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A SET OF NECESSARY AND SUFFICIENT CONDITIONS 
FOR THE CESARO SUMMABILITY OF DOUBLE SERIES,
WITH APPLICATIONS TO THE DOUBLE FOURIER'S SERIES.*

By GAYLORD M. MERRIMAN

The wide applicability of' double Fourier’s series to boundary 
value problems has justified, and even demanded, a close study of the sum- 

' inability, especially that with respect to a pair of Ces£ro means, of the 
series involved.** In view of the Importance of this question, it is odd 
that it has not heretofore been completely solved; that is to say, that 
conditions of summability.(C,r,s) previously obtained have been either 
necessary or sufficient, but never both.***

The present paper, however, solves this problem, provided a 
slight modification is made in the question asked. We shall seek here, 
then, not a necessary and sufficient condition for the Cesaro summability. 
of a double Fourier's series, with respect to two specified means (i.e. 
summability (Cr,s)),but rather one that the series should be summable with 
respect to some pair or other of Cesaro means (i.e. summable (0)). Justi­
fication for this modification is apparent in that the new problem admits 
a quite simple solution. In order to derive the result just outlined, it

♦Presented to the American Mathematical Society, Chicago, April, 1926.
**The preference to be given the process of summability over that of con­
vergence has been pointed out before. Cf.,fer example, a paper by Pro­
fessor C.N.Moore, "Applications of the Theory of Summability to Develop­
ments in Orthogonal Functions", Bulletin of the American Mathematical 
Society, vel 25, (1910), pp, 258-276 .
***The same hiatus still exists for the case of convergence, even of a 
simple Fourier's series. Cf. a paper by Hardy and Littlewood, "Solution of 
the Cesaro Summability Problem for Power Series and Fourier's Series", 
Mathematische Zeitschrift, December,1923•
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ls first necessary to prove a general theorem relative to the summability 
(C,r,s) of an ordinary double series; this theorem is then applied to the 
double Fourier’s series, with the desired result. The deductions are in 
*11 cases generalizations to two variables of those concerning simple series 
obtained by Hardy and Littlewood in the memoir cited above.

I THE GENERAL-PROBLEM 

§ 1. -DEFINITIONS AND'NOTATION. We have for consideration a double
series

_ CO CO
(i) r : A *  Z - 2L  - A  .— a “ o J '
where A shall stand for either the series or its sum; by Acand Ar we shall 
®ean the simple, series represented by any column or row of (1), or the sum 
of such series. We write also, for convenience,

A _  . A21 = T~YZ . -
(8) ’ A i l  , .

' utL  a : :
etc.

The series (1) is said to be summable (C,r,s) to sum A when
a :: ~  c;* a .. . . . . . .

where , . . \  (  ■ \
r i (*rvi -r-r) (yr>+ -r- . (v^+</ (n.-+ s / Sc •r! s !

In these circumstances, wo say that A^,^— »A  (C,r,s). Analogously, we 
shall use the notations

A./U. — *> A ^  (C,s) (h fixed)

— » Ac <k fix*d)
to indicate Cesaro summability of rows and columns of (1), considered as 
simple series. When r=s, we shall use the notation
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S a^ K  ' °-™'K (k fixed)
I■m+1 K \^  •) \  O-Z K -  «■ r  *

r a£̂  = “-£-w (h fixed)
^  | = ( ^ 0  " ^ X  •*+, (
.such that

a -r+i T+t T"" 7~ r+' ■<'+''(7) A  5 Z^Z-, «-■
.\T-+i <r*a°(8) A K 2 2_j, *

(9) At a )r̂» /I
are summable (C.-1)♦

In these circumstances, we have
f f y  y** a f c f ~ ‘ (  n  r \

do) = l — L ^  0 ’ ^ L y ~ f v

(i d  <tiK - Z L l  . c c . - - F )
<«> "-L - 21” , ■ Cc '.’- f )
for j» - 1.2 r-1. The series Al°P le summable (C,r-'jo). and to the flame value
as A: while a£ and a£ are summable (C.r-̂ >) te the sane values as A ^ a n d A c  
respectivelyf far j> M,L.2 -̂rr.

To prove this theorem, we shall need a series of lemmas.

§3 . THE AUXILIARY SERIES B^^-AND Q. We first Introduce three 
auxiliary double series, B, P and Q, connected with A through the follow­
ing definitions:
(13) (Vyvt') (A*-*. “ **).
(13') C’V.+ O C
(H) Jwtv 1 C^r') C ~ -t)
(14') ^  -A- * CVy' + 0 C ̂  >" ^ »a. 4 t J)
(15) s C^f'X>v+() ^ - ’C-^, ^J) ■
Prom the fact that (15) may be obtained through combination either of (13)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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and (13*) or (14) and (14')» we see that these various definitions are 
consistent. ^

Lemma 1 : If (1) A c and are summable (C.r). then Pc and Q ^
are summable / /(C.r-1) to the sums A c and A ^  respectively. If (11) Pf. and 
Q /i. are summable (C.r). then Bf_ and are summahle (G.r-1) to the sums Fc
juid Q.r respectively.

To prove (l), we have that, in view of (131), m fixed, and (14'), 
n fixed, we can, through the medium of Lemma 5 of the Hardy-Littlowood 
paper, choose the p ‘s and 4 's so that

<>6 ) (c,r-.)

us') I - ,  • " a  j g t  ( < v - ,

On account of this choice, we can further infer from the same source that 
Pc sums to A t , and to A^, . A similar proof holds for (ii), if we make
Use of (13) and (14).

In particular, if A, A c and A ̂  are summable (C,r) to sum zero,* 
then Pt and are summable (C,r-1) to zero. We shall take these sums as 
zero throughout the rest of the paper.

Lemma 2 ? If A. A n. and A c._are summable (C.r) to zero, then

(17)

(17’)

*That we can take these sums all zero without loss of generality follows 
thus: In our given series (1), we can first make the sum of each row zero 
by altering the elements of the first column to cLayw ; then the sum of each 
column can be made zero by changing the elements ef the first row to a.^0 ,
and£0o to cioo ; although this last change might have affected the summability
to zero of the first row, we infer that its sum has to be zero because
that of the whole series, and those of all the other rows, are zero.

P r  ’r~' - C " (  * - • )
~n~ Ttt- I r* yA' (, >V. /

c t T  - C  - O ' - )~nr\ » *n. V. / .
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In view of our definition (13*), w« can use the process of Lemaa
3 of the Hardy-Littlewood paper to show that, for the column of (1), we
have
(18) ^  ( - " ' ) ,
where Vj*’ , ̂  being defined as in (2.23) ef their paper. But,
under the choice of m fixed, made in Lemma 1, we can, as in Lemma 5
of their paper, show that £-,=0 . Hence, after summation, becomes (1Y).
(1T 1)ris obtained in similar manner.

Lemma 3 : If equations (13) - (15) are satisfied, then
(19) P r r =* >1 -TV

(.rt-1) a rnr ->• '  Tv» TV (*»-■<• 0 s ” ' " .\ / T rl -f- f >

(19') A r " * '  =• »«m *rv * L ~ + ‘X Z  - 0 ,
(20) Q ~ -. M i n  'W - ( r + . )  0 - - 01 ;;', ,

(20* ) A - r  r
/ i  >n tv • (-0 q ; i - ( ■ m - . . ’ )  ^  - ,V )  -m  -f- l  -n. 1

(21) A  "■ ^' I -  (— tf e:: 4- C"'V '  1 • >n -f. ( rv -t- 1

- (r+i) [ C ^  + 0 ^  -f* (*-+0
If r = 0 . then

■ m  f  I -X. +  I >B ' is to be read *£■.m-t I n\ t- I ■ ■ ■■— —
R ~ '  °  "  T ~ * °  - £•>» / -rv, /T3 -r' I

C - *  „ ''
r» -f- ( TV

•f

-T=a * 1
with similar interpretations for the corresponding expressions in terms 
of P and Q.

