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I AUXILIARY CONDITIONS IN GENERALIZED ELECTRODYNAMICS
1. Introduction:

The problem here considered is that of properly gen­
eralizing the auxiliary conditions of electrodynamics to 
fit the generalized electrodynamics proposed by Podolsky-1-.
A treatment has previously been given by Podolsky and 
Kikuchi2 following somewhat the lines suggested by Stuckel- 
berg^, but the auxiliary condition given there is unsatis­
factory since it does not necessarily subsist forever if sat­
isfied at some particular instant. Our object here is to 
avoid this difficulty while obtaining a theory in which the 
main results previously obtained1*->4,5,6 are undisturbed.
We,shall be concerned mainly with the case of charge-free 
space. The general procedure will be to consider the non­
quantum case first and then pass to the quantized theory in 
the usual way,
2. Need For Auxiliary Conditions in Ordinary Electrodynamics

In the ordinary electrodynamics, the Lagrangian density* 
in heaviside units is:

h  = " I FSe (2.1)
where

~  (.2.2)

*Greek indices run from 1 to 4, Latin from 1 to 3. x4 = ict; 04 = i0. The summation convention is employed.
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This leads to the equation of motion
= 0 (8.4)

Because 0^ is missing from (2.1), p^= — 0 which relation
would prove inconsistent with the commutation rules, if we 
attempted to go to the quantum mechanical form. To avoid this 
difficulty, we take for the Langrangian density

If (3-5)

This leads to the well known wave equation,
H7 0tK = 0 (2.6)

Upon writing (2.4) in terms of potentials, we find it to he 
equivalent to

^A fi<*. ~ ® (2.7)
Thus (2.4) and (2.6) are equivalent if

fk-At-0 (8-8)
or

0A/? = + Const. (2.9)
It is convenient to choose 0 for this constant,thus obtain­
ing the usual Lorentz auxiliary condition

0p/0 =■ 0 (8.10)
In quantum theory, this equation is in general inconsistent 
with the commutation rules and it is therefore replaced by

^ . f  = ° (2.11)
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From the commutation rules it follows that this condition per­
sists if satisfied at any instant.
3. Need for Auxiliary Conditions in Generalized Electrodynamics: 

In generalized electrodynamics, the lagrangian density 
analogous to (2.1) is

Lf= - — (3.1)

which leads to the equations of motion
(1 - = 0 (3.2)

To express this theory in Hamiltonian form, it is necessary 
that ««*£• not be zero in general2. However, for (3.1) we have

0 and therefore we replace (3.1) by004
Lf

which leads to the equation of motion
(1 - aSZ7)Z75<=0 (3.3)

The general.solution of (3.3) may be expressed in terms 
of Fourier amplitudes as

/iV5/%t) = (gw/ j  {^*00© if + I£(k)exl 

+Ic*(k)e“:L? + i*(k)elfj 6$ (3.4)
where
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ki k̂  
k4 = ik 
k4 = ik
k =(k2^ j  (a.s)

The Hamiltonian of the system In terms of these amplitudes 
is then

Hf = zffefkak2 - l£lak2JdST (5.6)
This will prove of importance in quantization.

If now we express (3.3) in terms of potentials, we have 
(1 - a2f7)[lAcr/? - I a.^J=0 (3.7)

We thus see that the necessary and sufficient condition that
(3.2) and (3.3) be equivalent is

(1 - a ^ i ^ ^ O  (3.8)
We take, however, the more restrictive condition

(1 - a2£7)i«>flt = 0 (3.9)
which is sufficient but not necessary.
4. Possible Auxiliary Conditions:

There are a number of conditions which imply equation
(3.9) while reducing to equation (2.10) in the ease a = 0.
We shall consider four of these, which,although only slightly 
different in appearance, lead to rather different results.

Choice 1
The most obvious choice is equation (3.9) itself:

(1 - a2£7)lA/3 = 0 (4.1)
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This condition imposes no restriction on the tilde quantities 
if we write it in terms of Fourier amplitudes under the as­
sumption that coefficients of different exponentials must 
vanish. Explicitly it leads to: 

k«*3U(f) = 0
k„f*(f) =■ 0 (4.2)

Since this set places no restriction upon the tilde quanti­
ties, it is quite different from that used in reference 2 
and fails to remove the infinities from the expression for 
static interaction. It therefore will not be considered 
further.

