N
> > xXTPiaA;wX; s Y ) {KXTPPX; + xT(Z MuTpMax )xj}
i=1 j=1 i=1 j=1

Mz

N N N Kjj
Y 2xTPaA;0x; 2 ) Y -{Kijx;fpipixi + XT(Y, DMaxTpMex yx,
j=1 i=1 j=1 n=1

[}
—

i

(58)

(59)

(60)

Substituting Equations (57) to (60) into (56), we obtain the following inequalities

N N
Y XTgX; < V(X < Y XTQix;
i=1 i=1

N N
where Q= ATPi+PA;+Mi+Y KPP+ 3 ATA; +ZZ fexTDie

=1 j=1,j#i j=1n=1

N N
and gi= ALPi+PiA;- i+ Y KyPPi- ), AjA;i Z Z axTDMax
=1 j=1,j#i j=1 n=1

where m; is the number of non-zero Aj; matrix for j = 1,2,...,N and j # i.

leads us to the following theorems.

24
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(61)

(62)

(63)

This



Theorem 7

In Equation (62), if at least one of the Q; is a negative definite matrix and the
others are either negative definite or negative semidefinite matrices for i =
1,2,...,N, the interconnected systems which are governed by Equation (51) are

asymptotically stable.

Proof:

The Liapunov function V(X) > 0 is chosen by the designer. From the constraint
which governs the Q; for i = 1,2,...,N, it is assured that V(X)<0. Hence, from
the stability criteria of the second method of Liapunov, the interconnected

systems are asymptotically stable.

Corollary 7.1,

In Equation (62), if all the Q; are negative semidefinite matrices for i =
1,2,...,N, the interconnected systems which are governed by Equation (51) are

stable.

Theorem 8

In Equation (63), if all the q; are positive definite matrices for i = 1,2,...,N, the

interconnected systems which are governed by Equation (51) is unstable.

Proof:

The Liapunov function V(X) > 0 is chosen by the designer. From the constraint
which governed the q; for i = 1,2,...,N, it is assured that V(X)>0. Hence from
the stability criteria of the second method of Liapunov, the interconnected

systems are unstable.

25
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5.2 Feedbac]  and stabili lysi

Consider now the stabilization of the large scale systems arising from
Equation (50). The states X; and U; are available for feedback and the controller

are selected as follows:

U = - ﬁ_—R;lBﬁPiXi (64)
1

wherei = 1,2,..,N. The problem is to choose the feedback elements U; so as to
ensure the stability of the interconnected systems and its convergence rate. This

motivates the following theorems.

Theorem

If there exists a positive definite matrix P; for a positive value of Wi in the Riccati
Equation (65) fori = 1,2,...,N, where H; is a positive definite matrix chosen by
the designer and 7; is the number of non-zero Aj; matrix for j = 1,2,...,N and j #

i. Then Equation (64) is a stabilizing feedback controller.

N N N Ki
-uiH; = A'il;Pi +PiAji+ (M + z Kj;)PiP; + 2 A};Aji + Z 2 D%“T i
=1 j=1,j#i j=1 n=1
- azi‘PiBiiRilB'iri i (65)
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Proof:

Froni Equations (15) and (1), we have

Xi = (Aj - #BiiREIB'iEPi )X +
1

N
> AAij(t)Xj} (66)

j=1

N
2 Ai,-xj} +

j=1,j#i

Following the same procedures of decoupling the interconnected systems as in

Section 5.1, we can decompose Equation (66) and obtain the inequalities:

N N
-2 XThX; < VX) < -Y XTuHX; (67)

i=1 i=1

N N N Ki
where  -hi = AP +PiA;- (M; + ), KPP, - z A'jI;Aji“ Z > D%“T mi

=1 j=1,j#i j=1 n=1
- -&:PlBuR;lB}ipl (68)
N N N Ki
and -uiH; = AlP; + PiAs + M+ ), KPP+ Y, ATA;+ ), 3, DMaxTpMex
=1 j=1,j#i j=1 n=1

If we iterate a positive value of y; in Equation (69) and find P; is a positive
definite matrix for i =1,2,..,N, then V > 0 and V<0. From the stability criteria
of the second method of Liapunov, the interconnected systems are then
asymptotically stable when D,, =DM*. In order to prove the stability condition

still valid when DmSDﬁa", let us arrange Equation (69). So, we obtain
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-wHi = |AIP; + PA; + (n; +Z K;)PiP; + Z ATA;; - lPlB R; 1laxT,PJ
j=1 j=1,5#1

"N K
+Y. Y DMT

ji (70)
_j=1 n=1

0 Ko
;___J

B

Since [;Z > DMeT n..ax] is a diagonal matrix with positive diagonal elements,

_1 n_
hence, from the properties of extremizing quadratic forms : The Min-max Principle

[38], we get

N Ki T N Ki
xT z{ 1 DMax'DMax | x; > XT 2{ 2‘1 DZL.Dn; | Xi (71)
=] n= =] n=

It implies

N N
wXTHX; 2 x?[A};Pi +PA;+Mi+ ), Ki)PPi+ Y, ATA; - %PiBﬁRng?;Pijl X;
=1 j= L '

+ XTLZ Y. Df D,,ﬁ] X; (72)

1=1 n=1

This completes the proof.

