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CHAPTER I
INTRODUGTION

Borel'!s method of summability Ezf. Borel, 1 j* is

very powerful. It can, e.g., sum a power series beyond its
cirele of convergence (in the so-called "Borel polygon",
discussed further in chapter VII). |

It is far more powerful than Cesfro's method,
which cannot sum a power series beyond the circle of con-
verge-nce. In fact, Ceséro summability réquires that the nth
kterm be of order 0(nK).

On the other hand, Cesaro's method, as Hardy and
kLittl'ewood [Hardy and Littlewood, \g ]remarked, can sum
series which are diveréent more delicately than can Borel!s.
'I‘o be more precise, we have:

| "IfZ a is (C, 1)-summeble and a.,= O(% ).
'aa n.s o , then Z a is convergent." [Hardy, I¢ e
n1s p_ a_is Borel sumable and if (only)

Tz O
&, 0(75—) 8s D-yeo , then @Llready)z:a is convergent."

ardy, and Littlewood, 15 J.

Relations between Borel and Cesaro summabllity

have been given by Hardy and by Hardy aild Littlewood.,

“ nIp L 8, is Borel summable and a, =0§1),
then }— .1 (C, 1)-sumsble." [faray and Littlewood, l{]
awd - If Z 8 is (C, l)-summable, and

%‘
: The numbers in brackets refer to the bibliography at the
end, ;
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then f 8 is Borel summable LI;ardy, 10 j.

In the case of Fouriler series, where the nth

term is o(l), as n becomes infinite, Borel's method would
appear in advance to be less effective then Cessdro's. And
this is indeed the case,

C. N. Moore [Moore, Qﬂ!:]pointed out that a cer=-
tain continuous function is not Borel summable at O, whereas,
of course, as Fejé& proved [éejéf, Y :] a continuous funetion

is uniformly (C, 1l)-summable everywhere.

Moore further remarked that the Lebesgue constants
(ef. chapter III) corresponding to Borel's method are of
logarithmic magnitude, as are the ordinary Lebesgue con-
stants [}..ebesgue’, 20, Fejér, 5 . |

| As he stated, this might lead one to think that
Borel's method cannot sum divergent Fourier series. That
this is actually not the case he showed by constructing a
continuous function whose Fourier series diverges at O but
which is Borel summeble there.
| Nonetheless, this leaves open problems regarding
the connection between convergence and Borel summability
for Fourier series. Thus, e.g., given a continuous function
whose Fourler serles is everywhere Borel summeble; would it

necessarily be convergent almost everywhere?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



As Moore observed, the kernel of the singular in-
‘tegral corresponding to Borel's method when applied to Fouri-
er series 1s, apart from an exponential factor, essentially
the Dirichlet kernel, which oscillates infinitely in the

L neighborhood of the origin., This stresses the connection

‘between Borel summebility and convergence for Fourier ser-
ies. Such a theorem would be what is called of a Tauberian
type. |

It is in fact in this Tauberien direction, that
Borel summability for Fourler series has lately been studied.
Herdy and Littlewood [ﬁardy and Littlewood, |6 , Hardy, I3 ]
have given a criterion for Borel summability of Fourier se-
rles (;f. chapter V) and combined it with a Tauberlan con-
ditlion to get convergence criterie,

In this thesis, however, the work is largely in
the direction indicated by Moore (loc. cit.). After a pre-
11minary chapter which discusses a lemma of Fejé}, I study

the Lebesgue constants for Borel summebility, and show that

Ls(u.) "«"‘:%:f//og,u #O(')Mu——-—)oo

Then chapter IV 1s devoted principally teo proving in detail

that the ¢0ntinuous functlon which -~ as Moore stated -- has
a non~-Borel summable Fourier series at 0, actually does en-~

joy this property (In so doing, I have had the benefit of

~C. N. Moore's notes on the subject.).
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In chapter V a criterion for the Borel summabili-
ty of a Fourier serles at a point is given.

Chapter VI contains & uniqueness theorem; l.e., a
theorem which states that a Borel summable trigonometric se-
ries with bounded coefficients is a Fouriler series.

Chapter VII contains a brief digression. The ob-

 ject of that chapter 1s to apply Borel summaebllity to the
Study of the singularities of functions represented by power
series.

Chapter VIII is devoted to strong Borel summabili-
ty in general together with an application to Fourier se-
ries, Also included is a theorem of Tauberian character.

| More specific comments on the subject matter are

found in the first section of each chapter.
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CHAPYER II
ON A LEMMA OF FEJER

2.1 Introduction. In the course of calculating the Lebesgue
constants, Fejér proved E?‘eje/r, 5 ; formulas (8) and (9),
P *2’7] that for a bounded and Riemann integrable function

£(x)

(2.11) nlim jb £(x) {sin nx] dx = %Sb £(x) dax
a 2

and

(2.12) nil_.’iorg Jb £(x) Jos ny dx = %\r f(x) dx
a a

To prove these results, he subdivides the inter-

val (a, b) and writes
QI

' @ (mn)l.,,r‘ »
. — \J‘ P + €,’ s
~ where b xZ )L

(k-l)‘g<a Skg<(ks+Df<c... <LF<b< @+ g

and

1im €. = 0.
n— e° n

Then applying the first mean-value theorem he gets, e.g.,

b
a + 4 .
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mjéfjé Mj, J:l, LR ﬂ‘—k

where md, Mj are the minimum and maximum, respectively, of

£(x) in (k+ § - 1)115 <x < (k+ j)g. To get (2.11), we need

only let n become infinite in (2.13), since f(x) is assumed
. bounded and Riemann integrable and €, — 0 as n— o=,

| Adapting this idea, Hobson [ Hobson,/Tv. II, p. 519]

showed that (2.11) and (2.12) hold even if f(x) is assumed to

 be only Lebesgue integrable.

Here I derive (2.11) and (2.12) for Lebesgue in-
tegrable functions f(X) as a conseguence of the Riemann-
Lebesgue lemma (section 2.2). The integer n is replaced by
‘thg continuous variable u.

In section 2.5, a similar result is established for
the case in which f(x) also depends on the parameter u.

This particular theorem is needed for the calculation of the
wLebesgue constants corresponding to Borel's summability
method (cf. chapter III).

Preliminary to this theorem, I require an estimate
for
(2.14)\§b £(x) # - Isin uxB- dx anégbf(x) ; - kos u;B ax

a a
in the special case f(x)= 1. This.is found in section 2.3.
This case is further discussed in section 2.4.
In section 2.6, estimates for the rapidity with

‘which (2.14) tends to zero are given for certain classes of
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functions f£(x).
An extension of (2.11) and (2.12) is given in sec-

tion 2.7. There Jsin nx| and [cos nx| are replaced by a

more general function @(nx) .

Theorem 2,21, If £(x) 1s Lebesgue integrable in (a, b),

then . .
(2.21) lim £(x) lsin ux] ax - 2 j f£(x) dx,
U~D T
a a

~ and . .

- (2.22) lim S £(x) |eos ux| dx :% g £(x) dx.
| 0o

‘ a a
(2)

v ' Proof of (2.21):
The Fourler development of |sin uxl is D“’ Q,\]M‘QW}Q]

%f_

and is obviously uniformly convergent

j
Hence

‘ (2.23) |s:Ln ux| = 4 Z a2
4]

# This expansion was used by G. Szegd ESzegb’, 3;’1’3
to give a representation for the (ordinary) Lebesgue con-
> : }stants(on and, on the basis of this representation, to

ShOW that Sgn AU'On : @-)v‘.l, l): l, 2’ sensecey N
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and

b b P
(2.24)j f(x){g._ [sin u.xl} dx :_-j f(x)%Z %—%ﬂ{x ax
a a j= |
L ot
But 41 4j2 1s uniformly (and hence

lboundedly) convergent. Hence, to prove that termwise in-
tegration is permissible, we can appeal tok the following
standard theorem [cf. Kestelman, & s Theorem 231, p.l49]:
"Let g(P) be summgble, (i.e., Lebesgue integrable]
over B, and let {f (P)} be a sequence of functions meas-
. urable in B whose sum converges boundedly in B; then g(P)i{- r(?)

-?f:::‘::‘“‘;%w is equivalent in B to a summable function, and
(225) jg(?) Z fp (P) @@ = Zl_f g(p) £, (P) ap.n
Ir=
B B

In this case g (P) = £(x), B= (&, b), r = J,

fr (P) = l—;—gm. Hence
i°

| Y
.26 2 _ lsi = Z
(2.26) Ef(X) {,, [sin uXI}dX éj:lm X

b
J f(x) cos 2jux dx.
a

~i.e., complete monotonieity, as Gronwall fGronwall, q J
had conjectured. The latter established this relation for V= i
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But

1(b b
\ f(x) cos 2jux dxl < j If(x)l (cos zjux[dx S

a a

o°
[f(x)' dx, for all u and j, and Z —-—%—-— converges.
. 4J°-1

'The Welerstrass M-test then states the uniform
convergence of

b
E":1 43%-1 J £(x) cos 2jux dx
a

in 0¢u. Its limit at u—» - may therefore be taken term-

wise. Thus
b
(2.27) 1im £(x) {2 - (sin ux/} ax

U~—>0 * b
# 2— 4321 lim J f(x) cos 2jux dx.
j=1

u—e°
a

From the generalized Riemann-Lebesgue lemma®

¥ The generallized Rlemenn-Lebesgue lemma states: Let

g(x) be summable over (a, b), and let £(x) denote either

of the functions cos x :and sin x, then

lingaf g(x) @ (hx)ax = 0
a

[Kestelman,lgtheorem 299, p. 233;’
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b
lim J f(x) cos 2jux dx is zero. "This completes the
u-e

a

proof of (2.21).

{b) Proof of (2,22):z
In (2.23) replace ux by ux + é’ [cf. Szdsz,
V6, p. 168] s getting

<P
(2.28) lcos ux| =2 - #—— Z (-1)3 $52-1

As before, this yields

b
(2.29) { £(x) (2- |eos uxl} dx = 4321 Zﬁﬂf ff(x)cos 2jux &
a

a

Again as in part (a), applying the generalized Riemann-—
Lebesgue lemma gives the desired result: (2.22).

2.3, The case f(x) =1,
Theorem 2.31. ]g (2 - lstnud} ax] €2 L, uv o,

Proof; Putting £ (x) = 1 in (2.24) gives, for u # 0,

Z —‘l‘—“ Jcosz:juxdx

/b

5% - |sin ux[} dx
(’7—;30 @

= 4

Py 1—;17]“’:-1 glj;; (sin 2jub - sin 2jua)
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<O

= & 4 Z__l__ ..._i .  (sin 2jub - sin 2jua)
=13 4)=-1

U]
S

Hence, since /sin y/ ¢1,

(2.32) Ir {%_ lsin uxl}dxlé &1 i % =3 ¢

3=1

o

< é L ]
SRR ==
Now put x = 0 inogz.‘RB), getting

0=2 -4
B

'whence
S
(2.33)
AP ¥

Substituting this in (2.32) completes the proof.
1y
forallary 2.30.1. J Jsin nx| = 2 - k, where § and k
are integers, ki
1>x,n=1, 2, 3,.....
Proof: This follows from (2.31) since the sine of any in-
- tegral multiple of w 1s zero.

Theorem 2.32. ’Jb ‘%-lﬂos.uxl} dxl<§ %‘i’ > 0,

a
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Proof: Put f(x) =1 in (2.29). The result then follows

as in theorem 2.31.

1
Corollary 2.32,1: |cos nx| ax = f - k, where 9§ and

T
ka
k are integers, ﬁ7, k, n 21, 2, 3y0cc000

The proof follows from (2.29).

- RBadea . Further discussion of the case f(x) = 1. Theorems

2.31 and 2.32, respectively, show that

b (-
[ [? - |sin uxl) ax and g

a

’ {% - lcos uxl} dax

a

approach zero quite rapidly. Consequently one might guess

that |
r [%_—}sinux})gdx and Sb(;—’coswcl)gdx

also go to zero as u becomes infinite. Actually this is

not the case. More precisely we have

Theorem 2.4l. 1lim b(y - [sin ux )? ax >

u-3e
a
1lim Jb(%? _ Jein 1.1:}:]);;2 ax = % - "im) (b - a)>é0(b - a),
. |

Uy er

fory#w-z,-.
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I3

Proof:
, . , |
‘ S (/ - [sin uxo dx = (b - a)y® - 2y |sin ux| dx «
, a a '
~+ sin® ux dx.
a
But
sin® x = % (1 - cos 2x)
Hence
b , “
4(2.41) ((y—]sin uxl)2 dx = (b-a)y? - 2Y'Jﬁsin ux dx #
a a ”
1 1 /P
+ 3 (v-a) - § f cos 2ux dx.
a
From the Riemann-Lebesgue lemma
b
1im cof 2ux dx = O
U-2er
' a
From theorem 2.31 (with f(x) = 1)
lim |sin ux|dx =2 (v -a).
u-re "
%herefo s
(2.42) lin ((y-|sin ux/)@ax = (b -8) (24 y s %)
u -2 T2

The quadratic on the right has negative discrim-
| ‘;>inant and hencee no real zeros. Moreover, it reaches its

 minimum at y = %,and has there the value %-4-#§ ?ﬂg?§A>-§%:

ged.
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Corollary 2.41.1.
2 / 1_4 - 1 - ).

