
UNIVERSITY OF CINCINNATI

Jane 9„ / q 50

I  hereby recommend that the thesis prepared under m y

EDWINA DEANSsupervision by.

e n ti t le d  THE EFFECT OF CERTAIN IMMATURE PROCEDURES______________

_________________ ON THE LEASHING OF ARIT METICAL PROCESSES______________

BY SECOND-GRADE CHILDREN

be accepted as fulfilling this part o f  the requirements fo r  the 

degree o f_____________ doctor o f education______________________________

A pproved  by:

FORM 668— G. S. & T. C.— 500— 5-48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



THE EFFECT OF CERTAIN IMMTURE PROCEDURES ON THE LEARNING OF 
ARITHMETICAL PROCESSES BY SECOND GRADE CHILDREN

A d is s e r ta t io n  subm itted  to

The Graduate F acu lty  o f  th e  Teachers C ollege 
o f th e  U n iv e rs ity  o f  C in c in n a ti

in  p a r t i a l  f u l f i l lm e n t  o f  th e  
requ irem en ts f o r  th e  degree of

DOCTOR OF EDUCATION

by

Edwina Deans

A. B ., Womans C ollege o f th e  U n iv e rs ity  o f  N orth C aro lin a , 1923> 
M. E d ., Duke U n iv e rs ity , 1936

M G  2 8  1950

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: DP15721

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy 
submitted. Broken or indistinct print, colored or poor quality illustrations and 
photographs, print bleed-through, substandard margins, and improper 
alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if unauthorized 
copyright material had to be removed, a note will indicate the deletion.

®

UMI
UMI Microform DP15721 

Copyright 2009 by ProQuest LLC.

All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest LLC 
789 E. Eisenhower Parkway 

PO Box 1346 
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Acknowledgments

The au th o r w ishes t o  express a p p re c ia tio n  t o  Dr. Gordon 

H endrickson, D r. I rv in g  Robbins, D r. C arl Hansen and D r. Helen C rossen, 

fo r  t h e i r  guidance du ring  th e  course o f  th e  in v e s t ig a t io n ,  and fo r  h e lp -  

I f u l  c r i t ic is m s  in  th e  p re p a ra t io n  o f th e  m an u scrip t. Acknowledgment i s

^  a lso  made f o r  th e  a s s is ta n c e  of Dr. W. A. Brownell in  p lan n in g  and c a r ry ­

in g  out th e  in v e s t ig a t io n , and fo r  th e  adv ice  o f Dr. H erbert B. Weaver 

on s t a t i s t i c a l  p ro ced u res .

The p r iv i le g e  o f conducting  th e  in v e s t ig a t io n  i n  th e  

C in c in n a ti Schools was made p o s s ib le  th rough  th e  generous co o p era tio n  o f
: 

\̂  Dr. Claude V. C o u rte r, S u p erin ten d en t, Mr. James D. S to v e r, A s s is ta n t

N l S uperin tenden t in  charge o f A d m in is tra tio n , Mr. R obert P . C urry, A ssis­

t a n t  S uperin tenden t in  charge of I n s t r u c t io n ,  Mr. Arvey D ie t t e r t ,

D ire c to r  o f E lem entary Schools, Mr. W endell H. P ie rc e , D ire c to r  o f 

Teacher P ersonnel, Dr. A lthea  Beery, S uperv iso r o f K in dergarten - 

Prim ary G rades, Miss Anna Marie Evans, A ss is ta n t S uperv iso r f o r  K inder­

g a r te n  and Prim ary Grades, and o th e rs  connected w ith  th e  a d m in is tra tiv e  

o f f ic e s  o f th e  Board o f E ducation .

Indeb tedness i s  g r a te f u l ly  acknowledged to  te a c h e rs  who were 

re sp o n s ib le  fo r  th e  in s t r u c t io n  o f  th e  p u p i l  groups during th e  course  of 

th e  in v e s t ig a t io n .  W ithout t h e i r  d a i ly  c o n tr ib u tio n s  in  te ac h in g  and 

re c o rd  keeping th e  s tu d y  would n o t have been p o s s ib le .  R ecognition  fo r  

t h i s  v a lu ab le  c o n tr ib u tio n  i s  g iven to  Miss G lo ria  Dickman, Miss E sth er 

Lee Donahue, Mrs. Ruth Nathan son, Miss Lucy Del Vecchio, Miss Mary N oll, 

and Mrs. Ruth Suma.

For t h e i r  e f f i c i e n t  a s s is ta n c e  i n  in te rv iew in g  p u p i ls ,  ac­

knowledgment i s  made to  th e  fo llo w in g i Miss Mary Lou A lb e rs , Miss Mary

i i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C atherine  Buente, Miss M arian Laumann, Miss Kathryn L e in in g e r, Miss G lo ria  

Lierman, Miss Lois L itw in  and Miss Mary McCoy. F in a l ly  re c o g n itio n  i s  

g iven  fo r  th e  s e rv ic e  ren d ered  by th e  k in d e rg a rten -p rim ary  s tu d e n ts  o f  

Teachers C ollege -who a c te d  as re c o rd e rs  during  th e  a d m in is tra tio n  o f th e  

group t e s t .

i i i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

Chapter Page
I .  THE PROBLEM. AND ITS SIGNIFICANCE...................................... 1

Purpose o f  th e  S tudy .................................................................... .. 2
J u s t i f i c a t i o n  fo r  th e  S tudy..............................................  3
D e f in it io n  o f Terms................................................................ 3
S p e c if ic  P ro b lem s..................   5

I I .  SURVEY OF RELATED LITERATURE..............................................  8
Number A b i l i t i e s  o f  Young C h ild ren ...............................  11
Grade P lacem en t..........................................     13
In c id e n ta l  Versus Planned I n s t r u c t io n . . . . . . . . . . . . . . . .  lij.
Number L earn ing  a t  th e  Concrete and Sem i-concrete
L ev e ls ............................................................................................  17
Number and L earning Theory............................    22
G eneral Summary........................    28
The R e la tio n  o f th e  P re se n t Study to  R esearch and 
T h e o re tic a l L i te r a tu r e   .........................................  29

I I I .  THE PLAN OF THE STUDY.............................................................  32
Overview o f  th e  P lan  o f th e  In v e s t ig a t io n ................  32
P u p il and Teacher P e r s o n n e l . . . . . . . ................................ . 33
Procedures fo r  C o lle c tin g  Group D ata ........................... 38
Procedure fo r  C o lle c tin g  In te rv ie w  D ata ....................  kO
T eachers ' R ecords ................................   1*7
Summary............................     1*8

IV. CLASSIFICATION OF THE TYPES OF CHILDREN'S RESPONSES... 50
D e sc rip tio n s  and I l l u s t r a t i o n s  o f  Types o f  R esponses. 51
Procedure fo r  A rriv in g  a t  C atego ries  fo r  M e th o d s . . . . .  68
Procedure fo r  C la ss ify in g  Methods as to  M atu rity  Level 71
Summary...........................................      78

V. THE INSTRUCTIONAL PROGRAM.............................................   80
G eneral O b jec tiv es  fo r  th e  I n s t r u c t io n a l  P r o g ra m .. . . .  80
In te rv iew s f i l th  P rev ious Teachers o f  C h ild ren  in
th e  S tu d y . ......................................      81
P r in c ip le s  and P ra c t ic e s  fo r  th e  P lanned Number
Program...................        81*
The Planned Number P rogram . ................................................  87
P r in c ip le s  and P ra c t ic e s  fo r  th e  In c id e n ta l  Number
Program............................................................       Ill*
The In c id e n ta l  Number P ro g ra m ..................    115
I l l u s t r a t i o n s  o f In c id e n ta l  Number E x p erien ces .....  123
Summary................................    13l*

i i i i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



VI. ANALYSIS OF PUPIL GROWTH  ..................................................  136
Growth as Revealed by R esu lts  o f Group T e s ts ................ 137
Growth as R evealed by In te rv ie w s ..........................................  1£>1
Summary......................       181

V II. PATTERNS OF ARITHMETICAL THINKING OF SELECTED GROUPS
OF CHILDREN..................................................................................   183

P a tte rn s  o f  Thinking of S ix  C hild ren  Iho  Guessed
in  th e  I n i t i a l  In te rv ie w s .........................................................  I 8I4.
P a t te rn s  o f  Thinking o f F if te e n  C h ild ren  Iho  Used 
th e  Method o f P a r t i a l  Omission w ith  S u b tra c tio n
Examples in  th e  I n i t i a l  In te rv ie w s ...................................... 196
P a tte rn s  o f Thinking o f Twelve C h ild ren  Iho
Counted A ll Numbers in  th e  I n i t i a l  In te rv ie w s .............. 206
A Study o f an A ty p ica l Group............................   215
Summary o f  th e  C hapter................................................................ 231

V III . SUMMARY AND CONCLUSIONS....................................    23b
Summary o f  th e  S tudy....................................................................  23k
C o n c lu s io n s . . . . . .................................................      237
Need fo r  F u r th e r  R esearch .................    2I4I
Im p lica tio n s  fo r  T eaching.........................................................  2I4.I+

APPENDIX
A. The Group T e s t.................................................  252
B. R eco rd e r 's  S h e e t . .................................     255

In s tru c t io n s  to  R eco rders ...............   256
C. In s tru c t io n s  to  In te rv ie w e rs ....................    257
D. Complete L is t  o f  In te rv iew  Item s Inc luded  in

In te rv iew  B ooklet  .............................................................  260
E. Sample In te rv iew  Form . ............   261
F . A Comparison of th e  P ercen tage  o f E rro r  Made 

w ith  th e  Methods o f "Counting a l l  Numbers" 
and " P a r t i a l  Counting" (T able 3k) and- a t
Levels 2, 3, and h (Table 3 5 ) . . . . .............................  263

G. In te rv ie w  Q uestions Used w ith  P rev ious Teachers
of C h ild ren  in  th e  S tudy   ....................  265

H. R esu lts  o f  Group T ests  by P u p il G roups.......   267
I .  Time R ecord...................................      271
J .  Summary o f Methods Used by Each P u p il Group

For a l l  P ro cesses  in  I n i t i a l ,  In te rim  and
F in a l In te rv ie w s .......................    273

K. Summary o f Methods Used w ith  S epara te
P rocesses by Each P u p il Group in  I n i t i a l ,
In te rim  and F in a l In te rv ie w s ................................... .. 278

L. Number and P ercen tage  o f U nsuccessfu l
Responses in  th e  Use o f C oncrete M a te r ia ls
by Each P u p il Group A ccording to  P r o c e s s .   282

M. A Summary o f Methods Used in  In te r im  and F in a l
In te rv iew s by S e le c te d  Small Groups o f C h ild ren . 286

BIBLIOGRAPHY....................................................................................................  290

v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF TABLES
Table Page

1 . Data on L ocation  o f  School, Type o f Grouping, and 
Changes w ith in  th e  P u p il Groups fo r  th e  S ix  Second
Grades Inc luded  in  the  S tudy................................................... 37

2 . Summ arization o f Methods According to  Levels o f M a tu r ity . 72
3 . D is tr ib u tio n  o f  In c id e n ta l  Number E xperiences as to  

P rocess o r P ro cesses  R epresen ted , w ith  P ercen tages o f
T o ta ls  and S u b to ta ls ..........................      122

It. Frequency w ith  which V arious Types o f  M a te ria ls  were Used
in  In c id e n ta l  Number E x p e rie n c e s ...................................   12lt

5 . Frequency w ith  which Groups o f V arious S izes P a r t ic ip a te d
in  In c id e n ta l  Number E x p erien ces   .............  125

6 . R esu lts  o f I n i t i a l  and F in a l  Group T ests  (P a r t  I j  
Sem i-concrete) fo r  131 P u p ils  on T h i r ty - s ix  Examples,
Showing number o f  Item s O m itted, Number A ttem pted,
Number o f  E r ro rs , and P ercen tage  o f  E rro r  fo r  Each P rocess 138

7 . R esu lts  o f I n i t i a l  and F in a l  Group T ests  (P a r t  I I :
A b s tra c t)  f o r  131 P u p ils  on T h i r ty - s ix  Examples, Showing 
Number o f  Item s O m itted, Number A ttem pted, Number o f  E r ro rs , 
and P ercen tage  o f E rro r  fo r  Each P r o c e s s .......................................... l l i l

8 . A Comparison o f  th e  P ercen tage  o f  E rro r on P a r t  I  (Semi­
c o n cre te ) and P a r t  I I  (A b s tra c t)  o f  I n i t i a l  and F in a l  T ests  II4.3

9 . T est fo r S ig n if ic a n c e  o f D iffe ren ce  in  Number o f  E rro rs ,
Between I n i t i a l  and F in a l  Group T e s ts , fo r  a l l  P u p il
Groups Combined..................................    II4J4.

10 , T est fo r  S ig n if ic an c e  o f  D iffe ren ce  in  Number o f  E r ro rs ,
Between P a r t  I  (S em i-concre te) and P a r t  I I  (A b s tra c t)  o f
th e  F in a l Group T e s t, f o r  a l l  P u p il Groups Combined.................  11*5

11 . Average Number o f  M inutes p e r  C hild  and Average Number 
o f  M inutes p e r Combination R equired  fo r  th e  Group T est
(P a r t  15 Sem i-concrete and P a r t  I I  j A b s tra c t) ...........................  Ilf?

12. P er Cent o f Responses fo r  a l l  P ro cesses  Combined in  
Each M atu rity  Level in  I n i t i a l ,  In te r im , and F in a l
In te rv iew s fo r  Twenty P u p ils  o f Group A...............   156

13* P er Cent o f Responses fo r  a l l  P ro cesses  Combined in  
Each M atu rity  Level in  I n i t i a l ,  In te r im , and F in a l
In te rv iew s fo r  Tw enty-three P u p ils  o f Group B  .............. 157

l i t .  P e r Cent o f  Responses fo r  a l l  P ro cesses  Combined in  
Each M atu rity  Level in  I n i t i a l ,  In te r im , and F in a l  
In te rv iew s f o r  T h ir ty - fo u r  P u p ils  o f Group C............................  158

15. P er Cent o f Responses fo r  a l l  P ro cesses  Combined in  
Each Maturity Level in Initial, Interim, and Final 
In te rv iew s fo r  Twenty-seven P u p ils  o f  Group D . .....................  159

16 . P e r Cent o f  Responses fo r  a l l  P rocesses Combined in  
Each M atu rity  Level in  I n i t i a l ,  In te r im , and F in a l 
In te rv iew s f o r  Twenty-seven P u p ils  o f  Group E...........................  160

17. P e r Cent o f  A dd ition  Responses a t  Each M atu rity  
Level in  I n i t i a l ,  In te r im , and F in a l In te rv iew s
f o r  One Hundred Thirty-O ne P u p il s  .......................    162

v i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18 . P e r Gent o f S u b tra c tio n  Responses a t  Each M atu rity  Level
in  I n i t i a l ,  In te r im , and F in a l In te rv iew s fo r  One Hundred
Thirty-O ne P u p i l s .   .........................................    163

19. P er Cent o f  D iv is io n  Responses a t  Each M atu rity  Level
in  I n i t i a l ,  In te rim , and F in a l In te rv iew s f o r  One
Hundred Thirty-O ne P u p i l s . ............................      I 6I4

20. P er Gent o f  M u lt ip l ic a t io n  Responses a t  Each M atu rity  
Level in  I n i t i a l ,  In te r im , and F in a l  In te rv iew s fo r
One Hundred T hirty-O ne p u p i l s . . .....................    165

21. T est fo r  S ig n if ic a n c e  o f D iffe ren ces  in  Scores Between 
I n i t i a l  and F in a l In te rv ie w s , For Level Four Responses
On A d d ition , fo r  Groups A -  E  .....................................................  173

22. T est f o r  S ig n if ic a n c e  o f  D iffe ren ces  in  Scores Between 
I n i t i a l  and F in a l  In te rv ie w s , f o r  Level Four Responses
on S u b tra c tio n , fo r  Groups A-E  .....................     17L

23» T est fo r  S ig n if ic a n c e  o f D iffe ren ces  in  Scores Between 
I n i t i a l  and F in a l In te rv ie w s , f o r  Level Four Responses
on D iv is io n , fo r  Groups A - £ ......................................................................  175

2I4* T est fo r  S ig n if ic a n c e  o f D iffe ren ces  in  Scores, Between
I n i t i a l  and F in a l In te rv ie w s , fo r  Level Four Responses
on M u lt ip l ic a t io n , fo r  Groups A -  E«.................................................    176

25* Number and Percen tage  o f S u ccessfu l Responses in  th e
Use o f  Concrete M ate ria ls  f o r  Each P rocess in  I n i t i a l ,
In te rim , and F in a l  In te rv ie w s  .....................   178

26. Percen tage  o f S u ccessfu l D em onstrations w ith  Concrete
M a te r ia ls  in  S uccessive In te rv iew s fo r  Each P rocess
fo r  C o rrec t and In c o rre c t  A b s tra c t Answers........................................ 180

27* R eadiness and L earning R ate o f  T yp ica l and A ty p ica l
P u p ils  as Measured by th e  M etro p o litan  R eadiness T e s t...............   216

28. R esu lts  from Group T es ts  fo r  Twenty-Six C h ild ren  o f  
Group F, G iving Number o f  Item s O m itted, Number A ttem pted,
Number o f  E rro rs , and P ercen tage  o f  E rro r  in  I n i t i a l
and F in a l  T e s t s .  ................................      222

29. T est f o r  S ig n if ic a n c e  o f D iffe ren ce  in  Number o f E rro rs
in  I n i t i a l  and F in a l Group T e s t s . . . .......................................................  223

30. R esu lts  from In te rv iew s fo r  Tw enty-six C h ild ren  o f  
Group F, Giving Number o f  Responses a t  Each o f  Four
M atu rity  L evels fo r  I n i t i a l ,  In te r im , and F in a l In te rv ie w s . . •  225

31 . T est fo r  S ig n if ic a n c e  o f D iffe ren ce  Between th e  Number
o f Level Four Responses in  I n i t i a l  and F in a l I n t e r v i e w s . . . . . .  226

32. Number and P ercen tage  o f S u ccess fu l and U nsuccessfu l 
D em onstrations w ith  C oncrete M a te r ia ls  in  a l l  P rocesses
by Group F .....................           228

33. A Num erical and P ercen tage  Comparison Based on th e  
M atu rity  Level o f  Responses Made by B asin  and
Suburban C hild ren  in  I n i t i a l ,  and F in a l In te rv ie w s ......................  230

3L. A Comparison o f P ercen tage  o f E rro r  fo r  th e  Methods o f
P a r t i a l  Counting, and Counting a l l  Numbers in  I n i t i a l ,
In te r im , and F in a l I n te r v ie w s . . .......................    263

35. A Comparison o f  P ercen tage  o f  E rro r  f o r  Responses a t
Levels Two, Three and Four in  I n i t i a l ,  In te r im , and 
F in a l In te rv ie w s ...............      26L

v i i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 6 . R esu lts  o f  I n i t i a l  and F in a l Group T ests  (P a r t  I :
S em i-concre te , and P a r t  I I :  A b s tra c t) ,  Showing Number o f  
Examples O m itted, Number o f  R esponses, Number o f  E r ro rs ,
and P ercen tage  o f E rro r  fo r  Each P u p il Group in  A d d itio n   267

37* R e su lts  o f  I n i t i a l  and F in a l Group T ests  (P a r t  I :
S em i-concre te , and P a r t  I I :  A b s tra c t) ,  Showing Number o f 
Examples O m itted, Number o f  R esponses, Number o f  E r ro rs , 
and P ercen tage  o f E rro r fo r  Each P u p il Group in  
S u b tra c tio n ...........................................................................     268

38. R esu lts  o f  I n i t i a l  and F in a l Group T ests  (P a r t  I :
S em i-concre te , and P a r t  I I :  A b s tra c t) ,  Showing 
Number o f  Examples O m itted, Number o f  Responses,
Number o f  E r ro rs , and Percen tage  o f  E rro r  fo r  Each
P u p il Group in  D iv is io n .............................................      269

39. R eseu lts  o f I n i t i a l  and F in a l Group T ests  (P a r t  I :  Semi­
c o n cre te , and P a r t  I I :  A b s tra c t) ,  Showing Number o f 
Examples O m itted, Number o f  R esponses, Number o f  E r ro rs , 
and P ercen tage o f  E rro r  fo r  Each P u p il Group in  
M u l t i p l i c a t i o n . . . . . . . * .   ...................    270

U0. Time Record in  M inutes fo r  I n i t i a l  and F in a l Group T es ts
(P a r t  I j  C oncrete: Sem i-concre te: P a r t  I I :  A b s t r a c t ) . . . . . . . .  271

iiL* Average Number o f  M inutes p e r C h i l d . . . ................     272
1:2. Summary o f  Methods Used by Twenty C h ild ren  o f  Group A

, in  Each o f  th e  Four P rocesses  in  I n i t i a l ,  In te r im , and
F in a l  In te rv ie w s   ...................       273

U3» Summary o f  Methods Used by Twenty-Three C h ild ren  o f
Group B in  Bach o f th e  Four P ro cesses  in  I n i t i a l ,  In te r im
and F in a l  In te rv ie w s .........................................     27U

kk» Summary o f Methods Used by Twenty-seven C h ild ren  o f
Group C in  Each o f  th e  Four P ro cesses  in  I n i t i a l ,
In te r im , and F in a l I n t e r v i e w s . . . .........................................   275
Summary o f Methods Used by T h ir ty - fo u r  C hild ren  o f 
Group D in  Each o f th e  Four P ro cesses  in  I n i t i a l ,
In te r im , and F in a l  In te rv ie w s ...............................................................  276

I4.6 . Summary o f  Methods Used by Twenty-seven C h ild ren  o f
Group E in  Each o f  th e  Four P ro cesses  in  I n i t i a l ,
In te rim  and F in a l  In te rv ie w s . ....................................................................  277

k7» Summary o f  Methods Used f o r  S ix  A dd ition  Examples
by Each P u p il Group in  I n i t i a l ,  In te r im , and
F in a l  In te rv ie w s .  .....................     278

1:8. Summary o f Methods Used fo r  S ix  S u b trac tio n  Examples
by Each P u p il Group in  I n i t i a l ,  In te r im , and
F in a l In te rv ie w s ............................       279

1:9. Summary o f  Methods Used fo r  Three D iv is io n  Examples by
Each P u p il Group in  I n i t i a l ,  In te r im , and F in a l
In te rv ie w s ..........................           280

50. Summary o f  Methods Used f o r  Three M u lt ip l ic a t io n
Examples by Each P u p il Group in  I n i t i a l ,  In te rim ,
and F in a l  In te rv ie w s ...............     281

5>1. Number and Percen tage  o f  U nsuccessfu l Responses fo r
Each B up il Group in  th e  Use o f C oncrete M a te ria ls  
w ith  A dd ition  Examples fo r  I n i t i a l ,  In te rim , and 
F in a l  I n te r v ie w s . . . ................................       282

v i i i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



52. Number and P ercen tage o f U nsuccessfu l Responses f o r  Each 
P u p il Group in  th e  Use o f Concrete M a te r ia ls  w ith  
S u b tra c tio n  Examples fo r  I n i t i a l ,  In te r im , and F in a l
In te rv ie w s ...............       283

53♦ Number and P ercen tage  o f U nsuccessfu l Responses f o r  
Each P u p il Group in  th e  Use o f  C oncrete M a te ria ls  
w ith  D iv is io n  Examples f o r  I n i t i a l ,  In te r im , and
F in a l  In te rv ie w s   ..........         28JU

5lu Number and P ercen tage o f  U nsuccessfu l Responses fo r  
Each P u p il Group in  th e  Use o f C oncrete M a te r ia ls  
w ith  M u lt ip l ic a t io n  Examples fo r  I n i t i a l ,  In te r im , 
and F in a l  In te rv ie w s ........................ ...... ..............................................................  285

55. A Summary o f Methods Used in  In te r im  and F in a l 
In te rv iew s by S ix  C h ild ren  Iho  Guessed Throughout
th e  I n i t i a l  In te rv ie w ................................      286

56. A Summary o f  Methods Used in  In te r im  and F in a l 
In te rv iew s by F if te e n  C hild ren  Iho  O btained 
Answers to  S u b tra c tio n  Examples in  I n i t i a l  In te rv iew s
by th e  Method o f  P a r t i a l  O m ission.................      287

57 . A Summary o f  Methods Used in  In te r im  and F in a l 
In te rv iew s by Twelve C h ild ren  Iho  O btained 
Answers to  A dd ition  Examples in  I n i t i a l  In te rv iew s
by th e  Method o f Counting A ll Numbers ................................   289

ix

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF FIGURES

Figure Page
1 . P a t te rn  fo r  D escrib ing  and L abeling  In c id e n ta l

Number E x p e r i e n c e s . . . . . .................       121
2 . A Sample o f  th e  Form Used fo r  R ecording the  

Methods Used by C hild ren  in  A rriv in g  a t  Answers
to  In te rv ie w  Item s  ...............    l£2

3 . P ercen tage  o f T o ta l Responses a t  Level 1 fo r  Each P u p il
Group in  I n i t i a l ,  In te r im , and F in a l In te rv ie w s ...........  16?

I4. P ercen tage  o f T o ta l Responses a t  Level 2 f o r  Each P u p il
Group in  I n i t i a l ,  In terim ,- and F in a l  I n t e r v i e w s . . . . . .   168

5 . Percen tage  o f T o ta l Responses a t  Level 3 fo r  Each P u p il
Group in  I n i t i a l ,  In te r im , and F in a l  I n t e r v i e w s . . . . .  * 169

6 . P ercen tage  o f T o ta l Responses a t  Level I4. f o r  Each P u p il
Group in  I n i t i a l ,  In te r im , and F in a l  In te rv ie w s ................  170

7 . Percen tage  o f Responses a t  th e  two H igher Levels 
fo r  A ll P rocesses in  S uccessive In te rv iew s fo r  S ix
C hild ren  Iho Guessed in  th e  I n i t i a l  In te rv ie w ............... .. 19b

8 . P ercen tage  o f Responses a t  th e  Two H igher L evels 
in  Successive  In te rv iew s  fo r  F if te e n  C hildren  Iho 
Used th e  Method o f  P a r t i a l  Omission f o r  S u b trac tio n
Examples in  th e  I n i t i a l  In te rv ie w s  ...............  203

9 . P ercen tage  o f  Responses a t  th e  Two H igher Levels 
in  Successive  In te rv iew s fo r  Twelve C hild ren  Iho 
Used th e  Method o f  Counting a l l  Numbers fo r  A dd ition
Examples in  th e  I n i t i a l  I n t e r v ie w s . . . ...............  21i|

. '■ X

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER I 

THE PROBLEM AMD ITS SIGNIFICANCE

Purpose of the Study 

The purpose o f th is  study, broadly stated , i s  to  in vestigate  

the e ffectiv en ess  o f a method of teaching arithm etic in  which children1s 

immature, inadequate procedures in  dealing with number are accepted as 

normal and valuable steps toward their achievement of competent, mature 

behavior w ith reference to number. More narrowly, the objective o f the 

in v estig a tio n  i s  to  determine the e f fe c t  upon the arithm etical develop­

ment o f children of th e ir  temporary use o f certa in  immature procedures, 

when careful guidance i s  given by teachers. These procedures are 

designated in  th is  report as "intermediate,* since they occur between 

the in i t ia l  awareness of number and the achievement of mature modes of 

dealing with number re la tio n sh ip s. The study i s  lim ited  to  the develop­

ment of s k i l l  and understanding in  the four fundamental processes, on 

the part o f children enrolled  in  s ix  second-grade elementary-school 

c la sses  in  the public schools o f C incinnati, Ohio*

J u stif ic a tio n  for the Study 

This in v estig a tio n  provides evidence in  two s ig n if ic a n t areas.

In the f i r s t  p lace, i t  provides evidence th at should influence in stru ction  

in  arithm etic. The methods of in stru ction  used by the s ix  teachers in  

the study, and the types o f experiences engaged in  by pupils which 

resu lted  in  changes in  the maturity of the thought processes o f pup ils, 

should be of value to other teachers. In the second place, the study 

makes a contribution to the ex istin g  psychological liter a tu re  on the 

learning of concepts by children. I t  o ffers a d eta iled  study of the
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thought processes of children in the early stages of learning the four 

fundam ental p ro cesses  in  a r i th m e tic .  I t  should th e re fo re  se rv e  to  

ex tend  and to  supplem ent e a r l i e r  s tu d ie s  which have d e a l t  w ith  concept 

fo rm ation  in  th e  a re a  o f a r i th m e tic .  1

In v e s t ig a to r s  have p o in te d  ou t t h a t  in te rm e d ia te  p rocedures 

e x i s t ,  and a re  used by c h ild re n  when th e y  a re  l e f t  to  t h e i r  own dev ices 

in  so lv in g  number s i tu a t io n s .  They ag ree  t h a t  le a rn in g  beg ins on an 

immature le v e l  and p ro g resse s  g ra d u a lly  tow ard m ature r e a c t io n  p a t te r n s .  

J u s t  what th e se  in te rm e d ia te  s ta g e s  o f  development a r e ,  which a re  o f 

v a lu e  In  le a rn in g , how th e  c h ild  p ro g resse s  from one to  th e  n e x t, how 

ra p id ly  th e  c h ild  p ro g resse s  th rough th e  s ta g e s , and w hether a l l  c h ild re n  

need to  engage in  a c t i v i t i e s  a t  each l e v e l ,  a re  s t i l l  m a tte rs  o f  some 

c o n je c tu re .

1 . W. A. Brow nell, The Development o f C h ild re n 's  Humber Ideas 
i n  th e  Prim ary G rades. Chicago: Department o f  E ducation , The
U n iv e rs ity  of Chicago, 1928. Pp. x i i i  /  2lfL.

¥ .  A. B row nell, Learning as R eo rg an iza tio n . Durham, North 
C a ro lin a : Duke U n iv e rs ity  P re s s , (Durham, North C a ro lin a ,)  19lfL. Pp. x /
87 /  xx.

W. A. Brownell and C. B. C hazal, "The E f fe c ts  o f Prem ature 
D r i l l  i n  T hird  Grade A rith m e tic ,"  Jo u rn a l o f E duca tiona l R esearch ,
29(Septem ber, 1935), 17 -  28.

T. R. McConnell, "Recent Trends i n  Learning Theory, T heir 
A p p lica tio n  t o  th e  Psychology o f  A rith m e tic ,"  A rithm etic  in  G eneral 
E ducation , New York: Bureau o f P u b lic a tio n s , Teachers C o llege , Columbia
U n iv e rs ity , 19i l l .  Pp. 268- 2 6 9 .

Ben A. S u e ltz , "Recent Trends in  A rith m e tic ,"  M athematics 
Teacher, 33 (O ctober, 191+0), 270 -  275*

R. H. W heeler, "The Psychology o f L earn ing ,"  The Teaching 
o f A rith m e tic , Pp. 233-250. Tenth Yearbook o f th e  N a tio n a l C ouncil of 
Teachers o f M athem atics. New York: Bureau o f  P u b lic a tio n s , Teachers
C o lleg e , Columbia U n iv e rs ity , 1935*
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The present in v estig a tio n  provides evidence on these p o in ts.

I t  represents a f i r s t  attempt to devise teaching procedures s p e c if ic a lly  

designed to  g lid e  children in  the use o f increasingly  more mature 

methods of thinking about number, to  keep d eta iled  records of progress, 

and to arrive a t  generalizations w ith  regard to how changes in  thought 

processes are accomplished.

D efin ition  o f Terms

Intermediate Procedures. - -  For the purposes o f th is  in vestiga­

tio n  the term, "intermediate procedures," designates those r e la t iv e ly  

immature ways of thinking which children use prior to the time when they

have achieved abstract and d irec t methods of thinking about number.

Children commonly use a variety  of such methods during the early  stages 

of th eir  numb or learning. To i l lu s tr a te  from addition, a ch ild  may use

any of a number of methods in  arriving a t  the answer to  the number fa c t

3 .  Among them are the following*
& a . He may guess, in  which case h is  answer, in  general, does 

not appear to  be related  to the number fa c t  presented. I t  i s  l ik e ly  to  

be far a f ie ld  and may be smaller than either of the numbers in  the number 

fa c t .

b. He may count both numbers in  the number fa c t , as, "1, 2,

3 -  4, 5, 6, 7, 8?" or he may do p a rtia l counting, a s , *3, -  4, 5, 6, 7,

8j" or "5, -  6, 7, 8."

e . He may reca ll the answer by re la tin g  i t  to  other faots he 

already knows, as, "3 and 3 are 6 and 2 more are 8," or, ”5 and 5 are 10

and 2 le s s  are 8," or, "6 end 2 are 8 and so 5 and 3 are 8, too."

Intermediate procedures are u su a lly  in d irect or round-about 

methods o f arriving a t  answers. When the method i s  d ire c t , as i t  may be
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in  guessing, there is  evidence of lack  of understanding. I llu s tr a tio n s  

for each of the three rem in ing fundamental processes w i l l  be found in  

subsequent chapters. Those given for addition, however, may provide 

some immediate understanding of the term.

Maturity le v e l . - -  In the present study the term "maturity- 

leve l"  i s  used to designate the le v e l of -understanding which a ch ild  has 

reached w ith  regard to a fundamental process. For example, a ch ild  who 

can add by using abstract number w ith complete understanding has reached 

a high maturity le v e l in  h is use of the process of add ition . On the 

other hand, -the child  who obtains answers only by guessing performs a t  

a low maturity le v e l .  I t  should be understood that a correct answer is  

not n ecessar ily  in d icative of a high maturity le v e l .  Temporary e ffic ie n c y  

can be the r e su lt  of rote memorization, a procedure in  which the le v e l  

of maturity i s  low.

Between these two extremes are other maturity le v e ls ,  the use 

of which ind icates varying degrees of understanding. A r e la t iv e ly  low 

le v e l i s  represented by the performance of the ch ild  who fin d s i t  

essen tia l to  count a l l  numbers in  an addition fa o t. Some progress toward 

a higher le v e l i s  evident when the ch ild  re a liz e s  that the answer can be 

obtained by starting with one number and counting the other, thereby 

making a substantia l reduction in  the amount of counting necessary to  

arrive a t  an answer. The child  who i s  able to use known fa c ts  for solv­

ing unknown ones has made even greater progress toward m aturity, since  

greater understanding i s  required to  transfer learning from known to  

unknown situ a tion s than for the methods of counting which have been 

described.
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A d ifferen tia tio n  between the terms "intermediate procedure" 

and "maturity level"  may lend c la r ity  to the present d iscu ssion . 

"Intermediate procedure" i s  the term used to  refer to  any method used 

by a ch ild  other than immediate r e c a ll  of the number fa c t .  In contrast 

the term "maturity lev e l"  refers to an arrangement of these intermediate 

procedures in to  groupings which ind icate amounts o f understanding varying 

from none a t  a l l  to understanding of an exceptionally  high order.

Concrete, sem i-concrete, and abstract. — The terms "conorete," 

"semi-concrete," and "abstract" are used to denote d ifferen t types of 

media or m ateria ls. Conorete m aterials are movable objects such as 

blocks and s tio k s . Semi-concrete m aterials are pictured m aterials such 

as dot or s tic k  drawings, and number picture cards designed to represent 

the number combinations. The term abstract number m aterials i s  used to  

refer  to w ritten  symbols.

In th is  study the use of the terms concrete, semi-concrete, 

and abstract i s  lim ited  to m aterials or media. These terms are not to 

be confused with "maturity le v e l,"  though there i s  undoubtedly a re la tio n ­

ship between the types o f m aterials used and the le v e l of m aturity. A 

high maturity le v e l i s  accompanied by abstract thinking or the a b il i ty  to  

use abstract m aterials, while a low maturity le v e l u su a lly  in d icates a 

tendency to  re ly  on concrete m ateria ls.

S p ecific  Problems 

Preliminary problems. — Two preliminary problems, which are 

b asic  to  the major purpose of the study, may be stated as fo llow si

1 . The discovery of the intermediate procedures that were 

being used by children a t the beginning of the study.
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2. The se lec tio n  of those intermediate procedures which showed 

promise as aids to more mature understanding; of number ideas by pupils*

The f i r s t  preliminary problem n ecessita ted  se tt in g  up adequate 

techniques and procedures for securing va lid  evidence regarding the 

intermediate procedures used by the subjects in  the study. The second 

preliminary problem required the formulation of c r ite r ia  by which the 

worth of the intermediate procedures as teaching aids might be judged.

Sub-problems. — In the evaluation o f a teaching technique in  

which the immature or intermediate procedures of children are regarded 

as of central importance, a number of pertinent questions a r ise . Such 

questions, which may be regarded as sub-problems, include the following*

1 . To what extent must experience be provided for a l l  children  

on each of the se lected  intermediate procedures?

2. Is  i t  possib le for seme children to bypass some of the 

intermediate procedures without jeopardizing under standing?

3. Do some children tend to move to more advanced procedures 

before understanding i s  present?

4 . Em can readiness for a more advanced intermediate procedure 

be determined?

5. I f  children are taught certa in  o f the se lected  intermediate 

procedures which are r e la t iv e ly  immature, and find  them to  be u sefu l aids  

in  securing correct answers, w i l l  they w illin g ly  discontinue them for  

more mature procedures?

6. Under what circumstances are le s s  mature methods dropped 

and replaced by more mature methods?

7. I f  le s s  mature intermediate procedures are not dropped
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vo lu n tarily , what methods oan be used to eneourage children to  discontinue 

to  use -tdxem?

8. As children are taught intermediate procedures, to  what 

extent i s  ih e ir  la te r  thinking characterized by increasingly  higher 

le v e ls  o f maturity in  dealing with number situations?

9* What problems do teaohers encounter as they attempt to  

guide children through succeeding maturity le v e ls  in  dealing with number 

in  a regular classroom situation?
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CHAPTER I I  

SURVEY OF RELATED LITERATURE

The purpose o f th e  p re sen t su rvey  i s  to  rev iew  in v e s t ig a t io n s  

and p ro fe s s io n a l  d iscu ss io n s  c lo s e ly  r e l a t e d  t o  th e  to p ic  s e le c te d  f o r  

s tu d y , namely, th e  d e te rm in a tio n  o f  th e  e f f e c t  o f  c e r ta in  s e le c te d  i n t e r ­

m ediate  p rocedu res on th e  le a rn in g  o f fundam ental p ro cesses  by  second 

grade c h ild re n .

Evidence from e a r ly  s tu d ie s  as summarized by Buswell and Judd 1 

w i l l  f i r s t  be no ted  to  show th a t  even b e fo re  1925  a few in v e s t ig a to r s  

were tu rn in g  th e i r  a t te n t io n  to  such problem s as th e  developm ent o f  number 

con cep ts , th e  com plexity  of coun ting , and th e  d i f f i c u l t y  o f  th e  number 

p ro cesses  f o r  young c h ild re n , a s  w e ll as to  th e  le a rn in g  p ro cess  i t s e l f .  

The rem ainder o f  th e  summary c e n te rs  around s e le c te d  to p ic s  which b e a r  a 

c lo se  r e la t io n s h ip  to  th e  problem o f th i s  in v e s t ig a t io n .  The l i s t  of 

to p ic s  fo llo w s:

1 . Number a b i l i t i e s  o f  young c h ild re n .

2 . Grade p lacem ent.

3. In c id e n ta l  versus p lanned  in s t r u c t io n .

ij.. Number le a rn in g  a t  th e  co n cre te  and sem i-co n cre te  le v e l s .

5 . Number and le a rn in g  th e o ry .

Summary of E a rly  S tu d ies
2

The summary by Buswell and Judd o f s tu d ie s  o f counting  p o in te d  

tow ard counting  a b i l i t y  a s  an e s s e n t ia l  in  b u ild in g  number co n cep ts . In

1 . G. T. Buswell and C. H. Judd, Summary o f E duca tiona l In v e s t i ­
g a tio n s  R e la tin g  to  A rith m e tic . Supplem entary E ducational Monographs, No. 27. 
Chicago: Department o f  E ducation , U n iv e rs ity  o f Chicago, 1925* Pp. v i i i  /  212.

2. I b i d . ,  pp . 6 l-6 2 .
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contrast to the popular idea that counting i s  a sample a b i l i ty ,  in v e st i­

gation proved this to  be a complex process marked by immature methods in  

early  attempts and la te r  by gradual growth toward mature performance.

The analysis by the same authors 3 0f  stud ies re la tin g  to  

addition further indicated that research problems centered around such 

top ics as the re la tiv e  d if f ic u lty  of the number combinations and the 

d e s ir a b ility  of upward or downward addition . Only a few in vestigators  

attacked the problem o f  the complexity of the fundamental processes or 

attempted to  analyze methods used by pupils as they worked with the 

processes. The authors pointed out the need for further research on the 

methods by which children learn.

Before 1925 diagnostic stud ies  ̂ d ea lt largely  w ith analysis of 

pupils* errors as revealed ty t e s t s .  The interview  technique, though i t s  

use prior to th is  time had been lim ited , was recommended by Buswell and 

Judd as a promising means of gaining in sig h t into the mental processes 

used by children in  working arithm etic examples. The source of d if f ic u lty ,  

they said, i s  not to  be found in  iso la t in g  errors, in  l i s t in g  them or 

even in  discovering the degree to which they p e r s is t , but rather "in a 

d etailed  analysis of the mental process which caused the error."

Studies of methods o f teaching 5 indicated that number concepts 

were best developed by "purposeful experience w ith concrete objects" and 

that "meanings should be taught before the word or symbol i s  given to the

3 G. I .  Buswell and C. H. Judd, Summary of Educational In vesti­
gations Relating to Arithmetic, pp. 62-70. SupplementaryEducational 
Monographs, l o .  27. Chicago: Department of Education, U niversity of
Chioago, 1925.

4 IM(*. ,  PP* 115-127. '

® Ib id ., pp. 141-145.
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ch ild ."  The influence of studies of d r i l l  was evident in the emphasis on 

rep e titio n  for learning and retention  o f number fa c ts , though the need 

was recognized for reconstruction of the arithm etic curriculum a t the 

primary le v e l to  give consideration to  "the psychological demands that 

grew out o f a study o f pupils* mental a b i l i t ie s ."  The tendency away from 

abstract teaching o f  the number combinations was noted, but evidence was 

not su ff ic ie n t  to recommend teaching wholly by in cidental methods.

These authors ® found majority opinion in  favor of early  

in struction  in  number work, with the major emphasis on the conorete 

aspeots a t tbs beginning le v e l .  They summarized in v estig a tio n  in  which 

rigorous attacks were made upon the common practice of teaching abstract 

number which was beyond the le v e l of understanding of the young ch ild . 

Evidence was provided to  show that children already possess much number 

knowledge before they enter school.

The evidence from transfer studies as reported by Buswell and 

Judd 7 was c o n flic t in g . The authors tended to favor these conclusions*

...tr a n s fe r  e x is ts  to the extent that the same s k i l l s  are used 
in  the new s itu a tio n . Transfer is  o ften  small because we f a i l  to rea liz e  
that the same s k i l l s  could be used. I f  we want transfer or the application  
of s k i l l s  acquired in  one s itu a tion  to operate in  another s itu a tio n , we 
must tra in  in  the a b il ity  to look fo r  uses o f old s k i l l s .

The authors concluded that studies which d ea lt with the nature 

of arithm etical processes were fragmentary and inconclusive, due to the 

fa c t  that they were undertaken without su ff ic ie n t  understanding of 

arithm etic as a whole. For example, counting and addition were studied

6 G. T. Buswell and C. H. Judd, Summary of Educational In v esti-

fations R elating to Arithmetic, p . 19. SupplWentary ‘Educational Monographs, 
o. 27. Chicagos Departmentof Education, U niversity o f Chicago, 1925.

7 Ib id ., pp. 150-152.
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in  iso la t io n , without reference to related  processes, The authors saw 

the few attempts to analyze mental processes of pupils as promising trends, 

however, and as in d icative  of the need for further stud ies in  th is  area.

The need for adapting teaching methods to the le v e l of a b il ity  of the 

child  was recognized, though p ractice was characterized by the prevalence 

of d r i l l  methods and by emphasis on rep e titio n .

lumber A b ilit ie s  of Young Children

Buckingham and MacLatchy ® found that children on entering grade 

one had a surprising a b ility  to  count both ra tio n a lly  and by ro te , to  

reproduce and id en tify  number groups, and to  solve verbal and concrete 

number problems. There were wide d ifferen ces among in d iv idu als, and the 

extent of information was dependent upon the experiences of the children.

The authors concluded, however, that children are ready for seme form of 

systematic work with numbers when they enter grade one.

Mott’ s ® findings la rg ely  substantiate those o f Buckingham. One 

additional point i s  noted, however. Mott found that about h a lf of the 

five-year  olds tested  were counting objects beyond th e ir  rote counting 

a b il ity ,  and concluded that rote counting was not a necessary p re-req u isite  

to  object counting. Buckingham and MacLatchy, te st in g  children one year 

older, found very l i t t l e  d ifference in  the a b i l i t ie s  o f children in  rote  

and in  rational counting.

® B. R, Buckingham and Josephine H. MacLatchy, "The lumber 
A b ilit ie s  o f Children When They Enter Grade One," Report of the Society’ s 
Committee on Arithmetic, fa r t  I I ,  Research in  Arithmetic, pp. 508-509. 
Twen-ty-iiinth Yearbook of the Rations! bobxety for the Study of Education, 
Bloomington, I l l in o is :  Public School Publishing Co., 1950.

® Sina M. Mott, "lumber Concepts of Small Children," Mathematics 
Teacher, 38 (October,1945), 291 -  301.
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In  1930 Buckingham asserted , th a t  convincing evidence had 

been p rov ided  to  j u s t i f y  some form of p lanned  number work in  th e  f i r s t  

g rad e . He based  h is  conclusions upon th e  long p e r io d  of tim e needed f o r  

number id e a s  to  develop and upon in fo rm a tio n  on th e  amount o f  number

knowledge a lre a d y  in  p o sse ss io n  of c h ild re n  when th e y  e n te r  grade one.
11Buckingham s t a t e s :

T h e ir teach in g  should  b eg in  inhere th e y  a re  and p roceed  g ra d u a lly  — 
n o t h u r r ie d ly —toward th e  b u ild in g  up o f s k i l l s  and a t t i t u d e s  which w i l l  
make th e i r  c h ild  l i f e  and t h e i r  a d u l t  l i f e  more abundant.

In  th e  same d is c u ss io n  Buckingham questioned  th e  v a lu e  of 

s tu d ie s  which claim  a s  much a r i th m e tic a l  le a rn in g  fo r  th e  c h i ld  when 

sy stem a tic  s tudy  o f a r i th m e tic  i s  postponed u n t i l  t h i r d  grade or l a t e r ,  

as fo r  th e  c h i ld  whose in s t r u c t io n  i s  begun in  k in d e rg a rte n  o r in  grade 

one. Buckingham b e lie v e s  th a t  a p reconceived  cu rricu lum  in  th e  minds o f 

th e  te a c h e rs  fo s te re d  a le v e lin g  p ro c e ss . In s te a d  o f  c o n tin u in g  on to  

more m ature le a rn in g s  th e  c h i ld 's  p ro g re ss  stopped  when a c e r ta in  accep ted  

le v e l  was ach ieved .

Other in v e s t ig a t io n s  -*-2 a re  f a i r l y  c o n s is te n t  in  p o in tin g  to  

th e  re a d in e ss  o f  th e  f i r s t  grade c h i ld  f o r  some form o f  number work. The 

crux  o f  th e  m a tte r  seems to  c e n te r  around an in te r p r e ta t io n  o f  th e  c h i ld 's  

re a d in e ss  in  term s o f p sy ch o lo g ica l m a tu r ity , and th e  a d a p ta tio n  o f c o n ten t 

m a te r ia l  to  th e  c h i ld 's  le v e l  o f a b i l i t y .

10. B. R. Buckingham, "The S o c ia l Value o f  A rith m e tic ,"  R eport 
o f  th e  S o c ie ty 's  Committee on A rith m e tic , P a r t  I , Some A spects o f Modern 
Thought on A rith m etic ,  pp . ij.B-^1 . N ational S o c ie ty  f o r  th e  Study o f 
E ducation . Tw enty-ninth Yearbook. Bloomington, I l l i n o i s :  P u b lic  School
P u b lish in g  Company, 1930.

11. I b id . , p .  £L.

12. A n ita  E ie s s , Number R eadiness in  R esearch . C hicago: S c o tt 
Foresman and C o., 191*7, p . 6 7 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

Grad© Placement

Closely a l l ie d  with the work on arithm etic readiness has been 

the research r e la tin g  to grade placement of arithm etic to p ic s . Extensive 

work on grade placement was done by Ifashburne and the Coramittee of 

Seven. The committee made recommendations for placement of top ios on 

the b a sis  o f the le v e l a t  which successfu l achievement could be attained  

for each process. Successful achievement was measured in  terms of the 

percentage of correct responses. Brownell ^  attacked the work of the 

committee a t several p o in ts. In particular he indicated that the method 

of teaching used was a d r i l l  method, and th at re su lts  of a d ifferen t  

nature might have been obtained under more meaningful teaching methods*

He a lso  questioned the committee’ s emphasis upon grade placement rather 

than upon the more fundamental issu e , the learning process i t s e l f .  He 

claimed further that Washbume’ s study fa ile d  to give evidence of the 

opportune time a t  which a successfu l beginning might be made in  learning  

the processes.

Sueltz I 5 a lso  disagreed with Washburne’ s findings on grade 

placement. He claimed that his own research did not bear out the re su lts

I s Carleton W. Washburne, "Work of the Committee of Seven on 
Grade Placement in  Arithmetic, " Child Development and the Curriculum, 
pp. 299-324. Thirty-Eighth Yearbook of the National Society  for the 
Study of Education, Part I .  Bloomington, I ll in o is *  Public School 
Publishing Co., 1939.

W. A. Brownell, “Critique of the Committee o f Seven In v esti­
gation on the Grade Placement of Arithmetic Topics,” Elementary School 
Journal, 38 (larch*1938), 495 -  508.

I® Ben A. Sueltz, "Recent Trends in  A rithm etic," Mathematics 
Teaoher, 33 (October,1940), 273.

Ben A. Sueltz, "Curriculum Problems -  Grade Placement," 
Arithmetic in  General Education, pp. 37-38. S ixteenth Yearbook of the 
National Council o f Teachers o f Mathematics. Hew Yorks Bureau of 
Publications, Teachers College, Columbia U niversity, 1941.
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found by Washburne, and concluded that ”so many psychological factors  

enter into leam iqg that i t  is  hazardous to be too sp ec ifio  about how and 

when learning can or w i l l  take place. "

W illey’ s findings tend to substantiate the view that number 

processes should be spread throughout the grades, with the easier learn­

ings in  a process placed in  the ea r lier  grades and the more d i f f ic u l t  

learnings postponed u n til the la te r  elementary grades. Such a program 

c a lls  for a r ticu la tio n  between a l l  the grades of the elementary school, 

a problem many schools are unable to solve as y e t .

