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1. Introduction

The concept of absolute Cesdro summebility of
infinite series was introduced by Fekete [8] in 1911,
using integral orders of summability, and defined more
generelly by Kogbetliantz [12] in 1925. It is en ex~
tension of the concept of absolute convergence, much as
summability is an extension of ordinary convergence,

If we think of absolute convergence as con-
vergence of the series of absolute values of terms of
the original series, no such generalization would ap-
pesr to be fruitful, for a series of positive terms
’which is not convergent is not summable either,

If, however, we think of absolute convergenve

_in terms of the series of absolute values of the 4iff-
erences of successive partial sums, the method of gen-

eralization becomes apparent; we use differences of

 guccessive Cesdro means. Thus, if s Tepresents the

. n-th Cesdro partial sum of order & of a given series,

 the latter is eaid to be absolutely summable (c,x),

or summable |C,«), if 2 |y - sn ;| converges.

| Nulmbers in brackets refer to the bibliography.
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The absolute summability of Fourier series has,
naturally, received the attention of students of the sub-
ject, mainly in the last ten or fifteen years. Moreovei,
absolute summabilities of types other than Cesaro have
been defined and studied; e. g., absolute Abel summabili-
ty.

The generalization of these matters to double
series, however, has been considered only for Bessel
summability by Chandrasekharan [6]. The latter investi-
gated the absolute Bessel summability of series of two-
dimensional eigenfunctions of a very genersl type. The

,’trigonometric product functions of double Fourier series
appeai a8 a very special case of these eigenfunctions,
and in this case the Bessel summability assumes the as-
pect of Bochner's [3] "gpherical summebility"®.

In this paper, then, we take up the generaliza-
tion of absolute Cesdro summability to double series. It
is dgfined for such series in Section 2, and the defini-
tion is shown, in Lemma 1 of that section, to be equiva-~
lent to the absolute convergence of a certain related
double series., Lemma 2 establishes the "consistency' of
this summablility, i.e., that summability of certain in-
‘dices implies summability of higher indices.
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We then proceed to study absolute Cesaro sum-
mability as spplied to double Fourier series. In Section
3 we generalize to double series a sequence of theorems
due to Bosanquet [4], [5] which give a sufficient and a
necessary condition on a function for the ebsolute sum-
mebility of its Fourier series.

‘In Section % is a generalization of a theorem
of Hyslop [fingiving a Lipschitz condition on the func-
tion as sufficient for the absolute summability of its
Fourier series.

Finally, it is shown in Section 5 that abso-
lute Ces&ro summability of orders greater than 1 has
the cross-neighborhood localization property.

It is & pleasure for the writer to acknowledge
’the invaluable aid of Professor C., N. Moore, who suggest-
ed the investigation of this topic and was generous with

counsel and encouragement,
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2. Definitions. Preliminary Lemmas

a

Let > a,, be a double series, and let 8=<F

mn=o
denote the m,n-th Gesé.ro mean of order «£ ,§ of the double

sequence {s [ }; i, e.,
p=e %’°

oF -
S A*A" /(Zg Ac\ , AT S = A*A" S )

m N

Hl

where Covtmrt)
A = | - _ o
Am - r'(a\q-c)r"(hnﬂ)’ (&7 =1, m=o,i,2,:)

AT =)

o /

A =0, (m=1,2, ),

™

Further, we define s;;’ﬁf to be zero if either m or n

(or both) is negative.

oD

ggf;nit;;ag The double series 2_ amn is said to be
- o

absolutely summable (C, A, ¢ ), or summable IG A, (9/]
~ 4f the double series

55 Ise —spe - st ysoe |

m=¢ N=o ™m '3“ -1 m—l’h"'l,

converges. ’

Now we let T::f denote the m,n-th Cesdro mean
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of orderd , (3 of the double sequence {T,'w} = {/N C'yw) ’
and let T, denote the m-th (C, o) mean of {/“"9«0} ,
while 'C',f, denotes the n-th (0, #) mean of {Vao\,} . Then
we have the following fundamental equivalence.

Lemma 1 The summebility [0,c, 4] of Y &, 1s equive-

m,n=0

lent to the convergence of the double series

mz=} n=|

@D 3 Wl T 1+ 5 W TS+ S Wit I T2
m=} nz

Proof We have only to show that

| 9B
:MV\T\'V\Y\ (mw=r,a, )
(o df _ gdf _ g2f 4@ A :
(2.2) & =8 = 8 Sni { = T (=0, m=1,2,+°)

=L 7€ (m=0 n=1,2
7 TOV\ (m 0! L) )0

mw v _ - wm-{ n a-
df_ o3 __I d-t gt | g1
Sonn S‘"‘"*“ :Aﬁ /ltt;o%: Mo oy A A:_’A“i ,;%;:Amwl v AV
I (-1 (l 24 ;o )
=AE &, A 2L A G AT T AL B
L s i RO IR
= —_— + -
AE o Ay Mt AL - Amda,
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/ (I { -l [htm=—u  E+wdmon) })
F G+ - q
Al 4 Ty A 1 =°Am'/' * om "

V=0 -y AM=0 W\
™m
=5 — \
A(:. 5o AY\"\} W\Ah /Z{;D /L( m-A /l

In the case n = 0, we have (2.2) alrbady. It
ie proved in similar fashion for m = 0. Hence we consider
nownms=12,...,n=1,2,,,., ., Then by the same reduction
ae that above, the second pair of terms in the left mem-

ber of (2.2) yields

s s LR G b A s

Finally, adding these two equetions and employ-
ing the same type of reduction with respect to the summa-
tions on index V , we get the left member of (2.2) equal to

n/\'@i Aﬁ’ (w\A“‘i/“Am,@ /w)

h v=o

w A

o«-—1 -4
R m,nAd‘A‘g 2 2_A - Af—vﬁva’w

M=o vz M7TA
| AB
mMhn TW\V\ )
which completes the proof of Lemma 1.

il

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We verify also that the following "lemma of con-
sistency® follows from the corresponding theorem in the

case of single series which was proved by Kogbetliantz f12].

