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1. INTRCDUCTION

If a periodic forece of freauecnecy Wpis apnlied to a
self-excited nonlinear system of n-tural freqyency @, , and
if Wa ig in the vicinity of W, , the familiar heterodyning
effect will be observed. However, when the difference
|We-w| becomes smaller and reaches a specific value,hdrwu)ﬁﬁ
it has been observed thazt the forced selfeexcited system
has the frequency of the forcing function, W,., With a
further variation of Wy there is a range witin which the
self-excited system is synchronized with the frequoncy
of the forcing function and withiﬂ which the amplitude of
vibration for specific values of Wi is constant. TFrom
the nonlinear mechanicalhztheory it has been found that
for this range of0£Uz the free vibration of the nonlinear
gsystem is suppressed by the forcing vibration, i.e. the
system gains its controlling energy from the forcing function,
the limit cycle nc longer existing?‘ This phenomenon is

called by various authors%frecuenqy entrainment and the

range of domination by the forcing function is the zone of

entrsinment., From the linear theory Iw;—wJ=c>only when

W, Wy o hence, it does not éccount for frequenecy entrain-
ﬁent, énd therefore, the phenomenon is attributed ts6 the
nonline rity of the system. Fig. l.1 demonstrates

graphically frequency entrainment. The dotted lines

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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indicating the expected linear behavior, while the solid
lines indicate the nonlinear behavior.

Frequency entrainment is bellieved to have been
observed in a number of cases, The earliest is that of *
Huygens'! synchronous clocksfz Two pendulum clocks having
glightly different frequencies when completely isolated
from each other, will synchronize upon coupiing, say by
hanging them on the same wall, Iater, Lord Rayleighé'
noted that upon coupling two organ pipes of slightly
different frequencies a synchronization occurs, and: that
’electrically excited tuning forks of differen? natural
frequencies will synchronize when coupled with a resonator.
Vincent% in 1919 presented what is believed to be the first
quantitative experimental measurements of the synchroni-
zation spread effect in connection with two capacitively
coupled electronic oscillators. Moller, van der Pol,
Appleton, Cartwright, and manyARussian scientists have
investigated frecuency entrainment for one degree of
freedom systems and have obtained predictions and

interpretations with the approximation methods of nonlinear

mechanics, v

TS CH . ———————D W G

CORRTCT TO ASSUME TIFAT THE ABOVI DUFINED AYD CURRENTLY

Ac TXCPPTED CONCEPT OF FREQUINCY TNTRAINITNT IS APPLICABLE

TO NONLINEAR SYSTEMS OF TW/0 DEGRFES OF FREFDOM. Is it
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nosgible to heve one clock entrzin the other clock at the
first c¢lock's frequency, or does one oscillator entrain
the other oscillator? It certzinly does not seem justi-
fiable to reduce a two degree of freedom system to a one
degree of freedom system that is forced end then say that
one self-ogcillating system entrains the other. In
comparing this procedure with the linear concepts, it is:
apparent that there are energy states that are neglected.
Of course, the reduction is saild to be Justified in view:
of the present state of nonlinear theory for systems of
two degrees of freedom, If_is practically nonexistent.
However, linear ccnsideratiohs, ag well as nonlinear
theory extended to systems of two degrees of freedom,
should uncover a considerable amount of informstion in
regards to the extension of the fréquency entrainment
concept. A complete physical interpretation ®hould include ’
the prediction of the existence of 211 energy states, as
well as the entrainment phenomenon itself, O0f course,
ﬂhe attainment of these predictions assumes (a.) previous
knowledge of the specific types of coupling involved and
(be) an applicabie analytical theory.

In order to obtzin a clarificetion of the concept
of frequency entrainment as applied to noniinear systems

of two degrees of freedom, it is proposed to (1l.) investi=-
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gate and ascertain experimentally the coupling existing
between two nonlinear self-excited systems, demenstrating
the synchronization spread phenomenon, {(2.) to consider
the possible attsinment of a theoretical quantitative
interpretation of the synchronizstion spread effect and
asgociated phenomenon, and (3.) compare these possible
theoretical results with actual experimental results
attained from two self-oscillating nonlinear systems with
the necessary coupling. In the disertation to follow,
the results of these investigations and considerations

are preserted,
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2., TFE UTILIZATION OF ELXCTRO=-IECHANICAL AWALOCS
AND ADDITICHNAL UWITS

2.1 Adaptation of the Analog tc the van der Pol System

For the purpose of obtcining frecquency entrazinment
experimentzlly in a nonlinear system of one depgree of
freedom, it was decided to adapt an electro-mechanical
analog of the type developed by Ludeke and Morrison& to
a forced van der Pol self-excited nonlinear s&stem, and
if successful, then couple a second identical analog to
it, so that the two degree of freeéomlcase can he in-
vestigated, There are a2 number of advantages in following
this procedure, First of all, if successful, a measurable

mechonical frequency entraimment will be obtained, secondly,

the physical system itself is visually perceived which on
. many types of analogs cannot be done and thus, is physically
a disadvantage, and thirdly, a2l1l parameters of the analoged
system are conveniently controllabdble,
| In order to achleve the above purpose a numbér of
additions and alterations to the original electro-mechanical
enalog sre required. The differential equation of motion
of the displacement of the shaft of the basic anslog is
| @ +,6+WE =0, (2.1)
and the homogeneous van der Pol equation of motion is

