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AN HLECTRO=-DYH A UTICAL ANALOGUE

1. Introduction

A differential snalosrue which coula revresent linear
equations with varlable coefficients was discussed in my

thhesis for tre cerree of laster of Sclence. The rresent

doye

dissertation is concerned with seversl sdaltions znd chiances

W

-1 P - Lm oo P R -~ - e PR
Cry lLuvVe O<SeSt Liaixe Lo Lo aupa

P

3
T
IS

terest centers zrouna represgentiny differential equations of
systems wlt: non-llinear restoring forces. This cless of e-
gquations consists of some very interesting equations which

A

cannot be linearized, or. if so. only for very small dis-

ny

rlaceuentse.

By proyer selectlon 1t was © ivle to find cguatione

m

S

(@]

whoge solutions can be srproximatea by znalytlical nmethodse
In addition to these, I have shown a few solutions cf equa-

tions which have not becn solved by aznalyticzl methods.
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2. Theory of Rerrescn

A ¢coll suspended so that 1t can rotate freely in a unil-

tforw fiela will act as & pendulum.

o
— —\ ~~ N ) - N /,'\: ( ) ) s)
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fleure no. 1

If ¥ i3 kent conshbant, then the restering couple i will

se proportlionul to the current 1 in the rotating coll zna o
tite wlsplucetents

k1 sins ok i (2.1
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k depends on the geometry and nuuber of turns of wire on
the small coill. Replacecent of siné& by & 1s justifled if
we stay within a maximum displacement less thun say 157 . Now
1 i 1s muede a function of & , then the torque,

M=-kiae T ke f(e), 1= (o) (2.2)

In order to nake 1 = (< ) a photo=integrating sphere
18 used. & sphere with = light-diffusing inside surfeace has
a small opening through which passes & oceam of light hiaving
a uniform density per unit area. A& photo-tube signal 1s

viaced so that it picks up only indirect light. The eslgnal

from the photo-tube 1s amplified so that current flcws which

-

is proporticnal to the amount of light {iux entering the

LRy

'

sphere. The ovening consists of & movezble shutter so that

the area of light which enters the sphere can be changea with

) urvoge of the integroting sphere 1s to e-

R~ vy ' Yoy £ "] =
displucement. The

4ol

ligminate the airsttlional effect of the rhoto-electric cell
which receives the main pezm of lizht. e direction from
which a bezwm strikes s photocell nss consicerasble erfect on

the resgonsee.
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Now 11 the shutter hssgs an cpening cut into it which 1s shared
by the « axis and y = f{( &), then the quantity of light
which passcs throwgh the operning 1s rroportioconal to ¢ (o)

/f( ©) d& . Hhence, if we want a spring force of ko (G

the first step is to differentiate nﬁ(@) 80 that we Lave (O

The shutter then must Lave =z top perimeter ceseriped by £( ).

o - .\ W - + ’
Suppeosgse we want Lo represent

e + J (o) =0 (2.3)
The first ctep is to factor k€ out of {0} sc that
S txoP(a) =0, Y(o)= ke d{e) (2.4)
48 an exsmple, sunpose we want to represent
8 4+ ko =0 (2.5)
lere \.[J (&) 1n (2.3) s b8 = {6 ). Pl ) 4n {2.4)
is & .
. — ~ (o), 3 N
I(@),.,- 38 = 46 (,250/

Jhen cutting the actual curve on Lhe shutter we need

not e concerned with the constant 4 since we can control

ct

P
O
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Y(9)=kea®

figure no. 3
Flgure no. 3 avove shows now the neratlive of the gprring

force varles with the disnlacerente

[
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Flrure no. sbove shows how (&) veries with dis-
placenments Of course, the currsnt which flows in the os-
ciilating coll must be proportion:al %o ¢%<9)° chtually
the current umust be of such o value that 1t will vroduce a

nagnetic field in the osclllat

on oy the uniform 11

1

i O (P

torgue egual 1o

wirlch, vwhen acted
locoted, produces

up-
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The ghutter which sives o negative spring

m
ct

s shown in {igure no. 3. The shutter 1s placed th

pesition shown when the coscillating coll is =zt 1ts prosition

. of equilibrium. The upner portlion of the curve whilch 1in this

case 1s vroportional to «° is such that on a 22" x 3i" nega-

tive thc clear vortion of the shutter comes to within

]
%)
Q
-

the congtant. of prowvortionality-
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3. Additliong !lade to the trachlne Since the Last Paper