Lemma 2 A double series which is summable ’c,d\o ,ﬁo,
is also summable Ic,d\,ﬁl , 42k, , PEA

Proof Consider first ,0,0\ ,ﬁo | summability., We wish to

show that
S w2 55 oot

where the series on the right converges by hypothesis,

Thus we must show that

1Y mA*APo o AN N el < 23 mf > AN ol

el weg n Mo Ve WA m=1 N} m’ 'n Ao Ve Mg n-y

For this it suffices that, for each V

S Y A el 2 52w S AN e
h::m M=0 ""/“/‘ vl = =) MA\: H=0 "“ﬂ/u AV

which is just the single series theorem alreé.dy,known.
The latter also assures us of the convergence of the

~ single series in (2.1). Hence, ,0, A, p,‘ summability
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implies ’G,d\, Bol summebitity.
Similarly we see that }G, d\,po' summability
implies ,G,d\ ,ﬁ, summability, and the lemma is proved.
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3. Absolute Cesaro Summability of

Double Fourier Beries

In this section we prove a sedquence of theo-
rems which are analogues for double series of theorems
proved by Bosanquet [4],[5] dealing with absolute Ce-
garo summebility of single Fourier series. Theorems 1
and 2 are special cases of Theorems 3 and 4, respect-
ively, but are stated separately because of their rels-

tive simplicity and because they would be broved sep-
arately anyhow,

We have first to introduce a number of defin-
itions and notations to be used in this and succeeding
- sections.

Let £(s,t) be Lebesgue-integrable, with peri-
od 2T in each variable. For a fixed point (x,y), let

¢(s,t) = &[f(x+s,y+t) - f(x+s,y-t) - £(x-8,7+t) + :E(x-s,y.t)]

and let its double Fourier series be denoted by

00

:Z;amn cos me cos nt.

mnz0
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Then the double Fourier series of f(s,t) at the point
(x,y) is

o

<
£ 8yn-

wm,n=0

%We observe that the formulas for 8un is

4 iy
"mn = l[;'-'-‘]+&‘-"_']7-,-1 g 0¢(8,t) cosms coent ds dt,

in which [x] denotes the largest integer = x.

==

Next we define a sort of "mean value® func-

tion associated with ¢(s,t), as follows.

s 3(s,t), «= 0, f= 0;
sos fs(s—u)“-'ié(u,t)du, -« >0, = 0;
¢c(/3(s’t) -{3 ot -
| 24t j(t-v) ¢(s,v) av, «= 0, 8>0;

st - .
s,o(/j g%t P g S(s-—u)d ,(t-v)p é)(u,v)dudv, «>0, A>0.

o 0

As & last preliminary, we state the definition
of the kind of "bounded variation" we shall use in the
ensuing theorems. (For a rather complete study of the

various definitions of bounded variation for functions
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of two varisbles, we Tefer to the paper [1] by Adams

and Olarkson. )

Definition A function f(x,y) in a region agx=ze,
bsysd, 1is said to be of bounded variation in
the sense of Hardy (B.V, H,) if, in the region,

i) £(x,y) has a finite total variation

¢ ¢ ik
g S}d» f(x,y)) s sgpz Z\f(x,,,y%)- £(x,..%,)- f(thg.,)*f(x,,-,Yg-,)‘
o 2 .P:uz:'l ‘

where ¢ denotes a rectangular net

a=X €X <X < <xj e, b=y°<y'<yz_<-~<yk= d;

11) £(%,y) is of bounded variation with respect to

y for at least one X;

111) £(x,¥) is of bounded variation with respect to

x for at least one V.

It is known [1] that, as consequences of i),

ii) and 1ii), we have aleo

iv) property ii) holds for all X;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

v) property iii) holds for all ¥;

‘vi) the total v?{riation of f with respect to y,
L |a,2(x,3) = vy (x),
is dominated by an integrable function Ul(x):

vii) a symmetric condition on Ve(y).

Theorem 1 If $(s,t) is of B.V.H. in 0Ss<T, 0=t =T,
then the double Fourier series of f(s,t) is summable

|o, « ,p, at the point (x,y) for «>0, f3>0.

Proof We begin by setting

. .
ﬁ;u(t) a8 %L/‘COB/‘“ ¢(s,’§)d3, 9«4: 0,1,...).

This defines each function of the sequence for almost
all t. For exceptional t, one may define the function
by F/‘(t«» 0) or F/‘(t- 0).

Let Fm“(t) represent the m-th (Q, o) mean of
the sedquence {F}(t)}. Thus we have

TTG‘
7 (t) = joxm(s) #(s,t) ds  (m=0,1,...),

«
where J,(s) represents the m-th (C,c ) mean of the

sequence {gé'.‘ cosus,
2/t cos o)
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13
~ Now we show that, for each m, F;: (t) is o

bounded variation in (0,7 ). Consider any subdivision

0=ty < t, <...<tk=‘n‘. We have

Z‘F (t,)-F (ti 1)] -Zk” Xm(s)[;é(s ty) - B(s,t,_ 1)]sits]
Sﬁlfm(S)} Zl¢(s,t )- #ls,t,_,)| as.