Choice 2
We may take the condition to be the same las (2.9), 

namely:
= 0 (4.3)

This choice is considerably more restrictive than (4.1).
In terms of Fourier amplitudes it becomes: 

k«.5oc(ic) = 0
K i * ( $ ) = o 

= o
k*I£(Ic) * 0 (4.4)

It may be remarked that the condition (4.3) implies 
that the present theory be a generalization of the ordinary 
meson theory in the following sense. The usual meson equa-
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tion may be written in the form
a2* V , , ! ? 0 (4.5)

Now let us take as a generalization of (4.5) the equation
4- i A) =-0 (4.6)

If (4.6) is written in terms of potentials, it becomes
-  a2*«J/6/31-$cd = 0 (4.7)

Application of (4.3) reduces equation (4.7) to equation (3.3) 
as asserted. If we desired merely to demand the equivalence of 
(4.5) and (3,3) we would arrive at the condition

£ 7 1 ^ 0 ^ 0  (4.8)
However, (4.8) and (3,9) together imply (4.3)

Choice 5
It is possible to subject $« to the gage transformation, 

i* - (4.9)
where B satisfies the equation,

(1 - a2£7)B = 0 ' (4.10)
and can therefore be written,

B(?,t) = ^ | /̂ j B ’(k)e"1? + gtk’)eifjdf’ (4.11)
Under the transformation (4,9), equation (4.3) becomes,

3 * a,£7B = 0 (4.IS)
which becomes with the aid of (4.10)

tz0A/s + B = 0 (4.13)
In terms of Fourier Amplitudes, (4.13) is

= 0 iaE*j?*(£) + B(k) 0
M £ ( £ )  = 0 -ia £Jfr$) + B(if) — 0

(4.14)
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It would have been possible, of course, to require merely 
that B satisfy

(1 - agZ7)Z7B = 0 (4.15)
so that we could write

B(r,t)« (g|)S/̂ B (k)e-lf + B*6T)eif + B(k)e“if
f jdk (4.16)

This, however, would merely lead to (4.14) again so that
(4,10) and (4,11) are sufficiently general. It should be 
noted the 0ct satisfies the equations

(1 - &2O ) O 0 ol ~ 0 (4.17)
~ ^  0J8PC ~ (4.18)

(1 - a2£7)F*A ^ = 0 (4.19)
However, 0* does not satisfy the analogue of (4.5) but 
rather

+ +  a- f l 0 n.:80)
Finally it proves convenient to write

0cl ' (Â i0) (4.21)
The use of a gage transformation of this sort corresponds to 
a proposal of Stuckelbergtŝ .

Choice 4 
We can take instead of (3.9)

a (4.22)
where B is a solution of

(1 - a2£7)B = 0 (4.23)
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In terms of Fourier amplitudes, these may be written 

k«±a(k) = 0
k«i5(kj = 0
iak* %x (k) + B (k) = 0
iak«lj(k) - B (k) =■ 0 (4.24)

(4.23) insures that (4.22) implies (3.9). This is essentially 
the choice of Podolsky and Kikuehi^*^. Although the differ­
ence between this choice and choice 3 is not now apparent,
the further development should make this clear.

5. Choice 2:
We go now immediately to the quantized case. Here we 

have instead of (4.4),

Our use of the generalization of (4.4) instead of that of

may be considered as an extra assumption. 'We still have to 
determine the commutation rules. Since the operators are 
time dependent, we determine the commutation rules by the 
requirement

Hf, of course, is given by (3.6). We assume that the eom-

k*f«(k)<//- 0 
k*I*(k)f 0 
kJct(k)y= 0
kcJ5©r = 0 (5.1)

(4.3)
(5.2)

(5.3)
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mutation, rules for the ordinary potentials are

[s*(k),si9(k')j= - ?') (5.4)
with all other commutators involving ordinary potentials 
vanishing. It may be easily verified that (5.4) is con­
sistent with (5.3). We write the rules for the extraor­
dinary potentials in the rather general form

[*i(k), Kc(k')] - K  k') (5.5)
with all other commutators involving extraordinary poten­
tials vanishing. Upon applying (5.3) and equating coef­
ficients of exponentials, we get as one condition:

-s/ksi, (k)gpa (?,?'̂ dk^-cTi/ll^k) £(? -k')dk (5.6) 
This will be satisfied if the following holds:

% fi (£)£(£-?') (5-7>
of which a particular solution is

<{«&£')= W - * ' ) -  (s-8)
to which may be added any solution of

’ (5.9)
In view of (5.1), one solution of (5.9) is

(krk') ~  c(k,k')k^ (5.10)
If we assume g# cc to be symmetric in k and k' and oc and P , 
we can put

IftOL&S') = C ( ? , F ) ^  (5.11)
where

c(5,]s:') - e(k',k) (5.IS)
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The commutation rules are thus:

[i^(k),% L(k')J = &ag!l e(i?,k') %  (5.13)

We now seek to determine c(3£,k') so that the conditions (5.1) 
are consistent with each other. This requires, among others, 
that

JX,S£®, &!«.()? )J = 0 (5.14)
This can be written

k§
2k ch£(5T- k')+kl'k| c(k,k') = 0 (5.15)

However, k§ = so that we have

c(k,k') = _ ^/) (5.16)
This is the revision of the commutation rules suggested by
Pauli^.

