ResearchGate

See discussions, stats, and author profiles for this publication at:

A Market-Based Solution to the Multiple
Traveling Salesmen Problem

Article /n Journal of Intelligent and Robotic Systems - January 2013

CITATIONS READS
5 136
3 authors:
@ University of Cincinnati University of Cincinnati
29 PUBLICATIONS 74 CITATIONS 214 PUBLICATIONS 1,035 CITATIONS
SEE PROFILE SEE PROFILE

9 University of Cincinnati

99 PUBLICATIONS 361 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

ot Unmanned Aerial Systems

https://www.researchgate.net/publication/304087998_Genetically_Tuned_LQR_Based_Path_Following_for_UAVs_ur

Project

All content following this page was uploaded by on 12 January 2017.

The user has requested enhancement of the downloaded file. All in-text references are added to the original document

and are linked to publications on ResearchGate, letting you access and read them immediately.


https://www.researchgate.net/publication/257429396_A_Market-Based_Solution_to_the_Multiple_Traveling_Salesmen_Problem?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/257429396_A_Market-Based_Solution_to_the_Multiple_Traveling_Salesmen_Problem?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Unmanned-Aerial-Systems?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/https-wwwresearchgatenet-publication-304087998-Genetically-Tuned-LQR-Based-Path-Following-for-UAVs-under-Wind-Disturbance?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Elad_Kivelevitch?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Elad_Kivelevitch?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/The_University_Hospital-UC_Health?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Elad_Kivelevitch?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kelly_Cohen?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kelly_Cohen?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/The_University_Hospital-UC_Health?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kelly_Cohen?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Manish_Kumar298?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Manish_Kumar298?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/The_University_Hospital-UC_Health?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Manish_Kumar298?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kelly_Cohen?enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw&el=1_x_10&_esc=publicationCoverPdf

J Intell Robot Syst (2013) 72:21-40
DOI 10.1007/510846-012-9805-3

A Market-based Solution to the Multiple

Traveling Salesmen Problem

Elad Kivelevitch - Kelly Cohen - Manish Kumar

Received: 14 November 2011 / Accepted: 19 December 2012 / Published online: 30 January 2013

© Springer Science+Business Media Dordrecht 2013

Abstract This paper describes a market-based so-
lution to the problem of assigning mobile agents
to tasks. The problem is formulated as the mul-
tiple depots, multiple traveling salesmen problem
(MTSP), where agents and tasks operate in a mar-
ket to achieve near-optimal solutions. We con-
sider both the classical MTSP, in which the sum
of all tour lengths is minimized, and the Min-Max
MTSP, in which the longest tour is minimized. We
compare the market-based solution with direct
enumeration in small scenarios, and show that the
results are nearly optimal. For the classical MTSP,
we compare our results to linear programming,
and show that the results are within 1 % of the
best cost found by linear programming in more
than 90 % of the runs, with a significant reduction
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in runtime. For the Min-Max case, we compare
our method with Carlsson’s algorithm and show
an improvement of 5 % to 40 % in cost, albeit at
an increase in runtime. Finally, we demonstrate
the ability of the market-based solution to deal
with changes in the scenario, e.g., agents leaving
and entering the market. We show that the market
paradigm is ideal for dealing with these changes
during runtime, without the need to restart the
algorithm, and that the solution reacts to the new
scenarios in a quick and near-optimal way.

Keywords Vehicle routing - Traveling salesman
problem - Agent-based group decision making -
Market-based approach

Mathematics Subject Classification (2010)
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1 Introduction
1.1 Problem Formulation

This research focuses on the problem of allocat-
ing a group of m mobile autonomous agents to
perform a set of n tasks defined by their location.
The problem of allocating resources to tasks is a
fundamental problem in optimization of a variety
of autonomous systems. Some examples include
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allocating computer resources [14, 15, 20], allocat-
ing network resources to consumers [15, 29], allo-
cating parts and processing machines in a factory
[3], and allocating targets to unmanned vehicles
[34-37]. Therefore, the benefits of a good resource
allocation algorithm are far reaching.

In this problem, the goal is to assign mobile
agents to visit the location of tasks. Thus, we
formulate the problem as the Multiple Traveling
Salesman Problem (MTSP). Each agent has an
initial location from which it starts its motion, also
called a depot. Some agents may share the same
initial location.

Following the problem definition in [13], let
G = (V, A) be a graph, where V = {vy, v, ..., v}
is a set of n vertices (task locations) and A is
a set of edges connecting these vertices. Let the
cost of traveling from vertex v; to vertex v; along
the edge e;; € A connecting them be d;; > 0. The
cost d;; is assumed to be symmetric, i.e., d;; = d .
Furthermore, the costs are assumed to satisfy the
triangle inequality, namely d;; +d; > dy. These
assumptions correspond to costs associated with
the distance of traveling between vertices, the
travel time, the fuel consumed during the travel,
or the cost of this fuel.

In the MTSP there are m agents. The MTSP is a
problem of assigning at most /1 tours, one tour per
agent. Denoting the cost of agent k’s tour by Jg,
where k € {1, 2, ..., m}, we can calculate the tour
cost using the definitions of costs given above as:

Je=) ) windi (1)

ei]‘EA

Where w;j is a binary variable that indicates that
agent k travels from vertex i to vertex j in its tour
Ry.

There are two possible goals in such an assign-
ment:

— Case 1, denoted MinSum: Minimizing the sum
of traveling distances of the entire group,
which is the classic MTSP goal, as given in [13].

— Case 2, denoted MinMax: Minimizing the
longest traveling distance of any agent in the
group. By defining the cost this way, we im-
plicitly reduce the time to perform all the
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tasks, and require that the tasks will be shared
between the agents. The multiple depot ver-
sion of this problem was considered by [8].

By using various weighting functions, other cost
functions can be defined as linear combinations
of the above cost functions. The mathematical
formulation of the above cost functions is given
as follows:

m

. .

MinSum = TN Z Jk (2)
k=1

MinMax = Min Ji+, where (3)

kt = argmaxieqr,.. myJk

Equations 2 and 3 are essentially the same as the
cost functions defined by Shima et al. [38]. The
optimization process, for any of the above cases,
is subject to the following constraints: each vertex
has to be visited exactly once and there is no
more than a single tour assigned to a single agent.
In addition, the solution must eliminate any sub-
tours, i.e., parts of the tour that are not connected
to agent tours [13].