Dividing Equation (67) by V(X), we obtain

-XIhXy +ooc + XENXN) V) (XTUiHIX + - + XRNHNXN)
XTPiX; +--- +XfPnXny VXD XTP1X, +- -+ + X§PNXN

(73)

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 10

Given Equation (73), we can modify the inequalities to have the form

VéXo) ehalt-t) < XTX < %e"““'“) (74)
M m

where Ay is the maximum eigenvalue of -uiHinl fori=1,2,...,N,
Am is the minimum eigenvalue of -hP;! fori=1,2,...,N,
Bm is the maximum eigenvalue of P; fori = 1,2,...,N,
Bm is the maximum eigenvalue of P; fori = 1,2,...,N,

and XT=X; X3 «+- XN)

Proof:

By using the properties of the regular pencil of quadratic form [37,38], we can

show that
T, 11.%.
)bM > '(Xi T“‘lHlxl) (75)
X{PX;
Th.X.
and < XihiX) (76)
XIPX;

fori=1,2,...,N. Since X'irPiXi is a positive definite function, from Equation

(75), we have

AXTPX; 2 XTwHX; (77)
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Therefore, XMX}"Plxl 2 -XTulHlxl (78)

AMXEPNXN 2 -XNuNHNXN (79)

By adding the left and right sides separately and then rearranging, we obtain

5 “XTHIX +- - + XunHNXy)

Am T T (80)
X1P1X1 +- -+ + XNPNXN
In a similar procedure, from Equation (76) we will obtain

AnXTPX; < -XThX; (81)
Therefore, AMnXPiX; < -XThX, (82)
XmXbTIPNXb;“S -XNhNXN (83)

By adding the left and right sides separately and rearranging, we obtain
< “XIhiXy + .- + X{hXN) (84)

XTPiX; +--- + XEPNXN

From Equations (73), (80) and (84), we can obtain a modified inequalities in the

form of Equation (85).

V)
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Let X be X, when t is t,. Then by integrating Equation (85), we obtain the

bounded exponential inequalities for the global system.

V(Xp)ehalt-l) < V(X) € V(Xp)ehut - (86)
of  V(X)eMt-w < (XIP1X;1 + XIPyXp + - - - + XEPNXN) S V(X )EMt-0  (87)
since, BnXTX < (XIP1X1 + X3P2Xa + - - - + XiPNXN) < BmXTX (88)

Vo) ahatt-t) ¢ xTx < Yo ahut- 1)

Hence, Bm Bm (89)

Corollary 10.1.

For feedback-free interconnected systems governed by Equation (51) and
decoupled in a similar manner, we will obtain the inequalities analogous to

Equation (89). Hence, the global system is asymptotically stable, if

A < 0 (90)

Proof;

From Equation (89), we have

V(Xo) )
XTX < _elm(l to)
B o)

The criterion of Equation (90) implies that
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Limit XX < 0 (91)

t—ro0

Therefore, the global system is asymptotically stable.

Corollary 10.2,

For feedback-free interconnected systems governed by Equation (51) and
decoupled in a similar manner, we will obtain the inequalities analogous to

‘Equation (89). Hence, the global system is stable, if

dag = 0 (93)
Proof:
From Equation (89), we have
> xTX < melm(t-to)
B o4)

The criterion of Equation (93) implies that

XTX < X,TX, € K (95)

where K is a positive number. Hence, the global system is stable.
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Corollary 10.3.

For feedback-free interconnected systems governed by Equation (51) and
decoupled in a similar manner, we will obtain the inequalities analogous to

Equation (89). Hence, the global system is unstable, if

Am > O\ (96)

Proof:

From Equation (89),we have

XTx VXo) eM(t -t)
y Bm 97)

The criterion of Equation (96) implies that

Limit XTX 2 oo (98)

t—r00
Hence the global system is unstable.

Theorem 11

For feedback control interconnected systems governed by Equation (50), we can
design the upper bound convergence rate of the norm of the asymptotically stable
global system by choosing Ay, Hi=2P; and Bp>Vy for i = 1,2,...N in Equation
(69) and (74) respectively.
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Proof:

By substituting H; = 2P; in Equation (69), we obtain

N N N Ki
-uiHj = A.iriPi +PiAjij+ (i + 2 K;j)P;P; + 2 A};Aji + 2 z D;‘gi“xT i
=t j=1jwi j=1 n=1

- -&i-PiBiiRng?;Pi (99)

Hence, if y; > 0, there exists a positive definite matrix P; in Equation (99) for i =
1,2,...N, from Theorem 9, we can assure that the global system is asymptotically

stable. By using the properties of Theorem 10 and letting

AM = UM = Max{ dy,.-- ,un )}, from Equation (74), we obtain the upper bound

convergence rate equation of the global system which is

XTX < V(Xo) eZKM(t - to)

m

(100)

From the giving constraints,
we get, NORM = ¥XTX < A/ %e"w‘“) (101)

Theorem 12

For feedback control interconnected systems governed by Equation (50), we can
design the lower bound convergence rate of the norm of the asymptotically stable
global system by choosing Ap, hj=2u;P; and B>y for i = 1,2,...N in Equation
(68), (69) and (74) respectively.
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Proof:
By substituting h; = 2);P; in Equations (68) and (69), we obtain

N N N Ki
-2uP; = AJP; + PiA;; - (n; + Z Ki)PiP;- D, ATAji- D, >, DMTpMex

. =1 j=ljwi j=1n=1
- '&i‘PiBiiR{ B;iPi (102)
N N N Ki
-WiHi= AP +PAi+Mi+ Y Ki)PiPi+ D, ATAj+ Y D DMeTpMex
=1 j=1,j#i j=1 n=1
- —E;PlBuRi BIP; (103)

Hence, if #; > 0 and H; is a positive definite matrix, there exists a positive
definite matrix P; in Equations (102) and (103) fori = 1,2,...N, from Theorem 9,

we can assure that the global system is asymptotically stable. By using the

properties of Theorem 10 and letting Ay, = By = Min{ 4y,-- ,uN ), from Equation

(74), we obtain the lower bound convergence rate of the global system which is

M

From the giving constraints,

we get, NORM = /XX 2 4/ %em-w (105)

35

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Given the linear nonautonomous large scale systems with uncertain
parameters is modelled by the following equations:
N N

X; = [Au]fl+ Z [Aij]Yj

j=1g=i

[AQy0)]X;) + [(BAIUL  (106)

J

+{i[AAij(t)]ij} +

j=1

N
=1

wherei=1,2,...,N with X; = X®,..., X{)) ¢ R% being a vector state, U; being the
local feedback control of the subsystems. The summation term represents the
effects of interaction among the ith and the other subsystems. Aj, B;; and Aj; are
real matrices with specific parameters and AAj(t) is a real matrix with bounded
time-varying and uncertain parameters. However, the matrices AQ;(t) are also
real matrix but with unbounded time-varying and uncertain parameters for i =

1,2,...,N. Itis assumed that the (Aj;, B;;) are completely controllable.