The baslc parts of tne machine were described In a npre-—
vious vaver. 0Only the additions to the apnaratus will be
descripbed here. The entlire apnaratus has been rearranged so

t. oneration of the machine can be controlled from a posi-

th

j§¢]

tion ulirectly in front of the coils. an instrument nanel
J

R N
8 prad

£ oo o N
{riebodrapn no. ) w

A PR + ~— + 1 -
a Lo vne r e O

(48]

when facing the colls. On the panel there is a switch for
the folliowing: safe lightg; recording light; tlming light;
galvanometer recording light; lizht for integrating gnheres;
motor on recording drum; room lights: actuating current for

gsolenold-oll~-awitch for large coils; rheostat for adjustinge

- o e 4 - —

the speed of the rotating drun; and a rheostat and ammehor
for adjusting the amount of current which flows through the
larsge colls. It 1s necessary for these to be placed 1in a
position accessionsle to the operator while he 1s adjustinz the
position of the wovlinis coil. Thils cen be understood when one
reaslizes that all cf the above switches must be operated each
time a record 1s made. Since a record requires about only
orne nlnute after the navger 1ls vlaced or the drum, one can gee

that ease of operation is esgsentlial 1f confusion with the ine-

evitable resulting ristakes zre to be avoldedo
The volnt gsources of light for the reccrding, the timing,
4 b
and the pgalvanometer now are arranged for operatlien with A.C»

The pbulbs are 8-10 volt; autowobile headlight tyvnes. These
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were changed from De Co to aveld fluctuations in the voltage
which occur with battery ovneration. The voltage now 1ls regu-
lated oy reducing it by a stepn-down transformer to 15 volts.

Further resgulation ls obtained oy rheostats in the output

side of the ftransformers. These are shown in nhotogranh

no. &, paxe 20,

A scale, shown 1n nhotograoh no. 1, 1s fastened onto

N T T A o ~ B! v PR, N Bl st e Tt e N —
the wall 80 tUhiat LNg numper ¢l dgure 17 L0e numocr of ra=

8

[

dians can be reaa directly. Readings can be made up to 15°
on elther side of the equilibrium vositlon. A point source

projector and lens system, placed as shown 1in pnotograoh no..

P

a3

o

s used te nrejlect o dot on the wall by mesans of a mirror

" LY -

attached to the shaft of the osclllating coil. The scale 1s

egsential for the calipration oI the system and 01" Uhg

}

oosra-=

A

tor's use in finding the correct original disvlacement when
running problems with free vibratliors.

An 01l imoierslon golenold switch now 1s used to turn the
current on and off in the coil used to nroduce a uniform
field. An ordinary switch was not satisfactory because the
spark caused fogeing of tne nhotographlic recording naner.
dhen an iron core 1s used irn the colls, an orainary switch
even falils to extingulsh 1tgelf.

The gear ratio of the recording drum has been changed
by reovolacing change gears with worm zears sc that the time

seconds

.

of one comnlete revolutionrn occurs in about thirty

wnen the driving motor ls operating at full sneced. 3Speed
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regulation of the wotor ls increased to the extent that only
slight varlatlions in motor speed over one revolution can be
detected-.

Leveling gscrews now are located under each leg of the
supporting table. Exact leveling of the colls now 1s achleved
in a short tlme..

A record processing section, shown 1in photograoh no. 3,
is located in one corner of the room. an aerial {ilm
developling unit is installed and arranged so that the film
carrier can oe loaded while it 1s sittina on the drain board,

located at one end of the table, and then can be nrogresslively

bath, and pack into the washing tank. The develover and fix-
ing bath rest in a galvanized tray into whlch the overilow
from the washing bath flows. The tray, in additlion to nre-
venting messiness, keeps the developner and fixer at a con-
stant tewmperature.

The oscillating colls zre now changed to & pair of coilg,
each wound of 1500 turns of number 36 varnished copner wire.
A new type pressed bdrass coil holder was designed so trat bet-
ter centering of the colls could be achleved. The leads now
are -0015 inch trick gold strips instead of number 40 copver
wire. A maxinmum acount, of current now can be carrled to the
colls with a minimum amount of reatorire torque. Althoush
golderiny the gold leads onto the coils presents some diffi-

culty, the durablility of the leads 1s good desnite thelr fra-
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gille nature.

An lron
cf the large
froum

18 made

ter.

¢t
Yot

allow
resainder o1
moved in

in place,

In oraer Lo revresent non-=linear spring

desisgn,

5
e oL

crder to

| o
o

yoke was constructed sc that the uniform field

colls could be increased in intensity. The yoke

-

Arvico (lagnetic Ingot Iron 3 inch outslde diame-

as ghown in photogravh rmo. 7, 1s such as to

¢ pvleces to be without digturping the

removed

thie apparatus in any way. No bolts need be re-

renove the pole rieces. when the iron 1is

the fleld 1s increased several tiues.

ferees, 1t is

use some method of varying the current in the

necessary to

coila as a funcitlcon of displacement.
1:1 b Sactinn 2o nhoatninteoranh caon
1y Iin gSection 2, 2 nhotolintearanh cz

Twe hemlspheres of

PR AN E e 1 s 7 g 41
sviiere 12 inches 1in in the

froxz the base 0f the colls an onening
and 10 inches long. The edstes of the

brass strios in which slots 1/16 inch

A 3
As cxvrlained

gpun coprner are fitted together to make a

vhiere suspended
is cut 2% inches wide
opening are covered by

wide are milled. Thege

permit any parit of the slot to be masked off by silulng sten=

¢il pboard in una out cof the slots. In most cases 1t 1g found

convenient to leave an ovening 25 inches by 2% inches in the

spniere Yor the shutter to cover. The inslde of the sgnhere 1s

vainted with o coating of flat zirc oxlde pagint. @hile the

binder in the naint lg stlill tacky, magnesium oxide 1g dusted

over the 1interior ac that a hishly reflective nmatte surface

ig obtaired. The sgsphere is attached to the bottom of the
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aluminum ovlate

the shutter, when fas

cells, just

made of orass, balsa

end collar which are

.

