UNIVERSITY OF CINCINNATI

May 21, 19 48

I hereby recommend that the thesis prepared under my

supervision by Bdwerd H. Gallagher, O.P.

entl’tlpfl Borel Summability of Fourier Series of Continuous

Functions

be accepted as fulfilling this part of the requirements for the

degree Of _Doctor of Philosophy

Approved by:
T hele, L. Mo

Form 668—G.S. and T.C.—500—5-45

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



BOREL SUMMABILITY OF FOURIER SERIES OF CONTINUOUS FUNCTIONS
A dissertation submitted to the
Graduate Sohool of Arts and Secienoces
of the University of Cincinnati
in partial fulfillment of the

requirements for the degree of
DOCTOR OF PHILOSOPHY
1948
by
Edward He Gallagher, O.F.
A. B. St. Thomas College 1933

M. S. Catholic University 194l

......

By

7048

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: DP15773

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform DP15773
Copyright 2009 by ProQuest LLC.
All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC

789 E. Eisenhower Parkway
PO Box 1346

Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TE R R g g g

ACKNOWLEDGMENT

This thesis was written under the
direotion of Professor Charles N. Moore
for whose advice and encouragement the
writer is grateful. ‘

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

Chapter Page

I. INTRODUCTION sevecvcoscoososossoasssssvcncsosassssccsscocnnses
1) Background of the Problem seescecocesvssscsascrsesccscscss
2) Sohwarz example as defined by Hardy - Rogosinski ........
3) Schwarz example as originally defined ....ceecscsvesscees
L) Outline of thes8is .evecsvecsoscesossvsccsvscscosscncasanss

I11. SCHWARZ EXAMPLE, A CONTINUOUS FUNCTION WITH A
BIVERGENT FOURIER SERIES LA B N 2R oL B R AE B B BE AN A AN AN O AL BEOE BN B BE AU BN B N 2

201- Empl. Of S@hW&rz BO P OPRIPONTEEOE O OOEO L OONNSENIPONIOOBSIOES
2.2. Convergence condition for Fourier Series ¢.cocececcese

2.3+ Schwarz example has a divergent Fourier

8‘!‘1‘3 LI I I B S A R A R BN B Y A B A RN R BRI B A R R B BN R IR B R R

III. THE CONDITIOR FOR BOREL SUMMABILITY
OF A FOURIER SERIES P B OGO T 0800802085800 8 0000000000 sorensnns

3.1. Fourier 8eries i.cceocscecccvcecssscrsscssnsscsossoscssssos
3.2. Borel summability seeceecososcecssosccesoctsscerccnces
3.3. Appliecation of Borel Integral definition ee.¢cececvee.
3¢4. Hardy's condition for Borel summability seeccecoccecess

IV. FOURIER SERIES OF SCHWARZ EXAMPLE NOT
BOREI‘ SWABLE @ 0 2 08000008 02D LGOS ENCLN NP BE0s LT Lsassbesoe

4.1. Sohwarz funotion, f(x), with added
assumption L2 I 0 I BN A BB S A Y B S I I B B R B N A B BRI I B A B

L.2. PFourier series of f£(x) not Borel

sm&ble 900 P P8I PLELONCINIETLIRIIIEIERAITEINOBONOSOIOROIOTSTS

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

1

n & &=

10
10
10
11
16

17

17

17



V. F(x) , A SIMPLE FUNCTION WITH DIVERGENT FOURIER
SERIES AT A POIRT OF CONTINUITY .cevesecsccovscsoveocnacoaces

501- Introduotion ..““.".‘.CQOCOOO‘OOA0.00‘.’.00‘0‘0'......
5-2. Definition of F(x)ocoa'o.‘oooc0.‘-.‘000.10000000.0000‘0'

53, F(x) has a divergent Fourier 86ri®s ......cceeeecescsee

VI. THE FOURIER SERIES OF F(x) IS BOREL SUMMABLE
MAPOINT OF GONTINUITY LR R O I KN 2F B R BN IR BN BN BU RN B IR BN S IR R WY IR S I I W W 3

6.10 Introduction oo-onoococoo.-ooooocono-oooonncooocoo;oouoo
6.2. Moore's ocondition for Borel summability csceevveveecrveces
6-3. F(x) is Borel summable at x ® 0 sveesocsccnsssssenoccce

6.1‘.. Summary 5 00 000000000000 I0008000NIeteEctecsntetocsitacinedd

6.5« Comparison of Hardy and Moore oonditions eceecsececcecces

BIBLIOGRAHIY PP OOV EIPPOOEPEPE LIS ENI SIS IINOP LGP OIIREISNBTIOGEOISIOIBROINPTOEDS

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

21
21

22

24
24
24
24
28
29

32



CHAPTER 1I.

INTRODUCTION.

1) Background of the Problem.

The Cesaro summability method will sum the Fourier series of

every continuous function t® its proper value f(x,) at the point

xo o if £(x) is the function under consideration. This is part of.

Fejer's theorem [zygnumd. 12, pe4 5] .

The Borel summebility method is often more powerful than the
6gsaro method, especially with reference to power series outside
their region of convergence. Yet the Borel method will not sum
the Fourier series of every oontinuous funotion. This is deduced
from the following theorem:;

*If the sequenoce

v3
u )= [ x(t) y, (t) dt

is bounded for every bounded, or even only continuous funection x ,

then +

/ 2 (fc)j at
is 0(1) *. EZygmund.. 12, p. 99J .