Consider now the states X; and U; are available for feedback and the

controllers are selected as follows:

Ui= - -dTR{IB?;PiXi - él;qlB'ﬂPiXi (107)
1 1

wherei=1,2,..,N. The problem is to choose the feedback elements U;j so as to
ensure the stability of the interconnected systems and its convergence rate. Let

us investigate them in details.
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From Equations (106) and (107), we have

N N
X; = (A - &;BuRi‘B?i DX +{ Y AX

j=lj#i

N
+{Y AQX; - EljBiil'ilB'iI;PiXi}
j=1 :

We generate a quadratic Liapunov function Vi(X;) for each subsystem

Vi(Xp) = XIPiX;

+ {Z AAij(t)xj}
j=1

(108)

(109)

where P; is a real, symmetric, constant and positive definite matrix. Hence, the

Liapunov function for the whole system (108) is [35]:

N
V) =, ViX)

i=1

N
or VX) =Y, XTPX;

i=1
The derivative of this function will be

N
Ve = 2, ViX)

i=1

N
=Y XIPX; + X[PX)

i=1

37
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(110)

(111)

(112)



N N N
or V)= x}f(A?ipi+PiAﬁ)xi+{2 Y 2XTPAX;

i=1 i=1 j=1,jei

N N N N \\
+ {2 Y 2xiTPiAAij(t)xj} ++ {2 > 2XTPAQ;()X; }

i=1 j=1 i=1 j=1

N T N

NOW'¢ (ﬁuP,BuR ‘BT,P,)x,} - { py XR-g-iPiBﬁr;lBEPi)xi} (113)
1=1 i=1

It is possible to show that the interaction terms satisfy the following bounds (see

Appendices 1 to 6).

N N N N

2 2 2&XPAX; < Y Y (XIPPX; + XTATAX) (114)
i=1 j=1,jei i=1 j=1,jei

N N T N

Y D 2XTPAX; 2 ), Z - XTPPX; + XTATA X)) (115)
=l =1, i=1 j=1,j#i

N N T N N T

> Y 2xXTPAA;DX; < ) D) \KiXTPPX; + xT(z Dax'pMax )X, (116)
i=1 j=1 i=1 j=1

N N N N

> X 2X[PAADX; 2 3 Y -\ KyX[PPX; + xT(z DMaxTDMex yx, (117)
i=1 j=1 i=1 j=1 n=1

NN N N N ’ N M .

2 2; 2XTPAQ;(1X; < 2;, 21’ (MixTPPixy) + }_‘1, \x}‘(; IE%“ BMexX, (118)
1= J= 1= 1= = 1=]1 n=

2XTPAQ;()X; 2 2 2 {(M;XTPP.X;) - i {xT(Z Z EM“TE,,“”‘X}

i=1 j=1 =1 i=1 n=1

Mz
Mz

-
[
—
L2
[
-

(119)
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Substituting Equations (114) to (119) into (113), we obtain the following

inequalities

2 XIgX; < V(X) < 2 XTQX; (120)
i=1

where

N ' N
Q= AlP; +PA;+ {ni + (K + Mij)}PiPi + 2 ATA;+ Z Z DMexTpMax

=1 j=Lj=#i j=1n=1

N
+Z EnM,.“"TE’?&“--u—PxB iR;'BIP; '%PiBiirilB'il; i (121)

and

N K
Q= ALPi+PiA- {Tli +2, (K + Mij)}PiPi‘ S Alag- Y. DieTDM

j=1 j=1,j#i j=1n=1
N Mi T
-3 Y EMaTEM -E—P :BiR;'BLP; %PiBiir;IBiTipi (122)
j=1 n=1 1 :

where 1; is the number of non-zero Ay matrix for j = 1,2,...,N.

N M;
Since Y Z[E%“TE%"‘} is a diagonal matrix with positive diagonal elements,

i=1 n=1

hence,from the properties of extremizing quadratic forms. We get

N
BOXTIX: 2 XY, 3, [EM"EM] X, (123)
39
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N M
and BOXTIX; < kT Y [EMeTEY x; (124)
i=1 n=1

where [j(t) is a positive scalar. Its magnitude is equal or greater than the

N Mi
maximum diagonal entities of MaxTEMax | Also, from the above
i=1 n=1

inequalities, we can modify (121) and (122) as:

’ N ‘ N N Ki T
Q= Alp+PA;+ \MZ (K + My PiPy + 2 AJA;j+D, 3 DD

=1 j=1,ji j=1n=1
+ Bi(t(I] -,—i—PiBiiRilB}; i -g—PiBﬁf{lB}; i (125)
1 1
and
N N T N Ki T
Qi = A};Pi +PA;-{M + 2 (Kij + Mij) P;P; - 2 AjiAji - 2 2 D;\giax D%liax
=1 j=1,j#i j=1n=1
- BioX1] '&jpiBiiRilngi -g;PiBiil'ilBiTiPi (126)
1 1

This motivates the following theorem.

Theorem 13

If we choose r;! = Bio;!, there exists a positive definite matrix P; for a positive
value of Mi and &i in the Riccati Equation (127) and (128) fori = 1,2,...,N, where
H; and G; is a positive definite matrix chosen by the designer and 7; is the number
of non-zero Ay matrix for j = 1,2,...,N. Then Equation (107) is a stabilizing

feedback controller.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



N N N Ki
-uiH; = A’iriPi + PjAji + {Tli + Z (Kij + Mij)}PiPi + 2 A};Aji + z Z D%“TD%??X

J=1 j=1,j#i j=1 n=1
ART
; ﬁ;pisﬁki BJP; (127)
-G = [1] -%PiBiiOEIB;E i (128)
1
Broof:
Let Qi= -uiH; - BieG; (129)
From Equation (125) and (129), we assume
T N \ N N Ki T
wiH;= ALP; + PA; + ‘l’]i+; Ky + My) }PiPi + ), ATA;+ 21 21 DYexTpMex
i= j=L.j#i j=1 n=
; ﬁi-PiBiiRilB};Pi (130)
and -Bi(eiGi = Bi(t)N1] -%—PiBiirilBTiPi (131)
1
Since r! = B;jo;!, we can modify Equation (131) as
-€G; = [I] -g—PiBﬁO’{lBE i (132)
1