The MTSP is known to be a computationally
hard problem. In fact, for m agents and n tasks,
assuming that each task is assigned to only one
agent, the number of all possible assignments is
given by [38]:

N, =m" - n! 4)

1.2 Requirements from a Good Algorithm

The MTSP is known to be NP — hard, in the
sense that a guaranteed optimal solution requires
a computation time that is non-polynomial. As a
result, solutions that cannot guarantee optimality,
but which meet other requirements, were pro-
posed. We define the criteria for a good solution
as follows:

— Near-optimality: assuming an optimal cost of a
certain scenario is known, the cost computed
by our algorithm deviates from the optimal
cost by as little as possible. The measurement
is given as percentage above the optimal solu-
tion, where 0 % above is the best. Note that
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in many cases, the optimal cost may not be
readily known.

— Computation speed: the time required for ob-
taining a solution. This can be compared with
the time required for obtaining an optimal
solution. In addition, as the number of tasks
and agents increases, the computation time
should increase in a polynomial scale.

— Adaptability to dynamic scenarios: we define
dynamic scenarios as scenarios during which
tasks or agents are added/removed while the
tasks are being executed by the agents. Adapt-
ability is the ability to incorporate information
regarding such changes during computation
and to find a solution to the new situation.

1.3 Key Contributions of This Solution

The following aspects are the main new contribu-
tions of this solution:

We present a solution that can solve both the
MinSum and the MinMax cases. As the work in
[17] discusses, applying an algorithm designed for
one case usually results in poor results for the
other case, but that is not the case here.

With respect to the near-optimality criterion,
for the MinSum case our results are comparable
to the results obtained by Binary Programming
[13], which is the best known solution in terms of
optimality, but obtained significantly faster. For
the MinMax case, the solution presented here
obtains better results than the best known solu-
tion to the MinMax case provided by Carlsson
et al. [8].

Furthermore, algorithms that can solve MTSP
with dynamic scenarios in an online manner are
relatively new and there is a significantly less
amount of previous results dedicated to them. Our
solution adapts to scenario changes, and an inves-
tigation of this capability was given in a separate
work we published earlier this year [27].

Lastly, market-based solutions are, by their na-
ture, based on the interaction of multiple encap-
sulated agents. In theory, it should be easier to
implement such solutions in a distributed man-
ner. Although the current implementation of the
market-based solution is centralized, we provide
some recommendations for a future fully distrib-
uted implementation.

2 Literature Survey
2.1 General

The problem of allocating resources to mobile
autonomous agents has been studied in a variety
of applications and using a plethora of methods. It
is well beyond the scope of this literature survey to
cover all existing work, and the focus of this survey
is to cover the basic related problem, which is the
Traveling Salesman Problem (TSP), including its
many variants, and the methodology that is based
on agents competing in a market.

2.2 The TSP Variants and Commonly Used
Solutions

The Traveling Salesman Problem (TSP) is defined
in the following way: a salesman has to visit a
certain list of locations (cities), such that each city
is visited exactly once, and return to his initial
location, while minimizing the total cost of travel.
The best guaranteed optimal solution, based on
Dynamic Programming, was developed by Held
and Karp [21], which has an improved time com-
plexity of the order of magnitude of O(n?2"),
where # is the number of locations.

Since the Dynamic Programming solution is
limited in the number of cities it can be applied
to, efforts were made to develop scalable solutions
to the TSP, although none of them can guarantee
optimality, either by using Linear Programming
[18, 31-33], or heuristic methods that use im-
provement moves [30], simulated annealing [26],
genetic algorithms [24] and Ant Colony Systems
(ACS) [11]. The state-of-the-art TSP solver, which
is based on a combination of Linear Programming
and heuristic solutions, is Concorde [1]. For a
comprehensive recount of the TSP and its solu-
tions, we refer the interested reader to Applegate
et al. [2].

The TSP has been extended in several ways.
The first extension involves having multiple trav-
eling salesmen (MTSP), all located in the same
initial point. The Vehicle Routing Problem (VRP)
usually adds constraints to the MTSP, e.g., de-
mand/capacity constraints, fuel constraints or time
windows. The MTSP (and VRP) was extended to
cases where the salesmen originate in different
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initial locations, often called depots, i.e., Multi-
ple Depots Multiple Traveling Salesmen Problem.
This problem has two common variants, one tries
to minimize the total cost of travel by all salesmen
(MinSum in our notation) and the other seeks
to minimize the maximum cost by any salesman
(MinMax), as defined by Carlsson.

Another variation for the MTSP and VRP is
Dynamic Vehicle Routing Problem (DVRP), in
which tasks stochastically arrive in time accord-
ing to a Poisson distribution to the scenario [5].
Several solutions to the problem were proposed
by Bertsimas [5], and Jaillet and Wagner [23].
The quality of such solutions is usually computed
using a competitive ratio, defined as the worst-case
ratio of the online algorithms cost to the cost of
an optimal off-line algorithm, where all data are
known a priori. In this work we further extend
the definition of a dynamic problem to include
addition and removal of mobile agents.

In a recent work on DVRP, Bullo et al. [6]
extended the dynamic problem to cases in which
the vehicles are constrained in their minimum
turn radius, i.e. Dubins vehicles. They also provide
measurements regarding the quality of their solu-
tion to the dynamic problem.

While the dynamic versions of the MTSP and
VRP have become the focus of research interest,
they are still relatively less common than the so-
lutions to the “static” problems. Similarly, online
algorithms, i.e. algorithms that incorporate new
knowledge as it becomes available, for solving
these dynamic problems are relatively scarce. The
market-based solution described in this work is
one such solution.

2.3 Multi-agent Techniques

The solution we propose is based on the com-
plex systems paradigm of an economic market, in
which agents interact. An agent is defined as “a
computer system that is situated in some environ-
ment, and that is capable of autonomous action
in this environment in order to meet its design
objectives” [39].

Furthermore, it is common to build systems
that involve multiple agents. A rigorous taxonomy
of multi-agent systems was developed by Dudek
etal. [12]. According to [39], multi-agent solutions
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are desired when: (1) the environment is open,
uncertain, dynamic, or complex, and it is virtu-
ally impossible to prescribe all possible reactions,
hence a solution based on autonomously inter-
acting agents, may be the only possible solution,
(2) when the problem is more easily described
using the metaphor of an autonomous agent, for
example a market, (3) when we want to facilitate
the distribution of data, control or expertise and
(4) when there is a need to incorporate a legacy
system, which is a system that was developed in
the past and is planned to be in use in the future,
into a new solution.