-

ELQ.Q.I:;,

¢

Theorem 2.42:

lim f,(y - |cos ux/)2 dx > lim(bég - lcos 11.::1)32 dx =
a

o

- |sin ux}/ Z1 whence (% - Jsin ux)) 2y
- |sin uxl/ , making the corollary obvious.

=N o

-0 u-r
a

_,#2 (b - a) 5{.ji(b--a), fory#rgr.

Ei o>

b ., ,
j (Y -|cos uxl) 2ax= (v - a)y? - nyb )cos‘uxldx
o | |

a

b
+ f cos® ux dx

cos* x:% (1L + cos 2x)

o«
}
H
(2
~=
b
=
#
i

(b -a)zy-zyf’/cos uy dx

b
+%(b-sa) +Jcoszuxdx.

Using the Riemann-Lebesgue lemma and theorem

2.32 (for £(x) = 1) we get

. |
(2443;31[@—!&3 wd )2 ax - (b—:a)(yg—?%yf%)-

a
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~ As before, the guadratic on the right has y = ?, for its
minimm and has there the value § - é_z Y 5&.
ged.

Q.QJ-‘.QllﬂrY..E‘A.Z.-.L.

u.”v -!cosuxldx >(2— (b—a)720 (b - a).

95\

- |eos ux// {1 whence (3 |eos ux ) 4

lcosuxI/ , making the corollary obvious.

Proof:
L

%N %N

25, 1(x) dependent on the parameter u. The theorem of this

section is needed for the calculation of the Lebesgue con-

- stants corresponding to Borel summability.

| W Give f (x), u >0. Let £ (x) be differen-
tiable, f'-(x) integrable and let further

2.51
¢ )ijyx) |ax =0 (v*) and £.() = 0 (u#) asu e,
a
where 0<8 ¢ 1.

Then
(2.52) beu(x) {% - Jsin ux/} dx
2

and

o(u'&/) as Uu—s oo .

’;’»}’}(2‘53) beu(x) &3 - [cos ux/} ax =o (u¥) asu— e
. |
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[6

In the proof we require an integration by parts.

The general formula reads:

(25.4) (b b
Jg(X) F(x) dx jr(x) G(x) ax -
a Ja

F®) 6(p) - F(a) 6(a),
where f(x) and g(x) are summable over (a, b) and

‘(2.55) F(x) _.,fo(t) dat anda a(x) =fxg(t) dt.
a a

> D)
Integrate by part;s ’ puttlng
f(x) = f (x)

and
g(x) = ? - Jsin ux./

This gives

, b
(2.56) j fu(x) {% - [sin ux dx =f, (b)J 2/2 Jsin uxj]dx
' a

..J fl(x) J £ . lsin ut/} dt |dx.

From theorem 2.31 and the second part of hypothesis
(2.51) it follows that
b
(2.57) fu(b)f ﬁ - |sin ux/}dx = o (¥ ) as u—2 o .
' a

Also

= Ub flii(x) r[% - [sin ut/} dt| dx

<
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< J?f&(x)l/gxg - Jsin ut/}dt/dx.

Applying theorem 2.31 (for b.= X) and (2.51) yields

b
’ (2.58)J f{l(x)/(x[?r - Jsin ut)} dt/] dx = o (u"'/) as u-se ,
E a a

Taking (2.57) and (2.58) together with (2.56) com-
pletes the proof of (2.52).

This follows the lines of part (a). Here take
£(x) = fy(x) 2nd g(x) = “% ~ jdos uxl in (2.54).
Simply using theorem 2.32 instead of theorem 2.3l, each
step in the proof is the same.

ged.

Taking @ = 1, we have
Corollary 2.51.1: If

b
(2.59) S Ift'l (x)|ax = o(u) and fu(b) =0 asu~—>o ,

thenﬁL
b "
(;2.510)J‘ fu (x) }}, -,sin uxl}dx = 0o(l) as u—=2 .,
a _
and b
(2.511) j fu(x) {}3 —}cos ux/} dx = o(l) as u-—ro .
a

Next, note that in theorem 2.51 and its proof o
can be replaced by O, throughout, without requiring a single
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&Y

alteration in the proof. This result reads in full as
follows:
W Given fy(x), u » 0. Let f£,(x) be differ-
_entiable, f£:(x) be integrable and let further ( N
,(’2.512) Ib/fé(x) /dx' = O(uﬂ) and £,(b) = o(u®) asu-—s~ ,
a

where 043¢ 1.
Then

X |
(2.513) f £,(x) [1,.} - bin ux/f ax
a

i

o(u®’) as u =<

and
‘ b
(2.514) g £,(x) ; - kos ux}} dx = O(u/&’/ ) asu—>c .
;Ag»ain taking 8 = 1, gives
Corollary 2.52.1. 1If

'(2-515) jb If:l(x)/dx = 0(u) and £, (b) = 0(u) as u—» <

a
then

b
;(2.516)f fu(x)g - bin uxl}dx = 0(1l) as u —
' a

and
‘ b
(2.51’7) j £,(x) ;_% ~|cos ux)} dx = 0(1) as — .
a
2.6, Estimates., Now let us find estimates for
(2.61) jbf(x) [2 _lsin uxl} ax
v 3 : '. n,
' a

and

(2.62) fbf(x) {% - lcos ux)} dx.
a
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The point of departure in the case of (R.61) is
(2.26); of (R.62), (2.29) -- the places where the Riemann-
Lebesgue lemma was applied to obtain theorem 2.21. For f(x)
s 1, (2.26) and (2.29) have already been used to obtain es-
timates s glven by theorems 2.31 and 2.32 with their res-

péctive corollaries.

, One obvious deduction from (2.24) and (2.29) is

¥ - If
b

(2.63) f £(x) cos 2nx dx
a

O’ n = l’ 2, ...‘,

then
b ‘ b
(2.64)f‘ £(x) /sin nx/ dx =fbf(x) Jeos nx/dx =,§§ f(x)dx,
a a

a

n = l’ 2’....

. Theorem 2.62. If £(x) is of bounded variation in (a, b),
then there exists a positive constant g, such that

b
(2.66) { £(x) {% - |sin ux)} dx /1 §, u > O.

a
and

(2.67) | bf(x) {3- - |eos uxl} dx/< C, u » O

- W - u’ L J

a

Eroof:
| For such f(x) there exists a positive constant c,
such that
(2.68) I f(x) cos ux dxl4 g

a
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[Tonelli, 23 s DPe '75_]. Together with (2.26) and (2.29),
this establishes the desired result.

Lhegr_em__z_.& If f(x) is absolutely continuous in (O 21,
then

r
(2.69) 1lim [u | £(x)J2 - |sin ux,l} X w——
U r

o o

£ £(2m) j/\:-l%a%:i sinl,j\J

i
o

[cos uxj}dx —

(2.610) 1im [ Jf(x)
u =
2 £(2 Z: (-.%,2_3._ sin 4 jur
” =1 §(43°-1)

Ho Y E:b)

0.

From "gz .26) it follows that

(2.611) j £(x) {-— - kin ux;} dx =
)

&£
.Z J f(x) cos 2 jux dx.

J=1

Now, in the formula for integration by parts,
(2.54), take £(x) to be cos ux and Y(x) to be the present

£f(x). Then, multiplying through by u,
2'T

2"' .
Jf(x) sin ux dx «+ qu(x) cos ux dx =

o o

f(zﬂ') sin 2 u7.
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Instead of u, conslider 2ju., This equation then

becomes -
(2.612) uj f(x) cos 2 jux dx = % 1f(2;7) sin 4 jurr-
o 3 % T "(x) sin 2jux ax.
Substituting in (2.611) and transposing, we get
2", | &
(2.613) uJ £(x) I(j% _ |sin ux|}ax - 2 g(am Z_:l L +
° T = 2 7Fﬂ ﬁ'(
Xxsin 4 jull = L 1 £ (x)x
Ty 435—1‘XQ |
(4]

xsin 2 jux dx.

The series on the right is uniformly convergent
for uM 0, since

21 21 |
IJ £'(x) sin 2jux dx }éJ[f'(xJ |ax{ and
(0]

1
43%-1

™
e

1

e
1

converges. Hence its limit as u—~ may be computed
termwise. But,. according to the Riemann-Lebesgue lemma,
each term goes to zero. This establishes (2.69).

{b) Proof of (2.610): This proceeds as partaga)' e get
(2.614) u . 2;(;:) {‘3 ;lcos uxl} dx - 2 f(En’)Z:__L-_}LJ_;\
T d 3=1 3(43%-1)

o

A sin 4 juT

Po
Z ._.L_;‘,)_. 2T
i=1 3(43=-1) J £ (x) sin 2 jux dx.

(o]

]
qlM
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The Riemann-Lebesgue lemma then implies (2.610).

ged.

- Corollary 2.63.1. If f(x) is absolutely continuous in (0,2w),
and if £(2%) =0, then

(2.615)  |.. uf”?(x\ (A= sin wrlfde L O

2
and

®— o0

21 -
(2.616)  |iwn “‘5 269 (.7 kos uxl} dx . 0
. ]
Proof: Obvious from the theorem.

Corollary 2,63.2: If f(x) is absolutely continuous in
 ‘(0,2 ), then for y of the form %, n integral,

1y
@611 Dy [ g0 £F - fsim g} de . 0
0

Yy
and
(R.618) ‘\‘\n\ sl - : y )
( ) Yo '3] ‘ﬁé‘) {'ﬁ: - /c»osani'}&" - O
c (2.617) and (2.618) follow from (2.69) and (2.610)

respectively, since the sine of an integral multiple of

is zero.

Corollary 2.63.3.  If f(x) is absolutely continuous in

(0,27, then
T (
(2.619) i'—?‘@ “*J {ﬁ(x) ~4 (am §{ %~ 1siw wxl}dx- 0
~ and °
- Reo) e {mf%)-ﬂua}{% ke wnlldx e
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(a) Proof of (2.619):
In (R.31) take a-0, b = 27, Then
« 2 . ¢ e
(2.621) U\,‘S‘ {%—- kin %‘}J;{ = %f Z "}f' ._*;1_' Sin 4 3w\
o ' I
Substituting this in (2.69) gives the result.
() Proof of (2.620);

This result follows directly from the cosine ana-

logue of (2.31), gotten from (2.29).

Theorem 2,64. If £(0)= f£(2m) and if f(x) satisfies a
Lipschitz condition of orderd, 0<« <« 1, then there is a

constant k > 0, such that

: (2°622)> J»'r'#(ﬁ) 5;,.2: - Jsin wn ‘}4)(’ £ 'f: m= )2 ..
and ° '
(2.623) jLW%) E%F ~ Joes g ',}dx l 4 —51’ ” =l, PN

Proof: This is 2 consequence of the known estimate of the
Fourler coefficients of such functions [Tonelli, 1L? ’
P 225 .) '

P
e jer?t. .

 Iheorem 2,71. Let f£(x), @ (x) be Legesgue integrable over
(2, b) and (0,2f) respectively. Let@ (x) have an absolutely
convergent Fourier series

(3,71) Bty f’S ( o, cos kx + b, 2in Kx) .
K=}

2.
Then _
: ‘ W AT b
Er L (e e =T {06 de [ gra
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- Jg SZWtP(x)o\x,

s Ve have’ since A, = 0T
p(w&):}fﬁ‘g ¢(k)!lﬁ +2_ (a_ w5 Kwx +LR3mM)
k=)

and i _ |
’g("‘\) ‘P(“X)‘ hyny #’6‘)} @(ﬁ)d‘& f‘f#&)(a CoS Kux PLK‘M«“W()

’ =l

e ([ gl e Aol 46 4
(""75 L Som wa\a’x .
J 5 4 (apces et

o R=i
Now, since 2{) (a «C0s kux + b, sin kux) is absolutely con-
~vergent, L (\& *.\L‘\S converges [Zygmund 33 s Pe 131 .]

| Hence, since \cos vyl €1 and |sin y] ¢ a,cos kux+b,sin g
is uniformly convergent. The second term on the right side

- of (2.73) may then be integrated termwise and we get

(22+9) J ) Q) dx ~ urj (p(}()d,{j 260 g
| M Z IQX A ) cos kux kaS Le) Sﬁqkuxdx}

K=
Now, since |cos kux} <1, Isin kux| <

(2.75) U 4] eos wu AxH l#ml«t,w‘!\g Pt i ko un fepx

~ Since )_ (' ' Hb )(cp s We have from the Wierstrass

’

,M-test that (2.74) is uniformly convergent in u. Hence we
- may pass to the limit termwise, i.e.,

ivn S £62¢ (wx) «urjo 0(;)4,‘!:’#(&)4;(

- g

t g X, l"VVL j,: #ﬁ) cos kucdx # L ""MJ ﬁlx)‘mﬁwﬂ'}}

&—nor e #
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From the Riemann-Lebesgue lemma,

’\"M S"M’J coskwedx = 'tv'v\jf#{)&)szu K v Anto ,

w9y o “w —»

Thus (2.76) reduces to (2.72).
ged.
Bemark:
The functions |cos x| and kin x| used by Fejer
both have absolutely convergent Fourier series. His lemma

’is therefore included in theorem 2.71.
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CHAPTER III
ON THE LEBESGUE CONSTANTS CORRESPONDING TO BOREL SUMMABILITY

" 3.l. Introduction. It is known that there exist continuous

furictions whege Fourier series diverge at a point. DuBois
Reymond constructed such ‘a function as fer back as 1876.
[DuBois Reymond, 3 :] Substantially simpler examples have
been given by Fe;er E’ejer, ’ 5 j.
Another approach to this problem, far more general

in /outlook, is due to Lebesgue [Lebesgue, 3.»0]. What he did
g wﬁavas‘ to consider the partisl sums of the Fourler serles of

thé totality of continuous (in fact merely bounded) func-

tions at a point,

(3.11) 4?’2'51} 4. (/;z)/'—zfﬁ (x)

where E is the class of Lebesgue integrable functions
bounded by 1. Translating (3.11) into other terms he found
‘that @ [x) is independent of x and

N R LI CELO L

Sint
f 10, 9] 42
where Dy‘ (-\') is the 3 M«w kernel,

He then showed tha'b

{1
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(3.18) P my oo a5m —2 oo

Following upon this, he proved a general theorem
on functionals from which it followed that (3.13) implies
the existence of a continuous function having a divergent
Fourier series at a point.

