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Abstract

Several constitutive theories have been proposed in the literature to model the viscoelastic
response of soft tissue, including widely used rheological constitutive models. These models
are characterized by certain parameters (“time constants”) that define the time scales over
which the tissue relaxes. These parameters are primarily obtained from stress relaxation
experiments using curve-fitting techniques. However, the question of how best to estimate
these time constants remains open.

As a step towards answering this question, we develop an optimal experimental de-
sign approach based on ideas from information geometry, namely Fisher information and
Kullback-Leibler divergence. Tissue is modeled as a standard linear solid and described
using a one- or two-term Prony series. Treating the time constants as unknowns, we de-
velop expressions for the Fisher information and Kullback-Leibler divergence that allow us
to maximize information gain from experimental data. Based on the results of this study,
we propose that the largest time constant estimated from a stress relaxation experiment for
a linear viscoelastic material should be at most one-fifth of the total time of the experiment
in order to maximize information gain.

Keywords: Viscoelastic, Time constant, Optimal experimental design, Fisher information,
Kullback-Leibler divergence

1. Introduction

Soft tissues are generally considered to be viscoelastic and several constitutive theories
have been proposed and used in the literature to model their mechanical response. These
include linear viscoelasticity, quasilinear viscoelasticity, and nonlinear viscoelasticity [1, 2,
3,4,5,6, 7, 8, 9]. Linear and quasilinear viscoelastic theories based on rheological spring-
dashpot models (Fig. 1) are extensively used in the literature [10]. These models consist of a
spring of stiffness Ej in parallel with several spring-dashpot branches. The ratio of the spring
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stiffness (Ej) to the dashpot damping coefficient () in a branch is the “time constant” 7y
associated with the branch, and represents one of the possibly many time-scales at which
the material relaxes.
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Figure 1: The standard linear solid model of linear viscoelastic materials.

The parameters of the model (Ey, Ej, 71) are generally estimated from stress relaxation
experiments, where a tissue sample is subjected to a step strain and the stress response is
recorded. Various approaches have been proposed in the literature as to how to choose the
number of time constants and bounds on these constants. For instance, some authors use one
time constant per decade of the time scale of interest, while others carry out unconstrained
optimization [11]. Often, the number of time constants is selected based on the goodness of
fit and the analyst’s experience. A more detailed discussion of various parameter estimation
methods for viscoelastic materials may be found in the work of [12] and the references cited
therein.

Generally speaking, the characterization of viscoelastic materials in the literature has
been uni-directional, i.e., experiments are first conducted and a suitable viscoelastic model
is then used to obtain the best fit to the data. But the question of designing relaxation
experiments in order to best inform the relaxation model remains an open one. Our overall
goal in this work is to understand the relationship between the duration of the relaxation
experiment and the time constants we seek to infer from the relaxation data. In particular,
we ask: how long should a relaxation experiment last so that we gain the most information
about the time constants of a linear viscoelastic material? This is posed as an optimal
experimental design problem in which a utility function that depends on the goal of the
experiment is maximized to obtain the optimal configuration of experimental parameters.

There are two broad classes of methods that are employed to perform optimal experimen-
tal design. The first one is the classical approach where the utility function is based on the
Fisher information matrix (e.g., [13, 14]), which is well suited for linear models. For nonlin-
ear models, additional simplifications and assumptions (such as linearization of the forward
model or Gaussian approximation of the utility function) are needed. These assumptions
result in a locally optimal design.

The other class of methods come under Bayesian optimal design [15, 16, 17] in which
the utility function is based on the posterior distributions of the quantities of interest. The



roots of the this class of methods can be traced back to Lindley and Smith [18] who present
a decision-theoretic approach to experimental design, upon which Bayesian experimental
design is based. Some of the commonly used utility functions include mutual information
based on entropy, Kullback-Leibler (KL) divergence, squared loss error, etc.; see [17] for
a detailed discussion. Some of the methods used to evaluate this utility function in the
Bayesian context include Laplace approximation, numerical quadrature, and Monte Carlo
approximation.