[}

Now under the assumption that @(s, t) is of B,V.H., we
know that ilfé(s $y) - #(s, ti__l)l V,(s) for any s,
and that Vl( g) < Ul(s) an integrable function. Hence

: }F (44) - Tty _y)| = ﬂrm(s)lulce)ds
= -21;'.1"' LTU]_(B) ds,

i

Thus, for each m, the total ‘variation of Fg (t) is
bounded on (0, ), 1In particular, this implies that
the derivative of this function exists almost every-
where on (0, m).

Returning to the formuls defining F/‘“(t) and
integrating by parts, we have, for almost all t,

F'/u(t) [¢(s t) sin/u J - -Jsin/us Z #(s,t) ds

1]

-2 J sin/ﬂ.s'-"¢(s t)ds ,

the partial derivative existing almost everywhere on
account of the bounded variation of @#(s,t) with re-

spect to s.
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o
Hence, if @, (s) represents the m-th (C, o)

mean of the sequence E.’_ gin j‘ } we have

Fa (8) = - j Tul) 28(s,t) ds

for almost all % on (0,7).

How let .
o i o "
5 - o
Gy = 2 f Veos Vi F “(t)at = T Ja sinyt dFp (%)
o

*~ and we have for the n-th (C, ﬁ)‘ mean of the sequence

{G:V} (with vV regarded as the variable index)
v
o
ol - ’L'mf = - Jo'f(t) aF,, (t)
/5 o '
j {0 & [{o0e) 2 9ts,0) 0] a5,
Hence we have

35 el

mel nei

Zm Ip-1
g{ g [o48(s,%) Zm Loz (o] Z el (4

< aQ ’

jcr'”(t) j 0 (s) —-—¢(s t)dsdtl‘

[
since Bosanquet has shown [lt»] that Zm’lld';(s)l is uni-
met
~formly bounded.
To complete the proof it must be shown also

that the two single series in (2.1) converge. Since
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they are symmetric, it suffices to consider only the

first. We have

v
-.1 e i :,_3:.
_Fil‘m(t)dt “S

7T
L QA ‘
o(fm (s)§;¢(s,t) ds dt

A
mo

T

and consequently
T

) T oo
Zm—llf:oi = %"ﬂ 2 ot |6 (s) \ds¢(s,t)| dt < oo,

msl

since @#(s,t) is of bounded variation with respeét to

g and its total variation function is dominated by an

integrable function of t.

‘Theorem 2 If the double Fourier series of f(s,t) is
absolutely convergent at the point (x,y), then
@ .s,.d8,t) is of B.V.H, in Os8xT, Ost W, for
all &§,€ such that §>0, €>0.

Proof By the lemma of consistency, it suffices to prove
the theorem for 0<d<1, O<g<1,

We start with the definition

5, - ot g £
¢ (8,t) ® (L+d)(1+e)e % ES &s-u) (t-v) #(u,v)duadv,

{+JJI+€
Q0

o0
S8ince > a,, converges absolutely, so does

m}n:O
o0

a,, cosmu cosnv ,
0

m s
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and we may integrate term by term if the latter series

is substituted for @(u,v). Thus

- -S -I-¢ 5t $ £
G5l ) = Zamn(1+5)(1-.s) [ | (o’ 6" cos mu cos nvauav

= ia,mn(l-fé)s' ] S(s-ti cosmu du(l+ s){:'-tg(t-v)ecos nv dv

= Za.mn T (ms) 0" (nt),

mns<o

the last equality defining 6;(1!15) and G;(nt);

Then
28,5 {8t g_fmnmq, (ms) G (nt),
¢|+; he8t) = 2;3 (mS)nG'(nt),

a‘l—
vl W m mmzwaman' (ma)nﬁ'(nt)

provided the differentiated series converge uniformly.

That is seen to be true by using the inequalities
([4], p. 14):

A

‘A
\a"(x)l % olea (0<a<l, x>0),
o s Ax

where we use the letter A to denote a constant, not

necessarily the same at each occurrence,

From its definition, ¢ (e,t) is seen to
~ 144, 1te
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be absolutely continuous in any region excluding a croes-
~neighborhood of the origin, and consequently of B.V.H,

in any such region. Hence the finiteness of the total
variation over the square 0s8=TT, 02t <™, and that of
the functions Vl(s) and V,(t), may be obtained by inte-
grating the absolute values of the sbove derivatives.

For the total variation we have

\

Cg\ PR S‘lrgﬂil&m\ m|0)(ns)| n |0 (nt) asat

m,n=o
@ o

- T
_ < oy mS |cc;(ms)\ as nSlO'a'(nt)I at

wnz0
o)

1A

=
™M

@
5

gince Bosanquet ({41, p. 14) has shown that the integrals

like mg \G;(ms)l ds are uniformly bounded, and since
Z\amn\ is convergent.

m N0

For vl(s) a similar argument applies, using a
single integration of ]ds¢“5,“6(s,t)\ , and the uniform

boundedness of (. (nt). Then from symmetry we conclude

also that va(t) is finite. Thus we see that the condi-
tions in the definition of B.V.H. on page 1l are satis-
fied by ¢'+S,“L(s,t) in 0=8sT, O5t=2T,
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' Theorem 3 If ¢°(P(a,t) is of B.V.H. inO2sg¢m, Ot s,
then the double Fourier series of f(e,t) is summable