An asymptetic formula for/, was given by Fejé?.
kInuparticular he showed thatfﬂ becomes logarithmically in-
finite.

The broader scope of Lebesgue's method is at once
apparent. Replacinga, (f; x) in (3.11) by its transform by
some summability method, one gets immedliately a practical
approach to the following problem:

Given a swummabllity method. Does there exist a
 ~¢ontinuous funetion whose Fourier serlies is not everywhere
‘sﬁmmable bg this method?

k For the case of Borel summability, this approach
was first taken by C. N. Moore [ﬁoore,Jl/_l He pointed out,
‘among other things, that the constants which correspond to
thé;é; in the case of Borel summability again become loga-
rithmically infinite and thence deduced the existence of a
Y - Continuous function whose Fourlier series is nOt'Borel sum-

masble at O.

It is the objective of the present chapter to

analyze the structure of the constants 1n this case more
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closely than was necessary for Moore's purposes.

2. FPurther remarks. For the constants@ s Fejer

E?ejea,r, 5 ]introduced the term "Lebesgue constants; by which
‘they are now universally known. The importance of these
constants led him to make a precise study of the manner in

which they become infinite. He showed

(3.21) /0_11 = “:n‘/’:: //oj n —-I'C—o—fa//)% N =

where

T .
(5.22) C, = 'ﬂ%jié;”’,% - ’-é‘) dt + 2 5 ,/%/7[1‘) cos T4t
; 0
 and conjectured thatf_ is monotonic, n=1, 2,..... This
guess was confirmed by éronwall [éromuall, 9 ]who then
pointed out that the sequence might also be completely
monotonic, a fact later verified by Szegd [Szegé’, o
In keeping with C. N. Moore's notation, I shall
hereafter use the designation L(n) instead of/, <for the

Lebesgue constants.

After finding the integral expression for the
Borel means, I obtain an integral representation for the
Lebesgue constants Ig(y) in this case., This integral is
quite complicated. I therefore give a simpler integral whose
differences from Lg(,) venishes as .. becomes infinite, Then

L(W\ —_ Lé(*)

I estimate
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and, after doing this, refer to Fejer's estimate of L (n) to
give the estimate I seek for Lg (u).
I then close the chapter with several conjectures

relative to the behavior of Lg(u).

3.3+ The Borel means of Fourler serles.,

O
Definition 3.31. Let a series q, be given and let

&£ "z O
/41.. CKZ_O Ak,
Let
) Bl = fo/‘a"fj'.
: P2
If

(3.32) Miom o B()

W—ye0

W
exists and equals 4, then the series ;0 A~ 13 said to be

Borel summable to the valued, or, more exactly, summable to

the value A by Borel's expendéntial method.
| The Borel method is regular - i.e., it sums every
~convergent series and the Borel sum is the value to which

the series converges.

Definition 3,32. e7*B(.) 1s the uth Borel mean of »{o An
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In the case of Fourler series, we have

Z:Zygmund, 33 s Do 20], for a Lebesgue integrable f(t),

: 2 ("*{J(t'x)
(3.38) a,(x) = 7 f 40+) f_{f_ )} At

Let us computee™ B(u) in this case. Here B(u) de-

pends on £ and x; so we write B+(u;x) instead of. simply B(u).

Theorem 3.31. If f(t) is Lebesgue integrable, then

e gl ) = e“z 2sld)

(3.54)

[f) Y (’f‘-,r) T g s ialFog) 4 [t'ﬂ)})
-2 : e
”j f Som % (tx) elt:

Proof: From (3.33), for u » 0, we get

L=l =y
(5,55)2- ﬁn_{_‘ﬁ_l u“:i; O _\g:“rj :#(-f—) Smylh+')p(t‘ﬂ)?d.tl
- O o~ » SRRV}

(t-x)

It would be helpfull to be able to interchange the
order of summation and integration. To show that this is
| possible, we appeal to a standard result (Kesﬁelman, W,
Do 144]:
| "Let )f_,ﬂ((P)] be a sequence of functions meas-

urable in B,* and such that

' ’Here'B denotes a point-set of finite measure.
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o
then?; /,/P is equivalent in B to a summable (i.e., Lebesgue

integrable) function, and

s 5 A PuP=F [ (PR
= / /g

In view of this theorem what we have to show is

('3.‘:58);7‘7 u" /ﬁ;{.,.)/ /.s-mhmvb(ili—;c)/ dt<00 U O

m:.D S“"-L *‘7‘ }

Now, it is known (and may readily be proved by in-

duotion) that
~ [siw (r1) £ | & (a0 ) [ s =

2 f J200)] Isintid 2] g4

/5.,.4&1}

e ]
\ThT 2w u” -
! '-2:}:7,,‘.7)7“*9 < =, us 0.

The lnterchange of sum and 1ntegra1 is thus per-

missible and we get

”W\/ "#ZZ )
(5. 59>@,e(w~z 2l M_L”[T,_//t) VN, e

) 4\4«?_4*. M= 0
P

Now,
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£ sin(eadtled

n=o m !
, o L
(3,‘3“9 P grn o (t-x) ost (E-R) ‘f""M L (€-2) cos s, (¢ %) W
Wz e

I

St i A R t-

To evaluate thig, we use the exponentlal function:

d "
et T 35
= L I

dtr-=x)
Take z2 = we . Then

(. - . (.‘t‘ CP
eu.z"t“)_ f we " 1) f ces n(tn) i St 2Lt "
- 7 = T W+ ) o,

"m0 M, =0 m”m ), ne 7
Moreower,
Q we b(t'x) q[‘_og(‘t’?‘) +& S ten (t‘x)} \ﬂ%C"S (tx) - ,'_.“:“C't"z)
- € = € e
asCt-x) . cosltx
=e*” Las{u_s&\.\(t“f)} + ¢ et J.s.;“ u;;&(t«z)}

Equating real and imaginery parts yields

&P
w cos(E-x) 2 cosyult-x) »
(,QS{(LS‘;«(t"%)}: Yt M! W

(3.311) €

‘and
» (t »
“' .

<7
L3 (t‘l) {u..s..;, ('t"ﬂ)} . Zo S M -
»e= ‘

(3.312) € 5w

fagd
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Hence, from (3.310),

o ’ - . (‘t-—
"m0 M, . W —
w cos (t-x)
+ SM“-_:!.. (""q() e * Coo “Jb;d[t’ﬂl}

o cos[t"x)sl-m Z((A S im (t‘»ﬂ) +—’—L (’t"—n)}

—

Substituting this in (3.39) and multiplying both

sides by‘éZ~ completes the proof.

3.4+ The Lebesgue constants corresponding to Borel's

. method., The objective of this section is to define the
Lebesgue constants corresponding to Borél's method and to
éxpreés them in terms of an integral. The procedure is the
same as in the case of the ordinary Lebesgue constants.

First we define the appropriate class of functions.

Definition 3.41. If /£(t)/ < 1 for all t in (e, b) end

Lébesgue integrable, then f(t) is said to belong to the

class E. (a, D).

The actual definition of the Borel Lebesgue con-

stants can now be given:

Definition 3.42. The &' Lebesgue constant corresponding

o Borel's summebility method is denoted by lg(uyx) and de-
finad to be

1;(3.41) L,@,Cu.) 4):3 j,uélv. /e_*"éﬁ (%')4)/)
‘ € .
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i

where E::E&-ﬂ}ﬂ? and where u and x are képt fixed.
In order to transform (3.41) into a form more
adapted to calculation, the following theorem is established

[Iiote that part of the theorem states that Lo(u, x) is in-

dependent of x}

Theorem 3.,41:

_K(I‘Ca.s‘!') \

r
(3.42) Le(k)z—:-.- Lg(u;fx):f;rf e

-

Sim [ sint + —;t)]
Isun L]

dt

Proof: PFrom (3.34) it follows that

' m 405("'1)"« .
e“Bylun)l< [ ] 48] e Ly s cnltaidrh )} |
| % '4)1 Tf—zru} - lsu;:,(t—«)‘ A

Hence

e et b e Gl sz [ @ T e ) | g
(5.43) B(_\A-‘J/KB?#t‘E' -] e # by Re | LT /ar ISvQ'Lx—(-t‘qu\'

On the other hand, also in E is the function

P wa (- A
(3.44) #X‘-(.é) - S?“ SM{%:M.;(:?:zs(t%ﬁ ‘ ST e t e

where, as usual,
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~ k a-/ a > O
(3.45) S A = 720,, a <
#of a <O
- Hence
| H 1) sonfu sinl §
L (“. f (t) o du sim te) +3 (tjl weos (t.x) —w
olnn) j ek (E7) e T

L (T grenst D s it )] At
=T i . ]SJv\ '.,{ (t-x l

Comparing this with (3.43), we see that
w‘-—o.flt"ﬂ)"q
{SQM {u sé‘au‘—,()rl,,(t-;)} I A+

(3.47) Lglu, <) = s 5_,7
/St;\ J,', (‘t'qr)/

The integrank is periodic of period 27 in the
variable x, the integral 1s therefore independent of x.

kTaking x = O completes the proof of the theorem,

3.5. Asymptotic simplification of the Borel Lebesgue-

~eonstants. The representation thus far obtained for the

Lebesgue constants corresponding to Borel's summability

method is

T “*(I—cost) . ; . )
(3.51) bLglu)=7 f e loinCosce vam | At

sus 4t
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This is a rather complicated integral. Its integrand con$
tains an iterated sine and a trigonometric exponential. In
order to find the "asymptotic value" of L (u) as u becomes
infinite, a somewhat "simpler asymptotic representation' of
Lg(u) is necessary. That is, I shall seek to replace (3.51)
by an asymptotically equal integral which is easier to han-
dle., This is what is meant by "asymptotic simplification”
and this is the object of the present section. Its achleve-

ment requires several stages. The first 1s

Theorem 3.51. Let

z - .\(/&a,a,r t') e
(s L, ()= F ), e oo lerite)
7 4 é

1]

0
S v L

Then

(3.53) L‘B (w\) - L&' (u\) -I'o(,) s W ——s 0

Before proceding to the proof proper, several trig-
onometric inequalities are required., These constitute the

content of the lemmas below.

Lemme 3.51.1. For O < x <L, we have

7’ -
(3.54) /;(—“’37_55w~fﬂ L o=

and
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< 53 ’As
O < Su~rx -~ + = &
(5.55) S » 3, S =7

Proof of lemma 3.51]l. Be it recalled that

. sf
(3:50)  san- a2 R8T,

The series is a convergent serles of alternating signs whose
terms decrease in absolute value in (&,%;). Hence, the re-~
méinder is of the same sign as and less in absolute vaiue
than the first term neglected. Neglecting the first term
gives the right-hand inequality in (3.54); neglecting the
secdnd, the left. Neglecting the third term gives the
right-hand inequality in (3.55). The 1eft-hénd inequality
in (3.55) is simply a rewrite of the left-hand inequality
in (3.54).

Lemma 3.51.2. If |x - y) & T, then

(.57 sia = - siny] ¢ [ 4yl

Proof of lemma 3.51l.2., Be 1t recalled that

. I
(3.58)  Sin N - stmy = 2cos % (xty)son 2la-y).

Using {cos a\ &€ 1 and the right-hand side of (3.54), with

x replaced by-ﬁjx - y), gives (3.57).
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Lemma 3.51.3.

g :
(3.50) 7 £ %5 4l Os<xe Lo

Proof of lemma 3.51.3. Dividing each side of (3.56) by x

yields
&L

(3.510) Swmx Z ()" 2>
* n=0 (7- ».-H) !

To establish (3.59), it is of course sufficient to show that
the function in (3.510) decreases as x increases from O to
And to show this, it is sufficient to prove that the deriva-
‘tive with respect to x of that series is negative in (0,%).
If termwise differentiation is permissible, this will not be
difficult. The following standard theorem will be used

CHobson,\7Iv.II, Do 354]: -

"If the seriesg-’ u,(x) converges everywhere in

thg finite interval (a, b), and the terms of the series

2: w! (2’) be all continuous in (a, b), and this latter se-

ries is uniformly convergent in (a, b), then < (x) exists,

and is the sum of the series Z u L)y at ell points of (a,b).