b-a6+wBrpes zo. (2.2)
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By comparing eq (2.1) and eq (2.2), it can be seen that
negative damping and nonlinearity torques are required,
The conversion of eq (2.1) to a negatively damped
system has been achlieved by affixing at right angles to
" the moveable ccil in the main magnetic field a similar
coil. The current induced in it will be proportional to
the demping of the system, This current is then amplified
by a de emplifier and injected into a second coil connected
to the main analog shaeft and within a rermanent radiel
magnétic field, located above the main field coils, with
the correct pplarity to give a torque that is proportional
to the negative of the damping. It should be mentioned
that coulombic demping is to be neglected in the system,
To obtain the nonlinearity torque a displacement
function generctor similer to thot describﬁd by Ludeke
and Evans% is utilized, giving a current that is proportion-
al to flo)= 6% . a simple RC differentiator circuit is
then employed to differentiaste 93 with respect to time,
giving a current that is proportional to & & . 1In order
to have the required magnitude of this current, two de
amplifiers are utilized, the output.of which drives another
coil attached to thé analog shaft and within the previously
.mentioned permanent radial mognet., A block diagram
illustrating the analoged van der Pol system is given in

fire 2.1. The displacement as a function of time is also
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obtained from a displacement function generator, the outw
put of which is used to drive a Brush recording instrument

for vermanent records.

2.2 Displacement Function Generators

Due to the fact that for two degrees of freedom an
increzsed number of function generators is required, the
problem of their location becomes important. Each one
requires a éhutter connected to the analog shaft,_qausing
a crowded condition, This difficulty is overcome by
employing & lirht source) having the direction of the
analog shaft. A circular shutter is then attached to the
bottom of the analog shaft, and a mirror arrangement con=-
structed such that the light from the mask attached to the
shutter is reflceted into the collector cylinders loceted
vertically around the bottom of the shaft. Fig. 2.2
illustrates the arrangement of the collector units, mirrors,
shutter and light source. |

The masks now instead of having rectangulzr coordinetes
require polar coordinates. If the shutter has an opening
cut in it, which is bounded by,Y.:-{,('G) and = ‘(1(9) R
then the quantity of light which passes through the opening

is proportional to

oio) = [ Urimre)ay
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and if viz=Ye4®W® ana ez Vo-9%2 , then cf’(e):,’ega 0
k a constant.

One more difficulty must be considered and that is
the fret that 62 is an odd function. VWhen 6 is negative
the photo cell will not give a negative current. Hence,
by having a separate mask for positive @ and another for
negative 6 the photocell circuits can be arranged such
that their output is proportional to 93 o

The final construction of each analog unit utilizes
four disnlacement function gener~tors, Two are employed
to obtain the nonlinearity, one for displacement as =

function of time, and the final one later on for coupli'ng.

2.3 Operation of the Analog Units

A number of experiments have been performed to
demonstrate that the respective units of the analog are
orerating correétly and with the recuired degree of accuracy.
Figs 2.2 gives the typical response of a collector cylinder.
Fipse 2.4 and 2.5 give the expected and experimental re=-
snonse of the nonlinearity displacement function generator.
Fig., 2.6 demonstrates the cubic accuracy with a plot of
--9:163 . Tig. 2.7 is a representation of the curve 43=e’é
when the displacement is O:Swmal., Tig, 2.8 is the actual

output of the differentiator circuit when the analog shaft
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displacement is sinusoidal., Fig. 2.9 illustrates that

the negative damping unit is funetioning correctly by the
fzet that the displacement builds up indefinitely to the
limits of the analog as time increases, Fig. 2.10 demone
strates that the natural frequency of the brsic analog
system is a linear function of the current in the restoring

forée coll,
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Se THE. VAN DER POL SYSTEI

The differential equation of the self-excited ven der

Pol system can be written in th? form

61we +(-cl4+62)6 =0, (3.1)
When the system has I@éﬂ < h*l ’ the negative damping
predoninates and the vibration builds up in amplitude,
When [(59"' > l«] then positive damping predominates,
limiting the amvplitude of the vibration. For a steady
state condition the amnlitude of vibration will be a
speecific ~mount, depending upon & and @ s for the sterdy
state solution of eqg (*.1) is

0= 2 (§)" A (wt + ) (3.2)
in the first approximation.,. This is the usual 1limit
cyele nhenomenon. Having adapted the Ludeke-ilorrison
e%ectro-mechanical analog to the van der Pol system above,
limit cycle records were obirined. Figs; Ze1 and 3.2 demeon=
strate the achievement of this 1limit cycle amplitude by
the analog for the transition both for an increase and
decrease in amplitude to the limit cycle amplitude
respectively,

A quantitative experimental verification of the
2n-loged van der Fol system is obtained by considering @
fixed, varying X in a known manner; and determining
maximum § , for each of these values of & , both by

calculation and experimental measurement. TFor two specific

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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values of & , the relation
!
6./8,= (di/d’) - (3.3)
holds, where 3, and 6; are peak values of the amplitudes
of vivbration, i.e., the amplitudes of the 1limit cycles.
d, and &, can be determined experimentally by employing
the logerithmic decrement method,min the reverse direction.
Accurate velues of O are obtained by plotting the logarithmic
decrements ageinst time,
Two quantitative experimentzl verificztions of the

analoged van der Pol system are now presented., Figs 2.3

to .10 and fig, 2.1¢ represent the performeznce of the
egnelog for the first experiment., Figs. 2.11 to 3,18