curved holder mzde of

V
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&I'fe

wood liclder.

ircrease in

ba!
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mazda t 4
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+
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-

three feet to is

a

—~ - “le L
b LIl

sluy

that a uniform benn 1

one foot to the

integs

“h
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o

o

low e collse.

vanel carn De Yrenov

which holds the coils

lsses the sphere

The vhotogsranhic

inertia fron

nAaM a
(VRO

1lisht
lamp can pe
ance of
o€ aii
is obtained
Iintegrating

rating sohere are enclo

’_J

tened to the shaft of the oscillating

gt all reoints. The shutter is

wood, and pnhotograrhic film. The arm

atteched to the shaft are of brasge.

pal cd isg

Al A

wo

[ 4]

o
Ca

f1lo 1s thern attached to the balsa

the rmoment of irertia caused oy tne

. S S . N
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Lie
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Deconldlng excesslve tnhe b

+ho
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ct

truction to reduce maso ¢

ma

i1s from ¢

for the integrating sphere

~
T TN
4 4

4
v

by

BN + Ty s b
nr the shutter

T
[V

&)
@

o
perd

(l)

™
jpes

ghown in vhotogranh no. 1.

noved from a distance of about

scout one foot so that the inten-

- 2

varied Tegbs snow

8}

Call D¢

§—-

0n

wrhen ag close as

snhere. The gource and the

it timnt enclosure

lignt tight box a

shutter ana

lignt 19 located

i 1

anho
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ccated a 919 ityre vacuum photo-

e

inside the svheare 1s
tube. The orientation of the tube 1s such that neo direct
1ight falls on it. The target faces the top of the sphere
in such g manner thst only after multiple reflections can
any llght reach the targets This guarantees that the re-
gnonse of the photo-cell will denend only on the quantity of
light entering the sphere.

The rroduction of the Iilm for the shutter was reduced

to a routine procedure which was as follows. The curve of

=4

¢(49) when edl o) is the aoring foree, is firat drawn on

& large sheet of white cardboasrd so that the basse line, or

- .--“,.L.r ~. Pt A ~- ~
Vol uilladl uUoCi/utll au LIS

2 B Y 3 ) a .Y -
L3 duOuUL L Lllviies Lo

[Zv

~N pup—1
O ~aund
maximum 1s about 10 inches. A cutout of the ovening is then
made with gharp knives to glve a sharp edge to the contoure.

n Precision en«=

job]

n zasto

)
o]
=
}-k
ct
o2

A phetogranh of this 1e tak
larger. The carera head is run to the extrere too of ths on-
larger post. The dimensiona of 14 inches by 10 inches for
the cutout are correct to f£l1l1 the negative to within e guar-
ter of =n inch oargin.  3enesth thie cutout o riece of black

velvet 13 placed to produce the rmaxioun contrast between the

y

cutout =nd the cardboard. /[ two-second exposure at ~22 on

-, . N Q- Poy o a ) i 3 z - £ 3 + o
nLtragt process fillo was found 10 five g negctlive transnpar-

()

ent enougl: in the space uncer thae curve and
other pocinta. The negfatives are developed togsether in rairs
so that each hng exncily the sarme developnenti.

1

The plock wiring diagran for thoe photo-tuoe, thie conirol
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pox, Lhe recording stiring galvanoweter, wnd thoe Do Co empll-
‘ler 1s disgram no. 1. The naxirtum amount of current used
was about 25 milliamperes. over the range from ne light to
ernough light in the integrating sphere to cause the amplifier
to give an output,oi 25 pmilliamperes the output wes founa to
pe essentiually rroportional to the amount of ilght which en-
tered the gpheres For uany glven curve u corrected curve on
the shutter can always be drawn sc that the srring force=-

deflection curves are what cne desires. dhen recorainsg, the

(

input, ag well ag the agispluacement, ia ulways recorded, If

s Vaarie et e i LRI 3 v

the input for a glven displacement 1s nct correct, a slight

P

P
flcluLgs L

O
8
[
F

R

adjustment in tlhie snubter openlng can ove
current to the correct value. Over the range used in the
followins examples no corrections were needed. Only In ex-

cevtion:l cuses, when large currents sare neeaed, willl there

O
o]
*
(6]
o
cr
}.A-
3
=
c*
o3
e}
o
[t
ty
]
4
)
ot
O
(@)
o
)-k
3
)

ever arlsc thc necessity for co

the spring {orce to the correct value.
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b.
Ce
d.
8.

Photograph No. 1

housing for photo-integrating
sphere and light

drum

recording string galvanometer
safe light

control panel

peint source for record

18

Ee
he
3.

k.

o
s

- CIE

control for gain

D, C. amplifier

point source for scale
scale

point source for gale
vanomne ter

point source for timing

A S



&e
be

”
e

de

18

pole piece

coil

scals mirror
recording mirror

Photograph No.