We shall1 indicate only the proofs of (20) and (21); the other re­
sults of the lemma will follow in the same way as (20).

In accordance with (14),"we.have, for the m"*111 column of Q,

<*>.' q : ;  - c - o  8 - ; :  -  c - o  b i z . ;

from (2.12) of the Hardy- Littlewood paper. Hence we obtain (20) by sum­
mation; and the other formulae follow analogously.
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To prove (21), we first note that we can also obtain by summation
of (22),

Substitution of (20) and (23) in (20*) leads to (21).
It should be noted that the above proofs do not depend on the

use of the same Indices of summability. They will be used later, inconnec- 
tion with Theorem II, for the case r 4= s, in which case their form is sub­
stantially the same.

(C.r-i) and if eaoh column of P and each b o w  of Q is summable (C.r-1). then 
A is summable (C,r) to B. and A g and Â . are summable (C.r) to Pg and Q^ re­
spectively .

We first note that, in view of (131) and (1 -4* ), and the results 
of the Haray-Littlewood paper, Lemma we uaninfer that the summability 
(C,r-1) of Pc and Q, w imply the summability (C,r) of A c and A^ respectively, 
the sums of the corresponding- series ueing the s«trae. Therefore, to complete 
the proof of Lemma A, we have only to concern ourselves with the proof «Sf 
the results regarding the double.series A and B.

If r=0, (21) becomes

and the result follows at once, since the last three terms tend to zero as 
m and n become Infinite.

If r?0, we have the following reduction: by hypothesis,

By summing (25) once with respect to both Indices, and to each index separ­
ately, we obtain ‘

14. FUNDAMENTAL SUFFICIENCY LEMMA. Lemma 4 : If B is summable

J

(25)
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Substitution of (25) and (26) In (21) gives

' P C Z  +  -  (**-*- ,) [(-of ^ ■*-(«+«) C.,*,*,]
+ c v̂-*-|)Cv’+ ') b + ^£•*•>'"•*'0,

or
h r r  -- C ' "  13 +' vv-> w  ■»' rw V. / l

and the conclusion follows at once.

^ 5 . FUNDAMENTAL NECESSITY LEMMAS. Lemma 5-: If A. As, and A<»
are summable (C.r). all to sum zero, then

(27) 8 j  ̂  -̂-rr, )■’+  s*~ (vry T„ \

Where h la a constant. If r « 0 . (27) is to be Interpreted as moaning
(28) *  &  ■+ y*- (  ~ J )  + ^  (£,) -+

We prove the lemma first when r-0.' In this case, (21) becomes
a;; = h >)

= (>0 + 0  (>x.f z) B W h  - (>n n + l .

(2 9 ) 6 ^*, ^ +" (vn^,X>x-f-0
- < C > .  - c - , 0  3 j ; , :  - ( _ )

. + C™+ >)('».+/) „+- , .

Hence,
A * °?rt V- ■ f I \

■*
(py-i+ 2-')(̂ r> f- I )( V> +  l ^ ) ■f'f )

(30) R 00 R 0 “ R ° ° R °  °
^  ~  - 7"̂ m -t- t °  r , ^  1 ■»+<

C"*10 T-' )( *\ f) if,*1"*  ̂C ̂ "*■*•) C*"0 -f i*-)(̂~n -f-f ) (>•*• l)C» * *)
Therefore, the double series whose general term is given by (30) is absolute-
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some value K,, and !o» 0 Ootv 6 “  _ yry a +n + / >1-//
s*r ( i )  + >r

O Q

(31) {
I K

But, from (13) and (14), and application of Lemma 3 of the Hardy-Littlewood 
paper,to the first column of P and the first row of Q, we can infer that

m  ̂ i
and (31) becomes6.

o A
(32) ( = K  -
Again, from (29),

D 4 » Q a ’~ l £ ) ~  ' ~

VJ:> J >* + / »,*/ / v , \ ---- ;—  **    ^ U ^ y  .
«0 D ^ '  J»- • t>-m

Gn-f-iX* + t) nm+ ( -H + I

slhcePc and converge uniformly tor.zoro by Lemma 1, we can conclude from 
Lemma 3 of the Hardy-Littlewood paper, that the second and third terms on 
the right-hand side of (33)<>are of the form xr(̂ ,)and ̂ -{^respectively. Hence 
By substitution of (32) lnl(33)> we obtain (28) as desired.

We have next to prove the result in the general rcase, r^O. ' We
rewrite (2 1) as •

A ’”' .yr> T\

(34) = {>n + r* -t- T-) (rx + r* -f- t) 8 ^  - ( vn + 7- -+ •J-') (v.+-f) 8^.^,
qj;, .

If we put
(35) ^  : (-0-. +-r> +-./ ) (.m-f v") - - - . {>>-,+- ,") ̂ 4  -r ̂  t). ..(*>+ t) ^
*e Obtain from (34)

y y . y (p / ■ / \
** n — TH-M yy ">T> n + I >Y*, -h / m + I (. ->->-»** „ > y

A"/'m -w
(>n T *"» +  v) - . . .(jHn ■Cl') (t-1 + r  ~4-v) • ..(>1 + 0

Hence we deduce that.
V’., . - ? - <T -
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tends to a limit
Vs. _  V» -* n r\ Vvi n O >1 *10 0 *n o

(36> u. f  5 * r ” f  f  I  _ _ _ _ _ ______________“ - \L L + L L  •*■L L  ( '
k«7r*f*V >n+- ( « ^  /  /  '

But we can infer from £ii) of Lemma 1, and the general analysis in Lemma.3 
of the Hardy-Littlewood paper leading to (2.26), that through t.he substitution 
of (35), tends to a limit (f>f , and ̂  tends to a limit ^  ; in fact, .

i 00 ^
(3T) Trt 0 t  -  (rT7)/
and

we incorporate (57) and (370 in(36)> we have
VL.., = V'- V>Ja 4 V, ■+ ‘f,

-r* r
, vl-f-f - y ^ e  T"” } 1 _________ L _________________■ 1 <_/_ ■+ L L  * L  L S  ... u,.);(*nv).. (.*,jm<- i * „• ti+i y *y v 7 y(3ii) / / •■

1 r" p ” . t ̂   It"   % -r /-t- , >( ( /  ._____ /y>________ -t- /  -----------  _____>T + 1 )* [ ^  rl x) . • (̂<- i  t)  ^ (/•+• r+i.).

■® V + ^ ^ C ̂  ) •+ *-(.*).•
Thus (35) becomes

(3 9 ) ^  -rn ~  ( w r ^ , )  ... . ^  "P ' ̂  ‘ 1 ^  +  7 )  Y*

+ (_ *•>"> *" -n ̂  ) -f- Vn 4- O- îVl 1~).

. We are now in position to deduce our lemma. We first put (19) 
and (20) in (21) to obtain

«*» a : ;  .  ov  s i :  - . ^ i v ;  - ( - 0 L g - > q :;1

We next put (191) and (2 0') in (40) to get.
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■'•(rv’+ 0  ^  - ( ~  + 0 G*+») ,3 ,̂ + ( w f  (
%

Then, substituting (17) and (171) in (41), we obtain
A ZL-̂ - y- (_ ->'>-> - C. "*~ *** O'” ^ — C w,~f 1 )(. v.+ /) B

+  C w  ( ^ r ). +  >r ('«->'") ,

T-- I
'•nt- I •*■>•#■ f

or
(42) ( m +,X»»f./) B Z ' , ^ ,  = /3J^ -
Finally, .If we put (391 Into (42), and divide by (m*i)(v>ri), we have

si;', - t  *- -r(m ,r- v ~ )

4 .* - . (  ^  - - V V )  ■ -* - w  O '

which is the desired result (27), with m = m + 1, n=-n + 1, and h = W /

The lemma is thus complete.