If we iterate a positive value of {; and €; in Equation (130) and (132), there exists
a positive definite matrix P; for i =1,2,..,N, then V > 0 and V<0. From the
stability criteria of the second method of Liapunov, the interconnected systems
are then asymptotically stable. Hence Equation (107) represents a stabilizing

feedback controller.
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Example 1

Consider the feedback control linear autonomous small scale (centralized) system

with uncertain parameters whose governing dynamic equations are given by:

X o 3 0.5 5 X 2 0 U
where -2<A<2 and -1£B<1 (132)
If we choose p = 0.1 (133)
R[22 (134
and H = 2P (135)

By solving Equation (99) with Equations (133), (134) and (135), we obtain

01168 .024 .0064
P=1 024 75 .02657 (136)
0064 .02657 .01231

Since P is a positive definite matrix, according to the stability criteria of Theorem

11, we can conclude that the feedback system is asymptotically stable. Also,
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from Theorem 10, the norm of the global system is bounded in the design

interval. Let X be X, when tis t,, we get

L15VV(X)e$135¢- < 1XTX < 13YV(Xy)e0it-© (137)

Without loss of generality, we assume t = 0 when XT=[1 1 1] Then by

computer simulation of the feedback control centralized system, we get

If A=-2 and B = -1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 1.392 11.401 0.000
2 0.540 10.316 0.000
3 0.307 9.334 0.000
4 0.255 8.446 0.000
5 0.129 7.642 0.000
6 0.048 6.915 0.000
7 0.040 6.257 0.000
8 0.027 5.662 0.000
9 0.011 5.123 0.000
10 0.006 4.635 0.000
43
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If A=-2 and B=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 1.283 11.401 0.000
2 0.559 10.316 0.000
3 0.249 9.334 0.000
4 0.218 8.446 0.000
5 0.135 7.642 0.000
6 0.053 6.915 0.000
7 0.030 6.257 0.000
8 0.025 5.662 0.000
9 0.014 5.123 0.000
10

0.005 4.635 0.000

If A=2 and B = -1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 3.477 11.401 0.000
2 1.276 10.316 0.000
3 1.140 9.334 0.000
4 0.976 8.446 0.000
5 0.453 7.642 0.000
6 0.371 6.915 0.000
7 0.329 6.257 0.000
8 0.157 5.662 0.000
9 0.122 5.123 0.000
10 0.111 4.635 0.000

44

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



If A=2 and B=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 3.109 11.401 0.000
2 1.134 10.316 0.000
3 0.837 9.334 | 0.000
4 0.800 8.446 0.000
5 0.422 7.642 0.000
6 0.234 6.915 0.000
7 0.239 6.257 0.000
8 0.148 5.662 0.000
9 0.068 5.123 0.000
10 0.069 4.635 0.000

The above figures show that the actual norm of the global system is bounded by
our predicted interval. If we plot Equation (137) and the computer simulation of

the global system with different values of A and B, we have
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121 Example 1

¢~ Upper Bound

- Lower Bound

B A=-2 and B = -1
O- A=-2 and B=1
4 A=2 and B =-1
B A=2 and B=1

3"oz

2 3 4 5 6 7 8 9 10
Time(seconds)
Figure 7.1.
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Example 2

Consider the feedback control linear autonomous large scale systems with

uncertain parameters whose governing dynamic equations are given by:

o - po

. 3 05 5 000 2 0

X1=[105 1 5 [Xi+]0AQ|X2+ 0 0.5 Uy (138)

L 4 05 2 0B O L 0.5 1

] (000 3 05 5 7 [ 2 0
X2=|10C0|X1+] 05 1 5 [Xa+ 0 05 |U2 (139)

LO DO -4 05 2 J L 0.5 1 U
where 25A<2, -1£B<1, -2£C<2 and -1sD<1. (140)
If we choose M = M2 = 0.1 (141)

_ _[10

RI—RZ_[OI] (142)
and H; = H; = 2P; = 2P; (143)

By solving Equation (99) with Equations (141), (142) and (143), we obtain

0.025 0.0447  0.01392
Py =Py =| 0.0447 12158 0.06195 (144)
0.01392  0.06195 0.02728

Since, Py and P; are positive definite matrices, according to the stability criteria

of Theorem 11, we can conclude that the feedback system is asymptotically
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stable. Also, from Theorem 10, the norm of the global system is bounded in the

desighed interval. Let X be X, when tis t,, we get

0.905VV(Xye3885¢t- < {XTX < 9.09VV(Xyeolt-w (145)
Without loss of generality, we assume t = 0 when X¥=[1 1 1] and

XT=[11 1] Then by computer simulation of the feedback control large scale

systems, we get

If A=-2, B=-1, C=2 and D=-1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 2.890 10.071 0.003
2 1.237 9.112 0.000
3 0.837 8.245 0.000
4 0.713 7.461 0.000
5 0.357 6.751 0.000
6 0.167 6.108 0.000
7 0.158 5.527 0.000
8 0.102 5.001 0.000
9 0.044 4.525 0.000
10 0.032 4.094 0.000
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If A=-0.78, B=0.75, C=2 and D =-0.55

Time(seconds) Actual Norm Upper Bound Lower Bound
1 3.492 10.071 0.003
2 1.532 9.112 0.000
3 0.923 8.245 0.000
4 0.892 7.461 0.000
5 0.557 6.751 0.000
6 0.256 6.108 0.000
7 0.219 5.527 0.000
8 0.176 5.001 0.000
9 0.093 4.525 0.000
10 0.053 4.094 0.000

If A=1.38, B=-0.45, C=2 and D=0.0

Time(seconds) Actual Norm Upper Bound Lower Bound
1 5.463 10.071 0.003
2 1.997 9.112 0.000
3 1.296 8.245 0.000
4 1.574 7.461 0.000
5 1.095 6.751 0.000
6 0.556 6.108 0.000
7 0.486 5.527 0.000
8 0.467 5.001 0.000
9 0.281 4,525 0.000
10 0.154 4.094 0.000
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If A=2, B=1, C=2 and D=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 5.641 10.071 0.003
2 1.783 9.112 0.000
3 1.239 8.245 | 0.000
4 1.518 7.461 0.000
5 0.959 6.751 0.000
6 0.646 6.108 0.000
7 0.380 5.527 0.000
8 0.369 5.001 0.000
9 0.306 4.525 0.000
10 0.149 4.094 0.000