8.
f.
e
he

iren yoke
timing disc
point scurce for timlng

Photograph No. 3

a. agitator for linagraph paper
b. developer

c. washing tank
d. fixing bath
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Photograph No. 4
a. shutter be hemisphere Co removable back

Photograph No. 5

a. watte coating inside sphere be photo=cell
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Photograph No. 6

rheosgtat contral for field coil

rheostat control for drum motor

ammeter for field coil

switch for 1light for photc-integrating sphere
milliammeter for calibrating recording galvanometer
transformer for recording light system

rheostat for controlling intensity of recording light
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Photograph No. 7
&. pole pisce removed to show consiruction

b. cross piece of yoke
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Photograph No. 8

2. Eastman precision enlarger used as a camera
b. white cardboard
c. black velvet

/
K, ORI

Photograph No. ¢

a. balsa wood shutter
be 2-1/L" x 3-1/L* £ilm for mask
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4. Spring Forces and Damplnsg

a. Spring Forces. There are two methods avallable for

measuring the svrine force produced by any glven current in
the colls. Load deflectlon curves could be determined by
vlacing known amounts of current. through the colls and then
measuring the torque neceasary to displace to various values
of displacement. Use of thls method necesslitates measuring
the moment of inertia of the moving system in additlion to
the spring force. A second method, requiring the measure-
ment of out one quantity, is used in thls veper. NO measur-
ing devices other than those with which the analogue lg o=
qulvved are needed. This method consists of measuring the
frequency of a free vibratlion for various values oI currente.
If we consider

J& + ko - O (4.1)

we see that we can divide the equation by J and write

'Q. —+ :}8 =0 (4.2)

3ut the spring constant, %, as now writtenrn 1s o)i. when (D
1s the freguency in radians per second of z free vibration.
In thiis discussion we zre interested in a constant cure
rent in the field coil so that a congtant field willl be malin=-
talned. & value of 4 amperes with the larsge colls in nlzce
Wwag selected. Wlth 4 amperes of current in the large coil,
the current in the osgcillatink coll wes get zt saveral values

and & free osclllation was recordedo
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photograph no. 10

In rheotogranh no. 10 the curve 1a the record nf the

osclllating coll with a current of 15 milliamperes. Line "b"
is & row of timing dots at 1/30 second avart. (. from this
record is 16.65 (radian/secondf} Line "¢" 1s a record made
with zero current in the oscillating coil. Line "@" is pro-
duced by the recording galvanometer when 15 milliamperes flow.
Now we can convert any gilven value of current into force

from the curve. Jince it is a stralght line, we gee that

1.24 1, with 1 measured in milliamperes.

b. Dampinge. The discussion in thls paper assumes that
the amount of dampling 1ls very suall.
From the theory of free vibration in a harmonic oscil-

lator with viscous dampling we know that the equatlion
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P
d € 1 & O o . .
Tt ° %gl + (Wn€ -0, when o.- naturai ungular fre-

quency and ¢ = coefflcient of viscous damping, can be rewrit-

d* d & .
ten as -a%r + 2bu)\~é%—-#uug & - 0 where (Wwls the natursl

frequency of the systerm and b 1s the dampling factor. The
dampling factor b 18 the ratlo of ¢ to c.y when ¢, 1s the
critical dawpinge.

4 , the lor decrement, 1is aroroximately the logarithm
of the ratlo of successive pesks of the damred recorde.

In terms of Db

2T D
J‘ - l - *L)IL ', (4.3)
& tyvical record gave Jd  &s in 1.1 or d = 099 and

W T4.70 racians per secone

Then »u95 ™ D or o = .U1%

This value of b 13 considered well below a value of b
that would have to be considered when studyings the effect of
non-linearity in the spring force on the solutlions of ciffer-
ential eguations.

— ) » ’\l ] +

“igure no. 7 snows a granh o W.w plotted against cure
rent in the osclillating coil when 4 amperes are in the large

nroaucling the uniforw magnetic fileld.

(@}
C
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CIPCULAR FREQUENCY AS A FUNCTION
30k OF STEADY CUKKENT IN COILS
4 AMPERES !N LARGE COIL
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MILCLIAMPERES IN CSCICLATING COIL

Tioure no. 7
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5. Sample Solutions

a. First let us consider

a* x X3 (5.1)
== + k = O .
at >
an equation which has a periodic solution, the neriod of
wirilch can be found in terms of the amolitude.l

Thls equation can be wrltten as

av 1 — - - .
V= <+ kx=0 v = == 562
ax ' dt (5.2)
dav _dv  dx _ y 4dv
ax dx dt dx
Integrating, this becomes
e 17V‘7J h s - —_
_— 3 22— h Se3}
2 o2 2.0
Now at X = a, v = U0 and, tnerefore,
) .—,”* 4 TR
h = £4 5k
=z \ /

From (5.2) we gee that the phase trajectory 1s symmetric
with respect to the origin. Therefore, the pnerlod can be

written as

Now substitute in (5.4) x = & sin & .