)G,y,cfl at the point (x,y), when ‘y > 20, §>@ 20,

Broof Theorem 1 is the case «= 0, @= 0. We consider
here the case where the indices are positive. The
case in which one of the indices 1is positive and the
other zero can be treated by a combination of the meth-

ods used in these proofs. By the lemma of consiétency,

we may suppose that

h g a«<y<hsl, ksB<J < kal,

where h = [«] (the largest integer < « ) and k = (R].
We shall employ the notation

"+ (a0,

- -l
@ﬁ(,(s,t) M 1)r‘(p41)8 ¢

where o and S8 mRY be positive or zero. Then, in ana-

logous famhion to Bosanquet's proof [ 5], we get
g =7

; _ 4 »v = =T
tl = {[ 2 8 em(gf i @ e )
+ [ W e (el o a]”
L ekt <+ &=
 [Eer et g skl

- w e A+ k+i
2 (0 (@00 (&) o) (&) Ta(t) s s,
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Now Bosanquet's estimates ([5], p. 522) show
that the magnitude of the first term on the right in the
preceding formula is O(ma"y)o(n""s), while the others

become, respectively,
- iy T
O(m* Ty [O(nﬁ ) + S]/(n,v)dvqld(s(u,v)],

k-d K~7 .
o(n"%) [o(m ) o SOV(m,u)du

Gop (a9,
and

" g w,m
o(m* 7)o’ 4 S j V(m,u) Yen,v) 4y, v ¢q(8(u,v),

o o

in which V(m,u) is a function satisfying the inedqualities

of ol

(3.1) |V (a,u)]

Accordingly, we have, by combining certain

terms, and writing only one of a symmetric pair of mid-

dle terms,
L “Z|m n 'fmn'

" mEe jE(

= ZZ ‘O(m“-r-')O(nf"é-’)+0(m-x;l)}1{'V(n,v)dv%(s(u,v)

_,! 5 m-‘\/(-m,u)rf‘\/(n,v)duvqsqp(u,vﬂ

g o
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. which is not greater than

AZ d"'z pedet AZ v Svldvq! (u, v)’in.ll\/(n v)l

B

S S |8 ® ILE V)Izm |Vim, u)lZn Ven,v).
But since O<w« <Y, 0< f< J§, the first double series
above is convergent. Oonsidering also (3.1), we have

z—m lfV(m u)‘ Zm o{m“u™) « 2_m G( WETRD!

m=[ut]+

[w'] oD
sAw 2o ATy e
m=) el i

Z=A + A,

the sums like that on the left thus converging uniformly.

Hence

-mel n=il

DDIN 1“;;1! S A 4 ASO ‘%%P(ﬁ,v)l + Agoﬂduv(zwp(u:ﬂl

(oo,

because of the bounded variation of ¢“F(u,v).
” The observation that the convergence of the
single serles in (2.2) follows from the single series

_¥heorem concludes the proof of this theorem,
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Theorem 4 If the double Fourier series of f(s,t) is
summable |0,«,pl at the point (x,y), then @, (s,t)
is of B,V.E. in O0sssm, Ost=m, for vy>u+ 1,

§>p+1 (x20,820).

Proof The case «= O, p = 0 is covered by Theorenm 2.
As in the preceding theorem, we exhibit the proof
for positive indices here; and we may suppose, with-

out lose of generality, that
0O< < y=-1l<ha1, O<(3<¢S—1<k41,

where h = [«], k=[,8]. ,

As in Theorem 2, we observe that ¢N(s,t)
is absolutely continuous in any region excluding an
arbitrarily smell cross-neighborhood of the origin,
and comsequently we can prove that it is of B.V.H.
on the whole sQuare Oss<1T, 0S5t <7 by integrating
the absolute values of its mixed partial derivative
over that square, a.nd integrating the absolute values
of its first partials from O tom™ for some value of

the fixed variable. The finiteness of these three

integrals will be enough to establish our theorem,
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We shall write, for o > O,
L o1
Yu(x) = S(l-u) cos xu du,
(4
Purthermore, we use the notation
Af(n) = f(n) - f(n+1).

Now, starting with the definition of ¢w(s,t),

we get

‘{"é"(lu(s,t) = s'rt"s‘o L(s—-u)r"(t-v)s-l¢(u,v)dudv

= 2 &, ¥, (ms) T (nt)

mnz0

Z_Sm A’{”((ms)A Y(nt)

mn=o

by repeated application of Abel's transformation, since
the Fourier coefficients a,, are o{(1). Then by the

same argumants as those used by Bosanquet ([5], pp. 524
- 525) this reduces to

=m, 4N

S A T (me) &V (at) 3 ar " 5*"“

mn=0o P‘-B n-p n -q

‘-}___ ;(;‘P'ZAmPAY(mB)ZA Aa’(nt)

F%OS""’ 3,(8) 34(t)
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where we use the notation
X Loa A+
g (s)= 2 Ay A Yfme) = O(p7).
p w\:F
We also introduce the symbol, to be used directly,
2 ] «-Y
Vo(e) = 2 Al AJ(e) = ofp" ).
n=p

The estimates on the last two formulss are due to Bo-
- sanquet ([5], pp. 526-527).
The sum at the bottom of page 22 becomes

00 o3

OSPQ;HA To(s) A7 (%)

XS
=> o AT (8) AGAT,(4)
F'%‘:a
L
-?%qu BV, (s) ATV (t)
= 2 e e 4 8 e T (0.