Results of the in vestigation s centering around grade placement 

point to the need for psychological m aturityfi f  progress in  number under­

standing i s  to be a tta in ed . S tress i s  placed on the need to adapt oontent 

m aterial to  the ch ild ’ s le v e l of a b i l i t y .  There i s  need for further 

research which w il l  take in to  account beginnings of learning as w ell as 

fin ish ed  performance, and d ifferen t methods o f  teaching and types of 

content as these r e la te  to  grade placement.

Incidental Versus Planned Instruction  

The reaotion against formalized number teaching a t the lower 

grade le v e ls  led to the attempt on the part o f many teachers to  teach  

a l l  numbers in c id en ta lly  in  connection w ith u n its of work or other 

phases o f the school program. The idea that number learning i s  a con­

comitant of other experiences was advanced by Mayhew 17 in  her description  

of Dewey’ s experimental school. The author explained that the children

R. D. W illey, ’’Arithmetic Processes Needed by Children,* 
Elementary School Journal, 42 (Mareh, 1942), S24 -  527.

Katherine C. Mayhew, The Dewey School, pp. 83-85; 120-122; 
339-346. New Yorks Apple ton-Century Co., In c ., 1936.
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used number processes in  solving problems presented to them by the a c t iv i­

t i e s  in  which they were engaged*

Macquire I 8 favors correlating arithm etic with u n its  of work 

and gives the impression that most of the arithm etic needed by young 

children can be learned in  th is  way, i f  careful se lec tio n  of u n its  i s  

made. Harap and Barrett agree w ith Macquire and s ta te , "The funda­

mentals can very s a t is fa c to r ily  be learned in  a program of arithm etic 

u n its based on rea l s itu ation s in  which arithm etic i s  learned as i t  i s

used — not before i t  i s  u sed .” S a lt 20 describes the so c ia l phases o f

arithm etic which grew out o f a grocery store u n it a t  second grade le v e l .  

Through functional use in  a rea l s itu a tio n , so c ia l and arithm etical 

learnings resu lted  from such experiences as w riting checks, using a 

charge account, and borrowing money. Hanna and others 21 made a survey 

to  determine the extent to which opportunities fo r  arithm etic were

possib le in  an a c t iv ity  program. Six teachers at third grade le v e l

were asked to  record situ a tio n s, number problems, and number computations 

over a period o f four months. S ituations arose out o f large u n its  of 

work, out of in cidental happenings in  the classroom, and out of other 

school a c t iv it ie s  o f children. From an analysis of the data the authors

H attie Macquire, "Can Arithmetic be Correlated w ith the 
Unit o f Study?” Mathematics Teacher, 36 (May, 1943), 219 -  225.

H. L. Harap and IJ. Barrett, "Experimenting w ith Heal 
Situations in  Third Grade A rithm etic," Educational Method, 16 (January, 
1937), 188 -  192.

2  ̂ Edna S a lt , "Functional Mathematics in  the Second Grade," 
Educational Research B u lletin , 21 (November, 1942), 217 -  226.

21 Paul R. Hanna and Others, "Opportunities for the Use of 
Arithmetic in  an A ctiv ity  Program," The Teaching of Arithmetic, pp. 90-120. 
Tenth Yearbook of the National Council o f Wacheirs of' Mathematics* New 
York: Bureau of Publications, Teachers College, Columbia U niversity, 1935.
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concluded that the functional experiences of children alone are not 
adequate to develop arithmetical skills.

In a recent book, Brueekner 22 has attempted a synthesis of 
mathematical and social number needs of children through the concurrent 
use of experience units and instructional units. According to Brueekner, 
an instructional unit is made up of a large experience unit plus smaller 
subject-matter units. The subject-matter units are carefully selected 
and designed to make the number ideas presented by the experience unit 
more meaningful*

Brownell 23 sees the activity unit as a valuable means of 

motivation for learning arithmetic and an excellent opportunity for 
children to make applications of number learning, but inadequate as a 
means of providing sufficient understanding for number ideas.

In general, those who have advocated incidental learning of 
numbers as a sole method of teaching have been heralds of the activity 
movement and of the “progressive" in education. Serious students of the 
whole field of arithmetic, while granting many advantages to wise use of 
incidental learning, do not recommend it as sufficient for developing 
sequential, orderly number understanding such as is necessary if concepts 
are to be meaningful and usable. Similarly, those who have given major 
attention to the problem of how children learn, view the incidental method 
as inadequate if used in isolation from planned, systematic instruction.

22 L. J. Brueekner, How to Make Arithmetic Meaningful, pp. 97-153. 
Chicagot John C. Winston Co., 1947.

23 Brownell, "Psychological Considerations in the Learning
and the Teaching of Arithmetic," Arithmetic in General Education, pp. 15-19. 
Sixteenth Yearbook of the National Council of Teachers of Mathematics,
The Pinal Heport of the National Council Committee on Arithmetic. New Yorks 
Bureau of Publications, Teachers College, Columbia University, 1941.
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Sueltz 24 seams to summarize the thinking of many investigators 
when he takes the position that it is not necessary for the teacher to 
choose between systematic number or number taught in relation to units 
of work. Rather, both should be used cooperatively. He states*

...the wise teacher is the one who knows when and how the 
social situations involving arithmetic should be employed to give signifi­
cance to work with numbers, and •when and how the more abstract processes 
should be employed to give greater meaning and understanding to social 
situations.

Humber Learning at -the Concrete and Semi-Concrete Levels
In 1928 Brownell 25 pointed out the need for instruction in 

concrete number in the early stages of number learning as an aid toward 
bridging the gap between the concrete and the abstract. Support has been 
given to this point of view by Wheat, 26 who formulated a plan for helping 
children discover the combinations by the use of concrete objects. Accord­
ing to Wheat, as the child engages in a process of analysis and synthesis, 
he discovers the various arrangements of the combinations that go to make
up a given number. MacLatchy 27 sees value in the use of markers (uniform
objects such as sticks, beads, and blocks) as aids in helping ohildren 
understand numbers. When the ohild uses markers he is not forced to use 
imagination alone. Those aspects of number which are difficult in the 
abstract are made clear through concrete representation.

24 3en Sueltz, op. cit., p. 275.

25 W. A. Brownell, The Development of Children* s Humber Ideas 
in the Primary Grades, pp. 216-218. Chicago* Department of Education,
The University of Chicago, 1928.

26 Harry Grove Wheat, The Psychology and Teaching of Arithmetic, 
pp. 184-189. Bostons D. C. Heath and Co.,' 1937.

27 Josephine H. MacLatchy, "Seeing and Understanding in Number,"
Elementary School Journal, 45 (November, 1944), 144 - 153.
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Rosenquist 28 ais0 recommends the use of objects which she 
refers to as “representative materials.” She devotes sin entire chapter 
of her recent hook to experiences with. such materials.

Spitzer 29 advocates wide use of semi-concrete representations 
or drawings as aids to pupils in the solution of number problems. Ihen 
pupils are confronted with a problem situation, each ohild makes a simple, 
stylized drawing to represent the number ideas in the problem and the 
solution as he sees it. Pupils first experiment to find possible means 
of solution to the problem. They are then led to discover the best 
solution to the problem by analysis of the solutions provided by the 
group.

Sauble also stresses the advantages of using concrete 
materials when any new learning in number is attempted. The manipulation 
of concrete materials is only a first stage in the development of number 
ideas. She therefore sees the need for “teacher direction and guidance 
to help them (children) to move from immature to more mature ways of 
thinking about numbers."

Riess 31 deplores the fact that using the fingers has fallen 
into ill repute because of “a reaction against the habitual, thoughtless

2® Lucy Rosenquist, Young Children Learn to Use Arithmetic,
pp. 63-79. Boston: Ginn and Company,' 1949'.

29 Herbert Spitzer, The Teaching of Arithmetic, pp. 125-127;
173-180. Boston: Houghton Mifflin Company, 1948.

30 Irene Sauble, "Enrichment of the Arithmetic Course: Utilizing 
Supplementary Materials and Devices," Arithmetic in General Education,
p. 163. Sixteenth Yearbook of the National Council of Teachers of iathe- 
matics. New York: Bureau of Publications, Teachers College, Columbia
University, 1941.

^  Anita Riess, "The Meaning of -the ‘Meaningful’ Teaching of 
Arithmetic," Elementary School Journal, 45 (September,1944), 28.
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counting on fingers tolerated in schools.1* She considers the number 

concept to be fundamentally a "manual concept" which cannot be satisfac­
torily built without sensory experience. The fingers are the child* s 
most natural aid, Biess says, and he should, therefore, not be denied 
their use.

MoSwain 32 recommends an arithmetical library composed of a 
variety of concrete and visual materials available to teachers at all 
times. Wise use of such materials will serve to make the arithmetic 
program more functional.

Authors who advocate the use of materials in the early stages 
of number instruction insist that the materials are means to ends rather 
than ends in themselves and should be so considered by the teacher.
Materials aid the child in thinking by providing him with a basis from 

which to build ideas.
The contribution of grouping to the understanding of the 

prooesses has not been a topic for wide experimentation. In 1912 Freeman 33 
experimented to discover the number of objects that could be grouped 
together "by a single act of attention." The investigation led him to 
oonclude:

...organization of objects into regular forms is very closely 
related to number prooesses, and ...learning in this form of perception 
is one of the best means of giving the child a grasp of the simple number 
operations.

32 E. T. McSwain, "A Functional Program in Arithmetic," Improv­
ing the Program in Arithmetic, p. 16. Papers presented at the Conference 
'on Arithmetic held at the University of Chicago, 1946. Compiled and 
Edited by ff. T. Buswell. Chicagot The University of Chicago Press, 1946.

33 p. 1. Freeman, "Grouped Objeots as a Concrete Basis for the 
Number Idea," Elementary School Teacher, 12 (March,1912), 510.
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While recognizing the value of counting in developing number ideas,

Freeman considers counting alone to be inadequate, and recommends that 
counting experiences be supplemented by a consideration of number groups. 
Tinder standing both of the group as a whole and of the component pants of 
the group is important, according to Freeman.

Carper 34 tested the ability of beginning first grade children 
to recognize small groups of three, four, and five objects in regular 
pattern formations. She found that more than half the 300 children 
tested were able to recognize the five-group, that two-thirds could 
recognize the four-group, and that four-fifths could recognize the three- 
group. An interesting finding of Carper1 s was that children who were 
successful in dealing with groups were also successful in dealing with 
verbal problems and with abstract number. On the other hand, those 
children who needed to count groups with a one-to-one oounting process 
were unsuccessful in dealing with abstract number situations.

In a survey of the literature on number readiness Riess discusses 
the nature of concreteness, and expresses doubt as to whether experiences 
with concrete number directly result in abstract understanding. A thorough 
study of the literature leads her to conclude that there is a need for 
research to give further consideration to the theory of concreteness, 
and to the relation between concrete and abstract levels of thinking.
Riess says,

It is often assumed that number is concrete merely because of 
a reference to objects seen or handled and that the child can make the

fZA Doris Carper, "Seeing lumbers as Groups in Primary Grade 
Arithmetic,M Elementary School Journal, 43 (November,1942), 166 - 170.

35 Anita Riess, Number Readiness in Research, p. 51. Chicagos 
Scott Foresman and Co., 1947.
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"transition" to abstract number by generalizing from concrete data* The 
fact that the numerical aspect of a group, such as its fiveness, does not 
necessarily change with the simplification or the ©rowing abstractness in 
the representation of things (such as changing from pictures of real 
objects to pictures of dots) is often overlooked.

Brownell 36 agrees with Freeman that the experience afforded 
by counting is insufficient for developing an understanding of number 
combinations, and suggests a period of instruction devoted to a study 
of grouping. Brownell expresses his point of view in the following 
statements

The purpose of this period of instruction is to provide for 
the child activities and experiences which will carry him by easy stages 
from enumeration to meaningful ideas of numbers as groups. The child 
begins with concrete number— with objects which he can see and handle.
He makes groups of objects, compares groups of objects, estimates the 
total in given groups of objects, learns to recognize at a glance the 
number of objects in small groups and in larger groups when the latter 
are in regular patterns* Eventually he comes to think of concrete 
numbers in terms which are essentially abstract.

“Wheat 37 advises the teacher to have children study concrete 
groups by counting -them, by reproducing them, by comparison with larger 
and smaller groups, and by taking them apart and putting them together 
again.

In contrast to the writers who see value in a study of number 
groups, Stern 38 is opposed to teaching grouping,since she would have 
children think of all number as measurement along a number line, as 
advocated by HcLellan and Dewey. 39 According to Stern, grouping numbers

36 ff. a . Brownell, op. cit., p. 22.
37 H. S. Wheat, op. cit., pp. 163-210.
38 Catherine Stern, Children Discover Arithmetic, An Introduction 

to Structural Arithmetic, pp. 17-21. Hew York: ' larper and Brothers, 1949.
39 J. A. McLellan and John Dewey, The Psychology of Humber, pp. 

44-51. Hew Yorks D. Appleton-Century Co., Inc., 1895.
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destroys the number sequeao©,vdiile measurement preserves it* She has 
devised a series of experiences with materials designed to help children 
develop systematic, meaningful number ideas. Children are encouraged to 
experiment and discover the addition, subtraction, multiplication, and 
division combinations by the manipulation of materials structured accord­
ing to the number system itself, i.e., along a number line or sequence of 
objects arranged by tens as represented on a counting frame or similar 
device. The child is taught to measure as well as to count, to compare 
the numbers he wishes to learn about with a fixed sequence of objects*
Thus 3 and 4 are 7,because they stretch to the 7 point along the number 
line from one to ten.

While there is general agreement that concrete and semi-concrete 
materials are of help to children in the early stage of number learning, 
the evidence on methods of using materials to provide maximum growth in 
number understanding is conflicting.

lumber and Learning Theory
McLellan and Dewey, 40 as early as 1895, discussed wholes as 

units of teaching and the relation of parts to wholes*
The teacher should froa the first keep in view the importance

of forming the habit of parting and wholiag. This is a fundamental 
psychioal activity} its goal is to grasp clearly and definitely by one 
act of mind a whole of many and defined parts.

Drummond 41 makes a plea for a more free and flexible program 
of teaching arithmetic by which it will be possible to pay more attention 
to the individual needs of pupils and to -the differences in learning

^  J. A. McLellan and John Dewey, The Psychology of Humber, pp.
44-51. Hew Yorks D. App 1 eton-Century Co., Inc., 1895.

^  Margaret Drummond, Psychology and Teaching of lumbers, p. 10. 
Hew Yorks World Book Co., Yonkers-on-the Hudson, 1922.
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ability. She points oat that learning arithmetic by yoaag children is 
not a mechanical but an individualized process. She recognizes six stages 
of development in counting ability and lists these as follows i 42 The 
first stage is characterized by no definite ideas of number or of counting* 
In the second stage the child uses and understands the meaning of one, 
but refers to all other numbers as two, or many, or some other term by 
which he means the aggregate of objects. In the third stage the child 
recognizes small groups and knows the order of the first few number 
names. In the fourth stage the child has a knowledge of number series 
up to ten or twenty. In the fifth stage the child shows increasing 
facility in counting, and in the sixth stage there is perfect familiarity 
with the number series.

MacLatchy 43 analyzes a series of stages through which children 
tend to pass as they learn addition combinations. There is first the 
realization that two numbers can be combined to give a third* In the 
second stage one number of a combination is likely to be recognized and 
the other counted. In the third stage one number is recognized and the 
other is broken into parts and added on to the number. In the fourth 
stage the sum is given at once. The average six year old, according to 
MacLatchy, is likely to know some addition combinations (fourth stage), 
is learning others (second and third stages), and is discovering or 
making acquaintance of still others (first stage).

42 ibid., p. 35.
43 Josephine H. MacLatchy, "How Humber Learning Develops," 

Childhood Education, 15 (January, 1939), 211 - 212.
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McConnell 44 considers learning to be a process of discovery 
and insight. He bases his opinion npon the results of a controlled 
group experiment designed to determine the relative effects of teaching 
by a mechanical method and by a method stressing discovery and insight. 
Group A was taught by mechanical, repetitive methods, while Group B was 
taught by methods designed to foster discovery and insight. With respect 
to maturity in dealing with number facts, differences for the two groups 
were not statistically significant. Group B, however, was superior in 
transfer to untaught combinations. Group A was definitely superior in 
ability to give immediate response to number facts. McConnell ooncludes 
that,if immediate recall of the answer is the goal, repetition is the 
method by which to achieve that goal, but if the goal is understanding, 
a method of discovery and insight is to be recommended.

Wheeler 45 develops principles of the new psychology of learning 
(Gestalt approach) and points out applications to the teaching of arith­
metic. In his opinion learning is not a process of forming bonds. "It 
is an orderly and organized process of differentiating general grasps of 
situations with respect to experience." Learning does not proceed by 
trial and error, according to Wheeler, but is directed by the purposes 
of the learner toward certain goals. It is a process of discovery and 
of seeing relationships. "The whole purpose of arithmetic i3 to discover 
number relationships and to be able to reason with number."

44 t. R. McConnell, Discovery Versus Authoritative Identification 
in the Learning of Children, pp. 56-59. Studies in the Psychology of 
Learning, Part II., Vol. 9, Mo. 5. Iowa City, Iowa* Studies in Education, 
University of Iowa, 1934.

45 R. H. Wheeler, "The lew Psychology of Learning," The Teaching 
of Arithmetic, pp. 233-250. Tenth Yearbook of the National Council of 
Teachers of Mathematics. Mew York* Bureau of Publications, Teachers 
College, Columbia University, 1935.
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In a later discussion McConnell 46 views learning as a process 
of “integration and reorganization." Learning is rightfully conceived, 
he says, as a meaningful rather than a mechanical process. Generaliza­
tion rather than specificity is stressed, and understanding rather than 
mere repetitive drill. In this connection McConnell quotes Judd as 
follows* 47

...the end and goal of all education is the development of 
systems of ideas which can he carried over from the situation in which 
they were acquired to other situations. Systems of general ideas 
illuminate and clarify human experiences by raising them to the level of 
abstract, generalized, conceptual understanding.

The new trend in learning arithmetic, Sueltz 48 states, is toward 
a greater emphasis upon concepts, ideas, information, and mathematical 
principles and relationships. The key words as he sees them are insight, 
meaning, significance, resourcefulness, ingenuity, and social and economic 
importance. He says* 49

If we could observe the informal, untutored and ingenious ways 
in which children discover by themselves, we could learn a great deal 
about natural approaches to child learning.

The values of a meaningful method over a drill method of teaching 
arithmetic are stated by Mossman. Facts -taught by drill suffer a high

46 T. R, McConnell, "Recent Trends in Learning Theory, Their 
Application to the Psychology of Arithmetic," Arithmetic in General 
Education, p. 272. Sixteenth Yearbook of the National Council of Teachers 
of Mathematics. Hew Yorks Bureau of Publications, Teachers College, 
Columbia University, 1941.

47 Ibid., p. 272.
48 Ben A. Sueltz, op, cit., p. 271,
49 Ibid., p. 272.

Edith L. Mossman, "^hich Shall it be; Mechanical Drill or 
Development in Understanding all the ’Why*s't” Mathematics Teacher, 58 
(March,1945), 103 - 107.
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loss through forgetting, and necessitate more drill at repeated intervals 
to keep them on the threshold of memory. Teaching for meanings, while 
increasing the time required at the beginning stage of learning, decreases 
the amount of drill necessary for retention of number facts.

Brownell 51 presents a study which supports "the conception of 
learning as the organization and reorganization of behavior." Children 
who were taught to use a "orutoh" device in the early stages of instruc­
tion in borrowing were found to reorganize their learning on a higher 

level and gradually to abandon the crutch in favor of a more mature 
method of performance. Brownell states*

...In •types of learning which should result in understanding 
...the final reaction pattern cannot be given at once ...It develops 
gradually, over a long period of 'tfie, and it develops in extent and 
depth to the degree that experiences with it are varied and so require 
the continuous reorganization of behavior patterns.

Iheat 53 would have meanings taught as early as the child is 
able to build any number concepts whatever. He sees meaning as leading 
to meanings on increasingly higher levels,

Brownell and Chazal 54 present evidence to show that immature 
methods of reacting to number situations persist under drill methods of 
teaching and that drill alone 3s not sufficient to raise the level of 

performance to increasingly higher levels.

51 w. a . Brownell, Learning as Reorganization. Durham, North 
Carolina: Duke University Press,/Durham, North Carolina,) 1941 • Pp. x / 87.

52 Ibid.# p. 83.
53 Harry Grove Wheat, "Ihy not be Sensible about Meaning," 

Mathematics Teacher, 38 (November.1945), 99 - 102.
— f r i " ' 111   1,1      iniiiWiHri uj! f

54 W. A. Brownell and C. B. Chazal, "The Effects of Premature 
Drill in Third-grade Arithmetic," Journal of Educational Research, 29 
(September,1935), 17 - 18.
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A recent discussion by Brownell and Hendrickson 55 lends 

extensive support to the theory that the child goes through a series of 
levels of development proceeding from less mature methods to abstract, or 
more adult ways of reacting to learning situations. The authors 56 make 
the following statements

The responses made a t  th e  b eg in n in g , . . . a r e  crude , clumsy, 
uneconom ical, in e x p e r t ,  in e x a c t, u n d if f e r e n t ia te d ,  and la ck in g  in  meaning. 
The responses made in  th e  end, . . . a r e  r e f in e d ,  n e a t ,  e x p e r t ,  econom ical, 
p r e c is e ,  and f u l l  o f m eaning.

The authors view learning as a step-wise prooedure. As applied to the 
teaching of number combinations, the child is at first encouraged to 
arrive at answers by whatever methods are most sensible to him. Be 
advances to higher levels as he is ready for them* Old responses are 
not eliminated,but remain in the learner*s repertoire to be used if 
needed. Guidanoe by the teacher is necessary to assure continual advance­
ment toward more mature responses.

The advantage of a generalization method over a drill method 
of teaching the addition combinations was shown by Thiele 57 in a compara­
tive study of two methods. The instructional program for the generaliza­
tion group emphasized building generalizations by discovery of relation­
ships among the addition combinations. The organization of combinations 
for presentation to the generalization group was planned to foster the

W. A. Brownell and Gordon Hendrickson, "How Children Learn 
Information, Concepts, and Generalizations," Learning and Instruction, 
pp. 109-111. Forty-Ninth Yearbook of the National Society for the Study 
of Education. Chicago* The University of Chicago Press, I960*

56 P* 1G9*
57 C. L. Thiele, The Contribution of Generalization to the Learn­

ing of the Addition Facts. New York* Bureau of Publications, Teachers 
College, Columbia University, 1938. Pp. viii / 84.
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discovery of relationships. Teaching procedures for the generalization 
group included concrete and semi-concrete number experiences with gradual 
progress toward ability to deal with abstract number speedily and accurately. 
For the drill group number facts were presented in random, order. Humber 
relationships were not stressed, and each number fact was learned as a 
separate entity.

Pupils were tested by the administration of group tests at the 
beginning and at the end of the instructional period. The testing procedure 
consisted in giving four-second exposures of cards to which answers were 
reoorded by the children. The children who were taught to generalize in 
learning the combinations excelled both in knowledge of combinations 
known and in their ability to transfer their learning to combinations 
which had not been specifically taught.

General Summary
The evidence and theoretical discussions which have been 

reviewed seem to justify the following conclusions:
1. Children on entering school are ready for some type of 

number experience.

2. Incidental number experience alone is not sufficient to
develop meaningful number ideas for all children. Some planned number
experience seems to be essential.

3. The level at which a given topic is to be taught depends 
upon the types of experiences presented to the learner. If experiences 
are largely concrete, or semi-concrete in nature, they can be comprehended 
at an earlier age than if experience is abstract in the main.

4. The abilities to see relationships and to generalize are
important aspects of number learning. These abilities are developed
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through activities which lead toward discovery and insight.

5. Children tend to go through a series of stages in gaining 
mature number ideas.

The Relation of the Present Study to Research 
and Theoretical Literature

In the present study sin attempt was made to carry out a more 
thorough and detailed analysis of the thinking of children as they begin 
to learn the four fundamental processes in arithmetic, than has been made 
heretofore. This has been accomplished by means of an extensive use of 
the interview technique with all children in the study. A weakness of 
Thiele's investigation was his failure to use a technique by which the 
level of maturity of pupils' thinking could be determined at the outset 
and again at the end of his investigation., Just how Thiele's subjects 
made the transition from immature thought processes to the use of the 
generalization method is not clear. The present study provides informa­
tion on the level of maturity of thought processes for all pupils at the 
beginning and at the end of the investigation. It also throws some light 
on the problem of how children progress from immature to mature methods 
of thinking.

Buswell 58 makes the proposal that "more attention should be 
given to descriptive studies of how pupils think" and gives definite 
suggestions for ways of studying the thought processes of pupils. Among 
the methods suggested by Buswell are the followings

1. Keeping verbatim reports of pupil’s responses as they 
"think aloud" in carrying out arithmetical operations.

88 G. T. Buswell and Maurice L. Hartung, "Arithmetic 1949," 
pp. 55-63. Supplementary Educational Monographs, lo. 70. Chioagot The 
University of Chicago Press^ Hovember, 1949.
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2. Asking pupils to illustrate arithmetical operations with 
the use of manipulative materials in order to determine the thinking 
which lies hack of the procedure used by the pupil.

3. Saving pupils make drawings or diagrams for the purpose of 
determining their understanding of arithmetical operations.

These three methods suggested for studying the thought processes 
of pupils were used in the present study. During interviews pupils were 
encouraged to talk aloud and to tell how they arrived at answers to 
combinations. Manipulative materials and drawings are also used to 
demonstrate the understanding of number ideas and as further means of 
interpreting the thought processes of pupils. The value of these 
techniques as instructional aids is also given consideration in the study.

Carper’s study pointed out that children who recognize groups 
of numbers with ease also experience little difficulty with abstract 
number. A question may be raised as to whether concrete and semi-concrete 
number experience is necessarily represented by an immature level, or 
whether the same range of levels is found as children work with concrete 
materials and with abstraot number. The wide use made of concrete and 
semi-concrete materials both in the instructional program and in inter­
views with individual children offers the opportunity to study the 
relationship between learning at the concrete and at the abstract levels.

The decision to include both incidental and planned number 
experience in the instructional program of the study is in line with 
recent research findings which indicate that functional number experience 
alone is not sufficient to build sequential, meaningful number ideas.
The present study offers further evidence on the extent to which each of 
these two phases of number experience reinforces and contributes to the other.
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Throughout the literature on learning theory the importance 
of helping children see relationships and build generalizations is 
stressed. Most of the studies which are reported plaoe emphasis on 
relationships among addition combinations only. The plan of the present 
study, to teach all the four fundamental processes together or in close 
relationship in the beginning stages when children are using concrete and 
semi-concrete materials, provides additional information on the extent to 
which children are able to see relationships among the processes as well 
as within a given process.

The evidence from studies relating to the number abilities of 
young children when they enter school indicates that children have amassed 
a surprising amount of number knowledge by the time they are five or six 
years of age. If children have found functional uses for number before 
entering school to such an extent that they have learned much number 
already, the inference is that they are ready for a more systematic 
planned type of number after they have had one or two years of sohool 
experience. The decision to place the study at the beginning second grade 
level was therefore made with due consideration for the findings of 
research.
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CHAPTER I I I

THE PLAI OP THE STUDY

In order to answer the questions raised by the investigation, 
teaching situations were set up, an instructional program was planned, 
and procedures for collecting data were designed. The present chapter 
has a two-fold purposes (l) to orient the reader by providing a brief 
introductory summary of the general plan of the investigation, and (2) 
to present a detailed description of the various phases of the plan 
including pertinent information on pupil and teacher personnel, and 
procedures used for collecting data.

Overview of the Plan of the Investigation 
The first step in the study was to determine at the beginning 

of the school year the level of competence of certain selected second- 
grade children in dealing with number combinations. In order to obtain 
this information group tests and interviews with individual pupils were 
arranged. An instructional program of fourteen weeks’ duration was then 
initiated, with teaching procedures designed to improve methods of think­
ing by helping the children to build meanings for number. Progress of 
the children was checked midway through the instructional period by 
means of interviews and again at the end of the instructional period, when 
group tests and interviews were repeated.

The data collected were analyzed in order to discover to what 
extent growth had occurred in rate, accuracy, and level of maturity in 
dealing with number concepts relating to the four fundamental prooesses 
during the period of instruction.

32
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Pupil and Teacher Personnel
Second-grade pupils were selected as appropriate subjects for 

the present study. This selection was based on the following considera­
tions *

1. The subjects selected should be pupils who had not yet 
been inducted into a systematic program of number instruction. Inasmuch 
as first-grade children in the city of Cincinnati, the locale of the 
study, hare experienced little systematic work in arithmetic, second- 
grade level was considered appropriate.

According to the Cincinnati course of study for the primary 
grades, ^ no definite outcomes for any of the processes are expected at 
first-grade level. Suggestions are given to help teachers take advantage 
of number opportunities which occur in connection with units of work and 
other classroom activities. Ho time allotment is given for number alone, 
but twenty minutes per day are allotted for numbers and writing combined. 
Each teacher develops her own techniques and methods according to her 
interpretation of the general principles set forth in the manual.

Instructional practice, as observed by the author in the first 
grades of the city, places a divided emphasis on counting and on the 
serial idea of number. Practice varies in the extent to which incidental 
experiences are used as a basis for teaching number ideas. A limited 
amount of teaching emphasizes the meaning of the number processes. The 
conclusion may be drawn that a systematic presentation of the number 
processes from a meaningful standpoint is not accomplished to any great 
extent before the second grade.

The Primary Manual, pp. 482-488. Curriculum Bulletin, Ho. 95. 
Cincinnati, Ohio: Cincinnati Public Schools, 1947.
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2 . The s u b je c ts  shou ld  have a  background o f f a m i l i a r i t y  w ith

number adequate to  a ssu re  a  re a d in e s s  f o r  th e  number id e a s  to  be  p re s e n te d .

I t  was assumed th a t  second-grade c h ild re n  would have such f a m i l i a r i t y

w ith  number co n cep ts . This assum ption i s  s u b s ta n t ia te d  by re se a rc h  o f
2Buckingham and MacLatchy, who o f f e r  f in d in g s  to  in d ic a te  t h a t  even 

c h ild re n  e n te r in g  f i r s t  grade have a lre a d y  acq u ired  some u n d erstand ing  

o f th e  p ro c e sse s . They found wide d if fe re n c e s  among c h ild re n , and 

incom plete concepts due to  th e  v a r ie d  experiences which th e  members of 

a  p a r t i c u l a r  group had p re v io u s ly  encountered . The re s e a rc h  o f th e se  

au th o rs  seems to  j u s t i f y  th e  in fe re n c e  t h a t  c a su a l number c o n ta c ts ,  such 

as  th e  o u t-o f-sc h o o l environm ent a ffo rd s  a  c h i ld ,  to g e th e r  w ith  con tinued  

ex periences w ith  in c id e n ta l  number s i tu a t io n s  throughout f i r s t  g rade , 

shou ld  p ro v id e  an adequate background f o r  beg inn ing  a  sy stem a tic  s tu d y  

o f  th e  sim ple com binations a t  th e  beg inn ing  o f second g rade .

I t  i s  g e n e ra lly  accep ted  th a t  any grade le v e l  ty p ic a l ly

re p re s e n ts  a  sp read  o f a t  l e a s t  th re e  g rades in  bo th  achievem ent and
3

c a p a c ity  o f c h ild re n . This be ing  t r u e ,  methods o f th in k in g  found in  

second grade w i l l  show c o n sid e rab le  ov erlap p in g  w ith  th o se  found in  

any f i r s t  o r th i r d  g rad e . An in te n s iv e  s tudy  o f second grade p u p ils  

should  o f f e r  in fo rm atio n  concerning though t p ro ce sses  o f  p u p ils  o f va lue  

to  te a c h e rs  o f bo th  younger and o ld e r  c h ild re n .

2 . B. R. Buckingham and J .  J .  MacLatchy, ’’The Number A b i l i t i e s  
o f  C h ild ren  Ih en  They E n ter Grade One," R esearch in  A rith m e tic , p p . 508- 
509. Twenty-Ninth Yearbook o f th e  N a tio n a l S o c ie ty  f o r  th e  Study o f  Educa­
t i o n ,  P a r t  I I .  Bloomington, I l l i n o i s :  P u b lic  School P u b lish in g  C o., 1930.

3 . Leo J .  Brueekner and F o s te r  E . G ro ssn ick le , How to  Make 
A rith m etic  M eaningful, pp . 398-399* Chicago: The John C. W inston Company,
TWT*
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.g PiL.,g .?u,P.s»" 10 attempt was made to select 
groups of children according to any one factor. Both homogeneous and 
heterogeneous groups were included* There was a wide range of ability as 
measured by the standards used. Some groups have a fairly stable enroll­
ment and some had a rapidly changing enrollment. Suburban and basin 

areas, ^ as well as large and small schools, were represented.
It was impossible to work with an unlimited number of subjects, 

in view of the amount of conference work with teachers and individual 
work with pupils which the study demanded. Since methods of thinking 
were to be classified according to maturity level represented, it was 

felt that the total experimental group should be of sufficient size to 
include a representative group of children at each maturity level. This 
was necessary in order to determine the variations in growth patterns 
that would undoubtedly occur as the instructional period progressed. Six 
groups of children in regular classrooms, numbering approximately thirty 
pupils each, appeared to offer a sufficient number of subjects to meet these 

requirements.
The various factors which affect instructional procedure are 

summarized in Table 1* It will be noted from Table 1 that two groups 
were from schools located in the outlying or suburban areas of the city, 
while four groups were selected from downtown or basin areas.

In the primary grades of the Cincinnati sohools the method used 
in grouping children varies according to the location of the school. In 
suburban areas,where schools are comparatively small and there are few

4 The term "basin area" is used to refer to schools in thickly 
populated, downtown sections of the city in contrast to the outlying 
suburban schools.
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groups of children at each grade level, the prevalent practice is to 
group heterogeneously. In the basin area of the city^where large schools 
make it necessary to have several groups of children at each grade level, 

children are grouped homogeneously on the basis of the Metropolitan 
Readiness Test and teacher judgment. Reference to Table 1 indicates 
that the six groups in this study illustrate both of these practices.
The children of the two suburban groups, B and D, were heterogeneously 
grouped, while those of the basin area, A, C, E, and F, were grouped 
homogeneously.

In general the suburban groups represent a more stable popula­
tion than the basin groups, though Group F, one of the basin groups, 
had only a slight fluctuation in enrollment. Group D had the heaviest 
and the most stable enrollment, with no changes during the experimental 
period. Group A had the least stable enrollment of any of the groups. 
There were eleven entrants into this group after October first, and nine 

pupils dropped out or were lost by transfer between October first and 
February first.

Hot included in the table, but of interest to the present 
discussion, is the number of second grades in each school and the position 
of each second grade group selected for study in relation to the total 
range of second grades within the particular school. Of the two 
suburban groups, Group B was one of three heterogeneously grouped second 
grades, while Group D was one of four such groups. Of the four basin 
groups. Group C was the highest of five second grades, Group E was the 
highest of three, Group A was second from the highest of four, and Group 
F was the lowest of eight second grades in a very large school.
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TABLE 1
DATA OH LOGATIOH OF SCHOOL, TYPE OF GROUPING, AID CHANGES 
WITHIN THE PUPIL GROUPS FOR THE SIX SECOND GRADES INCLUDED

IN THE STUDY *

Factors Influencing Instruction Group
A 3 C D E F

Location of School Ba Su Ba Su Ba Ba
Type of Grouping Ho He Ho He Ho Ho
Enrollment as of Oct* 1, 1948 33 29 36 38 35 28
Enrollment as of Feb. 1, 1949 35 28 36 38 31 29

Number entering between Oct* 1 and Feb 1 11 2 7 0 4 3
Number transferred and dropped between Oct* 1 and Feb. 1 9 3 7 0 8 2
* Ba. - basin area; Su. - suburban area; Ho* - homogeneous grouping; 

He* - heterogeneous grouping*
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Teachers for the pupil groups.-- First year teachers who were 
graduates of Teachers College, University of Cincinnati, and who had 
second-grade teaching assignments in the city for the school year 1948-1949 
taught the six groups of children. All teachers were members of a 
practicum class taught by the investigator throughout the period of the 
study* The opportunity for frequent supervision and for guidance in the 
university course made this group well adapted to the purposes of the 
study* These inexperienced teachers realized their need for guidance in 
the arithmetic program and therefore gave whole-hearted support to the 
cooperative study in arithmetic.

Procedures for Collecting Group Data 
Construction of the group test.—  The group test used was 

constructed by the investigator. ® Selection of items was made to 
represent a sampling of examples from the range of numbers below ten.
Hone of the answers in addition or multiplication exceeded nine. All 
division examples were obtained from numbers less than ten.

The test had two divisions. In Part I the items were presented 
partially in pictured form. For each number fact, pictures were provided 
which could be used by the child in obtaining answers. An example from 
each process shows the exact form.

A d d itio n : oo and ° °  a re

S u b tra c tio n : °° °  tak e  away 3 a re

D iv is io n : How many 2* s in  ?

Multiplication: Three 2’s are
In Part II the items included in Part I were repeated, with 

the exception that abstract number symbols were used throughout in place

C See Appendix A for a copy of the group test*
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of pictured representations. Symbols denoting process were not used in 
any part of the test. Instead, statements or questions were written out 
so that words were used to describe the process. Representative illustra­
tions for each process follows

Additions 2 and 3 are ___

Subtractions 6 take away 3 are ____
Divisions How many 2* s in 4? _____
Multiplication; Three 2’s are ____
The purpose of the group test was to determine the initial 

status of the pupils at the beginning of the instructional program with 
regard to rate and accuracy, and to obtain like measures at the end of 
idle instructional period. The division into two parts was made in order
to determine whether scores in rate and aoouraey were affected by the 
■type of test materials presented to the child.

Administration of the Group Test.—  The group test was tried 
out during the spring of 1948 with two groups of second-grade children 
not included in the study. No major revisions were made, though minor 

revisions to clarify directions were necessary. The test proved sufficiently 
simple for the children to understand, and easy to administer.

During the second week of school in the fall of 1949, the group 
test was administered to the experimental groups. The test was repeated 
at the end of the instructional period of approximately fourteen weeks.

A time limit of twelve minutes was placed on each part of the 
test. Timing was found to be advisable in order to compare rates of 
work at the beginning and at the end of the instructional period, and 
for semi-concrete and abstract materials.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

Four practice items were presented on the cover page of Part I 
Of the test. These items were first explained from blackboard representa­
tions. Later each child received help as needed in working through the 
four practice items.

Students from the kindergarten-primary department of Teachers 
College volunteered to serve as recorders as the test was being administered. 
Each recorder observed from eight to ten children. Recorders were 
responsible for helping children with words, explaining directions 
individually when responses on the cover page showed misunderstanding, 
and encouraging children to continue to the next page when one page was 
completed. In addition to assisting with the administration of the test, 
recorders made note of any apparent evidence relative to ways of securing 
answers. Such methods as moving lips, counting on fingers, and copying 
from a neighbor were noted. Records were also made of observable behavior 
which reflected attitudes toward the test, such as inattention, remarks 
made by children, and excessive requests for help. Appropriate forms 
for recording information and a list of directions were providedibr each 
recorder* ®

Procedure for Collecting Interview Data
Following the initial group test, individual interviews were 

held with all children in the six groups. The purpose of the interviews 
was to determine methods of thinking on arithmetical problems which were 
being used by each child at the beginning of the investigation. Interview 
items were selected from those most frequently missed on the group test, 
the assumption being that the items which had proved most diffioult, or

6 See Appendix B for samples of the recorders’ blanks and 
instruction sheets.
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had been missed most often, would offer more information on methods of 
thinking than items well known to the children. Six addition, six sub­
traction, three division, and three multiplication items were selected, 
making a total of eighteen interview items. Items were arranged in 
random order, to discourage the solution of any one item by reference 
to those immediately preceding.

Training of interviewers,—  Selected students from the incoming 
senior class in the kindergarten-primary department of Teachers College 
assisted in conducting interviews. Interviewers participated in a 
preliminary program designed to provide an understanding of the interview 
technique and practice in interviewing. The purpose of the interview 
was explained, A few pertinent principles relative to successful inter­
viewing were presented. This brief introduction was followed by three 
demonstrations with children of different abilities, in order to acquaint 
interviewers with as wide a range of responses as possible within a short 
period of time. 7 After a general discussion of the three demonstrations, 
each student interviewed two children, under supervision, Bach interviewer 
was provided with a kit of materials including the following* 

an interview booklet 
two practice items
interview blanks for recording interview responses 
sharpened pencils
ten paper picnic forks or spoons for demonstrating number 
combinations in concrete form

paper and crayon (one color) for drawing dot or stick pictures

paper clips for clipping all material for each child together 
to prevent loss.

7 Practice interviews were given during the first week of 
school. Subjects were second-grade children not included in the study.
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Results from practice interviews were discussed and suggestions 

given for improvement. In early attempts, interviewers found it difficult 
to refrain from teaching the child during the interview. They were 
inclined to help the child by means of a hint or by the type of question 
asked, e.g., "You know that isn't rightj think again," or, "If you think 
a little longer, maybe you'll get it." When interviewers clearly under­
stood that the purpose of the interview was to determine methods of 
thinking, they realized that wrong answers could be as useful as correct 
ones in obtaining the desired information. They quickly understood that 
inclination to push children for correct answers was not only unnecessary 
but would actually defeat the purpose of the interview; and that,further­
more, it was desirable for the child to think out loud if he eould be 
induced to do so, or if not, to report what he had said to himself.
Typical questions which seemed to bring the most successful results weres 
"How did you think it?" "Can you say it out loud just the way you said 
it to yourself?" "Can you think this one out loud as you do it?" 
Interviewers were cautioned to avoid questions which would suggest a 
method to a child. To say, "Did you start with one and count up?" is 
likely to encourage the child to answer in the affirmative,,even though 

he may have used an entirely different method.
Interviewers found it necessary to watch lips and fingers of 

the children, since these overt forms of behavior were aids to interpre­
tation of thought processes. Information was recorded between items 
rather than immediately following the presentation of an item. The 
interviewer was therefore free to observe the child carefully as he was 
getting his answer. Interviewers were urged to record the exact methods 
used in counting, in all cases where such information could be obtained.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43

Administration of initial interviews.—  Arrangements were made 
with the principal of each school to provide a suitable place for inter­
viewing children. The auditorium or the lunchroom was usually available. 
Either location provided ample space for interviewer and interviewee to 

be at a sufficient distance from others to avoid distraction. With 
eight interviewers working at one time, it was possible to interview all 
the pupils of a grade in a half day, thereby avoiding prolonged interrup­
tion of class work.

Practice interviews had revealed that half an hour allowed 
sufficient time for most children to complete the interview items. A 

longer period of time also seemed undesirable when consideration was 
given to the degree of concentration required on the part of the inter­
viewee. In cases where it was not possible to complete all items, 
interviewers were instructed to make a sampling of items sufficient to 
furnish the desired information on thought processes being used by the 

child. 8
At the beginning of each interview, the interviewer was faced 

with the problem of establishing rapport with the child. The purpose was 
to effect a comfortable relationship before the interview was begun.
With few exceptions, this was easily and effectively accomplished by 
reference to a pretty dress, new shoes, or seme activity in progress in 

the child’s classroom.
The children were then told that they were going to do some 

work with numbers, but they would not need to write anything down. They 
would just talk out loud and tell hew they thought about the numbers.

O Detailed instructions to interviewers for initial, interim, 
and final interviews may be found in Appendix G.
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Following these preliminaries, the child was presented with two 
practice items for which responses were not recorded, in order to assure 
that the procedure was understood. Items from 'the test booklet were then 
administered. The items were printed in manuscript on strips of tag 
board which were fastened together to form a booklet. Below are samples

Qillustrating the form used for each of the processes:
Additions “2 and 3 are H
Subtractions M5 take away 2 are
Multiplications “Two 2‘s are "
Division: “How many 2*s in 4?"
All addition items were presented first, since addition was the 

most familiar of the four fundamental processes for the children. Addition 
items were followed in turn by the subtraction, the division, and the 
multiplication items. "When a new process was to be presented, the child 
was told that these examples were of a different kind. To avoid any 
chance of misinterpretation due to reading difficulty, each item was 
read to the child as it was presented to him. Responses of the child 

were recorded on an interview blank prepared for the purpose. 10 The 
answer, whether right or wrong, was recorded. Other entries included any 
lip movement or finger movement which furnished a clue to thought processes, 
and answers to all questions posed by the interviewer.

All items were first presented to the child in abstract form.
If he was unsuccessful with abstract materials, he was asked to carry 
out some demonstration of the number fact, either by making a picture or

® See Appendix D for a complete listing of the items included 
in the interview booklet.

I® See Appendix E for sample interview form.
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by using concrete materials to tell the number story. No differentiation 
•was made between semi-concrete number materials (simple crayon drawings 
made by the child) or concrete materials. For variety and interest both 
semi-concrete and concrete materials were used interchangeably. In order 
to save time it was necessary, however, to limit drawings to simple “dot" 
or "stick® pictures, flhen the child was asked to demonstrate the combina­
tion with concrete materials, he was given ten objects and told to use as 
many as he needed. Semi-ooncrete or concrete materials were used when 
the interviewer wished to determine, (1) the extent to which a child who 
gave an incorrect response to an abstract combination was successful with 
semi-concrete or concrete materials, and (2) whether an answer which could 
not be adequately explained by the child was meaningful or merely memorized. 
It was assumed that,if a clear demonstration could be made, the child 
understood the process by which he obtained the answer.

Administration of interim interviews.—  Following the initial 
interviews and an instructional period of approximately six weeks, interim 
interviews were administered. The procedure for the interim interviews 
remained the same as for initial interviews, with the following significant 
changes:

1. Small wooden cubes replaced the picnic forks and spoons as 
concrete materials in the interim interviews.

2. Interviewers were instructed to present all addition examples 
in abstract form first. They were then to go back and ask for a demonstra­
tion of one or more examples with concrete or semi-concrete materials.
The same procedure was followed for the other three processes. It was 
found on initial interviews that some children tended to learn from the 
use of concrete materials and were able to apply this learning to subsequent
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examples when the demonstration immediately followed the abstract presenta­
tion, Ihen the abstract examples in a process had been presented, semi- 
concrete or concrete demonstrations followed for as many combinations as 
time allowed,

3, The language form "freon" was used to supplement the form 

"take away," since one of the interviewers discovered that a few children 
could give correct responses when the former term was used. In oases of 
failure in subtraction on the original presentation, therefore, the 
example was re-read to the child, using the language form "from* instead 
of "take away,"

Administration of final interviews.—  Final interviews were

given approximately four months later, at the end of the teaching period. 
Hie procedure was the same as that for the initial interviews with the 
following exceptions*

1. In the final interview, brightly colored discs were used 
for concrete materials,

2. Interviewers were instructed to go through all the items 

for the four processes in abstract form before having any concrete or 
semi-ooncrete demonstrations by the child. This ohange was made 
primarily to save time on the final interview.

3. If a relatively immature method of arriving at an answer 
was used on the final interview, the child was asked if he could think
of any other way to find the answer. This ohange in technique on the final 
interview was made to determine whether the child1 s first response 
represented his only method of attack, or whether he could perform at a 
higher level than was indicated by his first response* The final interview 
offered the last opportunity to find the different ways by which the child 
was able to obtain the answer and the extent of his ability*
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Teachers' Records
Teachers were asked, to keep two types of records* (l) daily 

logs or diaries describing the planned number program, and (2) records of 
the incidental number experiences of the ohildren. All records were kept 
as a part of the regular requirement for the university course.

The daily log or diary of the planned number program provided 
information on the time devoted to systematic arithmetic instruction and 
an account of what took place during the instructional period each day.
Diary reports also showed the teacher's interpretation of her success, 
or lack of success, in helping children progress from lower to increasingly 
higher maturity levels in the four fundamental processes.

Samples from the diaries were read and discussed at weekly 
meetings of the teachers. Ideas were shared and evaluated informally. 
Progress or lack of progress was noted, and plans for the next week were 
formulated.

As an aid to adequate understanding of incidental number 
experiences, illustrations were provided in several different areas, such 
as social studies, reading, music, and classroom routines. At early 
meetings of the teachers there was some misunderstanding as to the difference 
between incidental and planned number experience. Distinctions between 
concrete, semi-concrete, and abstract number materials were also difficult 
at first. Ample illustrative material, much of which was provided by the 
teachers themselves, served to clear up misconceptions.

A special form was developed to assure uniformity in recording 
incidental number experiences in anecdotal form and other pertinent 
information relative to the experience, such as date, size of group
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participating, process (addition, subtraction, division, multiplication), 

method (guessing, counting, solving, etc.), materials (concrete, semi- 
concrete, abstract), type of follow-up work planned, and significant 
comments.

Summary
The subjects in this study were pupils in six second-grade 

classes in Cincinnati. The selected classes represented many diverse 
faotors affecting learning. Among these were school location, type of 
grouping, ability of children, and fluctuations in enrollment. The 
children were taught by beginning teachers in the first semester of their 
teaching experience. These teachers acquired understanding of the 
experiment and received guidance through the instructional program, by 
means of a university course required of all beginning teachers in 
Cincinnati.

For a period of approximately four months, the children in the 
study received instruction specifically designed to encourage the use 
of more mature thought processes than they were using at the outset of 
the investigation. Data for the study were gathered by means of a group 
test, individual interviews with children, and teachers’ records. The 
group test was designed to provide measures of rate and accuracy on 
thirty-six simple combinations selected from the four fundamental processes. 
It was administered preceding the instructional period and was repeated 
at the end of this period.

Interviews were conducted with all children in the study on 
eighteen selected combinations representing the four processes* Interviews 
provided a means for determining methods of thinking employed by the
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children at the heginning of the investigation, midway through the 
teaching period, and at the and of this period.

Teachers* logs and other records provided information on the 
planned instructional program and on incidental number experiences.
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CHAPTER IY
CLASSIFICATION OF THE TYPES OF CHILDREN’S RESPONSES

Some system of classification of the kinds of responses was 
necessary for the simplification of data in order to show improvement in 
the understanding of the processes. To accomplish this purpose, the 
methods reported by the children in the initial interviews were analyzed, 
arranged in categories, and classified at four maturity levels. The 
main topics to be treated in this chapter, therefore, may be stated as 
follows:

1. To provide descriptions and illustrations for each method 
used by the children in the initial interviews.

2. To present the procedure followed in arriving at final 
categories for methods.

3. To describe the procedure for classifying methods accord­
ing to maturity levels represented*

Certain assumptions upon which material in this chapter is 

based are as follows:
1. The interview technique revealed the intellectual processes 

by which the children arrived at answers to a sufficient degree to permit 
the classification of most responses.

2. Some types of responses are more mature than others. It is 
possible to set up criteria on the basis of which levels of maturity can 
be distinguished.

