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INTRODUCTION
s The 8ingle Polsson Inbagmi m been aiméioﬁ in
‘semnection with Pourier Series and the solution of Diriehleth
blem for the girele, If we ave given & funation £(x)
mw ula:ng the emmwiam#ﬁ of mu ‘wnit amza nm%
e origin, Poissen's Integral

-

Fly = [, A ) e

2)zcos(a x)+/z

-

detines a amtimmm funation of twe variables mwmm

 Sas j;f,'e the eirele. :W bes been a?;xwxf thet the dimit me}

"L {'[@(M& * ﬂm—m] as the point (r4x%) approsches the

 podnt (1,x) on the elroumferense, provided the funstion Nxﬁ'

Mw over the entire azmmwmm and m iimit on |
' f‘“&m@w existe, If £{x) is amﬁjl.@p m :y,mﬁ #Mﬁl

} a8 the point (ma} ‘approaches the mm& g:&m}*

" msm»m the limit P{r,x) for & point at which £(x)

unboundeds He also considered the derivatives F (ryx)
{rx, gm geve esrtain muffisient sonditions hat

f xmm& epproach i&m ammm mauwm

¢ ; and gng%, sy mesns of th@m »Nul”ff?‘*‘ W%W with

ek i o bk
Wwﬁm iﬁ ang&m de Taylor

9 Ag A
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m wns eble to m zmwmw Mheorem £
L mm under the sole mm&m that tha g&m rmz&m

1 mrwm w

"1 u,v) du
(/le "ﬂ) "‘417'"[[/ 2/¢Co:(u-9+ - Zecos(v-y)-r“ -F( V)d a

~r-T

" bas show mm the 3imit #{a-,gffj,m} I
[£1%40,740) ._.‘,.f‘,:_,:‘;.y-ﬁmmmwmm-a,wrﬂ mv&awﬁ
‘f; rmma £(xsy) 1s bounded over the fundamental mm
m the limit on the right exists. Making use of this in
:,::'im/namw work, we have extended Fatou's results to the
_ gase of the Double Poisson Integral. In proving Favseval's
&t m tm Wﬂiﬁn% to add ﬁm‘*‘kﬂa mﬁ'&aﬁm
pesr 10 be inherent to the method used in treating

: w»ma Polsson Integral itselfs
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SECTION 1

m To simplify the mm»s of ocertain ex-

P auiem which oseur repesatedly in thiﬁ work, we shall use
following notation thruout.

Z

27[1- 2 ean (w-x)+ 42 | zn[/ -2Perv(v- 7)+,° *]

%be symbols H and J denote the expressions for H snd J when
m snd y ere put equal to zero.

Mr,p,x,3) = {f Bif(n,vidn av
¥(r,p) = Bx,p,0,0) = {f Bif(u,v)dn dv

ﬁ denotes thet portion of the plane of integration for
;;:‘im‘h -MTeu<enW, ~Mey 27, This will sometimes be
divided up into two pertions, R, a small squere for ‘whioh
‘»%yfé‘u‘ £§, -8y <5, snd R, which denotes the remsin-

 ing part of R.

It 418 to be understood thruout that all derivative symbols

~ denote the generalised derivative as defined on pege 10,
m 8ll integrsl signs denote Lebesgue integration,

' 2. The 1imit as x, 0 > of ¥. We first teke up the

;',/iﬁua; of the Double E’aunan Integral of & fumotios, f(x,3),

h;ah is periodic and integrable over the region R. If the
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4

’ ﬁu‘ie’d in doth x snd y is 27, the origin may be convenient-

;u teken a8 & perfectly genersl point. Kustermsan™ has shown
 that i £(x,3) is bounded, the limit W(r,e) depents only up-
,V‘f’ff‘cu the velue of the :.nusml taken over an srbitrarily smsll,
lﬁ;}at #ixed square sbout the origin, We wish to substitute a
 slightly more gemeral condition than et of boundedness.
 }; The argument oan best be shown by & gecwetrie pioture. Draw
:*’ﬁ.é**axme‘efz‘ radius I, end take the point (I,0) (poler
k,fwcraimtn) a8 the nwpama of an are of length 2 8‘ .

o
s T s

A
oY M| 7

S S

M.l . rg. s

X- 2r oo8 u + r 18 the sguare of the distance from s

’ Pﬂim‘ ﬂlr.ﬂl to & point (I,u), If Ju|>§, then
I-greesu+r’ > sin’S for all r. Similarly, for Ivl>$ |
x - 2000 Vv + e’ > sin’ ¥ for all 0. Let us divide up the
f},Mmmm square into sections ss shown in Pig. 2. The
fg}".}msm lies in the center of B,, which hes dimensions RS,

* Uver Fouriersche mypﬂnik«m und das Poissonsche
si@‘&?mnmura. Xunioh, 1918 pege 41.
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Then

(1-4)(1-p
) "Ln-lef

<

ey Uf Bif(u,v)du dv ) Ufﬂu,v)m av
8 S

1f the integyal on the Fight existe, then the mﬁ-, of the
| Mﬁtsnl on the left must be sero, '

o l{fﬁiﬁmﬂm av| < PEPRNET: { J2(w,vlau av

 Wnen the double integrsl exists, the repested imtegrals
niﬂ and equal the doudble integral.

s 0w
ff?iztn,ﬂm dv = 7 Jav {ﬂu,r)aa
A -5

 Almost everywhere there exists Iﬂ'ﬁ,?)&'ﬂ = @{v)
' }ﬁﬁiah is sn integradle fumotion. If Q(v) is bounded for
-5<ves, them [ J@(viar 1s pert of & reguler
-fg;";g,;g Poimson integral, snd it l:q)huv =@{y). But
th» :.w? 5—%—’}’;—,3 = ¢, Henoe }f"?ﬁ g Bif(u,vldu v = 0.
In & similer fashion, we can show thet the limits of this
mm;rnl over the regions B, U, and D are also zero. These
resulte cen be stated as