Now by differentiating we obtain, using Ans;g as an
abbreviation for the quantity in parentheses above,

st 9 - = «
(3.2) Y 4 -a—;¢rJ(B;t) ‘P:Z;’Allspg Vé(s) Vq(t),
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o

(3.3) Y'5530,,0,8) = Z A et Vo(e) VYR,

1—

(3.4) ¥'8'=50 ((s,%) = Zans Vo (s) V4(t),

QAc P70

provided differentiation term by term is allowable, and

hence we get

3. 5m‘gla Bes(5,0) ds-Z)Al_,_ AR S (v (o) as,

a symmetric inequality from (3.3), and

: ‘n"n'a_v 0 p v w
- L) ! []
( 3.6)va§£}3—sa—t¢“(s,t)lda dt :‘;Allapq\solvp( 8)|ds So{vq(t)fdt.
But Bosandquet (loc. cit.) has shown that the integrals

in the right members of (3.5) and (3.6) are uniformly
bounded. 8ince, by hypothesis,

o0

“¢
2 |agyepg] <=
pg=°
we have the convergence of the right members of (3.5)
and (3.6), which means that ¢w(s,t) is of B.V.H.
It remains only for us to justify the differ-
entiations leading to (3.2), (3.3) and (3.4). Bosanquet

(loc. eit.) has shown that
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‘Vp(s)b p o g

L1y

which enables us to see that the differentiated series
converge uniformly with Tespect to s and t outside an
arbitrarily small coross-neighborhood of the origin,

This completes the proof.
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4, Lipschitz Conditions Sufficient
for Absolute Summability

The following brief statements of known results

indicate our object in this section:

Theorem (Bernstein [2]) Theorem (Hyslop [1

CIf £(x) € Lipa, «>%, If £(x) ¢ Lip o, O<agd,
then its Fourier series then ite Fourier series

is absolutely convergent. is summable |0,Y|, ¥>%~-«x.

Pheorem (Reves (14

1f £(x,y) € Lip SEALITRE
Lip « in x, and Lip(.% in y,
x>%, 3>+, then its double
Fourier series is absolute-

ly convergent.

We propose to complete this array by proving
the ‘two-varia.bvle analogue of Hyslop's theorem. The re-
sult mey also be regardéd as an extension of Reves!

: theorem, inasmuch as a.bsoluté summability may be con-

sidered an extension of absolute convergence.
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The theorem attributed to Reves is in his dis-
sertation [14], and is included in a more general result

in & joint paper of Reves and Szasz [15]. Practically
the same theorem was published recently by Chelidze [7].

We first state the definitions of the Lipschitz
conditions we shell impose on f(x,y).

Definition Lip 81‘1(«,(&‘) denotes the class of functions
£(x,y) which are such that, for -T s x <7, -Tsysw,

\A"f(x,y;h,k)l S |f(x+h,y+k)—f(x,y+k)-f(x-oh,y)of(x,y)‘ < th\“lk\e

Definition Lip « in x denotes the class of functions
£(x,y) which are such that, for -Tz xs¥W,-wrsysT,
- o
lAwf(x,y;h)' = )f(x-ﬁh,y)-f(x,v)‘ s x|n} .
Definition Lip B in y denotes the class of functions
f(x,y) which are such that, for -TsxsW,-TsysT,
|8,2(x,y50)] = [2(x,745) - 20x,7)| = x{il.
It is to be understood that the sbove conditions

| hold uniformly for all x and y.

As in the preceding section, we consider f(x,y)
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to be L-integrable and periodic. Then our theorem may

be stated as follows.

Theorem 5 If f£(x,y) belongs to each of the three classes
Lip sn(o(,/s)‘, Lip in x, and Lip #iny, O <o 34,
0O<p@ 5 4, then its double Fourier series is summable

le,y,8| for all (x,y) when Y>4-, §>%-8.
Proof We define the function ¢/ (x,y;s,t) ® Y(s,t) to be

2[£(x+8,74t) » £(xe8,y-t) + £(x-8,y4t) + £(x-8,y-t)] -
= 3 [#(xes,7) + £(x-8,7)] - $[£(x,y48) 4 f(x,y—t)} + £(x,y)

= 4 4,2(x,y;8,t) + B,(x,7;8,-1) oL (x,y;-8,8) 44 4, £(x,y;-8,-t)

We observe that LV (s,t) is an even-even funotion. If the

double Fourier series of f(x,y) is

g o0
t 255 + % Z, (apocosmx + by sinmx) .oé-g;( 8,008 BY + Ogp8in ny)

+ > (8, 008mx cosny+ by, sinmx cosny +
mnel

+ ¢, ncosmxsinny + d  sinmx sinny)

S by

oo ob oo
= Ago *+ S hyo(x) + Z A (¥) « 57 & (x,y) = )
™ ne! mn= mnz
then the double Fourier series of \V (e,t) is

-]

> A (1 - cosms - cosnt + cosms cosnt).
w,h =0
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Hence,

T
—LLUotV(s,t) cos ms cos ntds dt, (m,n=1,2,...)

mn m?

18

A :35" {4/(3,1;) + 4 [f(x48,y) + f(x—s,y)]}oos me ds dt,

mo 1*
(m = 1,2’000)

on ;z'zﬂ {P(s,) 4 3 [2(x,748) 4 f(x,y-t)]}cos nt ds dt,

(n=1,2,...).

B
i

Now using, as before, Tng‘to denote the m,n-th
Cesdro mean of order V,d of the double sequence {/uvA ,,},
and Ox;(s) to denote the m-th Cesaro mean of order [ of

the sequence {'1% M cos /u.s}, we have

= [ [We,0) ote) ¥te) as at

mn

for positive integral m and n, and similarly

;0 %‘: SOS (\P(S,t) + %[f(x-;s,y) -+ f(x—s,y)]}cm(g)dg at,
'lT‘IT .
Ton = %‘So& Y (s,8) + 1[2(x,y4¢) + 2(x,y-t )]} (t)ds at.