3. Certain admitted difficulties present barriers to accurate 
classification of all responses. These hazards do not outweigh the values 
to be gained from, the total plan of classification.

50
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Descriptions and Illustrations of Types of Suspenses 

The first step in discovering the variety of methods used by 
children was to study the responses made by children on the initial 
interviews# A list of all the methods found as a result of this study 
is provided to indicate the range of methods in each of the four funda­
mental processes. Each method is labelled by means of a descriptive 
title. A code symbol used to designate the method in tabulations of 
data appears after each method. A variety of counting and recall methods 
were found with seme miscellaneous methods, and other types of responses. 
With three exceptions, indicated in the list, each method was found in 
all four processes*

In subsequent sections of this chapter, the methods are 
described in their order of presentation in the list which follows below. 
A sufficient number of illustrations are provided to show the variations 
in the use of the method within, a given process. When differences occur 
in the application of the method frcaa process to process, illustrations 
are given which point out these differences. The list of methods with 
appropriate code symbols follows.

Counting all numbers (Ca)
* Counting to add and adding (CA)
Counting variation (Cv)
Partial oounting (Cp)

** Counting in multiples (Cm)
Counting (method unknown) (Cu)

* Used in all processes except addition.
** Used in all processes except subtraction.
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Recall methodst
Delayed recall (id)
Recall by problem situation. (Rps)
Recall by logical inference (lli)
Immediate recall (Rl)

Other types of methods and responses;
* Estimating (l)
Visual grouping (Vgr)
Guessing (G)
Partial omission (Po)
Mo response (MR)

Item omitted (0)
Counting all numbers (Ca).—  When this method was used, the 

child counted both numbers in the example by ones. At times counting 
was continuous, with no break or pause in between the numbers. At other 
times there was a pause which tended to indicate the recognition on the 
part of the child that more than one was represented in the example. 

Additiont
2 and 6 St *1 think of the sticks; I put

out 6 and 2. Then count them out—  
1,2, 3, 4, 5, 6, 7* 1

5 and 4 Counted 1,2,3,4,5 on one hand.
Then 6,7,8,9 on the other.

* Hot used in the process of multiplication.

In all the illustrations which follow, the symbol S indicates 
the subject. The symbol I designates the interviewer.
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3 and 4

Subtractions
9 take away 3 
9 take away 3

8 take away 6

Divisions
How many 2’s in 6?

How many 3* s in 9? 

How many 2’s in 6?

Multiplication:

Three 2’s

Two 4* s

St — 7." Ihen asked to describe
the method used, the child said, 
**1,2,3," pointing to the 3 on the 
card; and, *4,5,6,7," pointing to 
the 4 on the card. 2

Ss " 6." Counted on fingers.
Ss "I counted 9 and then took 3 away." 

Counts 9 first; pulls down 3 
fingers; counts the rest by ones. 
Answers 6.

Ss "That’s the hardest one. I’m 8 
years old." Counts 8 fingers; 
pulls down 6 fingers.

Ss "Are 2."

Ss «---5."
Is “How did you know?"
Ss "I counted."
I: "How?"
Ss "1,2,3,4,5,6. 5 2*s."
Ss " -3 (fingers) 1,2,3, - is 1;

4,5,6, is 1; 7,8,9 is 1."
Ss "3." Used fingers to count out 6.

Then touched mouth with groups of 
2 fingers to count how many 2’s.

S« "— — 6. I said 1,2, - 3,4, -
5,6." Pauses in between groups of 
two’s indicate that -this ohild is 
aware of the groups though she 
counts them by ones.

Ss "8. 1,2,3,4, - 5,6,7,8." Says he
counts in bunches. Child’s remark 
indicates recognition of groups.

2 Spacing indicates a pause before the response is made by the
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Counting to add a ad. adding (CA).-- In using this method the 
child counted the numbers together or added without any apparent counting. 

Subtraction*
7 take away 3

8 take away 6

S: M-— 10. I said 7; then I counted 
3 to 10.*

Ss — 14. " Began with 1,2, 3,4, 5,6,
7,8, - paused - 9,10,11,12,13,14.

Ss "I got #2.00 for passing last year. 
Mother learned me how to be good 
in school. Hard to do lesaons 
in school."

Ss "3 and 2 more make 5.” 
Ss n2 - 3,4,5."

Multiplications 
Three 2* s 
Three 2* s 

Divisions
How many 2’s in 6? Ss "Let’s see. — Ma - 7, because 2

and 6 more make 7."
How many 3's in 9? Ss "Here goes a hard one." Counted

on fingers.
Ss "Would it be 12?"

Counting variation (Cv).—  Children who used this method of 
counting seemed to realize that counting could be relied upon to get 
answers, but they had little understanding of how to count in order to 
arrive at a correct answer. They had hit upon the scheme of counting one 
more or, in some instances, one less than either of the numbers represented, 

Additions
Ss 
S:

2 and 4 
5 and 3 

Subtractions

"5 - Because the 4 is before 5." 
"6 - Because 6 comes after 5."

7 take away 2 S: "----6." Counted 1,2,3,4,5,6.
Counts one less then total for each 
example.
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9 take away 3 "10j because after 9 is 10." All 
answers in subtraction for this 
child are one higher than the 
larger number in the example*

Divisions
Hew many 2’s in 6? St "7." Put up 6 fingers and then put

up her seventh finger and said 7.
How many 4’s in 8? St "There goes another hard one. If

I have 4 halls in 8 and take away 
one, I have just S."

Partial counting (Cp)*—  In "partial counting" the ohild counted 
either one or the other of the numbers in the addition example, but not 
both. Most often, he began with the larger number and counted the smaller 
number only by ones. Occasionally the reverse prooess was used. A few 
children started with the top number consistently, a procedure which 
resulted in counting the smaller or the larger number according to its 
placement.in the example.

Additions
5 and 3

3 and 4

2 and 4

Ss "I counted that in my mind. Had 5 
and counted up 4. Got 9."

Ss "3 and 4 is — - oh ——  3 and 4 is —
wait a minute —  3,4,5,6,7 (said 
numbers on his lips) "I would have 
known it if it m s  4 and 3."

Is "Why?"
Ss "That’s the way we had it."
Ss "Wait a minute — — 6." He wrote

2 with his finger said then counted 
4 more.

in interesting variation of the method of partial counting is 
seen in the following illustrations t 

5 and 4

2 and 4

Ss "6 is Ij 7 is 2j 8 is 3j 9 is 4j 
Answer is 9.®

Ss "Let’s see — —  I’m going to think 
it out — —  It’s 6." Answer comes 
very fast after a long pause.

Ss "I said, 3 is lj 4 is 2j 5 is 3;
6 is 4."
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For the process of subtraction, the children used the partial 
counting method in two ways: (l) They began with the lower number and
counted up to the top number* (2) They began with the top number and
counted backwards until they had counted the number to be taken away*

Subtraction:
8 take away 6 S: "— — (long pause) — 2. Took

the 8 and took away 6."
It "low did you do that?"
S: "6-, 7,8* Have 2 more left."

8 take away 5 S: *8 take away 5 are — 3. Take
5 off it, it leaves 6,7,8 and 
that*s 3."

9 take away 3 S: "----6. If you take 3 away, you
have 6 left; because you have 
9,8,7, and 6 left."

9 take away 3 S: "Counted 9; 1 off leaves 8; 1 more
off leaves 7; 1 more which is 3; 
leaves 6."

Another -variation of the partial counting method is seen in 
this example:

8 take away 6 Ss "7 is 1; 6 is 2; 5 is 3; 4 is 4;
3 is 5; 2 is 6; leaves 2*"

Division:
many 3’s in 9? S: "All I know is 2* Two times 3 is

6; one more time is 6 - 7,8,9; I
count 3 times, so 3 times in 9."

How many 3’s in 9? Ss "3 is half of 6; 6 - 7,8,9, so
there’s 3 S’s in 9."

How many 2’s in 6? St "2 and 2 are 4 - 5,6."
Counting in multiples (Cm).—  Certain examples lend themselves

to counting by multiples.
Additions

2 and 4 Ss "Counted it up - 2,4,6."
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2 and 4 

2 and 6 
Multiplications 

Three 2rs

S: "6.” Said in his mind - 2,4,6.

St "8 - 2,4,6,8."

St "6." She said 2,4,6 and then 
counted them. Stridently counted 
the 2’s to be sure she had three 
of them.

Counting (Method Unknown: Cu).—  This category was used when
it was evident that counting was being done, but the exact method of 
counting could not be determined. This method therefore overlaps with 
other methods of counting, since the counting may have been done by any 
one of those methods.

Additions
2 and 6

2 and 4

Subtractions

8 take away 6

7 take away 3

Ss *8 - I just count in my head."
Is "Tell me how you do it."
Ss "No, sir, no sir; that’s my secret I" 

Unable to determine method used.
S* " Could you do it by your

fingers?”
Is "Yes, if you need to."
St **2 on one hand and 4 on other 

makes 6." No indication by 
interviewer as to exact method of 
counting fingers.

Counted by ones to 8 and then 
couldn't hear what he said.

St 11 5 left." Said he counted to
10j took away 6 and had 5 left.

St *----4. Used my fingers. This
was easy." No evidence as to how 
fingers were used.

Divisions
How many 3*s in 9? St *---5.51 Counted 1,2, 3,4,5,6,7,

8,9. Then counted 1,2,3, and 
thought a little bit and got 5. 
How counting helped to arrive at 
the answer he gave is not clear.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



58

How many 3*s in 9? Asked if she could use her fingers.
Answered 3 3’s. Ho indication by 
interviewer as to how fingers 
were used.

Multiplication:
Two 4* s S: "--- 8.11 Lips were moving but

was unable to find out how she 
was counting.

Three 2* s Child frowned, moved lips; repeated
numbers, used fingers; answered 6.

Delayed recall (Rd).-- Delayed recall designates a recall 
response that is not immediate. It usually follows a pause during which 
the ohild is “deep in thought." Questioning, however, fails to reveal 
any other process in operation than an attempt to recall the answer.

The assumption could be made that the delay gave the child time 
to count and that in reality delayed recall responses are obtained by some 
method of counting. Since the evidence is lacking, it seems wise to use 
a category which will allow for this possibility but will not exclude 
other methods, such as repeating the example, remembering after a time, 
and similar methods.

Addition:
5 and 4 S; *— — 6." Her mother said 5 and

4 are 6 and she tried to remember 
it for the teacher.

2 and 4 S: — 6.n Dida*t know how she
figured it out - just knew it 
because they practiced these in 
first grade.

5 and 4 S: Shuts eyes "-— I saw 8. Then
I looked at it hard and saw 9."

I: "What made you see 8 the first
timet"

S: "Didn’t look at it hard enough,
I guess."

2 and 4 S: *2 and 4 are -— 6, These things
just come to me. I learn."
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2 and 6 Ss Repeats example — 8. lad it
in first grade but I just forgot. 
I went like this* 6 and 2 are 8j 
6 and 2 are 8.*

Subtractions
8 take away 6 S: — 2." long pause

St "I just kept thinking.®

7 take away 2 St "— — 5. I just figured it out."
8 take away 6 St — -2. I take away at heme. Jfy

mother learned me."
Divisions

How many 2’s in 67 St "— — S. Cause my mother told me
when anyone asked me how many 2* s 
in 6, to say 3j cause it never 
can change."

How many 2* s in 67 Ss "Don’t know." Long pause. Then
answered 2.

Multiplications
Two 3’s Ss "---- 6. Teacher told us that."
Two 3's Ss "— — 6. I can think how much 2

3's are."
Recall by problem situation (Bps).—  The child formulates a 

problem situation using money, balls, and the like, flhen the problem 
situation has been described, he gives the answer.

Additions
5 and 3 St "— -5 and your mother gives you

3 more, you have 8."
7 and 2 St "Gosh I I forget that I Can 1

figure it up? If you put 7 
balls and 2 more, it’d be 9."

5 and 4 Ss "I thought if I had 5 apples and
4 more I’d have 9."

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60

Subtractions
9 take away 3

Multiplication; 
Two 4’s

Three 2's

Tells story as follows; If she had 
9 balls in her hand and took away 
3, she would have 3 balls left in 
the center of her hand.

Ss "I don’t hardly know that one. I 
think it would be 13 or 14, because 
if you have 4^ and your mother gives 
you 4 more, your grandma gives you 
4 more, and your uncle gives you 4 
more, you’d have that much."

St ”1 think it would b e  . If
you have 4^, 2 more makes 6/,n

Recall by logical inference (PXi)—  In using this method the 
child thinks the answer to the unknown example by recalling other known 

answers. In other words, he infers, by a process of logical thinking, 
that if a certain fact he knows is true, the answer he is seeking must 
follow directly*

Addition;
5 and 4

5 and 3

5 and 3

3 and 4

Subtraction;

S;
I;
S:
I;
S;

St

6 take away 4 S;

“9. 5 and 5 are 10, so 1 less is
9.”
’’Know 4 and 4 is 8j and 1 more 
would be 5; and one less would be 
4; so must be 8,®
* 8."
"How did you get it?"
"I tried to guess it up."
"What did you say to yourself 
when you tried to guess it up?"
"I went like thisj 5 and 2 is 7 
and 1 more is 8."
"-— 7, 4 ana 4 is 8j then 3 and
4 must be 7; cause 1 more would be 8."

— 2j because 3 and 3 are 6."
The inference is that, since 3 from 
6 is 3j ■then 4 from. 6 is 2.
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9 take away 3 Repeats example
Ss MWould be 6; I just know."
Is "How do you know?"
S: "Well, I knew 5 and 4 are 9j take

away 4, it’s 5; take 3 away, it’s 6."
8 take away 5 Repeats example

Ss "Would be 3* I say 5 and 3 is 8,
so take away 5 is 3."

8 take away 5 Ss "— -3j cause 4 and 4 are 8 and
if you take away 5 it wouldleave
3."

Divisions
How many 2’s in 6? Ss "3j 2 3’s are 6j the other 3 take

away 1 are 2j 3 take away 1 are 2j 
the l*s that are left over make 
another 2j so, there are 3 2’s."

How many 3’s in 9? Thought and said 3.
Ss "One 3 is 3j 3 and 3 are 6 and 3 

more are 9."
How many 2’s in 6? Ss "3. There are 2 3’s in 6; so

there are 3 2’s."
Multiplications

Two 3’s Ss "6. I just knowed that 3 and 3
are 6j I always did know that."

Two 4* s Ss "8. Last time I was on 8, and how
many 4* s are in 8. I was thinking 
that 2 4’s was in 8." Referring to 
previous division example 4)8 ,

Two 4’s Ss "8 - 4 and 4 are 8. Some of these
are easy."

Three 2’s Ss "— — 6. 2 and 2 are 4, and 4 and
2 are 6.®

Recall by logical inference was used as the category for all 
responses in subtraction and division which the child remembered from 
corresponding multiplication or addition facts.

Immediate recall (Rl).—  Immediate recall is used to designate 
an answer that is given immediately. Children using this method were able
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to demonstrate combinations intelligently with semi-concrete or concrete 
materials when called upon to do so.

Addition:
S*

Ss
Ss "9. dust knew it.**

5 and 4 

2 and 4 
7 and 2 

Subtractions

"9" Answer given immediately 

"6. We had them in school.®

7 take away 3 

Divis ions

S: "4. Did it about 3 days ago in 
school."

How many 4’s in 8? Ss "2. Just looked up and thought
of it."

Multiplications 
Two 4* s

Two 3* s

Ss "lhat do you mean by 2 4'st" 
Suddenly said 8 and knew it was 
right.

Ss "6. Just knew it. Didn’t have 
to figure it out."

Estimating (b ).—  This method is represented by a response 
given in approximate rather than in absolute terms. An answer was not 
considered an estimate unless it was in the neighborhood of the correct 
one.

Additions
7 and 2 

2 and 4

Subtractions
8 take away 6

Ss "Make about 8."
S: " 7 - 1  mean 6; 4 and put 2 more

with it and it would be 5 or 6."

Ss "--- 2?" Ihen asked how he got
it he said, "I just guessed."

Is "Why didn’t you guess 10?"
Ss "I thought it (the answer) was 

pretty low to take away 6."
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Even though this child, refers to his answer as a guess, his statement shows 
that it was not a pure guess. There is reasoning present.

8 take away 5 S:  3." Said he guessed. Then
said, *1 thought it was 3 or 2. I 
didn’t know; so I said 3."

Division:
How many 3*s in 9? St "Those I kinda forget. I can guess

3 or 4."
The total pattern in this case indicates that the child has a fairly good 
understanding of numbers. These answers are therefore classified as 
estimates rather than as guesses.

Visual grouping (Vgr).—  The child visualizes groups of dots 

or groupings of fingers, but there is no evidence of counting.
Addition?

3 and 4 St ”7. At home I got a rug with 7
flowers on it."

2 and 4 St *8. Because there’d be 2 dots and
4 more dots.”

2 and 4 St "Just looked at it and said 6."
It "How did you get 6t"
St "Tliis here (4 fingers) and this 

(2 fingers) are 6." lo counting.
Subtraction:

9 take away 3 St — -6." Puts up 9 fingers
immediately; put down 3 and said 6. 
Bid not count them individually.

Division?
How many S’s in 9? St *3 of era. Cause I have blocks

that have 3*s like that."
How many 4’s in 8? St ”2. I play dominoes at home." 

Multiplication?
Two 3’s Puts up 3 fingers and 3 more fingers

immediately without counting and 
says 6.
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Guessing (G).-- "Guessing" is the category used for an answer 
which is usually far from correct and which seems to hare no reasoning 
back of it. If a guessed answer is questioned, the guesser will give 
another equally erroneous answer with as much assurance as the first.

At times the guesser may pause before giving his answer. In 
this case the pause does not indicate a method of thinking, hut rather is 

used to impress the interviewer, since the child knows that others succeed 
by thinking.

The guesser often shows a strong preference for certain numbers 
which tend to occur frequently throughout the interview.

Sometimes the guesser may even attempt to count, because he 
knows other children count. The counting bears no relation to the answer 
he gives, however.

It is often necessary to consider the total pattern of the 
guesser in order to differentiate guessing and reoall responses. If the 
total pattern for all of the addition examples seems to indicate guessing, 
one correct response out of the six is also classified as a guess. If 
one incorrect response has occurred in a pattern which seems to indicate 

recall, the incorrect response is also classified as recall.
Addition?

2 and 4 Si "2 and 4 is 29. Am I right? I’m
right. I can see." She saw the 
interviewer write down what she 
had said and assumed that she was 
right. Other addition answers for 
-this child rani 29, 28, 29, 26,
28, 29.

2 and 4 Ss "S. I just guessed." Went back
and asked her again. She said 8.

7 and 2 S: — -6. I guess it’s 6. I just
said to myself it’s 6 after counting
on my fingers.
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Subtraction:
9 take away 3

9 take away 3

8 take away 5

S: "Comes back down, to 28, Am I
right? I’m right," Other responses 
for subtraction examples were 25,
29, 24, 28, 29.

St "11,12." Ihen asked how she got 
her answer, she replied, "Something 
must have told me."

It "Who?"
St "God." Other responses were 11, 12,

13, 14, 8.
S: "— — 6." She just counted wildly

on her fingers and then said 6.
Other responses were 24, 13, 13, 30,
14, 13. When asked a second time 
answers were just as wild.

Division:
How many 4’s in 8? Ss

How many 2’s in 6? St

"I guess it’s 2 or 3. I think to 
myself how many fingers have I got 
and I guessed it up right."

?e 4 or 2. I just guessed it 
up in my head."

Responses on all other items for this pupil indicate that the total picture 
is that of a guesser. Otherwise these two responses might be classified 
as estimates.

How many 3’s in 9? St "About 6. I just oounted. Is
that right?" Thought again and 
said 8.

St "Is that too much? Maybe it ought 
to be 7. I’m sure it’s not 1.
You know why I said that? I’m a 
minister’s son and I know t"

Again the total pattern indicates a guesser. A rapid shift to another
number when he has reason to doubt the correctness of an answer previously
given is indicative of a guesser.

Responses of other guessers to the three division examples were:
5,6, and 7; 30, 50 and 70; 4, 9, and 5; 2, 2, and 2.
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How many 4’s in 8? St “Thera’s a lot in 8 - huh?”
(Lips moving) “I counted and
found only one in it*”

This child counted each time hut came out with one as his answer after
counting.

How many 2’

Multiplication;
Three 2's

Two 3’s 

Two 3’s 

Two 3* s

The general pattern for this child was guessing. His explanation does not 
make sense, and the number 6 is a frequent guess throughout the interview* 
Response is therefore classified as a guess,even though it is correct.

Partial omission (Po).—  Partial emission is the category used 
when the child looks at one or the other of the numbers in a subtraction 
example and gives that number as the answer. It was found that some of 
the children tended to think of physically covering up, erasing, or 
otherwise getting rid of the number to be taken away.

The method of partial emission was very rarely used with addition, 
probably due to the fact that the children had a better understanding of 
the process of addition.

s in 6? Si ”2. I see the numbers."
Is "VShioh numbers do you see?*1

Child points to 2 on card. Said 
he did the other two division examples 
the same way. His response to 3)9 
was 3, and to 4)8 4, which indicates 
that he merely called off the number 
of the divisor in each case.

S: ”8. I don’t know how I thought.
I just said it right off. I’m 
doing that to all the numbers. 
It’s right, ain’t it?*

Si
Is

"I hope I get it right. — — 8.*
"Are you sure?" (He said 9.)

St *60." Asked her again after 
talking to her and she said 80.

St *6." Because when he was downstairs 
he counted to 100 and when he sees 
2 3’s he says 6.
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"Leaves 9.**
"How do you take away the 3?" 
"You erase it off.”

”8. I thought 8 was 8, and 6 
was 6? and then I thought 8 was 
just 8, see, and 6 was just 6.”
n4 left, cause, if you take the 
6 away (placed his hand over 
the 6) you’d have 4 left.” 
Pointed to 4 on card.
— -7. See, in take aways, I 

don’t count. I just throw the 
last number away and use the 
first number.”

”One - I only see one 3 on the 
book.” (number card)

This child gave "one" as the answer for 4j8~and for Z ] W for the same
reason as given above. She only saw one.

How many 3's in 9? Si "One. Daddy taught me that. I
didn’t think I’d get so many 
right. I bet I get A on ay 
report for this 1”

Responses on all division examples were the same. Since he sees only 
one 4, 3, or 2 on the card, he assumes that his answer is one.

lo response (HR).-- The category of "no response" applies
when a child attempted an example,but was unable to arrive at an 
answer after a reasonable amount of time.

Item omitted (0).—  Sometimes it was necessary for the inter­
viewer to omit some examples in each process in order to complete the
interview in the time allotted. If the same method was used consistently 
throughout the first four examples, there seemed little reason to ask

Subtractions
9 take away 3 S:

It
S:

8 take away 6 St

6 take away 4 S:

7 take away 2 St

Division!
How many 3’s in 9? St
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for responses on the remaining two examples, particularly if the child 
was working laboriously* Rarely items were emitted through an oversight 
on the part of the interviewer.

Procedure for Arriving at Categories for Methods
The process of arriving at final categories for methods and the 

reasons for changes are described in the following seotion.
Counting to add and adding (CA).—  At first "counting to add 

and adding" were considered two separate categories. Analysis showed 

that neither of these methods was used frequently. Furthermore, there 
seemed to be little difference in level of understanding represented.
When either of the two methods was used, there was a complete misconception 
of subtraction, division, and multiplication as processes. Counting to 
add and adding failed to give correot answers in any of these processes. 
With these facts in mind, one category was thought adequate for these two 

methods.
Partial counting (Op).-- An early decision was made to include 

several categories for the different methods of partial counting. In the 
process of addition, these methods were originally described as "counting 
the larger number," and "counting the smaller number." In subtraction, 
they took the form of "counting upwards" from the subtrahend to the minuend, 

or "counting backwards" from the minuend to the subtrahend. While the 
choioe of one of these partial counting methods over the other, in either 
process, is often more expedient in time and effort, the child who selects 
one method consistently necessarily has an indiscriminate method of attack 
on combinations. In adding, he starts some combinations with the left 
hand number and some with the right hand number. In subtracting, he must
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count scone upwards and some backwards. It is doubtful if the child loses 
in understanding by being consistent in his method of attack, and probably 
there is little difference in the reasoning required for the various 
methods of partial counting which have been desoribed. The child may lose 
slightly in acouraoy, simply because of more counting involved in certain 
combinations when a consistent method of attack is used* The child who 
consistently starts with the left-hand number, for the combination "2 and 7," 
has more counting to do than in the combination **6 and 2." He has a greater 
chance of making errors with the former combination than with the latter.
For the purpose of simplifying the method, and because it was desirable 

for consistency within the four proceses, it seemed advisable to use 
one inclusive category, "partial counting."

Counting in multiples (Gm).—  At an early stage in analysis of 
methods, counting by two’s, counting by three’s and counting by four’s 
were regarded as separate categories. Further analysis revealed that the 
choice of multiple used in counting depended largely on the extent to 

which a given combination lent itself to counting by two’s, three’s, or 
four’s. To arrive at the answer for the combination, "three’s in 9," the 
child was likely to count by three’s, saying **3,6,9," whereas he was more 
likely to count by two’s for the combination "two’s in 6." A similar 
analysis held true for the corresponding multiplication combinations. Hie 
addition combinations "2 and 6," and *4 and 2" were often counted by two’s. 
Since differences in level of understanding, accuracy, or reasoning ability 
were not apparent in the choice of multiples, one oategory was used for 
all such methods of solution.

Delayed recall (Bd) and immediate recall (Hi).—  In the prelim­
inary analysis, an effort was made to distinguish meaningful recall answers
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from. those which had no meaning for the child. Since interviewers did 
not ask for proof by explanation or demonstration in all cases, it was 
difficult to make accurate differentiations. Consequently, smother category, 
"delayed recall," was introduced to take care of all recall responses 
which were not immediate and for whieh the kind of thinking could not be 
determined.

"When tangible proof by explanation or demonstration was not 
present, several of the child’s recall responses were analyzed to determine 
his total method of response. If his answers were immediate, if errors 
appeared to be only chance errors, and if reasons given indicated that 
round-about procedures were not used in arriving at answers, the response 
was placed in the "immediate recall" category. If there were frequent 
errors, and an inability to explain the methods of thinking, the oategory, 
"delayed reoall,* was used for the response.

Dual responses.—  A problem also arose as to the best way to 
classify dual responses for a single combination. The following is an 
illustration of a dual responses

8 take away 6 S: "4. If I had 7 apples and 3
people took away 3 apples, I’d have
 -7,6,5, - I’d have four apples
left."

In this example the child used two methods. He formulated a problem 
situation and then used partial counting in arriving at the answer. In 
this, as in all similar methods, a dual classification was made. In 
other words, in the tabulation of methods this example fell under the two 
categories, "recall by problem situation," and "partial counting."

Counting (method unknown, Cu) and delayed reoall (Rd).—  The 
means by which "counting (method unknown)* and "delayed recall* were 
differentiated from other methods of oounting and reoall have been described.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



71

It is advisable to discuss certain, remaining factors which are applicable 

to both of these methods.
Some children lacked the facility to express their ideas clearly. 

Explanations were not sensible. Some were unable to describe their 
thought processes, either because of meager language ability, or because 
they did not know what they were thinking or doing to arrive at solutions. 
After two years in school, or more in the case of repeaters, some of the 

children undoubtedly had preconceived notions as to acceptable ways of 
obtaining answers. Such ideas may have caused these children to feel 
reluctant to describe their thought processes, even when they were aware 
of them. These are among the factors which are applicable to the two 
methods of "counting (method unknown) and delayed recall." Responses in 
which factors tended to operate against accurate classifications have 
been relegated to these two methods.

Procedure for Classifying Methods as to Maturity Level
Pinal classification of methods into maturity levels was made 

by the writer after analyses of all three interviews for each child were 
completed. Methods were placed into four maturity levels for purposes 
of analyzing and studying the growth made throughout the instructional 

period.
Maturity levels and methods comprising those levels, in this 

final classification, were the same for each process, though all methods 
were not used by every group of children. The final listing is found in 
Table 2.

In order to make definite decisions on the maturity of a method, 

three criteria for judging the worth of a method were set up. The immaturity 
of a method was considered from these three standpoints* (l) the promise
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TABLE 2
SUMMARIZATION OP METHODS ACCORDING TO LEVELS OP MATURITY

Level * Method or Type of Response

I Item omitted 
No response 
Guessing
Partial omission

II Counting to add and adding 
Counting variation 
Counting (method unknown) 
Counting all numbers

III Partial counting 
j Counting in multiples 

Visual grouping 
1 Estimating 

Delayed reoall 
Reoall by problem situation

IT Reoall by logical inference 
Immediate recall

* I is lowest and IT is highest level
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of accuracy of response when the method, was applied, (2) the reasoning 
necessary to apply the method, and (3) the promise offered by the method 
for understanding a process. The use of these criteria as a basis for 

decision on maturity levels is described for the methods comprising each 
maturity level in turn.

Methods for Level 1.-- "No response" indicated a lack of any 
method of attack and therefore represents a low level of performance. 
Omissions were usually due to the use of time-consuming methods which were 
so immature that a number of items had to be omitted in order to arrive 

at an adequate sampling of methods used in all processes. Level 1 includes 
all items for which no response was obtainable as well as all omitted 
items.

Guessing was considered one of the most immature methods,.since 
it rarely gave correct answers, required no reasoning on the part of the 
child and showed no promise as a means of helping the child understand a 
process, “Partial omission," the method of calling off one of the two 
numbers in a combination as the answer, also represents a lew level of 
maturity on the part of the child, "While this method calls for a systematic 
procedure, there is no evidence that the method requires reasoning or 
promise for understanding a process. Level 1 methods, therefore, are 
characterized by a high percentage of inaccuracy. Reasoning, if used at 

all, is not in the direction of the oorreot answer, because there is no 
understanding of the meaning of the process when these methods are applied.

Methods for Level 2,—  Level 2 responses are characterized by 
a systematic approach to numbers which extends beyond mere calling off the 
numbers as in Level 1. In “counting variation," for example, the child 
consistently adds one number or takes away one number. In using this
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method, children evidently reasoned that, if 4 and 1 are 5, 3 and 1 are 
4, etc., the answer to all addition examples could be obtained merely by 
counting one unit beyond one or the other of the numbers represented in 
the example. Some children applied this generalization to all addition 
examples in the interview. Since none of the six examples required that 

a single unit be added, the children who applied this method missed all 
six examples. The same kind of reasoning was used in applying this 
method to other processes. It is therefore obvious that “counting 
variation” is inaccurate in most cases, requires little reasoning on the 
part of the child, and offers limited understanding to addition and 
subtraction, and no understanding to division and multiplication.

In the method of "counting to add and adding," another Level 2 
method, the child added all examples regardless of the process indicated. 
Sometimes he counted the numbers together and sometimes he merely gave 
an addition answer.

Neither in the method of "counting variation," or "counting to 
add or adding," does the procedure selected influence the child to obtain 
correct answers. His understanding of the process is extremely limited 
in the case of "counting variation" and entirely erroneous in the case of 
"counting to add and adding." The reasoning applied in either situation 
is unprof itable# because understanding of the process is lacking.

From the standpoint of the criteria set up, "counting all numbers" 
is undoubtedly a more mature method than the two methods already described 
for Level 2. If accurately applied, "counting all numbers" results in 
the correct answer. Sane understanding of the prooess is necessary to 
determine the direction in which counting is to be done. Inaccurate 
results often occur, however, when the child attempts to count both
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numbers in an example,but does not understand how to count in order to 
come out with the correct answer. Difficulties seemed to arise from (a) 
a lack of understanding of the groups represented in the example, and (b) 
failure to recognize the place to stop, i.e., to know when both groups 

had been counted. This method represents a low maturity level, since 
inaccuracies are prevalent due to misconceptions as to how counting may 
be used to arrive at correct answers. Reasoning is on a low level,because
numbers are conceived as aggregates of units rather than as groups.

"Counting (method unknown)* is included in Level 2 rather than 
in Level 3, on the assumption that this procedure is more often immature 

and likely to lead to error than those methods listed for Level 3.
A wide range of maturity is apparent in the methods described 

for Level 2. The range did not appear sufficiently extensive to warrant 
the subdivision of this maturity level.

Methods for Level 3.-- "Partial counting" requires more 
reasoning ability than previously described methods of counting. In 

"partial counting* only one of the two groups is counted. The child is 
able to grasp one group as a whole. Furthermore, he has reasoned that
he can save himself time and effort by counting only one number. More
often the child counts only the smaller of the two numbers in addition.
If he is consistent in his method of attack, however, he will sometimes 
count the smaller and sometimes the larger number.

The two types of partial counting in subtraction, which corres­
pond to oounting the larger or smaller number in addition, are "counting 
upwards" and "counting backwards." Sometimes "counting upwards* is the 
more expedient way for the child to arrive at his answer. For instance, 
in the example, 6 take away 4, it is more expedient for the child to count
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up, saying 5,6. He counted two numbers to arrive at sixj therefore his 
answer crust be 2* To count backwards for this example involves more labor 
on the part of the child. He must say 6,5,4,3 (count four numbers away)s 
since he has counted four numbers, the next number, 2, gives the answer.

If the reverse example is presented, 6 take away 2, it is 
simpler to count back 6,5. Since two numbers have been counted away, the 

answer is 4. To count upwards for this example involves starting with 2 
and counting 3,4,5,6 j since four numbers have been counted, the answer is
4.

The child who can do partial counting appears to have a greater 
understanding of the process to which the method is applied. The method 
of "partial counting* was decidedly superior in accuracy to the method 
of counting all numbers.

Other Level 3 methods, “counting in multiples,* "visual grouping," 
"estimating," and "recall by problem situation," though used to a limited 
extent, seemed to indicate better understanding of the processes than 
Level 2 methods. The ability to use the fingers as groups without count­
ing rather than to count them in units, or to visualize other groupings 
without the need of counting, shows much more understanding than is 
necessary to count each unit separately. Estimating an answer, as here 
defined, and the ability to count in multiples of two, three, and four 
also call for a higher level of thinking than counting by ones.

By the very nature of the method, "estimating* results in some 
wrong answers, or the method would not be true to the meaning of the term. 
The child gives an estimate in approximate terms. Nearness to the correct 
answer, or the child’s reasoning concerning it, indicates an understanding 
of number, though not an exact knowledge of the answer.
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“Delayed recall1* is the term used to indicate that there was a 
pause before the answer was given, but that, so far as could be determined 
by interviewers, no counting took place. The child merely tried to 
remember the answer, which he had acquired at some earlier time. It often 
took him a perceptible period of time to produce the response. It -varies 
from guessing in that guessing is not based on prior learning. “Delayed 
reoall* is the result of some kind of former learning, though the exact 
nature of the learning is not evident. Eating as to maturity is difficult 
for this method, since there is no adequate explanation of the kind of 
thinking by which the answer is reached. It is definitely not so mature 
as the methods listed in Level 4, because it is less accurate and there 
is less assurance on the part of the child using it.

On the whole, greater accuracy was obtained by Level S methods 
than for those of Level 2, though some glaring inaccuracies occurred 
when the children attempted to use Level 3 methods with inadequate under­
standing* S

Methods for Level 4.—  The highest level of maturity is character­
ized by understanding whioh is based on the possession of several abilities 
which give evidence of accuracy, reasoning ability, and understanding of 
processes. If the child knows the answer immediately without recourse to 
any round-about procedures whatsoever, granted that his answer is accompanied 
by meaning, he has completed his task of abstract learning of the number 
fact. Such a response can be immediately called to mind when needed. It 
is abstract in nature. It can be applied to situations when the need

® See Appendix F for data showing percentage of error for the 
method of "counting all numbers* as compared with "partial counting," and 
for percentage of error at levels 2, 3, and 4*
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arises. It is economical in time and effort expended. It is given with 

confidence* This characterization applies to the Level 4 method labelled 
"immediate recall."

For many children, the method which immediately precedes 
"immediate recall" in growth toward maturity is that of "recall by logical 
inference." If a child can reason an answer from other known facts with­
out having to resort to counting, he has a high level of understanding of 
the process. Though answers are not immediate, oertainly more reasoning 
is required for this method than for any described for previous levels. 
Accuracy is high when the method is understood sufficiently for accurate 
applications to be made, though, as is true of the beginning use of any 
method, some inaccuracies occur in the learning process.

To summarize, the three criteria of accuracy, reasoning ability, 
and understanding of the processes were considered in relation to each 
category of responses in determining its proper classification as to maturity 
level. Level 1 is made up of methods almost completely lacking when these 
criteria are applied. Level 2 methods are slightly more accurate,but 
require only limited reasoning ability and offer little to the understand­
ing of the processes. Level 3 methods represent a higher level, since these 
methods meet the criteria more adequately. Level 4 methods exact a high 
level of accuracy, reasoning ability, and understanding of the processes 
on the part of the child and therefore merit the highest maturity rating*

Summary

This chapter provides descriptions and illustrations of each of 
the methods children used on initial interviews, the difficulties encountered 
in the process of classification of methods, and the procedure used to arrive 
at maturity levels. The responses made by the children to combinations
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presented In the initial interview were classified under some fifteen 
categories*

The general procedure for arriving at categories resulted in 
condensation in some instances. Pour different methods of partial counting 
were reduced to one simple category applicable to all processes. A similar 
procedure was used to simplify other categories.

For other methods, such as "delayed recall" and "immediate 
recall," clear differentiations were only possible as the process of 
analysis served to further clarify these methods* As the process of 
analysis continued, and reasons for changes in classifications became 
apparent, it was obviously necessary to reclassify each response to which 
changes applied.

The classification of method permitted a further analysis of 
responses in terms of four levels of maturity. The criteria by which 
decisions on maturity were made were, (l) accuracy, (2) reasoning ability, 
and (3) understanding of the process. It was found that these criteria 
had little application to Level 1 methods, such as "guessing" and "partial 
omission." Neither were they adequately met by the immature counting 
methods of Level 2, such as "counting all numbers," and “counting variation." 
The criteria are more successfully fulfilled by Level 3 methods which 
contain more mature counting methods and less mature reoall methods. The 
most stringent application of the criteria may be made with Level 4 
responses of "recall by logical inference" and "immediate recall."
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CHAPTER T 
THE INSTRUCTIONAL PROGRAM

It is the purpose of this chapter to describe the instructional 
program as it was carried out by the teachers who cooperated in the study. 
This program had two phases* the planned number activities, and the 
incidental number experiences. Preliminary sections of the chapter deal 
with the general objectives of the second grade arithmetic program and 
with the children’s backgroup of experience. An account is then given of 
the principles and practices which were proposed by the Investigator as 
guides to the teachers for the planned number program, A discussion of 
the program as actually carried out includes illustrations from the 
teaching situations which were studied. This analysis is followed by a 
similar account for the incidental experiences which paralleled the 
planned activities. Both the guidance given by the investigator to the 
teachers as to incidental experience and the actual experiences of the 
children in the classes are reviewed.

General Objectives for the Instructional Program 
The instructional program as described in this chapter was 

designed to meet two major objectives in arithmetic which may be stated 
as follows: (l) to help children acquire number meanings so that the
quality of their thinking will show continuous improvement in the direction 
of maturity} and (2) to help children become more proficient in solving 
the day-by-day problem situations which arise in the classroom.

Two major aspects of the teaching program were planned specifi­
cally to meet these objectives. Firsts systematic program of selected 
activities was designed to promote mature ways of thinking. Second,
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incidental member experiences which arose in connection with daily 

activities were used as a basis for helping children grow in the ability 
to solve number situations.

There is no sharp dividing line between the two objectives. In 
actual practice there was some merging of the two phases of the program. 
Incidental experiences were often extended beyond -the immediate solution 
of the problem. They were often used as a base around which systematic 
procedures were planned. Systematic procedures, on the other hand, 
frequently had carry-over value for subsequent incidental experiences.
The interest and curiosity aroused in one phase of the program were 
definitely reflected in the other.

Throughout the investigation the teachers assumed major 
responsibility for the instructional program. Each teaoher played a 
creative role by developing plans for those instructional activities 
which she felt would promote the growth of her own pupils.

Interviews With Previous Teachers of Children in the Study
Analysis of initial interviews with the children indicated the 

desirability of making contact with the teachers who during the previous 
year had taught the children in the study. The purpose of these contacts 
was to determine the extent to which certain practices used by children 
were due to previous instruction. For example, children almost invariably 
strung out objects and pictures instead of grouping them. They used a 
variety of methods in working out answers to abstract combinations. They 
had a better understanding of addition than of any other process. It was 
obviously of interest to find out to what extent emphasis had been placed 
on grouping during the previous year, whether or not teachers were aware
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of the methods being used by their children, what methods were encouraged 
or discouraged, and to what extent processes were taught together. Sinee 
the program followed by the second-grade teachers in the study included 
a combination of planned and incidental experience, it was appropriate 
to find out whether previous experience varied from this plan. In order 
to obtain answers to these problems, questions were listed as a basis 
for interviews with teachers. ^

It was possible to locate twelve teachers, each of whom had 
taught six or more of the children in the study. Individual interviews 
were held with each of these teachers*

Findings on planned and incidental work.—  Seven of the twelve 

teachers reported a greater emphasis on planned than on incidental work. 
Three teachers used an incidental approach altogether, and two claimed 
that about half of their procedures were planned and the other half 
incidental. Comments made during interviews, however, led to the conclusion 
that planning for same of the teachers meant planning the independent work 
of the children, rather than group activities carried out under the guidance 
of the teaeher. Some of the comments ran as follows s

Discussed work to be done with children in a group. It was 
carried out as independent work.

Drew pictures and crossed off so many (subtraction).
Children didn’t like copying numbers from the blackboard and 

writing answers. '
Children wrote numbers incorrectly, reversed numbers.
Comments such as these bear out observations of the investigator 

on frequent visits to first grade classrooms in the city. Outside of

1 See Appendix 0 for a copy of interview questions.
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independent work, involving following directions from the blackboard, 
assigned to be carried out while reading groups are in session, there is 
little planned directed number activity. Three teachers reported that 
they worked with children in small groups, using concrete or semi-concrete 
materials to help children develop number ideas. It was of interest to 

note that these teachers had recently taken a course on teaching arithmetic 
or had attended an arithmetic workshop.

Findings on the processes.—  The processes of addition and 
subtraction were taught together by six teachers, and separately by five. 
One teacher, who used an incidental approach, said she taught these 
processes in the way they happened to come up. The teachers agreed that 

subtraction lagged behind addition. One teacher said she tried to show 
the relationship of the two processes toward the end of the year.

The only experiences in multiplication and division were 
incidental in nature, considered by the teachers as readiness activities, 
such as counting by two's or three's for games*

Some teachers did not remember having any awareness as to how 
children obtained answers in addition and subtraction. Some had observed 
that certain children counted all the numbers in a combination. Some 
teachers recalled that a few of the more advanced children used partial 
counting and reoall by logical inference. The following comments were 
made in response to questions on the method of obtaining answers*

It depended on the child.
Different children did different things.
Taught group as a whole so didn't notice how they worked out

answers.
Didn't teach enough subtraction to say.
When questions were asked as to which methods were encouraged, 

comments ran:
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Hone - took them as they came.
Discouraged counting.
Encouraged partial counting toward the end of the year.
Different methods encouraged with different children.
Encouraged recall by logical inference during group work.
Six teachers reported using the term “take away® exclusively 

in subtraction. Six teachers said they taught both the terms "take away" 
and "from,1* using them interchangeably.

Findings on grouping of numbers.—  The consensus of opinion 
seemed to be that children tended to string out objects when they carried 
out blackboard directions for independent work. Three teachers reported 
having children make number booklets showing groupings for numbers below 
10* Comments made by individual teachers concerning grouping were:

Left it up to the children.
Encouraged to group, but when left alone they strung them out.
If paper was blocked into squares, children tended to group.
If they put their work into rows, they strung them out.
Did not group as much in subtraction as in addition.
Miscellaneous findings.—  Finger counting was discouraged by 

nine of the twelve teachers. Three teachers paid little attention to it. 

Comments by teachers were:
Mamas didn’t like it.
Wasn’t allowed.
Offered objects to count instead of fingers.
Danger that children will use finger counting as a crutch.
Only two teachers said they had attempted to have children 

memorize the combinations. Some teachers used abstract drill cards with 
children during the latter part of the year.

All twelve teachers said that the majority of their children 
liked arithmetic. Qualifying statements were:

Liked it if successful; disliked it if unsuccessful.
Most children liked it. A few were indifferent.
Some liked it. Wanted to count everything.
Attitude varied with different children.
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All children had learned to write numbers to ten, some as far 
as twenty-five, and some to one hundred and above. Some children had 
also written numbers to one hundred by two’s, five’s and ten’s.

A variety of incidental number experiences, centering around 
attendance, money, the calendar, thermometer, and the like, were reported.

Teachers stated their most difficult problems in teaching 
arithmetic as follows*

Some children have no number sense, no concept of numbers.
Counting fingers.
Learning wrong concepts at home from brother and sisters.
Breaking away from the use of concrete materials.
The tendency to write numbers incorrectly - reversing numbers.
Summary of findings from interviews with teachers.—  The major 

findings from interviews with teachers may be summarized as follows*
1. Both planned and incidental experiences were provided for 

children. With few exceptions, planned work was limited to planning for 
the independent work carried out while reading groups were in progress.

2. The process of addition was given greater emphasis than other

processes.
5. Some teachers were unaware of any variation in methods of 

working out answers by different children.
4. While some teachers were aware of various methods being 

used, no organized procedures for teaching any method were reported.

5. In general, counting of fingers was discouraged.
6. In general, teaohers made no attempt to have children memorize 

the combinations.
7. The subtraction terms "take away" and "from" were both used.
8. Experiences with grouping numbers were largely of the independ­

ent work type. With few exceptions, children were not successful in learn-
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ing to group objects when working ind.ependen.tly,
9. Arithmetic was well liked, except by children who were 

unsuccessful,
10, Major difficulties in teaching arithmetic centered around 

concept development, reversals in writing numbers, and dependence on 
concrete materials.

Principles and Practices for the Planned Arithmetic Program
A systematic number program was planned and carried out by each 

of the teachers in the study. While certain general principles and 
practices on which procedures were based were uniform for all teachers, 
each teacher was encouraged to plan her own specific teaching procedures 

in the light of the needs and interests of her own group of children. The 
teachers cooperating in the study met frequently with the investigator to 
discuss progress and future plans. In addition, there were occasional 
supervisory visits to each classroom for the purpose of helping each teacher 
to solve the specific problems presented by her situation.

The general principles and practices which served as guides to 
the teachers in setting up their instructional programs may be stated as 
follows*

1. Some grouping of children is necessary for effeotive number 
instruction.

2. An appropriate time allottment is needed for planned number 
instruction.

3. Humber experience proceeds from the concrete to the abstract.
4. The sequence of number presentation follows the arrangement 

of the numbers in the, number system. In general, a span of several numbers
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is seleoted over which instruction is concentrated for a period of time 
rather than a single number.

5. The teacher tries to be aware of the thought processes of 
her pupils, and of means of helping them evaluate their own progress.

6. Processes are taught together in order to enable relation­
ships to be seen readily.

7. The teacher strives to know the attitudes of her children, 
to build favorable attitudes, and to develop a growing sensitivity to 
number situations and possibilities.

8. Incidental number experience often becomes a basis from 
which planned experience stems.

9. Any type of number experience selected for independent work 
follows previous group work of a similar type carried on under the guidance 
of the teacher.

10. The introduction of signs and symbols is delayed until 
meanings for numbers have been well established.

11. Teachers learn by sharing ideas and experiences. Practicum 
sessions (weekly meetings of the teachers in the study) serve as a clearing 
house for ideas, future planning and evaluation.

In succeeding sections each of these principles and practices 
is amply illustrated by excerpts from teachers’ diaries. Selections from, 
the diaries have been made to shows (l) variations in the practices of 
different teachers, (2) the extent to which teachers were successful in 
carrying out the principles and practices, and (5) the difficulties they 
encountered in doing so.

The Planned Humber Program
Grouping children for number instruction.—  As the teachers 

approaohed the problem of meeting individual differences of the children
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in arithmetic, they realized that some grouping of children within each 
grade was necessary. Plans for grouping children were developed in 
accordance with the needs of each group* Data from group tests and inter­

views were helpful in deciding upon appropriate groups. The most general 
practice was to organize two groups selected on the basis of number under­
standing.

Teacher A began by dividing her children into two groups. She 
soon realized the need for three groups for most purposes and she continued 
to work with three groups for the duration of the instructional period.

The usual plan for Teachers B and C was to have two groups 
alternating on subsequent days throughout the week. While one group 
worked under the direction and guidance of the teacher, the other group 
was engaged in same type of independent work, consisting of number games 
or review activities. Teachers A, B, and C made use of smaller groupings 
on occasion. Toward the end of the semester these teachers were able to 
run two number groups concurrently. Teacher A describes her experience 
as follows:

While I worked with one group with blocks, etc., I divided the 
more independent children into groups of three children in each group.
They worked with combination cards (abstract). Bach child took a turn at 
being teacher, showing the others the card, and having them answer. I 
walked around for a while to see how things were going. It seemed to 
work fine.

Teacher B also made use of pupil helpers with games, and small 
practice groups.

Used number picture cards and games by themselves. I went over 
to see how they were coming along and checked with them while S used 
number cards with her group for a while.

All teachers found smaller groups advisable on occasion. Often 
a temporary group was arranged to provide specific help on a given process, 
causing confusion for certain children.
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Teacher D worked with her group as a whole for about one week*
She then divided them into two groups, but continued to use the whole group 
for certain types of activity, such as acting out number combinations with 
the children themselves. After the interim interviews were given and 

Teacher B had an opportunity to study the children’s responses, she divided 
her children into three groups. She made some shifts in the original two 
groups on the basis of responses on the interview data, and placed six 
children who seemed to have vary little understanding of numbers into a 
group for special help.

Teacher E used the two-group plan during the entire semester, 
working with each group on alternate days. She rearranged her groups after 
the interim interviews were given.

Teachers A and C made same use of convenient chance groupings 
in which children were not divided on the basis of number ability. While 
the boys went to showers, the girls sometimes worked with numbers, and 
vice versa. When a group went to church school, the group which remained 
worked with numbers on occasion. If regular number groups were crowded 
out of the program on a particular day because of more pressing activities, 
the reading group served as a number group. These practices were discouraged, 
however, since many children were not working on their own level of under­
standing.

In general, grouping was flexible, with each teacher having the 
freedom to employ whatever grouping techniques she felt would best meet 
the needs of her particular groups of children.

Time devoted to planned number instruction.—  The teachers in 
the program were requested to spend an average of thirty minutes eaoh day 
on planned number activities. Each teacher m s  free to apportion the time
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among her groups as she felt best. Teacher A preferred short periods of 
time and therefore usually toriced with two groups each day, spending 
about fifteen minutes with each. In general, Teacher D also favored short 

fifteen-minute periods of guided number activities. Teachers B, C, and E
preferred longer periods, around thirty minutes in length, with each group.
This procedure necessitated alternating groups on successive days and 
planning independent activities for one group each day.

