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A SET OF NECESSARY AND SUFFICIENT CONDITIONS
FOR THE CESARO SUMUABILITY OF DOUBLE SERIES,
WITH APPLICATIONS %0 THE DOUBLE FOURIER'S SERIES,#

by GAYLORD M. MERRIMAN

The wide applicability;of'doubie Fourier's series to boundary

value problems.has justified, and even demanded, a close study of the sum-

‘ mabllity, espdciallj that with respect to a pair.of Ceéﬁré means, of the I =

eefies in&plved.** In view of the importapce of this question,:it'is edd
that it has not heretofore been completely solved; that is te say, that
conditions of summability.(c,r,s) previously obtained haye béep‘either

necessarybor sufficient, but never both.ss

ihe present paper, howevor,.solves this preblem, previded a
elight modifiéation is made in the quesfion asked. We shall aeek here,
then not a necessary and sufficient condition for the Cesare summability.
of a double Feurier's series, with respect te twe specified means (1.e.
summability (Cr,e)),but father one that the series shéuld be.summable with
respect te gggé pé;g_g; other of Cesare means (i.e. summable (C)). Justi-
fication fer this modification 1§ apparent in that: the ﬁew preblem admits

& quite simple solution. In order'to derive the result just outlinea, it

*Pregsented te the American Mathematical Society, Chicago, April, 1926.

##*The preference to be glven the precess of summability over that of cen-
vergence has been pointed out before. Cf.,fer example, a paper by Pro-
fessor C.N.Moore, "Applicatiens of the Theory ef Summability to Develep-
ments in Orthogonal Functions", Bulletin of the Am-rican Hathematical
Society, vel 25, (1910), PP, 258 276.

¥*#i{he same hiatus 8tl1ll exists fer the case of convergence, even of a
simple Fourier's series. Cf. a paper by Hardy and Littlewood "Solution of
the Cesare Summability Problem fer Pewer Beries and Fourier' 8 Series"
Mathematische Zeitschrift, December,\923

'«’)ﬂ
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is firat necesséry,to prove a general theorem relative to the summability

(C,r,s) of an ordinary doublclseries; this‘thuorem is then applied te the
double Fouriér's sefiés, wiih the désired result. The deductions are in
all cases generalizations to two variablcs of those concerning simplo gseries

Obtained by Hardy and Littleweod in the memoir cited above.‘

I THE GENERAL. PROBLEN -

‘81, ‘-DEFINITIONS‘AND'NOTATION., We have feor consideration a double

series S S ' '% '
(1) L »A.E_ 77 LT
- where A shall stand fer elther the series or its sum; .. by AcandlAr we shall

ean the simple‘seriqs represented by any celumn or revw of (1), or the sum

°of such series. We write alse, for cenvenience,

Avs AL = ) ey,

- ©

~ Aslis TTTALL AL LA
(2) s Sy B °
/_\"'.' -_-Z_—:?J /_\ eo - L T
lotc. R ‘
The series (1) 15 qaid to Dbe summablo (C r, s) to sum A when
Co e - . S T L
o . f\m. ~ CLA |
b e _ ,,.uj."f
eref; (';‘V\-f-:f')(’)’ﬂ'fy'—' (mw) (1\4 5) (“n--fs > . (n‘fc)
(:mvv'- - R

In these circumstances, we say that A —%HA (G r,s) Analegously, we
shall use the notations’ _
: | , — /\ (C 8) ~ (h fixed)
~and : /\MK-._, A, (c,r)  (k fixed)

te 1nd1cato Cesare summability of rews and columns ef (1), conaidorcd as

simple aorioa Whon r=8, we shall use tho notation’
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@je = e - (k fixed)

(5) \a’.f:,(,\- = (s 1) %Aa‘vcx -« IS
T A " (h_fixed)

L L S GO I X S S

suﬁh‘that .

(my o AT e LT e

(8) A = DT

(9) AT = L e

are summable (C,-1).

In these ecircumstances, we have
F—f "f
(10) £ o= 217J°9:ﬁb:q ) (C,*ﬁf>
.(“) &..,S,K = ) /-2%‘ v (C'r-r)
(12) N alel | (C)*'f)

\f’(‘l 3 :
for f=-1;2~-- r-1. The series APP is summable (C,r=P), and te the same Vvalue |

——

T o | ~ i

dﬁ A; while Af and‘AQAaro sunmable (g,r-f) te the same valuos'as Ay and AF

l\1 l”

4

reﬂnnnzixnlx+_£nr4f =1,2,===r=1, - - .

To prove this theerem, we shall need a serles of lemmas.

§3. uHE AUXILIARY SERIES B,P:AND Q. We first intreduce three

‘auxiliary deuble aerios, B, P and Q, connected with A threugh the follew-
'ing definitions: , | -

(13) " Penc (e Yt = B 2.

(13') G ® () ( 73',,” - 7=,,;.w)

(14) 7 s o) (B = T )
(1at) (M+0( o %M+HJ |

(15) @“ﬁxh*‘( Torrin = T vy * o i) -

Frem the fact that (15) may be obtained through combination e;ther of (13)
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and (13') or.(14)'ahd (14'), we see that these various definitions are

consistent. S

" Lemma 1 : If (1) A. and A, are summable (C,r), then P, and Qr

&29-3umﬁabler¥(0.r-1) to the sums Ac and A, respectively. If (ii) P. and
Qp are summable (C,r), then B, and B, are summable (C,r-1) te the sums P.

&nd Q, respectivelx.
~ To prove (1), we have that, in view of (13'), m fixod,.and (14'),

n fixed, we can, threugh the medium ef Lemma 5 of the Hardy-Littlewood

© Paper, choose the p's and 4's so that

(16) | bo. = L S (c,r-)

(16') et P R (C,«-—").,
On acceunt §f this choice) we can furthcr_infer frem the same source that
P_ sums te A_ , and Q, te A, . A similar preef helds for (ii), if we make
use of (13) and (14). i |

In particular, if A, A, and A, are summable (G,r) te sum zero,*
then P, and Q, are summable (C,r-1) te zere. We shall take these sums as

Zere threughout the rest of the paper.

Lemnma 2 : If A, A, and A. are summable (C,r) to zere, then
. . Lol . - - :
(17) R S C /r.(nr )
‘ ‘ r-1 T : - . —
(17') (Q~”+'7‘ - (;n pe (.”b >’

*That we can take these sums all zere without less of generality follows
thus: In eur given series (1), we can first make the sum of each row zere

by altering the elements of the first celumn te &,, ; then the sum of each
column can be made zere by changing the elements ef the first rew te &,.. ,
and z,, te 4,, ; although this last change might have affected the summability
to zere of the first row, we infer that its sum has to be zero because

that ef the whole meries, and these of all the other rows, are zere.
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In view of our definition (13'), we can usme the precess of Lemna
3 of the Hardy-Littlewood paper to show that, for the nth column of- (1), we

"have

v

(18) B ,f ot G (27T,
where ﬁq =(f+')!;ﬁ' ,f being defined as in (2.23) of the1r paper. But,
'under the bhoice of ﬁmn, m fixed, made in Leﬁma 1, we cah, as in Lemma 5

of their paper, show that £7=0. Hence, after summation, (18) bgéomes (17).

(17') 18 obtained in similar mmnner.