Lemme I.
. If 2(x,y) is an integrable funstion over
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5 |
f £(u, vdu, f £(u,v)dz,

=\\?—\M

£l u, ﬂﬂm J £{u, v)av

m bounded m - 8 2ye§ . snd -3 £ 'gé §, then

limit ” Eig(u,vldu av = o.
/vf-ﬂ Ra,

almxtkm it thn Mﬁea f( x.;ﬂ utiuﬂ.m the sonditions

of lema I, and 1aly £(x,3) =+ for all methods of ep-

| dnh. the n.xm uf the Double Poisson Integrsl Fx,p)
ﬂn increase indefinitely ss r. fn approsch 1. By hypothenis,
;, t exists for eny erbitraxily lerge value ¥ a number S,
suoh that 2{u,v) > ¥ for [ul<2§, |vlZ25. By Lemms I, we
need comsider $he liniting veluss of the integral only over
tha region R. Referring to Fig. 3, teke s point X' sueh
i‘ﬁ&ﬂ I-r<§8. with i’ ss center and radiue Y81 - z),
::am.m ares mﬁxm the eirele in P and ¢. Call are MP = x'.

- Fg. 3
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ﬁ‘ 2 2 o 2
lwa S ., I+ r";~ g(l - r) (1 -2}
sz) o8 x = — =1 .

J;f;,ﬁw« Pq = 2 sin x'
B I L

CREETRDN T e IR e

[ I -x ” (1 -2 ]
:x* +._-‘..'“ 2* LA, P
2 | &

hord PQ = 2(1 - x) +¢' and ave Q= Bx'=z B(I - ¥) 4 ¢
bere ¢ snd ¢ bosh spprosch sero :m such & way that the

it ———(,_ yRE snd the 1&&&% ————(, “Ayps are finite. Henos, for
_ wufficiently emall tﬁma at I~-7r, x'<25, Adlso for

o , ) 1.
“lmlex', we have from (I), I - 2r com u + r'¢@{l -~ ») =

-

= - P : T e
&w[!: - zroos u + vy * W1 - ¥)*  4W(1I - x)

I
7 eT(I - z)

m:.my we oan abtaiu e value y'< 25, such Shat
ax =2(1 - @) +| whare *| spprosches sero with (I - pr,
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PR S— ]
b4 e (=p) for |vlcy’,
1325 ¥ du dv
ff flu,v)an av > ffw:ﬂu,ﬂm av >]] ‘
~25 28 Sy R 1 - 21 - p)

"

|
— L: b Ay &
4Tl I-x) af; - 1 {I-xH1~-p)

ﬂhn 1imit of th&p a8 :, e amrmm Ii1s Nz » Since ¥ was . .
ar ;;»;;wmxy large, 1m¢ ?{r,p} +eo, nmao we have

. 2bmsorem I zx z’{x.ﬂ is & funotion setisfying the
%’«ffnmmm of Lemms I, and 1f Limit 2(x,3) =+ oo for a1l
$hods of approsch, i

| me ?(!‘,p)‘*-”

;mz.w tmmm, ot sourse, would hold if 1m» 2x,3)=-o
. m all methods of approsch. e
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SECTION II

i R ves of F(» We mow proposs %o
_oomsider the limits ss P, amowg 1, of the partisl de-
, ’;a%,tna with yespeot to x and ¥ ai’ the fanetion r(r.e.x.y)
ﬁaﬁmd by the Double Poisson mmm for the given funo~
’kma 2{x,y). Certsin suffioient conditions will be estab-
lﬁmha undexr which the derivatives of l‘tr,f.x‘,:) will ep-
wmh the m:rmmmm derivatives of f{x, 7). baf.am,

ﬁml use the origin ss a ymmwu general point. .
tion, We ‘first need to show that

* umm loss of gmmw. we oan take
2o,0) = fx,0) = r(e\,ﬂ = £0,0) = 2 ln.e)

= ,,‘ﬁ.o) z f""ta,g)

ht g«f x,7) be the given function, and let

*“xuﬁl = 1limit z[g(x,*;% +»‘;¢(x,~1}]

7-)+o

(ﬂ 5(0.33 = m_g}t 1[;(4-:;,;3 + ;t-x.t)]

gle,0) = J.s:lmﬂ -[g( 3,4y Yog(~x, +3 Mgl +x, =y ) ogl ~x.-x)]

Ix tb» originsl funotion, stx,y) is defined otherwise slong
, fhﬁ;:_ema, we oan wknrarns redefine 1t as sbove, sinoe the
- ,ﬁ,\n constitute an sresl point set of messure sero, The
l v;‘&m of the integral of any fupotion is unaltered whea the
Ma of the funotion are ohmsi at & set of points of
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mmm-u ‘sero, We define

(8) fHxy)=glny) - gm0 - glo.y) + glo,0),

, £lo,0) = #(x,0) = ﬁa,,i = 0,

!‘0 shall use thﬁ generaliged derivatives, defined as

!fxbaxﬁua:
| £(n,0) « 2{-h,0)
< 3 ‘Q.Q} - 14mit t(h, 0 (-h, 0 o
-)+o £h
o nk’ - flo,~k
2 fa.e) = 1imit He 2e,-xl =
7 1 fe >+0 £k -

