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1 . In tro d u c tio n

The concept of absolute Ces&ro summability of 

in f in i te  se r ie s  was introduced by Fekete [g]' in  1911, 

u sin g  in te g ra l orders of summability, and defined more 

genera lly  by K ogbetliantz [12 ] in  1925. I t  i s  an ex­

ten sio n  of the concept of absolu te convergence, much as 

summability i s  an extension of ordinary convergence.

I f  we th in k  o f a b s o lu te  convergence as  con­

vergence o f th e  s e r ie s  o f a b s o lu te  v a lu es  o f  term s o f 

th e  o r ig in a l  s e r i e s ,  no such g e n e ra l iz a t io n  would ap­

p e a r  to  be f r u i t f u l ,  f o r  a  s e r ie s  o f p o s i t iv e  term s 

which i s  n o t convergent i s  n o t summable e i t h e r .

I f ,  however, we th in k  o f a b so lu te  convergenwe 

in  term s o f th e  s e r ie s  of a b so lu te  v a lu es  o f  th e  d i f f ­

e ren c e s  o f  su ccess iv e  p a r t i a l  sums, th e  method o f gen­

e r a l i z a t i o n  becomes ap p a re n t; we use  d if fe re n c e s  o f  

su c c e s s iv e  Cesar0 means. Thus, i f  r e p re s e n ts  th e  

n - th  Oesaxo p a r t i a l  sum of o rd e r <* o f a  g iven  s e r i e s ,  

th e  l a t t e r  i s  s a id  to  be a b s o lu te ly  summable (C ,«  ) ,  

o r summable |c ,< * |, i f  ** 8n - i l  converges.

1lu b b e rs  in  b ra c k e ts  r e f e r  to  th e  b ib lio g ra p h y .
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The a b so lu te  sum m ability  of F o u rie r  s e r ie s  h a s , 

n a tu r a l ly ,  re c e iv e d  th e  a t t e n t io n  o f  s tu d e n ts  o f  th e  sub­

j e c t ,  m ainly in  th e  l a s t  te n  o r  f i f t e e n  y e a rs . M oreover, 

a b s o lu te  su m m ab ilities  o f ty p e s  o th e r  th an  Oesaxo have 

been  d e fin e d  and s tu d ie d ; e . g . , ab so lu te  Abel summ abili­

t y .

The g e n e ra l iz a t io n  o f  th e se  m a tte rs  to  double 

s e r i e s ,  however, has been co n s id e red  on ly  fo r  B esse l 

sum m ability  by Chandrasekharan [6 ] ,  The l a t t e r  in v e s t i ­

g a ted  th e  a b so lu te  B esse l sum m ability  o f s e r ie s  o f  two- 

d im ensional e ig en fu n c tio n s  o f a  very  g e n e ra l ty p e . The 

tr ig o n o m e tr ic  p roduct fu n c tio n s  o f double F o u rie r  s e r ie s  

appear as a  v ery  s p e c ia l  case  o f  th e se  e ig e n fu n c tio n s , 

and in  t h i s  case th e  B esse l sum m ability  assumes th e  a s­

p e c t  o f  B oehner' s [ 3] “s p h e r ic a l  sum m ability".

In  t h i s  p ap e r, th e n , we tak e  up th e  g e n e ra l iz a ­

t i o n  o f  ab so lu te  Oesaxo sum m ability  to  double s e r i e s .  I t  

i s  d e f in e d  fo r such s e r ie s  in  S ec tio n  2 , and th e  d e f in i ­

t i o n  i s  shown, in  Lemma 1 o f  th a t  s e c t io n ,  to  be equ iva­

l e n t  to  th e  a b so lu te  convergence o f  a  c e r t a in  r e la te d  

double s e r i e s .  Lemma 2 e s ta b l i s h e s  th e  “co n s is te n cy "  o f 

t h i s  sum m ability , i . e . ,  th a t  sum m ability  of c e r t a in  in ­

d ic e s  im p lies  sum m ability  o f h ig h e r in d io e s .
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We th e n  proceed to  study  a b so lu te  Cesaro sum­

m a b il i ty  as a p p lie d  to  double F o u rie r  s e r i e s .  In  S ec tio n  

3 we g e n e ra liz e  to  double s e r ie s  a  sequence o f theorem s 

due to  Bosanquet [ ^ ] , [ 5 ] which g ive  a  s u f f i c i e n t  and a  

n e c e ssa ry  c o n d itio n  on a  fu n c tio n  fo r  th e  a b so lu te  sum­

m a b il i ty  o f  i t s  F o u rie r  s e r i e s .

In  S ec tio n  I  i s  a  g e n e ra l iz a t io n  o f a  theorem  

o f  Hyslop [ i tX  g iv in g  a  L ip s c h itz  c o n d itio n  on th e  func­

t io n  as s u f f i c ie n t  fo r  th e  a b so lu te  sum m ability  o f i t s  

F o u r ie r  s e r i e s .

F in a l ly ,  i t  i s  shown in  S ec tio n  5 th a t  abso­

l u t e  Cesaro sum m ability o f o rd e rs  g re a te r  th a n  1 has 

th e  c ro ss-neighborhood  lo c a l i z a t io n  p ro p e r ty .

I t  i s  a  p le a su re  fo r  th e  w r i te r  to  acknowledge 

th e  in v a lu a b le  a id  o f P ro fe sso r  C. H. Moore, who su g g est­

ed  th e  in v e s t ig a t io n  of t h i s  to p ic  and was generous w ith  

co u n se l and encouragem ent.
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2. D e f in i t io n s .  P re lim in a ry  Lemmas

<ae>

Let £  8^  fee a  double s e r i e s ,  and l e t  s^ f
Atj v>-a

d en o te  th e  m ,n -th  Gesatro mean o f  o rd er «c , ^ o f th e  double 

sequence ( s^  J  = [ f  j ; i . e . ,

= J   V f “ A AP-I _ =  _l  Q * 19
" "  A*A? £  ^  A ~-^. ' V *  5«» ~ A * K  jm w Hi vi

where
A rt _  r f « k +  Wi+» ) ,

—   . . . v ( cJn '3r -* I Vv» = o  1 ,1 - ,  • * * )
vw r c ++>) r (Y»+ i )  v '  * * * . '

v  -  >,
A j  =■ O, (Vvv- l} Z j  ) ,

F u r th e r ,  we d e f in e  s ^  to  fee ze ro  i f  e i th e r  a  or n 

(o r  bo th ) i s  n e g a tiv e .

oh
D e f in i t io n  The double s e r ie s  IL  a ^  i s  s a id  to  fee 

a b s o lu te ly  summable (Cl 6k , ( ? ) ,  o r summable |o,<A , p j ,

i f  th e  double s e r ie s
AO 6 0

r  I  i s **8 - s * f  -  + s <*'9 I
m-o

converges.

Now we l e t  r * a  denote th e  m ,n -th  Oesaro mean
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o f  o rd e r  ok , (3 o f th e  doable sequence -  {/t** G/w } ,

and  l e t  T * 0 denote th e  m -th (C, ch ) mean o f »

w h ile  Xfn d eno tes th e  n - th  (G ,/? )  mean o f . Then

we have th e  fo llo w in g  fundam ental eq u iv a le n ce .

lemma 1 The sum m ability  |o,ck , fd| of 21 i s  eq u iv a-
VMj»1=0

le n t  to  th e  convergence o f th e  double s e r ie s
co Q5) a& 60 , _

( 2 . 1 ) f .  I + L  " 'M X m  I * £ X ;Vh«| Y\ = / 11 '

P ro o f We have on ly  to  show th a t

(9  O) «. > 1* _ . g**/3 i | t-Jv /  . „ , \

= i - T ^  (W o . VV= 1,1 • ■•)VI •'OH
\

We have, fo r  a l l  n and fo r  m = 1 , 2 , . . .  ,

mv* y\*Af ^ o ^ /W A -vs/ 'v #VA rt “ *l "

I. >c  f e  £ x „  <*« - fe , £ > C -. J

^ £ A - f e k / i t C - ^ - W )a : . ,
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A*3
i r 1 -fi-i / 1 . ( „  , r  >■' )i
j ^ Z - v f e  l a -  s s r — J M J