2.3.1 Market-based Optimization

Dealing with resource allocation problems was
traditionally done in a centralized way [3]. For
centralized solutions to work, a central node has
to have complete and perfect information about
the resources, their capabilities and availability,
the tasks and their requirements, and any devia-
tion from a plan [14]. This becomes more com-
plicated as the number of tasks and resources
increases, and, in particular, when the system has
to react to dynamic changes.

To alleviate some of the aforementioned issues,
decentralized resource allocation processes have
been proposed. One type of a decentralized solu-
tion is based on economic markets [29]. In such
solutions, agents represent tasks and resources,
and they act egotistically in an attempt to maxi-
mize their own benefit. Based on economic mar-
kets theory, this results in Pareto-optimal solu-
tions, which are clearly a desired outcome, as they
reflect efficient solutions to the problem where
making one agent better off can only be done by
making other(s) worse off. In addition, economic
markets are known to be robust and react to
various changes in the system [10].

2.3.2 Consensus-based Decentralized Auctions

Choi et al. [9] present a decentralized auction-
based task allocation, where each agent is allowed
to have individual situational awareness (SA), and
bid on tasks based on their SA. No centralized
auctioneer is required to clear the auction, which
is resolved by means of consensus. For multiple
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tasks they group tasks in bundles and let agents
bid on tasks in the bundle.

While the Consensus Based Bundle Algo-
rithm (CBBA) [9] bears some resemblance to
our market-based solution, there are significant
differences between the two. First, CBBA is
strictly based on auction, which roughly corre-
sponds to the auction mechanism we describe
in Algorithm 2, but it does not have the other
two mechanisms that we use, namely one-to-one
trade and complete takeover or agent switch. In
addition, in our solution each agent decides which
tasks to give away for further auctions after per-
forming a local optimization on its assigned tasks,
while in CBBA this process does not exist.

There are two additional notes that should be
made regarding the CBBA. The first one is that
the CBBA allows for asynchronous auction in the
presence of incomplete networks and ambiguous
SA. The second note is that the CBBA uses a
generalized goal function. These generalizations
make the CBBA useful in the presence of real-life
situations where communications may be imper-
fect and goals change.

2.3.3 Probability Collectives

Probability Collectives (PC) have been proposed
for the solution of the multiple depots multi-
ple traveling salesmen problem (MDMTSP) by
Kulkarni and Tai [28]. As Kulkarni and Tai show,
the PC is a distributed solution that achieves
good results in various combinatorial optimiza-
tion problems, e.g. forming ad-hoc networks and
clusters and airline scheduling problems with con-
straints. The distributed nature of the algorithm
allows it to achieve better scalability while the
solution is comparable and even provides better
results than other heuristics, e.g. Simulated An-
nealing [28]. Furthermore, the PC approach is
robust in two senses: first, it can handle optimiza-
tion problems with irregular cost functions, and
second, it can handle cases in which agents failures
need to be considered.

In essence, the PC approach is somewhat sim-
ilar to the market-based approach in the sense
that agents work in an iterative process to bet-
ter their own situation by making local decisions
until they reach Nash equilibrium. The aggregate

result is an emergent behavior that yields a global
near optimal solution. The main difference is that
agents choose their actions from a set of possi-
ble strategies with probabilities that evolve over
time as the search continues in the optimization
space. However, the PC approach requires some
a-priori knowledge about the environment, avail-
able strategies and how other agents act in the
environment, which is not required in the market-
based solution proposed in this work.

Kulkarni and Tai solve the MDMTSP using
the PC approach, where strategies are predefined
routes, and the probabilities of using them are
based on their costs. This solution is combined
with heuristics for inserting and eliminating cities
from intermediate solutions, because the afore-
mentioned strategies chosen by the agents may
visit the same city more than once or not visit a
city in some cases. The authors show a solution
for two cases with three depots, three agents, and
15 cities, with an average runtime of between one
and two minutes. Using the market based solution
proposed in this work, we were able to repro-
duce the results of the PC approach (using the
MinMax cost function) with an average runtime
of a few seconds. When we used the MinSum cost
function, the cost was better than the one found
by Kulkarni and Tai. Furthermore, there is no
evidence that Kulkarni and Tai tried to solve any
problems larger than three agents and 15 cities,
and so we have no evidence of the scalability of
their solution.

2.3.4 Market-based Approach with Look-ahead
Agents

A very interesting implementation of a market-
based approach to the MTSP was suggested by
Karmani et al. [25]. In their work, they propose
an algorithm called Market-based Approach with
Look-ahead Agents (MALA). Initially, tasks are
randomly assigned to the agents. The agents then
begin an iterative process where the agents com-
pute their preferred route using a TSP solver,
and then undesired tasks are traded between the
agents. They compare their work with centralized
and decentralized solutions and show significant
improvement in runtime and cost.

@ Springer


https://www.researchgate.net/publication/224504322_Consensus-Based_Decentralized_Auctions_for_Robust_Task_Allocation?el=1_x_8&enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw
https://www.researchgate.net/publication/220706298_On_Scaling_Multi-Agent_Task_Reallocation_Using_Market-Based_Approach?el=1_x_8&enrichId=rgreq-433c4d60446f6f19d0639ffabafbe943-XXX&enrichSource=Y292ZXJQYWdlOzI1NzQyOTM5NjtBUzo5NzY0OTMyNzg2OTk3M0AxNDAwMjkyODIzMDMw

26

J Intell Robot Syst (2013) 72:21-40

MALA shares some properties with the
method discussed in this document, but the two
methods are not the same. The main similarities
between the two methods are the use of an agent-
to-agent trade to exchange tasks, an intra-agent
TSP solver to compute the best tours for each
agent, and that agents act egotistically.

However, there are some notable differences
between their approach and the market-based so-
lution proposed in this work. The first difference
is that in MALA the problem is to maximize task
coverage given strict fuel constraints, which is sim-
ilar to the Min Max case, but we use no constraints
and so the space of possible solutions is less re-
stricted in our problem. More importantly, the
trading mechanism in MALA is peer-to-peer, and
there is no central exchange market. According to
Karmani et al., there is a guarantee that an opti-
mal solution can be achieved in a finite amount
of peer-to-peer steps, however this may take a
large number of such trades and also contradicts
what we know about markets and their tendency
to reach a Pareto-optimal solutions rather than a
global optimal solution. Our combination of a cen-
tral market and peer-to-peer trading can provide
mechanisms to handle both problems.