 2(m,0) + f{-h,0) - 2£(0,0)
2 (0,0) = Yimit B,0) + 2 "-:) 3#(@@) _
At Coat ,

: r‘ .k} - Pt ) - 2f . ,
£ (0,0) = limit ° $e. 7k il =9
LA N ko |

 Multiplping (3) by B, and integreting over R, we get
&) {fﬁ#ﬂﬁ,ﬂ&a tv = [[miglv,vau av - J[ magin,0)an av
o | R . R |
—[fwaté.ﬂm arv + ff Higlo,0lau av
R R
- If the integrand functioms on the right are integreble, the

Sf’i‘iﬂm&‘h& integrals will tﬂa‘t, and mam the d.aahln inte-
:A:zﬂ-‘n !hﬁl‘tt@ﬂ
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| . o
m { [ m:{u,v-)an a = { [ Wgla,vlau av -_[rx;m,em x_{ 7 av
" T : B *
""_L Ly xi%(a,ﬂm + gl e.&ixjwﬂ é.u.x_!';t‘ dv.

Bow since the function HJ is uniformly continuous in u,v,x,¥
for 7,0 < I"we csn differentiste under the integral sign,
‘,ma write

,,!g?i ¥ (r.p.x.avl -”H Jglu,vian av - f Hgl(u,oldn xJJ dv
- {r § au x-flg_(a,ryidf + g{ ».o)xjn , an z-[r.z dv.

h&w m proved® that if the generslised derivative uutn.
fy“ugi't f Hglu,0)du = g, lo,0). f Jg{e.vlav is s regular
ir‘%imam Integrsl, and tmwahu glo,0) 88 o spprosches I.
12 we can prove that there exists zémtr(r.e} =0=9% (0,0),
_them it follows that the only remating term ia (7) must
_slse approseh s limit, L. Setting x=7=0 1n (7),and tking
,\alm ;bmt we get - |

{8) o0=-1L-g/fo,0) xI~o0xgloo)+gloelxoxlI
fﬂuml. L= ; {o,0), and

' * Carslaw, Iatwa\mum to the mm «: FPourier's Series
and Integrals, 3rd ed. page ﬁﬁj% Hexre the theorem ies stated
2or integration over & 1i ‘Potnt wet, but the same iden-
%igel proof applies to mmwﬁm over s plm point aset,
i f%h mtm:tiu. vol. 30, puge B47.
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m agmts ) Iz Je(nvian av = gfo,0).
?V';;:rm exaetly similer nrgmam would show that
I Iﬁ) %&?ﬁ g M,l;tu.v)ma dv = _,’(mn).

n . The srgument for diii@mﬂiﬂimnuﬂr the integral
 mign in (6) will also apply to (7), and henmoe

,"._{q;;ﬂ :r“_(.x,e,g,;}z £ [a,,‘,a;m.jm 41 f_gxt,giﬁ,aiau x_{r J ;v
- { B, x[Jglo,v)av + glo,0) x [H an xJ;’S av.
-0 - , .o A . . -1 “ - : :

mm has alna provea™ that if the amnuu& «riuuw
"'-‘;,"1":5!!1:“, nmiﬁ I B,,;ia olam = g, 0,0}, If we prove that -
,_f‘thm “"“’ 3;3-"“ Az,p) = 0 = 2,,(0,0), then 4% ran.aw
8 before that m Yorm S f J8(u,vidn dv mast nmamh s
 imit M. Sesting x- e o mx. wmm m 3.mm of the
m in (I}, we get . | |

" “{mi o=M - s“h,w x1-o0xgloe +gle,0) xoxI.
ey

v’tlg‘g;:{ia} K= %ﬁ [fx Jglu,vidwdy = g“(e,ci

: ;;swzmy

(ﬂ) limit w {a,v)an av = {e,0).
e .. ., f"' If ‘ ' 577'
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,;faimrﬂ:lna mxwkzﬂ b4 !x,y? exists in num,: modi -
od form, Jmit ¥ (x,p,0,0) = 0, In taking the limit, we

~ first sot x= 3 =0, and then let r,o spproseh I. This corre-
frjf:;fwmau t0 what is tam& radisl epprosch in the fmm of the
Single Poisson Integrel. Differentiating usder the integral
sign, sa in (7), we have

“’I
!

g sin n .
JT 7 flu,vlan av

3“” H, J are even functions of u end v, while the fras-
 tion 15 an odd funotion of u, we can write (I5) in the form

f'ﬁj A e 2 E‘fu.ﬂ«f(-n.vhﬁm"f"ﬂ"“-"J"ﬂ“"'
/ | = 2N Covar + L | '

“q) Ap b _ ‘)‘/Wfd;wl; ﬁ:g_ <z | .
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w

——

(e [fenpinn | go-peual 5 _ay
f HJ l{»l ~ % t"”"'“z‘ ot

::x thc expression im the absolute value signs uaur the in~
ral satisfies the conditions of Lemms I, ( 18) is s regu-
ler Doudle Poisson Integral whose limit as r,p spprosch I
; u pends amly on the behavior of the integrand fumotiom in
| m immediste neighborhood of the origin, By th‘u
, vmu* $he limit of this integrsl is

. fla,v)-2(-u,7) * 'ﬂu.frl»—:c,-»u.rrl
v iee ™ S m

, »mﬁu& this limit aziﬂa. But 1f thie amnu 1imit exists,
_ 50 aluo must the repested limit, and the two will be equal?.