On some days planned number work was omitted altogether because 
of an excursion, holiday festivities, unexpected occurrences, and the like. 

The following explanations for omitting number work are typical of those 
offereds

Oct. 15* On picnic*
Oct. 21* I had to spend a lot of time with a parent. Did not 

have number work.
Dec. 13. Made Christmas tree ornaments. Spent most of the day 

on them. Also had church school and a movie. lo numbers.
Nov. 17. Since we had interviews in the morning, I had to use

my afternoon for other subject matter. Also had to take time today to 
have a discussion as to how we conduct ourselves during reading groups.

Nov. 24. The afternoon was taken up with Thanksgiving Festival, 
so could not get any number work in,

emissions of number work from the program were rare, however.
On the whole, diary reports of the teacher indicated rather strict adherence 
to the plan of approximately thirty minutes per day for planned number 
work, though the division of time varied with different teachers.

Progress from concrete to abstract number experiences.—  Early 
number experiences of the second-grade groups in the fall centered around 
activities which could be carried out with concrete materials, i. e., 
objeots that could be manipulated by the children. Each teacher was 
provided with at least one set of materials in sufficient quantity to 
make it possible for a group of ten to fifteen children to be supplied
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with materials for simultaneous directed work under the guidance of the 
teaoher. Small woodensquares, oblongs, or circles, and inch cubes were 
suaong the concrete materials provided. Each teacher was also supplied 
with a counting frame of twenty beads, and a felt-o-gram (large piece of 
felt with smaller pieces of contrasting color) to be used for demonstrating 
groups of numbers. In addition, the teacher used other available materials 
for variety and interest.

A report of an early lesson plan for Teacher E is typical of the 
types of concrete experience provided for the five groups during their 
early stages of number instruction.

Sept. 29. The children sat on the floor and each was given a
9" by 12" sheet of paper and ten wooden squares. They each counted their
squares. All had ten. I asked the children to take away 4 because we 
were not going to use those right now*

"low, how many do you have on your paper?" J. answered, "6."
P. answered, “7.“ I took 4 from my flannel-o-graph, and asked how many 1
had left* B said, "6." I then asked P. to oount her remaining blocks 
again. She did so by pointing to them one at a time. She counted 6.

p  aJ. had his squares on his paper like this:D n 0 Q I asked him to 
tell about his squares. He said,

"There are 2 here and 4 here. Two and 4 are 6."
P O OThe squares on my flannel-o- graph were arranged like this: pDEJ 

I asked B. to tell us how she saw the picture. She replied,
"There are 2 in the first row, 2 in the second row, and 2 more.

That makes 6.”
I asked all the children to make the same pattern I had. All 

except P. did it correctly. Her pattern was . I asked how many were
in her first row. She counted by ones, and said four. She counted her 
second row and said two. I asked her what she would have to do to make 
her pattern look like mine. She pointed her finger at my pattern, and 
counted three and three. She then took away one from the first row and 
put it in the second row. I used ay materials to explain to the children 
what P. had done, and how she had solved her problem.

I then asked the children how many three's they saw on their paper.
They hesitated and looked from one to another. M. said, "2." I asked her
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to show us the two three’s.
"Here is 3 and here is 3," she said. After all had pointed out 

the two three’s with their squares, I asked how many two’s they oould see.
R. said, **3," and showed us how he saw his three’s.

The children then made different patterns for the number six and
each told how he saw his pattern.

Variations in the use of concrete materials may be illustrated 
by the following exoerpts from the diaries of different teachers.

Teacher A. Oct. 9. Had general discussion about grouping. Used
the children themselves. The children move around to make number groups.
Then we tell the story, as,

"Two children and 2 children are 4 children."
Teacher D. Oct. 1. The whole class came up in front of the

room and sat on the floor. On a small table in front of them I had placed
seven acorns. We talked about the number seven. First we found how many 
groups of "two" were in seven. Then how many groups of "three," etc. We 
always noticed how many were left. I then called on different children
to come up and group them as I had done. All seemed to have an understand­
ing.

We then took so many away to see how many were left. The same 
procedure was used for other processes.

This report was written during the first week of the instructional 
period, before Teacher D had placed her children into groups for number 
work.

Teacher B describes a unique way of giving out and putting away 
materials, suoh that this routine becomes a worthwhile learning activity.

Oct. 3. We used wooden squares today. I gave each child 2,3,4, 
or 5 blocks. Each was then asked to tell how many he needed to have five 
in all. The child’s estimate was checked as he got his blocks. The 
children made groupings of 5,6,7, and 8, getting more blocks as needed.
They put their blocks away by counting by 2* s.

Referring to a later occasion when 8 blocks were to be put away, 
Teacher B says,

Each child tried to think up a different way to put his blocks 
away. Some counted by 2’s, starting with 2. Some counted by 2’s starting 
with 1. P. put in 3 and 3 and 2. J. put hers in by saying, "4 and 4 are 8."
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The following experiences with semi-concrete number activities 

were provided. These were usually in the form of pictured materials and 
were differentiated from the concrete in that they were fixed, or set, in 
contrast to the movable quality of the concrete materials. Passages 
from teachers’ diaries provide illustrations of semi-concrete number 
experiences.

Teacher B. Used picture cards for rapid recognition of number 
groups. Most of these children are quick in answering, but still counting.

Used playing cards with the corners cut, so that the large 
central number groups are clearly visible. The purpose was to encourage 
the children to see the groups as wholes quickly without counting.

Compared two number picture cards, such as and °°. Children 
looked at the pictures. Told the number in each group. Then compared 
groups to see which group had more, and how many more. Also used them to 
find which group had less, and how many less. Used cards with groups . 
from one to ten.

Made up number picture cards for a lotto game, using number 
groups from four to ten. (lumber groups on a board with duplioate groups 
on separate cards for matching. Games were later used independently by 
the children while the teacher worked with a number group.)

Teacher D. I had a small toy catalogue with toys grouped 
according to kinds. We made up number stories about them. There were 
not more than six toys in any group. The children enjoyed this.

Teacher E. Worked with addition and subtraction. Had cards 
with groups of different farm animals. Each child selected a card and 
made up a number story. I made up a story first. Jfy card had pigs on 
it grouped in three and four. I said,

"Here are 7 pigs. Three went away to eat. (I covered up 3 
with my hand.) How many were left?"

Twelve of the eighteen children in this group told a story 
about their farm animals and derived much pleasure from it.

Experiences of a semi-concrete nature were followed by problem­
solving situations and abstract experiences, although a child who was 
unable to give abstract answers was encouraged to return temporarily to 
the use of semi-concrete or concrete materials. All children were not
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expected to achieve the same end results. Instead, the purpose of the
teacher was to help each child progress from a given level to a higher
level of understanding. Examples of problem-solving experiences as
provided for the children follow*

Teacher C. I made up word problems which the children seem 
to like, as,

"You have 8 children. You want to put them in 2 lines. How- 
many will be in each line?"
We often dramatize the problem to check on a child's understanding or to 
help a child who is having difficulty solve the problem.

We opened the grocery store. The children had good experience 
in deciding what they wanted to buy and how much they could afford. Toy 
money was passed to the customers. They all got different amounts up to 
ten cents. The customer and the other children in the group had to be 
sure the grocer did not make a mistake in change. When each child went 
up, the rest of the group watched what he bought, and figured it out, 
too. Some of the problems were*

C. spent 3/ and 5/. How much did he spend? He had 9/. How- 
much did he have left?

H. spent 5/ and 1/ and 2/. How much did he spend? He gave 
the grocer 10^. How much change did he get back?

W. spent a penny more than he had, so he had to return a
penny.
The children play in the store during their free time.

Teacher B. The children arranged toys in a toy shop window. 
Each child made up his own number story. Seme of them were*

"I bought 2 dolls. They cost 3^ apiece. How much did I pay 
for them?" J. called on someone to give the answer to his number problem.
The children were helped to work out the answers and did not lose their 
turn if they could not give the answer immediately.

Teacher D« Worked with the better group. We went on shopping 
tours and bought Christmas presents. Practiced with the larger numbers,
8, 9, and 10.

Purely abstract types of number experience came late in the 

semester and were usually limited to the more advanced groups of children. 
Illustrations follow*
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Teacher D. Today I worked with the children who are ready to 
work out answers from combinations they already know. We practiced this 
and it worked very well. Most of the children caught on.

Teacher D. Worked with the more advanced group that is ready
to start memorizing some of the combinations. We worked with flash cards 
and next week we are going to start making our own.

Subsequent reports explain that this group completed making 
addition and subtraction cards for all the numbers up to ten and used them 
in partners or small groups for memorization of the number facts.

Teacher B. Dec. 10. Children in the fast moving group used
abstract cards for the first time with no check with concrete or semi- 
conorete materials.

As would be expected, many number experiences were not exclusively 
conorete, semi-ooncrete, or abstract, but rather a combination of more than 
one type. The following experiences combine conorete and semi-concrete 
experiences*

Teacher A . We made pictures with blocks and told what they 
said. A few drew a picture on the board to show us how we could make 
the same number of blocks into other number stories. A child's block 
story showed two groups, 5 and 2. Blackboard drawings showed 6 and 1, 
and 3 and 4.

Teacher B. We worked with blocks. Started with six and went 
on to eighth I' showed number pictures which children had made. (Pictures 
cut from magazines and arranged into number groupings for a number scrap 
book) The children worked them out with blocks if they did not know the 
answer.

When the children began to show a readiness for the abstract 
understanding of numbers, the teachers worked out combinations of concrete 
and abstract experience or semi-ooncrete and abstract, to help the children 
make an easy transition to the abstract. The teachers found at times that 
the ooncrete, semi-concrete and abstract levels seemed to merge to some 
extent. When a group of children were nearing understanding of a number 
span expressed in abstract terns, there seemed to be a period during 
which concrete and semi-concrete procedures were used only as means of
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determining the correctness of the answer. If the answer was correct, and 
if the teacher felt convinced that understanding was present and that 
mature processes had been used, it was assumed that the child had reached 
the abstract level. If, on the other hand, his answer was inoorrect, or 
if for any reason he was asked to furnish proof, he resorted to either 
the concrete or semi-concrete level to justify his answer. Experiences 
of this type may be illustrated by the following excerpts*

Teacher A. "I have 10 sticks. J. will take some away. He
will not tell how many he takes. I have this many left, (shows children
number left) How many did he take?”

Some children had to work it out from the beginning with their 
own sticks. Some could think the missing number without having to work 
it out.

Teacher A. Played a game of “give and take,” which we made up
ourselves.

"I give you 5; now I take back S. How many do you have left?"
When numbers were large (7, 8, and 9), we looked at the sticks

to find out each time. When numbers were small (4, 5, and 6), we play
this way* The children closed their eyes. I made a group. They opened
their eyes, named the number group, and closed their eyes again. Then 
I took away some. They opened their eyes again, and told how many were 
gone.

Teacher B. The children sat in a circle, each with ten blocks
and a pencil and' pieoe of paper. I asked C. to put two blocks into the
box and S. to put in four.

"Write down the number that tells how many blocks are in the
box."

I checked to see if all answers were correct. Everyone got this 
without using blocks to count. Next S. came and took two blocks out.

"Writs the number that tells how many blocks are left."
Then S. took two more away.
"Now how many are left? Write the number."
"That’s easy," said J. "C’s two blocks are left I"
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Teacher B. I used buttons, starting with nine. I put four in
one hand, and the others in the other hand.

“If I have four in one hand, how many do I have in the other
hand?"

Worked on subtraction in the same way.
"I have nine buttons. I will take two away and put them in 

my other hand. How many are left in this hand?"
Children divided into small groups and continued to work with 

the button game in small groups. This was purely abstract except for the
child who presented the problem. But, of course the buttons could be
used for checking whenever a child gave a wrong answer or guessed. Later 
the same game was used in this ways

"I have nine buttons. Guess how many I have in each hand."
This brought out many variations, but I found several children 

using fingers. Next time I will provide them with blocks to use.
Teacher C. I wrote some number combinations on the board.

One child would read the story and we would work with blocks to show it.
We got extra addition and subtraction when adding or subtracting blocks 
to start the next problem. In the first problem we needed two and four.
In the next one, we needed 4 and one, so we took one away* Sometimes we 
called attention to this. Other times it was done without presenting 
the problem. For the combination, 7 and 2, we checked the answer by 
counting, 7, 8, 9.

Teacher D. I worked with the lower group on number picture 
cards (abstraot combinations on one side and pictured groups on the other) 
using numbers up to five. If the child could not get the answer, I turned 
the card over to show the story with pictures. Only one child had 
difficulty. They wanted to go farther, so we went on to sums up to seven.

Sequential plan for teaching the combinations.-- The selection 
of combinations to be taught followed the serial order of the number 
system. The first teaching unit for each teacher consisted of a span 
of about three numbers. One teacher found it necessary to begin with the 
number span containing the numbers two, three, and four, while soiother 
teacher, whose children were already familiar with these numbers, selected 
a higher span composed of the numbers five, six, and seven. Children 
worked within the seleoted number span on a concrete level, doing the
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types of activities which were suggested in the preceding illustrations.

The group moved to the semi-concrete level with a given series of numbers, 
when the informal day-by-day evaluation of the teacher revealed a readiness 
for semi-concrete materials. At the same time, another series, overlapping 
the first and extending beyond it, was selected for exploration and discovery 
on idle concrete level. The two or more groups within a given grade worked 
on different number spans selected to meet the level of understanding of 
the children within eaoh group.

Eventually, a child was working on approximately three number 
series concurrently— one series on the concrete level, one on a semi­
concrete, and one on the abstract. The teacher’s plan was to keep the 
work at the concrete level well in advance of semi-ooncrete and abstract 
number experiences. To illustrate, if the conorete number series at a 

given time consisted of the numbers from six through nine, the semi-concrete 
series for that particular period would probably be four through seven, 
and the abstract level would be represented by a series of even smaller 
numbers, perhaps two through five.

As problems arose, teachers solved them creatively in the light 
of their understanding of the general principles underlying the teaching 

plan* To the extent that goals were fully comprehended and kept in mind, 
the specific teaching procedures that emerged seemed consistent with these 
goals. As would be expected, the teachers varied greatly in their ability 
to comprehend and to carry out the idea of sequence as described, dotations 
such as the following give evidence that the teachers had the general plan 
of a number span in mind as they worked with their childrens

Teacher B. Worked with blocks. Started with five blocks and 
worked up to seven. Hayed a game to see how many different groupings we 
could make. As the ohildren made their groupings, I drew them on the board.
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Used ■wall chart (phrase card holder generally used for reading, 
but adapted for number work), blocks and circles. Called upon individual 
children to build number stories, while others watched to give the answer. 
Started with seven and worked up to ten. We did addition stories first, 
and then subtraction. Using blocks, each child made up his own take-away 
story, told it to the rest of the group, and called upon some one for an 
answer.

Awareness of thought processes.—  The teachers cooperating in 
the investigation made continuous study of the methods used by children 
throughout the semester. Preliminary decisions as to the maturity of 
various methods were made in group conferences with the teachers after 
the initial interviews had been completed. Teachers studied the responses 
of children on interview sheets and were then asked to help decide which 
of the methods used by the ohildren showed the least promise for helping 
children understand number, and which showed the greatest promise. 
Implications for teaching were continuously drawn as the maturity of a 

method was considered.
In general, instruction was designed to move the children from 

whatever stage of maturity they had reached at the time of the interview 
to a higher stage. Methods used by children which showed no promise for 
further growth in accuracy or understanding of the processes were 

discouraged. Pupils were encouraged to discard them as soon as possible. 
"Guessing” and "counting all numbers" are illustrations.

^hile decisions on maturity of levels of thinking were being 
made, questions continually kept in mind weres (l) If a. child is at a 
given level, what constitutes growth for him? In other words, what seems 
to be the logical next step in the direction of growth toward maturity 
for this child? (2) If the method he is using is inaccurate, what 
analysis of the method, as the child is applying it, can be made to help 
him become more accurate in the use of the method? What difficulties is
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he having with the method? How can he be helped to overcome those 
difficulties? (3) How can readiness for a next level be determined?

A thorough study of interview data enabled teachers to become 
aware of thought processes and of helpful teaching techniques. With the 
methods of “counting variation" and "counting to add and adding," the 
teachers recognized their task as one of helping the child differentiate 
clearly those number situations to which these generalizations could be 
accurately applied. The recognition of situations to which "counting 
variation" was not applicable involved a study of the relative sizes of 
groups. When ohildren had a clear understanding of groups, they could 
no longer be satisfied to add or to subtract one unit indiscriminately in 

all combinations.
Certain instructional procedures with regard to the method of 

counting all numbers were apparent to the teachers. They realized that 
those children who were aware of the two groups in an addition example 
were more aocurate than those who counted continuously with no apparent 
realization of the groups as groups. They therefore encouraged children 
to pause, or in some way to indicate recognition of the two groups.
Children were helped to recognize groups readily - to see a group of "five" 
as five, without the need to count each single object represented. Making 
groups in various patterns and designs with different types of materials 
helped children arrive at generalizations with regard to groups which 
were helpful in learning to combine groups accurately.

As one step beyond "counting all numbers," children were helped 
to use the method of "partial counting" whenever they showed a readiness 
for it* Keadiness was considered present if a child could recognize groups 
with facility, and if he was adept at counting both numbers in the example.
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Instruction in “partial counting" involved, helping children who were 
ready for this method to work out the answers from materials in the most 
expedient way. Instruction also involved helping them arrive at suoh 
generalizations as the following from their work with concrete materials: 
(l) If only a few are taken away, the answer will be high in relation to 
the total. (2) If many are taken away, the answer will be low in relation 
to the total. (3) If any are taken away, the answer must be smaller than 
the original number. Similar generalizations apply in the process of 
addition. Same of these are: (l) If many are added to a group, the answer
will be large. (2) If few are added, it will be only a little larger 
than the original group. (3) If one is added, the answer is only one 
larger than the original group.

As the ohildren progressed toward more abstract types of methods 
such as "recall by logical inference" and "immediate recall," teachers 
were faced with the problem of determining if the use of these methods 
was accompanied by understanding. Techniques most often used for checking 
understanding were (l) informal discussion in which the ohildren were 
encouraged to give reasons for the correctness of the answer, and (2) same 
form of concrete or semi-concrete demonstration of the number fact.

An instructional problem in subtraction caused the teachers 
much concern in the early weeks of teaching. On the initial interviews 
certain children had preconceived notions whioh completely blocked their 
understanding of subtraction as a process. For these ohildren "6 take 
away 2" meant they were to put six and two together first, then take away 
the two, and have six left. With some children the ideas were so firmly 
fixed that much reteaehing was necessary to redirect their understanding

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



102

of subtraction as a process. Instructional procedure included a wide 
use of concrete materials accompanied by oral discussion.

Variations in instructional procedure were made to help 
children understand the processes of multiplication and division. The 
ohildren learned to group objects in multiples of 2* s, 3’s and 4*s and to 
diseuss these groupings in terms of multiplication and division.

It should be understood that any method can be used without 
understanding on the part of the child. Methods can be learned as 
mere feats of memory or as tricks of achievement. B’or this reason there 
is no substitute for the intelligent teaoher and for her constant check 

and evaluation to make sure that understanding is present.
The following excerpts furnish evidence that the teachers were 

aware of the ways of thinking of their pupils and were consciously trying 
to help them use more mature methods*

Teaoher B. The children were asked how many were 5 and 4. 
Everyone but S. and J. used blocks to find out the answer. I asked J. 
how he knew the answer.

"Well, 4 and 4 are 8, and one more are 9."
Then asked S. how she got her answer.
"Five and 5 are 10 and take one away, you have 9." Then asked 

S. how she knew that 3 from 9 would leave 6.
"Because 3 3*s are 9," she said.
I put five blocks and then 3 blocks into the box. How many did

I put in? J. said nine. I asked how she knew. She said,
"I counted 3,4,6,6,7,8,9." Asked her to put the blocks down 

and count them again. This time she got the right answer. J. said,
"I know an easier way. You start with 5 and say, 6,7,8."
I held up various number stories for the numbers 5 and 6 and 

then asked the ohildren how they arrived at their answers. The ohildren 
used blocks only when they could not think the answer. More of this 
group is counting by starting with the larger number.
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Teacher B, made a comment which shows the reluctance of some 
children to go through the effort neoessary to use concrete materials 
to arrive at answers*

There was some guessing at first by those who didn't want to 
work the problem out with their blocks. I encouraged them to use blocks 
when they were unsure of the answer. More of this group are beginning 
to see numbers in groups and though they are still counting, they start 
with the larger number. Several have solved problems by relating the 
answer they wish to find, to one they already know, as, 4 and 4 are 8, 
so 3 and 4 are 7.

Same of this group showed greater understanding of their 
numbers today. B. was called upon to give the answer for *6 and 3.” He 
answered nine very quickly.

"You really knew that answer. How did you know?" I asked.

"Well, Virginia just had 7 and 2 and she said 9. So I took 
one away from 7 and put another one on 2.“

Involved explanation, but he knew.
Teaoher C. I find that children most often think a subtraction 

answer from an addition answer they know. TShen asked the combination 
"7 take away 4," R. said,

"I thought 3 and 4 are 7.M

K. knew that 3 and 5 are 8j therefore 3 and 4 are 7; therefore
7 take away 4 are 3.

Teaoher D. (picture of nine trees grouped in three's) P. had 
dabbed at the air with her finger counting each one. C. counted by saying 
3,4,5,6,7,8,9. B. said,

"I know three 3*s are 9.”
Teacher B realizes by conversation with a pupil that, when 

number picture cards are used with a child who already knows his combina­
tions, he is slowed up unduly by the necessity of reading the pictured 
groups*

Used cards to check each pupil. M. was slow which surprised 
me as he has been very quick at other times. He said he could do it
quicker with numbers. When he stopped to figure out that °g° and oo was
the same as 7 and 2, he knew the answer. 000
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Teacher C. describes the following procedure for helping children 
see relationships between numbers:

Worked with the doubles and related numbers} 4 and 3 as related 
to 3 and 3; 2 and 3 as related to 2 and 2} 4 and 3, and 4 and 5, as 
related to 4 and 4} etc. Did the same with subtraction at a later period;
8 take away 3 as related to 8 take away 4j 6 tain away 2, and 6 take away
4, as related to 6 take away 3, etc*

Many times during these two weeks (report of Jan# 25th) I
found that the children might know two 4’s are 8 immediately, but if I
turned the combination around and asked them what four 2’s were, they 
usually stopped to figure or count. So I’ve shown them with blooks that 
a rearrangement of groups is necessary though the result is the same*
Some children are not able to see this relationship by means of abstract 
thinking alone.

Teaching processes in interrelation.—  Teachers were instructed 
to teaoh the four processes together during the beginning stages of learn­
ing. This method was found feasible during the stages in which children 
used concrete and semi-concrete materials. To illustrate with concrete 
materials, the child can do the following with eight blocks:

1. He can take away and given number from eight blocks and 
find out how many are left, thus finding one of the relationships between 
the sub-groups with which he is dealing, and gaining some understanding 
of subtraction as a prooess.

2. Each time he takes away frcm eight blocks, he can put them 
. back together again and thereby engage in the process of addition. As
different relationships between the groups are recognized, addition cranes 
to have meaning for him.

3. He can divide eight into four two’s or into two four’s.
With such operations he can answer either multiplication or division 
questions. As he engages in these activities, he has the opportunity to 
discover the meaning of multiplication and of division as processes, and 
to see other existing relationships within the sub-groups for the number
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eight* In like manner, when presented with a group of six balls, such 
as , possibilities for addition, subtraction, division and multipli­
cation combinations may be seen by the child. By working with the four 
fundamental processes at once, the relationships between them may be more 
easily seen and used as a basis for making generalizations.

Teaoher A. We used the felt-o-gram and blocks. We worked on 
all processes together. Addition is rather easy for this group (middle 
group). Most of the children did not need to use blocks. Subtraction 
is harder and blocks came in handy.

Teacher B. Used number picture cards with the numbers six and 
seven. Worked with all processes together. Some have difficulty in the 
last two processes (division and multiplication), and I concentrated on 
these children.

While the general procedure was to work on all processes together, 
teachers often found it necessary to isolate a process temporarily for 
concentrated practice to clear up misconceptionst

Teaoher A, I worked with a group of children using blocks and 
sticks. This group was having difficulty with problems involving "how 
many 2* s in 6?” etc. Some got the idea after a concentrated ten minutes 
on this alone.

Had a group of children who were having trouble with subtraction. 
Tried to straighten out the children who were saying "9 take away 6 are 
9," *7 take away 5 are 7,” etc. It helped. Some lost their over-confident 
attitude that "this is easy - all you do is just say the first number.**

When the children began to use symbols freely (second half of 
the instructional period for the more advanced groups), prooesses were 
not mixed indiscriminately where written forms were required. As long 
as concrete and semi-concrete materials were used, experiences could 
involve all processes without confusion. The written forms seemed to 
bring new difficulties of reading and interpretation. Combinations were 
usually grouped by process, therefore, when written forms were introduced.

Attitudes toward arithmetic and sensitivity to number situations.- 
Teacher E tells of a mother who came to school to inquire what the child
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was learning in numbers, since the child insisted that the ornaments on 
the Christmas tree must he arranged in groups I

The teachers reported other instanoes of carry-over of school 
number experience into the home, such as making lotto games, number picture 
cards, and the like. Teachers also mentioned a wide use of number materials 

during free time at school.
In the course of interviews with twelve teachers who had taught 

the children the previous year, nine teachers said they had discouraged 
the children from, counting on their fingers. It is therefore not surpris­
ing to find that certain children sensed such strong disapproval that they 
felt it necessary to hide their fingers when counting them. Teacher 0 
describes how she handled such a situations

Somehow when they use their fingers they try to hide them. Then 
I have to say, "If you want to use your fingers, you don't have to hide 
them." R. uses his fingers on problems like 9 take away 6, but if I Just 
say, “What is 10 take away 6?" and follow with "Then, what is 9 take away 
6?” he can get it very fast, so I guess he just needs practice in thinking 
along these lines.

Teacher C first of all accepts the child's counting oh his 

fingers, but at the same time takes steps to help the child toward ways 
of thinking which are more mature and which will eventually eliminate the 
need for counting fingers.

Certain spontaneous remarks of the children as they worked with 
numbers showed enjoyment. While working with concrete materials, H. was 
heard to remark, *1 didn't think this would be this much fun." T. volunteered, 
"I'm going to practice this at home." E, showed very evident pleasure when 
he progressed beyond the need for concrete materials.

Teaoher E. Dec. 8. Put three written problems on the board for 
the better group to do. Examples Mary went to the toy shop. She had 10/.
She bought a top for 6/. How much did she have leftf Most of the children
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understood what to do after I explained that they were to figure out 
whether it was an adding problem or a take away problem. They all seemed 
to enjoy thinking it out. P. said,

"This is more fun than that other stuff (working with conorete 
materials). It gives you something to do."

The children often showed ingenuity in working out a rather 
difficult problem. Teacher 0 tells the following incident which occurred 

as the children were counting money for a trip*
One child made the comment that there were ten fifty-cent pieces 

in #5.00. I asked how he got it. He had counted on his fingers, tapping
two times on each finger, onoe below the knuckle, and once above I

On occasion the activity under consideration took precedence 
over the number ideas involved, as Teacher 2 discovered when she attempted 
to have the children place animals on a farm frieze to show number groups*

We worked out places for the farm animals. By sticking them 
on temporarily with Scotch tape, we made many number groups. When the 
ohildren pasted the groups in permanently, they didn't make the groupings 
so prominent.

"There is too much space left that way,* they said. "This sheep 
can eat more here 1"

Trees in an orchard was a more natural situation and the children 
raised no objection to putting the trees in regular groupings*

We looked at the trees painted on our farm frieze and J. said,
"They really look like the picture of the orchard beoause they ain’t in 
one line."

"Show us on the board how they are. grouped." J. went to the 
board and made lines to show three 3's.

"How many trees are here?"
"line," he said.
Incidental experience and needs of the group used as a basis 

for planned number experience.—  The planned number program was not 
limited to work on the four fundamental processes with numbers below ten. 
&lso included were number experiences dealing with money, telling time.
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measuring, Raman numerals, meanings for numbers larger than ten, writing 
numbers larger than ten, fractional concepts, and tax stamps* The teachers 
planned number activities centering around these topics to meet the needs 
of the various groups for more understanding, and to fulfill the require­
ments of the course of study in arithmetic for second grade. Experiences 

dealing with money concepts were similar to the following:
Teacher B. Since we have been counting money so much, I used 

this as a Basis' for our group work. I drew pictures on the board to 
show ten pennies in two groups of five each, two nickels, and one dime. 
Pennies were counted by one’s and by five’s. Ideas brought out were:
The worth of each piece of money in cents. Five pennies will buy the 
same as one nickel. If there are two nickels in a dime, there are two 
five’s in ten, because there are five pennies in a nickel and ten pennies 
in a dime.

’’There are six tens in sixty,” said M., “because when brought 
fifty cents he got five savings stamps. Let’s tell some other number 
stories. If I had 20/, how many stamps could I buy?”

"Two,” said T. “You count 10, 20.”
“How many nickels in 20/?"
J. said, "Four, because two and two are four. There are two 

nickels in each dime, so in two dimes, you get four nickels.”
Teaoher D. M. was quite upset at noon time that I gave her a 

dime instead of the two niekels she had given me in the morning. When I 
handed the children the blocks at number time, I said, "I am giving each 
of you ten pennies.” We found how many five’s were in ten. We let two 
big blocks stand for niekels. Five little blocks (pennies) were the same 
as one big block (nickel). Two nickels (or ten pennies) were the same as 
a dime.

Planned activities in measuring are described as follows:
Teacher E. Measuring was needed to see how long our dowel sticks

should be for the wheels of our food train. Two dowel sticks were longer 
than the ruler, but not so long as the yardstick. I cut a dowel stick
into twelve one-inch pieces to show the twelve inches that made up a foot.
We decided to make the sticks nine inches long. Paul measured a dowel 
stick twelve inohes long and sawed it off. Then he measured nine inches 
and cut off the remaining three inches. We put the nine separate parts 
and the three-inch piece together to show twelve inches again. Worked 
some addition and subtraction problems with the parts.
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Teaoher 33. We talked about measuring things. Last week I 
measured each child for height. We talked about the difference between 
a ruler and a yardstick, pointing out that a yardstick is always three 
feet long. I drew a ruler on the board, and explained inches and half 
inches, showing two halves to a whole inch. Then I measured several 
objects to show that we measure both length and width. Then each child 
measured some objects that he had access to, such as his pencil, eraser, 
his foot, etc.

Teacher A. We measured ourselves and made a chart to show how 
many inches tall we were. As each child was measured I wrote the number 
on the board and asked someone to tell me how tall the child was. Then 
I would put on another child’s height and ask which was tallest or shortest. 
Some knew how much taller and shorter, too.

The following accounts illustrate the type of experience provided 
to help the children learn to tell times

Teaoher A. We started telling time today. Had a general 
discussion on how many 5’s there were around the clock. How many 5's in 
60? How many 5’s in 30? In 15? We counted by 5’s to find out. How 
much is half of 60? Worked it out by counting by 5*s. When the long 
hand is on six, it is called “thirty,* as 6*30, or 7s30.

Teaoher B. Everyone made a clock. I discussed the clock and 
ways to make one - dividing the circle first in half, then in fourths, 
explaining that six numbers are in each half. Discussion included* How 
many hours are shown on the clock; how many minutes in an hour; the long 
hand designates the minutes while the short hand -tells the hour; Children 
had an opportunity to manipulate the clock, and ask others what time it 
was. We watched our own clock in the room, and noted that the little 
hand moved more slowly than the long hand.

The need for understanding numbers larger than ten came about 
when children had difficulty recognizing page numbers in their reading 
books. The following activities were designed to help children reach a 
better understanding of large numbers*

Teacher C. Planned work on the number sequence from one to one 
hundred. We counted by ones, by tens, and by twos. Then I pointed to 
different numbers and we went around the group taking turns. There were 
three girls who could not recognize the names of the tens - 20, 40, 50, 
etc. So I tried to explain it. I then asked tee ohildren to find the 
number that followed or came before the number I called. I was real happy 
because they seemed to get it.

Teacher B. Worked with numbers from one to fifty to establish 
meanings of tens and ones. Also brought in sequences

’"W'hat number comes before 44? After 35?"
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In a later period extended this work to 100, A hundred chart 
was presented to the group. Discussion followed these lines*

’’How many in each column? How many altogether? How many tens 
in 100? Count to find out. Iho can count by fives to 100? Look at
these numbers (numbers pointed out by teacher). What does 55 mean? 35? 
12?"

This was to bring out the idea of tens and ones and they had 
no trouble at all. Later, I erased several numbers and had different 
ohildren write in the missing numbers. Then,

”If we count by tens, what number would follow 20? 10? 15?
40? What number means 10 and 7? 10 and 2? 10 and 1? eto.w

This group catches on very quickly and seems to have the ooncept 
of ten (better group).

Work with sales stamps involves bundling stamps so as to make 
tens. For example, five two’s, or three three’s and a one, or ten one’s, 
eould be bundled together to make a ten. These were then put into 
hundreds. Group work was devoted to this activity as often as necessary 
until the children became sufficiently independent to carry it on without 
guidance.

Teachers B, C, and D taught the meanings for Raman numerals
to 12 and how to write them. Teacher B planned some work on halves and
fourths for her more advanced group. The fast-moving groups in each 
grade learned to write numbers beyond ten.

Humber symbols and signs.—  Humber symbols were introduced 
only after meanings for the number symbols had been developed. Of course, 
the majority of the children had learned to read and write the number 
symbols in first grade. In any event there was a short teaching period 
during which symbols were omitted altogether, and meanings for numbers 
were stressed in order to assure understanding for the symbols.

Teacher A describes introducing the addition sign (/) on 
January 22. Signs for other processes are not mentioned. Teacher C’s
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fast-moving group began to use signs for addition and subtraction on 
December 3. Bo mention is made of multiplication or division signs being 
used by any group. With the exception of groups A and C, signs were not 
used at all, but processes were described by means of descriptive language 
phrases, such as, "Two 3’s arej" "How many 4’s in 8?" "9 take away 6 are?" 
and *3 and 4 are.**

Types of number work used as independent work.—  Any type of 
work which the children were expected to accomplish independently was 
first engaged in by the group to assure understanding. Afterwards 
independent work was checked with the children to correct mistakes and 
clear up misunderstandings.

Teacher A. We had written examples from the board. Each child 
was given blooks, sticks, or discs to work out his examples if it was 
necessary. When I was free, each child came up to me with his paper. We 
went over the work. Even if he had them, all right, I still had him use 
materials to work out a few. If he had some wrong, we worked those out 
together.

Teaoher B. The children cut out pictures and pasted them on 
paper to make number stories. They then wrote their number stories on 
separate pieces of paper. They did this while I worked with another 
group. Later I looked over each one, and held up the pictures for 
individual children to give the answers.

Teacher B. Draw pictures to tell these number stories:
1. 'Jane had 10 oranges. How many different ways can she group

them?
2. She gave five oranges to Jim. Show how many she had left.
3. Show how many two's are in ten.
4. Show how many five's are in ten.

I had different children demonstrate to show how they could make different 
groups. Then the ohildren worked at their tables.

The results on the above led the teacher to realize the need to 
plan more group work of this type before independent work was again 
attempted. Her comment was as follows:

Eventually this work was accomplished, but needed a lot of 
explanation. I plan to follow up with group work.
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Teaoher C. Draw 4 houses, one red, one blue and two green. Put 
one tree in the yard. Draw five children in the street jumping rope.
Have two cars in the street. There are three dogs. We counted these things
together to see how many things would be on our paper. We got 15. There­
fore, when the children finished, they checked by counting to see if any­
thing had been left out.

Teacher C. Each child had ten blocks. They worked independently 
to find all the different groupings they could find for the number ten.
The next day we brought our papers up and took turns writing something 
that we had found on the board, as 2 and 2 and 2 and 2 and 2 are ten* We 
related this to five 2’s in 10, and to five 2's are 10.

Sharing ideas and experiences.—  The teachers shared materials
and experiences which they had found to be successful with their own 
ohildren. One teacher brought in pages of the number scrap book her 
children were making and described how the children worked out the number 
groups and accompanying stories. Ways of using commercial games for 
independent number periods were explained. The teachers also described 
games they had prepared themselves and found successful. A tally system 

for keeping score was reported. Vfays of making adaptations to other groups 
of children were discussed.

When initial interview sheets were analyzed, there seemed to be 
a definite need for help in understanding groups, since a large majority 
of the children tended to string out objects rather than to group then. 
Grouping activities were discussed. Later diary entries give the follow­
ing illustrations!

Halloween cut-outs (pumpkins, apples, etc.) used to make groupings 
of different numbers.

We talked about things that come in fives. J. mentioned a star 
with five points, H. remembered five dots on a tie. B. had five buttons 
on his shirt. E. mentioned five pennies in a nickel.

The children had a tendency to spread their objects all over the 
paper when working with concrete materials. They scattered them over the 
paper to such an extent that ©roups lost their essential grouping quality. 
We worked on making groups clear and simple, - working near the oenter of 
the paper rather than toward the edges*
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Early misunderstandings of some teachers which, were cleared up 
by means of illustrative material were differentiations between incidental 
and planned number experience, and between concrete, semi-concrete, and 
abstract number experience.

At one time concern was expressed that the children were finding 
work with concrete materials monotonous and repetitious, though they were 
not ready for more advanced work. Teachers pooled ideas to see how much 
variety they could bring into concrete number experience.

The value of the interview technique as a teaching device was 
repeatedly brought up for discussion. Questions suggested were* "How 
did you think it?” "Can you think it another way?" "Suppose you couldn’t 
remember it some day, how would you work it out?" "Which way is quicker?"
Such questions were recommended as workable ways of helping children become 
aware of thought processes and of beginning an evaluation of different methods.

The principles and practices listed at the beginning of the 
chapter were continually discussed and evaluations were made as to the 
success or failure of the teachers in achieving them. Weaknesses were 
pointed out and plans made for overcoming them. For example, a frequent 
error was to move ahead to larger numbers before the children had developed 
the understanding necessary to cope with them successfully. One teacher 
had a very bright group of children who were very eager to advance rapidly.
It was evident that the teacher was in conflict as to how to satisfy the 
children’s desire to go on, and at the same time be sure that concepts of 
small numbers were adequate.

Another weakness seemed to be a greater stress on addition than 
on other processes. Teachers were encouraged to incorporate all processes 
except when isolation of a given process seemed feasible for a particular
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group of children. Efforts were made to relate the processes, and, on the 
whole, the teachers reported gratifying results in teaching the processes 
in interrelation. The independent work of the children tended to over­
emphasize addition throughout the semester, however, probably due to the 

traditional idea that addition should be taught first, and to the fact that 
the language form for addition involved less writing and was therefore 
easier to prepare.

Principles and Practices for the Incidental Sumber Program
Certain of the principles and practices previously stated as 

guides for the planned number program are also applicable in the case of 
the incidental program. Others, such as those dealing with time allotment, 
grouping of children, and a defined sequence for number presentation, do 
not apply. To a great extent these were chance factors in the incidental 
program.

In incidental as well as planned number experience, the teachers 
tried to be aware of the thought prooesses of pupils, to point out relation­
ships to other processes than the one most-immediately involved, to use 
concrete and semi-concrete representations when needed, and to build 
favorable attitudes toward number.

In addition to the principles and practices which were the same 
for the two phases of the program, certain others are of importance for 
the incidental program alone. These aret

1. Incidental experience offers an opportunity to meet needs
of the children for solving real problems which occur throughout the day* s 
activities.

2. Incidental experience provides a setting in which applications 
of number may be made. There is a real use for number understandings 
which have been acquired.
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S. Incidental experience often points out a need for more 
understanding of numbers, and offers the incentive to acquire greater 
skill*

4. The teacher who guides children through incidental number 
experience is faced with problems such as the following: (a) wise selection
of incidental experience so that children will not praotice number abilities 
which offer no further growth for them, (b) adapting more difficult number 
experiences so that a readiness for later work in arithmetic will be 
promoted, (c) judicious selection of individuals to engage in a particular 
experience, so that children needing this type of experience will profit,
(d) developing within herself and within her group of children a sensitivity 

to number possibilities which offer opportunities for number growth, and 
(3) becoming aware of adaptations that can be made to promote further 
growth.

Weekly meetings of the teachers were again to serve as a place 
for sharing ideas, making clear differentiations between incidental and 
planned number experience for purposes of recording, and working out 
difficulties with regard to incidental experience.

The Incidental Number Program
The first three weeks of the fall term were spent in administering 

group tests and interviews. A definite program of instruction was of 
necessity delayed until the beginning of the fourth week of school. In 
the meantime, teachers were urged to make use of incidental number experiences 
in teaching and to record them for discussion at the first meeting of the 
university class.

The problem posed by the first set of incidental number experiences 
turned in by teachers was that of making clear differentiations between
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planned and incidental experience. The conclusion was reached that any 
experience which was planned as group work and decided upon ahead of the 
time of meeting of the group would he included in the diary as planned 
experience. Experiences which occurred in the course of the day*s 
activities, at the instigation of either teacher or pupils, hut were not 

pre-planned, would he considered incidental.
A total of 236 incidental number experiences were reported during 

the semester. These were distributed among the five pupil groups, as 
follows:

Group A - 40
Group B - 71

, Group 0 - 42
Group 3 3 - 7 1
Group E  ̂- 12
It is obvious that the teachers varied greatly in the number of 

incidental experiences they recorded. Whether Groups B and D were actually 
having almost twice as many experiences as Groups A and C, or whether 
Teachers B and D were more conscientious in keeping records, is a question. 
The teachers agreed that certain experiences were carried on almost daily, 
or periodically, though they failed to reoord them over and over,and con­
centrated on those which offered variety. The experiences recorded are 
therefore more accurately thought of as a sampling of experiences which 
occurred rather than an exhaustive list. Teacher B was particularly adept 
at creating original ways for carrying out routine tasks so as to vary the 
number aspects involved.

Following is a list of the varieties of incidental number 
experience reported by the six teachers. Categories are selected according

2 Illness in the family and personal illness were responsible 
for the poor showing of Teacher E with respect to recording incidental 
number experiences.
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to the situations out of which the number experience arose. A total of 
236 experiences are represented. The various items are classified by 
topics.

Experiences with money
Collected and counted money for Weekly Reader 
Counted lunch money 
Counted money collected for Red Cross 
Colleoted and counted money for ice cream for Halloween 
and Christmas parties 

Bought lunch - checked on change 
Counted lost money which had not been claimed 
Counted money for Christmas tree 
Collected and counted money for Art League 
Decided on number of stamps to buy with stamp money 
Checked on cost of Mother’s Christmas gift 
Checked on money needed for overdue library books 
Learned that lunch money can be received in different 
denominations, and that there will still be the same 
amount of money 

Decided how much money to spend for regular lunch and how 
much for dessert 

Collected and counted money for trips 
Bought stamps in play post office 
Made change in post office
Put different denominations of tax: stamps into groups 
totaling ten each

Experiences with time
Pound out how many minutes before recess, time to go.home, 
lunch time, etc.

Found out number of minutes in half hour, quarter of an hour
Found out how many minutes it took to clean up
Used play clock to set time
Used a library book on telling time
Examined clock to find out how many little spaces (minutes) 
there were from one number to the next 

Stayed fifteen minutes after school 
Estimated time needed to complete a story

Experiences with temperature and the calendar
Kept weather report by half days - found two and a half 
rainy days in week, one and a half cloudy days, etc.

Read temperature} compared with previous days 
Made thermometers with movable tape for recording temperature 

each day
Kept a record of rainy days, sunny days, cloudy days, etc., 
in a week} used for comparisons
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Counted days until a child’s birthday, or until a holiday 
Discussed days in a week; days we ccaae to school; days we 
do not come to school 

Counted days in the month of December 
Counted number of sohool days in December 
Brought out idea that months do not all have the same 
number of days

Compared temperatures; discussed terms "more" and "less"
Humber experiences in classroom routines

Compared large and small pieces of paper 
Counted strips of paper needed to make pumpkin men (arms 
and legs, body, head, etc.)

Counted squares when paper was folded for construction work 
Checked on library books to be returned 
Gave out paper
Checked on materials ordered 
Checked on materials needed for each table 
Checked on number of extra items needed when passer did 
not have enough; number left over when too much was 
given; total in each case 

Drew numbers to decide place in line
Checked on number of children present and absent; number 
staying for lunch 

Counted children at each table; compared with other tables 
Decided on number of rows needed in auditorium if twelve 
children sat in each row (38 children)

Found changes in total number of children when some left, 
more were added, etc.

Decided how to spaoe three pictures among seven windows 
Decided what to do when there were four blackboard spaoes 
to be washed and only three rags 

Decided how many more desks were needed when we had thirty- 
five children and only thirty-three desks 

Divided paper into fourths
Humber experiences in subject matter areas exclusive of arithmetic

Compared meaning of girl and girls, boy and boys, etc.
Checked on number of books needed for reading group 
Put scrap books together; checked on missing pages 
Found number stories in content of reading material or in 
pictures in books 

Changed size of reading groups; discussed changes 
Guessed size of group; then oounted to check accuracy of 
guess

Used one-inch graph paper for keeping record of spelling 
work

Placed words in groups of three for spelling game 
Found how many words start alike on a given page 
Found six-letter words, four-letter words, etc*
Head half a page
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Arranged reading group so that half the children would be 
on each side of the teacher 

Found the middle of the group of children 
Found one-half of eight pages
Children read one and a half of four pages and found they 
had two and a half pages left to read 

Called attention to a line in reading book (third, fourth, 
etc.)

Discussed what it means to find the seventh line
Number experiences in play and game situations

Divided children so as to have an even number on each side 
Kept soore in bean bag and ring toss games 
Counted by three’s to get ready for “Squirrel in Trees11 
Divided thirty-two.children into five squads for play roam 
Divided box of thirty marbles between two boys, each taking 
five at a time until all are gone (home experience described 
at sohool)

Decided on number of children to play in playhouse at one 
txm.es how total number should be divided among boys and 
girls

Counted gym shoes by two’s
Experiences in measuring

Found number of inches in a foot 
Found number of feet in a yard
Measured materials for Father’s gift (14 inches by 12 inches) 
Measured linoleum to go under easel 
Measured heights of children and made comparisons 
Used rulers to make mats for desks

Miscellaneous number experiences
Discussed odd and even numbers (house numbers)
Gave out lollipops at a party
lead dental cards to see how many teeth needed attention 
Counted napkins and spoons to be used at a party 
Counted votes
Counted lights on Christmas tree
Decided on number of children needed for a committee 
Noticed that cars in parking lot were arranged in groups 
Counted by two’s to get partners for trip 
Found how many dozens in six

Analysis of incidental number experiences.—  Forms prepared for 
recording incidental number experiences provided for an account of the 
number experience, the date, the teacher’s name, the process or processes 
involved, the kinds of materials used in carrying out the experience, and
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the size of the groups taking part in the experience. Figure 1 illustrates 
the procedure used in analysis.

The description cited in Figure 1 is an account of an experience 
of Group A which occurred on October 11. Two processes, addition and 

subtraction, were involved. The total group of children watched the teacher 

make the demonstration with concrete materials. The experience was also 
partially abstract. Checks were made in appropriate blanks to indicate 
these facts.

Some of the incidental number experiences which were reported 
involved no process as such, but rather called for the use of number 
abilities such as counting, comparing, estimating, and the like. This 
type of experience is illustrated by an account from Teacher C whioh was 
dated October 26. The solution of the problem necessitated ordinal count­
ing, but no process was needed.

We had trouble with our girl's line coming in. There were always 
fights. So one girl wrote the numbers on little pieces of paper for eaoh 
girl. Another girl checked her. Then we put them face down and each girl 
drew one. It was to stand for her place in line. I wrote the names on 
the baoks of each piece. Then one boy put them in order to 2S. Then we 
had the order of the line, and eaoh girl knew who she came after in the 
line.

An analysis such as has been described was made for each of the 
236 incidental number experiences. Table 3 gives the distribution of 
experiences according to process. The number and percentage of experiences 
involving no process at all, a single process, two processes, and more than 
two processes is given. Fifty-four experiences, or 23 per cent of the 
total number, needed no prooess for solution. These were largely counting 
experiences, or experiences dealing with measuring, fractions, reading and 
writing numbers, and the like. The process of addition was the most widely 
used of any of the single processes. The most widely used combination of
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INCIDENTAL NUMBER EXPERIENCE
Teacher A Date* S ©  N D J P
1 2 3 T 5 6 7 8 9 10 12 13 14 15
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Prooess Description of Number Experience

j/A

S
M
D

Type of Material
Concrete y/*
Semi-concrete ______
Abstract

Girls and boys brought in money for Red 
Cross. We needed 50/ to became members. We 
had 42 cents. One boy said, "If I give my 
nickel, will we have enough?" I got out 
blocks and called big blocks nickels and little 
ones pennies. Add enough blocks to make 40/. 
Add one more to make 45 (his extra nickel), 
then added our two pennies. Found out we had 
47/. Knew 5 pennies were a nickel, so we saw 
we needed three more cents to make a nickel.
Comments:

Size of Group: 
Total s/" Small Individual

Figure 1.—  Pattern for Describing and Labeling Incidental Number 
Experiences.
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TABLE 3
DISTRIBUTION OP INCIDENTAL NUMBER EXPERIENCES AS TO PROCESS 

OR PROCESSES REPRESENTED, WITH PERCENTAGES OP TOTALS AND SUBTOTALS

* Prooess or 
Processes

Number of 
Experiences

Percentage 
of Subtotal

Percentage 
of Total

No Process 54
Subtotal ... 54 23

Single
Prooess

A *««. 45 63
S .... 16 24
D .... 1 1
M .... 8 12

Subtotal ... 68 29
Two
Processes

AS .... 44 49
AM .... 18 20
AD «... 17 19
SM .... 4 4
SD .... 4 4
DM .... 3 3

Subtotal •.. 90 38
Three or
Four j
Processes

ASD .... 8 33
AMD .... 9 38
SMD .... 1 4 i|ASM .•*. 4 17

ASMD .... 2 9
Subtotal ..• 24 i 10

Total ..... . 236 1 ............... ,............ - ..... .. -
100

* Process Codes A * Addition; S - Subtraction;
D * Division; M ■» Multiplication
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two processes was addition and subtraction. Forty-nine per cent of the 
total number of experiences for two processes fell into this classifica­
tion. More than two processes were used only rarely (10 per cent of the 
total)•

Data are assembled in Table 4 to furnish a distribution by 
pupil groups of the types of materials used in the solution of problems 
arising in incidental number experiences. Seventy-four problems, or 31 
per cent, were solved abstractly. For a slightly larger percentage, a 

combination of materials was used. Sixty experiences, or 25 per cent of 
the total, were solved by means of concrete materials. Semi-concrete 
materials were employed for only a small number of experiences (10 per cent).