It can be shown that

A
B [£(x)] = w’-;ng(t) et i vt at
o t

a8 y — oo , is a necessary and suffgcient condition for Borel
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summability of f£(x), where (}/ ol {r(x + t) + £(x -,t)} s and
£(x) 1is integrable (L) and periodioce

It is also possible to prove that
. 2
3 / "niy“b |sin ztl
7 )" t
d

does not remain bounded as y — << + This integral corresponds

to the gequence Yyh .

Consequently, B [f(x)] is unbounded for some continuous funo-
tion f(x), and so not every oontinuous function has a Borel sume
mable Fourier series.

This is the approach by Mo‘oro. ):Moora. 7+ pp. 284 - 288]
who then mentions an example of such a continuous funotion. The
example used 1s Fejer's :

B = 5 sin2 s 0 x &

=y
n2

which was construoted as an example of a continuous function whose
Fourier series was divergent at x = 0. Fejer proved this diver-
gence [Fejor, 2y Ppe 1 - 5] ¢ A more detalled proof of divergenoce
was given by Picard E!?icard, 8, pp. 294 - 299]

Moora states that g (x) is not summable (B). In order to show

a oomparison bo’cwaen convergence and sumiability (B) he modifies & (x)

so that it has a Fourier series still divergent, but now Borel sume

meble,
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The new funotion is

B(x) =2 _X (xn) 0tx &7
—-1 n2
where
3 . 3
X (x,n) = 2n3/u x sin 220 /4 (0 £x 520 /4 )
3
A (x,mn) = s:lnapsx (Q’n/h‘xf”).

It would be worthwhile to have the detailed proof of this,
unless it would be pog§ible to eonstruot a simpler example. It was
at Dr. Moore's suggestion that this work on Schwarz' example was
begun.

Sohwarz' funotion, which follows here, was likewise construocted
as an example of a ocontinuous function with a divergent Fourler series
at a point. It ocan be shown that ﬁhis example has a non « Borel

summable Fourier series. We then show that the funotion, with a

slight modification, has a Fourler series that is still divergent,
but summable (B),

This example has an advantage over that of Fejer by being de-
fined "graphically" and less artificially. Sohwarz used this ex-
ample in his lectures, and later gave permission to Saohse,

[ sachse, 9, p. 245] , to use it in his artiole on Fourier series

ESo.ohse, 9, pp. 271 =~ 27:1;.4] .
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We shall present first the exemple as Hardy - Rogosinski de-
fine it, then, as Sachse has it. It will be clear how Herdy- Rogo-
sinski have simplified it. Their definition is the one that we

shall use here.

2) Schwarz Example,

a8 Hardy - Rogosinski Define it.

"Suppose N,. 1s an odd integer, at least three, and
n, = 1, n, = NN,.ee No, 8a,>0, Z ar< %
a, log N» —><° ., We define £(t) in(the oclosed interval)
(0,7 ) by
£(0) = o
£f(t) - arsinn, .t (r/n, £t & T/, ),

and bj evenness and periodicity elsewhere".

[H&rdy - Rogosinski, 4, p. SCJ .

3) Schwarz Example, as Originally Defined.

Let f(f) be defined in (0, 7/2) by
£(0)
£(8) = o) sin [A]F

"

0

where 0,, 0,5, eses Ou 4y +o+ i3 8 series deoreasing to zero.
[Al=z 1-3-8 (24t 1) for 4 = 1,2,3, ...

and lim M = o=

[Saohse. 9+ PP, 271 - 274].
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Hobson [ﬁobson. 5 pp. 545 - 54§] uses this funotion as
originally defined, except for using an interval (0,e). He shows
more than divergence. In fact, he proves that the funotion has a

Fourier seri@s that is infinitely oscillating, by showing that

a
]@ (z) sin (2n+1)z dz
» z

becomes infinite for ocertain increasing walues of n ; and that the

integral approaches O for another set of increasing values of n .

L) Outline of Thesis.

As we mentioned, we shall use the Schwarz example as Hardy-
Rogosinski defined it.

In Chapter II, tho‘proof of the divergence of the Fourier series
of the Sohwarz function f£(x) 1is taken from Hardy - Rogosinski, with
the details added.

In Chapter III, Moore's oriterion for Borel summability is de-
veloped. Acknowledgement is made of the use of Dr. Moore's own
notes on the problem.of the oriterion.

In Chapter IV, proof is given that the Fourier series of the
Schwarz function is not summable (B).

In Chapter V, this funotion is slightly modified to a funotion
called F(x). It is shown that F(x) has a divergent Fourier series.

In Chapter VI, the Fourier series of F(x) 1is proved to be

Borel summable.
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CHAPTER II.
SCHWARZ EXAMPLE, A CONTINUOUS FUNCTION WITH A DIVERGENT FOURIER SERIES.
The proof that this example has a divergent Fourier series is taken
from Herdy-Rogosinski, EI-R.A. ¢ p.SOJ . Details are added in the proof.
2.1, Example of Sohwars.
Suppose N, is an odd integer, at least 3, and n, = 1,
R, = N,Nyeeeloy N, wwd oo, a,%0, 5 a, L0, a,log N, wmp oo,
All these oonditions are satisfied, e.g.y if & .= r"2, n,= 3"1‘.
and Nr‘: n, /o, = 3“"'3'6”2'“"1 . P(x) is defined in the olosed
interval (0, 77) by
£(0) = o
£(x) - a,sinn,.x T/, $x& /o, ,

and by evenness and periodicity elsewhere.