Lemma 6 ; . If A. A g. and Aa. are summable (O.r) to sum zero, then 
Xl)there is a solution of (13f) and (14') such that Pr and are summable 
X0fr-1) to A r and Arespectively; • and (11) there is a solution of (13). 
il41 and (15). such that B is summable (O.r-1), to A. ,

Part (1) of the lemma follows immediately through an application 
°f Lemma 4 of the Hardy-Littlewood paper to the simple series involved.

To prove (ii), we argue that if is any solution of (13), (14) 
an<* (15), all others are of the form

- r
where h* is a constant. If, in particular, h***h, we have

p*v-/r--l Q  T--1 Y--| O  r' *r■*rt ~r̂  = ^  -m w V. >w,
- ^ “ 0  +  ->-1 r  V> r ” ') -f* AT- v ’ < ^  )

Ly Lemma 5, and hence B* is' summable (C,r-1) to sum zero.
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%S. FORMS OF THE SOLUTIONS OF (13)-(15)» ,<e now wish to deter­
mine the forms of the. solutions mentioned in Lemma 6 as being necessary for 
the summability (C,r) of A, A c and k^. .

Lemma 7 If A. A c and A ̂ are summable (O.r) to sum zero, then

' _£2
(43) A' ’ = 2 _ 7 _  —^ ' O o (yx+f)L <J + (

is summable (C.r-1). where

<44) a -1 = V - — v *  ,-j ■
° • r  +  i-) • • • yu.+i) (y-t-r-+x) •‘ [v-t-i)

and if

(45) L  7 ( X  r-.')

then B is summable (C.r-1) to sum A.
1 1 1 ) A 1 bo

(46) a i  = r “
. VAS. summable (C.r-1). where

✓ 4- / V s o

(4?) Aj =---------------------- % -- r •,
K>  0 'O  * * (y*"4* C '

(*8) = I. ^
then P ̂ is summable (C.r-1) to sum A c_._
Lilli similar results to those in (li) follow for A^ and QLity , xf we replace 
A ̂  by aL- . and Pc. by Q. v-. and. n by _nn.

Parts (ii) and (ill) follow immediately from the analysis in our 
Lemma 6 and in Lemma 5 of the Hardy-Littlewood paper; in fact, they are in 
110 wise dependent on our work and were used freely in the deduction of our 
Lemma 2; they are included here merely for the sake of completeness.
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Before proceeding to the proof of (i), we note that if we consider 
the simple series formed from the first column ofP and the first row of Q, 
then we have, by the Lemma 5 of the Hardy-Littlewood paper, that

. oO p
_______h
Lp- + r + v) • • y*. w  ) ’

and

(49)) 0 0 - e (.1r+r>A-v)-.

For the proof of (1), we infer from Lemma 6 that B* is summable
(C,r-1) to zero; thus , •

r-v~ s -£* . 4*. . _ H-* -\
I /  -tm *>v m  + \ * ~m vi -f/ ^  \

O O '  ^
la summable (C,r-l) to ^  , .or •A'/ is summablo (C,r-i) to "4̂  . Thus there
exibts a Tv, which is plainly a solution of (13),(14) and. (15)-;
but o (0,r-1) as m and n become infinite, since B* is summable; hence
h* ̂  o. Therefore » and B is summable (C,r-1) to or to i00 .

We now can infer that, since, h is zero, the * f of (38) is zero.
Hence ’ . . ;

A  11 - : ~&0 o i " ^<1 + 0 +  °0

= 15:;. - -

+ f )•  ,c  0 + r + i) - • /(j* +-r-t-i-) ■ • O'"*-1)

+ r ' - r - f r j - ,  + ( „ . ) !  v - T
by(35) and (37). Using (49) and (491), we obtain (44) as desired.

^ 7 , TWO ADDITIONAL LEMMAS, Lemmas 4,6 and 7 furnish us with all 
the desired results for the proof of Theorem I; however we insert two more 
lemmas for the sake of completeness. Their origin is at once apparent.

Lemma 8 If (1) A11 is summable (C.r-1) and aL- and Aj> are also
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summable (C.r-1). (11) Is defined through (45). through (48) and
through a similar expression, and (111) B Is summable (C.r-1). while P c and 
Q.v- are summable (C.r-1): then A. A and A ̂  are summable (C.r).

Lemma 9 -: A necessary and sufficient condition that A. A c and Ah.
should he aummable (C.r). la that. lf£^,. and are defined as In Lemma
7. B. P e. and 0. hs should be aummable (C.r-1).

^ 8 ,  PROOF OF THEOREM I .  We are now ready to prove Theorem I .

For the sufficiency of the conditions outlined in the statement 
of the theorem, we suppose that aT ' , Â .+ and are aummable (G,-1).
Then, by successive applications of Lemma 4, we conclude that a /T , a £
and A^ are summable (C,r-j°), for j> = r, r-1,--- 0; also A - P\*~' r ,
with corresponding equalities for the sums of the simple series involved.

For the necessity of the conditions of the theorem, we suppose that 
A, and A ^  are summaDle (Cyr). Then, by Lemmas 6 and 7, there exist
numbers

i. i

I
Ol

yM- -
*3

such that A 1' , A^ and A ^  are summable (C,r-1). Successive applications 
of this reasoning lead to the conditions as enunciated. Theorem I is thus 
complete.

^ 9 . THE GENERAL CASE, r-^s. We now wish to consider the case
when r^- s. We shall discuss the results only when s >r, say s = r +• g*, si>0; 
it will of course be-understood that the results when r > s  are entirely
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analogous to theBe.

Theorem II The necessary and sufficient conditions that A
should he aummable (C.r.s). where s = r +  sl. and that A c and Ajt. should be 
summable (6.s) and (G.i?) respectively.are that there should exist systems 
of numbers

(50)
) - .c— >) U i :  -  sO

(51) 51- 4-; u.)U'u - )
iv.yj

(52) n *: a - m x

such that

<53> a * * '  *  i ~ r

CO CO

O $*
■̂yn-rt

is summable (O.r.s-s1). while 

(54) Aj, - /_ ^
Is summable (C.s-b 'K and A„,ls summable (C.r). In these circumstances, we 
have

_oo PQ o <T- I

(55) a ~
0 0  O C-* -  f  / •  \

° °" - ) ( C m S- <r )-m 71 “__/_ / „ , , V. > I / ̂4- f>-r. -n
for C-a.1.2 .---b1. and
(56) ( C , *-<").

'r' .----n t

The sums of all the corresponding series are the same.

To prove Theorem II, we shall need two additional lemmas, correspond-* 
Ing to Lemma 4 and Lemmas 6 and 7 of the analysis leading to Theorem I. fhe
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Profifs of these lemmas, 10 and.11, follow reasoning in all cases analogous 
to that of their prototypes, so that most of the details will be omitted 
here. They are based on the two equations 
(13’)

(57) . = , ( S4-') FZ* -  PL-**,.

The latter is (19*) generalized to .the present case; its proof differs in 
no way from that of (19!)» as was indicated in Lemma 3.

Lemma 10 If P is summable (C.r.s-1). and P,. is summable (C.s-1) 
then A is summable (C.r.s) and A r. is summable (C.s); the sums of the corres­
ponding; series are the same.

Lemma 11 If A is summable (C.r.s) and is summable (C.s). 
both to zero, then: :
li) there exists a solution of (13*) such that P is summable (0,r.s-1). and
Pc. is aummable (C.s-1). to zero;! ' . *
111) also

(58) A*'- = i f )
‘— O ~0 V + I -

is aummable (C.r.s-1); and if

(59) ; -  £ £  -ftrr
then P i s  summable (C.r.s-1) to zero; 
llll)also

(46) . A. - ^  -
1----- o U *- I

Is summable (C.s-1). and if

<48> k  * r r  ^  c c , - -
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then P.. Is aummable (C,s-l) ton zero.