To prove summability |0, )’,5] we nust show that

ay Elen) B L e < e

mai w3
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The convergence of the two single series in
- (4.1) can be deduced by means of Hyslop's theorem quot-
ed at the beginning of this section., Consider

p‘
L1

mo ;;2-5 W(S t)GOBmB dsdt + *Lg%[f(xfs,v)-ff(x-s y)] cosms ds dt

"

2 &eosms (J \U(s,t) dt> ds + 1}1' jwf(x-fs,y) cos ms ds,

:l

the inner integral in the first term of the last line
is a function belonging to Lip « in x, and hence this
. term is the general term of the Fourier series of such
a8 function. The second term is likewise the m-th term
of the single Fourier series of a function in Lip o«
in x, and hence the single seriee theorem assures us

[~
of the |0, y| summability of ZAmo Similarly, 2 A,
n=l
is summable ,0 s .

Thus, to prove the theorem, it remains for us

to prove the convergence of the double deries

(4.2) Z -1 -IIT.YJ]

, | .:'mzﬂ-:l o tn-1 “4/(3 t):i,-;g- {-;E,Wkuk cos(m-k)s (n—ﬂ)A ’_cos(n-i)t ds dt
Y

Since A; ~ -F%:;)_ , (4.2) 1s not greater
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‘than some absolute constant times the sum

i -1-T -1- 5

m,n=l

3W’(s,t)’zn(m—k)A';coa(m—-k)s Z(n—j)A cos(n-,()t ds d’s'

A=0
= Zsl(m n) «+ Zse(m n) + 283(111 n) + 784(1!1 n),

m i LA LA LW B m, =l

where

v

-y -§

=m n l!/(s,t)SA?cos(m-k)siAi‘ cos(n- ()t ds dt),

5y
Tr\}’(es t)ZAk cos(m—k)s{zmlcos(n-ﬁ)t -rZJ?A cos(n—l)t

'H’l

- -1-5
nmn n

)
s

8o

0‘»——* C ey

S

'i\"

me!

33 = g5 n ¢ ) Lli}'(s t)LZmAkcos(m—k)e-kaAkcos(m—k)s};_Aﬁ cos(n-¢)t dsd.tl)

8y = m' g

LS 1/(8 t) iZmA X cos(m—k)s-erAk cos(m—k)s}

f‘ nAR cos(n—ﬂ)tazu cos(n—ﬂ)t} ds dt)

Nyl

We shall show here proof of the con#ergence
of the first and fourth of the above series; the other
two can be treated by a combination of the methods to
be used,

Now considering Sy(m,n) first, we break up the

square of integration into four rectangular subintervals
having a common corner at the point (m"’l,n"l), as shown

in the figure on page 32, and get
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%
(m,m)
3 L
(m”',n")
1 2
0 8

'Su(m,n) -3 Bu’l(m,n)-r Bu’z(m,n)-{su’}(m,n)-t Su’u_(m,n)

the second subscript indicating the sub-rectangle- over
which the 1nfegra.1 is té.ken.

Since, as k increases, A‘;' decreases (by the
lemma of consistency we may consider r<4) and kA‘;'
increases, the absolute value of each of the sums in
the first pai:f of braces in 8y 9 i8 less than Am' -1,
S8imilarly for the second pair. Hence

-1 -

isn’l(m,n) < Afm’,'"n"" Smg;*n“ s‘lt’lw(s,t)]dsdt

mnzi m, k= ]
oo 1 ! .
<45 ula f Js“ £ g at
w,n =1 o o '
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On the other terms we shall require the esti-

mate obtained by Hyslop ([11], pp. 47&-479)

Z_mAk cos(m-k)s + ZkAk cos(m—-k)s =0(s"Y), mlc<scm,

ksmet K=o

by means of which we obtain

Zsu ,(m,n) < 25wy ws ST (s, )as at

LI m,nﬂ m
i

< AZ e

N AMZ”__'m""Yn" [8“"] - [‘t PJO
~;—q)

< A n'h(s(m +
w,nzt

< \ , o
< AZn' -f 2m™" e w" <eo.
et ms!

Similarly for Su_ )3 and Sl!- B Hence the double series
Zsu_(m n) is convergent.

mnsl
We proceed to ZS (m,n). We write

uif: o o mm

S S\l/(s,t)ZAk coa(m—k)sZAL cos(n-£)t ds 4t

0 0

” (s, t)pr(s)p (t)cosms cosnt de dt
s S l}/(s,t)pv(s)q (t)cosms sinnt ds dt
a So\P(s,t)qf(s)p‘r(t)sinms cosnt ds dt

+ S:S:\P(s,t)qv(s)qs(t)smms sinnt dsdt

:amn*bmn*cmn"'dmn,
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o0 oo
¥- -1
where pv(s) = ,g:,Ak cosks and qv(s) EK’ZOA'k sinks. These

functions are continuous for n4 s £T, and their absolute

values when 0<s=¥ are less than As”'. Hence, remember-

ing that y< 4, §<4, the function p'(s)p%(t) ie in
Lebesgue class LS over the square 0Ss:iT, OStsW. Far-
thermore, since W(s,t) is continuous, the function

W(s,t)pr(s)p‘f(t) is in L2. Thus ayn is the Fourier coef-

ficient of an even-even function in LZ. Similarly, by,

is the Fourier coefficient of an even-odd function in L‘?,

and eo on. If we put
G(s,t) = P (s,t)p"(s) p5(t)

we have

Tmw

8,,8inmh sinnk = S s G(e,t)cosms sinmh cosnt sinnk dsdt
o0

= -&SWCTG(B ) [sinm(s-rﬁ)‘-sin m(s-h)][sin n(t+k)-sin n(t-k)] dsdt
. ‘0’0 )

wad K
= 1}5 j G(s-h,t-k)sinms sinnt dsdt

. k
“ w+d JV"‘

- &i G(s-h,t+k)sinms sinnt ds dt
=~}

Cmef ek (4.3)
- ¢ ( G(s+h,t-k)einms sinnt de dt

=4 'k
-k

w4
+ &S f G(s+h,t+k)einms sinnt ds dt
28 -k
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The four terms in (4,3) are equivalent to

: v
(4.4) }S g[G(s—h,t—k)—&(s-—h,t-rk)-G( s..n,t-k)+e(s+n,t+k)_] sinme einnt dsdt.