There was a wide use of combinations of materials, such as 
concrete and abstract, semi-concrete and abstract, or semi-concrete and 
concrete. The combination of materials usually meant that some children 
in the group could solve the problem abstractly; others needed same type 
of representation for clarification.

In Table 5 a distribution by pupil groups is provided, showing 
the size of group participating in incidental number experience. The data 
show that the size of group varied greatly with the individual teacher.
In Group A, experiences were usually individual. Teacher B made a wide 
use of combinations of one child and the total group, a small group and 
the total group, or a small group and an individual. The total group was 
commonly involved in Group C, while for Teacher D the most prevalent 
practice was to engage the total group, though small groups and individuals 
were also used.

Illustrations of Incidental Number Experience
Solving day-by-day problems of individuals or groups.—

Incidental .experience provides an excellent opportunity for children to
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TABLE 4

FREQUENCY WITH WHICH VARIOUS TYPES OF MATERIALS 
WERE USED II IICIDEMTAL IDMBffi MPERIMCES

Type of luaterxa'l
TotalGroup Conorete

Semi- 
Conor ete Abstract

Combina­
tion

A .... 5 0 18 17 40
B . •. . 18 16 16 21 71
C * • • • 14 5 10 13 42
D ».. . 21 5 29 18 71
E .... 2 0 1 9 12

Total 60 24 74 78 236
Per cent 
of Total 25 10 31-.. -.-..—  - 33
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TABLE 5
FREQUENCY WITH WHICH GROUPS OF VARIOUS SIZES 
PARTICIPATED IK INCIDENTAL NUMBER EXPERIENCES

Group

Size of Group

TotalInd.
Child

Small
Group

Total
Group

' Combi­
nation

A • *« # 21 7 11 1 40
B » «.. 12 4 9 46 71
0 .... 5 10 25 2 42
0 .... 21 19 SO 1 71
E .... 5 2 1 4 12

Total 64 42 76 54 236
Per cent 
of Total 27 18 33 22
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solve the real problems that occur from day to day. The following accounts 

of incidental experience show how the children were helped to solve problems 
of concern to the total group*

Teacher D. We had to figure how much money we needed to buy 
ice cream for our" party. There were 38 children and we all needed to 
bring a nickel. The children decided that would be 38 fives. So I put 
38 fives on the board and we counted by fives to figure it out. We found 
it was $1.90. Then two children said they would not be able to come. So 
they said two fives off. Ten off altogether. This meant we would need 
$1.80 in all.

The teacher helps the children solve a difficult problem by 
adapting it to their level of understanding. They are unable to multiply 
38 by five, but they can count by fives. In addition to solving their 
problem successfully, they are also building a readiness for understanding 
the meaning of multiplication as a process.

Teacher B. How many cupcakes will we need for eaoh table if 
eaoh person gets two? I had a boy count the boys at his table, and a 
girl count the girls. M. was at the first table. He said,

"Three boys, so we need six - two, four, six."
C. gave the number needed for the girls, saying, “Four, because 

there are two girls. I counted by two’s."
The teacher simplifies this problem for the children, helping 

them to work it out by tables to keep the numbers small.
Teacher B. Problem: To find out how much mother’s gift would

cost. Each child brought 10/ for the gift. Each child was to trim two 
coat hangers. The coat hangers cost 2/ each, and the ribbon for trimming 
cost 6/. How much would each child need to pay? Several of the children 
said, "seven." I went to the board and wrote, "two coat hangers - 2/ 
each," and. asked,

"How much is that?"
The children knew* "How put 5/ more to it." Some of the children 

knew it was 9/. nYou give me 10/. How much change do you get?"
A problem involving several processes can be solved by second- 

grade children when they pool their knowledge and work under the direction 
of the teacher.
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The experiences which follow illustrate how an individual 
child was helped to solve his problems

Teacher D. A child brought $1.00 to school. He was supposed 
to pay me 89/. le” wanted to know how much change he should get back. I
told him to help me find out. I asked him how much he should get back to
make 90/. He said 1/. Immediately after this, he said,

"I get 11/ back.” After he got to 90, he knew there was ten 
left right away.

Teacher E. J. -sms collecting lunch money. He had 5/ too much 
in the boy’s pile. He was minus 5/ in the girl’s pile. He had only a
dime, however. He couldn’t figure out how to get it right. I helped him
use the counting frame and showed him five pennies in a nickel said two 
nickels in a dime. He saw that he could take two nickels from one of the 
piles, put in a dime and still come out right.

Teacher D. After reading group was over W. asked me if it was 
recess time" yet. I said,

"No, it would be recess at 2*20.” I asked him how much time
he had to work yet. He counted by five’s around the clock and said "25
minutes" which was correct.

It is significant that in each of these illustrations the child 
was given what help he needed to solve his problem. In none was he merely
told the answer.

Awareness of thought processes of children.-- In incidental 
experience as well as in planned number experiences, the teacher demonstrated 
a consciousness of the thought processes of pupils, and often tried to 
help them raise the level of their thinking by pointing out more mature 
ways of solution, or having another child do so.

Teacher D. While deeorating the Christinas tree, the children 
wanted to know how many lights we would have on our tree. We found we 
have three strands of lights with twelve lights on each strand. I asked 
if any one could tell how many altogether.

W. said, "Thirty-six." I asked how he got it.
He said, "Three tens are thirty, and two three’s are six, so 

that makes thirty-six."
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Teacher D. We were recording the thermometer readings on a 
chart. The temperature was 45 degrees. The time before it had been 38 
degrees. I asked the children how many degrees difference there was.
Finally M. said 7 degrees. I asked how he had arrived at his answer and 
he said,

"Thirty-eight to forty is two, and you know 40 to 45 is five.
So 5 and 2 are 7."

Teacher E. One person from each table was to get two pieces of 
paper for each person at the table. P. started counting her table by 
one's. J» stopped her and said,

"Count by two’s. It's easier." There were six people at the 
table. I put circles in groups of 2’s on the board to show six, and counted 
by two's.

Teacher A. We had two 15/ tax stamps. Some one said if those
were 5/ stamps, we would have six stamps to turn in instead of two. I
said for him to explain what he meant.

"Well," he said, "there are three nickels in 15/, and a nickel
is five cents. There are two 15/ stamps, so three nickels from each put
together are six."

Teacher B. In reading group, we counted to see how many books 
we needed. There were eight in the group. Two children already had 
books. T. started to count all over again to find out how many books he 
needed to get, so I said,

"Just take two away from eight." Be counted 8, 7, 6, and knew 
he must get six books.

Such illustrations demonstrate that the teachers were as ooncerned 
with the method by which the child arrived at his answer as with the 
correctness of the answer itself. The teaohers often asked children to 
explain how they thought out an answer. There is evidence of children 
helping each other, and of teachers pointing out more mature ways for 
children to try.

Sensitivity to number situations.—  The following excerpts are 
an indication that the children were sensitive to number situations, and 
were able to see applications for numbers within the level of their under­
standing.
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Teacher A. Got a new boy and lost one. We added one boy to 
our list and we had 15. We took one away and we had 14 boys - the same 
as before. D. said,

“Yep, that’s right. One take away one leaves zero, so we ain't 
got nothing to add. It all stays the same.”

Teacher A. C. had a birthday. He was eight years old. He got 
eight swats, one to grow on, and one to be good on. Some one said,

“When he's nine, he'll get eleven swats, 'cause when he was
eight he got ten* He’ll always get two more than the number of years old 
he is.“

Teacher A. Had nine books for a reading group of twelve children. 
Therefore we had to share. Three children were absent one day. Some one 
said,

"Six people are absent because no one has to share." We figured
out then that six people have to share but only three are missing books.

Teacher A. We moved our desks into blocks of four. After we 
had put all the fours together, we had two left over (34 children). Some 
one said,

"We'll have to make three and three are six, instead of two and 
two are four, somewhere in this room."

The two illustrations which follow show that these particular 

children were curious about numbers and eager to find opportunities to use 
them. They also indicate the readiness on the part of the teachers to 
grasp the opportunity afforded by the number experience to extend number 
understanding in the direction of further learning for the children.

Teacher A. We were finishing a book. We had eight more pages 
to go. Some one said,

"If we each read a page we can finish the book today."
I said, "Yes, but if we each read a half of a page, how many 

days will it take us to finish?" Seme knew. Some counted one, two, on 
each page, and concluded two days. Some didn't respond at all.

Teacher D. While in reading group, a boy had finished his 
reading before the rest. He looked around at the group who were still 
reading and said,

"I wonder how many groups of three are in this'group.” I told 
him to find out. He went around the circle and pointed out three groups.
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I made one extra. I said, “How many are three groups of three?"
He said, "Hine, because three 3’s are 9." I asked what one extra 

would make. He replied “ten."
Adapting number experience to the level, of the individual or 

group.—  Teachers often carefully selected certain children to carry out 

a number activity,because they knew the children*s need for the particular 
experience. This was true in the case of the following incidents.

Teacher B. Counted money for Red Cross. Had Y. collect from 
children and hand me the money, telling me how many pennies each child 
gave her* V. is slow in numbers. I thought this would help her. Later, 
she counted the pennies by two’s after saying,

"Oh, I can’t do that." She stopped to think before picking 
up every two pennies, counting to herself.

Teacher B. Counting attendance. One child counted people at
his table.

"How many boys? How many girls? Show us at the board."
The children then drew groups at the board to represent four 

girls and three boys. I chose children who have obviously been oounting 
by one’s so they could begin to count in groups.

The following accounts show how teachers helped children clear 
up misunderstandings by making adaptations of the number experience 
necessary to clarify the ideas involved.

Teacher C. P. came up and asked about a combination on the 
board. It was, '"How many are five 2*s?" I asked her how much were two 
five’s. She said ten. I said,

"Five 2’s are the same." Then I showed her with pictures on 
the board that you have the same number but the groups are different.
Then showed her that two 3’s and three 2*s made the same number.

Teacher C. W. was making up subtraction combinations. He had 
7 - 10, and 4 - 6 ,  etc. I asked him if he could do that. He said, "Yes." 
I asked him,

"If we had only four boys in the room, could we send six boys 
on an errand? He said, "Ho." Then I asked,

"If you had four pieces of candy, could you give me six pieoes?" 
He said, "Ho.”
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"Then if you have four, can you take six away?” He understood 
and went back and changed his work.

When ohildren were faced with the need to work out a difficult 
problem with large numbers, the teachers often helped the children think 
it out by means of numbers they already knew.

Teacher D. We were going to see a movie in the auditorium. We 
talked about how we should sit and act in the auditorium. We were talking
about how we should file into our seats. One child asked how many rows
we would take up, since there were so many of us, I asked how many were 
in our room. They said thirty-eight. I said,

"There are twelve seats in a row." This was too much for them
so I said,

"How many tens in thirty?" W. said, "Three."
"How much do we have to add to them to make twelve?" They said,

"Two." So I said,
"Ten in each row, and two added onto each row." They said 

three rows of two in each row would be six. Six children would go on the 
three rows. There would be two ohildren left over for another row.

Late in the semester (December and January), the teachers found 
that responsibilities which they had themselves assumed in the early part 
of the semester could now be delegated to the children,if a scheme could 
be worked out by which the experience was simplified for the children.

Teacher B. Assigned one child to collect money for savings 
stamps. His job is to put down purchaser’s name and the amount given 
him. Each child tells the number of stamps he wants to buy. The collector 
counts by 5’s to find out how much he has. If he has a dime, he counts 
it as two 5's. A quarter as five 5’s, etc.

Teachers were often aware of the fact that the children were
capable of carrying out certain phases of a number experience, but that
other phases needed to be done for them, by the teacher. In the following 
experience, the teacher added the total amount after the children had 
worked up the smaller amounts.

Teacher B. We counted our money for the Hed Cross box again.
We had seven dimes. S. counted them by 10's. We had two quarters. We
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had six nickels. Six nickels made thirty cents. (I made pictures on the 
board to help them figure out the amounts.) Also talked about how many 
dimes would be the same amount as six nickels. Then we counted our pennies 
by 2's, in piles of ten. We had three piles of ten and three left over.
I added the total amount for them.

It is of interest that the teacher was also capitalizing on this 
experience as an opportunity to help ohildren begin to develop some under­
standing of the tens idea upon which our number system is based. The 
following experience gives another way of putting meaning into the idea 
of ten.

Teacher B. We were voting for names for our fish. I tabulated 
votes and showed the children that tallying was an easy way to keep score. 
///^ means "five” because four up and down marks and one mark going across 
makes five.

"Two //// //// would be how many?" "Ten," said K.,"because five 
and five are ten." We had twelve votes for one name. //// //// // "Twelve 
is ten end how many more?" They could see the ten and two*

Extensions and variety in routine experiences.—  The teachers 
handled school routines, such as passing materials, collecting money, and 

taking attendance, in a variety of ways. The teachers were aware that 
almost any of the problems arising from such routines oould be solved by 
counting ones. They were also conscious of the fact that there came a 
time when counting ones offered no further growth for certain ohildren, 
or for the group as a whole. They were, therefore, constantly on the alert 
for variety in such experience. Some of the previous illustrations also 
give evidence of this fact. Others follows

Teacher B. Attendances I placed pictures on the board to show 
how the ohildren sat at the tables, thus* <̂ \.

Then I called on a child at each table to look and see if he 
oould find his table among the pictures. The children found their tables.

"How many boys at your table, M.?" "Three," he answered promptly, 
"and three girls, but one is absent."

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



133

Draw a circle around the person who is absent at your table.
"How many are left?"

"Five," said M., "because if you take one from six, there are 
fire left."

L. went up to find his table. "There are seven - four boys and
three girls, but one boy is absent, so six are left." "How many 2*s in
six, L.?" "I don’t know."

"Look at the picture and find out." "Oh, yes, three, because 
you say 2, 4, 6."

By checking the two tables with three pupils at each table, we 
found there were two 3’s also.

Teacher C. I used this method of giving out paper* I dropped
a small pack on each table. Then one child at each table passed it*
naturally, none was exactly right, so the children came up and said, “I 
have four too many," or "I need three more," etc. Then we reviewed the 
problem, asking how many they had given out, or how many they would need 
in all, how many they had at first, etc.

Teacher C. We are making spelling graphs and keeping traok of 
our progress on one-inch squared paper. There is addition or counting 
in finding how many they have right. Then they subtract from ten (the 
number of words and the number of squares) to find the number of blocks 
to color. They can also count by 2*s or ones.

Naturally, it was still possible for children to obtain answers 

by counting ones. As other methods were oontinually pointed out, however, 
more children tried to use them.

Relationships among the processes.—  More than one process was 
often involved in the solution of a number problem. The teachers were alert 
to the possibilities for showing relationships between the processes, and 
for using such experiences wisely for helping individual children gain a 
better understanding.

Teacher B. We have begun a post office unit. The children are 
mailing letters to another class. We bought three-cent stamps and sold 
them in the roam. We chose one child to be the postal clerk each day. J. 
had ten cents. B., who was postal clerk, said he did not have enough 
change. He had only six cents.

"How much more will you need?" "Another penny," he answered.
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I told him to wait on someone else first. Then he would have 
enough change. Later, we needed more change again. Someone had five 
pennies to exchange for a nickel, so we continued our "business. B. counted 
the amount of money he collected. He had a dime and eleven pennies. We 
brought out that this was two tens and one more. Then we found out how 
many children had to buy stamps to give us 21/. We did this by making 
stick pictures on the board, marking them into groups of three, and counting 
the 3*s.

Teacher B. We changed seats. We counted the spaces at each 
table. We decided there would be no more than seven at eaoh table. Asked 
who wanted to sit at Table 1. Seven people only. If eight stepped to 
the table, we took one away. If only five went, we found how many more 
were needed. After everyone was seated, we found out the number of boys 
and girls, and the total number of children at each table. Then we found 
how many 2* s at each table. How many 3’s, etc. How many left over.

Illustrations which have been cited show that children as young 
as second-grade pupils can deal with all processes in solving daily problem 
situations presented to them. Even more complicated phases of number, such 

as division of fractions, column addition, remainders, and the like, are 
often attempted and solved successfully with the help of the teacher to 
simplify the number aspects of the situation.

Summary
The overall objectives for the classroom program during the 

instructional period of this study were (l) to help children acquire 
meanings toward the end that their thinking would continually show 
improvement in the direction of maturity, and (2) to help children solve 
their daily problems involving number.

Eleven principles and practices were proposed as guides to the 
teacher in developing the planned number program. These dealt with time 
allotment, grouping of children for number instruction, progress from the 
concrete to the abstract, sequence for presenting numbers, awareness of 
thought processes of pupils, number relationships, attitudes toward 
number, and the consideration of independent number work.
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Illustrations revealed much variation in practice. Many diffi­
culties in understanding and interpretation were experienced early in 
the semester, though, in general, the teachers were successful in meeting 
the requirements as set forth in the principles and practices.

Some of the principles and practices for the planned number 
program did not apply to the incidental program. These dealt with a 
specified time allotment, grouping of children according to number under­
standing, and a preplanned number sequence. Others applied equally well 
to both programs. Teachers were aware of children’s thought processes, 
of the need for showing relationships between the processes, and of the 
need for variety in experience, in the incidental as well as in the planned 
number program.

In addition, incidental number experience served the distinct 
purposes of helping ohildren solve their immediate number needs and of 
pointing out applications for number.
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CHAPTER VI 

ANALYSIS OF PUPIL GROWTH

The purpose o f t h i s  c h ap te r  i s  tw o -fo ld . In  th e  f i r s t  p la c e , 

d a ta  from group t e s t s  w i l l  he re p o r te d  and analyzed in  o rd e r to  in ­

d ic a te  changes in  r a t e  and accu racy  from th e  i n i t i a l  t e s t  g iven  a t  th e  

beg inn ing  o f th e  s tu d y  to  th e  f i n a l  t e s t  which was ad m in is te red  a t  th e  

end o f th e  in s t r u c t io n a l  p e r io d . In  th e  second p la c e , d a ta  from i n t e r ­

views w i l l  be p re sen te d  in  o rd e r to  show changes in  methods o f th in k in g  

which o ccu rred  from th e  i n i t i a l  to  th e  in te r im  in te rv ie w , and from th e  

in te r im  to  th e  f i n a l  in te rv ie w .

The p re se n t a n a ly s is  i s  based  upon d a ta  fo r  131 c h ild re n  fo r  

whom com plete reco rd s  a re  a v a i la b le .  These c h ild re n  took b o th  i n i t i a l  

and f i n a l  group t e s t s ,  and were in te rv iew ed  a t  th e  b eg inn ing , m iddle, 

and end o f th e  in s t r u c t io n a l  p e r io d . The d i s t r ib u t io n  o f th e se  

c h ild re n  in  th e  v a rio u s  c la s s e s  was as fo llo w s: C lass A, 20; B, 23J

C, 27J D, 3k> E, 27. D ata fo r  a l l  o th e r  c h ild re n  in  the  f iv e  c la s s e s  

were incom plete and a re  n o t p re se n te d .
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Growth as  Revealed by R esu lts  o f Group T ests  

Group t e s t s  were given to  each o f th e  f iv e  p u p il  groups fo r  

th e  purpose o f de term in ing  r a t e  and accuracy  o f  perform ance a t  th e  

beg inn ing  and a t  th e  end of th e  in s t r u c t io n a l  p e r io d . In  P a r t  I  (sem i­

co n cre te ) do t p ic tu re s  were p ro v id ed , to  be  used  b y  th e  c h i ld  in  ob­

ta in in g  answers to  exam ples. P a r t  I I  ( a b s t r a c t )  was a d u p lic a te  o f 

P a r t  I  w ith  p ic tu re s  om itted . 1 The two p a r t s  o f  th e  t e s t  made i t  

p o s s ib le  to  determ ine d if fe re n c e s  in  accu racy  and r a t e  when working 

w ith  sem i-concre te  and w ith  a b s t r a c t  m a te r ia ls .

Each c h i ld  had an  o p p o rtu n ity  to  respond to  n in e  examples in  

each p ro c e ss , or to  a t o t a l  o f  t h i r t y - s i x  examples i n  th e  fo u r  p ro ­

c e s se s .

Data a re  p re sen te d  in  t h i s  s e c tio n  fo r th e  t o t a l  group o f 

131 p u p i ls .  S ince th e  t r e n d  f o r  a l l  groups was e s s e n t i a l ly  th e  same, 

d a te  fo r  s e p a ra te  p u p il  groups a re  in  Appendix H (T ables 36-I4.O) 

r a th e r  th an  in  th e  body o f t h i s  r e p o r t .

Accuracy on P a r t  I  (sem i-co n cre te  phase) o f the  group t e s t . — 

Data r e la t in g  to  th e  accuracy  of resp o n ses  on th e  sem i-concre te  phase 

o f th e  group t e s t  a re  p re se n te d  in  Table 6 . The d a ta  re v e a l improve­

ment in  perform ance from th e  i n i t i a l  to  th e  f i n a l  t e s t  in  two r e s p e c ts :

(1 ) On th e  i n i t i a l  t e s t  th e  number o f om itted  item s was n e g l ig ib le .

(2 ) The f i n a l  t e s t  showed a marked re d u c tio n  in  th e  number and

percentage of errors.

On th e  i n i t i a l  t e s t  few a d d itio n  item s were om itted . There was

1 . D e ta ils  on th e  group t e s t  were p rov ided  in  C hapter I I I .  A 
sample o f th e  group t e s t  w i l l  be found in  Appendix A.
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TABLE 6
RESULTS OF INITIAL AND FINAL GROUP TESTS (PART Is SEMI-CONCRETE) FOR 
131 PUPILS ON THIRTY-SIX EXAMPLES, SHOTTING NUMBER OF ITEMS OMITTED, 
NUMBER ATTEMPTED, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH

PROCESS

Items Omitted Items Attempted Errors % Error
Initial Final Initial Final Initial Final Initial Final

Addition 17 0 1162 1179 90 27 7 .7 2 .3

Subtraction 82 1 1097 1178 297 32 26.2 2 .7

Division 398 1 786 1178 h2 3 U*7 55.2 12 .5

Multiplication 696 7 U83 1172 17U 126 36.0 10.7
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an increase in the number of omitted items in the process of subtraction 
and a decided increase for the processes of division and multiplication.
The differences between the processes may be explained by the following 
facts: (1) Previous instruction for these pupils had stressed addition 
more than any other process. (2) llhile subtraction had received some 
attention in earlier training, the children had experienced only casual 
contacts with the processes of division and multiplication. (3) The 
multiplication items appeared on the last page of the test booklet, and 
were not completed by all pupils within the period of time allotted for 
the test. On the final group test only nine items were omitted. Of 
these, seven were in multiplication. These appear to be chance 
omissions, except for one child who used the maximum amount of time and 
completed only four of the nine multiplication items.

There was a marked reduction in the number of errors and per­
centage of error in each process from the initial to the final test. A 
greater number of errors in division as compared to multiplication may 
be attributed to the following facts: (1) Since fewer multiplication 
items were attempted, there was less chance of error in this process.
(2) A feature of the semi-concrete phase of the group test made it 
possible for children to obtain correct answers by chance. Multipli­
cation items were presented in the following: "Two 3's are 000 "

000
The child who merely counted the number group obtained the correct answer 
in multiplication, whereas in all other processes some manipulation of 
the group or groups was necessary to arrive at correct answers.

A comparison of errors for the four processes indicates that 
more errors were made in the processes of division and multiplication
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than in addition and subtraction. A partial explanation may be found in 
the instructional procedure. The test included items requiring multi­
plication and division of ’’ones", though the teachers found these items 
confusing to children and therefore either omitted them altogether, or 
postponed them until late in the instructional period. Ihile other 
combinations occurring in the group test were taught during the in­
structional period, dividing and multiplying **onesB were not stressed.

Accuracy on Part II (abstract phase) of the group test. --
In order to discover the pupils* accuracy in dealing with identical test 
items without the aid of illustrative objects, the number combinations
were also presented in abstract form, e.g., B2 and 2 are .” Data
relative to performance on the abstract phase of the test are given in 
Table 7* The same general observations made in the preceding section 
for Part I of the group test may also be made for Part II. First, there 
were few omitted items on the final test as compared with the large 
number on the initial test. Second, the number of errors and per­
centage of error dropped markedly on the final test. As with Part I, 
omissions, errors, and percentage of error increased from process to 
process. On the final test there were few omissions except for two 
children who failed to complete the test in the time allotted.
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TABLE %
RESULTS OF INITIAL AND FINAL GROUP TESTS (PART I I :  ABSTRACT) FOR 131 
PUPILS ON THIRTY-SIX EXAMPLES, SHOUNG NUMBER OF ITEMS OMITTED, NUMBER 
ATTEMPTED, NUMBER OF ERRORS, AND PERCENTAGE OF ERRORS FOR EACH PROCESS

Process Item s Om itted Item s A ttem pted E rro rs % E rro r
I n i t i a l  F in a l I n i t i a l  F in a l I n i t i a l  F in a l I n i t i a l  F in a l

A ddition 5 0 1171 1179 205 50 17.5 1 .2

S u b tra c tio n llj.0 3 1039 1176 116 98 12.9 8 .3

D iv is io n 111 3 2 766 1177 110 180 5 7 .1 15 .3

M u lt ip l ic a t io n 613 16 536 1163 306 230 57 .1 19 .8
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Comparison of percentage of error in semi-concrete and abstract
phases of the test. —  In the previous sections it has been indicated 
that improvement in accuracy occurred in both the semi-concrete and ab­
stract phases of the group test. In order to determine if accuracy was 
affected by the abstract quality of the materials presented to the child, 
a comparison of percentages of error in the responses to the two parts of 
the test was made. The data presented in Table 8 indicate a smaller per­
centage of error in the semi-concrete phase of the test (Part I) than in 
the abstract phase (Part II) for every process. In general the children 
were decidedly more accurate on the initial test when they had access to 
pictured groups. At the end of the instructional period, when the pro­
cesses were better known, the children were still more accurate in every 
process when they had access to pictured materials.

group tests. —  A t-test for significance of difference was applied to 
the group test data to determine if asignificant difference existed 
between (1) the number of errors on Part I (semi-concrete) of the initial 
group test and on Part I of the final group test, (2) the number of errors 
on Part II (abstract) of the initial group test, and Part II of the final 
group test, (3) the number of errors on Part I (semi-concrete) and on 
Part II (abstract) of the final group test. These data are presented in 
Tables £? and 10. The formula used for testing significance of difference 
was the following: t * £D

Significance of differences between scores on initial and final

Reference to Table 9 shows that a ”t" of 8.61 was obtained
when the t formula was applied to determine the significance of
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TABLE 8
A COMPARISON OF THE PERCENTAGE OF ERROR ON PART I  (SEMI- CONCRETE) AND 

PART I I  (ABSTRACT) OF INITIAL AND FINAL GROUP TESTS

Process P a r t I P a r t I I
I n i t i a l F in a l I n i t i a l F in a l

A ddition 7.7 2 .3 17 .5 14.2

S u b tra c tio n 2 6 .2 2 .7 k2.9 8 .3

D iv is io n 55.2 12 .5 57.U 15.3

M u lt ip l ic a t io n 36.0 10.7 57 .1 19 .8
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TEST FOR SIGNIFICANCE OF DIFFERENCE IN NUMBER OF EBRORS, BETWEEN INITIAL 
AND FINAL GROUP TESTS, FOR ALL PUPIL GROUPS COMBINED

Section of Test N £D D2 /urn2 - -{&) 2 ’ 
f.. r - T .... t *

PART I 131 623 8159 7 2 .3 6 8.61

PART II 131 8UO 17682 6 1 .1 3 13.7k

*  A t  o f 2 .62  i s  s ig n i f ic a n t  a t  th e  one p e rc e n t le v e l  fo r  
125 c a se s .
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TABLE 10

TEST FOR SIGNIFICANCE OF DIFFERENCE IN NUMBER OF ERRORS, BETWEEN PART I 
(SEMI-CONCRETE) AND PART II (ABSTRACT) OF THE FINAL GROUP TEST, FOR ALL

PUPIL GROUPS COMBINED

N €D D2
y x - 1

t*

131 233 2it03 RR.76 8.60

s A t of 2.62 is significant at the one percent level for 
12£ cases.
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difference between the number of errors made on the initial and final 
group tests (Part I: semi-concrete). The obtained ratio of 8.61 in­
dicates a highly significant difference, since it exceeds the t of 2.62 
required for significance at the 1 percent level.

An even greater difference of 13.71* is apparent between the 
number of errors made on the initial and final tests for Part II (ab­
stract). It may be stated with assurance, therefore, that the differ­
ences obtained in the reduction of errors from the initial to final 
group tests were not chance differences, but were produced by the in­
structional procedures.

In previous presentations of group test data, a consistent 
increase was noted in the number of errors on the abstract phase of the 
group test as compared with the semi-concrete phase. The same t- 
formula was used to test the significance of the difference between the 
number of errors made on the semi-concrete and abstract phases of the 
final group test. The t-score of 8.60 (Table 13) indicates that a highly 
significant difference also exists between errors on semi-concrete and 
abstract material.

Comparison of rates of work for Part I and Part II of the 
group test. —  From Table11 it may be seen that the average number of 
minutes per child on Part I (semi-concrete) was reduced by 3»h from the 
initial to the final test. On Part II (abstract) the reduction in 
time was slightly greater.

2. Data on time according to pupil groups are presented in 
Appendix I , Tables l*0-l|l.
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TABLE 11

AVERAGE NUMBER OF MINUTES PER CHILD AND AVERAGE NUMBER OF MINUTES PER 
COMBINATION REQUIRED FOR THE GROUP TEST (PART Is  SEMI-CONCRETE AND PART

I I :  ABSTRACT)

P a r t  I  (sem i-co n cre te ) 
I n i t i a l  F in a l

P a r t  I I  (A b s tra c t)  
I n i t i a l  F in a l

Ave. no . o f  min. p e r c h ild 11 .5 8.1 11.2 7 .2

Ave. no. o f  s e c . p e r  comb. 25.8 13.5 25.0 12.0

T o ta l no . o f a ttem pted  item s 3528 1+707 3515 h69k
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According to this comparison the time does not appear greatly 
reduced from the initial to the final test. The time limit of twelve 
minutes penalized many children on the initial test. Few children were 
able to complete either phase of the test in the time allotted. In both 
phases of the test, therefore, the average number of minutes per child 
should be considered in relation to the total number of items attempted. 
It is evident that the reduction in time is accompanied by an increase 
in the number of items attempted. A comparison of the average number of 
seconds per combination indicates that the time was reduced approximate­

ly by half from the initial to the final test.
Evidence from analysis of pupils1 written responses and from 

recorder's notes. —  Careful analysis of the responses on the group test 
provided evidence on the kinds of errors made by children, which supple­
ments information already obtained on accuracy. On the initial test some 
children merely copied a number (abstract) or a number group (semi-con­
crete) for the answer. A tally made from an examination of test papers 
disclosed the following facts concerning the extent to which children 
used this method on the initial test: (1) Only three out of the total of 
131 children used this method for addition. (2) In the process of sub­
traction the method was applied by twenty-three children on Part I (semi­
concrete) and by twenty-two children on Part II (abstract). In division 
it was applied by twenty-four children on Part I and by twenty-two on 
Part II. The number of children using the method was smaller for the 
process of multiplication, probably because few children completed the 
last page which was made up of multiplication items. Analysis of the 
final test responses showed that the method of copying a number or a
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number group had disappeared except in the case of two children.
A few children with no understanding of any process except addi­

tion tended to add in all processes on the initial test. On Part I (semi­
concrete), four children applied this method in subtraction, five in 
division, and three in multiplication. On Part II (abstract), it was 
applied by thirteen children in subtraction, seventeen in division, and 
eighteen in multiplication. On the final test, Part I, addition for all 
processes was used by only two children, but seven children continued to 
use it on Part II. The method was more widely used with abstract symbols 
than with pictured materials on both the initial and final tests.

Analysis of the group test also gave evidence on the number 
of children who reversed numbers in writing or made their numbers in­
correctly. On the initial test (Part I) thirty-nine children reversed 
one or more numbers or made their number incorrectly. On Part II seven­
teen children fell into this category. On the final group test eleven 
children reversed or made numbers incorrectly in Part I, and eight in 
Part II.

Recorder's notes made while the initial and final tests were 
administered gave evidence on counting, copying from one another, and 
requesting help from recorders. Information on these areas is offered 
with the recognition that it is limited only to what recorders were able 
to see and record during the twenty-four minutes of work on the group 
test. It is therefore fragmentary rather than inclusive. It is intended 
to show a few of the many observable factors which indicate immaturity, 
lack of assurance and security, and the extent to which these evidences 
decrease or shift when greater efficiency is achieved.
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Recorders observed counting in many forms as children -were 
taking the abstract phase of the test. Some tapped -with pencils, counting 
the number of taps they made; some found imaginary spots on the number 
symbols themselves; many counted fingers; some whispered numbers to 
themselves. Almost half of the children were observed to be counting 
on one or more processes. Specifically, counting was noted by recorders 
for sixty children on Part I of the initial test and for fifty-five 
children on Part II. In the absence of pictured materials, the children 
were versatile in devising their own counting materials. On the final 
test the numbers of children observed counting were approximately the 
same (fifty-six on Part I, and fifty-eight on Part II). Again, almost 
half of the children were doing some counting. Two factors should be 
remembered, however, in the interpretation of these figures: (1) The 
less mature method of copying off a number, or a number group, had 
practically disappeared on the final test. Counting was probably used 
by most of these children in lieu of these less mature methods. (2) 
Analysis of the recorder's comments for the final test frequently stated 
that the child was counting on a single combination, whereas in the 
initial test the comment was general, or had reference to an entire pro­
cess. "Used fingers on 8 less 2," "counted for 9 less 3>" "counted one 
number in U and 3", and the like were frequent comments concerning the 
final test.

There was a decrease in the number of children observed copying 
from each other and requesting help on the initial test (Part I, thirty- 
one; Part II, twenty-one), as compared with the final test (Part I, 
twenty-three; Part II, fifteen). This decrease probably gives some
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evidence of growth in independence as efficiency increased* Such comments 

as "works independently," "whizzing right along," "pays no attention to 
anyone," "answers immediately," "works quickly," and "sure of self," were 
frequently found on the records for the final test. Comments on the 
records for the initial test more often indicated that children were 
puzzled, confused, and generally bewildered.

Requests for help on the final t est were often requests for 
assistance in the recognition of number works which appeared on the final 
page of the test booklet in multiplication items. On the initial test 
children who tended to have difficulty with reading worked so slowly that 
they failed to reach the last page of the booklet and therefore made few 
requests for help on the number words which they found baffling on the 
final test.

Growth as Revealed by Interviews 
The primary purpose of this section of the chapter is to report 

the improvement made by pupils as revealed by data from initial, interim, 
and final interviews. First, the method of tabulating and arranging 
data for purposes of study and analysis is described. Next, growth is 
presented in terms, of changes in maturity level as determined by responses 
to abstract examples on successive interviews.

Finally, improvement is noted in the success with which con­
crete materials were used to demonstrate or to prove abstract answers on 
successive interviews.

Tabulation of interview data. —  Data from the three interviews 
(initial, interim, and final) were summarized on a single five by eight 
inch card for each child. A sample card is reproduced in Figure 2. The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

SUMMARY OF INTERVIEW DATA 

Child's Name M.S. Group C

Addition
Initial Interim Final Initial Interim Final
Cu 6 HI 3 

Rd (1) 1 
Pe 1 
HI (l),Pc 1

HI 5
Rd 1

Subtraction Cu 6 HI (1) Cu 1 
R Li 1 
RI 1 
Cu 1 
Rd (2) Cu 1

RI 1} 
R Li 2

Concrete
Materials

Att S u Att S U Att S u Concrete Att S U Att S u Att S U2 2 0 3 3 0 3 3 0 Materials 2 2 0 3 3 0 2 2 0

Division Initial Interim Final Multipli­ Initial Interim Final
Cu 2 
HI 1

HI 3 HI 3
cation

NR 1 
El 2

Rd 1 
RI 2

RI 3

Concrete
Materials

Att S u Att S U Att S G Concrete Att S u Att s u Att S u
1 1 0 1 1 0 • Materials 1 1 0 1 1 0

Fig. 2. A sample of the form used for recording the methods used by children in 
arriving at answers to interview items.

Code: Cu (Counting - method unknown)j El (immediate recall)} Rd (delayed recall)} 
Pc (Partial counting)} R Li (recall by logical inference)} NR (no response)} Att. (attempted)}
S. (Successful)} U. (unsuccessful).

ro
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figure can best be understood if the data for one child are reviewed.
M. A. counted all of the addition examples on the initial interview,but 
her method of counting was not indicated by the interviewer (Cu). On 
the interim interview she knew three of the six examples immediately 
(RI - Immediate recall); she remembered one after a time (Rd - delayed 
recall), but missed this one (misses are indicated by the numbers with­
in parentheses), using partial counting (Pc - partial counting); she 
used immediate recall on one (RI), missed it with the recall method, and 
resorted to partial counting (Pc), with which she was successful. On 
the final interview, she knew five out of the six addition examples im­
mediately (RI), and remembered the sixth one after a time (Rd). There 
were no mistakes on the final interview.

On the initial interview M. A. was given two trials at using 
concrete materials to demonstrate addition examples. She was successful 
at both attempts. On the interim interview and in the final she was 
given three trials at concrete materials^all of which were successful.
Data for other processes are read in a similar manner.

The next step in arriving at a tabulation of methods for each 
group of children was a summarization of methods for each group. This 
was accomplished by tallying the number of times each method was used in 
initial, interim, and final interviews. Data from the summarization of 
methods was used to compile tables showing (1) growth made by each pupil 
group in all processes combined from initial to interim interview, and 
from interview to final interview, and (2) growth made in each process 
by all groups combined. Improvement is shown in the number and percentage 
of responses found at each of four maturity levels on successive interviews.
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Later analyses enable a comparison between pupil groups to be 
made and present results from tests of significance of difference as 
applied to Level It responses on successive interviews.

A compilation was also made of successes and failures with con­
crete materials on successive interviews. These data were used to show 
progress in the successful use of concrete materials during the in­
structional period.

Growth made by each pupil group. —  As growth toward maturity 
occurs, the responses may be expected to become less frequent at the lower 
levels of maturity (Levels 1 and 2), and to be increasingly concentrated 
at the higher levels (Levels 3 and it). The most obvious evidence of 
growth for each pupil group is seen in a comparison of the number and 
percentage of responses in Levels 1 and it on initial, and final inter­
views. In general Levels 2 and 3 also indicate growth in the direction 
of maturity, though growth is not as consistent as in Levels 1 and it. 
Responses in Level 2 increase in number and percentage as responses in 
Level 1 drop out of use. Likewise responses in Level 3 increase as the 
two less mature levels decrease. Ihile the total number of responses 
in Levels 2 and 3 does not change markedly, growth takes place in the 
shifts which occur within these levels.

3Growth for pupil group A is reported in Table 12. Signifi­
cant observations from a study of Table 1? may be summarized as follows:

3. Six addition items, six subtraction, three division, and 
three multiplication give a total of 360 possible single responses for 
the twenty pupils of Group A. Dual responses increased the total to 
377 for the initial interview, to 373 for the interim, and to 380 for the 
final interview. Irregular totals for other tables are explained in a 
similar manner.
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(I) Level 1, which includes the largest percentage of responses in the 
initial interview, practically disappears in the final interview. (2)
A considerable increase at Level U responses is realized from the 

initial to the final interview. (3) Of the total number of responses, 
72.7 per cent are found in the two most mature levels (3 and k) in the 
final interview. Data for pupil group B (Table 13), pupil group G (Table 
l )|). pupil group D (Table 10), and pupil group E (Table 16) reveal 
essentially the same findings. In each case the number and percentage 
of responses in the two lower levels decrease from the initial to the 
final interview, while the two higher levels show a corresponding in­
crease. ^

ir

1|. Data for each pupil group according to separate processes 
are found in Appendix J, Tables I4.2-I46.
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TABLE 12

PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL
IN INITIAL, INTERIM, AND FINAL INTERVIEWS FOR TWENTY PUPILS OF GROUP A

Level 1

I n i t i a l In te r im F:Lnal
Resp. % Resp. % Resp. $

11*1 37 39 16 1 .3

Level 2 86 23 13k 36 102 27

L evel 3 76 20 73 20 129 3k

Level 1* 71* 20 107 29 11*8 39

T o ta l 377 100 373 101 380 100.3
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TABLE 13

PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL
IN INITIAL, INTERIM, AND FINAL INTERVIEWS FOR TWENTY-THREE PUPILS OF

GROUP B

I n i t i a l In te r im F in a l
Resp. % Resp. % Resp. %

Level 1 101 22 1*5 10 17 k

Level 2 11*8 33 19 18 61* 15

Level 3 81 18 H 9 27 109 25

Level 1* 115 26 197 16 21*5 56

T o ta l 1*1*5 99 1*1*0 100 1*35 100
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TABLE 1U

PEE CENT OF EESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL
IN INITIAL, INTERIM, AND FINAL INTERVIEWS FOR THIRTY-FOUR PUPILS OF

GROUP C

Ini1 i ia l In te rim F in a l
Resp. % Resp. % Resp. %

Level 1 160 31 85 15 15 1*

Level 2 193 37 159 29 35 7

Level 3 6U 12 120 22 131* 25

Level it 106 20 190 31* 31*5 65

T o ta l 523 100 55U 100 529 101
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TABLE 10

PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN  EACH MATURITY LEVEL
IN  IN IT IA L ,  INTERIM, AND FINAL INTERVIEWS FOR TWENTY-SEVEN PUPILS OF

GROUP D

I n i t i a l In te r im F in a l
Resp. % Resp. % Resp. %

Level 1 161 25 61* 10 12 2

Level 2 ll*7 23 128 20 81 12

Level 3 171 27 190 30 251 38

Level 1* 162 25 251* 1*0 315 1*8

T o ta l 61*1 100 636 100 659 100
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TABLE l6

PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN  EACH MATURITY LEVEL
IN  IN IT IA L ,  INTERIM, AND FINAL INTERVIEWS FOR TWENTY-SEVEN PUPILS OF

GROUP E

I n i t i a l In te rim F in a l
Resp. % Resp. % Resp. %

Level 1 90 19 39 8 16 3

Level 2 163 31 159 31 112 21

Level 3 130 25 112 22 18U 35

Level k 138 26 199 39 213 ijl

T o ta l 521 101 509 100 525 100
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Analysis of growth according to process. —  In the present 
analysis data from the various classes are combined according to each 
of the four arithmetical processes. Results are again indicated by 
means of the number and percentage of responses in each of four 
maturity levels. Data for each of the processes are found in tables 
as follows: addition, Table 173 subtraction, Table 18; division, Table 
1§|; multiplication, Table 20. Two general observations may be made 
concerning all of the four processes. These are: (1) The lowest level 
(Level 1) almost completely disappears in each. (2) The two most 
mature levels (3 and U) show a decided increase in number and per­
centage of responses from initial to final interviews.

O ther o b se rv a tio n s  th an  th e  two c i te d  above app ly  on ly  to  

c e r ta in  p ro c e sse s . The sm all p e rcen tag e  o f a d d itio n  responses in  Level 

1 (T able 1?) in  th e  i n i t i a l  in te rv ie w  in d ic a te s  th a t  most o f  th e  

c h ild re n  had some un d ers tan d in g  o f a d d itio n  a t  th e  beg inn ing  o f  th e  in ­

s t r u c t io n a l  program . In  c o n tr a s t ,  th e  p ro cess  o f  s u b tra c tio n  was r e ­

l a t i v e l y  u n fa m ilia r  to  many o f th e  c h ild re n  a t  th e  tim e o f  th e  

i n i t i a l  in te rv ie w s . This f a c t  i s  ap p aren t from th e  la rg e  pe rcen tag e  of 

resp o n ses  in  th e  two low er le v e ls  when i n i t i a l  in te rv ie w s  were g iven , 

(Table 1 8 ) . P rog ress in  s u b tra c t io n  was slow  in  th e  e a r ly  s ta g e s  o f  th e  

in s t r u c t io n a l  p e r io d , due to  an inadequate  u n d ers tan d in g  o f th e  p ro cess  

and to  c e r ta in  p reconceived  n o tio n s  and f a l s e  g e n e ra l iz a t io n s . As a 

r e s u l t  o n ly  s l i g h t  ga ins were e v id en t a t  th e  in te r im  in te rv ie w .
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TABLE It

PER CENT OF ADDITION RESPONSES AT EACH MATURITY LEVEL IN  IN IT IA L ,  INTERIM,
AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS

I n i t i a l In te rim F in a l
Resp. % Resp. % Resp. %

Level 1 78 10 l*o 5 10 1

Level 2 2^8 32 13k 16 99 12

Level 3 29k 36 3k9 1*2 376 1*5

Level 1* 192 23 302 37 31*7 1*2

T o tal 822 101 825 100 832 100
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TABLE 10

PER CENT OF SUBTRACTION RESPONSES AT EACH MATURITY LEVEL IN INITIAL,
INTERIM, AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS

I n i t i a l In te rim F in a l
Resp. $ Resp. % Resp. %

Level 1 281 33 126 15 32 1+

Level 2 289 3U 361+ 1+2 202 23

Level 3 157 18 185 22 295 31+

Level 1+ 126 15 183 21 31+1 39

T o tal 853 100 858 100 870 100
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TABLE 1ft

PER CENT OF D IV IS IO N  RESPONSES AT EACH MATURITY LEVEL IN  IN IT IA L ,
INTERIM, AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS

I n i t i a l In te r im F in a l
Resp. % Resp. % Resp. %

Level 1 161* 38 65 16 12 3

Level 2 100 23 89 21 57 11*

Level 3 1*5 11 53 13* 83 20

L evel !* 118 28 209 50 268 61*

T o ta l 1*27 100 1*16 100 1*20 101
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TABLE 20

PEE CENT OF MULTIPLICATION RESPONSES AT EACH MATURITY LEVEL IN  IN IT IA L ,
INTERIM, AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS

I n i t i a l In te r im F in a l
Resp. % Resp. % Resp. %

Level 1 130 32 61 13 7 2

Level 2 90 22 72 17 36 9

Level 3 26 6 27 6 53 13

Level U 15? 39 253 62 310 78

T o ta l Uo5 99 i|13 98 U06 102
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The p ro cesses  o f division and multiplication were a lso  u n fa m ilia r  to  th e  

c h ild re n  a t  th e  beg inn ing  o f th e  in s t r u c t io n a l  p e r io d  (T ables 1$ and 2 0 ) . 

Level 3 responses were used  s p a r in g ly  by th e se  c h ild re n  fo r  th e  p ro cesses  

o f d iv is io n  and m u lt ip l ic a t io n .  Once the  meaning o f  th e se  p ro cesses  was 

understood , th e  c h ild re n  tended to  in f e r  th e  d iv is io n  and m u lt ip l ic a t io n  

f a c ts  from a d d itio n  answers a lre a d y  known to  them. They, th e re fo re , 

tended  to  jump from immature to  m ature methods w ithou t th e  same need fo r  

in-betw een  methods as seemed n ecessa ry  fo r  o th e r  p ro c e sse s .

Growth in d ic a te d  in  each m a tu rity  le v e l  In  su cc e ss iv e  i n t e r ­

views . — A s tu d y  o f each o f  th e  fo u r m a tu rity  le v e l s  was made f o r  th e  . 

purpose o f  comparing p u p il  groups as  th ey  p ro g ressed  th rough  th e  in ­

s t r u c t io n a l  p e r io d . Evidence i s  p re se n te d  in  g rap h ic  form showing a 

downward tre n d  fo r  th e  two low er m a tu r ity  le v e ls  (F ig u res  3 and ft), and an 

upward tre n d  f o r  th e  two h ig h e r m a tu rity  le v e ls  (F ig u res  $ and 6 ) .

Level 1 responses (F igure  3) ,  which a re  ex trem ely  immature, 

ranged from below tw enty  p e r  cen t to  above t h i r t y - f i v e  p e r  c en t a t  th e  

beg inn ing  o f  th e  in s t r u c t io n a l  p e r io d . The g en e ra l downward tre n d  in ­

d ic a te s  th a t  th e se  immature responses alm ost com pletely  d isap p ea red  by 

th e  c lo se  o f  th e  in s t r u c t io n a l  p e r io d . P ro g ress  f o r  Groups B, D, and E 

was more marked during  th e  p e rio d  between th e  i n i t i a l  and in te r im  i n t e r ­

view s, w hile  Groups A and G tended  to  make g rad u a l growth th ro u g h o u t.

P rog ress th rough Level 2, which re p re se n ts  somewhat more m ature 

responses than Level 1, lacks consistency in the five groups, (Figure ft).

ft. Data according to process for each pupil group are found 
in Appendix K, Tables ft7-|o«
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Percentage
of total
responses

Code:
Group A ___________
Group B ......... ..
Group C ___ •___ •___ •
Group D xxxxxxxxxxx

10

F in a lInterimInitial

F ig . 3 . P ercen tage  o f t o t a l  responses a t  le v e l  1 fo r  
each p u p il group on i n i t i a l ,  in te r im , and f i n a l  in te rv ie w s .
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Percentage
of total
responses

Code:
Group A 
Group B 
Group C
Group D xxxxxxxxxxxx

»u >*

10

I n i t i a l In te r im F in a l

P ig . k* P ercen tage  o f t o t a l  responses a t  Level 2 f o r  
each p u p il  group on i n i t i a l ,  in te r im , and f i n a l  in te rv ie w s .
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Percentage
of total
responses

1*0 ..

Code:
Group A _____________
Group B -------------------
Group C ___ .___ .___ _
Group D xxsxxxxxxxxx 
Group E 111111111111

10

F in a lIn te r imI n i t i a l

F ig . 5 . P e rcen tage  o f t o t a l  responses a t  Level 3 f or  each 
p u p il  group in  i n i t i a l ,  in te r im , and f i n a l  in te rv ie w s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Percentage
of total
responses

Code: 
Group A 
Group B
Group C ___ #___ #___ #
Group D xxxxxxxxxxxx 
Group E 111111111111

20

I n i t i a l In te r im

F ig , 6« P ercen tage  o f t o t a l  responses a t  Level 1; f o r  each 
p u p il  group in  i n i t i a l ,  in te r im , and f i n a l  in te rv ie w s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



171

Groups D and E appear to  make l i t t l e  p ro g ress  through th e  f i r s t  h a l f  

o f  th e  in s t r u c t io n a l  p e r io d  -with s l i g h t  ga ins d u ring  th e  second h a l f .  

Group B, on th e  o th e r  hand, made r a th e r  ra p id  p ro g ress  th rough  th e  f i r s t  

h a l f  and le v e le d  o f f  du rin g  th e  second h a l f .  Group C showed some p ro ­

g re ss  du rin g  th e  f i r s t  h a l f  w ith  a  marked re d u c tio n  in  th e  second h a l f .  