3 Proposed Market-based Solution

The solution to the problem presented in Section
1.1 is based on a market in which there are three
entities: the tasks, the agents and the group admin-
istrator. The tasks can be thought of as a simplified
version of an agent: they encapsulate everything
that there is to know about the task: its location,
priority, type, and the associated benefit function,
and they have a simple behavior, which is to al-
ways choose the agent whose bid is the lowest.
The next subsections describe the behavior of the
agents and the group administrator.

3.1 Agent Rules

In this work, the agent is represented by its prop-
erties, e.g., initial location, speed, and list of tasks
to which it is assigned, and its behavior. The agent
behavior is comprised of several basic operations:
buying tasks, relinquishing tasks, exchanging tasks
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Algorithm 1 Market Algorithm

Initialization

for all Tasks do
Assign task to nearest agent

end for

while Iteration < NumO f Iterations do
{Step 1: Market Auction}
{Step 2: Agent-to-Agent Trade}
{Step 3: Agent Takeover / Agents Switch}
{Step 4: Agents Relinquish Tasks}

end while

return BestAgents, Assignments, Costs, Run-

time

with other agents, and taking over all the assigned
tasks of another agent. All the agents participate
in an iterative market process where they per-
form all the aforementioned operations at each
iteration. The market as a whole is described in
Algorithm 1. Following is a short description of
each basic operation.

3.1.1 Bid and Auction

Algorithm 2 describes the bid and auction step.
Available tasks are announced by the agents that
release them at every iteration of the market
process. This process can be done in a distributed
way, including when the connectivity network is
constrained, see for example [19]. Then, each
agent announces its bid for a task, which is based
on the cost the agent will incur for performing this
task. To decide this difference, the agent checks
the order in which the task will be performed

Algorithm 2 Step 1: Market Auction
Require: Tasks for bid from previous iteration
for all Tasks up for bid do
for all Active Agents do
Calculate Agent Bids {Depends on cost
type}
end for
Assign task to lowest bidder
end for
Call CheckImprovement Procedure
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relative to the existing order of the tasks the agent
is already committed to perform. Then, the order
which minimizes the cost will be assumed and
the agent bids based on the new cost. For the
MinSum case only the additional cost relative to
the cost without the new task is the bid, and for
the MinMax case the entire cost is the bid. The
difference stems from the difference between op-
timizing the performance of the whole group, as in
the MinSum case and optimizing the performance
of each individual agent, as in the Min Max case.

Once the bids for all the available tasks are
made by the agents, the tasks decide which agent
will be assigned to perform them. Each task, in its
turn, assigns itself to the agent that offered the
lowest bid. This guarantees that the best agent,
in terms of lowest cost, is assigned to each task.
The chosen agent is then updated with the task
and adds it to its list of assigned tasks. However,
because this is a greedy behavior which only seeks
to exploit cost reduction, this behavior can lead to
a local minimum.

3.1.2 Agent-to-Agent Trade

Agents randomly consider the tasks of other
agents. Denote agent A as the agent considering
the tasks assigned to another agent, B. When
agent A considers the tasks of agent B, it queries
the ordered set of tasks that B is assigned to do.
This allows A to consider the cost associated with
each of B’s tasks, and A can consider whether it
can perform any of these tasks at a lower cost.
If so, agent A takes this task over from agent B.
This process, described in Algorithm 3, resembles
a sub-contracting or trade mechanism in the free
market, and is also a greedy process looking to
exploit cost reduction for the whole group. Note
that this is similar to the market process described
in MALA [25].

In a distributed implementation of the market-
based solution, this can be done in the follow-
ing way: agents will periodically decide to seek
for agent-to-agent bids. Agent A will decide to
contact one of its neighbors (in the CBBA sense
[9]) as agent B, and ask for its tour. Since the
tasks are commonly known, agent A will be able
to compute any improvement and ask agent B to
transfer the task to agent A.

Algorithm 3 Step 2: Agent-to-Agent Trade
Agentl < random('unid', NumO f Agents)
{This agent will try to take tasks from Agent 2}
Agent2 < random('unid’, NumO f Agents)
for all Agent2.AssignedTasks do

if Agentl cost for Task < Agent2 cost for
Task then
Agentl.AssignedTasks <
Agentl. AssignedTasks U Task
Agentl. AssignedTasks <
Agent2. Assigned Tasks — Task
end if
end for
Call CheckImprovement Procedure

3.1.3 Complete Takeover or Agent Switch

The next step in the market-based solution is
trying to explore solutions that are not in the local
minima. This is done differently in the MinSum
and MinMax cases and is given in Algorithm 4.

In the MinSum case, the solution cost is the
sum of the tour lengths of all the agents, and as
a result it is beneficial in many cases to allow
only one agent to make a long tour than to split
the tours between agents. The reason for that is
simple: an agent has also to return to its initial
location, and then the agent incurs an extra cost.
Therefore, it is generally good to see if one agent
can take over all the tasks of another agent, as
a whole. Note that this complete takeover might
not be achieved simply by agent-to-agent trade,
because sometimes only when all the tasks are
taken the sum of all tour lengths will decrease,
because only then will the agent losing the tasks
have zero tour length.

For a MinMax case there is no point in taking
over all the tasks of another agent, because if
either agent is the one that currently owns the
longest tour, the resulting tour would be longer,
i.e., worse than the current tour, and if neither
agent is the one that currently owns the longest
tour than, at best, the resulting tour would not re-
duce the maximum length. Therefore, a different
process is needed to stir the group from its current
local minimum. The process used is by taking
two randomly chosen agents, and having them
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Algorithm 4 Step 3: Agent Takeover / Agents Switch

if CostType==MinSum then
{Agent Takeover}

Agentl < random('unid', NumO f Agents) {This agent will take over all the tasks assigned to Agent

2)
Agent2 < random('unid’, NumO f Agents)

Agentl.AssignedTasks < Agentl. AssignedTasks U Agent2. AssignedTasks

Agent2. Assigned Tasks < &

end if
if CostType==MinMax then
{Agents Switch}

Agentl < random('unid’, NumO f Agents)
Agent2 < random('unid’, Num O f Agents)
for all Agentl.Tasks do

if Task inside the polygon defined by Agent2 and Agent2.AssignedTasks then
Agent2. AssignedTasks < Agent2. AssignedTasks U Task

end if
end for
for all Agent2.Tasks do

if Task inside the polygon defined by Agentl and Agentl.AssignedTasks (before the switch) then
Agentl. AssignedTasks < Agentl.AssignedTasks U Task

end if
end for
end if

exchange tasks between themselves. This method
works on an agent-to-agent basis and not centrally
via the market, thus providing better chances of
improving the result. The general idea is that each
agent considers the other agent’s tasks and picks
the ones that may possibly fit better with their
own tour, for example tasks that are encircled
within the tour. This not necessarily will result in
a shorter tour, but has a good chance of doing
so. At the end of this step, the current perfor-
mance of the group as a whole is examined by a
group administrator (see Section 3.2) before the
agents start to give tasks away for the next market
iteration.