Lemma 3 : _If equations (13) - (15) are satisfied, then
(19) Ao = (re) B0 - ()BT,
C(19') ALL: e BIT = (ne) RIIT
(20) Qin= (r+)BLL - (e BL I
(200) AL : (w2 QLT = () QI L,

-~ T s v T « -1 )
o (21) A?‘Y\"h = (1“—{-!)1. 3,,,% + (m-t-«)(v«-ft\ Bm-u et ‘ .
. —
(e [ B T (e BZ T T
If r=0, then )
- ... : |
Bm4,“*, is te be.rcad ;4;”*,,t+, ,
8-! o '6 2—_—_—_.4 _ﬂ

m 1! .
4

™Ml : ’ *0
-] - ) (?{7___

B -+ ' n ” ‘&
m U ) -— L Mt 9

<=0

-+

with simllar interpretations fer the corrcsponding expressions in terms

of P and Q.

A We shall' indicate only the proéfs of (20) and (21); the other re-
" sults of the lemma will follow in the same way as (20):

In accordance with (14), we have, for the mbl column of Q,

(22) | ' Q:: = (""’“) B—_:”: (7\—1‘1) R

from (2 12) of the Hardy— Littlewood paper. Hence we wbtain (20) by sum-

v .+

mation; and the other formulae follow analogously.
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~ Toe prove (21), we first noteithat we can aise ovbtain by summation
of (22),
(23) QLT s (e BT D - (e BINT
' Substitution of (20) and (23) in (20') leads to (21).
§ | It should be noted that the above proofs do not depend on the
! use of the same indices of summability They will be used laterA inconnec—'
tlon with Theorenm II for the case r:#rs, 1n whinh case their form is sub-

stantially the sanme.

&4, PUNDAMENTAL SUFFICIENCY LEMMA. Lemma 4 : If B is summable

(C,r-i; and if each coluun of P and each EBow of Q is summable (C,r-1), then

i A ig summable (C,r) to B, and A, and A, are suﬁmable (C,r) to P- and Q, re-

Bpectively.
We rirst nete that, in view of (13') and (i4'),.and the i'esults

of the,Hardy-Littlewood paper, iL.emma 2, we caninfer that the summability',
(C,r-1) of P, and Q, imply the sunmability (C,r) of A and A, respecsively,
the sums of the corresponding serics veing the sume. Thefefore, 10 complete
the proof ef Lemm; 4, we have only to concern ourselves with the preof 6f
the feéults_regarding the double. series A and B.

If r=0, (21) becones

(24) A;m,“_-‘- Bmw—.(%f{)t’: {'L - ('\‘7\4-137 ,M_HJ. J-Cm-f-:)(n-;—-t) 'e:m*i,‘_*'”

Nt

and the result follews at once, since the last three térms tend to zero as

m and n become lifinite.

If r>0, we have the followling reduction: by hypothesis,
) Tl o Tl rat . i .-
'(35) B'm-r-/ net Cm—r"n-u 3 -+ /"’(‘m ’-,‘, I). .
By summing (25) once with respect to both indices, ‘and to each index separ-

ateiy, we obtain
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J;s;;; . Gl B+ (),
(26) - -l CM-’-I » 3+ /a—(m*-’.wr)’ :
\B*;: TR e )
Subatitutien of (25) and (26) in (21) gives '
S(,.+.) (I - (H,)[(W.)C LT (ee) CW,;,]

+ (.hw—t)(h-r') :4:‘::_,,} B “+ /"(m n )’

N ‘
ALl s LI B+ (),

and the conclusion follews at once.

§5. FUNDAMENTAL NECESSITY LEMMAS. Lemma 5-: If A, A, and A

are gsummable (C,r), all te sum zero, then
(27) 8:’:‘.1 2 | —(«C,,:: -+ ,a-(mﬁ’ 7\_‘—-,)—4' L '(Mr-,wv)--d- & (Mvwv'-!)'

where h is a consbant. If r=0, (27) is to be interpreted as muaning

(28) oy, 7 R+ () ¢ A (R) « (L)

We prove the lemma first when r =0. In this cage, (21) hecomes

AL, = (1) | .
= (‘M+7.) (n-f-z) B:,.,o,‘_ - (‘"‘b* 1-)(7\-{-/) /30 °

Ie . ™ 4t

(29) ’ . '(7;"!+I)<7‘\«+?-) [3 e : -+ (Vn—r—:)(‘r\_.(.,) ,3,”4’71.'.'

‘ ) \o
- B . (ﬁn+0 3m+,% —(hﬁﬂ BM s
+ C‘h’)'f-l)(n.f.v,)‘v&”‘;*.’ e
Hence, S
. An‘; = '0_( ! 1) |

bﬂ¢Xme(h+ﬂbﬂ4) »n | ,

(30) ' Boo Y . B e &:,':+,

(7"""’)(’\"") - Z’“-H\(n-rz_) - (m-;—:,)(m-/) (M+z.)(7'-fz)'

Therefore, tahe double series whose general term isa given by (30) is abselute-
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ly convergent to some value K,, and u.encd,

80 -] o0
B - Bowm _ B’ma o+ B
j e N+ ' ™M (rn-f-:)(n-/-/)

L= - =~ ()~ = () +/rﬁww)

But, from (13) and (14), and application of Lemma 3 of the Hardy -Littlewood

(31)

baper, to the first celumn of P and the first row of Q, we can inf«,r that

(20N ] /_300:" ‘
B-rno - 3' -+ .;0"(;’_‘ . y et H J’— + /0'(':;))
™~
and (31) become%oo
[ESA AL A . !
(32) ("’n+l»)('n+l) ) K * 4-(4-;’;) -+ ”’(..'—»L\.) + & (-)-n-h,>.
Again, from (29),
(-} o -t . »
-ﬁ | = — ____@l“—";— 8‘”‘\ n+f 8,-,,.;( " __{_ .
(33) "m-o-l Nt (m_f_‘)(_n_‘_l) + _——w+( -+ -n+/ —t= ,b"(, ).

SinceP, aud Q,.ﬂ_ converge uniformly toizere by Lerma 1, we can conclude [rom
Lenma 3 of tune Hardy-Littlewood paper, that the secoud and third terms on
the right-hand side of (33)‘;9.1*6 of the form (4,)and ,a-(%.)respoctively. Hence
by substitution of (32) ini(33), we obtain (28) as desired.

We. have next to prove the result in the general ‘case, r>0. Ve

rewrite (21) as | | e

ATT = ﬂ‘(:m?%r).
(34) 2(m+ T a2) (nt rt2) Brr - (m+f‘+’f)('ﬂ+‘) 8'»~'h-n
‘ -(M+:)(m-rr+~u) G’,m*, A (»-,,,J(mu) B.,:, .
If we put

(35) : v (m+1~ +,>(-m-f v)- - - (m+y)(n4 1-4..3(;\4. -,—) (n+ D) &%,‘_
we Obta_in from (34)

. (’p _ -
"r\”‘“ = ‘r'rh'f*l ka) - ™M N4t -+ (r’r\-f-[ "o - /c'(.rntn_}:')
r Y
ATT

(MT"-‘-‘L)—- -.(v-nrr)('h-(-r.c--z,)- . (714. /)

Hence we deduce that .