The proof of (i) is exactly analogous to that of Lemma 6 , and is 
based on the formula

(60) P'S-' . t C s + - C " ' *.*"), i' • nm r\ t>"> w  ^ '

which is proved along the lines of Lemma 5, through use of (131) and ( 5 7 ) .  !j.
The proof of (11) is similar to that of Lemma 7 ;  while (lii) is merely a j
restatement of (iij)of that lemma.

We can now establish Theorem II. For the sufficiency of the con- P
ditlons of the theorem, we suppose that A 05 is summable (C,r,s-s1) "to;.zero, ||
and is summable (C,s-s') to zero. Then, by repeated application of |!

o s'- I iLemma 10, we have Ihusuccesslon that A summable (C,r, s-s’-f-l) ,--
s-1 o ■ 1A°°is summable (C,r,s); while A^ is summable (C,s-a’-f1), A^ is summable j

(C,s), For the necessity of the conditions, we suppose A summable (C,r,s),
\  summable (C,s), to zero. By Lemma 11, there exist numbers

- 1m ^  >* ->w >v *

- u-' 2_r >
such that k ° l is summable (C,r,s-1), and A ^  is summable (0,s-1), to zero. 
Repeated applications, s' times, of this reasoning establish the necessity 
of the condition of the theorem. Theorem II Is thus complete.

THE M O S T  Q E N ! E R ^ L . T H E 0 1 ? E M  
§ 10.̂  It is interesting to view Theorem II in conjunction with

Theorem I. The former gives as condition that A should be summable (C,r,s)
that A should be summable (C,r,r), where s = r+-s'. But Theorem I states
that the condition for this latter property is that A ^ ' r+s‘H should be summable
(G,-1,-1)., The conditions regarding the rows and columns follow similarly.
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Hence, amalgamating the two theorems, we have

Theorem III The necessary and sufficient conditions that A 
should be summable (C.r.s). s = r-f-s'. while A c and' A a, are summable (C.s) 
and (C.r) respectively, are that there should exist numbers

p <r p (o
I 'a. __

f » 1.2 rf 1. <r = 1.2 .--S-F1 . such that
^ - r +  i S -H . T-r-i S +  »(6 1 )________2_ / -m -n ~ A w ̂o *

Is summable (C.-1.-1). while (8 ) and
/ » A S «■* S W

( } £ 2_a
are summable (0 .-1); provided that. In building the auxiliary series (611

p  <r f>and (62). we Interpret the numbers and <Lp. „ as those defined In (50) and
(51) as long as. r . and as those defined In (4) and (6 ) when r-= s.

^ 11, THEOREM III!, For our application to the double Fourier's 
series, we shall need a slightly different form of Theorem III, which amounts 
to nothing but a change of notation. If we put

4. - MC■ m  -n  ^  yr< — i -r, — I

A ^  5A is replaced by

/A = , , fr4-0 4. c/l0 -f ^  (

-h

But the addition of the zeroes does not affeft the summability or the sum 
of the series, and hence we have

Theorem III1 -: Theorem III still holds true if we replace the
■factors m-f-1 and n 4-1 In (5). (6 ), (7) (50) and (51) by m and n. and the fac-
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tors '/C-+\ and • in (10). (11). (12). (55)'and (56) by 'L  and jo .

. II APPLICATION TO THE 
DOUBLE FOURIER'S SERIES

We now use Theorem III1 as the hasis of the derivation of neces­
sary and sufficient conditions for the summability (C) of the double Fourier's 
series of a function $& !$ )> which is , in a certain region, lntegrable in 
the Lebesgue sense and doubly periodic, the summation to be taken at the 
point o( s. 4. ) -  tj. •

^12 We write, for convenience,

(63) 'T&fi = 'ft' * +  -f- + j-y9) - 4 A  ,
r v

\  [ ft*, j f i ) * ^  ° / - 2. ^

where A, A* and A- are constants to.be determined later. We introduce also
9 /v O

r-<rt
V U ,  ^  * V? _

(64)

r -  ■

1
o( /6

(65).

f “  ’V̂ etc.

1

f t '  ■* o(

(66) ' V  ,0 1
1

7

• hi

3-? 1 ‘

C* f &

O s t

^ (‘fy /  ) ‘f'4y

c r
H  4 /, ) ct/fy

V; Cv, /S> i i ,  jCtc..
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If we except a constant term and a factor* '/f. , the double Courier' s 
series for^^/i) at <x-~ % ^ is the same as that of /?) for •{ ■> -  o

Hence, if we take A=o, A ̂  and A c= 0 , % 0 -  0 , we have
 SSL —iS.

f V’C-r'/Ŝ  ~  - L - 1  ' 0~ L j C-C-3 I  e{ <LaTH J A

y <——■c°
(68) I c'°'° ic/

V !?(/?) ~  XT.
°o /

j J ' )

since now we may consider only even functions. Thus, -20 we replace $ ) by 
y fa fi) in the discussions which follow.

The theorem we wish to prove is aB follows:
Theorem IV A set of necessary and sufficient conditions that 

jjbe double Fourier1 s series of 'ffa B ) Bhould be summable (C) to sum A. for
and thn-h an<-»vy row and column should be summable (C) as a simple n re 

series to sums A„. and Ac. respectively, is that there should exist numberB 
*L_and k, m i t h a t

( (a) y1 Vrf
(69) I (b)

(c)
tJ K

-z> o 

— 5> o

as •( and  ---=> 0 .

^ 13. THE AUXILIARY FUNCTIONS h ? > - 

auxiliary functions, defined a a follows:
We introduce next a set of

Vw
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(70)

. '/l U/S) •* v. L«i3) - vLy/S)- - - . f ̂ f

4 j  J V£?. O ' '
f /W
J  * r  ^  .5c^ % J  r y -  ^ L - t J , ) . * . * , * &  ■+ 4  i

' A ° o >
a C  P  I . . .

*2. * * ' *. -=f ■ ' ~  +s J  f "  ' ' ' ' «£. '
' ° °

ôi i^f)1 i  4 f .̂<> (■v A ) ^ 'ft'o, h ^ / L•'o ■' .
\^etc.

where the cf’s are constants to he determined later.

Lemma 12 -: The existence of any 'jj.i (r.B = fl,1t ) as a contin­
uous function of Its upper limits implies that of the corresponding 
££d_ conversely; their difference lsyr^/3).

The result.:1s obvious for r=  s =0; andfollows readily from the
/

corresponding analysis in IV.1 of the Hardy-Littlewood paper if either r or 
8 is zero, since in such event there is in the definition of , integra­
tion with respect to only one variable. • ....

Supposing it true for we have
./ . • r *  r &
T  - <̂ f ? <^r 4 :

+  r> + r- ~  '/Sw!1, /d/ 2 ...

o . •'o

‘ ‘ | 0';« ^ 0 (/5). * O ( ^ )  ■<- 0 (l/)| ] i£t„+

a .c w './J); ■-.

■■ ■■>' - K + '.-^ C f /«);■,

^ d  the lemma follows by induction, tte may thus replace each y* by its cor- 
rQaponding ^  , and conversely.

Lemma 13 — ’• Every . (r.s~0,1.---). is an even-even perlod-
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ic function. and Its rows and'columns are even periodic series: 

(71)

(72)

2__ 1— f

X ^c-ip) ~  2—  •

6t- . O
, A /r

The proof of (72) follows directly from (4.311) of the Hardy-Little­
wood paper, while that of (71) is entirely analogous to the reasoning lead­
ing to (4.311).

§14. THE SPECIAL HYPOTHESIS ^  INTEGRABLE (L). From this point 
°n, we shall divide the discussion into two parts, one being the special 
case when y 1 is integrable (L), the other being the general case where is 
integrable (L). The reason for this division is fairly obvious In the f'.

‘ '( j.first case, it can be shown as in Lemma Ct4 below, that and / YS are
Integrable (1), whence andY^ are also. But this is not the immediate
result im, the second case*, and to prove lour theorem we are led to more
special considerations invalvlng generalized integrals.