I)VI \)s0  W y ^  ^< r ® '•A

s  a 5  £  A %  ^  ^

In  th e  case  n * 0 , we have (2 ,2 )  alr& ady. I t  

i s  proved in  s im ila r  fa sh io n  fo r  m -  0 . Hence we co n s id e r 

now m » 1 , 2 , . . , ,  n -  1 , 2 , , . .  . Then by th e  same re d u c tio n  

a s  th a t  above, th e  second p a i r  o f term s in  th e  l e f t  mem­

b e r  o f (2 . 2 ) y ie ld s

- < 1 , + C « - , = " a ^ ,  £  Al - . f e < v ) -

F in a l ly ,  adding th e se  two eq u a tio n s  and employ­

in g  th e  same type o f re d u c tio n  w ith  re s p e c t  to  th e  summa­

t io n s  on index \J , we g e t th e  l e f t  member o f ( 2 . 2 ) equal to

I r-~~ X^~ *C—I A-t
—T T T f  L— A ^  y c V ^ c i/

H

__ J_ _
u win )

w hich com pletes th e  p ro o f o f  Lemma 1.
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We v e r i f y  a lso  th a t  th e  fo llo w in g  “lemma o f con­

s i s te n c y ” fo llo w s from th e  co rrespond ing  theorem  in  th e  

ca se  o f  s in g le  s e r ie s  which was proved by K o g b e tlian tz  [ is ]

lemma 2 A double s e r ie s  which i s  summable l c , d 0 f (30 j 

i s  a ls o  summable h ,c k  f ^  f > d  Hc£0 , .

P ro o f C onsider f i r s t  /c,<* ,(3* | sum m ability . We w ish to  

show th a t

I = Z L
v * - - i  V H  * *  * = 1  H > |  *  )

where th e  s e r ie s  on th e  r ig h t  converges by h y p o th e s is . 

Thus we must show th a t

t e l  V n M ,V n n  /* -< • y - o  W - A  M - V '  W = l V i« | " ^ r n  h  A * ° v * 6  m ' A  « ‘ V

For t h i s  i t  s u f f ic e s  t h a t ,  f o r  each v> ,
Oft wi . 00 h  j  • }

Z . A £  i l  ^ 3; A /W a ^ v / ,
^ 7  ^wn A=o v*=| A=0 tn-SN̂

whioh i s  ju s t  th e  s in g le  s e r ie s  theorem  a lre ad y  known. 

The l a t t e r  a ls o  a s su re s  us o f  th e  convergence o f  th e  

s in g le  s e r ie s  in  (2 . 1 ) .  Hence, Jc,<*0>/?oj sum m ability
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implies

implies

Id, cA,^/ summability.
Similarly we see that summability

}oych t (3 I summability, and the lemma is proved.
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3 „ A bso lu te  Oesaxo Summ ability o f 

Double F o u rie r  S e r ie s

In  t h i s  s e c tio n  we prove a  sequence o f theo­

rem s which a re  analogues f o r  double s e r i e s  o f  theorem s 

p roved  by Bosanquet [M] , [5] d e a lin g  w ith  a b so lu te  Ce­

s a r  o sum m ability  o f  s in g le  F o u rie r  s e r i e s .  Theorems 1 

and 2 a re  s p e c ia l  cases o f Theorems 3 and k ,  r e s p e c t­

iv e ly ,  b u t a re  s ta te d  s e p a ra te ly  because of t h e i r  r e l a ­

t i v e  s im p lic i ty  and because th ey  would be proved sep­

a r a t e ly  anyhow.

We have f i r s t  to  in tro d u ce  a  number o f d e f in ­

i t i o n s  and n o ta tio n s  to  be u sed  in  t h i s  and succeeding  

s e c t io n s .

Let f ( s , t )  be L e b e sg u e - in te g ra b le , w ith  p e r i ­

od 2Tr in  each v a r ia b le .  For a  f ix e d  p o in t  ( x ,y ) ,  l e t

0 ( s , t )  * £ [ f ( » f s ,y + t ) -  f ( x + s , y - t ) -  f ( x - s , y + t ) + f ( x - s ,y - t ) J  

and l e t  i t s  double F o u rie r  s e r ie s  be denoted  by
00

2 1  < w  cos ms cos n t .
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Then th e  double Fouriex  s e r ie s  o f  f ( s , t )  a t  th e  p o in t  

(x ,y )  i s
co

observe th a t  th e  form ula fo r  i s

S in  *  r_!_l + j_L_] -
tn*iJ J f  o 9

V  X T

j ] 0 ( s , t ) cos ms cos n t  ds d t ,

i n  which [x] deno tes th e  l a r g e s t  in te g e r  < x .

Next we d e fin e  a  s o r t  o f "mean value*  func­

t i o n  a s s o c ia te d  w ith  0 ( s , t ) ,  as  fo llo w s .

f m 0 ( s , t ) ,

_<* fS <x-i
«cKs (s-u) 0 (u ,t)  du,

^ j ( t-v )^  *0(8,v) dv,

ic<̂ 3 S_0<t  ^  ̂ J (s -u )  ( t - v )  0 (u /
O o

C*s o , |9= Oj 

o< > 0 , j3= 0 ; 

< *=  0 ,  p  > 0 ;

r, <*>0, ^ > 0.

As a  l a s t  p re lim in a ry , we s t a t e  th e  d e f in i t io n  

o f  th e  k ind  o f "bounded v a r ia t io n "  we s h a l l  u se  in  th e  

en su in g  theorem s. (For a  r a th e r  com plete study  o f  th e  

v a r io u s  d e f in i t io n s  o f bounded v a r ia t io n  fo r  fu n c tio n s
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o f  two v a r ia b le s ,  we r e f e r  to  th e  paper [ l ]  by Adams 

and C la rk so n .)

D e f in i t io n  A fu n c tio n  f ( x ,y )  in  a  re g io n  a <  x ^ c ,  

b £ y t  d , i s  s a id  to  be o f  bounded v a r ia t io n  in  

th e  sense o f Haxdv (B. V. B .) i f ,  in  th e  re g io n ,

i )  f ( x ,y )  has a  f i n i t e  t o t a l  v a r ia t io n

I S ? v (*,y)l “ vfrp'w-t(x̂ '
where <r deno tes a  re c ta n g u la r  n e t

i i )  f ( x ,y )  i s  o f bounded v a r ia t io n  w ith  r e s p e c t  to  

y fo r  a t  l e a s t  one x ;

i i i )  f (x ,y )  i s  o f  bounded v a r ia t io n  w ith  re s p e c t  to  

x fo r  a t  l e a s t  one y .

I t  i s  known [ l ]  t h a t , as consequences o f  i ) ,

ii) and iii), we have also

lv )  p ro p e rty  i i )  ho ld s fo r  a l l  x;
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v) p ro p e r ty  i i i )  ho ld s f o r  a l l  y ;

v i )  th e  t o t a l  v a r ia t io n  o f  f  w ith  re s p e c t  to  y ,

[d^f (x,y)] s  ^ ( x ) ,  

i s  dom inated by an in te g ra b le  fu n c tio n  ^ ( x )

V1 ( x ) < U 1 (x ) ;

v i i )  a  symmetric c o n d itio n  on F g (y )•

Theorem 1 I f  0 ( s , t )  i s  o f  B.Y.H. in  0 <  s ^ 7T, o ^ t  £ T ,  

th e n  th e  double F o u rie r  s e r i e s  o f £ ( s , t )  i s  summable 

10 ,  o( t j3\ a t  th e  p o in t (x ,y )  f o r  « > 0 ,  ( 3 > 0.

F ro o f  We b eg in  by s e t t in g

? ( W* * ( t)  a  |  I /cosyws 0 ( s , t )  d s , ^ 0 , 1 , . . . ) .
o

T his d e f in e s  each fu n c tio n  o f th e  sequence fo r  alm ost 

a l l  t .  For ex c e p tio n a l t ,  one may d e f in e  th e  fu n c tio n  

by F ^ ( t * 0 ) o r F ^ ( t - O ) .