»nd fir. 2.20 revresent deta for the second experiment.
-+

Table .1 is & collection of the lofarithmic decrement

data for the first experiment, teble 3.2 for the second

eyperiment and table 7,2 compares the experimenial values
"‘/\ A &

ot 9=, €, and those czlculated by ec {(7.2)., The ratice e./6:

experimentelly nre determined from the 1imit cycles in

figs. 3.7, T.11, 3,12, TFigs, 7.4 zand 3,13 demonstirzatie

2,20 denmoncstrzte the plots of the logaritihmnic decrement
zgninst time,
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Table 3,1
@, X in X S, o X In X i,_
.02 -3,012 (A) .03 3,507
(a) .04 -32,219 .08 -2,526
.09 -2,408 <17 -l 772
.25 -1.386 .90 ".105
1.2 .255 |1.641 (B) .03 ~34507
(B) .02 -3.912 .14 -1.966 | 1.986
.03 -32,507 () 1,02 .ozg
.08 «-2.526 ¢ .02 -3,91
.23 ‘1.469 .11 -2.207 1.919
"' ' 1‘ 34 » 293 * ’75 - e 288
(¢} .02 -3.012 .
) .04 -3,219
+09 -P,408 |1.544
d 1O -1,661
.89 - JI1%
(1.59) - (1.95)
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Table 3,
| x In X & oy | 1n X S
(A)] .06] =~2,813 (A)] .04 -3,219
L11] -2.207 .10 ~7,30%
23| =1.470 .39 - .9042
501 - .693 2,02 703 | 1.645
1.71 «270 (B} .03 =34507
(B)| .04} -3.,219 «10 -2e303
J10] -2,303 1.14 0131
«10]| =1.661 «719 (c)| .03 -2,507
39| - L0942 .15 -1,897
.00 - ,105 .99 - ,010
2,02 .703
(¢)} .10} -2,303
: .23 21,470
531 - .635
1.39 320
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Table 3.3

Galculations from Table 3.1:

&,z 14,13 radians/second &,= 14,40 radians/second

o, =7.14 d;l: 8,44
ol - ot N\
%=, 845 Cé&_.@lG

AL
e'/ez"" 2906

Calculs tions from Table 3,2:

W,z 16,05 razdians/second

W =18,00 radians/second
d, - 3.68
7 .

ads=9.20
(o('/dz)'li :..(_S_Zﬁ
-

6/ g, =.690

“%(1: « 400

4.5% mean deviation
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4. THE FORCED VAN DER POL SYSTEM

For a forced van der Pol system, one which possesses
frequency entrainment in the region of resonance, we have
the following nonlinear differentizl ecuation

gﬁdéfc,g*g‘éw?9= Fhi wet, (4.1)

The right hand side of eq (4.1) is obtained on thc analog
by use of a time function generator, the output of which
is placed in a coil in the rcdial permanent magnet. Figs.
4,1 and 4.2 demonstrate thé entrainment of the van der Pol
system by the forcing function. The lower curve represents
the forcing funé;idn response as it drives a felay in the
Brush equipment, and the upper curve the van der Pol
system'!s response. The freguency of the forcing function

Wy 1is varied from below W, to a point above W; .,
Notice that the expected variations in amplitude are
obtained on either side of the ronge of entrainmenf: AW, .
Within the range of entrainment W2 has been varied.

In order to determine the amplitude frequency response
within the range of entrainment and the dependency of
the width of the reange of entrainment upon the magnitude
of the forcing function, a set of records was obtained
from the analog with @, O and (3 fixed for various values
of ¥, varying Wy through the range of entrainment from
below W¢ and then from above W, in erch instince., The

response curves for these various values of F are presented
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in figs. 4.3 to 4,10. Filg. 4.11 presents an overall view
of the amplitude frequeoncy response of the forced van der
Pol system within the region of entrainment as a function
of the amplitude of the forcing functiom. *

The amplitude of the forcing function was determined
experimentally by employing the static case of eq (4.1),
which fives the relation '

w'e = F. | (4.2)

' is proportional to the current in the coil within the
permanent,magnet. Varying this current, @. and 9; were
measured and F evaluated by eq (4.2). Fig., 4.12 is a plot
of the magnitude of the forcing function es a function of
the forcing current in millismperes.

The negative damping coeficient,  , was determined
experimentally by the reverse Jlogarithmic decrement
method as demonstrated in section 3, both before and after
the response cﬁrve data was taken from the analog. Table
4,1 preéents this information and figs. 4.13 and 4,14
give the logaritimic decrement curves,

Assuming a solution of eq (4.1) of the form

0: L (t] Riictwst + Li(t) €os T, (4.3) .

and imposing the periodicity conditions”; the response
relationship

(’[“’z"("mz} = A (4.4)
il

is obtained, where A:~Fddow,; (= Z'%U’iz'*b':)ia=z(—";'—'—“-");ao=(';q .
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Table 4,1

Pre=experimental value

oA X In X |&B X in X xc X in X
O 017 -1.772 ‘14 -1.966 .15 "2.040
3 .22 | -1,514 «20] =1,609 « 20 -1.609
6 28 | «1,273 026 | =1,347 2 24 -1.427
9 .33 "1.109 031 "1.171 .30 "‘10204

12 W46 | - 7 42| - .868 .42 - .868

15 67 | = ,400 60| - 511 .61 - 494

18 .98 | - ,020 «90 | - ,105 .92 - ,083

21 | 1.39 <329 1.31 270 1,33 «285

24 | 1.81 « 593 1.78 577
@W;=19,68 rad./secs 2e =1.025 =  12,5° «218 rad
Post-experimental value
0 .18 | «1.,715 J17 ] =1,.772 .18 -1.,715
3 .22 | -1.514 21| «1,561 22 ~l.514
6 26 | =1,347 e23 | «1,470 «29 =1,238
9 .33 1 -1,109 30| =1,204 .31 -1,171