In this study we employ both Fisher information from classical experimental design and
Kullback-Leibler divergence from Bayesian experimental design for linear viscoelastic ma-
terials. For the Fisher information case, we use analytical and numerical approaches to
maximize the information gained about time constants of a linear viscoelastic material.
Also, the Kullback-Leibler divergence between the prior and posterior distributions of the
time-constant parameter is calculated numerically for such a material. Our results show that
once the duration of the relaxation experiment exceeds five times the largest time constant
of a linear viscoelastic material, there is no further information gain and additional stress
relaxation data are of little use. Put another way, from the point of view of maximizing
information gain, the largest time constant estimated from a stress relaxation experiment
should not exceed one-fifth of the duration of the experiment. The approach adopted here
can be extended to generalized linear viscoelastic, and nonlinear viscoelastic models.

The paper is structured as follows. Following this introduction, section 2 describes the
linear viscoelastic material constitutive model used in this study. In section 3, we introduce
the necessary ideas from classical and Bayesian optimal experimental design, and then the
calculation of Fisher information and KL divergence in section 4. Results and discussion are
presented in Section 5 and 6, respectively, followed by some concluding remarks.

2. Materials and Methods

For a linear viscoelastic material, the stress response for a step strain history correspond-
ing to a relaxation experiment can be written as

o(t) = «G{(t, s)|:= o}, (1)

where € is the instantaneous strain, and G is the relaxation function. Equation (1) can be
written in an integral form using the Riesz theorem [2] as

o(t) = /_ G(t — s) de(s). 2)

In practice, a step strain history is difficult to achieve. A more realistic strain history for a
relaxation experiment consists of an initial ramp up to €y at a constant strain rate followed
by a long hold, as shown in Fig. 2. This deformation leads to a rapid increase in the stress
in the initial loading stage, following which the material relaxes to a constant equilibrium
stress. The rate at which the material is deformed in the loading stage generally depends on
the available experimental setup.
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Figure 2: Stress relaxation experiment: a constant-rate strain load is applied over a time period ¢, and then
held constant (left), and the resulting stress response is recorded for the duration of the experiment, ¢
(right).

When the loading in the relaxation experiment is done at a finite strain rate ¢, Eqn. (2)
is modified to be

o(t) :/_ G(t — s)€é(s) ds. (3)

The relaxation function in this study is chosen to be that of the well known standard
linear solid (SLS) with several spring-dashpot elements in parallel with a spring, as shown
in Fig. 1. For this configuration, we can write

G(t) = By + i E; exp (—i) , (4)

-
i=1 ¢

where Fjy and F; represent the spring stiffness values, 7; are the time constants associated
with the dashpot elements, and N is the number of spring-dashpot elements. This relaxation
function is also called the Prony series in the literature.

We assume that the duration of the loading stage in the relaxation experiment is ¢, and
the total time of the experiment is t;;. This is shown in Fig. 2. Assuming a constant loading
rate é, the corresponding expressions for the stress are derived using Eqn. (3) as follows

t
é/g(t—s) ds, for0<t<t,,
U(t) = Otr
é/ G(t—s) ds, fort, <t <ty
0

For a one-term Prony series (N = 1) with 7y = 7, we obtain

fi(t) = ¢ |:E0t-|—E1T (1—exp (—£)>} , for 0 <t <t,,
T

fo(t) =€ {Eotr + BT (exp (—@) — exp (—é))] , fort, <t <ty
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We now consider an optimal experimental design approach for the relaxation testing of a
linear viscoelastic solid represented by the standard linear solid. Specifically, we seek to
determine the conditions under which information gain about 7, as measured by Fisher
information and KL divergence, is maximized.

3. Optimal Experimental Design Methodologies: Introduction

3.1. Fisher Information

Fisher information is a measure of the amount of information that a given experimental
dataset carries about the unknown model parameters to be estimated from that experiment.
The experimental data are represented by a random variable d and their relationship with
the model parameter 6 is established through a likelihood function P(d|@, ), which is the
probability of the model predicting the observed experimental data d for a given value of
the parameter 6 and background information /. For instance, I might consist of information
about physically meaningful values of the model parameter 6.