Let 1 *  ( t )  r e p re s e n t th e  m -th (C,o<) mean o f 

th e  sequence { ^ ( t ) } .  Thus we have

F ^  ( t )  * J ]fm(s )  0 ( s , t )  ds (m= 0 , 1 , . . . ) ,
O

of
where 0m(s )  re p re s e n ts  th e  m -th (C ,o i)  mean o f th e  

sequence j  cos jx  s j .
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< *. v
Now we show th a t ,  f o r  each ra, F m ( t )  i s  o i  

hounded v a r ia t io n  in  (0 , i r ) .  Consider any su b d iv is io n  

0 » t 0 < t  %k » 7T . We have

l K ( t i ) - C ( t i - i )l sZll
i-« 0 k 

£  Z | 0 ( e , t i ) -  0 <8 , t i - 1 )| d s .
o <=*

low  under th e  assum ption th a t  0 ( s , t )  i s  of B .T .H ., we 

know th a t  , £ | 0<8 ,tj_) -  0 ( s , t ju_1 )| < ^ ( s )  f o r  any s ,
*, w /

and th a t  V^Cs) I  l^ C s ) , an in teg ra to le  fu n c tio n . Hence

i*< }o _
0 / r  
§SL j ^ ( s j d s .<
r r

Thus, f o r  each m, th e  t o t a l  v a r ia t io n  o f ( t )  i s  

bounded on (0 , tt) .  In  p a r t i c u l a r ,  t h i s  im p lie s  th a t  

th e  d e r iv a t iv e  o f t h i s  fu n c tio n  e x i s t s  alm ost every­

where on (0 , 7r ) .

R e tu rn in g  to  th e  form ula d e f in in g  F « (t)  and 

in te g r a t in g  by p a r t s ,  we have , fo r  alm ost a l l  t ,

F ^ C t )  = ^  [ 0 ( s , t )  s i n ^ s j  -  ^  J e i n ^ e  ^ - 0 ( e , t )  ds
°  o

P  e )= -  ~  J s in ^ s  —0 ( s , t )  ds ,
o

th e  p a r t i a l  d e r iv a t iv e  e x is t in g  alm ost everywhere on 

accoun t o f th e  bounded v a r ia t io n  o f 0 ( s , t )  w ith  r e ­

s p e c t  to  s .
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Hence, i f  d“m ( s )  re p re s e n ts  th e  m -th (0 , ot) 

mean o f th e  sequence s in y * s j ,  we have
7T

Fm ( t )  * -  ]  < ( s ) ^ 0 ( s , t )  ds

f o r  alm ost a l l  t  on (0,77").

Mow l e t
.r r

<C * I  f = - |  J i in U t

* and we have fo r  th e  n - th  (G ,/3 ) mean o f th e  sequence 

{®mv} ^ r e ga^ e<3- ®-s th e  v a r ia b le  index)

_ j ^ ( t )a  ' m Twmn -  mn
f ^ / f l  *  * 1
J * n ( t )  j « C ( s )  0 ( s , t )  d s j d t .

Hence we have
aO oo

f i - ' ln' 1ir^ l = £ £ f “ln_1 K (t) i <C (s) ^ (*>t)d ,4 t
ms' h=( jo 0 *S oo

s (  ( |a3t0(s .t) |  I®_1 l<C (»>l Z®”1 l^ n1(t>l
■*<7 '0 J lw = l (/»-/

<1 o O  ,

<90 .
s in c e  Bosanquet has shown [h j  th at Z ^ k O ® ) !  ie  u n i-H* 91
form ly  hounded.

To com plete th e  p ro o f  i t  must he shown a lso  

t h a t  th e  two s in g le  s e r ie s  in  (2 .1 )  converge . S ince
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they are symmetric, i t  staff ic e s  to  consider only the

f i r s t .  We have
fr  ,Vfr

r mo = 1 1 F» (t) at = -  w) as at

and consequently

2 m _1| r “0 | *  i l l  Z m -1 |<rm“ (s)| jds0(s,t)| dt < =o ,
wt-i ■& Jo hial

since  0 ( s , t )  i s  of bounded v a ria tio n  with respedt to  

s and i t s  to ta l  v a r ia tio n  function  is  dominated by an 

in teg rab le  function  of t .

Theorem 2 I f  th e  double F o u rie r  s e r ie s  o f  f ( s , t )  i s  

a b s o lu te ly  convergent a t  th e  p o in t  ( x ,y ) ,  th en  

0, v ( s , t )  i s  o f  B.V.H. in  O ssg .T r, 0 ^  t  gTT, fo r  

a l l  <T,€ such th a t  t > 0 .

I r o o f  By th e  lemma o f c o n s is te n c y , i t  s u f f i c e s  to  prove 

th e  theorem  fo r  0 < J < 1 , 0 < £ < 1 .

f e  s t a r t  w ith  th e  d e f in i t io n
. S  / " t  g

0 ( s , t )  * ( I t  6 ) ( l - f  £) s ' ^ t  1 £ ] I s -u )  ( t - v )  0 (u ,v )dudv .
(+ 0 . 1+ £ J  JJ o o

oo

S in ce  converges a b s o lu te ly ,  so does
V \ Z Q

y ~ c o s  mu cos nv ,
ty>, h-0
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and we may in te g r a te  term  by term  i f  th e  l a t t e r  s e r i e s  

i s  s u b s t i tu te d  fo r  0 ( u ,v ) .  Thus

' ( e , t )  = Z V i ( 1^ ) ( l * £) s< * J (■-* M )  cos mu cos nvdudv
1+Sjl+i. Mj„,o “ “  'o '*

^ , yS J  I  ̂ / t  £
_a^jn(l>t<J)s1 |(s-t| cosmu d u ( l+ s ) t  j ( t - ^  c o s n v d v
-0 O

lL * w i <**(»•) ^ ( n t ) ,

m,n = o 
oo

W.MSO
th e  l a s t  e q u a l i ty  d e f in in g  6̂  (ms) and <T(nt); 

Then
oo

x
u s J vw, n-'O

(,n8)n^ ( n t ) >

p ro v id ed  th e  d i f f e r e n t i a te d  s e r ie s  converge u n ifo rm ly . 

That i s  seen  to  be t r u e  by u s in g  th e  in e q u a l i t i e s  

( W ,  p . i ^ ) i
i t

. (0  <0( < l ,  x ? 0 )
± Ax

where we use the letter A to denote a constant, not 
n e c e s s a r i ly  th e  same a t  each o ccu rren ce .

Prom i t s  d e f in i t io n ,  0|+^ |+t( s , t )  i s  seen to
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toe a b s o lu te ly  con tinuous in  any reg io n  ex c lu d in g  a  c ro s s -  

neighborhood o f th e  o r ig in ,  and consequen tly  o f B.T.H. 

i n  any such re g io n . Hence th e  f in i t e n e s s  o f  th e  t o t a l  

v a r ia t io n  over th e  square  0 « s S7T, O i t i T ,  and th a t  o f 

th e  fu n c tio n s  l ^ i s )  and F2 ( t ) ,  may toe o b ta in ed  by in te ­

g r a t in g  th e  a b so lu te  v a lu es  o f th e  above d e r iv a t iv e s .