12 046 | = 777 38| - ,968 37 - 994

15 62| - ,478 50| = .693 +45 - 799

18 .83 | - 186 .68 - 386 .62 - .478

21 | 1.19 174 941 - 062 .87 - .139

24 | 1.53 .425 1,30 262 1.20 .182

27 | 1.80 . 588 1.6% .13 1.53 0425

dave = +101 A = 630
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These relntionships are restricted by the faet that &I
and Wi~Wa Dbe smell, It is well known from the theory

that eq (4.4) for steble conditions, i.e. constant vibration

amplitude is only valid for the renge of frenuency entrain-
ment; the resnonse relation being dependent upon oscillations
having slowly varying amplitudes outside of this range.

Ege (4.4) has as the dividing point between stoble -
and unstable motion the line (7='/2. It is assumed that the
range of entrainment begins and ends at tﬁege points, |
Substituting ﬂzvi into eq (4.4) and considering the values
for A and a from above; then a

wewy =ty (2202 " ) . (4.5)
W2 now is the frequency of the forcing function at which
the system becomes entrzined, and &+ 1is the natural
frequency of the nonlinear system; thus, @wi-wa is onc hzalf
the range or zoﬁe of entrainment.

Agssuming the spproximation W, Zwyunder the radical

in eq (4.5), then
z - 4 1y
wi-we = T3 (ZF/w.‘a: /) (4.6)

Fig. 4.15 presents a plot of eq (4.6) for various values
of Ty emmloying values cxfdél,w-andv 4o determined
exnerimentally ~nd held fixed throughout the éxperiment.
‘ Experimental volues of the range of entrainment obtained
from the resvonse records of the pnrevious erperiment are

plotted also in fig. 4.15, for various values of the magni-

tude of the‘forcing function,
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He A WONLINEAR SYSTTM OF T70 DEGREES OF FREEDOM

5.1 Introduction

Having successfully obtained mechanical frequency
entréinment for a forced selfe-excited nomnlineaxr van dexr
Tol system of one degree of freedom, we now turn our
attention to the problem of frequency entrainment in a
nonlinear system of two degrees of freedom. For this
purpose we consider the double torsion pendulum 1llus-
trated in fige. 5.1, gnd assume that two nonlinear forces
act upon the system one on ezch plate such thet we have

a coupled double self-excited ven der Pol system, The

differentizl equations of motion are
6 -dib s wie + k. (0-49) +@|92é T o
@ - Ao +wi¢ ~ R (0-9) V¢ =0 {5.1)

1 k .—-—- *'
wherei,:&,&,:_‘!{t ‘-.—,p b" ,w:-:—[-:w u.——,'ﬂ ey ’AL
I I

A secondielectro-mechaﬁical analog is utilized in order
to represent the t? equation in eq (5.1). The difference
amplifier and displacement function generators as described
by Ludeke and ﬁvansq'have been employed in werder to obtain
the coupling necessarye. Vafiations in the magnitudes of k.
and k, are accomplished by potentiometers in the output
of the differene? amplifier., Coils attached to the analog

shafts in permanent radial magnets are used to introduce
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the respective coupling torques into the analogs. Fig.
5.2 1llustretes the complete analog for the two degree of
fre®om system, and fig., 5,3 is the block diagram of the

analog.
. 5.2 The Reduced Linear System

For the purpose of gaining a certain amount of physical
understanding of the above nonlineer system, we consideyx
< first eqs (S.i} reduced to the linear case, where (3,=3,z0 ,
and «, an& ., are now considered positive for convience.

¥We have L.
61000 +wig+k (0~¢) =0

Gtdo® +wiq ~Hha(0-%) < 0 (5.2)

which have the solutionsa o
6 - A e Ltlu (4t +¥) + B& “hiic (4t ¢ 1)
o = che i (it +8) +d Be “hiic (it + 1)

where A, B,¥,, ¥ are the iﬁtegration constant, ¢ and d

(5.3)

amplitude ratio factors, and u, , u, , v, , v, are the
real parts of fhe tvo pairs of conjugate complex roots

pr-ttin; $=-Uztio;, of the characteristie equation

P4 Cols +0l3) ?34 (s ws oo, +ha O'd-d;)f&@g(‘d;‘#*,).}d,(w:'#‘,)] 4 (5.4)
+ (whlz.)(wf +&:.) -*. ke =0

It ig interesting to note that if the parameters of
the gystem are such‘that U, Uy or vice verse, the system
will automrtically seck the mode of oscillation which
hes not damped out after the other mode has damped out,

Figs. 5.3 and 5.4 demonstrate this phenomenon, the relative
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danmping of the uncoupled systems being demonstrated in
the lotter figure. wu, and u, , of course, depend upon
all the marameters, but for the above case &.?&,, 'hence,
the frequency and damping are instrumental in determining
the megnitude of damping for the fundamental modes.