1Stoker, Je« J+ Non=linear Vlibrations in iechaniczl =nd
kElectrical JSystems. New York: Intersclence Publlshers, Inc.,
1950. P. 21,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then
. ~.|r
T - 4 v 2 a coso do
TE | TETeE -2 T
O
S i
_ 4.2 * & _cos 9 do
VK Jtat + ersinro J{a* - a*sin®e |
o
— T
42 ‘ do
Cav k \J "1 + sin*o $5+6)
'V
. plE i
From tables the definite integral (/;»Ivygiﬁqjh- is
(o]
found to have the value of 1.301.
Hence,
o 1.301 x 442 1 (5.7)
"k a
Y
or we hava
%; _;gi {5.8)
kA {

as the relation between the neriod and the

/
/

amplitude.

WAV A\

VAVAV,

VAAVARVAAVERVAAN

photograpn rno. 11
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Tigure no. 8
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Pnotograph no. 11 of a photographic record for
o

a o
ats

obtainead the solution and a check on the input. At the top

+ k©° = 0O shows the various graphs fror which can be

of the photograph we see the serlies of deots which are placed
there by a light intercepted in such a manner as to meke the
dots 1/30 of a sécona apart. The bottom curve on the photo-
graph 1s the recora of the input into the small coll, while
the curve just below the timing dots is the displacement
record of the coil. e see, therefore, that a rlot of dis-
placement sagainat time and =2 nlot of input current against

time are obtalned on the Linagraph recording paper.

heary for —Qgm + kg = O developed at tne deginning
cf gection 5 does not take damping into account. It can be
shown that the influsnce of damping 1s of the second order
when a relationship between the period and amplitude 1s gought.
It will pe assumed here that over a2 given period it 1s posg-
8ible to0 lgnore the acampinge. Now determining the maximum am-
plitude a, =6.._ from the recorada and the corresponding fre-
quency (). , 1t follows from the theory that a. plotted a-
gainst ., will give a stralght lines From figure no. 8 we

gee that "a" plotted against (o, is a strzight line as vpre-

dicted by the theory.

The method used to cbtzin the term k.¥ in
9 L xd = o (5.9)
TiE ( )
ils as follows. The egquation can be written
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o]

)

dt

Y]

o+ ke)e = 0 (5.10)

~

¥From the theory of the urparatus in section 2 we kriow that
the curve on the shutter should be ¢;(€>)», 2k . The com-
pleted shutter 1s shown in photograph no. 9. The constant

kK 1n the equatlion can be varied by changling the output cf the

)
O
@
e
h.)
O
cL
o
[¢]
QO
L

amplifier. A new shutter doss not have to for

~

various values orf
On nage 32 are three granhs which show the negative of
the gonring force nlotted against disrlacement, ¢>(Cﬁ) a-
. .. - ‘ . N .
£alnsgty dignplacenent and Qe ) agalnst dlsvplacement.
,-:9‘[')

SARE; ) :
\ e £ - - - V- £ 1 mn 1»- ~ Ve — M
b. HNow congider =em— + kO = k& = 0, k and k; >~ 0,

at*

another equation for which =n exprecsglon for frequency

5]
to
v

function of time can be obtained.

2.

W ~ AR
- w2 L N T S T o SV N
If for dtL -+ k, X = £y X = G we write v -—-d + K, X = L, X0 ¢

we can integrate and cobtain

\J"“ K‘ XL . kJ XV — { 1
v,k = g (5.11)
At X = a, v == 0, therefore
, K, a
K st — LE = h (5.12)

Tiien, since the curve Ain the pnase vigre lg gymmeéedric

with the origin

AL /“v\,
T = 4 dx — 4 S S — (5.13)
v /, 1 2 k.x"
b N ho- (k& x - =5
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tigure no. 9

figure no. 10

C e —

figure no. 1l
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‘\»

h~ (a2 +a<) O (5.14)
=2
we may wrlte
] x7 2 _
-k - B = S (@ - x5 X)) (5.15)
and
Ee (b ra )= -x L oor -k, 0 = -k d T 2K (5.15)

Now 1f we let x = a sine and elimivate b by (5.13),

ié'"
ao 1
T=4J2 e — - (5.17)
v 2k, -k at - k,ar sine
Yguation {8.14) can then be used to calculate the reriod

for given values of a, k,, and k, -

rhiotograrh no. 12

The above photogranh is a record taken of

d& P . - {Qj r, 1 = a2y
&Y 4+ 68 Ry =0 S = (5.30)
aT= k K, o]
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On this record curve "a" was onroduced by turning the

drum ore complete revolution with no current flowing in the

"

coil. curve "c¢" 18 a curve drawn at the peak current flowe

ing. Thie 1s the current flowing at no displacement. Curve

"p" represents the actual current flowing in the coil while

oscillating. Curve "d" is the displacement recorc. Line of
dot

§ "e" 18 the tlwe record. Since we have simultaneously
recorded the current input and the displacement, we can check
on the accuracy of the snring force at any tirme.

Soring rorce 1s obtained in the following way. Suppose

e
~

N R ]
thot we wish 2+ to equal g. A plot of the srring force is

1

i

shown in figure no. 12.