For th e  t o t a l  v a r ia t io n  we have

(\ K A W 8’^  * 1 i J l aJ  “ K M  » k ' M  asdt
°  °  * J  ' TT ^

= SlSjanl m ( \$ * * )\  ds n ( |(T£'(nt)t dt
CO

-  a T  la  I 
"  an  I

<  oo ,

s in c e  Bosanquet {[4-], p . 14-) has shown th a t  th e  in te g r a ls  

l i k e  ml |dV(ms){ ds a re  u n ifo rm ly  bounded, and s in c e
CO }°
21  Kail i s  co n v e rg en t.

m,
For V^(s) a  s im ila r  argument a p p l ie s ,  u s in g  a 

s in g le  in te g ra t io n  o f 1̂ 0^  l+fc( s , t ) |  , and th e  uniform  

boundedness o f  (T£ ( n t ) .  Then from symmetry we conclude 

also that Vg(t) i s  f i n i t e .  Thus we see  th a t  th e  condi­

t io n s  in  th e  d e f in i t io n  o f B.V.H, on page 11 a re  s a t i s ­

f i e d  toy 0 , ^ , J s , t )  i n O i s S f f ,  0 a? t  -
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Theorem 1 I f  0L- ( s> t )  i s  o f B.V.H. in  O ^ s  s i r , 0 < t  < i r

th en  th e  double F o u rie r  s e r i e s  o f f ( s , t )  i s  summable

P ro o f  Theorem 1 i s  th e  case  <* = 0 , 0 . We co n s id e r

h e re  th e  case where th e  in d ic e s  a re  p o s i t iv e .  The

case  in  which one o f  th e  in d ic e s  i s  p o s i t iv e  and th e

o th e r  zero can be t r e a te d  by a  com bination o f  th e  meth­

ods used  in  th e s e  p ro o fs . By th e  lemma o f  c o n s is te n c y , 

we may suppose th a t

b g  <v < y  < b *  1 , k £ p  < & < k+ l ,

where h a  [<*] (the l a r g e s t  in te g e r  i  <* ) and k  a  [(*] »

where a  and p  may be p o s i t iv e  o r z e ro . Then, in  ana­

lo g o u s fa sh io n  to  Bosanquet*s p ro o f f 5 ] ,  we get

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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How Bosanquet»s e s tim a te s  ( f 5 j ,  p . 522) show 

t h a t  th e  m agnitude o f th e  f i r s t  term  on th e  r ig h t  in  th e
£ „ y  I £

preceding formula is  0(m )0 (n <_ ) , while the others

become, respectively ,

0 (m^ *) [ o ( n ^ _<r) + ^ V U ^ d ^ ^ ^ v ) ]  ,

0 (n k S) ^ ( m 0* r ) * | V C m .uJd^^U jV )] ,

and

G(m* * ) Q ( n 13 ) +  ̂ j  ]l(m,u) V(n,v) du v 0**(u ,v),
o o  * r

in  which V(m,m) i s  a function sa tisfy in g  the in eq u alities

(5.1) |V(m,u)|
£  Am* * u 01-*.

A ccord ing ly , we have , by com bining c e r ta in  

te rm s , and w r i t in g  only  one o f a  symm etric p a i r  o f  mid­

d le  te rm s,

I I . - V M r " !
h* = i w*»

cO OO

= Z i -  j0 ^  r ')0(nf3 15 ,)4-O(m^r' l) jn lV(n,v)dv0e( - (u,v)
( V I - I  O >

j  |  *"1V(*,u)n,V(n,v)dtlT0cf/S(u,w)|
O o  .
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which i s  no t g re a te r  th an

oo «o „ t , «» ' Tr 00
' ♦ a Z.e * r ' ( |<V4/j (u ,v ) |In 'p /(n ,v ) |

♦ 1 1 |fluV0o(i3(̂ »̂ )| |lAm,u)|5V'|V(n,v)|.V W ” I M S I

But s in c e  0 < <* < Jf , 0 <  , th e  f i r s t  double s e r ie s

above i s  convergen t. C onsidering  a lso  ( 3 .1 ) ,  we have

J2_ M  ^  .
X u f 1 |y<m,m)) =* £ « “ 10 (m,,uo‘) * > « " 10 (» '‘V T)
h i . i  m - 1 - r -iir .1, M’ LU J+l

Lu J oo« xr- «<-i <x-jrc'S A u 2Lm 4 A u

sx A 4 A ̂

th e  suras l ik e  th a t  on th e  l e f t  th u s  converging  u n ifo rm ly .

oo co rr if"

g A 4 A j |d ^ ( * , T > )  4 a J J la ^ ^ ^ C t t .v ) !
© 0

<  cO f

b ecause o f th e  bounded v a r ia t io n  o f 0* p (u ,v ) .

The o b se rv a tio n  th a t  th e  convergence o f  th e  

s in g le  s e r ie s  in  (2.2) follows from the single s e r ie s  

theorem  concludes th e  p ro o f o f  t h i s  theorem .
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Theorem % I f  th e  double F o u rie r  s e r ie s  o f  f ( s , t )  i s  

summable |0,<x,^3| a t  th e  p o in t ( x , y ) ,  th en  0 rj ( s , t )  

i s  of B.V.H. in  O ^ s g i r ,  0 < t £ T r ,  f o r  r>«x+ 1 ,

1 (<* S 0 , /3 S 0 ) .

P ro o f The case  0 , 3̂ = 0 i s  covered by Theorem 2.

As in  th e  p reced in g  theorem , we e x h ib i t  th e  p ro o f 

f o r  p o s i t iv e  in d ic e s  h e re ;  and we may suppose, w ith ­

ou t lo s s  o f  g e n e ra l i ty ,  th a t

0 < o < < f - l < h ^ l ,  0 < (3 <£> -  1 < k «#• J,,

where h * [*] , k a [^ J .

As in  Theorem 2 , we observe th a t  0 yj ( s , t )  

i s  a b s o lu te ly  continuous in  any re g io n  ex c lu d in g  an 

a r b i t r a r i l y  sm all c ro ss-neighborhood  o f th e  o r ig in ,  

and consequen tly  we can prove th a t  i t  i s  o f B.V.H. 

on th e  whole square  O s s s t t ,  QAt Ar r  by in te g ra t in g  

th e  a b so lu te  v a lu es  of i t s  mixed p a r t i a l  d e r iv a t iv e  

over th a t  sq u a re , and in te g ra t in g  th e  a b so lu te  v a lu e s  

o f  i t s  f i r s t  p a r t i a l s  from 0 to  rr fo r  some v a lu e  of 

th e  f ix e d  v a r ia b le .  The f in i t e n e s s  o f  th e se  th re e  

in te g r a ls  w i l l  be enough to  e s ta b l i s h  our theorem .
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We s h a l l  w r i te ,  f o r  > 0 ,

e< - 1
¥*(*) * ) ( l - u )  c o s x u d u . 

F u rth e rm o re , we u se  th e  n o ta t io n

A f(a )  s  f (n )  -  f ( n + l ) .

low , s t a r t i n g  w ith  th e  d e f in i t io n  o f 0 v r( s , t )Ja
we g e t

/S *
T’'<S 0¥ r(s , t )  « s r t M j (s-u) (t-v ) 0(u,v)dudv

l a  'o o
co

®mn (a t )k,n*o 111X1 f  d
OO

= Z S £

by re p e a te d  a p p l ic a t io n  o f A b el’s tra n s fo rm a tio n , s in c e  

th e  F o u rie r  c o e f f ic ie n ts  8^n a re  o ( l ) .  Then by th e  

same argum ants as  th o se  u sed  by Bosanquet ( [ 5 ] ,  pp . 524- 

525) t h i s  reduces to

Z— A Ty(rne) A Y.(nt) Z _ A A ' 3
Ki,*=o * m-p n~Q ^ p q

w ^ ^ - p  ^  J ~ An -q

= f  S 'p T  j p { .)  J Q( t )n=o
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where we use th e  n o ta tio n

*A+j y
Jp (s) * Aa-p A Ty(me) * 0(p- ) .

We a ls o  in tro d u c e  th e  symbol, to  be u sed  d i r e c t l y ,
oo

Vp (s )  = Z  ^  A J r ( s )  = 0 ( p * 'r ) .
/t^p

The e s tim a te s  on th e  l a s t  two form ulas a re  due to  Bo­

san q u e t ([53, pp. 526-527).

The sum a t  th e  bottom  of page 22 becomes
00

2 - 0 pq A Jp ( s ) A J  ( t )
f.^s° * q

= Z _ 8pq A pA Jp(s) A g A Jq (t)
m

co

= Z » p q  A y » )  A T  ( t )

co

Now by d i f f e r e n t i a t i n g  we o b ta in ,  u s in g  A ^ s p q a s  an 

a b b re v ia tio n  f o r  th e  q u a n ti ty  in  p a ren th e se s  above,

0 . 2) r r £ * rJ( . , t )  = f  A u = r q ^(B) Tq( t ) ,
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oo

(3.3) r"S',jT^w («.t) -I. An 8pq V s) Tq(t)l

<5-« = J ; a u 8m tp(8) Ti (t)>rV

p ro v id ed  d i f f e r e n t i a t io n  term  by term  i s  a llo w ab le , and 

be nee we get

( 5 - 5 ) M | ^ tj (» .*) |4«s I I A1i »m I lVq(t) l j lTp(8)l 48’
O PJV° O

a  symmetric in e q u a l i ty  from (3*3)> and.
u r  -v TT

| £ * W (8’t)!d8 dt*IjAl l 8pql j lyp(8)ldB )
0 0 fJY °  ° °

B ut Bosanquet ( lo c .  c i t . )  b as  sbown th a t  th e  in te g r a l s  

in  th e  r ig h t  members of (3 .3 )  and (3 .6 )  a re  un ifo rm ly  

bounded. S in c e , by h y p o th e s is ,

f l * u 8£ l < ~ .
r>V°

we have th e  convergence o f th e  r ig h t  members of (3*5) 

and ( 3 .6 ) ,  which means th a t  0 Y<j ( s , t )  i s  o f  B.V.H.

