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I AUXILIARY CONDITIONS IN GENERALIZED ELECTRODYNAMICS
1. Introduction:

The problem here considered 1s that of properly gen-
eralizing the auxiliary conditions of electrodynamics to
fit the generalized electrodynamics proposed by Podolskyl.
A treatment has previously been given by Pololsky and
Kikuchig following somwewhat the lines suggested by Stuckel-
bergz, but the auxiliary condition given there 1s unsatis-
factory since it does not necessarily subsist forever if sat-
isfled at some particular instant. Our object here is to
avolid this difficulty while abtaining a theory in which the
main results previously obtainedls£s%5956 gre undisturbed.
We shall be concerned mainly with the case of charge-free
space., The geﬁeral procedure will be to consider the non-
quantum case first and then pass to thé'quantized theory in
the usual way.
2. Need For Auxiliary Conditions in Ordinary Electrodynamics:

In the ordinary eleétradynamics, the Lagrangian density*

in heaviside units is:

d 2 o
LI = - Z FQ‘B (f./.l)
where
F"C,B = ¢ﬁ,q et ¢“,£ (802)

*Greek indices run from 1 to 4, Latin frow 1 to 3. x4 = ict;
@, = i@. The summation convention is employed.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-2 -

e _é@—a ' [
Py = 3x, (2.3)
This leads to the equation of motion
Fo%e = 0 (2.4)
Because @, is missing from (2.1), Py= %%_ = 0 which relation
4

would prove inconsistent with the commutation rules, if we
attempted to go to the quantum mechanical form. To avoid this

diffieculty, we take for the Zangrangian density
= g g
Ly = '?é'ga,ﬁ, ¢ar,p (3‘-5)

This leads to the well known wave equation,
Uf?f,( =0 (2.6)
Upon writing (2.4) in terms of potentials, we find it to be

equivalent to

Thus (2.4) and (2.8) are equivalent if

gﬁj,ﬁq =0 (2.8)
or

s 5 = + Const, (2.9)

It is convenient to choose O for this constant,thus obtain-
ing the usual Lorentz auxiliary condition

Bo 5 = 0 (2.10)
In quantum theory, this eguation is in general inconsistent

with the commutation rules and it is therefore replaced by

Bop¥ =0 (2.11)
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From the commutation rules it follows that this condition per-

sists if satisfied at any instant.

3. Need for Auxiliary Conditions in Generalized Electrodynamics:
In generalized electrodynamics, the Lagrangian density

analogous to (2.1) is

oy
1| Fdg .
L= - 5[5‘ +a2F§<,Ap] (3.1)
which leads to the equations of motion
(1 - aga)%,ﬁ =0 (3.2)

To express this theory in Hamiltonian form, it is necessary

that %%% not be zero in generalZ. However, for (3.l1) we have

%%f-z 0 and therefore we replace (3.1) by
4: .

: 1 2
L= - 5[3,4, a5 t 2 % 40 },c,,] (3.1')

which leads to the equation of motion
(1 - a”Z)T3,=0 | (3.3)
The general solution of (3.3) may be expressed in terms

of Fourier amplitudes as

1 3/2
3 (r,t)= ('g;) g {i{“(k)e“if + 3%(k)eil

@ b B@Delt] a7 (5.4)
where |
= “k.xx
o Ko
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k= &y
¥, = ik
4
. 1/
¥ =<k2+—-a:’2“> (3.5)

The Hamiltonian of the system in terms of these awmplitudes
is then
= gffid,x? - B8 a8  (3.8)
This will prove of importance in quantization,
If now we express (3.2) in terms of potentials, we have
(1 - a®7) 3505 - Bapgg]=0 (3.7)
We thus‘see that the neéessary and sufficient condition that
(3.2) and (3.3) be equivalent is
(1 - aP)% 5. =0 (3.8)
We take, however, the more restrictive condition
(1 - a®07)84 x = 0 (3.9)
which is sufficient but not necessary,
4., Possible Auxiliary Conditions:
There are a nuwber of conditions which imply equation
(3.9) while reducing to equation (2.10) in the case a = 0.
We shall consider four of these, which,although only slightly

different in appearance, lead to rather different results.

Choice 1
The most obvious choice is equation (3.9) itself:

(1 -2, , = 0 | (4.1)
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This condition imposes no restriction on the tilde quantities
if we write it in terms of Fourier amplitudes under the as-
sumption that coefficients of different exponentials must
vanish., Explicitly it leads to:

 keEL®) = 0
kEX(¥) = 0 (4.2)

'Since this set places no restriction upan‘the tilde quanti-
ties, it 1s qulte different from that used in reference 2
and fails to remove the infinities from the expression for
static interaction. It therefore will not be considered

further,

Choice 2
We way take the condition to be the sawe as (2.9),
namelys
352 =0 (4.3)
This choice is'considerably wore restrictive than (4.1).
In terms of Fourier amplitudes it becomes:
kaBxc(K) = 0O
K IX(®) = 0
kI ()= 0
ko 2X(K) = 0 ‘ (4.4)
It may be remarked that the condition (4.3) implies
that the present theory be a generalization of the ordinary