.
®
¥

figure no. 12
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Kow we need
& ple)= e -1 ) (5.19)
The functior of force goes to zero over v6 radians. In
order to renresent this motion on the analoaue, a disnlace-~
1 .
uent of Ve 1 a an v enrese a
e 755 of radlan will renresert a disvlacement of

1 radian in the crieginal equation.

Surposge we represgent. the equation

-

A
&—EF-Jrk.e -k, = 0 (5.20)
by the equation
d.L\V i o3
o tkY - kY = 0, @Ay (5.21)
Then
dl\ll 2—. R
-k - A x i F o (5.22)
Now, If
T =Vk, - % (5.23)
we nave
2 z
d~ \ k -
TRV - EY=o to-as
os Koo 1
Since we chose to have E*-— gs We will have an effective
l -
‘ll
constant of A Z whien )\ l1s equal to the ratio of & to 4/ .

X\was chogen to equal /365 in this nroblem. Therefore,

L2
«\_ .l'.. —_ 5,62 — AN . Q Fa T L U .
6— — e vl o oguaulion g NoOw
W E
a—-%T—‘F\}) - 60.8 \7(/ = 0 {5.25)
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The spring force in terms of \y is shown in figure no.

13.

-SPRING FORGE=V¥ — 60.8 ¥3

figure no. 13
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q/ ¢(\V);: 4J (1 - 60.8\yl); therefore, 4)(41) is

made up of two terms as 1lllustrated in flgure no. 1l4.

®(v)

{g)
-7\ /’\
/// \ 7/ \\ .
\ / N
s ~ {b)
// \‘ ,/8 N
N, i LY I/\ N
v/
7/
’ \ /§ \\
7 \[ ! \
7/
/ AN
’ \
V4 ! \
o]
y -

fTigure no. 14

Curve "a" in figure no. 14 renresents unit force; curve
"b" represents 60.8 ﬁJa ; and curve "c¢" represents 4>(\F),
which is found by subtracting curve "p" from curve "a". In
order to achieve this consatant on the machline, the amplifler
is adjusted to cause 19.8 milliamperes to flow in the oscil-
lating coils.. This means that k, = 23.8.

The shutter is a triangular shaped opening whose aresa

increases with displacement squared or V< .
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- K. - o~ =
Since A e 50.8, A~ 365 and k, = 23.8, we have
]

(X k,) = 60.8 x 23.8 = 1450 (5.26)
1= (N k,)&L ~ 1.24 = 1450 x @5 = 1450 @.1a  (5.27)
1.24 = converslon factor between force and current
Now if a value of ©.. 1s chosen asnd the coil 1s disg-
niaced vy thnat amount, the control can be adjusted so that
the correct awount of current flows. A4 value of .~ .06
rauians was chosen. Then 1 = 1170 x (.Oﬁf—ii 1170 x .0036=
4.21 WA 18 the value of the current which must vass throush
the coll at a diegplscement of .06 rzsdileng. To be gure that

iave been chosen a trial record can be

e

thie correct settiings

4 v -

run and tne inpul cuecked amalnst thie disvliacement.

on pasge 33 1s vhotograrh no. 12 which is the record

taken of dd’?‘» L+ e -i& =o0.

ne recorded wiitn zero current trrougn the

,.IO

t‘"
&L

|
[44]

oscillating coils. b" is the line orocuced by the record-

- ; . ; . o WAl &
ing string galvancometer when the record was made. ¢ is an

envelope of the maximum currents. Notlice this is & straight

ot it 1

line. The distance between "a’ and "¢’ 1s provortional to

thie linear force term in the differentizl equation. "d" is

thie diswplacement curve. '"e'" ig the

,__)

Ire of timirg uots

Ine i1oraula (H.17) for calculating values for t at vare
ious amprlitudes and the photographic record for finding t for
that swplitude have been useda to vrevare the table of values

:‘.Il Lc“(‘)le NOo. lv
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amvllitude Period Period

Radlang From Record Calculated DIfT % Diff.
0 1.545 1.710 1.705 « 005 « TS
1 1.48 1.532 1.521 011 B4
2 1.25 1.452 1.440 .012 -5 %
> 1.10 1.412 1.405 007 < 15%
4 . 925 1.573 1.375 2002 Noirsd
5 775 1.340 1.339 .001 0
6 656 1.325 1.325 . 000 03,0
7 + 559 1.319 1.320 .00Y .00%

table no. 1

c Now conglder the eqguation

aC Fk,O 4+ k,6 T 0, k,k, >0 (5.28)
dtt ' 5 , 3

oo 1 i BT 4

'mia eouation is selected here because 1l cuan D& solved Dy

gseveral methods for approximate relatlionshinrs between amnli-

.
tude and frequency when %l ts small”™ and a conslderable a-

{

nount of data is availlable for cases in which %L is lar‘ﬁzeg°
]

Supnose we first make the transformation 1T =k t on

aquation (5.28). Then we have

d e K a
(—— - 3 — i (5,2
gy +&S Fowes = 0, /((_.], {5 \7)

Usinxz the method of glowly varying parameters of Kryleff

2ogolinpeff, we can ghow that, given the equation

1dinorsky, li« Introcuction to Non=linear echanicsg. Ann
Aarvor: J. W. Edwards C0., 1947. p. 190.