For reference in the next section we consider; nov}
the undamped linear case when K, =¢(,=0, then eq (5.‘4)

becomes

1"‘-& (W ¢ wr + Feo ¢ ks ) fo +(or e de)) (w:f*;)-alt.k;‘-o (5.5)

and

","?i - _ (wnw: ko) 13 [(—u,.’u WS +disha) e Ewh&‘](w; s ba) "-5;](]5 .6)

It will be instructive to investigate the variation of
the modal frequencies, p,, , with a variation in @ ’ 'the
natural frequency of the first system,'keeping 2ll the
cther parameters fixed. For this purpose assume thet
by=brz0y-1 , then eq (5.6) becomes

Pz -5 (wres) 2L (w-zwr+s) ™ (5.7)

A plot of éq (5.7) for values of #¢ is given in fig, 5.6
from which we can see how p, and p, , the principle
modes of oscillation, vary by varying only the freéiuency
parameter of one of the systems,

The variation of the modal frequencies with respect

to the parameter‘é of a2 linear system with damping .in
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analytical form is unobtainable, since explicit expressions
of the roots of a quartic equation in terms of its
coefficients not involving the fourth degree cannot be
determined,

Also for future reference let us cvnsider two more
special cases of the above linear cazse, Suppose ghat

Au‘-wa"‘ and AKa= ‘/20 then eq (5.68) becomes

p.5 = L (Wremho) t S(w'-whio + Pllies) > (5.8)

a plbt of which is given in fig, 5.7 for values of @,.
Comparing with fig, 5.6 it is noted that there is a shift
of the p, curve towards Wp , as k becomes small.
Revefsing this process, let Aizwy et and J, = OQS” ¢
then eq (5.6) becomes

e - L(wre stfas) £ 1 (0 Weswh 2 Weg) (5 )
and a plot of this relation demonstrates in fige 5.8
that p, and p, shift tawarﬁs the @ line as kX, becomes

small., These results will be of use in the next section.

53 The YNonlinear System

With the experimental arrangément as outlined in
section 5.1, a numbefvof observational experiments of the
nonlinear analoged system were perfofmed. The results
are Figs, 5.9 to 5,12, and they are representative of
the behavior of the nonlinear system for vaerious values

of the parametefs. Of course, these initial investigetions

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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along with the linear considerations suggested a numbcr

of quantitative experiments which, having been performed,
are employed to substantiate the following interpretations
of the initial investigetions. After thls discussion the
guantitative experiments will be considered,

In Fige 5.9 the natural fregquency of the nonlinear
system on analog one; @, , is varied through the frequency
W, beginning at b, 7W, £,74, . The one subseripts are

associated vith analog one and the twos with analog two.

The seqﬁence of cherts is a continuous record of the be~

havior of the gystem as the frequency W is altered at

the indicated points oﬁ the charts. At 211 other points

W, is fixed. In chart 2 the system has been given an

arbitrary initial displacement at the noint indicated.

Mote that the system has settled into its previous motion
Cas ind;cated in chsrt 3. In chrrt 4 @, was decreased a

slight amount, resulting in a chesnge in the variations

of the amplitudes of the limit cycles as indicated in

chaft 5 In chart 6 W, wos agein decreased a slight

amount, regsulting in the system becoming synchronized in
phase. This is the same thing as saying that the system is

vibraeting in one of its modes of oscillation. The limit

cycle amplitudes are now constant. In chert 7 an arbitrary

displacement is given to the system after which the system

settled into its previous motion. Chart 8 indicates a
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change in the maximum amplitudes of the limit cycles

with a change in &, .. At this new value of ¥ the system
is again given an arbitrary displacement in chart 9; after
which the system again settled into'its previcus behavior,
In chart 10 the systems have been uncoupled elcctrically
at the point indicated, and recoupled in chart 11 at the'.
indicated time, Chart 12 shows the reappearance of the
varying amplitudes as @, is further decreased, Chart 13
‘demonstrates the resulting béhavior for an arbitrary
displacement at this value of w,.

._" Fig. 5.10 is a repeat of the previous experiment,

W, <wa initially, @, having been varied at the points
indicated and the syst-m having been coupled and uncoupled
electrically 2t the points also indicated. At all times
where the system was coupled and had constant amplitudes,
the two systems were in phase in this experiment and also
in the previous experiment.

Considering now fig. 5.11, in this case #, vk, and Wi <@,
initially, @; was varied at the indicated points.’\}n chart
3 for @ such that the 1limit cycle amplitudes are constant,
a phase difference exists between the two systems. 1In
chart 4 gfter an arbitrary displacement the phase difference
is again noted. In chart 6 %' has reached a point where
the two systems are now out of phase. This out of phase

motion was again achieved after an arbitrary displacement

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 75 -

T TR T T It 7
P - Y .’/ - f Lo .
e AAROD B L A
- PR S ] o ! /
LR ] . - S _L— e — —-—;

av;.@ﬂ(luuwmmlznu
\ il hHWWiUWWNWWWWWH

b o e b wae

g l‘! ’!Hl H{ x!l' l"”[” M‘ ii zll

(LR

\ L.
\

i

U U S _._'

M By o M e e o

CHART NOBL ©0S BRUSH ELEC

T '“‘","f"'”,"" T T ; T T
MM et ; T _L_g-_ﬁ- i il
RS Co i b

f ;uunﬂmhuhunﬁ‘

Ll

11|‘nm AnRs c’n 1“4
! ”&’ ’f* 4 |h"”s !Mu’uui i 'h ”l i

l‘_,_._-==nl.!

; h R o %73" «H

PR E T T
o B R /“/ / -
N T . ’ L]

"o';lf"'i~ ,;?

f”}’higliieahhliqll[ l? Al i !ili
.1__ﬂwwm*m\ It

’ [ : L S A A

T L il -ﬁ.-;_;;_%_;__
’ i . _ '.,,.1 {; ”I }'u lla””{ xil“l,t M
‘V'iifiil@l fili?“‘UP‘VlUV‘FHUI‘H“‘H

P
it

!,
N

Af___r\‘\ X\T*_'\‘\‘“\\‘ ,_._ﬁm UMC’DV?CED . _ .'..A,._;\‘\ Y ,-.'.__ .;‘_.-::‘—.-.‘T‘“_
"RONI(, COM"ANY Tmr DN US4 -

T T i T T e

) h b ! ;
et SRR
|

{.