We proceed, then, under the hypothesis that ^ i 8 integrable (L).

Lemma (14) -: If is Integrable (L). so are (fT.< and . and
consequently fir'c ana 4t-c (r.s=0 .1, — ).

We shall indicate the proofs of the lemma in the cases of 
and Vf" ; sucessive applications of the methods used will then serve to 
complete the lemma. ,

*For a more complete exposition of this point, and for an example, the read­
er is referred'to IV.5 of the Hardy-Littlewood paper.
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We first show that
C $i ~ ~  f  f  U , / t )  *■«, j-jS, < ft ■... % Jit

"the proof of the integrability of Y5,̂  is analogous. We note that the part 
^  depending on c/ is the same as that of , and therefore Is

integrahle as far as. the «<-Integration Is concerned. For the integral 
tlon, then, we can use the results of Lemma 10' of the Hardy-Littiewood pa- 
per, to infer our result,, since the definitions in (66) are comparable to 
those in (1.272) of that paper.

To show that.

i r r u ,  x  I  s . )  < tp , <  m  ,%
we introduce 

(72) I Ufl) =• f  f  H«, P, ) *■«, dLfi, ,

whence, by Schwarz* s inequality*,
f* $

(73) ' ^ \
1 •'t Jo

We have then by an integration by parts**,

t  j v « . a  .  r r  w  ^
<-< Ji, ir. ? '

~ * l. I -  * |  f
= ■ C') -* Q ( ' )  -I• O  ( iff,*1 JL/3 )

-4- o ( f o  ) .
* cf. W.R.Lovitt, "Integral Equations”, p. 125.
**Cf. Hilda G-eiringer, "Trigonometrische Doppelreihen", Monatshefte fur 
Mathematik und Physik, 1918, p. 82.
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\

We conclude then that since the right-hand side of the above equation is 
bounded, so toust be the left; the lemma is thus established.

§ 15. FOURIER FORM OF THE NUMBERS EXISTING IN THEOREM III’. Lemma15.
If ^  is lntegrable (L). the (i».s * 0,1.-- ) in the notation of Theorem
III1, differ from the . in the notation of Lemma 15. by the general
term of a double series ’ summabl'e (C.-1) to zero. A l s o . d i f f e r s  from a Z L  , 

and from by the general terms of series summable (0.-1) to zero.

The seoond part of the lemma follows from an application of Lemma 
11 of the Hardy-Littlewood paper to the rows and columns of the double series 
concerned.

We shall consider two cases in the proof of the first part of Ithe 
lemma. The first is a reduction to be used wlien r= s ;= 1, the second when 
either r or s is zero, and the other unity. The lemma in general follows 
from a combination of successive applications of these two cases.

(i) We have, for r s B  = !,
H  ji_

i

(74) $

( f U t )  )  )  ^

~ ~  rM M  /— —c*

Tr» *n

T  . C < n ( t r s .  { , } • £  f a -  D f t x  C < o  f a ,  -j) yg-Coj
“ t ^ r J  aT Aw. 4 \

/-v

'  4 - V x  J_v  .  V

as , by the generalized Riemann-Lebesgue theorem. This becomes, on
expansion,
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™  o{ ĉ rf Z  cai n ft <̂ rt (~̂ &- ̂
-V-' - "J"' %

* \ \ ^ , ( ^  fi) 971 °< *y $' ^  cL fi
(75) A r - J - T<-7|- r >

-f-  --- __ \ \ ^  (j*( f~*) C-̂ sr!> ~nrl °{ CC~f~ ^  ^~T~< M  C? 8
I

.>+ T ' _s V  - tf

v r r ^Ff ( °< f)  p̂ ~r' 977 °< ĉ ° ̂  /̂  <^r ^^ —"'T--' .y j*i7̂
Xf we use (70), we can rewrite the first term of (75) as

CL̂  ̂   ̂ T f ' fu^n~ 2. «_*3 i n  o( f̂ ~ri Zy^ c<o -n cL of <k fi ̂

Thereupon, we have
, . _ c' X  X  ' f

-m  ■«. -  ^  rrv  —** " n  to .

( 76) fit) n. n nn / / -Z7*' / /= «<•' '> ^ " T- -f "  * •£" "  - 1?'''">r» ->v ■» t v  >>-, -n /

where, from (75),

£" ■ni •v- T̂r1- ( X f,UA)
r 'rVr> *v

1l( a
r'17n>% /

. 4-T*7 £,tJ/'" 1 iVn'VL. (4- TT'■ r J"— n

(77)
<^Ovn v S' >, f t  ctcscftff

«-n >r\ &< c-^3 ” ft ĉ T" ĉ ~cy‘̂  &  *
GO OQ

We next proceed to sum the series in the ordinary
1

manner. We have   -

f f x „  ■ ~ w(,x -  — *■■- “ a "L_ L_ ^  L Jir -/ 7 i ~

. I I — ,(**/$) • ~ c^T /| < < *< 1847r> h r  *■
as M and N -500 . »

For the summation of r K  m »!, we infer that if m = n = 1, X I -Tn Tv*
while in any other case,1?-''J ̂  is zero. Hence
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I ' We can sum^ (r ' ^  and2_ to t-*16 same value, viz.
00 -O  &  oo   eO  SS

<8°> ’ Z_ L  r ~~ -• - 2_ Z:* t /
^  n /

Hence, combining (78), (79) and (8o)-, we conclude that

1—2  ̂ ' d  V "  ~ - 7Z-*. f f4- ) )  4-^ •/-r/■tt" /-Tr
) J ^  (^Z5) <**f * - $  = o
_ 7r- - <T

We have then the following facts concerning the series B , l  :
a) The series B 1 1 converges to zero.
b) Since 1r "  . is the Fourier sine-slne coefficient of a double integral,*r> T*

it is , and hence "^^is of that form.
co

c) If we form E i ' " , n fixed, we have
s t

Tl*:l = 4-'7r,1
which is the Fourier sine coefficient of an integral, and so og the form

*. the same form Is therefore possessed by ) . '  '■ . Similarly,.V- ii “ >*■> >v»
 tn „ m» f

71 r I

The above three properties make B 1 *summable (C,-1,-1) to zero.

(ii) We now consider the second case of our lemma, i.e. that where, ta r

example, r=0, s == 1; similar analysis to that to be employed here will’ 
hold in case r - 1, s =0. We now have

l~'!T' /’>' qo___
o I ICL

i r
j . r  ^

3 V ° W  ._J__ /'1
■4-r

(81) / ' ^ / v
Vc-/ #) ,7 7 <un>a  ̂  Q~~ 1 ^ $

Vn *Vw /
c-<r» i** •( ŷS £̂,o(, c£.
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where

<k L -< P )  -- \o I

By a process similar to the one outlined in case (i), we find that (81) re­
duces to

a ° ' . (•> /) n ° <
. ^  tv) yy. ~ ■ m  »v- -m  •>,(82)

where

j ^  k

■' -or1- [ j  Kft* ^
(83) . ^  _

/ — 0, (s< $ )■ /*** * * « < * ? *  Ctn -nft csf t~
“’’“V r ir

*. 4JV2- / r  —O i& P )  ^  %  & * ' 4 0 •

When we sum ,. we find that the last two terms ofl /
(83) sum to the same value with opposite signs, while the first two add to­
gether to produce zero, with, the .help of (70). . As "before, In the case of

*/

B 11 , we also can conclude that B a 1 is summable (C,-1,-1) to zero. Similar­
ly, B ‘° r T 'y ~  ~ i- '° where’ll/0 ; a ' °  - , is summable (C, -1 — 1) to zero.J 9 <— ̂  v'rr̂ y*~ ** Tv r\ * 7 '

Our lemma is completed by the remark that, since all ̂  5 possess 
the relevant properties of ŷ, , we can carry out thfese processes in (i) and
(ii) any number of times and in any combinations.