The above figures show that the actual norm of the global system is bounded by
our predicted interval. If we plot Equatioh (145) and the computer simulation of

the global system with different values of A, B, C and D, we have
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Example 2

3 4 5§ 6 7

Time(seconds)

8
Figure 7.2,
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Upper Bound
Lower Bound

A=-2 B=-1, C=2
and D = -1

A = -0.78, B = 0.75,
C=2 and D = -0.55

A =138, B = -045,
C=2 and D=0.0

A=2 B=1, C=2
and D=1
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Example 3

Consider the feedback-free linear nonautonomous large scale systems with non-
cyclic time-varying and uncertain parameters whose governing dynamic equations

are given by:

w2 el O A § %k
we% O[Sk D Mk
X; = [ (; CCO(.)0018t :xz +[ f _g ]X3 (148)
where -0.55A<05 -05<B<£0.S5 and -025C<0.2. (149)

Let us investigate the finite-time global stability and its transient response for 0 <

t < 500. From the constraint on the t interval, we get

Max | O 0.5
-0 %] (150)
whereiorj=1,2,3 buti#j.
. P=P=P=[0°7 0.1]
First let 1 2 3 01 0.5 (151)

From Equation (61), we obtain the bounded inequalities:

Vs x}[ 385  -0.24 }xl +x§{ 3.6 -0.24 ]X2 +x§[ 31 012 g,

-024 352 -024  -4.02 -0.12  -3.76 (152a)
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- 135 024 .16 024 21 012
V< x‘{ ]x + x}{ ]x + x’[ ]x
1 024 -248 I} 024 -198 1727 012 224 I (1520)
Fxfom Theorem 7, we obtain the bounded interval:

) V) . (153)
834 < 753 < 177

Let X be X, when tis 0. Then by integrating Equation (153), we have

VX33 < V(X) s V(X )et ™ (154)

which is valid for 0 < t < 500. Hence the global system is finite-time
asymptotically stable as t approaches or equals to 500. If we plot Equation (154)
and the computer simulation of the global system with different values of A, B

and C, we have
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EXAMPLE 3 “#- Upper Bound
0= Lower Bound

#- A= .05 B=-05 C
= -0.2

‘0- A=-05 B= 05 C
= -0.2

% A= 05 B=-05 C
= 0.2

4 A=05 B=05 C=
e 5 s 4 e 3 s Y e Y e 4 0.2
8

1 2 3 4 5 6 7
TIME(SECONDS)
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Example 4

Consider the feedback control linear nonautonomous small scale (centralized)
systems with cyclic time-varying and uncertain parameters whose governing

dynamic equations are given by:

, 3 0.5 5 2 0
X = 0.5 1+ Acos2t 5 X+ 0 05 |U (155)
-4 0.5 + Bsiné6t 2 0.5 1
where -2€A<2 and -1€B<1 (156)

Equation (155) has two cyclic time-varying parameters with a common period
equal to n. Although Floquet's theory [39,40] is very powerful in investigating
the stability of linear systems with cyclic time-varying parameters, it is not
suitable for this problem. It is because A and B have infinity combinations.
When feedback controller stabilizes one set of parameters, it cannot guarantee it
will be true for other combinations. However, our methods will be very effective

in such situations.

If we choose p =01 (157)
_[22 o0

R = 0 2.2] (158)

and H = 2P (159)

By solving Equation (99) with Equations (157), (158) and (159), we obtain
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01168 .024 .0064
P=1 024 75 .02657 (160)
0064 .02657 .01231

Since, P is a positive definite matrix, according to the stability criteria of
Theorem 10, we can conclude that the feedback system is asymptotically stable.
Also, from Theorem 11, the norm of the global system is bounded in the design

interval. Let X be X, when tis t,, we get

LISTVXed135¢t-w < XTX < 13YV(X)e0it-w (161)

Without loss of generality, we assume t = 0 when XT=[1 1 1] Then by

computer simulation of the feedback control centralized system, we get

If A=-2 and B = -1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 1.425 11.401 0.000
2 0.581 10.316 0.000
3 0.420 9.334 0.000
4 0.327 8.446 0.000
5 0.158 7.642 0.000
6 0.083 6.915 0.000
7 0.072 6.257 0.000
8 0.042 5.662 0.000
9 0.018 5.123 0.000
10 0.015 4.635 0.000
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If A=-2 and B=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 1.333 11.401 0.000
2 0.576 10.316 0.000
3 0.379 9.334 0.000
4 0.307 8.446 0.000
5 0.159 7.642 0.000
6 0.078 6.915 0.000
7 0.068 6.257 0.000
8 0.042 5.662 0.000
9 0.018 5.123 0.000
10 0.014 4.635 0.000

If A=2 and B =-1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 3.111 11.401 0.000
2 1.148 10.316 0.000
3 0.760 9.334 0.000
4 0.720 8.446 0.000
5 0.327 7.642 0.000
6 0.153 6.915 0.000
7 0.165 6.257 0.000
8 0.091 ' 5.662 0.000
9 0.035 5.123 0.000
10 0.035 4.635 0.000
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If A=2 and B=1

Time(scconds) Actual Norm Upper Bound Lower Bound
1 2.900 11.401 0.000
2 1.132 10.316 0.000
3 0.660 9.334 0.000
4 0.647 8.446 0.000
5 0.319 7.642 0.000
6 0.133 6.915 0.000
7 0.141 6.257 0.000
8 0.085 5.662 0.000
9 0.032 5.123 0.000
10 0.029 4.635 0.000

The above figures show that the actual norm of the global system is bounded by
our predicted interval. If we plot Equation (161) and the computer simulation of

the global system with different values of A and B, we have
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12 Example 4