PSSR AU Y

T
i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 76 =

="
.

(L

RN ___@'Lw‘:#_,?@?,&‘f.b N S

CHAF?T ’\l\, [_5! C»‘\g

g U SO T
. H
- - -
/
- - - A

AR

e g ey e e e o e .
S B I T ] 7 ! Ty 7 i
TR R S A R A AU A SR TN : )
S _._.._",‘__,‘_ R S S S bt = -
~- I . i
f / N SN TSN E
.-_.',__.___; —.'._‘. e ot ._J__—. —_ - _._TA., :

i

s
sﬁ !éuray.!fafwrﬁ il 9’:’% :.uuima's i 'miumn’ i

VTl \ i . H 5 . . , ) ' : : » -‘ o
e —3—»1-_-—%60; Wtse\!— SR S

Vv - e e

i f 4

‘1;1!' ’l‘ ‘!Il }"k it }n 'Hlx”ﬂ"l |i‘

BRUSH I:.LECTRONIPS COMPANY PRINTED IN U.S.A

g ¢ s e e mn o ——— =
7

A -
A A N A A A N N N

R AP S S S S N S S SN A S e -
EF R D B IR B
e AR [ Jooioiy e / { ! I R s

'-'-'?!E{*nun‘n'{ T T

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 77 -

;
4 T - B
—— - i
. l-
/

||||||

”1 | MARARAARE ‘ii’iii'i' LELELERERE
| s m rn' | “ma ml 'a* i ikl gx, i -lu* =i {imv'u'< I *'i‘v ﬁ !iws i"ni'it"'in “’i!‘g li'z' il

\ . . B - — e e

:
\ . B B i SN i 1
T Ty T g / - < . . e '\, ) : i \ - ! i
S LY Vs -Amme W S S Sk vl bal
' S Y s . : \ P i : v : ) \ : :

1 . H .
3 ———e— i . B N : . \ { \ g 4 \-

T 7 e : CHART NO

S I A R I N I I Y R Y S A
I A R A A A Y et I A —j”"

T T T T T T i

(LVRRILTEE TR , TR

'\ ATy \S\ :! “'\ L** Pt

D SR RRE N e s L A

RS SO W S SN, S, GOt S

/ NN : - )
‘1 '( 'f_’ "' ES S S S S CU S S
R - = ;
- g . i !

3 ”'NT,_ I -—P—-——-—Y —_

‘ l, 4!‘! Hl’r ,.: i
A

"Ja e
,W lﬂtiﬂu*i'r|ul f{"‘t ” ”‘!ﬁ!ll |

TTTTT e ST ‘“"—‘l"ﬂ‘—\‘"

BI,_ ?09 - BRUSI [ ECTI{OI‘JICS ( OMP‘\I\!Y PRINTED IN U S.4. .

RIS ol R ! AR A -] 7 — Rt
foo FoTE I FEE i: / ] / i : o / ; l" H ’ / ’ a
= e ey B e B *_._.,‘_ .,L ;..__I,A,_.._fﬂ;_ S S S S A
] [ 2 i / .__:,7{.‘. 't ‘. j I - i Al ,’ ' / i ; Cod ; o "‘ . :

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



".’_,"T‘" ..4_;, ceee e mmm

;.,_,__ - .‘. PR {_bt: Ill.M__ggé//

-.":f""ﬂf!ilif I " I "' (il L um”' i w*u’**i | "'1 *rw l“ 'v “. "'f" |

L S S RSO L VH SO W,
e e S — O —
; ; ! !
, !

e e
il ' i i
ittt ;!*n I ﬂ__

T T i ummumnmmmnm

Sl
R
— !

— .K__A_ﬂ U QUSSR SN S S

oL
«- B ., Y \ Ey

PR(NTED IN U S AL

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 70 =

i*il‘”li l.H ‘ dl}”l!luili"‘l”i!’lfx .'1! lx” . i" ‘4|I"l i i'llt1l ““A“ﬁg i} ! _ ' ﬂgﬂ&q

mw.s W e e e PP
ST e e o CHaRr

T S T

’ . 54‘1"‘1’&*?!"!“%‘ " ’r A ""*rm'v' i ww‘u?i'ili"'

\ ] ‘ k4
LR \ [ S ST S S
ShSE o U S S =
' : 4 . \ ' ‘. ;} \.

. ..,4 ._.-.,.." —bal w; @JWIM_A . .‘..,,..\.“_L'__;\. SR S U A ST S N S
\ 4N v A \ 1 \ \ . Vol ‘. -l". ‘-.~ g\ . v

"NO. BL 965_ ""Bi;l"su ELE(‘TRUNI(,S (“OAIPANY FRINTED IN U S.A.,

g 7

[ S S S Y S S : e e
P T L A
. ! : / J ; J ; . . ! ;
S S RN Ry SNNESS JESSogt S O A 0RO PR SUSUOSt S S VYOV SNS S St S
I 7 L N

T f

e |

,J!l ,!\1“ WU BUUT T mgjg Wil

1 : \ R : ,
ST B LR

LT “"1" __..x__.‘._.-. . :
A . B R | . e . ! . ‘ PR
\ . \ \ ‘ ' \ ' : \ \ b \ £ -3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



‘i I qu i{'\‘i | s,u? Il ii{k | 1\“{. I\M il mi{ﬁﬂd‘

....... it \Lit nuwi‘ il

i

i ’{ ‘%!‘ '&xﬁii!“‘x hm i\!i‘{\w‘

VT
-Wicws. Z.'a-

JTED IN U.S.A,
RS (e SuRt
e /

i ’ . N

i
P N .__._...__..._ ——

T éé’ it nnu xii I

| LN
ne wwcg PR I

MMRT NO BL 909 "RU&H FLF(_.[‘R()NI

k—

TN e
!