3.1.4 Reordering the Tasks

Following each step, the agents calculate the cost
of their current tours by invoking an algorithm
to solve the single traveling salesman problem
(TSP). Any TSP solution can be used, and, in
fact, in the current implementation there are three
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algorithms used: Dynamic Programming based on
Held and Karp [21] for small tours of up to 5 tasks,
a solution based on Convex Hull and Nearest
Neighbor [16] for larger problems, chosen for its
quick near-optimal solutions, and for larger tours,
where the Convex Hull fails to get good results, we
use Concorde [1]. The reason not to use Concorde
for all the cases is that Concorde is very verbose
during run, and actually takes more time to run
for small problems.

3.1.5 Relinquishing Tasks

Following this process, the agent recalculates
the cost associated with each assigned task, and
chooses to relinquish some of the tasks assigned
to it, see Algorithm 5. There are two ways to
choose the tasks to be given away: a greedy way,
which will relinquish the tasks that cause the high-
est increase in cost, or a blind random selection.
Agents combine both ways by randomly choosing
tasks to relinquish, with the probability assigned
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Algorithm 5 Step 4: Agents Relinquish Tasks

TasksForBid < @
for all Agents do

NumTasksToGive < min(Max NumO fTasksToTrade, PartOfTasksToTrade *

| Agent. Assigned Tasks|)

while Num Tasks Relinquished < NumTasksToGive do

for all Agent.AssignedTasks do

MargnialCost < Agent Cost with and without Task
Choose a task to give with probability proportional to Marginal Cost
Agent. AssignedTasks < Agent. AssignedTasks — Task

Tasks For Bid < TasksForBid U Task
end for
end while
end for

to each task proportional to the cost incurred by
adding that task. The relinquished tasks from all
the agents are accumulated and serve as the basis
for the next iteration.

3.2 Group Administrator

The group administrator can be thought of as a
team leader that keeps track of the performance
of the whole team. This function can be assigned
to one of the agents in the real world, to an ex-
ternal controller, or even can run in a distributed
manner by each of the agents. It is worth noting
that the administrator is not interested in the de-
tails of each agent. In fact, the group administrator
makes only one decision: whether the result of
an iteration is better than the result of the best
iteration so far, and if so, it prompts the agents
to save their new list of assigned tasks for each
agent.

In the way the algorithm is implemented now,
the agents communicate their current cost (calcu-
lated after Task Reordering) to the administrator.
The administrator calculates the cost for the group
based on Egs. (2) and (3), compares that to the
previous best cost, and, if the current cost is lower,
each agent is prompted to save its best known
solution so far. If the cost is not improved, the
group administrator can decide to return to the
best known assignment so far and the next market
iteration starts from that assignment.

However, the same logic can also be imple-
mented in a completely decentralized way, where

the agents broadcast their current cost to all the
other agents. Then, each agent performs the same
group cost calculation, based on Egs. (2) and (3),
and, in essence, each agent performs the adminis-
trator role for itself, deciding whether to revert to
a previous best solution or keep the new solution.
Since all the agents share the same data, their
behavior will be the same. Note that this way the
solution is completely distributed and decentral-
ized, and can be calculated in parallel.

While the administrator role is the only group-
wide function in the solution, it only deals with
a higher level aspect of the solution, leaving the
agents to deal with lower level decisions and cal-
culations. Therefore, this function does not limit
the scalability of the solution, because it scales
linearly with the number of agents in communi-
cation, memory and computation time. This func-
tion is similar to the function that keeps the best
chromosome of a genetic algorithm solution. The
algorithm is given in Algorithm 6.

3.3 Termination

Similar to many other iterative solutions, the
market-based solution is terminated when the so-
lution does not show any improvement in the last
p iterations, where p is a predefined parameter.
We use the value of 30 for this parameter in this
work, as it has shown to prevent premature termi-
nation of the algorithm. We found no need to vary
this parameter with the size of the problem.
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Algorithm 6 CheckImprovement Procedure

for all Agents do

Order Agent.AssignedTasks {Invokes a TSP solver}

Calculate total cost and benefits
end for
if NewCost < BestCost then
{Or best profit if benefits are used}
Best Agents < Agents
BestCost < NewCost
Iteration < 0
else

Agents < Best Agents {Only if ReturnToBest==True}

Iteration < Iteration + 1
end if

4 Results

The ability of the proposed solution to solve the
problem was compared to two types of solutions.
The first type of solution is the guaranteed op-
timal solution, which was computed using direct
enumeration. Obviously, due to its computational
complexity, this solution was obtained only for a
relatively simple case, which includes 3 agents per-
forming 8 tasks, denoted as 3x8. A detailed sta-
tistical analysis of this case is provided to demon-
strate the near-optimality of the market-based so-
lution.

More complicated cases, which are computa-
tionally intractable to directly enumerate, are pre-
sented in order to show the scalability of the
market-based solution. These cases are compared
with other near-optimal solutions: the MinSum
case is compared with Binary Programming and
the MinMax case is compared with a solution
given by Carlsson et al. [8]. Finally, runs of very
large problem sets are shown to demonstrate the
scalability of the market-based solution.

In addition, the adaptability of the market-
based solution to changes in the scenario is
demonstrated by showing an example of a compu-
tation run in which one of the agents is removed
from the scenario, leaving two other agents in the
market, and then this agent is reintroduced to the
market and the three agents solve the problem.