Then £(x) is ocontinuous in the closed interval (=7, 7). The only
point we need oonsider is x= 0, since the funoction is obviously continue-
ous at the other points. For continuity, £(x) must approach £(0) = 0,
as X approaches ¢ O. | [£(x)/ = |a,8in n, x| £ a,whioch approaches zero,
ifwe let x= 1/n,, as r becomes infinite.

P(x) is of bounded variation in any sub=intervel which does not ine
oclude zero, so that its Fourier series is uniformly convergent in any such
closed subeinterval. (*If f is of bounded variation, the Fou;ier geries
of f oonverges at every point x to the value % { £(x¢0) #£(x = O)} .
If £ 1s in addition continuous at every point of a (oclosed) interval

Iz (a,b), the Fourier series is uniformly convergent in‘ I,

[Zygmund.l'l , p.2g R
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2420 Converg_e_zgoe condition for Fourier Series; For the Fourier series of

£(x) to converge, the partial sum

S (x) = [//x +7/ @m/‘w LIt

2 {/2
/f/x+t) Mw"?t J{ZL +0(')
must converge s n ey o2, EZygmund.l'z. Pe20, and p. 2;{ Since our
function 1s even and periodioc T -
1
- 'L +1) o 1L a/
o < 5 [ it b
It s,‘( x) 18 not convergent for certain values of n that become
infinite, that will suffice to prove the divergence of 8, , as n-»> <2~

Values of nzng,, k = 1,2,..., are ochosen.

2.3. Schwarz example has divergent Fourier Series, At x - 0, we shall
show thet T |
J(k) = ﬁ(oft)mdt B N Méﬂ_yoo,
' 0 t :
Substituting for £(x),
pev T/ - !
J(k) = 2 a., /sin n,t sin n.t o
A e f — .
%r . t )
T, _’//7* d
(2.3!) et Moy
= (*Z/ a, * Z@) /wm_f?ﬂf *"’”"7’1’ A4 ’ff:/éwn %fi a7
3 = " 't/
T

We can show that the integral in the sum terms is uniform}y bounded,
and so the sums will be bounded. 1In the first sum, writing /Ly: 7/ ne,

end since r<k -

A T
et ol stnnet g7 = /m (e~ 1) ¢ »1»1(Vz¢e+l7*)7‘ LT
, t - T
e (nk~m) o (Nt fn.)
= 1 coe=t du L cos 4
2 2 U

e o ) j}:;"_ (V/&* n.)
e
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/, (nle ’74— Z*//]’f-ﬂ*) %—‘ (}1“1‘}14_) %TP
o
L | cem oa 4 A e .-—_é Gtzqi A 35 “
(2+32) ,
| t

For cosu/ u to be integrable, none of these limits ocan be zero.

Aotually none is zero, e.g., since r<k, and n./n,., 2 N.® 3,
— -
;gf(m—m) = 77‘./,,{3»4) > w(M-1) 2 27

When the upper limit increases 1ndof1nitely. each of these last inte-

grals exists since / _,_,» @1tohma.rsh. 11, p.z}:}
is convergent. Thus Are
A~ . T f
A

is bounded, since the integral is uniformly bounded for r<k .

Likewise, when r>k , and /.z 7/n,, the seocond sum of (2.31):

= A,
/-1/'/14 /7,&2‘, ﬂ/t/b( f?;,f' £
(2.3 L ar ] el sty
ey
A, Tt
is seen to be bounded. As before, we have, Ares (,7* + Mk )

,/(’74,‘“’7&,} 'L"{hﬁ"n/g) A‘;.(}’h—#"nie) /
CM @ Loy / W YN -+ / m « b — | co

t

The smallest of these npper limits is greator than 27/3. Since r>k,

E o) =l ) 2 (i) = 5
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Thus the integral of (2,33), A
fﬂ’mhk-fp( t

A 4
is uniformly bounded for all r>k .

We have seen thet the first two terms of J(k), (2.31),are 'bounded.

where At Aees

J(k) - (544 rfa)/ﬂzi&é/f?’“”" At+ @/ég« fkﬁ A ¢

This last integral is not bounded, as k 1increases indefinitely.

7!/7/}'1*_’, %ﬁ_,
. 2
T t , ;22%
'”/’/V)f(

\
N~
—
N
A
.
S
\\,, :
j
N
\\“\\
0
Y
S14
~
&

T
= 4 ey M “’A//C:OZKa(/M-
2

This last term is bounded, but % a, log N; becomes infinite, as k ~p oo,
by the assumption in the problem (2.1).

Consequently, J(k) becomes infinite with k , and so does 8,(x)
with n , end the Fourier series of f(x), as defined above, is diver-

gent at x z 0, a point of ocontinuity.
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CHAPTER III.

THE CONDITION FOR BOREL SUMMABILITY OF A FOURIER SERIES.

311. Fourier series. Let f(:i) be Lebesgue integrable, and a peri-
odie function. It has a Fourier series development, whioch may or

may not be convergent.