: A2 = ey
G O B N = B B S S s A A o TR A PR S = S5 S L
- fﬁ‘-f ‘.4' T
J’:"‘, - ".“':‘L' = ‘. i I_ e __»:'4 e ;J ‘.' [ “t_ T; e :::' _i
PYPN A HEHH HTe ' i 148

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1'5 !l a': RN

l

. . .
. < A 5_-_ et
A RINTED 1N L5, 2, '

T 'r'—'—'?_’_"'—""

.”. ’ A

mu’n 'zm m i ’tlfnmuum\ it

L .

ul in*mw*m
il

-

P SHET

I

7

"'7'

2 t .
‘1 ; . I - — —
gt ,!axf i

_._,__._. e Ll S e e

f—-l

r*/ 7 7 T T

- c :
“7“ - T

Wi

. ' . \ ‘l‘
p g% "‘.'—"‘ T "_."\ l,|

b »A

\__4.__..._4,_ 4

l
oo

!J“IIV “l ‘ ‘

X
\

AAAMAAAAARLAAAL

_.‘.._ ——— - . - -

'.
i

Sﬁm Al?ﬁlmq hsmn VU T O T TR U T AT

A gl i \ v TR IR S

R’T‘-l* > LY‘( ']RONTGS COTviPAN\

< HAF’T !\-O BL. 909

B i e e Tty Sl

(SR e aa

‘1 ~-»,_._.,_l_.7.._,_

- m—— —A<——-—-——_.._ ..

PRINTED

—

/

l

il

Tt | \

v

PR U AT hl\ .\
XA \‘_ \ LA Voo ‘\ \

R . "'T"

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

._.‘. L WV IR N W W T T T
. % ¥ .\.f Vv
S Rad AT AR



T wd ! R R
I O MU T
i 13434 llll i1 Ay paiag g

| w
Ul‘ﬂllllil\l‘l‘_l "

- ,.\ ! w‘“‘ /

144

1148 ﬂ

IN U.S A.

é;-.ﬁ.m o
e r' ,[_/ ! | .' N

SRS SLEEY SR NN S U S USSR PHCR JNCHD S S

sy S B A FA R S I S

N S oo P oL i
. A e ia 4 . -

- -

““l“‘

il T

R ) _ﬂusw !

i

i

i
- -y
B !
p— ——

B R

AR -

1

ui.\‘ 2

11}

‘ ‘““'"H““

ouT oF Prase |

L_SH’ I’LX \% 'T‘P\)‘\’Y(‘S CQOX 1§’AT\

e

i

‘-m

S SN __L,_ e we iam

mu‘ ]

‘ |\n M

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T e e g ~ e .

- - L _ . _/',; i SR

. N U SRS DU S s
-4 !" 11l Y ' g;

]
Ll
]
gl
sty
—
-

11 o BiiiL | r_ﬁnu L AMALALLALLA L y
VT SysEg L T T “* -—* N
A=y [ U =T ! . . \. \ ! Loy v \
HBWM

O cAcedT:

4£RT NO. BL 509 ON

: : - f'- . ,’h
FE R '”‘ Tf——f{ T
: T

2
l‘ll

-7 A T T T ;‘ g T - - -
L > /
fa e S

. : ; . = ES : =3 . TR 3 [ T i~ o
: “ RSN NERT i 1 ' 1.

-

‘ll‘il" TUTRITNS ‘

B 00:- ap 7%«4% _

il 111 L

R - T

) AR R
P W “. ! M -

I S v o SR

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission



in ¢hart 7. Chsrt 8 demonstrates the reappearance of
the verying amplitudes for an increased &), Wi >dj,

Fig. 5.12 is a repeat of the latter experiment with
W, >wWa initially, and W ?Wa finally,

It is important to note from these observations that
(1) the shift in phase for *s-?ﬁ, is predicted by the linear
theory, (see fig. 5.8)., As W is véried the system slips

from one mode to the other; (2) For a range of W: ,

w;!,'r’ieg;ardles:s; of the relative coupling megnitudes and initial

transitions, the system au‘tdmtically seeks one or the other

modes of oscilletion, =2nd has maximum vibrating amplitudes

of constsnt magnltude for specific freguencies of W,

within this range. This phenomenon is not predictable from

the linear theory.

Experiment-s identical to the ones above however, this
time quantitative in nature, were performed for the cases
(1) wk, vAH&, =nd (2) k2= k. The results are shown in the
following figures: for b2 4, figse 513 and 5,14 and for
'ka :-‘;‘&' figs. 5.15 to 5,19. The frequen;zies involved were
measuredvdirectly from the Brush recordings. The similarity
to the same type of curves for the linear cases is |
anparent and in figs. 5.13 and 5.17 the linear case ha.s
been plotted along with the experimental nonlinezr case,

© A1l frequencies are plotted as a function of W, , the

natural frequency of the system on analog one. TFor

convenience Wi also has been plotted.
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Considering first fig. 5,13 it is noted that wvery
1ittle difference exists between the linear and nonlinear
case, the phase shift even occurring at approxim=tely the
predicted point, The second mode was not obtained in
this narticulaf cage due to the fact that the amplitudes
of vibration exceeded the limits of the analog. It is
further noted that a constant ammlitude of the limit cycle
is only obtained for a portion of the predicted lineér
range for the first mode in the vicinity of W/ .