- meson theory in the following sense, The usual meson equa-
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tion may be written in the form
N S 'l (4.5)
Now let us take as a generalization of (4.5) the equation
[7(aFug g + Bx) =0 - (4.8)
If (4.6) is written in terums of potentials, it becomes
L7 (23405 - 2%8x 5,5 18) = O (4.7)
Application of (4.3) reduces equation (4.7) to equation (3.3)
as asserted, If we desired merely to demand the equivalence of
(4.5) and (3.3) we would arrive at the condition
(735 5 =0 (4.8)
However, (4.8) and (3.9) together imply (4.3)
| Choice %

It is possible to subject 8x to the gage transformation,

- B
Ty sa«% T (4.9)
where B satisfies the equation,
(1 -a82)B=0 | (4.10)

and can therefore be yritten,
o/ s > 1 X
B(i-",t)=(—§,—,)5/3(§)e“1f+%‘(15)e1i;d&? (4.11)

Under the transformation (4.9), equation (4.3) becomes,

Bs 5+ al7B =0 (4.12)
which becomes with the aid of (4.10)
aflg s+ B =0 (4.13)
In terms of Fourier Amplitudes, (4.13) is
kBu(®) = 0 - 1ekfu(®) ¢ BE®) = 0
kPEE) = 0 ~iaR,F(®) + BE) = o
(4.14)
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It would have been possible, of course, to require merely
that B satisfy

(1 - a®/7)/7B = © “ (4.15)

g0 that we could write

B(r,t)= (5},)5/2/”{3 (e~ 4 5* (D) elf 4+ T (@ e~
P B*@elt fai (4.16)

This, however, would merely lead to (4.14) again so that

(4.10) and (4.11)‘are’sufficiently general. It should be

noted the fa satisfies the equations

(1 - a®7)T@s =0 (4.17)
o«
However, P« does not satisfy the analogue of (4.5) but
rather
2 2B\~

L7 (a Fqﬁﬁvtgzs,,*aaxq) 0 (4.20)
Finally 1t proves convenient to write

Bo = (f&’,iﬁ) (4.21)

The use of a gage transformation of this sért corresponds to

a proposal of Stuckelberg'sg.

Choice 4
We can take instead of (3.9)

- B '
bp= - » (4.22)
where B is a solution of
1 -a2)B=0 (4.23)
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In terms of Fourier amplitudes, these may be written

ka¥q(K) = O

Kalg(k) = 0

1ok, 3 () +B@) = 0

1ak3%®) - 5 %) = 0 (4.24)

(4.25) insures that (4.22) implies (3.9). This is essentially
the choice of Podolsky and Kikuchil’g. Although the differ-
ence between this choice and choice & is not now apparent,

the further development should make this clear.

5., Choice 2:
We‘go now immediately to the guantized case, Here we
have instead of (4.4),
ke 3a(K)P= 0
3% 77
KaIx(x)t = 0
~ A D
Ko B (K) V' =0

EIX@Y =0 (5.1)
Our use of the generalization of (4.4) instead of that of
(4.3)

P57=0 (5.2)

may be considered as an extra assumption. We still have to
determine the commutation rules. Since the operators are
time dependent, we determine the commutation rules by the
requirement

[rzfp(?,t)]‘/’: B (e, ) (5.3)

He, of course, is given by (8.8). We assume that the com-
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mutation rules for the ordinary potentials are
[22@),5,@ |= &5, 5& - F) (5.4)
with all other commutators iﬁvolving ordinary potentials
vanishing. It may be easily verified that (5.4) is con-
sistent with (5.3). We write the rules for the extraor-
dinary potentials in the rather general form
[30), 56| = g & ) (5.5)
with all other commutators involving extrasordinary poten-
tials vanishing. Upon applying (5.3) and equating coef-
ficients vaexpcnentials, we get as one condition:
2823, (5) gaa (8, K "V ak Y~ -on 3, (D) §& £ )oK (5.6)

This will be satisfied if the following holds:

5 Bgaq V= o 8 D SE - ¥ (5.7)
of which a particular solution is

G (BE )= B0 (@ - ) (5.8)
to which may be added any solution of

1, (gew ¥ = 0 ' (5.9)
In view of (5.1), one solution of (5.9) is

B (E,E') = (KK )Eg | (5.10)

If we assume ggq to be symmetric in K and ¥’ and & and 8,

we can put

Eoq (K, X') = (&, ¥)kK, (5.11)

where

c(®,X’) = c(k’,K) (5.12)
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The commutation rules are thus:
~ —. A~ - e —?/ —-?‘/ ~ -
[i}*(k),im(kﬂ = 51;%“— S - &)+ c(¥,K )kqkp (5.13)

_ o
We now seek to determine c(¥X,k’) so that the conditions (5.1)

are consistent with each other. This requires, among others,

that
~ 7 Ty - —
[%a23(@), k3 ()] = 0 (5.14)
This can be written '
%}_2_ b =4 2 2N A TN
= ch§( - ¥ )+ %8'k% c(k,k’) = 0 (5.15)
However, k2 = ~§% so that we have
— — 2 -5 -3
c(k,k’) = &8¢0 ¢ (¥ - ¥/ 5.16
(K= e §@E& - %) (5.16)

This is the revision of the commutation rules suggested by
Pauli’,

With this revision the condition fbr consistency of the
commutation rules is met. However, the results are consider-
ably different from those obtained in the usual manner. For
one thing, we have N
[5G BT (@) = dagBa (- 37 wefa @ Fy-0 (s.17)

This, of course, guarantees that

A A —7
[, 53] =0 (5.18)
as 1s required, However, it also implies that
e~ s
[Rs,kdim(k’z]= 0 | (5.19)

Thus the auxiliary conditions do not need modification and
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the>interaction energy is to be expected to be considerably

different from that obtained by Podolsky and Kikuchi.