Roughly speaking, the less likely an event is to occur, the more information it provides.
Conversely, the more likely an event is to occur, the less information it provides. This means
that information is linked to the slope of the likelihood function, or, more commonly, the
slope of the logarithm of the likelihood function, log(P).

Formally, for a one parameter model, the Fisher information is given by

I(@):A(alog(g(;w’[») P(x]0,1) da, (7)

Olog(P(z|0,1))
o0

1(6) = <(310g(ﬁ(;(9x]9, 1))) > .

where (-) represents the expectation of the argument with respect to P(x|0,I) given 6. If
certain regularity conditions of the likelihood are satisfied [19], an equivalent expression for
the Fisher information is given by

Z(6) = - <(82 sl P, I))) > , (9)

which is the expectation of the curvature of the log-likelihood function. Intuitively, a log-
likelihood function with a sharp peak has a higher Fisher information value than a function
with a blunt peak. It is worth noting that the Fisher information depends on the value of
the parameter 6, and if the true value of # (assuming such a value exists) is unknown, then
so is Z(#). The higher the value of the Fisher information, the more information we gain
about the model parameter 6 from the data d. Thus, the Fisher information serves as an

which is the second moment of ( ) with respect to P(z|0, 1) for a given value of

6. This can be written as
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objective criterion by which one can design experiments for specific models of interest in a
physical phenomenon.

In many cases, the true value of the model parameter 6 is unknown and we must resort to
estimates of the Fisher information. One such approach to estimate the Fisher information
is to compute the quantity

- 0?log [P(d|6, 1))
T0) = — ,
©) 00° 0=0

(10)

where 0 is the maximum likelihood estimate (MLE) value of 0, i.e., the value of 6 that
maximizes the likelihood function P(d|6, I). The quantity J (f) is called the observed Fisher
information at 0. Note that this quantity does not require the calculation of the expectation
in Eqn. (9) and that Z(0) = (7(0)).

For the case where the model is characterized by multiple parameters, i.e., 8 is a vector,
we can define a Fisher information matrix. If # is an m-dimensional vector, then the observed
Fisher information is an m x m matrix given by

. 52
= <17.7<m.
(J(0)):; 56.00, log [P(d]6, I)] L 1<i,j7<m (11)

The information contained in this matrix can be characterized by various estimators [20] that
can help to optimize the design of an experiment and maximize information-gain about the
parameters 6. These are termed optimality criteria. In this work, we use the D-optimality
criterion, defined as the determinant of the Fisher information matrix given by Eqn. (11).
This criterion results in maximizing the differential Shannon information content of the
parameter estimates [21].

3.2. Relative Entropy or Kullback-Leibler Divergence

Another approach to characterize information is based on the concepts of relative entropy
or Kullback-Leibler divergence. We now briefly describe these ideas.

If X is a discrete random variable and () is the value of its probability distribution at
X =z, then the entropy of X is

==Y t(x)log, ¥(x). (12)

zeX

Entropy measures the amount of information (or uncertainty) in a random variable. It is
measured in bits and is always greater than or equal to zero. For a continuous random
variable, the summation in Eqn. (12) is replaced by an integral. Given two continuous
probability distributions, ¥ (x) and n(z), the relative entropy of ¢(z) with respect to n(x),
or the Kullback-Leibler divergence of ¢ (z) from n(x) is given by

Dier (1) = / e (%) dz. (13)
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Note that Dk (¢||n) # Dkr(n||). The KL divergence essentially compares the entropy
of the two distributions over the same random variable. When the logarithm is taken with
respect to base 2, the obtained KL divergence is in the units of nats [22].

In the context of optimal Bayesian experimental design, the prior information on the
parameters (P(0|I)) is updated in light of the experimental data d to obtain the posterior
distribution of the parameters P(6|d, I). This is accomplished using the Bayes theorem

P(d|0, 1)P(0)1)
p@lr) -

P(O|d,I) = (14)
where P(d|6, I) is the likelihood function introduced previously. The quantity in the denom-
inator, P(d|]), is called the marginal likelihood or evidence.

