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CHAPTER I

THE PROBLEM AND ITS SIGNIFICANCE

Purpose of the Study
The purpose of this study, broadly stated, is to investigate
 the effectiveness of a method of teaching arithmetic in which children's
’immature, inadequate procedures in dealing with number are accepted as
xiormal and valuable steps toward their achievement of competent, mature
behavior with reference to number. More narrowly, the objeotive of the
investigation is to determine the effect upon the aritimetical develop-
ment of children of their temporery use of certain immature procedures,
‘whéh careful guidance is given by teachers. These procedures are
,désignated in this report as "intermediate,™ since they occur between
'bho initial awareness of mumber and the achievement of mature modes of
dea]_.ing with mmber. relationships. The study is 1iziited to the develop=
ment ’of skill and understanding in the four fundamentel processes, on
theyéart of children enrolled in six second-gra&e elementary=school
¢clesses in the public schools of Cincimmati, Ohioc.
| dJustification for the Study
This investigation provides evidence in two significant areas.
In the first place, it provides evidence that should influence instruetion
in aritlmetic. The methods of instruction used by the six teachers in
the study, end the types of experiences engaged in by pupils which
| resulted in changes in the maturity of the thought processes of pupils,
- should be of value to other teachers. In the second place, the study
mekes a contribution to the existing psychological literature on the

learning of concepts by children. It offers a detailed study of the
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thought processes of children in the early stages of learning the four
fundamental processes in arithmetic. It should therefore serve to
extend and to supplement earlier studies which have dealt with concept
formation in the area of arithmetic. 1

Ihvestigatofs have pointed out that intermediate procedures
exist, and are used by children when they are left to their own devices
in solving number situations. They agree that learning begins'on an
immature level and progresses gradually toward mature reaction patterns.
Just what these intermediate stages of development are, which are of
value in learning, how the child progresses from one to the next, how
rapidly the child progresses through the stages, and whether all children
need to engage in activities at each level, are still matters of some

conjecture.

1. W. A. Brownell, The Development of Children's Number Ideas
in the Primary Grades. Chicago: Department of Education, The
University of Chicago, 1928. Pp. xiii £ 2l1.

; W. A. Brownell, Learning as Reorganization. Durham, North
Gar;lina: Duke University Press, (Durham, North Carolina,) l9hl. Pp. x #
87 # xx.

W. A. Brownell and C. B, Chazal, "The Effects of Premature
Drill in Third Grade Arithmetic," Journal of Educational Research,
29 (September, 1935), 17 - 28,

T. R. McConnell, "Recent Trends in Learning Theory, Their
Application to the Psychology of Arithmetic," Arithmetic in General
Education, New York: Bureau of Publications, Teachers College, Columbia
University, 19L41. Pp. 268-269.

Ben A. Sueltz, "Recent Trends in Arlthmetlc,“ Mathematics
Teacher, 33 (October, 1940), 270 - 275.

R. H. Wheeler, "The Psychology of Learning," The Teaching
of Arithmetic, Pp. 233-250. Tenth Yearbook of the National Council of
Teachers of Mathematics. New York: Bureau of Publications, Teachers
College, Columbia University, 1935.
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The pre#en’c investigation provides evidence on these points. -
It represents a first attempt o devise teaching procedures specifically
designed to giide children in the use of inereasingly more mature
methods of thinking about number, to keep detailed records of progress,
md to errive at generalizations with regard to how changes in thought
érooesses are accomplished,
Definition of Terms

Intermediate Procedures.-- For the purposes of this investiga=-

tion the term, "intermediate procedures,"™ designates those relatively
vﬁm‘z‘amx‘e ways of thinking whieh children use prior to the time when they
have achieved abstract snd direct methods of thinking ebout mumber.,
yﬁyhildren commonly use a variety of such methods during the early stages

~ qf their nmumber learning. To illustrate from addition, a child may use
aﬁy of e number of methods in arriving at the answer to the mumber fact

3 o Anmong them are the following:

ﬁ 8. He may éuess, in which case his answer, in genersl, does
not appear to be related to the number fact presemted. It is likely %o
be far afield and may be smeller than seither of the mubers in the number
fact.

| b, He may count both mumbers in the mmber faot, as, "1, 2,
8-4, 5 6, 7, 8" or he may do partial counting, as, "3, = 4, 5, é, 7,
8" or "5, - 6, 7, 8.° |
» ¢. He nay recall the answer by relating it to other faots he

already knows, as, "3 and 3 are 6 and 2 more are 8," or, "5 and 5 are 10

and 2 less are 8," dr, "6 and 2 ere 8 end so 5 and 3 are 8, too."

Intermediate mrocedures are usually indirect or round-about

methods of arriving at answers. When the method is direct, as it may be
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in guessing, there is evidence of lack of understanding. Illustrations
for each of the three remaining fundsmental processes will be found inm
subsequent chapters. Those given for addition, however, may provide
sane immediate understanding of the term.

Maturity levele=~ In the present study the term "maturity

lovel®™ is used to designate the level of understanding which & child has
reachéd with regard to a fundemental wrocess., For example, s child who
can add by using abstract number with complete understending has reached

& high maturity level in his use of the process of eddition. On the

other hand, the child who obltains answers only by guessing performs at

e low meturity level. It should be understood that a correct answer is
not necessarily indicative of a high maturity level. Temporary efficieney
can be the result of rote memorization, a procedure in which the level

of maturity is low.

Betwoen these two extremes are other maturity levels, the use
of whieh indicates varying degrees of understending. A relatively low
131}31 is represented by the performance of the child who finds it
essential to count all numbers in an addition faot. Some progress toward
a higher level is exfident when the child realizes that the answer can be
obtained by starting with one number and counting the other, thereby
making a substantial reduction in the amount of counting necessary ‘o
’arriy.va at an answer, The child who is able to use known facts for solv-
ing unknown ones has made even greater progress toward maturity, since
greater understanding is required to transfer learning from kmown to

unknovn situations then for the methods of counting which have been

deseribed.
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A differentistion between the terms ™intermediate procedure™
end "maturity level® may lend clarity to the present disecussion.
 "Intermediate procedure™ is the term used to refer to any method used
'Ey a child other than immediate recall of the number fact. In contrast
the term "maturity level®™ refers to an arrangement of these intermediate
procedures into groupings whieh indicate amounts of understanding verying
from none at all to understending of an exceptionally high order.

Concrete, semi=-concrete, and abstract.-- The terms "conocrete,"

"semiwconcrete,™ snd "abstract™ are used to demote different t;;rpes of
média or materials., Conorete materials are movable objects such as
Elécks and sticks, Semi-concrete materials are pictured materials such
as dot or stick drawings, and number picture cards designed to represent
the mumber combinations. The term abstract mumber meterials is used to
refer to written symbolse
In this study the use of the terms conorete, semi-concretve,
and abétract is limited to materials or media., These terms are not to
bé confused with "maturity level,™ though there is undoubtedly a relation=
ship between the types of materials used and the level of maturity. A
high maturity level is accampanied by abstract thinking or the ability to
use abstract materials, while a low maturity level usually indicates a
'ben&eney to rely on conecrete materials.
| Specific Problems

Proliminary problems.-- Iwo preliminary problems, which are

b@sic to the major purpose of the study, may be stated as follows:
l. The discovery of the in{:ermediate procedures that were

being used by children at the beginning of the study.
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2. The selection of those intarn;ediate procsedures which showed
promise as eids to more mature undérs‘candiné‘ of number ideas by pupils.
The first preliminary problem necessitated setbing up adequate
: ‘béchniques and procedures for securing valid evidence regarding the
~intermediate procedures used by the subjects in the study. The second
preliminery problem required the formulation of eriteria by which the
worth of the intermediate procedures as teaching aids might be judged.

Sub-problems.-~ In the evaluation of a teaching technigue in

which the immature or intermediate procedures of children are regarded |
a8 of central imporbtance, a number of pertinent questions arise. Such
qt;iestions, which may be regearded as sub-problems, include the following:

| l. To what exbent must experience be provided for all children
on each of the selected intermediate procedures?

2. Is it possible for same children %o bypass some of the
intermediate mrocedures without Jeopardizing understanding?

3« Do some children tend to move to more advance;i. procedures
before understanding is present? |

4, How can readiness vfor a more advanced inbtermediate procedure
be determined?

5. if children are taught certain of the selected intermediate
procedui'es which are relatively immature, and find them to be useful aids
in securing correct answers, will they willingly discontinue them for

- more metire procedures?

-6. Under wha‘t circumstances are less mature methods dropped

and replaced by more meture methods?

7. If less mature intermediate procedures are not dropped
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voluntarily, what methods can be used to encourage children to discontinue
to use them?
8.‘ As children are taught intermediaste procedures, to what
extent is their later thinking characterized by increasingly higher
levels of maturity in dealing with number situations?
9+ What problems do teachers 'encounter as ;bhey attempt to
| guide children through succeeding maturity levels in dealing with nmumber

in a repgular classroom situation?
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CHAPTER II

SURVEY OF RELATED LITERATURE

The purpose of the present survey is to review investigations
and professional discussions closely related to the topic selected for
study, namely, the determination of the effect of certain selected inter-
mediate procedures on the learning of fundamental processes by second
grade children.

Evidence from early studies as summarized by Buswell and Judd 1
will first be noted to show that even before 1925 a few investigators
were turning their attention to such problems as the development of number
concepts, the complexity of counting, and the difficulty of the number
processes for young children, as well as to the learning process itself.
The remainder of the summary centers around selected topics which bear a
close relationship to the problem of this investigation. The list of
topics follows:

1. DNumber abilities of young children.

2. Grade placement.

3. Incidental versus planned instruction.

i Number learning at the concrete and semi-concrete levels.

5. Number and learning theory.

Summary of Early Studies
The summary by Buswell and Judd 2 of studies of counting pointed

toward counting ability as an essential in building number concepts. In

1. G. T. Buswell and C. H. Judd, Summary of Educational Investi-
gations Relating to Arithmetic. Supplementary Educational Monographs, No. 27.
Chicago: Department of Education, University of Chicago, 1925. Pp. viii £ 212.

20 Ibido s Ppo 61‘62 .
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contrast to the popular idea that counting is a simple ability, investi-
gation proved this to be a complex process marked by immature methods in
early attempts and later by gradual growth toward mature performance.

The analysis by the seme authors 5 of studies relating %o
addition further indicated that research problems centered around such
't;dpios as the relative diffioulty of the number combinations and the
desirability of upward or downward addition. Only a few investigators
attacked the problem of the camplexity of the fundamental processes or
attempted to analyze methods used by pupils as they worked with the
processes. The authors pointed out the need for further research on the
methods by which children learn.

Before 1925 diagnostic studies 4 dealt largely with analysis of
pﬁpils' errors as revealed 'by tosts. The interview technique, though its
use prior to this time had been limited, was recommended by Buswell and
Judd as a promising means of gaining insight into the mental processes
used by children in working arithmetic examples. The source of difficulty,
they said, is not to be found in isolating errors, in listing them or
even in discovering the degree to which they persist, but rather "in a
detailed analysis of the mental process which ceused the error.”

Studies of methods of teaching 9 indicated that number concepts
were best developed by "purposeful experience with concrete objeots™ and

that "meanings should be taught before the word or symbol is given to the

3 G, T. Buswell and C. H. Judd, Summary of Educational Investi-
tions Relating to Arithmetic, pp. 62-70. Supplementary Bducational
ﬁ:nographs No. 27. Chicago: Department of Education, University of
. Chiecego, 1925,

4

Tbid., ppe 115-127.
5 Ibid., pp. 141-145.
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child." The influence of studies of drill was evident in the emphasis on
:epeti‘bion for learning and retemtion of mumber facts, though the need
was recognized for reconstruction of the arithmetic curriculum at the
primary level to give consideration to "the psychological demands that
prow out of a study of pupils'! mental abilities." The tendency away from
abstract teaching of the number combinations was noted, but evidence was
not sufficient to reconmgnd teaching wholly by incidental metheds.

The se authqrs € found majority opinion in favor of early
instrﬁe’cion in number work, with the msjor emphasis on the conorets
a.épeeta at the begimning level, They summarized investigation in which
ri@orous attacks were made upon the common practice of teaching abstract
oumber which was beyond the level of understanding of the young child.

‘ BEvidence was provided to show that children already possess much number
knowledge before they enter school.

| Thé evidence from transfer studiss as reported by Buswell and
Judd 7 was conflicting. The authors tended to favor these conclusions:

: esotransfor exists to the extent that the same skills are used
in the new situation, Transfer is often small because we fall to realize
that the same skills could be used. If we want transfer or the application
of skills acquired in one situation to operate in another situation, we
mast train in the gbility to look for uses of old skills.

The suthors concluded that studies which dealt with the nature
of arithmetical processes were fragmentery end incmclusive, due to the

faot that they were umdertaken without sufficient understanding of

afithnetic as a whole. For example, counting and addition were studied

s 6 G, T. Buswell ant C. H. Judd, Summary of Educational Investi=
- getions Relating to Arithmetic, p. 19 Supplementary Bducabional Monographs,
?%2.( 27. Chicago: Department of Education, University of Chicago, 1925.

7 Ivid., pp. 150152,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

in isolation, ﬁithout reference to related processés. The suthors saw
tha fow attempts to analyze mental processes of pupils as promising trends,
‘however, and as indicative of the need for further studies in this area.
: The need for adapting teaching methods to the level of ability of the
child was recognized, though practice was characterized by the prevalence
/' of drill methods and by emphasis on repetition.
Number Abilities of Young Children
Buckingham and MacLatchy 8 found that ohildren on emtering grade
. one had a surprising ability to count both rationally and by rote, to
reproduce and identify number groups, and to solve verbal and conorete
munber problems. There were wide differences emong individuals, and the
extent of informetionwas dependent upon the experiences of the children.
.‘The suthors concluded, however, that children are ready for some form of
systematic work with numbers when they enter grade one. '

Mottts © findings largely substantiate those of Buckinghsm. One
add.i‘biona.l point is noted, however. Mottt found that about half of the
fivééyear olds tested were counting objects beyond their rote counting
“ability, end concluded that rote counting was not a necessary pre-requisite
‘Eo cbjeet counting. Buckinghem snd MacLatehy, testing children one year
older, found very little difference in the abilities of children in rote

and in retional counting.

8 B, R, Buokinghem and Josephine H. MacLatehy, "The Number
' Abilibies of Children When They Enter Grade One," Report of the Sociely's
Committee on Arithmetic, Part 1lI, Research in Arithmetie, pp. 508=509.
Wéﬁv—mn’sh Tearvook of the Nabiohal Sooiety for the Swidy of Education,
. Bloamington, Illinois: Public School Publishing Co,, 1930.

9 Sina M. Mott, "Number Concepts of Small Children,™ Mathematics
. Teacher, 38 (October,1945), 291 - 301, A .
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In 1930 Buckingham 10 asserted that convincing evidence had
been provided to justify some form of planned number work in the first
grade. He based his conclusions upon the long period of time needed for
number ideas to develop and upon information on the amount of number

knowledge already in possession of children when they enter grade one.
Buckingham 1L statess:
Their teaching should begin where they are and proceed gradually -—-

not hurriedly—-toward the building up of skills and attitudes which will
make their child life and their adult life more abundant.

In the same discussion Buckingham questioned the value of
studies which claim as much arithmetical learning for the child when
systematic study of arithmetic is postponed until third grade or later,
as for the child whose instruction is begun in kindergarten or in grade
one. Buckingham believes that a preconceived curriculum in the minds of
the teachers fostered a leveling process. Instead of continuing on to
more mature learnings the child's progress stopped when a certain accepted
lével was achieved.

Other investigations 12

are fairly consistent in pointing to
the readiness of the first grade child for some form of number work. The
crux of the matter seems to center around an interpretation of the child's

readiness in terms of psychological maturity, and the adaptation of content

material to the child's level of ability.

10. B. R. Buckingham, "The Social Value of Arithmetic," Report
of the Society's Committee on Arithmetic, Part I, Some Aspects of Modern
Thought on Arithmetic, pp. L8-51. National Society for the Study of

. Education. Twenty-ninth Yearbook. Bloomington, Illinois: Public School
Publishing Company, 1930.

11. Ibid., p. 5l.

12. Anita Riess, Number Readiness in Research. Chicago: Scott
Foresman and Co., 1947, p. 67.
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Grade Placement
Closely allied with the work on arithmetic readiness has been
the research relating to gra.de placement of arithmetic topics. Extensive
- work on grade placement was done by Washburne 13 and the Cormittee of
Seven. The committee made recommendations for placement of topics on
the basis of the level at which successful achievement could be attained
for each process., Successful achievement was measured in terms of the
' percentage of correct responses. Brownell 14 gttacked the work of the
committee at seversal points. In pﬁrticular he indicated that the method
of teaching used was a dra.ll method, and that results of a different
’nature might have been obtained under more meaningful teaching methods.
He also quesmoned the cormittee's emphasis upon grade placement rather
than upon the more fundementel issue, the learning proocess itself, He
cleimed further that Washburne's study failed to give evidence of the
‘opportune time at which s successful beginning might be made in learning
the processes.
Sueltz 15 also disagreed with Washburne's findings on grade

placement. He claimed that his own research did not bear out the results

13 Carleton W. Washburne, ™Work of the Committee of Seven on
Grade Placement in Arithmetic,” Child Development and the Curriculum,
pPpe 299-324. Thirty-Eighth Yearbook of the National Society for the
. 8tudy of Education, Part I. Bloomington, Illinois: Publie School
~Publishing Co., 1939,

14 w, A, Brownell, "Critique of the Committee of Seven Investi-
5 gation on the Grade Placemen'h of Arithmetic Topies,™ Elementary School
kJournal 38 (larch,1938), 495 - 508.

15 Ben A. Sueltz, "Recent Trends in Aritimetic," Mathematics
Tescher, 33 (October, 1940), 273,

‘ Ben A. Sueltz, "Currioculum Problems - Grade Placement,®
Arithmetic in Gemeral Education, pp. 37-38. Sixteenth Yearbook of the
. Wational Council of Teachers of Mathemetics. New York: Bureau of
Publications, Teachers College, Columbia University, 194l.
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found by Washburne, and concluded that "so many psychological factors
enter into learning that it is hazé.rdous “to be too specific about how and
when learning can or will take place."

Willey's 16 findings tend to substentiate the view that number
processes should be smread throughout the grades, with the easier learn~
ings in a process placed in the earlier grades end the more difficult
learnings postponed until the later elementary grades. Such a program
calls for earticulation between all the grades of the elementary school,

a i:réblem meny schools are unable to solve as yot.

Results of the investigations centering around grade placement
Qéint to the need for psychologicel maturity,if progress in number under-
sténding is to be attained. Stress is placed on the need to adapt content
material to the child's level of ability. There is need for further
iesearch whieh will take into account beginnings of learning as well as
yfini’shed performance, and different methods of teaching and types of
cbnten'h as these relate to grade placement.

Incidental Versus Flanned Instruction

The reamction against formalized mumber teaching at the lower
grade levels led to the attempt on the part of many teachers to teach
‘11 mmbers incidentally in commection with units of work or other
pfmses of the school program. The idea that number learning is a con-

- comitant of other experiences was advenced by Mayhew 17 in her description

of Dewey's experimental school. The author explained that the children

16 g, D. Willey, "Aritilmetic Processes Needed by Children,™
Elementery Sohool Journal, 42 (March,1942), 524 - 527,

17 Katherine C. Mayhew, The Dewey School, pp. 83-85; 120-122;
339-346. New York: Appleton-Century Co., 1nc., 1936.
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- used mumber processes in solving problems presented to them by the activi-
ties in which they were engaged. |
Macquire 18 favors correleting arithmetic with units of work

and gives the impression that most of the arithmetic needed by young
children can be learned in this way,if careful selection of units is

| iﬁade¢ Harep and Barrett 19 agree with Macquire and state, "The funda-
mentals can very satisfactorily be learned in a program of aritimetic
units based on resl situations in which aritimetic is learned as it is
used -~ not before it is used." 8alt 2 geseribes the social phases of
arithmetic which grew out of a grocery store unit at second grade level.
Through functional use in a real situation, social and arithmetical
‘learnings resulted from such experiences as writing checks, using &
_charge account, and borrowing money. Hanne end others 21 made a survey
to determine the extent to which opportunities for aritimetic were
‘possible in en activity progrem. Six teachers ab third grade level

were. asked to record situstions, number problems, and mumber computations
6ver a period of four months. Situations arose out of large units of
wori«:, out of incidental happenings in the classroom, and out of other

school activities of children. From an analysis of the data the authors

: 18 mattie Macquire, "Cen Aritimetic be Correlated with the
Unit of Study?" Mathematics Teacher, 36 (May,1943), 219 - 225.

, 19 g, 1L, Harep and U, Barrett, “Experimenting with Real
Situations in Third Grade Arithmetic,™ Educationel Method, 16 (Jamary,
1957), 188 - 192,

20 Edna Salt, "Funotionsl Mathematiocs in the Second Grade,"
Bducational Research Bulletin, 21 (November, 1942), 217 - 226,

2l Paul R. Hanne and Others, "Opportunities for the Use of
Arithmetic in an Activity Program," The Teaching of Arithmetis, pp. 90-120.
Tenth Yearbook of the National Council of Teachers of Mathemstics, New
York: Bureau of Publications, Teachers College, Columbia University, 1935.
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concluded that the functional experiences of children alone are not
'adeqtiata o develop arithmeticel skills.

In a recent book, Brueckner 22 has attempted a synthesis of
mathematical and social mumber needs of childrem through the comcurrent
usve of experience units and instructional units. According to Brueckner,

an instructional unit is mede up of a large experience unit plus smaller
mbject-matter units, The subject-matter units are carefully selected

- and designed to make the number ideas presented by the experience unit
more meaningful.

Brownell 2% sees the activity unit as a valuable means of

~motivation for learning erithmetic and an excellent opportunity for
children to meke applications of mmber learning, but inadequate as a
means of providing sufficient understanding'for number ldeas.
| In general, those who have advocated incidental leerning of
numbers as a sole method of teaching have been heralds of the activity
mevemént end of the "progressive"™ in education. Serious students of the
whole field of aritimetic, while grenting many adventages to wise use of
incéi.@en'ba.l learning, do not recommend it as sufficient for developing
aéquéntial, orderly mumber understanding such as is necessary if concepts
are to be meaningful and usable. Similarly, those who have given major
attention to the problem of how children learn, view the incidentel method

v &5 inadequate if used in isolation from planned, systematic instruction.

22 1, J. Brueckner, How to Make Arithmetic Meaningful, pp. 97-153.
~Chicago: John C. Winston Co., T1947.

23w, A. Brownell, "Psychologioal Considerations in the Learning
~ and the Teamching of Arithmetic,™ Arithmetic in General Education, pp. 15-19.
- 8ixteenth Yearbook of the Natiomal Council of leachers of Mathematics,
The Final Report of the National Council Committee on Arithmetic. New York:
Bureau of Publications, Teachers College, Columbia University, 194l.
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Sueltz 24 seems to swmarize the thinking of many investigators
- when he takes the position that it is not necessary for the teacher %o
ehobse between systematic number or number taught in relation to units
of work. Rather, both should be used cooperatively. He states:
+esThe wise teacher is the one who knows when and how the
socinl situations involving arithmetic should be employed to give signifi-
cance to work with numbers, and when and how the more abstract processes
should be employed to give greater meaning and understanding to socisal
situations.
Number Learning at the Concrete and Semi-Concrete Levels
In 1928 Brownell 25 pointed out the need for instruction in
conorete number in the early stages of number learning as an aid toward
Bkidging the gap betwsen the concrete gnd the abstract. Support has been
| givén to this point of view by Wheat, 26 who formulated a plan for helping
’ children discover the cambinations by the use of concrete objects. Accord-
ing to Wheat, as the child vengages in a process of analysis and synthesis,
he discovers the various arrengements of the combinations that go to make
up & given number, MacLatchy 27 sees value in the use of markers (uniform
objeots such as sticks, beads, and blocks) as aids in helping children
‘understand numbers. When the child uses markers he is not forced to use

imagination alone. Those aspects of number which are difficult in the

abstract are made clear through conerete representation,.

24 Ben A. Sueltz, op. cit., p. 275.

, 25 W, A. Brownell, The Development of Children's Number Ideas
~in the Primary Grades, ppe. 216-218‘ Chicago: Department of Education,
The University of Chicago, 1928.

26 Harry Grove Wheat, The Psychology and Tesching of Arithmetic,
Ppe 184-189, Boston: D. C, Heath and Co., 1937.

: 27 Josephine H, MacLatchy, "Seeing and Understanding in Number,™
Elemen'hary School Journal, 45 (Wovember, 1944), 144 - 153,
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Rosenquist 28 a1s0 recommends the use of objeots which she
~refers to as "representative materials." She devotes an entire chapter
of her recent book to experiences with such materials,
Spitzer 29 advocates wide use of semi-conorete representations
or drawings as alds to pupils in"bhe solution of number problems., When
" pupils are confronted with a problem situation, each child makes a simple,
‘st’ylized drawing to represent the number ideas in the problem and the
#olution s he sees ite. Pupils first experiment to find possible means
‘of solution to the problems They are then led to discover the best
solution to the problem by analysis of the solutions provided by the
gxko’up.

' Sauble %0 also stresses the advantages of using concrete
mé;terials when any new learning in number is attempted. The manipulation
§f; conocrete materials is only a first stage in the development of number

| ideas. She therefore sees the need for "teacher direction and gulidance
to help them (children) to move from immature to more mature ways of
~ thinking about numbers."
| Riess 31 deplores the fact that using the fingers has fallen

into ill repute because of "a reaction agasinst the habitual, thoughtless

28 1n0y Rosenquist, Young Children Learn to Use Arithmetic,
pps 63-79. Boston: Ginn and Company, 1949,

ki 29 Herbert Spitzer, The Teaching of Arithmetic, pp. 125-127;
- 178-180. Boston: Houghton Mifflin Company, 1948.

80 1rene Sauble, "Bnrichment of the Arithmetic Course: Utilizing
- Supplementary Materials and Devices,™ Arithmetic in General Eduwcationm,
pe 183, Sixteenth Yearbook of the NatIonal Counoil of Teachers of Mathe-
maties., New York: Bureau of Publications, Teachers College, Columbia
University, 1941.

e e 31 Anita Riess, "The Meening of the 'Meaningful! Teaching of
 Aritlmetic," Elementary School Journal, 45 (September,1944), 28.
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counting on fingers tolerated in schools.™ She considers the mumber
ééneept to be fundamentally a "™menual concept™ which cannot be setisface
~torily built without sensory experience. The f‘ingérs are the child's
- most naturel aid, Riess says, and he should, therefore, not be denied
,“bheir use.

MoSwain 32 recommends an arithmetical library camposed of &
variety of concrete and visual materials available to teachers at all
times, Wise use of such materials will serve to make the arithmetic
program more functional.

Authors who advocate the use of mabterials in the early stages
of mber instruction insist thet the materials are means to ends rather
than ends in themselves and should be so considered by the teacher.

|  Materials aid the child in thinking by providing him with & basis from
which o build ideas.

The contribution of grouping to the undersbanding of the
processes has not been a topic for wide experimentation. In 1912 Freeman 33
experimented to discover the mumber of objects that could be grouped
,V%og;‘e'bher "by e single act of attention." The investigation led him to
ébnaludez |
| «ssorganization of objects inbo regula.r forms is very closely
rela‘bed to number processes, and ...learning in this form of perception

is one of the best means of giving the child a grasp of the simple number
operations,.

%2 E. T. MoSwain, "A Functional Program in Arithmetie,™ Improve
.;iﬂ% the Program in Arithmetic, p. 16. Papers presented at the Conference

~on Arithmetic held at the University of Chicago, 1946, Compiled and

: E&i‘hed by G. T. Buswell., Chicago: The University of Chicago Press, 1946.

83 r, . Froeman, "“Grouped Objects as a Concrete Basis for the
Number Idea,™ Elementary School Teacher, 12 (March,1912), 310.
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While recognizing the value of counting in developing number ideas,
' ,k,Freex‘n&n considers counting alone to be inadequate, and recommends that
’ counting experiences be supplemented by a consideration of number groups.
' Understan@ing both of the group as a whole and of the component parts of
 the group is' important, according to Freeman.
Carper 34 tested the ability of begimning first érade children
to recognize small groups of three, four, and five objects in regular
pattern formations. &8he f‘ound\ that more than half the 300 children
tes‘fﬁed were able to recognize the five-group, that two-thirds could
,rec§gnize the four-é;roup, and that four-fifths could recognlze the three~
. group. An interesting finding of Carper's was that children who were
‘successful in dealing with groups were also successful in dealing with
,vei'bal problems and with abstract number., On the other hand, those
‘ehildren who needed to count groups with a one-to-éne counting process
- were unsuccessful in dealing with abstract number situations.
In a survey of the literature on numnber readiness Riess discusses
- .the nature of concrefeness, and expresses doubt as to whether experiences
with concrete number directly result in abstract understanding. A thorough
study of the literature lesads her to conclude that there is a need for
research to give further consideration to the theory of concreteness,
and to the relation between concrete and abstract levels of thinking.
Riess 85 says,

It is of'ten assumed that number is conerete merely becsuse of
a reference to objects seen or handled and that the child oan make the

54 Doris Carper, "Seeing Numbers as Groups in Primary Grade
Arithmetic," Elementary School Journal, 43 (November,1942), 166 - 170.

, 35 Anita Riess, Number Readiness in Research, p. 5l. Chicago:
- Boott Foresman and Co., 1947.
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Mtransition” o abstract musber by gemeralizing from conorete datas The
faot that the numerical aspect of a group, such as its fiveness, does not
necessarily change with the simplification or the growing abstractness in
the representation of things (such as changing from pictures of real
~objeots to piotures of dots) is often overlooked.

Brownell 36 ggrees with Freeman that the experience afforded

| by counting is insufficient for developing an understanding of number

. combinations, and suggests & period of instruction devoted to a study
bf grouping. Brownell expresses his point of view in the following
statement:

The purpose of this per:.od of instruction is to provide for
'bhe child activities and experiences which will carry him by easy stages
from enumeration to meaningful ideas of mumbers as groups. The child

~begins with concrete number-~with objects which he can see and handle.
‘He makes groups of objeots, compares groups of obJjects, estimates the
total in given groups of objects, learns to recognize at a glance the
number of objects in small groups and in larger groups when the latter

are in regular patterns. Eventually he comes to think of concrete
mambers in terms which are essentially abstract.

Wheat 37 advises the teacher to have children study conecrete
groups by counting them, by reproducing them, by cemparison with larger
and smeller groups, and by taking them apart and putting them together
é.gain.

In contrast to the writers who see value in a study of number
groups, Stern 38 is opposed to teaching grouping,since she would have

children think of all number as measurement along a number line, as

-advocated by MclLellan and Dewey. 89 According to Stern, grouping numbers

36 W. A. Brownell, op. eit., p. 22.
37 H. G. Wheat, op. cit., pp. 163-210.

38 Catherine Stern, Children Discover Arithmetic, An Introduction
to Structural Arithmetic, pp. 17-2l. New York: Harper and Brothers, 1940,

, 39 J. A. McLellan and John Dewey, The Psyoholog of Number, pp.
. 44-51. New York: D. Appleton-Century Co., Inc,, 1895.
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destroys the number sequence,while measurement preserves it. She has
ﬁjevised & series of experiences with materials designed to help children
dévélop systematic, meaningful number ideas. Children are encouraged %o
| ‘,‘expér,imsn'b and discover the addition, subtraction, multiplication, and
division combinations by the manipulation of materials structured accord-
~ing to the mmber system itself, i.s., along a mmber line or sequence of
f‘éb,jects arranged by tens as represented on a counting frame or similar
device. The child is taught to measure as well as to count, to compare
the nwnbei's he wishes to learn sbout with a fixed segquence of objects.
- Thms 3 and 4 are 7,because they streteh to the 7 point along the mumber
gline from one to ten.
| | While there is general agreement that concrsete and semi-concrete
@atérials ere of help to children in the early stage of number learning,
the evidence on methods of using materials to provide maximum growth in
Mer understanding is conflieting.
Number and Learning Theory
‘ McLellan and Dewey, 40 as early as 11895, disqussed wholes as
units of teaching and the relation of parts to wholes:

The teacher should fraa the first keep in view the importance
of forming the hebit of parting and wholing, This is a fundamental
psychical activity; its goal is to grasp clearly and definitely by one
8ot of mind a whole of many and defined parts.

Drummond 4l mekes a plea for a more free and flexible program

f~:\,:éf'kte‘aohing arithmetic by which it will be possible to pay more attention

to the individual needs of pupils and to the differences in learning

SO 40 J. A, Melellan and John Dewey, The Psychology of Number, pp.
 44~51. New York: D. Appleton-Century Co., Inc., 1895,

~ 41 Margaret Drummond, ?syoholo&‘ahd Teaching of HNumbers, p. 10.
. New. Yorks World Book Co., Yonkers-on-the Hudsom, 1922,
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ebility. She points out that learning arithmetic by young children is
not a mechanical but an individualized process. She recognizes six stages
_of development in counting ability and lists these as follows: %2 The
Pirst stage is characterized by no definite ideas of number or of ocounting.
In the second stage the child uses and understands the meaning of one,
but refers to all :other numbers as two, or meny, or some other term by
which he means the aggregate of objeets. In the third stage the child
récognizes small groups and knows the order of the first few number

namss. In the fourth stage the child has a knowledge of number series

up to ten or twenbty. In the fifth stage the child shows increasing
feeility in counting, and in the sixth stage there is perfect familiarity

with the mmber series.

MacLatehy 43 analyzes a series of stages through which children
tend to pass as they learn addition combinations. There is first the
reelization that two numbers can be combined to give a third. In the
second stage one number of a combination is likely to be recognized and
the other counted., In the third stage one mumber is recognized and the
6‘bher is broken into parts and added on to the number. In the fourth
stag,e_‘the sum is given at onoe. The average six year old, according bto
MacLatchy, is likely to know some addition combinations (fourth stage),
is learning others (second and third stages), and is discovering or

. meking acquaintance of still others (first stage).

42 Ibid., pe 35.

- 43 Josephine H. Maclatohy, "How Number Learning Develops, ™
Childhood Education, 15 (January,1939), 211 - 212,
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MeConnell 44 considers learning to be a process of discovery
and insight., He bases his opinion upon the results of a controlled
_group experiment designed to determine the relative effects of teaching

: by & mechanicel method and by a method stressing discovery and insight.
 Group A was taught by mechanical, repetitive methods, while Group B was
taugh‘h by methods designed to foster discovery and insight, With respect

'bdma'burity in dealing with mmber facts, differences for the two groups
Weré not statistically significant. Group B, however, was superior in
"bre.nksfer to untaught combinations. Group A was definitely sﬁperior in
ability to give immediate response to number facts. McConnell concludes
: 'bha‘h,if immediate recall of the answer is the goal, repetition is the
_method by which to achieve that goal, but if the goal is understanding,
a"me‘bhod of discovery and insight is to be recommended.

Wheeler 45 develops principles of the new psychology of learning
(Gestalt approach) and points out applications to the teaching of arith-
metic. In his opinion learning is not a process of forming bonds. "It
is en orderly and organized process of differentiating general grasps of
‘s,ituations with respect to experience." Learning does not proceed by
trial and error, according to Wheeler, but is directed by the purposes
of the learmer toward certain goals. It is & process of discovery and
of seeing relationships. "The v}hole purpose of erithmetic is to discover

mumber relationships and to be eble to reason with mumber.®

‘ 44 7, R, McConnell, Discovery Versus Authoritative Identification
in the Learning of Childrem, pp. 56-59. Studies in the Psychology of
~Learning, Part II.,, Vol. 9, No. §. Iowa City, Iowa: Studies in Education,
Hniversity of Iowa, 1934,

: 45 R, H, Wheeler, "The New Psychology of Learning,™ The Teachin
of Arithmetic, pp. 233-250. Tenth Yearbook of the National Council of

, Teachers of Wathematics. New York: Bureau of Publications, Teachers

. DLollege, Columbia University, 1935.
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In a later discussion McConnell 46 views leerning as a process
of "integration and reorganization." Learning is rightfully conceived,
he éays, as a meaningful rather than a mechanical process. Generaliza-
tion rather than specificity is stressed, and understanding rather than
mere repetitive drill. In this comnection McConnell quotes Judd as
‘follows: 47 |

esosThe end and goa.l of all education is the development of
s'ys'hems of ideas which can be carried over from the situation in which
they were acquired to other situations. Systems of general ideas
illuminate and clarify humen experiences by raising them to the level of
. aﬁbstra.o’c, goneralized, conceptual understanding.

The new trend in learning arithmetic, Sueltsz 48 states, is toward
& greater emphasis upon concepts, ideas, information, and mathematical
principles and relationships. The key words as he sees them ars insight,
meé.ning, significance, resourcefulness, ingenuity, and social and economic
importence. He seys: 49 |

If we could observe the informel, untutored and ingenious ways
in which children discover by themselves, we could learn a great deal
sbout natural approaches te child learning.

The velues of a meaningful method over a drill method of teaching

erithmetic are stated by Mossmen. 50 Factstaught by drill suffer a high

~ 46 7, R, McConnell, "Recent Trends in Leerning Theory, Their
Applieation to the Psychologr of Arithmetie,™ Arithmetic in General
: Educa.‘blon Pe 272. Sixteenth Yearbook of the Wational Council of Teachers
Loob ties. New York: DBureau of Publications, Teachers College,
: Colmn’bia University, 1941. ,

47 Ibid., p. 272.
48 Ben A. Sueltz, op. c¢it., pe 271.

49 Ibid., p. 272.

50 Edith L. Mossman, ‘Which Shall it be; Mechanical Drill or
Development in Understanding all the ‘th' s'?“ Mathematics Teacher, 38
(Maroh, 1945), 103 - 107. h
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~’;osg;through forgetting, and necessitate more drill at repeated intervals
;1to~kngp them on the threshold of memory. Teaching for meanings, while

ineressing the time required at the beginning stage of learning, decreases
ﬁhé amount of drill necessary for retention of number facts.
| Brownell 51 presents a study which supports "the conception of
learning as the organization and reorganization of behavior.™ Children
: ﬁho’ware taught to use a “orutch™ device in the early stggesvof instrue~
 £10n‘in borrowing were found to feorganize their learning on a higher
level and gradually to abandon the crutch in favor of e more mature
méthod of performence. Brownell 52 states:

esodn types of learning which should result in understanding
eesthe final reaction pattern cennot be given at once ...It develops
gradually, over a long period of time, and it develops in extent and
‘depth to the degree that experiences with it are varied and so require
the eontinuous reorganization of behavior patterns.

Wheat 53 would have meanings taught as early as the child is
able to build any number concepts whatever. He sees meaning as leading
+o meanings on increasingly higher levels.

Brownell and Chazal 54 present evidence to show that immature
methods of reacting to number situations persist under drill methods of
beaching and that drill alone i8mot sufficient to raise the level of

~ performance to increasingly higher levels.

; 51 w, a. Brownell, Learning as Reorgenization. Durham, North
‘Cerolina: Duke University Press,{Durham, North Carolina,)1941. Pp. x 4 87.

52 Ibid., p. 83.

53 Harry Grove Wheat, "Why not be Sensible about Heening,"
Mathematics Teacher, 38 (November,1945), 99 - 102. :

54 W, A, Brownell and C. B. Chazal, "The Effects of Premature
Drill in Third-grade Aritimetiec," Journal of Educational Research, 29
(September,1935), 17 - 18.
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A recent discussion by Brownell and Hendrickson 55 jends
extensive support to the theory that the child goes through a series of
levels of development proceeding fram less mature methods to abstract, or
more adult ways of reacting to learning situations. The authors 96 make
the following statement:

The responses made at the beginning, ...are erude, clumsy,
uneconomical, inexpert, inexact, undifferentiated, and lacking in meaning.
- The responses made in the end, ...are refined, neat, expert, economical,
| precise, and full of meaning.
The authors view learning as a step-wise prodedure. As applied to the
; teaching of number combingtions, the child is at first encouraged to
afrive at answers by whatever methods are most sensible‘to him, He
advences to higher levels as he is ready for thems Old responses are
not eliminated,but remain in the learner's repertoire to be used if
’n:o’eded. Guidance by the teacher is necessary to assure contimual advaence-
,mént toward more mature responses,

The advantage of a generalization méthod over & drill method
’ of ’qeaching the addition combinations was shown by Thiele 57 in a compara-
’Eive_smdy of two methods. The instructional program for the generaliza-

’f'b’iokn' group emphasized building generalizations by discovery of relation~-
, thps’ among the addition combinations. The organization of combinations

for presentation to the generalization group was planned to foster the

55 w, A, Browmell and Gordon Hendrickson, "How Children Learn
o Information, Concepts, and Generalizations,” Learning and Instruction,
"Ppe 109-111, Forty-Ninth Yearbook of the National Society for the Study
~of Education. Chicago: The University of Chicago Press, 1950.

58 1bid., p. 109,

57 C. L, Thiele, The Contribution of Generalization to the Learn-
ing of the Addition Facts. New York: Dureau of Publications, Teachers
ollege, Columbie University, 1938. Pp. viii 4 84, .
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discovery of relationships. Teaching procedures for the generalization
gfoup included concrete and semi~concrete number experiences with gradual
progress toward ability to deal with abstract mumber speedily and accurately.
For the drill group number faocts were presented in random order. Number
relationships were not stressed, and each mumber fact was learned as a
separate entity.

Pupils were tested by the adminisitration of group tests at the
beginning and at the end of the instructional period. The testing procedure
cahsisted in giving four-second exposures of cards to which answers were
recorded by the children. The children who were taught to generalize in
learning the combinations excelled both in knowledge of combinations
known and in their ability to transfer their learning to combinations
whieh had not been specifically taughte.

General Summery

The evidence and theoretical disocussions which have been
roviewed seem to justify the following conclusions:

1, Children on entering school are ready for some btype of
number experience.

2. Incidental number experience alone is not sufficient to
develop meaningful number idees for all ehildren. Some planned number
experience seems to be essential.

3. The level at which a given topic is to be taught depends
"upon the types of experiences presented to the learner. If experiences
’are,largely concrete, or semi-conerete in nature, they can be comprehended

~at an earlier age then if experience is abstract in the main,

4., The abilities to see relationships and to generalize are

important aspects of mumber learning. These abilities are developed
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through activities which lead toward discovery and insight.
5. Children tend to go through a series of stages in gaining
m;"’bui‘e number ideas,

The Relation of the Present Study te Research
and Theoretical Literature

In the present study an attempt was made to carry out a more
~thorough and detailed analysis of the thinking of children as they begin
to léarn the four fundamental procésses in arithmetic, than hes been made
heretofore. This has been accomplished by means of an extensive use of
the interview technique with all children in tho study. A weakness of

- Thiele's investigation was his failure to use a technigue by which the
level of maturity of pupils' thinking could be determined at the outset
and again at the end of his investigation.. Just how Thiele's subjeects
mde the transition from immabture thought processes to the use of the
généralization.mathod is not clear. The present study provides informa-
tion on the level of maturity of thought processes for all pupils at the
beginning and at the end of the investigation. it also throws some light
ozi 'bhe problem of how children progress from immature to mature methods
of thinking.

Buswell 98 makes the proposal that ™more attention should be
given to descriptive étudies of how pupils think"™ and gives definite
suggestions for ways of studying the thought proéesses of pupils. Among
the methods suggested by Buswell are the following:

1. Keeping verbatim reports of pupil's responses as they

"‘ﬂzﬁnl: aloud" in carrying out arithmetical operations.