6. Choice 3
We consider first the case in which the fileld quantities
are not quantized. In terms of Fourier amplitudes the gage
transformation employed 1s
2 (K) = Fal®) + 1aKaB(E)
)= Ba@) -1akS (¥) , (6.1)

To compute H. we need EM(K)id(k) which is given by
To compute Bf we need §m(x)§¢(k) which is given oyv

Im(k)§¢(h)—— & GO P (B) + a”RRE™ () B (¥)

- 12, B¥ (@) fa (K) + 1akK, 5 (K)B(¥)
HQW@V@I‘, II‘OIB (4el4)} 1T IOLLOWS TNAT

- iakuB* () Fu(F) +1aK BB () = 28*E)BE) (6.3)

(6.2)

while a2E§f= -1, 8o that we have

~, Lt ud g Phe s ~ > 7 .

%a (k)3 (k) = Pg(K)Pa(K) + B*(&)B (k) (6.4)
and

e = of A D0 - CIROTD EDFER .5)
In'the theory in which the particles as well as the field
are treated classically, the interaction between the parti-
cles and field depends only upén Fxge Thus the eguation of

motion of any particle in the field is

d%%o. = dxg |
dg® mczﬁ‘ﬁ (6.6)
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It may be noted that the potentials ocecuring in Fu g no longer
need satisfy (3.3) since we are no longer dealing with charge-
frec space. Now by equation (4.18) it is immaterial whether
we use @'s or ®'s in computing Fxps On the other hand, when
the particles are treated by the methods of quantum mechanics,

their wave equation is given by

[52 Rg + —;,%]ﬂ =0 (6.7)

where we assume n particles and where we may take for-Rs either

o

B e (Ts, t)
Rg= cajg|pyg - =2 lc 22 .] + mgeiBy +egf(Fs,t)  (6.8)

or

Rsz C(isl:‘pis - esfic(:f'?sft)] + mSCEIBS-’-eSE(I?;‘ﬂt) (6.9)
We are free to use either (8.8) or (8.2) in (8.7) at our

convenience. However, 1t can easlly be shown they are equl-

valent when the fields are not quantized., To do this assume

Ry given by (6.9) and apply to (6.7) the canonical trans-

formation,

ML = exp %% 5}; eq (?S,t)].n_’ (6.10)
the wave equation thus obtained forgz’isbthe same as that
obtained for-n when (6.8) 1s substituted in (8.7).

e are now ready to guantize the fleld guantities, We
start as usual with the case of charge-free space. We can

then apply the requirement (5.3) with ﬁf given by (6.4) to
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obtain the following commutation ru}es:
] 3# -, _ ch e -,
[256) 85|+ -6 - K
ki g """/
[FE@),HUE)] = Saes® - ¥) (6.11)
s T Y T _ c‘ﬁ —7 -
[3* @@ ] = L5 F-%)
The auxiliary conditions are:
KB (K)- =0
kaBx (B} = 0
[1akds (B) +B@)]2 = 0
[-1eKBx(®) +B*(K)| - = ©

These are eguations (5.8) of 2. To show that the second pair

(6.12)

are consistent with each other we compute

[~1a¥,@5 () + 5*(X) , 16K (F") + g(g’)] -

~ -"/ -ﬁ ’71
azk;%gg(z_kw—gfﬂ*-k) =0 (6.13)
In the above we made use of'ﬁaﬁ? - ﬁé‘ Further, once these

conditions are imposed, they will continue to hold, for we
have |
[, 168,80 + 5@ o = - omk®[1aR (@) (6.14)
+ 5@ =0
' and simllar equations for the commutators between Hf and the
other operators in (6.12).
We can now pass to the case where charged particles are

present, First, however, we must decide between the two ex-
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pressions (6.8) and (8.9) for Ry since, because of the com-
mutation rules (6.11), these are no longer equivalent., If
we use (6.9) the present approach becomes like that of choice
2, since we would then everywhere employ the potentials $4«.
If', however, take for Ry (6.8), we obtain for the equations
used in deriving the interaction energy among the charged
particle the expressions given by Podolsky and Kikuchié.

More specifically, the wave equation for the whole system

may be written,
h . - ﬁ_z_
from which ﬁf may be eliminated by the transformation
,ﬂL:=exp[§iﬁ}?]‘V (6.16)
As the result of this transformation, (8.18) becomes,

[§R§+§ ]Yﬁ—a | (8.17)
where now the @'s occu11ng in Rg now satisfy (3.3). Finally,

it is easy to see that the set
S~—1,.oo,n(R +‘jﬁ at )Y 0 (6;18)

becomes identical with (6.17) if we add its members together
and set in them t=1%;= ...ty=1t,. When we use (6,9) for Rg
with the potentials required to satisfy (8.3), (6.18) is
identical with (1.2) of Podolsky and Eikuchi®. The usual
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procedure may now be followed, that is, (6.12) may be appro-
priately modified to be consistent with (6.18) and the inter-
action energy calculated. It may be noted that (6.14) makes
if possible to consider (6.12) as holding for either.orV.