The KL divergence between the prior and the posterior distributions of the parameters
is obtained using the expression

P(0|d, 1)

Da(Pl6la. NP6 = [ PO

P(0|d, I)log, [
)

} de. (15)
In the context of experimental design for characterizing viscoelastic materials, we seek to
maximize the information gained from the data. This information gain is characterized by
the KL divergence between the prior and posterior distributions of the model parameter(s).

4. Optimal Experimental Design Methodologies: Calculation

4.1. Fisher Information

We now turn to the question of calculating the Fisher information and KL divergence
for the specific case of viscoelastic material relaxation. We consider the rheological model
introduced in Section 2, which is characterized by the parameters: Ey, E;, 7,1 < i < N.
For simplicity, we will consider the case where N = 1. Furthermore, we will assume that
the parameters £y and F; are known, so that the uncertainty lies primarily in the lone time
constant 7 = 7. The question now becomes this: under what experimental conditions do
we gain the most information about 77

To answer this, we hypothesize that the mathematical model for the stress is related to
the experimental data d through the equation

o(t,7)=d+mn, (16)

where d is the hypothetical true data, and 7 is the noise that contributes uncertainty to
the experiment. This noise generally arises from a number of sources: the sensors used
to take the measurements, sample-to-sample variability, and sometimes uncertainty in the
environmental conditions. Note that d + n is the actual system response obtained from the
experiment.

The measured response typically consists of the stress values at a number of times, say,
t;;1 < i < n, and the measurement is carried out for multiple samples. For simplicity, we
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will assume that these data are available in the form of (a) a mean vector D; representing
the mean stress measured at time ¢;, and (b) a vector of standard deviations A;, representing
the noise in the data at time ¢;.

Based on maximum entropy considerations [23], we assume that the noise associated with
experimental measurements follows a Gaussian process. Then the likelihood function for the
i-th data point d; = {D;, A;} can be written as

B 1 (o(t;,7) — D;)?
P(d;|T) = TAZQ exp [— N ] ) (17)

If the n measured values are independent and identically distributed (i.i.d), the overall
likelihood function is found using the product rule as

B e

=1

So, with the notation L(7) = log(P(d|T)), the logarithm of the likelihood is given by

L(r) = log [P(d]r)] = 3 —% log (27A2) — 3 [(a(ti, 2= D)) } | (19)

2
i=1 i=1 QAZ

Making use of the separate expressions for the stress in the loading and hold phases of the
experiment from Eqn. (6), we obtain

L(r) = Z_%log(zwAf) B Z {(fl(ti’zz.z_ = ] -2 {(fQ(ti’zTA)?_ & ] @

where n, is the number of data points in the loading phase of the experiment.

We are interested in the behavior of the log-likelihood function in the neighborhood of
7, the MLE of the time constant 7. We therefore consider a Taylor-series expansion of the
log-likelihood about 7:

~ aL ~ ]. 82[/ AN 2
L(T)_L(T)+Ef_(T_T)—i_EW{_(T_T) +..., (21)
and since g—ﬂ% = 0 by definition, we have
. 1 0*L 9

This essentially means that we are assuming the likelihood function P(d|7) to be Gaussian
in the neighborhood of the MLE. Comparing the expression to the Gaussian distribution
yields that the variance A of the distribution is related to the curvature of the log-likelihood

as follows:
0L
A=|—-—
< oT?

8

1

) | (23)




From the definition of the observed Fisher information in Eqn. (10), it follows that

5 = - CLELAD] e (24)

We now consider two approaches to calculating the observed Fisher information and KL
divergence.