0 0

This may be seen by considering, for example,
r+d ek

jG(s—h,t-k)sinms sinnt de dt,
'k |

an "excews" part éf the first integral in (4.3). We make
the substitution s* = 2m- 8, and, bearing in mind that
G is an even function of its first argument and periodie
with period 21, while sinms is odd and periodic, we ob-
tain for the above integral

w-d Tk
I G(s'+h,t-k)sinms’ sinnt ds’dt
T Kk
1 Tk
= "S S ¢(s+h,t-k)einme sinnt dsdt,

-4 Kk .
which is a "missing" part of the third integral in (4,3).
In such fa.shion the various integrals in (4.3) complement
each other over the peripheral strips of the area of in-
tegration, combining to give the expression (4.4),

Now by Bessel's inequality

00

S &> sinmh sin‘nk

mn=

w ‘
s AS jfg}(s-»K,t-rk)-G(sm,t-k)-G(s-h,t+k)+a(e-h,t-k)_] 24sat,

0o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

and the expression at the bottom of page 35 is certainly

not greater than

v ‘
2 | {[G(s-»h,t-rk)-—G(s-vh,t-k)] 2 4[6(s-n,tak)-G(s-n, t-X)] a}dsdt

[ Y(s+K,84k)pT(84n)p5(t4k) = Y(s+h,t-k)p" (84h)pS(t-k)] 2as at

(4.5)
[$(s-n, tk)p " (8=h)p® (tax) - J(s-n, t-k)pf(s—n)p"'(t-k)] 2as dt,

Considering the first integral in (4.5), we
see that it ;s not greater than tl}xey gum
’-I-A{Il(h,k) -+ xa(h,k)}

it where

T

. Ily(h,k) = S j[pr(a'rh)p‘s(t-rk)]2[\}/(848,’64k)—?’(s¢h,t-k))2ds dat,

’12(n,k) =jT [p‘(sm) 41(3411 t-k)] [J(t-rk) p‘s(t—k):) stdt

(-

We get first an estimate of I,(h,k). TPak~

ing h and k as positive, we have
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Y (84h,14k) - P (s+h,-k)

= &[f(x#s-oh,y+t4k)—f(x-rs-oh,yat-k)-f(x,y+t4k)+f(x,y+t-k)]
- # [ (x+8+h,y-t-k)~-f(x+8+h ,y—t-ok)—f(x,y—-t-k)-rf(x,y-t-rk)]
+ &[f(x—s-h,y-rt-a-k)—»f(x-s-—h,y#t-k)—f(x,y-tt+k)+f(x,y4t-k)]
+ #[£(x-8-h,y-t-k)~F(x-8-h,y~t+k) £ (x,y=-t-k)+2 (x,y-t4%)]

and since f is in Lip ﬁ in y, this is £ Ak ﬁ. Hence

ol .
-2y, -2§ _ 2
I,(h,k) = Akaf"g Ss 1 %%4sat = 0(x=F)

o9

since y<#%, §<4.

Turning to I,(h,k), we write it as a sum of

two parts:

k

I,(h,k) = ﬂ [o7(s+n) ¥ (sn,8)] ® [p (42)-p°(5))%as at

+ S:;:‘-f_p“s-fh) \P(s-vh,t)]z [1o5(t+2k)-p5(t)]26.s at
= Ip 1(B,k) + I, 5(b,k).
Then we heve
I, 4(b,k) 5 2 g:g_% ¥(seh) Y(s+h,t)] [{Dg(thk)}f 4{;5&)}2]@ at
o(('f

> - v 2u=2Y, 28~2§
"(841) 227 £26 (t421) 2% ae dt) + 0(§ [(sen) T2 dadt)
o~k o~k

- (hea(-ex-&l) -0(1:2(3"2;"1) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

For the second part we have
5 o Tk
Y et
b2 { [p¥(s+n) Po4n, )] © [p5" (ta20k)] “as a
o 'k

(0<9<1)

0 ( x° fj:zs-rh) 2e-2 42 sinét)geé'ads dt)

w, v
0 ( x° So [R(.a,wfh)a“"e‘r §2P-2-2 dt)

O(hEa(-E(-tl) .O(ka,s-asﬂ) .