Mu o T
y limit | — t+

u,y—oo | & ‘ 3&‘ .
[ [ tlaeti-ae) glu,-v)-gleu,-v)
‘=1&g'1t{13nu tuf | £l -u, o #{u, zf L=l |
e Sl i &
o - |at,do.01] = o.

g;{*iw. au. page u. |
- T B.%,Hobeonm, m Theory of Punetions of s Resl vmm.;.
mae ﬁﬁ. ’@1» W ‘m‘

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Tmrefore, umm ¥ (r,p) = 0 = £ (0,0), snd we have
.,pmwd

. Heczen £ it ﬁfmi funotion £{x,y) is integradls over
*tlm region B, if there exist the integrels  f(x,0)dx,
 flo,3)dy , snd 1f the quotdent *

flu,v)-2{-n,vl+2{n, -w)-t( -, -v)
fil‘,,“mz‘iw the oonditions of Lemma I end kas & double limit
%, v epprosch o, the funotion £(x,7) hes s first par-
mi ”uﬁuﬂu with respect to x at the point (o,0), and
gy Tinp) = 200000

In an exaotly snslogous :mmm, we oan yruw
/

i " If the funetion f(x,3) is integrsble over the

region B, if there exist the integrals  f(x,0dax,

 flo,2)y , snd if the quotient® |
£(u,v)-£(u,~vi+g(~u,v)-L( -0, ~v)

| 8V

,',nﬁhmu the eonditions of Lemma I and has & double limit

“ W,¥ approash o, the famotion £(x,3) has & first partial

“v‘(‘f?iﬁt:m with respeot to y at the poinmt {o,0), and

:%ma T (z,p) = £ (0,0).

e 1
~ 1et us now eomsider the second purtisl derivetives

3& ‘ mu ?nﬂitsm the M of the m'uwa 5
%71 “:ﬂéﬁa in (3) must be used, dut we hmm tm that
- form involves no loss of generality.
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- with Tespect to x and y of F(r,P). Differentiating (I5) we

D’F _ (o trisimin + 421 =24 (144" tram dud
,;/(gxb o {fw' T et fluldudv

~ Binoe all the :mw.n preceding f{u,v) are even funetions
of u snd v, we cax write (2I) in the form

J[HJ o e e L (ke e M‘p("" V‘dwdv
/- 2h HYsn -l-/‘v] ol

bl
““H

ﬂham @ (w,¥) = 2{u,v)+g(-a, v)+2(n,~v)42(~u,-v), and the
=+ 'is inserted for sonvenience. The function

Y Wi + 4N 2N (1442 ervae L |
[I - 2/ Vs +/V2]2

)

A% ooutinuous im » and r exoept for the point m=9o, r=1I.
" shall prove that this funotion remains bounded for all
values of u and ¥, by showing that it approsches s finite
Mt uni formly for all methods of approsch. Since tfh
 3imit u/ein w = I, we gan replace sin w by u in taking the
imit. Let us eonsider the limit elong the line I-r = mu.
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The funotion (22) oan be written

L/_/pmwM+4m(l+/v )/hw 1/‘”("/" ot

'3

Beplacing stn u b7 w, I-r by mu, we get

Ol i+ (32t it = 2

[/yw ,wz‘f' (, /"W/"")M]

e l[6 bomep bt 208
= [/ oo +/vw1]2'

m 1imit of this fraction is

A 6 - ZMZ
ot (142
_whieh 1is bounded for sll m. Consider the differense

R SO R, [P

—

R A i)
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‘For 0 £w £ 1, no resl values of both m snd ¥ 0sn make
Zemm+mzo. A8 m->co, the difference approsshes sero,
,:'i:,ﬂ-ﬁﬂl the power of m in the Mumi.aatara exooeds that in
 the numerstors. Henoe this difference remains bounded, snd
V:;memm T m:ﬁmxx inmae u—o, Since (23) 18
 bounded, we know that (22) must be bomadea. Osll 148 great-
}"’Mt ﬁsa‘mﬁt vﬂm M, Then o o

j[ I(ptu,ﬂ’ “ o

axz

It M satisfies the conditions of Lemma I, and 4if

‘mrn extsts the 1’-‘;‘;&% """'—(p(:'av)‘ , this 48 & reguler Poisson

e N M @in,v)
P 3| £ ;
f“) 1’2’?“ ,J#;(”I - 4 3&?’?&0 a’

fk the seme axmmt as in (20)

Q (»,v) (u.v)

- 9 = f £:3 @;Q
u. v-)o u_," "”‘{o'

© Thess results sre summsriszed in
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ek
v MA 2.3 If the funetion 1’( x.;y) is iaugunn onx,
};mz Togion B, 1f thers exist the mmm fx,0)x ,
S - '
ximrm, snd 1f the quotient *

ﬂu.vht{ u,~vie2( ~u.ﬂ+£( -u. -—ﬂ
2

- ] :
| 'wm;ﬁn m ammtwm of I.ma I and has a double :ua:w
: u 'R mmk o, the funotion ﬂx,g) bes @ second per-
18l dexivetive with Tespeot to x a% m point (0,0), and
_’;' r"{r.(o} = 2,.(0,0), |
a1 exsetly anslogous fashion, we oan prove

Zheorem 3.

i \Iﬂi

If the funotion £(x,y) is integrable
ﬂ' ikc miau R. if there exist the mmuh |
f t(:wm: . f tlo,y)dy , and 1f the qutimt*
L S(u.ﬂw(u.or)-rt{m.vht(«-g.-v)

'.1.