There is one more remwark of interest which may be made
about the present choice. We noted in discuséing the case
in which the particles but not the field were treated accord-
ing to the methods of quantum mechanics, that the equivalénce
of (6.8) and (8.9) might be demonstrated by means of the
transformation (6,10)., We may consider this transformation
to have been performed before the fields were quantized so
that>equation (6.7) with Rg given by (6.9) was obtained in
this way. There is then no reason why in the case of quan-
tized fields we could not take for the auxiliary conditions

to be associated with (6.17):
kdﬁd(k)exp ELeSB(rS,ti29' 0

k,&}%(l«.)exp ZesB(—?s,tﬂ\f/ 0
[iakﬁ,((k) H%(k)] exp 5_ eSB(rS,tR Y=o (6.19)

[nak,j* @) +3 (k] exp[._—

SB(IT?S’t)]L’)S 0

Here B(F},t) satisfies the wave equation because we consider
the transformation (6.16) as having been performed., Similarly

we can assoclate with equations (8.18) the set:
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koo (K)exp [BL 5 e B (s, W] Y = 0

0 5=

ki () exp [ 2 z esB(rS,ts)]l’

i

0
(6.20)

n

[1aRas (K) -f-'g(k)]exp al s e BT, HY<0

/
[-1ekada &) + B*(®) eXp[%% ,Z-: egB (?s,%)]l’ =0

Because of the commutation rules, there is a poussible ambi~
guity in the expression exp|2: 25 egB(Ty,t Sz]and we there-

fore define it to mean:

exp{_ﬁ JZ’:/ es( ) / [B(k)exp(ik-rs - 1kcts)]}
x expfal § es<§§,~.,) /dk Ea’*(k)exp( ~iK T+ iket i)} (6.21)

ch s5=¢

if now we multiply (6.20) on the left by

o/ .
exp|=2L Z_ eg 27, / aF B* (¥ )exp(ik rs+1kcts)j

ch 3=

X exp[r 3 es(éﬂ)éf//ﬂdk B(®)exp(1¥Ty - ikctg)]

and make use of the commutation rules (6.12) we obtain

Kl (}?)_f =0

ko\fz::(}?)i =
{13%"}3,‘(?)1—'5\'(-}?) - (27;5 g{ esexp(lckt - ik'rs}i’—-
Zhn
{ iak,(% (k)+B (k)+ (27,) /gl esexp(—ickts-} ik-rs)}.Yf= 0

(6.22)
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The third member of (6.22) follows quite simply if we make

the association:

~ 2, -ct 4 -
B(k) — ’"%1‘? ‘ (6.28)

While to obtain the fourth we let
T @) — %%‘ﬁ%?)' | (6.24)

The last pair of (6.22) is, however, consistent with (é.l?)
and in fact, is just the modification of (6.12) which is
usually employed iﬁ the case when charges are present. The
first pair of (6.22), however, still requires modification
to make it consistent with (6.17)., It may be noted that the
desired modification can be obtained by letting a go to in-
finity in the second pair.
7. Choice 4

We consider the case of éharge—free space and quantized
fields, Hp is given by (3.6). The commutation rules for

the 3's are:

IEi(E): is @?)]: - %5«5 5(I€ - f”'Tl)
(5269, 5,@ ] = &y, 56 - ©) (7.1)

In order that B(T,t) satisfy principle (5.3) 1t is necessary
that it be expressible in terms of ¥ 's. Assume that such a
B exists wnich makes the auxiliary conditions consistent with
one another, These conditions are:

ke3a ()Y = ©
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ko Ix (@)Y = 0
[1ak, 3 () +BEYY = o
[-1aK, % (®) + B*@®)[T= o  (T.e2)
Now let us pass teo the case where particles are present.
According to the many times theory, the following set of equa-

tions must be satisfied by ¥

S=1, ¢..n(Rs+§ '5%'8'):"1: 0 | (7.5)

In the present case, RS is given by:

Rg = C“Si[?si - E% 35 (T, bs)] + mge®Bs +e53(Ts,ts)
(7.4)
In order that (7.3) and (7.2) be consistent, it is necessary
that the operators occuring in each member of (7.2) commute
with these occuring in each member of (7.3). To acceomplish
this, it is customary to alter the operators of (7.2). Let
us therefore try to mwodify the operator in the third mewmber

of (7.2) so that it commutes with

: n 2
Re + 3 ~Fe 7'5
s+ B (7.5)
To do this we let it be replaced by
18k, 3 (F) + B(K) + g (T, tg) (7.6)

where g(¥g,tg) is simply some undetermined function of ¥
and tg. If we assume the commutation rules between §(£3

and 3@(@3, which are as yet undefined, to be given by:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 19 -
[3.(), 3] = o
[E®), BE) - Ay 5k X&) | (7.7)
[3%C), B&")]=-4 § (K K

where Ay and A represent arbitrary functions of k and K, the

i

condition that the commutator between (7.5) and (7.6) vanish

becomes
[Rs'* : b’g s 1KxFa () +§({5+ g(?s,tsﬂ =
oy E-f?—vsg ~ (2‘»‘) 7505 ] X
exp[i('ﬁcts - E’?Sﬂ}-l—? -Sl’tﬁs_ +
s(é‘};)gj/z[:'ggﬁ ‘Qexp[i(f{cts - ?-Fs)] = €}  (7.8)