In  Group A Level 2 responses were more numerous a t  th e  end th an  a t  th e  

beg inn ing  o f th e  in s t r u c t io n a l  p e r io d .

Levels 3 and k represent relatively mature methods of ob­
taining answers. Reference to Figure $ shows that the general trend is 
upward and therefore in the direction of more mature responses. Two 
groups, A and E^show no growth in the first half of the instructional 
period, but make rapid gains in the second half. Growth is more marked 
for Groups B and C during the first half and less so in the second half, 
while Group D appears to make gradual growth throughout the instruction­
al period.

Level U responses (F igure  <?) in d ic a te  a  much w ider u se  o f 

m ature methods by a l l  groups a t  th e  end o f  th e  in s t r u c t io n a l  p e r io d  th an  

a t  th e  beg in n in g . The most marked p ro g ress  was r e a l iz e d  by Group C.

These f ig u r e s ,  co n sidered  to g e th e r , show improvement in  a l l  

c la s s e s  in  th e  m a tu rity  o f  responses to  th e  in te rv ie w  ite m s . In  g e n e ra l, 

th e  l e s s  m ature responses were su p p lan ted  by responses a t  h ig h e r  le v e ls  

o f  m a tu r ity . P ro g ress  through Levels 2 and 3 i s  c o r r e c t ly  in te r p r e te d  

on ly  as th e  p rev io u s  le v e l s  a re  co n sid e red . A le v e l in g  o f f  o f  responses 

g ives th e  im pression  th a t  no p ro g ress  has been made, though d i f f e r e n t  

resp o n ses  a re  re p re se n te d  due to  th e  dropping o u t o f  resp o n ses  a t  l e s s  

m ature l e v e l s .  A p la te a u  may th e re fo re  mean th a t  p ro g ress  i s  be ing
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made -which i s  n o t ap p aren t from a c o n s id e ra tio n  o f one le v e l  in  i s o la t io n  

from o thers#

S ig n if ic a n c e  o f  d if fe re n c e s  between number o f responses found 

in  Level 1; in  i n i t i a l  and f i n a l  in te rv ie w s # — The t - t e s t  f o r  s i g n i f i ­

cance o f d if fe re n c e  was a p p lie d  to  Level k responses to  determ ine i f  a 

s ig n i f ic a n t  d if fe re n c e  e x is te d  between th e  number o f  resp o n ses  found a t  

Level k i n  th e  i n i t i a l  and f i n a l  in te rv ie w s . I t  was o f  i n t e r e s t  to  know 

i f  a  d if fe re n c e  o f s u f f ic ie n t  s iz e  took p la c e  to  j u s t i f y  th e  in fe re n c e  

t h a t  th e  d if fe re n c e  was due to  th e  in s t r u c t io n a l  p rocedu res u sed . The 

t e s t  was used  f o r  L evel U re sp o n ses , s in c e  t h i s  le v e l  denoted  th e  h ig h e s t 

degree o f  m a tu r ity . I f  a  s ig n i f ic a n t  d if fe re n c e  was found a t  t h i s  l e v e l ,  

i t  m ight be assumed th a t  s ig n i f ic a n t  changes had tak en  p la c e  a t  o th e r  

le v e ls  as w e ll.

The t - r a t i o s  re q u ire d  f o r  each p u p il  group f o r  s ig n if ic a n c e  

a t  th e  one p e r  cen t le v e l  a re  l i s t e d  in  th e  fo o tn o te  to  Table 21 . ^ A 

comparison o f r a t io s  in  th e  fo o tn o te  w ith  th o se  l i s t e d  in  th e  column 

la b e le d  111" shows th a t  Groups B, C, and B su rp ass  th e  t - r a t i o s  in d ic a t in g  

s ig n if ic a n c e  a t  th e  one p e r  c en t l e v e l .  In  o th e r words, n o t more th an  

once in  over a  hundred t r i a l s  cou ld  such a  d if fe re n c e  be o b ta in ed  by 

chance. Group D f a i l s  to  meet th e  sco re  o f  2.78 re q u ire d  fo r  s i g n i f i ­

cance a t  th e  one p e r  cen t l e v e l ,  b u t th e  o b ta in ed  d if fe re n c e  o f  2 .52 i s  

s ig n i f ic a n t  a t  th e  two p e r c en t l e v e l .  The d if fe re n c e  f o r  Group A o f

1.U5 m isses th e  sco re  o f  1 .73  needed f o r  s ig n if ic a n c e  a t  th e  te n  p e r 

cen t l e v e l .

6 . Henry E . G a r re t t ,  S t a t i s t i c s  in  Psychology and E ducation , 
p . 190. New York: Longmans, Green and Company, 191*7.
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TABLE 21

TEST FOR SIGNIFICANCE OF DIFFERENCES IN SCORES BETWEEN INITIAL AND
FINAL INTERVIEWS, FOR LEVEL FOUR RESPONSES ON ADDITION, FOR GROUPS

A-E

Group N £B t*11 N€D2 -  (£D)2

A 20 15 10.31*91 1.1*5

B 23 36 9.891*9 3.61*

C 27 30 11*. 8867 3.35

D 3h 33 13.1161* 2.52

E 27 19 5.8821 3.23

* The t - r a t i o s  re q u ire d  f o r  s ig n if ic a n c e  a t  th e  one p e r  c en t 
le v e l  a re  as fo llo w s: Group A (19 degrees o f freedom ), t  = 2 .86 ;
Group B (22 d . f . ) ,  t  r  2 .82 j Group C (26 d . f . ) ,  t  -  2 .78 ; Group D 
(33 d . f . ) ,  t  = 2 .73 ; Group E (26 d . f . )  t  -  2 .7 8 .
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TABLE 22

TEST FOR SIGNIFICANCE OF DIFFERENCES IN  SCORES BETWEEN IN IT IA L  AND
FINAL INTERVIEWS, FOR LEVEL FOUR RESPONSES ON SUBTRACTION, FOR GROUPS

A-E

Group N £D t  *) /  N£D2 -  (*D)2II "-1
A 20 18 7.8013 2.31

B 23 6.5U77 6.72

C 27 81 11.2557 7.20

D 3k 51 10.2761; It.96

E 27 11 9.2571 1 .1 9

*  The t - r a t i o s  requ ired , f o r  s ig n if ic a n c e  a t  th e  one p e r  cen t 
l e v e l  a re  as fo llo w s: Group A, t  s  2 .8 6 ; Group B, t  = 2 .8 2 ; Group C,
t  « 2 .78 ; Group D, t  = 2 .73 j Group E, t  = 2 .7 8 .
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TABLE 23

TEST FOR SIGNIFICANCE OF DIFFERENCES IN  SCORES BETWEEN IN IT IA L  AND
FINAL INTERVIEWS, FOR LEVEL FOUR RESPONSES ON D IV IS IO N , FOR GROUPS

A -E

Group N S> t  *| / nsd2 -  ( m 2
U  N - l

A 20 25 5 . 1*1*06 1*.60

B 23 28 I*.3l59 6.1*9

C 27 1*7 5.6823 8.27

D 3U 3U 6.1*007 5.31

E 27 15 1*.6326 3.21*

*  The t - r a t i o s  re q u ire d  f o r  s ig n if ic a n c e  a t  th e  one p e r  cen t 
l e v e l  a re  as fo llo w s: Group A, t  = 2 .86 ; Group B, t  = 2 .82 ; Group C,
t  as 2 .78 ; Group D, t  -  2 .73 ; Group E, t  = 2 .7 8 .
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TABLE 2|

TEST FOR SIGNIFICANCE OF DIFFERENCES IN  SCORES, BETWEEN IN IT IA L  AND
FINAL INTERVIEWS, FOR LEVEL FOUR RESPONSES ON MULTIPLICATION, FOR GROUPS

A -E

Group N £D t  *)/ N£D2 -  (£D)2 
(I N - l

A 20 18 6.3079 2.85

B 23 25 4.0170 6 .22

C 27 51 5.6432 9 .04

D 34 33 8.4297 3.92

1 27 26 6.5298 3 .99

* The t - r a t i o s  re q u ire d  f o r  s ig n if ic a n c e  a t  th e  one p e r  cen t 
l e v e l  a re  as fo llo w s: Group A, t ;  2 .86 ; Group B, t  = 2 .82 ; Group C,
t  = 2 .78 ; Group D, t  = 2 .73 ; Group E, t  = 2 .7 8 .
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For th e  p ro cess  o f su b tra c tio n  Groups B, C, and D. ag a in  go beyond th e  

d if fe re n c e s  re q u ire d  f o r  s ig n if ic a n c e  a t  th e  one p e r  c e n t le v e l  (Table 

2 2 ) . The o b ta in ed  d if fe re n c e s  f o r  th e se  groups a re  th e re fo re  h ig h ly  

s ig n i f i c a n t .  Group A, with, a t  o f  2.31* exceeds th e  2.09 needed f o r  

s ig n if ic a n c e  a t  th e  f iv e  p e r cen t l e v e l .  Group E, -with a  t  o f  1 .1 9 , 

f a i l s  to  meet th e  t  o f  1 .71  n ecessa ry  f o r  s ig n if ic a n c e  a t  th e  te n  p e r 

c en t l e v e l .  H ighly s ig n i f ic a n t  d if f e re n c e s  were o b ta in ed  fo r  a l l  p u p il 

groups f o r  th e  p ro cesses  o f  d iv is io n  and m u lt ip l ic a t io n  (T ab les 2.31 and

2U).

Success w ith  co n cre te  m a te r ia ls  in  th e  fo u r  p ro c e s s e s . —

The p la n  f o r  u s in g  co n cre te  m a te r ia ls  as a p a r t  o f  each o f th e  th re e  

in te rv ie w s  was d e sc rib ed  in  some d e t a i l  in  C hapter I I I .  The purposes 

f o r  u s in g  co n cre te  m a te r ia ls  were: (1) to  determ ine w hether a  c h i ld  who 

was u n su ccess fu l w ith  a b s t r a c t  numbers cou ld  be s u c c e ss fu l when u s in g  

co n cre te  m a te r ia ls ,  and (2 ) to  in d ic a te  to  th e  in te rv ie w e r  w hether th e  

c h i ld  understood  th e  c o r re c t  answer he had g iven .

D ata a re  p re sen te d  in  Table 2j>. to  show th e  success o f  th e

c h ild re n  ( a l l  groups combined) on each o f th e  p ro cesses  in  th e  use  o f
7c o n cre te  m a te r ia ls .  On th e  i n i t i a l  in te rv ie w  th e  c h ild re n  were more 

s u c c e ss fu l w ith  co n cre te  m a te r ia ls  on th e  p ro cesses  o f  a d d itio n  and sub­

t r a c t i o n  th an  w ith  d iv is io n  and m u l t ip l ic a t io n .  They were su c c e ss fu l in  

s l i g h t l y  over h a l f  o f  t h e i r  a ttem p ts  in  d iv is io n  and m u l t ip l ic a t io n  on 

their first trial with concrete materials, while they achieved more 

th an  s ix  successes  ou t o f te n  t r i a l s  in  a d d it io n  and s u b tra c t io n .

7. Data f o r  each p u p il group on th e  use o f  co n cre te  m a te r ia ls  
a re  found in  Appendix L, Tables
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TABLE 25

NUMBER AND PERCENTAGE OF SUCCESSFUL RESPONSES IN THE USE OF CONCRETE 
MATERIALS FOR EACH PROCESS IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Process
Initial Interim Final

Total % of success­
ful responses

Total % of success­
ful responses

Total % of success­
ful responses

Addition 171 6 3 .8 217 89.9 313 92.7

Subtraction 213 63.it 275 75.3 321 90.1

Division 121 50.it 13k 8 l .i t 176 88.1

Multiplication 85 55 .3 106 80.2 13it 90.3

Total 590 59.7 732 8 l.l t 9itit 90 .6
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Improvement is noted on the interim interview for all processes. The 
lowest gains were made in subtraction, with approximately three successes 
out of four trials. The highest gains were made in addition, where the 
children were successful in nine out of ten attempts. There is further 
growth in success for all processes on the final interview, and a general 
leveling to approximately nine successes out of ten trials for each pro­
cess.

Success w ith  co n cre te  m a te r ia ls  when th e  a b s t r a c t  answer was 

c o r re c t  and when th e  a b s t r a c t  answer was in c o r r e c t . — D ata assem bled 

in  Table 26 g ive th e  r e l a t i o n  between success w ith  co n cre te  m a te r ia ls  

and p rev ious success o r  f a i l u r e  w ith  a b s t r a c t  answ ers. On th e  i n i t i a l  

in te rv ie w  th e  c h ild re n  were asked to  dem onstrate s ix ty - e ig h t  a d d itio n  

examples f o r  which th e  p rev io u s  a b s t r a c t  answer had been c o r r e c t  and 

15& f o r  which th e  a b s t r a c t  answer had been in c o r r e c t .  A com parison o f 

su c c e ss fu l dem onstrations f o r  c o r re c t  and f o r  in c o r re c t  a b s t r a c t  answers 

shore much g re a te r  success when th e  a b s t r a c t  answer was c o r re c t  th an  when 

i t  was in c o r r e c t .  Even on th e  i n i t i a l  in te rv ie w , alm ost h a l f  o f  th e  

c h ild re n  were ab le  to  c o r re c t  e r ro r s  th ey  had made w ith  a b s t r a c t  m a te r ia ls  

when th ey  were given th e  o p p o rtu n ity  to  use  co n cre te  m a te r ia ls  to  de­

m onstra te  com binations. As th e  c h ild re n  p ro g ressed  th rough th e  in ­

s t r u c t io n a l  p e rio d  th ey  became more a b le  to  c o r re c t  p re v io u s ly  made e r ro r s  

w ith  th e  use o f co n cre te  m a te r ia ls .
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TABLE 26

PERCENTAGE OF SUCCESSFUL DEMONSTRATIONS 1?ITH CONCRETE MATERIALS ON 
SUCCESSIVE INTERVIEWS FOR EACH PROCESS FOR CORRECT AND INCORRECT ABSTRACT

ANS1ERS

Number o f  T r ia ls P ercen tage  o;f Successes

P rocess In te rv iew
A b strac t
C orrec t

A b s tra c t
In c o r re c t

A b s tra c t
C o rrec t

A b s tra c t
In c o r re c t

I n i t i a l 68 155 77.9 1*8.1*

A ddition In te rim 158 11*2 91.8 77.5

F in a l 260 120 97.7 8 0 .0

I n i t i a l 35 226 88.6 1*6.0

Sub­
t r a c t io n

In te rim 139 215 87.0 58 .6

F in a l 221* k 163 93.7 73.0

I n i t i a l 21 129 71.5 1*2.7

D iv is io n In te rim 82 96 92.7 56 .2

F in a l 11*0 78 97.8 61 .5

I n i t i a l 29 76 79.3 1*1*. 7

M ulti­
plication.

In te rim 51* 79 9l*.l* 61*. 6

F in a l 121* 1*6 92.7 71.7
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Summary

The purpose o f th e  c h ap te r  has been to  show p u p il  growth from 

an a n a ly s is  o f  group t e s t  and in te rv ie w  d a ta . A nalysis  o f  group t e s t  

d a ta  re v e a le d  th e  fo llo w in g  f a c t s :

1 . Almost no item s were om itted  on th e  f i n a l  group t e s t  as 

compared w ith  a  la rg e  number o f  om issions f o r  a l l  p ro cesses  excep t 

a d d it io n  in  th e  i n i t i a l  t e s t .

2 . The number o f e r ro r s  and th e  p e rcen tage  o f e r r o r  showed a 

marked decrease  on th e  f i n a l  t e s t  as compared w ith  th e  i n i t i a l  t e s t .  The 

a p p lic a t io n  o f a  t - t e s t  f o r  s ig n if ic a n c e  o f  d if fe re n c e  r e s u l te d  in  h ig h ly  

s ig n i f ic a n t  d if f e re n c e s  between e r ro r s  made on i n i t i a l  and f i n a l  t e s t s .

3 . The c h ild re n  were d ec id ed ly  more a c c u ra te  w ith  sem i-co n cre te  

m a te r ia ls  th an  w ith  p u re ly  a b s t r a c t  m a te r ia ls .  Again, h ig h ly  s ig n i f ic a n t  

d if f e re n c e s  were found on th e  a p p lic a t io n  o f  th e  t - t e s t .

If. A nalysis o f responses on th e  group t e s t  re v e a le d  re d u c tio n s  

from i n i t i a l  to  f i n a l  t e s t s  in  th e  number o f  responses in  which th e  

c h i ld  (a ) m erely  cop ied  a  number group, o r  a  number, (b) added f o r  a l l  

p ro c e sse s , and (c) re v e rse d , o r  o th e rw ise  made numbers in c o r r e c t ly .

5 . Evidence from reco rd ers*  n o te s  re v e a le d  t h a t :  (a ) alm ost 

h a l f  o f th e  c h ild re n  were observed to  count to  some e x te n t on bo th  th e  

i n i t i a l  and f i n a l  t e s t s ,  though reco rd ers*  comments on th e  f i n a l  t e s t  

more o f te n  r e f e r r e d  to  counting  a  s in g le  com bination th an  to  counting  

during the entire processj (b) there was evidence of greater independence 

on th e  p a r t  o f  th e  c h ild re n  on th e  f i n a l  t e s t .

R esu lts  from a n a ly s is  o f  in te rv ie w  responses in  i n i t i a l ,  in te r im  

and f i n a l  in te rv iew s  in d ic a te d  g e n e ra l growth fo r  a l l  p u p il  groups tow ard
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more m ature methods o f  a r r iv in g  a t  answ ers. A nalysis  o f  growth by p ro ­

cesses  a lso  showed growth towards m a tu r ity . The g re a te s t  growth was 

r e a l iz e d  in  th e  p ro cess  o f  a d d itio n . A comparison o f th e  changes made by 

each p u p il  group th rough each o f th e  fo u r m a tu rity  le v e l s  showed: (1) 

a lm ost com plete e lim in a tio n  o f L evel 1 re sp o n ses , (2) some f lu c tu a t io n s  

th rough Levels 2, 3* and it, b u t in  g en era l growth tow ard m a tu r ity  th rough­

ou t each o f th e se  l e v e l s .

A t e s t  f o r  s ig n if ic a n c e  o f d if fe re n c e  between L evel it r e ­

sponses in  th e  i n i t i a l  and f i n a l  in te rv ie w s  showed: (1 ) h ig h ly  s i g n i f i ­

c an t d if f e re n c e s  f o r  a l l  groups on th e  p ro cesses  o f d iv is io n  and m u lti­

p l ic a t io n ;  (2) h ig h ly  s ig n i f ic a n t  d if f e re n c e s  f o r  Groups B, C, and E on 

th e  p ro cess  o f  a d d itio n , and f o r  Groups B, C, and D on s u b tra c t io n .  The 

rem ain ing  groups met requ irem en ts f o r  s ig n if ic a n c e  a t  two p e r  c e n t, f iv e  

p e r  c e n t, o r te n  p e r  ceint l e v e l s .

An a n a ly s is  o f  th e  use o f  co n c re te  m a te r ia ls  in  i n i t i a l ,  

in te r im , and f i n a l  in te rv iew s  showed: (1) s tea d y  improvement in  th e  

a b i l i t y  o f  th e  c h ild re n  to  dem onstrate  com binations s u c c e s s fu lly  on each 

su ccess iv e  in te rv ie w , (2) g re a te r  success w ith  co n cre te  m a te r ia ls  when 

th e  p rev io u s  a b s t r a c t  answer was c o r re c t  th an  when i t  was in c o r r e c t ,  and 

(3) decided  growth in  th e  a b i l i t y  to  c o r re c t  p rev io u s  e r ro r s  made on 

a b s t r a c t  com binations when given th e  o p p o rtu n ity  to  use  co n cre te  m a te r ia ls .
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CHAPTER ¥11
PATTERNS OF ARITHMETICAL THINKING OF SELECTED GROUPS OF CHILDREN

The purposes o f th e  p re s e n t ch ap te r a re  (1 ) to  re v e a l p a t te rn s  

o f a r i th m e tic a l  th in k in g  o f th re e  s e le c te d  groups o f c h ild re n  whose r e ­

sponses in  i n i t i a l  in te rv ie w s  were ex trem ely  immature o r  r e l a t i v e l y  so , 

and (2) to  determ ine th e  p ro g ress  made in  m a tu rity  o f  though t p ro ­

cesses  by th e  c h ild re n  o f an a ty p ic a l  group (Group F ) .

The responses f o r  two groups o f c h ild re n  a re  analyzed  to  

determ ine p a t te rn s  o f  th in k in g  over a  p e rio d  o f tim e fo r  a  group of 

c h ild re n  who were perform ing a t  th e  lo w est le v e l  a t  th e  beg inn ing  o f 

th e  in v e s t ig a t io n . The f i r s t  group c o n s is ts  o f  s ix  c h ild re n  who guessed 

a t  th e  answers to  a l l  e ig h teen  item s in  th e  i n i t i a l  in te rv ie w . The 

second group i s  made up o f f i f t e e n  c h ild re n  who used  th e  method o f 

p a r t i a l  om ission fo r  a l l  s u b tra c tio n  examples in  th e  i n i t i a l  in te rv ie w . 

Twelve c h ild re n  c o n s is te n t ly  used th e  method o f coun ting  a l l  numbers in  

i n i t i a l  in te rv ie w s . The responses o f  th e se  c h ild re n  a re  s tu d ie d  to  

determ ine p a t te rn s  o f  th in k in g  fo r  a  method which i s  s l i g h t ly  more m ature 

th an  th e  methods o f guessing  and p a r t i a l  omission*'*' The re p o r ts  on th e se  

th re e  groups a re  in ten d ed  to  fu rn ish  answers to  th e  fo llo w in g  q u e s tio n s :

1 . Did c h ild re n  who s t a r t e d  ou t w ith  th e  same method o f a t ta c k  

con tinue  to  use s im ila r  methods over a  p e rio d  o f tim e? l h a t  d if fe re n c e s  

in  growth p a t te rn  occu rred  as in s t r u c t io n  proceeded?

1 . See Appendix M f o r  a  com plete re c o rd  o f methods used  by th e  
c h ild re n  o f th e se  th re e  groups in  su ccess iv e  in te rv ie w s  (T ab les 5 5 -5 7 ).
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2. fhat factors tended to affect the learning of these

children?
3. Did the children in a given group tend to reach the same 

level of maturity at the end of instructional period?
The study of an atypical group is made to determine (1) the 

progress made by these children, (2) factors affecting the progress of 
such a group, and (3) differences from, or likenesses to, other groups 
in the study.

Patterns of Thinking of Six Children Iho Guessed in the
Initial Interviews

Throughout this study guessing has been considered the most
immature response a child can make to a number situation. It is perhaps
even more immature than no response at all, since the child •who knows he
does not know is probably more aware of what is involved in a number

2situation than one who merely guesses. It is therefore of interest to 
see how children who guess progress through an instructional period. Do 
they remain guessers? If they change, what characterizes their thinking 
as they do so?

Naturally, there were many other children who guessed all of 
the answers within a given process, or had guesses intermingled with 
other types of responses. On the whole, these children had a better 
understanding of numbers and progressed more rapidly than the children 
whose only method was guessing. This report is, therefore, limited to

2. The personality of the child is undoubtedly a factor in 
determining whether he guesses or gives no response to a number situ­
ation.
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the six children whose only method of attack on combinations was guessing.
Responses to abstract examples in the initial interview. — - 

The children who guessed at answers in the initial interview showed a 
preference for certain numbers which tended to recur frequently during 
the interview. On the whole, answers fell within a rather limited 
range of numbers. The answers of three different children ran as follows 
for the six addition examples: 8, 10, 12, 12, 11, and 10j 10, 11, 13, 11,
10, and 13', 29, 28, 29, 26, 28, and 29. The frequent recurrence of the
numbers 6, 7, 8, 9, and 10 was noted for one child. At no time did she
give an answer larger than ten and only once was her answer smaller than
five. She was unable to reason out her answers and was therefore un­
successful in all processes except addition, the process within which 
her chosen answers happened to be true answers. If the interviewer re­
turned to the same examples after a few minutes, had elapsed, answers 
were different though still obviously guesses.

Five of the children who guessed responded to all examples 
without hesitation. One child varied from this pattern. The interviewer 
felt that she paused deliberately in order to make it appear that she 
was trying hard to arrive at an answer. For the example "6 take away U»"
she gave five different guesses, 8, 6, 7, U, and 8.

Explanations by the children for answers they had given showed 
no evidence of understanding. Such comments as the following were 
typical:

"I just say the numbers and see if it's right."
"God tells me these words (numbers), but I can't hear them out 
loud."
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One child preceded each subtraction answer with the statement
"Comes back down to  ___

"8 take away 6" "Comes back down to 28." (Yery pleased with herself.)
"I'm going to tell Mr. ______  (principal) that I know
all of these words."

"7 take away 3" "Comes back down to 29. I'm still right again."
She assumed that her answers were correct if the interviewer wrote them 
down. Her answers for division were more nearly correct, (2, 2, and 1), 
but were evidently guesses*since she could give no reasonable expla­
nation or proof for them. She expressed her answers for the three multi­
plication examples in terms of money (15$, a dime, and 15$). Ihile the 
range of numbers varied according to process for this child^she had no 
idea of the meanings which differentiate one process from another.

Use of concrete materials on the initial interview. —  None 
of the six children who guessed was able to demonstrate examples suc­
cessfully with concrete or semi-concrete materials in the initial inter­
view. ill attempts showed a complete lack of understanding of the 
meanings of the processes. In response to requests for semi-concrete re­
presentations, the following responses were obtained:
"3 and It" "Should I just draw circles? I don't know how to

do these numbers. Can I make another round circle?
(After making three circles) Can I put a 3 and a it?

"6 take away it" Drew a picture of 6 balls and it balls. Put a box 
around two balls to indicate the number she thought 
was to be taken away. Ihen the interviewer re­
minded her she was to take away it, said 6 were left.

Concrete demonstrations were equally unintelligible. The children failed
to understand what to do with the materials. They often refused to make
any attempt beyond laying out all of the objects they were given and
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counting the total number. The comments of one of the interviewers con­
cerning the child she interviewed seems to characterize all of the six 
children who guessed in initial interviews:

Doesn’t have the slighest inkling of what numbers are, or any
concept of numbers.
Responses to abstract examples in the interim interview. —  

Guessing was still a preferred method for two children in the processes 
of addition and subtraction, and of three children in the processes of 
division and multiplication, when interim interviews were administered.
One of these children seemed definitely to be groping for a generali­
zation that would eventually be of use to her. Her guesses were 
relatively more accurate than in the initial interview, since they were 
larger or smaller as the number situation called for more or fewer 
numbers to be put together. Another of these children coupled inaccu­
rate counting with guessing, which showed a realization that another 
method than guessing was possible, though she was unable to use the method 
successfully.

Some of the children seemed to substitute one immature method 
for another in the interim interview. Ihile they had guessed in initial 
interviews, they merely called off a number as the answer, or added for 
all processes in the interim interview. Sample responses are:

”8 take away 5" (pause) "S.11 Ihen asked $ 'from* 8, he said
“Let 8 stay right there?"

"Two I's "6. I don't know how I got it."

The children began to experiment with immature counting methods in the 
interim interview, though, on the whole, they were inaccurate and uncertain
in their use of counting. Errors in counting resulted from failure to
recognize the groupings in the example, and therefore counting too many or
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too few, as in these illustrations:
92 and 7" (pause) 10. Counted her fingers. Said

1, 2, 3, ht St 6, 7, 8, 9, 10.
"3 and h" Counted his fingers - 1, 2, 3, it, 5, and

said $ was his answer.
”7 and 2" Counted his fingers - 1, 2, 3, it, 5, 6, 7, 8?
"How many 2's in 6?" Counted on fingers to 6, but said I), 

was the answer.
"How many l̂ 's in 8?" "1, 2, 3, U, 5, 6, 7, 8, 9, 10. Gee,

I can't hardly. I think there are 2."
Counted to 8 on her fingers.

The children had no idea of the groups represented in these 
illustrations. They did not pause between groups, but merely counted 
until they thought they had counted far enough. Sometimes the answer 
was stated with a question as if the child doubted the correctness of 
his answer.

More mature methods sueh as partial counting, visual grouping, 
delayed recall, and immediate recall were used to some extent by three of 
the children in the interim interview. Illustrations of these methods 
follow:

"5 and 3” After a pause he replied 8. Ihen asked what he
said to himself, he said, - 6, 7, 8."

"3 and It." (pause) "7. I think about it when I go home at
night. Like U, - St 6, 7."

"2 and 6" First answered 10 immediately. When asked to
explain how he got the answer, he said, "I said,
1, 2, 3, it, 5 , 6 , -7 , 8s i t ' s  8 .

He evidently tried to recall the answer first, but when he checked by
counting, he found his error.

"2 and I4" (pause) "6. I just thinked my fingers. Just looked
at 2 and 1." Interviewer noted that he merely 
looked at his fingers and didno counting.
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"9 take away 3" "5. (Answered immediately) "Counted in my house 
with crayons. Had 9 and took away 3 and had 5 
left."

Some of the recall responses of these children were non-meaningful, since 
the children were merely attempting to remember answers, and were un­

successful when called upon to demonstrate examples with concrete materials.
Use of concrete materials in the interim interview. —  These 

six children had made decided progress in their ability to demonstrate 
addition examples successfully with concrete materials by the middle of 
the instructional period when interim interviews were given. There was 
evidence that the children had improved in their understanding of the 

groups, and in their ability to arrive at correct answers by the use of 
materials.

"3 and 3" 000 Counted 8.
00000

"2 and 6" 0 000 "Makes 8. 1, 2, 3, k, 5, 6, 7, 8."
0 000

One child was confused on the arrangement of his groups, but he clearly 
had the idea that there were two separate groups, and that he should do 
something about them.

As a group, these children were unsuccessful in the use of 
concrete and semi-concrete materials with the processes of subtraction, 
division and multiplication. The following attempts illustrate the 
difficulties and confusion experienced by these children:

"7 take away 2" Laid out 7 blocks. Then added on the
3 remaining blocks she was given and 
said her answer was 10.

"7 take away 3" OOOOO^Oj Answered 7*
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"8 take away 5" QQQQ(£o q \ “Ain't got but 5."
\o o J

By his express ion, "ain't got but five" this child means that he wants 
more blocks, so that when he takes 3 away, he will have 8 left.

Responses to abstract examples in the final interview. —
With the exception of one child who was still guessing at answers in the 
final interview, the children made progress in their ability to use more 
mature methods of thinking as they progressed through the instructional 
period. Immature counting methods persisted to some extent. The more 
mature counting methods (partial counting, and counting in multiples) 
were used much more extensively and with more assurance than in interim 
interviews. Illustrations are provided to show the type of thinking in­
volved in the use of these methodsj

"3 and 3“ (pause) "8. I said it in my mind. Said 5, 
and put 3 more on - 6, 7, 8."

YsEhen asked by the interviewer if she could think of another way to get
the answer, she said,

“I know if you leave 2 more out (from 10) you'd 
have 8."

“2 and ip' “Can I use my hands?" When assured that she 
could, she looked at one hand, recognizing 
without counting that she had 2 and 3 there, 
and said, “2 and 3 , - 1  more up makes 6."

“2 and (pause) “6. I said 2 and k are 6. I knew 
it couife't be 5, so I said 6."

“7 take away 2“ (pause) Held up $ fingers on one hand, 
and 2 on the other. Put down 2 fingers and 
said 3 was his answer.

“9 take away 3" (pause) “6." Looked at his fingers.
No counting.

One child experienced difficulty in making the transition from
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addition to subtraction examples. On the first subtraction example, the 
interviewer says,

”9 take assay 3" Took a long time to get him started.
Used fingers. Counted out 9 several 
times. Finally took away 3 and said 6.

The use of concrete materials on the final interview. —  On 
the whole the six children who guessed were able to correct errors they 
had previously made with abstract examples by the use of concrete
materials. In the following illustrations the answer was wrong on the
abstract phase of the interview, but the child was able to correct his
error with his materials:

"2 and U" 00 00 "6."
00 ,

M6 take away U" 000 "2."000
The interviewer made repeated comments to the effect that one 

child was very quick on abstract answers. At the conclusion of the inter­
view, however, the interviewer added, "I think she knows them from 
memory." The fact that concrete demonstrations were accurate in every 
case for this child would tend to indicate that she had some under­
standing of the combinations and of the processes represented. Some 
illustrations follow:

«2 and 6" 000 00 "8U
000

"7 take away 3" 0000699 "I4."
"How many 3's in 9?" 000 "Three 31s in 9•"

000
000

It is possible that the child had memorized procedures with materials as 
carried on in instructional periods in the classroom. Even so, it is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



192

doubtful if she could have been successful on all of her concrete de­
monstrations -without some understanding. The eorrect demonstrations may 
indicate that her previous immediate recall answers were meaningful to 
her.

Personal data for the six children who guessed. —  Two of the 
six children were of normal age for the second grade and four were over­
age. Three of the four overaged children had repeated first grade and 
the fourth was repeating second grade at the time of the investigation. 
Absences incurred by these children during the instructional period
averaged fourteen days, or more than twice the average number of days

3absence for children in the five regular classrooms. Scores on the

Metropolitan Readiness Test were available for three of the six children
in the group. Two of these three children were in the lowest quintile
range in both readiness level and in learning rate. One was in the
fourth quintile range in readiness level and the third quintile range
in learning rate. Comments made by the teacher of these six children
were as follows:

Can read very well. That is why she is in the A class 
(highest of five second grades in this particular school).
She does not seem to be good in anything else, however.
She does unusual things such as spitting all over her 
dress and pulling out her hair.
Child is alone at home much of the time. Mother works. 
Appeared at Juvenile Court on charges of burglary 
(1/20/U9) /• He is mean and nasty to other children.
Cannot take correction.
Mother left home. Child lives with grandmother. Father 
beats child.

3* The average number of days absent for the children of 
typical groups was 6.9.
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Good disposition. One day she knows things. The next 
day she doesn't.
Always has a headache. Absent a lot. Partly because of
headache and partly because her mother lets her stay
home. Rather dull and slow. Almost lazy.
Summary and interpretation. —  Detailed reports have been pre­

sented to show progress toward maturity of thought processes for six 
children, all of whom guessed throughout the initial interview. Except 
for one ehild whose performance was somewhat erratic, all of the children 
showed progress in one or more processes. Three children showed growth
in all processes. One child made gains in the processes of addition and
subtraction, but not in division or in multiplication. Progress was 
noted in all processes except division for another child. ^

Figure 7 provides a summary of the responses of the six 
children who guessed in the initial interview. All responses were at 
Level 1. when initial interviews were given. The figure shows that 22.3 
percent of responses were at the two higher levels midway through the 
instructional period. Ihen the final interviews were given, more than 
half of the responses ($6.$ %) were found at the two higher levels.

Children's responses as they used concrete materials indicated 
that they had made growth in the area of the concrete^even though they 
continued to use immature methods with abstract examples.

iu Diary notes for Teacher F indicated that Group F had no 
planned experience with the processes of division and multiplication. 
Four of the six children who guessed were in Group F.
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Figure 7. Percentage of responses at the two higher levels for all 
processes in successive interviews for six children who guessed in 
the initial interview.
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It appears that guessers tend to go through certain other im­

mature exploratory stages before they begin to perform at a level that 
shows understanding. Iftien counting was first attempted by these children, 
immature counting methods were usually employed, or the method used was 
blundering and unsuccessful for a time. For a while these children 
tended to substitute one immature method for another in subtraction, 
division, and in multiplication. By so doing they remained on the same 

level instead of making progress toward a higher level. A longer period 
of time than four months is apparently necessary to enable these children 
to gain complete understanding of the number facts sampled by the inter­
views. It should also be noted that these six children were at a dis­
advantage from the standpoint of (1) irregularity of attendance in school, 
(2) unfavorable home conditions, even neglect in some cases, (3) re­
tardation (four of the six children were repeaters), (U) a relatively 
low readiness level and learning rate, and ($) behavior difficulties.

It is outside the province of this investigation to draw far- 
reaching conclusions on the relation of such factors as home background, 
social behavior, and the like, to the success of the child in arithmetic. 
With so many undesirable factors weighing heavily against them, the gains 
these children made are even more surprising.

It is promising to realize that children can progress from com­
pletely unsuccessful methods to those which bring reasonable success in 
a rather short period of time, if teachers are making a conscious effort 
to know how children are thinking and are continually attempting to raise 
the level of their thought processes.
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Patterns of Thinking of Fifteen Children Iho Used the Method of Partial 

Omission with Subtraction Examples in the Initial Interview

A method which is almost as immature as guessing is partial 
omission, or calling off one or the other of the numbers represented in 
ten examples as the answer. The fact that it is systematic is perhaps 
indicative of a small amount of understanding.

Responses to abstract examples in the initial interview. —
In using the method of partial omission, the child seemed to think merely 
of getting rid of one number and of leaving the other which was the ans­
wer. Little mental activity was involved in this process, in contrast to 
the prolonged efforts of some of the children to arrive at answers to 
addition examples immediately preceding. They approached the subtraction, 
therefore, with such comments as:

"I like take aways. Take aways are easy."
One child voiced her feeling of inadequacy with subtraction on the first 
example presented to her by saying:

"I haven’t been doing this because I've been out 
of school for the summer.”

After this comment she proceded to call the subtrahend the answer for this,
and for each successive subtraction example.

Other children planned to get rid of the "take away” number by 
covering it up with their hands, erasing it, or merely pretending that it 
was not there. The more usual plan was to do away with the subtrahend 
and call the minuend the answer, though the reverse procedure was used 
occasionally.

The interviewer's comment concerning a child's use of this
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method was;

"6 take away kn He is merely taking the last number he
hears. 1/hen I turned it around and said,
"Xou take k from 6," he said 6 was his 
answer.

The interviewer discovered that one child obtained the correct 
answer -when the language form, "from", was used, though she had resorted 
to the method of partial omission when the form, "take away", was pre­
sented to her. The interviewer made this report:

"8 take away 6" First answer was eight. Read it to her,
5 from 8, and she said three.

This child was equally successful with two other examples, but in
general the children realized little success by the change in language
form.

Use of concrete materials in the initial interview. —  An 
analysis of the children’s responses as they used concrete materials gave 
many clues to their ways of thinking. Some of the unsuccessful attempts 
with concrete materials indicated the types of errors made by the children. 
Errors were of three general types. In the first type the child thought 
of the remainder as meaning what was left of all the objects given him 
after he had taken away one or both of the groups represented in the 
subtraction example:

”8 take away 5" Counted out 8 forks; took away 5 and then
3 more. ”2 left," he said, as he pointed
to the two left of the ten forks he had
to start with*

"7 take away 2” Arranged forks so that she eould count the
points: 1,2,3 1,8,9
"Here's 7; here's take away 2", she said 
referring to the two points left on the 
third fork.
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In the second, type of error, the child represented both of the 

numbers in the subtraction example with concrete materials, and then took 
one group away, leaving the remaining group as the answer.

"7 take away 3" Drew 7 circles with 3 more underneath.
Crossed off 3 and said, "It leaves 7".

w8 take away 5" Drew 8 pennies and then $ more. Crossed 
off 5 and counted the rest. Said 8.

The third type of error resulted when the child merely repre­

sented the minuend and referred to this number as the answer.
Two children were successful in all attempts with concrete 

materials in the initial interview, though they had used the method of 
partial omission with abstract examples earlier in the interview. Some 
responses, though successful, indicated a lack of assurance with concrete 
materials:

"7 take away 2" "I don't know how to play the game with
spoons." She laid out 7$ took away 2, and 
said, "Only

The majority of the fifteen children were as unsuccessful with 
concrete materials as they had previously been with abstract examples.

Responses to abstract examples in the interim interview. —  

Eight of the fifteen children continued to use the method of partial 
omission in the interim interview. Thinking seemed to follow the pattern 
which was previously described, and is well illustrated by one child who 
showed how he brushed one number away with his hand and had the other 
number left.

Seven of the fifteen children, however, had abandoned the 
method of partial omission almost entirely and had substituted a variety 
of other methods:
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"7 take away 2" "5 - because you have $ fingers on this
hand and 2 fingers on this hand."

"8 take away 6" "2 - because 6 - 7 ,  8." Counted up from
6 to 8 to get this one.

In each of these illustrations, the method of immediate recall was used
first, and then the example was counted as proof.

Two children used a combination of visual grouping and counting
for four of the six examples:

"8 take away 6" (pause) "Leaves 2." Puts up 8 fingers 
immediately without counting; counts 6, 
which she takes away, and reads the group 
that is left."

Another child used a combination of recall and recall by 
logical inference:

"8 take away 5" "3 - It and i± are 8."
She evidently used the addition example, k and U, as a basis for her 
thinking, and inferred that, if U from 8 is I4., then $ from 8 is 3*

"9 take away 3" "6 - because 3 and 3 and 3 are 9»"
Her inference was that if one three was taken away, two three's or six
would be left.

Difficulty in making the transition from addition to sub­
traction examples was noted for some of the children:

"9 take away 3“ Added. Ihen I repeated the example
to be sure he understood, he used his 
fingers; counted out 9; took away 3, 
and had 6 left.

Occasionally a child referred to the method he had used to

arrive at an answer as guessing, when his true method was not guessing:
"7 take away 2" "You only got 5. Sometimes I guess.

Sometimes I don't."
He was not guessing in this instance,for he had only three incorrect
answers out of eighteen examples, and two of these errors were corrected
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by the use of another method.
Use of concrete materials in the Interim interview. —  The 

same general types of errors which were illustrated for the initial inter­
view persisted on the interim interview. The children realized greater 
success on the interim than in the initial interview, however, and there 
was a noticeable improvement in grouping their concrete materials.

Some of the children who felt inadequate when the abstract 
example was presented, insisted they could do it with blocks. One child 
’gave up blocks and resorted to fingers with which she evidently felt 
more secure.

Some of the children appeared to be on the verge of understand­
ing how to represent the example with concrete materials. They tended 
to forget some little detail or became confused with another process:

M9 take away 3” Arranged his blocks in groups of three.
Apparently misunderstood and thought 
the example said three 31s are how many.
I tried again with blocks later on in
the interview, but he did the same thing
again.

”7 take away 3" Used all ten of the blocks handed to her
instead of counting out the seven she 
needed.

This child had made one successful demonstration for a subtraction 
example immediately preceding this one. She evidently became confused 
and forgot to count out her total number before taking away.

Responses to abstract examples in the final interview. —  In
the final interview not a single response was obtained by the method of 
partial omission. Nine of the fifteen children were using rather mature 
methods, except for occasional lapses to an immature method on an example
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which proved to  be e s p e c ia l ly  d i f f i c u l t .

F ive o f th e  c h ild re n  used immature methods o f  coun ting , though 

some v is u a l  grouping was ap p aren t, as th ey  were ab le  to  p u t up th e  be­

g inning  number im m ediately w ithou t co u n tin g . One c h ild  knew fo u r  answers 

im m ediately , b u t re v e r te d  to  an immature method o f coun ting  fo r  th e  two 

answers she d id  n o t know:

" ta k e  away 6 ” Uses f in g e r s .  Says 2 . Ih e n  asked to  show 
how she d id  i t ,  she s a id ,
"W ell, h e re ’s my f in g e rs ,  -  l,2,3>it>5>6,7>
8; then  1 ,2 ,3>U,5>6; 2 l e f t . "

More mature methods which were used by the majority of the 
children in the final interview were visual groupings, and various recall 
methods:

”9 ta k e  away 3" P u t up 9 f in g e r s  im m ediately; took away
6j 3 l e f t .  No cou n tin g .

”9 ta k e  away 311 "6 . I f  your m other gave you 9$, and
you sp en t 3$, y o u 'd  have 6# l e f t .  I  
s t a r t e d  to  use my f in g e rs  b u t changed 
my m ind.”

This c h i ld 's  l a s t  s ta tem en t i s  i l l u s t r a t i v e  o f  th e  a t t i tu d e s  o f  most o f th e  

c h ild re n  w ith  reg a rd  to  th e  use o f  t h e i r  f in g e r s .  They knew th e re  were 

b e t t e r  ways o f  g e t t in g  answ ers, b u t had no h e s ita n c y  in  u s in g  them i f  o th e r  

methods were u n su c c e ss fu l.

”8 tak e  away $n "3 . it and it i s  8; and 8 ta k e  away 3
i s  3 . “

”7 tak e  away 3” "Leaves it; have 6 and tak e  away 3> you
have 3; so 7 tak e  away 3 le av e s  it."

When asked i f  she could  f in d  th e  answer to  t h i s  l a s t  example i n  any o th e r

way, she s a id , "3 and it a re  7 ."  In  o th e r  words, she in f e r r e d  th a t  she

could  o b ta in  th e  answer from th e  corresponding  a d d it io n  example.
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As in  in te r im  in te rv iew s th e  c h ild re n  o f te n  c o rre c te d  e r ro r s  

th ey  had made w ith  one method by th e  use o f  ano ther method.

were made by any o f  th e  f iv e  c h ild re n  who had used  immature counting  

methods in  th e  in te r im  in te rv ie w . These c h ild re n  grouped t h e i r  o b je c ts  

c o n s is te n t ly  and worked w ith  confidence:

a b i l i t y  to  c o r re c t  e r ro r s  th ey  had p re v io u s ly  made w ith  a b s t r a c t  examples 

through th e  use o f co n cre te  m a te r ia ls .  The use o f  m a te r ia ls ,  in  most 

c a se s , showed an e x c e lle n t  u n d erstand ing  o f  grouping, w ith  th e  re p e a te d  

comment, "no co u n tin g " , on th e  p a r t  o f  in te rv ie w e rs . One comment was:

Seems as i f  she knows them a lre ad y  and i s  m erely 
showing them w ith  d is c s .  U sually  does n o t coun t, 
b u t u sed  groups as groups, u n le ss  th e  f i r s t  number 
i s  la rg e ,  when she does some coun ting .

P erso n a l d a ta  f o r  f i f t e e n  c h ild re n  who used  th e  method of

p a r t i a l  om ission w ith  s u b tra c t io n  exam ples. — F ive o f th e  f i f t e e n  c h ild ­

re n  who used  th e  method o f  p a r t i a l  om ission w ith  s u b tra c t io n  examples 

had re p e a te d  f i r s t  grade and one c h ild  was spending h is  second y e a r in  

second grade a t  th e  tim e o f  th e  in v e s t ig a t io n .  The average number o f  days 

ab sen t from school fo r  t h i s  group (7 .0 )  was on ly  s l i g h t l y  h ig h e r than  th e  

average fo r  th e  f iv e  ty p ic a l  groups. M etro p o litan  T est r a t in g s ,  which 

were a v a ila b le  fo r  tw elve o f th e  f i f t e e n  c h i ld r e n  in d ic a te d  a  wide range 

in  re a d in ess  le v e l  and in  le a rn in g  r a t e .  A ccording to  bo th  m easures fo u r

Use o f  co n cre te  m a te r ia ls  in  th e  f i n a l  in te rv ie w . — No e r ro r s

"8 tak e  away 6" i00 / P icked  up d is c s  by 2*s to  p la ce  
[00J them. P u lle d  away 6 and s a id

2 were l e f t .

"7 ta k e  away 3” P u lle d  away th e  3 th rough th e  
m iddle and s a id , "U l e f t . "

In  th e  f i n a l  in te rv ie w  th e  c h ild re n  were more e x p e r t in  t h e i r
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children were in the highest quintile range, two were in the lowest and 
three were in the third. Scores for the three remaining children varied 
on the two measures. Readiness level for two of these children fell

i

into the fourth quintile range and learning rate in the third. Readiness 
level for one child was in the second quintile range and learning rate 
was in the first.

Comments by the teachers of these children were as followss
Always complaining about aches and pains which 
are imaginary. Seeks attention. Does good work.
Could do even better with more favorable home 
conditions.

Good worker.
Very slow in all subjects. Scattered absences due 
to illness. Mother busy taking care of grandchildren.
Child receives little attention at home.
Varies in ability. Is going through a slump right 
now. This is especially true of reading. I feel 
that she will come out of it.
Youngest in class. Has been discipline problem for 
three years in school. No father. Mother keeps 
him inside at home. Fears bad company. Goes wild 
at school. Did have a dog but got rid of it.
Slow in nearly everything. Likes to see what others 
are doing. Has difficulty concentrating.
Cannot read even a preprimer. Knows numbers quite 
well.
Steals? Uses filthy language. Annoys others. Does 
work well and rapidly. Improving in reading. Is 
having a hard time with numbers.

Summary and interpretation. —  Only twelve errors were made 
by the fifteen children in the final interview, in contrast to a total 
of ninety errors in the initial interview. All of the twelve errors were 
corrected by another method or by the use of concrete materials. In
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general, more errors were corrected in the final interview than in 
previous ones, due to the fact that interviewers purposely asked children 
if they could get the answer in more than one way. Moreover, the children 
were more aware of the mistakes they made, and therefore corrected them­
selves more frequently than in former interviews.

A summary is provided by Figure 8,which gives the status of 
the group of fifteen children in the three interviews for responses on 
abstract examples. Only two per cent of the total number of responses 
were at the two higher levels when initial interviews were given. Ap­
proximately a fourth of the responses were at the two higher levels when
interim interviews were given. In the final interview, however, slightly 

more than two-thirds of the responses were at the two higher levels. It
appearsjtherefore, that this group of fifteen children had made definite
growth toward maturity of thought processes during the course of in­
struction.

This group of children did not vary considerably from the five 
typical groups in readiness level, learning rate, or in attendance at 
school. There was a difference, however, in percentage of retardation. 
Forty per cent of the group of fifteen children were retarded as compared 
with fourteen percent for the five typical groups. It is evident from 
the comments of teachers that some of the group of fifteen children had 
personality factors and home conditions which made adjustment to the 
school situation difficult. It is not unreasonable to assume that these 
factors influenced all aspects of the child’s school life, including his 
progress in arithmetic.
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Initial • □

Interim • 1

Final • ...  .... :..........  ..............  1
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Figure 8 * Percentage of responses at the two higher levels 
in successive interviews for fifteen children who used the method of 
partial omission for subtraction examples in the initial interviews.
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Patterns of Thinking of Twelve Children Iho Counted All lumbers in The
Initial Interviews

Counting all numbers has been described as the method by which 
the child counts both numbers in an example by ones, beginning with one. 
This method was used with all processes, but more liberally with addition. 
The present analysis deals with addition only.

Responses to abstract examples in the initial interview. —  

Though all of the twelve children used the same method, there were 
variations in the way in which the numbers were counted. Some children 
consistently started with the larger number, some with the smaller, and 
some were inconsistent in their method of attack. Some openly counted 
their fingers, while some counted to themselves, counted imaginary ob­
jects, or counted as they pointed to the numbers on the card presented 
to them. For some children the pattern was rather firmly fixed, so much 
so that the same procedure was used in practically the same way with each 
of the addition examples. Typical patterns of counting follows

and 3” Counted 1, 2, 3j then U, 5, 6, 7, and 8
all on one hand.