?,‘,.’— ‘70 I— Lf -+ Llo
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tends to a limit ¥',. 1.6

‘Fo'o - tPv-mo - om (F'mw =
: . ’ vy
(36) (e 47‘ "‘”Z Ap
RS VDR [ Qi) PN [ PR R P20y
But we can infer from {il) of Lemma 1, and he 5eneral analysis in Lenmma 3

of the Hardy- Littlewood paper leading to (2.26), that through the substitutiai

of (35); ¥,,, tends to a iimit ¥ , und ¥ tends to a iimit %,; 1in ract,

' d « i / s
S A oY Zm%,«‘[lo..w,) SRR CO

and g
(3‘7l) ‘f-’D—r\o = <F'l- + Q‘ -.::l ).’ —'%(UJ-SS."--,(\/* l) ] " (Fz - ~ (’;‘,\-—).
If we incorporate (37) and (37) in(36), we have
| S TV I .
— = ! A :
- { 2__75 + iZ. fz- S 9}4«*‘7'4-1- ( +'XV+1-—} v)-- (\/4-1)

( : mEr Ml me i o o "N+ -t/ .
38) L 5 > - R B

. | -+ . 7 I . QO\I

Q‘+l)‘. 1 — L/‘f" r+b (/o'f’) .'f' — (V—f— f‘-‘-\-)--(v‘-,.l)

= (f + "o'(._*(:;\) * ”C;&) -+ r(é)r
Thug (35) bepoﬁqs o '
| 13;: = (M++44>;; (*”wyﬂﬁf“ﬂ)"(”“> ?"
¥ ") b () e ).

(39)

© . We are now i péaition to deduce our leuma. We first put W19)

and (20) in (21)' tu obtain
(40) A:: = /* (m -v-_“ e («‘—4— {) B T de (m—f— l)('n.{, q\ B:;",;;: ~+ (T‘-H) [_P:t: -+ Q,::J.
We next put (19') and (20') in (40) to get .

. St .
A
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CATE e ) G B - (eed PRI
(41) - B CED TR (e Yt 73"' T

™4t M -h-fv-nf-l

Then, substituting. (17) and (17 ) in (41), we obtain
A::w: = /(,m Mr) = C"““‘) —(M*')(“*") Br;'l "t
+C.,,:..c-(m )‘.'-o- C: ,a-;('h—\r),

or - - .
(42) (s )oner) B ,:;’, s (re) B e ()
Finally, if we put (391 into (42), and divide by (mwi)(»+/), we have
‘3-»::: ::{ = ﬁ C-m-;-c "t + f"(mrnl'nr“)
b TRT) w (T

. . . ) X {L /l
Which 1s the desired result -(27), with m=m+1, n=n +1, and h = [(r-u).]?{

The lemma is thus complete.

: Lemma 6 : . If ﬁ Ac,a.nd A, are summable (C,r) to sum zero, then

-L)there is a solution of (13 ) a.nd (14') such that. P, and Q, are summable

-(.Q.I’-t) to A. and A respectively;- aud’ (11) there is a solution of (13),

{144 ‘ana (15), such that B is summable (C.r-1), 1o Ai.

“Part (1')".of the lemma follows 1mmediately thrbugh an appiicat.ion
.of Lemma 4 of the Hardy- ~Littlewood paper to the simple series involved.

To prove (11), ‘we a.rg,ue that 1f 'ﬁ is a.ny so:.ution of (13), (14)
and (15), all others are ‘of the form

RANINRE SR

e

Where h# js a constant. Ii, in particular, L*=h, we unave
RS T e Tt v _
. ’3:»'1«- .= B'-m'rx =R - .
N - i s
2o (! ‘“) + .«G‘LM “""') + ,c—(w."'m )

by Lemma, 5, and nenc,e B* is summable (C,r=-1) tu sum zero.

r T

S—

—
—— e

—_—— T T
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86. EORMS.OF THE SOLUTIONS OF (13)-(15). e iiow wish to deter-
mine ithe forms of the solutions mentioned in Lemma 6 as being necessary for

the summability (C,r) of A, A_ and An .

Lemma 7 -: If A, A. and A, are summable (G,r) to sum zero, then

o

. . [ ] ‘ —0 =2 ‘ a .'
(43) A . L7_° —*’:‘—c/w)u,,,

18 summable (C,r-1), where

(44) All N [(r‘.(.»a)f]’- Z:Z K /iq;‘_‘:

and if

wsy o el - ‘*’"LF&"‘&_) (G e,

then B 1s summable (C,r-1) to sum A, -

(11)a160 B ."'Lf\‘

: S S a

146) At ) Z—— o | R
1s summable (cjr-1); where , L ' ' ¢
‘ S I e : o, - o

(47 / : = F o ,’ /-\ v .

) | '_\ﬁ, f("* ) ?_0 (.V'*' '7*1') 4(.,_‘_,) )
: . T NT e, . . .
(48) Fr. = )__” . o (C.,'f-,),'

then p. 15 summable (G, r-l) to.sum A ..

Lit1) similar results to those 1n (1i) follow'for A}  and Qp ., if we replace

. A~;§EI_AJ; , and P. by Q,-, and n by m.

Parts (11) and (;11) follow immediately from the analysis in our

Lewna 6 and in Lemma 5 of the Hardy- Littlewood paper, 1n fact they are 1n
NO wige dependent on our work and were used freely in the deduction of our

Lemna 2; " they are included here merely for the sake of completeness.
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' Before proceeding to the proof of (1), we note that if we consider
the simple series formed from. the first column ofP and the first'row of Q,
then we have, by the Lémmalsvof the Hardy-Littlewood paber,.that

.« ‘ o0 P hat
e — ) ! T S i SRS ,

and

{ii j~ (r-+l) ;r- . Ry

(91y 5o [y (omran)e (M,)

 F;r éﬁe pédof of,ﬂ1),W3 19fe? ffom Lemma.G that Bt 1s sum@able

.(C,r-t) tq»éero;>vthug, T | L '
Zﬂz—_ { ‘{_:w R ‘f-:“ 'h' - “.ﬁ'_:"ﬁﬂ -+ '.'g-_:_rr,» “H‘l&

is s&mmagle‘lc,r—i) to -1F, , or ‘A'' 18 summable (¢,r-1) to Gy . Thus there
exiuts a T, =t + A% which is plainly a solution of (13), (14) and (15);
but ﬁ:;-;b‘(c,f-1)-aé'm’énd’n become 1nfih1te' since B* 1s suumable; hence
h#* =0, 'Therefore ’é,,,,-’ént, and’ B is summable (C,r-1) 'c.ofz or to %, .

~ We now can infer that, sincp,h is zero, tne ¢ or (38) is zero.

Hence

Al

8

-g“:ra =‘—€'o;_~ =  ;';ﬁo; + -ﬁ‘ + ‘£~5°
’>B:;; E(rfdlj'%ﬁ -
. *[Q"+!)] >_. 2_0 5“{_‘,.*,,).. /o«.fl)(\l*?"f"")" (vet)
‘D” Q;:J
-+ (w-‘-,)’;_ F_,.,-,,, (/‘fl) ) -+ (1—-4-’) )

o (varar)-(var)

byk}s)vaﬁd (37) Using (49) and (49 ). we obtain (44) as desired.

87, TWO ADDITIONAL LEMMAS. Lemmas 4,6 and 7 furnish us with all
‘the~desired_results for the proof of Theorem I;( however we insert two more

lemmas for.the sake of completeness. \Tne;r,origin is at once gppgrent.