If we take gy, Agys A5z 5 and 1 as independent quantities,

this leads to the set of conditions

‘%§7 (éﬁ>6/2—kdﬁl+z;] exp[i(kCu - Eif;i]:=0
l;— _))_g )0/2 r-—c—g - A] exp[i(fets - Eerg)]=o0 (7.9) |

In order that the equations of (7.9) be consistent with
dg -_28

one another, it is necessary that say Y5y dydx and hence
that 4
Vsg = 6(T5,t5)k
28s = _ g(7,,t5)ck (7.10)

s
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This implies that
A =R
A= ck (7.11)
Reference to the commutation rules (7.1) shoﬁs that for
(7.11) to hold, ﬁ(ﬁs must be given by
| B(X) const. Ko (k) (7.12)
Now lét us again consider the case where no charges
are present, The presence of §T£3 and §(E3 in the equations
(7.2) does not cause them to differ essentially from the
‘equaticns:
k3, @Y =0
k3.(®)Y =0
k3,001 = o
LMY= o

(7.13)

Indeed, on account of the relation (7.12), equations (7.13)
and (7.2) are the same except for a possible constant factor.
However, because of the commutation rules, (7.1), the last
two wmembers of (7.13) are not consistent with one another,
Therefore, choice 4 1s inadmissible,

8. Conclusions:

The treatment of suxiliiary conditions by the method of
choice 3 may be considered satisfactory in that it fulfills
the requirements stated in the introduction. The auxiliary
conditions are consistent with each other; if they ére once

imposed in charge-free space, they continue to hold; they can
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be modified to be consistent with the wave equation for the
charged particles; and they lead to the same equation basic
for the determination of the interaction energy as were
found by Podolsky and Kikuchi®, Furthermore, a procedure

is given in which specilal modification of the auxiliary con-
‘ditions containing tilde quantities is unneceésafy.‘ The |
approach of choice 3 is essentially that used by Podolsky

and Schwed?
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II CHARGE DEPENDENCE IN GENERALIZED MESON THEORY
i, Introduction:

Green! has recently generalized the neﬁtral meson theory
in much the same manner that electrodynamics was previously
generalizedz'v. The purpose of the present paper is to in-
vestigate the extension of generalized meson theory to the
charged meson case, In doing this, 1t proves necessary; how-

ever; to alter the Hamiltonian of the neucleons in the pre-

sence of a fleld in the manner suggested by Stuckelbergs.

2. Classical Theory:
In introducing charge dependence, 1t is convenient to
consider the case in which only charged mesons are present
inaspuch as the neutral mesons are represented by an essent-
ially independent set of potentials. 1In adapting the pro-
cedure previously used to the present case, it is necessary
to introduce complex potentials., A sultable Lagrangian
density for the meson field in neucleon free space is
Le= - 1oy Exziiix + (11 4Ra®)FX , 8o p +22 (D BE) (Did)]
(2.1)
Here ¥ and Ei are considered independent guantities and we
have for the eguations of motion,
(8P 7 -1) ([T -48)34 = 0
(827 -1) (7 ~&)35 = 0

Following the notation of Paulis'; the solution of the

(2.2)
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first set can be wg}ttem
2 o /7 H o\ i 7
3.(T,t)= (é'%‘r) /{I«+(k)e‘1f° rat (el 2, (k)i
+§Li‘(§)’eif/} & (2.3)
with
- -
fo= ckot - K°r f1= ck,;t - k°

| (2.4)
ko= kR + B ky= /%% + %
. a

That of the second set is the formali conjugate. The Hamil-

tonian in terms of Fouriler amplitudes is then
oy 03t y77\ L0 Nl o3t , 7 o -, - -
A= (s, @+ 2@ @)k - B L®
13, { bt 2 =
+§¢_(k)$¢,(k)]k,}dk (2.5)

It should be noted that I« (r,t) and He both can be decomposed
into two parts according to

5. (F,t) = 3u(T,t) + 3(F,t) Ho=Hf +Hf (2.6)

where

. 8/2 g o3 :
3(F,t) = (—5};) ﬂ_—iﬁf(ﬁ’)e‘“lh r32¥(@)elfs [ak
3/2 . , .
Ta (T, t)= (g%;) //[ 31, @ e it + 85 @)e 10 | aR

B = gf[a% (el (D) + 22X @2 (D) uaK

(2.7)
B = -2/ 35y () 3, () + 317 (%)3 _(E’)]_k,gdi?

Quantities with the superscript, o, will be called ygquanti-

ties and those with Superscript, i1, will be called a quanti-
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ties. Finally, we take as auxiliary conditions
3o =0 (2.8)
and their‘conjugates. This implies that the field eguations
may be written
(2l -1) (Fopp +c85) = O
(7 -4f) (8%Ep 5 + Fu) = O

and thelr conjugates.