58 ¢, T. Buswell and Maurice L. Hartung, "Aritimetic 1949,"
ppe 55-63. Supplementary Educational Monographs, No. 70. Chicago: The
~ University of Chicago Press, November, 1949.
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2. Asking pupils to illustrate arithmetical operations with
the use of manipulative materials in order to determine the thinking
which lies back‘ of the procedure used by the pupil.

B Hairing pupils meke drawings or diagrams for the purpose of
determining their understanding of aritlmetical operations.

These three methods sﬁggested for studying the thought processes

- of pupils were used in the present study. During interviews pupils were
“encouraged to talk aloud and to tell how they arrived at answers to
combinations. Manipulative materials and drawings are also used to
demonstrate the understanding of number ideas and as further means of
~interpreting the thought processes of pupils. The wvalue of these
o teehniques as instructional aids is also given consideration in the study.
| Carper's study pointed out that children who recognize groups
of mumbers with ease also experience little difficulty with abstract
number. A question may be raised as to whether conerete and semi-concrete
number experience is necessarily represented by an immature level, or
whether the same range of levels is found as children work with concrete
’materials and with abstraoct number. The wide use made of concrete and
réex.ni-ooncrate meaterials both in the instructional program and in inter-
views with individual children offers the opportunity to study the
relationship between learning at the concrete and at the abstract levels.

The decision to include both incidental and planned number
experience in the instructional program of the study is in line with
recent research findings which indicate that functional number experience
alone is not sufficient to build sequential, meaningful number ideas.

The present study offers further evidence on the extent to which each of

these two phases of number experience reinforces and contributes to the other.
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Throughout the literature on learning theory the importance
of helping children see relationships and build generalizations is
‘stréssed. Most of the sbtudies which are reported place emphasis on
‘relationships among addition combinations only. The plan of the present
study, to teach all the four fundamental processes together or in ciose
relationship in the beginning stages when children are using concrete and
semi-concrete materials, provides additionmal information on the extent to
which children are able to see relationships among the processes as well
a8 within a given process.

The evidence from studies relating to the mumber abilities of
young children when they enter school indicates that children have amassed
a sﬁrprising amount of number knowledge by the time they are five or six
yoar's of age. If children have found functionél uses for number before
entering school to such an extent that they have learned much mmber
already, the inference is that they are ready for a more systematic
pla.nned type of number after they have had one or two years of sochool
experience.‘ The decision to place the study at the beginning second grade
lovel was therefore made with due consideration for the findings of

research.
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CHAPTER III

THE PLAN OF THE STUDY

In order to answer the questions raised by the investigation,
teaohing situations were set up, an instruetional program was planned,

- and ’procedures for collecting date were designed. The present chap{:er
has a two=-fold purpose: (1) to orient the reader by providing a brief
introductory summary of the general plan of the investigation, and (2)
to present & detailed description of the various phases of the plan
iﬁoluding pertinent information on pupil and teacher personnel, and
‘procedures used for collecting data.

Overview of the Plan of the Investigation
The first step in the study was to determine at the beginning
of the school year the level of competence of certain selected second-
grade children in dealing with number combinations. In order to obtain
this information group tests and interviews with individual pupils were

'arre.nged. An instructional progrem of fourteen weeks' duration was then
initiated, ﬁith teaching procedures designed to improve methods of think-
ing by helping the children to build meanings for mmber. Progress of
the children was checked midway through the instructional period‘by
moans of interviews and again at the end of the instructional period, when
group tests and interviews were repeated.

The data collected were analyzed in order to discover to what
extent growth had occurred in rate, accuracy, and level of maturity in
_deaiing; with number concepts relating to the four fundamental processes

during the period of instruction.

32
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Pupil and Teacher Persomnel

Second-grade pupils were selected as appropriate subjects for
the: prosent study. This selection was based on the foilowing considersa=~
'bioﬁs,s

l. The subjects selected should be pupils who had not yet

~been indueted into a systematic program of number instruction. Inasmuch
,a"s‘ffirs‘b-grade children in the city of Cincinmati, the locale of the
study, have experienced little systematic work in arithmetic, seconde
grade level was considered appropriate.

According to the Cincinnati course of study for the primary
gredes, 1 no definite outcomes for any of the processes are expected at
first-grade level. Suggestions are given to help teachers take advantage
of number opportunities which occur in connection with units of work and
‘other classroom activities. No time allotment is given for number alone,

’ ‘but Wgnty mimuites per day are allotted for numbers and writing combined.
Each teacher develops her own techniques and methods according to her
ihterpretation of the ggneral principles set forth in the mamal,.

Instructional practice, as observed by the author in the first
grades of the city, places a divided emphasis on counting and on the
‘serial idea of mmber. Practice varies in the extent to which incidental
em@arihnnes are used as a basis for teaching number ideas. A limited

~,amnuﬁt of teaching emphasizes the meaning of the number processes. The
"oénélusion may be drawn that a systematic presentation of the number
p’rocevsses from a meaningful standpoint is not accomplished to any great

, exten'b before the second grade.

| 1 The Primary Mamal, pp. 482-488. Curriculum Bulletin, No. 95.
Cineinnati, Ohio: Cincinnati Public Schools, 1947,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2. The subjects should have a background of familiarity with
number adequate to assure a readiness for the number ideas ﬁo be presented.
It was assumed that second-grade children would have such familiarity

“with number concepts., This assumption is substantiated.by'research of
Buckingham and MacLatchy, 2 who offer findings to indicate that even
children entering first grade have already acquired some understanding
of the processes. They found wide differences among cﬁildren, and
incomplete concepts due to the varied experiences which the members of
a’pafticular group had previously encountered. The research of these
éuthors seems to justify the inference that casual number contacts, such
as the out-of-school enviromment affords a child, together with continued
experiences with incidental number situations throughout first grade,
should provide an adequate background for beginning a systematic study
of the simple combinations at the beginning of second grade.

It is generally accepted that any grade level typically
represents a spread of at least three grades in both achievement and
“capacity of children. 3 This being true, methods of thinking found in
second grade will show considerable overlapping with those found in
any first or third grade. An intensive study of second grade pupils
should offer information concerning thought processes of pupils of value

to teachers of both younger and older children.

2. B. R. Buckingham and J. J. MacLatchy, "The Number Abilities
of Children When They Enter Grade One," Research in Arithmetic, pp. 508-
509. Twenty-Ninth Yearbook of the National Society for the Study of Educa-
tion, Part II. Bloomington, Illinois: Public School Publishing Co., 1930.

: 3. Leo J. Brueckner and Foster E. Grossnickle, How to Make
Arithmetic Meaningful, pp. 398-399. Chicago: The John C. Winston Company,
1947,
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Desoription of pupil groups.-~ No attempt was made to select

groups of children according to any one factor. Both homogeneous and
heterogeneous groups were included. There was a wide range of ability as
measured by the standards used. Some groups have a fairly stable enroll-
' ment and some had a rapidly changing enrollment. Suburban and basin
areas, % as well as large and small schools, were represented. |
It was impossible to work with an unlimited number of subjects,
ip view of the amount of conference work with teachers and individual
wérlc with pupils which the study demanded. B8ince methods of thinking
'lfera, 'l;o‘be classified according to maturity level represented, it was
felt that the total experimental group should be of sufficient size to
: inélude a representative group of children at each maturity level. This
wes necessary in order to determine the variastions in growth patterns
that would undoubtedly occur as the instructional period progressed. 8ix
groups of children in regular classrooms, numbering approximately thirty
pupils each, appeared to offer a sufficient mumber of subjects to meet these
requirements,

The various factors which affect instructional procedure are
summarized in Teble 1. It will be noted from Table 1 that two groups
weore from schools located in the outlying or suburban ereas of the city,
w"hile four groups wers selected from downltown or basin aresas.

In the primary grades of the Cinoimmati schools the method used
in grouping children varies according to the location of the school. in

- suburban areas,where schools are comparatively small and there are few

4 The term "basin area™ is used to refer to schools in thickly
populated, downtown sections of the eity in contrast to the outlying
. subvrban schools,
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groups of children at each grade level, the prevalent practice is to
group heterogeneously. In the basin area of the city,where large schools
make it necessary to have several groups of children ;a.t each grade level,
kcyhildren are grouped homogeneously on the basis of the Metropolitan
Readiness Test and teacher judgment. Reference to Table 1 indicates
that the six groups in this study illustrate both of these practices.
“’I'he children of the two suburban groups, B and D, were helterogensously

, gro’uped,’ while those of the bagin area, A, C, E, and F, were grouped
hoﬁxogeneously.

In general the suburban groups represent a more stable popula-
tion than the basin groups, though Group F, one of the basin groups,
had only a slight fluctuation in enrollment. Group D had the heaviest
and the most stable enrollment, with no changes during the experimental
period. Group A had the least stable enrollment of any of the groups.

- There were eleven entrants into this group after October first, and nine
pupils dropped out or were lost by transfer between October first and
February first.

Not ineluded in the table, but of interest to the present
disocussion, is the number of second grades in each school and the position
o’f;saéh second grade group selected for study in relation to the total
range of second grades within the particular school. Of the two
suburban groups, Group B was one of three heterogeneously grouped second

2 gr;des, while Group D was one of four such groups. Of the four basin
grénps, Group € was the highest of five second grades, Group E was the
highest of three, Group A was second from the highest of four, and Group

 F was the lowest of eight second grades in a very large school.
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TABLE 1

DATA ON LOCATION OF SCHOOL, TYPE OF GROUPING, AND CHANGES
WITHIN THE PUPIL GROUPS FOR THE SIX SECOND GRADES INCLUDED

IN THE STUDY *

37

) s — Group
Factors Influencing Instruction 2 B T b T 17
Loeation of School Ba ]811 Ba {8u {Be |Ba
Type of Grouping Ho {He {Ho |He |{Ho |Ho
Enrollment es of Oct. 1, 1948 33 |29 |36 {38 |35 |28
Enrollment as of Feb., 1, 1949 35 |28 {36 {38 |31 |29
Namber entering between Octs 1 sad Feb 1 11 |2|{7]0o]| 4] 3
'Qe'hei mﬁebxzred and dropped between 9lzl7lolsl 2

% Ba, - basin area; Su, - suburban area; Ho. = homogeneous grouping;

He, ~ heterogeneous grouping.
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Teachers for the pupil groups.-~ First year teachers who were

graduates of Teachers College, University of Cincinnati, and who had
second-grade teaching assigmments in the city for the school year 1948-1949
taught the six groups of children. All teachers were members of a
practioum class taught by the investigator throughout the period of the
study. The opportunity for frequent supervision end for guidance in the
university course made this group well adapted to the purposes of the
study. These inexperienced teschers realized their need for guidence in
the arithmetic program and therefore gave whole-hearted support to the
cooperative study in arithmetic.

Procedures for Collecting Group Data

Construction of the group test.-- The group test used was

constructed by the investigetor. 5 Selection of items was made to
répresent a sampling of examples from the rangé of numbers below ten.
moﬁs of the enswers in addition or multiplication exceeded nine. All
kdivision examples were obtained from pumbers less than ten.

The test had two divisions. In Part I the items were presented
partially in pictured form. For each number fact, pictures were provided
which could be used by the c¢hild in obtaining answers., An example from

each process shows the exact form.

Addition: oo and % are
Subtraction: oo ‘take away 3 are
ivisi tg in 00
Division: How many 2's in 29 ?

Multiplication: Three 2's are ggg

In Part II the items included in Part I were repeated, with

the exception that abstract number symbols were used throughout in place

5 see Appendix A for a copy of the group test.
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of plctured representations. Symbols denoting process were not used in
any part of the test. Instead, statements or questions were written out
so that words were used to describe the process., Representative illustra-

tions for each process follow:

Addition: 2 end 3 are
Subtrection: 6 take away 3 are
Divisions How many 2's in 4? .

Multiplication: Three 2's are _

The purpose of the g-;roup‘ test was to determine the initial
gtatus of the pupils at the begimning of the instructional progrem with
regard to rate and accurscy, and to obtain like measures at the end of
the instructiomal period. The division into two parts was made in order
to determine whether scores in rate and accuracy were affected by the
type of test materials presented to the child.

Administration of the Group Test.-~ The group test was tried

out during the spring of 1948 with two groups of second-grade children
not ineluded in the study. No mejor revisions were made, though minor
revisions to clarify directions were necessary. The test proved sufficiently
simpie for the children to understand, and easy to administer,

During the second week of school in the fall of 1949, the group
tes‘b was administered to the experimental groups. The test was repeated
at the end of the instruetional period of approximafaly fourteen weeks.
| A time limit of twelve minutes was placed on each part of the
test. Timing was found to be advisable in order to compare rates of
work at the beginning and at the end of the instructional period, and

for semi-concrete and abstract materials,
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Four prectice items were px;esen’ced on the cover page of Part I
of the test. These items were first expleined frozﬁ blackboard representa-
tions. Later each child received help as needed in working through the
four practice items.

Students from the kindergarten-primary department of Teachers
College volunteered to serve as recorders as the test was being administered.
Each recorder observed from eight to ten children. Recorders were
responsible for helping children with words, explaining directions
: ixidividually when responses on the cover page showed misunderstending,
and encouraging children to continue to the next page when one page was
completed. In addition to assisting with the administration of the test,
reéorders mede note of any apparent evidence relative to ways of securing

answers. Such methods as moving lips, counting on fingers, and copying
from a neighbor were noted. Records were also made of observable behavior
which reflected attitudes toward the test, such as inatbention, remarks
mede by children, and excessive requests for help., Appropriate forms
for recording information and a list of directions were provided BHr each
recorder, ©

Procedure for Collecting Interview Data
Following the initial group test, individual interviews were
héld with a1l children in the six groups. The purpose of the interviews
was to determine methods of thinking on arithmetical problems which were
beihg used by each child at the beginning of the investigation. Interview
items were selected from those most frequently missed on the group test,

‘the assumption being that the items which had proved most difficult, or

6 See Appendix B for samples of the recorders' blanks and
instraction sheetbs. .
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had been missed most of ten, would offer more informetion on methods of
thinking than items well known to the children. S8ix addition, six sub-
tfac‘bion, three division, and three multiplieation items were selected,
meking a total of eighteen interview items. Items were arranged in
~random order, to discourage the solution of any one item by reference

~to those immediately preceding.

Iraining of inbterviewers.-- Selected students from the incoming

senior class in the kindergerten-primary department of Teachers College
assisted in condueting interviews. Interviewers participated in a
preliminery program designed to provide sn understanding of the interview
rtec-hniqua and practice in interviewing. The purpose of the interview
‘was explained. A few pertinent principles relative to successful inter-
- viewing were presented. This brief introduction was followed by three
deﬁonstrations with children of different abilities, in order to acquaint
~‘in'bei'viewers with as wide a range of responses as possible within a short
period of time. 7 After & general discussion of the three demonstrations,
kéaeh student interviewed two children, under supervision. BEach interviewer
wes provided with a kit of materials including the following:

an inbterview booklet

two practice items
in‘ber%iew blanks for recording interview responses
sharpened pencils

ten paper picnic forks or spoons for demonstrating number
combinations in concrete form

paper and crayon (one color) for drewing dot or stick pictures

paper clips for c¢lipping all materisl for each child together
to prevent loss.

7 Practice interviews were given during the first week of
- school, Subjects were second-grade children not included in the study.
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Results from practice interviews were discussed and suggestions
give# for improvement. In early attempts, interviewers found it diffiecult
'bd, refrain from teaching the c¢hild during the interview. They were
ineclined to help the child by means of a hint 61:' by the type of question
asked, e.g., "You know that isn't right; think egain," or, "If you think
a li’ttlé longer, maybe you'll get it." When interviewers clearly under=-
stood that the purpose of the interviéw was to determine methodsvof
thinking, they realized that wrong answers oould be as useful as correct

| ~ones in obtaining the desired ini‘orma%bion. They quickly understood that
ihclina'bion to push ehildren for correct answers was not only umnnecessary

~ but would actually defeat the purpose of the interview; and that,further-
more, it was desirable for the child to think out loud if he could be
induced to do so, or if not, to report what he had said to himself.

' Typieal questions which seemed to bring the most successful results were:
"How did you think it?" "Can you say it out loud just the way you said
it to yourself?" "Can you think this one out loud as you do it?"
Interviewers we;'e cautioned to avoid questions which would sugge.st a
method to a childs To say, "Did you start with one and count up?" is
1ike'ly to encourage the child to answer in the affirmative,even though
he may have used an entirely different method. |

Interviewers found it necessary to watch lips and fingers of
the ohildren, since these overt forms of behavior were aids to interpre-
tation of thought processes. Information was recorded between items
rather then immediately following the presentation of an item. The
interviewer was therefore free to observe the child carefully as he wes
’getting his answer. Inbterviewers were urged to record the exact msthods

used in counting, in all cases where such information could be obtained.
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Administration of initial interviews.~~ Arrangements were made

with the principal of each school %o profide a sultable place for inter=
viewing children. The auditorium or tﬁe lunchroom was usually available.
 Either loocation provided ample space for interviewer and interviewee to
be at a sufficient distance from others to avoid distraction. With
eight interviewers working at one time, it was possible to interview all
kthe pupils of a grade in & half day, thereby avoiding prolonged interrup-
tion of class work.

Practice interviews had revealed that half an hour allowed
sufficient time for mos"b children to camplete the interview items. A
longer period of time also seemed undesirable when consideration was
givén to the degree of concentration required on the part of the inter-~
viewee. In cases where it was not possible to complete all items,
‘interviewers were instructed to make a sampling of items sufficient to
;fnrnis’h the desired information on thought processes being used by the
child. B

| A% the begimning of each interview, the interviewer was faced
with the problem of establishing rapport with the child. The purpose was
to effect a comfortable relationship before the interview wes begun.
With few exceptions, this was easily and effectively accomplished by
reference to a pretty dress, new shoes, or some activity in progress in
the child's classroom.

The children were then told that they were going to do some

work with mumbers, but they would not need to write anyfhing down. They

would just talk out loud and tell how they thought about the numbers.

8 Detailed instructions to interviewers for initial, interim,
~and final interviews may be found in Appendix C.
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Following these preliminaries, the child was presented with two
gpré.ct‘ioe items for which responses were not recorded, in order to assure
;"‘Eha‘b the procedure was understood. Items from the test booklet were then
_administered. The items were printed in memuseript on strips of tag

- board which were fastened together to form a booklet, Below are samples
illustré’cing the form used for each of the processes: 9

Additions "2 end 3are "

Subtractions: "5 teke away 2 are "

Multiplications Ai‘ero 2's are "

Divisions "How many 2's in 41"

All addition items were presén'bed first, since addition was the
most femiliar of the four fundamental processes for the children. Addition
items were followed in turn by the subtraction, the division, end the
nﬁzltiplication items. When a new process was to be presented, the child
was told that these examples were of a different kind. To avoid any
ohanco of misinterpretation due to reading difficulty, each item was
reed to the child as it was presented to him. Responses of the child
were recorded on an interview blank prepared for the purpose. 10 The
answer, whether right or wrong, wes recorded. Other enitries included any
lip movement or finger movement which furnished & clue to thought processes,
and answers to all questions posed by the interviewer.

All items weré first presented to the child in ebsiract form,
If he was unsuccessful with abstraet materials, he was asked to carry

out some demonstration of the number fact, either by making a picture or

9 See Appendix D for a complete listing of the items included
in the interview booklet,

10 see Appendix E for semple interview form.
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by ﬁsing ooncrete materiasls to tell the number story. No differentiation
was made between semi-concrete number materials (simple crayon drawings
made by the child) or concrete materials. For variety and interest both
’sami~conarete and concrete materials were used interchangeably. In order
e - %o save time it was necessary, however, to limit drawings to simple "dot"

or "stick" pictures. When the child was asked to demonstrate the ¢ ambina-
tion with concrete materials, he was given ten objects and told to use as

- many as he needed. Semiwoconcrete or conorete materials were used when
the interviewer wished to determine, (1) the extent to which a child who

’ gave an incorrect response to an abstract combination was successful with
semi-concrete or concrete materials, and (2) whether an answer which could
not be sdequately explained by the child was meaningful or merely memorized.
It was assumed that,if & clear demonstration could be made, the child
understood the process by which he obtained the answer.

Administration of inberim interviews.,=- Following the initial

interviews and an instructional period of approximetely six weeks, interim
' iilterviews were administered. The procedure for the inbterim interviews
remained the same as for initial interviews, with the following significant
changes:

l. Smell wooden cubes replaced the pienie forks end spoons as

~ conerete materials in the interim interviews.

2. Interviewers were instructed to present all addition examples
in abstract form first. They were then to go back and ask for a éamonstra—
tion of one or more examples with concrete or semi-concrete materials.

The seme procedure was followed for the other three processes. It was
; found on initisl interviews that some chilciren tended to learn from the

use of concrete materials and were able to apply this learning to subsequent
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exsmples when the demonstration immediately followed the ebstract presenta=
tione When the abstract exemples in a process had been presented, semiw-
concrete or concrete demonstrations followed for as meny combinations as
time allowed.

3. The language form "from"™ was used to supplement the form
ﬁ"tﬁ.ke away," since one of the interviewers discovered that a few children
krcoul‘d give correct responses when the former bterm was used. In cases of
failure in subtraction on the original presentation, therefore, the
example was re-read to the child, using the language form "from" instead
oi“ "take away."

Administration of final interviews.-- Final interviews were

given approximately four months later, at the end of the teaching period.
- The procedure was the same as thet for the initial interviews with the
following exceptions:
1. In the final interview, brightly colored dises were used
for concrete materials.
2. Interviewers were instructed to go through all the items
for the four pi'ocesses in ebstract form before having any concrete or
semi-concrete demonstrations by the child., This change was made
’,primarily to save time on the final interview.
3. If a relatively immature methoed of arriving et an answer
was used on the final interview, the child was asked if he could think
‘of any other way to find the answer. This change in technique on the final
S.ﬁ.terview was made ‘to determine whether the ohild's first response
répresen’ced his only method of attack, or whether he could perform at a
_higher level than was indicated by his first response. The finel interview
offered the last opportunity to find the different ways by which the child

" was able to obtain the answer and the extent of his ebility.
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Teachers‘ Records

Teachers were asked to keep two types of records: (1) daily
logs or diaries describing the planned number program, and (2) records of
’hhe_inoidental number experiences of the children, All recértis were kept
as a part of the regular requirement for the university course.

The daily log or diary of the planned nmumber program provided
information on the time devoted to systematic arithmetic instruction and
an acoount of what took place during the instructional period each day.
Diary reports also showed the teacher's interpretation of her success,
or lack of success, in helping children progress from lower to increasingly
higher maturity levels in the four fundamental processes.

Samples from the diaries were read and discussed at weekly

, mestings of the teachers. Ideas were shared and evaluated informally.
"‘Progress or lack of progress was noted, and plans for the next week were
formulated.

As an 8id to adequate understanding of incidental number
experiences, illustrations were provided in several different areas, such
as social studies, reading, musie, and classroom routines. At early
‘mee‘bings of the teachers there was some misunderstanding as to the difference

- between incidental and planned number experience. Distinetions between
,oﬁncre’ce, semi~concrete, and abstract number materiasls were also diffiocul¥t
&‘E first. Ample illustrative materisl, mmch of which was provided by the
‘ feachers themselves, served to clear up misconceptions.

| A special form was developed to assure uniformity in recording
~ inciderital number experiences in anecdotal form and other pertinent

information relative to the experience, such as date, size of group
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participa’cing, process (addition, subtraction, division, multiplication),
'Tmé'bhod (guessing, counting, solving, etec.), materials (conorete, semi-
concrete, abstract), type of follow-up work plamned, and signifiocant
ocomments.
Summery
Thé subjects in this study were pupils in sixz second-grade
classes in Cincinnati. The selected classes represented many diverse
faotors affecting learning. Among these were school location, type of
grouping, ability of children, and fluctuations in enrollment. The
children were taught by beginning teachers in the first semester of their
téaching experience., Thess teachers acguired understending of the
experiment and received guidance through the instruectional program, by
means of a university course required of all beginning teachers in
Cinc’innati. |
For s periocd of approximately four months, the echildren in the

study received instruction specifically designed to encourage the use
of more matare thought processes than they were using at the outset of
the infestigation. Data for the study were gathered by means of a groﬁp
test, individual interviews with children, and teachers' records. The
group test was designed to provide measures of rate and accuracy on
thirty-six simple combinations selected from the four fundamental processes.

It was administered preceding the instructional period and was repeated

o at the end of this period.
5 Interviews were conducted with all children in the study on
, eighteen selected combinations representing the four processes. Interviews

provided a means for determining methdds of thinking employed by the
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;fqhildr'en at the begimning of the investigation, midwey through the
teaching period, and at the end of this period,
Teachers' logs and other records provided information on the

| planned instructional program and on incidental number experiences.
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CHAPTER IV

s CLASSIFICATION OF THE TYPES OF CHILDREN'S RESPONSES

Some system of classification of the kinds of responses was
i nséeésa.ry for the simplification of data in order to show improvement in
ths understanding of the processes. To accamplish this purpose, the
methods reported by the children in the initial interviews were analyzed,
 arranged in categories, and olassified at four maturity levels. The
main topies to be treated in this chapter, therefore, may be stated as
follows:

l. To provide descriptions and illustrations for each method
used by the children in the initial interviews.

2. To present the procedure followed in aerriving at final
kqa'tegories for methods.

3. To describe the procedure for classifying methods accord-
’ing to maturity levels represented.

Certain sssumptions upon which mabterial in this chapter is
based are as follows:

1. The interview technique revealed the intellectual processes
by which the children arrived at answers to a sufficient degree to permit
the classification of most responses.

2. Sdme types of responses are more mature than others. It is
poéSi’ble to set up criteria on the basis of which levels of maturity can

bé distinguished,

3. Certain admitted difficulties present barriers to accurate

"~c1a,ag§ﬁsation of all responses, These hazards do not outweigh the values

to be gained from the total plan of classification.

50
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Descriptions and Illustrations of Types of Responses
The first step in discovering the variety of methods used by
| children was to study the responses made by children on the initial
- interviews. A list of all the methods found as a result of this study
_i.é provided to indicate the range of methods in sach of the four funda-
“,fnients;l processes. Each me thod is labelled by means of a desoriptive
‘title. A code symbol used to designate the method in tabulations of
data appears after each method. A variety of counting and recall methods
,;,;}‘jajvalf’e found with same miscellaneous methods, and other Types of responses.
Wﬁ;t‘ilrthree exceptions, indicated in the list, each method was found in
a.ll four processes,
In subsequent sections of thiis chapter, the methods afe
desoribed in their order of presentation in the list which follows below.
A sufficient mumber of illustrations are provided to show the variations
inr'bhe use of the method within a given process. When differences occur
~in the application of the method from process to process, illustrations
ara given which point out these differences. The list of methods with
‘appropriate code symbols follows.

Counting methods:

Counting all mmbers (Ca)

» Counting to add and adding (CA)
Counting variation (Cv)
Partial counting (Cp)

** Counting in multiples (Cm)

Counting (method unkmown) (Cu)

* Used in all processes except addition.
** Used in all processes except subitraction.
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Recall methods:

Delayed recall (Rd)
Recall by problem situation (Rps)
Recall by logical inference (R1i)

Immediate recall (RI)

Other types of methods and responses:

* Estimating (E)
Visual grouping (Vgr)
Guessing (G)
Partial omission (Po)
No response (NR)
Item omitted (0)

Counting all numbers (Ga).-- When this method was used, the

child counted both mumbers in the example by ones. At times counting
was continuous, with no break or pause in between the numbers. At other
times there was & pause which tended to indicate the recognition on the

. part of the child that more than one was represented in the example.

Addition:
2 and 6 S: "I think of the sticks; I put
out 6 and 2, Then count them out=w~-
1,2,3,4,5,6,7" 1
5 and 4 Counted 1,2,3,4,5 on one hand,

Then 6,7,8,9 on the other,

* Not used in the process of multiplications.

1 In all the illustrations which follow, the symbol S indicates
the subject. The symbol I designates the interviewer.
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3 and 4 8t "ew==7." Then asked to deseribe
the method used, the child said,
"1,2,3," pointing to the 3 on the
card; and, "4,5,6,7," pointing to
the 4 on the card. :

Subtraction:

9 take eway 3 8: "ew--8.," Counted on fingers.

9 take awsy 3 St "I counted 9 end then took 3 away."
Counts 9 first; pulls down 3
fingers; -counts the rest by ones.
Answers 6.

8 take away 6 S: "That's the hardest one. I'm 8
years old.™ Counts 8 fingers;
pulls down 6 fingers.

S: "Are 2.7
Division:

How meny 2's in 6?7 83 Yewaa5,"
- I+ "“How did you know?™
8: "I counted." '
I: "How?"
S: "1,2,3,4,5,6. 5 2's."

How many 3's in 97 8S: "==-=3 (fingers) 1,2,3, = is 1;
: 4,5,6, is 1; 7,8,9 is 1."

How many 2's in 6% 8: "3," Used fingers to count out 6.
, : Then touched mouth with groups of
2 fingers to count how many 2's,

Multiplication:
N _
Three 2's 8: "ew—u6, I said 1,2, ~ 3,4, =
, 5,6." Pauses in between groups of
two's indicate that this child is
awere of the groups though she
counts them by ones.
Two 4's S: "8, 1,2,3,4, - 5,6,7,8." Says he

counts in bunches, Child's remark
indieates recognition of groups.

2 Spacing indicates a pause before the response is made by the
child.
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Counting o add and edding (CA)e=~ In using this method the

. ¢hild counted the mumbers together or added without any apparemt counting.

Subtraoction:

7 take away 3

8 take away 6

Multiplications

Three 2!'s

Three 2's

Divisions

How many 2's in 6%

How many 3's in 97

Counting variation (Cv).--

MeunlO, I said 7; then I counted
3 4o 10."

Yewwwld,® Began with 1,2,3,4,5,6,
7,8, =~ pasused - $,10,11,12,13,14,

"I got $2.00 for passing last year.
Mother learned me how to be good
in school. Hard to do lessons

in school."

"3 and 2 more make 5."

"2 - 3,4,5."

"Let's see, -~ifm - 7, because 2
and 6 more make 7.

"Here goes a hard one." Counted

on fingerse
Mould it be 12?M

Children who used this method of

counting seemed to realize that counting could be relied upon to get

" answers, but they had little understanding of how to count in order to

arrive at a correct answer.

They had hit upon the scheme of counting one

more or, in same instances, one less than either of the numbers represented.

Addition:e
2 and 4
5 and 3

Subtraction:

7 take away 2

"5 = Because the 4 is before 5."

"5 . Because 6 comes after 5."

"._"-’6.“ COunted l’ 2, 3,4’,5’6.
Counts one less than total for each
example.
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Divisions

How many 2's in 67 S

How many 4's in 8% S:

55

"10; because after 9 is 10, All
snswers in subtraction for this
child are one higher than the
larger number in the exzample.

"7," Put up 6 Pingers and then put

up her seventh finger and said 7.

"There goes another hard one. If
I have 4 balls in 8 and take away
one, I have just 3."

Partial counting {Cp).=~ In "partial counting" the child counted

- either one or the other of ‘i;he munbers in the addition example, but not

kbét_h. Most often, he began with the larger number and oounted the smaller

‘number only by ones. Ococasionally the reverse process was used. A few

children started with the top number consistently, a procedure which

- resulted in counting the smaller or the larger number according to its

placement.in the example.

Addition:
5 and 3 . 8:
3 and 4 S:
I:
S:
2 and 4 S:

"I counted that in my mind, Had 6
and ocounted up 4. Got 9."

"2 and 4 i§s ==w Oh === 3 and 4 ig ==
weit a mimte -- 3,4,5,6,7 (said
numbers on his lips) ™I would have
h:mwn"i'b if it was 4 and 3.%

2

"That's the way we had it."

"fait a mimite -==-6." He wrote
2 with his finger and then counted
4 more,

An interesting varistion of the method of partial counting is

seen in the following illustrations:

5 and 4 Ss
2 and 4 Ss
3:

"6 is 1; 7 is 2; 8 is 3; 9 is 43
Angwer is 9."

"Lot's see w=~e- I'm going to think
it out =e== It's 6.™ Answer comes
very fast after s long pause.

"] s8id, 3 is 1; 4 is 2; 5 is 3;

6 is 4."
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For the process of subtraction, the children used the partial
counting method in two ways: (1) They began with the lower number and
eoﬁnted up to the top number. (2) They began with the top mumber and

counted backwards until they had counted the mumber to be taken away.

Subtractions
8 ‘take away 6 St "emo-(long pause) ~---2, Took
the 8 and took awsy 6."
I: "How did you do that?t™
8: "6-, 7,8, Have 2 more left."
8 take away 5 S: "8 take away 5 are -w-==3, Take
5 off 1%, it leaves 6,7,8 and
that's 3."
9 take away 3 S: "ewwwB, If you take 3 away, you
have 6 left; because you have
9,8,7, and 6 left."
9 take awsy 3 S: "Counted 9; 1 off leaves 8; 1 more
off leaves 7; 1 more which is 3;
leaves 6."

Another variation of the partial ocounting method is seen in
this examples

8 take away 6 St "7 is 1; 6 is 2; 5 is 3; 4 is 4;
: 3 is 5; 2 is 6; leaves 2."

Division:

How many 3%'s in 92 S: "All I know is 2. Two times 3 is
v : 6; one more time is 6 - 7,8,9; I
count 3 times, so 3 times in 9."

How many 3's in 9? S: "3 is half of 6

s 6 - 7,8,9, so
there's 3 3's in 9."

How many 2's in 62 S: "2 and 2 are 4 = 5,6."

Counting in mltiples (Cm).-- Certain examples lend themselves

to counting by multiples.
Additions

2 and 4 S: "Counted it up = 2,4,6."
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2 and 4 S: "6." Said in his mind - 2,4,6.
2and 6 S: "8 - 2,4,6,8."

Multiplications
Three 2's S: ';6." She said 2,4,6 and then

counted them. Evidently counted
the 2's to be sure she had three
of them,

Counting (Method Unkmown: Cu).-- This category was used when

it was evident that counting was being done, but the exact method of
counting could not be determined. This method therefore overlaps with
other methods of counting, since the counting may have been done by any

one of those methods.

Addition:
2 and 6 St "8 - I just count in my head.™

I: "Tell me how you do it."

8: ™o, sir, no sir; that's my secret!"
Unable to determine method used.

2 and 4 St Meew-Could you do it by your
fingers?"

I: ™es, if you need to."

S: "2 on ome hand and 4 on other
makes 6." No indiecation by
interviewer as to exact method of
counting fingers.

Subtractions
8 take away 6 Counted by ones to 8 and then
couldn't hear what he said.

8t Mam-nB5 left." Said he counted to
10; took eway 6 and had 5 left.

7 take awey 3 82 "eww-4, Used my fingers, This
. was easy." No evidence as to how
fingers were used.
Division:

How many 3's in 9% 8: "=w==5," Counted 1,2,3,4,5,6,7,
‘ 8,9. Then counted 1,2,3, and
thought e little bit and got 5.
How counting helped to arrive at
the answer he gave is not clear.
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How many 3%'s in 97 Asked if she could use her fingers.
Answered 3 3's. Ko indication by
interviewer as to how fingers
were used.

Multbiplications
Two 4's S: "ewn-8," Lips were moving but
was unable to find out how she
was counting.
Three 2's Child frowned, moved lips; repeated

numbers, used fingers; answered 6.

Delayed recall (Rd).-- Delayed recall desigmates a recall

~ response that is not immediate. It usually follows a pause during which
the ohild is "deep in thought." Questioning, however, fails to reveal
a,ny other process in operation than an attempt to recall the answer,
The assumpbion could be made that the delay gave the child time
{:e count and that in reality delayed recail responses are obtained by some
method of counting., Since the evidence is lacking, it seems wise to use
a category which will allow for this possibility but will not exclude
other methods, such as repeating the example, remembering after a time,
and similar methods.
Addition:

5 and 4 S: Y%eccwg," Her mother said 5 and
4 are 6 snd she tried to remember
it for the taaeher.

2 and 4 8: "eww=8," Didn't know how she
figured it out - Just knew it
because they practiced these in
first grede.

5 and 4 8: Shuts eyes "e-=~I saw 8. Then
I looked at it hard and saw 9.
I: ™What made you see 8 the first
time?"
S: "Didn't look at it hard enmough,
I guess.”

2 and 4 S: "2 gnd 4 are ~==---68, These things
Just come to me. I learn,"
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Subtraction:
8 take away € S:
. B2
7 take away 2 S:
8 take away 6 8:
Divisions

Howmany 2's in 67 Sz

How many 2's in 6? S:

Multiplication:

Two 3's

Two 3's

Ss

Recall by problem situation

59

Repeats example "-~--8, Had it
in first grade but I just forgot.
I wont like this: 6 and 2 are 8;
6 and 2 are 8,"

¥ewm-~2." long pause

"I just kept thinking,”
Memee5. I Just figured it out.™

emew2, I take away at home. My
mother learnsd me."

"ewumd, Cause my mother told me
when anyone asked me how meny 2's
in 6, to say 3; cause it never .
cen change.®”

"Don't know." Long psuse. Then
answered 2.

]

S

Teacher told us that.®

oo I can think how much 2
3's are."

(Rpe)s=- The child formmlates &

problem situation using money, balls, and the like., When the problem

situation has been described, he gives the answer.

- Additions

5and 3

7 and 2

5 and 4

feman5 and your mother gives you
3 more, you have 8."

"Gosh! I forget thetl Cen I
figure it up? If you put 7
balls end 2 more, it'd be 9.”

%1 thought if I had 5 apples and
4 more I'd have 9."
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Subtraction:

9 take away 3

Multiplications

Two 4's S:

Three 2's S:

Recall by logical inference

(RIJi)Q--

60

Tells story as follows: If she had
¢ balls in her hand and took away
3, she would have 3 balls left in
the center of her hand.

"I don't hardly know that one. I
think it would be 13 or 14, because
if you have 4¢ eand your mother gives
you 4 more, your grandme gives you
4 more, and your uncle gives you 4
more, you'd have that much."”

"I think it would be =-==o If
you have 4¢, 2 more makes 67."

In using this method the

- ohild thinks the answer to the unknown exemple by recalling other known

aNBWOrs ..

In other words, he infers, by a process of logical thinking,

that if a certain fact he kmows is true, the answer he is seeking must

follow directly.

Addition:

5 and 4 « S:
5 and 3 Ss
{ 5 and 3 Ss
I:
Ss
I:
Sz
83 and 4 S:

Subtractions
6 take away 4 Sz

ﬂg.
9.%

5 and 5 are 10, so 1 less is

"Know 4 and 4 is 8; and 1 more
would be 5; and one less would be
s so must be 8,7

l!____s.“

"How did you get it?"®

"I tried to guess it up."
"That did you say to yourself
when you tried to guess it up?"
"I went like this; 5 and 2 is 7
and 1 more is 8,"

"ewen?, 4 end 4 is 8; then 3 and
4 must be 7; cause 1 more would be 8."

"ewm=2; because 3 and 3 are 6."
The inference is that, since 3 from
6 is 3; then 4 from 6 is 2,
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9 take awsy 3 Repeats example
S: M™fould be 6; I just know."
I: "How do you lknow?"
8: "™iell, I knew 5 and 4 are 9; take
away 4, it's 5; take 3 away, it's 6."

8 take away 5 Repeats example
8: "Would be 3. I say 5 and 3 is 8,
so take away 5 is 3."

8 take away 5 8: "ewwu3; cause 4 and 4 are 8 and
if you take awey 5 it wouldlsave
3."
Divisions

How many 2's in 6?7 S: "3; 2 3's are 6; the other 3 take
: away 1 are 2; 3 take away 1 are 2j
the 1's that are left over make
enother 2; so, there are 3 2's."

How many 3's in 97 Thought and said 3.
, - 8: "One 3 is 3; 3 and 3 are 6 and 3
more are 9.%

How many 2's in 67 8: ™"3. There are 2 3's in 6; so
, there are 3 2's."

Multiplication:
Two 3's S: "6. I just knowed that 3 end 3
, are 6; I always did know that.™

Two 4's S: "8. Last time I was on 8, and how
meny 4's are in 8. I was thinking
that 2 4's was in 8." Referring to
previcus division example 4)8 .

Two 4's 8: "8 - 4 and 4 are 8. Some of these
are easy.”

Three 2's St "ewwwB, 2 and 2 are 4, and 4 and
2 are 6."

Recall by logical inference was used as the category for all

fespohses in subtraction and division which the child remembered from
“eorresponding multiplication or eddition factse

Immediate recall (RI).-- Immediate recall is used to designate

an answer that is given immediately. Children using this method were able
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to demonstrate combinations intelligently with semi-concrete or conorete

materials when called upon to do so.

Addition:
5 and 4

2 and 4
7 and 2
Subtraoctions:

7 teke awsy 3

Divisions

How many 4's in 87

Multiplications

Two 4's

Two 3ts

82

"g" Answer given immediately
"6, We had them in school,"

g, Just knew it."

"4, Did it ebout 3 days ago in
school.”

®2. Just looked up and thought
of it."

"What do you mean by 2 4's?"
Suddenly said 8 and knew it was
righ‘b.

"6, Just knew it. Didn't have
to figure it out.™

Estimating (E)e=e= This method is represented by a response

given in approximate rather then in ebsclute terms. An answer was not

considered en estimate unless it was in the neighborhood of the correct

~ One.
Additions
7 and 2

2 end 4

Subtraction:

8 take away 6

S:

"Make about 8."

"7 = T mean 6; 4 and put 2 more
with it and it would be 5 or 6."

"ewe=2?" When asked how he got
it he seid, "I just guessed.”
"hy didn*t you guess 107"
®T thought it (the answer) was
pretty low to take awany 6.
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Even though this child refers to his answer as a guess, his statement shows

that it was not a pure guess.

8 take away b H

Division:

How many 3's in 9% 8S:

There is reasoning present,

L

Said he guessed, Then
said, "I thought it was 3 or 2, I
didn't kmow; so I said 3."

"Those I kinda forget.
3 or 4."

I can guess

The total pattern in this case indicates that the child has a fairly good

understending of numbers.
estimates rather than as guesses.

Visual grouping (Vgr).--

These answers are therefore clessified as

The child visualizes groups of dots

~ or groupings of fingers,but there is no evidence of counting.

Additions
3 and 4 St
2 and 4 8y
2 and 4 8:
Is
S
Subtreaction:
9 take away 3 82
Divisions
How many 3's in 92 S:
How many 4's in 82 8:
Multiplication: |
Two 3's

7. At home I got a rug with 7
flowers on it."

#3, Beoause there!'d be 2 dots and
4 more dots.”

"Just looked at it end said 6."
"How did you get 61"

"This here (4 fingers) and this
(2 fingers) are 6." No counting.

fewewuB,” Puts up 9 fingers
immediately; put down 3 and said 6.

Did not count them individually.

"z of em. Cause I have blocks
thet have 3's like that.™

"2, I play dominoes at home.™

Puts up & fingers and 3 more fingers
imnediately without counting and
says Ge
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Guessing (G).-- ™Guessing" is the eategory used for an answer

which is usually far from correot and which seems to have no reasoning
~back of ites If a guessed answer is questioned, the guesser will give
snother equally erroneous answer with as much assurance as the first,

At times the guesser may pause before giving his answer. In
this case the pause does not indicate a method of thinking, but rather is
used to impress the interviewer, since the child knows that others succeed
by thinking.

The guesser often shows a strong preference for certain numbers
which tend to ooccur frequently throughout the interview,.

Sometimes the guesser may even attempt to count, because he
knows other children count. The counting bears no relation to the answer
‘he gives, however.