With this revision the condition for consistency of the 
commutation rules is met. However, the results are consider­
ably different from those obtained in the usual manner. For 
one thing, we have
[$*a?),*&,&)] j(j? .vo=o (5.i?)
This, of course, guarantees that

[ % & ! « ( & ) ]  = 0 (5.18)
as is required. However, it also implies that

j^Rgjk^O?)^ 0 (5.19)
Thus the auxiliary conditions do not need modification and
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the interaction energy is to be expected to be considerably
different from that obtained by Podolsky and Ki^uchi.

6. Choice 3
We consider first the case in which the field quantities

are not quantized. In terms of Fourier amplitudes the gage
transformation employed is

%  = s/^k20j(k)0a (k) - ̂ 2f?S(k)?tt(k)-f-^©B(kjJdi? (6.5)
In the theory in which the particles as well as the field 
are treated classically, the interaction between the parti­
cles and field depends only upon Thus the equation of
motion of any particle in the field is

= &t(k) t ia%*B(k) 
! * © =  ? * ©  -ia£*B*(E) (6.D

To compute we need J*(k)foc(it) which is given by 
$ ( 2 ) ^ ( ? ) - a W ( k ) B ®
- iak*B*(k)$ct(k) + iaK^J(k)B(?) (6.8)

However, from (4.14) it follows that
- iakocB*(k)f«(it) f ia^tir)B(k) - 2B*(k)B(k) (6.3)
= -1, so that we have 

S(k)fcc(k)= $ £ & ) & & ) +  B*®B(k) (6.4)
while a k

and

(6.6)
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It may be noted that the potentials occuring in FoC p no longer 
need satisfy (3.3) since we are no longer dealing with charge- 
free space. Now by equation (4.18) it is immaterial whether 
we use 0’s or I’s in computing Foĉ . On the other hand, when 
the particles are treated by the methods of quantum mechanics, 
their wave equation is given by

where we assume n particles and where we may take for Rg either

We are free to use either (8.8) or (6.9) in (6.7) at our 
convenience. However, it can easily be shown they are equi­
valent when the fields are not quantized. To do this assume 
Rg given by (6.9) and apply to (6.7) the canonical trans­
formation,

the wave equation thus obtained for_a/is the same as that 
obtained for-n-when (6.8) is substituted in (6.7).

We are now ready to quantize the field quantities. We 
start as usual with the case of charge-free space. We can 
then apply the requirement (5.3) with given by (6.4) to

or

(6.10)
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obtain the following commutation rules:

)»„(?')]= -sSĵ Ki? - k')

£ 0 2 ® , © ? ' ) ] =  §§£„«?-?') (6.11)

The auxiliary conditions are:
K<0«(£')̂ ~ =  0

-  o

[ia£J*(f) +B(k)]^ = 0 
f- ia^5(lf)+B*(k)J-A = 0

These are equations (5.8) of 2. To show that the second pair 
are consistent with each other we compute

£-iak*ja2(i?) + B*(?),iaiq0J<,(i?') + B(ic)J «

a‘%£| £(C - lT') t gl £ Oc - ?'■) - 0 (6.13)
v̂O -jIn the above we made use of k*. = - Further, once thesea-'-

conditions are imposed, they will continue to hold, for we 
have

[ Hf,iak J*(k) + B(k)^ =• - cBkS[iak«<̂ (if) (6.14)
4 %(£)]*■ ~ 0

and similar equations for the commutators between and the 
other operators in (6.12).

We can now pass to the case where charged particles are 
present. First, however, we must decide between the two ex­
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press!ons (6.8) and (6.9) for Rg since, because of the com­
mutation rules (6.11), these are no longer equivalent. If 
we use (6.9) the present approach becomes like that of choice 
2, since we would then everywhere employ the potentials 
If, however, take for Rs (6.8), we obtain for the equations 
used in deriving the interaction energy among the charged 
particle the expressions given by Podolsky and Kikuchi4.
More specifically, the wave equation for the whole system 
may be written,

where now the 0 ’s occuring in Rs now satisfy (5.3). Finally, 
it is easy to see that the set

becomes identical with (6.17) if we add its members together 
and set in them t = tj= ...tg = tn. When we use (6.9) for Rs 
with the potentials required to satisfy (5.5), (6.18) is

(6.15)

from which Hp may be eliminated by the transformation

(6.16)

As the result of this transformation, (6.16) becomes,

(6.17)

(6.18)

identica.1 with (1.2) of Podolsky and Kikuchi®. The usual
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procedure may now be followed, that is, (6.12) nay be appro­
priately modified to be consistent with (6.18) and the inter­
action energy calculated. It may be noted that (6.14) makes 
if possible to consider (6.12) as holding for either-ra or 'P.