“Ludeke, U. Ao Journnzi of apolied Physiceg, Vol. 20, No. A
Dp. OUO=BGT, June, L949; Vol. Ho. - Dp. 0I4-699, July, 1249
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X o+ w4 M E{x,x) =0 (5.20)
t¢ the flrst apvroximation when e is snmall,
X = a sin W (95.31)

with "a" considereu a variable given by the differentiul e-

quation

it
%%IZ - %7F':3 fla sing ,aw cos\#)cos¢:d¢ = é (a){5.32)
and ”Y}T” congldered a variasble gilven by the differentlal e-
quation
(- = 1 2l
%%fi “ T s / (= sin(#,a u)cos«f)sin¢>d¢f'[1(a)(5.33)

A/
J

{a siﬂ¢>,a\J coa @) = f(x,x) witl. x replaced by =a siﬂtﬁ arnd
X Uy & cos P e

uations in which the damplngz can

>
(o]
£
Jon
)
®
(¢}
(¢}
Q
3
9]
’.J-
o
[a
ey
@
A2

be lgrerea, as

1 - . Foo s N
we have ror eguation (5.32)

A
«
a% SR T ij(a gin é)cos¢>d4‘ {(5.35)
LA '
ana for equation (5.33)
T - S , ‘
"—‘i‘adt' = W THE ,/ f(n sind :.lsinwj\ ad (5.36)
{ At a we ' ‘ !
Since
am , 1
fla sin\f)cos\qu‘ii 5 Y (a sin @) = 0 (5.37)

Jo . . . .
we see that the amplitude does not change wiith tlme in the

goiutions
rom (H.33) it {ollows thiat the solutlon has uhe Lorm

o= Nla) v e (5.38)
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squaring (52320 and neglecting the terw of the second

. y A2
Ma) = W £ £{a sin$ )sing a¢ (5.39)

Now using this equation to find an approxlmate relatlion

oetween frequency and amplitude for the equation under con-

sideration, we fira that

4 o e S T R e PN (e LA
1 T2 e T/ — U \Je=ily
a

Using (5.33) when f(a siniﬁ):: a” sihjqﬂ and w1,

we nave

21T .
A e P
No(a)= 11 7:% [ a’ siﬁsq)dd"?; 1 —= sinﬂf af
Py =~ \//0 !
—1 + Lal o142 «g? (5.41)
" + =

we should keep In mind that the above development was
T a el 84 3 larg thhen we will resort to
for “ & saall.e If «w a 1s large, then we w 5
a compariscn of our results with those obihalned dy Lr. Ludeke
on a different tyme of analogue.

A vlot of the spring force with disnlacement 1ls given

in figure no. 15,
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~ FORCE = © +pr8°

figure no. 15

For cur revresentation it is then necessary to write
o¢le)= el +/“93). ¢(9) 18 then made up of two

3 2
parts, a constant nlus /UGB e /”f9 can be repressnted by

AS in section 5.2, we use triangular openings in the shut-
ter, but this time the amplifier 1s adjusted so that a con=

2
stant current fliows and a current oroportional to 6 is

added to 1t.
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thotoaraph noe. 13 18 g record of ©6 + 6 + A e = 0.

coe- cacen

0

rhotorranh no. 13

Mmoo

Lire "a" was recorded by running the drum one complete

D

revolution with no current flowirng in the suall coils. “of
i8 the record of the gslvanometer while the rocord wag uadeo
¢ is o line druwn so thuat it tcuches the vottrom of the
loops of "b". "a" is the solutior with resvect to timeo

"e'" fa z line of timing Jots. On the chotorravh we see that
Y

the current renresented by the gaivenometer dlegplscement be-

, . . . o o e
tween “a' oand "o% ig 2z constant and that the varioole cux

A

rent is superimpesed onto the constant current.
. S~ Y o © 2 p (e . Notice
Fisure no. 16 ghows o plot of 2% witn {-==—) . Not >

that the vplot is a stralght line despite the value of A=

)9090
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. N
d. Consider

g—;ﬁ-%y(l -y7)=~- 0O (5.43)

The Lane-kEmden equation

aso 2 de - o
—t £ 22—+ 6 = 0 (5.44)
ay v dx

arises from a study of sgravitational equilibrium of a rgas-

eous conTisuration in stellar svace. The substltution

i§> = =x" %; transforms the equation to
 $£8_ L 0"z0 (5.45)
I;i‘/u =5, the equation is intexrable. Substlitutlng
9?:(%j¢ ¥ v into (5.45) pives
x* 3;I + x %% - T ylL =y =0 (545 )
With x = e, (5.46) becomes
git.g.-%_y(l-y‘*):o (5.47)
If we write (5.47) as
v %g :-% y(1 - y¥) {5.48)
we can integrate and get
vr=L - Lg%+ 2a (5.49)
4 3
If we use the initisl conclticns y — v = O, whlch are

lAcLachlan, Mo Wo Ordinary Non-linear Differential Iguations
in ineineering snd Physical sciences. Oxfords Clarendon
regs, 1950. p. 23,
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useful ir ihe Lene-imden equation

w
3

\
@)