^16. A CONVERGENCE THEOREM. Lemma 16-: If ^ isa / j t l  isfffc^. 
and is o ( -z , \ then a necessary and sufficient condition that A ^ s h o u l d  
be convergent to sum A. while Air) and A (jJ are convergent to A ̂  and Â -r. 
respectively, is that

■■(a) .
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-» A
-> AA-

■* A c

This lemma Is,a restatement, in our present notation, of the 
corollary to the generalization of a theorem due to Fatou*, which generaliza­
tion we append to the present paper. (84t>) and (84c) follow from Lemma 12 
of the Hardy-Littlewood paper.

1 17. PROOF OF THEOREM IV, INTE&RABLE. ‘ We are now ready to 
prove Theorem IV, in the case \ u is lntegrable (L). If A is summable (C,r,s) 
4 ^  is summable (C,r) and Acls summable (C,s), all to zero, then, by Theorem 
n i V A " ' ^  . A ~' and A 5;' are summable (C, — 1) to zero; hence, by I. 
Lemma 15, A^+/) and.A^'^ are summable (C,-1) to zero, and there­
fore by Lemma 16,S^+/J ,̂ and — > 0. The condition is thus necessary.

For the sufficiency of the condition, we have that, if lf r^ ( , , 
and ,— -♦ 0, then i t ' * '  s^  is summable (C, 1,1) to zero by the general­

ized Fejer theorem**, while Al>"^ and A^*'^ are summable (C,1) to zero by 
Pejer's theorem Itself; therefore IT * '  s*' , A~' and A s£ are summable (C,1) 
to zero by Lemma 15; and hence A is summable (C,r - M , s -#-1) to zero, and A ^  

and Ac are summable (C,r-*-1) and (0,s+-1) to zero, all by the reductions 
hsed in the derivation of Theorem III'. Theorem IV is thus complete for the 
°*Be in which y** is lntegrable.

*£•Fatou: "Series Trlgonometriques et Series de Taylor", Acta Mathematica,
J°l. 30, 1906.
*C.N.Moore: "On Convergence Factors in Double Series and the Double Fourier's 
Tories", Transactions of the American Mathematical Society, vol. 14, #1,
J{*n. 1913.
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§18. THE GENERAL CASE,^INTEGRABLE’(L). GENERALIZED INTEGRALS.
We have still to prove Theorem IV In the case when y is integrable (L), 
which, as was pointed out before, requires more delicate considerations.
The difficulty lies intthe fact' that the integrablllty ^L) of does not 
necessarily imply that of ; that is to say, the analogue of Lemma 14 
for this genex-ai case does not hold true If we consider only our ordinary 
Integrals. To obviate this difficulty, we are led to consider a kind of 
"generalized Integral". We say that F (c {fi) is integrable (Cauchy) provided

( F d 4 =■ f  C F (*4 fi) Jbl'cR 6
K K Ji ,

Where the integral on the right Is a Lebesgue integral, but the other is not.. 
Single Cauchy integrals are defined in analogous faBhoin*. Our integraxs 
are, understood to be "generalized" here only in reference to the origin.

With respect to these new integrals, our argument requires modifi­
cation. In the first place, we want an analogue to Lemma 14; and secondly, 
If our reductions in Lemma 15 are to remain valid, we need to prove an ana­
logue to the generalized Riemann-Lebesgue theorem. We note, however, that 
In the caBe of the sufficiency 'of the condition, the new integrals were not 
altogether needed in all cases, for our condition asserts that Borne is 
continuous for ' { - f i r  0 , wnlch certainly presupposes the existence in some 
form or other of the (i= 1,2--h-1,J = 1.,2--k-1). If these integrals exist 
In the LebesgUo sense, tnen the preceding proof of the sufficiency of the 
condition holds without change. If, however, they are Cauchy integrals, 
we require an additional lemma in order to prove the sufficiency case.

V

^19. INTEGRABILITY (L) OF ft • , , AND £: . Lemma (17 -: ’ If .J J

* Cf. the Hardy-Littlewood paper, IV.5•
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J C  and ^  are Integrable (L) . while ^  c- t . % ---‘Xi-r
M  £  --- Sfcare lntegraftle fu). and Iffc-., c . fc.<_/and V^c . X-and^Tc are
Simtlnuous f o r  or* $ ? f ) . thenV^y. % l a n d ^ j '. (js-o.l r.JsO.I-a). are ln-
le«rable (L).

It is convenient to maKea change of variables; lei us put 

F(y-cj) =

(85)
\

Fo M y j * '  ■*“* ^ , c « n  .

F . K j t  V f i )  .

K ,  y )  - ^  o ^  f i )

jd t  o .
Q(.?0 *
(-). 0 0 s ^,(.0
ĵ .

l- l L y ,) -

y u j )  - * - y  z ( j )

Our hypothesis is then thai 
(a) the integrals

r op fOO

J J I JUcdLy \ */ Cj[x)l
' .1. r ~  +

j h ( > y ) Jiy ,  ! J
q r co /• 00

* Jv L  F(x^  ‘U A y . ^
QXist as Cauchy integrals up to 00 ;

-O .

(fc) Fr S [ * y ) ,

F« . , ^  j) = ' ' t’‘’ 3))
C.y)-

H s Cj) =

DO

H

J

J

C A'‘7)

eXcept when either r-1 or s-1 is zero, lnwhich caee otc. We
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wlsh to prove that

( 1 J 1 ' V O
w> 3 * 7  . r ■.._ . (r'-'-.M.

I / \0--, o, / . .. J /

I C,p, (x) ( j / #<r (j ) / cty

exist in Lae Lebesgue senBe. ^

We shall use only a .part of (to)} i.e. that ̂  6*y) * 0 - ‘‘̂*■7^ t
where a is a constant, ^(x): 0 ( j t . a’*)-, etc. Also since the various func­
tions F, G and. H are ’ continuous and tend to aero as x and y become infinite, 
we may assume ttiat J^pGOlahd I are all less than unity.’

In tho first place, on account of the definitions of G and H in 
(85), we can easily follow the method of Lemma 13 of the Hardy-Littlewood
Paper to show that our results as to and V  are true.

We shan divide the proof of the rest of the lemma into three parts 
(I) the proof that F, , is integrable (L); (ii) the proof that Fa ( and F fo 

are Integrable (L); (iii) the combination of these to prove the general 
Result.
(i) Consider the surface .

J ’ F' U J 3

where % and oi are large and positive. The set of points for which
I y I > A  -- > - ^ c r r 7^

consists of a ser of open nets^><X/ , y yf ). Also, we have

s o ( * " t>uy)) s o ( / +L,,,)).
Thence we obtain
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(87) (,X,-x)(y,-y) < < A,A.
Suppose now that(Vi % £ X /;Y  f  ^ = X) ; then we have that*

(88) | F,(*3)| 1 A + p'T' lpC'3)l
Hence it follows that

£  I P( r j) | J U  <£j £ £  iy' 1 F ^  ^  A) l

= 2 _  f l  { < X -  x)(y,

= 4-A?»| -t- T~*)  ̂a, A / J i p
 ̂4 A + At A "̂-n 
< A, A L
* A, ^  , - i ‘ C U ^).

J-t can be inferred, at once from the last inequality that £' is integrable (L)

(ii) To show that F #l is integrable (L) (the discussion for F, 0is simil­
ar), we have oniy„to show that F of is iutegrable (L) with respect to y, as 
it is already so with regard to x. This result can be obtained as in Lemma 
^  of the Hardy-Littlewood. paper.
(iii) Successive applications of the processes used in (i) and (ii) on 
the basis of the results obtained in those sections, show that ,P i(l
and F (1,-st. 0,1, r> J=0,1,—  a) are lnoegrable (L), and the lemma is
complete.