@~ Upper Bound

- Lower Bound

‘#- A=-2 and B =-1
O- A=-2 and B=1
% A=2 and B = -1
4~ A=2 and B=1

3~oz

2 3 5 6 7 8 9 10
Time(seconds)
Figure 7.4,
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Example 5

Consider the feedback control linear nonautonomous large scale systems with
cyclic time-varying and uncertain parameters whose governing dynamic equations

are given by:

. 3 05 5§ [0 0 0 2 0
X1=|105 1 5 [X1+ 0  Acost 0 X2+ 0 0.5 |Uy (162)
4 05 2 L 0 Bsindt 0 0.5 1
, 000 T3 05 5 2 0
X2=|10CO0|X1+]| 05 1 5 |[Xa+ 0 05 Uz (163)
0ODO L -4 05 2 0.5 1
where -2SA<2, -1€B<1, -2£C<2 and -1sD<1. (164)
If we choose M1 = p2 = 0.1 (165)
= (10
Ri=Re =[§ 0] (166)
and H; = Hy = 2Py = 2P, (167)

By solving Equation (99) with Equations (165), (166) and (167), we obtain

0.025  0.0447 0.01392
0.0447  1.2158 0.06195 (168)
0.01392  0.06195 0.02728

Py =P

Since, P, and P, are positive definite matrices, according to the stability criteria

of Theorem 11, we can conclude that the feedback system is asymptotically
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stable. Also, from Theorem 10, the norm of the global system is bounded in the

design interval. Let X be X, when t is t,, we get

0.905YV(X,)e 3885t -t < VXTX < 9.09YV(Xye-01t-tw) (169)
Without loss of generality, we assume t = 0 when X]=[11 1] and

XT=[1 1 1] Then by computer simulation of the feedback control large scale

systems, we get

If A=-2, B=-1, C=2 and D=-1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 2.926 10.071 0.003
2 1.324 9.112 0.000
3 1.063 8.245 0.000
4 1.053 7.461 0.000
5 0.642 6.751 0.000
6 0.285 6.108 0.000
7 0.265 5.527 0.000
8 0.192 5.001 0.000
9 0.094 4.525 0.000
10 0.071 4.094 0.000
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If A=-2, B=1, C=2 and D=1

Time(séconds) Actual Norm Upper Bound Lower Bound
1 2.797 10.071 0.003
2 1.296 9.112 0.000
3 0.835 8.245 0.000
4 0.848 7.461 0.000
5 0.570 6.751 0.000
6 0.245 6.108 0.000
7 0.194 5.527 0.000
8 0.164 5.001 0.000
9 0.087 4,525 0.000
10 0.048 4.094 0.000

If A=2, B=-1, C=2 and D=-1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 6.369 10.071 0.003
2 2.360 9.112 0.000
3 1.353 8.245 0.000
4 1.298 7.461 0.000
5 0.844 6.751 0.000
6 0.421 6.108 0.000
7 0.411 5.527 0.000
8 0.366 5.001 0.000
9 0.190 4.525 0.000
10 0.098 4.094 0.000
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If A=2, B=1, C=2 and D=1

Time(seconds) Actual Norm Upper Bound Lower Bound
| 1 5.537 10.071 0.003
2 1.912 9.112 0.000
3 0.979 8.245 0.000
4 0.903 7.461 0.000
5 0.678 6.751 0.000
6 0.340 6.108 0.000
7 0.242 5.527 0.000
8 0.242 5.001 0.000
9 0.151 4.525 0.000
10 0.064 4.094 0.000

The above figure show that the actual norm of the global system is bounded by
our predicted interval. If we plot Equation (169) and the computer simulation of

the global system with different values of A, B, C and D, we have
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124 Example §

4~ Upper Bound
0~ Lower Bound

W A=-2 B=-1, C=2
and D = -1

O- A=-2, B=1, C=2
and D-}1 ‘

4 A=2 B=-1, C=2
and D = -1

\.\.

O
2 \k 4~ A=2, B=1, C=2

and D=1

0 O—0 c\giefﬁ‘gé_‘?—h‘

i1 2 383 4 5 6 7 8 9 10
Time(seconds)
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Example ©

Consider the feedback control nonautonomous small scale (centralized) system
with non-cyclic time-varying and uncertain parameters whose governing dynamic

equations are given by:

3 0.5 5 ) 0
X = 0.5 1 + AeO1tcos2t 5 X+ 0 0.5 |U (170)
, 0.5 1
-4 0.5 + Bsint 2
where 2<AS2 and -1€B<1 (171)

Equation (170) has non-cyclic time-varying parameters. So Floquet's theory
[39,40] is not suitable for this problem. However, our methods will be very

effective to such situations.

If we choose p =01 (172)
_[22 O

R'[ 0 2.2] (173)

and H = 2P (174)

By solving Equation (99) with Equations (172), (173) and (174), we obtain

01168 .024 .0064
P=| 024 .75 .02657
. .0064 .02657 .01231 (175)
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Since, P is a positive definite matrix, according to the stability criteria of
Theorem 10, we can conclude that the feedback system is asymptotically stable.
Also, from Theorem 11, the norm of the global system is bounded in the design

interval. Let X be X, when tis t,, we get

L1SVVXged135t-t) ¢ {XTX < 13(V(Xyedlt-t (176)

Without loss of generality, we assume t = 0 when XT=[1 1 1] Then by

computer simulation of the feedback control centralized system, we get

If A=-2 and B =-1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 1.109 11.401 0.000
2 0.489 10.316 0.000
3 0.310 9.334 0.000
4 0.317 8.446 0.000
5 0.174 7.642 0.000
6 0.070 6.915 0.000
7 0.058 6.257 0.000
8 0.039 5.662 0.000
9 0.016 5.123 0.000
10 0.013 4.635 0.000
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If A=-2 and B=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 1.095 11.401 0.000
2 0.502 10.316 0.000
3 0.286 9.334 0.000
4 0.305 8.446 0.000
5 0.179 7.642 0.000
6 0.069 6.915 0.000
7 0.058 6.257 0.000
8 0.039 5.662 0.000
9 0.017 5.123 0.000
10 0.012 4.635 0.000