(2.9)

3. Quantized Theory:

To pass to the Quantized theory, we introduce the gage

transformation
S (7 >8> .1 B | ;
3,.(7,t) = F )+ TR (3.1)

where the B's satisfy the equations

(a7 -1)B' = 0 (a®7 -1B'* =0
2 | o ‘ 9 - o3¢ | (5’2)
(L7 -£)B° = 0 T (BB = 0
and therefore may be written as
B® (F,t)= (L)‘)/Q/{ RS (K)e—1fo B°*(_]Z)eif°} 4
’ 27 v N (3.3)

B (F,t)= (%’77) 5/7[31 (k) e 1L +B'_*(1~E’)eifl} dK

The Hamiltonian may be expressed in terms of the new poten-
tiais as |
Hp= of (k3 [A0F @) 0, () + g pi- (F) +-37% (B) B3 ()
+ BT E)BLE) - k5 (AL )L () + gL (@) ()
+ BL*@)BL (@) + 3L* (DB (i?)]}_di? , (3.4)
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It is now possible to obtain the commutation rules which
are as follows. Fach guantity commutes with ail other
quantities except its complex conjugate. The rules for the

non-commuting quantities are:

— >y

i@, $48)] = - B & X)
[83% (&), B2(¥)) LD fE-E)
[PE®, 5] = FHWE - ¥

il
!

(3.5)

[5* @), @)= & § & - &)

In terms of Fouriler amplitudes the auxiliary conditions,
" taken now as conditions on Y , are: |
(2130 ko2 (®) -wB:@®)]Y =0
BRI (R) -k g2 ®) + L8Ry = o
fo[®- % @) - gt )] +iBE@}Y = o
BRIV kgt @) -BER}IY = o

These are consistent with one another and once imposed (in

(3.6)

neucleon free space) continue to subsist.
4. Choice of Rg: |

Following the many times theory , the equations for the
particles are:s

RgY = hi %—%’: S=/l..n (4.1)

Rg may be given either by
¥ 77 3
+ 75 [ (Fs,te) -0, 3857 e, ts)} + mgeBB,  (4.2)
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or by
-~ 7 - o=
B’S= CO(S‘QS f‘gS{T-SE(rs,ts) ‘ﬂs,;i}j (rs,tsﬂ
+ 7%s [5%(?5, ts) ‘“8,35*(?5;'55)]} + mge8 (4.3)

The first choice corresponds to that made by Greent while
the second 1s of Stuckelbergs. It is nbw necessary to modify
the auxiliary conditions so that they are consistent with
equation (4.1). Because of the presence of the 7T''s, this
proves impossible for the choice (4.2) while the choice (4.9)
1s consistent with the auxiliary conditions without modifi-
cation., 1In the following, the 2's will be expressed in terms
of #ts andBts,

At this point it 1s convenient to make use of the fact
that the xand a fields can be treated separately.. Thus,
we consider the case where only the 4 field is present and
obtain the interaction energy for the case where both fields
are present by-subtracting from the expression for the energy
of the « field the same expression with.ﬁﬁreplacedvby 1/a.

As usual, we introduce

> PO 4 " ;'9 »
0 @) = _g-WA:(Ii){ ~1xBs () (4.4)

(=4

and its conjugate. The auxiliary conditions are then

[o:(¥) -p2(®)]Y=0 (4.5)
and their conjugates.

In view of the commutation rules it is possible to
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- make the associations:

: n__§
g ) “"‘%Z.W

Gkt Frie)

B: (k) — £
&) k. §B: ™ (¥)

(R ch __ & __
Q‘( ),~92k 503 % ()

(4.6)

The equation (4.5) can be thus written:

eh b g @y -
[Ek. §Q*(¥) g (k)}w i (4.7)

2% ® - 21{0 sge (k)] Y=

5. Elimination of Auxiliary Conditions:

We may take as the solution of the equations (4.7) the

expression:

Y =exp(Xi + x2) ' (5.1)
where | ‘

xt = 2[g* @) @)koak , (5.2)

and .a.is independent of QY(¥) and ¢§%(§3. To obtain the wave
eqma‘m’_v:m’i3 in terms of 4+ we need merely rei)lace each operator
F in Rg by exp[}(Xf-fo)} Fexp(X, +X?2). We first consider

how the Fourler amplitudes of the potentials transform., With

the use of (4.6) it follows at once that we have:
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exp [= (X5 +X)] #2¥ (D) exp (X3 +X2) = g2 ¥ @)+ * @)
exp[- (X3 +X-)] B: (K)exp (X, +X-) = B (¥) + iuk@;ﬂf:?}

e o o o ° e % &y
exp[- (3 FX)] Ti@)exp(x: +x2) = @) + £ g2(k) (5.3
The others are unchanged. These lead at once to the follow-
ing expressions for the transformed potentials as functions

of space and time,
exp[;(Xﬁ-%XSI]KB(?g,ts)exp(Xi'fXS)==E%(F%,ts)
+ %—7-53/’75 ¢:(}—c?)e§cp[i(§'—x'7s -kocts)]d}_:?
exp[-(Xieri)]W(?s,ts) exp (X3 +X2) = 8" (Ts,ts)
+ (51)3/7623*(}?) exp [—(l?‘ i'?s -k ctg J dk
exp[} (x5 +x2 i)l_”i_&;_sl exp(X; +Xx2) = 3B °(¥s, ts)

dXsj
/2
x&(é#) _//kjg* (K) exp [1(k'rs—k ctsi]dk
exp[—(x + X- i] B ;;s, q)pxp(y*.yx ) = B(rsztsz

Ixg

A4%~> /J/%+(k)explﬁ(k Ty -koct i]dk (5.4)

A typical expression for the transformation of the complex

conjugate potentials is:

exp[-(X; +X2))E¥(Tg, t5)exp (XL +X2) = % (F, ts)