The performance of the market-based solution
is measured using three measurements: the quality
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of the solution vs. the optimal (or approximate)
solution, the number of market iterations required
to achieve the solution and the time required for
the algorithm to run. All the cases were run on
a single laptop, and written in MATLAB® running
Microsoft Windows XP® operating system on
a dual core 2.25 GHz processor machine with
3 GB of memory. However, the inherent encap-
sulation of the agents in a market-based solution
lends itself to parallelization using several ma-
chines.

4.1 Optimality

The result for the minimum sum of agent travel
distances, as in Eq. 2, denoted MinSum, or for
the minimum of the longest agent tour, denoted
MinMax, as in Eq. 3 are quantitatively compared
with the market-based solution and the optimal
enumeration. A Monte Carlo simulation of 200
scenarios is performed with all four cases: di-
rect enumeration vs. market-based solution, for
MinSum and MinMax. Here, a scenario is defined
as a given set of agent locations and task locations
and a run is defined as one solution instance of a
scenario using the market-based solution.

Figure 1 depicts an example of a MinSum so-
lution for the 3x 8 case. This figure shows that the
market-based solution achieved the same result of
the optimal solution obtained by direct enumer-
ation. As can be seen in Fig. 2, this happens in
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Fig.1 Results of a 3-by-8 minimum sum case

more than 98 % of the scenarios in the MinMax
case and more than 95 % of the scenarios in
the MinSum case. On average, the market-based
solution was less than 0.2 % higher the optimal
solution and the worst solutions, in 200 scenarios,
were 10 % to 15 % off in each case. Moreover,
these results were obtained very quickly, as can
be seen in Fig. 3: it takes, on average, only 8.78
iterations in the Min Max case and 4.645 iterations
in the MinSum case, to find the best solution.
Taking into account that each iteration in this
3x8 case executes in about 0.3 s, the solutions are
found within 1-2 s. To guarantee that a final result
is obtained, the algorithm is allowed to run for 30

Distance Market / Optimal Distance Histogram. Average= 1.0013
200 T T T T T T

# of runs

0.99 1 1.01 1.02 1.03 1.04 1.05 1.06
Market Cost / Optimal Cost
(a) MinSum performance

Distance Market / Optimal Distance Histogram. Average= 1.0012
200 T T T

# of runs

0.98 1 1.02 1.04 1.06 1.08 11 1.12 1.14 1.16
Market Cost / Optimal Cost
(b) MinM ax performance

Fig. 2 Histograms of the market based solution quality
vs. the optimal solution in the 3x8 MinSum and MinMax
cases

more iterations after the best solution is found, so
total runtime for each case is higher.

4.2 Statistical Analysis

In the previous subsection the optimality of this
solution was shown, based on the results of 200
scenarios. We now continue to statistical analysis
based on a Monte-Carlo simulation of 20 scenar-
ios that were run 200 runs each. To measure the
performance, the percent of runs that came within
e =1 % of the cost function, as a function of
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Fig. 3 Histograms of the number of iterations required for
the market algorithm to obtain the best solution in the 3x8
MinSum and MinMax cases

time, is computed, as depicted in Fig. 4. Runtime
is about 2 s for the MinSum case and up to 4 s
for the MinMax case. For the MinSum case, all
the runs per each scenario converged to within 1
% of the optimal cost. The MinMax case exhibits
some variety in the results: most scenarios can be
calculated quite accurately, but some have a lower
percentage getting to within 1 % of the optimal
cost. However, note that of the 20 scenarios, 17
had accurate results, and the other 3 reached the
accurate result in more than 90 % of the runs. The
reason for that is, presumably, that the MinMax
case is very susceptible to converging to local
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Fig. 4 Results of 20 3x8 scenarios, 200 runs each. Percent
of the runs that came within € = 1 % of the optimal cost

Pareto minima, and getting away from these local
minima is harder, because it requires usually more
than one exchange between agents.

4.3 Comparison of the MinSum Case to Binary
Programming

For larger problems, it is impossible to enumerate
all the possible solutions, so an approximate solu-
tion has to be used. For the MinSum case, in which
the total cost of travel of all agents is to be mini-
mized, the problem can be formulated as an inte-
ger programming problem [4]. We implemented a
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binary programming problem based on the formu-
lation proposed in [13] and using the optimization
toolbox offered with MATLAB. Unfortunately,
integer programming formulations are not easily
solved for the MinMax case [7] so this subsection
will only compare the MinSum case to the binary
solution. It should be noted that many authors
consider integer (and binary) solutions to be ac-
curate, or optimal.

We generate 20 scenarios with 5 agents and
30 tasks. Each scenario was solved by the binary
programming algorithm once to get the binary
programming cost and runtime for each scenario.
These results serve as a baseline for comparison,
and the market-based solution was then run 90
times per each of these scenarios, for a total of
1800 runs. For each scenario we calculate the
following parameters:

— Normalized cost = the cost calculated by the
market-based solution divided by the cost cal-
culated by the binary programming solution.

— Normalized runtime = the runtime required
by the market-based solution divided by the
runtime required by the binary programming
solution.

— Cumulative distribution = the fraction of runs
whose normalized cost is less than or equal
to a certain normalized cost value, out of the
total number of runs.

Figure Sa depicts the results of the binary pro-
gramming comparison to the market-based solu-
tion for the scenarios of 5 agents and 30 tasks.
On the left, the cumulative distribution of the
market-based solution shows that in about 20 %
of the cases, the market-based solution improved
the result of the binary programming solution,
albeit by a small fraction of less than 0.5 %, prob-
ably because the binary programming solution
uses rounding in its branch-and-bound techniques
that makes several solutions seem identical to
the binary programming when in fact they are
not. In addition, about 68 % of the runs finished
with the market-based solution having the same
cost or better, and more than 90 % of the runs
finished with the market-based solution getting a
cost which is up to 1 % higher the binary program-
ming cost. In the worst run, out of all the runs, the
cost found by the market-based solution is only

Cumulative distribution of the market cost normalized to binary programming cost
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Fig. 5 Comparison of the Binary Programming solution to
the Market-Based solution for 5 agents, 30 tasks, MinSum.
Top: cumulative distribution vs. normalized cost. Bottom:
the percent of cases that converged to with 9 % of the
Binary Programming solution cost vs. time

8.5 % higher than the cost found by the binary
programming solution for that case.