Ie,a(h,k)

The second integral in (4.5) yields the same

estimate. It follows that, when h and k tend to zero,

- )
2
Z a,men sin“mh sin‘nk = O(he“ x°f ),
mn=i
~ and the same may be proved in like manner for Puns Cmn

and dmn'

- T T
Let h'"zﬁ’ k:gﬁ'. Then we get

M N
2 2 2 20 -2
z 8° sin© Bl ginc 7T = A
mai hz'-'l mn 2M : b O(M' . ),

,u

end, writing ¥ = 2', N = 2”, we see that

o' 2’

Z- Z a:n = 0(2-—2/1««-2\:(3 )‘

m:lw'-rl w=2"")
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Now, by‘ application of Schwarz's inequality,

v
2/“

_5_: i m'rnné‘a \

1 V=i ' um
I +i nz=2 +\

ﬁ > z}é‘{ {m-elr}%{nin'ea}%

] ] ~
me2" +l pad e ms2t =2

»

ms

(LT.N

= o(2™#" VP )-0(2/*(’}"”)-0(2"(%'5))
= o(eHT)y (2 vieai-d)y

Similar relations hold for Byns © mn 204 dmn'

It follows that

Z';sl(m,n) < ZZm‘rn“S (|egnl + [onl + legml + la,|)

< a3 Y o AEAT-4) v(pad-d)
Mt V= '
< A,

since y>4 -x, §>4 -f.

We conclude that (4.2) is convergent, and the
theorem follows.
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5. Localization Properties

A summebility method may be said to possess
& "localization property" if it sums to zero at a point
the Fourier series of any integrasble function vanishing
throughout a neighborhood of the point. Thus, in sin-
gle Fourier series, Riemann's principle of localization
asgerts that convergence itself has this property.
| When we consider summability methods for mul-
tiple Fourier series, we have to distinguish between
| two sorts of loealization properties, corresponding to
- two ways of generalizing the concept of "neighborhood.
The first is the "cross-neighborhood", in which at
least one of the variables is within a prescribed dis-
' tance of its value at the fixed point. The other,
- which we shall call simply the "neighborhood", is the
set of points all of whose coordinates are within pre-
soribed distances of their respective values at the
- fixed point;
It is well known that, in extending the

theory of single Fourier series to double or multiple
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 Fourier series, such properties as Riemann's localiza~
tion principle fin& their counterparts in connection
with the cross-neighborhood, rather than the neighbor-
hood,

It has become, indeed, a matter of peculiar
concern to students of multiple series to investigate
what sorts of summebility methods have the neighbor-
hood localization property. The only methods found
to have it are those in which the indices of the par-
tial sums do not become infinite independently, for
example, the restricted summability of C, N. Moore
([13], p. 567), or the spherical sumability of Boch-
ner [3]. |

Bince the gbsolute convergence of a multiple
series does not depend upon the relative manner in
~which the different indices become infinite, we should
not expect to find neighborhood localization properties
for ebsolute summebility. Instead, it will be the
¢ross-neighborhood which will figure in our generaliza-
‘tion to double series of the single series loecaliza-
tion properties.

For single series, such propertiee of sbso-
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lute Cesdro summability have been investigated by Bosan-
quet [5] and Foa [9]. The former pointed out that,
while [0,0| summability (ebsolute convergence) does not
possess the localization property, ‘O,d], for x>1,
doee, since his sufficient condition for l“»“, summe~
bility is, for «>1, merely & neighborhood ?ondition
on the function.

Foi showed that for O0<« 21, |0,x|does not
possess the locelization property. He did this by ex-
hibiting two functions coinciding in a neighborhood of
the origin, at which point the Fourier series of the
first is summable [C,«| for « 20, but that of the
second is not summable |C,1}, and hence not |0,«|, az1,

The extension of these results to double

Fourier series is embodied in the following theorem,

Theorem 6 \C‘, o ,{3| summability possesses the cross-

neighborhood localization property for «> 1, p >1,

and only for such values of o and ﬁ .

 Broof The farst part of this theorem follows from
~ Theorem 3 (page 18). For B1,(s,t) 18 clearly of
B,.V.H. outside a croes~neighborhood of the origin,
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whence by Theorem 3 we get lc,u , pl summability of the
Fourier series for o«>1, [ » 1, provided only that the
function behave suitably in the cross-neighborhood.

" But that is just another way of saying that such sum-
mability possesses the cross-neighborhood localization
property.

To prove the second part of the theorem, we
construct by use of Foa's examples two functions Fl(s,t)
and Fz(s,t), such that F, has an absolutely convergent
double Fourier series at the origin, while F, coincides
with F; in a cross-neighborhood of the origin, but the
Fourier series of F, is not even summable |C,o,1} at
the origin, for sny «, oT |G,1,/3| for any A-

The functions constructed by Foa are:

-1, -Ms=8<-~-§&,
fl(s)= 0, -s sS85 €, E<T- e"E:
1, t<8 <,
0, -mEs<T- e-2’
f,(s) = |
2 sin is o
T- e €8 <.

('lr-a)logg(ﬂ-s) ’
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‘Foa showed [9] that the Fourier series of fl(s)

is absolutely convergent at the origin, but that of f,(s)
'is not summable |C,1]|.

Now consider F;(s,t) = f,(s)f;(t). Its double
Fourier series is absolutely convergent, since each term
is a product of terms from absolutely convergent single |
series, .

On the other hand, Fy(s,t) ® f5(s) f5(t) has
a double Fourier series which is not summable |C,1,1|
since, again, each term is a product of a term from a
single serles in & and a term from a single series in t,
and neither single series is summable |C,1|. (The ori-

- gin is understood to be the point under consideration
in all these statements.) As a matter of fact, it is
necessary that only one of the indices o(,p be as small
as 1 in order to thwart the |0, 43| summability of
the double Fourier series of Fo(s,t) at the origin.

Now since Fl and Fe each equals zero through-
out a cross-neighborhood of the origin, it is their
behavior outside this region that makes the difference
in their summability |0,o(,‘31 with min (« ,F) <1, and
80 such summability does not have the cross-neighbor-

hood localization property. Thie completes the proof.
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