4.1.1. Analytical approach
First, we develop a closed form solution for the Fisher information in Eqn. (24). Evalu-
ating Eqn. (24) using Eqn. (20) gives

J(%):z;(fl tuT Z 1 tzaT fl tzaT) D) ( )
i= 25

+ Z f2 iy T Z f tzaT f2 tZaT) D)

AQ
i=n,+1 i=n,+1

Assuming the model response matches the experimental average well, we have (f(t;,7) —
D;) = 0, so that Eqn. (25) can be written as,

J(7) = Z(fl 7 + Z f2 v1)) (26)

i=1 i=n,+1

Further simplification of the expression results in a closed form for J(7), as shown in Ap-
pendix A. This analytical result is developed only for the one parameter case in this work.

4.1.2. Numerical approach
For cases in which more than one time constant is used to represent the response of
the viscoelastic material, a numerical approach is more convenient to compute the Fisher

information. In this case, the derivative terms, ae ao , that populate the Fisher informa-

tion matrix (11) are first evaluated symbolically. The resulting derivatives are evaluated
numerically and the determinant of the matrix is computed using Python [24].

4.2. Relative Entropy or Kullback-Leibler Divergence

For the calculation of the KL divergence between the prior and posterior distributions of
the time constant(s), we note that Eqn. (15) does not typically have a closed form solution
and must be approximated numerically. In this study, a uniform distribution on the param-
eters is assumed as the prior distribution and the posterior distribution of the parameters is
calculated using the nested Monte Carlo sampling-based algorithm MultiNest [25, 26]. This
method is a fast and robust alternative to the traditional Markov Chain Monte Carlo meth-
ods that dominate the literature. This method also has the capability to efficiently handle
multimodal posterior distributions.



The global nature of the posterior is investigated, and in the case when the posterior is
unimodal and the number of parameters is small, the integral in Eqn. (15) can be approxi-
mated using numerical quadrature techniques. In this study, these conditions are met, so the
global adaptive quadrature method in MATLAB [27] is used to evaluate the KL divergence
integral.

5. Results

We now discuss the results of our study. First, for the one- and two-parameter cases, we
evaluate the Fisher information and KL divergence as a function of the ratio of ., the total
time of the experiment to 7, the time constant. This quantity is denoted by K: K = tyu /7.
We then study the sensitivity of the Fisher information and KL divergence measures to the
noise model.

5.1. One Parameter Case

5.1.1. FExperimental Data

A one-term Prony series with one parameter of interest (7) is considered in this section
and the effect of the duration of the experiment on the information gained about the time
constant 7 is investigated. For this purpose, synthetic experimental data is generated by
fixing the parameters in the model (Eqn. (6)) to the values shown in Table 1. The ex-
perimental noise is assumed to be independent and identically distributed Gaussian with a
constant variance at each data point and equal to 5 Pa, which is small compared to the mean
stress values. The resulting response is shown in Fig. 3. To study the effect of the duration
of the experiment on the information gained about the parameter 7, the total experimental
time is varied in increments of 7. The quantity K = t/7 is varied from K =1 to K = 10.

Table 1: One parameter case: Model parameters used to generate synthetic relaxation experimental data
using a one-term Prony series.

t. (sec) € (1/sec) tyo (sec) Ey (Pa) E; (Pa) 7 (sec)
1 1 20 600 500 2

5.1.2. Fisher Information & KL Divergence

The Fisher information is evaluated both analytically according to Eqn. (A.9) for different
values of K and numerically as outlined in Section 4.1.2. The resulting values of the normal-
ized Fisher information as a function of K are shown in Fig. 4(a), while Fig. 4(b) shows the
computed KL divergence between the prior and the posterior for the same problem. There
is no noticeable change in the normalized Fisher information or the KL divergence beyond
a value of K = 5.

Note that, in the analytical approach, some terms are assumed to be negligible to simplify
the analysis, whereas this assumption is not needed for the numerical evaluation of the Fisher
information. Consequently, the two approaches do not lead to the exact same absolute values
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Figure 3: Stress-time synthetic experimental response of a linear viscoelastic material defined by a one-term
Prony series.
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Figure 4: Information gain as a function of the duration of the experiment for the one-parameter case: (a)
Fisher information calculated from analytical and numerical approaches, and (b) KL divergence calculated
numerically.

of the Fisher information. Therefore, to facilitate comparison of the two methods, the Fisher
information value from each approach is normalized with respect to the maximum from that
approach.