“"n%uﬂ“ the gonditions of Lemme I, snd hes o double limit
| TRW approseh 9, the funstion 2'( x,7) hes a second partial
derivative with wespeot 0 y at the point (9,0), snd
' tr.pi»' ,ﬂfa.w |
. rux the mixed second partisl, ¥ (w.pl it is oon-
g;nnum to use s form of Mauma uuhm different from
ii"{fis). This will not restriot the generality in azy way as

f’ *m footnote on page "/5,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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‘uu 88 the mixed mun. ' ,}
18 @ofined W
{a8) £(x,3) = glxy) - CINY

(=9, tx&ﬂb. The new form

| e g(n,k)-g{=hk)-g{h,~k)eg( -k, -k}
"“7(,@'1’} ) ﬂﬁ an
ﬂr.e.x.g) = ffﬂ J glu,vian dv - gx,‘lo.ﬂ fﬁ u&uJJ vav,

"u Bctaro. we oan ummmwa ‘under the integral sign,
& v“ﬁ. write

1(:.(.:.)3 "HR,J g(mﬂm dv - a,vln.éi Ix,un j: vdv.

"’5’:Mn¢ the limits se LY wyxamh I, we know ﬁm httm'
%v.mmu*mt Limit f Eutn - dz/ax = I, and Mmis f 3 vav
= @/” 1. 3:1‘.‘ we prove that the %mn ¥, {r.(oi =0
1l0.,0), 1% will negessarily ;taalw thnt the

iz:?f ffn :,tgin.vi&u av = = By {0,0). Qeuua? then

! l :

Jf 2 i an eV (u,v)dudv

Bxay
- [f#;uaa H and 7 are even functions, while the freotions are

 *l0s. o1t. pege 347,
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‘ m fanotions of u and v, we oan wi,h {26) as

a*r
' 3187

=

| f f ‘*"‘“‘* Apd—v [/(Mv) /(w v)- /(M—vn//(-m—v/ b dv .

N =2ABaetr R |~ 1f,4~..v+p

'f','f'xyyu;m mi. we have

; [&«»v’ /(».V) /(M-v)-l-{(,w_v,l -’%—Y
’ j[HJIG/ MRy [tw;#bu%i“dv

};;;;J_;hqp@mmim between the sbsclute value signs satis-
| fies the oonditions of Temme I, and 1f the derivative
;é,iﬁ;b?’ exists, this is & regulsr Poisson Integral. :‘“
$ 88 7,0 approsch Iis 4 t,,i{»,e) I=9=£2_(0,0).
v ,{;_ﬁ;‘;rtiwc, 11«:&& ¥, 7(?.{93 = fp; 0,0), and we hgm:nmn&

" If the fumetion t(x.ﬂ is mmmm; over
tﬁu m;:.m B, and ww«nm 8 mized yﬁrtm‘& mwaim st

’ m: m&at (0,0}, snd i:t the differential th.tut |

2w, v)-2(-u,v)-2lu,~v)+ 2 ~u, -v)

¢ duy
,mﬂnﬂn the Mmuou ot Lemns i, Yhe 2%@ r,,xr.f;) :
o rp |

7{0.0) -
3. 23

t, a¥" B % S 2 Lo ey 4 -
o i chsararyon e, e s
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wﬁ“ﬂm article, we gonsidered um the cese in which the
?Aj‘j;" ia% (r,0,0,0) apmrosched the point (1,1,0,0). In order %o
&mwuam ‘the more general csse where !r.e.x.:l ap-
prosohes (I,1,0,0), we £1ret meed to stady the 1init of the
Doudls Poisson Integral itsslf for sush methods of approsch.
{w.m hes shown® that 1g £(x) is s dounded sentimusus
funstion snd has & period of 3T, Limts j H fulan = 2lo),
m »paim %‘r,x) wpwmmm the yaut (z.a} in any manner.
oy wumn% was dne w:s.gimuy to MML We shall

ve & similar rmu for the Double Poissom muva.
¢ ﬂ z:.x) i qeutimm in x ma y st the Mmt ( w.a)
;’?Wm u&-m s 3 such that I:ﬂ'u,ﬂ -th.ail z€ for
lal < 23, lvl £ 2§, Now consider a mﬁmt tx,ﬂ ;m the
m}u umnum (the UV plane) sueh that x| < s,
l:l'é 3 . Take a axwvmﬁau wﬁ.th eenter at (x,3) s nhem

- in Fig.4, snd denote the re-
I 1 neinder of the square by 5.
(%.4) ‘ Mﬂ&a the wau«ma.um into
| SR | parts, 4,8,0,0,8 as shown. If

3  |;,)l s o ihﬁvm%ﬂﬁm&fﬂﬂ lwl
d oo “are 8 3, the mquare E will lie
'  wholly withim that region where
Mg. 4 |fe,v) - fHoe,e)| L€, Partnes-

¥ Pleara, Trsite D'Anslyse, 2ad ed., vol. I, page 270,
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\vy‘t”mﬂ. it will contein mb point um In ‘BM reogions 8,4,0,
. 2 oos(u-x) tx*> ox - m«ux ex{I-s0n § ),
m the regions 8,3, ,

| Zegpeoslvy) 4 p'> 3p-2poomd = sp(i-ees 3 ).

| 4% X dencte the meximum value of |2(u,v)[ thrusut the re-
im R,

 €:‘1 ) l Sf f ﬁﬁ*i‘?‘*“ ""'

M-A*1-p?) ; M(I-A;‘)(l—f‘)
‘H 4/»/0(1_(”5)%”1&@‘ ap(l-ers§)?

u)» ‘ H Weln, v &7‘,

(1-ems)m n(i-ens)

-»Y - M-+
H 1/~M ! S iV =

' aiam muw %o ( zsi mu tow the mmm taken

oy » regions 3,0,D. Tha final results in (37) and (88}
m Wmn&ﬂ of (x.:),, and Mm&r amu a8 tx,e,x,:)
mumm (1, I.n.e) ure zero. mm in umitmrm the lim-

ok 7.,3_~a£ $he Double Poisson Integrel in the osee of general

¥oach, we need to mnuuuu only that part inside the

m E. We gan write o | |

5‘75"‘?,},;7,‘”*(""”} = ffm'ﬂg’g}“ av + H [t(n,ﬂ—ﬂmﬂ] B dau dv.

m j f mm,wm av = 2lo,0).
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|}([ﬂmv}*ﬂﬁ.!ﬂﬁ} du av Sfem @er
| _‘fffm‘aum—e |

: "jm every 7.0 and for every poizt (x,3) having x| <5, and
l?l 2§ . Henoe the

o ,zﬂmﬁ v[[[;m,r)-m,ai]m av o,

 and the

1?;'& Hr.pox,y) = tlo,0).