In Fig. 5b, the two solutions are compared as
a function of the normalized runtime using the
percent converged metric for a normalized cost of
9 %, chosen so that all the cases will converge.
The graph shows that in all the runs the market-
based solution converged to within that boundary
in less than 30 % of the time required by the
binary programming solution. In fact, as most of
the runs are centered in the top left corner, only
a small fraction of the runs even required more
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than 10 % of the runtime required by the binary
programming solution.

The main reason for the vast improvement in
normalized runtime is because the market-based
solution scales significantly better than the binary
programming solution to larger problems. While
the average runtime of the market-based solution
increases from about 2 s in the 3 agents and 8 tasks
scenarios to about 60 s in the 5 agents and 30 tasks,
the runtime of the binary programming solution
increased from about 4 s in the smaller scenario
to between 38 and 11813 s in the larger scenario,
with an average of 1915 s. This shows that not only
has the average runtime required for the binary
programming solution increased at a much higher
rate, but the variation increased significantly as
well. Both these phenomena are expected to get
only worse as the size of the problem increases,
and with it, the number of variables used in the
binary programming solution.

To further test the scalability of the market-
based solution, we increased the size of the prob-
lem to 20 agents and 100 tasks. To obtain so-
lutions for a problem of this size, we use IBM
Ilog CPLEX [22], which is a well-known linear
programming solver suite. We ran 10 scenarios
with 100 runs each for a total of 1000 runs on a
faster machine with Intel iCore5, 2.5 GHz, proces-
sor and 6 GB RAM. The runtime for the binary
solution obtained by CPLEX ranged from 68 to
392 s, which shows the strength of this commercial
optimization suite.

Figure 6 depicts the results of the market-based
solution normalized to the results of the binary
programming solution. From the cost point of
view, the median obtained by the market-based
solution is about 1.7 % higher than the binary
programming cost and the worst case is 4.8 %
higher. In 99.7 % of the runs, the runtime for the
market-based solution is shorter than the CPLEX
runtime. The median normalized runtime is 0.125,
i.e., the market-based solution is about 8 times
faster than the CPLEX runtime. These results are
particularly impressive because the market-based
is written in MATLAB and was not optimized
and compiled like CPLEX — a commercially used
solver.

From these results it is concluded that the
market-based solution is comparable to the binary
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Fig. 6 Comparison of the Binary Programming solution
to the Market-Based solution for 20 agents, 100 tasks,
MinSum. Top: cumulative distribution vs. normalized cost.
Bottom: cumulative distribution vs. normalized time

programming in terms of cost, and improves sig-
nificantly the runtime relative to binary program-
ming.

4.4 Comparison of the MinMax Case to
Carlsson’s Method

Next, a comparison of the market-based solution
to the MinMax problem is done with respect to
the well-known solution by Carlsson et al. [8],
which is considered to be the best known solution
to this case. To do that, several scenarios have
been generated, all with a uniform distribution
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of tasks and agents. The problems range from
a single depot, three agents and 100 tasks to 50
depots, 50 agents and 500 tasks. In cases where
the number of depots is smaller than the number
of agents, we assume that the agents are evenly
distributed between the depots. As both the Carls-
son algorithm and the market-based algorithm use
some randomness in the process, both were run 10
times for each scenario.

Table 1 summarize the results of these runs.
Each case is described by the number of different
depot locations, the number of agents, and the
number of tasks. Then the results of each algo-
rithm are given by three performance measures:
the best maximum length found by the algorithm
in the 10 runs, the average maximum length by
the algorithm in those runs, and the average time
required for each run. It is obvious that Carlsson’s
algorithm has a great runtime in all the cases, and
is at least one order of magnitude better than the
runtime required for the market-based solution.
This is the result of the following differences:
the use of a compiled code for most of the re-
curring calculations; and, most importantly, the
iterative nature of the market-based solution, and
presumably the excessive number of iterations
the market-based solution is allowed before fin-
ishing.

On the other hand, the market-based solu-
tion achieves better costs in all the cases, and
the differences range from 5 % in the simplest
dIv3cl00 case to about 40 % in the d50v50c500

case. Moreover, the average maximum cost that
the market-based solution achieves is better than
the best maximum value that Carlsson’s algorithm
achieves in all the cases except d/v3cl00, and the
market average is usually closer to the market’s
best value than Carlsson’s average is to Carlsson’s
best value. It should also be noted that in most
cases the market-based solution spends more than
90 % of the time reducing the cost by about 5 %,
for example see Fig. 8, it takes roughly the same
amount of time to get the same cost as the cost
given by Carlsson’s algorithm. The only difference
is that the market-based solution continues to
improve over that cost if more time is given to the
calculations.

4.5 Handling Very Large Problems

So far, the results shown are discussed vs. other
methods, but, in order to demonstrate the ability
of the market-based solution to handle very large
scenarios, results were obtained for scenarios that
include up to 200 agents and 2000 tasks for both
the MinSum and the MinMax cases. Figure 7
depicts the results of one such Min Max run for 50
agents and 1000 tasks. The top part of the figure
depicts the initial guess, achieved by assigning
the nearest agent to each task. This assignment
is essentially a Voronoi tessellation of the space,
and the market uses it as an initial guess. This
initial assignment is very quick, and allows a
much better initial solution relative to a randomly

Table 1 Comparison of MinMax performance with Carlsson’s algorithm

Case Depots Agents Tasks Carlsson Carlsson Carlsson Market Market Market
best max avg. max avg. time best max avg. max avg. time
d1v3c100 1 3 100 318.0216 335.8102 1.910 302.9337 322.7905 57.745
d1v10c100 1 10 100 74.4595 80.3051 5.346 68.9637 70.9767 165.6386
d5v5¢100 5 5 100 221.2886 229.9663 2.755 177.8745 188.2310 61.9937
d5v5¢200 5 5 200 266.6565 282.2576 3.710 240.9694 254.3151 356.5359
d5v10c200 5 10 200 179.1605 201.9222 6.357 144.8087 152.3875 360.3706
d5v20c200 5 20 200 133.6722 148.2029 11.584 116.2462 118.4978 938.154
d10v10c100 10 10 100 140.9398 164.7928 5.466 106.8377 109.9168 173.0095
d10v10c200 10 10 200 166.8934 175.1186 6.263 136.4858 139.3154 564.495
d10v10c500 10 10 500 202.5309 215.5552 7.600 190.6173 201.6343 1227.7721
d20v20c200 20 20 200 110.1314 118.8876 11.577 79.1036 80.4959 412.0668
d20v20c500 20 20 500 132.3455 166.6723 14.006 98.5991 102.0614 1462.8587
d50v50c500 50 50 500 97.8038 122.6068 30.960 56.5013 58.0391 5114.143
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Fig. 7 Results of a run with 50 agents and 1000 tasks,
MinMax case. Top: the initial guess. Bottom: the best
solution achieved by the market-based solution. To reduce
clutter, task locations are shown in red dots. On the right:
agent numbers and corresponding tour lengths