If A=2 and B =-1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 6.523 11.401 0.000
2 2.221 10.316 0.000
3 0.946 9.334 0.000
4 0.813 8.446 0.000
5 0.520 7.642 0.000
6 0.222 6.915 0.000
7 0.185 6.257 0.000
8 0.153 5.662 0.000
9 0.066 5.123 0.000
10 0.033 4.635 0.000
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If A=2 and B=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 6.180 11.401 0.000
2 2.157 10.316 0.000
3 0.900 9.334 0.000
4 0.761 8.446 0.000
5 0.496 7.642 0.000
6 0.210 6.915 0.000
7 0.182 6.257 0.000
8 0.145 5.662 0.000
9 0.064 5.123 0.000
10 0.030 4.635 0.000

The above figures show that the actual norm of the global system is bounded by
our predicted interval. If we plot Equation (176) and the computer simulation of

the global system with different values of A and B, we have
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12 Example 6

- Upper Bound

<~ Lower Bound

W A=-2 and B=-1
‘0O-A=-2 and B=1
% A=2 and B=-1
4 A= 2 and B=1

Time(seconds)
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Example 7

Consider the feedback control nonautonomous large scale systems with non-cyclic

time-varying and uncertain parameters whose governing dynamic equations are

given by:
, 3 05 5 0 0 0 2 0
Xi={05 1 5 Xi+|] 0 A 0 |X2+ 0 05 |Ui (177)
-4 05 2 0 Bcost O 0.5 1
0 0 0
Xy = 0 C 0 X;
0 De01t5in3t 0
3 05 5 2 0
+]105 1 5 |X2+| 0 05 |U2 (178)
4 05 2 0.5 1
where 2<A<2, -1£B<1, -2<£C<2 and -1£D<1. (179)
If we choose u = 2 = 0.1 (180)
_ 10
Ri=Rp =[] (181)
and H; = Hy = 2P; = 2P, (182)

By solving Equation (99) with Equations (180), (181) and (182), we obtain

0.025 0.0447 0.01392
Py =P, =| 00447 12158 0.06195

0.01392  0.06195 0.02728 (183)
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Since, P; and P; are positive definite matrices, according to the stability criteria
of Theorem 11, we can conclude that the feedback system is asymptotically
stable. Also, from Theorem 10, the norm of the global system is bounded in the

design interval. Let X be X, when t is t,, we get

0.905YV(Xe3885¢- < VXTX < 9.00VV(Xy)eo1t-t (184)
Without loss of generality, we assume t = 0 when Xi=[11 1] and

X'{=[ 1 1 1) Then by computer simulation of the feedback control large scale

systems, we get

If A=-2, B=-1, C=2 and D=-1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 2.864 10.071 0.003
2 1.248 9.112 0.000
3 0.813 8.245 0.000
4 0.725 7.461 0.000
5 0.394 6.751 0.000
6 0.192 6.108 0.000
7 0.172 5.527 0.000
8 0.117 5.001 0.000
9 0.057 4.525 0.000
10 0.042 4.094 0.000
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If A=-0.78, B=1, C=2 and D=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 2.793 10.071 0.003
2 1.275 9.112 0.000
3 0.739 8.245 0.000
4 0.675 7.461 0.000
5 0.389 6.751 0.000
6 0.181 6.108 0.000
7 0.162 5.527 0.000
8 0.116 5.001 0.000
9 0.058 4,525 0.000
10 0.039 4.094 0.000

If A=2, B=-1, C=2 and D= -1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 6.476 10.071 0.003
2 2.265 9.112 0.000
3 1.473 8.245 0.000
4 1.906 7.461 0.000
5 1.250 6.751 0.000
6 0.745 6.108 0.000
7 0.580 5.527 0.000
8 0.574 5.001 0.000
9 0.399 4.525 0.000
10 0.198 4.094 0.000
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If A=2, B=1, C=2 and D=1

Time(seconds) Actual Norm Upper Bound Lower Bound
1 5.683 10.071 0.003
2 1.745 9.112 0.000
3 1.199 8.245 0.000
4 1.713 7.461 0.000
5 1.074 6.751 0.000
6 0.631 6.108 0.000
7 0.484 5.527 0.000
8 0.468 5.001 0.000
9 0.334 4.525 0.000
10 0.170 4.094 0.000

The above figures show that the actual norm of the global system is bounded by
our predicted interval. If we plot Equation (184) and the computer simulation of

the global system with different values of A, B, C and D, we have
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Example 7
- Upper Bound

O Lower Bound
B A=2 B=-1, C=2

and D =-1
O- A=-078 B=1, C=2
and D=1
% A=2 B=-1, C=2 and
D=-1
& A=2, B=1, C=2 and
D=1
U=U_a=é
2 3 4 5 6 7 8 9 10
Time(seconds)
Figure 7.7.
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8 1. Conclusi s .

There is presently a great deal of interest in the decentralized control of large
scale systems and the development of efficient design methods for them. ‘Since
high dimensionally and non-decentralized structure are outstanding features of the
large scale systems leading to significant control difficulties. Some successful
methods have been developed to analyze linear autonomous large scale systems
with specific parameters. However, linear nonautonomous large scale systems
with uncertain parameters have not received corresponding attention which may
be due to their complicated structure. In this research, a new concept for
studying their stability is created. The basic idea is to consider the global
systems as a group of subsystems with specific parameters under disturbance.
By using the Liapunov function and comparison principle to disconnect and
reassemble the subsystems, we can develop some new stability criteria. Also,
stabilizing feedback controllers are generated by solving the low order matrix
equations with specific parameters. In addition, since small scale (centralized)
systems are subset of large scale systems, the theories developed for large scale
systems will still be valid for small scale (centralized) systems. The examples
demonstrate the utility and ease of using the methods for small or large scale

systems.

When designing a system, in addition to stability, it is often desirable to

design the time limit to fulfill certain tolerance criteria. New stability criteria can
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lead us to design or estimate the global system behavior without solving a system
of interconnected differential equations. Although the procedure is approximate,
it will have advantages in engineering practices to design complicated models of
given physical processes. Also, with the aid of symbolic software (for example,
MACSYMA), we may be able to answer the stability questions symbolically and

thus identify the dominant factors influencing the stability.