There is one more remark of interest which may be made 
about the present choice. We noted in discussing the case 
in which the particles but not the field were treated accord­
ing to the methods of quantum mechanics, that the equivalence 
of (6.8) and (6.9) might be demonstrated by means of the 
transformation (6.10). We may consider this transformation 
to have been performed before the fields were quantised so 
that equation (6,7) with Rs given by (6.9) was obtained in 
this way. There is then no reason why in the case of quan­
tized fields we could not take for the auxiliary conditions 
to be associated with (6.17):

k<x0oc(k) exp X_esB (rs, t'jtj'j' *■ 0

k'j0$(?)expfe £  esB(rQft)jf- 0
L •S—/

£iakj^(k) -HB(k)] exp||| £  esB(rg, t)J f- 0

Qiak^$J(}f) -r B* (k5j expjji ^  esB(r^, t ^ T  = 0

Here B satisfies the wave equation because we consider
the transformation (6.16) as having been performed. Similarly 
we can associate with equations (6.18) the set:
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k*0« (?) exp jsi £  e SB (rs ,%)]£ = 0 

(?) exp [|| £  esB (?s, %)Jf = 0 

(?) + B (?)] exp^H £  egB (?,, t^Y- 0 

[-ia&ocffi (k) * B* (?) e x p ^  £  eSB (?s, Ife)]̂ = 0

Because of the commutation rules, there is a possible ambi­
guity in the expression expjffj esS(^s>^s)Jand we there­
fore define it to mean:

ikct

if now we multiply (6.20) on the left by

®XP[fcH jl/ es (g|) ^ f  d? B*(?)exp(ik-?s +i£cts)j 

x exp £  es(g|) /  d? B(?)exp(i?‘rs - ikcts)J

and make use of the commutation rules (6.12) we obtain 
k*0*(k)_£^O 
k * 0 £ ( ? ) ^  = 0

|ia?*$<(k)+B(k) - ^ ( 0 !  esexp(ickts - lkr*r#)|^-0

^-ia^x0%(?) -f B*(?) + g e gexp(-icktsf ik*rs)Jj£= 0
(6.22)
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The third member of (6.22) follows quite simply if we make 
the association;

The last pair of (6.22) is, however, consistent wi tb (6.17) 
and in fact, is just the modification of (6.12) which is 
usually employed in the case when charges are present. The 
first pair of (6.22), however, still requires modification 
to make it consistent with (6.17). It may be noted that the 
desired modification can be obtained by letting a go to in­
finity in the second pair.
7. Choice 4

We consider the case of charge-free space and quantized 
fields. Hp is given by (5.6). The commutation rules for 
the I’s are;

In order that B(r7,t) satisfy principle (5,3) it is necessary 
that it be expressible'in terms of I*1 s. Assume that such a 
B exists which makes the auxiliary conditions consistent with 
one another. These conditions are:

(6.25)

While to obtain the fourth we let

ch  J  _
2E JEW)

(6.24)

[  li(3?) , iff (k ij =s - f g ^  S(£- - ?') 

DSC?), r^kf] = if-) (7.1)
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jlaKX (ic) 1- B (k)J f = 0
f-la^iS(?) iB*(£)]Y= 0 (7.2)

Now let us pass to the case where particles are present. 
According to the many times theory, the following set of equa­
tions must be satisfied by it

s = 1, * * .n^Rs-t ? 0 (7.5)

In the present case, Rg is given by:

Rs = GOCgi [pSi - "  5i(rs,ts3 + msc2̂ s -f-esS (rj, ts)
(7.4)

In order that (7.3) and (7.2) be consistent, it is necessary 
that the operators occuring in each member of (7.2) commute 
with those occuring in each member of (7.3). To accomplish 
this, it is customary to alter the operators of (7.2). Let 
us therefore try to modify the operator in the third member 
of (7.2) so that it commutes with

+ f  <7'5>
To do this we let it be replaced by

iak*!* (̂ ) +■ B(k) t- g (?g, ts) (7.6)
where g(?s,ts) is simply some undetermined function of 1TS
and ts. If we assume the commutation rules between B(if)
and I*(k), which are as yet undefined, to be given by:
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[ l « ( k ) ,  B ( k jJ  =  0

[if(it), §(£') - AiKk-k') (7.7)
[ I*©, B(k')]=-A S (£-*')

where and A  represent arbitrary functions of k and k the 
condition that the commutator between (7.5) and (7.6) vanish 
becomes

[Rs + f i&fe'O?) + B(S)+ g(rs,ts)J =

exp[i(Ects - £-rsj/]+f +

> ■n]expEi^ ots - = ° (7-8)e« s ISwy
If we take <*sx, «gy., agz, and 1 as independent quantities, 
this leads to the set of conditions

f V sg - ^ ( s r / /S[ l S  + 3 ]  ê [ 1(-io ts - ^ > ]  = 0

h +  es(rf̂ ) ^ [“̂ f ~ A) exp[i(£cts - k*r̂ )] = 0 (7.9)