3/2/ .
+ () / Kg° ()exp |1 (B-Ts -kocts)] ak (5.5)
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The others are related to (5.4) in a similiar manner.
Reference to equation (4.3) shows that the quantitles

in which we are interested are of the sort:

exp[-(X, +X.)) [f’f(?s:ts) - ——-g—it——iuBoazs,; ]eXp(DL+ X_)-2 (5.6)
and :
exp[- 0ty +100] 4 % peped k)] e, #3000 (5.7)

By the use of (H.4) and of the equations:
GFeEa=o |
Qi(®)0- = 0 (5.8)

we obtain for (5.8)

5'

l B (rs,ts) | ( ) ﬁ:*(i’)exp (1@ TFs —x,ctg)] d_ﬁz-n_ (5.9)

QXSO

“and for (5.7)

{Aj(rs,ts)f-l'bB (rq'tS)t}‘fL (5.10)

If the operator in braces in equation (5.9) is written as a

3/2

Fourier integral, we have for the coefficient of <éZD

exp[}l(f'rs -k,Cbsi] in this integral:

ik B2 ¥ (K n B2 * (X)) +iuB2* (¥)
AL K.
1B * () k2Y, Beao¥(k
- TR [ ’Mz)"“ .
— uBS (& (—_L_:g)JrEoK:"*E’
ke M6 ko
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-— Ml AN I~ g
:%,' P“:*(R’) _ 11«:}3:%;1(2‘1 (5.11)

Similiarly the Fourier amplitude corresponding to the qﬁantity‘

in braces in (5.10) is

o 7 i
The field quantities oceurring in (5.8) and (5.9) and hence
in Rg may thus all be expressed in terms of the quantity
Z.(K) which we define as:

Ce(®) = K3(®) 4 1%8: (k). (5.12)
“<L

In addition it is possible to express EZ(?) and Be(X) in
terms of Cs(¥X) and Qg(g). We can thus express-o in terms of
Q's and C's. However, since QZ(§5 is an operéfor and, there-
fore, not present in . and, since-n. has been assumed inde-
pendent of Qs (K),-0- depends only on the C's. The commuta-

tion rules for the Ct's are:

Lo ®,05. @] = [as*e (@), a3 |
y HEL [e2*@), 0@ ]
we
- - Dy el 5@ 2 (5.13)

.Upen adding together the equations (4.1) and setting t1==ts

= th=t, we get
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n &/2/)r =
- l_ l{- -7 . — o ,~> 1
P R N (AN CHCE

-~>

exp[1 (T -koct)] + C¥@Dexp [-1(F+Fs -k o))k
3/2, 7+
. 1 AW ACT e = e 4
+g57“;s(§-77) /(E: o‘s) @_(k)exp [l(k Ty ~k.ct)]
F T (¥)exp [-1 (B 7 —koct)]) 4 +msc2ﬂ§}a: m%-;cﬂ- (5.14)

This result can be obtained in a sowewhat slmpler man-

ner, We assume the field guantities upon which Y’depends are:

Fo()y HuaBe(K) = 333
AL
and ‘
S5 swon® (i .
AS o) ikeBr (K) _ 5, (%) (5.15)
AAL

Further, we take the auxiliary conditions to be the opera-

tional relations:
° =
o & 2o —
K, [ge (%)  HeB2lE ] - BBi®) = 0
2 q o g °
ke, 92 (@) - =Bt W] - Ree*@= o (5.16)

Since each of these commutes with the quantities (5.15) and
their conjugates, these auxiliary conditions are consistent
with the commutation rules. We can use (5.16) to eliminate
from Rg and ¥ the quantities @f(¥K) -1k,By(¥)/u and their
conjugates; if we call Y when expressed in this manner -,

we obtain (5.14)
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6, Computation of Interaction Energy:

Tt is convenient to write Co(¥) as

MR cﬁﬁa"’(k) ~NRE-B; (¥)] (6.1)

with , ’ B
N =.li;ﬁgéﬁ; (6.2)

k v .

This serves to determine the commutation rules of the b's as:

[os%@®),00; B)] = -85, 508 &) (6.8

To confirm that the commutation rules for the C's are pre-

served by this representation, we compute

[osr®),005@)] = é-%?-{[b HEORANCHTE (“k /Ac)x
([bif(f),ﬁ‘—”(k )kt iy [Beos* ), 0% & )]kj)

+(1 +ko@)2 [B-83* @),k ve( ’)]kikg
n 1+k, s 2/ 1.
- - & {4 -2(_1‘_1.{_./&)};11;3 p Lt Bl tIRAR iy | X

k
@ £ = { 515 +kikJ/,agJ(1_€ ) (6.4)

The time dependence of the potentials in (5.13) may be
eliminated by the transformation
..O_——ei?‘ft_nf
with
ﬁ [B2*(¥)- 01 (K)+ b2*(®)-B (k)Jdk (8.5)