Here g (x) = f u"/,;)‘

Y |
In our case, we have

el 500 4 T U, () AT () gy, €07

"z,»ﬂ)‘
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According to the Welerstrass M-test, the serles

P &9
)™
(sos11) & waly)= 2 o o

will be uniformly convergent in (0,L) if

MM\ ~1)™
Dé,‘ér" (’ ’L\—) fxzh~l é M,"
Q, V)+D !
and
s

.y M., converges.,
‘But

N ax (=1)"2m -/ 2w May ,4( (_,/ 1n-~J

D&d%z’; (7/‘1"")’ ‘(l“‘H! 0__(;;511; -'(1_,14_)/ )

And, from the test-ratio test,
( T\ ~)
Lbh+0’ converges.

Hence (3.511) is uniformly convergent in (0,2}.

Thus, all the conditions of the theorem quoted are

satisfied. Therefore

* I —Z - ) ,
« »n=l tln'H)

where the series is uniformly convergent in (0;{).
In that interval, the series in (3.512) is a con-
vergent series of alternating signs the absolute values of

whoée terms forms a decreasing sequence, Hence 1t has the
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seme sign as its first term.. But this term 1s -4x and is

negative throughout the entire open inverval. Hence

(3.513) 4 s x = -
| < 0 < A
Ax X . 04xm L
| 5‘:"‘%" is thus a decreasing function of x as x increases
j' e Jum  Sen sua L
from 0 to~ , Since '~ 2xx_7and since=£= . =, this

—

24

completes the proof of the lemma,

Lemma 3.51.4. If a%l, 0<x <Z, O<ax <Z, then

.51, ¢ SanaX
(3.51.4) o =% La

Proof of lemma 3.,51.4:

Since 0 < ax é{%nd ay1l, we have

Oé ro ax % Cos X

inasmuch as cos y decreases in (0,Z). Hence

T ir
‘fa‘ ¢co0s5 at d+ % f ca}rd"f‘.
o

But this inequality is simply

a rewriting 68 (3.51.4),
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Proof of theorem 3.,51:

We have

i _“(,4051) , . - »
(3-515) LB | [‘,\)‘ Lﬁl"‘) z“ﬁl: _fa e:m_i?— j/suk(kfﬁ_ Jﬁ,«/.?m(ufs%t-ﬁ};ts )}{t

Using the fact that

’}/al—JE)} ¢ |a-b)

v for any numbersa and b, we have
-u.{l C°S'f)

lL/; (W) - LB(K)) n_f”e Jsonlutt) b -)sonlu s tt _;;)l/ah

u.( cus*) '
< ‘;;: (T 3 — /.su{k(v-f%/)t-s&.‘, (hi-;«'t"“-:,'i')ld'f.
[/

S ua .,t

 From (3.58) and lcos )a}é 1,
T _.L(I-casf'
L PATINI L S

P

[ cos 4 (ut + s #E) 2im L Lt D Jat

* j *(‘ cor® ' S p(.t‘Sw\t) ) At
Sw

Ia

= (¥ IN
‘-—"-%S +%F ). = T +IL-

KT e

o
! v

Consider II. From [sin a‘é 1 and 2sin™ t=l-cost, we

have
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ll" —wt([ ~Co :-t")
=4

~u (1- ccu"t)
2. 2z “
= e oo e s alat < f A7
! SM"’ SM'J“ t
W U\
i - 2
s e——‘l—M.S ot d—(— - (77_ _L_) MM e.n_qsw‘ L&
= Z// —_— - — e
[1 . Su~vtt _/- ¢t e st
= =

N SR

4 St
[ t L Lt{,ﬂ—
/"au « T w2 e
Vi

Noting that =

X decreases as x increases, and
recalling (3.54), we have

: ‘ . (g té)
_MSML"& Z.‘-
Mo e T &M exp §-2lt J{
Loy - Lot <7 -2
%(./(;C"*/' S«Mt 0 = < 5 + .
- ) L ! B B
- 2w ¥ W T ., 2 L—(—V/.s/‘z," 36 u™
— eﬁ(? 2 2Y
/

—Together with (3.517) this states

| _.(4_( os t‘) ]
(5 518) L = “"’f v /s&.\“‘g(’tumt)%,dt ()

t,
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The other integral, I, requires a bit more manl-
pulation. First, I shall show that it differs by an addi-

tive o (1) as u—~c from

)
;5 —u(l~cost') t3
(3.519) }(%)5%5 ___e—'—-———m———f s«;mJ{,,“s'Tw)Ol-t.

We have

_\4(' ~cos 1‘)

= w|Re T ﬂswl(c-sm | et bt ]

) _o G “Cos. )
s%ﬁ-—“———ef l\smb(t sl lsi 4 %'//O{t

S van

(\ e_ost) '
2 %,// -
= < e . . 3
& TT'jD st ;sw_%’(t-s"'“t)"\*s"‘"*’l: S' /Jt

M
From (3.57) we get that this last integral is

w1 —cos®)

3 | .
LLSV’"_;::::C— -2"} 3/ H-L-f-sdu'tlcﬂt‘

Now, (3.55), with x replaced by t, states that

3 3 '
Ost\’t*t+—t-37_gE-~ Ost‘g—]}s |

Hence

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

¥



YL

~wlt=cos t)

/I,ﬁ’s g"i'rn—;f € tdt

e —
> svatt

hin

: (3'5 2,0>

t?dt.

)
i 2Ny = - (l-cc;t) 3
.5.'_..} O W Lt
.

sl Lt

From (3,59), with x replaced byit, we get

(3,521) lg;JE_'_t____s—I O ¢+t
SCatT -, s - .,

Together with (3.520), this gives

[}
(5.522) l_L "‘_,Q) é.su_".&.,... J% e-—-u_(l'-cost)_t’_ dt'

-t (|--cos C)

>

Since /oos r/sj_ e Z , and we have

— / /

Now, in the interval (0,7c), ul®¢% _ 1,
. t} .
Hence, in that intervalsest 57 w is non~negative. The

integralf , (3.519), may therefore be written

KN

A £+ f-cost)
(3.524) () = —’:f"’“ e S
. : Svn Tt '
| We now can handle /(u) convenlently by considering
~ the values of t for which “%-5 7 , separately from those
velues for which ‘Q‘C‘ <1 .+ That is, consider t > V-5

separately fromt< Y . In order that t » 7'1;(74—_ shall
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fall within the interval of integration, u must be sueh that

oy T

This inequality is valid for u #6™= 216 . So, henceforth

consider only values of u 7 216. We can now write (3.524)

as

yE +
(3.525) P(.)= ’?’ff = Wy 26,
; VE

Now, consider

-cos € T
I G T TS
m ° 2 x,,t

Tty
Since 0<t ¢ V& s We have Mt* < l. The sine

is an increasing function in the first quadrant. Conse-

quently
Wit & utt
0 422" ¢ .1, for 04t <VE&E
va\"it
Hence
q(l——cost) .
7 et ¢
goat

Mld——%xs’,

T
¢ #_J e~u(l~¢osﬂdt<ﬂ_r—__ o(l)

Now consider
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¢s

h - w(l- wt) ~
2 e e 1t
A £ M %
- Here ‘%" 7z Ll. We use lemma 3.51.} with
w2 K=
a=1 and 0 < ax =4 5’2—'&- 5—'—';4?: Hence, from (3.514)
M'i'bw/st < _‘f/,‘;‘
a-5F 6
Therefore \
(3.521) X ¥ pll-at) twf * r -w(i-emt)
=) e S gpe e At
VE A 5t Ve
Since 4- wet =Y mTLE, the last integral may be
written

S £re

From (3.59), with x = 4%
it
] il
;’t
Hence
+

.and
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Therefore s

oo e
) s j% tle~w(|~cos"¢)dta;%g/£5 “t:,e 2 S p[é
U\ 37T "

(3¢

&
= w

o
=T s “—"-'H t > e —7}};‘ ‘u't Ldt,

é\« T .“}1_ bttl
317 A BT e
“

A

Now, formule 494 in Pierce's Short Table of

Integrals, (p. 63), states

0
oA l.3.5 . (aanoi)
J e ™" jﬁ: [—fﬁ
o] .

L“"”’a\q

Taking = 1, x=1%t, a=7.u, this becomes

i gt = s Jr
(3.529) jat"e-" e = o L

/ Substituting in (3.5608) yhelds

]
ﬁ —b(,(l“co&t) J
(3.530) égfj tre At < Q’; T>Yer Jo
L&
w

.—_O(')a—ou\—-sco-

This, together with (3.527), gives

¥ (1-cou®
(5-531) %,;‘-,;-j e-u‘ S«;A%-t'&l} dt= o(’)a,ou. — o0

And this together with (3.526) establishes
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(3.532) j[««) 'F-o(l) 2 U —S <o,

Hence, combining this with (3.523), we have

(3.533) Tl =ol)) a0 w —s oo

This and (3.518) establishes
(34534) -I'f_'ﬂ::,(')) a9 N —> 0.

The conclusion of theorem 3,51 then follows from
(3.516).

ged.

The next simplification is given by

Theorenm 3.52. Let

‘ : T
(3.585) L, ()= FJ, €5 Lbalut)t] o

sewit

Then
(3.536) La(t«) = Lﬁ)?_ (L) + o (1) ao w s o

Before proceding to the proof of theorem 3.52,

another elementary inequality is needed;

3,537 L e T e ¥y - o
(5755) 0 e <5( 7()720, 54(g&,
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Proof of lemma 3,52.1:

~7{.

flared 1<
For x7 0, therefore,

é%f/%vfeﬁf>tlo '

-*
Hence x +€ ° increases as x increases from O on, and we may

wrlte - '
/)("‘Q"xé?_}_e g’#&f0$,ﬂéy"

But this is just a rewriting of (3.537).

ged.

Proof of theorem 3.52:

Having already shown (theorem 3.51) that
(3.55) Lol =Le, (O+el) o w0,
to prove (3.536) it will be sufficient to establish
(38.538)  he (W) =bpalu) +6 (D) an oo,

To do this consider

: | L (T g st ore § ) s G 0]
(3.539) O élﬁ,@"(u) - L,s,),[u)?- TL (e = L >—SZI§?""L At

’Here again it helps to separate the integral into

“two parts:
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T opwsnit e G Lsn bl - r -
(3. 540)#’5 e < %) ot AT [ 7 == 7L (1l ().
o

Consider first I,(u). From (3.537) we get

e o Tt - Lsin (utd)t)
(u)f (e | %> Teair At

* /> . Jm(\d' )t,
NS ) baare Rl g

Z J [~+5M~Lt'5 (‘ ‘5‘;\,\4-—(:3 (SM(M‘\"{)tJ ol't

s catt

Since s\vx ¢ 5, this last integral 1is

L.
= €
é")_.mj + (% “SM\_t')-‘—‘;—ﬁ;——\ﬁ%‘Jr

]

Hence

, !
(3.561) DeT (9 ¢ 2uf eCE-snne) el gy
| , |

o 5\~\>;t

But from (3.54), with x = 1 t, it follows that

(3.542) O & ht-satt ¢ _(0)> _ tJ
— EY 48 .
.\\\

Applying this inequality to (3.541) gives
]
‘?‘:—" . ;
0 &,(u) e,.a':‘af © ot "‘:f:ﬁt dt
w [+ o3 laca Cariyt)

= ﬁ/ SM;_'t' Atl
o .
,,T,'
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From (3.59) with x = 4 t, we get

st 2 Oc¢dr<dnm

>
o 7T

Hence
;;
“ atri)t)
J +3 Ism:( «: ) dt o T ] )] 4t
o )/'t

< E[Fon-T Ln

Substituting in (3.543) yields

(5.544) 0 < I,(V\) é‘-qiz"’ QE— ~ D (l) oc.ovb\_ — e,

v’ Next II,(u) 1is considered

0 <1 ()= fT (& ﬁ) L2

’ S "—l,,t‘

Y

f e T iy

- C,-vt

N Fom © 0 At
Y

M“‘L

- From (3,59) with x ~4 t, it follows that

gA.A;\ LABJ‘)"‘——CL

Hence

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B E s (0t

/j -—
O ¢ T, ef_?_ S gt
[T \san (DY)
e’ /J_ ot At
L0}
z <

— T
ce’ f fsow (uri)t)
3ot BT
o S 4t

4(1M+61'é*‘ﬂr = o (1) fo w oo

| This, together with (3.544) and (3.540), when ap-
plied to (3.539) establishes (3.538), And (3.538) in con-
Junction with (3.53) gives (3.536). This proves theorem
3.52, |
| ged,

For future convenience let us make a simple’transf

formation of the variable of integration in

i

o . .
(3.535) Lg.,:. (W= 7 e utT i luri)t)

4

s Lt
by replacing t by 2t. Then
‘ 2 ﬂ:: 2wt .
(3.548) L, L(W)-:_.ff e e ut D ¢ It
' 0 st ;

Now ¥e simplify (3.546) asymptotically.
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.Théorem 3.,53: Let

. : 2. W ._Lwtl ) '
‘ (3.547) LB) b(w) = T ); e i‘."'\{;"d")t) T

Then

(5.548) Lolw) =Les (WD + o)) ae w—s ~.