In order that the equations of (7.9) be consistent with 
one another, it is necessary that say = lyfx and hence 
that

Vsg = 6(?s,ts)k

- G(rs,ts)ck (7.10)
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This implies that 

Zf = Ck
A  * Ck (7.11)

Reference to the commutation rules (7.1) shows that for
(7.11) to hold, B(k) must be given by

const. Koficr(k) (7.12)
Now let us again consider the case where no charges 

are present. The presence of lf(k) and B(k) in the equations 
(7.2) does not cause them to differ essentially from the 
equations:

- o
k*s£(£)?' = o
- ~  ̂  (7'13)k^(k)T = 0
k^(k)f ® 0

Indeed, on account of the relation (7.12), equations (7.13) 
and (7.2) are the same except for a possible constant factor. 
However, because of the commutation rules, (7.1), the last 
two members of (7.13) are not consistent with one another. 
Therefore, choice 4 is inadmissible.
8. Conclusions:

The treatment of auxiliary conditions by the method of 
choice 3 may be considered satisfactory in that it fulfills 
the requirements stated in the introduction. The auxiliary 
conditions are consistent with each other; if they are once 
imposed in charge-free space, they continue to hold; they can
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be modified to be consistent with the wave equation for the 
charged particlesj and they lead to the same equation basic 
for the determination of the interaction energy as were 
found by Podolsky and Kikuchi^. Furthermore, a procedure 
is given in which special modification of the auxiliary con­
ditions containing tilde quantities is unnecessary. The 
approach of choice 3 is essentially that used by Podolsky 
and Schwedf
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II CHARGE DEPENDENCE IN GENERALIZED MESON THEORY
1. Introduction:

Green1 has recently generalized the neutral meson theory
in much the same manner that electrodynamics was previously

P-7generalized ' . The purpose of the present paper is to in­
vestigate the extension of generalized meson theory to the 
charged meson case. In doing this, it proves necessary, how­
ever, to alter the Hamiltonian of the neucleons in the pre­
sence of a field in the manner suggested by Stuckelberg8.

S. Classical Theory:
In introducing charge dependence, It is convenient to 

consider the case in which only charged mesons are present 
inasmuch as the neutral mesons are represented by an essent­
ially independent set of potentials. In adapting the pro­
cedure previously used to the present ease, it is necessary 
to introduce complex potentials. A suitable Lagrangian 
density for the meson field in neucleon free space is

(£.1)
Here f* and l£ are considered independent quantities and we
have for the equations of motion,

<a2£7_i)(£7-*2)i* = o
o - (2*2)(a2£7-l)(A7->c2) ^  = 0

Following the notation of Pauli5 , the solution of the
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first set can be written

!*.(?,t)- (si)5/^ b  + (2)e-lf- +i^(iOeif“+ *i*(k)e-lf'

+ §:?(k)eif/}di? (£.8)
with

£°= ckQt - k»r* ck,t - k»r*

1 - A 2, ,2 v FJt T  l" 2̂*4^kô  V k + ̂  ki= Vk'0 +-

That of the second set is the formal conjugate. The Hamil­
tonian in terms of Fourier amplitudes is then

if * 3/£[i^(k)l^+(k) + s:-(k)i:_(k)jk? - [li*(k)ii+(k)

4-5,il(k)li_(k)]kf)dk (2.5)

It should be noted that Io(>(r,t) and Hf both can be decomposed 
into two parts according to

I*.(r,t)» $;(?,t) + 5j(r,t) Hf=Hf° (2.6)
where

S*(r,t) => /-i}3 jf[lft.(5e“lfo + I*-(k)elf“]dk

(2.7)
*i(?,t)= + I*l(k)e"iflJ die

Hf - 2/flI*(?)lI+(ic) + 5^*(k) I* _(k)] k^dk7

Hf=-2/[li^(k)li+(k)+ 5i!(?)li_©]kfdl?

Quantities with the superscript, o, will be calledyC(quanti­
ties and those with superscript, 1, will be called a quanti-
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ties. Finally, we take as auxiliary conditions
$cy,oc “ 0 (2.8)

and their conjugates. This implies that the field equations 
may he written

(a0  -1) (Fc^ = 0
O o (2.9)

{CJ -a/) (a2F«A>* + 5*) = 0
and their conjugates.
3. Quantized Theory:

To pass to the Quantized theory, we introduce the gage 
transformation

=  (a.D

where the B’s satisfy the equations
(a2Z7 -1)B' = 0  (a2 £7 -lj[Bl* = 0
(£ 7  - J 2)B 0 = 0 • (Zj->cc2 )B 0*  -  0

and therefore may he written as
>/2j

(3.2)

B° (r',t)= (|;)t)y { B + ® e “ifo+ Bl*(f)elfô  di? 