It is now possible to write the transformed equation (5.13) as;
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{H, g remla's [ 52 (@) -BI@) + T @B @)

i gt
Do Yo g 7o / -
+ @ (@) B2 +TE®) B @)~ | (6.8)
where
h
H= 2, [ eRse T +mscgﬁsj (6.7)
and / /
3/2 1/2 » s
<5 5 _l (o} (Ch . _ d .—?—7 _ .}.S.
HOR 277) ok, 2 8o Tis|Rs Nekk -
+E§?§S] (6.8)

and conjugate.
In the conjugate of (6.8) 77 is to be replaced by /% .
We are now ready to determine the interaction energy
by the perturbation method. To do this we make the associ-

ation:

o 3 5

i@ vy@E | (6.9)

e assume (1 to be a functional of Eé(g) and expand it in

'the series

-fL/Z O yy ALy +'-n~/ol (6.10)
where
-(L00= %O
o7 -
L= /)‘f,(k) Bst (K)d¥
-~ Cya
o= [T )8 (B)GR (6.11)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 35
If we substitute (6.10) in (6.6) and assume

ﬁck,Yo,(K)’ (8.12)

[H " '_{ ';g ¥, (k)l((

we obtain the following equation for Y. :
-q
n 27y [ ey ai@) 3@ D) (
[B+ 3 at]%" ﬁcko[G @) -CLE) +8% @) -ToE@) | Yoo (8.13)
Thus the interaction energy_is:
u=f5._~.— @) -To@) + 3 (@) 22 (6.14)

By making use of the definitions (6.7) and after performing

some simplifications, we find:

Pk Y,v= /‘(.2 Ma

-~ T ' Wr ) " a -k
G:*(lg)-f}?,_(g):(_él) an Z T ugv{ Ly - °‘v+ - t L5

Ju‘ E'ko a‘)v" —Kko -2 -7
b=t 5 }exp(ik-Rq,v (6.15)
where
- —_— ¥
Ry~ T — Ty (6.18)

We are now ready to evaluate U]. To do this we write
it as
U%=Us+US (6.17)
where Uscorresponds to the summation over w =v in (6.15),
and U], to that over w ¥ v in (6.15). Upon expressing the
integrals in termws of spherical coordinates and integrating

over the angles, we have for UjJ,

° 1 ] —7 :—') .
U, =- ‘fg“-’,‘rggvgugv(’]: u7;v + 7;u7:v) {O}J{u:v X
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a4 =
I Iz oG- Ruvo&y” Ruy ( ) 2l
(21, + + 38I - I, +M-g~¢-Ruv (6.18)

2 B Ry
Where
_ /T kexp(ik Ruv)
Il /o lk ak
Ig = kgexn(ik‘ Ruv) dk

iK%,

5
I / [1+ . _2 | Kexp(k Ryg) 4 (5.19)
kRuv kgggv 1k%

Bécause the integrands of Ip and Iz diverge in absolute value

for k—>c0 it 1s convenient to rewrite Ig and Iz as follows:

- 27 exp(ik R
e

{' L 2L Y _ _Ek } exp (ik Ryv) 4y

fuv k%RUV ko?‘Rzuv i
(6.20)
If we use the formulas
5(Ryy) = -é; exp(ik Ryy) dk
and
/ 1 =
5 (Buy)® o/ ikexp(ik Ryy) dk ~ (8.21)

and apply the method of residues we can now evaluate the
integrals., ©Since our present interest is in the case, u +v,

all § functions vanish and we omit them. We find in this
manner:
I3 = 7 exp(~/Byy)

Ip= -MCexp (~4Ryy)
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Iz= ‘W[/‘(2+%‘+ 5 ]exp(-;uﬁuv) (6.22)
UV R uv
We thus have:
oy - oy
= - --;L 2 gugv(T +V +/+u Tv)exp( /’(Ruv) J L )(
8T &Fv Ruv
—
‘G“_ 142 _gﬁl'ﬁuvéz"ﬁuv z 1
MRUV M?IRUV RguV’ MRuv Agﬁgu‘) RUV
(6.,23)

Similarly we f£ind for the interaction enery of the_g;field:

ul = -5-7'7‘ %V guev(Tu7iv + 7iu Tv)eSp[ Ruv]{Ruv

ae o‘u Ruvqb Ruv
exp (- -} - X
P ) < Ru‘v' R?uv) RZ)UV
(l '}" + ‘ 2 ) - -E-{i* ’ o
: ’ uv v (0.24)

Finally we find for the self energy upon expressing the
integrals in spherical coordinates and Integrating over the
angles:

U= Ul +U, =¥— S efuld + %)
! )/"“’ k2dk _
KPkE
2( R —2-)/ k=dk (6.26)

it

Ji

£ je=

{l

Je

7. Discussion:
The result obtained is disappointing in two ways. First,

because of the presence of Jo in (6.26), the self energy re-
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malns infinite, ©Seeondly, it was to be hoped that, aside from
the presence of the / 's and a possible constant factor, the
interaction energy would be that found by Greenﬁ% This is
indeed the case for the terms not involving ;z's. However,
because of the different treatment of auxiliary conditibns,
the rest of the expressionkis quite different from his. Fur-
thermore, it is unsulted for application since, on account

of the high powers of __1  occurring in our expression, any
attempt to solve the Wasgvequation containing this poten-

tial would require the artificial device of ftutting off.n"

It should be remarked that the difficulty is not due to
the generalization but rather to the treatment of the aux-
iliary conditions necessitated by the presence of 7~'s. In-
deed, (6.23) is just the expression one would obtain in the
ungeneralized theory by this approach. On the other hand,
(6.24) (except for the presence of the‘7y's and a possible
constant factor) shows the result which would have been ob-
tained for the tilde contribution of the interaction energy
had cholce 2 of Part I been employed. It is for this rea-

son that (6.23) and (6.24) were obtained separately.
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