Proof: By virtue of (3.536) it will be sufficient to demon-

Strate

3(\4)+o(‘> ao U T o0 -

(3.549) Le,v/(“) = L,

» (E T s Guidt)
L(b ,,(w) 'Z‘T?f e o At

2 1:—: —'L“'T’T_S;,v\ (Lm,T’)t' L/ N aunt®
= 7‘} e — d**z‘i/"(;ﬁ?’t)e [sin s 1)EN T
(]

o]

Hence

' - Z; ) ~2u U* . . \
(3.550) by o («)= Lo )+ "*[,, (e [ #1)t ] dt

Consider

.ﬂ: i / ~L\~TL
T 2 L
Ty =% j\ (;:?"t‘ =
o

/&Am(waq)t|Ajr>

First we obtain an estimate for

o t ~soat
ot TE = B ot T
tMt)
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From (3.54) with x =t it follows that

. 3 _
OL t-sunt ¢ o< t2 I

, € .
(8.851) 9¢ 25 £ U =0t oy

From (3.59) it follows that

—~——

\ ct ¢ T
S,‘M't y) O L3 »

vl

Substituting this in (3.55) gives

) ot T
(5.552) Ot —2= S22 ¢t 0¢teZ

\
r

Hence, from (3.552) and ,&@‘(L“”)fliﬂ,
o i _p wt>
J"(u\'—‘s—“—,lf-f "(Qt ’-{’:)e * /S;M(z,ufl)t‘/a“'

, LS o T —aul*
(“7/ t'e*b&t ’W(Luf'/)t/a(’f é‘é‘f‘te’ 4t

Now,
L. 2 YA
N = -zt [ = ™ ‘ O 2
. (@] e 4 Sl -2 T
,(5,,554) = 6 A (5 At sy e g/fé/_’z;_/ e v AT

L]
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» Referring again to Pierce's Short Table of
Integrals, we find formula 492 (p. 63):

<7 z_, 2 }
B YA
Here Q:m) /?(T/_C Tf‘“

2

~ 5.t
(5.555) ;Zj e z 0{—(7 = l‘__ﬁ-—q—,,_/,,—-—co (I) Ag U — =
) e 4 Yra

Consequently, from (3.554)

: n-
] =z ~2ut™ ' '
/b\fo te * D(t':o(’)abo U—Dp

and, together with (3.553),

—_— Z_]- - Tw * :
(3.556) J(\«)? %fyﬁm‘_t"é>€ f /%(M*’)t/”‘¢=°(/) o w—> o0

2

Together with (3.550) this establishes (3.549)
‘and, consequently, with (3.536), theorem 3.53.
qed.

3¢6. On a function considered by F,_éjef*. In the course of

calculating the ordinary Lebesgue constants, Feje/r

-

: ):Fejca/_r’, 5, p. 29, formula (10)1 introduced

S , ° t

and wrote

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

55



. . ,ZE_——("‘""") . . ) ~h .. .
2= ) ’SM fmwrr}/),'t,\ e [ e Y

]
<
)

+ €.,

In order to prepare for the computation of the
Lebesgue constants corresponding to Borel summability, knowl-
edge of A, , V. , e¢_ 1is needed for continuous and not just

integral values of n. We define

v (3.63) L, (W= '7',—"’); lSu«(z;:‘)t Jt

and write

(w"")ilg_’ M.“")—'):r—'
X lsom (2 us) t) ¥ S
- +r - 'L‘L'\')\)t,
L‘(q\—frj N d éﬂ:’/ !f,"”‘_i_:[—-—-—-d['t
= D () ' + € (W)

Adapting the device used by Fejer in his study of

[ \3M as well as his result (infra), we prove

Theorem 3.61

| (&}5-»55) L.(‘«\”-%Jogw-t—ry/?og P (1) ceomtd t + 0 () oo i — oo,

. Proof: Recall (3.64)
| L ()= vl rele).
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 We have

) (a-n)r
é(u\ ’ J: 2“ 15\/\/\(:—»\‘”)1‘) ‘L%—j ! alt
- l’. u+|
- O a0

Hence

(3.66) € (u)=0() =~

v ..and

(5.67) L\( \a\'—u(“’\) +“°(\) Qo U, B A0,

Now,

w+/) *E‘j,_, . . | It H)
2 o ('Z.M f/)t'} 2. u .
(3L§ ) 7’"_}0 " 7/’]; — o{t
(63 +) 7T )

:FJ L /
K4 I +) T

where, as usual, fu) denotes the largest integer in u.

Note that
O Z 2’:] (‘4+D b W—C/cpt , j-{w—H)” _!_d_t V?{“’?(u*l) iT—jv ([’1] 207 7'}_
- teg w)y7w € L/

w)

B2 0T0 walunt oV YRRy
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Hence, from (3.68)

(29 +DTT

(5.610) ))(U\) = 'n-j Mt)ol“t+o(})wou. ~—> 0

e o Fejé? showed ZFejéb, 5 ],formula(lS), Do SOiIthat
(3.611) Vo = 75 Loy g | I
‘where €é~— © as ~ — e
Now,

b—\i—l) A

l M',,,_(enzlllp( /T]w') )s%t) .

1/%3

Jr

Hence -

(3.612) V(W) =3y 7°

From (3.611) it then follows that

wlgf’; “w 4 —‘ ' ,()“u—-—;(&_
Ylu)= g ”’3[] j *'(,f) s td b F ol

But . W)_
éjo}u—ﬂe—%["\]”-ﬂ"'} ):u-j:‘po(i ©J

—"Qog,(’ —&Jh«> /po;('+£“j>~‘? Omu%f"

Therefore we may write
‘ Ti@_ » tclt"r‘o(/)uu.———'/@.

(5.618) Y0 g = | P E)
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and, from (3.67),

. 7 (7) ) e
(5614)\“(%),,..» “ 7\_//_,(” edt b o (1) s —pm

Now with Fejé} we find another representation for

7

D "
o [ (%) sotdt , namely: -7 ju’p”jﬂ{t) cos ML

To do so, refer again to the general formula for in-

tegration by parts (2.54). There put

(e :
X = t, g(X)’//—;( 3‘) ; F(X) = SA.MtQ

et

This gives

| T A ™ .
j) F; mttcprj Mﬁ[%)mtd,tf_o

nG)

or, writing t -+ ,

{
D - _TTY ()Cosﬁ‘fcl‘t* ~
(3.615)}0 gc{“ﬁ suatd s f,,//?F ©

Substituting this in (3.614) completes the proof of

the formula stated above, and thus theorem 3.61.

Bs7. An asymptotic value of Ls(u). In order to estimate

Ls(u) we consider now

T2 DI N O B

and estimate this. Since IL,, (u) = Lg (u) + o(1) as u be-
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- comes infinite, we may consider instead

~anty

(3.72) A= L (W - b, s (W) ;%—_[E_L_;__ e Conr DE lobd

To simplify this, we prove

Theorem 3.71. Let

ﬂ;_w); Lt )51;“(1.‘,4-:)%)41:‘

Hiyt™

(3.73) A= % J,

Then

(578 AW =, () 4 O0) e e e

Proof:
S _ i}

nT ‘( _:fi'_/" ~Ent t* ~rw B> .
(’5"}5) AL AN (/ ,4:“& —€ ),M(Lw-rl)tlc/t

= ;:fiz"“(h:%tl ’“Q’L@? /5,;«(1,»\-;/)1*/0[17
S
Now, ' |
et . lrA+ T L% /44, <7 O

whence

The integrand in (3.75) is therefore positive (taking x-2uTh,

 Sincels (rwantl < 2 s we then have
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' A J =
(5 ,76) 0(__ C\/(V\.X "A‘)(U\) < %jo\b “‘bL’ 1ty t™ < Olt

Meking the transformation

X < Lat™

we get

T u
T ) -~Lf»i — =)ol
’1—-1[:';"“_;"(”,1”,,_ - >A‘t“ o A (/44‘

VA %ol ferii
- bS
Tl‘f j(e"(\%-v() .

o

or

hln
=
.N-%
g
T

’ T zwt T
(s7m) N 5[, e e )de-

if the right-hand integral exists.

To prove that it does exist, write
oo @
_\.j/(_i,,ﬂ%) ..._—L/_e,_:/.‘f_
), wle F drn =7 o % {hr) dr
(%‘73) L <
-1, *nJ,

Now

_J—- -l a pr—l (ex_.’—/)( /
(3.70) = ], S 47 f S i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

@/



‘Note now that for 0 €x <1

<X —Lwéz)

whence
Q_.ﬂ -\ -~ &
v
or

er-l-n
<1

N

And, since€™ (1 x)” is integrable in (0, 1),
this shows that (3.79) exists.

On the other hand,

(3.710) L[ eMix <_Lf"° | dszt [T dy
7, LT N M-rores VA

bdw 2
=

- J—f’“;

Combining this with the fact that (3.79) exists,
we see that the right-hand integral in (3.77), and hence the
limit on the left, exists.

Together with (3.76) this completes the proof.

qed.

Further to expedite the study of d(u), we prove
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Theorem 3.72. Let

— 4 (& 1
(5.711) AW = fv“ t Tratv

dT .

o

Then

'(5.712) 2.0 =8 LD v o) as i —> a0

Proof: Write

A, )-da (e J s {v‘? /s lardel } e

I+L t™

Now we seek to apply corollary 2.51.1 to
d.(u) - d,(u). The £, (x) of the corollary is

Y 2w
SR B RV

We have, a=0, b - and

-

(3.728) L) =4 (%)~ §

-Z-:LLWTI:- O(/)—- o(\&)ﬂ-—ow«—-—#@

Also
/ {)__i 2wt ?.“‘thfz ‘—tj)'-._ e ‘100(“ > 2.
Ll = F¢ 5 (iy2wc 7.

Thus for u 7> 1,
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e

Jj ACIEE: :y’#j&(ﬁ)af = 0 -l

| (314
, — ,gw(L):O(\Szo(w) o W —F a0

From (3.713) and (3.714) it follows that the hypo-
theses of corollary 2.51.]1 are sabisfied. Hence the con-
clusion follows. But the conclusion of that corollary in

this case simply states that

697/(“) —vQ, (w)‘: o“) o U —F 0

/

and the theorem follows.

ged.

Now combining theorem 3.72 with theorem 3,71

yields without further ado

Theorem 3.73.

(3.715) A = (W O0) o o

The next step is the approximate calculation of

(3.710) o () = 3h [+ L e
o TR A

This integral is
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'1%«'/()0%/ ("t’%t&) zlﬁ?.,gc%%l—w-yo (l)

Hence

(50716) AL(V\' - //Dg K_+ 02, .::L_,Lo(/) ao s —P 0 |

From (3.712) it then follows that

(5 717) d (k,) ,—ﬁ,}v} 22 -f-r.,,_joz’_z’ +O(l) Ao A ,eo,

and from (3.74) we get

(3.718) o ()

Sl

Together with (3.72) this states
(3.719) kg () =L, (W —#/p,}w +0(1) ao w5 ,
Since L, ,(u) = Lg(u) + o(1) as u —<
we have
- ;
(5.720) L o) = b (W)= Fdog ar 0 (1) o s s

And, finally, from theorem 3.65 and (3.720) we

get the principal result of this chapter:
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" Theorem 3.74:

) (3.721) L@(k) :”'3‘:,//”}/“_ +0//) Gy WD O

3.8, Existence of a continuous function whose Fourier se-

ries is not Borel summable everywhere., From theorem 3.74

¥ we cen again deduce what C. N. Moore EMoore,QJ] simi-
L~larly remarked, namely, that thefe exists a continuous

function whose Fourier serles is not everywhere Borel

. summable,
The theorem on which-this deduction rests is
"If the sequence
, , L
(3.81) U (0= (" 4By (t)dt

in bounded® for every bounded, or even only continuous,
function x, then Mly,,«4]=0(1)." Lygmma, 33, p. 99.J,

Here, as usual

| A |
(3.82) MZQMJ%L)A’L /Z,i,(t-)/prt.

We recall now (3.34):

W cos (f-/x>- )

; ~(3’54) eﬂﬁﬁﬂ(w}7{)-‘:.i’vfi72(t) € M{%%(tfg*{(t'x)dt

S (-0

For x -0 and integral values of u, this is of

® i.e., with respect ton for‘any given (x(t).
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the form (3.81l). Let now f(t) run through the set of con-

tinuous functions. If
€ 6¢ (W)O)

is bounded for f(t) in the set of continuous functions,

1t would then follow that

Z — 2 T —-u('-r_ost)
M g™ "’,ﬁJ ';77"5/ e [soalu “**H—’C)/ﬁ{t
" st t)

is likewise bounded. But the integral on the right is
Es(r), which, from theorem 3.74, is not bounded, but be-
bomes infinite.

Hence there is a continuous function f£(t) for
which e’“éﬁﬁg0>is not bounded; that is, there is a con-

tinuous function whose Fourier series 1s not Borel sum-

mable at O,

3.9, Remarks and conjectures. Let us recall

(5.721) Lb(u\)?v_;:—,_ //0} w -+ O(l)ao w —3a0 .

The additive factor 0(1l) could stand simply for
‘é constant plus o(l) or it could cover some such»oscillat-
~ ing function as sin u plus o(l).
“_ v If we look back upon the entire asymptotic de-
“rivation of I (u) we see that it is in only one place

_that we have had to introduce a factor ( 0(1), in theorem
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3.71l. Everywhere else where an estimate was given the es-
timate took the form of a constant plus o(l).