It is often necessary to consider the total pattern of the
guesser in order to differentiate guessing and reeall responses. If the
'boté.l pattern for all of the addition examples seems to indicate guessing,
one correct response out of the six is also classified as a guess. If

-~ one incorrect response has ocourred in a pattern which seems to indicate

recall, the incorrect response is also classified as recall.

Addition:

2 and 4 S: "2 and 4 is 29, Am I right? I'm
right. I can see.,” She saw the
interviewer write down what she
had said and assumed that she was
right. Other addition answers for
this child ren: 29, 28, 29, 26,
28, 29,

: 2 and 4 8: "5. I just guessed.,™ Went back
and asked her again, She said 8.
7 and 2 82 Maw-u8, I guess it's 6, I just

said to myself it's 6 after counting
on my fingerse.
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Subtrection:

9 take awny 3 S: "Comes back down to 28, Am I
right? I'm right." Other responses
for subtraetion examples were 25,
29, 24, 28, 29.

9 take gway 3 8+ "11,12." When asked how she got
her answer, she replied, "Something
must have told me."

I: "™Fho?"
S8: "God.," Other responses were 11, 12,
13, 14, 8,

8 take away 5 82 Mewwe8." She just counted wildly
on her fingers and then said 6. ‘
Other responses were 24, 13, 13, 30,
14, 13. When asked a second time
answers were just as wild.

Division:

How many 4's in 8% 8: "I guess it's 2 or 3. I think %o
, : myself how many fingers have I got
and I guessed it up right."”

How meny 2's in 67 S: "Maybe 4 or 2. I just guessed it
: up in my head."

Rae}}énses onn all other items for this pupil indicate that the total piecture
is that of a guesser. Otherwise these two responses might be classified
as estimates.
How meny 3's in 9? S8: "About 6. I just counted. Is
: that right?" Thought again and
said 8, :
S: ™Is that too much? Maybe it ought
to be 7. I'm sure it's not 1.
You know why I said that? I'm a
minister's son and I know "
Agam the total pattern indicates a guesser. A'rapid shift to asnother
number when he has reason to doubt the correciness of an snswer previously
| given is indicative of a guesser.,

Responses of obther guessers to the three division exsmples were:

5,6, and 7; 30, 50 and 70; 4, 9, and 5; 2, 2, and 2.
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How many 4's in 87 S: "There's a lot in 8 - lmh?"
: (Lips moving) ™I counted and
found only one in it."

’Thiaf child counted each time but came out with one as his answer after
‘ :feounting.

How many 2's in 67 S: "2, I see the numbers."

. I: "Which numbers do you see?"
Child points to 2 on card. Said
he did the other two division examples
the seme way. His response to 3
was 3, snd to 4)8 4, which indicates
that he merely called off the number
of the divisor in each cases.

Multiplication:

Three 2's 8: "8, I don't know how I thought.
I just said it right off. I'm
doing that to all the numbers.
It's right, ain't it?"

Two 3's S8: "I hope I get it right. ====8."
I: "Are you sure?" (He said 9.)

Two 3's S: "60." Asked her again after
talking to her and she said 80.

Two 3's S: "6.," Because when he was downstairs
he counted to 100 and when he sees
2 3's he says 6.
~The general pattern for this child was gueésing. His explanation does not
make sense, and the number 6 is a frequent guess throughout the interview,
"Response is therefore classified as a guess,even though it is correct.

Partial omission (Po).-- Partial omission is the category used

when the child looks at one or the other of the numbers in a subtraction
example and gives that number as the answer. It was found that some of
, the children tended to think of physically covering up, erasing, or

~otherwise getting rid of the number to be taken away.
: The mothod of partial omission was very rarely used with addition,

~ probably due to the fact that the children had a betiter understending of

- the process of addition.
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Subtraction:

9 take away 3 8: "Leaves 9."

I: "How do you teke away the 32"
S: ™ou erase it off."

8 take away 6 8: "8, I thought 8 was 8, and 6
was 63 and then I thought 8 wes
Jjust 8, see, and 6 was Just 6.

6 take away 4 S: ™4 left, cause, if you take the
6 away (placed his hand over
the 6) you'd have 4 left."
Pointed to 4 on card.

7 take away 2 8: ™e-w=7., BSee, in take aways, I
don't eount. I just throw the
last number away and use the
first number."

Divisions

How many 3's in 97 S: "One - I only see one 3 on the
book." (muber card)

This child gave "one" as the answer for 4)8 and for 2J8 for the same
| reason as given above. She only saw one.
How many 3's in 9?7 S: ™One. Daddy taught me that. I
: didn't think I'd get so many
right. I bet I get A on my
report for this "

Responses on all division examples were the same. Since he sees only

one 4, 3, or 2 on the card, he assumes thet his answer is one.

No response (NR).-- The category of "no response™ applies -
thn & child attempted an example,but was unable to arrive at an

oogaswer. af'ter a reasonable amount of time.

Item omitted (0).-~ Sometimes it was necessary for the inter-

viewer to omit some examples in each process in order to complete the
f interview in the time allotted. If the seme method was used consistently

~throughout the first four exsmples, there seemed little reason to ask
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- for responses on the remaining two examples, particularly if the child
wes working laboriously. Rarely items were omitted through an oversight
on the part of the interviewer.
| Procedure for Arriving at Categories for Methods
The process of arriving at final categories for methods and the
feasonsffor changes are described in the following seotion.

Counting to add and adding (CA).-- At first "counting to add

and adding® were considered two separate categories. Axialysis showed
e ,'bha‘b’k neither of these methods was used frequently. Furthermore, there

seemed to be little difference in level of understanding represented.

' '?fhen either of the two methods was used, there was a complete misconception
of éub“braotion, division, and multiplication as processes. Counting to

add and adding failed to give correct answers in eny of these processes.
,With these facts in mind, one category was thought adequate for these two
-methods,

Partial counbing (Cp).-- An early decision was made to ineclude

several categories for the different methods of partial counting. In the
“,prooess of addition, these methods were originally described as "counting
fhe larger mumber," and "counting the smaller number,." In subiraection,
they took the form of “ecounting upwards™ from the subirahend to the minuend,
or "counting backwards" from the mimuend to the subtrahend. While the
choiee of one of these partial counting methods over the other, in either

"p‘rocess, is often more expedient in time and effort, the child who selects
ono method consistently necessarily has an indisoriminate method of attack
on combinations. In adding, he starts some combinations with the left

hand number and some with the right hand number. In subtracting, he must
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count some upwards and some backwards. It is doubtful if the child loses
dn ﬁn&erstanding by being consistent in his method of attack, and probably
‘bhﬁre is little difference in the reasoning required for the various
. “J"::léthods of partial counting which have been described. The ohild may lose
srly.‘ightly in acouracy, simply because of more counting involved in certain
~‘combinations when a consistent method of attack is used. The child who
consistently starts with the lefit~hand number, | for the combination "2 and 7,"
- has more counting to do than in the combination ”>6‘ and 2." He has a greater
_chance of making érrors‘ with the former combination than with the latter.
Fér:the purpose of simplifying the method, and because it was desirable
fbr consistency within the four proceses, it seemed advisable to use

 one inclusive category, "partial counting."

Counting in multiples (Cm).-- At an early stage in analysis of

;ﬁe‘chods, eounting by two's, counting by three's and counting by four's
- were reogarded as separate categories. Further analysis revealed that the
choice of multiple used in couﬁting depended largely on the extent to
which & given combination lent itself to counting by two's, three's, or
fourts. To arrive at the answer for the combination, “three's in'Q," the
‘ohild was likely to count by three's, saying "3,6,9," whereas he was more
likely to count by two's for the combination “two's in 6." A similar
é.nalysis held true for the corresponding multiplication combinations. The
addition combinations "2 and 6," and "4 and 2" were often counted by two's.
"S’iﬁee differences in level of uﬁdersténding, seouracy, or reasoning ability
| were not apparent in the choice of multiples, one category was used for
81l such methods of solution.

Delayed recall (Rd) and immediate recall (RI).-- In the prelime

inary analysis, an effort was made to distinguish méaningﬁzl recall answers
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 erm those which had no meaning for the child. Since interviewers did

f'nétmgsk for proof by explanation or demonsiration in all cases, it was

' diffiault to make accurate differentiations. Consequently, another category,
‘ ’"daiayed recall,” was introduced to take care of all recall responses

which were not imediate and for which the kind of thinking could not be

determined.

When tangible proof by explanation or demonstration was not
present, several of the child's recall responses were analyzed to determine
1‘his total method of response. 1If his answers were immediate, if errors
j'appeared to be only chance errors, and if reasons given indiceted that
" round-about procedures were not used in arriving at answers, the response
 was placed in the "immediate recall™ category. If there were frequent
“errors, and an inebility to explain the methods of thinking, the category,
V“delayed recall,” was used for the response.

Dugl responses.~~ A problem also arose as to the best way to

clagsify dual responses for a single combination. The following is an
illustration of a dual response:

8 take away 6 S: "4, If I had 7 apples and 3
people took away 3 apples, I'd have
weenT,6,5, = 1'd have four apples
lef‘b.”

In this example the child used two methods. He formulated a problem
situation and ther used partial counting in arriving at the answer. In
this, as in all similar methods, a dual classification was made. In
other words, in the tabulation of methods this exsmple fell under the two

categories, "recall by problem situation,"™ and "partial counting."

Counting (method unlmown, Cu) and delayed recall (Rd).-- The

means by which "counting (method unknown)®™ and "delayed recall™ were

[ &ifferentiated from other methods of oouﬁting aﬁd recall have been described.
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I‘bis advisable to discusé certain remaining factors which are applicable
: ;Fffbdubb'bh of these methods.

Some children lacked the facility to express their ideas clearly.
‘Explane.’cions were not sensible. Some were unable to describe their
_thought processes, either because of meager language ability, or because
they did not know what they were thinking or doing to arrive at solutions.
After two years in school, or more in the case of repeaters, some of the
children undoubtedly had preconceived notions as to acceptable ways of

> th@ining answerse. Such ideas may have caused these children to feel
reluctant to describe theiz; thought processes, even when they were aware
| "ofi them. These are among the factors which are applicable to the two
: 'méthads of "counting (method unknown) and delayed recall.® Responses in
: which factors tended to operate against accurate classifications have
Eeén relegated to these two methods.
| Procedures for Classifying Methods as to Maturity Level

Final elassification of methods into ma‘bufity levels was made
by the writer after analyses of all three interviews for each child" ;vere
\ompléted. Methods were placed into four maturity levels for purposes
‘o:t‘? analyzing and studying the growth made throughout the instructional
?ericd..

’ Maturity levels and methods comprising those levels, in this
final classifica.‘bion,\ were the same for each process, though all methods
‘ were,not used by every group of children. The final listing is found in
Tabia 24 |
| In order to make definite decisions on the maturity of a method,
- three criteria for judging the worth of a method were set up. The immaturity

of a method was considered from these three standpoints: (1) the promise
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TABLE 2

SUMMARIZATION OF METHODS ACCORDING TO LEVELS OF MATURITY

Level *

Method or Type of Response

Item omitted

No response
Guessing

Partial omission

I1

Counting to add and adding
Counting variation
Counting (method unknown)
Counting all numbers

IIX

Partial counting

Counting in multiples
Visual grouping

Estimating

Delayed recall

Recall by problem situation

Iv

Recall by logical inference
Immediate recall

* I is lowest end IV is highest level
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FER

; "o:f‘ f‘accuracy of response when the method was applied, (2) the reasoning
o Lné@eééary to apply the method, and (3) the promise offered by the method
far ﬁnderstandihg a process. The use of these oriterie as a basis f.‘qr
: ‘,‘deeiS‘ion on maturity levels is desoribed for the methods comprising each

' k'ma.'bm'ity level in turn.

Methods for Level l.-- "Ho response"” indicated a lack of any

method of attack and therefore represents a lov} level of performance.
- Qni’saions were usually due to the use of time~-consuming methods which were
80 immature that a number of items had to be omitted in order to arrive
1 at an adequate sampling of methods used in all processes. Level 1 includes
k’alil items for whieh no response was obtainable as well ms all omitted
gtems.
| Guessing was considered one of the most n'.mmatufe methods‘a.since
it rarely gave correct answers, required no reasoning on the part of the
ohild and showed no promise as a means of helping the c¢hild understand a
process. "Partial omission," the method of calling off one of the two
;rzmm'bars in a combination as the answer, al‘so represents a low level of
maburity on the part of the ehild. While this method ealls for a systemmtic
' proéedure, there is no evidence that the method requires resasoning or
prémise for understanding a process. Levél 1 methods, therefore, are
: characterized by a high percentage of inacouracy. Reasoning, if used at
‘all, is not in the direotion of the correct answer, because there is no

understanding of the meaning of the process when these methods are applied.

Methods for Level 2.-- Level 2 responses are characterized by

& gystematic approach to numbers which extends beyond mere calling off the
mmbers as in Level 1. In "counmbing variation,™ for example, the child

' consistently adds one number or takes away one mumber. In using this
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g.z;i,éthod, children evidently reasoned that, if 4 and 1 ere 5, 3 and 1 are
4, ‘eftc”., the answer to all addition examples could be obtained merely by
‘:‘ool‘m'ting one unit beyond one or the other of the numbers represented in
fhe e::ﬁample. Some children applied this generalization to all addition
~exsmples in the interview. Since none of the six examples required that
a"single unit be added, the children who applied this method missed all
8ix examples. The same kind of reasoning was used in applying this
method to other processes. It is therefore obvious that “counting
variation" is inacourate in most cases, requires little reasoning on the
kpaf‘.rt of the child, and offers limited understanding to addition and
: 'subtre.mtion, and no understanding to division and multiplication.

In the method of "counting to add and adding," another Level 2
~method, the child added all examples regardless of the process indicated.
: iﬁs;omatvimes he counted the numbers together and sometimes he mefely gave

aﬁ addition answer.

Neither in the method of Meounting variation,™ or ®"counting to

, :a,ddf or adding," does the procedure selected.influence the child to obtain
"corxv'eet answers., His understanding of the process is extremely limited
'in"l‘:he case of “counting variation” and entirely erroneous in the oase of
: “'cpun‘hing to add and adding.® The reasoning applied in either situation
is[nnprofitable, because understanding of the process is lacking.

From the standpoint of the criteria set up, "counting all numbers"

i 48 undoubtedly a more mature method than the two methods already described
fai' Level 2. If accurately applied, "eounting all numbers" results in
the correct answer. Some understanding of the process is necessary to
determine the direction in which counting is to be done. Inaccurate

results often occur, however, when the child attempts to count both
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nwn'bera in an example,but does not understand how to count in order to
eome :out with the correct answer. Difficulties seemed to arise from (a)

,Va.,iyack of understanding of ‘the groups represented in the example, and (b)

J"'fs‘.ilure to recognize the place to stop, i.e., to know when both groups

: imd been counted. This method represents a low maturity level, since

~ inacouracies are prevalent due to misconceptions as to how counting may

 be ‘uséd to arrive at correct answers. Reasoning is on a low 1eve1 because
numbers are conceived as aggrogates of units rather than as groups.

"Counting (method unkmown)" is included in Level 2 rather than

in Level 3, on the assumption that this procedure is more often immature

| ‘ a.nd likely to lead to error than those methods listed for Level 3.

A wide range of maturity is apparent in the methods deseribed
fo’r Level 2. The range did not appear sufficiently extensive to werrant
the subdivision of this maturity level.

Mothods for Level 3.-- "Partial counting" requires more

reasoning ability than previousljr described methods of counting., In
" "partial counting™ only one of the two groups is counted. The child is
'ébié to grasp one group as a whole. Furthermore, he has reasoned that.
he can save himself time and effori: ‘by counting only one number. Hore
often the child counts only the smaller of the two mumbers in addition.
If he is consistent in his method of attack, ha;zrever, he will sometimes
| o,éunt the smaller and somstimes‘ the larger number.,

The two types of partial counting in subtrsasction, which corres-
pond to ocounting the larger or smaller number -in addition, are "counting
upwar‘ds“ and "counting backwards.®" Sometimes "counting upwards™ is the
-1:nexﬂ'«s expedient way for the child to arrive at his answer. For instance,

in the example, 6 take away 4, it is more expedient for the child to count
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_u'p, saying 5,6, He counted two numbergto arrive at six; therefore his
,‘anﬁer mist be 2. To count backwards for this example involves more labor
on the part of the child. He must say 6,5,4,3 (count four numbers away);
V;Si:’n,ce he has counted four numbers, the next mumber, 2, gives the answer,

If the reverse example is presented, 6 take away 2, it is
~'k,;~simpler to count back 6,5. Since two numbers have been counted away, the
answer is 4. To count upwards for this example involves starting with 2
and counting 3,4,5,6; since four numbers have been counted, the answer is
4.

The child who can do partial counbting appears to have a greater
understanding of the process to which the method is applied. The method
of "partial counting™ was decidedly superior in accuracy to the method
o‘ir" éoun‘bing all mmbérs.

‘ Other Level 3 methods, "ecounting in multiples,® "visual grouping,"
"éstimating," and "recall by problem situation,® though used to a limited
éx"b@n‘b,‘ seemed to indicate better understanding of the processes than

Level 2 methods. The ability to use the fingers as groups without count-
ing rather than to count them in units, or to visualize other groupings
_wit’hou’c the need of counting, shows much more understanding than is
' ~n9¢essary to count each unit separately. Estimating an answer, as here
defined, and the ability to eount in mmltiples of two, three, and four
~also call for a higher level of thinking than counting by onesg.

By the very nature of the method, "es‘biméting" results in some
wrong answérs, or the method would not be true to the meaning of the term.
The child gives an estimate in approximate terms. Nearness to the correct
‘ka.nswer, or the child's reasoning concerning it, indicates an understanding

- of mumber, though not an exact knowledge of the answer.
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"Delayed recall™ is the term used to indicate that there was a
qpa;l‘zse before the enswer was given, but that,so far as could be determined
, by interviewers, no counting took place. The child merely tried to
. remember the answer, which he had acquired at some earlier time. It often
~took him a perceptible period of time to produce the response. It varies
from guessing in that guessing is not based on prior learning. "Delayed
| ;raeall" is the result of some kind of former learning, though the exact
- nature of the learning is not evident. Rating as to maturity is diffiecult
i‘#r this method, since there is no adequate explanation of the kind of
thinking by which the answer is reached. It is definitely not so mature
s;sv'bl\m methods listed in Level 4, because it is less accurate and there
is less‘ assurence on the part of the child using it.

On the whole, greater accuracy was obtained by Level 3 methods
‘than for those of Level 2, though some glaring insocuracies occurred
vhan the children attempted to use Level 3 methods with inadéqua‘he under-
standing, |

Methods for Level 4.-~ The highest level of maturity is character-

~dzed by understending which is based on the possession of several abilities
which give evidence of accuracy, reasoning ability, and understending of

: précasfses. If the child knows the answer immediately without recourse to

eny round-sbout procedures whatsoever, granted that his answer is accompanied

. by meaning, he has completed his task of abstract learning of the number
faet, Such a response can be immedistely called to mind when needed. It

" is sbstract in nature. It can be applied to situations when the need

3 See Appendix F for data showing percentage of error for the
method of "eounting all numbers" as compared with "partial counting," and
. for percentage of error at levels 2, 3, and 4.
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ga’:"«i’us. It is economical in time and effort expended. It is given with
'oanfidence. This characterization applies to the Level 4 method labelled
"imnediate recall.”
| | For many children, the method which immediately precedes
“immediate recall™ in growth towerd maturity is that of "recall by logiecal
' 1ﬁferahce." If a child can reason an answer from other knewm facts withe
out having to resort to counting, he has a high level of understanding of
the process. Though answers are not immediate, certainly more reasoning
is required for this method than for any deseribed for previous levels. |
Accuracy is high when the method is understood sufficiently for aécurate
epplications to be made, though, as is true of the beginning use of any
method, some inaceuracies ocour in the 1eai'ning prooess.

To summarize, the three criteria of accuracy, reasoning ability,
ﬁnd understanding of the processes were considered in relation to each
category of responses in determining its proper classification as to maturity
level, Level 1 is made up of methods almost completely lacking when these
erite‘ria are applied. Level 2 methods are slightly more accurate,but
require only limited reasoning ability and offer little to the understand-
ing of the processes. Level 3 methods represent a higher level, since these

: :fméﬁhods meet the criteris more adequately. Level 4 methods exact a high
~level of accuracy, reasoning ability, and understanding of the processes
oh"bhé part of the child and therefore merit the highest maturity rating.
, Soumary
This chapter provides descriptions and illustrations of each of
v ‘the methods children used on initial interviews, the difficulties enccuntered
in the process of classification of methods, and the procedure used to arrive

at maturity levels. The responses made by the children to combinations
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presented in the initial interview were classified under some fifteen
categories,

The general procedure for arriving at categories resulted in
.condensation in some instances. Four different methods of partial counting
“were reduced to one simpie category applicaeble to all processes. A similar
procedure was used to simplify other categories.

For other methods, such as "delayed recall®™ and “immediate
recall,“ clear differentiations were only possible as the process of

analysis served to further clarify these methods. As the process of
aﬁalySis contimued, and reasons for changes in classifications became
appé.ren’c, it was obviously necessary to reclassify each response to which
changes applied.

The classification of method permitted a further analysis of

- responses in terms of four levels of maturity. The oriteria by which
decisions on maturity were made were, (1) accuracy, (2) reasoning ability,
énd (3) understanding of the process. It was found that these oriteria
had. little application to Level 1 methods, such as "guessing" and "partial
omission.® Neither were they adequately met by the immature éoun'bing,
methods of Level 2, such as "oounting all numbers,™ and "counting veriation.”

 The eriteris are more succeséfully fulfilled by Level 3 methods which
ﬁ‘édnﬁain more mature counting methods and less mature reoall methods. The

most stringent application of the criteria may be made with Level 4

" responses of Mrecell by logical inference" end Mimmediate recall."
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CHAPTER V
THE INSTRUCTIONAL PROGRAM

It is the purpose of this chapter %o describe the instructional
' brbgre.m as it was carried out by the bteachers who cooperated in the study.
: Thié | progran had two phases: +the plammed number activities, and the
incidental number experiences. Preliminary sections of the chapter deal
‘ wi‘bh itha gonsral objectives of the second grade arithmetic program end
with the children's backgroup of experience. An account is then given of
‘ tha principles and practices which were proposed by the investigator as
guides to the teachers for the planned number progrem. A discussion of
: 'bhe ﬁrogram as actually carried out inoludes illustrations fram the
o ‘_ L ‘béaahing situations which were stuciiad. This analysis is followed by a
| ,,1:aimilar account for the incidentel experiez;oes which paralleled the
rbplé.nned activities. Both the guidance given by the investigator to the
teachers as to incidenté,l experience and the actual experiences of the
'~~ci';ildren in the classes are reviewed.
| General Objectives for the Instructional Program
The instructional program as desoribed in this chapter was
: ‘deai@l’ed tb meet two major objectives in erithmetic which may be stated
as ’follows: (1) %o help childreﬁ acquire number meanings so that the
quality of their thinking will show continuous improvement in the direction
: of maturity; and (2) to help children become more proficient in solving
- ‘hhe day-by~day problem situations which arise in the classroom.
Iwo major aspects of the teaching program were planned specifi-
cally kaco meet these objectives. First,a systematic program of selected

activities was designed to promote mature weys of thinking., Second,
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: ’iﬁqiden'bal number experiences which arose in connection with daily
,acf’ivities were used as a basis for helping children grow in the ability
to solve number situations.
| There is no sharp dividing line between the two objectives. In
,aqimayl practice there was some merging of the two pheses of the program.

- :.Inc:‘.‘danta.l experiences were often extended beyond .the irmediate solution
of ’the problem. They were often used as a base around which systematic

- procedures were planned, Systematic procedures, on the other hand,
’i’i'équently had carry-over velue for subsequent inciden‘bé.l experiences.
The intares‘c and ecuriosity aroused in one phase of the program were
definitely reflected in the other.

Throughout the investigation the teachers assumed major
regponsibility for 'f:.hé instructional program. Each teacher played a
‘creative role by developing plans for those instructional activities
which she felt would promote the growth of her own pupils.

Interviews With Previous Teachers of Children in the Study

Analysis of initial interviews with the children indicated the
: deéira’bility of meking contact with the teachers who during the previous
’yéar hed teught the children in the study. The purpose of these contacts
was to determine the extent to which certain practices used by children
-were due to previous instruction. For example, children almost invariably
strung out objects and pictures instead of grouping them. They used a
variety of methods in working out enswers to abstract combinations. They
h’adi & better understanding of addition then of any other process. It was
obviously of interest to find out to what extent emphasis had been placed

~on grouping during the previous year, whether or not teachers were aware
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6:?' the methods being used by their children, what methods were encouraged

'or"discouraged, end to what extent processes were taught together. Since
'bhe progrem followed by the second-grade teachers in the study included
' av ccmhina’cicn of planned and incidental experience, it was appropriate
to find out whether previous experience varied from this plan. In order
to obtain answers to these problems, questions were listed as a basis
for interviews with teachers. i
It was possible to locate twelve teachers, each of whom had
taught six or more of the children in the study. Individual interviews

wiere held with each of these teschers.

Findings on plamned and incidental worke.-~ Seven of the twelve

"bea.ehers reported a greater emphasis on planned than on incidental work.

| Three ‘béachers used an incidentel approach altogether, and two claimed

i:hat about half of their procedures were plenned and the other half
incidental. Comments made during interviews, however, led to the conclusion
that planning for some of the teachers meant planning the independent work
of the children, rather then group activities carried out under the guidance
~of ﬁhe teacher. Some of the comments ren as follows:

Discussed work to be done with chzldren in a group. It was
ca.rried out as independent work.

Drew pictures end crossed off so many (subtraction),

Children didn't like copying numbers from the blackboard and
writing enswers.”

Children wrote numbers incorrectly, reversed numbers.
Comments such as these bear out observations of the investigator

on fregquent visits to first grade classrooms in the city. Outside of

1 See Appendix G for a copy of interview gquestions.
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ihdapendent work, involving following directions from the blackboard,
~assigned to be carried out while reading groups are in session, there is
iittle,planned directed number activity. Three teachers reported that
~ they worked with children in small groups, using conerete or semi-concrete
maﬁerials to help children develop number ideas. It was of interest to
note that these teachers had recently taken a course on teacﬁing arithmetic
or had attended an eritimetic workshop.

Findings on the processes.-- The processes of addition and

subtraction were taught together by six teachers, and separately by five.
Onﬁ teachar, who used an incidental approach, said she teught these
prdcesses in the way they happened to come up. The teachers agreed that
subtraction lagged behind addition. One teacher said she tried to show
the relationship of the two processes toward the end of the year,

The only experiences in multiplication and division were
ineidental in nature, considered by the teachers as readiness activities,
such as counting by two's or three's for gemes.

Scme teachsrs did not remember having any awareness as to how

- children obtained answers in addition and subtraction. Some had observed
th&t certain children counted all the numbers in & combination. Some
ﬁéaéhers recalled that a few of the more advanced children used partial

' ‘cénnting and recall by logical inference. The following comments were
made in response to questions on the method of obtaining answers:

It depended on the child.

Different children did different things.

Taught group as a whole so didn'+t notice how they worked out

| answers.

Didn't teaoh enough subtraction to say.

Whenlquestions were asked as to which methods were encouraged,

coomments rans
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None - took them as they came.

Discouraged ecounting.

Encouraged partial counting toward the end of the year.

Different methods encouraged with different children.

Encouraged recall by logical inference during group worke.

Six teachers reported using the term "take awsy"” exclusively
in subtraction. Six teachers said they teught both the terms "take away"
‘and "from," using them interchangeebly.

Findings on grouping of numbers.-- The congensus of opinion

seemed to be that children tended to sitring out objects when they carried
out blackboard directions for independent work. Three teachers reported.
'b#ving children make number booklets showing groupings for numbers below
10, Comments made by individual bteachers concerning grouping were:

Left it up to the children.

Encouraged to group, but when left alone they strung them out.
If paper was blocked into squares, children tended to group.
If they put their work into rows, they strung them out.

Did not group as much in subtraction as in addition.

Miscellaneous findings.-- Finger counting was discouraged by

nine of the twelve teachers., Three teachers paid little attention to it.
Comments by teachers were:
Mamas didn't like it.
Wasn't allowed.
Offered objects to count instead of fingers.
Danger that children will use finger counting as a crutch.
Only two teachers said they had attempted to have children
- memorize the combinations. Some teachers used abstract drill cards with
_children during the latter part of the year.
All twelve teachers said that the majority of their children
liked erithmetic. Qualifying statements were:
Liked it if successful; disliked it if unsuecessful.
Most children liked it. A few were indifferent.

Some liked it. Wanted to count everything.
Attitude varied with different children.
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All children hed learned to write mumbers to ten, some as far
as :‘kwenty-five, and some to one hundred and above. Some children had
also written numbers to one hundred by two's, five's and ten's.
A variety of incidental number experiences, centering around
attendance, money, the celendar, thermometer, and the like, were reported.
Teachers stated their most difficult problems in teaching
" arithmetic as follows:
Some children have no number sense, no concept of numbers.
Counting fingers.
Learning wrong concepts at home from brother and sisters.
Breaking swey from the use of concrete materials.

The tendency to write numbers incorrectly - reversing numbers.

Summary of findings from interviews with teachers.-- The major

findings from interviews with teachers may be summarized as follows:
; l. Both plamned end incidental experiences were provided for
children. With few exceptions, planned work was limited to planﬁing for
the independent work carried out while reading groups were in progress.

2. The process of addition was given greater emphasis than other
processes.

3. Some teachers were unaware of any variation in methods of
working out answers by different ohildren.
’ 4, While some teachers were aware of various me'bhods being
used, no organized procedures for teaching any method were reported.

5. In general, counting of fingers was discouraged.

- 6. In general, teachers made no attempt to have children memorize'

the combinations.

7. The subtraction terms "take away" and "from™ were both used.

8. Experiences with grouping mmbers were largely of the independ-

‘e'n'b work type. With few exceptions, children were not successful in learn-
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’ing to group objects when working independently.
| 9. Arithmetic was well liked, exeept by children who were
- unsucecessful.
10. Hajor diffieulties in teaching arithmetic centered around
- concept development, reversals in writing numbers, and dependence on
‘conorete materials.
Prineiples and Practices for the Planned Aritlmetic Program
A systematie number program wes planned and carried out by each
of the bteachers in the study. While certain general principles and
practices on which procedures were based were uniform for sall teachers,
eaohkteacher was encouraged to plan her own specific teaching procedures
in the 1light of the needs and interests of her own group of children. The
: teacﬁers cooperating in the study met frequently with the investigator to
disouss progress and fubture plans. In addition, there were occasional
éupervisory visits to each classroom for the purpose of helping each teacher
to solve the specific problems presernted by her situation.
k The general principles and practices which served as guides to

the teachers in setting up their instructional programs may be stated as

follqws:
| l. Some grouping of children is necessary for effective number
instruction.

2. An appropriate time allottment is needed for planned number
ingtruction.

3. MNumber experience proceeds from the concrete to the abstract.
4. The sequence of number presentation follows the arrangement

of the numbers in the .number system. In genersl, a span of several numbers
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is selected over which instruction is concentrated for a period of time
~rather then a single number.

5. The teacher tries to be aware of the thought processes of

. her phpils, and of means of helping them evaluate their own progress.
| 6. Processes are taught together in order to eneble relation-
";hips to be seen readily.

7« The teacher strives to know the attitudes of her children,
to build favorable attitudes, and to develop a growing sensitivity bo
number situations and possibilities.

B8+ Incidental mumber experience often becomes a basis from
ffhieh planned experience stems.

9. Any type of number experience selected for independent work
follows previous group work of a similer type carried on under the guidance
‘ofjths teacher.

10. The introduction of signs and symbols is delayed until
meenings for numbers heve been well established.

11, Teachers learn by sharing ideas and experiences. FPracticum
sessions (weekly meetings of the teachers in the study) serve as a c¢learing
house for ideas, future plamming and evaluation.

| In succeeding sections each of these principles and practices
is amply illustrated by excerpts fram teachers' diaries. Selections from
~the diaries have been made to show: (1) variations in the practices of
‘differant teachers, (2) the extent to which teaschers were successful in
 earrying out the principles and practices, and (3) the difficulties they
encountered in doing so.
| The Plamned Number Program |

Grouping children for number instruction.-- As the teachers

‘napﬁroached the problem of meeting individual differences of the children
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in aritimetic, they realized that some grouping of children within each
grede was necessary. Plans for grouping children were developed in

accordance with the needs of each group. Data from group tests and inter-
3visws4 were helpful in deciding upon appropriate groups. The most general
practice was to organize two groups selected on the basis of mumber under-
standing.

Teacher A began by dividing her children into two groups. She
soon realized the need for three groups for most purposes and she ocontinued
to work with three groups for the duration of the instructional period.

The usual plan for Teachers B and C was to have two groups
alternating on subsequent days throughout the week. While one group
worked under the direction and guidance of the teacher, the other group

. wag engaged in some type of independent work, consisting of number games
or review activities. Teachers A, B, and C made use of smaller groupings
on occasion, Toward the end of the semester these teachers were able to
run two mumber groups concurrently. Teacher A deseribes her experience
as follows:

While I worked with one group with blocks, ete., I divided the
nore independent children into groups of three children in each group.
They worked with combination cards (abstract). Each child took a turn at
being teacher, showing the others the card, and having them answer. I

. walked around for a while to see how things were going. It seemed to

~work fine. ‘

Teacher B also made use of pupil helpers with games, and small
kpra.otice groups.

Used number picture cards and games by themselves. I went over

. to see how they were coming along and checked with them while S used
aumber. ¢ards with her group for a while.

All teachers found smaller groups advisable on occasion. Often

‘8 temporary group was arranged bto provide specific help on a given process,

. causing confusion for certain children.
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Teacher D worked with her group as a whole for about one week.
- Bhe then divided them into two groups, but continued to use the whole group
"for’ certain types of activity, such as acting out number combinations with
- the children themselves. After the interim interviews were given and
Teacher D had an opportunity to study the children's responses, she divided
| “her ohildren into three groups. She made some shifts in the original two
‘gr'oups on the basis of responses on the inbterview date, and placed six
children who seemed to have very little understanding of numbers into a
group for special help. |
| Teacher E used the two~group plan during the entire semester,
working with each group on alternate days. 8he rearranged her groups after
the interim interviews were given.
Teachers A and C made some use of convenient chance groupings
in irhich children were not divided on the basis of number ability. While
the boys went to showers, the girls sometimes worked with numbers, and
'Vi@@ vorsa. When a group went to church school, the group which remained
worked with numbers on oceasion, If regular number groups were orowded
out of the program on a particular day because of more pressing activities,
the reading group served as a number group. These practices were discouraged,
haievar, since many children were not working on their own level of under-
‘standing.
In general, grouping was flexible, with each teacher having the
’freedom to employ whatever grouping bechniques she felt would best meet
: the needs of her particular groups of children.

Time devoted to pla.nned number instruction.-- The teachers in

“%he program were requested to spend an average of thirty mimmtes each day

- on plamed number activities. Each teacher was free to apportion the time
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among her groups as she felt best. Teacher A preferred short periods of
time and therefore usually worked with two groups each day, spending
fabouﬁ fifbeen minutes with each., In general, Teacher D also favored short
fifteen~minute periods of guided number activities. Teachers B, C, and E
.'préfarred longer periods, around thirty minutes in length, with each group.
This procedure necessitated alternating groups on successive days and
planning independent activities for one group each day.
On some days planned number work was omitted altogether because
of an excursion, holiday festivities, unexpected occurrences, and the like.
" The following explanations for omitting number work are typical of those
kaffered:
Oct. 15. On pienie,
Octs 21s I had to spend a lot of time with a parent. Did not
" ‘heve number work.
RN Dec. 13, Made Christmas tree ornaments. Spent most of the day
"~ on them. Also had church school eand a movie. No numbers.
‘ ‘ ¥ov. 17. 8ince we had inbterviews in the morning, I had to use
my afternoon for other subject matber. Also had to take time today to
 have a discussion as to how we conduct ourselves during reading groups.

Nov. 24. The afternoon was taken up with Thanksgiving Festival,
so could not get any number work in.

v Cmissions of number work fram the program were rare, however,
| On the whole, diary reports of the teacher indiecated rather strict adherence
to the plan of approximately thirty minutes per day for planned number
fvfork, though the division of time varied with different teachers.

Progress from conerete to abstract number experiences.-- Early

nnmber experiences of the second-grade groups in the fsll centered around

aotivities which could be carried out with concrete naterials, i. e.,
objeots that could be menipulated by the children. Each teacher was
: Pi‘b?ided with at least one set of mabterials in sufficient quantity to

;k Qmake it possible for a group of ten to fifteen children to be supplied
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 with materials for simultaneous directed work under the gaidance of the
teacher. Small woodensquares, oblongs, or circles, and inch cubes were
aﬁi@ng the concrete materials provided. Each teacher was also supplied
wi'bh a counting frame of twenty beads, and a felt-o-gram (large piece of
folt with smaller pieces of contrasting color) to be used for demonstrating

: ‘;zgroups of nmnbers; In addition, the teacher used other available materials
for varisety and interest.

A report of an early lesson plan for Teacher E is typlcal of the

"bype's of concrete experience provided for the five groups during their
aai‘ly stages of mumber instructiomn.

8ept. 29, The children sat on the floor and easch was given a
9" by 12" sheet of paper and ten wooden squares. They each counted their
squares. All had ten. I asked the children to take away 4 because we
~were not going to use those right now,

"Now, how many do you have on your paper?" J. answered, "6."
P, answered, "7." I took 4 from my flannel-o-graph, and asked how many I
had left., B said, "8." I then asked P. to count her remaining blocks
again., She did so by pointing to them one at a time. She counted 6.

ol |
Je had his squares on his paper like this: GnnuI asked him to
tell sbout his squares. He said,

"There are 2 here and 4 here. Two and 4 are 6."

=
: The squares on my flamnele-o-graph were arranged like this: SE 0
I asked B, to tell us how she saw the picture. She replied,

"There are 2 in the first row, 2 in the second row, and 2 more.
That makes 6." )

I asked all the children to make the same pattern I had. All
except P. did it correctly. Her pattern was gc&nn « I asked how many were

in her first row. She counted by ones, and said four. She counted her
second row and said two. I asked her what she would have to do to make

her pattern look like mine. She pointed her finger at my pattern, and
counted three and three. She then took eway one from the first row and
put it in the second row. I used my mabterials to explain to the children
what P. had done, and how she had solved her problem.

I then asked the children how many three's they saw on their peaper.
They hesitated and looked from one to another. M, said, "2." I asked her
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%o show us the two three's.

, "Here is 3 and here is 3," she said. After all had pointed out
'.*bhe two three's with their squares, I asked how many two's they could see.
R, said, "3," and showed us how he saw his three's.

P The ohildren then made different pa‘bterns for the number six and
,{aach $0ld how he saw his pattern.

Variations in the use of concrete materials may be illustrated
by the following excerpts from the diaries of different teachers.

Teacher A. Oote. 9. Had general discussion about grouping. Used
the children themselves. The children move around to make mumber groups.
Then we tell the story, as,

"Two children and 2 children are 4 children,®

Teacher D. Oct. 1. The whole class came up in front of the
zromn and sat on the floor. On a smell table in front of them I had placed
‘seven acorns. We talked ebout the number seven. First we found how many
groups of "two"™ were in seven. Then how many groups of "three," etc. We
- always noticed how many were left. I then called on different children
to come up and group them as I had done. All seemed to have an understand-

dng.

Wo then took so many away to see how many were left. The same
~procedure was used for other processes.

This report was written during the first week of the instructional
period, before Teacher D had placed her children into groups for number
works

Teacher B describes a unique way of giving out and putting away
materials, such that this routine becomes a worthwhile learning activity,

, : Oct. 3. We used wooden squares today. I gave each child 2,3,4,
“or 5 blocks. BEach was then asked to tell how many he needed to have five
- in alle. The child's estimate was checked as he got his blocks. The
children made groupings of 5,6,7, and 8, getting more blocks as needed.
They ‘put their blocks eway by counting by 2's.
Referring to a later occasion when 8 blooks were to be put away,
- Teacher B says,
BEach ohild tried to think up a different way to put his blocks

‘aw&y. Some counted by 2's, starting with 2. Some counted by 2's starting
with 1. P. put in 3 and 3 and 2. J. put hers in by saying, "4 end 4 are 8,."
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The following experiences with semi-concrete number activities
were provided. These were usually in the form of pietured materials and
wera differentiated from the concrete in that they were fixed, or set, in
contrast to the movable quality of the concrete materials. Passages
from teachers' diaries provide illustrations of semi-oconcrete number

experiences.

Teacher B. Used picture cards for rapici recognition of number
groups. Most of these children are quick in answering, but still counting.

Used playing cards with the corners cut, so that the large
centrel number groups are clearly visible. The purpose was to encourage
the children to see the groups as wholes quickly without counting.

Compared two mumber picture cards, such as QQ° and ©0. Children
looked at the pictures. Told the nmumber in each group. Then compared
groups to see which group had more, and how many more. Also used them to

. find which group had less, and how many less. Used cards with groups .
from one to ten.

; Made up number picture cards for a lotto game, using number
groups from four to ten. (Number groups on a board with duplicate groups
on separate cards for matching. Games were later used independently by
the children while the teacher worked with a number group.)

Peacher D, I had a small toy catalogue with toys grouped
sccording to kinds. We made up mumber stories about thems There were
not more then six toys in any group. The children enjoyed this.

. Teacher E, Worked with addition and subtraction. Had cards
with groups of different farm animels. Each child selected a card and
made up a number story. I made up a story first., My card had pigs on
it grouped in three and four. I said,

S "Here are 7 pigs. Three went away to eat. (I covered up 3
with my hend.) How many were left?"

Twelve of the eighbeen children in this group told s story
~about their farm animels and derived much pleasure from it.

Experiences of a semi-concrete nature were followed by problem=
solving situations and abstract experiences, although a child who was
unable to give abstract answers was encouraged to return temporarily to

the use of semi-concrete or concrete materials. All children were not
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oxpected to achieve the same end results. Instead, the purpose of the
teacher was to help each child progress from a given level to a higher
19#91 of vunderstanding. Examples of problem-solving experiences as
provided for the children follow:

Teacher C, I made up word problems which the children seem
to like, as,

4 : "You have 8 children. You want to put them in 2 lines. How
meny will be in each line?™

We often dramatize the problem to check on a child's understanding or to
help & child who is having difficulty solve the problem,

We opened the grocery store. The children had good experience
in deciding what they wanted to buy and how much they could afford. Toy
money was passed to the customers. They all got different amounts up to
ten ocents. The custamer and the other children in the group had to be
sure the grocer did not make a misteke in change. When each child went
up, the rest of the group watched what he bought, and figured it out,
too. Some of the problems were:

C. spent 3¢ end 5¢., How much did he spend? He had 9¢. How
miach did he have left?

H. spent 5¢ and 1¢ and 2¢. How much did he spend? He gave
the grocer 10¢., How much change did he get back?

W. spent & penny more than he had, so he had to return a
penny.

The children play in the store during their free time.

Teacher B, The children arranged toys in a toy shop window.
Each child made up his own number story. So;ne of them weres

' "I bought 2 dolls. They cost 3¢ apiece. How much did I pay
for them?"™ J, called on someone to give the answer to his number problem.

The children were helpsd to work out the answers and did not lose their
turn if they could not give the answer immediately.