§2u. PROOF OP SUFFICIENTLY INTEG-RABLE (L). Lemma 17 enables us 
to infer the sufficiency of the condition in Theorem IV when is integrable

*^Hls is the special case, r*= 2, of the development of /%--, ,--.(•*/)into a Tay- 
i0*’1 b series with remainder expressed as an iterated r-1 fold double Integral.
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(L), for in this-event,even if tho ̂  exist as functions integrable (C), 
they are also Integrable ^L). Hence tne previous reasoning applied when 
was integrable (§ §15-16), can now be applied to the general case, and the 
sufficiency of the condition is established.’

We have yet to prove .the necessity of the condition when V  is int- 
egrable (L); for this purpose we require a series of further lemmas.

§21. Lemma 18-: The Fourier coalne-coslne coefficient of a func­
tion integrable (C) is

Consider
r'

- - ~ h f t )  ■m o{ t-tfD *i jo cLefd. ft 
J-.-r 1

where ^  ft) is integraDle. (C). Let us pftt

- - J J  ■ St C*,/,) ci of' & fl, ;

then J ^  P ) t'n °(  ̂cf.ofct 8 ■+• £  ̂ ’(‘S flft*  ”  *

- O i l )  y ^ L -^ r S )  '  y ^ 'C 'y ^ J )

since P is continuous.

Lemma 19-: If H i  is convergent, then

h o ^ . E L  / 7 V  l t j l
L, » i-t. *"

■3jL continuous for - o .

The proof of this result is exactly analogous to that of a similar 
°he in Lemma 16 of the Hardy-Littlewood paper.
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|jj2. ANALOGUE OP THE RIEMANN-LEBESGUE THEOREM FOR CAUCHY INTE­
GRALS . Lemma 20-: If S) and . where

J j <*-* * •

.are Integrable (C). then the four Integrals

(a?) r f  -e n ' n % 4 n t , <3.
o °f p A-r- >r\ >, y3

approach zero (c.1) aB in and n —=>do together or singly.

The result, is obvious if the sine-sine integral is chosen. We 
shall Indicate the proof of the result for the cosine-cosine integral, and 
the proofs of the other two will be dismissed with the remark that they 
can be argued in similar fashion.

To consider the cosine-cosine integral, let us put

whence

C-<r» yrj m(

I

A *3 (V/S) , A
C-O n  Jj o{ jS 1

(y f i)  - t i .)y

(90)

+ J J ~ 7 t  -e- < A B

. - i f  ^

(
j l ^ M  -h 0 6 ) .

y  ft

considering the integration of the second uerw alone, and reducing it 
as in Lemma 15 of the Hardy-Littlewood paper, we easily show that the integral 

a similar remark dismisses the third term of (90), and we have now 
°hly to show that the first term is

We have that
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__ . . (. »7-t-) o(

> J J ' T   » ~ n  T  ^  A

I \ j' ~i-n c( ôjrf </ vyd ~ yd ■ A~ <S-~cf'<&sjS-f «-' 7 “ —  * ' ^  ̂

+  ^  ^  f  c^ ' vyw°r/ C W  -j p  £^22l^ JLofdUfi

+  ^  f  j  /̂ rV' >̂ U l' C-*-̂  ^  ̂  C-*T&> ~*\jQ oLof (O' ft

-i~ ~2j. f j  <̂<r-S TYWof Ĉ n 7̂ j5 cL°('oL'/3

. .  h FF t^ /S )/î -rv rruc/ f u ^ r ^ -  f j  — ĉ '*yS'i'

~ r  ,J" CXHj-»r>-'V £ - '= /£ * $

i § | ^  t' ^

-j*-

by Lemma 18. Wbia-fc we have to prove, then, is that

(91)

“ j J rxyjS ~ •*—< <0 fi -
J* ft cL^ cJU /i = / * -  (

CL̂ a •yu/yd ( ° (  fi\_ cO ̂  Ĉ -ŷ  - {T>^-rS^ .

In considering ^̂ , , we break up the region of integration as fol-

•V'"' * ■ ,■ > ^ v  J  J

lows:
/•£ r/»r {«- r u i

(92) ^  8 ^ i i'A '•* i i  "7/^/
'9a) r a .  P i ^  r y e  I- 1

z*.

U, Jtx Ji, J 0 J* J tu ».
each integral having the integrand of tr' in (91) *>71 >1#

Fur the first integral in (yirf), we have

(93)
/

* 7?yn/ •
V o  \/0
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since "VrV of
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?AdA)
°<£

O £
. dLey'' ° ^ /6

A
A0 ' V  *  I -- s )

decreases steadily from unity intthe region 01 integra­
tion. The second berm of (92) becomes

r / n  C  1 ' ~ r< t -

(94) f  [/* S '
J U

>lkM - J - r J L f i  
< / 8

by treating the ^-integration as before, and putting in the greatest value 
of and the least value of y6 . The third term reduces analogously. to

f  C'U.
(95)

V'/«
—  ? M v

%
' 3 c<./2J A .cf'c t/S .

*{jS

Fox* the fourth term of (92) we have

(96)
7«  J A

Xcy' dL> ft

*r /**■
T n - - n /

where M is the maximum value of J 9̂(V/$)/ in the region i^ot 0 --- i ,

If now we choose, first i t and £^, then m and n/ we can make (93)/
(94), (95) and (96) each u(ran). Also', since l t and l^are now fixed, wo have
the following dcrta concerning the remaining terms of (92):

The Xlfth term is obviously 0 (yyw, )by the generalized Riemann-Lebesgue
theorem, since this Integral is now a Lebesgue integral. For the sixth term
°f (92), (and the seventh reduces analogously), we have

) i t  1 *  m x

which is hence wo obtain the desired result in the case of 7/1

There is no difficulty in reducing the 7/^ andi^^in analogous 
fashion. In fact, since << occurs only to the first power in we find
that the ifceddced integrals will have no coefficient ra, but will at worst have 
°hly a coefficient n; hence they are obviously • The lemma is thus
complete.
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It is to Lemma dO that we appeax in dealing with Cauchy integrals, 
rather than to the generalized Riemann-Lebesgue theorem.

^23. NECESSITY OF CAUCHY.INTEGRABILITY OF Y s(WjO, % J«) AND ^ C f ) .  

Lemma 21-: If (l) is integrable (C). 'X/*i^and^Y/Oare Integrable (C):
tii) . &.i ■»,. and are <r[/)\ and (ill) A is summaDle (C.r.s). Ac- and
Ah. being 'feummablfel (>C. s) and (C.r) reapectlvely; then VVr (*</$) or are
integrable (C). a n d X A a n d  M a r e  integrable (C). •

We first note that and ^(y^)are integrable (C) by Lemma 17
of the Hardy-Littlewood paper. For the proof of the lemma in the case of 
^rs^A) * W8 as before» indicate the proof only in the cases of
^  , % j and V7/ • Successive applications of these processes, or proper

combinations of them, will serve to prove the lemma in its general aspect.
We put,: for convenience, r

(V f)3
L  J . / J  ^  '
4  ° _ A
* ■ r  ft

(98) i  j W i i / O  <*■*< .' W v A f y
yg

We shall prove first the integrabillty (C) of . By an inte­
gration by parts,

" ‘ J£, - K  _ , 4 P

(99) = , C^/S)
* /5

* r r 4 ^

The last two terms of (99), being single integrals, can be shown to bxlst
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in Ihe limit by the processes of Lemma 17 of the Hardy-Littlewood paper, 
and therefore we have only to show that

(too) .A-™, f .  r  ( - " ( A i  d L ^ c L f i

exists.
Since '£ if is continuous, it possesses a double Fourier's

series which is uniformly summable (C, 1); alBo, since it is periodic, we 
have that , •

j  I , ( Y  fi )  , try of A 4-'*'- r\ J$ dLxtf cL'̂ S

( 1 0 1) ; '
nr'1

Hence we conclude that .