" Lemma 8 -: Ir (1) A'" 38 summable (C,r-1) and Al and A% are also
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summable (C,r-1), '(ii)f’z\-\—w 1s defined through (45).114: .through (48) and;am

through a similar expression, and (111) B is summable (G,r-1), while P. and .

Q. are summable (C,r-1): then i, A and A, are summable (C,r).

‘Lemma 9 -: A necesgsary and sufficieht _.qondition' that A;" Ag gndAv,,,

ﬁhouid be suuwmable (C,r), is that, if 'ﬁ,,w,f{mandga,,,,’ are defined as in Lemma

.7, B, P. ‘and Q o should be summable (C,r-1).

§8 FROOF OF THEOREM I. We are now ready to prove Theorem I.

For t.he sufficiency of the conditions outJ.ined in the statement

of t.he theorem, ‘we suppose that A’"' M A:f and A.ﬂ are aummable (C, -1).
Then by successlve applica.tions of Lemma 4 we conclude that Afr K

‘and A;: _are summable (C,r-/o), for )ozr, r-1,----0; also A= AT f:,_,_ Af‘f’ ,
with corresponding equalities for the sums of the simple series iuvolved.

s .'Eor the mecessity or the conditions of the theorem, we suppose that
A, A, and A, uare a\‘mmaolé" \G,r) Thgan_“'; by Lemmas 6 a.hd (7, there exist

Numpers

o “"- — + @,y
a'-vr')s "= £Mw " . 7—7-" Z,h (./L-HYP&'V*/) ’

! T [ . a "

[+ 8 ‘= : -z _7ﬁ'__.
™« - %ﬁ " T . /A-‘-‘ . )
s = ‘ = > L
Ko P A

éuéﬁ that 'A”k, A"< and Al are summable (C,r-1). Successive applica‘tion‘s,
of 'thi’s' ‘rv-ea'soning lead to tvh,eﬁ_conditions as enunpi'ated. Theorem I is thus

cdmplet.e.

89. .THE GENERAL CASE, r . s.  We now wish to consider the case

when r £ . . We shall discuss the results only when s >r, say B=T+ul, 8!'>0;

1t will of course be understood that the results when r> s are entirely
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analogous to these.

Tueorem.II - The necessaryvénd gsufficient conditions that A

shbuld.be.AuhmabieALC,r.s),-where a==r4-s'. and that Ac.and An should be

sumuable (6,8) and (C,¥) respectivelx,aré that there éhoulg,exist systems

_of'numbers

. (50) ) al. 2 s a, o
(50 o | |
' ) &:vj;l - ‘(7\+I> (afn: — Gz.*:’ '»:fl ) (0": ,'L-.- s’)
S a""&'n = a"ﬁ-r\. : . . A . - . i
(51) ' N , ' _ , , |
 1¢ a;: il(h+0 (“2,”"‘QC;H ) L (m>/,1”.s> ;
(2 -
(52) = aL. @
gsuch that~. - |
53 A =) ) lnd -

is summable (C,r,s-s'), while

‘ s e '
(54) - Aﬁ, ‘:'7 2_——-‘, G_zn; .

is summable (C,s-s8'), and A, is summable (C,r). In thése circumstances, we

have . - : S
’ o @ e T al’ | C ' )
(55)‘ S ..., - Lh7 ) ﬁ (- ~, ~, S~
for¢=1,2,---8', and , . ,
o a2’ = ? (L:Z' - C s-¢
(56) ' a"ﬁ—r\ - L \r.‘.‘: ( ! ).

Thé sums of all the corresgbnding'series are the same.

To prove Théorem II, we shall need two additional lemmas, correspomn~

ing to Lemma 4 and Lemmas 6 and 7 of the analysis leading to Theorem I. The
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Pfodfs of these.lemmas, JO'ahd,11, follow reasoning in all cases analogous
to thatv of their prototypes, BU that most of the deiails will be omitted

here. They are based on the two equations

(13') ‘ | CL"M'»\= k-hq—‘}(-th’mw v{:m-nfl
(57) E , A (s.;‘) ’DY ) Qh+') :-:42.

‘the 1atter 1is (19 ) generalized to the present case, 1ts proof differs in

no way from that of (19 ), as was 1ndicated in Lemma 3.

Lemma 10 -: If P is summable (C,r,8-1), and PL,is summable (C,s-1)

then A is summable (C,r,s) and A. is summable (C,#); the sums of the corres-

. ponding series afe the same.’ ‘

" Lemma 11 =: If A is summable (C,r,s) and A, is summable (C,s),

both to ‘zero, then -

lll_ﬁhere”exiéts a solution of (13') such that P 1s»aummab1e'(c,r4e-1), and

Pe is summable (C,s-1), to zero;

(11) also | |

: ' o1 LS o

s A" ST e

(59) - "'7’*"_”' =) 7 —(%)— | (C.m sr)

.then P is summable (C r, s-1) to zerql

(111)also J,i:'l

(a6) . AL )

o V4

1s _summable (C,s-1), and if

w  he L2 (e

v Lol
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then P. is summable (C,s-1) torzera,

The proof of (1) is exactly,analogons to that of Lemma 6, and is -
. based on the formula

G RIS L CLE e ),

"™ N

which is proved along the lines of Lemma 5, through use of (13') and (57).
The proof of (11) is similar to that of Lemma 7; while (11i) is merely a

restatement of (;13)9# that lemma.

.We can now establish Theorem II. For the sufficiency of the con-
ditions of the theorem,'we suppose that A°Y 1g summable (C,r,s-s') to..zero,
and A.g is summable (¢,s-8') to zero. Then, by repeated application of
Lemma 10 we have 1hcsuccession that ' o 5= f 18 summable (C,r B-s-f1), ——
A°® 18 summable (c,r, s), while Aﬁ: is summable (C, 5'3'+1),----Ag is summable
(C,s), For the necessity of the conditions, we suppose A summable (C r s),.
Ac summable (G s), to z6ro. By Lemma 11, there exist numbers

. , e s
Q:Jn'= Fhva‘? 7 ‘ 7 f££‘ )

— f— Ve
&I&J ": 'F .o L . a-td
‘W ) “K-‘v\- r~ Vet )

such that A° 1s summable (c,r, s—l), and A.& 18 summable (C,s-1), to zero.

Repeated applications,'s' times, of this reasoning establish the necessity
of the condition of the theorem. Theorem II i8 thus complete.
ﬂﬁEMOST GENERGLKTHEOEEH _
§10.A It is interesting to view Theorem II in conjunction with
. Theorem I. The‘former gives as condition that A should be summable (C,r,s)
that A should be summable (C,r,r), where s==r+s'. Bmt‘Theorem I states .

et THse

that the conditlon for this latter property is that A should be summable

(c,-1,-1). The conditions regarding the rows and columns follow 8imilarly.
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Hence,,émalgamating the two theqrems,'we have

Theorem III -: The necessary and sufficient conditions that A .

should be summable (C,r,s), s=r+s8', while A. and A, are summable (C,s)

and (C,r) respectively, are that there should exist numbers

po f e
a_"'n‘” b} a"”'(' ' a"g-'n )
%5 1,2-==p+l,0-=1,2,--8+1, such that
e s T+ S41

(61) LY RN e AT

1s summable (C,-1,-1), while (8) and -

62) . ' A S = S ,a-SH
( ) . ﬁ’ Ld 'K‘h
‘are summable (C,-1); provided that, in building the auxiliary series (61)

o , ¢ .
and (62), we interpret the numbers aﬁn and aé;,as those defined in (50) and

1) as long as. v F#s , and as those defined in (4) and (6) when r=3ga,

" &11. THEOREM III', ror our application to the double Fourier's

Berles, we éhall need a Blightlyldifferent form of Theorem III, which amounts

to nothing but a chahge of notation. If we put

P o
) QW'Y\ : . ‘MF—I n ~1
1&5 ) - . ’ .
A " is replaced by ‘ | -
7 - a B 4 .6 + e e e ‘
: S o pe O(Po- ‘
A A te L + - ey T+ o
ATE = P pe .