Tescher D, Worked with the better group. We went on shopping
tours and bought Christmas presen’cs. Practiced with the lerger mumbers,
8 9’ &nd 10.

| Purely abstract types of number experience came late in the
~gemester and were usually limited to the more advanced groups of children.

~Illastrations follow:
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Teacher D. Today I worked with the children who are ready to
- work out answers from combinations they already know. We practiced this
and it worked very wells Most of the children caught on.

Teacher D, Worked with the more advanced group that is ready
to start memorizing some of the combinations. We worked with flash cards

~eand next week we are going to start making our own.

Subsequent reports explain that this group completed making
addi’cion and subtraction cards for all the numbers up to ten and used them
in partners or small groups for memorization of the muber facts.

Teacher B, Dec. 10. Children in the fast moving group used
abstract cards for the first time with no chsck mth concrete or semi-
concrete materials.

As would be expected, many number experiences were not exclusively
conorete, semi-conerete, or abstract, but rather a combination of more than

one ‘type. The following experiences combine concrete and seni-concrete

Lo experiences:

_ Teacher A. We made pictures with blocks and told what they
seid. A few drew a picture on the board to show us how we could make
the seme number of blocks into other number stories. A child's bloeck
‘sbtory showed two groups, 5 and 2. Blackboard drawings showed 6 and 1,
and 3 and 4.

Teacher B, We worked with blocks. Started with six and went
on to eight. I showed number pictures which children had made. (Pictures
cut from magazines and arranged inte number groupings for a number screp
book) The children worked them out with bloecks if they did not know the
answer.

When the ohildren began to show a readiness for the abstract

~understending of mmbers, the teachers worked out combinations of concrete
and abstract experience or semi-concrete and abstraet, to help the children
make an easy trensition to the abstract. The teachers found at times that
the concrete, semi~concrete and abstract levels seemed to merge to some
extent., When a group of children were nearing understanding of a number

span expressed in gbstract terms, there seemed to be a perlod during

'fwhaah concrete and semi-conerete procedures were used only as means of
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‘determining the correctness of the answer. If the answer was correct, and
if the teacher felt convinced that understanding was present and that
meture processes had been used, it was assumed that ’she‘ child had reached
the abstract lewvel, If, on the other hand, his answer was incorrect, or
if for any reason he wes asked to furnish proof, he resorted to either
the concrete or semi-conerete level to justify his answer. Experiences

of this type may be illustreated by the following excerpts:

Teacher A. "I have 10 sticks, J. will taeke some away. He
will not tell how meny he takes. I have this meny left. {shows children
number left) How many did he take?™

Some children had to work it out from the beginning with their
ovn. sticks. Scme could think the missing number without having to work
it out.

Teacher A. Played a game of "give and take,™ which we made up
ourselves. '

"I give you 5; now I teke back 3. How many do you have left?"

When numbers were large (7, 8, and 9), we looked at the sticks
to find out each time., When numbers were small (4, 5, and 6), we play
this way: The children closed their eyes. I made & group. They opened
their eyes, named the number group, and closed their eyes again. Then
I took ewey some. They opened their eyes again, and told how meny were
gone, ,

Teacher B. The children sat in a eircle, esch with ‘ten blocks
and a pencil and piece of paper. I asked C. to put two bloeks inko the
box and S. to put in four.

, "Write down the number that tells how many blocks are in the
box.®

I checked to see if all answers were correct., Everyone got this
without using blocks to count. Next S. ceme and took two blocks out.

"Write the number that tells how many blocks are left."
Then 8, took two more away.
"Now how meny are left? Write the mumber.”

"Thatt!s easy,™ said J. "C's two blocks are left "
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Tepcher Bs I used buttons, starting with nine. I put four in
~one hand, and the others in the other hand.

"If I have four in one hand, how many do I have in the other
hand?*

Worked on subtraction in the same way.

"I have nine buttons, I will take two away and put them in
my other hand. How many are left in this hand?®

Children divided inte small groups and continued to work with
the button game in small groups. This was purely abstract except for the
child who presented the problem. But, of course the buttons could be
used for checking whenever a child gave a wrong answer or guessed. Later
the same game was used in this way:

"I have nine buttons. Guess how many I have in each hand."

This brought out many variations, but I found several children
using fingers. Next time I will provide them with blocks to use.

; Teacher C. I wrote some number combinations on the board.

One ohild would read the story and we would work with blocks to show it,

We got extra addition and subtraction when adding or subtracting blocks
to stert the next problem. In the first problem we needed two and four.
In the next one, we needed 4 and one, so we took one away. Sometimes we
called attention to this, Other times it was done without presenting
the problem. For the combination, 7 and 2, we checked the answer by
counting, 7, 8, 9.

Tepcher D. I worked with the lower group on number picture
cards (abstract combinations on one side and pictured groups on the other)
using mumbers up to five. If the child could not get the answer, I turned
the card over to show the story with pictures. Only one child had
difficulty. They wanted to go farther, so we went on to sums up to seven.

Sequential plan for teaching the combinations.-- The seleoction

of combinations to be taught followed the serial order of the number
syé‘bem. " The first teaching unit for each teacher consisted of a span

of about three numbers. OUne teacher found it necessary to begin with the

number span containing the numbers two, three, and four, while another
teacher, whose children were already familiar with these numbers, selected
a higher span composed of the numbers five, six, and seven. Children

worked within the selected number span on a concrete level, doing the
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types of activities which were suggested in the preceding illustrations.
Thé group moved to the semi~-concrete level with a given series of numbers,

- when the informal day-by-day evaluation of the teacher revealed a readiness
'for semi~concrete materials. At the same time, another series, overlapping
the first and extending beyond it, was selected for exploration and discovery
on ‘the concrete level. The two or more groups within a given grade worked
on different number spasns selected to meet the level of understanding of
the children within each group.

Bventually, =2 child was working on approximately three number
series concurrently--onse series on the concrete level, one on a semi-
~‘conerete, and one on the abstract. The teacher's plan was to keep the

“Wwork at the concrete level well in advance of sémi—concre’ce and abstract
number experiences. To illustrate, if the conecrete number seriss at a
- given time consisted of the numbers from six through nine, the semi-concrete
gseries for thalt particular period would probably be four through seven,
and the abstract level would be represented by a series of even smaller

- numbers, perhaps two through five.

As problems arose, teachers solved them creatively in the light
of their understanding of the general prineiples underlying the teaching

| plan., To the extent that goals were fully comprehended and kept in mind,
the specific teaching procedures that émerged seemed consistent with these
goé.ls. As would be expécted, the teachers varied greatly in their ability
to c@prehend and to carry out the idea of sequence as deseribed. &uotations
‘such as the following give evidence that the teachers had the general plan
of a mumber span in mind as they worked with their children:

Teacher B, Worked with blocks. Started with five blocks and

ywor,k:ed up to seven. Played e game to see how many different groupings we
eould make, As the children made their groupings, I drew them on the board.
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Used wall chart (phrase card holder generally used for reading,
but adapted for number work), blocks and circles. Called upon individual
‘children to build number storles » while others watched to give the answer.
Started with seven and worked up to ten. We did addition stories first,
and then subtraction. Using bleeks, each child made up his own take-away
story, told it to the rest of the group, and called upon some ons for an
answer. .

Awareness of thought processes.-~ The teachers cooperating in

the investigation made continuous study of the methods used by children
throughout the semester. Preliminary decisions as to the maturity of
verious methods were made in group conferences with the teachers after

the initial interviews had been completed. Teachers studied the responses
of children on interview sheets and were then asked to help decide which
of the methods used by the ohildren showed the least pramise for helping
children understand number, and which showed the greatest promise.
Implications for teaching were contimmously drewn as the maturity of a
method was considered.

In general, instruction was designed to move the children from
whatever stage of maturity they had reached at the time of the interview
to a higher stage. Methods used by children which showed no promise for
fu‘rther‘ growth in accuracy or understanding of the processes were
di‘scoﬁraged. Pupils were encouraged to discard them as soon as possible.
"Guessing" and "counting all numbers" are illustrations.

| Wnile decisions on maturity of levels of thinking were being
made, questions continually kept in mind were: (1) If a child is at a
given level, what constitutes growth for him? In other words, what seenms
to be the logical next step in the direction éf growth toward maturity
for this child? (2) If the method he is using is inaccurate, what
analysis of the. method, as the child is applying it, can be made %o help

'him become more accurate in the use of the method? What diffioulties is
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he having with the method? How can he be helped to overcome those
diffieulties? (3) How can readiness for a next level be determined?

A thorough study of interview data enabled teachers to become
aware of thought processes and of helpful teaching techniques. With the
methods of "counting variation®™ and "counting to add and adding,® the
'Eeaohers recognized their task as one of helping the child differentiate
cleérly those number situations to which these generalizations could be
accurately applied. The recognition of situations to which "counting
variation" was not applicable involved a study of the relative sizes of
groups. When children had a cléar understanding of groups, they could
,n0‘lohger be satisfied to add or to subtract one unit indiseriminately in
all combinations.

Certain instructional procedures with regard to the method of

counting all numbers were apparent to the teachers. They realized that
bhése'children'who were aware of the two groups in an addition example
were npre aocurate than those who counted continuously with no apparent
reaiizdtion of the groups as groups. They therefore encouraged children
to pause, or in soms way to indicate recognition of the two groups.
Children were helped to recognize groups readily - to see a group of Ufive®
as five, without the need to count each single object represented. HMaking
gréups in various patterns.and designs with different types of materials
helped children arrive at generalizations with regard to groups which
were helpful in learning to combine groups accurately.

As one step beyond "counting all rumbers,"

children were helped
to use the method of "partial counting™ whenever they showed a readiness
for it. Readiness was considered present if a child ocould recognize groups

with facility, and if he was adept at counting both numbers in the example.
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Iz;gtruction in "pertial counting" involved helping children who were
ready for this method to Wofk out the answers from materials in the most
expedient way. Instruction also involved helping them arrive at such

| genefalizations as the following from their work with concrete materials:
(1) If only a few are teken away, the answer will be high in relation %o
the total. (2) If many are taken away, the answer will be low in relation
to the total. (3) If any are taken away, the answer must be smaller than
the original number. Similar generalizations apply in the process of
‘addition. Some of these are: (1) If many are added to a group, the answer
will be large. (2) If few are added, it will be only a little larger
than the original group. (3) If one is added, the answer is only one
1ai‘g;arl than the original group.

As the children progressed toward more abstract types of methods
such as Mrecall by logical inference™ and "immediate recall,™ teachers
were faced with the problem of determining if the use of these methods
was aecmpanied by understanding. Techniques most often used for checking
understanding were (1) informal discussion in which the children were
encouraged to give reasons for the correctness of the answer, and (2) same
form of concrete or semiwconcrete demonstration of the immber fact.

An instructional problem in subtraction caused the teachers
mich concern in the early weeks of teaching., On the initial interviews
certain children had preconceived notions which completely blocked their
understanding of subitraction as a process. For these children "6 take
away 2" meant they were to put six and two together first, then take away
the two, and have six left. With some children the ideas were so firmly

fixed that much reteaching was necessary to redirect their understanding
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‘of subtraction as a process. Instructional procedure included a wide
use of concrete materials accompanied by oral discussion.

Variations in instructional procedure Wére made to help
ehiidren understand the processes of multiplication and division. The
ochildren learned to group objects in multiples of 2's, 3's and 4's and to
discuss these groupings in terms of multiplication and division.

It should be understood that any method can be used without
'understanding on the part of the child. HMethods can be learned as
mere feats of memory or as tricks of achievement. For this reason there
is"‘no substitute for the intelligent tesmcher and for her constant check
énd evaluation to make sure that understanding is present.,

The following excerpts furnish evidence that the teachers were

aware of the ways of thinking of their pupils and were consciously trying
to he}.p them use more mature methods: |
| Teacher B. The children were asked how many were 5 and 4.
Everyone but S. and J. used bloocks to find out the answer. I asked J,
how he knew the answer.
| "Well, 4 and 4 are 8, and one more are 9."
Then asked S. how she got her answer,

"Pive and 5 are 10 and take one away, you have 9." Then asked
8. how zhe knew that 3 from 9 would leave 6.

"Because 3 3's are 9," she said.

I put five blocks and then 3 blocks into the box. How many did
I put in? J. said nine. I asked how she knew. She said,

: "I counted 3,4, 5,6,7, 8,9." Asked her to put the blocks down
and count them again. This time she got the right snswer. 'J. saild,

"] know an easier way. You start with 5 and say, 6,7,8.%
I held up various number stories for the numbers 5 and 6 and
then asked the children how they arrived at their answers. The children

used blocks only when they could not think the enswer. More of this
group is counting by starting with the larger mumber.
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Teacher B. made a comment which shows the reluctance of some
children to go through the effort necessary to use concrete materials
to arrive at answers:

There was some guessing at first by those who didn't want to
work the problem out with their blocks. I encouraged them to use blocks
when they were unsure of the answer. More of this group are beginning
to see numbers in groups and though they are still counting, they start
with the larger number. Several have solved problems by relating the
answer they wish to find, to one they already know, as, 4 and 4 are 8,
80 & and 4 are 7.

Some of this group showed grea’car understanding of their
numbers today. B. was called upon to give the answer for "6 and 3." He
answered nine very quickly.

"fou really knew that answer. How did you lmow?" I asked.

"Well, Virginia just had 7 and 2 and she said 9. S0 I took
one awey fram 7 and put another one on 2."

Involved explanation, but he knew.

Teacher Co I find that children most often think a subtraction
© angwer from an addition answer they know. When asked the combination
"7 take eway 4," R. said,
| "] thought 3 and 4 ero 7.

: K, knew that 3 and 5 are 8; therefore 3 and 4 are 7; therefore
7 take away 4 are 3.

Teacher D. (picture of nine trees grouped in three's) P. had
dabbed at The air with her finger counting each one. C. counted by saying
3,4,5,6,7,8,9. B, sald, '

"I know three 3's are 9."

- Teacher B realizes by conversation with a pupil that, when
number picture cards are used with a child who already knows his combina-
tions, he is slowed up unduly by the necessity of reading the pictured
groupss

Used cards to check each pupils M. was slow which surprised
me as he has been very quick at obther times. He said he could do it

“quicker with numbers. When he stopped to figure out that °§° and oo was
tha same as 7 and 2, he knew the answer,
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Teacher C. desoribes the following procedure for helping children
see relationships between numbers:

S Worked with the doubles asnd related mumbers; 4 and 3 as related
tosand 33 2 and 3 as related to 2 and 25 4 and 3, and 4 and 5, as
related to 4 and 4; ete. Did the same with sub'hraetion at a later period;
8 take awey 3 as related to 8 take away 4; 6 take away 2, and 6 take away
4, as related to 6 take away 3, etce

Many times during these two weeks (report of Jan. 25th) I
~found that the children might lnow two 4's are 8 immediately, but if I
turned the combingtion around and asked them what four 2's were, they
usually stopped to figure or count., So I've shown them with blocks that
a rearrangement of groups 1ls necessary though the result is the same.
Some children ere not able to see this relationship by means of abstract
thinking alone,

Teaching processes in interrelation.-- Teachers were instruoted

kto teach the four processes together during the beginning stages of learn~
ing. This method was found feasible during the stages in whieh children
used concrete and semi-concrete materials. To illustrate with concrete
: 'm@t&rials, the child can do the following with eight blookss
1. He can take away and given mumber from eight blocks and
find out how many are left, thus finding one of the relationships betwesn
ﬁhs sub=groups with which he is dealing, and gaining some understanding
of subtraction as a process.
2. Hach time he takes awasy from eight blocks, he can put them
- bl;ek together again and thereby engage in the process of additioﬁ. As
differen‘b relationships between the groups are recognized, addition comes
%o heve meaning for him.
3. He can divide eight into four two's or into two four's.
With such operations he can answer either mmltiplication or division
questions. As he engages in these activities, he has the opportunity to
‘ éiseover the meaning of multiplication and of division as processes, and

"to seg other existing relationships within the sub-pgroups for the number

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



106

eight., In like mamner, when presented with a group of six balls, such
#é 000 s+ possibilities for eddition, subtraction, division and multipli-
‘oa‘f:ion combinations may be seen by the child. By working with the four
fundamental processes alt once, the relationships between them may be more

easily seen and used as a basis for making generalizations.

Teacher A. We used the felt-o-gram and blocks. We worked on
all processes together. Addition is rather easy for this group (middle
group). Most of the children did not need to use blocks. Subtraction
is harder and blocks came in handy.

Teacher B. Used number picture cards with the numbers six and
seven. Worked with all processes together. Some have difficulty in the
last two processes (division and multipl:.cat:.on), and I concentrated on
these children.

While the general procedure was to work on all processes together,
teachers often found it necessary to isolate a process temporarily for

concentrated practice to clear up misconceptions:

Teacher A, I worked with a group of children using blocks and
sticks. This group was having difficulty with problems involving "how
meny 2's in 67" etc. Some got the idea after a concentrated ten minutes
on this alone.

~ Hod & group of children who were having trouble with subtraction.
'.{’ried to straighten out bhe children who were saying "9 take away 6 are

9," "7 take away 3 are 7," etce It helped. Some lost their over-confident
at‘hi’bude that "this is easy - all you do is just say the first mumber."

When the children begen to use symbols freely (second half of
the instructional period for the more advanced groups), processes were
not mixed indiscriminately where written forms were reguired. As long
as concrete and semi-concrete materials were used, experiences could
involve all processes without confusion., The written forms seemed to
rb’r:i.ng new difficulties of reading and interpretation. Combinations were
usually grouped by process, therefore, when written forms were introduced.

Attitudes toward arithmetic and sensitivity to mumber situations.--

" Teacher E tells of a mother who came to school to inguire what the c¢hild
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was learning in numbers, sinoce the child insisted thet the ornaments on
the Christmas tree must be arranged in groupsi

The teachers reported other instances of carry=-over of school
Mber experience into the homé, such as making lotto games, number picture

cards, and the like., Teachers also mentioned a wide use of number materials

/Vdur:’uig free time at school,
In the course of interviews with twelve teachers who hed teught
't:he children the previous year, nine teachers sald they had discouraged
- the children from counting on their fingers. It is therefore not suzfpris-
mg to find that certein children sensed such strong disapproval that they
felt ii: necessary to hide their fingers when counting them. Teacher C
deseribes how she handled such a situation:
o Scmehow whon they use their fingers they try to hide them. Then
- I have to say, "If you want to use your fingers, you don't have to hide
them.® R. uses his fingers on problems like 9 take away 6, but if I just
say, "What is 10 take away 61" and follow with "Then, what is 9 take away
6" he oan get it very fast,.so I guess he just needs practice in thinking
along these lines.
| Teacher C first of all accepts the child's counting on his
fingers, but at the same time tekes steps to help the child toward ways
of thinking which are more mature and whiech will eventually eliminate the
| ‘need for counting fingers.

Coertain spontaneous remarks of the children as they worked with
immbers showed enjoyment. While working with concrete materisls, H, was
khea.rd to remark, "I didn't think this would be this much fun."™ T. volunteersed,
"I'm going to practice this at home." E, showed very evident pleasure when
he progressed beyond the need for concrete materisls. |

Teacher E. Dec. 8. Put three wx:ii;'ben problems on the board for

the better group to do. Example: Mary went to the toy shop. She had 10f.
She bought a top for 6¢. How much did she have left? Most of the children
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understood what to do after I explained that they were to figure out
whether it wes an adding problem or a take asway problem. They all seemed
to enjoy thinking it out. P. said,

"This is more fun than that other stuff (working with concrete
materials). It gives you something to do."

The children often showed ingemuity in working out a rather
difficult problem. Teacher C tells the following incident which occurred
as the children were counting money for a trips:

.One child made the comment that there were ten fifty-cent pieces

~in $5.00. I asked how he got it., He had counted on his fingers, tapping
two times on each finger, once below the knuckle, and once abovel

On occasion the activity under consideration took precedence
over the nmumber ideas involved, as Teacher E discovered when she attempted

| to have the children place enimals on e farm frieze to show number groups:

We worked out places for the farm animals. By sticking them

~ on temporarily with Scotch tape, we made many number groups. When the
~children pasted the groups in permenently, they didn't make the groupings

so prominent.

"There is too much space left that way," they said. "This sheep
can eat more here \"

Trees in an orchard was & more natural situation and the children
raised no objection to putting the trees in regular groupings:
, We looked at the trees painted on our farm frieze and J. said,
"They really look like the picture of the orchard because they ein't in

one line."

"Show us on the board how they are. grouped.”™ J. went to the
board end made lines to show three 3's.

"How many trees are here?"
"Nine, ™ he said.

Incidental experience and needs of the group used as a basis

for plemned mzmber. experience.~~ The planned number progrem was not

liini'bed to work on the four fundamental processes with numbers below ten.

Also included were number experiences dealing with money, telling time,
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’mea:suring, Roman numerals, meanings for numbsrs larger than ten, writing
‘I’n‘ﬁm‘o‘ez‘s larger than ten, fractional concepts, ‘and tax stamps. The teachers
plé,nned number activities centering around these topies to meet the needs
of ‘th’e various groups for more understé.nd:’mg, and to fulfill the require-
mants of the course of study in arithmetic for second grade. Experiences

dealing with money concepts were similar to the following:

Teacher B, S8ince we have been counting money so much, I used
this &s a basis for our group work. I drew pictures on the board to
show ten pemnies in two groups of five each, two nickels, and one dime.
Pennies were counted by one's and by five's. Ideas brought out were:

..The worth of each pisce of money in cents. Five pemnies will buy the
-seme a8 one nickel. If there are two nickels in a dime, there are two

five's in ten, because there are five pemnies in & nickel and ten pennies
in e dime, ,

"There are six tens in sixty," said M., "because when ¥, brought

fifty cents he got five savings stamps. Let's tell some other number
stories. If I had 20¢, how maeny stemps could I buy?"

"Tyo,™ said T« "You count 10, 20."
"How many nickels in 20#7%

: J. said, "PFour, because two and two are four., There are two
mckels in each dime, so in two dimes, you get four nickels."”

Teacher D. M. was guite upset at noon time that I gave her a
dime instead of the two nickels she had given me in the morn:‘mg. When I
handed the children the blocks at number time, I said, "I am giving each
of you ten pennies.™ We found how many five's were in ten. We let two
big blocks stand for nickels. Five little blocks (pennies) were the same
as one big block (nickel). Two nickels (or ten pennies) were the same as
& dime,

Planned activities in messuring ere described as followss:

Teacher E. Measuring was needed to see how long our dowel sticks
should be For the wheels of our food train. Two dowel sticks were longer
thean the ruler, but not so long as the yardstick, I cut a dowel stick
inte twelve one~inech pieces to show the twelve inches that made up a foot.
We decided to make the sticks nine inches long., Paul measured a dowel
stick twelve inches long and sawed it off. Then he measured nine inches
-and cut off the remaining three inches. We put the nine separate parts
and the three~inch piece together to show twelve inches again. Worked
gome addition and subtraction problems with the paris.
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Teacher B, We talked about measuring things., Last week I
measured each ohild for height., We talked about the difference between
& ruler and a yardstick, pointing out that a yardstick is always three

feet long. I drew a ruler on the board, and explained inches and half
inches, showing two halves to a whole ineh. Then I measured several
‘objects to show that we measure both length and width. Then each child
. measured some objects that he had asccess to, such as his pencil, eraser,
‘his foot, etc.

Sl Teacher A, We measured ourselves and made & chart to show how
“meny inches tall we were. As each child was measured I wrote the number

on the board and asked someone to tell me how tall the child was. Then

I would put on another child's height and ask which was tallest or shortest.

Some kmew how much taller and shorter, too.

The following accounts illustrate the type of experience provided
to help the children learn to tell time:

Teacher A. We started telling time today. Had a general
disoussion on how many 5's there were around the clock, How meny 5's in
607 How many 5's in 30? In 157 We counted by 5's to find out. How
mach is half of 607 Worked it out by counting by 5's, When the long
hend is on six, it is called ™thirty,™ as 6:30, or 7:30.

Teacher B, Everyone made a clock, I disocussed the clock and
ways to make one - dividing the circle first in half, then in fourths,

. expleining that six numbers are in each half. Disoussion included: How
many hours are shown on the clock; how many mimutes in an hour; the long
~hand designates the mimutes while the short hand tells the hour, Children
hiad. an opportunity to mampulate the eclock, and ask others what time it
‘wes. Ve watched our own cloeck in the room, and noted that the little

~hand moved more slowly thean the long hand.

The need for understanding numbers larger than ten came about
' when children had difficulty recognizing page numbers in their reading
,"book's. The following motivities were designed to help children resch a
"'be;t:ter understanding of large numbers:

Teacher C., Planned work on the number sequence from one to one
hundred. We counted by ones, by tens, and by twos. Then I pointed to
different numbers and we went around the group taking turns. There were
three girls who could not recognize the names of the tens - 20, 40, 50,
“eto. So I tried to explain it, I then asked the children to find the
number that followed or came before the number I called. I was real happy
because they sesmed to get it.

, Teacher B. Worked with numbers from one to fifty to establish
meanings of tens and ones. Also brought in sequence:

"What rumber comes before 44? After 357"
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In & later period extended this work to 100, A hundred chart
was presented to the groupe. Discussion followed these liness

; "How many in each column? How many altogether? How many tens
in 1007 Count to find out. Who can count by fives to 1007 Look at
~‘,bhe§e mmbers (numbers pointed out by teacher). What does 55 mean? 357
122
This wes to bring out the idea of tens and ones and they had
~no trouble at all. Later, I erased severgl numbers and had different
children write in the missing numbers. Then,

: "If we count by tens, what number would follow 20?7 10?7 157
407 What number meens 10 and 7?7 10 end 27 10 and 1? eto."

This group catches on very quickly and seems to have the concept
of ten (better group).

Work with sales stamps involves bundling stemps so as to make
f'téns. For example, five two's, or three three's and a one, or ten one's,
~eould be bundled together to make a ten. These were then put into
hundreds. Group work was devoted. to this activity as often as necessary
‘ui‘ntil‘the children became sufficiently independent to carry it on without
guide.nce.

Teachers B, C, and D taught the meanings for Roman numerals
to '12 and how to write them. Teacher B planned some work on halves and
fourths for her more advanced group. The fastemoving groups in each
‘grade learned to write mumbers beyond ten.

Number symbols and signs.-~ HNumber symbols wers introduced

only after meanings for the number symbols had been developed. Of course,
the majority of the children had learned to read and write the number
gymbels in first grade. In ariy event there was a short bteaching period
dﬁring which symbols were omitted altogether, and meanings for mumbers
were stressed in order to assure understending for the symbols.

Teacher A describes introducing the addition sign (#) on

Jamary 22. Signs for other processes are not mentioned. Teacher C's
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fast-moving group began to use signs for addition and subtraction on
,Déoember 3. HNo mention is made of multiplication or division signs being

: ;used: by any group. With the exception of groups A and €, signs were not
used at all, but processes were described by means of descriptive language
phrases, such as, "Two 3's are;" "How many 4's in 87" "9 take away 6 are; "
and "3 and 4 are."

Types of number work used as independent work,--~ Any type of

work which the children were expected to eaccomplish independently was
first engaged in by the group to assure understanding. Afbterwards
iﬁdependent work was checked with the children to correct mistakeé and
clear up misunderstandings.

Teacher A, We had written examples from the board. Fach child
was given blocks, sticks, or discs to work out his examples if it was
necessary. When I was free, each child came up to me with his paper. We
went over the work. Even if he had them all right, I still had him use
materials to work out a few. If he had some wrong, we worked those out
together. :

Tencher B, The children cut out pietures and pasted them on
paper to make mamber stories., They then wrote their mumber stories on
separate pieces of paper. They did this while I worked with another
group. Later I looked over each one, and held up the pictures for
individual children to give the answers.

Teacher B, Draw pictures to tell these number stories:

1. Jdans had 10 oranges. How many different ways can she group
them?

2. She gave five oranges to Jim. Show how meny she had left.

3. Show how many two's are in ben.

4, BShow how many five's are in ten.

-1 had different children demonsitrate to show how they could make different
groups. Then the children worked at their tables.

The results on the above led the teacher to realize the need to
plen more group work of this type before independent work was again
aﬁtempted. Her comment was as followse

: Eventually this work was accomplished, but needed a lot of
explanation. I plan to follow up with group work,
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; Teacher C., Drew 4 houses, one red, one blue and two green, FPut
- one tree in the yard. Draw five children in the street jumping rope.
‘Have two cars in the street. There are three dogs. We counted these things
- %together to see how many things would be on our paper. We got 156. There~
fore, when the children finished, they checked by counting to see if any-
thing had been left out.

Tencher C, Each c¢hild had ten blocks. They worked independently
%o find all the different groupings they could find for the mumber ten.
 The next day we brought our papers up and took turns writing something
~that we had found on the board, as 2 and 2 and 2 and 2 and 2 are ten. We
- .related this %o five 2's in 10, snd to five 2's are 1l0.

Sharing ideas and experliences.-- The teachers shared materials

and experiences which they had found %o be successful with their own
children. Omne teacher brought in pages of the number scrap book her
‘children were making and described how the children worked out the number
:groups and accompenying stories. Ways of using commercial gemes for
iﬁdépendent number periods were explained. The teachers also described
gamea they had prepared themselves and found successful. A tally system
f‘i’*ar’: kaéping score was reported. Ways of making adaptations to other groups
.o;i" children were discussed. |
When initial interview sheets were analyged, there seemed to be
a définite need for help in understanding groups, since & large majority
of the children tended bo string out objects rather than to group them.
;,Grouping activities were discussed. Later diary emtries give the follow-
ing illustrations:

Helloween cut-outs (pumpkins, apples, ebc.) used to make groupings
of different numbers.

We talked about things that come in fives. J. mentioned a star
~with five points. H. remembered five dots on a tie. B. had five buttons
on his shirt. R. mentioned five pennies in a nickel.

The children had a tendeney to spread their objects all over the
paper when working with concrete materials. They scattered them over the
paper to such an extent that groups lost their essential grouping quality.

. We worked on making groups clear and simple, - working near the center of
~ the psper rather than toward the edges.
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Early misunderstandings of some teachers which were cleared up
by means of illustrative material were differentiations between incidental
s.nd:plamled number experience, and between conecrete, semi-concrets, and
abstract number experience.

At one time concern was expressed that the children were finding
work with concrete materials monotonous and repetitious, though they were
not ready for more advanced work. Teachers pooled ideas to see how much
variety they could bring into conecrete number experilence.

The value of the interview technique as a teaching device was
repea'kedly brought up for discussion. Questions suggested were: “How
did you think it?" ™Can you think it another way?" "Suppose you couldn't
remember it some day, how would you work it out?® | "Whieh way is quicker‘?"
‘Suceh questions were recommended as workable .ways of helping children become

“aware of thought processes and of beginning an evaluation of different methods.

The prineiples and practices listed at the beginning of the
chapter were continually discussed and evaluations weres made as to the
suoccess or failure of the teac}:;ers in achieving them. Weaknesses were
pointed out and plans made for overcoming them. For example, a freguent
grror wes to move ahead %o larger mambers before the children had developed
’th'e, understanding necessary to cope with them successfully. One teacher
hgd a very bright group of children who were very esager Lo advance rapidly.
It was ovident that the teacher was in conflict as to how to satilfy the
children's desire to go on, and at the same time be sure that concepis of
amall nuﬁbers were adequate.

Another weakness seemed to be a greater stress on addition than
on,qther processes., Teachers were encouraged to incorporate all processes

except when isolation of a given process seemed feasible for a particular
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group of children., Efforts were made to relate the processes, and, on the
ﬁhéle, the teachers reported gratifying results in teaching thé processes
‘in‘intarrelation. The independent work of the children tended to over-
emphesize addition throughout the semester, however, prcbébly due to the
‘traditiohal idea that addition should be taught first, and to the fact that
the language form for addition involved less writing and was therefore
sagier to prepare.
Prineciples and Practices for the Incidental Number FProgram

Certain of the'principles end practices previously stated as
yguideé for the planned mumber program are also applicable in the case of
the ineidental program. Others, such as those dealing with time allotment,

grouping of children, and a defined sequence for number presentation, do
not apply. To a great extent these were chance factors in the incidental |
prdgram.'

In incidental as well as planned number experience, the teachers
tried to be aware of the thought processes of pupils, to point out relation-
éhips to other processes than the one most immediately involved, to use
ooncrete and semi-concrete representations when needed, and to build

- favorable attitudes toward number.

In addition to the principles and practices which were the same
for the two phases of the program, certain others are of importance for
the ineidental program alone. These are:

1. Incidental experience offers an opportunity to meet needs
of the children for solving real problems which occurvthroughout the day's
'éctivities.

2. Incidental experience provides a setting in which applications

: of number may be made. There is a real use for number understandings

~which have been acquired.
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3« 1Incidental experilence often points out a need for more
understanding of nuwmbers, and offers the incentive to acquire greater
skill,

4, The teacher who guides children through incidental muber
experience is faced with problems such as the following: (a) wise selection
,of inéidenta.l experience so that children will not practice number abilities
which offer no further growth for them, (b) adapting more difficult number
experiences so that a readiness for later work in arithmetic will be

k promoted, (¢) judicious selection of individuals to engage in a particular
experience, so that children needing this type of experience will profit,
(d) developing within herself and within her group of chiidren a sensitivity
%o number possibilities which offer opportunities for number growth, and

| (3) becoming eware of adaptations that can be made to promote further
growth. |

Weekly meetings of the teachers were again to servé as a place
for sharing ideas, making clear differentiations between incidental and
plenned number experience for purposes of recording, and working out
difficulties with regard to incidental experience.

The Incidentel Number Program

The first three weeks of the fall term were spent in administering

k"group tests and interviews. A definite program of instruction was of
necessity delayed until the beginning of the fourth week of school. In
‘the meantime, teachers were urged to make use of incidemtal number experiences
in teaching and to record them for discussion at the first meeting of the
university class.

The problem posad by the first set of incidental number experiences

- ‘turned in by teachers was that of making clear differentiations between
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¢_§l§nﬁsd,and incidental experience. The conclusion was reached that any
ék@érieﬁce which was planned as group work and decided upon ahead of the
: timéyof meeting of the group would be included in the diary as planned
aprrienoe. Experiences which occurred in the course of the day's
 aotivities, at the instigation of either teacher or pupils, but were not
* pre-planned, would be considered incidental.
| | A total of 236 incidental number experiences ware reported during
the semester. These were distributed among the five pupil groups, as
‘follows:
k Group A - 40
Group B - 71
. Group 6 = 42

Group B = 71
Group E 2 - 12

It is obvious that the ‘eachers varied greatly in the mmmber of
,iﬁoidental experiences they recorded. Whether Groups B and D were actually
hafing almost twice as many experiences as Uroups A and C, or whether
“Teachers B and D were mofe conscientious in keeping records, is a question.
The teachers agreed that certain experiences were carried on almost daily,
or periodically, though they failed to record them over and over,and con-
genxratéd on those whieh offered wvariety. The experiences recorded are
',thérefpre more accurately thought of as a sampling of experiences which
’ogéﬁrred rather than an exhaustive list. Teacher B was partiocularly adept
‘aﬁ creating original ways for carrying out routine tasks so as to vary the
number aspécts invoived.
Following is a list of the varieties of incidental number

experience reported by the six beachers. Categories sre selected according

: 2 I1lness in the family and personal illness were responsible
for the poor showing of Teacher E with respect to recording incidental
mamber experiences,
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to the situations out of whioch the number experience arose. A total of
- 236 experiences are represented. The various items are classified by
topicse

Experiences with money

Collected and counted money for Weekly Reader

Counted lunch money

Counted money collected for Red Cross

Colleoted and counted money for ice cream for Halloween
and Christmas parties

Bought lunch - checked on change

Counted lost money which had not been claimed

Counted money for Christmas tree

Collected and counted money for Art League

Decided on number of stamps to buy with stamp money

Checked on cost of Mother's Christmas gift

Checked on money needed for overdue library books

Learned that lunch money can be received in different
denominations, and that there will still be the same
amount of money

Decided how much money to spend for regular lunch and how
much for dessert

Collected and counted money for trips

Bought stamps in play post office

Made change in post offiee

Put different denaminations of tax stamps into groups
totaling ten each

Experiences with time

Found out how many minutes before recess, time to go home,
lunch time, ete.

Found out number of mimites in half hour, quarter of an hour

Found out how many minubtes it took to oclean up

Used plaey elock to set time

Used a library book on telling time '

Exemined clock to find out how many little spaces (mimutes)
there were from one number to the next

Stayed fifteen minutes after school

Estimated time needed to complete a story

Experiences with temperature and the calendar

Kept weather report by half days - found two and a half
rainy days in week, one and a half cloudy days, etc.

Read temperature; compared with previous days

Mode thermometers with movable tape for recording temperature

- each day
Kept a record of rainy deys, sunny days, cloudy days, etloc.,
in a week; used for comparisons
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Counted days until e child's birthday, or until a holiday

Discussed days in a week; days we come to school; days we
do not come to school

Counted days in the month of December

Counted number of school days in December

Brought out idea that months do not all have the same
mumber of days

Campared temperatures; discussed terms "more" and "less”

Humber experiences in classroom routines

Compared large and small pleces of paper

Counted str:.ps of paper needed to make pumpkin men (arms
and legs, body, head, ete.)

Counted squares when paper wes folded for construction work

Checked on library books to be returned

Gave out paper

Checked on materials ordered

Checked on materials needed for each table

Checked on number of extra items needed when passer did

- not have enough; number left over when too much was
given; total in each case

Drew numbers to decide place in line

Checked on mumber of children present and absent; number
staying for lunch

Counted children at each table; compared with other tables

Decided on number of rows needed in auditorium if twelve
children set in each row (38 children)

Found chenges in total number of children when some lef%,
more were added, etec,

Decided how to space three pictures among seven windows

Decided what to do when there were four blackboard spaces
to be washed and only three rags

Decided how many more desks were needed when we had thirty-
five children and only thirty-three desks

Divided paper into fourths

Number experiences in subject matter areas exclusive of arithmetic

Compared meaning of girl and girls, boy and boys, ete.

Checked on number of books needed for reading group

Put serap books together; checked on missing pages

Found number stories in content of reading material or in
pictures in books

Changed size of reading groups; discussed changes

Guessed size of group; then counted to check accuracy of
guess

Used one~inch graph paper for keeping record of spelling
work

Placed words in groups of three for spelling game

Found how many words start alike on a given page

Found six-letter words, four-letter words, etc.

Read helf a page
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Arranged reading group so that half the children would be
on each side of the teacher

Found the middle of the group of children

Found one-half of eight pages

Children read one and & half of four pages and found they
had two and a half pages left to read

Called)attention to a line in reading book (third, fourth,
ete,

Discussed what it means to find the seventh line

Number experiences in play and game situations

Divided children so as to have an even number on each side

Kept score in bean bag and ring toss games

Counted by three's to get ready for "Squirrel in Trees"

Divided thirty-two children into five squads for play room

Divided box of thirty marbles between two boys, each taking
five at a time until all are gone (home experience described
at sohool)

Decided on number of children to play in playhouse at one
time; how total number should be divided among boys and
girls

Counted gym shoes by two's

Experiences in measuring

Found number of inches in a foot

Found number of feet in a yard

Weasured materials for Father's gift (14 inches by 12 inches)
Messured linoleum to go under easel

Measured heights of children and made comparisons

Used rulers to make mats for desks

Miscellaneous number experiences

Discussed odd and even numbers (house numbers)

Gave out lollipops at a party

Read dental cerds to see how many teeth needed attention
Counted napkins and spoons to be used at a party

Counted votes

Counted lights on Chrisimas tree

Decided on number of children needed for a committee
Noticed that ears in parking lot were arranged in groups
Counted by two's to get partners for trip

Found how many dozens in six

Analysis of incidental mumber experiences.-- Forms prepared for

recording incidental number experisnces provided for an account of the
number experience, the date, the teacher's name, the process or processes

involved, the kinds of materials used in carrying out the experience, and
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the size of the groups taking part in the experience. Figure 1 illustrates
_the procedure used in analysis.
The description cited in Figure 1 is an account of an experience

of Group A which occurred on October 1l. Two processes, addition and
subtraction, were involved. The total group of children watched the teacher
‘make the demonstration with concrete materisls. The experience was also
partially absitract. Checks were made in appropriate blanks to indicate
these facts. |

Some of the incidental number experiences which were reported
ihvdlvad no process as such, but rather called for the use of mumber

. gbilities such as counting, comparing, estimating, and the like. This
type of experience is illustrated by an account from Teacher C which was
. dated October 23. The solution of the problem necessitated ordinal count-
" ing, but no process was nseded.

We had trouble with oﬁr girl's line coming in. There were always
fights. So one girl wrote the numbers on little pieces of paper for each
girl. Another girl checked her. Then we put them face down and each girl
drew one, It was to stand for her place in line. I wrote the names on
the backs of each piece. Then one boy put them in order to 25. Then we
had the order of the line, and each girl kmew who she came after in the
line,

An anelysis such as has been desoribed was made for each of the
356 incidental number experiences. Table 3 gives the distribution of

,k,é;;perienoes according to process. The number and percentage of experiences
invqiving no process at all, a single process, two processes, and more than
'i:vio processes is given., Fifty-four experiences, or 23 per cent of the
total number, needed no proocess for solution. These were largely counting
experiences, or experiences dealing with measuring, fractions, reading and

writing numbers, and the like. The process of addition was the most widely

QSed of eny of the single processes. The most widely used combination of
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INCIDENTAL NUMBER EXPERIENCE

Teacher A Date: 8 @ N Db JF
1 2 34567 8 9101)12131415
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
Process . Desoription of Mumber Experience
Girls and boys brought in money for Red
AV Cross. We needed 50¢ to become members. We
had 42 cents. One boy said, "If I give my
s v nickel, will we have enough?™ I got out
S blocks and called big blocks nickels and little
M ones pennies. Add enough blooks to make 40f,
Add one more to make 45 (his extra nickel),
D then added our two pennies. Found out we had
S ' 47¢4. X¥new 5 pennies were a nickel, so we saw
Type of Material we needed three more cents to make a nickel.
Concrete v’ Commentss
‘Semi-concrete _
Abstract

S8ize of Group:
Total v Small Individual ____

Figure l.-- Pattern for Describing and Lebeling Incidental Number
Experiences.
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TABLE 3

~DISTRIBUTION OF INCIDENTAL NUMBER EXPERIENCES AS TO PROCESS
- OR PROCESSES REPRESENTED, WITH PERCENTAGES OF TOTALS AND SUBTOTALS

* Prodess or Nunber of Percentage Percentage
~ Processes Experiences of Subtotal of Total
No Process 54
Subtotal «.. 54 23
Bingle
Process -
A cees 43 83
S eave 16 24
D [ N X J 1 l
) SR 8 12
Sub‘botal eee 68 29
Two
Procosses
As L XN R 44 49
AM seee 18 20
AD se.e 17 19
SM [ E N X ] 4 4
SD L2 B X 4 4
DM eses 3 3
Subtotal +.. 20 38
- Three or
Four ';
Processes
ASD ..., 8 33
AMD eone 9 38 P
SMD eeee 1 4 {
ASM LN 2 4 17 }
Am [ X N B J 2 ‘ 9 B
Subtotal «se 24 10
Totel eeecococs 236 | 100

* Process Code: A = Addition; S = Subtraction;
D = Division; ¥ » Multiplication
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‘,ktyo,processes was addition and subtraction. Forty-nine per cent of the
fﬁeta1~nnmber of experiences for two processes fell into this classifica-
tion, More than two processes were used only rarely (10 per cent of the
total).