8.2. Recommendations for Further Research

The following areas for further research are recommended:

(1) Develop a symbolic computer program to study the stability of large scale
systems symbolically.

(2) Optimize the new decentralized control theories.

(3) Expansion of present methods to study strongly coupled large scale systems.

(4) Expansion of present methods to study the non-linear large scale systems.

(5) Expansion of present methods to study nonautonomous large scale systems

with unbounded time-varying parameters.
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Appendix 1

From the properties of the Cauchy-Schwarz inequality [38], we can deduce the

following results:

N N N N
Y xTraix; < Y Y [2xTrax||
i=1

j=1,j#i i=1 j=1,jei

N N
<> Y 2flxTril A

i=1 j=1,jwi

N N
<Y Y XIPPX; + XTATA;X)
i=1 j=1,ji
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Appendix 2

From the properties of the Cauchy-Schwarz inequality [38], we can deduce the

following results:

N N N N
Y Y xTrax 2 Y Y -|2xTrax||
i=1 j=1,j#i i=1 j=1,jei

N N
2Y Y -2lxTrl|agx;|

i=1 j=1,jwi

N N
2 ) Y -(XIPPX; + XTALAX)
i=1 j=1,jwi
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Ky
Let [AA4®)] = 3 [Da®)]

n=1

where K;j; is the number of non-zero column of AAy(t). Dpyt) has the same
dimensions as AA;j(t) and all the columns of Dpyt) have zero entry except at

- column n which carries the same elements as column n in AAj(t).

N N
> ) 2xTPAA;(X; = 2 Z 2pr1(2 D) )X;

i=1 j=1 i=1 j=1 n=1

Z

N
Z, 2|XTPD, (X||

[7aN
i M=z
Cas
=
[}
b

Kjj

[

|| xTei || Doy |

IA
M=z
=z

...
[]
—
—.
1l
—
=
—

>

j=1

Mz

Kij
<) KiXTPPX; + xT(Z DL, (t)Dg(® )x,-}

n=1

-
[}
—

Cad o

Since D'rl;ﬁ(t)Dm(t) is a diagonal matrix with positive diagonal elements, hence,from

the properties of extremizing quadratic forms. We get
Kjj T
T T
XT| Y, DY "D | X 2 X 2 DE,Dy; | X
=1

N K
Z {Kin}'PiPiXi + XJT(Z DnMﬁ“TDnMijax )Xj}

n=1

Mz

N N
Hence, 2 Y 2XTPAA;(BX; <
i=1 j=1

-
Il
o

=1
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Kj
Let [AAij(t)] =2, [Dry(®)]

n=1

where Kjj is the number of non-zero column of AAjj(t). Dpyt) has the same
dimensions as AA;j(t) and all the columns of Dnyt) have zero entry except at

column n which carries the same elements as column n in AA;{(t).

N N N N Kij
2 2 2XTPAAX; = 3, Y, 2XTP(Y, Dy )X;

i=1 j=1 i=1 j=1 n=1

N N Ky

2 2 z -ZIXTP anu(t)XJ[
i=1 j=1 n=1
N N K

2Y Y Y xRl Dy
i=1 j=1 n=1
N N Kjj

2 Y Y AKXIPPX; + X[(Q, DR Dy (t) )X;
i=1 j=1 n=1

Since Di()Dy(t) is a diagonal matrix with positive diagonal elements, hence, from

the properties of extremizing quadratic forms. We get

K
X7 2 Max ] -XT[Z DL m,} X;

n=1

N N N N Ky
Hence, Y Y 2xTPaA;0X; 2 21, Y {Ki,-x'{PiPixi + X’T(zi DT sx )xj}
1= . n=

=1 J=1 J=1

-
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My

Let [4250)] = 3 [Eni®)]

n=1

where Mj; is the number of non-zero column of AQj(t). Eny(t) has the same
dimensions as AQ;i(t) and all the columns of Eny(t) have zero entry except at

column n which carries the same elements as column n in AQ;(t).

Mu

N
Y 2XTPAA;()X; = 2 Z ZXTPI(Z Q) )X;

j=1 i=1 j=1 n=1

Mz

[
fuct

i

N N Mj
<Y Y Y 2|xTPi, x|
i=1 j=1 n=1
N N Mj
DINIPHB QAN
i=1 j=1 n=1
N ’ N Mj
S 3 i) + 3. (X 3, BB
i=1 j=1 j=1 i=1 n=1
N Mj;
Since 2 z[ T“En“] is a diagonal matrix with positive diagonal elements,
i=l n=1

hence,from the properties of extremizing quadratic forms. We get

N Mj N
XY 3 [BTe] x; > xTY, S [ELEnd X
i=1 n=1 i=1 n=1
Hence,
N N N N M
2xXTPAQmx; < Y Y (MxTrpx;) + Z {x}'(z Y EMoTEMex,
=1 j=1 i=1 j=1 =1 i=1 n=1
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Mj

Let [Aﬂij(t)] = Y [Ex®)]

n=1

where Mj; is the number of non-zero column of AQy(t). Eny(t) has the same
dimensions as AQ;i(t) and all the columns of Epy(t) have zero entry except at

column n which carries the same elements as column n in AQ;;(t).

N N M;;
Y Y 2xXTPAA;mX; = 2 2 2XTP(Y, Quy(® )X,
i=1 j=1 i=1 j=1 n=1
N N M
2 -3, 3 2, 2[XTPin 0|
i=1 j=1 n=1
M;;

1724 || nyx;

v
. Mz
M=z

[
[
—
L
il
-
=
[
—

N
Y, (MxTPPX;) - 2 xT(Z Z EL (DB )X;

j=1 i=1 n=1

v
Mz

]
—

i

N M

Since ZZ[EIUE‘N] is a diagonal matrix with positive diagonal elements,
i=l n=1

hence,from the properties of extremizing quadratic forms. We get

T N M;j T T N M
K3 3 BB % s K% 3 [BREad %,
1=1 n= 1=1 n=
Hence,
N N N N N Mj T
3 S 2xTragmx; 2 -3 3 IMxTrepx;) - 2 XTY T EM=TEMe;
i=1 j=1 i=1 j=1 i=1 n=1
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