I t  rem ains only  fo r  us to  j u s t i f y  th e  d i f f e r ­

e n t i a t io n s  le a d in g  to  ( 3 .2 ) ,  (3 .3 )  and (3 •V . Bosanquet 

( l o c . c i t . )  has shown th a t
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which en ab les  us to  see th a t  th e  d i f f e r e n t i a t e d  s e r ie s  

converge un ifo rm ly  w ith  re s p e c t  to  s and t  o u ts id e  an 

a r b i t r a r i l y  sm all cross-neighborhood  o f  th e  o r ig in .  

T h is  com pletes th e  p ro o f .
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L ip s c h itz  C ond itions S u f f ic ie n t  

fo r  A bsolu te Summability

The fo llo w in g  b r i e f  s ta tem en ts  o f known r e s u l t s  

in d ic a te  our o b je c t in  th i s  s e c tio n :

Theorem (B ern s te in  [> ])

I f  f (x )  ■€ L ip <x , <*>|-, 

th e n  i t s  F o u rie r  s e r ie s  

i s  a b s o lu te ly  convergen t.

Theorem (Reves f l 4 l )

I f  f ( x ,y )  -e L ip 8n (< * # p )>

L ip  in  x, and Lip p  in  y , 

o o j r ,  ( $ > i *  th en  i t s  double 

F o u r ie r  s e r i e s  i s  a b so lu te ­

l y  convergen t.

f e  p ropose to  com plete t h i s  a r ra y  by p ro v in g  

th e  tw o -v a riab le  analogue o f H y slo p 's  theorem . The r e ­

s u l t  may a ls o  be reg ard ed  as  an ex ten s io n  o f R eves1 

theorem , inasmuch as a b so lu te  sum m abiiity  may be con­

s id e re d  an ex ten s io n  o f a b s o lu te  convergence.

Theorem (Hvslou f i l l )

I f  f (x )  « L ip ot, 0 <<*a| ,  

then  i t s  F o u rie r  s e r ie s  

i s  summable Jo,Tl , !>■§--c*.
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The theorem a t t r i b u t e d  to  Reves i s  i n  h i s  d is ­

s e r t a t i o n  [l4 -J, and i s  in c lu d ed  in  a  more g en e ra l r e s u l t  

i n  a  J o in t  paper o f  Reves and Szasz [ 15]* P r a c t ic a l l y  

th e  same theorem was p u b lish e d  r e c e n t ly  by C helidze [7 ] .

We f i r s t  s t a t e  th e  d e f in i t io n s  o f  th e  L ip s c h itz  

c o n d itio n s  we s h a l l  impose on f ( x ,y ) .

D e f in i t io n  Lip deno tes th e  c la s s  o f  fu n c tio n s

t ( x ,y )  which a re  such t h a t ,  fo r  -tt < x * t t ,  -tt 5, y s i r ,

|A „ f(x ,y ;h ,k ) | 5 | f  (x+h,y*lc)<-f (x,y-t-lc)-f (x + h ,y )* f(x ,y ) | s. X|hflkl?

D e f in i t io n  L ip  <* in  x den o tes th e  c la s s  o f fu n c tio n s  

f ( x ,y )  which a re  such t h a t ,  f o r  - t r t  x f i r ,  -ir % y * i r ,

| A lof  (x ,y ;h ) | 2 ) f (x * h ,y )«  f (x ,y ) | $ K |h)^.

Def in i t io n  Lip 3̂ in  y d en o tes th e  c la s s  o f fu n c tio n s  

f ( x ,y )  which a re  such t h a t ,  f o r  -T r^x iT T , - i s  y s i r ,

jA o(f (x ,y ;k )j 2 | f ( x ,y + k ) - f ( x ,y ) |  £ T \ k f .

I t  i s  to  be u n d ersto o d  th a t  th e  above c o n d itio n s  

h o ld  un ifo rm ly  f o r  a l l  x and y .

As in  th e  p reced in g  s e c t io n ,  we co n s id e r f (x ,y )
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t o  be L - in te g ra b le  and p e r io d ic .  Then our theorem  may 

be s ta te d  as fo llo w s .

Jji I f  f ( x ,y )  belongs to  each of th e  th re e  c la s s e s

L ip * k ip  * in  x » m<3L k ip  Is  in  y» 0 < °* ^ i »

0 < /3 £ th en  i t s  double F o u rie r  s e r ie s  i s  summable 

| G, )f ,<5| fo r  a l l  (x ,y )  when X> i - 0<»

We d e f in e  th e  fu n c tio n  ^ ( x , y ; s , t )  «  v p (s ,t )  to  be

£[f(x-rs,y>+t) f  ( x * s ,y - t )  f ( x - s ,y * t )  f ( x - s ,y - t ) J  -

-  £  [ f ( x -» s ,y ) -«■ f (x - s ,y ) ]  -  - | [ f ( x ,y 4 t ) -» f (x ,y ~ t) ]  ♦ f (x ,y )

s  £  ( x , y ; s , t )  4 £  A „ f ( x ,y ; s , - t )  4 & A /( x ,y ; - s , t )  4 £  A(l f ( x ,y ; - s , - t X

We observe th a t  l)/ ( s , t )  i s  an even-even fu n c tio n . I f  th e  

d oub le  F o u rie r  s e r ie s  o f f ( x ,y )  i s

£  a oo -  | I ( % 0co8Bx , b ffl0s i n B1x) . ^ | ( a ono o s n y . c ons in n y )
oo t

* T -  (amn008 008 ny 4 bgjjjSimmx cosny -f
m, * * <

4 cmncos m x 8 in n y + dmn83-11®* s in n y )
oo oO oo oo

* ^00 4 J h 'V o ^  "* = ^am*t0tj M»v

th e n  th e  double F o u rie r  s e r i e s  o f \|/ ( s , t )  i s
OO

2 1  Krm il  -  cos ms -  cos n t  4- cosms cos n t ) .
vn,n - 0
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Hence

A ,  = A  ( ( W s y t)  cos ms cos n td s  d t ,  (m,n= 1 , 2 , . . . )
MU *1 A. #0 o

Amo = ~l j j  i -! / ( x-*s,y) -► f  (x -s ,y )]Jc o s  ms ds d t ,
^ a o . .

(m s  1 , 2 , . . . )

Aon =v*j j |[ f ( x ,y -» t )  f ( x ,y - t ) ] j c o s  n td s  d t ,
o o

(n = 1 , 2 , . * . ) .

r<fHow u s in g , as b e fo r e ,  Tmrt to  denote th e  m ,n -th  

Gesiteo mean o f o rd er Y,S o f  th e  double sequence \ y x v A ^ } ,  

and Om(s )  to  denote th e  m -th  Cesaro mean o f  o rd e r  y  o f 

th e  sequence cosy-ts}, we have

r l  = <#•>  oBW «
a o

f o r  p o s i t iv e  in te g r a l  m and n , and s im ila r ly

r mo = f(*-«»y)]}Om («)ds d t ,

r on = f i )  ) W ( » . t ) ^ i [ f ( x fy * t)T  f ( x ,y - t8 } 0 n ( t ) d « d t .