A,What is the estimate which thus weskened the

vfinal result? It 1is

= (T S ke ~ dt,
(3.91) () =4, () :ffo».é (- &™) [ s Gt D]

All we were able to show in theorem 3.71 was
(3.92)  Alw) -2 (WD) = O oo o
A more precise result would sharpen our final

‘conclusion. GCould,.e.g., O(1l) be replaced by o(1l) in
(3.92)%? This is hardly likely in view of

(5‘77) /D\/\/V\. 2 %— _L J - _zwt ® 1 =
W= 7 t (e T € )d & 7'77']_1[
. 2 s

) /7"/’)( ——“e_/x> D[X“'

Looking back to theorem 2.51 and, more particu-

larly to corollary 2.51.1, a more likely guess would ap-

‘pear to be

‘ ) z v
(3.95)wl\:;« = L,'(’ e““*‘)(ﬁ_/&;éw)t/)&; 6.

t \ 42 7

If this were true, we could improve theorem 3.74

as follows:
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Gonjecture B3e91:

(3.94) Le(w) -:7;:71/0,,3 = fd “—" “”(>0/7f

+1vfol//03//—'(t> cosﬂ'tdt“*;-:njb;;‘z}}‘o(w

N

88 U wor <P o
Another possibility is of course that (3.93)
does not hold but that we nevertheless have the exlstence

of

| ' + (L / ._z L2
(5 95)-‘«:»\: i o :EL(I"'L\»\.'P' - i )/-“M("“”"")t) <.

In this case (which obviously includes the

previous) we would have

Conjecture 3,92:

B(W)zgajvu_c.ygii/%/”(t)u;vfgt

(3.96)
B ST e0) ean
Thus, it is only the behavior of =7y
‘ T ] / -LV\,TI .
(5 97) v 7r v—'”;}.. - )/50.\4_/7—'!«"_’)tldt‘
U~ oo .

‘which 1is the doubtful part in this situation. If (3.97)
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should oscillate, then 0(1) would oscillate too.
Another type of conjecture deals with the behav-

lor of

(3.98) Ls(wr§)-L,(w)

For what® and what range of u would (3.98) be positive?

A related question is connected with
(3.99) L (O

For what range of u is (3.99) positive?

In view of the structure of Lz (u) and in view of
the fact that L(n) is monotonic (in fact completely mono-
tonic, as BSzegd Eﬁegé,ﬂr7] showed} it would‘appear like=
1y that the following guess is fairly safe:

Conjecture 3.93.

(3.010)  LL(D70, w37

If this is true, it would of course imply that
(3.98) 1is positive for any § , in the range u » 1. 1If not,
the question surrounding (3.98) would still be open. And
'0pen too, would be the question: 1Is (3.910) vdlid if u is

more restricted?
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CHAPTER IV

AN EXAMPLE OF A CONTINUOUS FUNCTION WHOSE
FOURIER SERTES IS NOT BOREL SUMMABLE AT O.

,'4;1., Introduction. In his analysis of the (prdinary)
Bebesgue constants, Feje? @ejer, 5 jconsidered the func-

"tions
. 1)+
(4.11) @ﬁ[‘{)’:.gjn -&’iﬂi;)*:i }Oéxs 1?,)4:0,/).,. )

all of which are in E and proved that the nth Fourier(cosine)'
‘partial sum of @, (x) has for x =0, a value which becomes
infinite with n (the nth Lebesgue constant).

He then remarked that

(4.12) Pola ) sgrsinlintin, O x<or, =<0 / ...

and pointed out that eaclﬂ,,(x), save®,(x), is discontinuous,

the 'number of diséontinui’sies becoming infinite with n.
Pointing to the desirability of having a specifiec

set of continuous funqtions}‘*,, (x) of E having the same proper

ty that the nth Fourier partial sum of§4 (x) becomes infinite
- wlth n at x=0, he defined

(4.13) W,,[v():su‘m/»nrlﬁj;,xj()g;gé]?
Ll/w/x)f(/}h[‘f\)) ~TT g go &0

¥=0,/ ... .

For{ (x) he had
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T ..
(4.14) 2 (0)- _%.__f» s 802 4Dy o

o See &
and proved (Fejer, 5, o 6]

‘ (4015) o—h ';‘;L;-‘/loa,—nf’yp-fa(’) wo W —F P,

“where

(4.18) Yo '“,é'f ,,,,c t)AH:+ 7—} JA 7)) sun 2T LT,

He showed that the functions (4.13) have the fol=-g
- lowing properties:
l, All are in E.

2. Each Fourier partisl sums of any of
these functions are positive for x= 0,

/ﬂ 3. The nth partial sum of% (x) at x=0
has a value larger than ;% ¢, Comtt)
which, consequently, becomes infinite
with n.

On the basis of this work, he proved
&"eje'r, 5 , p. 44]
"The infinite series

e - (?.K3 7'2)';‘;1
A~x) =~ S
(4.17) £:00 = 2, pye

;wrepresent an everywhere continuous function in 0<x< 2/,
;‘,such that its Fourler (coaine) series diverges et x=0."

Here we are faced with a vsimilar situation. In
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chapter III, in studying the Borel Lebesgue constants, the

family of functions corresponding to (4.11) was

in (W b4 s
(4.18) gw(“):swg (v tit) , 04 €<, uzO

Swa Lt
@“(1715“16) - et 40
Obviously,

(4.219) g, (6) = sgn sinl(wsint+it) Ot «a/7 w»o

again with all g (t) save g.(t) discontinuous.
In place of g, (t) we should like to consider a

specific set of continuous functions of E, h,.(t) having the

property that the ubh Borel mean of the Fourier (cosine)
serles of h .(x) becomes infinite with u at x = 0.

In the next section we show thaty¥. (x), con-
~sidered for u7 0, satisfies this requirement and devote this
chapter to discussing the behavior of the constants which
for Borel summability correspond to Fejér's ., An asymp-
totic lower bound is given, derlived along the lines of the
work of chapter III. Also it is shown, as C. N. Moore has
pointed out [Moore, 2! lthat f,(x) 1s not Borel summable at

- x =o.

4.2, The analogues of thel,. To provide the set of con-
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. tinuous functions in E h_(t), u»0, having the property

that the uth Borel mean of the Fourler (cosine) series of

the ubh function becomes infinite with u at t =0, we define

(4.21) Pl =sonluer)t, 0 ct e
\‘-}“(t): \Uw(Jt) — H‘IT.StQ_OJL&WO
Each 1s obviously continuous; each is obviously

in E.
From (3.34) we get that the uth Borel mean of

h . (t) at 0 1is

' a .
(4.22) 7:,3(!«,) = Q—Kﬁwt’_(wj o) =t j ev"&'cos‘:)sg(qf{,jts;«(us.._;ﬂt *+4)¢
| o sendot N

dt.

4.3, A simpler integral whose difference from F; (u) is o(l).

As'in the discussion of L,(u), it is convenient to replace
Fa(u) by an integral simpler in character and yet whose dif-
ference from F,(u) is o(1) as u becomes infinite. This
will make 1t easier to calculate the asymptotic value of
Fg(u).

| The method is exactly the same as for Ie (u). In-
d@ed, many of the specific steps are here taken over.

First we have

xfhéorem 4,31, Let

3 . V ” - ( “(—oﬁt) ) » ;
g — 4. w i ( Vvt
':(4551) 1 5'1(»4,\ =T j e v Son” uf.fh-‘)
T 85 ) < Q't

St

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-~

75

Then

(4.32) 9:‘3(%)‘:/ ”Fe,z(w)Jro(') a0 w —> 0.

Proof: Write ) j " ~K(‘ co;i?) ;‘g;’\z[“ +<L‘_’>-b_5(;v\‘—[usdd:+it)}df
?ei(w) -Felw) =i send b

(l—poiﬂ

- +j ilar ) f ol OE il st i) AL
0o sit

But /SM'M) <] . Hence

u(l cost) .4 e s (w e, _[_
(- Fola)| = 4L E nler s o ri 4

PR W

(4.55)/?3

From (3.58) and [wsx) ¢ 1, it follows that
—_ \ —_ ~u (L ~eost)
\’rB, ! (M.) ~’r5(.q) l nrj . ’ ) Cosd (u*+'“5bht+‘t)%i(+"u.v\t_)“./4f
[s]

S«M’Lt

“J-("t' smt)m.'c{-t

\L"—L 3"’\) . 2 e ethVc cs'f') )

> 17 ______/_/ S b
° s Lt
- ) ——EI +J_L
.‘r -
u

where I and II are the same as in (3.516).
But (3.534) states
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(5.534) I )\—E -:_o(l\ 20w TP o0

Conbining this with (4.34) completes the proof of the
theorem. |
ged.
The next simplification is found in

Theorem 4.32. Let

V /I T v A )17
4.55) ) = = (=4 S Cu.'f“ [
( ?:6,7— (w rr\jo o C{T

Then

' (4’56) ?6(\4,): "Fp,,b(_\d.) 4’*0(\\ a0 W TP o0

Proof: In view of (4.32), it is sufficient to prove

(4:.6‘7) ?6,’(“) ':-,-—'F@)L((A) ¥ o (\) aUo . —> o0

Now, from

(4.38) 1. coet =21t

we may write

ooy
iy B Lt_\,t;w-z-(\{“'{,)t
S, Lt

(4.59) % () == J'e at

Now we consider
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L (T ca s E a_u\_tq;) ;\:—( + )&
(40510)0(»1’:61!(\&)“’?:@,"{“) :'ITS (8 —e E S ':‘_L_g Jt

But

(4.311) s%"(Mf{)t— < e Gttt Y &

since /ﬁcm(udriv/)t’ <1,

Hence
| (.= LT/ e st aef) b lardk] g
(4.312) 0+ Fg, (W)-Fa, (W) &5 e sodt

From (3.539) this statés

(4-515) O é—F@,((“) - FBJ 2.4("\.> -é Lt‘b)l {k\~ L /3; L(b‘\

; But, as theorem 3.52 established, L, (u) = L, (u)
is o(1l) as u becomes infinite. This, applied to (4.313),
proves theorem 4.32.
ged.
In F, ,(u), replace‘t by 2t; then (4.35) becomes

Soat

We prove now
Theorem 4.33. Let

—— ,‘I— ——Lu,tL N g \
(4.315) Fpola)= - @ _=mtlunle
° &
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 Then
(4.316) ?@(v\) = Fe,s(m) + G(Zl) e e
Proof: In view of ‘theoremé.SI and 4.32, it is sufficlent to
,Shbw

(4'517) ’:F@(L(w) = ’—Fé 5 [\1) + o(l) eo w —) 0,

2

Now,
i —a tE .
2 ~ sen (o {,)t
ﬁ,‘(/(\«,)ﬁ;ls / € ‘-—-——'g""dt

= ﬂ; J -2ul*
+”,§ (;yg~;‘;)@ s;,\L(uwat-c(“b.

Noting that [ s Gutit )GI, we have

sontlrur) ¢ s Coe v 0t |,

: \
Hence, from O<¢ I+ ~;_lr 0¢ t ¢ 7{

2 P

-»qu_)‘

/] >
2z [v/ 1 . J—-) e A [T
(4.318) 7 [5"‘4{: + e 51’”\?—(7_ t»d‘l)Mt-s —ﬁ-—e/'—lr_. (SJ:,‘(: —-'é-') e /Sv;\(ln‘:}'l) .‘_/Q/?L

The latter integral is o(l) as u —-~ , from
, ,(‘3',556)’ Hence (4.317) and consequently also (4.316) are
established.

ged.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



v.4.4. On a function considered by Fejé;. In his study of o

: Fejég used

(4.41) b = = j ”Sv“w_(_‘:.\_g_‘l*i.,.dt.

Here we need

— v

(4.42) () = dt.
' t
J&L) A/T—]z’:’ SW‘(L;H)f At *:‘:j\ L(Lw‘H)t‘ £
€T t
251;)(%> ~+ 5(%)

We prove now

Theorem 4.41.
(4: 4:4:) c))(m) m}og_k.i’bfjo} (f)mwfﬁ{t f-a[/)wot —> o,

Proof: We have
( %'H}‘L%I

' + s "o ut) )t QH)sz/ /.

T

”,//Zoffb::; j"f{)c%’// ZL’-L OC[)MM."*-”;M_

"Hence

(4.45) 5‘(-.\)1:0 (l) Ao w —p o,
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and

(2.46)F () Lol e () we w—r

() 3 "“"’ Son L(Luf‘()tdt

UU(%\ ’ﬁ'J =

Now

@
fuw) ™
= T_Fj o :_1‘ At

[

7
Recalling that Feje/r Ei‘ejer, 5, p. 56] showed

(4.48) HF. - rﬂ/go(,y " p,j ﬂujﬂ[t')m L medt + o ()

aeo  —> P

we have, for iH—= [u],

| & (DD = 77 Log 1T+ o, L
(i) a £ [ Dog Plt)snrTldtes(l) mu >

T’_]-F 05,-«

[lt) ooamedt b G4)

From (4.46) and (4.47) we therefore get
(wmw (- tdt
(2.410) J([D) =F e = ,ng:]jajﬂ ©) o 2t b))

as u —> o0 ,

: But y . (50 j) Lijrrl) T g
 _(4,411) oc glu)- 4 - B +H)r v

@+
—S _l_-‘:@f),,dt—
(o) T

dt
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From (3.69) the latter integral is o(l) as u—- .

Hence

(4.412) c)’{"‘\‘n\: (VJ Yrolt) ao v —> «.