£(x)

w
$a.+ = (a, 008 nx ¢ b, sin nx)
n="{

rr o
;’,—[f(t) ({i +2 (008 nt e0s nx + sin nt sin nxy dt
n=y
~

i

;,—'*/;(.t) {% + o{ cos n(x-t)} dt

.,Tf'.’r

= ,;;’f(xs‘t){iqu cos nt} dt
i<

T o
. F’/{t’(x-ﬁt)i— f(x-t)} {id-"é cos nt! dt

since f£(x) 4is periodic. Writing k//(x,t) for {f(x-r t)+f(x-'b)} '

we have

-
(3.11) £(x) = f/ \//(x,t){% +zcos nt} dt.

o
3.2. Borel Summability. A sum ’Z_‘ Uy 1is said to be Borsl sum-
mable by the integral method if

7 o
-y
lim/o n:éu.,,,yn ay
| ~

o
' exists as continuous y —>oe Eromwioh. ly Po 267;:] or

[Sn.'sz. 10, pe 2?] ) or@orel, Lecons sur les Series Divergentes,

2nd. edition, (1928), p. 122_] R
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The Borel exponential definition of summability is:

oo
1im et £ 5,80 .
¢t oo n=8 n 1
The integral method 1s more general, although the two are equivalent
for series whose n-4h term is o(1l), ESzmu. 10, pp. 31.32:} '
and so for Fourier series. The Riemann - Lebesgue theorem shows that

the ne-th term of the Fourier series is o(l) :

*If f(x) is integrable over (a,b), then as [ > o=

t- t
ﬁ'(x) 008 A x dx - 0, /f(x) sin Axdx o0 ",
a A
Eitohmarsh, 11, p.lpOB] . And, from above (3.1), the general term
of the Fourier series ia

&, 008snx + b, sin nx =
- w7

608 nx /f(t) cos nt dt + sin nx [£(t) sin nt at .
i -
32 3. _Application of Borel integral definition. The Borel integral

method will ‘be used here. Although not as simple as the exponential
method, it is interesting in itself. Comparison might be made be-
tween the result of this seotion and that obtained using the ex-
ponential method, (as given, e.g, in Zygmund, 12, p.186 ).

It was seen that the Fourier series assooiated with integrable

£(x) was (3.11):

-
£(x) = ;,’—/W(x.t) {é + ":Zl cos nt} at.
0
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12,

This series will be Borel summable to s 1if

J
(3.31) B [f(x) = lim —}r——oj"/(//(x.t) ,t-‘f{hé_ﬁl oos nt} at dy

7>=2
has the limit s , &as continuous y — oo .
Since this double integral exists, 1§ the iterated integral

does, and since # + > _y® cos nt 1is the real part (signified by R )
[ nl -

of Zey(“s Erisint) _ 31 we write

v -4 ~
B [2(x)] = ;L;fk[/(x.t)dw/e-y R[¥(cos b+ 1eint) _ 4 g
° ¢

as y —> 2, Simplifying,

R [ﬂr:_y(l- oos t - 1sin ) _ Sf?ay]
) )

- wy(1 =cos t ~ isin t) _.
=R f- e J ',—.y«‘-— ﬁl. - *
(1L -cost-isint) 2 (1008 t «isin t)

REAi'B-rC-v“Lﬂ.

R [C] is equal to % , and so the last two terms are sero.. Since
A
R [BJ = eY/2 = o(l), and since /W(x.t)- o(l) dt is it-
(7

self o(l1), &8 y —> o<, we may negleot this term.

R(A] =K (~ C‘f’(/—wz‘-zﬂiﬁwj
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/3,

AT ~4(1-cet) [ (1 ol t)+¢ aim (g aite:
RLAJ = —C =t 2 -2 t)(lwwff*t'xw’wﬂ

(- c/oq‘(’j
—7(1—0&@1) K
= — -C:o_,.——"——-——’“({wmi‘)‘ CW(‘fﬂ/l;ﬂ.f) “Mt>m(‘1mi)/?
I(f-m’f) )

Thus finally we have,
(3.32) B [r(x)_']- L / W (x,t) o~¥(1-008 ©) (gin t) sin(ysint) dt
2(1 - oos t)

- «
- _///(// (x,%) 9‘7(1 - cos t) oos(y sin t) dt
7 ), |

a8 y-> oo . This last integral is o(1) by the Riemann-Lebesgue
whioh states that [{a () cos At dt = o(1), as A—> <= , if

P (t) 1s 1ntograb1e.¢ Here (p(t) 1s  Ax.t) o-¥(1l-cos t) , and
this is integrable, since ([ (x,t) = {r(x+ t) + £(x - 'c))L .

)\z ysint >0 , a8 y —» o< , for any fixed value of sin t,

except t = O. (3.32) then becomes

B ):f( xﬂ

_L—/\/)(x t) Q’Ycl""“ t) sin t sin(y sin t) dt

2(1-c0s8 t)
Fa
= ”/(//(x,t) ,-Y(l' =008 t) oos 3t sin(y sin t) dt
2 sin 3t
72
(3.33) B[f(x)] = + {f(x+2t)+f(x—2%b)} o-¥(l-o0s ) sin(y sin 2t) at
0 sin ¢

a8 ¥y —> o0 .
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F-,

This may be simplified to
/2

B[(x) J {f(x+2t) +8(x-2t) oV ginopt at  y > oo
Tt |

o
as Loroh Ijl.oroh. 6, pp. 460 - I;6g] does for the essentially
similer integral obtained by usimg the Borel exponential method
on Fourler series.