B1 (?,t)- (fc)5//{Bl (?)e*if| +-Bi*(f)eifî  dl?

The Hamiltonian may be expressed in terms of the new poten­
tials as

Hf = §/{k2 \0Z+&0«-h(k) h 0*-O*)0*- (k) B+(?)
+ B-*(k)(S) - kf C + (1̂ 0JL̂ (̂ ) f 0d5(k)0i-(7)
4 B + * ® B }  (If) hBL*(k>)BiOc)jj dS' (3.4)
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It is now possible to obtain the commutation rules which 
are as follows. Each quantity commutes with all other 
quantities except its complex conjugate. The rules for the 
non-commuting quantities are:

In terms of Fourier amplitudes the auxiliary conditions,

These are consistent with one another and once imposed (in 
neucleon free space) continue to subsist.
4. Choice of Rs:

Following the many times theory , the equations for the 
particles are:

(k -k )

B l ® ]  = - §E- S(E - if')

taken now as conditions on Y , are:
|jt*1[?(k) -ko0+(li) (k)]'̂  - 0

-ko0:*(ic) ^L^tk)JV - 0 
^a[k*li (1c) -k, 0± (k)J 1 iB+ (it)} f - 0
faff-ir® --k,0U53 -iB±(k)}^ = 0

(3.6)

(4.1)
Rs may be given either by

Rs = c^s*^s + gŝ 7rs[0(rs,ts) -«s^0j(rs,ts)J 
+ 77s[0*(rs,ts) -«s>j0j*(rs,ts|J + mscS#s (4.2)
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or by
rs = c«s*ps f-gs(r-s|(^,ts)

+ 7;s [^(?s,ts) -%,ji*(r*s,ts)]} + mso ^ s (4.S)

The first choice corresponds to that made by Greenl while 
the second is of Stuckelberg8. It is now necessary to modify 
the auxiliary conditions so that they are consistent with 
equation (4.1). Because of the presence of theT'fs, this 
proves impossible for the choice (4.8) while the choice (4.5) 
is consistent with the auxiliary conditions without modifi­
cation. In the following, the I Ts will be expressed in terms 
of 0fs and8’s.

At this point it is convenient to make use of the fact 
that the m . and a fields can be treated separately,. Thus, 
we consider the case where only the ̂ field is present and 
obtain the interaction energy for the case where both fields 
are present by subtracting from the expression for the energy 
of the field the same expression with replaced by I/a.
As usual, we introduce

q_:(£) * f*A * ©  (4.4)

and its conjugate. The auxiliary conditions are then
[Qi© -0*(k)]Y^O (4.5)

and their conjugates.
In view of the commutation rules it is possible to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



make the associations:

(4.6)

ch
2k,

The equation (4,5) can be thus written:

ch _ i 
_2k» &Q+*(]?) - 01 (SjJr = o

(4.7)
(o:*® - ch
L ' 2k. (S) J ̂  0

5, Elimination of Auxiliary Conditions:
We may take as the solution of the equations (4.7) the 

expression:
f  = exp(X? + Xt)-°- (5.1)

where
x? = -!^:*(g)fa:(£)k.d? (5.8)

and -TJ- is independent of Qt(k) and 0**(¥). To obtain the wave 
equation^ in terms of-*"1- we need merely replace each operator 
P in Rs by exp£-(X* -+ X_)J Fexp (X+ 4-X “) . We first consider 
how the Fourier amplitudes of the potentials transform. With 
the use of (4.6) it follows at once that we have:
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exp [-(x; -hX-)J 0**(ic)exp(x; + X!) » 0°*(£) -f Qt*(Ic)
exp[-(X+ + X!)] B± (ic)exp(*+ +X-) = B+ (ic) 4.1x0 KIc)

k„
exp[-(X+ +-x:)]K®exp(x:+Xl) - A“ (ic) + ~ 0t(k) (5.3)it O

The others are unchanged. These lead at once to the follow­
ing expressions for the transformed potentials as functions 
of space and time.

exp[-(Xl f -x ! )J  A° (?s , t s )exp(X+ + X - )  =  A" (?s , t g)

+ (^] 0 + © e x p [ i ( i c » ' r s - k * c t s) jd iT  

e x p [ - ( x ;  + X - ) j 0 ° ( r s , t s ) exp (X? - f X l )  -  0 * ( r s , t s)

A typical expression for the transformation of the complex 
conjugate potentials is:

e x p f - ( X 4° + X- )] X° * (r s , t s ) exp (Xt + X f )  =>

s/s
+ 64) /  f$-(k)exp Ji(Ic.I?s -k0cts)]dk* (5.5)
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The others are related to (5.4) in a similiar manner.