N T TR
But the addition of the zeroes does not-affeft the summability or the sum
of the series, and hence we have ' ‘

Theorem III' éﬁ Theorem III still holds true if we replace the

factors thi and n 1 in (5),(6),(7) (50) and (51) by m and n, and the fac-
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tors /e+; and '/H—J in (101 (11), (12), (55) and (56) blzw a.nd/t/ .

II ~ APPLICATION TO THE |
- DOUBLE FOURIER'S SERIES | !

We now use Theorem III' as the basis of the derivation of neces-

sary and 'suffiéient conditibnsf for the summe}billty (C) of the double Fourier'é‘

series ‘of' a function 5(-{/6), which is , in a certaln region, integrable in
the Lebesgue sense and doubly periodic, the summation to be taken at the

poin‘o cv;/x)'/e-.: &l.

§12 We write, :t‘or convenience . [

(63) ‘Y(p) = § %MO‘: -B) ch%*« a'-/?)ﬂ“&(% (7-*/3)*4(1-0/\7%) +A,

(.
I

g%(-{) J Lf‘(%-pc(ﬁ) - S’(x #,/B)] cL)B — Q_-A}U ,,
z§(/6) y[g(“g*/g 'f'(-nyﬂ))&.c/ _1,4

-where A, AA, and A are constants to. be determined later. We introduce also

\
I‘
S
Y
O\—-\
: ’O:.
.C‘
N
XY

f =  0(/5 A ). oy LS, z ﬁ" (-(/3’)

‘P,_‘co/ﬂ)

o
I
/_J
r{
r
> |
€
~
X
RN
N
&~
K
&
=
(L]

N
)
W
=
~~
.c*
—
X
o
A
fL
R

o

(o,

) -

o6

wt
= |~ |-

Sd’ Y (v, g L4, ste.
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(é7){/x(‘r ) —f XCf)iw
L5 P)e 5 f *s’(/@mﬂ

ete.

If we except a constant term and a ractor /4_ ’, the double rourier's

series for—f(o(ﬁ) at o= x ﬁ (} 19 the same as that of ‘r(ozﬁ)for -( ,8 .
Hence, 1f we take A=0, A,,, and A.=0, aw- 0, we have . -

_‘f(‘.,(,s) ~ ? 7 aif ey can | f
(68) £ X(x) | ~ Z“ a.,.,;;*c‘;,;, PRV
L) o~ el e,

| 8ince now we may consider only even funct,i'ons. Thus, 2% we replace f(8) by

?(”fﬁ) in the discussions which: follow.'

The theorem we wish to prove 15 as followao |

Theorem IV -: A get of necessag_y and sufficient conditiona that

X ‘
he double - E‘ourier 8 series of ‘f’(c{ﬂ) should be summable {C) to aum A for

o=
/.6_& and that each row and column should be summable (c) as a simple «=i2

8er
les to sums A,,_ and A c rBSpectivell, is that there should exist numbers

h_and k, such that

S (a) Ym{. > ° |
(69) 1 (b) ka . oo
(o) P
K

§13 THE AUXILIARY FUNCTIONS 7L(-$/ﬂ) We introduce next a set of

auxiliary functions, defined a s follows:

~
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'# €722 ?cyﬂ).":' |

.
m

)L («A)

a -
/ L
“IL(-{/S) 4;“7 T cot /5 f J%(«/ﬁ’)&% ./9, | .X/Q*""'L%_Mﬁ
( 7[/ ) . L Ca—’f xc,o—’f’ﬁ j \/’ L 3’ /4
1) L(4A) 2 gt (1 f5) o &fy + 1 pert 3 ks
b - L
.oIA(o{/%; "_Co’f/ﬁg +(4/3 4-/4, I/d,‘.—,n/g
etc. ,
where the 'S are oo‘nvst'.'a'.nt:s t;_o be determined later.
" Lemma 12 -: _ The existence of anyjé.‘ (r,s=0,1,---) a8 a contln-
Yous function of its upper 1imits implies that, of the corresponding ‘vas .
Q‘M#ersely; “their differemce ‘157,0-(;(‘/3).
The result is ‘obvious 'fo‘r r=.8 =0; andfollows readily from the
< corresponding analysis.in IV.'1" of the'Hardy-Littlew_ood paper if éither r or
8 1s zero, since ln such event there is in the ,'definition of ‘/’ , Integra-
' ' '3 .
tlon with respect to only. one. variable. '
Supposing it. true for f—'m $=m, we ha.ve B ) - g }
7%”_' W_I(-(/e); 4.'_.G,o’f co:r/‘-‘ /I[ ,\,+ ,(q,/;)]oa,.f ce,a,
+D’M¢l e ,Q,«/r) /\’4’/-/4 “
1«? * 0(/') - 0( ) - 0(«%) f f[&hw(*ﬂﬂ&w*ﬂ
e (A8
-= (F"n-u N+l A Co{ﬁ)
and the lemma follows by 1nduct.ion. Wo may‘ thus replaoé each 7’ by -its cor-
} : I'e’ﬂpondingg 7L ', and conversely.

Lemma 1% _ Every ts (_e(ﬂ)‘. (r,s=0,1;---), is_an even-even period-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



oo

ic function, and its‘rons und'columns'are even periodic series:
. N R » ' . |
o b ~ z_,ieae,axi-wm
S *%;K(_4 ) ~- él_ dod o
) -
17@44) ~ a,éf, g

, The proof of (72) follows directly from (4 311) of the Hardy-Little-

'(72

woogd paper, while that of (71) is entirely analogous to the reasoning lead-
ing to (4. 311)

S14, THE SPEClAL HYPOTHESISl(fL INTEGRABLE (L). TIrom tuls point
on, we shall divide the discussion into two parts, one being the special

cage when‘r‘is 1ntegrable (L), the other being the general cage where ¢ is

1ntegrable (L) The reason for this division is fairly obvious In the %
first case, 1t can be shown as in Lemma a4 below, that ? s and %’Ts are
integrable (L), whenoe Y}S and?&s,are also. But this is not the immediate
result in. the second cager, and io“pfoseiour iheoren we are led to more
8pecial considerations invelvins generalized integrals.

We proceed .then, under the hypothesis that ?Lis integrable (L).

LS

. Lemma (14) -: It ?l-is integrable (L) 80 are ?Ts and ¥, , and

sggsequenblyffagahd.4$§f (r,stsoji;--).