To prove sum m ability Jo,)f, i j  we must show th a t

(4 .1 )  Z * - K o l  -  Z ^ l r i l  « < «  .on' e— . t 1 mn'tn s l -I Vn * 1 * *'
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The convergence o f  th e  two s in g le  s e r i e s  in  

can he deduced, by means o f H y slo p 's  theorem quot­

ed  a t  th e  beg inn ing  o f t h i s  s e c t io n . Consider

th e  in n e r  in te g r a l  in  th e  f i r s t  term  o f  th e  l a s t  l i n e  

i s  a  fu n c tio n  belong ing  to  Lip «  in  x , and hence t h i s  

te rm  i s  th e  g e n e ra l term  o f  th e  F o u rie r  s e r ie s  o f  such 

a  fu n c tio n . The second term  i s  lik e w ise  th e  m -th term  

o f  th e  s in g le  F o u rie r  s e r ie s  o f  a  fu n c tio n  in  L ip c* 

in  x , and hence th e  s in g le  s e r ie s  theorem  a s su re s  us

o f  the |c, y| summability o f  A^p. S im ila r ly , Apn

o '  o

i s  summable j C, <5 \ .

Thus, to  prove th e  theorem , i t  rem ains fo r  us 

to  prove th e  convergence o f th e  double d e r ie s
OO

M, W • I

Since ^   ̂ (M-.2) i s  n o t g re a te r(M-.2) i s  n o t g re a te r
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th a n  some a b so lu te  c o n s ta n t tim es th e  sum
ot) I ^ I

y  m"’1~r n” 1“ J U ( s  ,t)j_(m-k)Ark cos{m -k)s £ ( n - j )  i !  co s(n— j£) t  ds d tl
w,h*l 10 o h»« X-°

«# 09 O0 •»
5 5 jM m ,ii) ♦ I s 2 (m,n) -f Z-S-z(m,n) 4 Z^hC®*®),

h*,"*' w,*-1 ^

where

CO „ , OO
^  I M  00 T-1 J - /  1

S- = m"Y n 'j/( s r t ) Z A k c o s (m -k )s^ A . c o s ( n - i ) t  ds d t  ,
1 I H  krO Jl=0 1

$ I t V  00 r  i ( 00 s-i 11 s-i 1 <
S„ = m n I U t s . t i l A 1 j. co s(m -k )s | ^ ]n A n co s(n -i)t t^J/A . co s(n -J!.)trd sd tl

2  1 O o  H=o i r w i  *  H - 0  1  J  h

r 1 frtr  ( y_| V" , 1 °° S-l
S-z = m''rn~ u ^ S j t )  Z®Akcos(ra-k)s+y)£Akco8(ffi-k)6A T-^0 e °s (n -i2 )t d sd t

o o k=»+< k=o J
I -jj î - GO . |n

Sjj. =  m '^n'"5 j J f ( s , t )  j2LmA\.,eos(m -k)s*2kA rk1cos(f»-k)s} *
00 K-m-*-) k»o . . i

x ^ J^n A ^ 'co sC n -D t•»p A ^ 'c o e ( n ~ i l ) t j  ds d t | .

We s h a l l  show h e re  p ro o f o f th e  convergence 

o f  th e  f i r s t  and fo u r th  o f  th e  above s e r i e s ;  th e  o th e r  

two can be t r e a te d  by a  com bination o f  th e  methods to  

b e  u sed .

low co n s id e rin g  Sij.(m,n) f i r s t ,  we b reak  up th e  

sq u a re  o f in te g ra t io n  in to  fo u r  re c ta n g u la r  s u b in te rv a ls  

h av in g  a  common corner a t  th e  p o in t (m“ 1 ,n ~ l ) ,  as shown 

i n  th e  f ig u re  on page 32, and g e t
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t

(tt/ jt)

3 k

(m'^n”1)
i 2

0 s

S^(m,n) £  8^ ( 31,11) * 8^ g (.a,n) •* *  S ^ ^ ( ia ,n )

th e  second s u b s c r ip t  in d ic a t in g  th e  su b -re c ta n g le -  over 

which th e  in te g r a l  i s  ta k e n .
y~ iS in ce , as k in c re a s e s ,  d ec rease s  (by th e

y  *
lemma o f co n s is te n cy  w© may co n s id e r * < £ )  and kA,~ 

in c re a s e s ,  th e  ab so lu te  v a lu e  o f  each o f th e  sums in  

th e  f i r s t  p a i r  o f  b race s  in  i s  l e s s  th an  Amv s"1 . 

S im ila r ly  f o r  th e  second p a i r .  Hence

- I  '

00 O0 - f Yi
Sis* . -r(si,n) <  A ^ a 1 r n '  ) I mrn s ^ f 1 l lH s , t ) |  ds d t 

**>,**• * it

<  A ^ w T ^ n " 1 j  J * * ’11 ^ ' ds d t
MU,*8* © 0

<  OO .
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On th e  o th e r  term s we s h a l l  r e q u ir e  th e  e s t i ­

m ate o b ta in ed  by Hyslop ( [ l l ] , pp. ^76-^79)

r-i *2 Y-i - i - r  icos(m -k)s ■+ 2_^A ^ cos(m -k)s = 0 (s  ) ,  m < s <. it,
k»»n+< k-°

by  means of which we o b ta in
.i

/ it , »

2 L sij. 2 (m,n) < A j j a ' ^ n ' 1̂  J ( n ^ s ^ V  | ^ ( s , t ) | d s d t
WljHsI * Vn̂HSr» m-‘ o

A ^ m 'l_lrii 1 ( s * '  ^ds ( t ^  'd t
m-' Jo

. I T

< A Z m ‘" V  [a*"*] [t
Kl ‘

-i-/3 -i-
<  A /  n 1 (m •+ m )

•< A T  n ~ '~ ^  ■* < eo .
vi r i  vh -  (

S im ila r ly  fo r  ^ and Hence th e  doable s e r ie s

^ S h ( a i ,n )  i s  convergen t.
»*i,* i =< <®

We proceed  to  ^ S ^ C n ^ n ) . We w r ite
*,ir

( ( f  I 00 & i
k co8(m -k)s ? Av  co s(n -j? )t ds d t 

o o ** ° A
A I T  r

= | ) ^ ( s , t ) p r (s )p  ( t ) cos ms cos n t  ds d t 

Jo j l | / ( s , t ) p y( s ) q ,f(t5cosm s s i n n t  d s d t  

> t)q Y(s )p ^ ( t)s in .m s  c o s n t  ds d t 

+ f  ̂ f  ( s , t ) q Y( s ) q f ( t) s in m s  s i n n t  d s d t

a ftr.rr, 
•* *0 7o
4

'0 '©

= amn x  femn + cmn *►
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/  ° °  T-» i  V  T - lwhere p (s )  5 Z A i,  cos ks and q (s )  = Z  At  s in k s .  TheseK'O * k*o
fu n c tio n s  a re  continuous f o r  r) 4  s £  tt , and t h e i r  ab so lu te

_ y
v a lu e s  when 0 < s s 7 a re  l e s s  than  As . Hence, remember­

in g  th a t  Y< i f  6 <  th e  fu n c tio n  p * ( s )p ^ ( t)  i s  in  

Lebesgue c la s s  L2 over th e  square  0 = s i  tt , O l t s n .  Fur­

th e rm o re , s in c e  i s  co n tin u o u s, th e  fu n c tio n

^  ( s , t ) p Y( s ) p ^ ( t )  i s  in  L2 . Thus a^n i s  th e  F o u rie r  co e f-
2f i c i e n t  o f an even-even fu n c tio n  in  L . S im ila r ly ,  bmn 

i s  th e  F o u rie r  c o e f f ic ie n t  o f  an even-odd fu n c tio n  in  L2 , 

and  so on. I f  we put

G (s ,t )  5 l | / ( s , t )  p Y(s)  p ^ ( t )

we have

( Ya mnsinm h s in n k  = ) \ G (s ,t)c o sm s sinm h c o s n t  s in n k  d s d t
<5 0

= | G ( s , t )  [s in m (s-* H )-sin m (s-h )][s in n (t* » k )-s in  n ( t - k )

= in  ) G (s ~ h ,t-k ) s in u s  s i n n t  ds d t 
I. k

l"+*(v
~ & J G (s-h,t**k)sinm s s i n n t  d s d t

J f - i  /TT-rn

-  tH I G (S 4h ,t-k )sin  ms s in n t  ds dt
A  k

ff-i*TT+K (^ .3 )

T-tf" *
in  j G( s+h,t-*k) s in  ms s i n n t  ds d t

-4 -k
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The fo u r  term s in  (^ .3 )  a re  eq u iv a le n t to

(H'A) i Gr( s - h , t-k ) -G ( s - h , t-»k)-G( s+h, t - k )+G( s+h, t+ k )J einm e e in n t  d s d t .
'o'o

T h is  may toe seen  toy c o n s id e r in g , fo r  example,
ir+An+N

G ( s - h , t - k ) s in  ms s i n n t  d s d t ,

an "exoews" p a r t  o f th e  f i r s t  in te g r a l  in  (*k3 ) .  We make 

th e  s u b s t i tu t io n  s '  = 2 t t -  s ,  and, h e a r in g  in  mind th a t  

& i s  an even fu n c tio n  o f i t s  f i r s t  argument and p e r io d ic  

w ith  p e r io d  277, w hile s in  ms i s  odd and p e r io d ic ,  we ob­

t a i n  f o r  th e  above in te g r a l

w hich i s  a  "m issing" p a r t  o f th e  t h i r d  in te g r a l  in  ( ^ ,3 ) . 