We may assume lf(x)] £ 1, without any loss of generality.

1) oos t / sin % may be replaced in the limit by 1/t .

/ CooZs O ot z
Sinoce = T = AN, T T
f’ A, Z 7 _an o

and since sint e« t cos t £ t3/3 » and 1l/tsin t & T/2¢2,
(0%t £ 7/2),

/.]»726_5,(,_CMZA)(‘?&f ool M(ymf)4f/

Mzt

/e
% 7 _.Zf—'am.zz(‘dtv
< ""é?~/fey// ),gf </

w_,/7756 B qE o) ey T

< s
-

2) Writing (l=cost) = 2 sin®t, and since % - 1 £ g o,

for 820, where sz 2y( t2 - 8in%t), we mey replace

s R T

t——

72 :
| rresit  ae” ) de

g e

% 2_7[1’1.../%3'1")__/ P [7/"’""f) c{f/ <
e e e T
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135,

o
£ X fz e - TR,
. g,:t_/ g e = 0l /
’ |

’

T, . |
o / oy (eantt) & ety 4
- T

t t--';
\4/6 ﬁa,‘»e,m,c,a( ans &E Z‘// and. 0 £ Z"..,.Mt < {

3) sin(y sin 2t) may be replaced in the limit by sin 2yt :

/2 2 Z‘/
l / &_z/t {//szzb/“//%(jmlf)/}ﬁl
2 2 |
-"72 Fa \ :
L f 6- e N 27f'—~ /"/‘-’L"\' (17"4/""‘* L—t)/ A7
— —v—i' / |
o
' L L (29t «t*?’“.’“zt)/ T
2

t , Ceo
Ly {2 t - “L)

[
“\“\
@

S|
&
™~

\\!"
¥

.

7 z
v 2 2 ’277‘ - 4] (I) .
. s -2yt y, t_,miwz.t sz, < 1[-_2/ e AT |
£ 2y e pt-T >
- o 2t ,

Thus we have seen, that if f(x) is an integrable (L) and peri-

odio funotion, its Fourier series is Borel summaeble, if
72
‘ \ 2
(3.38) B [8(x)]= ;f:/{f(x +2t) + £(x -at)j' e‘i‘"‘ sin 2yt dt ,
0

as oontinuous y-> oo , aproaches a finite velue, the value of f£(x)
at the point x .
This integral 18 the one that Moore uses E Moore, 7, pp. 284~

288], without showing its development.
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/6.

It was stated that the Fourier series of f£(x) is summable (B), if
B [f(x,,)]——) £(x,) s (3.34), as oontinucué y — o= . Since the
converse 13’ true, this condition might be stated as a necessary

and auff’ibient ocondition for summability (B) of the Fourier series

of f(x) at the point x.

3.4. Hardy's condition for Borel summability. In a paper on Diver-

gent Series,; Hardy [Hmrdy. 3, Pp. 179-18£7 used the Borel oxponoﬁ-
tial method, briefly simplified the integrnl obtained, and stated
that a necessary and suffioient condition for summability(B) of a

Fourlier series 1s that
£

. £72
j(ﬂ(t) singt at = 0, as é’—)oﬁg
(3.%1) y |

t

where £ (%) = @ etx) = % {f(m— t) + £(x -t) - 23} - O ael>0.
The previous condition (3.34) will be used on Sohwargz' example,

and mention will be made later of Hardy's condition, in Chapter VI.
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CHAPTER 1IV.

FOURIER SERIES OF SCHWARZ EXAMPLE NOT BOREL SUMMABLE.

4+1. Sohwarz example. This was defined (2.1) as:

£(0) = o ‘

f(x) = a,8inn, x T/n, « x & 7/a,,
for x in the olosed interval (¥ ,77), elsewhare by evenness end
periodioity. Also &,>0, < a, <oo , a,log N, "%,

n, 2 NNoeee Nioy where N» &3 for r31. n,z 1.

(4.11) An extra sssumption is added. l.6., thet n,y/ni_, = ofl).
This is satisfied in the partioular ocase mentioned (2.1) ;
n, = 31'1" ; 8inoce 3"4 / 32("'1)“ = ofl) a8 r > o= .

4.2, Fourier series of f£(x) not summable (B). In order that the

Fourier series of f(x) be Borel summable &t the paerticular point

X o (3°34)' ks
B ff(x)] s #/{r(xft) + £(x =t) a"mz ginyt dt y >~
2 t

must approach a finite limit, the value of f(x) &t the point x,
as continuous y becomes infinite. Since the Schwarz function

£(x) 1s an even funotion, at the point x= O,

-

4 - 2

B[£(x)] = 1lim _2_ /f(o rt) o B g1n yt ab
>0 A t
TSt
(4e21) s 7_7% 2 e, | sin n,t e'iytz sin yt dt .