' We shall indicate ‘the proofs of the lemma in the cases of D,,‘f
and.\?f ; sucessive applications of the methods: used will .then serve to

Complete the lemma.

*For a more complete'exposition of this point; and for an example, the read-
er is referred "to IV,S of the dardy-Littlewood paper. S
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We firsat shon the.t

m_wff /4)1,,‘&/3 < M

the proof of the integrability of LF,,, 15 analogous. We note thatb the part
of ‘C{ dependins on a( is the same as that of ¢, and therefore AT
Integrable as fares ‘the o(e,integration is concerned. For the ﬂ—- integra=
t.ion, then, we can use the results of Lemma 10 of the Hardy-Litt.Lewood pa-
per, to '1nrer our xesult 4 eince the deflnitione 1n (66) are comparable to
tho;se in (1. 272) of tha.t paper.‘ ) T T

- ‘1‘0 ehow that. -

,,,,—aaff Lr("(/ﬂ>&"’dﬂ" < M,

we introduce
y j (F("( ﬂ) OL"{I d_/ﬂl >

"hence, by Schwarz 8 inequality*, -~ - . o . . _

(73)_ ' %_;L(.( ﬂ)é o(ﬂ | j g (fl(o/,ﬂ) A—o{‘&lg{ : » (q/ﬂ)

Ty RSN

er have then by an integration by pe.rts**,

ff,k."m,&/s, : H “E‘”} dudf
£, 7L f s | i.,, /% ’

ACLIN S
SR i Sz (“"f’off‘f’? )ior&ﬂ

Zi,_
_+f y \e,/tP oLoraLﬁ S/j S (‘P so., -ow;,>.ﬁ_.,,ldﬂl

- /o—()-J- O()-&O(J\f A & ) : |
—J-O(df bray ) OCLéjsf>sz4&ﬂ>

* Cf. W.R.Lovitt, "integral -Equations™, p. 125. :
**Cf. Hilda Geiringer, "Trigonometrische D0ppelreihen", Mona.tshefte fur
Mathematik und Physik, 1918, p. 82.
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We conclude then that since the right-hand slde of the above equation is
bounded, so hust be the left; the lemma is thus established.
§15 FOURIER FORM .OF THE NUMBERS EXISTING IN THEOREM III'. Lemmai5.

If ?‘is integrable (L), thea (r 8=0,1 —--) 1n the notat&on of Theorem

III', differ from the&gﬁlf , in the notation of Lemma 13J by~theggeneral

term of a double geries’ summable (G,-1) 40 zero. Also,d.,. differs from a ‘%),

’

-and a8, from &>, bx the general terms of series summable (C.-1) to Zero.

'.l‘ne second part of the ‘lemma follows from an application of Lemma
" of the Hardy -Littlewood paper to the rows and columns of the double series
concerned. | ‘
- We shall eonsider two cases in the proof of the firs;c.'part of khe
lemma. The {irst is a reduction to be used when r= 8=1, the second when
either r or s is zero, and the other unity. . The lemma in 5eneré1 follows

from avfcombination of successive applications of these two cases.

(1) | we have, for r=sg=1, , . ,
L a (T 5 co pof miﬁ
J 2 75‘7 - ;’;»f CGm) ) ) L L aodg
~ . ™ Sy _s».—:\ /’ v

-
e
L.:
X
\%ﬂ
N
zl\’\i
- 3| >,
3
~
{
3
=
s
{
S
™

(74) ( (M—% e
come L)t coo (M- LB o fom %) A—cao (-2

: ff ‘f’(«w@) p

.—e«; J 5_(«ﬁ)[mhqoﬁm+wm'}[wngwgm

: . _ , 49-/
asg M,N_a.ao , by the 59neralized Riemann-Lebesgue theorem. This becomee, on

expansion,
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~ N
) ;o : ;
a'?ww: 4_‘;_,, —(.O(ﬂ)MDMo{C-o’f wn/ﬂcﬁﬁ CQ.e/oQ,B
' R
: Y~ A < '
!
: ' ‘*4.;1—5 (’(ﬁ)ﬂ""‘""“’(f"”"“/g OLc’(oL/g
(75) e dr
- — S =3 .,(ﬂ) Cosmef coT 2 nﬂc&dd’ﬂ
+’7—” - !
| a /3 oL
-+ 4_7__ J j\ g(a(ﬁ) o o mnﬂ co T KLer ﬂ
If we use (70), we can rewrite the first term of (75) as
¢ Lo I 2 - g
@, .. ?Ly ase L.umor,,m £ ocomf tuadf
Thereupon, we have
- P ‘(,.,) _{tr . »
: 6 . A . X t . Nt nt
PSR KA SRR U A
where, frdm (75), ‘

K ) {

T : |
f-/,,fl = e L_f~ f,_@«ﬁ) mmor/w;n/é ey
'f_//ll ;'LYL f?—fw o cod 5 of ”/ﬁ : /5)& LA
. = ' g 2 © m {a.,._,,q 3 cad "N o
Yoy 2

VAL RS ol
(77) \gqr1 1 ; — (T 5 '

i m»f f g(dﬂ)/v-nmor w"ﬂcﬂ/iiww

" - 1] .
We next proceed to sum the geries B )- Tﬂ in the orclinar'y i

manner. We ha.ve

. Cer Z o H-..)ar m/—g -~ o (V-L)f .
st <+ e = : ~ - X d
;—7 ) Sf%r W) = ys oy #

(78) |
- | («,s) ;13 T b 2ad 8

as M and N o0 .
. . "
For the summation of ZT'{‘ mn, We infer that if m=n=1, 'g- .__‘E

MR 4_’

while in any other ease,‘ﬁ—',ﬂ”wis zero. Hence
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l\/
\\’
™
y
z -
|
A)R

(79)
We can suml ) &"" andl Z_ﬁ"” to the same value, Vviz.'
(80) Z?—_—_ ) 7 T o =) 7_2 2

Hence, combining (78), (79) and (80), ‘we conclude that

Tji S f f ot ¥ o7 f B (i) dndf

4 _ r
;jf J(tf) avas o

“ We have then the following faots concerning the series B '

"

a) ‘The series B! converges to .zero.

b) Since ﬂ "' is the Fourier sine-sine coefficient of a double 1utegral
it is ) and henoe'f- ~18 of that form.

¢) If we. form Z: 'ﬂ’,,fiv‘ , n fixed we have - .

n o=

i-ﬂ:iz 4%’—J f (’/5) | éw(%’ﬁ% &d&ﬁy

which 18 the Fourier sine coefficlent of ari 1n'tegral, and so og the form

. . -0
f(_-'—) ;. the same form is therefore possessed by ) —f.”’"w . Similarly, .

L'L"iﬁ f(_;;")- m.i_l

Nt

The above three properti.es make B ' !'summable (¢,-1,-1) to zero.

(11) We now consider the second case of our lemma, i.e. that where, far
ex'a‘mple,' r_-:.O‘,‘ e-—£1; simiilaﬂr analysié to that to be employed here will

hold in case r=1,. -—O. We‘now have

a__:\l\_ T" J ‘f(./'g))—;z—: W/L:o/ M'&-{cﬁﬂ
= L ECRpa ot s

(81)

- I
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where : " ‘
é (4,3) : g ‘eco/ﬂ,)‘oeﬁ,.