Date are assembled in Teble 4 to furnish a distribution by
pupil groups of the types of materials used in the solution of problems
arising in incidén’cal number experiences. Seventy~four problems, or 3l
per cent, were solved abstractly. For a slightly larger percentage, &
qambination of materials was used. Sixty experiences, or 25 per ceent of
’hha,‘bo:ba.l, were solved by means of concrete materisls. Semi~concrete
meterials were employed for only a small mumber of experiences (10 per cent).

There was a wide use of emnbinations of materials, such as 3
c¢onerete and sbstract, semi-conerete and abstraet, or semi-conerete and

: céncrete. The combination of materials usually meant that some children
in the group could solve the problem abstractly; others needed some type

. of representation for clarification,

In Table 5 a distribution by pupil groups is provided, showing

the size of group partiecipating in incidental number experience. The date
show that the size of group veried g;reatiy with the individual teacher.
In Group A, experiences were usually individual. Teacher B made a wide

‘use of combinations of one ohild and the total group, & small group and
the total group, or a small group and an individual. The total group was
émmnonly involved in Group C, while for Teacher D the most prevalent
practice was to engapge the total group, though amall groups and individuals
irére also used.

Illustrations of Incidental Number Experience

Solving day-by-day problems of individuals or groupse=-

S g”;nqiéen'bal experience provides an excellent opportunity for ohildren to
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TABLE 4

FREQUENCY WITH WHICH VARIOUS TYPES OF MATERIALS
WERE USED IN INCIDENTAL NUMBER EXPERIENCES

' = Type of Materisl = ‘
Group Sami" , cmbm“ Total
Conerete .| conerete Abstract tion
A sees 5 0 18 17 40
B aees 18 16 18 21 7L
CCoures 14 5 10 13 42
D sese 21 3 29 18 71
E ceee 2 0 1l 9 12
thal v 60 24 74 78 236
" Per cent
of Total 25 10 31 33
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TABLE &

FREQUENCY WITH WHICH GROUPS OF VARIOUS SIZES
PARTICIPATED IN INCIDENTAL NUMBER EXPERIENCES

Size of Group
Ind, Small Total * Combi-

Group Child Group Group nation Total

A eues 21 7 11 1 40
- 12 4 9 6 71
€ oaae 5 10 25 2 42
D ... 21 19 30 1 71

B oevee 5 2 1 4 12
Total 64 42 76 84 236
Por cent
of Total 27 18 . +:1 22
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| solve the real problems that occur from day to day. The following accounts
: of incidentel experlence show how the children were helped to solve problems

of econcern to the total group:

| Teacher D. We had to figure how much money we needed to buy

; iee eresm Tor our party. There were 38 children and we all needed to

bring & nickels The children decided that would be 38 fives. So I put

38 fives on the board and we counted by fives to figure it out. We found
it was £1.90. Then two children said they would not be able to come, So

they said two fives off, Ten off altogether. This meant we would need
- $1.80 in all. |

The teacher helps the children solve a difficult problem by
a.dq.pting it to their level of understending. They are unable to multiply
38 'by five, but they can count by fives. In addition to solving their
pfoblém successfully, they are also building a readiness for understanding
the meaning of mzltipliea‘bion as a pProcess.

Teacher B. How many cupcakes will we need for each table if
f;es.oh person gets two? I had a boy count the boys at his table, and a
girl count the girls. M. was at the first teble. He said,

"Three boys, so we need six = two, four, six."

: C. gave the number needed for the girls, saying, "Four, because
there are two girls. I counted by two!s." :

The teacher simplifies this problem for the children, helping
them to work it out by tables to keep the numbers small.

Teacher B. Problem: To find out how much mother's gift would
~oost. Each child brought 10¢ for the gift. Each child was to trim two
‘ooat hangers. The coat hangers cost 27 each, and the ribbon for trimming

 oost 5;(. How much would each child need to pay? Several of the children
said, "seven." I went to the board and wrote, ™two coat hengers - 2¢
esch,™ and asked,

"How much is thatt"

The children knew. "Now put 5¢ more to it.™ Some of the children
lnew it was 9¢. You give me 104, How much change do you get?"

A problem involving several processes can be solved by second=
,gre;de". children when they pool their knowledge and work under the direction

: of-hhe teacher.
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The experiences which follow illustrate how an individual

'child was helped to solve his problem:

Teacher D. ‘A child brought $1.00 to school. He was supposed
~ to pay me 897, He wanted to know how much change he should get back. I
t0ld him to help me find out. I asked him how much he should get back to
‘make 90¢. He said 1¢. Immedimtely after this, he said,

"I get 117 back."™ After he got to 90, he knew there was ten
left right awny.

Teacher E. J. was collecting lunch money. He had 5¢ too much
in the boy's pile. He was mimus 5¢ in the girl's pile. He had only e
dime, however. He couldn't figure out how to get it right. I helped him
use the counting frame and showed him five pennies in & nickel and two
niokels in a dime. He saw that he could take two nickels from one of the
piles, put in a dime and still come out right. A

Teacher D. After reading group was over W, asked me if it was
recess time yet. I said,

e "No, it would be recess at 2:20." I asksd him ho{v muoch time
he had to work yet. He counted by five!'s around the clock and said "25
‘minutes" which was correct.
It is significant that in sach of these illustrations the child
. was. given ﬁha’c help he needed to solve his problem. In none was he merely

" t0ld the answer,

Awareness of thought processes of children.-~ In incidental

o experienoe ag well es in planned number experiences, the teacher demonstrated

& consciousness of the thought processes of pupils, end often tried %0
‘help them raise the level of their thinking by pointing out more mature

‘ wa’.:fs of solution, or having another child do so.

: Teacher D. While decorating the Christmas tree, the children

wanted to know how many lights we would have on our tree. We found we

- have three strands of lights with twelve lights on each strand. I asked
if' any one could tell how many altogether.

W. seid, "Thirty-six.™ I asked how he got it.

' He said, "Three tens are thirty, and two three!s are six, so
that makes thirty-six."
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: Teacher D. We were recording the thermometer readings on a
- chart. The temperature was 45 degrees. The time before it had been 38
~degrees. I asked the children how many degrees difference there was.
- Finally M, said 7 degrees. I asked how he had arrived at his answer and
‘he said,
: "Thirty-eight to forty is two, and you know 40 to 45 is five.
S0 5 and 2 are 7."

Teacher E, One person from esch teble was to get two pieces of
paper for each person at the teble. P. started counting her table by
one's. J. stopped her and said,

"Count by two's. It's easier." There were six people at the
- table. I put circles in groups of 2's on the board to show six, and counted
by two's,
Teacher A, We had two 15¢ tax stamps. Some one said if those
were 5¢ stemps, we would have six stamps to turn in instead of two. I
8aid for him to explain what he meant.
"Well," he said, "there are three nickels in 15¢, and a nickel
ig five cents. There are two 15¢ stemps, so three nickels from each put
together are six."”

Teacher Bs In reading group, we ocounted to see how many books
" we needed. There were eight in the group. ITwo children already had
. books. T. started to count all over again to find out how meny books he
needed to get, so I said,

e "Just take two away from eight."™ He counted 8, 7, 6, and knew
he must get six books. ‘

Such illustrations demonstrate that the teachers were as concerned
with the method by which the child arrived at his enswer as with the
-~ oorreotness of the answer itself. The teachers often asked children to
explain how they thought out an answer. There is evidence of children
‘hélping each other, and of teachers pointing out more mature ways for

children to try.

Sensitivity to mumber situations.~- The following excerpts are

an indication that the children were sensitive to number situations, and
were able to see applications for numbers within the level of their under-
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Teacher A. Got a new boy and lost one. We added one boy to
our list and we had 156, We took one away and we had 14 boys - the same
as before. D. said,

"Yep, that's right., One take eway one leaves zero, so we ain't
_got nothing to add. It all stays the same."

Teacher As C. had a birthday. He was eight years old. He got
eight swats, one to grow on, and one to be good on. Some one said,

"When he's nine, he'll get eleven swats, Ycause when he was
eight he got ten. He'll always get two more than the number of years old
“he is."

Teacher A. Had nine books for a reading group of twelve children.
- Therefore we had to share. Three children were absent one day. Some one
. said,

: "Six people are absent because no one has to share.® We figured
rout then that six people have to share but only three are missing books.

: Teacher A. We moved our desks into blocks of four. After we
‘had put all the fours together, we had two left over (34 children). Some
one said,

"We'll have to make three and three are six, instead of two and
two are four, somewhere in this room.™

The two illustrations which foliow show that these particular
kéhildren_were curious about numbers and eager to find opportunitiss to use
them, They also indicate the readiness on the part of the teachers to
kgrasp the opportunity afforded by the mmmber experience to extend number
understending in the direction of further learning for the children.

Teacher A. We were finishing e book. We had eight more pages
- to gos Some one said,

"If we each read a page we can finish the book today."

I said, "Yes, but if we each read a half of a page, how many
days will it taks us to £inish?™ Some knew. Some counted one, two, on
each page, and concluded two deys. Some didn't respond at all,

Teacher D. While in reading group, a boy had finished his
reading before the rest. He looked around at the group who were still
reading and seid,

’ "I wonder how many groups of three are in this'group." I told
~him to find out. He went around the circle and pointed out three groups.
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- I made one extra. I said, "How meny are three groups of three?"

He said, "Nine, because three 3's are 9." I asked what one extra
would make. He replied "ten.™

Adepting number experience to the level. of the individual or

 5£°“2"' Teachers often carefully selected certain children to carry out
& number activity,because they knew the children's need for the particular
~experience. This was true in the case of the following incidents,
Teacher B, Counted money for Red Cross. Had V. collect from
chlldren and hend me the money, telling me how many pennies each child
-gave her. V. is slow in numbers. I thought this would help her. Later,
she counted the pennies by two's after saying,

"0h, I cen't do that.® She stopped to think before picking
up every two pennies, counting to herself,

. Teacher B, Counting attendance. Omne child counted people at
his table.

"How many boys? How many girls? Show us at the board.™
, The children then drew groups at the board to represent four
girls and three boys. 1 chose children who have obviously been counting
by one's so they could begin to count in .groups.

The following accounts show how teachers helped children clear
up misunderstandings by making adaptations of the number experience
necessary to clarify the ideas involved.

Tegcher C, P, came up and asked aboul a combination on the

" board. It was, "How many are five 2's?" I asked her how much were two
- five's. She said ten. I said,

"Five 2's are the same." Then I showed her with pictures on
ths board that you have the same number but the groups are different.
Then showed her that two 3's and three 2's made the same number,

: Teacher C. W. was making up subtraction combinations. He had
7 - 10, and 4 - 6, etc. I asked him if he ocould do that. He said, "Yes."
I asked him, '

"If we had only four boys in the room, could we send six boys
on an errand? He said, ™No."™ Then I asked, '

: "If you had four pieces of candy, could you give me six pisces?™
 He said, "No."
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; "Then if you have four, can you take six away?™ He understood
and wem: back and changed his work,

When children wers faced with the need to work out a difficult
problem with large numbers, the teachers often helped the children think
it out by means of numbers they already knew.

: Teacher D. We were golng to see a movie in the aunditorium. We
-~ talked about how we should sit and act in the auditorium. We were talking
about how we should file into our seats. One child asked how many rows

we would take up, since there were so many of us. I asked how many were
in our room. They said thirty-eight., I said,

; "There are twelve seats in s row.® This was too much for them
so I said,

"How many tens in thirty?" W. said, "Three.”

"How much do we have to add to them to make twelve?" They said,
*Two.® So I said,

2 "Ten in each row, and two added onto each row.™ They said
‘three rows of two in each row would be six, Six children would go on the
three rows. There would be two children left over for another row.

Late in the semester (December and January), the teachers found

“ that responsibilities which they had themselves assumed in the early part

: of'the semester could now be delegated to the children,if a scheme could

be worked out by which the experience was simplified for the children.

Teacher B. Assigned one child to collect money for savings
stemps. His Jjob is to put down purchaser!s name and the amount given
him, Each ohild tells the number of stamps he wants to buy. The collector
oounts by 5's to find out how much he has. If he has & dime, he counts
it es two 5's. A quarter as five 5's, etc.

Teachers were often aware of the fact that the children were
capable of carrying out certain phases of a mumber experience, but that
other phases needed to be done for them by the teacher. 1In the following
experience, the teacher added the total amount after the children had
worked up the smaller amounts.

Teacher B. We counted our money for the Red Cross box again.
We had seven dimes. S, counted them by 10's. We had two quarters. We
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-had six nickels. Six nickels made thirty cents. (I made pictures on the
.~ board to help them figure out the smounts.) Also talked sbout how many
dimes would be the same amount as six nickels. Then we counted our penniss
by 2's, in piles of ten, We had three piles of ten and thres left over.
1 added the total amount for them.

It is of interest that the teacher was also capitalizing on this
, éxperience as an opportunity to help children begin to develop some unders
‘ sWMg of the tens idea upon which our number system is based. The

following experience gives another way of putting meaning into the idesa
of ten. |

- Teacher B, We were voting for names for our fish, I tabulated
L votes and showed the children that tallying was an easy way to keep score.
‘means "five" because four up and down marks and one merk going across

makes five.

"Two W /X/ would be how many?"™ "Ten,™ said K.,"because five
and five are ten.® We had twelve votes for one neme. V2.4 /X(/ // "Twelve
~is ten and how meny more?"™ They could see the ten and two.

Extensions and variety in routine experiences.-~ The teachers

handled sehool routines, such as passing materials, collecting money, and
*Eaking attendance, in a variety of ways. The teachers were aware that
alﬁost any of the problems arising from such routines could be solved by
E cdunting oﬁes. They were also conscious of the faet that there came a

time when counting ones offered no further growth for certain children,

or for the group as a whole. They wefe, therefore, constantly on the alert
fbr variety in such experience. Some of the previous illustrations also
,gifa,evidence of this feot. Others follow:

Teoacher B. Attendance: I placed pictures on the board to show
how the children sat at the tables, thus: 'Q Q Q

, Then I called on a child at each table to look and see if he
could find his table among the pictures. The children found their tables.

‘ "How many boys at your table, M,?" "Three,™ he answered promptly,
~"a.nd three girls, but one is absent.”
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: Draw a circla around the person who is absent at your table.
'~WHOW'many are left?"

e "Five," said M., "because if you take one from six, there are
' flva left."

L. wont up to find his teble. "Thers are seven - four boys and
three girls, but one boy is absent, so six are left." "How many 2's in
six, L.?" "I don't know."

L "Look at the picture and find out.™ ™"Oh, yes, three, because
you say 2, 4, 6."

By checking the two tables with three pupils at each table, we
found there were two 3's also.

: , Teacher C. I used this method of giving out paper. I dropped

& small pack on each table. Then one child at each table passed it.

Naturally, none was exactly right, so the children ceme up and said, "I

have four too many,” or "I need three more," etc. Then we reviewed the

problem, asking how many they hed given out, or how meny they would need
~in all, how many they had at first, etec.

Teacher C. We are making spelling graphs and keeping track of
our progress on one-inch squared paper. There is addition or counting
in finding how many they have right. Then they subiract from ten (the
. mumber of words and the number of squares) to find the mumber of blocks
to color., They can also count by 2's or ones.
Naturally, it was still possible for children to obtain answers
by counting ones. As other methods were continually pointed out, however,
more children tried to use them.

Relationéhips among the processes.-- MNore than one process was

often involved in the éolution of a mumber problem. The teachers were alerd
%o the possibilitieé for éhuwing relationships between the processes, and
for using such experiences wisely for helping individual children gain a
‘better understanding.
Teacher B. We bave begun a post office unit. The children are
mailing letters to another class. We bought three-cent stemps and sold
them in the room. We chose one child to be the postal clerk each day. J,
had ten cents. B., who was postal clerk, said he did not have enough
_ change. He had only six cents.

"How much more will you need?” "Another penny,® he answered.
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I told him Yo wait on someone else first. Then he would have
enough. change. Later, we needed more change again, Someone had five
“pennies to exchange for a nickel, so we continued our business. B. counted

--the amount of money he collected. He had a dime and eleven pennies. We
‘brought out that this was two tens and one more. Then we found out how
many children had to buy stamps to give us 21¢, We did this by making
~stick pictures on the board, marking them into groups of three, and counting
‘the 3's.

: Teacher B. We changed seaté. We counted the spaces at each
table. We decided there would be no more than seven at each table. Asked
- who wanbed to sit at Table 1. Seven people only. If eipght stepped to
- the table, we took one eway. If only five went, we found how many more
worg neseded. After everyone was seated, we found out the number of boys
and girls, and the total number of children at each teble. Then we found
‘how meny 2's at each table. How many 3's, ete. How many left over.
Illustrations which have been cited show that children as young
as éeoond-grade pupils can deal with all proceéses in éolving daily problem
‘situations preéented to them. Even more complicated phases of mumber, such
@8 division of fractions, ecolumn addition, remainders, and the like, are
often attempted and solved successfully with the help of the teacher to
simplify the mumber aspects of the situation.
| Summary
The overall objectives for the classroom program during the
instructional period of this study were (1) to help children acquire
meanings toward the end that their thinking would econtimmally show
 ' improvement in the direction of maturity, end (2) to help children solve
their daily problems involving number.
Eleven principles and practices were proposed as guides to the
teacher in developing the planned number program. These dealt with time
allotment, grouping of children for number instruction, progress from the
conci'ete to the abstraét, sequence for presenting numbers, awareness of

thought processes of pupils, number relationships, attitudes toward

. mamber, and the consideration of independent number work.
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Illustrations revealed much variation in practice. MNeny diffi-
- culties in understanding and interpretation were experienced early in
the éemester, though, in general, the teachers were successful in meeting
thé requirements as set forth:in the principles and practices.
Some of the principles and practices for the planned number
program did not apply to the incidental program. These dealt with a
‘apeeified time allotment, grouping of children according to number under=
~standing, end a preplanned number seguence. Others applied equally well
%o both programs. Teachers were aware of children's thought processes,
:bf;the need for showing relationships between the processes, and of thé
nead for variety in experience, in the incidental as well as in the planned
nhmbgr programn.
| In addition, incidental number experience served the distincd
pﬁrposes of helping children solve their immediste number needs and of

pointing out applications for number.
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CHAPTER VI
ANALYSIS OF PUPIL GROWIH

The purpose of this chapter is two-fold. In the first place,
data from group tests will be reported and analyzed in order to in-

‘f dieate changes in rate and.accuracy from the initial test given at the
'beginning of the study to the final test which was administered at the
end of the instructional period. In the second place, data from inter-
~ views will be presented in order to show changes in methods of thinking
which occurred from the initial to the interim interview, and from the
interim to the final interview.

The present analysis is based upon data for 131 children for
ﬁhom complete records are available. These children took both initial
'f‘ and'final group tests, and were interviewed at the beginning, middle,

- and end of the instructional period. The distribution of these
éhildren in the various classes was as follows: Class A, 20; B, 23;
,0, 27; D, 343 E, 27. Data for all other children in the five classes

were incomplete and are not presented.
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Growth as Revealed by Results of Group Tests
Group tests were given to each of the five pupil groups for
the purpose of determining rate and accuracy of performance at the
[‘béginning and at the end of the instructional period. In Part I (semi-
>~ cQﬁcrete) dot pictures were provided, to be used by the child in ob-
4ftaining answers to examples; Part IT (abstract) was a duplicate of
‘ Part I with pictures omitted. 1 The two parts of the test made it

~ possible to determine differences in accuracy and rate when working

'f; with semi-concrete and with abstract materials.

Each child had an opportunity to respond to nine examples in
leach process, or to a total of thirty-six examples in the four pro-
ééésés.

Data are presented in this section for the total group of
; 131 pupils. Since the trend for all groups was essentially the same,
date for separate pupil groups are in Appendix H (Tables 36-40)
father than in the body of this report.

Accuracy on Part I (semi-concrete phase) of the group test. ——

Data relating to the accuracy of responses on the semi-concrete phase
~of the group test are presented in Table 6. The data reveal improve-
 ‘ment in performance from the initial to the final test in two respects:
”(1) On the initial test the number of omitted items was negligible.
(2) The final test showed a marked reduction in the number and
percentage of errors.

On the initial test few addition items were omitted. There was

i 1. Details on the group test were provided in Chapter ITI., A
- sample of the group test will be found in Appendix A.
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' -RESULTS OF INITTAL AND FIRAL GROUP TESTS (PART I: SEMI-CONCRETE) FOR
- 131 PUPILS ON THIRTY-SIX EXAMPLES, SHOWING NUMBER OF ITEMS OMITTED,
-~ NUMBER ATTEMPTED, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH

PROCESS

Items Omitted [Items Attempted Errors % Error

Initial Final [Initial Final [Initial Final] Initial Final
Addition 17 0 1162|1179 90 27 | 7.7 | 2.3
Subtraction 82 | 1 |1097 {1178 | 297 | 32 |26.2 | 2.7
~ Division 398 1 786 {1178 h23  |147 |55.2 '12.5
Multiplication | 696 7 483 1172 |17k |126 |36.0 |10.7
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an increase in the number ef omitted items in the process of subtraction
and a decided increase for the processes of division and multiplication.
The differences between the processes may be explained by the following
‘~fécts: (1) Previous instruction for these pupils had stressed addition
more than any other process. (2) While subtraction had received some
attention in earlier training, the children had experienced only casual
contaéts with the processes of division andkmultiplication. (3) The
- maltiplication items appeared on the last page of the test booklet, and
ﬁére not completed by all pupils within the period of time allotted for
: thé’test. On the final group test only nine items were omitted. Of
 these,‘seven were in multiplication. These appear to be chan&e
 emissions, except for one child who used the maximum amount of time and
completed only four of the nine multiplication items.
There was a marked reduction in the number of errors and per-
céntage of error in each process from the initial to the final test. A
 greater number of errors in division as compared to multiplication may
bé attributed to the following facts: (1) Since fewer multiplication
items were attempted, there was less chance of error in this process.
‘(2) A feature of the semi-concrete phase of the group test made it

' possible for children to obtain correct answers by chance. MNultipli-

Qation items were presented in the following: "Two 3's are Q00 "
‘The child who merely counted the number group obtained the cgggect answer
in ﬁnltiplication, whereas in all other processes some manipulation of
‘the ‘group or groups was necessary to arrive at correct answers.

A comparison of errors for the four processes indicates that

~more errors were mede in the processes of division and multiplication
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’than in addition and subtraction. A partial explanation may be found in
’ the instructional procedure. The test included items requiring multi-
plication and division of "ones", though the teachers found these items
confusing to children and therefore either -omitted them altogether, or
:postponed them until late in the instructional period. While other
~combinations occurring in the group test were taught during the in-
structional period, dividing and multiplying "ones" were not stressed.

Accuracy on Part IT (abstract phase) of the group test, ———

In order to discover the pupils! accuracy in dealing with identical test
items without the aid of illustrative objects, the number combinations
‘ﬁerékalso presented in abstract form, e.g., "2 and 2 are ____ " Data
feiative to performance on the abstract phase of the test are given in
kTa"ble 7. The same general observations made in the preceding section
for Part I of the group test may also be made for Part II. First, there
wére few omitted items on the final test as compared with the large
number on the initial test. Second, the number of errors and per-
centage of error dropped markedly on the final test. As with Part I,
_omissions, errors, and percentage of error increased from process to
process. On the final test there were few omissions except for two

e cﬁildren who failed to complete the test in the time allotted.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1L

TABLE 7

- RESULTS OF INITIAL AND FINAL GROUP TESTS (PART II: ABSTRACT) FOR 131
. PUPILS ON THIRTY~-SIX EXAMPLES, SHOWING NUMBER OF ITEMS OMITTED, NUMBER
ATTEMPTED, NUMBER OF ERRORS, AND PERCENTAGE OF ERRORS FOR EACH PROCESS

‘Pfrecess Items Omitted |{ITtems Attempted Errors . % Error
~ Tnitial Final [Initial Final |Initial Pinal [Initial Final
~ Addition 5 0 1L7h | 1179 205 | 50 17.5 | L.2
. Subtraction 1o | 3 |1039 | 1176 | Lu6 | 98 | k2.9 | 8.3
 ‘~Division 413 2 766 | 1177 440 | 180 57.4 | 15.3
 Multiplication | 643 | 16 536 | 1163 306 {230 | 57.1 | 19.8
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Comparison of percentage of error in semi-concrete and abstract

‘ghases of the test. =~ In the previous sections it has béen indicated
that improvement in accuracy occurred in both the semi-concrete and ab-
‘V”Straét phases of the group test. In order to determine if accuracy was
’affected by the abstract gquality of the materials presented to the child,
’[gléemparison of percentages of error in the responses to the two parts of
| the test was made. The data presented in Table 8 indicate a smaller per-
" centage of error in the semi-concrete phase of the test (Part I) than in
the abstract phase (Part II) for every process. In.genefal the children
’wefé¢decidedly more accurate on the initial test when they had access to
‘pictured groups. At the end of the instructional period, when the pro-
’cesSes were better known, thebchildren were still more accurate in every
- process when they had access to pictured materials.

Significance of differences between scores on initial and final

group tests. -~ A t-test for significance of difference was applied to
_the group test data to determine if asignificant difference existed
between (1) the number of errors on Part I (semi-concrete) of the initial
- group test and on Part I of the final group test, (2) the number of errors
on Part II (abstract) of the initial group test, and Part II of the final
', ?§féupktest, (3) the number of errors on Part I (semi-concrete) and on
| Pért'II (abstract) of the final group test. These data are presented in

Tables 2] andnlo. The formula used for testing significance of difference

vwas,the following: t = £D
NED 2 - ( £D)%
N-1

Reference to Table 2 shows that a "t" of 8.61 was obtained

- when the t formula was applied to determine the significance of
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TABLE §

A COMPARISON OF THE PERCENTAGE OF ERROR ON PART I (SEMI- CONCRETE) AND
o PART IT (ABSTRACT) OF INITTAL AND FINAL GROUP TESTS

Process InitiZlart - Final Initiaiar_t II‘Fina:L
~ Addition 77 2.3 17.5 )
: Sﬁbtraction - 2642 2.7 42.9 8.3
‘Division 55.2 12.5 57.L 15.3
Multiplication 36.0 10,7 57.1 19.8
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TABLE @

TEST FOR SIGNIFICANCE OF DIFFERENCE IN NUMBER OF ERRORS, BETWEEN INITTAL
o AND FINAL GROUP TESTS, FOR ALL PUPIL GROUPS COMBINED

Section of Test N | e | p? T | tx
 PART I 131 | 623 | 8159 72.36 8.61
PART II | 131 | 8uo |17682 61.13 13.7h

# At of 2,62 is significant at the one percent level for
125 cases. ‘
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TEST FOR SIGNIFICANCE OF DIFFERENCE IN NUMBER OF ERRORS, BETWEEN PART I
(SEMI-CONCRETE) AND PART II (ABSTRACT) OF THE FINAL GROUP TEST, FOR ALL

PUPIL GROUPS COMBINED

N £D p2 ‘/_NEDZ = (£D)2 1
N-1
131 233 2403 Lh.76 8.60

# At of 2.62 is significant at the one percent level for

125 cases.
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f difference between the number of errors made on the initial and final
gréup tests (Part I: semi-concrete). The obtained ratio of 8.6l in-
ﬁieates a highly significant difference, since it exceeds the t of 2.62
:’required for significance at the 1 percent level.
An even greater difference of 13.74 is apparent bet&;en the
number of errors made on the initial and final tests for Part II (ab-
stract). It may be stated with assurance, therefore, that the differ-
améSfobtained in the reduction of errors from the initial to final
 group tests were not chance differences, but were produced by the in-
: éﬁfuctidnal procedures.
In previous4presentations of group test data, a consistent
B inérease was noted in the number of errors on the abstract phase of the
'group test as compared with the semi-concrete phase. The same t-
' farmnla was used to test the significance of the difference between the
;hﬁmber of errors made on the semi-concrete and abstract phases of the
finél group test. The t-score of 8.60 (Tablelf) indicates that a highly
gignificant difference also exists between errors on semi-concrete and
abstract material.

Comparison of rates of work for Part I and Part II of the

ggoug test. —— From Tablell it may be seen that the average number of

minutes per child on Part I (semi-concrete) was reduced by 3.4 from the
_initial to the final test. 2 On Part II (abstract) the reduction in

‘Bin?e was slightly greater.

: 2. Data on time according to pupil groups are presented in
 Appendix I , Tables LO-ll.
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TABLE 11

AVERAGE NUMBER OF MINUTES PER CHILD AND AVERAGE NUMBER OF MINUTES PER
COMBINATION REQUIRED FOR THE GROUP TEST (PART I: SEMI-CONCRETE AND PART
: II: ABSTRACT)

Part I (semi-concrete)| Part II (Abstract)
Initial Final Initial Final
- Ave, no. of min. per child 11.5 = 8.1 11.2 Te2
Ave. no. of sec. per comb. 25.8 13.5 25.0 | l2.0
. 'fe,‘bal no. of attempted items | 3528 4707 3515 L69L
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According to this comparison the time does not appear’greatly
rednced from the initial to the final test. The time limit of twelve
yyginutes penalized many children on the initial test. Few children were
:\éble to complete either phase of the test in the time allotted. In both

\ phgses of the test, therefore, the average number of minutes per child
sﬁbﬂld be considered in relation to the total number of items attempted.

"If is evident that the reduction in time is accompanied by an increase
;in’the number of items attempted. A comparison of the average numbér of
seconds per combination indicates thai the time was reduced approximate-
1y by half from the initial to the final test.

Evidence from analysis of pupils! written responses and from

recorder's notes. —— Careful analysis of the responses on the group test

"}pfovided evidence on the kinds of errors made by children, which supple-
:ﬁents]information already obtained on accuracy. On the initial test some
‘children merely copied a number (abstract) or a number group (semi-con-

" crete) for the answer. A tally made from an examination of test papers
disclosed the following facts concerning the extent to which children
used this method on the initial test: (1) Only‘thfee out of the total of

: l3lychildren used this method for addition. (2) In the process of sub-

“ £fa¢tion the method was applied by twenty-three children on Part I (semi-
éoﬁcfete) and by twenty-two children on Part II (abstract). In division
 it’was applied by twenty-four children on Part I and by twenty-two on
f‘é.rt IT. The number of children using the method was smaller for the
~ process of multiplication, probably because few children completed the
last page which was made up of multiplication items. Analysis of the

t ‘final test responses showed that the method of copying a number or a
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number group had disappeared except in the case of two children.
| A few children with no understanding of any process except addi-
tion tended to add in all processes on the initial test. On Part I (semi-
‘éonerete), four children applied this method in subtraction, five in
’ divisien, and three in multiplication. On Part II (abstract), it was
applied by thirteen children in subtraction, seventeen in division, and
eighteen in multiplication. On the final test, Part I, addition for all
processes was used by only two children, but seven children continued to
use it on Part II. The method was more widely used with abstract symbols
,7£han with pictured materials on both the initial and final testis.
| Analysis of the group test alsc gave evidence on the number
of children who reversed numbers in writing or made their numbers in-
i correctly. On the initial test (Part I) thirty-nine children reversed
 §ne or more numbers or made their number incorrectly. On Part II seven-~
- teen children fell into tﬁis category. On the final group test eleven
children reversed or made numbers incorrectly in‘Part I, and eight in
PartkII.
Recorder's notes made while the initial and final tests were
administered gave evidence on counting, copying from one another, and
j #équesting help from recorders. Information on these areas is offered
fiﬁiﬁh”the recognition that it is limited only to what recorders were able
;to:see and record during the twenty-four minutes of work on the group
tésﬁ. It is therefore fragmentary rather than inclusive. It is intended
to show a few of the many observable factors which indicate immaturity,
lack of assurance and gecurity, and the extent to which these evidences

decrease or shift when greater efficiency is achieved.
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: Recorders observed counting in many forms as children were
béking the abstract phase of the test. BSome tapped with pencils, counting
,:the number of taps they made; some found imaginary spots on the number
éymbols themselveg; many counted fingers; some whispered numbers to
‘themselves. Almost half of the children were observed to be counting
bn one or more processes. Speéifically, counting was noted by recorders
for gixty children on Part I of the initial test and for fifty-five
children on Part II. 1In the absence of pictured materials, the children
were versatile in devising their own counting materials. On the final
‘ﬁest the numbers of children observed counting were approximately the
same (fifty-six on Part I, and fifty-eight on Part II). Again, almost
;half of the children were doing some counting. Two factors should be
remembered, however, in the interpretation of these figures: (1) The
 less mature method of copying off a number, or a number group, had
pfactically disappeared on the final test. Counting was probably used
by most of these children in lieu of these less mature methods. (2)
Analysis of the recorder's comments for the final test frequently stated
that the child was counting on a single combination, whereas in the
initial test the comment was general, or had reference to an entire pro-
lcéés. "Jsed fingers on 8 less 2," "counted for 9 less 3," "counted one
ﬁumber in ) and 34, and the like were frequent comments concerning the
finél~test.
Theré was a decrease in the number of children observed copying
from each other and requesting help on the initial test (Part I, thirty-
onej Part II, twenty-one), as compared with the final test (Part I,

;twenty—three; Part II, fifteen). This decrease probably gives some
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evidence of growth in independeng:e as efficiency increased. Such comments
as "works independently," "whizzing right along," "pays no attention to
~anyone," "answers immediately," "works quickly,ﬁ and "sure of self,% were
frequently found on the records for the final test. Comments on the
records for the initial test more often indicated that children were
pﬁzzled, confused, and generally bewildered.

Requests for help on the final test were often requests for
assistance in the recognition of number works which appeared on the final
page of the test booklet in multiplication items. On the initial test
children who tended to have difficulty with reading worked so slowly that
they failed to reach the last page of the booklet and therefore made few

- requests for help on the number words which they found baffling on the
final ﬁest.
Growth as Revealed by Interviews

The primary purpose of this section of the chapter is to report
the improvement made by pupils as revealed by data from initial, interim,
and final interviews. First, the method of tabulating and arranging
data for purposes of study and analysis is described. Next, growth is
presented in terms of changes in maturity level as determined by responses
ktoyabstract examples on successive interviews.

‘ Finally, improvement is noted in the success with which con-
c:ete materials were used to demonstrate or to prove abstract answers on
sﬁccessive interviews.

Tabulation of interview data. —- Data from the three interviews

(initial, interim, and final) were summarized on a single five by eight

" inch card for each child. A sample card is reproduced in Figure 2. The
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 SUMMARY OF INTERVIEW DATA
Child's Name M8, . Grouwp ¢
Tnitial Interim | Final Tnitial Interim Final
Addition Cu 6 RI 3] RI 5 |Bubtraction ca 6 RI (1) Cu 1 RI L
) Rd (1) 1 Rd 1 R Li 1 RILi2
Pe 1 RI 1
RI (1),Pe 1 Cu 1
Rd (2) Cu l
Concrete [AtH|S |U Att |S |U Att|S | Ui Concrete Aty S| U Aty 8| U Attt S |U
Materials| 2 {2 {O 3 310 3 13 10 Materials 21210 3 31 O 2 210
Division | Initial Interim Final Multipli- Initial Interim Final
cation
Cu 2 RI 3 RI 3 NR 1 Rd 1 RI 3
RI 1  RI 2 BRI 2
Concrete Ath{S |U Attt |S |U Att]S | U {{Concrete AttiS | U AttlS (U Att |S |U
aterials|{ 1L |1 |0 11 J1140 . Materials 1 111}0 111 ]0

Fig. 2. A sample of the form used for recording the methods used by children in
arriving at answers to interview items.

Code: Cu (Counting - method unknown); RI (immediate recall); Rd (delayed recall);
Pc (Partial counting); R Li (recall by logieal inference); NR (no response); Att. (attempted);
8. (Successful); U. (unsuccessful).
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;figure can best be understood if the data for one child are reviewed.

B M;,Aa counted all of the addition examples on the initial interview,but
her method of counting was nét indicated by the interviewer (Cu). On
the interim interview she knew three of the six examples immediately
(RI - immediate recall); she remembered one after a time (R4 - delayed
recall), but missed this one (misses are indicated by the numbers with-
in parentheses), using partial counting (Pc - partial counting); she
used immediate recall on one (RI), missed it with the recall method, and

' tesorted to partial counting (Pc), with which she was successful. On

~1the final interview, she knew five out of the six addition examples im-
médiately (RI), and remembered the sixth one after a time (Rd). There
-were no mistakes on the final interview.

On the initial interview M. A. was given two trials at using
éoncrete materials to demonstrate addition examples. She was successful
‘at both attempts., On the interim interview and in the final she was
given three trials at concrete materials,all of which were successful.
Data for other processes are read in a similar manner.

The next step in arriving at a tabulation of methods for each
group of children was a summarization of methods for each group. This
was accomplished by tallying the number of times each method was used in
'initial, interim, and final interviews. Data from the summarization of
methods was used to compile tables showing (1) growth made by each pupil

‘ group in all proceéses combined from initial to interim interview, and
from interview to final interview, and (2) growth made in each process
‘by all groups combined., Improvement is shown in the number and percentage

of responses found at each of four maturity levels on successive interviews.
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Later analyses enable a comparison between pupil groups to be
made and present results from tests of significance of difference as

aﬁplied to Level l responses on successive interviews.

A compilation was also made of successes and failures with con~
crete materials on successive interviews. These data were used to show
progress in the successful use of concrete materials during the in-
‘structional period.

Growth made by each pupil group. -- As growth toward maturity

oceurs, the responses may be expected to become less frequent at the lower
levels of maturity (Levels 1 and 2), and to be increasingly concentrated
at the higher levels (Levels 3 and 4). The most obvious evidence of
.gﬁowth for each pupil group is seen in a comparison of the number and

- percentage of responses in Levels 1 and l on initial, and final inter-
'yfiews; In general Levels 2 and 3 also indicate growth in the direction
Of.maturity, though growth is not as consistent as in Levels 1 and L.
Responses in Level 2 increase in number and percentage as responses.in
Level 1 drop out of use. Likewise responses in Level 3 increase as the
two less mature levels decrease. While the total number of responses
ia'Levels 2 and 3 does not change markedly, growth takes_place in the

'ﬁsﬁifts which occur within these levels.

| Growth for pupil group A is reported in Table 12.3 Signifi-

‘cant observations from a study of Tablel? may be summarized as follows:

: 3. B8ix addition items, six subtraction, three division, and
three multiplication give a total of 360 possible single responses for
the twenty pupils of Group A. Dual responses increased the total to
377 for the initial interview, to 373 for the interim, and to 380 for the

- final interview. Irregular totals for other tables are explained in a

. gimilar manner,
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(l)'Level 1, which includes the largest percéntage of responses in the
initial interview, practically disappears in the final interview. (2)

A consideraﬁle increase at Level L responses is realized from the
initial to the final interview. (3) Of the total number of responses,
72.7 per cent are found in the two most mature levels (3 and L) in the
final interview.’ Data for pupil group B (Tablel3), pupil group C (Table

11> pupil group D (Table 15), and pupil group E (Table 16) reveal

eSsentially the same findings. In each case the number and percentage
of responses in the two lower levels decrease from the initial to the
final interview, while the two higher levels show a corresponding in-

N

crease.

4. Data for each pupil group according to separate processes
are found in Appendix J, Tables L2-lL6.
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_PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL
IN INITIAL, INTERIM, AND FINAL INTERVIEWS FOR TWENTY PUPILS OF GROUP A

Final

Initial Interim
Resp. % Resp. Resp. %
Level 1 a 37 59 16 1 o3
 Level 2 86 23 13 36 102 | 27
© Level 3 76 20 73 20 129 | 34
Level L h 20 107 29 8 | 39
Total 377 100 373 101 380 [100.3
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TABLE 13

 PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL
IN INITIAL, INTERTM, AND FINAL INTERVIEWS FOR TWENTY-THREE PUPILS OF

| GROUP B
Initial Interin Final
o Resp. 2 Resp. 4 Resp. 4
. Level l 101 | 22 us 10 17 h
~ Level 2 18 | 33 79 18 6L 15
Level 3 8L | 18 119 27 109 25
Level k 1 115 26 197 L5 245 56
Total Lh5 99 Lho 100 L35 100

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE 1l

158

PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL
IN INITIAL, INTERIM, AND FINAL INTERVIEWS FOR THIRTY-FOUR PUPILS OF

GROUP C
\i
Initial Interinm Final

Resp. Resp. Resp. %

:Level 1 160 31 85 15 15 L
Level 2 193 37 159 29 35 7
Level 3 6l 12 120 22 13) 25
Level L 106 20 190 34 345 65
Total 523 100 554 100 529 101
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PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL
INTERVIEWS FOR TWENTY-SEVEN PUPILS OF

 IN INITIAL, INTERIM, AND FINAL

TABLE 18

159

GROUP D
Initial Interim Final
Resp. % Resp. Resp.
Level 1 161 25 N 10 12 2
,Levéi .'2 147 23 128 20 81 12
Level 3 171 27 190 30 251 38
 Level L 162 25 25l 4o 315 L8
Total 6h1 100 636 100 659 100
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PER CENT OF RESPONSES FOR ALL PROCESSES COMBINED IN EACH MATURITY LEVEL

IN INITTAL, INTERIM, AND FINAL INTERVIEWS FOR TWENTY-SEVEN PUPILS OF

TABLE 16

160

GROUP E
| Initial Interim Final
Resp. Resp. Resp.

Level 1 90 19 39 8 16 3

© Level 2 163 31 159 31 112 21
Level 3 130 25 | 112 2 18l 35
Level U 138 26 199 39 213 L1
Total 521 101 509 100 525 100
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Analysis of growth according to process. —- In the present

~analysis data from the various classes are combined according to each
‘of the four arithmetical processes. Results are again indicated by

. means of the number and percentage of responses in each of four
maturity levels. Data for each of the processes are found in tables
as follows: addition, Table 17; subtraction, Table 18; division,’Table
19; multiplication, Table 20, Two general observations may be made

- concerning all of the four processes. These are: (1) Thé lowest level
'(Level 1) almost completely disappears in each. (2) The two most
mature levels (3 and L) show a decided increase in number and per-
centage of responses from initial to final interviews,

Other observations than the two cited above apply only to
certain processes. The small percentage of addition responses in Level
1 (Table 17) in the initial interview indicates that most of the
children had some understanding of addition at the beginning of the in-~
sfruétional program. In contrast, the process of subjraction was re-
latively unfamiliar to many of the children at the time of the
initial interviews. This fact is apparent from the large percéntage of

. .responses in the two lowér levels when initial interviews were given,
(Table 18). Progress in subtraction was slow in the early stages of the
‘instructional period, due to an inadequate understanding of the process
and to certain preconceived notions and false generalizations. As a

result only slight gains were evident at the interim interview.
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TABLE 17
PER CENT OF ADDITION RESPONSES AT EACH MATURITY LEVEL IN INITIAL, INTERIM,
AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS
Initial Interim Final
Resp. Resp. % Resp. %
Level 1 78 10 Lo 5 10 1
Level 2 258 32 13 16 99 12 5
Level 3 29 | 36 3h9 h2 376 | LS
Level i 192 23 302 37 347 42
Total 822 101 825 100 832 100
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PER CENT OF SUBTRACTION RESPONSES AT EACH MATURITY LEVEL IN INITTAL,

TABLE 18

INTERIM, AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS

163

Initial Interim Final
Resp. 4 Resp. Resp.
Level 1 281 33 126 15 32 L
Level 2 289 3L 36L L2 202 23
Level 3 157 18 185 22 295 3k
Level L 126 15 183 21 31 39
Total 853 100 858 100 870 100
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TABLE 19

_ PER CENT OF DIVISION RESPONSES AT EACH MATURITY LEVEL IN INITIAL,
INTERIM, AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS

16l

Initial N Interim Final
i Resp. Z Kesp. Resp. 4
| I;.ewfel 1 164 38 65 16 12 3
Level 2 100 23 89 21 57 i
 Level 3 15 11 53 13 83 20
Level L 118 28 209 50 268 6l
Total 427 | 100 416 100 420 101
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PER CENT OF MULTIPLICATION RESPONSES AT EACH MATURITY LEVEL IN INITIAL,
INTERIM, AND FINAL INTERVIEWS FOR ONE HUNDRED THIRTY-ONE PUPILS

TABLE 20

165

Initial Interim _ Final
Resp. 4 Resp. g Resp. 74
Level 1 130 32 61 13 7 2
 Level 2 90 22 72 17 36 9
Level 3 26 6 27 6 53 13
Level | 159 39 253 62 310 78
Total 405 99 113 98 L4106 102
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Thgyprocesses of division and multiplication were also unfamiliar to the
éﬁildren at the beginning of the instructional period (Tables 12 and 20).
Lével 3 responses were used sparingly by these children for the processes
ﬁf:division and multiplication. Once the meaning of these processes was
~understood, the children tended to infer the division and multiplication
- facts from addition answers already known to them. They, therefore,
: tehded to jump from immature to mature methods without the same need for
5

in-between methods as seemed necessary for other processes.