In the case of the numerical approach, the likelihood function can be computed for a
given experimental configuration (i.e., a given K). The normalized distribution function for
the likelihood is shown in Fig. 5 for various values of K. As K increases, the distributions
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tr (sec) € (1/sec) tio (sec) FEy (Pa) E; (Pa) E, (Pa) 7 (sec) 7 (sec)
0.5 1 100 600 500 500 1 2:2:12

Table 2: Model parameters used to generate synthetic experimental relaxation data using a two-term Prony
series. Time constant 75 is varied from 2 sec to 12 sec in increments of 2 sec.

get narrower as the variance decreases and the curvature at the peak increases. Beyond
K =5, the curves overlap and are indistinguishable.
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Figure 5: Normalized likelihood as a function of the duration of the experiment for the one-parameter case.

5.2. Two-parameter Case

A two-term Prony series with two parameters of interest (79, 7) is considered in this
section. This experiment is to study the relationship between the information gained about
the time constants and total time of the experiment when there are more than one time con-
stant. Synthetic experimental data are generated in a manner similar to the one-parameter
case. The parameters used to generate the data are shown in Table 2. The value of 7 is
varied to be 2,4,6,8,10, 12 sec. Also, the experimental noise is assumed to be i.i.d Gaussian
with a constant variance at each data point and equal to 5 Pa, as in the one-parameter case.

5.2.1. D-Optimality Criterion

The D-optimality criterion is calculated for each combination of 71 and 75, which leads
to six different cases. For each case, the total time of the experiment is varied from 0.5
sec to 100 sec. The value of the D-optimality criterion is normalized by its highest value
for each case and plotted as a function of total time as well as K = /72, as shown in

12
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Fig. 6. In all cases, maximum information gain occurs around K = 5 and remains constant
thereafter. In order to study the contribution from each of the time constants, the diagonal
components corresponding to each time constant 71, 75 in the Fisher information matrix are
shown in Figs. 7 and 8, respectively. In both cases, we see the diagonal entries converge to
their maximum values at K = 5.

5.8. Sensitivity to Experimental Variability

The synthetic experimental data used thus far is generated under the assumption that
the experimental variability (A = 5 Pa) is constant in the loading and relaxation phases of
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Figure 8: Normalized Fisher information matrix entry corresponding to 7o (J2,2) for various choices of 7u:
(a) As a function of tio1, and (b) as a function of K = ¢ttt /2.

the experiment. In practice, however, we find that the experimental variability is higher in
the loading stage and decreases as the experiment progresses into the relaxation phase. In
order to study the effects of this variability on the Fisher information values, we consider
experiments with different levels of experimental variability in the loading (4;) and relaxation
(A,) stages.

Four cases are considered:

Case 1.

Case 2.

Case 3.

Case 4.

The variabilities in the loading and relaxation phases are equal and constant: A; =
A, = 5 Pa. This is the case considered thus far.

The variabilities in the loading and relaxation phases are constant, with more variabil-
ity in the loading phase: A; = 25 Pa, A, =5 Pa.

The variability is constant in the loading phase (A; = 25 Pa) and decreases linearly in
the relaxation phase to a value of A, = 5 Pa as follows:

A, () = (;ﬁ%‘;) (t—1,), t € (b, teor), (27)

with py =5 Pa, pus = 25 Pa.
The variability is constant in the loading phase (A; = 25 Pa) and decreases logarith-
mically in the relaxation phase to a value of A, =5 Pa as follows:

2ult) = (i) a0 (e ) 1€ (et (29

with p; =5 Pa, uy = 25 Pa.