Combining this with (4.46) and (4.41) now gives

(4.44).
ged.

,4;5. Magnitude of F,(u). As we compared Le(u) with L(u),
so do we compare F,(u) with (u) in order to find an asymp-

tbt_ic estimate for Fu(u).

Instead of studying

(4ﬂ51) o“'(w\) "Fg, [‘4.\ ‘ Aag A I D

J we can, in view of theorem 4.33 (which states that = ..,

= Falu)r o (o as u—- ), consider

~Zatt

| Cer
(4.52) £(n) = o 2() —Fala) = ';fo LlmE ellamnedt

A detailled study of b(u) along lines similar to
- the stydy of d(u) made in chapter III should result in ob-
‘iféining at least the first term iIn the asymptotic repre-
sentation of F,(u). |

For our present purpose all that is needed, how-
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‘ever, is the rough behavior of Fy(u) as u—~= , its magni-
tude.

FPirst we prove

Theorem 4.51: | -

(155) s s Flog b O0) oo

Proof: From s >(vwt\) & e s oot E] anmd G

(4.54) M) =% [F - o ~Gowrldt
° +
rut ===
g#jll /‘CC" o /g“(Luqv\)ﬁ"ou" *Cg(w)

“ But (3.718) states

=
(3.718) d(w) = fu}og wt O(l) 88 U > o
ged.
Now we give an asymptotic lower bound for E, (u)

(defined in (4.22)).

Theorem 4.52:

T=2

(4.55) Talu) > fog w0 () oo

Proof: From theorem 4.51 and (4.51) we have

(4 56) /Q"’(UL J)(%) - 7'6[»1 4 jﬂ& u..‘f‘“D(‘) 1o U oo
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or |

(4.5‘7) ﬁ(_w) ? ﬁ(w) . ;T:Vxeuj, uto (V) o w —~ =
But, from (4.44)

(4958) J')(W\)';%fJ/Q%V\‘\**O (L\ 6o N~

Hence, substituting in (4.57) we get (4.55).

qged.

4.6, Proof that the Fourier series of £ (t) is not Borel

summable at t=0. C, N. Moore has remarked

11[9. N. Moore, 9. lthat f,(t) is not only an exemple of a

f éoﬁtinuous function having a divergent Fourier series at
51:0, but also that 1t is an example of a continuous func-
tion whose Fourier series is not Borel summable at t=0.
Here I fi1ll in the details of the proof.

We recall that

» = R (S % = PR ()
. - T e
(4’61) \@‘&) /5 e =2 T

f£,(t) is continuous, since it is the sum of a uni-
fbrmly convergent serles of continuous functions,
’ What we wish to show is that the Fourier cosine
féégies"of f (t) is not Borel summable at t. 0; i.e., that
" the limit of

w ke

S e L (B o e s laaitrir)
4‘(,’4.62) e ﬁgi(%; 0)’: yrrjo f&:} S ‘;:,f:..t’ A%‘.
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as u becomes infinite, does not exist. Actually we shall
show that the limlt superior is +e .

In (4.62) after replacing f,(t) by (4.61), term-
wise integration is permissible, since f,(t) is represented
1by a uniformly convergent series and.dbukw l45&53153:&113 in-

.l,tegrable in (0,7]).

Hence we have

Theorem 4.61:

L " 2 R SV Stat-Jil k3 '(MALgfht) .
i ! - 1t S Ml S TEU/
(é,GS) =2 6{,(“3 0) = ;Lf Zl "}z}:‘go w!"« 'H) P d

Next we need

Theorem 4.62: For all «

v 2
~2uw Stan ‘&_‘,‘t‘

: T ol t+i6
(4.64) f e . (Lk_3 |) l-t,______“\,.‘z“_—-—-——-d'l’,“?o k=
l.e., each term in (4.63) is positive. ‘z\

Proof: From (4.22) we have

(4 65) Te g3, (4o jT e P b siasa e 4t

2:&3 Sen 2T

Al =0

) a”
(\&'o)::ﬂ'e“z A,,,{O) 7

4

’(4 66) e BP.:
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whereo (0) is the n®® pourier partial sum of\f}hS (t) at
t =0,
Now, Fejer proved (in the result quoted in $4.1)
“that eachas,(0) >0, n = 0, 1,.....
Hence, from (4.66) and (4.65) we get (4.64).
ged.
~Finally we have

Theorem 4.63:

(‘4,67) [ &"\G//’ @;o)-—- + oo

Proof: Consider the sequence

2
13 2.3 . [

(4.68) -2 L., ... L2

We shall prove that as y takes on the values in
(4.68)

(4‘,69) S eﬂg’ﬂi/’(?;o) = oo

‘a-’ﬁ.ce

- This will establish (4.67)

Let m70 be given, and take

~ \3
(eys) (2 )

(4.61) y -4 2 Y-t A

We now have, from (4.64), taking that term in the
infinite series in (4.63) for which k ~L[Ml+j,

: r = T ' N W P
(4.611)€ B, (L o) L o s TRy iy e e
o o 1.5y 1> ur wnet ! e te
0
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From (4.55), for all large j say, j > j., we have
for the integral

I vy, S WY ( . ‘t 1
e (e e gy

S‘\AA-LVt

> \\—-z n
2~

‘\1
>
<
N
1.
*
e
]
J!f
§
J

oy, =

‘l—"‘\.z

From (4.611) we thus get, for j » j.

e (o) > (g I Ty NEis)
+6_L lgﬂvb(z‘ﬂ +_g> > M
Hence, for y7 Y, s

(2.613) € Bﬁ( o) > M .
This proves (4.69) and hence also (4.67).

ged.
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CHAP'TER V
THE BOREL SUMMABILI'WY OF FOURIER SERIES Al A POINT.
S.1. Introduction.

The objective of this chapter is to establish a
’:eriterion for the Borel summability of Fourier series at a
point. One such criferion is due to Hardy and Littlewood

lfG.'H. Hardy and J. E. Littlewood, 16],, who used 1t, to-
gether with a Tauberian theorem, to obtain convergence
priteria. Their summability criterion states:

e If g (t)= f(x+at) + £(x - 2t) - 2 £(x) = .{(Q.&'ﬂ"]
; as t ~> 0, then the Fourier series of f(x)

1s Borel summable to f(x) at x.

We recall here that C. N. Moore [C. N, Moore,ll]
~showed that even for continuous functions Borel summability

need not imply convergence.

:Thsgnsm_i&ZI__ If, for a fixed x, and a corresponding S(x),
(5.21) SHWWM -34) -1 5 (@ldt 2o (WE) ar L0,
'thén the Fourier series of f(x) 1is Borel summable to S(x) at

‘the point x.

Broof: Denote, as usual, the (¢, 1) means of the Fourier
 series of f£(x) by g2 (x) and the partial sums of the Fourier

;,series by‘sm(x).
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With this notation in mind, we appeal to a theorem

of 0. Szdsz [0. Szasz, 3—4 s V. 48(1926), pp. 353-—‘362] in or-

der to make use of (5.21). His theorem states:

#If, corresponding to a positive £ <2 and to an

x-value, there exist two guantities s=s(x), g, =8 .«\(X): such

PRt e L
hsro b~

h _ _
Sol £(ﬁ+7dt) + :ﬁ& _ut) ,LS—S,‘;.;«‘W:IA%—O
then

NN
" — 0O

h“[o—h (N)—- S(n)] —;% ‘2«0‘ [X)

J
where

J) I ’ ~-l Ly N 2 #°
Az lrvm n S (5“" nt 1= T sin?t
Ve o Stm t —j
. [Tl o
.:/7(.0) sin L2

2

(/"'J bd s
In this cases#- %, gd(x)‘—io. Hence, from Szasz's
theorem, we get
¥

A theorem of Hardy now permits us to conclude our

theorem from (5.22). His theorem (G. H. Hardy, (D s V.35

(1904), pp. R2-67; p. 40] reads as follows:
| "1f

(0;:) Se+S,+. .. ... ¥,

=5+,
-/ /

and
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LA fhﬁ/ :O,
Y =
then o
-X 5 ,A'YA
e, M
7‘).\;22 Z o S,

Now, (5.22) is just another way of writing the hy-

pothesis of Hardy's theorem. Hence, the conclusion follows.

Several problems, or rather

types of problems, suggest themselves immediately. In the
first place, it is desirable to exhibit a specific funection
sétisfying (5.21) with 8(x) # f£f(x), whose Fourier series is
divergent., This would then furnish an example of a Borel
: Summable Fourier series which 1s not Borel summable to the
function to which the Fourier series corresponds.
Another type of problem is this: We know( as
C. N. Moore first showed) that a continuous function need
not have an everywhere Borel-summable Fourier series. Per-
',ﬁaps, however, the Fourier series of a continuous function
would have to be Borel summable almost everywhere. If a
continuous function satisfies (5.21) almost everywhere, then
by theorem 5.21 the Fourier series is Borel summable almost
everywhere. Is (5.21) satisfled almost everywhere? &nd, 1if
‘not almost everywhere, would a continuous function satisfy
(H(5.21) in a set of positive measure? What classes of func-

tions would have such properties?
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CEAPTER VI
A UNIQUENESS THEOREM

6.1  Introduction. Not every trigonometric series is a
Fourier series. Conditions under which they are, have been
extensively investigated, and are described in Hobson's
and Zygmund's books.

The object here is to give another such theorem.

(6.21) o =00) omh .= 0U) amoron
and if —,’:w,,-vz
(6.22) -;-_wo +§(of\wmx + QrMM',WM’)()

is Borel summable to a finite Lebesgue integrable function

- f£(x) everywhere in (-T;m), then (6.22) is a Fourier series.

Proof: According to Hardy and Littlewood | Hardy and
Littlewood, 5 , v. 41(1916), pp. 36-54; p.54] we have:
nIf 2a_is summable (B) and a_ <= 0(1), then
Z:ng is summable (C,1)."
Applying that result here, as assugption (6.21)
‘t?ggther with the assumption of Borel summability permits,
wé iearn that (6.22) is (C,1) summable everywhere in

(-T,m. DMoreover, it is known that whenever a series is
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summable both by Borel's method end by (C,1) means, then the
‘sums are the same. (This is what is called the consistency
of the two methods with one another.)

Hence (6.22) is (C,1) - summable to f(x) every-
where in (=T;7).

To complete the proof, the following theorem is
needed YHobson, \7 , v.II, p. 68];]:

“If-ﬁ%),%%:are bounded, where k is some number such
that o k<1, and if the series J(2,_cos nx + b, sin nx) is
such that its upper and lower Cesaro sums of integral order
r are finite at each point of (-f,q), and summable (i.e.,
Lebesgue integrable) in that interval, then the series is a
Fourier's series.t .

In our caseik::éi; r = 1 and the upper and lower
(C, 1) sums are the same and finite. Therefore, since f(x)
is Lebesgue integrable, the conclusion that (6.22) is a Feur

Fourier series follows.

ged.
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CHAPTER VII
AN APPLICATION OF BOREL SUMMABILITY TO POWER SERIES.

Z.1 _Introduction and generalities.
i Borel summability has been extemsi¥ely applied to
the study of power series. It is particularly useful as a
method of analytic continuation, since its sums power series
beyond their circle of convergence except where the cirecle of
convergence is a natural boundary. For a complete discussion
of this situation, the read will do well to consult Borel's
own exposition [ﬁore1,<i s Second edition, 1925].

Here let us recall a few results. Given a power

series

(7.11) Zgi QM:BM

having O as the center of its circle of convergence. The
eirele itself may of course consist solely of tﬁat point, as
is the case if a, - nl; it may have a finite radius of con-
vergence, as is the case if a, - 13 it may converge every-
where, as is the case if a - ééj’

Here we are concerned with the case in which (7.11)
has a finite radius of cohvergence, not zero.

What, then, is the domain of Borel summability of
’ﬂ”(7.ll)? Referring to chapter IV of Borel's book, we learn
that it is the inside of the so-called polygon of summability
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"(sometimes called the Borel polygon), constructed as follows:

In the present case (7.11) defines an analytic
function f(z), which is regular inside the circle of converg-
ence of (7.11) and has at least one singularity ¢én that cir-
cle.

Now, connect O with each singularity of £(z) by a
‘straight line. Then erect a perpendicular to each of these
‘lines at the respective singularities. To each singularity
corresponds @ half-plane containing the circle of convergence.
The common-part (or product or cross-section) of all these
half-planes is called the "polygon of summabllity¥ or the
"Borel polygon', (although it obviously need not be a poly-
'gon in the strict sense of the term: if f(z) has onlylone
singularity, it would be a half-plane; if f(z) has the cir-
cle of convergence as a natural boundary, the "Borel poly-
gon® would be simply the circle of convergence.)

From this discussion one clear fact emerges: The
power series (7.11) cannot be summed by Borel's means at
points beyond a singular point on the radius vector comnnect-
ing that singular point with the origin. The converse is

also true:

Theorem 7.1le. If the power series (7.11) cannot be summed
by Borel's means at any point lying on the prolongation of a
radius vector beyond a given point A on the circle of con-

vergence, then & is a singular point of the function defined
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by the power series (7.11).

Proof:

Assume that A 1s a regular point. Then there is a
neighborhood of A (a complete circle around &) containing
only regular points of the function. At each such point, the
power series is Borel summable. But among these points are
points on the prolongation of the radius vector to A beyond
A, At these points (7.11) was assumed to be not Borel sum-
mable., This is a contradiction. Hence A is a singular
point.

qed.