R | <D

L t

This limit should be zero, since f£(0) = 0. For the non-Borel sum-
mability of the Fourier series of f(x) at the point zero, it will

suffice to show that this sum is divergent for values of y - n.,
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where k has the values 1,2, .e. . Putting 7/n, /Lb. and
rewriting the sum, A Juy
' [ 4
S t
- 2
(4e22) Bffﬂ’J] 7 ,%, =, )‘f* ain n,z‘ﬂz:n het A+
// ﬁ"(
7 — Nt s, . RN
t ) ¢ 2 CNet) At
A4 .
1) when r< k, '
Asei o
- '?ﬁ /:Z» ’
R P R
| /l/* e Mut e el
Mt |
-~ T, . _
= -;,'; A/ € CM(W_”*)f ~ce=(Hg +P7+)ZL/JT
(4.23) s, ,
:': _J. ””k‘rw/? P s
o /\/ ’ { F)Z ﬁ{( Av_
7 = - hg I .‘)Z d , f
(w24 - o TG T vur +1e* e/ / p 4
S G 3
where § is between T'/n, and 7 /n,,, by the second mean-¥alue
theorem; (e.g.. as in Phillips' "Analysis", p. 189) :

*If f£(x) 1is monotonio,

£(x) and §{ (x) both continuous and

£(x) exists in & § x « b, then h‘
/ f(x) ) dn = /*/az)/ i(x/f .+ ﬁ’fr)é b () ot
where ¢ 1is between a and b ",
These oonditions are obviously satisfied with £ = e"B« t2/2

) 3
and (9 the other factor in (4.2)).

above, are positive and bounded by 1 . The integrals

The exponential factors in (4.24)

in the same

L
expression are uniformly bounded, e.g., whth 7 /n, 4_!3 ’
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£ 5t )
5 . Ve
[ / | Y
( Coo (Np-1a) 1, o] Lo N e
/! Co? e =0/ 0 (v = / “
.f—" 7T
t Tk
/e 1t (- ie)

As shown in (2.3), with r<k, this lower limit is never zero, in

faot is never less than 27 , and the integral is bounded, since
P4
/ cos u du
u
!
is bounded. Thus the integrals
4»«—!

2
o B4t/2 gyp n,t sin n,t dt

. t

are uniformly bounded for all r<k.

2) when r>k, the integrals in ([.22) oan be shown to be

uniformly bounded, in the same way. Thus in (4.22) +the sums
Awoi

Jeo! Lt
(2 +~Z Ja, | e o L e T
et /Lr “ :

are bounded, since T a, <« <,

3) when r = k, the last integral in (l;.22)

e‘hk-[z : z ——‘?{k ”4—)} I’“,("VJ the{_/f

by the generalized mean value theorem.
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As in (2.34) this last integral is equal to
2%

$ log Ny = é/cosu du
u
2T

the second tferm being bounded, and the first inoreasing indefinitely

a8 k —>oo . The factor € %(%4' 1bef‘or» the 1ntogr§l approaches 1

as k -»>oo , since the exponent is o(1l), by the assumption in (4.1l1).
Thus B ff(oﬂ o (4e22), 15 made up of three bounded terms

added to lag log Ny 4 which increases indefinitely as k -—» o=

by the assumption in (4.1), and 8o the Fourier series of £(x)

at x = 0 is not Borel summeble.
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CHAPTER V.
F(x), A SIMPLE FUNCTION WITH DIVERGENT FOURIER SERIES AT A

POINT OF CONTINUITY.

S5¢1. Introduction. As it stands the example of Schwarz has a Fourier
series that is divergent and not Borel summeble at x ¢ O, a point
of continuity. It ocan be modified ina simple manner so as to be
still continuous and possess a Fourisf series that 1s divergent,
but summable (B)y, at x = 0, & point of continuity. The only change
made is in defining F(x) as a_, sin ni x in (7 /n,, 7/n, )
where f£(x) was a, sin n, x. It hes an advantage oVer Fejer's
example * by being defined more simply, less artificially, and
especially by being defined "graphioally*.
2 efinition Y.
(5.21) PF(x) is defined in the closed interval (0,77), by
o) = o
F(x) = arsin n. x /o, € x s T/a,
and by evenness and periodicity elsewhere. F(x) is contin-
uous in the closed interval (=77, % ),
As before (2.1), HN. is an odd integer, at least 3,
D, =1y, no=NN,ee0o Ny K, o=,

a.>0, Za,cs02 , aplogle >0 ,

nel

z 3
* Pejer's example is @(x) bl Z gin 2B~ x (0 &x &m).
2
n

As mentioned in the Introduction (Z (7)), (9(1:) has a divergent
Fourier series. ’
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5:3. F(x) hes a divergent Fourier series at x = 0. As seen in (2.2)

78
N _
s, (x) = T,/F(x-f— t) sin nt dt n—» o<
AT t

must converge to F(x), in order that the Fourier series of F(x),
a periodio and even funotion, be convergent. To show divergenoce of
8n (x), 1t will be sufficient to show divergence for values of

n z 02 , (kz1,2 ...) ask —» o= , At the point x = 0,

T
8, (0) = ;;*/1?( 0+%) stnndt at
2 t
7/’”740’_.,
oo ; B
o '”’/)1,,/ t
F 3 T%/ ZI_ li,r IA\/‘

1) when r = k, I, beoomes infinite with k; writing 7/n.= 4,,

Ak
(5.32) I, = % (1- oos 2ni'c) at
A v |
) /\k-/
= % log (ng /ng) = t/eos 2, t at
Ay, ¢

2 '::«"‘,ﬁé? Fanli

2 log Ny - % ;oosu/u du.