The various models of experimental variability are shown in Fig. 9. First, we consider
a viscoelastic material characterized by a one-term Prony series with the nominal value of
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Figure 9: Four models of experimental variability in the stress as a function of time.

the time constant taken to be 7 = 2 sec. Setting the loading and total experimental times
to t, = 1 sec and ty; = 30 sec, respectively, we calculate the Fisher information for each
variability model. The calculations are done analytically for the first model (A, = A, =
5 Pa), and numerically for the rest. The results are shown in Figure 10(a) as a function of
the quantity K = tyo /7.

Similarly, the normalized D-optimality criterion is calculated for the two-term Prony
series case with nominal time constant values 71 = 2 sec, 7 = 10 sec, and experimental
conditions t, = 1 sec, and tyr = 100 sec. Figure 10(b) shows the plots for the normalized
D-optimality criterion as a function of the quantity K = ty/7. For both the one- and
two-term Prony series cases, we see that regardless of the variability model, there is no
information gain beyond K = 5.

6. Discussion

For the one-term Prony series case, the predictions from the analytical and numerical
predictions of the Fisher information are in close agreement: information gain from the data
about the time constant does not change beyond K = 5. As such, performing the relaxation
experiment for a longer duration is unnecessary. Conversely, given a relaxation experiment
with some known duration, the time constant inferred from the data must not exceed one-
fifth of the duration. This condition may be imposed as a constraint on the optimization
algorithm used to infer the time constant. These conclusions are supported by considering
the KL divergence or relative entropy between the prior and posterior distributions for 7.

For the case of the two-term Prony series, information gain (as defined by the D-
optimality criterion) is maximized at a total time corresponding to five times the larger
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Figure 10: Sensitivity of the Fisher information criterion to the experimental variability model: (a) One-term
case, (b) Two-term case.

time constant 75. This is seen in Fig. 6. The contribution of the diagonal term in the Fisher
information matrix corresponding to 7 (Fig. 7) shows that there is no information gained
about the smaller time constant beyond a total time of 577, and does not contribute signif-
icantly to the D-optimality criterion past this point. This conclusion is also supported by
the response of the diagonal term in the Fisher information corresponding to 7» (Fig. 8).

Interestingly, the experimental variability only seems to affect the rate at which the
normalized Fisher information and D-optimality criterion increase, but not the K-value at
which information gain is maximized (Fig. 10). This essentially says that, even in the case
of multiple time constants, the largest time constant that can reliably be inferred from the
experiment is about one-fifth of the total time of the experiment.

Traditionally, in the literature on viscoelasticity, it is common practice to use one relax-
ation time constant per decade of the experimental data time scale [11]. This essentially
means that the time constants are equally spaced on the logarithmic time axis. This is done
by fixing the time constant to be the decade values (e.g., 107!, 10°, 10'), or fixing the intervals
to span a decade and allowing the optimizer pick the time constant from this interval (e.g.,
(1071, 10°], [10°,10'], [10%,10%]). Our results for the one- and two-term Prony series cases
show that the largest time constant that can be obtained from the experiment is one-fifth
of the total time of the experiment. This can be applied as a constraint to the optimizer in
either of the aforementioned situations.

Also, it should be noted that the smallest time constant inferred from the experiment has
to be greater than the acquisition frequency of the experiment, i.e., time interval between
successive data points. Clearly, choosing a time constant smaller than this value is not
physically meaningful.
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7. Conclusions

In this study, we consider a linear viscoelastic material model and address the question
of determining the duration of a relaxation experiment in order to maximize the information
gained about the time constants. This can also be interpreted as a way to determine the
largest time constant that can be inferred from the experiment. In this work, an analytical
model is developed to estimate the Fisher information for the case of a linear viscoelastic
material with one time constant parameter. The predictions from this analytical approach
closely match those from the numerical approach as well as those from the calculating the KL
divergence between the prior and posterior distributions of the time constant. The results
clearly show that information gain about the time constant is maximized when ¢y, > 57.
The same conclusion is reached for the two-parameter case as well.