.(102) i j ' i ' i f i )  = 2 - .

Since (102) is uniformly summable and its general term isr it is uni­
formly convergent. '

If we integrate (102) doubly, once with respect to each variable,
divide by of y ^  and integrate again in the same way, we have 

0̂  *£• •—* £
(103) f  ' [ ^  F T

I ,  J t i  “I f> ■    ” v~  \ - > K  v  f i
If ire make a change of variable, putting e(‘ ,■»£*■ p ,  we obtain

Since A is summable,2_ L  is summable, and it is convergent a s not,ed
above; Hence, by Lemma 19, (lOjj') is continuous for o. Therefore N*
is integrable (C).

The functions ^ , and Vf* are already integrable (C) as far as the
•S *

j^-andintegrations respectively are concerned. Since they are defined 
Interms of a single integration of , we can then use Lemma 17 of the Hardy-.
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Littlewood paper to conclude that they are integrable (C) with respect to 
their and «< integrations respectively. The lemma is thus complete.

v  •  .  -

^24. ANALOGUE OF LEMMA 15 FOR INTEGRABLE (C). Lemma 22-: If 
y  is integrable (0). the hypoheses of Lemma 21 being satisfied, then all 
the results of Lemma’ 15 hold without change.

In fact, we find that the reductions of Lemma 15 are all valid.
In this case, the statement of (74) is still true if we use Lemma 20 instead 
of the Riemann-Lebesgue theorem; thus, for example,

(jfi) (o)
o(

by Lemma 20, and hence

i —— rr* — (c,,)J . V  J - V  X 1* P  J

therefore (74) is true (C,1), and we may even omit the (C,1) since is
Moreover, Lemma 21 assures us that the can be determined again 

so that the satisfy .all the conditions of the , so that we can make 
successive applications of the reasoning of Lemma 15, (i) and ($i), as oefore, 
to prove Lemma 22 in general.

^25. PROOF OF THEOREM IV IN GENERAL CASE, ^  INTEGRABLE (C). We 
are now in position to prove Theorem IV in the general case where is in­
tegrable (0). The sufficiency of the conditions has already been disposed 
of, in ^20. For the necessity, we simply replace Lemma 14 by Lemma 21, 
and Lemma 15 by Lemma 22, and carry out the argument of $̂,17 precisely as 
before. Theorem IV is, then, completed.
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APPENDIX

§ 2 6 . GENERALIZATION OF A THEOREM OF PATOU. In the article cited 
in connection with Lemma 16, Fatou obtained a necessary and sufficient con­
dition fot the convergence of a Fourier's series of a certain type. We base 
pur Lemma 16 on a generalization to two variables of his result.

Let the double Fourier1s .series'representing be given by

b fa f r ) -■ 7 ?  ^  2 7 __ \ CUooc  ̂ ^ ^  1(104) ' 1 *Cil ^  ^  J 13 "** \

We let represent the integral of (104) obtained by integration of (1o4)
once with respect to each variable; thus

' * * <

(105) +  )  T *  -i- f a V , ^ ~
Q 4 — 7 —  y  l- Cjy ĉ o y + <Lij a> O <y <L*oJ $ j"

The theorem we wish to prove is, then,
Theorem. V-.:If . c ^ ,  and i^.are each <rfc£r). and if.

etc. (h fixed) andflvMyetc. (kfflxed) are Hx^) and respectively, then 
a necessary and sufficient condition that (104) should be convergent is that 
there should exist

(,06) L  * i z) - ~ 1  ̂  ^

We first prove two lemmas:

Lemma 25-: If the series
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do?) = ,/— r “j ^ #
Is convergent for xcl.'y^l. and If ^  ° i k fixed, and C,t

= )̂-(̂  ) . h fixed, then a gecessary and sufficient condition for the con- .
/  ~  • -  ^  - -

verftence of (107) when x ~y =1 is'that the value of the series should ap­
proach a finite limit as x-^1. y— through real, proper-fractional values.*

We break up the sum in (107) into four parts:
_r° __P<3 . „ „ ^   ̂ oO

r
<~> l x >** v - \tz -

f i • < • ^ i ^  m . i

where, from the point on, we have

P / '(109)
i' I c , : j ) < 1 /

( c- CK { A tz.

\  1 . ''I I <  * 3 .. .
nave); for the second summation in (10b), thatWe then

Cx3 •

(no) ■ J ~  Ci •

if we make the substitution

/

-  t -

With the same subs
2. / -

(1 1 1) i /

t^tutlons, y

S'.:.-
e e e  z i r * ^ ^  ,

r& nusince jJ ^  and i/ are large; the £sare poBitiva numbers less than, unity. Hence 
we have

K- 1/ 4     V * s
< " «  I Z Z T 1  I - I t V

* This lemma is a generalization to two variables of a theorem due to Prings-
heim: cf. Fatou, loc. cit., p. 381.
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where f is the largest of the £ s occurring in (111). But since o jc -^ and 
jl^jj approach zero .with 'Ĵ o and/i/ uespectively, the same is true of their 

mean values; hence the last term on the right-hand side of (112) can be 
made as small as we please:

(112’) I 7 0  t i ;  J \ 4  j f )  a; ;  j + i "h ,  U  '  jf
For the third term of (108), we have

O
i

<H3) Z fL ,  C:i (' • / )  l l l l s  c:j I-+
where and ^  are sums such as occurred in (111) and approach zero by our 
hypothesis. A similar reduction is valid for the fourth term of (108).

The net result of the -foregoing reductions is that

i H . - [ z n :  , 2 r r - z ; r , w
can be made as small as we please; hence if one of the expressions in (114) 
approaches a limit a s , the other does also. But as^tcand /  -=}oo, 
the last two suma in the second term of (114).approach zero, since the series 
converges by hypothesis; hence the lemma is complete.

Lemma 24 If (1Q4) is convergent and its coefficients satisfy
0

_the conditions of Theorem V. then there exists

■( , 15) } ^  + %’ h ^ -  3 (.*-*, h.r) - H +*,p-y) + ?•(*-*,/-,>)

By an easy reduction, we have that the fractional expression in
(115) can be replaced by

(116) 2 __ &  i  - ^ ,Ly. }
t t d  lx J  ( f
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We consider this series as made up of the terms of (104) each multiplied 
by a factor

( i ....

Since (104) is convergent, i.e., summable (0,0), by hypothesis, and since 
the factors satisfy all conditions required of them to make them "converg­
ence factors" *, we can infer that (104) and (116) have the same limits, 
and hence (115) 1b established.

The proof of Theorem V can now be completed. For the sufficiency, 
we use Lemma 23. Let and ^  be arguments for which L exists; then, by 
hypothesis,

ofi) eg
I I } _  ' A i :  r l a j  s l

r S -=> i ' 1 ' v
and. thence, by Lemma 23, (104)-is convergent. The necessity of the condition 
(106) is a consequence of the combination of (115) with

(117) ' W ™  V ^ ( v  A ) - •=• M, ~ j )

(117) being a generalization to two variables of a result due to Riemann.-
This combination results Immediately in the necessity of (10b), and Theorem 
V is complete. *

instead of Requiring the existence of the limit in (106), we 
can replace that condition by the existence of (115)» because of the valid­
ity of (117). But (115) Immediately translates into

I

v *-■* A j  —  ,♦Theseconditions are given by OG.N.ttoore, "Convergence Factors in Multiple 
Series", as yet unpublished.
**H.Gelringer, loc. cit. p. 73.
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whlch in tnrn is equivalent to

(118) j I £  C°( <fL fS — P ') ^.Y “̂ -o.
76 f  *A> o.

We thus have the following useful corollary- to Theorem V :

Corollary : If the conditions of Theorem V are satisfied, then
a necessary and sufficient condition that (104) should be convergent is that
(118) should be true.

It is on thiB corollary that Lemma 16 is based.

Cincinnati, Ohio,
May 28, 1926.

r
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