2
2 Wy
This last integral 1is convergent for all k . All the limits are

o
greater than 1, and the integral /oos u /u du is
7

convergent. The term  # log N4 becomes infinite with k .
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2) when rsk, it can be shown that I, in (5.31) is uniformly
e~ <o
bounded for all r and k , and so the sums ('Z 4+ _%)4,1;,

will be bounded. If r + k,

Aot
I, = 1 (sin n, t) (sin x, t) at
t
As
At
= % oos/njnnz/t - oos(nﬁfni)t dt
A t
5 [ni-nd 7o (nleng)
ol cos u du - 3 008 u du .
u u
EALETH FE (3 +n)

None of these limits is 1¢ss than 1 , sinoce the smallest,

L |8 n}| = T/n, |n, -ng[-(a} +n.ng + n] ),

and it was seen before (2.3) that -;%’In,ya ng| 2 2773,
end that o008 u/ u is integrable from 1 to any upper limit.

o
Since li a, I, (5.31) 1is not bounded as k —> <,

the Fourier series of the conténuous function F(x) 1is divergent

at the point x = O.
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CHAPTER VI.
THE FOURIER SERIES OF F(x) IS BOREL SUMMABLE

AT A POINT OF CONTINUITY.

6.1. Introduction. F(x) was defined (5.2) in the closed interval
(0,7) as

F(0)

s

0

PF(x) = =&, sin ni x 7/n, £x & T /o,
and by evenness end periodiocity elsewhere. F(x) 1is continuous at
x = 0, but its Fourier series is divergent at that point (5.3).
It will be shown that this serles is Borel summable at x = O.
6.2, Moore's condition for summability (B). As seen before (3.34),
the necessary and suffiolent condition that the Fourier series of a

funotion f(x)* be summable (B) at a point x is that
' -
. 2
B [f(x,ﬂ: ;#/ {f(xo+ 8) + £(x, -t)} oI Sin vt at
¢ .

approach the finite value f(x,), as continuous y —»> <= .

6:3. F(x) 1is Borel summable at x = 0. Since F(x) 1s an even

function, this conditéon becomes at x = O,
. T ,
B(F(0)]= -2 f PO+ t) o35 gin yt at
), -

7’474-,/
é? 3 ~$yt2
(6.31) T E 2es (sin n,  t) e sin yt dt, y > o=,
7 A= T
Pia

* f£(x) 1s Loboqgne integrable ard periodie.
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(6.31) might be written as

‘B [F(oj: W;—;I a, L.

Since F(0) = 0, this sum must epproach zero, for the Fourier series
of F(x) to be summable (B) at x = O.

We shall show that the integral, L., is o(l) for values of
r £k, and has a finite upper bound for r>k, where k 1is deter-
mined so that ﬁi:’ a,<£; €, being a small positive number. This
choice of k is possible since 2/ e, 1s oconvergent. The value
of y 1s taken in the range nz Sy« nzﬂ » end thus
y = o= ocontinuously as k —> o= ., | In the y~interval, ¥y

>
is first taken equal to nf-‘ » and then ni & Y& Bgye

Writing 7/n_ = X.;—,

Aser

-tyt2 ‘
/.o Eyt (sin nj t) (sin g t) dat
t

-
*

@
{) ¥hen y = n% :

a) with k= r , A
-1

3 .2
Ly = / o-%n" ¢ (sin ni t)2 at
,’ t

S E) ] ot e
——:77‘7;\,

- g s
. Q”‘?(fo@) [TF/VM_, - {/’71%’]

|

= 9(‘)’

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26,

b) with k # r,

Ases

008 /ni -nil t « oos (ni + ni)t} dat
t

cos {né -n},[ t - oos (nz + )t} dat

t

+ r ¥R (el bl e ol ad) o

by the mean velue theorem, where A, < éo < /{*4 +« The
integrals in this last expression are uniformly bounded for all

r<k ad r> k (534). The exponential factors are o(l)
for r<k, and 0(1) for r> k , (actually o(1) whenever
n; > n. or ni > ni,, ) Thus L., itself is o(l) for

r <k end at most O(1) for r> k, a8 k —> o

L 4

2) When ni:_ y< ni,,.

At

L =£/.~iyf-2 eyl t - (o2 + y)t] at
(4,3%} > A*e : [oos In. -y cos (n y)j

Let us oall the expression in braokets C4 o+ Then

T et
a) with r % k,

— ‘.“/.;'%;)l é' 1 _%(ﬁfi')z/ C,;— 0( f |
L*:%ezw WC,,.J?‘ + 5 € A

where 7 /n, < gﬁé 7 /u.,,. Each of these integrals is less

in absolute value than 2( 7 /n,,~ 7 /n,.) = o(1).
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Each of the exponential factors is o(l), e.g.,

(‘1‘1’ 2 - nf( /}14/ p ._/"’Iﬁ

8’—’*“ i’)»i') 6

—777’?4«

Thus L, 1is o(l) as k —> << , for r<k, and y in the

(He) = o (1)

N

3
interval nz £ ¥ < Dy

: 3
b) with r >k, ! and nj{ £ ¥ < ngy)

e |
Aot , .
L, = i/ A oos(n) -y)t dt - % o-2yt? cos(n’ + y)t dt
t 4+ t

(©.33) = A(Ls, + Ly

Using the soeoxzad mean-value theorem this last integral 1s seen to
be uniformly bounded for all r > k, so that all we need consider
is the first integraly L+, « Because of the difficulties that
may arise when (nﬁ‘:,w y) is small, the interval for y is

divided into two parts.