50

'l rnun can be stated n@ua&tu a8

: bmmed the fwnetion £(x,7) is bounded and inte-
,‘;3.0 over the region R, sand 1f 1% is oontimuous in x and
,,;Ei;;g m the peint (0,0}, the mgt rtr.e.m) : m.ni us

. b

i::,,';__‘,e,g,;2 amn&a (1, I,e.ﬁi m W mmzr. | |

:m Wﬁmh %o the :ms.t. it 18 mamm w assume
mﬁ the given funstion and its derivetives ave cmunm |
: ut‘ the point in quuum. This oondition mekes the proofs
mut eimpler, and enables us to amploy the given ~m¢*
_ Mom direetly, without pusting 1t ia the form (S).

iz, Qumed) = {f xxaﬂu,v};m av

m definitions of X and J, we observe that
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it

(30)  Be=-E. ., 4,7 -, Hemee

mw

LoR= - f [ x“;:{g,ﬂan av = .,-J; 3 grj'nwxig.ﬂm' |

_ for, 1f the double imtegral exists, so does the Tepested

_ mul snd is equal to 1%, 12 fla,v) has & pertisl deriv-
“f:t‘u’m. £.(u,v), 2a,v) = St tu,vidu almost everywisre and

‘ '!w esn 1ntegrate By parts.

fkwﬁg"v}“ N [vagv_ }r%‘miﬂ‘;v,“;
b : S B

a2} '{fn,zxfa.v)an,, av :ffﬂif“tﬁ.ﬁm av - f[ﬁ;r:tu.ﬂ]: v
s ‘ R - -

l!’ £{u,v} is bounded over the region R, there exists sa M
m». that Iﬁn.ﬂl < K, Bow
1-x F

f[ﬁﬂu.vﬂa Vﬁv = P 'm ma; xf‘r‘_ﬁ [ﬂn.v)‘-ﬂfﬂ.vﬂﬂ

w
I £ uf.‘f .
e ‘ tw

L m
 {s8) limi [M(mv] Jav=o.
: : r Sr

NP -N
x -

Q.

~ If 2(u,v) 1s bounded snd imtegrable over the regiocn R, snd
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M mumm in u ma v at the point {0,0), then by Lemma 2,

1imit ﬂsm {u,vm av = 2,(0,0).
A;P-)l
1.7-)0

ﬁamuim (29), (32), and (38), we observe thst the

1imit ’ fr.p.mr) =2 ‘ﬁa“)

QZ ‘. | L ]
4 W T 1L the mﬁum Azl tagaw with its
t partial nxﬂﬂ:.w txtx,x) is bounded axd mw»u
. 9ver the regicn R, axd 1f 2, (x.x) u sontinnous in x and y
{,j;,n im ot (es0),
M‘k f (r.ﬁ.x;’) = ixf#",iﬁ.

R

~ In sn exsetly similer feshion, we oem prove

Sl " If the fumetion f(x,7), together with its
firet partisl derivetive f"i z,7), in bounded anmd integrable
r the Tegion B, end 1f £,(x,7) is contimuous in x and y

o8 the poiat (0,0, the

%‘ ’7{*'»?0#03} = f‘?“bﬂja

X, 7‘)0
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| The trumnt of the awmﬁ partie
”"j;ua in much the same m. nany of thn sams srguments be~-
spplicadle.

",{MJ J‘x,lr.e.x.yl = ffn,,mu.ﬂm dv = Ha“:x(u,v)m av
- Jiar f K;Mu‘ﬂ&u
- S

_If £{w,v) has both & first and sesond partial derivetive
with zespest %0 x almost everywhere over the region R, we
‘#sn integrate by parts twice.

':f.yy’t'i"fxwttn.vim = [ﬁuﬂm.v)f - fnwzt.,,fa.ﬁﬁa
.~»t;;’,’_ _1r : E T-'lr‘ - »
‘ T T w
= [g“ﬂﬁ.vi - [af.,fn.vllr + l B, (u,vidn
R B r T L T
(e8) B, (r,p.x3) = f [ﬂwﬁu.vﬂ’ Jdv - f [xt.ju.vﬂ J av
; - - - -
+ ff 33!.;.;(#,#)% av.
. R | |

1! |£.(a, v} < M, tnen tx't_.ks srgument for (3%
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[ S
3imit I [xz..-(n.ﬂ] J av = o,
/U‘f"“ - it ;
X, 420
1
re 3R ,
(I-x) 2xr sin x

H (+7,-x) = — , —
’ T[T - &x eos x+ 22"

#Mnh wwww 5010 a8 r.e ww&mh 1, snd mr apprnuh

| mm.y_’émcmﬁ.