In other words, this child used the fingers of one hand only.
She first counted 1, 2, 3j then started over with her fingers, but con­
tinued counting, 6, 7, 8.

nS and 31' Answered 8 after a long pause. Ihen
questioned as to how he arrived at his 
answer, he pointed to five on the inter­
viewer card, saying, ”1, 2, 3, U, 
he then pointed to three and said, n6,
7, 8."

In a slight variation of this method, a child pointed with her finger in 
the air as if she were pointing to imaginary objects as she counted.
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"2 and 6W (pause) ”8. 1, 2, 3» 5> 6, -
7, 8 .»

This child consistently counted both numbers, but started with the larger 
of the two numbers each time.

Many children found counting all numbers a laborious method of 
getting through six examples. Ihen boredom or fatigue set in, they tended 
to resort to guessing, or to some other more immature method than was 
typical of their pattern of work.

Use of concrete materials in the initial interview. —  The 
children were able to correct some of their previous errors by the use 
of concrete materials, though a correct answer did not always indicate 
an understanding of grouping:

"2 and 6" Gave her forks and she got answer 8.
Counted them out in one stack and did 
not divide them into groups, but was 
successful.

Four of the children who were successful with concrete materials gave no 

evidence of grouping objects beyond the mere separation of the two groups 
in the addition example.

115 and 3" Made a picture of two balls and then 6 more
balls strung out in a row. Stopped to 
count after making five balls in the second 
group, and then added another one to make 8.

One child tended to use his fingers first, when he was asked 
to demonstrate with materials. He would then match fingers and materials:

tt5 and it" Uses fingers firstj then forks; gets 10
on first trial with fingers; then gets 
9 when he recheeks with forks.

Errors in the use of concrete materials occurred when the 
children became confused on the number of objects needed to represent the 
groups.
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"2 and 6” Drew 7 balls. At first was unaware that
he had only 7. Finally realized it and 
drew the last one.

Responses to abstract examples in the interim interview. —
Three children were still counting all numbers in the interim interview. 
Two of these children made no errors in either interview. One child was 
more inaccurate in the interim than in the initial interview. She 
counted her fingers each time^but was inaccurate in her counting. Greater 
accuracy in the initial interview may have been due to the carry-over 
effect when concrete materials were used immediately following the pre­
sentation of the abstract example. It will be remembered that in the 
interim interview all abstract examples in a given process were completed 
before concrete materials were used.

Three children were still using counting all numbers as a pre­
ferred method, but they were beginning to experiment with other methods, 
such as counting in multiples, partial counting, delayed recall, visual 
grouping, recall by logical inference, and immediate recall. The re­
maining six children in the group of twelve had either abandoned the 
method of counting all numbers altogether or were using it less frequent­
ly than other methods. Some children used the same method with all six 
addition examples^ -while others varied considerably in the methods used.

A few children were observed in the initial stages of using a 
new method. One child had the idea that breaking up numbers into 2's or 
3 1s would help him to arrive at answers. His techniques were clumsy, 

however, and were applied without any definite end in view.
M3 and it” (pause) M7. and 3 are 7.M Ihen asked

to tell more about how he had thought out 
the example, he volunteered, M3 and 2 and 
2 are 7«n
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"5 and k" (pause) n8. Cause k and 5 are 8j 2 and 2
and 2 and 1 more are 8."

The interviewer commented that this child tried to break up numbers
whether he needed to or not. He was attempting to apply some of the
methods he had been using in instructional periods, but was unsure of the
method he was attempting to use, and therefore used it in a manner which
was not profitable.

Use of concrete materials on the interim interview. —  All 
twelve of these children demonstrated the ability to use concrete 
materials successfully. They clearly separated the two groups in the 
example each time. Some showed excellent ability to group materialst

“7 and 2" 000 and U" 0
0 0 0 0 00 
000 0 0 0 00

A child who failed to count correctly in five out of six of the 
abstract addition examples, counted her blocks accurately each time, and 
was able to make successful semi-concrete drawings as well. The inter­
viewer made the following general comment about her work:

Always a pause before giving an answer to abstract 
examples. Always starts right, but seems to get 
stuck. Has the right idea about counting her 
fingers but usually miscounts somewhere along the 
line. Very good with blocks and pictures.

Responses to abstract examples in the final interview. -- With 
the exception of one child, growth was evident from the interim to the 
final interview on responses to abstract example. Although this child 
had used more mature methods for four of the six examples in the interim 
interview, she regressed in the final interview and counted all numbers 
for five examples at this time. It is difficult to say why she should 
revert to a less mature method. It would appear that she did not
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a c tu a l ly  need to  count a l l  numbers, s in ce  she had dem onstrated  an a b i l i t y  

to  use  more m ature m ethods. I t  may be t h a t  she found i t  e a s ie r  to  count 

a l l  numbers th an  to  use  th e  more m ature methods w ith  which she was ex­

perim en ting  in  th e  in te r im  in te rv ie w .

A child who used partial counting for all six examples in the 
final interview was more accurate than on previous interviews, though she 
was still slightly confused on how to start, in partial counting, in order 
to come out with the correct answers

”2 and 6” Looks a t  f in g e rs  and say s , "6, ?.*' T rie s
ag a in . This tim e she s t a r t s  w ith  2 and 
say s , “2, 3> h, $,  6 , 7. I t  m ight be 8 . ”
Ih en  asked why, she s a id , " I  d o n 't  know."

She made her error by counting the last number of the group she was
taking as a whole, rather than counting onto this group.

The c o n s is te n t  use o f  p a r t i a l  counting  showed an improvement in  

m a tu r ity  fo r  th re e  c h ild re n  over methods used  in  th e  in te r im  in te rv ie w . 

These c h ild re n  made no e r r o r s .  They counted the  sm a lle r  number f i r s t  each 

tim e .

Wien a child felt dissatisfied with his answer a less mature 
method was sometimes used as a cheek on a more mature method:

"7 and 2" "8 . W ait a m in u te ."  Used f in g e r s ,  say in g ,
"7 , 8, 9 ."

Recall methods were used more extensively in the final than in 
the interim interview. One child,who had used partial counting consistent­
ly in the interim interview, used recall by logical inference for five of 
the six addition examples in the final interview. He returned to his
former method of partial counting for one example:

"5 and It" He knew 5 and used  f in g e rs  to  g e t 6, 7> 8, 9 .
M erely moved h is  f in g e rs  on h is  arm and d id  
n o t look  a t  them.
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Use of concrete materials in the final interview. —  In 
general, the use of concrete materials in the final interview showed that 
the children had grown considerably in their ability to group materials 

and to arrive at answers in more mature ways. Two children were excep­
tions to this general rule. Ihile neither made errors in the use of 
concrete materials, they strung them out into rows instead of grouping 
them.

After the children had made an arrangement with concrete 
materials and had made a response, they were asked if they could think 
of any other way to get the answer. Responses showed an ability to see 
relationships between it and 2 and 3 and 3, between 2 and 6 and U and I4., 

and the like. Children who were as yet unable to see these relationships 
with abstract examples could explain them with the aid of materials. The 
children continued to improve in their ability to correct previously made 
errors with the use of concrete materials.

Personal data for the twelve children who used the method of 
counting all numbers in initial interviews. —  The average number of 
days absent for a group of twelve children who counted all numbers (9.0) 
was considerably higher than the average for the five typical groups 
(6.9). Four of the twelve children had repeated first grade and two were 
repeating second grade during the year in which this study was made.

On the whole, this group of children ranked rather high in 
readiness status and in learning rate. Eight of the ten children for 
whom records were available were in the two highest quintile ranges in 
both measures. Of the remaining two children one was in the third and 
one was in the fourth in both measures.
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Comments made by teachers concerning these children were as
fo llow s s

S teady w orkerj good re a d e r .

Timid ch ild}  absences due to  e a r  tro u b le  and c o ld s .

Very shy, but mature and independent. No close 
friends in school. Sick a lot. Despite absences 
(26 days) reading and spelling are O.K. In fact, 
none of her school work has suffered.
Nervous} cocky a t t i t u d e .  Has an o ld e r  s i s t e r  who 
ta k es  him to  and from sch o o l.

Q u ie t; daydreams} bab ied  a t  home.

Only child}  q u ite  a f a v o r i te  w ith  th e  c h ild re n .

Has improved greatly. Always tries to do her best.
Neat and clean.
Q uiet p u p i l .  F avorab le  home c o n d itio n s . Has a  
speech impediment. I s  advanced in  re a d in g .

Summary and in te r p r e ta t io n . — A ll o f  th e  tw elve c h ild re n  ex­

p e rie n ce d  some growth from th e  i n i t i a l  to  th e  in te r im  in te rv ie w s . In ­

te r e s t i n g  b i t s  o f evidence were one c h i ld ’s alm ost com plete f a i l u r e  on 

a b s t r a c t  exam ples, b u t e x c e lle n t  u se  o f  co n cre te  m a te r ia ls ,  and th e  la ck  

o f  assu ran ce  and tem porary lo s s  o f  accuracy  n o tic e d  when th e  c h ild re n  

were experim enting w ith  methods th a t  were new to  them. In  some cases 

la c k  o f  more obvious growth seemed to  be due to  th e  h o ld  t h a t  t h i s  

p a r t i c u la r  method o f counting  a l l  numbers had on some o f  th e  c h ild re n  

which made i t  d i f f i c u l t  fo r  them to  break  away from i t .  Another in ­

te r e s t i n g  o b serv a tio n  from th e  in te r im  in te rv ie w s  was th e  o c ca s io n a l r e ­

v e rs io n  to  immature methods when th e  c h ild  n eared  th e  end o f  th e  s ix  

examples o r  when he d e s ire d  g re a te r  s e c u r i ty  th an  th e  new method o f fe re d  

him. I t  was as i f  he t i r e d  o f h is  la b o rio u s  methods and tended  to  grasp
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ag ain  th e  method -with which he f e l t  th e  g re a te s t  confidence and a ssu ran ce .

F igu re  9 shows th a t  th e  pe rcen tag e  o f  responses a t th e  two 

h ig h e r le v e ls  in c re a se d  from zero  p e rc e n t to  lj.9 .8  p e rc e n t in  in te r im  

in te rv ie w s , and to  7 6 .6  p e rc en t when f i n a l  in te rv iew s  were ad m in is te red .

Many o f th e  c h ild re n  in  t h i s  group o f tw elve su f fe re d  lo s s  o f  

tim e from sch o o l. One th i r d  o f  th e  group were re p e a te rs  in  c o n tr a s t  to  

lit  p e r  cen t fo r  th e  f iv e  ty p ic a l  groups. The te a c h e rs  d e sc rib e d  fo u r 

o f  th e  c h ild re n  as q u ie t ,  shy and tim id . Two were dependent and o v e r- 

p ro te c te d . In  s p i te  o f  th e se  f a c ts  th e  growth o f  th e  c h ild re n  was in  th e  

d e s ire d  d ire c t io n ,  though th ey  d id  n o t reach  th e  h ig h e s t  le v e l  o f 

m a tu r ity  during  th e  in s t r u c t io n a l  p e r io d .
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In te r im  {

F in a l  ........................................................... ' -

P e rcen t I .......................................................................................................................................
0 10 20 30 ho 30 60 70 80

F ig u re  9 * P ercen tage  o f responses a t  th e  two h ig h e r le v e ls  

in  su ccess iv e  in te rv iew s fo r  tw elve c h ild re n  who used  th e  method o f 

coun ting  a l l  numbers fo r  a d d itio n  examples in  th e  i n i t i a l  in te rv ie w s .
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A Study o f  an A ty p ica l Group (Group F)

In  t h i s  s e c tio n  o f th e  c h ap te r  a  s tudy  o f Group F w i l l  he 

p re se n te d ,in c lu d in g  comparisons w ith  th e  f iv e  ty p ic a l  groups o f  c h ild re n  

on r e ta rd a t io n ,  a tten d an ce , re a d in e ss  s t a tu s ,  te ac h in g  methods, and 

f in d in g s  from group t e s t s  and in te rv ie w s .

R e ta rd a tio n . — E igh teen  o f th e  tw e n ty -s ix  c h ild re n  in  Group 

F had re p e a te d  f i r s t  grade and s ix  were re p e a tin g  second grade during  

th e  y ear o f  th e  in v e s t ig a t io n .  lo  re c o rd  o f r e ta r d a t io n  was a v a ila b le  

fo r  th e  rem aining two c h ild re n  who e n te re d  th e  group from o u ts id e  th e  

c i t y .  Both o f  th e se  c h ild re n  were p a s t  th e  normal age f o r  second grade, 

however. T herefo re , i t  i s  assumed th a t  th e re  was 100 p e r  cen t r e ta rd a ­

t io n  fo r  Group F . The t o t a l  number o f  re p e a te rs  and p e rcen tag es  o f  r e ­

ta rd a t io n  in  a l l  o th e r  groups were d i s t r ib u te d  as fo llo w s: Group A, 7,

3$ p e rc e n t; Group B, 6 , 26 p e r  c en t; Group C, 1 , it p e r  c e n t; Group D, 

3 , 9 p e r  c en t; and Group E, 1 , it p e r  c e n t, o r  an average o f  l i t  p e r  cen t 

f o r  th e  t o t a l  o f  131  c h ild re n .

A ttendance. — Group F su f fe re d  a g re a te r  lo s s  o f  tim e from 

absences during  th e  experim en tal p e r io d  th an  th e  c h ild re n  in  ty p ic a l  

g roups. The average number o f  days o f  absence p e r  c h i ld  fo r  th e  ty p ic a l  

groups combined was 6 . 9 ,  w ith  a  d i s t r ib u t io n  fo r  s e p a ra te  groups as 

fo llo w s: Group A, 6 .3 ;  Group B, 7 .3 ; Group C, 5 .0 ; Group D, 7 . it;

Group E, 8 .5 . The average number o f  days o f  absence p e r  p u p il  fo r  Group 

F was 9*6.

R eadiness s ta tu s  and le a rn in g  r a t e . — M easures on th e  

M etro p o litan  R eadiness T est were a v a ila b le  f o r  H it o f  th e  131 c h ild re n .

A summary o f  in fo rm atio n  p rov ided  by th i s  t e s t  i s  given in  Table 27.
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TABLE 27

READINESS AND LEARNING RATE OF TYPICAL AND ATYPICAL PUPILS AS MEASURED 
BY THE METROPOLITAN READINESS TEST

Quintile Readiness Status Learning Rate
Typical Atypical Typical Atypical

1 U7 1 k9 1

2 32 0 25 0

3 22 k 2k 5

k 7 7 12 3

5 6 10 10 13

No Record 17 k 17 if

Total 131 26 131 26
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The number o f p u p ils  in  each q u in t i l e  range f o r  re a d in e s s  s ta tu s  and f o r

le a rn in g  r a t e  i s  p re sen te d  fo r  ty p ic a l  and a ty p ic a l  g roups. Learning

r a t e  i s  determ ined  by re a d in e s s  s ta tu s  as r e l a t e d  to  ch ro n o lo g ica l age.

Thus a g iven  sco re  means t h a t  a  s ix -y e a r  o ld  c h i ld  le a rn s  a t  a  f a s t e r

r a t e  than  a sev en -y ea r-o ld  who re c e iv e s  the  same sc o re . Prom Table 27

i t  i s  ap paren t th a t  more than  h a l f  o f  th e  c h ild re n  from ty p ic a l  groups

a re  co n ce n tra te d  in  th e  f i r s t  and second q u in t i le  ranges as a g a in s t  only
£

one c h ild  from th e  a ty p ic a l  group. This f a c t  ho lds f o r  b o th  re a d in e ss  

s ta tu s  and fo r  le a rn in g  r a t e .  A la rg e  m a jo rity  o f  p u p ils  from  th e  

a ty p ic a l  group were in  th e  fo u r th  and f i f t h  q u in t i l e  ra n g e s , w h ile  only  

a sm all m in o rity  of c h ild re n  from ty p ic a l  groups f e l l  in to  th e  two low est 

i n t e r v a l s .

Teacher guidance of c h i ld r e n ’s e x p e r ie n c e s . — Teacher F 

d e sc rib ed  h e r group o f c h ild re n  as fo llo w s:

The seventh  s e c tio n  o f th e  second grade a t  W. School i s  g re a t ly  
in  need o f number work. The c h ild re n  la ck  a background o f number ex­
p e r ie n c e s . They have l im ite d  concepts o f numbers. For example, th e y  
have no id e a  th a t  th e  number " f iv e "  denotes f iv e  u n i t s .

Teacher F was th e re fo re  faced  w ith  th e  problem  of p ro v id in g  a 

background of ex p erience  fo r  a group o f  c h ild re n  o f low a b i l i t y .  Her 

ta s k  was made more d i f f i c u l t  by problem s r e s u l t in g  from poor a tte n d an c e , 

un fav o rab le  home c o n d itio n s , b eh av io r d i f f i c u l t i e s ,  and u n d e s irab le  

a t t i tu d e s  engendered by  r e ta r d a t io n .

There were s e v e ra l  m ajor d if f e re n c e s  between th e  te ac h in g  

methods o f Teacher F and th o se  o f th e  te ac h e rs  o f ty p ic a l  g roups. The

$ . Placem ent in  Group F was made f o r  t h i s  p a r t i c u la r  c h i ld  
because o f ex ce ss iv e  absenee due to  p ro longed  i l l n e s s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



218

s p e c ia l  f e a tu re s  o f  th e  program in  Group F may be l i s t e d  as fo llo w s:

1 . The p ro cesses  o f  d iv is io n  and m u lt ip l ic a t io n  were tau g h t 

o n ly  as th e se  p ro cesses  o ccu rred  in  th e  course o f in c id e n ta l  number ex­

p e rie n ce s  *

2 . The p ro cesses  o f  a d d itio n  and s u b tra c tio n  were u s u a lly  

ta u g h t s e p a ra te ly , w ith  one p ro cess  o r  th e  o th e r  re c e iv in g  m ajor con­

s id e r a t io n  during  a  g iven a r ith m e tic  p e r io d .

3 . Due to  th e  s h o r t  a t te n t io n  span o f th e  c h ild re n  in  Group F, 

p lanned in s t r u c t io n  fo r  sm all groups l a s t e d  on ly  from te n  to  f i f t e e n  

m inutes a t  a given tim e.

U. A ll a b s t r a c t  work was done w ith  easy  access  to  co n cre te  

o r sem i-concre te  m a te r ia ls ,  which th e  c h ild re n  were encouraged to  use  as 

needed. The m a jo rity  o f  c h ild re n  from ty p ic a l  groups tended  to  work 

w ith  a b s t r a c t  m a te r ia ls  tow ard th e  end o f  th e  in s t r u c t io n a l  p e r io d .

5 . Much s t r e s s  was p laced  on th e  number sequence from te n  to  

tw enty , s in ce  many c h ild re n  could  n o t count a c c u ra te ly  to  tw enty .

6 . More p lanned  experiences o f  each type  were n e ce ssa ry  to  

a ssu re  un d ers tan d in g  fo r  th e  p u p ils  fo r  Group F th an  were needed by th e  

c h ild re n  o f  ty p ic a l  g roups. The k inds o f  ex periences d id  n o t v a ry  g re a t ly  

from th o se  which have been d e sc rib e d  f o r  th e  c h ild re n  o f  ty p ic a l  groups. 

They in c lu d e , (1) grouping w ith  d is c s ,  b lo ck s, s t i c k s ,  c u t-o u t f ig u re s ,  

and th e  l i k e ,  ( 2 ) counting  th in g s  by tw o 's  and t h r e e 's ,  ( 3 ) making 

number groups on th e  fe lt-o -g ra m  and d isc u ss in g  them, (U) m atching a 

number group on th e  b lackboard  o r  fe lt-o -g ra m  w ith  s t ic k s  o r  o th e r  con­

c re te  m a te r ia ls ,  (5 ) s t a r t i n g  w ith  th e  l a r g e r  o f  two groups when counting  

in  o rd e r to  a r r iv e  a t  th e  t o t a l  number, (6 ) read in g  groups on number
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picture cards, (7) drawing pictures from directions (independent work), 
or arranging pictures from magazines to show the processes of addition 
and subtraction, (8) finding answers to abstract examples written on the
blackboard (2 and U are ___ , 6 take away ij. are_____, etc.) by using
materials to work out the answers, (9) finding a number that comes before 
or after a given number in the series from one to twenty, and (10) de­
monstrating addition and subtraction examples with varied types of con­
crete materials.

The kinds of incidental experiences provided for Group F did 
not vary markedly from the experiences which have been described for 
typical groups (Chapter V). Experiences which could be used repeatedly, 
such as taking attendance, distributing supplies, and counting lunch 
money, were used daily throughout the instructional period, since Group 
F did not exhaust the learning possibilities afforded by these experiences 
during that time. Ihile the teachers of typical groups were constantly 
searching for variations in the number activity which would provide new 
learning, Teacher F found it necessary to follow the same procedure for 
a longer period of time before any variation was introduced, in order to 
assure understanding for her children.

Teacher F was adept at diagnosing their difficulties and in 
adapting material to their level of understanding. Ihen she attempted 
to combine addition and subtraction examples into the same arithmetic 
period, she found the children confused and unable to make the necessary 
transition from one process to the other* She said,

This (combining addition and subtraction examples) creates a 
problem for me. The children get so mixed up when I combine "take away” 
and "put together" examples in the same group. I guess this is a 
matter of understanding "take away" thoroughly and being able to read 
and recognize the working of the problem.
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An inability on the part of the children to read the examples 
intelligently was also seen in this comment:

I went over the work the children were to do and they all 
seemed to understand. At least they could give the answer and show how 
they arrived at it. I still don't think they are familiar with expres­
sion 'take away*. They don’t seem to read it. They look at the two 
numbers in the problem and, without reading the words, they automati­
cally add the two numbers together.

Ihen Teacher F experienced difficulty with the two processes 
in combination, she was advised to separate them for emphasis as often 
as necessary in order to teach clear meanings.

The insight of Teacher F into the needs of her group is again
shown in the following illustrations:

I asked the children to find answers to subtraction examples 
with materials at their tables. They did less copying from each other 
than they had done on previous addition examples. Perhaps the reason 
was that the subtraction examples were harder for them and they had to 
use materials to work them out, whereas many of the children felt they 
already knew the addition examples and were therefore reluctant to use 
the sticks.

As a directed number lesson I gave the children a series of 
"take away" examples. The children themselves acted out some of the 
examples to illustrate the process of subtraction. The children seemed 
to understand this, so we did the same with pieces of chalk, with sticks, 
and with blocks. I then made the mistake of using crayons. When I 
asked how many were left (k take away 2) they said, "one green and one 
orange." They were not thinking in groups at all. I also became aware 
of the fact that they do not understand what is meant by "1; take away
2" in abstract form, but when I say,"lr boys take away 2 boys," they under­
stand better.

On another occasion when working with subtraction, Teacher F
remarked:

I found the children doing this for the example, "U take away 
3". They would put marks on their papers (1111)j then instead of taking 
three marks away from these four, they would add three more marks to it 
(1111 lll)j then they would cross off three and write four as the 
answer. Each child who was making this error worked the examples in a 
group demonstrating them with sticks under my direction. They seem to 
understand when working together with me, but when they work alone they 
become confused.
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Teacher F r e a l iz e d  th e  need o f  h e r group fo r  ex ten s iv e  ex­

p e rie n ce  w ith  each type  o f m a te r ia ls .  She was aware o f  th e  l im ite d  

a b i l i t y  o f  h e r c h ild re n  to  g e n e ra liz e  from  one type o f  m a te r ia ls  to  an­

o th e r , o f  th e  ease w ith  which th ey  were d is t r a c te d  from th e  number id e a s  

them selves, and o f th e  d i f f i c u l t i e s  t h i s  group had in  c a rry in g  over id eas  

developed under te a c h e r  guidance to  independent work. They experienced  

c o n f l ic t s  w ith  th e  p ro cess  o f  ad d itio n ^ a lth o u g h  th ey  had had one more 

y e a r 's  experience  th an  most o f  th e  c h ild re n  in  ty p ic a l  groups. Because 

o f read in g  d i s a b i l i t i e s  in c re a se d  d i f f i c u l t y  was imposed by th e  

n e c e s s i ty  to  read  and in te r p r e t  such number term s a s , " tak e  away". In  

s p i te  o f  th e se  d i f f i c u l t i e s  in  le a rn in g , Teacher F s ta t e d  re p e a te d ly  

th roughout h e r d ia ry  t h a t  h e r  c h ild re n  were eager to  le a r n  and enjoyed 

t h e i r  work in  numbers immensely.

R esu lts  from group t e s t s . — R esu lts  from i n i t i a l  and f i n a l  

group t e s t s  f o r  Group F a re  found in  Table 28. O m itted item s decreased  

to  a  n e g l ig ib le  number from th e  i n i t i a l  to  th e  f i n a l  t e s t s ,  w h ile  th e  

number o f  item s a ttem pted  in c re a se d  a cco rd in g ly  fo r  bo th  p a r t s  o f  th e  

t e s t .  The percen tag e  o f  e r r o r  rem ained h ig h  a t  th e  end o f  th e  in ­

s t r u c t io n  p e r io d , s in c e  a t  t h i s  tim e th e  c h ild re n  m issed approx im ately  

one o u t o f  fo u r item s on P a r t  I ,  and approxim ate ly  one o u t o f  th re e  item s 

on P a r t  I I .  The p ercen tage  o f e r r o r  from th e  i n i t i a l  to  th e  f i n a l  t e s t s  

was reduced co n sid e rab ly , however, f o r  bo th  sem i-concre te  and a b s t r a c t  

p h ases .

Notes taken  by reco rd ers , d u ring  th e  a d m in is tra tio n  o f  th e  group 

t e s t s  p rov ided  th e  fo llo w in g  s ig n i f ic a n t  f a c ts  concerning th e  d if fe re n c e s  

in  perform ance o f  th e  c h ild re n  in  i n i t i a l  and f i n a l  t e s t s :

(1 ) The number o f c h ild re n  who copied  a  number as th e  answer was reduced
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TABLE 28

RESULTS FROM GROUP TESTS FOR TIENTY-SIX CHILDREN OF GROUP F, GIVING 
NUMBER OF ITEMS OMITTED, NUMBER ATTEMPTED, NUMBER OF ERRORS, AND 

PERCENTAGE OF ERROR IN INITIAL AND FINAL TESTS

Items Omitted Items Attempted Errors % Error
Initial Final Initial Final Initial Final Initial Final

Part I 396 12 5Uo 92k 21*5 2 1*1 1*5 26

Part II 315 25 621 911 366 308 59 3k
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TABLE 29

TEST FOR SIGNIFICANCE OF DIFFERENCE IN NUMBER OF ERRORS MADE IN INITIAL
AND FINAL GROUP TESTS

N D D2 II N*D2 -  (£D) 2 
U N - 1

t

P a r t  I
(Sem i-C oncrete) 26

it 2715 36.93 .1 1

P a r t  I I  
(A b s tra c t)

58 29k0 2 9 .6 6 1 .96
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approx im ately  by h a l f ,  though f iv e  c h ild re n  ou t o f  th e  t o t a l  o f  tw en ty - 

s ix  were s t i l l  u sing  th i s  method on th e  f i n a l  t e s t .  (2) More c h ild re n  

were counting  on th e  f i n a l  th an  on th e  i n i t i a l  t e s t ,  which may be i n t e r ­

p re te d  as fa v o rab le  ev idence, s in ce  counting  fo r  t h i s  group o f  c h ild re n  

su p p lan ts  l e s s  m ature methods. (3) Comments gave evidence o f  more 

assu rance  on th e  p a r t  o f  th e  c h ild re n  du ring  th e  f i n a l  t e s t .

The t - t e s t  f o r  s ig n if ic a n c e  o f  d if fe re n c e  between th e  number 

o f  e r ro rs  made by Group F on th e  i n i t i a l  and f i n a l  group t e s t s  (Table 

29 ) gave a  t  o f .1 1 . No claim s fo r  s ig n if ic a n c e , th e re fo re ,  can be

made fo r  t h i s  phase (sem i-co n cre te ) o f  th e  t e s t .  The t  o f  1 .9 6  o b ta in ed  

f o r  P a r t  I I  f a i l s  to  reach  th e  t  o f  2 .06  re q u ire d  f o r  s ig n if ic a n c e  a t  

th e  f iv e  p e r  cen t l e v e l ,  b u t su rp asses  th e  t  o f  1 .7 1  re q u ire d  a t  th e  te n  

p e r  cen t l e v e l .

R esu lts  from in te rv ie w s . — The number o f  resp o n ses  a t  each 

le v e l  o f  perform ance fo r  each o f th e  fo u r p ro cesses  i s  found in  Table 3£_. 

D iv is io n  and m u lt ip l ic a t io n  responses a re  combined, s in c e  each c h i ld  

gave responses to  on ly  th re e  d iv is io n  and th re e  m u lt ip l ic a t io n  item s, 

b u t to  s ix  item s each in  a d d itio n  and in  s u b tra c t io n . F o r ty - f iv e  p e r 

c en t o f  th e  t o t a l  number o f  responses a re  found a t  Level 1 in  th e  i n i t i a l  

in te rv ie w  in  c o n tra s t  to  f i f t e e n  p e r cen t in  th e  f i n a l  in te rv ie w . The 

p ercen tag es  fo r  Level 2 responses a p p a re n tly  undergo l i t t l e  change, 

though s h i f t s  in  responses a re  in d ic a te d  by changes a t  Level 1 . P e r­

cen tages o f  responses a t  Levels 3 end k show growth in  th e  d i r e c t io n  o f 

m a tu r ity  in  su ccess iv e  in te rv ie w s .

Level 1 re sp o n ses , which alm ost d isap p eared  fo r  ty p ic a l  groups, 

accounted fo r  f i f t e e n  p e r  cen t o f  a l l  responses o f  Group F on th e  f i n a l
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TABLE 30

RESULTS FROM INTERVIEWS FOR T IEN TY-S IX  CHILDREN OF GROUP P, GIVING
NUMBER OF RESPONSES AT EACH OF FOUR MATURITY LEVELS FOR IN IT IA L ,  INTERIM,

AND FINAL INTERVIEWS

P rocess Level 1 Level 2 Level 3 Level 1*
I n i . I n t . F in . I n i . I n t . F in . I n i . I n t . F in . I n i . I n t . F in

A ddition 51* 32 8 1*5 1*9 30 3h U6 66 33 1*5 71

S u b tra c tio n 88 61* 32 52 63 79 5 26 1*3 13 10 32

D iv is io n  and 
M u lt ip l ic a t io n 78 $6 38 1*3 1*1* 39 8 8 19 35 62 68

T o ta ls 220 152 78 il*o 156 11*8 1*7 80 128 81 117 171

* p e r cen t .i*$ ♦30 ♦15 .29 ♦31

COCM• .1 0 .16

CM• ♦17

CM• .33

* Total number of responses on successive interviews was as 
follows: Initial interview, U88; Interim interview, 50$j Final inter­
view, $2$.
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TEST FOR SIGNIFICANCE OF DIFFERENCE BETWEEN THE NUMBER OF LEVEL FOUR 
RESPONSES IN INITIAL AND FINAL INTERVIEWS

N D
2D /n*D2 - (ZD)2 

1 N -  1
t

26 97 7h9 2 0 .0 6 U.8S
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interview. Similarly, on the final interview the percentage of responses 
at Level I4. for Group F (thirty-three per cent) was lower than the per­
centages for typical groups.

Application of the t-test for significance of differences 
between Level I4. responses in initial and final interviews, however, re­
vealed a t of I4..85 (Table 31 ), which surpasses the t of 2.79 required 
for significance at the one per cent level. The methods of thinking 
being used by Group F at the end of the instructional period were com­
paratively immature, since forty-three per cent of the total number of 
responses fell at Levels 1 and 2. let this percentage contrasted with 
seventy-four per cent in the initial interview indicates a considerable 
amount of growth in thought processes during the instructional period.

P ercen tages g iv in g  th e  degree o f  success o f  th e  p u p ils  o f 

Group F in  th e  use o f  co n cre te  m a te r ia ls  a re  assem bled in  Table 32 .

The p ercen tag es  show an in c re a se  in  a b i l i t y  to  dem onstrate examples 

s u c c e s s fu lly  as c h ild re n  p ro g ress  th rough  th e  in s t r u c t io n a l  p e r io d . The 

c h ild re n  had more f a i lu r e s  than  successes  fo r  a l l  p ro cesses  in  th e  

i n i t i a l  in te rv ie w  w ith  co n cre te  m a te r ia ls .  In  th e  f i n a l  in te rv ie w  th ey  

were a b le  to  dem onstrate n in e  ou t o f  te n  a d d itio n  examples s u c c e s s fu lly  

and approxim ately  th re e  ou t o f  fo u r examples fo r  th e  o th e r  p ro c e sse s .

In  g en era l th e  same k inds o f  e r ro r s  were made in  th e  use o f 

co n cre te  m a te r ia ls  by bo th  ty p ic a l  and a ty p ic a l  c h ild re n . A number o f  

c h ild re n  from Group F showed a b i l i t y  to  th in k  out th e  answer o r  to  de­

m onstra te  th e  example in  more th an  one way on th e  f i n a l  in te rv ie w . These 

responses showed developing a b i l i t y  to  use  more m ature methods, such a s , 

counting  in  groups r a th e r  th an  by ones, and th in k in g  o u t a  s o lu t io n  from
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TABLE 32

NUMBER AND PERCENTAGE OF SUCCESSFUL AND UNSUCCESSFUL DEMONSTRATIONS WITH 
CONCRETE MATERIALS IN ALL PROCESSES BY GROUP F

^Addition Subtraction Division and Multiplication
Ini. Int. Final Ini. Int. Final Ini. Int. Final

Trials 50 75 61+ 51 77 66 51 71 77

Sue. 22 61 58 11 1+0 1+7 18 38 56

Unsuc. 28 11+ 6 Uo 37 19 33 33 21

% Sue. 1+1+ 81 90 21 52 71 35 51+ 73

% Unsuc. 56 19 10 78 1+8 29 65 1+6 27
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o th e r  known com binations.

R esu lts  fo r  b a s in  c h ild re n  as compared w ith  suburban c h ild re n . — 

A comparison o f b a s in  and suburban c h ild re n  as to  m a tu rity  le v e l  re p re ­

sen te d  by responses in  i n i t i a l  and f i n a l  in te rv ie w s  re v e a ls  on ly  s l i g h t  

d if f e re n c e s  fo r  th e  two groups. D ata r e l a t in g  to  th e  two ty p es  o f 

c h ild re n  a re  found in  Table 33 The suburban c h ild re n  appear to  have 

had a s l i g h t ly  b e t t e r  u n d erstand ing  o f  th e  com binations b o th  a t  th e  

beg inn ing  and a t  th e  end o f th e  s tu d y . As compared w ith  th e  b a s in  

c h ild re n  th ey  gave e ig h t p e rc en t few er immature responses and e ig h t p e r­

c en t more responses o f  a  m ature c h a ra c te r  a t  th e  tim e o f th e  i n i t i a l  i n t e r ­

view , In  th e  f in a l  in te rv ie w s , however, t h i s  d if fe re n c e  between m ature 

and immature responses dropped to  fo u r p e rc e n t, th u s  in d ic a t in g  equal p ro ­

g re ss  fo r  b o th  groups.

I t  i s  o f i n t e r e s t  th a t  th e  program o f work in  a r i th m e tic  was 

e q u a lly  su c c e ss fu l w ith  th e  two groups o f c h ild re n . In  g e n e ra l, th e  same 

p r in c ip le s  and p ra c t ic e s  were fo llow ed  by a l l  te a c h e rs , though th e re  were 

some v a r ia t io n s  in  s p e c i f ic  p ro ced u res .

Table 1  (page 37 ) shows th a t  c h ild re n  in  th e  b a s in  a re a  

were homogeneously grouped, whereas c h ild re n  in  suburban a re a s  were 

grouped he te ro g en eo u sly . D ata p rov ided  a lso  in d ic a te  t h a t  b a s in  groups 

were su b je c t to  g re a te r  f lu c tu a t io n s  in  en ro llm en t th an  were suburban 

groups. The conclusion  m aybe  drawn, th e re fo re ,  t h a t  p ro g ress  was con­

tin u o u s f o r  bo th  groups re g a rd le s s  o f  th e  ty p e  o f grouping re p re se n te d , 

o r o f  f lu c tu a t io n s  in  en ro llm en t.

Summary fo r  Group F . — Group F was composed o f tw e n ty -s ix  

c h ild re n  who were overage fo r  second g rad e . A ttendance f o r  th e  group was
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TABLE 33

A NUMERICAL AND PERCENTAGE COMPARISON BASED ON THE MATURITY LEVEL OF 
RESPONSES MADE BY BASIN AND SUBURBAN CHILDREN IN INITIAL, AND FINAL

INTERVIEWS

I n i t i a l F in a l
L evels B asin Su Durban B asin Suburban

[No. P e rcen t No. P ercen t No. P e rcen t No. P e rcen t

1  and 2 833 39 337 31 281 20 17U 16

3 and k 388 Ip. 329 k9 1133 80 920 81*

T o ta l 11*21 100 1086 100 11*31* 100 1091* 100
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poor, and th e  re a d in ess  le v e l  as m easured by th e  M etro p o litan  R eadiness 

T es t was low . Many o f th e  c h ild re n  o f Group F had b eh av io r d i f f i c u l t i e s  

in  a d d itio n  to  t h e i r  le a rn in g  problem s. The k inds o f  ex periences p ro ­

v id ed  fo r  Group F were s im ila r  to  th o se  p rov ided  f o r  ty p ic a l  groups, 

though a few changes in  methods o f  p re s e n ta tio n  were found n e ce ssa ry  to  

meet th e  s h o r t  a t te n t io n  span, l e s s e r  a b i l i t y  to  see  r e la t io n s h ip s  and to  

g e n e ra liz e , read in g  d i f f i c u l t i e s ,  and c o n f l ic t s  w ith  p re v io u s ly  e s ­

ta b l is h e d  number id e a s . Teacher F found th a t  a w ider v a r ie ty  and a 

g re a te r  number of experiences o f  each k in d  were n e ce ssa ry  to  a ssu re  under­

s tan d in g  fo r  h e r group th an  seemed e s s e n t ia l  fo r  ty p ic a l  groups.

In  g en era l th e re  was no s ig n i f ic a n t  d if fe re n c e  in  th e  number 

o f  e r ro r s  fo r  Group F on i n i t i a l  and f i n a l  group t e s t s .  Changes in  

though t p ro cess  from i n i t i a l  to  f i n a l  in te rv ie w s , however, in d ic a te d  

s ig n i f ic a n t  d if fe re n c e s  in  th e  number o f  responses found a t  Level I4 on 

i n i t i a l  and f i n a l  in te rv ie w s .

Summary o f th e  Chapter

Three groups o f  c h ild re n  having s im ila r  immature methods o f 

a t ta c k  on a r ith m e tic  examples and one a ty p ic a l  group were s tu d ie d  in  

o rd e r to  determ ine changes in  though t p ro cesses  as a  r e s u l t  o f  th e  in ­

s t r u c t io n a l  p rocedures u sed .

A d e ta i le d  s tu d y  o f s ix  c h ild re n  who guessed a l l  examples on 

th e  i n i t i a l  in te rv ie w  gave evidence th a t  th e se  c h ild re n , w ith  one ex cep tio n , 

had made considerable growth in the use of more mature methods by th e  end 

o f  th e  in s t r u c t io n a l  p e r io d . The g r e a te s t  amount o f  growth took p la ce  

during  th e  l a t t e r  h a l f  o f  t h i s  p e r io d . A ll c h ild re n  p ro g ressed  in  t h e i r  

a b i l i t y  to  dem onstrate com binations s u c c e s s fu lly  w ith  co n cre te  m a te r ia ls .
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The f i f t e e n  c h ild re n  who used th e  immature method o f  p a r t i a l  

om ission w ith  s u b tra c t io n  examples in  th e  i n i t i a l  in te rv ie w  had e lim i­

n a te d  th i s  method com pletely  by th e  f i n a l  in te rv ie w . A ll e r ro r s  made in  

a ttem p tin g  to  use more m ature methods were c o rre c te d  by th e  u se  o f  an o th er 

method o r were recogn ized  as e r ro r s  when th e  c h ild re n  dem onstrated  th e  

example w ith  co n cre te  m a te r ia ls .  Again, th e  most obvious growth was made 

in  th e  second h a l f  o f  th e  in s t r u c t io n a l  p e r io d .

The tw elve c h ild re n  who counted  a l l  numbers in  a d d it io n  examples 

in  th e  i n i t i a l  in te rv ie w  a l l  made p ro g ress  in  th e  use o f  more m ature 

m ethods.

These s tu d ie s  o f  groups o f  c h ild re n  having l i k e  methods o f 

a t ta c k  on com binations a t  th e  i n i t i a l  in te rv ie w  in d ic a te  th a t ,e v e n  though 

th e se  c h ild re n  s ta r te d  o u t w ith  th e  same m ethod,they  d id  n o t con tinue  to  

use  th e  same methods as th ey  p ro g ressed  th rough th e  in s t r u c t io n a l  p e r io d . 

Only one c h i ld  ou t o f  th e  t o t a l  o f  t h i r t y - th r e e  c h ild re n  in  th e  th re e  

groups s tu d ie d  f a i l e d  to  make p ro g re s s . Some tended  to  s u b s t i tu te  one 

immature method fo r  an o th er fo r  a  tim e , however, b e fo re  any r e a l  p ro g ress  

was made. Some p ro g ressed  more r a p id ly  than  o th e r s .  T«hile L evel 1 r e ­

sponses were p r a c t i c a l ly  e lim in a te d  by th e  end o f  th e  in s t r u c t io n a l  

p e r io d , Level 2 responses were s t i l l  f re q u e n t. Many c h ild re n  were be­

g inn ing  to  experim ent w ith  Level 3 and Level [(. re sp o n ses , w h ile  some had 

gained  co n sid e rab le  f a c i l i t y  w ith  th e  use o f  th e se  more m ature m ethods.

Early attempts in  the use of new methods were often unsuccessful 

and marked by an eagerness on th e  p a r t  o f  th e  c h ild  to  prove h is  answer 

by u s in g  a  l e s s  m ature method w ith  which he had g re a te r  a ssu ran ce , o r  by 

dem onstrating  w ith  co n cre te  m a te r ia ls .
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Fatigue or boredom often seemed to cause a child to revert to 
a less mature method than he was capable of using.

The study of typical and atypical children indicated that the 
atypical group made as much progress as some of the typical groups, 
though the level of maturity was lower at the beginning of the in­
structional period, and the children therefore failed to reach the level 
of maturity attained by typical groups. Adaptations in teaching methods 
were made to meet particular needs of the atypical group, though in 
general the kinds of activities were the same for both types of children.

Results obtained from a comparison of basin and suburban 
children as to maturity levels represented by responses for the two groups 
in initial and final interviews reveal approximately the same amount of 
growth for each group. In general, the same type of program was effective 
with children in both basin and suburban areas.

It is evident that children who start out with such immature 
methods as are represented in these studies of small groups require a 
longer period of time than four months to achieve facility in the use of 
mature methods. Since the children made progress through this period, 
the assumption can be made that they would have continued to progress in 
the use of more mature methods,if appropriate guidance had been given for 
a longer period of time.
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CHAPTER VIII 
SUMMARY AMD CONCLUSIONS 

The purposes of this chapter are (1) to give a summary of the 
study, (2) to present such conclusions as seem justified on the basis of 
data secured, (3) to propose certain problems arising from the study 
which indicate the need for further research, and (i±) to draw impli­
cations for the teaching of arithmetic.

Summary of the Study 

As stated in the first chapter, the purpose of the study was 
to determine the effect of guiding children through certain selected 
temporary intermediate procedures in learning the four fundamental pro­
cesses in arithmetic. The subjects in the study were children repre­
senting various types of background and experience from six second grades 
in the Cincinnati Public School System.

Group tests and interviews were given at the beginning of the 
investigation for the purpose of determining the number abilities of the 
children at that time. An instructional program was launched immediately 
following the testing procedures and was continued for approximately 
fourteen weeks. The program was designed to encourage children to pro­
gress toward more mature methods of thinking than they were found to be 
using at the beginning of the study.

Six beginning teachers who were graduates of Teachers College, 
University of Cincinnati, were in charge of the instructional program, 
which consisted of approximately thirty minutes per day spent in planned 
number instruction, and of those experiences which occurred incidentally 
in the course of other school activities. Each teacher kept daily reeords
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of both types of number experiences. Five of the six groups of children 
represented typical classrooms in Cincinnati, while the sixth group was 
designated as atypical because of a lower level of ability, excessive 
amount of retardation, and behavior difficulties.

Interviews were repeated midway through the instructional 
period. Both group tests and interviews were repeated at the end of this 
period. Qualified students in the kindergarten-primary department of 
Teachers College assisted the writer in carrying out the testing program.

Data from group tests gave evidence of greater accuracy of re­
sponses on the final than on the initial test. Statistically signifi­
cant differences were obtained for the children of the five typical 
groups, but differences for the atypical group were only slightly sig­
nificant. A comparison of the responses on semi-concrete and abstract 
phases of the test revealed that children made more errors on the ab­
stract phase.

Analysis of interview data gave responses ranging in maturity 
from guessing, which was considered the least mature method of arriving 
at answers, to immediate recall, which was representative of the highest 
level of maturity. The types of responses found in the initial inter­
views were classified as representing one of four maturity levels on the 
basis of. (a) the promise the method held for giving the correct answer, 
(b) the reasoning required on the part of the child to apply the method,

t

and (c) the extent to which the method helped the child to understand 
the process in question. Level 1 methods included omitted items, items 
for which no responses could be obtained, and the methods of guessing 
and of partial omission (using one of the numbers in the example as the
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answer). These methods were almost completely inadequate from the stand­
point of the criteria set up. Methods placed at Level 2 were immature 
counting procedures, such as counting all numbers by ones, counting when 
the exact procedure could not be determined, and adding for all processes. 
These methods were slightly more accurate, but required only a limited 
amount of reasoning ability, and had little to offer to the child's 
understanding of the processes. At Level 3 were classified more mature 
counting methods such as partial counting (counting one number only in 
the example) and counting in multiples (by 2's, 3's and U's), visual 
grouping which involved no counting estimating, and two recall methods 
(remembering the answer after a time, and recalling it after posing a 
problem situation). These methods met the criteria more adequately, 
since they resulted in more correct answers, required a greater amount 
of reasoning ability, and gave considerable evidence of understanding 
of the processes. Level It responses, which included two recall methods, 
recall by logical inference (working out answers from other known facts), 
and immediate recall, exacted a high level of accuracy, reasoning ability, 
and understanding on the part of the child.

Analyses of interview data were made in order to determine the 
amount of growth made on successive interviews in the maturity of 
thought processes. Responses were analyzed for each pupil group, for 
each of the four fundamental processes, and for each of the four matu­
rity levels. All three analyses gave evidence of decided growth in 
maturity of thought processes. A t-test for significance of difference 
between the number of responses in Level It in initial and final inter­
views revealed that differences were significant for all pupil groups,
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and highly significant for four of the five groups. All groups showed 
evidence of decided improvement in their ability to demonstrate and to 
prove number facts by the use of concrete materials.

Conclusions
The investigation was planned to furnish data relative to a 

number of specific questions which were raised at the beginning of the 
study. Such conclusions as are warranted from the data secured on each 
of these questions are presented in this section. The questions are 
considered in the order in which they appear in Chapter I.

1. Was experience provided for all children on each of the 
selected intermediate procedures? —  Evidence has been provided from 
teachers' diaries (Chapter V) to show that each teaeher grouped her 
children for number instruction so as to meet their needs as she was able 
to interpret them. Adaptations in instruction for each group were ac­
complished by subdivisions of the group for particular purposes, and by 
giving attention to individuals within the sub-groups. Only those inter­
mediate procedures which offered promise of growth for a given group were 
specifically taught.

Many of the children were beyond the level of counting all 
numbers in the examples at the beginning of the investigation. Mo child 
was urged to participate in experiences with the use of an intermediate 
procedure which was less mature than was his customary method of ar­
riving at answers,unless the teacher had reason to believe that he lacked 
understanding for the method he was attempting to apply.

2. Is it possible for some children to by-pass some inter­
mediate procedures without jeopardizing understanding? —  Obviously the
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answer to this question is in the affirmative, since some children, had 
reached abstract understanding of the combinations before group in­
struction was provided. Diary records showed that the majority of ex­
periences provided during the first half of the instructional period were 
concrete or semi-concrete. let results from interim interviews indicated 
that there were more responses in Level k at interim interviews than when 
initial interviews were given.

All methods were not used to the same extent with each process. 
Counting in multiples was more widely used with the processes of division 
and multiplication than with addition and subtraction. The children 
tended to adapt those methods most useful for a particular process at a 
given time, rather than to concentrate on each method for the same length 
of time. Interview data showed that Level 3 responses were used very 
sparingly with the processes of division and multiplication. Yet many of 
the children whose responses were immature at initial interviews had 
reached mature ways of finding answers to these combinations by the final 
interviews. They had probably by-passed Level 3 responses in doing so.

3. Do some children tend to move to more advanced procedures 
before understanding is present? —  Some of the pupils of Group F had 
memorized the number facts before they had acquired understanding for 
them. Although their answers were immediate and often correct, pupils 
were unable to demonstrate number facts with concrete materials or to 
reason them out in any way. Initial interviews for Group F provide 
evidence to this effect.

The inaccuracies and misconceptions in the use of more mature 
methods (small group studies in Chapter 711) gave evidence of attempts
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to use methods before a readiness for them was completely established. 
Teachers reported (diary reports in Chapter V) that some children tried 
to use a method they had overheard another group using. They also re­
ported that a few children tended to revert to less mature methods for 
the same reason.

1+. How can readiness for a more advanced intermediate pro­
cedure be determined? —  In general, teachers found two factors of im­
portance in determining readiness for a more advanced intermediate pro­
cedure. These were (a) understanding and facility in the use of those 
methods immediately preceding the new method in maturity, and (b) an 
ability to master the new procedure without excessive repetition. For 
example, a child was considered ready to attempt partial counting when 
he could recognize small groups with ease, and when he was adept at 
counting both groups in the example. Teachers tried to keep in mind the 
goal that no child should fall completely in arriving at an answer to a 
combination. If he was unsuccessful with a given method, he was either 
helped to correct his error in the use of the method, or he was en­
couraged to return temporarily to a less mature method.

Do children willingly discontinue the use of immature 
intermediate procedures? —  The best evidence on this question is pro­
vided by the shifts the children made in maturity level on successive 
interviews. Since the children did not remain at a given level, the in­
ference may be drawn thay they would continue to progress until the high­
est level of maturity was reached, if adequate guidance continued for a 
sufficient length of time. The teachers of typical groups found it 
difficult to encourage ambitious children to be satisfied with less mature
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methods for a while longer. This presented a problem equally as serious 
as encouraging elimination of methods no longer useful to them.