~—

—gl—+.}:.r —l‘*ét :
vV I HET -3 ¥yl 3 y ) (

If we choose the negative sign in (5.50), then

t= -2 j (ldyl T+ E (2.51)
y -y )
3
deking the substitution sin® w = % y“
t = - frgﬂﬁ + 8 = <=1n tan iy + B (5.52)
J 84N W z \ DD )
or
t.an .}. w = B em/"L (5.53)
P :
Slnce
R 4 tan® % w 1
w — — = H =
Sin vy = ,‘ = — — X 'y (D.DZ.)
(1 + tan™ = w)" -
<
_ 128° e °° i
Y=  [IF 5 eI (5-5%)

The record shown in photograph no. 14 shows the record
of disgplacement and current. The record was rade by releas-

ing the roving coll 2zt O and sllowing 1t to rmove away from

its wmeoint of unstaple equilioriun at y O« Lire "a" 1is the

line of zero current. Curve "b" is & ¢ravh of the current

which rlowed during the record. Curvs "e¢'" 1s the digpliace-

Thae 1Tivia nft Jd~+
~e Line oF (oR

il sat
RO IRV RV

Wan

-~ ~m AL R alEES
) ~A w2 Lol Yy ® Uil o

(24

is the record as glven py the machlne, =and the croszes

are noints calculated from equaticon (5.55)
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photograph no. 14

]

+ao3 in tha arnaratitg hv
[ERS RO NS S8l avVawe W

myy, s —
L

MLy vt it Poavemn A s wrrivda A
e U8 TOINAlg, a0rCe 4o 1 ¢

gsettinsg the amplifler in such & way that a constant current
is directed so that the oscillating coil 1s driven zway Ifron
its center pesition and then a mask with f(y) = y* is used

to generate a current in the opnosite directior.

Lj3

\\Vf(g)z
AN

e e e

figure no. 17
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Below is a Tigure showing the currents in the oscillat-

ing coil.
!
Tisure no. 18
hen "a" is zaded to "b" a current provorticnal to
k, = k,y? 1s the result. When this is multiplied oy y, we
have y(k, = x,y7) as the spring lorce.
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(e) Let us consider the equation

» Ky %) _ x >0
¥+ K, X+ {kj)@}" 0 x>0 (5.55)

i

That is, when x 1s positive ¥ + k, x+ k,x3 O is the differ-

entlal equation governing the notlon, &nd when x 1s negative

X+ &k, x + kx> = 0 is the differential equation governing
Lhie wotiovnn. This can be achileved by sstting the zmplifler

to deliver a constant current plus the current generated Dy

using a mask with two triangulasr openings but with difrferent

glopes as shown in figure no. 19.

o

|

figure no. 19

In the example shown in photorrarh no. 15 the value of
k¥, = 15.5, k, = 735, -nd ky = 275. 1In the photograph "a” is
tlie zero current 1ine; '"b" 1s the recording of the galvan-
ometer while the record wzs being run; '"c¢" ig the displace-
1

ment, curve; and "a" 1s the line of tlining dotse.
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photogran no. 15

In nhotorraph no. 16 is a similar exsmnle. Here the

ne of 7og- 14 a-t s e am B 4 Yy ey P o
ne ¢l Zord ciswviaccuenti, G4, 48 S8SNiown L0 en=

$s

+ 3 P B}
Lol L

dd

Y]
[

vhaslze the fact that the dlsnlacement curve 1s not sym-

5

metrical. Ma'" is zero current line; "b" 1s the record of

current while the record was being run; "c¢" is the disniace=-

ment curve; and "e’ 1 ine of tining detse The equation

bt

is
e e 1581x3] _ . x > 0 A,
X 4 l.l4x + | 1 74x3 Z G r <0 {5.57)
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phiotorranh no. 16

Protosraph no. L7 ilinstrates that a rinvle on a sprink

torce woes not «restly change tr

[
2
[
[40]

o digplacement curves. "a'

is the record of zero current in the galvanometer; "n" 1s the
record of ripple currsnt on constant current:; "¢ is the

record of constuant current: and "e" is timinz acts.

rhotogranh nn. 17
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(£) If the shutter is arransed as shown in {lgure no. 20,

a gpring Torce such ag shown in iy ure no. 21 1s the resulte.

¥ c!
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ficure no. 20
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The rosuliing record ig shown in thotograph no. 18 be-
lowe "a'" is the record mude with zero current through the

s ~ . [P} .
galvanometer; "o" is the record of the current; "c¢' 1s the

record of displacemcut; 'nd "d" 1s ¢ line of timing dots.

............. seens ssescesesicessecincens
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photosrann no. 18

J L

P

() 4 shutter as shown below in figure no. 22 rives a

snrirg force as shown in fizure no. 23
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fipguire no. 22
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Fhotograph no. 19 shows a record with this tyne shutter.

nen

a" is the recorda of zero current in the galvancmeter; "o'" is

o

the record of the current; ¢’ 1s the displaceuwent record;

and "ua" is a line of timing dots.

T L L T e LL XL R g

\V

photograph no. 19
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