In fig. 5;17 a shift in the.modal curves is indicated
for the nonlinear case when compared to the linear case.
In this instznce two modes of oscillation were obtcinable
and there is no vrredominance of one mode over the other
for an arbitrary excitation of the system. It was noted
that the relative phase upon coupling usuelly determined
in which mode the system became excited, .

it is again important to emphasize that in all these
experiments there is a range of W, for wkich the nonlinear

system automstically becomes self-excited with constant

amplitude regardless of the initial transitlons and-

regardless in which mode the system is oscillating.
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6. CONCLUSIOHNS

The exPerimental observations and theoretical
considerations that have been presénted in the previous -
section now make it possible to assert 2 number of conclusions
in regards to the problem of frequency entrainment applied
to0 nonlinear systems of two degrees of freedom. Hoﬂever,
since the one degree of freedom entrainment phenomena
hos been considered in the process of investigating the
latter, it will be advantageous to discuss this case first.

Byvthe experimental results and theoretical cone
sider;tions thet have been presented in section 4, it has
been shown that the magnitude of the range of frequency
within which the foréing function drives and contrecls the
behavior of the nonlinear system, which it is driving,
ig dependent uron the amplitude of %he forcing function,
and also is & function of the nonlinearity and damping
in the svstem as described by the apyrroximate relation
eq. (4.6). Theoretically, there is the restriction that
] for this function, and the experimental results have
been limited to this restriq}ion.

It has been showm also that a specizlized form of
mechanical frequency entrainmént is obtainable experi-
mentally, and in a form which can be investigated quanti-
tatively., It seems plausgible that, if the'proper procedures

are followed parametrically, Jjump and hysteresis phenomena
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ag discusgssed by Stoker, Cartwright, and Littlewoodl&

could be obtained and investigated. It would also be
advantageous to experimentally investigate the effects

of increased magnitudes of nonlinearity. Subharmonic
response is also a likelihood. A further field of possible
investigation lies in large nonlinearity for the homogeneous
van der Pol system, which, of course, leads to relaxation
oscillations,

The fact that the behavior of a mechanically self=-
excited nonlinear system of two degrees of freedom for‘
magéitudes of nonlinearity that are smrll is very sinmilarx
to that of a linear undamped system of two degrees of
freedom with tﬁe same parametric restrictions, leads to
the conclusion that the present concept of frecuency
entrainmeht, which physically recuires a forcing function,
is.not completely epplicable to systems of two degrees of
freedom. To have a complete physical understanding of
the behevior of such s nonlinear system, and to include
all energy states, it is necessary to consider the system
as a Eﬁ&lﬁ and not as certain parts effectihg other parts
of the system, as has been done in the past. It has been
shown that two modes of oscillafion exist for the non-
linear sYstem and that there is a region of #: in the
vicinity of Wi for which the nonlinear system will
automatically seek one or the other modes of oscillatiom,
and within which the amplitudes of the 1imit cycles remains

- constent at specifie values of ¥, There are no varying
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amplitudes at any value of the frequency Wi within the
above frequency ronge., This latter phenomenon is similar
to the entrainment of o one degrer of freedom system,
and an attempt to expléin it by the suppression concent
is a notural procedure and is satisfactory under certain
conditions, however, for identical parameters in each
half of the nonlinear systcem that has been considered,
one would éxpect from the definition of frequency entrain-
ment to have ﬁo motion when the systém is synchronized
due to the fact that each half would suppress the other
half. ?his has not been obtained experimentally,
Because the forcing function concept breaks dovm for the
above case, énd becauge the synchronization effect occurs
in two modes, it is clear that a more general definition
and understending of frequency entrainment is recuired in
order to present a true phyvsical understanding of the self
synchronization phenomenon encountered in nonlinear systems
of two degrees of freedom, This requires a successful
analytical nonlinear theory which proposes & problem of
considerable marnitude, Many difficulties are encountered
in attempting to extend the present nonlinear theories of
v one degree of freedom to nonlinear systems of two degrees
of freedom.
The present concept of frecuency entrainment might

be considered satisfactory for the special case of one
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coupling constant being smaller than the other. However,
even then the phase shift that occurs is not nredictable.

It 1s of interest to note that the synchronization
of the verious systems of two derrces of freedom, Huygens!
clocks, etc.; can be primarily interpreted by the linear
theory, i.e. for systems almost identical parametrically
end with sm2ll nonlinearities, one would expect é modal
freruency to exist between the natural frequencies of the
uncoupled systems, However, the autometic existence of
the coupled s&stems in a particular mode demonstrates
the synchronization phenomenon that hes been obtzined

",. experimentally above., It is of further interest to note

that a tyvpe of self-synchronization occurs in the two
degree of freedom linear damped case when the modal damping
terms are strongly unequal as has been demonstrated |
among the above experiments.

It has been shown that only linear coupling is
necesgsary between the two self oscillating systems for
the self-synchronization phenomenon to occur.

) The faet that a mechanicel self~synchfonization
phenomenon in a nonlinear system of tvo deprees of freedom
has been obtained in a quantitstive experimental form

_ provides the orportunity for further investigation and
makes plausible the success of the attainment of a complete

physical understanding of this self-synchronization phenomenon.
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