chosen assignment from which the market can
start the trading. The best solution for the same
scenario is shown in Fig. 7b, and it is easily seen
that the differences in tour lengths are very small
among the top 20 longest tours, given on the right
column. This shows that there is very little room
for improvement, because in order to reduce the
longest tour, one other agent will have to take a
task from the agent holding the longest tour, thus
increasing the tour length of the agent taking the
task. Since the differences are so small, this might
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cause the tour length of the agent taking the task
to be even longer than the optimal tour we already
have, and so this will result in a deterioration of
the solution and is then ignored by the Adminis-
trator (see Section 3.2).

The improvement in the maximum length pro-
vided by this solution is shown in Fig. 8. Note
how the initial guess, which seems at first glance
to be a good guess, has a much higher cost than
the best solution achieved by the market. In fact,
the market reduced the maximum tour length by
more than 50 % relative to the initial guess. It is
also obvious that after about 250-300 s, which are
about 10 % of the total 3000 s it took to run this
scenario, the cost is already within 5 % of the best
cost.

To complete the discussion of larger problems,
a MinSum scenario with 50 agents and 1000 cities
is presented in Figs. 9 and 10. It is worth noting
that in the MinSum case agents often take over
all the tasks of other agents, leaving them without
any tasks, because then the cost of traveling back
and forth to the task is removed. In fact, in smaller
problems it is often beneficial to have only one
agent perform all the tasks, but in such a large
problem like the one here, this is not the case,
because having too many tasks often requires the
route to become spiral.

150

140 4
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Fig. 8 Time history of the maximum tour length in the 50
agents and 1000 tasks Min Max run
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Fig. 9 Results of a run with 50 agents and 1000 tasks,
MinSum case. Top: the initial guess. Bottom: the best
solution achieved by the market-based solution. To reduce
clutter, task locations are shown in red dots. On the right:
agent numbers and corresponding tour lengths

4.6 Adaptability

In real life, scenarios change over time. In par-
ticular, agents may become available or unavail-
able during the execution of the scenario, new
tasks may become known and old ones may be-
come irrelevant. These changes in the scenario
are of particular interest in military operations
and transportation operations, when new targets
(military) or customers (transportation) become
known or picked up, and when vehicles become
available or malfunction during the scenario. Most
existing solutions to the MTSP, however, do not
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Fig. 10 Time history of the sum of tour lengths in the 50
agents and 1000 tasks MinSum run

allow these parameters to be changed during the
run of the algorithm, and, if any change is made
to the scenario, the algorithm should be restarted,
and might never finish execution if the changes
happen in shorter time spans than the time re-
quired for calculating the solution.

The market-based solution offers a simple and
intuitive way to deal with these changes, using a
set of simple rules added to the basic rules listed
in Section 3:

— Agent arrival rule: if an agent becomes avail-
able, let it join the bidding process.

— Agent departure rule: if an agent becomes
unavailable, add its tasks to the list of tasks to
bid on in the next iteration and exclude it from
further bidding.

— Task arrival rule: if a new task becomes avail-
able, add it to the list of tasks.

— Task departure rule: if a task is no longer
relevant, remove it from an agent’s task-list
and from the market.

The key here is that the market-based solution
has the inherent structure to accommodate these
changes, during operation, while taking advantage
of solutions that were obtained in previous steps.
Figure 11 shows an example of such a scenario
run. The scenario starts with 3 agents and 15
tasks. After 25 iterations, the red agent leaves
the market, and the other two agents divide the
tasks between them. At iteration 50, the red agent
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(e) Final result

rejoins the market and bids on the tasks. The
market then continues to run until a final result
is found. Clearly, as seen in Figure 11f, this final
result has a better cost than the result obtained by
the market before the iteration in which the agent
was removed from the scenario and it also has a
better result relative to the non-market solution,
as shown by the cost ratio being less than 1. Thus,
we show the ability of this market-based solution
to deal with changes in the scenario.

In a separate work [27], we compared the
adaptability of the market-based solution with the
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(f) Cost variation during the run

adaptability of genetic algorithms. Using a set of
200 scenarios at 4 different rates of events, it was
shown that the market-based solution is superior
to genetic algorithms in its ability to adapt to
changes in the scenario, and therefore improved
the overall time required to perform missions. For
more details please refer to [27].

5 Conclusions

A task assignment algorithm was developed
using a market-based solution, in which agents
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operate in bidding on tasks and exchanging them
among themselves. The task assignment algorithm
shows near optimal results in comparison to a
known optimal solution for small scenarios, for
which an optimal solution can easily be calculated.
Initial results regarding the scalability were ob-
tained by comparing the market-based solution to
other existing sub-optimal solutions, in which the
market-based solution achieves better results in
most cases. The market-based solution provides
an excellent paradigm for handling changes in
the scenario during runtime, making the solution
adaptable to such changes.

There are a few limitations to the proposed
market-based solution. Generally, there is no
guarantee on runtime and quality of the solution.
We have shown that the cost drops rather quickly
in the first few iterations, and that the rate of
improvement slows down as the solution contin-
ues. Thus, for applications that have rigid time
constraints, one can decide to stop the solution
process after a predefined period and use the
best known assignment. In addition, we have not
implemented any vehicle constraints in the solu-
tion, therefore the current solution is unable to
handle instances of the capacitated vehicle routing
problem or problems where there are constraints
on time windows and/or fuel consumption. We
believe that these constraints can be added to the
logic of each agent and left it for future work.
Lastly, at this point there is full connectivity be-
tween the agents. This helps the convergence of
the agents, and in future work we would like
to add connectivity constraints and compare our
results with methods that allow such constraints,
e.g. the CBBA solution.

It seems that the market paradigm provides a
useful way to handle task priorities and time crit-
icality, using tasks with time-varying benefits, and
agents seeking to maximize their profits. A future
work will be to extend the market-based solution
in this direction. Finally, more work needs to be
done to reduce calculation time in large problems
and provide better scalability.
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