TR

: »t;s['ft;.,(u.v} is bounded and integradle over the region R,
sl s oontizmuous in u and v % the point {0,0), then by
.t

lwt’ f [&ﬂn.vﬂ d v = o

;.iﬂ? H W!w(m.ﬂm av = £ . (o,0).
X;yo R

m we have ywua |

, 2 e 2(x,7), together with 1ts first and
_sesond partisl derivatives with respect to x, is bounded
m integrable over $he region R, and 4f £,,(x,7) is con-
saous in x - and 7 4% the oint (0,0, the

3/;1:&‘* 3‘“‘(3'.@.3.3} = x,“ﬁqﬁ)p

,7-)0
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 In & similer fashion, we oem FrOVe

. gheerem s’ o | o
S o= " 1g #(x,3), together with its fixst and
{flf_‘v:mma ;mm asrivatives with respeet to y, 8 hounded
" sad integrable over the region R, snd 1if : ”m.:) is oon-
 ¥imious 1n x and 7 st the point (o,0), the

153{»"5‘ v‘r"xc(’uxu’, = £ ."Qaﬁ}

twlaéﬁguwiar the mixed paz'tzﬂ derivative,

) B 1x.e.x.wzﬂ B3, tlu,via av = [[R3, 2, v)ee v

xﬁ 2(u,7) hes & seoond mixed pertisl aexrivative méut
,f‘}f;gmr;m” over the Tegion R, then

il ﬂm*} :If £, (u,viau av, et

s B

) zu.i‘l" :I‘xu.v‘ﬁut)ﬁv ’ | tv(u"I = rfu_v{“..")“t

_ #xist and are integradle almost everywhers. Under this oon-
"[&!.:#n we san integrate by parts.

-1r-1l' .

ff", (u} f[ HJ, f(u.ﬂm dv = [Kiﬂa.,ﬂ] ” Big, (u,v)an dv

,_;,‘wugg, mmumm f.u xmu. a. mwuﬂc. vol. av
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“ jfﬁultv(u..ﬂm dy - {f B, 2 (u,vlde av,

§' ; i” [ﬂﬂu.vﬂ

-T-n

I¥ ")(’ e | H(Wﬂ f(’ _.,r)}

q.7r [+1/l'bm,u.+/.,][[+2,f mv+,o]

: w7
xz flu,v) 18 bounted, the Limit [weta,v] -
N _ xg,’o . -~

tt thw devivatives £, , £, 2., are sll Dounded and ia-
‘Wuua fanotions over the regiom B, and if they ere eom-
’1:"'&&“. in u and v st the poins (0,0}, we have

A,
o ® 7

gw s [ w2, (0,7} v = 2, (o,0) w ! Sesma :

11mt f faitferien av=- 72 (00) W

L X, 7-"' | Theoren §
- (40)

| mt HW £ (u,v)du av=~- 37£ Lo.e) vz

) Bl |  Theorem B’
Muu of the relstions (37}, we lmow that

i‘:} 2 ’ ‘l,,’ - t (x’\” - *x (x,3), the generalised

, t oy
| Mi derivative, almost nﬂn'mn. This, howaver, is no
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anoce that they will be equel st ke particulsr poimt,
Mm this additionsl. mmm of Qmutx. snd
pplying relations (39), Mei {41), to (38), we have

M.n} + 2 (0,0} + 2 (0,0}

Ty *1 *

‘ 17"ﬁ0¢) .

i

This 1s sumarized in the

o ) x: the funetion £{x,y), together with its
f_#&n&iﬁs 4 tx,:? x\lim.ﬁ. 3‘,7;'::&.3}. + is bounded and in-
reble over the yegion R, if the dsrivetives ere comtinu-

8 ot the point (e,0), wna 1f

x fﬂa¢} = ‘ v0),
then the  Limit B_(r,ex) = 1, f0,0).
T | ‘ 7

,'7-70
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SEQTION III - APELICATIONS
m/» s B(r,p,x,7) slmost everywh
..M m ymaué&u results at #tmzw 8. Seotion 1I, we can
‘;*~’_W¢W that, for s oertain cless of functioms, f(x,y),
»PF? ﬂr',p.::,ﬂ = #(x,y) almont n&r&wham. While suech a
i;,;wuuxt is not applicable in determining the value of the
3%%? ¥r,p,x,3) for a given point (x,3), it 1s valusble in
dealing with the %Mt of the integral of r(r,e.x.y)
o If the mﬂtwu £(u,v) is integrable, there exists s
_ Mounded and eontinucus function, @(u,v) = f [r(x.:)dx &,
;muak that

‘u) !‘ﬂ,"'} = Q“v{u’y}’ q,w‘u’v) = [ f‘ﬂ,Y)d’,
o, (a,v) = [ fx,vax

almost everywhers. Henoe we oan integrate by parte ss in

i:,xm}
L
(48) Plr,e.x,yl -ffﬂ::t(u,vl&n dv = [Wﬂ(u, }]
; -7,
- Ifﬁjvﬂ(u,viﬁu dv - I[W,G,m,ﬂan av
R R
- ] [B.36,(a,v)an av
: mw
| V'Mm @(»,v) is bounded, iimit [H:&(u.v] =0 88 hs:mm. ¥ 4
: -‘u‘-'ﬂ"

%,v) and ¢ (3,v) “tua the conditions of Theorem £ al-
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- o8t everywhere,

: ‘ -—3- x.v) = ¥,
1/;3,?5;1; Hw (u,v)au av 37“*‘?-” 2(x,3)

O a (wol -
11?_1;:: Uﬁ Je (u,v)&n av | 57%‘%3? = ﬂ*”), B

i

. awm everywhere. If the differentisl quotient

G{uth, v4k) - 8(u-h,vék) - G(uth,v-k) + G(u-k,v-k)
4hk

Iﬁuﬁ.u the oonditions of Lemms I, then by Theorem 4

BJ  Glu,vla =@,  (x3) - £x3y)
}»"ﬁ? f f (u,v)an av ,‘ltx.x (x,3
ﬂmﬁ evmwmm. We have then

arem ‘f |
e —— Xt the funotion f£(x,7) i.n ’mﬂﬁﬁﬂ and in-

Wm*u’blt aur t&ﬁ region R; 1f the three differential
5 gyﬂimﬁ: :