By a process eimilar to the one outlined in case (1), we find that (81) re-

ducee to ' -
‘ o ) ("’) e
('8) a‘mm= R -f‘ -2‘”"“
2 . .
- (D') 'ﬂ’ol " oy v O o
- . !
B R 0 _""ﬂ_--*:.‘g man T o T e )
where |

{!:’“ .— ’::‘(LY/S G,a:mn’IMDTtﬁ /O,c,-,-,ﬁ a(__.(d(ﬂ

s

- )
LIS f f d’o,(ﬁf)/umm«m«“ o mpo § 2uds
L A L / £, F) /‘“”""(/“"‘”'g T Al

(83)

When we ‘sum B“= fz_ ‘ﬁ"; ;- We find that the last two terms of

”r

(83) sum to the same value with opposite signs, while the first two add to-

gether to produce zero, with the .ielp of (70).. As. before,.in the case of.

B ', we also ‘can conclude that B“' ig summable (C,-1,-1) to zero. Similar-

fo

ly, B‘°: ZZ' -{.,::r_ where 'ﬁ”::v z

’“%—‘ ,rl‘o”) , 15 Summable (c,—‘-‘) tO Zero.,

Our lemma 13 completed by the remark that eince ail ‘71}5 poeseee
the relevzmt properties of 7& , We can carry out thbee processes in (1) and

(11) any number of times and in any combinatione.

| §15,, A CONVERGENCE 'THEOREM. Lemma 16-: If Oy 180(5n) az,, 16f0¢)

anda, 18 0o(%), then a necessary and sufficient condition that AC)ghould .-
(r)

( .
and A,i) are convergent to An and A ¢

pe convergent t0 eum A, while A,
respectively,. is that -

-
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S (8’) ‘F';”+l S 41 L — A

T+

(84) (b) 3( o — Aa

(e) .&§S‘+‘-' ——"’"’ > A

when o('andl/ﬂ —> 0.
‘This lemma 1s a restatement, - in our present notation, of the
corollary to the generalization of a theorem due to Fatouw, which generaliza-

tion we append to the present paper (84p) and (84c) follow from Lemma 12
of the Hardy-Littlewood paper. ' | ' -

217, .PRoo_F OF THEOREM IV, §» INTEGRABLE, ~ We are now ready to
prove Theorem IV, 1r1 the ,oasew-(f"' is iniegreble (L). If A 18. summable (C,r,s).f
A is summa‘ole (C,r) and A is summable (¢,s), all to -zero, then, by Theorem
IIr', A~ s~/ r A'?;' and A‘Sg', are summab.le_p(c,‘-d)' to zZero; hence, by L
- Lemma 15, A('*"Sf','),, A(,:_m end‘A(Zf-') are summable (C,-1) to zero, and there-

fore py Lemma 16,‘(:#, P ,')(,,,,'and“ ¢.;—> 0. -The condition is thus necessary.

For the sufficlency of: the condition, we have that, 1if ‘f’

. re+r S+0 0
ol N} S-o-l)

X’r+, and ’f_*,}—«—* 0, then A _is summable (C,1,1) to zero by the general-

ized Fejér theorem**, while A";:') and A(sﬁ* ') are summable (C,1) to zero by
FeJér's theorem 1tself; therefore A™' ‘"™ |, A';; and A®, are summable (C,1)
to zero by Lemma 15; and hence A .i.e summable (C,r +1,8 +1) to zero, and A,
and A, are summable (C,r-+1) and (C,s +1§ 10 zero, all by the reductions

useq 1n‘the derivatiop of Theorem III'. Theorem IV is thoa complete for the

‘tage in which ﬁ"" is integrable.

. :PlFatow "Sgries Trigonometriques et Series de Taylor", Acta Mathematlca,
°l, 30, 190
C.N. Moore. "On Convergence Factors in Double Series and the Double Fourier's
gerles" Transactions of the American Mathematical Society, vol. 14, #1,
an, 1913 ‘
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, &8, THE GENERAL CASE, | INTEGRABLE (L). GENERALIZED INTEGRALS.
Weihave Btiil to prove Theorem IV in the case when ¢ 18 integrable (L),
which, as was pointed outfbéfore, requires more}deiicatelconsiderationa.
The difficulty lies intthe fact that the 1n£egrability (1) of &? does nog
necegsarily imply. that of %Ls ; that is to suy, the analogue of Lémmé 14
for this gene.al case does not hold truq 1f we consider only our ordinary
1nte5£ala. To vuviate this difficulty, we are led to consider a kind of

"#eneralized integral".. We say that f'G{ﬂ):is 1ntvgrable (Cauchy) prov;ded

,fé‘fﬁFh$)L&dd =  f ‘( FlB) d=ed 8,

whoru the 1nteg‘al ou the rigut is a Lebesgue 1nbegral but the other is not ..

,,f o

Single Cauchy integrals are defindd in analogous fashoin*. Our integia.s
are understood to we "géneralized" here only in reference to the origin.

. ot f
With respect to these new integrals, our argument reyuires modifi-

Cation. In the ficrst place, we wanl an analogue to Lemma 14; and secondly,

1f our reduétions in‘Lemma 15 .ure to rematn valid, we need to pruve an ana-
logue to the generalized Riemann-Lebesgue theorem. We note, however, that

iﬁ the case of the sufficlency ‘of the coudition, the new integrals were not
altogether ﬁeodéd in all cases, ior our condition asseirts that sowe?iﬂij
°0ntinuou¢ for 3“?ﬂ?§ 0, wanich cerﬁainly presuppoéea tune existence in some
form or other of tue;ﬁj (L=1,2--h-1,) =1,2—-kf1). If these integials exist
in the Lebesyuv sunse, tuen the precediﬁg proof of the sufficiency oi the

conditiéﬁ“nolds withbut.change. I{, however, they are Caucuny integrals,

Wé require an additional lewma in order to pr0vé the sufficiency case.

v

¢19. INTEGRABILITY (L) orf:, X, , AND fj . Lemma a7-: If €.
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g X _and ® are integrable (1), while fn , © JP--”—-- Crorc-r, K - X, .,
ml E ———— L‘i ,are integrable (b) and if%—q L ., and . . X _and ?;- are

tinubus for

_then ¥/, 'X’anu"pp L(iﬁohd---_-r.j.—.-.o,‘l--a). aice _in-
legrable (L).
It is convenient to make a change uffvariables; let us put

Flxg) = 2 %9 9(0,,9) S
"‘—‘,,,‘C&g)‘f P (ofﬂ)

| | _"fo.(?:ﬂ e, (ﬁ_’/f)
\ Bleg) = = (“” S, (o ﬁ) |
(85) Fa ("‘j); | ("“".7) . (,.'/3)

oo - o X(a
J ‘ C?l(x)? ,",Q‘-‘:X/('() :

&/-1 (J) 1 E )

Our hypothesis 1is then thal

(&) tue 1ntegrals

FJ IF(xj)lou&f/ Sq‘lgx)' B JNIH(:,)M%
o J |
(*33 5 "oyl G f@um H. (4 - S Hiy)y,

e
F(13) }L f Fley) Ledsy | ste, 7

J
SXist as Cauchy integrals up 10 @ ; , |
B) Fglag)s slettn) Grlye A7)
R, (e~ (5 2) HGp - )

Y-I S (1:7) ,0"( ‘(’("‘f/))