Growth indicated in each maturity level in successive inter-

views. -— A study of each of the four maturity levels was made for the
purpose of comparing pupil groups as they progressed through the in-
structional period. Evidence is presented in graphic form showing a
downward trenﬁ for the two lower maturity levels (Figures B3 and §), and an
npward trend for the two higher maturity levels (Figures § and 6).
Level 1 responses (Figure 3), which are extremely immature,
‘ranged from below twenty per cent to above thirty-five per cent at the
beginning of the instructional period. The general downward trend in-
"diéates that these immature responses almost completely disappeared by
che‘close of the instructional period. Progress for Groups B, D, and E
f?ﬁas more marked during the period between the initial and interim inter-
‘ viewé, while Groups A and C tended to make gradual growth throughout.
Progress through Level 2, which represents somewhat more mature

. responses than Level 1, lacks consistency in the five groups, (Figure h).

, 5. Data according to process for each pupil group are found
in Appendix K, Tables };7-58,
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‘each pupil group on initial, interim, and final interviews.
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: Fige L. Percentage of total responses at Level 2 for
" each pupil group on initial, interim, and final interviews.
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Fig. 5o Percentage of total responses at Level 3 for each
pupil group in initial, interim, and final interviews.
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 ;Grou§s D and E appear to make little progress through the first half

‘;§£ the instructional period with slight gains during the second half.
Gfoﬁp B, on the other'hand, made rather rapid progress through the first
hélf and leveled off during the second half., Group C showed some pro-

- gress during the first half with a marked reduction in the second half,
In Group A Level 2 responses were more numerous at the end than at the
béginning of the instructional period.

Levels 3 and L represent relatively mature methods of ob-
‘taining answers. Reference to Figure 5 shows that the general trend is
upward and therefore in the direction of more mature responses. Two
groups, A and E,show no growth in the first half of the instructional
_peried, but make rapid gains in the second half. Growth is more marked
’fbr,Greups B and C during the first half and less so in the second half,
while Group D appears to make gradual growth throughout the instruction-

"al»period.

g Level | responses (Figure 6) indicate a much wider use of
mature‘methods by all groups at the end of the instructional period than
at the beginning. The most marked progress was realized by Group C.
| These figures, considered together, show improvement in all
';clééses in the maturity of responses to the interview items. In general,
,'théﬂless mature responses were'supplanted by responses at higher levels
. of maturity. Progress through Levels 2 and 3 is correctly interpreted

,only,as the previous levels are considered. A leveling off of responses

) giveé the impression that no progress has been made, though different
réspenses are represented due to the dropping out of responses at less

‘mature levels. A plateau may therefore mean that progress is being
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made which is not apparent from a consideration of one level in isolation
from others.

§ignificance of differences between number of responses found

in Level ) in initial and final interviews., -- The t-test for signifi-

§anée of difference was applied to Level L responses to determine if a
 significant difference existed between the number of responses found at
 Level li in the initial and final interviews. It was of interest to know

if a difference of sufficient size took place to justify the inference

‘that the difference was due to the instructional procedures used. The
test was used for Level L responses, since this level denoted the highest
,dégree of maturity. If a significant difference was found at this level,
iﬁ ﬁight be assumed that significant changes had taken place at other
~ levels as well.

o The t-ratios required for each pupil group for significance

at the one per cent level are listed in the footnote to Table 2. 6 A

comparison of ratios in the footnote with those listed in the column
lébeled L showsthat Groups B, C, and E surpass the t~ratios indicating

significance at the one per cent level., In other words, not more than
~once in over a hundred trials could such a difference be obtained by
chence. Group D fails to meet the score of 2,78 required for signifi-
cance at the one per cent level, but the obtained difference of 2.52 is
significant at the two per cent level. The difference for Group A of
1.45 misses the score of 1.73 needed for significance at the ten per

~cent level.

, 6. Henry E. Garrett, Statistics in Psychology and Education,
 p. 190, New York: Longmans, Green and Company, 1947.
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TABLE 21

\ | TEST FOR SIGNIFICANCE OF DIFFERENCES IN SCORES BETWEEN INITIAL AND
- FINAL INTERVIEWS, FOR LEVEL FOUR RESPONSES ON ADDITION, FOR GROUPS

A-E

- 2 7
- Group N &D (/ N&D N--(l&D) e
A 20 15 10.3491 1.145
B 23 36 9.8949 3.6l
e 27 50 14,8867 3.35
p 3 33 13,116} 2.52
E 27 19 5.8821 ' 3.23

S # The t-ratios required for significance at the one per cent
level are as follows: Group A (19 degrees of freedom), t = 2.86;

- Group B (22 d.f.), t = 2.82; Group C (26 d.f.), t = 2.78; Group D
(33 dofo), t = 2073; Group B (26 dofo) tom 2078-
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TABLE 22

TEST FOR SIGNIFICANCE OF DIFFERENCES IN SCORES BETWEEN INITIAL AND
FINAL INTERVIEWS, FOR LEVEL FOUR RESPONSES ON SUBTRACTION, FOR GROUPS

A-E

Grou ‘ 2 2
p N &D NED® - (£D) to*

T wW-1
A 20 18 7.8013 2,31
B 23 Ly 6.5477 6.72
c 27 81 11.2557 7.20
D 3k 51 10.276h L.96
E 27 11  9.2571 1.19

, # The t-ratios required for significance at the one per cent
level are as follows: Group A, t = 2.,86; Group B, t = 2.82; Group C,
t = 2,78; Group D, t = 2.73; Group E, t = 2,78.
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~ TEST FOR SIGNIFICANCE OF DIFFERENCES IN SCORES BETWEEN INITIAL AND

FINAL INTERVIEWS, FOR LEVEL FOUR

RESPONSES ON DIVISION, FOR GROUPS

2 p;
Group N £D L/&ZDN : {gn) 4 o#
A 20 25 5.Ll06 160
B 23 28 13159 64149
c 27 L7 5.6823 8.27
D 3h 34 6.4007 5.31
E 27 15 4.6326 3.2l

% The t-ratios required for significance at the one per cent

level are as follows:

b= 2,78; Group D, t = 2.73; Growp E, t = 2,78.

Group A, t = 2.86; Group B, t = 2.82; Group C,
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TABLE 2k

TEST FOR SIGNIFICANCE OF DIFFERENCES IN SCORES, BETWEEN INITIAL AND
FINAL INTERVIEWS, FOR LEVEL FOUR RESPONSES ON MULTIPLICATION, FOR GROUPS

A-E
Group N £D y NED® - (£D)° t *
N -1
A 20 18 6.3079 2.85
| B 23 25 L.0170 | 6022
c 27 51 5.6432 9.0k
D 1 3 33 84297 3.92
£ 27 26 6.5298 3.99

S % The t-ratios required for significance at the one per cent
level are as follows: Group A, t = 2.86; Group B, t = 2.82; Group C,
t = 2.78; Group D,v t = 2.73; Grouwp E, t = 2.78.
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;Eor‘the process of subtraction Groups B, C, and D. again go beyond the
faifferences required for significance at the one per cent level (Table
22). ‘The obtained differences for these groups are therefore highly
,:significant. Group A, with a t of 2.31, exceeds the 2.09 needed for
-significance at the five per cent level. Group E, with a t of 1.19,
fails to meet the t of 1.71 necessary for significance at the ten pér
cent level, Highly significant differences were obtained for all pupil
groups for the processes of division and multiplication (Tables 23 and
28).

Success with concrete materials in the four processes. —-

The,plan for using concrete materials as a part of each of the three

interviews was described in some detail in Chapter III. The purposes

for ﬁsing concrete materials were: (1) to determine whether a child who
' was unsqccessful with abstract numbers could be successful when using

concrete materials, and (2) to indicate to the interviewer whether the

child understood the correct answer he had given.‘

Data are presented in Table 25 to show the success of the
children (all groups combined) on each of the processes in the use of

7

- conerete materials. ' On the initial interview the children were more
successful with concréte materials on the processes of addition and sub-
traction than with division and multiplication. They were successful in
slightly over half of their attempts in division and multiplication on

their first trial with concrete materials, while they achieved more

‘than six successes out of ten trials in addition and subtraction.

o 7. Data for each pupil group on the use of concrete materials
- are found in Appendix L, Tables 51-5lj,
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. NUMBER AND PERCENTAGE OF SUCCESSFUL RESPONSES IN THE USE OF CONCRETE
~ MATERTALS FOR EACH PROCESS IN INITIAL, INTERIM, AND FINAL INTERVIEWS

‘ Initial ___Interim _ Final
Process fotal |% of success- |Total |% of success—|Tobtal % of success—
' ful responses ful responses ful responses
- Addition 17 63.8 217 89.9 313 92.7
Subtraction | 213 63.4 275 75.3 321 90,1
‘Division 121 50.4 13k 8.k 176 88.1
Multiplication 85 55.3 106 80.2 13k 90.3
Total 590 | 59.7 732 8L. oWy | 90.6
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;Iﬁprevement is noted on the interim interview for all processes. The
~,lcﬁest~gains were made in subtraction, with approximately three successes
6ut?of four trials. The highest gains were made in addition, where the

' ,children were successful in nine out of ten attempts. There is further

E grgwth in success for all processes on the final interview, and a general
~leveling to approximately nine successes out of ten trials for each pro-
cess.

Success with concrete materials when the abstract answer was

correct and when the abstract answer was incorrect. -- Data assembled

_inkTable 26 give the relation between success with concrete materials

- and previous success or failure with abstract answers. On the initial

~interview the children were asked to demonstrate sixty-eight addition
exémples for which the previous abstract answer had been correct and
155 for which the abstract answer had been incorrect. A comparison of
successful demonstrations for correct and for incorrect abstract answers
:Shoﬁ;much greater success when the abstract answer was correct than when
~it was incorrect. Even on the initial interview, almost half of the
children were able 1o correct errors they had made with abstract materials

_when they were given the opportunity to use concrete materials to de-
:mcnstrate combinations. As the children progressed through the in-
fstructional period they became more able to correct previously made errors

-~ with the use of concrete materials.
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 PERCENTAGE OF SUCCESSFUL DEMONSTRATIONS WITH CONCRETE MATERIALS ON
SUCCESSIVE INTERVIEWS FOR EACH PROCESS FOR CORRECT AND INCORRECT ABSTRACT
S ANSWERS

180

Number of Trials

Percentage of Successes

Abstract | Abstract Abstract Abstract
“Process Interview Correct | Incorrect | Correct Incorrect
Initial 68 155 T7.9 48.4L
Addition | Interim 158 1h2 91.8 7.5
Final 260 120 97.7 80.0
Initial 35 226 88.6 16,0
Sub~ Interim 139 215 87.0 58.6
“traction
‘ Final 22 | 163 93.7 73.0
Initial 21 129 71.5 h2.7
Division | Interim 82 96 92.7 56.2
Final 140 78 97.8 61,5
Multi- Tnterim 5h 79 ol L 6ly.6
“plication
Final 124 L6 92.7 TL.7

Reproduced with permission of the copyright owner.

Further reproduction prohibited without permission.



181

Summary

The purpose of the chapter has been to show pupil growth from
an’analysis of group test and interview data. Analysis of group test
 data revealed the following facts:

1. Almost no items were omitted on the final group test as
compared with a large number of omissions for all processes except
addition in the initial test.

2. The number of errors and the percentage of error showed a
marked decrease on the final test as compared with the initial test. The
application of a t-test for significance of difference resulted in highly
significant differences between errors made on initial and final tests.

v3. The children were decidedly more accurate with semi-concrete
‘materials than with purely abstract materials. Again, highly significant
differences were found on the application of the t~test.

k. Analysis of responses on the group test revealed reductions
from initial to final tests in the number of responses in which the
child (a) merely copied a number group, or a number, (b) added for all
processes, and (c¢) reversed, or otherwise made numbers incorrectly.

- 5. Evidence £rom recorders' notes revealed that: (a) almost
!palf of the children were observed to count to some extent on both the

_initial and final tests, though recorders' comments on the final test

 more often referred to counting a single combination than to counting

:during the entire process; (b) there was evidence of greater independence
on the part of the children on the final test.
Results from analysis of interview responses in initial, interim

" and final interviews indicated general growth for all pupil groups toward
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: f#mje mature methods of arriving at answers. Analysis of growth by pro-
':fﬁeéseé also showed growth towards maturity. The greatest growth was
"realized in the process of addition. A comparison of the changes made by
~~eachkpupil group through each of the four maturity levels showed: (1)
élmost complete elimination of Level 1 responses, (2) some fluctuations
‘ﬁﬁréngh Levels 2, 3, and l, but in general growth toward maturity through~
,6ut each of these levels.
A test for significance of difference between Level L re-
sponses in the initial and final interviews showed: (1) highly signifi-
‘VCant differences for all groups on the processes of division and multi-
ﬁﬁiibation; (2) highly significant differences for Groups B, C, and E on
the process of addition, and for Groups B, C, and D on subtraction. The
remaining groups met requirements for significance at two per cent, five
pef’cent, or ten per cent levels.

An analysis of the use of concrete ﬁaterials in initial,
interim, and final interviews showed: (1) steady improvement in the
ability 4f the children to demonstrate combinations successfully on each
successive interview, (2) greater success with concrete materials when

"Lfthefprevious abstract answer was correct than when it was incorrect, and
- (3) decided growth in the ability to correct previous errors made on

~ Zabstract combinations when given the opportunity to use concrete materials.
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CHAPTER VII

PATTERNS OF ARITHMETICAL THINKING OF SELECTED GROUPS OF CHILDREN

The purposes of the present chapter are (1) to reveal patterns
 of arithmetical thinking of three selectedvé;oups of children whose re-
J sanses in initial interviews were extremely immature or relatively so,

, andf(Z) to determine the progress made in maturity of thought pro-
cesses by the children of an atypical group (Group F).

The responses for two groups of children are analyzed to
détermine patterns of thinking over a period of time for a group of
ehildfen who were performing at the lowest level at the beginning of

‘fhe investigation. The first group consists of six children‘who guessed
. aﬁ the answers to all eighteen items in the initial interview. The
secénd group is made up of fifteen children who used the method of
partial omission for all subbraction examples in the initial interview.
~ Twelve children consistently used the method of counting all numbers in
‘initial interviews. The responses of these children are studied to
determine patterns of thinking for a method which is slightly more mature
than’the methods of guessing and partial omissioaél The reports on these
: ,‘thrée groups are intended to furnish answers to the following questions:

1. Did children who started out with the same method of attack

‘céntinue {0 use similar methods over a period of time? What differences

in growth pattern occurred as instruction proceeded?

: 1. See Appendix M for a complete record of methods used by the
children of these three groups in successive interviews (Tables 55-57).

14
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2+ What factors tended to affect the learning of these
children?
| 3. Did the children in a given group tend to reach the same
: iével of maturity at the end of instructional period?
The study of an atypical group is made to determine (1) the
' progress made by these children, (2) factors affecting the progress of
such a group, and (3) differences from, or likenesses to, other groups
in the‘study.
Patterns of Thinking of Six Children Who Guessed in the
Initial Interviews
Throughout this study guessing has been considered the most
- immature response a child can make to a number situation. It is perhaps
’é#en more immature than no response at all, since the child who knows he
’fdoss not know is probably more aware of what is involved in a number
‘Sitﬁation than one who merely guesses. 2 It is therefore of interest to
éee how children who guess progress through an instructional period. Do
'they remain guessers? If they change, what characterizes their thinking
‘as they do so?
Naturally, there were many other children who guessed all of
’;the answers within a given process, or had guesses intermingled<with
,oﬁhSr types of responses. On the whole, these children had a better
‘ﬁﬁderstanding of numbers and progressed more rapidly than the children

whose only method was guessing. This report is, therefore, limited to

2. The personality of the child is undoubtedly a factor in
~determining whether he guesses or gives no response to a number situ-
ation.
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the six children whose only method of attack on combinations was guessing.

Responses to abstract examples in the initial interview, —-

The children who guessed at answers in the initial interview showed a
~ preference for certain numbers which tended to recur fregquently during
the interview. On the whole, answers fell within a rather limited
’:ﬁénge,of numbers. The answers of three different children ran as follows
for ﬁhe six addition examples: 8, 10, 12, 12, 11, and 10; 10, 11, 13, 11,
10, and 13; 29, 28, 29, 26, 28, and 29. The frequent recurrence of the
numbers 6, 7, 8, 9, and 10 was noted for one child. At no time did she
’give an answer larger than ten and only once was her answer smaller than
k five. She was unable to reason out her answers and was therefore un-

suecessful in all processes except addition, the process within which
 her chosen answers happened to be true answers. If the interviewer re-
kttufned to the same examples after a few minutes. had elapsed, answers
were different though still obviously guesses.

Five of the children who guessed responded to all examples
without hesitation. One child varied from this pattern. The interviewer
“feltqthat she paused deliberaﬁely in order to make it appear that she
'nas trying hard to arrive at an answer. For the example "6 take away L,"
‘she gave five different guesses, 8, 6, 7, 4, and 8.

Explanations by the children for answers they had given showed
'no:evidence of understanding. Such comments as the following were
typicals

T just say the numbers and see if it's right.®

"God tells me these words (numbers), but I can't hear them out
loud.®
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One child preceded each subtraction answer with the statement
’ "Comes back down to :n
M8 take away 6" "Comes back down to 28." (Very pleased with herself.)

"I'm going to tell Mr. (principal) that I know
all of these words."

"7 take away 3" "Comes back down to 29. I'm still right again.®
_’Sﬁeyassumed that her answers were correct if the interviewer wrote them
~down. Her answers for division were more nearly correct, (2, 2, and 1),

- but were evidently guesses,since she could give no reasonable expla-
nation or proof for them. She expressed her answers for the three multi-
plication examples in terms of money (15¢, a dime, and 15¢). TWhile the
rénée of numbers varied according to process for this child,she had no
idea of the meanings which differentiate one process from another.

Use of concrete materials on the initial interview. -~ None

e of the six children who guessed was able to demonstrate examples suc—
cessfully with concrete or semi-concrete materials in the initial inter-
view. All attempts showed a complete lack of understanding of the
meanings of the processes. In response to requests for semi-concrete re-
presentations, the following responses were obtained:

"3 and 4" "Should I just draw circles? I don't know how to
do these numbers. Can I make another round circle?
(After making three circles) Can I put a 3 and a 4?
6 take away L" Drew a picture of 6 balls and 4 balls. Put a box
around two balls to indicate the number she thought
was to be taken away. When the interviewer re-
minded her she was to take away L, said 6 were left.
Concrete demonstrations were equally unintelligible. The children failed
to understand what to do with the materials. They often refused to make

any attempt beyond laying out all of the objects they were given and
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jfcéunting the total number., The comments of one of the interviewers con-
V7‘?éerning the child she interviewed seems to characterize all of the six
-children who guessed in initial inﬁerviews:

Doesn't have the slighest inkling of what numbers are, or any
concept of numbers.,

Responses to abstract examples in the interim interview, -~

. Guessing was still a preferred method for two children in the processes
of addition and subtraction, and of three children in the processes of
division and multiplication, when interim interviews were administered.,

- One of these children seemed definitely to be groping for a generali-

' zation that would eventually be‘of use to her. Her guesses were

-relatively more accurate than in the initial interview, since they were
'larger or smaller as the number situation called for more or fewer
numbers to be put together. Another of these children coupled inaccu-
,rate~coﬁnting with guessing, which showed a realization that another

‘,ﬁethod than guessing was possible, though she was unable to use the method
sﬁccessfully.

Some of the children seemed to substitute one immature method
o for another in the interim interview. While they had guessed in initial
 !interviews, they merely called off a number as the answer, or added for

,fail‘processes in the interim interview. Sample responses are:

"8 take away 5" (pause) "8." TWhen asked 5 !'from' 8, he said
"Let 8 stay right there?"

"Two L's 16, I don't know how I got it."
Theichildren began to experiment with immature counting methods in the
_interim interview, though, on the whole, they were inaccurate and uncertain
‘ in their use of counting.v Errors in counting‘resulted from failure to

";frecqgnize the groupings in the example, and therefore counting too many or
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 {  teo;few3 as in these illustrations:

#2 and T4

43 and L

#7 and 2

(pause) 10. Counted her fingers. Said
l’ 2, 3) l-b 5’ 6, 7’ 8, 9, lOo

Counted his fingers - 1, 2, 3, k4, 5, and
said 5 was his answer.

Counted his fingel‘s - l, 2, 3’ )4, 5, 6, 7, 8?

"How many 2's in 62" Counted on fingers to 6, but said L

was the answer.

"How many L's in 87" n1, 2, 3, L4, 5, 6, 7, 8, 9, 10. Gee,

I can't hardly. I think there are 2.%
Counted to 8 on her fingers.

The children had no idea of the groups represented in these

‘illﬁstrations. They did not pause between groups, bult merely counted

'uhtil they thought they had counted far enough. Sometimes the answer

was stated with a question as if the child doubted the correctness of

his answer.

More mature methods such as partial counting, visuwal grouping,

delayed recall, and
the: ¢children in the
"follow:

n5 and 3
"3 and LM

"2 and 6%

immediate recall were used to some extent by three of

interim interview. Illustrations of these methods

After a pause he replied 8. When asked what he
said to himself, he said, "5, - 6, 7, 8."

(pause) "7. I think about it when I go home at
nigh.bo Like )J., - 5, 6, 7'“

First answered 10 immediately. When asked to
explain how he got the answer, he said, "I said,
l’ 2, 3, Ll., 5, 6, "'7, 8: it's 80

He evidently tried to recall the answer first, but when he checked by

- counting, he found his error{

2 and hn

(pause) "6. I just thinked my fingers. Just looked
at 2 and L." Interviewer noted that he merely
looked at his fingers and didno counting.
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"9 take away 3" %5, (Answered immediately) "Counted in my house
with crayons. Had 9 and took away 3 and had 5
left.® :
-~ Bome of the recall responses of these children were non-meaningful, since
the children were merely attempting to remember answers, and were un-

- successful when called upon to demonstrate examples with concrete materials.

Use of concrete materials in the interim interview., —- These

six éhildren had made decided progress in their ability to demonstrate
‘addition examples successfully with concrete materials by the middle of
‘ﬁhe instructional period when interim interviews were given. There was
’,evidence that the children had improved in their understanding of the
‘fagréups, and in their ability to arrive at correct answers by the use of
matariéls.

5 and 3" 000 Counted 8.,
00000

"2 and 6" 0 000 "Makes 8. 1, 2, 3, by 5, 6, 7, 8.1
0 000

‘ 0ne child was confused on the arrangement of his groups, but he clearly
‘had the idea that there were two separate groups, and that he should do
something about them.

As a group, these children were unsuccessful in the use of
’,~gehcrete and semi~concrete materials with the processes of subtraction,
!division and multiplication. The following attempts illustrate the
;'difficulties and confusion experienced by these children:
N7 take away 2" Laid out 7 blockse. Then.added on the

3 remaining blocks she was given and
saild her answer was 10,

"7 take away 3" oooo Answered T.
C'O
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"§ take away 5" OOOO "Ain't got but S."
00

By his expression, "ain't got but five" this child means that he wants
more blocks, so that when he takes 5 away, he will have 8 left.

Responses to abstract examples in the final interview. —-—

‘»With the exception of one child who was still guessing at answers in the
 £iﬁal interview, the children made progress in their ability to use more
_matufe methods of thinking as they progressed through the instructional
period. Immature counting methods persisted to some extent. The more
mature counting methods (partial counting, and counting in multiples)
were used much more extensively and with more assurance than in interim
iﬁtérﬁiews. Illustrations are provided to show the type of thinking in-
Voived in the use of these methods;

#5 and 3" (pause) "8, I said it in my mind. Said 5,
and put 3 more on - 6, 7, 8."

-~ When asked by the interviewer if she could think of another way to get
the answer, she said,

nT know if you leave 2 more out (from lO)‘you'd
have 8."

12 and L4" "Can I use my hands?" When assured that she
could, she looked at one hand, recognizing
without counting that she had 2 and 3 there,
and said, "2 and 3, - 1 more up makes 6."

"2 and I" (pause) "6. I said 2 and k4 are 6. I knew
it could't be 5, so I said 6.7

17 take away 2" (pause) Held up 5 fingers on one hand,
and 2 on the other. Put down 2 fingers and
said 5 was his answer,

n9 take away 3" (pause) "6." Looked at his fingers.
No counting.

One child experienced difficulty in making the transition from
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addition to subtraction examples. On the first subtraction example, the
_ interviewer says,
"9 takeaway 3" Took a long time to get him started.
Used fingers. Counted out 9 several
times. Finally took away 3 and said 6.

The use of concrete materials on the final interview. -- On

“~ the whole the six children who guessed were able to correct errors they
“ ﬁad previously made with abstract examples by the use of concrete
-materials. In the following illustrations the answer was wrong on the

abstract phase of the interviewa but the child was able to correct his
error with his materials: |

12 and Lt 00 00 ng.
Qo ,

n6 take away Lt 00g mn2.t
00g

The interviewer made repeated comments to the effect that one
child was very quick on abstract answers. At the conclusion of the inter-
vieW5 however, the interviewer added, "I think she knows them from
memory." The fact that concrete demonstrations were accurate in every
case for this child would tend to indicate that she had some under-

‘standing of the combinations and of the processes represented. Some
’l iilustrations follow:

42 and 6" 000 00 "8
000

"7 take away 3¢ 0000698 "™
"How many 3's in 92" 000 HThree 3's in 9."-
000
000
‘It is possible that the child had memorized procedures with materials as

~carried on in instructional periods in the classroom. Even so, it is
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doubtful if she could have been successful on all of her concrete de=-
o mbnstrations without some understanding. The correct demonstrations may
~]‘indicate that her previous immediate recall answers were meaningful to
her.

Personal data for the six children who guessed. —-- Two of the

six}children were of normal age for the second grade and four were over-
ége. Three of the four overaged children had repeated first grade and
the fourth was repeating second grade at the time of the investigation.
Absences incurred by these children during the instructional period
- évefaged fourteen days, or more than twice the average number of days
;ébéence for children in thé five regular classrooms. 3 Scores on the
Metropolitan Readiness Test were available for three of the six children
:inuthe group. Two of these three children were in the lowest quintile
‘rapge’in both readiness level and in learning rate. One was in the
':fcﬁrth quintile range in readiness level and the third quintile range
‘-injlearning rate. Comments made by the teacher of these six children

were as follows:

Can read very well. That is why she is in the A class
(highest of five second grades in this particular school).
Bhe does not seem to be good in anything else, however,
She does unusual things such as spitting all over her
dress and pulling out her hair.

Child is alone at home much of the time. Mother works.
Appeared at Juvenile Court on charges of burglary
(1/20/49) /. He is mean and nasty to other children.
Cannot take correction.

Mother left home. Child lives with grandmother. Father
beats child.

T 3. The average number of days absent for the children of
~ typical groups was 6.9.
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Good disposition. One day she knows things. The next
day she doesn't.

Always has a headache. Absent a lot. Partly because of

headache and partly because her mother lets her stay
home. Rather dull and slow, Almost lazy.

Summary and interpretation. -- Detailed reports have been pre-

. sented to show progress toward maturity of thought processes for six
;children, all of whom guessed throughout the initial interview. Except
for one child whose performance was somewhax,agaxic, all of the children
showed progress in one or more processes. Three children showed growth
in all processes. One child made gains in the processes of addition and

subtraction, but not in division or in multiplication. Progress was

L

- noted in all processes except division for another child.

Figure 7 provides a summary of the responses of the six
children who guessed in the initial interview. All responses were at
Levél l‘ﬁhen initial interviews were given. The figure shows that 22.3
percent of responses were at the two higher levels midway through the
instructional period. When the final interviews were given, more than
half of the responses (56.5 %) were found at the two higher levels.

Children's responses as they used concrete materials indicated
“that they had made growth in the area of the concreteaeven though they

;dontinued to use immature methods with abstract examples.

4. Diary notes for Teacher F indicated that Group F had no
planned experience with the processes of division and multiplication.
~ Four of the six children who guessed were in Group F.
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Figure 7, Percentage of responses at the two higher levels for all

processes in successive interviews for six children who guessed in

the initial interview.
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It appears that guessers tend to go through certain other im=-
,matﬁre exploratory stages before they begin to perform at a level that
shows understanding. When counting was first attempted by these children,
; immature coﬁnting methods were usually employed, or the method used was
blundering and unsuccessful for a time. For a while these children
tended to substitute one immature method for another in subtraction,
  division, and in multiplication. By so doing they remained on the same
level instead of making progress toward a higher level. A longer period
Qf time than four months is apparently necessary to enable these children
' tojgain complete understanding of the number facts sampled by the inter-
- views. It should also be noted that these six children were at a dis-
‘advantage from the standpoint of (1) irregularity of attendance in school,
»’(2) unfavorable home conditions, even neglect in some cases, (3) re-
tardation (four of the six children were repeatgrs), (4) a relatively
low readiness level and learning rate, and (5) behavior difficulties.

It is outside the province of this invesﬁigatidn to draw far-
reaching conclusions on the relation of such factors as home background,
social behavior, and the like, to the success of the child in arithmetic.

, With so many undesirable factors weighing heavily against them, the gainsb
: théseAchildren made are even more surprising.

| It is promising to realize that children can progress from com?
'pletely unsuccessful methods to those which bring reasonable success in

a rather short period of time, if teachers are making a conscious effort
,té know how children are thinking and are continually attempting to raise

the level of their thought processes.
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Patterns of Thinking of Fifteen Children Who Used the Method of Partial

Omission with Subtraction Examples in the Initial Interview

A method which is almost as immature as guessing is partial
omission, or calling off one or the other of the numbers represented in
. ten examples as the answer. The fact that it is systematic is perhaps
ihdicative of a small amount of understanding.

Responses to abstract examples in the initial interview. ~-

,Ih using the method of partial omission, the child seemed to think merely
of getting rid of one number and of leaving the other which was the ans-
WeX., ’Little mental activity was involved in this process, in contrast to
thé prolonged efforts of some of the children to arrive at answers to
‘addiﬁion examples immediately preceding.. They approached the subtraction,
therefore, with such comments as:

| BT like take aways. Take aways are easy.!
One child voiced her feeling of inadequacy with subtraction on the first
example presented to her by saying:

T haven't been doing this because I've been out
of school for the summer.®

After this comment she proceded io call the subtrahend the answer for this,
,‘and for each successive subtraction example.

Other children planned to get rid of the "take away" number by
' covering it up with their hands, erasing it, or merely pretending that it
ﬁas not there. The more usual plan was to do away with the subtrahend

and call the minuend the answer, though the reverse procedure was used

~ oceasionally.

The interviewer's comment concerning a child's use of this
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method wass
"6 take away L" He is merely taking the last number he
hears. When I turned it around and said,
"You take L4 from 6," he said 6 was his
answer.
The interviewer discovered that one child obtained the correct
. answer when the language form, "from", was used, though she had resorted
td the method of partial omission when the form, "take away', was pre-

sented to her. The interviewer made this report:

"8 take away 6" First answer was eight. Read it to her,
5 from 8, and she said three.

This child was equally successful with two other examples, but in
general the children realized little success by the change in language
form, A

Use of concrete materials in the initial interview. == An

~analysis of the children's responses as they used concrete materials gave
many clues to their ways of thinking. Some of the unsuccessful attempts
with éoncrete materials indicated the types of errors made by the children.
~Errors were of three general types. In the first type the child thought
of the remainder as meaning what was left of all the objects given him
,‘after he had taken away one or both of the groups represented in the
_éﬁbtraction examples
18 take away 5" Counted out 8 forks; took away 5 and then
3 more. "2 left," he said, as he pointed
to the two left of the ten forks he had
to start with.
"7 take away 2" Arranged forks so that she could count the
points: 1,2,3 U4,5,6 17,8,9
"Here's 73 here's take away 27, she said

referring to the two points left on the
third fork.
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In the second type of error, the child represented both of the
numbers in the subtraction example with concrete materials, and then took
- one group away, leaving the remaining group as the answer.

"7 take away 3" Drew 7 circles with 3 more underneath.
Crossed off 3 and said, "It leaves T7".

"8 take away 5" Drew 8 pennies and then 5 more. Crossed
off 5 and counted the rest. Said 8.

The third type of error resulted when the child merely repre-
~sehted the minuend and referred to this number as the answer.

Two children were successful in all attempts with concrete
~materials in the initial interview, though they had used the method of
‘partial omission with abstract examples earlier in the interview. Some
. responses, though successful, indicated a lack of assurance with concrete
materials:

| "7 take away 2" "I don't know how to play the game with
spoons.” She laid out 7; took away 2, and
said, "Only 5."
The majority of the fifteen children were as unsuccessful with

conerete materials as they had previously been with abstract examples.

Responses to abstract examples in the interim interview. -~

‘ Eight of the fifteen children continued to use the method of partial
 omission in the interim interview. Thinking seemed to follow the pattern

which was previously described, and is well illustrated by one child who
‘shdwed how he brushed one number away with his hand and had the other

‘ ;nﬁm‘ber left.

Seven of the fifteen children, however, had abandoned the

fmathod of partial omission almost entirely and had substituted a variety

 of other methods:
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"7 take away 2" "5 - because you have 5 fingers on this
hand and 2 fingers on this hand."

18 take away 6% 12 - because 6 - 7, 8." Counted up from
6 to 8 to get this one.

In each of these illustrations, the method of immediate recall was used
~first, and then the example was counted as proof.

Two children used a combination of visual grouping and counting

for four of the six examples:

"8 take away 6" (pause) "Leaves 2." Puts up 8 fingers
immediately without counting; counts 6,
which she takes away, and reads the group
that is left.n

Another child used a combination of recall and recall by

logical inference:

18 take away 5" "3 = )} and 4 are 8.1

She evidently used the addition example, 4 and l, as a basis for her
thinking, and inferred that, if L from 8 is L, then 5 from § is 3.

"9 take away 3" "6 ~ because 3 and 3 and 3 are 9.%

Her inference was that if one three was taken away, two three's or six
~would be left.

Difficulty in meking the transition from addition to sub-

 traction examples was noted for some of the children:

19 take away 3% Added. VWhen I repeated the example

to be sure he understood, he used his
fingers; counted out 9; took away 3,
and had 6 left.

Occasionally a child referred to the method he had used to

arrive at an answer as guessing, when his true method was not guessing:

W7 take away 2" "You only got 5. Sometimes I guess.
Sometimes I don't.®

He was not guessing in this instance,for he had only three incorrect

“answers out of eighteen examples, and two of these errors were corrected
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by the use of another method.

Use of concrete materials in the interim interview. -~ The

_ same ‘general types of errors which were illustrated for the initial inter-
fvieW'persisted on the interim interview. The childrén realized greater
iSucéess on the interim than in the initial interview, however, and there
- was a noticeable improvement in grouping their concrete materials.

Some of the children who felt inadequate when the abstract

:example was presented, insisted they could do it with blocks. One child
© gave up blocks and resorted to fingers with which she evidently felt
: mgfe secure.

Some of the children appeared to be on the verge of understand-
ing how to represent the example with concrete materials. They tended
to forget some littie detail or became confused with another process:

19 take away 3% Arranged his blocks in groups of three.

Apparently misunderstood and thought
B S the example said three 3's are how many.

I tried again with blocks later on in
the interview, but he did the same thing

again,
"7 take away 3" Used all ten of the blocks handed to her
v v ‘ instead of counting out the seven she
LA needed.

This child had made one successful demonstration for a subtraction
- example immediately preceding this one. OShe evidently became confused
and forgot to count out her total number before taking away.

Responses to abstract examples in the final interview. -- In

‘ the final interview not a single response was obtained by the method of
partial omission. Nine of the fifteen children were using rather mature

methods, except for occasional lapses to an immature method on an example
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- which proved to be especially difficult.

o Five of the children used immature methods of counting, though
some visual grouping was apparent, as they were able to put up the be-
ginning number immediately without counting. One child knew four answers

,~kimmediately5 but reverted to an immature method of counting for the two

= wanswérs she did not know:
" take away 6" Uses fingers. Says 2. When asked to show
how she did it, she said,
"Well, here's my fingers, - 1,2,3,L4,5,6,7,
8; then 1,2,3,4,5,6;5 2 left."
More mature methods which were used by the majority of the

: children in the final interviewwere visual groupings, and various recall
methéds:

"9 take away 3% Put up 9 fingers immediately; took away
6; 3 left. No counting.

"9 take away 3% 16, If your mother gave you 9¢, and
you spent 3¢, you'd have 6¢ left. I

started to use my fingers but changed
my mind.®

This child's last statement is illustrative of the attitudes of most of the
~children with regard to the use of their fingers. They knew there were

L better ways of getting answers, but had no hesitancy in using them if other

. methods were unsuccessful,

"8 take away 5" "3, L and 4 is 8; and 8 take away 5
is 3.1
"7 take away 3" "Leaves L; have 6 and take away 3, you

have 3; so 7 take away 3 leaves l.%

When asked if she could find the answer to this last example in any other
; way, she said, "3 and L are 7." In-other words, she inferred that she

~could obtain the answer from the corresponding addition example.
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As in interim interviews the children often corrected errors
they had made with one method by the use of another method.

Use of concrete materials in the final interview, -~ No errors

 ‘ﬁere made by any of the five children who had used immature counting
~kmethads in the interim interview. These children grouped their objects
consistently and worked with confidence:
"8 take away 6" o Picked up discs by 2's to place

J000[ them. Pulled away 6 and said
2 were lefi.

"7 take away 3" Pulled away the 3 through the
middle and said, "4 left."

In the final interview the children were more expert in their
'ability to correct errors they had previously made with abstract examples
;thréugh the use of concrete materials. The use of materials, in most
‘ycases, showed an excellent understanding of grouping, with the repeated
- comment, "no counting", on the part of interviewers. One comment was:
Seems as if she knows them already and is merely
showing them with discs. Usually does not count,
but used groups as groups, unless the first number

is large, when she does some counting.

Personal data for fifteen children who used the method of

’ ;Eartial omission with subtraction examples. -~ Five of the fifteen child-
 : §fen‘ﬁho used the method of partial omisgsion with subtraction examples
”‘: héd repeated first grade and one child was spending his second year in
second grade at the time of the investigation. The average number of days
absent from school for this group (7.0) was only slightly higher than the
‘average for the five typical groups. Metropolitan Test ratings, which
~ were available for twelve of the fifteen children, indicated a wide range

_;in readiness level and in learning rate. According to both measures four
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thldren were in the highest quintile range, two weré in the lowest and
thrée were in the third. Scores for the three remaining children waried
on the two measures. Readiness level for two of these children fell
‘into the fourth quintile range and learning rate in the third. Readiness
‘ievel for one child was in the second quintile range and learning rate
 was in the first. |
| Comments by the teachers of these children were as follows:
Always complaining about aches and pains which
are imaginary. Seeks attention. Does good work.

Could do even better with more favorable home
conditions.

Good worker.

Very slow in all subjects. Scattered absences due
to illness. Mother busy taking care of grandchildren.
Child receives little attention at home.

Varies in ability. Is going through a slump right
now. This is especially true of reading. I feel
that she will come out of it.

Youngest in class. Has been discipline problem for
three years in school. No father. Mother keeps
him inside at home. Fears bad company. Goes wild
at school. Did have a dog but got rid of it.

Slow in nearly everything., Likes to see what others
are doing. Has difficuliy concentrating.

Cannot read even a preprimer. Knows numbers cquite
well.

Steals; TUses filthj language. Annoys others. Does
work well and rapidly. Improving in reading. Is
having a hard time with numbers.

Summary and interpretation. —— Only twelve errors were made

by the fifteen children in the final interview, in contrast to a total
of ninety errors in the initial interview. All of the twelve errors were

corrected by another method or by the use of concrete materials. In
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general, more errors were corrected in the final interview than in
 previous ones, due to the fact that interviewers purposely asked children
vif they could get the answer in more than one way. Moreover, the children
‘ were more aware of the mistakes they made, and therefore corrected them-
 selves more frequently than in former interviews.
A summary is provided by Figure 8,which gives the status of
 the group of fifteen children in the three interviews for responses on
. abstract examples. Only two per cent of the total number of responses
were at the‘two higher levels when initial interviews were given. Ap-
 'ifpf§3iﬁately a fourth of the responses were at the two higher levels when
, interim’interviews were given. In the final interview, however, slightly
kﬁere than {wo-thirds of the responses were at the two higher levels. It
Lappears?therefore, that this group of fifteen children had made definite
,grbwth toward maturity of thought processes during the course of in-
:étrﬁction.
This group of children did not vary considerably from the five
typical groups in readiness level, learning rate, or in attendance at
‘ school. There was a difference, however, in percentage of retardation.
;Fbrty per cent of the group of fifteen children were retarded as compared
~ ﬁith fourteen percent for the five typical groups. It is evident from
" £he comments of teachers that some of the group of fifteen children had
:personality factors and home conditions which made adjustment to the
,school situation difficult. It is not unreasonable to assume that these
 féctors influenced all aspects of the child's school life, including his

progress in arithmetic.
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Figure 8, Percentage of responses at the two higher levels
- in successive interviews for fifteen children who used the method of

partial omission for subtraction examples in the initial interviews.
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Patterns of Thinking of Twelve Children Who Counted All Numbers in The

Initial Interviews

Counting all numbers has been described as the method by which
the child counts both numbers in an example by ones, beginning with one.
This,method was used with all processes, but more liberally with addition.
The present analysis deals with addition only.

Responges to abstract examples in the initial interview, —-

Thdugh all of the twelve children used the same method, there were
variations in the wayyin which the numbers were counted. Some children-

t éonsistently started with the larger number, some with the smaller, and
some were inconsistent in their method of attack. Some openly counted
fheir fingers, while some counted to themselves, counted imaginary ob-
jécts, or counted as they pointed to the numbers on the card presented

‘ £o‘them. For some children the pattern was rather firmly fixed, so much
so0 that the same procedure was used in practically the same way with each
rof the addition examples. Typical patterns of counting follow:

n5 and 3" ‘Counted 1, 2, 3; then 4, 5, 6, 7, and 8
all on one hand.

-In other words, this child used the fingers of one hand only.
’She first counted 1, 2, 3; then started over with her fingers, but con-
_tinued counting, 5, 6, 7, 8.