Thus, one way of proving that a power series is
singular at a given point on the boundary of the circle of
convergence is to prove that it is nowhere Borel summable
| along the radius vector beyond that point. (Note that noth-
ing is said regarding Borel summability at the point. 4
power series could even converge at a singular point on the

circle fof convergence, as does

o=l

p —5—”—(;3&1)

M=/ 'hb
This idea was used by G. N. Watson lé. N, watson,

3, v. 42 (1911), pp. 41—543 to prove that a certain func-

tion has its circle of convergence as a natural boundary.
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As a matter of fact,Watson used what is knosn as
LeRoy's extension of Borel's method. But, since theorem
7.11 is also valid for that extension léf. Watson, 3 J
the idea is essentially the same.

Here the possibilities of theorem 7.11 are illus-
trated by giving a slight extension of the Pringsheim-
Vivanti theorem (\;Qy;\,

Ze2. Up_ the Pringsheim-Vivantl theorem. The object of this

‘Section is to give a new proof of the Pringsheim-Vivanti
'theorem (using theorem 7.11) amd, in so doing, to extend

that theorem slightly.

Theorem 7.21. Suppose (i) that the power series :(7.11)
"has the unit circle for its circle of convergence. Let

7)) a_beved we0L2..0DE> 0 and

o .
f(7;~22) Sh(é)":}“ ZE) a,,g(l'i-6>
K~

Assume (i)

(7.23) "Wl S;’(€> = Ao «,ﬁo'f £q°4 e > O,

N —30°
' Then the point 1 is a singular point of the power

- series (7.11).

" Broof:
Let m> O be given. From (7.23) we learn the exist-

. -ence of N >0, such that for a given €
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F
< < ~X (e)
- S, (e) 5 su(e) ™t ) Sn "
Hence eﬁzo V;I 9(”-_6 Za %/7{ + N w! A
pow -
#;A./_" S (e) X/\?Z &
e 2utE ML el ke, S
x + '
~> %\—:O M,‘ M’;N
% | 0 i N~ "
= ,sﬁg::\%n e m N ”:L'ﬁef/qzjsjl
— =0 Mo )
m= 0 M ”
N~ W "
)\’H'Qx;, anle) o Ay A
e ! =0 m!
N~ ( N~ 7<v,
Now, both Z f—r‘—f\g\l and Z ] are polynomials in
n=0 ) M=o l

- x and, hence, are o(€") as x becomes infinite. Therefore
4 - o ‘
(7.25) \w~ 5 4.6) "5y for any € > 0.
A , W)
. }12-0 ;
Appealing now to theorem 7.1l completes the proof
that 1 1s a2 singularity.
As a consequence of this, we get a new proof of

the Pringsheim-Vivantl theorem @ Pringsheim, 22, v. 44
(1894), pp. 41.56]:

Theorem 7.22. Let (i) the power series (7.11) have radius

~of convergence 1; let (ii) a2 ©be real and non-negative.

Then 1 is a singular point of (7.11).

Proof: For any €7 0, s, (€) is divergent as n becomes in-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



77

finite, since (7.11) has 1 for its radius of convergence.
From assumption (ii) it follows that s, (€ is real and posi-
tive. Hence (7.22) is satisfied, in view of the @ivergence
of 5,(6€ as n becomes infinite.
| Theorem 7.21 consequently applies and the point 1
is therefore a singularity of (7.11).
ged.,
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CHAPTER VIII
ON SLRUNG BUREL SUMMABILI'Y

3. ntroduction Iflilh}- is Borel summable to s, it
,nééd not follow.thﬁt{;mhy,g is Borel summable. This wés
- Shown by Hardy X;f.‘KnuPP:\q s PP. 488 and 494].
V. Garten proved that if, in addition, it be assumed that
L= O as n— < for some kv 0, that it will then follow
that g,cv,‘ﬂ}; will also be Borel summable to s [@artren, ? ]
Here I prove that strong Borel summability of
{2} to s implies that of {ﬁuhﬂ} without further restric-
tion (sections 8.2, 8.3, 8.4).
' Section 8.5 is devoted to showing that converg-
ence in the mean implies that{;m“(x) satisfles a necessary

condition for strong Borel summability almost everywhere and

in applying this result to Fourler series.

In section 8.6, a Tauberian-type theorem is proved.

5 o 2 Deflnition of ong b
‘Definition 8.21. If pxo
then {/@“} is said to be :

8a3._ Two lemmas. Here are proved two lemmas, of which the
second is a corollary of the first. Actually it is only the
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second which 1s needed for the proof of the main theorenm,
but it is so speclal a case of the first that it appears
worthwhile to give both.

Lemma 8.31. If

(8.31) 6 (t) > 0;
if
(8.32) @ ’(t) is monotonically increasing with t
’and if
(8.33) G(t+1) - a(t) =o(e® as too ,
then
(8.34) G¢'(t) =o(e®) as t—- .
Broof: From the mean-value theorem of differential calculus
‘we learn the existence of a number y, té? Ldt+l , such
that
(8.35) G'(») = o(t+1) - 6(v).
:"Hénce

' ~q(t)
(s.36) Hlp)— =Y

From (8.31) and (8.32) it now follows that

(8.37) © 4 Qie@ < Gg&c) _ (,‘--‘ift+eld)t~6(t)

since
Letting t become infinite, (8.34) now follows from

- (8.37) and (8.33).
G . qedo
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Lemma 8.32. If (8.31) and (8.32) are satisfied, and if

(8.38) O — ,(e?) ot —>o
then (8.34) holds.
BProof: ¥e have
CGlet) =), Gle+1) G- (e)

et esri T TgE

Hence (8.33) follows from (8.38). All the conditions of
lemma 8.31 are therefore satisfied (the others having been

‘assumed) and (8.34) holds.
ged.

- Bade On shifting the index. Lemma 8.32 is now used to

prove

I.heﬂmm_&.AL Ir {AV\ 4 1is strongly Borel summable to s,
wilth index p?7 0, then so too is {,ow,_,g .

m: Define .
(8.41) G(€)= 2> o) %!

= O

Then, from the definition of strong Borel summability, (8.38)

follows. Moreover,
P
2 » t'-v-/ _ //0‘»,*:-0' o
(8.42) C;’d:):;/p,,%/ & Zo '

Obviously G '(t)> 0 and is monotonilecally inecreasing
with t. These are conditions (8.31) and (8.32). Lemma 8.32
now applies, since (8.38) has been shown to hold. (8.34)
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then follows. But, from (8.42), this is simply the definition
‘of strong Borel summebility ofg;grﬂg tos, with index p.
ged.

8.5. On a necessary condition for strong Borel summebility.

H’erre I show that centain types of sequences of functions and
some classes of Fourier serles satisfy a necessary condition
for strong Borel summability. It is not excluded that the
sequences and seriea in question may actually be strongly
Bbrel summable or at least Borel summable., It would be very
interesting to establish either result or to give examples to
the corollary.

Pirst we have

Theorem 8.51. A necessary condition for the strong Borel

Summability of xav\g to~ with index p, 1is that

t” ‘
/'.5 an Entive '/uua/'/o.n %7"

s

(‘8:.51) ,,Z:O//Qh_a /”

szoof: Obvious from definition 8.21.

We now recall

Definition 8.51. If p» O, if the functions <., (x), n=0,1,..

g(x)‘are in L,(a, b), and if
,E(vé’52) ‘vvx.\ ‘]b /P’.q (,,<) “,4,(4() p”('x = b
N>

theh,nq(x) is said to converge in the mean of order p to
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Before coming to the theorem referred to inﬂ§8.1,
(theorem 8.52) we need an important result due to Fubini
E:f. Hobson, 17) v.IlIl, p. 555:} is used:

"If all the functions of the convergent series

fv;Em, u., (%) are monotone non-diminishing, or all are monotone
non-increasing, and the series converges in (a, b) to & (x),
thena (x) exlsts and is the sum-function of‘ji, ul (x) almost
everywhere™ in (a, b)."

We proceed now to

Theorem 8.52. Ifgv(x),‘zjk), n =0, 1, 2,..., are in L,(a,b),
\pqo, and i1f o (x) converges to-(x) in the mean of order
p, then {@%Cﬂ}satisfies the necessary condition (8.51) for
~ strong Borel summability to ~(x) with index p, for almost all
x in’ (a, D).

Proof': From the assumption on convergence in the mean, it

follows that

(8.55) J;X/ﬂ“(&)—a»(a)} Z@a = o(’) Ww M —> oo

Hence, from the regularity of Borel's method,

(8.54) éf jf/p,n(%)m(ag)ilbb% o€ et e

e
"~ The "almost everywhere" refers also to the domain of exist

ence of (x).
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It now follows from theorem 8.51 that

P
0.58) 2, [ o () -ly) |y 2

is an entire function of t for all x in (a, b).

But

is obviously an increasing function of x in (a, b). Theorem
"8.52 now follows from Fublini's theorem.

qed.

Applying this theorem to Fourier series, we shall

prove the corollaries below.

Corollary 8.52.1. If f(x) is in L,, pr1l, and if &,  (x)

denotes the nb! partial sum of the Fourier series of f(x),

* then
(8.56) go /”n{w)‘%[ﬂ/ﬂ;ﬂ is an entire function of t for al-

most all x in (=m 7).

Proof: Under the hypotheses of the corollary, e, (x) converges
%o f(x) in the mean of order p. - Let. Zygmund, 33 , p.1551
The result then follows from theorem 8.52.

Corollary 8.52.8. If f(x) is Lebesgue integrable, then (

- (8.56) is satisfied for every O <p <l,
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Proof: Under the hypotheses of the corollary,ﬁg(x) converges
in the mean of order,f for every O <p<1l to f(x)
[éf. Zygmund, 3} , D. 153]. The result tHen follows for

theorem 8.52.

Corollary 8.52.3. If ’f(x)’ log" If(x)’is Lebesgue integ-

rable, then

. oo .
o
(B.SV)Ego!ﬁ@Jﬂ)—4lm>) Py 1s an entire function of ¢t for

almost all x in (-m,7).

Proof: Under the hypotheses of the corollary (x) converges
in the mean of order 1 to f(x) [bf. Zygmund, 3/ , p. 155] .

The resultm%hen follows from theorem 8.52.

8.6. On a Tauberian theorem., Here I derive a Tauberlian re-

sult by combining thé results of the previous section with a

~Tauberian theorem due to Hardy. Filrst we need

Pefinition 8.61. A series

=°

Mt O

;s sald to be summable'(B,el) to sum.e, if (%) thed seriés
; P tdL”

/t proned
(8.62) Ag ) :Z.:’OQM 7 (an+1)

1s convergent for all +t, and (ii) the integral

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



———

(8.63) fe_t/)w (t)a?t-—,{-';‘;:., jo e A ()

converges toA,

Iéf. Hardy, |- ]

First, what is the connection between (B,X) summa-
bility and the type of Borel summebility we have thus far

considered?

Fors” - 1 we have (B, 1) summability which is

j e_tf q, £ dt
0 -0 !
which we call Borel's integral method. If a ~0 and in
particular for Fourier series, then it 1s equivalent to
Borelts exponential method Jef. Hardy,‘B e

Now let us state the theorem of Hardy in question
[ Heray, \1 1

"If (i)8»«+ » 0, (ii) the series (8.61) is

summable (B,8), and (iii) the series (8.62) is convergent for
gll t, then the series (8.61) 1s summable (B,#)."

Restricting ourselves to Fourier series, we may

write Hardy's theorem for the cases~ 1 as Pollows:

- Theorem 8.61: If (1)By¥ > 1, (ii) the Fourier series

w ~
(8.64) 'L,]'/qc—‘l/z (qh oS MK "“thw\ %7()
nz/
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'is summable (B,# ) at the point x, and (iii) the sertes

<o £"
(s.65) A& = La,+ > (qw\coswaVLH i mx) =

is convergent for all t, then the series (8.64) is summable
~at the point x by Borel's exponential method.
| Before proceeding to the proof of the next theorem,

we state a standard lemma ))[cf. Szész, lf;.ﬂﬂ:

2

, » "pr 2 Uy o7 converges for all t >0, then
(=]

= 't
25’) 7! converges for all t 70, and conversely."

We now prove the following Tauberian result:

Theorem 8.62: If [(x)l log [f(x)| is Lebesgue integrable,

f(x) has the Fourier series (8.64), if (8.64) is summable
'(B,ﬁh), 871, for all x, then (8.64) is Borel summable (by

exponential means) for almost all x,

Proof: Under the assumptions of the theorem we learn from

éérollary 8.52.3 that, for almost all x,

20 "
=. //"’*1/’()"72/“‘)/ nl

is an entire function of t. Hence, for these values of x,

?.3,0 E/O’v\(q()au’é/ﬂ)} £

"
aa !

and consequently also % tM
: /Q’V\(rg) .

3, %0 !
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~eonverges for all t,

From the lemma quoted just prior to the theorem, it
now follows that (8.65) is convergent for all t >0, for almost
all x.
| Theorem 8.61 is now applicable, since it was as-~
’sumedﬂthat (8.64) is summable (B,B8) # > 1, Hence for all x
for which (8.65) is convergent for all t we have that (8.64)
is Borel summable. But, as we have just seen, this is true

for almost all x.

ged.
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