Reference to equation (4.5) shows that the quantities
in which we are interested are of the sort:

exp I -(X+ -j-X_)l fers^ts) - - AB, S?§jlsllexp (X+ t X_)-/2- (5.6) L L ^  3̂CSg> J
and

exp[-(X+ -f X,)] [a? (rg, ts)f^ dg. exp (X+ t X_ )_n. (5.7)

By the use of (5,4) and of the equations: 
qt*(k)-CL ■=. o

q:(£)-0. - o (5.8)
we obtain for (5,6)

 ̂ ^s. aJis.I +|ll j’ ^(k)exp Q-i (!?• ~rs -k̂ cts)} (5.9)

and for (5.7)

[a] (rs,ts)-)_ i. 3̂,̂ s']*'̂a)'} (5.10)

If the operator in braces in equation (5.9) is written as a
/ l\5/2Fourier integral, we have for the coefficient of hgjj) X 

exp £•* (lc«rs -k0cts )] in this integral:

-ik.Bt*(k) , k’Al Ĉk7) -hiMBl*(k)
k.

—  /I k? \ . Jc«A-*(5*)
K  ' ~ mXI k<»

^  m £ 1 £ l  (- +k„ V i ^ / + k
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Similiarly the Fourier amplitude corresponding to the quantity 
in braces in (5.10) is

Aj(S)»-iB

The field quantities occurring in (5.8) and (5.9) and hence 
in Rs may thus ail be expressed in terms of the quantity 
(ft(ic) which we define as:

Ct(!) = At(?)f- ilcBt (k) (5.IS)

In addition it is possible to express ~k± (?) and B+(?) in 
terms of C+(?) and Q+ (?). We can thus express-rn in terms of 
Q»s and C’s. However, since Q±(k) is an operator and, there­
fore, not present in -o. and, since-jn-has been assumed inde- 
pendent of Qt (,1c), depends only on the C’s. The commuta­
tion rules for the O’s are:

[qy((it),Cj±(?)] = tApi(i?),A”tj(k53

XL.<-

Upon adding together the equations (4.1) and setting t̂  =■ ts 
- tn - t, we get
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-h (f̂ *(lc)exp Q-i(i?»rs -kact)]) dSVmsc2/?ŝ ll = iB^1- (5.14)

This result can he obtained in a somewhat simpler man­
ner. We assume the field quantities upon which 'f depends are:

-XA.

and
kljt (k)^IMiSl (iT) (5.15)

-A\.

Further, we take the auxiliary conditions to be the opera­
tional relations:

kol>r(£) - - £-Ct*(k)- 0 (5.16)

Since each of these commutes with the quantities (5.15) and 
their conjugates, these auxiliary conditions are consistent 
with the commutation rules. We can use (5.16) to eliminate 
from Rs and f1 the quantities 0± (ic) -lk0B+ (ic)̂tc and their 
conjugates; if we call Y when expressed in this manner -ua,, 
we obtain (5.14)
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6. Computation of Interaction Energy: 
It is convenient to write ct(I?) as

with
(6.8)

k2
This serves to determine the commutation rules of the b’s as:

[b:*®^:^')] = -/j^or-k') (s.a)

To confirm that the commutation rules for the Cfs are pre­
served hy this representation, we compute

[btm c t-, <*)] =  ,b-t j & ) ] x

([brx (?) ffOj i^i 0?»b+*(k),b+j (l?')]^

|l +■ ko Ac j8 Jit‘I)**(it) ,3t* bt(ifOjkikj 

=  - i . { sn  -8(yt^ £) tlkJ + Xikjjx
i(k-?0 =■ - |S | i-kikj^.2̂  *f(£ -itx) (6.4)

The time dependence of the potentials in (5.13) may be
eliminated by the transformation 

__n_ »eiwt^/

with
w = c/k. /j?(it) * bI (it) + b 1* (2)* tT_f (it)J di? (6.5)

It is now possible to write the transformed equation (5.13) as;
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H. + ? 4- £&$?><$)■%:<?) * ft(g)'f?(2)1ft J
+ G:*(i?)-b°(?)+?:®-Kit(5)J-^ (6.6)

where
H„ ~ 5L' [_eofs«ps -bmsa®/?sJ  (6.7)

and **<*> = (̂)S/E(iiT/Si -1
rW&z] (6.8)Kd J

and conjugate.
In the conjugate of (6.8)77 is to be replaced by 7^ .
We are now ready to determine the interaction energy

by the perturbation method. To do this we make the associ­
ation:

b b  ®  “*■ 5B?J(I)-
bj *(£)-* bi’3 (lc) (6.9)

y * ̂ ̂ ^We assume fl. to be a functional of b±(k) and expand it in 
the series

_n/= _n-OQ + _/nol i-JXl0 (6.10)
where

jtl = y—* oo ' oo

^  f r . j * v * v  < $ )&
© a ®  (6.11)
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If we substitute (6.10) in (6.6) and assume

lek.Y'o, (k) (6.13)

we obtain the following equation for YU :