"5 and 3" Answered 8 after a long pause. TWhen
questioned as to how he arrived at his
answer, he pointed to five on the inter-
viewer card, saying, "1, 2, 3, l, 53"
he then pointed to three and said, "6,

7, 8.1

~In a slight variation of this method, a child pointed with her finger in

. the air as if she were pointing to imaginary objects as she counted.
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"2 and én (pa.use) ng, l, 2, 3, )..l., 5, 6’ -
7, 8.1

;This.child consistently counted both numbers, but staried with the larger
of the two numbers each tiﬁe.

Many children found counting all numbers a laborious method of
geﬁting through six examples. When boredom or fatigue set in, they tended
to résort to guessing, or to some other more immature method than was

_ typical of their pattern of work.

Use of concrete materisls in the initial interview. -- The

children were able to correct some of their previous errors by the use
 of concrete materials, though a correct answer did net always indicate
: an{gnderstanding of grouping:
"2 and 6" Gave her forks and she got answer 8.
Counted them out in one stack and did
not divide them into groups, but was
successful.
Four of the children who were successful with concrete materials gave no
: e#idence of grouping objects beyohd the mere separation of the two groups
in the addition example.
"5 and 3" Made a picture of two balls and then 6 more
balls strung out in a row. Stopped to
count after making five balls in the second
group, and then added another one to make 8.
One child tended to use his fingers first, when he was asked

: ﬁo demonstrate with materials. He would then match fingers and materials:

u5 and Lt Uses fingers first; then forks; gets 10
on first trial with fingers; then gets
9 when he rechecks with forks.
Errors in the use of concrete materials occurred when the
~ children became confused on the number of objects needed to represent the

. groupS.
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"2 and 6" Drew 7 balls., At first was unaware that
he had only 7. Finally realized it and
drew the last one.

Responses to abstract examples in the interim interview, —-

1Three children were still counting all numbers in the interim interview.
;Two 6f these children ﬁade no errors in either interview. One child was
more inaccurate in the interim than in the initial interview. She
, équnted her fingers each time,but was inaccurate in her counting. Greater
accuracy in the initial interview may have been due to the carry-over
effeét when concrete materials were used immediately following the pre-
sentation of the abstract example. It will be remembered that in the
f interim interview all abstract examples in a given process were cémpleted
before concrete materials were used.

Three children were still using counting all numbers as a pre-
’ ferred method, but they were beginning to experiment with other methods,
;ksﬁch.as counting in multiples, partial counting, delayed recall, visual
grouping, recall by logical inference, and immediate recall., The re-
maining six children in the group of twelve had either abandoned the
7me£hod of counting all numbers altogether or were using it less frequent-
1 1y than other methods. Some children used the same method with all six
addition examples, while others varied considerabkr in the methods used.
| A few children were observed in the initial stages of using a
‘néﬁ"method. One child had the idea that breaking up numbers into 2's or
3"3" would help him to arrive at answers. His techniques were clumsy,
however, and were applied without any definite end in view.

"3 and L (pause) "7. L and 3 are 7." When asked

to tell more about how he had thought out

the example, he volunteered, "3 and 2 and
2 are T."
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n5 and Lt (pause) "8. Cause L and 5 are 8; 2 and 2
and 2 and 1 more are 8."

~ The interviewer commented that this child tried to break up numbers
whether he needed to or not. He was attempting to apply some of the
methods he had been using in instruectional periods, but was unsure of the
mebhod he was attempting to use, and therefore used it in a manner which
_was not profitable. |

Use of concrete materials on the interim interview. -~ All

twelve of these children demonstrated the ability to use concrete
materials successfully. They clearly separated the two groups in the

example each time. Some showed excellent ability to group materials:

"7 and 2% 000 "5 and L 0
0 0 00 00
000 0 00 00

A child who failed to count correctly in five out of six of the
abstract addition examples, counted her blocks accurately each time, and
was able to make successful semi-concrete drawings as well. The inter-
viewer made the following general comment about her work:

Always a pause before giving an answer to abstract
examples. Always starts right, but seems to get
stuck. Has the right idea about counting her
fingers but usually miscounts somewhere along the

line. Very good with blocks and pictures.

Responses to abstract examples in the final interview. -- With

 the exception of one child, growth was evident from the interim to the
final interview on responses to abstract example. Altﬁough this child
had used more mature methods for four of the six examples in the interim
‘interview5 she regressed in the final interview and counted all numbers
for five examples at this time. It is difficult to say why she should

| ’*revert to a less mature method. It would appear that she did not
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j'a¢tually'need to count all numbers, since she had demonstrated an ability
‘Ti;toftse more mature methods. It may be that she found it easier to count
/ [ail_numbers than to use the more mature methods with which she was ex-
perimenting in the interim interview.
| A child who used partial counting for all six examples in the
ﬁ~final interview was more accurate than on previous interviews, though she
'ﬁas étill slightly confused on how to start, in partial éounting, in order
to come out with the correct answers:
"2 and 6" Looks at fingers and says, "6, T." Tries
again. This time she starts with 2 and
says, "2, 3, L, 5, 6, 7. It might be 8."
When asked why, she said, "I don't know."
She made her error by counting the last number of the group she was
'téking as a whole, rather than counting onto this group.
. | The consistent use of partial counting showed an improvement in
kmaturity for three children over methods used in the interim interview.
‘ fThése children made no errors. They counted the smaller number first each
rtiﬁe;
. When a child felt dissatisfied with his answer a less mature

method was sometimes used as a check on a more mature method:

"7 and 2" "8, Wait a minute." Used fingers, saying,

117’ 8, 9.13
Recall methods were used more extensively in the final than in
= the interim interview. One child,who had used partial counting consistent-
lyin the interim interview, used recall by logical inference for five of
*thé’six addition examples in the final interview. He returned to his

former method of partial counting for one example:

"5 and Lt He knew 5 and used fingers to get 6, 7, 8, 9.
Merely moved his fingers on his arm and did
not look at them,
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Use of concrete materials in the final interview., — In

general, | the use of conecrete materials in the final interview showed that
| '_the“children had grown considerably in their ability to group materials
fand to arrive at answers in more mature ways. Two children were excep-
~,tiOhé to this general rule. While neither made errors in the use of
goherete materials, they strung them out into rows instead of grouping
then.
| After the children had made an arrangement with concrete
materials and had made a response, they were asked if they could think
of'any other way to get the answer. Responses showed an ability to see
relationships between 4 and 2 and 3 and 3, between 2 and 6 and L and b,
~and the like. Childfen who were as yet unable to see these relationships
it sbstract examples could explain them with the aid of materials. The
=5 children continued to improve in their ability to correct previously made
errbrs,with the use of concrete materials.

Personal data for the twelve children who used the method of

counting all numbers in initial interviews. -- The average number of
~days absent for a group of twelve children who counted all mumbers (9.0)
was éonsiderably higher than the average for the five tﬁical groups
(6’.9’)‘1. : Four of the twelve children had repeated first grade and two were
- ,’repeating second grade during the year in which this study was made.
| On the whole, this group of children ranked rather high in
kréadiness status and in learning rate. Eight of the ten children for
. whom: records were available were in the two highest quintile ranges in

bot}h‘ measures. Of the remaining two children one was in the third and

. one was in the fourth in both measures.
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Comments made by teachers concerning these children were as
‘f@llcws:
Steady workerj; good reader.
Timid child; absences due to ear trouble and colds.
Very shy, but mature and independent. No close
friends in school. Sick a lot. Despite absences
(26 days) reading and spelling are 0.K. In fact,

none of her school work has suffered.

Nervous; cocky attitude. Has an older sister who
takes him to and from school.

Quiet; daydreams; babied at home.
- Only child; quite a favorite with the children.

Has improved greatly. Always tries to do her best.
Neat and clean.

Quiet pupil. Favorable home conditions. Has a
speech impediment. Is advanced in reading.

Summary and interpretation. -- All of the twelve children ex-
’ perieﬁced some growth from the initial to the interim interviews. In-
‘teresting bits of evidence were one child's almost complete failure on
‘abstract examples, but excellent use of concrete materials, and the lack
of assurance and temporary loss of accuracy noticed when the children
.. were experimenting with methods that were new to them. In some cases
lack of more obvious growth seemed to be due to the hold that this
,;particular method of counting all numbers had on some of the children
which made it difficult for them to break away from it. Another in-
teresting observation from the interim interviews was the occasional re-
'vefsion to immature methods when the child neared the end of the six‘
féxamples or when he desired greater security than the new method offered

him‘ It was as if he tired of his laborious methods and tended to grasp
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- again the method with which he felt the greatest confidence and assurance.

Figure 9 shows that the percentage of responsesat the two

 higher levels increased from zero percent to 49.8 percent in interim

interviews, and to 76.6 percent when final interviews were administered.
Many of the children in this group of twelve suffered loss of

time from school. One third of the groﬁp were repeaters in contrast to

| lh per cent for the five typiecal groups. The teachers described four

of the children as quiet, shy and timid. Two were dependent and over-

~protecteds In spite of these facts the growth of the children was in the

)des,ired direction, though they did not reach the highest levél of

;maturity during the instructional period.
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Figure 9 : Percentage of responses at the two higher levels
in successive interviews for twelve children who used the method of

‘ coimting all numbers for addition examples in the initial interviews.
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A Study of an Atypical Group (Group F)

In this section of the chapter a study of Group F will be
,fpﬁeéented,ineluding comparisons with the five typical groups of children
on retardation, attendance, readiness status, teaching methods, and
findings from group tests and interviews.
Retardation., —- Eighteen of the twenty-six children in Group
F had repeated first grade and six were repeating second grade during
the year of the investigation. No record of retardation was available
for the remaining two children who entered the group from outside the
~eity, Both of these children were past the normal age for second grade,
however. Therefore, it is assumed that there was 100 per cent retarda-
- tion for Group F. The total number of repeaters and percentageé of re-
-tardation in all other groups were distributed as follows: Group 4, T,
35 percent; Group B, 6, 26 per cent; Group C, 1, l per cent; Group D,
 3;;9 per cent; and Group E, 1, li per cent, or an average of 1l per cent
for the total of 131 children.
Attendance.~~ Group F suffered a greater loss of time from
ébsences during the experimental period than the children in typical
':géggﬁs, The average number of days of absence per child for the typical
jigféﬁps.ccmbined was 6.9, with a distribution for separate groups as
’fellews: Group A, 6.3; Group B, 7.3; Group C, 5.0; Group D, T.k;
GrOup E, 8.5. The average number of days of absence per pupil for Group
F was 9.6.

Readiness status and learning rate. —— Measures on the

Metropolitan Readiness Test were available for 1lh of the 131 children.

A summary of information provided by this test is given in Table 27.
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READINESS AND LEARNING RATE OF TYPICAL AND ATYPICAL PUPILS AS MEASURED

TABLE 27

BY THE METROPOLITAN READINESS TEST

216

| Quintile L Readiness Status ____Learning Rate
: Typical Btypical Typical Btypical

1 L7 1 L9 1

2 32 0 25 0

3 22 L 2 5

o 7 7 12 ’3

5 6 10 10 13

‘ﬁo Record 17 L 17 N

. ,To"t.al 131 26 131 26
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The,number of pupils in each quintile range for readiness status and for

'jleéfning rate is presented for typical and atypical groups. Learning
‘fate is determined by readiness status as related to chronological age.

’ Thqé a. given score means that a six-year old child learns at a faster
rate than a seven-year-old who receives the same score. From Table 27

‘ it is apparent that more than half of the children from typical groups
érekconCentrated in the first and second quintile ranges as against only
one child from the atypical group. 5 This fact holds for both readiness
status and for learning rate. A large majority of pupils from the
atypical group were in the fourth and fifth quintile ranges, while only

‘;a small minority of children from typical groups fell into the two lowest
“intervals.

Teacher guidance of children's experiences. -~ Teacher F

described her group of children as follows:

The seventh section of the second grade at W. School is greatly
in ' need of number work. The children lack a background of number ex—
periences. They have limited concepts of numbers. For example, they
have no idea that the number "five" denotes five units.

Teacher F was therefore faced with the problem of providing a
background of experience for a group of children of low ability. Her
“task was made more difficult by problems resulting from poor attendance,
unfavorable home conditions, behavior difficulties, and undesirable
attitudes engendered by retardation.

There were several major differences between the teaching

methods of Teacher F and those of the teachers of typical groups. The

5. Placement in Group F was made for this particular child
fbecause of excessive absence due to prolonged illness.
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k‘special features of the program in Group F may be listed as follows:
1. The processes of division and multiplication were taught
only as these processes occurred in the course of incidental number ex—
- periences.

2. The processes of addition and subtraction were usually
’téught separately, with one process or the othef receiving major con-

sideration during a given arithmetic period.

3. Due to the short attention span of the children in Group F,
: planned instruction for small groups lasted only from ten to fifteen
minutes at a given time.

h. All abstract work was done with easy access to concrete
 or semi-concrete materials, which the children were encouraged to use as

‘needgd. The majority of children from typical groups tended to work
'ﬁith,abstract materials toward the end of the instructional period.

5. Much stress was placed on the number sequence from ten to
twenty, since many children could not count accurately to twenty.

6. More planned experiences of each type were necessary to
~assure understanding for the pupils for Group F than were needed by the
’children of typical groups. The kinds of experiences did not vary greatly
' from.those which have been described for the children of typical groups.
v‘They include, (1) grouping with discs, blocks, sticks, cut-out figures,

and the like, (2) counting things by two's and three's, (3) making
’nnmber groups on the felt-o-gram and discussing them, (4) matching a
" number group on ithe blackboard or felt-o-gram with sticks or other con-
fcrete materials, (5) starting with the larger of two groups when counting

in order to arrive at the total number, (6) reading groups on number
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picture cards, (7) drawing pictures from directions (independent work),
erjarranging pictures from magazines to show the processes of addition
‘and subtracﬁion, (8) finding answers to abstract examples written on the
blackboard (2 and L are s 6 take away L are ___ , etc.) by using
materials to work out the answers, (9) finding a number that comes before
,oi after a given number in the series from one to twenty, and (10) de-
e mghstrating addition and subtraction examples with varied types of con-

crete materials,

The kinds of incidental experiences provided for Group F did
not vary markedly from the experiences which have been described for
’typical groups (Chapter V). Experiences which could be used repeatedly,
such as taking attendance, distributing supplies, and counting lunch
°money, were used daily throughout the instructional period, since Group

‘;F did not exhaust the learning possibilities afforded by these experiences
dnring that time. TWhile the teachers of typical groups were constantly
searching for variations in the number activity which would provide new
'leafning, Teacher F found it necessary to follow the same procedure for
ka longer period of time before any variation was introduced, in order to

"assuré understanding for her children.

Teacher F was adept at diagnosing their difficulties and in
radapting material to their level of understanding. When she attempted

1o combine addition and subtraction examples into the same arithmetic
;peripd, She found the children confused and unable to make the necessary
tranSition from one process to the other. She said,

L This (combining addition and subtraction examples) creates a
problem for me. The children get so mixed up when I combine "take away"
~and Pput together" examples in the same group. I guess this is a

matter of understanding "take away" thoroughly and being able to read
- ‘and recognize the working of the problem.
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An inability on the part of the children to read the examples

. intelligently was also seen in this comment:

I went over the work the children were to do and they all

seemed to understand. At least they could give the answer and show how

they arrived at it. I still don't think they are familiar with expres-
gion 'take away'. They don't seem to read it. They look at the two

- numbers in the problem and, without reading the words, they automati-
: cally add the two numbers together.

~ When Teacher F experienced difficulty with the two processes

in combination, she was advised to separate them for emphasis as often

a8 necessary in order to teach clear meanings.

The insight of Teachef F into the needs of her group is again

.-shown in the following illustrations:

I asked the children to find answers to subtraction examples
with materials at their tables. They did less copying from each other

~than they had done on previous addition examples. Perhaps the reason
was that the subtraction examples were harder for them and they had to
use materials to work them out, whereas many of the children felt they

already knew the addition examples and were therefore reluctant to use

the sticks.

As a directed number lesson I gave the children a series of

‘~"take away" examples. The children themselves acted out some of the
‘examples to illustrate the process of subtraction. The children seemed

to understand this, so we did the same with pieces of chalk, with sticks,

and with blocks. I then made the mistake of using crayons. When I

asked how many were left (L take away 2) they said, "one green and one
orange." They were not thinking in groups at all. I also became aware

of the fact that they do not understand what is meant by " take away

2" in abstract form, but when I say,"l boys take away 2 boys," they under-

- stand better.

On another occasion when working with subtraction, Teacher F

. remarkeds:

I found the children doing this for the example, % take away
31", They would put marks on their papers (111l); then instead of teking
three marks away from these four, they would add three more marks to it
(1111 111); then they would cross off three and write four as the

- answer., Each child who was making this error worked the examples in a

group demonstrating them with sticks under my direction. They seem to

- understand when working together with me, but when they work alone they
'1-bec®ms eonfused.
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Teacher F realized the need of her group for extensive ex-

; pefience with each type of materials. She was aware of the limited
ability of her children to generalize from one type of materials to an-
other, of the ease with which they were distracted from the number ideas
themselves, and of the difficulties this group had in carrying over ideas

‘developed under teacher guidance to independent work. They experienced

,:éohflicts with the process of addition,although they had had one more
year's experience than most of the children in typical groups. Because
of reading disabilities increased difficulty was imposed by the

':;7necessity to read and interpret such number terms as, "take away". In

: spite of these difficulties in learning, Teacher F stated repeatedly
;throughout her diary that her children were eager to learn and enjoyed
'theirvwork in numbers immensely.

Results from group tests. -- Results from initial and final

group tests for Group F are found in Table 28, Omitted items decreased
to a negligible number from the initial to the final tests, while the
‘nﬁmber of items attempted increased accordingly for both parts of the
test. The percentage of error remained high at the end of the in-
struction period, since at this time the children missed approximately
6hekeut of four items on Part I, and approximately one out of three items
: 6# ;art~II. The percentage of error from the initial to the final tests
v;wﬁs reduced considerably, however, for both semi-concrete and abstract
fphases.
= Notes taken by recorders, during the administration of the group
ftesﬁs‘provided the following significant facts concerning the differences
in performance of the children in initial and final tests:

‘n;~(1) The number of children who copied a number as the answer was reduced
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TABLE 28

RESULTS FROM GROUP TESTS FOR TWENTY-SIX CHILDREN OF GROUP F, GIVING
- NUMBER OF ITEMS OMITTED, NUMBER ATTEMPTED, NUMBER OF ERRORS, AND
S PERCENTAGE OF ERROR IN INITIAL AND FINAL TESTS

Items Omitted Ttems Attempted Errors % Error
Tnitial Final Initial Final [Initial[Final |Initi Final

Part I 396 12 skho 92l | 2u5 241 | LS 26

Part IT 315 25 621 911 | 366 | 308 | 59 3k |
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- TEST FOR SIGNIFICANCE OF

TABLE 29
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DIFFERENCE IN NUMBER OF ERRORS MADE IN INITTAL
AND FINAL GROUP TESTS

N D p? N€D® - (£D)° %
-1
Part I L | 275 36.93 11
(Semi-Concrete) 26
Part II 58 | 2940 29.66 1.96
(Abstract)
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"approximately by half, though five children out of the total of twenty-
 ‘six were still using this method on the final test. (2) More children
were counting on the final than on the initial test, which may be inter—
preted as favorable evidence, since counting for this group of children
'éupplants less mature methods. (3) Comments gave evidence of more
ykaSSurance on the part of the children during the final test.

The t-test for significance of difference between the number
of errors made by Group F on the initial and final group tests (Table
';ggg_) gave a t of .1l. No claims for significance, therefore, can be

'  maae for this phase (semi-concrete) of the test. The t of 1.96 obtained
’]for Part II fails to reach the t of 2.06 required for significance at
ﬁhe five per cent level, but surpasses the t of 1.7l required at the ten
pérlcent level.

Results from interviews. --— The number of responses at each

level of performance for each of the four processes is found in Table 30 .
'ﬁivision and multiplication responses are combined, since each child
- gave responses to only three division and three multiplication items,
bnt to six items each in addition and in subtraction. Forty-five per
cent of the total number of responses are found at Level 1 in the initial
interview in contrast to fifteen per cent in the final interview. The
’percéntages for Level 2 responses apparently undergo little change,
~.though<shifts in responses are indicated by changés at Level 1., Per-
centages of responses at Levels 3 and L show growth in the direction of
maturity in successive interviews.
Level 1 responses, which almost disappeared for t{ypical groups,

-accounted for fifteen per cent of all responses of Group F on the final
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TABLE 30

RESULTS FROM INTERVIEWS FOR TWENTY-SIX CHILDREN OF GROUP F, GIVING
. NUMBER OF RESPONSES AT EACH OF FOUR MATURITY LEVELS FOR INITTAL, INTERIM,
C AND FINAL INTERVIEWS

o Level 1 Level 2 Level 3 Level 4
Process Tni. int. Fin. | ini. Int. Fin.| Ini. Int. Fin.| ini. Int. Fin.

Addition Sh 32. 8 L5 L9 30| 34 k6 66} 33 L5 71

 Subtraction 88 6L 32 |52 63 79| 5 26 43|13 10 32

‘ Divis ion and : ‘
Multiplication | 78 56 38 43 Wy 39 8 8 19 [ 35 62 68

Totals 220 152 78 140 156 148 | 47 80 128 | 8L 117 171

. % per cent A5 .30 .15 [.29 .31 .28 [.10 .16 .24 |17 .23 .33

# Total number of responses on successive interviews was as
- follows: Initial interview, L88; Interim interview, 505; Final inter-
o wiew, 525.
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TABLE 31

TES’I‘ FOR SIGNIFICANCE OF DIFFERENCE BETWEEN THE NUMBER OF LEVEL FOUR
RESPONSES IN INITIAL AND FINAL INTERVIEWS

N D p? N£D? - (£D)2 b
F=1

26 91 Th9 20.06 L.85
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| ~interview, Similarly, on the final interview the percentage of responses
kaﬁ Level L for Group F (thirty-three per cent) was lower than the per-
centages for typical groups.

Application of the t~test for significance of differences
bétween Level li responses in initial and final interviews, however, re-
‘vealed a t of 485 (Table 31 ), which surpasses the t of 2.79 required
fér significance at the one per cent level. The methods of thinking

~being used by Group F at the end of the ingtructional period were com=~
paratively immature, since forty-three per cent of the total number of
fesponses fell at Levels 1 and 2. TYet this percentage contrasted with
se?entybfour per cent in the initial interview indicates a considerable
amount of growth in thought processes during the instructional period.

| Percentages giving the degree of success of the pupils of

Group F in the use of concrete materials are assembled in Table _22_.
The percentages show an increase in ability to demonstrate examples
'suécessfully as children progress through the instructional period. The
children had more failures than successes for all processes in the

, iniﬁial interview with concrete materials., In the final interview they

, were;able to demonstrate nine out of ten addition examples successfully

: aﬁd approximately three out of four examples for the other processes.

In general the ;ame kinds of errors were made in the use of
concrete materials by both typical and atypical children. A number of
’children from Group F showed ability to think out the answer or to de-

f‘monstrate the example in more than one way on the final interview. These
_respenses showed developing ability to use more mature methods, such as,

counting in groups rather than by ones, and thinking out a solution from

i
]
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NUMBER AND PERCENTAGE OF SUCCESSFUL AND UNSUCCESSFUL DEMONSTRATIONS WITH
CONCRETE MATERIALS IN ALL PROCESSES BY GROUP F

TABLE 32

228

‘Addition Subtraction | Division and Multiplication
Inid Int.!Final| Ini.| Int.| Final Ini. Int. Final
Trials |50 | 75| 64| 51| 77| 66 51 71 77
Suc. 22 61 58 | 11| kLo L7 18 38 56
Unsue. |28 | | 61| wo!| 37! 19 | 33 33 21
% Suc. Ll 81 90 21 52 71 35 Sk 73
% Unsuc. | 56 19 10 78 | 48 29 65 L6 27
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‘other known combinations.

Results for basin children as compared with suburban children.--

A comparison of basin and suburban children as to maturity level repre-

: sented by responses in initial and final interviews reveals only slight
‘differences for the two groups. Data relating to the two types of
;ehildren are found in Table _33 . The suburban children appear to have
had a slightly better understanding of the combinations both at the
begiﬁning and at the end of the study. As compared with the basin
childrén they gave eight percent fewer immature responses and eight per-
cent more responses of a mature character at the time of the initial inter-
kview; In the final interviews, however, this difference between mature

~and immature responses dropped to four percent, thus indicating equal pro~

—-gress for both groups.

It is of interest that the program of work in arithmetic was
eqpally successful with the two groups of children. In general, the same
principles and practices were followed by all teachers, though there were
samé‘variations in specific procedures.

Table _1  (page 37 ) shows that children in the basin area
were homogeneously grouped, whereas children in suburban areas were

»;‘g:auped heterogeneously. Data provided also indicate that basin groups
 uére subject to greater fluctuations in enrollment than were suburban
k~gf0ups. The conclusion may be drawn, therefore, that progress was con-

tinuous for both groups regardless of the type of grouping represented,
or of fluctuations in enrollment.

Summary for Group F. —- Group F was composed of twenty-six

children who were overage for second grade. Attendance for the group was
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TABLE 33

A NUMERICAL AND PERCENTAGE COMPARISON BASED ON THE MATURITY LEVEL OF
RESPONSES MADE BY BASIN AND SUBURBAN CHILDREN IN INITIAL, AND FINAL
EE INTERVIEWS

Tnitial ' Final

Levels Basin Suburban Basin Suburban
‘ No. Percent | No. | Percent| No. | Percent| No. Percent

1 and 2 833 59 557 51 281 20 17k 16

"3 and L | 588 i 529 L {1153 | 80 920 8l

Total 121 100 1086 100 1434 | 100 1094 100
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-'poor, and the readiness level as measured by the Metropolitan Readiness
 .~Tést was low. Many of the children of Group F had behavior difficulties
.ih;addition to their learning problems. The kinds of experiences pro-
vidéd'for Group F were similar to those provided for typical groups,

- though a few changes in methods of presentation were found necessary to
f mget the short attention span, lesser ability to see relationships and to
‘ ‘generalize, reading difficulties, and conflicts with previously es~
tabiished number ideas. Teacher F found that a wider variety and a
“greater number of experiences of each kind were necessary to assure under-
,:standing for her group than seemed essential for typical groups.
| In general there was no significant difference in the number

kgf'erfors for Group F on initial and final group tests. Changes in
'  thoﬁght process from initial to final interviews, however, indicated
E Significant differences in the number of responses found at Level 4 on
initial and final interviews.
| Summary of the Chapter
Three groups of children having similar immature methods of
attack on arithmetic examples and one atypical group were studied in

order to determine changes in thought processes as a result of the in-

. structional procedures used.

A detailed study of six children who guessed all examples on
‘,the initial interview gave evidence that these children, with ore exception,
; ha&f x;ade considerable growth in the use of more mature methods by the end
of the instructional period. The greatest amount of growth took place
',duriﬁg the latter half of this period. All children progressed in their

 'ability to demonstrate combinations successfully with concrete materials.
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The fifteen children who used the immature method of partial
”dhiSSion with subtraction examples in the initial interview had elimi-
-nated this method completely by the final interview. All errors made in
attempting to use more mature methods were corrected by the use of another

‘:methéd or were recognized as errors when the children demonstrated the
.example with concrete materials., Again, the most obvious growth was made
ij;in the second half of the instructional period.

The twelve children who counted all numbers in addition examples
yin the initial interview all made progress in the use of more mature
methods.

These studies of groups of children having like methods of
_attack on combinations at the initial interview indicate that,even though

k 7‘these children started out with the same method,they did not continue to
1‘Q use the same methods as they progressed through the instructional period.
Only one child out of the total of thirty-three children in the three

- groups studied failed to make progress. Some tended to substitute one
immature method for another for a time, however, before any real progress
"was’made. Some progressed more rapidly than others. While Level 1 re-
'fspanses were practically eliminated by the end of the instructional
| _~period, Level 2 responses were still frequent. Many children were be-
rginning,to experiment with Level 3 and Level |} responses, while some had

 ygained considerable facility with the use of these more mature methods.
| Barly attempts in the use of new methods were often unsuccessful
and marked by an eagerness on the part of the child to prove his answer
’ bj‘using a less mature method with which he had greaﬁer assurance, or by

~ demonstrating with concrete materials.
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Fatigue or boredom often seemed to cause a child to revert to
a less mature method than he was capable of using.

The study of typical and atypical children indicated that the
atypical group made as much progress as some of the typical groups,
,théugh the level of maturity was lower at the beginning of the in-
structional period, and the children therefore failed to reach the level

"of maturity attained by typical groups. Adaptations in ieaching methods
- were made to meet particular needs of the atypical group, though in
“‘general the kinds of activities were the same for both types of children.

Results obtained from a comparison of basin and suburban
chilﬁren as to maturity levels represented by responses for the two groups
’ig5initial and final interviews reveal approximately the same amount of
gtowth for each group. In general, the same type of program was effective
‘ﬁith éhildren in both basin and suburban areas.

It is evident that children who start out with such immature

k~méthods as are represented in these studies of small groups require a
‘lqnger period of time than four months to achieve facility in the use of
mature methods. Since the children made progress through this period,
the”assumption can be made that they would have continued to progress in

';}thejuse of more mature methods,if appropriate guidance had been given for

.a longer period of time.
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CHAPTER VIII
SUMMARY AND CONCLUSIONS
The purposes of this chapter are (1) to give a summary of the
study, (2) to present such conclusions as seem justified on the basis of
' data secured, (3) to propose certain problems arising from the study
“which indicate the need for further research, and (L) to draw impli-
cations for the teaching of arithmetic.
|  Summary of the Study
As stated in the first chapter, the purpose of the study was
to determine the effect of guiding children through.certain selected
témporary intermediate procedures in learning the four fundamental pro;
cééses in arithmetic. The subjects in the study were children repre-
seﬁﬁing various types of background and experience from six second grades
: in the Cincinnati Public School System.
Group tests and interviews were given at the beginning of the
< investigation for the purpose of determining the number abilities of the
children at that time. An instructional program was launched immediately
»’follewing the testing procedures and was continued for approximately
fourteen weeks. The program was designed to encourage children to pro-
gress toward more mature methods of thinking than they were found to be
“ﬁsing at the beginning of the study.
| Six beginning teachers who were graduates of Teachers College,
University of Cincinnati, were in charge of the instructional program,
k:ﬁhich consisted of approximately thirty minutes per day spent in planned
_number instruction, and of those experiences which occurred incidentally

in the course of other school activities. Each teacher kept daily records
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of both types of number experiences. Five of the six groups of children
| répresented typical classrooms in Cincinnati, while the sixth group was
’designated aé ~atypical because of a lower level of ability, excessive
amount of retardation, and behavior difficulties.
| Interviews were repeated midway through the instructional
' ﬁeriod. Both group tests and interviews were repeated at the end of this
' period. Qualified students in the kindergarten-primary department of
Teachers College assisted the writer in carrying out the testing program.
Data from group tests gave evidence of greater accuracy of re-
- sponses on the final than on the initial test. Statistically signifi-
| éan$ differences were obtained for the children of the five typical
'gfoups, but differences for the atypical group were only slightly sig—-
'nificant. A comparison of the responses on semi-concrete and abstract
’phases of the test revealed thatAchildren made more errors on the ab-
kstract phase.
Analysis of interview data gave responses ranging in maturity
'from guessing, which was considered the least mature method of arriving
at answers, to immediate recall, which was representative of the highest
level of maturity. The types of responses found in the initial inter-
, ﬁiéﬁs were classified as representing one of four maturity levels on the
basis of . (a) the promise the method held for giving the correct answer,
| ,kk(E) the reasoning required on the part of the child to apply the method,
and (¢) the extent to which the method helped 'the child to understand
‘the process in question. Level 1 methods included omitted items, items
| fcrkwhich no responses could be obtained, and the methods of guessing

~and of partial omission (using one of the numbers in the example as the
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; kénsﬁer). These methods were almost completely inadequate from the stand-
; pdint of the eriteria set up. Methods placed at Level 2 were immature
counting procedures, such as counting all numbers by ones, counting when
thé'exact procedure could not be determined, and adding for all processes.
. These methods were slightly more accurate, but required only a limited
‘:8mount of reasoning ability, and had little to offer to the child's
ﬂgderstanding of the processes. At Level 3 were classified more mature
éounting methods such as partial counting (counting one number only in
the example) and counting in multiples (by 2's, 3's and L's), visual
grouping which involved no counting estimating, and two recall methods
- (remembering the answer after a time, and recalling it after posing a
problem situation). These methods met the criteria more adequately,
since they resulted in more correct answers, required a greater amount
~of reasoning ability, and gave considerable evidence of understanding
of the processes. Level i responses, which included two recall meﬁhods,
fe¢a11 by logical inference (working out answers from other known facts),
énd immediate recall, exacted a high level of accuracy, reasoning ability,
and understanding on the part of the child.
Analyses of interview data were made in order to determine the
‘,’~;amount of growth made on successive interviews in the maturity of
"itheught processes. Responses were analyzed for each pupil group, for
.each of the four fundamental processes, and for each of the four matu-
»rity\levels. All three analyses gave evidence of decided growth in
, ¢A£urity of thought processes. A t~test for significénce of difference
bétwéen the number of responses in Level } in initial and final inter-

yvieus revealed that differences were significant for all pupil groups,
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and,highly significant for four of the five groups. All groups showed
v‘eVidence of decided improvement in their ability to‘demonstrate and to

- prove number facts by the use of concrete materials.

Conclusions
The investigation was planned to furnish data relative to a
‘~ nnmber of specific questions which were raised at the beginning of the
étudy. Such conclusions as are warranted from the data secured on each
of these qguestions are presented in this section. The guestions are
considered in the order in which they appear in Chapter I.

1. Was experience provided for all children on each of the

~selected intermediate procedures? —- Evidence has been provided from

‘:ﬁeéghers' diaries (Chapter V) to show that each teacher grouped her
éhildren for number instruction so as to meet their needs as she was able

| té interpret them. Adaptations in instruction for each group were ac-
complished by subdivisions of the group for particular purposes, and by
fgiving’attention to individuals within the sub-groups. Only those inter-
’mediate procedures which offered promise of growth for a given group were
specifically taught.

- B Many of the children were beyond the level of counting all
"f numbers in the examples at the beginning of the investigation. No child
'?>vwas urged to participate in experiences with the use of an intermediate

ptqcedure which was. less mature than was his customary method of ar-
: 4:iviag at answers,unless the teacher had reason to believe that he lacked
“kﬁﬁ&érétanding for the method he was attempting to apply.

2. 1Is it possible for some children to by-pass some inter-

: ;m@diate procedures without jeopardizing understanding? -~ Obviously the
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answer to this question is in the affirmative, since some children had
;réaéhed abstract understanding of the combinations before group in-
struction was provided. Diary records showed that the majority of ex-
periences provided during the first half of the instructional period were
concrete or semi-concrete. Yet results from interim interviews indicated
1that there were more responses in Level l at interim interviews than when
,‘initial interviews were given.
| All methods were not used to the same extent with each process,
Counting in multiples was more widely used with the processes of division
 and multiplication than with addition and subtraction. The children
tended to adapt those methods most useful for a particular process at a
given time, rather than to concentrate on each method for the same length
bf"time. Interview data showed that Level 3 responses were used very
‘sparingly with the processes of division and multiplication., Yet many of
‘the‘children whose responses were immature at initial interviews had
féached mature ways of finding answers to these combinations by the final
'intérviews. They had probably by-passed Level 3 responses in doing so.

3. Do some children tend to move to more advanced procedures

before understanding is present? —~ Some of the pupils of Group F had

3m§m0rized the number facts before they héd acquired understanding for
them. Although their answers were immediate and often cerrect, pupils
‘weré unab1e to demonstrate number facts with concrete materials or to
”feason them out in any way. Initial interviews for Group F provide
evidence to this effect.
’ The inaccuracies and misconceptions in the use of more mature

methods (small group studies in Chapter VII) gave evidence of attempts
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te uge methods before a readiness for them was completely established.

“ ~Téachers reported (diary reports in Chapter V) that some children tried

to use a method they had overheard another group using. They also re-
ported that a few children tended to revert to less mature methods for
the same reason.

. How can readiness for a more advanced intermediate pro-

‘cedure be determined? -- In general, teachers found two factors of im-

,portanee in determining readiness for a more advanced intermediate pro~

cedure. These were (a) understanding and facility in the use of those
’methods immediately preceding the new method in maturity, and (b) an
ability to master the new procedure without excessive repetition. For
example, a child was considered ready to attempt partial counting when
he could recognize small groups with ease, and when he was adept at
éouhiing both groups in the example. Teachers tried to keep in mind the

goal that no child should fail completely in arriving at an answer to a

combination. If he was unsuccessful with a given method, he was either

helped to correct his error in the use of the method, or he was en-
couraged to return temporarily to a less mature method.

5. Do children willingly discontinue the use of immature
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iﬁtermadiate procedures? -- The best evidence on this question is pro-

vided by the shifts the children made in maturity level on successive

 -interviews. Since the children did not remain at a given level, the in-
~ ference may be drawn thay they would continue to progress until the high~
‘est level of maturity was reached, if adequate guidance continued for a

’ ]sﬁfficient length of time. The teachers of typical groups found it

difficult to encourage ambitious children to be satisfied with less mature

prohibited without permission.



2L0

- methods for a while longer. This presented a problem equally as serious
a8 ehéouraging elimination of methods no longer useful to them.
On the whole, the children who had pregressed to a more mature
level reverted to less mature methods when they were unsure of themselves,
f”w§fe bored or tired, or wished to prove the answer by another method.

6. Under what circumstances are less mature methods dropped

and replaced by more mature methods? —- It was found that the sti-

~mulation of the teacher and of the children themselves, as they worked
together in groups, afforded the strongest motivation away from less
mature and toward more mature methods of thinking. Evaluation sessions
in‘ﬁhich teacher and pupils together appraised the merits of a method
feSnlted in the desire on the part of the children to progress to more
ﬁaturé methods. |

7. What methods may be used by the teacher to encourage

children to discontinue the use of immature methods? -- Much guidance on

the part of teachers was necessary in the early stages of using a new
‘method to prevent children from becoming discouraged and to tide them
‘ovér the faltering period during which they were likely to make mistakes
with the new method. When a child proved he was capable of using a more
ﬁature method, teachers tried to encourage exténsive use of the method,
by asking such questions as the following: "Can you think of another
way to get the answer? Can you do this one the same way as (some
previous answer was obtained)? Can you think of a quicker way to get the
answer?"

8« As children are taught intermediate procedures, to what

~extent is their later thinking characterized by increasingly higher levels
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C@fﬁm&tﬂrity in dealing with number situations? -- There is evidence from

: ;ihﬁérVieW'data that for the length of time of the investigation (approxi-
métely fourteen weeks) the thought processes of the children on the whole
ﬁere characterized by increasingly higher levels of maturity.

9. What problems do teachers encounter as they attempt to guide

‘children’through succeeding maturity levels in dealing with number situ-

gﬁiggg? -~ The teachers found that a few children tended to break up
numbers in ways that had no relation to the solution of the cowbinations.
 For example, when asked to tell how they found the answer for the combi-
nration l and 5, they would say, "2 and 2 are 4; 2 and 2 and 1 are 5", but
ﬁnuld not be able to proceed further without help.

8 Another problem was presented by those children who apparently
‘had excellent understanding of combinations on the concrete level, but
seemed unable to progress beyond that point. Some of the teacheré felt
~that techniques which encouraged the children to estimate first, and then
‘to count, or to check by thinking of other known combinations, were pro-
fitable in overcoming this difficulty.

Teachers found it difficult to work with all children at their

best level of understanding. Children who had a very eleméntary under-
mgﬁénding of number ideas overheard other groups using more mature methods,
1sand’ﬁere ambitious to try them also. Conversely, children who were
capable of more mature ways of thinking saw other groups engaging in im-

mature counting methods and accasionally reverted to them.

Need for Further Research
There is a need for research similar to the present study which

_;woﬁld extend over a longer period of time., In this study there was a
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_tendency for the less mature responses of children to drop out in favor
',bf more mature processes. Study for a longer period of time would enable
more definite conclusions to be made on the question as to whether less

 mature responses continue to be discarded until the abstract level is
’reaéhed. The recent trend toward having the same teacher continue with a
group of children for two years should make it possible for such a study
~ to be undertaken.
Further research is needed to determine more definitely the
‘ relationship between concrete experience and abstract learning. The root
ofkthis problem, stated in the words of teachers participating in the
_present study, runs as follows: %I have given him all kinds of ex-
fkpériences with concrete materials. He unaerstands perfectly. But he is
'still lost when he attempts to work only with abstract materials." An
intensive study could be made of a limited number of children who had
re#ched understanding at the beginning of the investigation on the con-
'¢rete level, but were unsuccessful at the abstract level. Further in-
‘férmatien on the means by which the transition is accomplished could
- thereby be obtained. Some questions involved are: (1) Does the child
merely need more concrete materials, or does he need a longer period of
“time in which to use concrete materials? (2) Are there some partially
_concfete and partially abstract procedures which may help to bridge the

,gap? (3) How may estimating followed by checking the correctness of the

estimate be used to advantage? (4) What characterizes the thinking of
~these children after understandings on the concrete level have been ac-
quired, as they progress to the abstract level?

As has been indicated, partial answers to these questions
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congtitute the findings of the present study. Many of the children in
 this study, however, had not yet reached an understanding of concrete

* number when the investigation began. The proposed study could be de-

limited to include only those children who already had attained an under-

standing of the concrete level of working with number at the beginning of

 thé investigation, but who were unable as yet to deal satisfactorily with

; abstract number.

The analyses of the responses of small groups of children with

like methods of performance at the beginning of the investigation dealt

~with thought processes that were exceedingly immature or relatively so

(gnessing, partial omission, and counting all numbers). In general the
¢hildren of these groups realized growth in matur;ty of thought pro-
geéses. It would be of interest to make a further analysis of children
who were using more mature methods at the outset in order to determine if
the:éame trend held for more mature methods. For example, does the child

who has reached the level of partial counting, or the level of thinking

out answers from other known combinations, continue to progress until

“these procedures are no longer necessary or does he tend to continue to

use these methods? In other words, does the same trend hold for the more

matare as for the less mature responses, or does the child tend to become

'/SatiSfied with relatively mature methods of arriving at answers and to

remain at that point?

The children of Group F (the atypical group) appeared be-

‘,wildered when they attempted to deal with processes interchangeably. It

‘would be profitable to know if the same difficulty would result if such

a group were given broad experience at the concrete and semi-concrete

~ levels with the four processes used interchangeably from the beginning of
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.~ their systematic study of numbers. Under these circumstances would they
v‘experience the same blockings and misconceptions as this group experi-

enced? Such a study could be made in any large city where homogeneous

grouping of slow-learning children was practiced.

Implications for Teaching

The effect of heterogeneous and homogeneous grouping on the

learning of number., -— The fact that the children in the study repre~

: sented both homogeneous and heterogeneous groups does not warrant any
deductions on the value of one type of pupil classification in pre-
‘ference to the other. Regardless of the type of grouping, each teacher
found it necessary to group children within her grade in order to make
adaptations to the abilities of her children and to give much individual

"guidance.

\ It has been noted that the children progressed at approxi-
vmately the same rate, regardless of the type of grouping. An infer-
encermay be drawn, therefore, that factors other than those relating to
iﬁtellectual ability are perhaps of greater importance in determining the
type of grouping. Furthermore, the practice of segregating children of
‘dééidedly low ability into one group, as was done with children of Group

- F, is neither favored nor condemned in this discussion. That the
children of Group F made considerable progress has been shown. It is

| also a fact that they had serious difficulties which may in part have been

 ¢aused by unfavorable habits and attitudes engendered by retardation.