- @, (u+h, v¢k) -G, (uth, v-k) 4G, (u-h, v+k) -G, (u-h, v-k!
- 4k o |

 (44) @ (uth,v+k)-0 (n-h,v+k)+G (u+h,v-k)-G (a-h,v-k)
e -
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‘@(uth, v#k)-G(u-h, v¢k)-G(ush, v-k)+6(u-h, v-k)
4hk

w!:uty the sonditions of Lemms I for slmost every point
vf‘mﬂ in the region R; and if the double limits of the
m;‘k two* exist simost everywhere, them the linw
:"{fﬂz?,g.x,ﬂ = #{x,y) elmoat owrxwharn &8 the *pe:s.n*s (r.e.x,y}
mm'dmhas the point (I,I,x,7!).

 This theorem sould be stated somewhat more simply
; w the sssumption that £(x,y) im bounded thruout the re-
gﬁ#;n. It then follows from (42) that the differentiel
f_;{{gwmcma (44) are bounded, and hence must satisfy the con-
;'?{f:ixﬁtzon of Lemmsa I, We have to make only the m&dﬁ.t:am
 sasumption that the double limits of the first two exist

i ' mm sverywhere.

,aﬁ?m for Double Fourier Series. Let #(x,y) be & fumotion
mnmm the conditioms of Theorem 8. Then we osn define
the gmutict
s, = (008 mu 008 nv da dv
LI z fﬂm*” ¢os mu gin nv au av
0, " q:(n;,nhr sin ma oos nv du 4Av
4.=  (sizmmeinavdaav

*wm the mﬂmum T<sT of Glu,v], the doudble
_j‘v‘m:th&rd quotient in (44) must exist and equal f£(x,y) al-

Bt everywhare.
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4 ifm:=n=o
Yi{m,n) = 2, ifmn=o0, m#n
| X, 2 ma >0,

where

': ‘“) me: &“Qag mx 608 ny + kn ¢o8 mx 8in ny

+46,.8in nx cos ny + &m“ﬂ.n mx #in ny.

 ¥he Doubls Fourier Series representstion of the given
 gunotion is

lu the Poissen method of summing this series, we introduce
ff'vaam fastors z e , and define oL

wmzo necé

amgs '{'&?} is sbsolutely and unife mly 'nozmrgmt
Bruout %m region R, whenever we fix r,0 <1. Henos, asing
5) end (46), we osn write |

{48) Rir,p,x,3)

7}4} [% +§ r aon m{ n--z)] [—,{- +S e“aa; alv-y )] f(u,v)du av,
R - ™ el

{ = wm x_,_r’- |
— ¢+ > T 008 mm«-'xl : — = TR
2 2. _g[x‘-zr aw{uunrl] 1
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_j__ - ,-,,“’-“ ot
* Z M# “”,«- s[x»aemn(r«y}T] =ms

. Wr,e0xp) = If m’ﬂn,ﬂmw
T e -

mﬁ 48 & regular Poisson Iaimrul, and by Theorem 8 we
that m: xmu P(r,p.x,3) = tix,3) alnost &ww«m.
‘“Being mﬁmy n:nﬂmmt {47) osn ¥e mup:um sm by
iy elr,p.x,r} m intogrnwa terawise. |

o0

;,Lffr (%,0.x,3 )ax 4y = ZZ’%{[&‘ Hriemylex 4
Wz 0 h=o
%;“ “Rf rf:,e.x,y Joos mx oos ny dx &y - ?(n.u.lg‘ ”p“

b
f_;:-,m we can readily see if we multiply (46) thru /{w‘ -
- S84 tntegrate terawise. In 1ike memner,

éfi!‘j'g,;:fi;’-_"—ré—k;;ffki#,e.x,y31:% mx sin ny dx 4y - ‘Pih,m :“’rzw‘; aw
%‘E:‘““Lrﬂ:uf.z”lﬂiﬁ mx oo ny dx ” ‘P(ﬁ,n) » Z?zw

Hﬂr‘f.x,; Jein mx ein ay ax ay - ¢ lﬁ.nhl
R
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"Mz O e

"E Rl e e

"':;f‘at mawrgmﬁ »riu. Thersfore the mugral in (50) must ex-
“'fw& for r,p<1. But since the xma ?r,eoxy) = 2(x3),
Share existe the ymt Hr {r,fr,x.y lax dy = ”f (x,3)ax 4.
?t‘im! the uriu in l 50) must remsin nwnrmnt for
"ft-",o =1, By » theorem™® on uawrmau ﬁw&m in double se~
Ties, the limit of Yuis series mist equsl $he Yelus of the.
meries with r- p=T. sad '

,ﬁ{fzzfx,:)&z ay =“§; Z:}’ (m,ai[g‘ + ’{m* e _* akm:)
m ‘have thus a)rrfiﬁi ot I*umuu'ﬂ *&mmm fox m 'Mt.ian
‘5;,;'{‘»&4;& mzmn th; aw&ﬂiam of Theorem 8. m.. method M
vof xs auhgni to more rnManm then the correspond-
mma for mingle series. These restrictions arise from
mm w&*&h t:m wﬂthh Integral over the wan xwluu
fawm a g&u» Ppoint.

,,,,(‘,*.ﬂ-n.mn Srans. im, Math. So., vol. I4, page 85. Since
~ the series in (60) is Mm qanﬁ, 1% must, a 71- .ori, be
- Summable. httzn T = (1- & 34 8ll the
am&&ﬂom of the ) theorem there awm are u&ut&u&,
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