On the whole, the children who had progressed to a more mature 
level reverted to less mature methods when they were unsure of themselves, 
were bored or tired, or wished to prove the answer by another method.

6. Under what circumstances are less mature methods dropped 
and replaced by more mature methods? —  It was found that the sti­
mulation of the teacher and of the children themselves, as they worked 
together in groups, afforded the strongest motivation away from less 
mature and toward more mature methods of thinking. Evaluation sessions 
in which teacher and pupils together appraised the merits of a method 
resulted in the desire on the part of the children to progress to more 
mature methods.

7. Ihat methods may be used by the teacher to encourage 
children to discontinue the use of immature methods? —  Much guidance on 
the part of teachers was necessary in the early stages of using a new 
method to prevent children from becoming discouraged and to tide them 
over the faltering period during which they were likely to make mistakes 
with the new method. Ihen a child proved he was capable of using a more 
mature method, teachers tried to encourage extensive use of the method, 
by asking such questions as the following: “Can you think of another . 
way to get the answer? Can you do this one the same way as (some 
previous answer was obtained)? Can you think of a quicker way to get the 
answer?”

8. As children are taught intermediate procedures, to what 
extent is their later thinking characterized by increasingly higher levels
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of maturity in dealing with number situations? —  There is evidence from 
interview data that for the length of time of the investigation (approxi­
mately fourteen weeks) the thought processes of the children on the whole 
were characterized by increasingly higher levels of maturity.

9. Ihat problems do teachers encounter as they attempt to guide 
children through succeeding maturity levels in dealing with number situ­
ations? —  The teachers found that a few children tended to break up 
numbers in ways that had no relation to the solution of the combinations. 
For example, when asked to tell how they found the answer for the combi­
nation it and ]?, they would say, "2 and 2 are it; 2 and 2 and 1 are f>M, but 
would not be able to proceed further without help.

Another problem was presented by those children who apparently 
had excellent understanding of combinations on the concrete level, but 
seemed unable to progress beyond that point. Some of the teachers felt 
that techniques which encouraged the children to estimate first, and then 
to count, or to check by thinking of other known combinations, were pro­
fitable in overcoming this difficulty.

Teachers found it difficult to work with all children at their 
best level of understanding. Children who had a very elementary under­
standing of number ideas overheard other groups using more mature methods, 
and were ambitious to try them also. Conversely, children who were 
capable of more mature ways of thinking saw other groups engaging in im­
mature counting methods and occasionally reverted to them.

Heed for Further Research 
There is a need for research similar to the present study which 

would extend over a longer period of time. In this study there was a
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tendency for the less mature reaponaes of children to drop out in favor 
of more mature proceases. Study for a longer period of time would enable 
more definite conclusions to be made on the question as to whether less 
mature responses continue to be discarded until the abstract level is 
reached. The recent trend toward having the same teacher continue with a 
group of children for two years should make it possible for such a study 
to b e undertaken.

Further research is needed to determine more definitely the 
relationship between concrete experience and abstract learning. The root 
of this problem, stated in the words of teachers participating in the 
present study, runs as followst “I have given him all kinds of ex­
periences with concrete materials. He understands perfectly. But he is 
still lost when he attempts to work only with abstract materials.M An 
intensive study could be made of a limited number of children who had 
reached understanding at the beginning of the investigation on the con­
crete level, but were unsuccessful at the abstract level. Further in­
formation on the means by which the transition is accomplished could 
thereby be obtained. Some questions involved are: (1) Does the child 
merely need more concrete materials, or does he need a longer period of 
time in which to use concrete materials? (2) Are there some partially 
concrete and partially abstract procedures which may help to bridge the 
gap? (3) How may estimating followed by checking the correctness of the 
estimate be used to advantage? (U) What characterizes the thinking of 

these children after understandings on the concrete level have been ac­
quired, as they progress to the abstract level?

As has been indicated, partial answers to these questions
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constitute the findings of the present study. Many of the children in 
this study, however, had not yet reached an understanding of concrete 
number when the investigation began. The proposed study could be de­
limited to include only those children who already had attained an under­
standing of the concrete level of working with number at the beginning of 
the investigation, but who were unable as yet to deal satisfactorily with 
abstract number.

The analyses of the responses of small groups of children with 
like methods of performance at the beginning of the investigation dealt 
with thought processes that were exceedingly immature or relatively so 
(guessing, partial omission, and counting all numbers). In general the 
children of these groups realized growth in maturity of thought pro­
cesses. It would be of interest to make a further analysis of children 
who were using more mature methods at the outset in order to determine if 
the same trend held for more mature methods. For example, does the child 
who has reached the level of partial counting, or the level of thinking 
out answers from other known combinations, continue to progress until 
these procedures are no longer necessary or does he tend to continue to 
use these methods? In other words, does the same trend hold for the more 
mature as for the less mature responses, or does the child tend to become 
satisfied with relatively mature methods of arriving at answers and to 
remain at that point?

The children of Group F (the atypical group) appeared be­
wildered when they attempted to deal with processes interchangeably. It 
would be profitable to know if the same difficulty would result if such 
a group were given broad experience at the concrete and semi-concrete 
levels with the four processes used interchangeably from the beginning of
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their systematic study of numbers. Under these circumstances would they 
experience the same blockings and misconceptions as this group experi­
enced? Such a study could be made in any large city where homogeneous 
grouping of slow-learning children was practiced.

Implications for Teaching
The effect of heterogeneous and homogeneous grouping on the 

learning of number. —  The fact that the children in the study repre­
sented both homogeneous and heterogeneous groups does not warrant any 
deductions on the value of one type of pupil classification in pre­
ference to the other. Regardless of the type of grouping, each teacher 
found it necessary to group children within her grade in order to make 
adaptations to the abilities of her children and to give much individual 
guidance.

It has been noted that the children progressed at approxi­
mately the same rate, regardless of the type of grouping. An infer­
ence may be drawn, therefore, that factors other than those relating to 
intellectual ability are perhaps of greater importance in determining the 
type of grouping. Furthermore, the practice of segregating children of 
decidedly low ability into one group, as was done with children of Group 
F, is neither favored nor condemned in this discussion. That the 
children of Group F made considerable progress has been shown. It is 
also a fact that they had serious difficulties which may in part have been 
caused by unfavorable habits and attitudes engendered by retardation. 
Certainly such children present difficulties in any classroom. In 
general, the smaller suburban schools in the study met their problems 
of the slow-learner by attempting to make adaptations to the learning
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level of the individual within their own classrooms. Perhaps the most 
important factor from the standpoint of instruction is that teachers ac­
cept children as they get them, with the conviction that all children can 
learn if the level of understanding is met, and if progress toward more
mature goals is adapted to the child's learning pace.

The organization of number facts for presentation. —  The plan 
of organization used by the teachers in the study was to center instruc­
tion of number facts to those within a given span of two, three, or four 
numbers. The selection of the number span, and the time spent on it at 
varying levels of performance, varied with the needs of the pupil groups. 
As children progressed, smaller numbers dropped out from the instruction­
al span, and larger numbers were added to it. In general activities
began on a concrete level with gradual advancement toward abstract ex­
perience. The teachers realized reasonable success with this plan of 
presentation. They found it workable, interesting and challenging for 
the children.

The effect of presenting the processes to children in inter­
relation. —  The teachers in the study, with the exception of Teacher F, 
felt that the children profited from the plan of presenting the four 
processes in interrelation during the early stages of number learning. 
They felt there was economy of time and effort as the children worked 
with concrete materials, and a greater variety of possible activities 
when the processes were taught together. They also found that the prac­
tice helped children to see relationships between the facts they were 
discovering. Teacher F thought her slow-moving group was confused when 
they were expected to make transitions from one process to another even
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with concrete materials. The teachers of typieal children experienced 
similar difficulties with a few individuals within their groups.

On the basis of the evidence from these teachers of these pupil 
groups, it seems justifiable to assume that the majority of children can 
profit from working with the processes in a rather close relationship. 
Caution needs to be taken, however, with regard to the necessity .for 
making adaptations to children of differing abilities. Processes should 
probably be separated temporarily when abstract symbols are introduced, 
if children tend to confuse the processes at this time.

The value of teacher guidance in learning number. —  The prac­
tice of delegating a large portion of number experience to unsupervised, 
independent practice periods is in part responsible for the fact that 
teachers in general learn so little about the methods of thinking of their 
pupils. When left to their own devices, pupils tend to practice the same 
immature procedures over and over. 1 It is essential that the teacher work 
directly with children, listening to them, talking with them, if she is 
to be in a position to help them raise their level of thinking.

Mien unsupervised, independent work was used by the teachers 
in this study, it was preceded by careful teaching with much pupil 
participation. Group instruction continued until the teacher was assured 
that the work could be carried out Independently by pupils. After the 
work had been accomplished, teacher and pupils jointly evaluated the 
results of the independent work. A careful check on the independent work 
of the children often gave the teacher new leads as to further profitable

1. W. A. Brownell, and C. P. Ghazal, "The Effects of Premature 
Drill in Third-Grade Arithmetic," Journal of Educational Research, 29 
(September, 1935), 17-28. !
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group work within a given area.
The children in the study were urged to represent numbers and 

number facts by drawing groupings of pictured objects, in preference to 
a serial arrangement which encouraged counting by ones. There was agree­
ment that children learned more about number when they were encouraged to 
make symbolic forms or geometric shapes in preference to realistic drawings 
of cats, rabbits, and the like. Geometric shapes were less attractive to 
the children and therefore less likely to draw attention away from the 
number ideas themselves. They were more quickly made and therefore 
permitted more practice in a given period of time. The children did not 
confuse these forms with art work, which the teachers wished to be large 
and free. Finally, the symbolized forms were more readily grouped into 
patterns than were realistic drawings.

Emphasis on success. —  Under proper instruction no child needs 
to guess or to use the methods which have been designated as Level 1 re­
sponses in this study. It is granted that for testing purposes at the 
beginning of the investigation children were urged to give answers for 
number facts in processes whieh had not been specifically taught. None 
the less, many children showed evidence of intelligent, though immature, 
methods of arriving at answers, while others gave evidence of no ap­
parent ability to do intelligent thinking under such circumstances. With 
appropriate instruction, children were helped to recognize the worthless­
ness of extremely immature methods and to substitute more effective 
means of arriving at answers.

The relation of planned and incidental number experience in the 
teaching program. —  In this study the position is taken that planned

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2U8

number experience is necessary to the development of systematic number 
ideas, but that valuable supplementary learning may be provided by means 
of incidental number experience. Ihen used in relation to each other, 
they represent two phases of a unified whole.

A point in need of clarification is that incidental number, 
while it is usually purposeful, does not always coincide with the child's 
level of maturity. For example, incidental number experience is often 
abstract. If such an experience occurs when the child is able to handle 
only concrete number satisfactorily, the teacher is faced with the 
problem of making the experience meaningful by the use of representative 
materials, or by drawings, or by showing the solution to the children her­
self, with as much explanation as they can comprehend. Much writing on 
the subject of incidental number leads to the inference that the purpose­
ful quality of such experience insures understanding. The incidental 
experiences recorded for the children in this study justify the con­
clusion that it is rather the sensitivity of the teacher to methods by 
which the experience can be adapted to the level of the children which 
makes the experience have meaning for them. Teachers found that when 
such adaptations were not made, only the brighter children, those most 
capable of thinking abstractly, and therefore already possessing the most 
mature understanding of number, were profiting from the incidental 
experience.

Dependence on concrete materials. —  Some teachers seem to fear 
that children who use concrete materials will develop a dependence upon 
such materials which will prevent them from reaching the abstract level 
of thinking. The section of this report which dealt with the use of
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concrete materials by the children in the study provided evidence to the 
effect that essentially the same range of levels of maturity was re­
presented with concrete materials as with abstract. In other words, the 
child can use his fingers, blocks, discs, and the like, in very immature 
ways, such as inaccurate counting of objects, and laborious counting by 
ones. In contrast materials may be used by the child in such a way as to 
indicate a good understanding of groups, and mature ways of working -frith 
groups in order to arrive at solutions to problems. If the child is to 
progress to more mature ways of using concrete materials,he must have 
guidance in the use of them. "When left to his own resources, or when 
denied the use of concrete materials, he will devise his own methods with 
which he will be completely satisfied as long as they serve his purpose 
satisfactorily. THhen self-devised methods fail to meet his needs, he may 
have no idea of what can be done in the way of improvement unless 
guidance is provided. Under appropriate guidance the child eventually 
works himself away from the need for elementary concrete materials.

The need for teachers to be continuously aware of the maturity 
level of pupils. —  If teachers are to help children progress toward a 
mature level of thinking, they must themselves have a clear understanding 
of what constitutes maturity. A high maturity level is characterized by 
economy in time and effort, by the absence of clumsy and ineffective 
methods of thinking, and by generalized ideas which have meaning for the 
individual. Ihen a high level of maturity is reached, the child is no 
longer dependent upon concrete materials or counting procedures. He is 
able to see relationshops between number ideas and thereby to furnish 
proof for his answers in more than one way if called upon to do so. He
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has assurance and confidence as he attacks number problems.
In contrast, an immature response is marked by inaecuraries, 

by ineffectiveness, by a dependence on the use of concrete materials and 
counting methods, by a specificity which requires that each example must 
be worked out again and again, and by an inability to see relationships 
or to generalize.

The present study provides evidence on the values to be derived 
from the continuous exploration of the thought processes of pupils during 
the process of instruction. In order to help children progress to more 
mature levels of thinking, teachers must know their initial level. In­
formation on initial status of pupils as revealed by interviews was 
available to the teachers who cooperated in the study, fhile they had 
considerable help in determining the level of ability of their children 
at the beginning of the year, they continued to gather information on 
the thought processes of pupils by working cooperatively in small dis­
cussion groups in which both teacher and pupils were aware of a need for 
improvement in methods of thinking.

Knowledge of a present level of thinking implies acceptance of 
that method by the teacher as representing the child's ability at a given 
time, because children whose responses are not accepted will not continue 
to let the teacher know how they are thinking. At the same time that 
immature procedures are temporarily accepted, the teacher begins to lead 
the child toward the level for which he seems to have a readiness. It is 
the continuous study and evaluation of thought processes which u • 
accomplish results. The satisfaction teachers receive from working with 
children over a period of time with such goals in mind is well illustrated

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2$1

by the elation these beginning teachers felt -when subsequent interviews 
revealed that their children had profited from instruction and that their 
children were actually thinking in more mature ways about number situations.
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Appendix A 
The Group Test

The group test booklet presented to the children was prepared
in manuscript writing giving one process to a page. Four practice items
not included in the booklet preceded the test.

Part I - Semi-concrete Phase of the Group Test
Addition; Subtraction:

0 and 0 are 00 take away 2 are
0 00

0 and 00 are 000 take away 3 are
0 0 000
0 and 000 are 000 take away 2 are

000 0
000

0 and 00 are 0000 take away 5 are
0 00 0000

000
0 and 0 are 000 take away lr are
000 0 000

0 0 00 are 0 0 take away 2 are
0 and 00 0
0 0 0 0

00 and 00 are 000 take away 3 ere
0 00 0
0 and 000 are 0000 take away 6 are
0 000 0000
0 0 00 000 take away 3 are
0 and 0 are 000
0 0 000

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Part

Division;
How many 3's

How many 2's

How many l's

How many 3*s

How many 2 * s 

How many i*'s 

How many l's

How many 21s 

How many 6's

I - Semi-concrete Phase of the Group Test - Con't.

Multiplication;

in 000? Two 2 ’s are 00
000 00

in 00 ? Three 2's  are 000
00 000

in 000 ? Seven l ' s  are 000
000 0

000
in 000 ? Two 3 's  are 000

000 000
000

in 000 ? Two U's are 0000
000 0000

in 0000 ? Four l ' s  are 00
0000 00

in 00 ? Three 3 ’s are 000
00 000

000
in 0000 ? Four 2»s are 0000

0000 0000
in 000 ? One 6 i s  000

000 000
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Part II - Abstract Phase of the Group Test

Addition:
1 and 2 are
2 and 3 are
1 and 6 are
2 and I; are 
7 and 2 are 
£> and U are
3 and i|. are 
2 and 6 are 
5 and 3 are

Division:
How many 3's in 6?
How many 2's in It?
How many l's in 6?
How many 3’s in 9?

How many 2's in 6?
How many V s in 8?
How many l's in U?
How many 2's in 8?
How many 6's in 6?

Subtraction:
I4. take away 2 are
6 take away 3 are
7 take away 2 are
8 take away $ are
6 take away It are 
3 take away 2 are
7 take away 3 are
8 take away 6 are
9 take away 3 are

Multiplication:
Two 2's are ____
Three 2's are ___
Seven l's are ___
Two 3’s are ____
Two V s  are ____
Four l's are ____
Three 3 ’s are ___
Four 2's are ____
One 6 is
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Appendix B 
Recorder’s Sheet

Name of child Recorder M. B. Part II Date 2/lS/k9 School Sai

11 Does some sort of figuring on table in D. * 
Does own work quickly.

12 Does work very quickly.
•

Uses fingers in D.

13 Reads aloud.
Takes in whole sentence with one glance.

,1U Ihispers to herself.
Very pleased with her work.

15 Counts on fingers in A.
Scratches head - finger in mouth quite a lot.

16 Slow, deliberate, talks to herself, chews end of 
pencil. Makes motions in air with pencil. Says, 
"Hey, teacher, is we goin' to do another book?”

17 Works very fast and doesn’t do much looking around.

18 Seems to be having trouble with S. 
Skips around in writing answers.

19 Asks some S. answers from No. 20. 
Very slow.

20 Compares work with No. 19.
Counts on fingers under the table.

* A - Additionj S - Subtraction* D - Division 
M - Multiplication.
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Appendix B 
Instructions to Recorders

1. Check booklets. Eliminate any defective ones.
2. Plaee a, number card at each child's place. (Numbers correspond 

with children's names.)
3. Fill in blanks at top of recorder's sheet.
b* Number two recorder's sheets (one sheet for each part of the test) 

with the numbers of the children assigned to you. Use a new re­
corder's sheet for each part of the test.

5» Ihat to record;
a. Any comments of child that reflect attitude toward test 

or toward arithmetic in general.
b. Any observable behavior that indicates ways of thinking 

or manner of working, such as, counting on fingers, 
making marks, counting dots by ones, by two's, etc.

c. Ability to concentrate, extreme nervousness, excessive 
moving about, apparent lack of interest, etc.

6. Use code to save time in recording. Indicate by code letter
( A S M D) the process on which a child is working when you enter 
a comment.

7* Watch that each comment is entered beside the appropriate number.
8# Booklets will be collected at the end of the entire test. At the

end of Part I, the child will turn his booklet over and be ready
to receive Part II.

9. Feel free to tell a child a word, or to indicate how to make a 
number, but do not tell him Ihat number to make.

10. Watch for the child who stops and waits at the end of each page.
Encourage him to continue without any waste of time.

11. Encourage child to look at his own work only. Enter comment if 
child tends to copy work of others.
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Appendix C 
Instructions to Interviewers

Initial Interview:
1. Fill out blanks at the top of your interview sheet giving your 

name, name of child, school and date.
'2. Encourage the child to talk out loud as he arrives at his

answers.
3. If the answer comes very quickly and is correct, the child usually

knows it. To find out if he really understands, have him de­
monstrate with concrete materials, or draw a picture to represent 
the number fact. It is advisable to have at least one demon­
stration for each of the processes.

il. Do not teach 1 The purpose of the interview is to find out how 
children are thinking. A wrong answer should be accepted in the 
same spirit as a correct one. It can tell you just as mueh about 
the child*s thought processes. However, you may test the child's 
understanding at the concrete level, (using paper picnic forks 
or spoons) or at the semi-concrete level (drawing stick or circle 
pictures).

5. latch the child's fingers and lips. Try to do your recording in 
between items - not while the child is figuring out an answer.
If fingers are used record the exact procedure by which the answer 
was obtained.

6. Indicate methods used in counting, such as counting all numbers, 
counting large number only, counting small number only, counting 
by 2's, 3's, and i*'s, etc.

7. Mien materials are used, present all ten objects to the child, 
saying, "Use as many of these as you need to tell the story of
 M. Watch to see if grouping occurs in the use of materials.
Indicate this by drawing the materials just as the child lays them 
out to show his story. Ask the child to describe his drawing or 
his concrete demonstration.

8. Choose items for which concrete or semi-conerete demonstrations 
are to be made with consideration of the following:

a. incorrect answer given to abstract example
v b. an example on which the child paused before giving answer, 

and for which the exact method of thinking could not be 
determined

c. an example known immediately for which you wish to check 
understanding.
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9. Guard against saying, “Did you start with 3 and count up?” or,
“Did you do it this way?" Rather, get from the child what he did.

10. Indicate pauses (during which the child is thinking) with a dash 
or by writing the word “pause”.

11. Be sure to enter the answer given by the child. It is best to enter 
this in the space provided for comments rather than under the 
example so that pauses can be indicated.

Interim interview:

1. In general the procedure for the interim interview is the same as 
for the initial interview. (Review all points from initial inter­
view. )

2. So far as feasible each interviewer will interview the same 
children she interviewed at the initial interview.

3. Changes in technique for the interim interview are as follows:
a. If a child says, ”8 take away 6 are 8j 9 take away 3 are 

8” etc., repeat the example for him using the language 
form “from" instead of "take away".

b. For variety use small one-inch wooden cubes for concrete 
demonstrations on the interim interview.

c. Go through all six of the addition examples in abstract 
form first. Then go back and have the child demonstrate 
one or more. Follow the same procedure for the remaining 
three processes.

Final interview:

1. Review all points from the initial interview.
2. Changes in technique for the final interview are as follows:

a. Use small round discs as concrete materials.
b. Go through the entire test in abstract form before asking 

for any demonstrations.
c. It is expected that many of the children will complete the 

test quickly. If time allows ask the child if he can think 
of another way to arrive at a given answer. This pro­
cedure can be used with both abstract examples and with 
demonstrations. The purpose is to find out the following:

(1) Is the first method the only method by which the 
child can arrive at the answer?
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(2) Is the first method the most mature method he is 
capable of using?

(3) Ihat is the limit of his ability with regard to the 
use of mature methods of thinking?
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Appendix D
Complete List of Interview Items Included in Interview Booklet

Addition: Subtraction;
2 and k are 9 take away 3 are

5 and 3 are 8 take away 6 are
2 and 6 are 7 take away 3 are
3 and U are 8 take away 3 are
7 and 2 are 6 take away U are
5 and h are 7 take away 2 are

Division: Multiplication:
How many 3's in 9? _____  Three 2's are _
How many it's in 8? _____  Two U's are _
How many 2's in 6? _____  Two 3's are
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Appendix E 

Sample Interview Form

Item Ch. M. L. R. Int. E. D. Sch. Oyler Date 9/20/U8
Abstract Concrete or Semi-eonc

2
/ h

$. Can't show how she does it. Picture: 0000
00 Says 6. 

Counted by ones.

5
/ 3

"Are you allowed to count on your fin­
gers?" She was told she could if 
she needed to. "1,2,3»it,5,6,7,8."

2 
/ 6

1,2,3>U,5,6,7,8. Used fingers

3
/ h

l>2,3>it,5,6,7. Used fingers

7 
/ 2

1,2,3,it,5,6,7,8,9. Used fingers

5
/ k

Uses fingers for all additions. 
Counted by ones. Ans. 9*

9
- 3

Counts 9 first; pulls down 3 fingersj 
counts rest by onesj ans. 6.

8 
- 6

10? 1,2,3, it, 5,6,7,8 fingersj but could 
not get correct ans. Said 10 again.

Picture: 000990©© 
Leaves 2.

7
- 3

No response Picture: 000099© 
Leaves 3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



262

8
- 5

No response Picture: 00099999 
Leaves 3

6
- h

“Try it without a picture first
this time.11
Used fingers. Ans. 3.

Picture: 009999 
Ans. 2

7 
- 2

7,8,9 Used fingers Picture: 0000099 
Leaves 5.

3ir No response Forks: Counts all forks 
gets ans. 10.

h W No response Forks: Same as above. 
"Would it be 10?"

275" "7". "Don't know how I got it." Forks: Counts all again 
ans says 10.

2
x 3

"U". Guessed Forks: Counts, but has 
no idea how to use ob­
jects to get her answer. 
"Would it be 11?"

k
x 2

"6" Guessed Same. "Would it be 10?"

3
x 2

"U". Guessed

General comment: Strung balls out into one long row for each
picture. Was accurate in counting fingers in A and. in counting balls 
in S.
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Appendix F
A Comparison of the Percentage of Error Made with the Methods of "Counting 
all Numbers" and "Partial Counting" (Table JU)» and at Levels 2, 3> and k

(Table 35)

TABLE 3k
A COMPARISON OF PERCENTAGE OF ERROR FOR THE METHODS OF PARTIAL COUNTING, 
AND COUNTING ALL NUMBERS IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Method Interview
No. of 
Examples

No. of 
Errors

Percent 
of Error

Counting Initial 362 100 27.0
all Interim 23U U8 20.5

numbers Final 135 10 7.1»

Initial 332 Uo 12.0
Partial Interim U22 52 12.0
counting Final U30 23 5.0
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TABLE 35

A COMPARISON OF PERCENTAGE OF ERROR FOR RESPONSES AT LEVELS TWO, THREE 
AND FOUR AT INITIAL, INTERIM, AND FINAL INTERVIEWS

Level Interview
No. of 
Examples

No. of 
Errors

Percent 
of Error

Initial 877 358 1+0.1*
Level 2 Interim 818 269 32.9

Final 51+2 98 18.0

Initial 57 5 103 17.9
Level 3 Interim 701 135 19.3Final 9k 7 121 12.8

Initial 683 92 13.5Level U Interim 1066 129 12.1
Final 11+37 136 9.1+
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Appendix - G
Interview Questions used with Previous Teachers of children in the study.

1. What amount of your teaching procedures came from the primary A M F
manual?

2. For the most part, was your work in number planned or in- P I
cidental?

3. Did you teach the processes of A. and S. together or T S
separately?

H# Which of these methods of obtaining A. answers did your 1 2  3 *
children use?

3. Which of these methods did you encourage? 1 2  3
6. Did you discourage your children from counting on their I N

fingers?
7. Did you have your children memorize the number combinations? I N
8. What experience with S. did your children have? N P I
9. Which of these methods of obtaining S. answers did you 1 2  3

observe your children using?
10. Which of these methods did you encourage? 1 2  3
11. Did you use A. as seat work? X N
12. In carrying out seat work directions in A., did your S G

children tend to string out objects or to group them?
13. Did you use S. as seat work? X N
lit. In carrying out seat work directions in S., did your S G

children tend to string out objects or to group them?
13. In S. did you use the language form "take away" or "from?" T F B
16. What experience with M. and D. did your children have? N P I

* The numbers 1, 2, and 3, refer to the methods of counting 
all numbers, partial counting, and recall by logical inference. Examples 
of these methods were placed on small cards and shown to the teachers as 
the questions on Addition and Subtraction were asked.
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17. l h a t  was th e  a t t i t u d e  o f your c h ild re n  tow ard numbers? L D I

18 . About how f a r  d id  your c h ild re n  le a r n  to  w rite  th e  number _____
symbols?

19. TShat number games d id  you use f r e q u e n tly  w ith  your c h ild re n ?

20. 1'hat d i f f i c u l t i e s  d id  you meet in  try in g  to  te ac h  numbers to  
c h ild ren ?
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Appendix H 

TABLE 36

RESULTS OF INITIAL AND FINAL GROUP TESTS (PART I :  SEMI-CONCRETE, AND 
PART I I :  ABSTRACT), SHOTONG NUMBER OF EXAMPLES OMITTED, NUMBER OF 
RESPONSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL

GROUP IN ADDITION

P u p il No. Omitted No. Responses E rro rs % E rro r
Group I n i t i a l F in a l I n i t i a l F in a l I n i t i a l F in a l I n i t i a l T i n a l

P a r t  I
Semi-
Concrete

A

B

C

D

E

11

0

3

3

0

0

0

0

0

0

169

207

2L0

303

2k3

180

207

2b3

306

2k3

28

2h

6

25

7

7

1

2

12

5

16 .0

11.0

2 .5

8 .2

2 .9

3 .9  

0 .5  

0 .8

3 .9  

2 .0

A 0 0 180 180 56 7 31.0 U.0

P a r t  I I
B k 0 203 207 32 5 15.7 2.U

A b stra c t C 1 0 2h2 2k3 UU 13 18 .0 5 .3

D 0 0 306 306 5o 11 16.3 3 .6

E 0 0 2h3 2k3 23 1U 9 .5 5 .7

T o ta l number o f  p o s s ib le  responses i s  1179* N. f o r  each p u p il  
group is as follows: A, 20$ B, 23$ C, 27$ D, 31$ and E, 27.
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TABLE 37

RESULTS OF INITIAL AND FINAL GROUP TESTS (PART Is SEMI-CONCRETE, AND 
PART IIs ABSTRACT), SHOIING NUMBER OF EXAMPLES OMITTED, NUMBER OF 
RESPONSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL

GROUP IN SUBTRACTION

Pupil 'Jo. Omitted. No. Responses Errors % Error
Group Initial Final Initial Final Initial Final Initial Final

Part I
Semi-
Concrete

A
B
C
D
E

33

7

17

19

6

0

0

0

1

0

1U7

200

226

287

237

180 

207 

2l+3 

305 

21+3

65

1*6

83

76

27

5

6 

6

k

11

1+1+.2

23.0

36.7

26.1*

11.1+

2 .8

2.9

2.1+

1 .3

1+.5

A 29 1 l 5 i 179 90 7 59 .6 3 .9

Part II
B 33 0 17i+ 207 57 20 32.8 9 .6

Abstract C 28 0 215 21*3 97 17 1*5.1 7 .0

D 28 1 278 305 11+3 25 51.1+ 8 .2

E 22 1 221 2kZ 59 29 26.7 12 .0
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TABLE 38

RESULTS OF INITIAL AND FINAL GROUP TESTS ( PART I: SEMI-CONCRETE, AND 
PART II: ABSTRACT), SHOIELNG NUMBER OF EXAMPLES OMITTED, NUMBER OF 
RESPONSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL

GROUP IN DIVISION

Pupil No. Omitted No. Responses Errors % Error
Group Initial Final Initial Final Initial Final initial Final

Part I
Semi-
Concrete

A
B
C
D
E

85

51

109 '

68

80

0

0

1

0

0

95

156

13k

238

163

180

207

21*2

306

21*3

61

89

56

128

89

25

25

35

32

30

66 .3  

57 .0  

1*1.8 

53 .8  

5U.6

13 .9

12 .0

ll* .5

10.5

12 .3

A 56 0 121* 180 80 27 61*.5 15 .0

B 75 0 132 207 89 29 67.1* 11*. 0
Part II 
Abstract C 91* 1 11*9 21*2 79 1*2 53 .0 18 .2

D 81 0 225 306 109 1*1* 1*8.1* llt.l*
E 107 1 136 21*2 83 38 61.0 15 .7
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TABLE 39

RESULTS OF INITIAL AND FINAL GROUP TESTS (PART I: SEMI-CONCRETE, AND 
PART II*. ABSTRACT), SHOWING NUMBER OF EXAMPLES OMITTED, NUMBER OF 
RESPONSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL

GROUP IN MULTIPLICATION

Pupil No. Omitted No. Responses Errors % Error
Group Initial Final Initial Final Initial Final Initial EinsOL

Part I
Semi-
Concrete

A
B
C
D
E

11+7

113

150

153

133

0

0

0

1

6

33

91+

93

153

110

180

207

21+3

305

237

2

l+o

19

66

1+7

31

19

12

1+7

17

6 .1

1+2 .6

2 0 . 1+

1+3.0

1+3 .0

17 .2

9 .2  

5 .0

15.1+

7 .2

A 87 0 93 180 51 56 55.0 3 1 .0

B 87 0 118 207 70 31+ 59 .3 1 6 . 1+
Part II 
Abstract C 11+7 1 96 21+2 58 35 6 0 .I+ 11+.3

D 168 0 138 306 72 59 5 2 .2 19 .3

E 152 15 91 228 55 1+6 6 0 .I+ 21.0
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Appendix I 

TABLE 1*0

TIME RECORD IN MINUTES FOR INITIAL AND FINAL GROUP TESTS (PART I :  
SEMI-CONCRETE: PART I I :  ABSTRACT)

P u p il
Group

No. o f  
P u p ils

P a r t I P a r t I I
I n i t i a l F in a l I n i t i a l F in a l

A 20 23U' 191*' 217' 167'

B 23 261*' 156' 250' ll*8»

C 27 3 1 6 ' 200' 309' 163'

D 3k 388' 252' 383' 21*3'

E 27 317* 263' 307' 219'

T o ta l 131 1519' 1065' 11*66' 91*0'
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TABLE |3 }

AVERAGE NUMBER OF MINUTES PER CHILD

Pupil
Group

P a r t I P a r t I I
I n i t i a l P in a l I n i t i a l F in a l

A 11.7 9 .7 10 .9 8 .k

B 11.5 6 .8 10.9 6 .k

c 11.7 7 .k 1 1 .k 6 .0

D 11. k 7 .k 11.3 7 .1

E 11.7 9 .7 11. k

..............

8 .1
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Appendix J 

I M S  42

SUMMARY OF METHODS USED BY TWENTY CHILDREN OF GROUP A IN EACH OF THE
FOUR PROCESSES IN INITIAL, INTERIM, AND FINAL INTERVIEWS

I n i t i a l In te r im F in a l

A a 11 0
S 69 26 0

Level 1 D 32 11 0
M 19 11 1

11*1 a 37 % 59 = 16 $ 1 = *3

A 31 33 31
S 29 71 56

L evel 2 D 111 21 10
M 12 9 5

86 a 23 % 13U = 36 % 102 S 2

A 55 k3 51*
S 10 15 k6

L evel 3 D 6 8 18
M 5 7 11

76 = 20 % 73 * 20 % 129 a  31

A 2U 37 36
S 15 15 33

Level k D 11 21 35
M 2k 3k kk

7k = 20 % 107  a 29 % 1U8 = 35

T o ta l 377 373 380
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TABLE k3

SUMMARY OF METHODS USED BI TWENTY-THREE- CHILDREN OF GROUP B IN EACH OF
THE FOUR PROCESSES 01 INITIAL, INTERIM, AND FINAL INTERVIEWS

I n i t i a l  In te r im  F in a l

A
S

Level 1 D
M

9 8 0 
1+0 27 Ik  
28 5 0 
21+ 5 3

101 = 22 % 1+5 = 10 % 17 s  k %

A
S

Level 2 D
M

57 25 23
58 35 21+ 
17 9 9 
16 10 8

11+8 a  33 % 79 = 18 % 61+ » 15 $

A
S

Level 3 D
M

1+0 51+ 1+8 
28 1+7 1+1 
10 11 11+ 

3 7 6

81 s  18 % 119 «  27 % 109 m 25 %

A
S

Level h D
M

1+1 56 71 
23 1+5 72 
23 kB 1+9 
28 1+8 53

115 3  26 % 197  = 1+5 % 21+5 -  56 %

T o ta l 1+1+5 l+l+o 1+35
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TABLE 1A.

SUMMARY OF METHODS USED BY TOENTY-SEVEN CHILDREN OF GROUP C IN EACH OF THE
FOUR PROCESSES IN INITIAL, INTERIM, AND FINAL INTERVIEWS

I n i t i a l In te rim F in a l

A 17 11 6
S 70 31 8

Level 1 D 39 21 1
M 3k 22 0

160 a  31 % 85 a  15 % 15 *  1+ %

A 70 23 6
S 7b 100 22

Level 2 D 26 22 7
M 23 11+ 0

193 = 37 % 159 s  29 % 35 S! T %

A 1+2 71 71+
S 13 31+ 1+5

Level 3 D 5 11 8
1 1+ 1+ 7

61+ ■ 12 % 120 = 22 % 131+ a  25 1

A 1+0 73 98
S 19 26 105

Level 1+ D 22 37 67M 25 51+ 75

106 s  20 % 190 = 31+ % 31+5 a  65 %

523 551+ 529
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TABLE U5

SUMMARY OF METHODS USED BY THIRTY-FOUR CHILDREN OF GROUP D IN EACH OF
THE FOUR PROCESSES IN INITIAL, INTERIM, AND FINAL INTERVIEWS

A
S

Level 1 D
M

I n i t i a l  In te r im  F in a l

2k 9 3 
68 27 1 
38 17 6 
31 11 2

161 = 25 % 6k •  10 % 12 a 2 %

A
S

Level 2 D
M

US 18 13  
$5 7U U6 
26 1U 13  
21 22 9

1U7 a 23 % 128 a 20 % 81 = 12 %

A
S

Level 3 D
M

88 101 111 
68 69 99 

9 15 21 
6 5 20

171 a 27 % 190 a 30 % 251 S 38  %

A
S

Level L D
M

53 83 91 
33 • U7 81 
32 59. 68 
UU 65 75

162 = 25 % 25k = kO% 315 * U8 %

T o ta l 6I4I  636  659
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SUMMARY OF METHODS USED BY TWENTY-SEVEN CHILDREN OF GROUP E IN EACH OF
THE FOUR PROCESSES IN INITIAL, INTERIM AND FINAL INTERVIEWS

Initial Interim F in a l

A 7 1 1
S 3k 15 9

Level 1 D 27 11 5
M 22 12 l

90 s  19 % 39 a  8 % 16  = 3 %

A 55 35 26
S 73 81+ 51+

Level 2 D 17 23 18
M 18 17 11+

163 -  31 % 159 -  31 % 112 « 21

A 69 80 89
S 38 20 61+

Level 3 D 15 8 22
M 8 k 9

130 a  25% 112  = 2 2 % 181+ a  35

A 3k 53 51
S 36 50 5o

L evel 1+ D 30 1+1+ 1+9
M 38 52 63

138 * 26 % 199 * 39 % 213 a  i+1 /

T o ta l 521 509 525
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Appendix K 
TABLED

SUMMARY OF METHODS USED FOR SIX ADDITION EXAMPLES BY EACH PUPIL GROUP
IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Group I n i t i a l In te rim F in a l

A 21 11 0
B 9 8 0

Level 1 C 17 11 6
D 2i* 9 3
E 7 1 1

78 r 10 % i*o s 5 % 10 « 1 %

A 31 33 31
B 57 25 23

Level 2 C 70 23 6
D 1*5 18 13
E 55 35 26

258 = 32 % 13i* ** 16  % 99 r 12 %

A 55 1*3 51*
B 1*0 51* 1*8

Level 3 C 1*2 71 71*
D 88 101 111
E 6 9 80 89

29h = 36 % 31*9 « 1*2 % 376 -  1*5 %

A 2k 37 36
B 1*1 56 71

Level 1* C 1*0 73 98
D 53 83 91
E 31* 53 51

192 = 23 % 302 s  37 % 31*7 -  1*2 %

T o ta l 822 825 832
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TABLE I4.8

SUMMARY OF METHODS USED FOR S IX  SUBTRACTION EXAMPLES BY EACH PU PIL GROUP
IN  IN IT IA L , IN TER IM , AND F IN A L INTERVIEWS

Group I n i t i a l In te rim F in a l

A 6 9 26 0
B hO 27 ll*

Level 1 C 70 31 8
D 68 27 1
E 3h 15 9

281 -  33 % 126  = 15  % 32 = h %

A 29 71 56
B 58 35 21*

L evel 2 c . 71* 100 22
D 55 % h6
E 73 81* 51*

289 *  3h % 36k -  1*5 % 202 = 23 )

A 10 15 1*6
B 28 h i i*i

Level 3 c 13 3h 1*5
D 68 69 99
E 38 20 61*.

157 -  18  % 185 •  22% 295 = 31*

A 15 15 33B 23 1*5 72
Level 1* c 19 26 105

D 33 hi 81
E 36 50 50

126 = 15 % 183  = 21 % 31*1 = 39 3

T o ta l 853 858 870
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TABLE i#

SUMMARY OF METHODS USED FOR THREE DIVISION EXAMPLES BY EACH PUPIL GROUP
IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Group I n i t i a l  In te rim  F in a l

A
B

Level 1 C 
D
E

32 11  0  
28 5 0 
39 21 1  
38 1? 6 
27 11 5

l61i = 38 % 65 = 16  % 12  = 3 %

A
B

Level 2 C 
D 
E

1U 21 10  
17 9 9 
26 22 7 
26 1U 13 
17 23 18

100  s  23 % 89 = 21 % 57 = l i i  %

A
B

Level 3 C
D
E

6  8 18 
10  11  l l i  

5  11  8 
9 15 21 

15  8 22

ii5 = 11  % 53 = 13  $ 83 = 20 %

A
B

Level I; C
D
E

l l  21 35  
23 li8 ii9 
22 37 67 
32 59 68
30 liU U 9

118 = 28 % 209 -  50 % 268 a  6 ii 5

T o ta l ll27 Ul6  li20
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TABLE 50

SUMMARY OF METHODS USED FOR THREE M ULTIPLICATIO N EXAMPLES BY EACH PU PIL
GROUP IN  IN IT IA L , IN TER IM , AND F IN A L INTERVIEWS

Group I n i t i a l In te rim F in a l

A 19 11 1
B 2lt 5 3

Level 1 C 3k 22 0
D 31 11 2
E 22 12 1

130 = 32 % 61 s  13 % 7 = 2 £

A 12 9 5
B 16 10 8

Level 2 C 23 Ik 0
D 21 22 9
E 18 17 Ik

90 s  22 % 72 a  17  % 36 « 9 %

A 5 7 11
B 3 7 6

Level 3 C U 7
D 6 5 20
E 8 k 9

26 = 6  % 27 a  6 %

0̂HII
in

A 2k 3k kk
B 28 U8 53

Level L C 25 5U 75
D !|ii 65 75
E 38 52 63

159 = 39 % 253 = 62 % 310 = 78

T o ta l ko$ UL3 H06
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Appendix L 
TABLE ^1

NUMBER AND PERCENTAGE OF UNSUCCESSFUL RESPONSES FOR EACH PU PIL GROUP IN
THE USE OF CONCRETE MATERIALS "WITH ADDITION EXAMPLES FOR IN IT IA L , IN TER IM ,

AND F IN A L INTERVIEWS

Pupil Initial Interim Final
Group Resp. U % U Resp. U % U Resp. U % u

A 31 8 25.8 26 2 7.7 51 2 3 .9

B 27 10 37.0 26 3 11.5 U7 0 0 .0

G 35 15 k2.9 62 7 11 .3 60 h 6 .6

D 52 20 38.5 66 9 13 .6 98 12 12 .2

E 26 9 3U.6 37 1 2.7 57 5 8 .8

Total 171 62 3 6 .2 217 22 10 .1 313 23 7 .3
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TABLE $2

NUMBER AND PERCENTAGE OP UNSUCCESSFUL RESPONSES FOR EACH PU PIL GROUP IN
THE USE OF CONCRETE MATERIALS TOTH SUBTRACTION EXAMPLES FOR IN IT IA L ,

IN TER IM , AND FIN A L INTERVIEWS

P u p il I n i t i a l In te r im F in a l
Group Resp. U % U Resp. u % U Resp. u % U

A 38 2k 60.5 32 11 3U.U 1+6 1 2.2

B 30 8 26.6 3k 7 20.6 55 2 3*6

C 1+6 20 1+3.5 63 15 23.8 61+ 7 10.9

D 55 18 32.7 90 22 2lt.lt 98 11 11.2

’ i 1+1+ 8 18.2 56 13 23.2 58 11 18.9

T o ta l 213 78 36.6 275 68 21+. 7 
____

321 32 9.9
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TABLE 53

NUMBER AND PERCENTAGE OF UNSUCCESSFUL RESPONSES FOR EACH PU PIL GROUP IN
THE USE OF CONCRETE MATERIALS WITH D IV IS IO N  EXAMPLES FOR IN IT IA L , IN TER IM ,

AND FIN A L IN TER VIEW

P u p il I n i t i a l In te r im F in a l
Group Resp, U % u. Resp U % u Resp. u % U

A 2k 12 5o.o 20 2 10.0 28 3 10.1*

B 18 1* 22.2 9 1 11.1 31 1 3 .2

c 21 10 1*7.6 31* 11 32.3 32 5 1 5 .6

B 29 17 58.6 1*5 7 15.5 1*5 1* 9 .1

E 29 17 58.6 26 1* 15.1* 1*0 8 20.0

T o ta l 121 60 1*9.6 131* 25 18.6 176 21 11.9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28$

TABLE 5U

NUMBER AND PERCENTAGE OF UNSUCCESSFUL RESPONSES FOR EACH PUPIL GROUP 
IN THE USE OF CONCRETE MATERIALS TEETH MULTIPLICATION EXAMPLES FOR 

INITIAL, INTERIM, AND FINAL INTERVIEWS

P u p il I n i t i a l In te r im F in a l
Group Resp. U % u Resp. U % U Resp. U % u

A 1? 10 58.8 21 5 23.8 20 3 15.0
B 7 1 lk.3 7 l lk.3 26 1 3.8
C 18 11 61.1 27 7 25.9 21+ 0 0.0 ,
D 23 8 3k. 8 29 5 17.2 37 3 8.1
E 20 8 kO.Q 22 3 13.6 27 6 22.2

T o ta l 8$ 38 kk.7 106 21 19.8 13k 13 9.7
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Appendix M 

TABLE 55

A SUMMARY OF METHODS USED IN  INTERIM  AND F IN A L IN TER VIEW  BY S IX
CHILDREN TOO GUESSED THROUGHOUT THE IN IT IA L  INTERVIEWS

C hild
A ddition Subtract>ion D iv is io n  and M u ltip l ic a t io n

In te rim F in a l In te r im F in a l In te rim F inal

M.S.

Ca (2) 3 
(R d(l) 
(Cu 1 
Rd(2) 2

(Cu
(Vgr 1 
Cp 2 

(Cp
(Vgr 2 
Ca 1

G (It) it 
(Cu
(G (2)2

Vgr (1) 6 G (6 ) 6 Cv (3 ) 3 
RI 3

A.M.

(R d(l) 
(Ca 1 
Cp it 
Vgr 1

RI it 
Cp 2

R d ( l) l
Op(3)3 
C u(l)2

RI
E (1) 
R d (l)

It Op (It) it 
1 CA(2) 2 
1

Op 3 
G 1 
CA 2

H.M.
G (5) 5
Cu 1

G (5)5
Cu 1

G (5)6 G (5) 6 G (6 ) 6 G (6 ) 6

D.N.
G (5) 5
Rd 1

Rd 2 
C p(l)lt

CA(6 )6 RI
Cu
Rd

2 RI 1
3 C a(l) 2 
1 Fo(3) 3

Cm It 
RI 2

L.C.
G (2) 2 
Ca(3) It

R I( l)2
R d ( l) l
C a(l)3

Op(5)5 
0 1

C u(l) 6  G (5) 6 NR it 
G (2) 2

M.L. R I(1) k
C a(l) 2

R I(1)6 R I(it)6 Cu
RI (2)

1 G (3) 3 
5 RI 3

RI (1) 6

Ca Counting a l l  numbers Po P a r t i a l  Omission
Cu Counting (method un­ G Guessing

known) Rd Delayed r e c a l l
Ca Counting to  add o r RI Immediate r e c a l l

adding RLi R ec a ll by lo g ic a l
Cp P a r t i a l  Counting in fe re n c e
Cm Counting in  M u ltip le s Vgr V isual Grouping

E rro rs  a re  in d ic a te d  by numbers in  p a re n th e se s . 
Dual responses a re  in d ic a te d  by b ra c k e ts .
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TABLE 26

A SUMMARY OF METHODS USED IN  INTERIM  AND F IN A L INTERVIEWS BY FIFTEEN
CHILDREN WHO OBTAINED ANSWERS TO SUBTRACTION EXAMPLES IN  IN IT IA L  INTER­

VIEWS BY THE METHOD OF. PARTIAL OMISSION

C hild In te rim F in a l C hild In te rim F in a l

D.G.
Op (6 ) 6 Cu 2 

Cu
Vgr (1) ii

G.A.
Op (6) 6 Vgr (1 ) 3 

RLi 1 
Rd 1 
RI 1

B.W.
Op (6 ) 6 Cu (1) 1 

Vgr 3 
RI 2

B.T.
Ca 2 
RI 1

Rps 3 
RI 3

c.s.
Cu 2 

(Cu
(Vgr 1

(Cu
(Vgr k 
Ca 1 

(RI (1)
(Cu 1

B.C.
(RI
(Cu 2 
(RI
(Cp 1

RLi (1) 2 
Rd 1

A.K.
Op (6 ) 6 RLi 2 

RI 2 
(RI (1) 
(Cu 1 
(RI.
(Vgr 1

E.S.
RLi 1 
RI li 
Cu 1

R I’ 6

B.S.
NR 1 
Cu I* 
Op (1) 1

Cu 6
R.N.

Cu 1 
(Cu (1)
(Vgr li 
Cp 1

Vgr (1) 2 
RLi 3 
Rd 1

J.K.
(Vgr li
(C
(RI
(RLi 1 
RI 1

Rd 2 
RI 1 
Vgr 3

C.M. Op (6 ) 6 RI ii 
Ca 2

R.H.
Op (6 ) 6 RLi 1 

Rd (1)
Rd 3 
RLi 2
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TABLE $6 (Cont.)

C hild In te rim F in a l C hild In te rim F in a l

C.D.
Op ( 6 ) 6 (Vgr

(Cu 1
Cu 5

C.H. Op (6 ) 6 Cu (2) 6
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TABLE 57
A SUMMARY OF METHODS USED IN  INTERIM  AND FIN A L INTERVIEWS BX TWELVE
CHILDREN WHO OBTAINED ANSWERS TO ADDITIO N EXAMPLES IN  IN IT IA L  INTER­

VIEWS BY THE METHOD OF COUNTING ALL NUMBERS

C hild
' " ...............

Interim . F in a l C hild In te rim F in a l

C.H.
Ca 1
Cp 5

Vgr (1& 5
Rd (1) 1 E .S .

R 2 
Rd (1) k

R It 
(Cm
(Vgr 1 
(Cu
(Vgr 1

s.s. Ca 6 Cp 6 T.W. Ca (1) 5
Cm 1

RLi 3 
Ca 3

B.S. Ca 3 
Cp 3

Cm 1 
Cp 5 B.C.

Ca (1) 6 Ca 1 
Cm 1 
Cp 2 
C u(l) 2

R .I .
HI (1) 3 
Ca 2 
Cp 1

Ca 5 
Cp 1 J .L .

Cp 6 (RLi
(Pc 1 
RLi 3 
Cp 2

D.H.
Cm 2 
Ca 1 
R d (l) 2 
Cu 1

RI 2 
Rd (2) 2 
Ca 2

G.C.
RLi 1 
Ca 5

Ca it 
R d (l) 1 
Cp 1

J.M.
Ca (5) 6 Cp (1 ) 5 

(HI (1)
(Pc 1

V.R.
Ca 3 
Rd (1 ) 3

Cp 6
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