I n  such fa sh io n  th e  v a rio u s  in te g r a ls  in  (^ .3 )  complement 

each  o th e r  over th e  p e r ip h e ra l  s t r i p s  o f th e  a re a  o f in ­

t e g r a t io n ,  combining to  g iv e  th e  ex p re ss io n

TT-A S+k
G (s '+ h , t - k )  s in  ms* s i n n t  d s 'd t

»r \

G-(s**h,t-k)sinms s i n n t  d s d t
,-rr .v+k

oo

Now by B e s s e l 's  in e q u a l i ty

2 2 2  s in  mh s in  nk
- 1

= j |g ( s -»8, t+ k ) -G ( s+h, t - k ) -G ( s - h , t-trk) 4G (s - h , t - k )] ^ d s d t ,
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and the expression  at the bottom o f page 35 i s  c e r ta in ly  

n ot greater than

2A [ j j[G (s*h» t*k)-G (s+ h ,t-k )] 2 4 [G (s -h ,t* k ) -G (s -h ,t-k ) ]  2jd e d t  

s  SAj ( [^ (s * I ,t-* k )p r (s+ h )p* (t4k ) -  ^ ( s + h , t - k ) p r (s4 h )p ^ ( t-k )J  2ds dtt

V t
4 |  [^(s-hjti-kJp^Cs-hJp^Ct^k)- l|/(s -h ,t-k )p ^ (s-h )p ^ (t-k )J  2ds dt.

0 o

C onsidering  th e  f i r s t  in te g r a l  in  (^ .5 )»  we 

se e  th a t  i t  i s  n o t g r e a te r  th an  th e  sum

U  { I ^ h . k )  •*

where
Tl" 7T

I 1 (h ,k )  a  j j [pr (s-*h)p^(t+k)] [^(s*»I,t+k)-]p(s4fc,t-]c))*d8 d t ,  
o o

12 (h , k) 5 j j  [p*(s+h) \j/( s-+h, t - k )] 2 j p ^ ( M )  -  p^( t-k )J  2ds dt.
0 O

We g e t f i r s t  an e s tim a te  o f  lj_ ^ h ,k ). Tak*;: 

in g  h and k a s  p o s i t iv e ,  we have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37

yj/ ( s 4h ,t+ k )  -  ^  (s-»>h,t-k)

= |  [ f  (x-*s-*h, y+t*k) - f  ( x+s+h ,y-*t-k) - f  (x ,y 4 t* k K f  (x ,y + t-k )]

4  | [ f  (x*s+h,y - t - k ) - f  (x*s-*h.,y - t* k ) - f (x ,y - t - k ) -*f ( x , y - t4 k )] 

4 £ [ f  (x -S -h  , y + t+ k )-f  (x - s - h , y * -t-k )-f  (x ,y-*t+k)-*f (x ,y * t-k )]  

4- £  [ t  (x - s - h ,y - t - k )- f  (x - e - h , y-t-*k) -£  (x ,y - t - k )  +f ( x ,y - t4k)]

(3
and. s in c e  f  i s  in  Lip /3 in  y , t h i s  i s  i  Ak 1 . Hence 

I ^ h .k )  < k k St1C\s~S l i r S£da d t  = 0 (k 2P)
O 0

s in c e  X < i>  f  < i*

Turning to  I g ( h ,k ) ,  we w r i te  i t  jfts a  sum o f

two p a r t s :
rtr,k

I 2 (h ,k ) = j ( j p r (s*h) ^  (s*h ,t)J 2 [p^(t42k)-p^(t)j2ds d t
o ~J<

IT Tf-I(
4 S ( [pTU-rti) d /(s*h ,t)] [pS(t*2k)-p5(t)]s de dt

o K

= Ig ^C h ^k ) + I 2 ^2 ( h ,k ) .

Then we have

.TTfk
2 ^(h^k) =  2 j j(p*Xs*rh) f(si>h,t)] 2 J{p^(t42k))2 4 {p^(t)}2]d e d t 

= o ( (  j^(s-th)2,<“ 2y t 2(̂  ( t4 2 k )” 2 ^ds d tj  4 j(s-*h)2<>( S*d8d tj

5 0(h2^“ 2 r 4 l )*0(k2^ '’2,f+1) .
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For th e  second p a r t  we have

I 2 2 ^ ’k  ̂ “  ^k J 2 [p ^* (t4 2 « k )]2d s d t

’ ° (0 0 1)

= o ( ^ S j ( 8+h, a - 2r

= o(h2“- 2r+1) . o ( ^ - 2S^ ) .

The second in te g r a l  in  (JJ-.5) y ie ld s  th e  same

e s tim a te .  I t  fo llo w s t h a t ,  when h and k ten d  to  ze ro ,

2 1  ®to s in 2mh s in 2nk = 0(h2<* k2 /3 ) ,
y*i, n = t

and th e  same may he proved in  l ik e  manner fo r  oWHran* ron
and d .WH

Let h ** y 3c » pH # Then we

X  Z a 2 s in 2 s in 2 g f  » 0(M~2<* iT 2 /3 ) ,
*,77 h7| 1211 2M 2N ' >

and , w r i t in g  H * 2^, I  » 2 *, we see th a t

✓  a*

n = iV"+l
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Kow, by a p p l ic a t io n  o f S chw arz 's in e q u a l i ty ,

/*■% a-
J T  » " r n_ i  l a ^ l
u-l -W-lls:r +< +»

i  I c1 jDm" jTT Bin m = 2 ♦I Vi*2

£ r z M 1
z « - 2r

£ M3CU1«

H
a

n*Z1'"+l

S im ila r  r e la t io n s  ho ld  fo r  b ^ ,  o and d ...mn’ mn mn

CO oo

I t  fo llo w s th a t
c o  OO

m-i I V D

<  A,

s in c e  l > £ - ° < , S > £ - / 3 .

We conclude th a t  (4-.2) i s  co n v erg en t, and th e  

theorem  fo llo w s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5* L o c a liz a tio n  P ro p e r t ie s

A sum m ability  method may be s a id  to  p o ssess  

a  “lo c a l i z a t io n  p ro p e rty "  i f  i t  s m s  to  zero  a t  a  p o in t  

th e  F o u rie r  s e r i e s  o f any in te g ra b le  fu n c tio n  v an ish in g  

th ro u g h o u t a  neighborhood o f th e  p o in t .  Thus, i n  s in ­

g le  F o u rie r  s e r i e s ,  Riemann’s p r in c ip le  o f  lo c a l i z a t io n  

a s s e r t s  th a t  convergence i t s e l f  has t h i s  p ro p e r ty .

When we co n s id er sum m ability  methods fo r  mul­

t i p l e  F o u rie r  s e r i e s ,  we have to  d is t in g u is h  between
a

two s o r t s  o f lo c a l i z a t io n  p r o p e r t ie s ,  co rresp o n d in g  to  

two ways o f g e n e ra liz in g  th e  concept o f  “neighborhood". 