;Certainly such children present difficulties in any classroom. In

: general; the smaller suburban schools in the study met their problems

~-of the slow-learner by attempting to make adaptations to the learning
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level of the individual within their own classrooms. Perhaps the most
important factor from the standpoint of instfuction is that teachers ac-

o cept children as they get them, with the conviction that all children can
learn if the level of understanding is met, and if progress toward more
mature goals is adapted to the child's learning pace.

The organization of number facts for presentation. -~ The plan

‘“of~érganization used by the teachers in the study was to center instruc-
tien‘of number facts to those within a given span of two, three, or four
numbers. The selection of the number span, and the time spent on it at
varying levels of performance, varied with the needs of the pupil groups.
'As.children progressed, smaller numbers dropped out from the instruction~
al span, and larger numbers were added to it. In general activities
‘began on a concrete level with gradual advancement toward abstract ex-
7p§riencé. The teachers realized reasonable success with this plan of
,preseﬁtation. They found it workable, interesting and challenging for
the children. |

The effect of presenting the processes to children in inter-

relation. —-- The teachers in the study, with the exception of Teacher F,
felt that the children profited from the plan of presenting the four
prOCesses in interrelation during the early stages of number learning.
'1They felt there was economy of time and effort as the children worked
3 with‘conerete matérials, and a greater variety of poséible activities
;Hwﬁén the processes were taught together. They also found that the prac-
. ticé helped children to see relationships between the facts they were
,Ndigéqyering. Teacher F thought her slow-moving group was confused when

'~7,£heylwere‘expected to make transitions from one process to another even
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5wi£h:concrete materials., The teachers of typical children experieﬂced
'~;$imilar difficulties with a few individuals within their groups.

On the basis of the evidence from these teachers of these pupil
groups, it seems justifiable to assume that the majority of children can
préfit from working with the processes in a rather close relationship.

; Géution needs to be taken, however, with regard to the necessity .for
méking adaptations to children of differing abilities. Processes should
probabiy be separated temporarily when abstract symbols are introduced,
if children tend to confuse the processes at this time,

The value of teacher guidance in learning number. -~ The prac-

tice of delegating a large portion of number experience to unsupervised,
ihdependent practice periods is in part responsible for the fact that
~teéchers in general learn so little about the methods of thinking of their
:pupils. Then left to their own devices, pupils tend to practice the same
immature procedures over and over. It is essential that the teacher work
dlrectly with children, listening to them, talking with them, if she is
{0 be in a position to help them raise their level of thinking.
When unsupervised, independent work was used by the teachers
'ia this study, it was preceded by careful teaching with much pupil
© participation. Group instruction continued until the teacher was assured
ith§t~the work could be carried out independently by pupils. After the
k  wmik had been accomplished, teacher and pupils jointly evaluated the
“~;rééults of the independent work. A careful check on the independent work

“of'tha'children often gave the teacher new leads as to further profitable

i l. W. A. Brownell, and C., P. Chazal, "The Effects of Premature
V,Drill Ain Third-Grade Arlthmetle,“ Journal of Educational Research, 29
~ (September, 1935), 17-28. .
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gréup work within a given area.
The children in the study were urged to represent numbers and
number facts by drawing groupings of pictured objects, in preference to
a serial arrangement which encouraged counting by ones. There was agree-
ment that children learned more aboul number when they were encouraged to
 make symbolic forms or geometric shapes in preference to realistic drawings
‘of'éats, rabbits, and the like. Geometric shapes were less attractive to
the children and therefore less likely to draw attention away from the
number ideas themselves. They were more quickly made and therefore
permitted more practice in a given period of time. The children did not
confuse these forms with art work, which the teachers wished to be large
and free, Finally, the symbolized forms were more readily grouped into
patterns than were realistic drawings.

Emphasis on success. -- Under proper instruction no child needs

~to guess or to use the methods which have been designated as Level 1 re-
spmﬁSes in this study. It is granted that for testing purposes at the
beginning of the investigation children were urged to give answers for
mumber facts in processes which had not been specifically taught. None
thé,less, many children showed evidence of intelligent, though immature,

l‘methods of arriving at answers, while others gave evidence of no ap-
 §abent ability to do intelligent thinking under such circumstances. With
apércpriate instruction, children were helped to recognize the worthless-
ness of extremely immature methods and to substitute more effective
‘means of arriving at answers.

The relation of planned and incidental number experience in the

3 'teaching program. —=- In this study the position is taken that planned
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‘;ynumbe,r experience is necessary to the development of systematic number

: ideas, but that valuable supplementary learning may be provided by means
of incidental number experience. When used in relation to each other,
Vthey‘represent two phases of a unified whole.

A point in need of clarification is that incidental number,

: while it is usually purposeful, does not always coincide with the child's
1evél of maturity. For example, incidental number experience is often
abstract. If such ah experience occurs when the child is able to handle
only concrete number satisfactorily, the teacher is faced with the
problem of making the experience meaningful by the use of representative

. maﬁerials, or by drawings, or by showing the solution to the children her-
self; with as much explanation as they can comprehend. Much writing on
the subject of incidental number leads to the inference that the purpose-

’ful gquality of such experience insures understanding. The incidental
experiences recorded for the children in this study Jjustify the con-

‘cluSidn that it is rather the sensitivity of the teacher to methods by
which the experience can be adapted to the level of the children which
makes the experience have meaning for them. Teachers found that when
such adaptations were not made, only the brighter children, those most

""caﬁable of thinking abstractly, and therefore already possessing the most

,’mature understanding of number, were profiting from the incidental

expefience.

. Dependence on concrete materials, -~ Some teachers seem to fear

1£hat children who use concrete materials will develop a dependence upon
- such materials which will prevent them from reaching the abstract level

 of thinking. The section of this report which dealt with the use of
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'éénerete materials by the children in the study provided evidence to the
effect that essentially the same range of levels of maturity was re-
présénted with concrete materials as with abstract. In other words, the
¢hild can use his fingers, blocks, discs, and the like, in very immature
wéjs, such as inaccurate counting of objects, and laborious counting by
‘onés. In contrast materials may be used by the child in such a way as to
iﬁdicate a good understanding of groups, and mature ways of working with
groups in order to arrive at solutions to problems. If the child is to
progress to more mature ways of using concrete materials,he must have
guidance in the use of them. When left to his own resources, or when
f dénied the use of concrete materials, he will devise his own methods with
Wwﬁich-he will be completely satisfied as long as they serve his purpose
satisfactorily. When self-devised methods fail to meet his needs, he may
 hav¢ no idea of what can be done in the way of improvement unless
guidance is provided. Under appropriate guidance the child eventually
 wmrks himgelf away from the need for elementary concrete materials.

The need for teachers to be continuously aware of the maturity

lével of pupils. -~ If teachers are to help children progress toward a

méture level of thinking, they must themselves have a clear understanding
"of what constitutes maturity. A high maturity level is characterized by
'~e¢9nomy in time and effort, by the absence of clumsy and ineffective
k methéds of thinking, and by generalized ideas which have meaning for the
| individual. When a high level of maturity is reached, the child is no
longer dependent upon concrete materials or countiﬁg procedures. He is
,ébiefto see relationshops between number ideas and thereby to furnish

. preof5for his answers in more than one way if called upon to do so. He
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~has assurance and confidence as he attacks number problems.

In contrast, an immature response is marked by inaccuraries,
by‘ineffectiveness, by a dependence on the use of concrete materials and
counting methods, by a specificity which requires that each example must
be‘wofked out again and again, and by an inability to see relationships
or to generalize, .

| The present study provides evidence on the values to be derived

ffrém the continuous exploration of the thought processes of pupils during
the process of instruction. In order to help children progress to more
mature levels of thinking, teachers must know their initial level, In-
[fqrmatien on initial status of pupils as revealed by interviews was
a&ailable to the teachers who cooperated in the study. While they had
'considerable help in determining the level of ability of their children
at the beginning of the year, they continued to gather information on
ﬁhefthought processes of pupils by working cooperatively in small dis-
cussion groups in which both teacher and pupils were aware of a need for
impfdvement in methods of thinking.

| | Knowledge of a present level of thinking implies acceptance of
that method by the teacher as repreéenting the child's ability at a given
~ time, because children whose responses are not accepted will not continue
tb let the teacher know how they are thinking. At the same time that
: iﬁmature procedures are temporarily accepted, the teacher begins to lead
thechild toward the level for which he seems to have a readiness. It is
‘~£he continnous study and evaluation of thought processes which - .-
accomplish results. The satisfaction teachers receive from working with

éhildren over a peried of time with such goals in mind is well illustrated
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by the elation these beginning teachers felt when subsequent interviews
‘revealed that their children had profited from instruction and that their

children were actually thinking in more mature ways about number situations.
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Appendix A

The Group Test

The group test booklet presented to the children was prepared
in manuscript writing giving one process to a page. Four practice items
~not included in the booklet preceded the test.

Part I - Semi-concrete Phase of the Group Test

Addition: Subtraction:
0 and O are 00 take away 2 are
0 00
0 and 00 are 000 take away 3 are
-0 0 000
0 and 000 are 000 take away 2 are
000 0
000
) 0 and 00 are 0000 take away 5 are
: 0 00 0000
‘ 1000
0 and O are 000 take away 4 are
000 0 000
00 00 are 0 0 take away 2 are
0 and 00 0
00 00
00 and 00 :  are 000 take away 3 are
0 00 0 '
0 and 000 are 0000 take away 6 are
0 000 0000
00 00 000 take away 3 are
0 and O are 000
00 000
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Part I - Semi-concrete Phase of the Group Test - Con't.

" Division: Multiplications:
How many 3's in 0007 Two 2's are 00
000 00
. How many 2's in 00 % Three 2's are 000
00 000
fﬁHGW'many 1's in 000 ? Seven 1's are 000
: 000 0
' 000
How many 3's in 000 7 Two 3's are 000
000 000
000
How many 2's in 000 ? Two L's are 0000
000 0000
 How many li's in 0000 ? Four 1l's are 00
‘ 0000 00
" How many 1l's in 00 2 Three 3's are 000
. 00 000
000
How many 2's in 0000 ? Four 2ts are 0000
i 0000 0000
How many 6's in 000 ? : One 6 is 000
000 000
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Part II - Abstract Phase of the Group Test

Addition:
1. and 2 are
' 2rand 3 are
1 and 6 are
k é and k are
7 and’2 are
5and L are
3 and L are
2 and 6 are

‘5 and 3 are

’Di#ision:
How many 3's in 67
‘How many 2's in L2
Héw<many l's in 67
. How many 3's in 97
HQW‘many 2's in 67
 How many L's in 87
How many 1's in L?
 Eow many 2's in 82

- How many 6's in 67

st

Subtractlons

ly take away 2 are
6 take away 3 are
7 take away 2 are
8 take away 5 are
6 take away L are
5 take away 2 are
7 take away 3 are
8 take away 6 are

9 take away 3 are

Multiplications

Two 2's are

Three 2's are

Seven 1l's are

Two 3's are

Two W's are ,
Four 1's are

Three 3's are

Four 2's are

One 6 is
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Appendix B

Recorder's Sheet

Name of child  Recorder M. B. Part IT Date 2/15/L9 School Sands

11 Does some sort of figuring on table in D. #*
Does own work quickly.

12 Does work very quickly.
Uses fingers in D,

13 Reads aloud.
Takes in whole sentence with one glance.

1k Whispers to herself.
Very pleased with her work.

15 Counts on fingers in A.
Scratches head -~ finger in mouth quite a lot.

16 Slow, deliberate, talks to herself, chews end of
pencil. Makes motions in air with pencil. Says,
"Hey, teacher, is we goin' to do another book?"

17 Works very fast and doesn't do much looking around.

18 Seems to be having trouble with S.
Skips areund in writing answers.

19 Asks some S. answers from No. 20.
Very slow.
20 Compares work with No. 19.

Counts on fingers under the table.

# A - Addition; S ~ Subtraction; D - Division
M = Multiplication.
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Appendix B

Instructions to Recorders

“le Check booklets. Eliminate any defective ones.

‘2. Place a.number card at each child's place. (Numbers correspond
with children's names.)

3, Fill in blanks at top of recorder's sheet.

 * &. Number two recorder's sheets (one sheet for each part of the test)
with the numbers of the children assigned to you. Use a new re-
corder's sheet for each part of the test.

. 5. What to records

a. Any comments of child that reflect attitude toward test
or toward arithmetic¢ in general. ’

b. Any observable behavior that indicates ways of thinking
or mammer of working, such as, counting on fingers,
making marks, counting dots by ones, by two's, etc.

¢. Ability to concentrate, extreme nervousness, excessive
moving about, apparent lack of interest, etc.

6. Use code to save time in recording. Indicate by code letter
(A S M D) the process on which a child is working when you enter
a comment.

T+ Watch that each comment is entered beside the appropriate number.

: 8; - Booklets will be collected at the end of the entire test. At the
: end of Part I, the child will turn his booklet over and be ready
to receive Part II.

e - 9, Feel free to tell a child a word, or to indicate how to make a
] - number, but do not tell him What number to make.

10. Watch for the child who stops and waits at the end of each page.
- Encourage him to continue without any waste of time.

- 11. Encourage child to look at his own work only. Enter comment if
: child tends to copy work of others.

L]
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Appendix C

Instructions to Interviewers

Initial Interview:

l,

' :!2. 3

3.

“"He

6.

 :7’ 

8.

Fill out blanks at the top of your interview sheet giving your
name, name of child, school and date.

Encourage the child to talk out loud as he arrives at his
answers.

If the answer comes very quickly and is correct, the child usually
knows it. To find out if he really understands, have him de-

 monstrate with concrete materials, or draw a picture to represent

the number fact. It is advisable to have at least one demon-
stration for each of the processes.

Do not teach 1| The purpose of the interview is to find out how

.children are thinking, A wrong answer should be accepted in the

same spirit as a correct one. It can tell you just as much about
the child's thought processes. However, you may test the child's
understanding at the concrete level, (using paper picnic forks

or spoons) or at the semi-concrete level (drawing stick or circle
pictures).

Watch the child's fingers and lips. Try to do your recording in

- between items - not while the child is figuring out an answer.

If fingers are used record the exact procedure by which the answer
was obtained.

Indicate methods used in counting, such as counting all numbers,
counting large number only, counting small number only, counting
by 2's, 3's, and L's, etc.

When materials are used, present all ten objects to the child,
saying, "Use as many of these as you need to tell the story of

", Watch to see if grouping occurs in the use of materials.
Indicate this by drawing the materials just as the child lays them
out to show his story. Ask the child to describe his drawing or
his concrete demonstration.

Choose items for which concrete or semi~concrete demonstrations
are to be made with consideration of the following:

a. incorrect answer given to abstract example
b. an example on which the child paused before giving answer,

and for which the exact method of thinking could not be
determined

CA

C. an example known immediately for which you wish to check
understanding.
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9+ Guard against saying, "Did you start with 3 and count up?" or,
- ¥Did you do it this way?" Rather, get from the child what he did.

10, Indicate pauses (during which the child is thinking) with a dash
or by writing the word "pauset.

1l. Be sure to enter the answer given by the child. It is best to enter
: this in the space provided for comments rather than under the
example so that pauses can be indicated.

Interim interview:

i; In general the procedure for the interim interview is the same as
for the initial interview. (Review all points from initial inter-
view.)

2, Bo far as feasible each interviewer will interview the sane
children she interviewed at the initial interview.

3.+ .Changes in technique for the interim interview are as follows:

a. If a child says, "8 take away 6 are 8; 9 take away 3 are
8" etc., repeat the example for him using the language
form "from" instead of "take away",

b. For variety use small one-inch wooden cubes for concrete
demonstrations on the interim interview.

c. Go through all six of the addition examples in abstract
form first. Then go back and have the child demonstrate
one or more. Follow the same procedure for the remaining
three processes. .

.Final interview:

1. Review all points from the initial interview.
2+  Changes in technique for the final interview are as follows:
a. Use small round discs as concrete materials.

b. Go through the entire itest in abstract form before asking'
for any demonstrations.

c. 1t is expected that many of the children will complete the
test quickly. If time allows ask the child if he cean think
of another way to arrive at a given answer.  This pro-
cedure can be used with both abstract examples and with
demonstrations. The purpose is to find out the following:

(1) Is the first method the only method by which the
child can arrive at the answer?
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(2) 1Is the first method the most mature method he is
capable of using?

(3) VWhat is the limit of his ability with regard to the
use of mature methods of thinking?
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Appendix D

Complete List of Interview Items Included in Interview Booklet

- Addition: Subtraction:
k‘,2andhare_______ 9 take away 3 are
 1 5 and 3 are 8 take away 6 are

,2’ and 6 are 7 take away 3 are
3 and 4 are 8 toke away 5 are
7 and 2 are 6 take away L are
5and l are 7 take away 2 are

" Division:  Multiplication:

.How many 3's in 92 Three 2's are
,‘Hoiﬁ many L's in 82 __ _ Two L's are
:H,owi many 2's in 62 Two 3's are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



261

Appendix E

Sample Interview Form

Ttem Ch. M. L. R. Int. E.D. Sch. Oyler Date 9/20/.8
Abstract ' Concrete or Semi-concrete
2 5. Can't show how she does it. | Picture: 0000
Ab 00 Says 6.

Counted by ones.

o "Are you allowed to count on your fin-
#3  gers? She was told she could if
‘ she needed to. “l,2,3,h,5,6,7,8."

2 1,2,3,4,5,6,7,8. Used fingers

46
3 1,2,3,4,5,6,7. Used fingers
£k
-t 7 1’2’3’h’5,6,7,8,90 Used fingers
£2
Uses fingers for all additions.
Fan Counted by ones. Ans. 9.
-9 Counts 9 first; pulls down 3 fingers;
-3 counts rest by ones; ans. 6.
8 10? 1,2,3,4,5,6,7,8 fingers; but could | Picture: 00000006
-6 not get correct ans. Said 10 again. Leaves 2.
e No response Picture: 0000660
-3 Leaves 3
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8  No response Picture: 00096600

-5 Leaves 3
6 "Try it without a picture first Picture: 006660
=4 this time." Ans., 2

Used fingers. Ans. 3.

7 7,8,9 Used fingers Picture: 0000080
-2 Leaves 5.
375; No response Forks: Counts all forks;

gebs ans. 10.

h?gn No response Forks: Same as above,
' "Would it be 107%

26 w7, "Don't know how I got it." Forks: Counts all again
: ans says 10.

2 ulit,  Guessed Forks: Counts, but has
- x 3 no idea how to use ob-
Jjects to gel her answer.
#ould it be 117*®

ol n6"  Guessed Same. "Would it be 102"

x 2
3 w4, Guessed
x 2

, . General comment: Strung balls out into one long row for each
picture. Was accurate in counting fingers in A and in counting balls
“in S.
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A Gomparlson of the Percentage of Error Made with the Methods of "Counting
all Numbers" and "Partial Counting" (Table3l), and at Levels 2, 3, and L

(Table 35)

TABLE 3l

A COMPARISON OF PERCENTAGE OF ERROR FOR THE METHODS OF PARTIAL COUNTING,
AND COUNTING ALL NUMBERS IN INITIAL, INTERIM, AND FINAL INTERVIEWS

. No. of No. of . Percent
- Method Interview Examples Errors of Error
 Counting Tnitial 362 100 27.0

all Interim 234 48 20.5
numbers Final 135 10 Toky
Lo Initial 332 Lo 12.0
Partial Interim L22 52 12,0
counting Final 1130 23 5.0
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A CCMPARISON OF PERCENTAGE OF ERROR FOR RESPONSES AT LEVELS TWO, THREE
: AND FOUR AT INITIAL, INTERIM, AND FINAL INTERVIEWS

TABLE 35

26L

No. of No. of Percent

“Level Interview Examples Errors of Error
4 Initial 877 358 ho.h
Level 2 Interim 818 269 32.9
: Final 542 98 18.0
Initial 575 103 17.9
Level 3 Interim 701 135 19.3
: Final L7 121 12.8
' Initial 683 92 13.5
Level 4 Interim 1066 129 12.1
Final 1437 136 9oy
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265

Interview Questions used with Previous Teachers of children in the study.

1.

e

k.

Se
6.
Te
 9.
10.

il.

12,

13.

HEI

‘515;

16.

manual?

For the most part, was your work in number planned or in-
cidental?

Did you teach the processes of A. and S. together orl

‘separately?

Which of these methods of obtaining A. answers did your

children use?
Which of these methods did you encourage?

Did you discourage your children from counting on their

~fingers?

Did you have your children memorize the number combinations?

What experience with S. did your children have?

‘Which of these methods of obtaining S. answers did you

observe your children using?
Which of these methods did you encourage?
Did you use A. as seat work?

In carrying out seat work directions in A., did your

~children tend to string out objects or to group them?

Did you use S. as seat work?

In carrying out seat work directions in S., did your

children tend to string out objects or to group them?

In S. did you use the language form "take away" or "from?"

What experience with M. and D. did your children have?

- What amount of your teaching procedures came from the primary A M F

PI

TS

12 3%

123

YN

TN
NPI

123

123
IN

SG

YN

S G

TFB

NPI

#* The numbers 1, 2, and 3, refer to the methods of counting
‘all numbers, partial counting, and recall by logical inference.
of these methods were placed on small cards and shown to the teachers as
the questions on Addition and Subtraction were asked.

Examples
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17,
18.

19.

»

266

What was the attitude of your children toward numbers? LDI

About how far did your children learn to write the number
symbols?

What number games did you use frequently with your children?

What difficulties did you meet in trying to teach numbers to
children? ,
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Appendix H

TABLE 36

RESULTS OF INITIAL AND FINAL GROUP TESTS (PART I: SEMI-CONCRETE, AND
 PART II: ABSTRACT), SHOWING NUMBER OF EXAMPLES OMITTED, NUMBER OF
"RESPONSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL

GROUP IN ADDITION

Pupil | No. Omitted No. Responses |[Errors % Error
Group [Initial{Final |Initial| Final |Initial | Final|{ Initial] Final
A 11 0 169 180 28 7 16.0 3.9
; o B 0 0 207 207 2k 1 11.0 0.5
Part I
Semi- | C 3 0 240 243 6 2 2.5 0.8
Concrete '
‘ D 3 0 303 306 25 12 8.2 3.9
E 0 0 243 243 7 5 2.9 | 2.0
A 0 0 180 180 56 7 31.0 4.0
G , B Ly 0 203 207 32 5 15.7 2.4
Part IT
Abstract| C 1] 0 242 243 Lk 13 | 18.0 | 5.3
D o 0 306 306 50 11 16.3 3.6
E 0 0 243 243 23 1 9.5 | 5.7

; Total number of possible responses is 1179. N. for each pupil
group is as follows: A, 203 B, 233 C, 27; D, 3hL; and E, 27.
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TABLE 37

RESULTS OF INITIAL AND FINAL GROUP TESTS (PART I: SEMI-CONCRETE, AND
PART II: ABSTRACT), SHOWING NUMBER OF EXAMPLES OMITTED, NUMBER OF

RESPONSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL
GROUP IN SUBTRACITION

268

Pupil No. Omitted No. Responses |Brrors  |% Error
Group Tnitial|Final [initial|Final | Initial|Final|lnitiel| Final
A 33 0 147 180 65 5 Lhe2 2.8
: B 7 0 200 207 46 6 2340 2.9
Part I
Semi~ C 17 0 226 243 83 6 36,7 2.
Conerete
~ D 19 1 287 305 76 L 26.}4 1.3
E 6 0 237 243 27 11 1l.h L.5
A 29 1 151 179 90 7 59.6 3.9
L B 33 0 17y 207 57 20 32,8 9.6
Part II
Abstract | C 28 0 |25 i3 97 |17 |W5.1 | 7.0
D 28 1 278 305 143 25 51.ly 8.2
E 22 1 221 242 59 29 26.7 (12.0
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TABLE 38
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RESULTS OF INITIAL AND FINAL GROUP TESTS ( PART I: SEMI-CONCRETE, AND
PART II: ABSTRACT), SHOWING NUMBER OF EXAMPLES OMITTED, NUMBER OF
RESPONSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL

GROUP IN DIVISION

Pupil |No. Omitted |No. Responses |Errors % Error
Group (Initial|Final [Initial [Final |Initial] Final| Initial]Final
A 85 0 95 180 61 25 | 66.3 | 13.9
i B 51 0 156 207 89 25 | 57.0 | 12.0
' Part 1
‘Semi- ¢ |9 |1 13k 242 56 35 | W1l.8 | 1k.5
Concrete
E 80 0 163 243 89 30 | 5he6 | 12.3
A 56 0 12} 180 80 27 64.5 | 15.0
- B 75 0 132 207 | 89 29 | 67.h | 1L.0
Part II
Abstract | C 9 1 19 242 79 L2 }53.0 |18.2
D 81 0 225 306 {109 Ly 1h8.h | Ll
g E |107 1 136 2,2 83 38  |61.0 |15.7
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TABLE 39

 RESULTS OF INITIAL AND FINAL GROUP TESTS (PART I: SEMI-CONCRETE, AND
. PART IT: ABSTRACT), SHOWING NUMBER OF EXAMPLES OMITTED, NUMBER OF
;k‘EESPQNSES, NUMBER OF ERRORS, AND PERCENTAGE OF ERROR FOR EACH PUPIL
: GROUP IN MULTIPLICATION

270

Pupil |No. Omitted No. Responses | Errors % Error
Group | Initial] Final | Initial|Final] Initial|Final| Initial] Final
A 17 0 33 180 2 31 6.1 17.2
S B 113 0 oL 207 Lo 19 | k2.6 9.2
Part I :
Semi-~ C 150 0 93 2443 19 12 20.h4 5.0
Conerete 4
D 153 1 153 305 66 L7 43.0 15.h
E 133 6 110 237 L7 17 43.0 Te2
A 87 0 93 180 51 56 55,0 31.0
L B 87 0 118 207 70 3k 59.3 16.4
Part II »
~ Abstract| © 147 1 96 242 58 35 60.L4 |1h.3
D 168 0 138 306 72 59 52.2 19.3
E 152 15 91 228 55 46 |60 21.0
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Appendix I

TABLE 4O

TIME RECORD IN MINUTES FOR INITIAL AND FINAL GROUP TESTS (PART I:
SEMI-CONCRETE: PART II: ABSTRACT).i:".) :

Pupil | No. of Part I_ Part I

o Grqup Pupils Initial Final Initial Final
A 20 23l 1941 a7t | 167

B 23 26141 156t 250! 1481

c 27 316! 200! 309! 163t

- D 3k 3881 2521 383 2431

E 27 3171 2631 307! 2191
Total 131 1519! 1065 1466 940"
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TABLE [

AVERAGE NUMBER OF MINUTES PER CHILD

272

Pupil Part I Part II

- Group Initial Final Initial Final
A 11.7 9.7 10.9 8.k
B 11.5 6.8 10.9 6.4
¢ 11.7 7.4 1.l 6.0
D 11.h 7.4 11.3 7.1
E 11.7 9.7 11.h 8.1
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Appendix J

TABLE J;2

SUMMARY OF METHODS USED BY TWENTY CHILDREN OF GROUP A IN EACH OF THE

FOUR PROCESSES IN INITIAL, INTERIM, AND FINAL INTERVIEWS

273

Initial Interim Final
A 21 11 0
S 69 26 0
- Levell D 32 11 0
o M 19 11 1
lbl=37% 59 = 16 % 1=.3%
A 31 33 31
S 29 71 56
‘Level 2 D 1l 21 10
' M 12 9 5
86 = 23 % 134 = 36 % 102 = 27 %
A 55 43 5k
s 10 15 L6
Level 3 D 6 8 18
: M 5 7 11
76 = 20 % 73 = 20 % 129 = 34 %
A 2l 37 36
S S 15 15 - 33
Level 4 D 11 21 35
M 2l 3 Ly
Th =20 % 107 = 29 % 148 = 39 %
Total 377 373 380
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TABLE L3

27k

SUMMARY OF METHODS USED BY TWENTY-THREE CHILDREN OF GROUP B IN EACH OF
THE FOUR PROCESSES ON INITIAL, INTERIM, AND FINAL INTERVIEWS

Initial Interim Final

A 9 8 0

s 40 27 1l

Level 1l D 28 5 0

\ M 2k 5 3
101 = 22 % 45 = 10 % 17= L %

o 57 25 23

; S 58 35 2L

~Level 2 D 17 9 9

, M 16 10 8
148 = 33 % 79 =18 % 6h=15%7

A 40 Sk 48

; s 28 L7 i1

~Level 3 D 10 1L 1h

e M 3 7 6
8l =18 % 119 = 27 % 109 = 25 %

A W1 56 71

: S 23 L5 72

Level i D 23 L8 L9

: M 28 L8 53
115 = 26 % 197 = k5 % 245 = 56 %

 fotal bl 1o 435
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SUMMARY OF METHODS USED BY TWENTY~SEVEN CHILDREN OF GROUP C IN EACH OF THE
FOUR PROCESSES IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Initial Interim Final
A 17 11 6
A s 70 31 8
Level 1 D 39 21 1
: M 3k 22 0
160 = 31 % 85 = 15 % 5= Lg
A 70 23 6
: S h 100 22
; ‘Level 2 D 26 22 7
‘ : M 23 lh 0
193 = 37 % 159 = 29 % 5= 7¢%
: A b2 1 7L
Level 3 D 5 11 8
! M b b 7
§ 6 = 12 % 120 = 22 % 13k = 25 %
A 4o 73 98
! S 19 26 105
j Level 4 D 22 37 67
, M 25 5L 75
106 = 20 % 190 =34 % 345 = 65 %
523 55l 529
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TABLE L5

SUMMARI OF METHODS USED BY THIRTY-FOUR CHILDREN OF GROUP D IN EACH OF
‘ THE FOUR PROCESSES IN INITTAL, INTERIM, AND FINAL INTERVIEWS

Initial Interim Final
A 24 9 3
£ S 68 27 1
~Level 1 D 38 17 6
, M 31 11 2
161 = 25 % 6 = 10 % 12 = 2%
A 45 18 13
o s 55 Th L6
Level 2 D 26 1 13
‘ M 21 22 9
7 =23 % 128 = 20 % 8l =12 %
A 88 101 111
| S 68 69 99
Level 3 D 9 15 21
M 6 5 20
171 =27 % 190 = 30 % 251 = 38 %
A 53 83 91
' 5 33 . L7 81
Level I}, D 32 59 . 68
M inn 65 75
162 = 25 % 25h = 4o ¢ 315 = 48 %
Total 6l1 ' 636 659
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TABLE L6
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SUMMARY OF METHODS USED BY TWENTY-SEVEN CHILDREN OF GROUP E IN EACH OF
-THE FOUR PROCESSES IN INITIAL, INTERIM AND FINAL INTERVIEWS

Initial Interim Final
A 7 1 1
8 34 15 9
“‘Level 1. D 27 11 5
M 22 12 1
90 = 19 % 39= 8% 6= 3%
A 55 35 26
» 5 73 8ly 5L
Level 2 D 17 23 18
M 18 17 1h
163 = 31 % 159 = 31 % 112 = 21 %
A 69 80 89
s 38 20 6l
Level 3 D 15 8 22
M 8 ly 9
130 = 25% 112 =22 % 184 = 35 %
A 3k 53 51
= s 36 50 50
Level 4 D 30 Inn L9
' M 38 52 63
138 = 26 % 199 = 39 % 213 =41 ¢
521 509 525

. Total
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Appendix K
TABLE:=L7

278

SUMMARY OF METHODS USED FOR SIX ADDITION EXAMPLES BY EACH PUPIL GROUP
IN INITIAL, INTERIM, AND FINAL INTERVIEWS

- Group Initial Interim Final

A 21 11 0
' B 9 8 0
Level 1 € 17 11 6
D 2l 9 3
B 7 1 1

78 =10 % W= 5% 10= 1%
A 31 33 31
. B 57 25 23
Level 2 C 23 6
D hS 18 13
E 55 35 26

258 = 32 % 3L = 16 % 9 = 12 %
A 55 L3 5L
: B Lo 5k L8
Level 3 C 42 7L 74
' D 88 101 111
E 69 80 89

294 = 36 % 349 = 2 % 376 = 145 %
A 24 37 36
' B I 56 71
‘Level 4 C Lo 73 98
: D 53 83 91
E 3k 53 51

192 = 23 % 302 = 37 % 3hT = 12 %
Tot,;;;l 822 825 832
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TABLE 8

2179

« SUWARY OF METHODS USED FOR SIX SUBTRACTION EXAMPLES BY EACH PUPIL GROUP

IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Group Initial Interim Final
A 69 26 0
; B 4o 27 1L
Level 1 C 70 31 8
D 68 27 1
E 3k 15 9
281l = 33 % 126 = 15 % 32= 4 %

A 29 71 56
, B 58 35 2l
-~ Level 2 C h 100 22
D 55 Th 46
E 73 | 8L 5k

289 = 34 % 36l = 15 % 202 = 23 %
A 10 15 L6
B 28 L7 I
Level 3 © 13 34 L5
S D 68 69 99
E 38 20 6h

157 =« 18 % 185 = 22 % 295 = 34 %
A 15 15 33
: B 23 L5 72
Level 4 C 19 26 105
: B 33 L7 81
E 36 50 50

126 = 15 % 183 =21 % 34l = 39 %
 Total 853 858 870
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TABLE 49

SUMMARY OF METHODS USED FOR THREE DIVISION EXAMPLES BY EACH PUPIL GROUP
IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Group Initial Interim Final

A 32 11 0
- B 28 5 0
Level 1 C 39 21 1
D 38 17 6
B 27 11 5

164 = 38 % 65 =16 % 12= 3%
A 14 21 10
A B 17 9 9
Level 2 C 26 22 1
~ D 26 1l 13
E 17 23 18

100 = 23 % 89 =21 % 57 =14 %
A 6 8 18
: B 10 11 1L
Level 3 C 5 11 8
D 9 15 21
E 15 8 22

bS5 =11 % 53 =13 % 83 =-209%
A 11 21 35
, B 23 L8 L9
Level 4 ¢ 22 37 67
| D 32 59 68
E 30 Lk )

118 = 28 % 209 = 50 % 268 = 6l %
Total k27 416 1420
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TABLE 50

SUMEARY OF METHODS USED FOR THREE MULTIPLICATION EXAMPLES BY EACH PUPIL
GROUP IN INITIAL, INTERIM, AND FINAL INTERVIEWS

Group Initial Interim Final
A 19 11 1
B 2l 5 3
Level 1 © 34 22 0
' D 31 11 2
B 22 12 1
130 = 32 % 6L =13 % T= 2%
A 12 9 5
| B 16 10 8
Level 2 C 23 1 0
D 21 22 9
E 18 17 1k
90 = 22 % 72 =17 % 36= 9%
A 5 7 1L
, B 3 7 6
Level 3 C I b 7
D 6 5 20
E 8 N 9
26 = 6% .27= 6% 53 =z 13 %
A 2 34 Ll
B 28 L8 53
Level 4 ¢ 25 54 78
. D Lk 65 75
E 38 52 63
159 = 39 % 253 = 62 % 310 =78 ¢
. Total 405 113 ko6
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Appendix L
TABLE 51
- NUMBER AND PERCENTAGE OF UNSUCCESSFUL RESPONSES FOR EACH PUPIL GROUP IN

THE USE OF CONCRETE MATERTALS WITH ADDITION EXAMPLES FOR INITIAL, INTERIM,
AND FINAL INTERVIEWS

Pupil Initial Interim Final
Group Resp.| U | %0 | Resp.]| U | % U | Resps U g0
A 31 8 | 25.8 26 2 Te7 51 2 3.9
B 27 10 | 37.0 26 3 | 11.5 L7 0 0.0
c 35 15 | 2.9 62 7 | 11.3 60 |- L 6.6
D ‘ 52 20 | 3845 66 9 | 1346 98 12 12.2
E 26 9 | 3k 37 1| 2.7} 57 5 848
- Total 171 62 | 36.2 217 22 | 10,1 | 313 |23 763
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TABLE 52

NUMBER AND PERCENTAGE OF UNSUCCESSFUL RESPONSES FOR EACH PUPIL GROUP IN
THE USE OF CONCRETE MATERIALS WITH SUBTRACTION EXAMPLES FOR INITTAL,
INTERIM, AND FINAL INTERVIEWS

Pupil Initial Interim Final

Group Resp.] U| &% U | Resp. U| % U | Resp. U 2 U
A 38 {24|60.5| 32 | 11| 3h.k 146 1 2.2
B 30 | 8|26.6| 3u | 7/206 | 53 | 2 3.6
S0 46 | 20|L3.5| 63 | 15| 23.8 6k 7 10.9
D 55 1181]32.7 | 90 ! 22} 2h.)y 98 | 11 11.2
E by | 8]18.2 | 56 | 13|23.2 | 58 | 11 | 18.9
Total 213 |78 36,6 | 275 | 68 2L.7 | 321 | 32 949
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TABLE 53

NUMBER AND PERCENTAGE OF UNSUCCESSFUL RESPONSES FOR EACH PUPIL GROUP IN
THE USE OF CONCRETE MATERIALS WITH DIVISION EXAMPLES FOR INITTAL, INTERIM,
S AND FINAL INTERVIEWS

“Pupil Initial Interim Final

‘Group | Resp U] % U, Resp} U Z U Resp.] U 0
a 2, | 12]5.0| 20| 2 | 10.0] 28| 3 | 10.4
,‘3 _,V 18 | 4| 22.2 91 1 | 1wm.a] ;|1 3.2
':,cy 21 | 10 | 47.6 | 34 |11 35.3 2| 5 | 15.6
ﬁ 29 17 | 5846 L5 7 15.5 L5 L 9.1

E 29 | 17 | 58.6 26 | L 15.k4 o | 8 20.0
Total | 121 | 60 | k9.6 | 13k |25 18.6 | 176 |21 11.9
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TABLE Sh

NUMBER AND PERCENTAGE OF UNSUCCESSFUL RESPONSES FOR EACH PUPIL GROUP
IN THE USE OF CONCRETE MATERIALS WITH MULTIPLICATION EXAMPLES FOR

INITIAL, INTERIM, AND FINAL INTERVIEWS

285

Pupil

| i Tnitial Interim Final
I Group Resp. U ZU| Respey U | #®U| Respe; U | % 0

A 17 | 101|588 | 20 | 5 |23.8| 20 | 3 |15.0

B T 1 | 1h3 7 1| 1h3 | 26 1 3.8

0 18 11 | 6l.1 27 7T {25.9 | 24 0 0.0

D 23 8 |3L.8 29 5 |17.2 | 37 3 8.1

B 20 8 |ho.0 | 22 3 |13.6 | 27 6 |22.2

~ Total 85 38 kb7 |06 |2n |19.8 |13k |13 9.7
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Appendix M
TABLE 55

A SUMMARY OF METHODS USED IN INTERIM AND FINAL INTERVIEWS BY SIX
CHILDREN WHO GUESSED THROUGHOUT THE INITIAL INTERVIEWS

Addition Subtraction Division and Multiplication

Child Interin Final | interim Final Interim [Final

Ca (2) 3] (Cu G(b)h |Vgr (1)1 6 G (6) 6] Cv(3) 3
-~ [(Rd4(1) (Vgr 1 | (Cu RI 3
S MeS. [(Cu 1] Cp 21 (G (2)2

Rd(2) 2| (op
(Vgr 2
Ca 1
(RA(1) |RI L} R4(L)L | RI Lo op(k) 4| oOp 3
 l(ca  1lcp 2| o0p(3)3 |E@ (1 oca(2) 2| ¢ 1
Ad. {Cp 4 cu(l)2 | RA(1) |1 CA 2
o Vgr 1

G(5)5|/G(5)5| G(5)6 [a(5) |6 G(6) 6| G (6) 6
H.m, Cu licCa 1

G (5)5|Rd 2| CA(6)6 | RI 2 BRI 1| Cm N

D.Ne |Rd 1] Cp(l)h Cu 3 ca(l) 2 | &I 2
Rd 1 Po(3) 3

- | @ (2) 2| RI(1)2 | Op(5)5 |cCu(l) |6 G (5) 6 |MNR L

LeCe |Ca(3) 4|R4(L)L |0 1 G (2) 2

Ca(1)3

wL. |BI() L|RI(1)6 | RI(L)6 | cCu 1 G6(3) 3 |RI (@) 6

s ca(l) 2 RI (2) |5 RI 3

Code: Ca Counting all numbers Po Partial Omission

Cu Counting(method un- G Guessing
known) Rd Delayed recall
Ca Counting to add or RI Immediate recall
adding RLi Recall by logical
Cp Partial Counting inference

Cm Counting in Multiples Vgr  Visual Grouping
Errors are indicated by numbers in parentheses.
Dual responses are indicated by bPfackets.
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TABLE 56

- A SUMMARY OF METHODS USED IN INTERIM AND FINAL INTERVIEWS BY FIFTEEN
CHILDREN WHO OBTAINED ANSWERS TO SUBTRACTION EXAMPLES IN INITIAL INTER-
VIEWS BY THE METHOD OF PARTIAL OMISSION

Child| Interim Final Child|{ Interim Final
| Op (6) 6 | Cu 2 op (6) 6| Vver (1) 3
D.G. Cu GJA. RLi 1
Ver (1) b | Rd 1
RI 1
op (6) 6 Cu (1)1 Ca 5| Rps 3
BeWe Vgr 3 BeTe. RI 1} RI 3
' RI 2
Cu 5 | (Cu (RI RLi (1) 5
CeSe | (Cu {Ver L (Cu 5| Rd 1
(Ver 1 | ca 1 D.C. | (RI |
(RI (1) (Cp 1
(Cu 1
op (6) 6 | mLi 2 RLi 1| RT 6
S RI 2 5.8, RI L
: (Cu 1
(RI.
(Ver 1
B NR 1 Cu 6 Cu 1] Ver (1) 2
- B.S. Cu L R.Ne (Cu (1) RLi 3
‘ : op (1) 1 (Ver L1 Rd 1
Cp 1
: (Vgr k Rd 2 Op (6) 6| RI L
CJKe | (C RI 1 | O Ca 2
L (RI Vgr 3
o (BLL 1 op (6) 6 |RLi 1
BRI 1 Rd (1)
R.H. Rd 3
RLi 2
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TABLE 56 (Cont.)

Child Interim Final Child Interim Final

6) 6 v
 CuD. % (©) g&glr 1 C.H. op (6) 6 Cu (2) 6
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A SUMMARY OF METHODS USED IN INTERIM AND FINAL INTERVIEWS BY TWELVE
CHILDREN WHO OBTAINED ANSWERS TO ADDITION EXAMPLES IN INITIAL INTER-

TABLE 57

VIEWS BY THE METHOD OF COUNTING ALL NUMBERS

289

Child | Interim Final Child Interim Final
Ca 1 Ver (1} 5 R 2 R N
(Ver 1
(Cu
(Vgr 1
5.8, Ca 6 Cp 6 T.W. Ca (1) 5 RLi 3
‘ Cm 1 Ca 3
" B.S. | Ca 3 Cm 1 ca (1) 6 ca 1
Cp 3 Cp 5 B.C. tm 1
Cp 2
Cu(l) 2
RI (1) 3 Ca 5 Cp 6 (RLi
R.Mo Ca 2 Cp l J.L. (PC l
Cp 1 RL1 - 3
Cp 2
Cm 2 RI 2 RLi 1 Ca L
D.H. Ca 1 Rd (2) 2 G.C. Ca 5 RA(1) 1
Rd(1) 2 Ca 2 Cp 1
cu 1
ca (5) 6 cp (1) 5 Ca 3 Cp 6
J.M. (RI (1) V.R. Rd (1) 3
‘ (Pc 1 :
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