[H‘ + I ft] +0-"*(S)-0-(S)] YU (6.13)

Thus the interaction energy is:

Sf-[3;*(S)-3;(S) + 3-“*(2)-1-°(S)] (a.14)U = 'Hck0
By making use of the definitions (6.7) and after performing 
some simplifications, we find:

x<.<
kk0 t -^-o—  t-

kk.l ,
~^r j exp(ik* tcU" (6.15)1 ><{2

where
(6.16)

We are now ready to evaluate U°. To do this we write
it as

U0=TJ:+-UT (6.17)
where UScorresponds to the summation over «. = v in (6.15), 
and. U?, to that over u, ̂  v in (6.15). Upon expressing the 
integrals in terms of spherical coordinates and integrating 
over the angles, we have for U/,

U' = ~ i67r2^l,gugv^ u ^ v  + ̂ uTTv) ■*
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(„ . X? Ixt . “u'BuV^f'^UV L, - ̂  . gIa ~l /R TH1!
(s1'+ J  - z $ r — ig;—  l3Is - j C6-18)

Where
Tn =. feexp(ik Rnv) dk

J2 ’k^exp (lk Rug). dk 
iki

1% =z C b
o

21
kR.uv kgR§v

k exp(ik R„g) dk (Q.19)
lk|

Because the Integrands of Ig and Ig diverge in absolute value 
for k-?00 it is convenient to rewrite Ig and Ig as follows:

IO - k _ kX#J exp(ik-RUVi). dk

T r°° fv . 2il8 ^ L r - 3 r + -

If we use the formulas

2i 2M2i 2k " exp(ik Ruv)
■DRuv k?Ruv ^R^uv. i dk

(6.80)

and
£(Ruv) - /  exP(ik Ruv) dk

Z Oo

ikexp(ik Ruv) dk (6.21)27T--«o
and apply the method of residues we can now evaluate the 
integrals. Since our present interest is in the case, u =/v, 
all £ functions vanish and we omit them. We find in this 
manner:

Ip= tt exp(-vuRuv-)
Ig ~ - m 2exp (-xiRuv)
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I3= '7Tp<8+ +R.•uv Rguv J
exp(-^Ruv) (6.22)

We thus have:

U, - - —i guivC/^u^-V "f" /FU 7̂ v)exP(""-ARuv)-f' 
e7J «=tv i

I ^ ‘Xjv^v,ftuv

<̂ U * Ĉr
RUv A

1 ̂— 1—  -1— 1 
X(RU V >U(. R.uv; RSuv (■ARuv A 2R2 j ' v }uv'

(6.23)
Similarly we find for the interaction enery of the a. field:

u/= U - X ,  SuSy (Tu^v *■ W  e3P [•
//ôj * Ĉy
R

exp(-¥)( ^ | a ) s^\ _ ^j-Ruv^v Ruv ^
°u v /

uv

Ruv R?. R°uv

1 â*.
Ruv ; “r2”“ Ri•uv (6.24)

Finally we find for the self energy upon expressing the 
integrals in spherical coordinates and integrating over the 
angles:

D - u: f-ul = 1 gSu(J< +- Ja)47T t<

J, ~ (A2 - Jg) = yOC -d2/-̂  kskf
J£ = 2 (a2 ~ k d̂k

1
a

(6.26)

7. Discussion:
The result obtained is disappointing in two ways. First, 

because of the presence of Jo in (6.26), the self energy re-
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mains infinite. Secondly, it was to be hoped that, aside from 
the presence of the 'T fs and a possible constant factor, the 
interaction energy would be that found by Green . This is 
indeed the case for the terms not involving ^K’s. However, 
because of the different treatment of auxiliary conditions, 
the rest of the expression is quite different from his. Fur­
thermore, it is unsuited for application since, on account
of the high powers of 1 occurring in our expression, any

•̂ uvattempt to solve the wave equation containing this poten­
tial would require the artificial device of ’butting off.”

It should be remarked that the difficulty is not due to
the generalization but rather to the treatment of the aux­
iliary conditions necessitated by the presence of T ’s. In­
deed, (6.23) is just the expression one would obtain in the 
ungeneralized theory by this approach. On the other hand, 
(6.24) (except for the presence of the >s and a possible 
constant factor) shows the result which would have been ob­
tained for the tilde contribution of the interaction energy 
had choice 2 of Part I been employed. It is for this rea­
son that (6.23) and (6.24) were obtained separately.
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