We plan to extend this method of optimal experimental design to generalized linear
viscoelastic, and nonlinear viscoelastic models and also to study the relationship between
time constant and the total time of the experiment for the case when the time constants are
modeled as random variables due to the uncertainty in the experimental data.
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Appendix A. Fisher Information: Analytical Approach

In this section, we detail the derivation of an analytical expression for the Fisher informa-
tion when the viscoelastic material is characterized by a one-term Prony series, i.e., a single
time constant. Using Eqn. (6), the first derivatives of f; and f, are evaluated as follows

filt,7) = ¢éE [1 — exp (_é) _é exp (_%)} ’

) — o5 o (~5) oy (1) e (-2) o (15) e (155
7 T 7 7 7 7
(A.1)
The expressions for (f])? and (f5)? are
2
(F1(£.7))2 = (€ B)? |1 + exp <_¥) (1 + % 4 (;) > ~exp ({) <1 + ;) (A2)

and

(f3(t,7))* = (¢ Ey)”

vren (<2) (1424 (1))
+ exp (—u) <1+ 2(t;t7") + (t;tr)2> (A.3)
— 2exp (—M> (1+£+ (1) +§(titr))] .

With K = ttot/% and tl = Ati = (ttot/N)i, we have (tl/%) = (K/N)Z Define Pl =
exp(—K/N) and P, = exp(—2K/N). Then, Eqn. (A.2) can be written as

. oK (K\°?, . K
1+ P, <1+WZ+(N) z>—2P1 (1+N@)]. (A.4)

(fi(t,7))* = (¢ By)”

Similarly Eqn. (A.3) yields

. 2K (K\?, ; 2K~ [(K\® ,
1+P2<1+WZ+(N> Z>+P2 (1+Wj+<ﬁ) J
(A.5)

K 1 /K\?
o m 1 - - il 2 2
2P, < +ymt g (N) (m n”)],

(f3(t,7))* = (¢ E1)*
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where j =i — n, and m = 2i — n,.. Substituting Eqns. (A.4), (A.5) into Eqn. (26) gives

B 2 Ny ' IK K 2 ‘ K
J(7) = (%) |1+ P (HWH(N) ¢2> — 2Pi <1+N@')]

=1

N 2
: 2K K

=t (A.6)
iy 2K K\?
Pl 14— — ) 52
cxn (i (3)7)
2N—n 2
" . K 1 (K
+ Z —2P; (1 +NT T <N) (m? — n,%)> .
m=n,+2
For P = Py, P5, define a summation term S;(P, N) as follows:
Si(P,N)=1"P' +2'P* 4+ 3'P> 4 .. + k'P" + ... + NPV
N (A7)
=> kP~
k=1
Then, it is straightforward to show that the first few terms of this series are:
P — Pn+1
PN) = ——
SO( ) ) 1_pP )
So(P,N) — N prtt
P,N) =
Sl( ’ ) 1-P )
25,(P,N) — So(P,N) — N?2prtt
S(P.N) = 25N = S(PN) ,
1-P
3S5(P,N) — 3S1(P,N) + So(P,N) — N3prti
S(p Ny = RN = 35( 71141_3 o(P.N) |
453(P,N) — 6S5(P,N) + 4S,(P,N) — Sy(P,N) — N4p~+!
S4(P,N) _ 3( ) ) 2( ) )+11_(P7 ) 0( ) ) :
5S4(P, N) — 10S3(P, N) 4+ 10S3(P, N) — 551(P, N) + So(P, N) — N°pn+!
S5(P,N) - .
1-P
(A.8)
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Simplifying Eqn. (A.6) and using Eqn. (A.8), we find

2K

-2 (SO(Pl,nT) + (%) Sl(Pl,nr)) + So(Py, N — n,.) + (W) S1(Py, N —n,.)

Ny + So( Py, N) + (%) Si(Po, N) + (%)252(P2,N)

K\? K
+ N SQ(PQ,N_TLT)_Q So(PQ,QN—nr)—i‘ N Sl(Pg,QN—nT)

<5)2 (S2(P, 2N — n,) — n2So(Py, 2N — nﬁ)) +2 (SO(PQ, n, + 2)

1
1\
(A.9)

This is the final expression used to analytically evaluate the Fisher information for the one-
term Prony series case.
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