. 3 3
b)) when r = k+1, end ng o Y& Dy, w Dpys o»

Aret
$yt2 5
= je'iyt 008 (n,i- y)t dt
t
T ey
) ‘{ ..E)Z ,/
oos(n “y)t dt+g ”*-l//oos(nj, «y)t dt
77’!& g v

where /n. < £{ T, . This first integral is seen to be

convergent, if written as

E(oy)
cos u du
u
(ﬂ.r 3)
since the lowor limit JE n* -y) ,7:5 (nk,, = 7T , since

r = k+1l. Thus L, is uniformly convergent in this y-interval.
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3
b,) when r = k+1, and n,, - ng, £ y< n;z*‘ ’

7r/ﬂ4’.. /

IL’,‘}: / /o"tytg cos (n),, = y)t dt/

7rlu- t

é jj o“%ytz it - fo(l) dt = o(1)

- T
gince, a8 k -5 o«

~(nge — +1 ~ e+
6—-ﬁz,‘5£ o (ns wl) (”ﬁ Dk gwﬂ ! 0(1)7 o(1).

o

c R ey

' 3
b3)whon r>k+1l , and ni;< Y& ng,., o

Arey
/ %yt cos gn,,- - g}t dt
/A*

is uniformly bounded for all r > k+1, as is clearly
seen by using the second mean-value theorem as in the
preceding seotion (2b; ).
Thus when .ni <y« nB{H » L_ , the integral in (6.3}2}).
is o(1) for r. £ k, and uniformly bounded for r > k, as k —> o= ,

6.&. Summary. Summarizing our results, we have shown that with

R

*Zﬂa*“' The-,
7’(2 + Z‘{-I)&,r/(sinn*t) o-2yt2 sin yt dt
+=Re

77//;',,
of (6.31) approaches zero as continuous y becomes infinite,

by showing that for n}k £ y < n‘Z“ » the integral is o(1) for
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r £ k, and uniformly bounded for all r > k, a8 k ,(and therefore
¥ ), becomes infinite.

Since this sum approaches zero, F(x) as defined above ( 5¢2)
has its Fourier series Borel summable to FO) at x=0, a point
of continuity, where the same series is divergont.

6.5. Comparison of Hardy and Moore conditions. In (3.2) we saw that

the integral definition of Borel summability was:

oo
Asum Z u, 1s said to be Borel summsble it
/7 g |
lim / eV 2 u,y° — 8
(7 ¢ nl {7

Since the oconverse of this is true, thé condition for summability (B)

of Fourier series (3.34)
T
(6.51) ;"r/ff(:wt) + £(x -t)} e"iyl"'2 sin yt dt y > ©e
J, y

can be stated as a necessary and suffiocient one.
At first sight this may $9em to be entively different from

Hardy's necessary and sufficient condition (4.41) that
e

(6.52) o) st ¢ as
[4 t

must approach zero, where f(t) = % {f‘(x +t) + £(x wt) = 23}
approaches zero as t > 0. Here s = O. This condition seems to

eliminate the need of the exponentisl factor which was necessary in

the method we used to work out the problem.
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Actually we know that (6.51) for Fourier series is essentially
equivalent to its ocounterpart for the exponential definitiion of
Borel (3.2). This ocondition arising from the exponential definition
is shown to differ by o(l) from (6.52), [ Hardy, 3, pp. 179~ 181]
Thus these two conditions, (6451) and (6.52), will be essentially
equivalent.

In the Schwarz example (4.1) the diffioult term was (4.22)

the term with r = k,
T/ Vg1

2
az a‘h" ¥ (sin ng t)?'bdt .

30,

.

7r/'?f‘, t
We ocan suppose the integrands to be written in the following integrals:
oo T/ -1 Tt ',,"7/ -1 k-1 T/
< / S /
L) * / . + £ -
fe'f' ! WA)’R "7;’.& ."7f/‘/-r'l’f‘( (47

the first representing all the terms with R > k, the last, those
with r<k, the dotted integral inserted to indicate the limit of
Hardy's condition. This condition woikld say that the sum of the
integrals from (7/A/, , Tr//ﬁ,;_,) to the left must be o(1) for
summebility (B). We have shown that from (77 , 7/Ve ) to the
left the sum of the integrals inoreased indefinitely, thus showing
non-summability (B). Henoe the two conditions agree on this problem.

The exponential factor above is not effective to the left of
(7 Ng 7Tﬂ/“ Pper )
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With reference to the problem in this chapter (6.31) :

-3
77 {V%e-1) “ 77/”&-; T/ s
2
N Pt -r/ 4 ot l,r Q-m ’in"jt Bin ni t dt e
3 7 ¢
»Tr(n&)' /L /’){Q 717”»’

we have shown that the sum of these integrals is o(l). The exponen-
tial faotor is only effective (in the left direotion) up to the ine
terval (#/(n,éf/z/ T/(n.,)?). Hardy's condition would say that all

the integrals from 3
T (Ngear) ©

4. $innkt sin ni t dt
5 t
T (ng)™ 7
to the left should be o0(1l), for summability (B).

Thus the two conditions are essentially equivalent. Hardy's
emphasizes the absolute minimum that is necessary. Our use of
Moore's condition shows what happened to the term, with r = k, that
kept Schwarz' original example from being Borel summable. Our method

also emphasized the need of the exponential factor in the term where

r = k, and in the term where r < k.
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