The f i r s t  i s  th e  "c ross-ne ighbo rhood", in  which a t  

l e a s t  one o f th e  v a r ia b le s  i s  w ith in  a  p re s c r ib e d  d is ­

ta n c e  o f  i t s  v a lu e  a t  th e  f ix e d  p o in t .  The o th e r ,  

which we s h a l l  c a l l  sim ply th e  “neighborhood", i s  th e  

s e t  o f p o in ts  a l l  o f whose c o o rd in a te s  a re  w ith in  p re ­

s c r ib e d  d is ta n c e s  o f th e i r  re s p e c tiv e  v a lu es  a t  th e  

f ix e d  p o in t .

I t  i s  w e ll known t h a t ,  in  ex ten d in g  th e  

th e o ry  o f s in g le  F o u rie r  s e r ie s  to  double or m u lt ip le
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F o u rie r  s e r i e s ,  such p ro p e r t ie s  as  R iem ann's lo c a l i z a ­

t i o n  p r in c ip le  f in d  t h e i r  c o u n te rp a r ts  in  connection  

w ith  th e  c ro ss-n e ig h b o rh o o d , r a th e r  th an  th e  n e ighbor­

hood.

I t  has become, in d eed , a  m a tte r  o f  p e c u l ia r  

eoncern  to  s tu d e n ts  of m u lt ip le  s e r ie s  to  in v e s t ig a te  

what s o r t s  o f sum m ability methods have th e  neighbor­

hood lo c a l i z a t io n  p ro p e r ty . The only  methods found 

to  have i t  a re  th o se  in  which th e  in d ic e s  of th e  p a r­

t i a l  sums do n o t become i n f i n i t e  in d ep en d en tly , fo r  

exam ple, th e  r e s t r i c t e d  sum m ability  o f  0 . H. Moore 

( f i j ] ,  p . 5 67 ), o r th e  s p h e r ic a l  sum m ability  o f  Boch- 

n e r  [ 3 ] .

S ince th e  a b so lu te  convergence of a  m u ltip le  

s e r i e s  does n o t depend upon th e  r e l a t i v e  manner in  

which th e  d i f f e r e n t  in d ic e s  become i n f i n i t e ,  we should  

n o t  expect to  f in d  neighborhood lo c a l i z a t io n  p ro p e r t ie s  

f o r  a b s o lu te  sum m ability . In s te a d , i t  w i l l  be th e  

cro ss-n e ig h b o rh o o d  which w i l l  f ig u re  in  our g e n e ra liz a ­

t i o n  to  double s e r ie s  o f  th e  s in g le  s e r ie s  lo c a l i z a ­

t io n  p r o p e r t ie s .

For s in g le  s e r i e s ,  such p ro p e r t ie s  o f  abso-
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l u t e  Oesaxo sum m ability  have been in v e s t ig a te d  by Bosan- 

q u e t [5 ] and F o a ,f9 l .  ^he form er p o in te d  ou t t h a t ,  

w h ile  |G,0| sum m ability  (a b so lu te  convergence) does no t 

p o sse ss  th e  lo c a l i z a t io n  p ro p e r ty , |0 , d | ,  fo r  c*>l ,  

d o es , s in c e  h i s  s u f f i c ie n t  co n d itio n  fo r  |G,o<| summa­

b i l i t y  i s ,  f o r  * > 1 , m erely a  neighborhood c o n d itio n  

on th e  fu n c tio n .

Foa showed th a t  fo r  0 <  « i  1 , |o,=<| does n o t 

p o sse ss  th e  lo c a l i z a t io n  p ro p e r ty . He d id  t h i s  by ex­

h i b i t i n g  two fu n c tio n s  co in c id in g  in  a  neighborhood o f 

th e  o r ig in ,  a t  which p o in t th e  F o u rie r  s e r ie s  o f  th e  

f i r s t  i s  summable |C,e(| f o r  & 0 , b u t th a t  o f th e  

second i s  no t summable | C , l | ,  and hence n o t |C ,<*j,oc£i.

The ex ten s io n  o f th e se  r e s u l t s  to  double 

F o u r ie r  s e r ie s  i s  embodied in  th e  fo llo w in g  theorem .

Theorem 6 | c , « < , ^ |  sum m ability  p o sse sse s  th e  c ro s s ­

neighborhood lo c a l i z a t io n  p ro p e rty  fo r  > 1 , {S > 1 , 

and on ly  fo r  such v a lu es  o f and (3 .

P ro o f The f i r s t  p a r t  o f t h i s  theorem  fo llo w s from 

Theorem 3 (page IS ) .  For 0 ^ ( 8 ^ )  i s  c l e a r ly  o f 

B.V.H. o u ts id e  a  cross-neighborhood  o f th e  o r ig in ,
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whenoe by Theorem 3 w© g e t |c»°< »/3l sum m ability  o f  th e  

F o u r ie r  s e r ie s  f o r  «>1, /0>1, pro v id ed  only  th a t  th e  

fu n c tio n  behave s u i ta b ly  in  th e  cro ss-n e ig h b o rh o o d .

B ut th a t  i s  ju s t  ano th er way o f say in g  th a t  such sum­

m a b il i ty  p o ssesses  th e  c ro ss-ne ighborhood  lo c a l i z a t io n  

p ro p e r ty .

To prove th e  second p a r t  o f th e  theorem , we 

c o n s tru c t  by u se  o f  F o a’s examples two fu n c tio n s  F ^ ( s , t )  

and F g ( s , t ) ,  such th a t  F^ has an a b s o lu te ly  convergent 

doub le  F o u rie r  s e r ie s  a t  th e  o r ig in ,  w h ile  Fg co in c id e s  

w ith  F^ in  a  c ro ss-neighborhood  o f  th e  o r ig in ,  b u t  th e  

F o u r ie r  s e r i e s  o f  Fg i s  n o t even summable |0,o( , l |  a t  

th e  o r ig in ,  f o r  any o< , o r  | C,1 ,y31 fo r  any yg.

The fu n c tio n s  c o n s tru c te d  by Foa a re :

- 1 ,
f  x ( s ) = 1  0 , 

1 ,

— IT S S < - £ ,  

- £  £  S < £ , 

£ < 8 < TT ,

r£ < TT- e ;

f 2(s) -
0 ,

s in  - |s

■ TT & s <  TT — e ,

.-2.
( ir -s ) lo g d (7T-s)

7T - e g s  r .
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Foa showed [ 9] th a t  th e  F o u rie r  s e r ie s  o f f ^ ( s )  

i s  a b s o lu te ly  convergent a t  th e  o r ig in ,  h u t  th a t  o f  f 2 (s )  

i s  n o t summable | o , l | .

How co n s id er F -^ S jt)  * f - ^ s j f - ^ f t ) .  I t s  double 

F o u r ie r  s e r ie s  i s  a b s o lu te ly  con v erg en t, s in c e  each term  

i s  a  p roduct o f term s from a b s o lu te ly  convergent s in g le  

s e r i e s .

On th e  o th e r  hand, F g ( s , t )  * f g ( s )  f g ( t )  has 

a  double F o u rie r  s e r ie s  which i s  no t summable | 0 , l , l |  

s in c e ,  ag a in , each term  i s  a  p roduct o f  a  term  from a  

s in g le  s e r ie s  in  s and a  term  from a s in g le  s e r ie s  in  t ,  

and n e i th e r  s in g le  s e r ie s  i s  summable | o , l | . (The o r i ­

g in  i s  u nderstood  to  be th e  p o in t under c o n s id e ra tio n  

in  a l l  th e se  s ta te m e n ts .)  As a  m a tte r  o f f a c t ,  i t  i s  

n ec essa ry  th a t  on ly  one o f th e  in d ic e s  be as sm all 

as  1 in  o rd er to  thw art th e  | 0,ot  ,{3\ sum m ability  o f 

th e  double F o u rie r  s e r ie s  o f  F2 ( s , t )  a t  th e  o r ig in .

low  s in c e  F^ and Fg each eq u a ls  zero  th rough­

o u t a  cross-neighborhood  o f  th e  o r ig in ,  i t  i s  t h e i r  

b eh a v io r  o u ts id e  t h i s  re g io n  th a t  makes th e  d if fe re n c e  

i n  t h e i r  sum m ability |G ,o(,|g | w ith  mi n(o<, p)  < 1 , and 

so such sum m ability  does n o t have th e  c ro ss -n e ig h b o r­

hood lo c a l i z a t io n  p ro p e r ty . This com pletes th e  p ro o f .
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