®Xcept when eitlier r-1 or s-1 is zero, inwhich cace t- = a-(,g_ “), otc, We
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WIsh.to prove that. o o -
S | Z f:_--l,,:fé(,g‘){oz.we%: o
(83) - A -‘,<f""" .‘”),
‘ 00 S e , 20,1 - §
z | g { ‘o(%)/&"" Cand f‘lﬂv(:j)ldj
exiat in Lue Lebeague sense., | J'_ . |
| We shall use ‘oniy a part of (b), 1. o, that. F 6‘:/) O(< ‘“(“‘7’)
vhere & is a censiani, <;(x) C>(£- éf) , etc., Also since the various func-
tions F, G and H are "contiiiuous aud tend to zero as x and y become infinite,
we may assume @hat[ fr(”j)' ,)Qf(iﬂand {Hf(d)l-are all less than unity.
In the first placa, on account of the definitions of G and H in
(85), we can easily follow the method of Lemma 13 of the Hardy Litiiewood
baper to show tnat our resuiis as tq X and 2:' are truu.
We shaid dilvide the probf.Of the‘rest of the lemma into turee parts:
-(11 the proof that F,, is int.esx-able (L); (11) the pioof that F,, and F,,
are 1ntegrable (L), (iii) the combination of these to prove the 5enexa1

Pesult.

(1) Consider the surface

‘ ‘ §< x 4,2§
5 ”*J’ * (7 ) ).
where g,énq'7 are large and positive. The set of points fou which
| AN .o, e Tren) |
[yl . ]
consists of a ser of open nets(XX”\/y, Also, we have.
j j N dea, ‘ f f Foley) 4 {
y ‘F 7

. Q( ~~c><+\/>> O(’L*--«(’;m)).

N

A
VA

Thence e obtain
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. A ~a (S +n)
o1 Q< x)(v \/) < M/\ !

Suppose now. that O(‘ X,,\/ <

(88) o F,(*‘J)l- : N o+ g

< A, N.

¢ )’,) ; ihen we have that*

S | »(x;nl A Ay .

X<%<

Hence it follaws that

5; S-7 | Fix )l JLﬁ'&J

1-

L el ey

(118

AT
7l L
5

! T 4N\ §,) + Z_Z)Z {(x,-x)(‘/, "‘/)fjl F(x;,)foﬁf}
H 4—/\§’)+ Z_Z{ AN (0 ‘:l"’b‘&j

4 /N 5 + f\zh/\..§7
< A S -£<L(§+§)

1% can be 1nferred at once frum the laat inequality tnat F is integrable (L)

' (11)' To show that I',, is iutegrable (L) (the disuussioh ior ', ,is 8imil-
ar), we have only,to shuw that F,, 1is iutegraple (L) with respect to y, as
1§ is already so wiﬁn regard to x. Tais result -can be obtaiiied as in Lemma
'3 of the Hardy—Liitlewood paper, | |
(Li1) Suceesaive applications of the procesaaa used in (1) and (11) on
the basis of the results ovtained in thoae sections, show that F.,J F ey
and Eﬁ’ (;,é; 0,1,---r, j=0,1,--5) are inuvegrable (L), and the lemma is
Complete.

2y, PROOF OF SUFFICIENCY,'f INTEGRABLE (L). Lemma 17 enables us

to infer tihe sufficiency of the condition in Theorem IY when ?"is integrable

“Thls is the epecial case, I's 2, oT tne development of fr_ ..,(x4)into a Tay-
or'y geries with semainder: expreaaed as an iterated r-1 fold douuvle integral.
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(L), for in this.event,even if ithe f,. exist as functions integrable (C),

they are also iutegrable KL),' Henc: tne‘prev1ous feaSuning applied whaen
was iuvegrable (§ §15-16), can now be appiled to the generali case, and the
sufficiency of the condition is eBLablisﬁéd.' .

We have yet to prove the necessiiy uf the condition when ' is int-

egrable (L); for -this purpose we require u svries of further lemuas.

§21. ‘Lemma 18-: The Fourier cosine-cosine coefficient of a func-

tion integrable (C) isjr{nwa.

Consider

o f J Ha(/ﬁ)cmmo( mnﬂ dord f

where {'(o(ﬁ) is integranle (C). Let us pat

FHh) f:f5'(*"/5"‘)'.4%*/’!5' o

" then

8ince F is cvuntinuous.

Lemma 19-: 1ie) Y e;::A is conv;rgenb then .
. o L
IR M/ / [M e £ ] et

is cont;nuous for i QA- o .

yhe proor of this resuli is exactly analoguus to that of a similar

°§6 in Lemma 16 of the Hardy-iitilewood paper.
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§32. ANALOGUE OF THE RIEMANN LEBESGUE THEOREM FOR CAUCHY INTE-

) 4 .
GRALS, Lemma 20-: If S(q’g) and_,—?-yfw— ,_where

#(h) - ff H»«mués’

are 1ntegrable (C)l then the four 1nt.egrala

(89) f j T A ”"”x““"ﬂ. Mw
. ‘ . (4] Yo 5{/g - ,4«‘—-,‘\ m ./ /Arﬂ n ﬂ ’
appr oach Zero \(, 11 as w and n —> o0 together or singly.

o

- The re‘spl‘t: i-a' dbvidué if"the ain‘a-;gsi'ﬁe‘ integral 1s chosen. we
shall indicate the f)roof of ihe result for thé cosine-cosine integral, and
the proofs of the other two will be dismissed w:.th the remark inat they
can ve argued in aimilar fauhion.

To consider the cosine-cosine integral, let us put

‘V;;m j j Co> m o usnﬂ ;—l%é) d_qa.ﬂ

wflence _ ‘ o ‘5’ A .
227 F f W) ’%(Mi)'{’“( Y
o ?w) fok g L)
O (O (12 N S Y A
(90) S - 4 y _S‘ o f - = fl,,/% &748
| _ Lj y Rco/ﬂ) po(omridy e . OQ).
+ P

By conwsidering the /3 integration of the second ierw alone, and reducing it
as in Lemms !5 of the Hardy-Littlewood paper, we easily show that the integral
1s /r(mn), a similar remam dismisses the third tern of (90), and we have uow

only ‘o show that the first term is /-(M)

We ha.ve that
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- ’f | -3:(0/5) ,aw(mm)o(,ow( ri)p
} ﬁ. Id"”"’ ’f/q"”"'z./g

Loy ce,,a

| | i J._f‘lvn»vﬂ o <uﬁ¥ ¢"qu~ ﬁyﬁ cotf 3 /5 2%5?%§2 d4{oC¢§
. )ﬂ Jr cocﬂquq’/uﬁyng CJ#__/g. E?i;f) d;qwt¢3
J ] A s ot iy crnnf TGB wiafp

73
f_/ cﬂmc/'ww/d _{_‘L’ﬁ) A,Q(obﬁ'
-1--..; f J Con s prnn /3 i%if!) a(_q/o(&ﬂ

[ [ coms )

-f' /’(M-r\,)

What we have to.prové

o g§)-'~‘bl~‘4{>l*

-+

. ',,,\

© by Lemma 18. , then, is that ‘

-

Ve f yﬂ*?#?:/m ~p ?(1‘,?3 At
jinee 5 oo et #("/g’f) dodp = (mn)
P f J Ao et conp s Loadfs a(mn). |
n considérir’s v, s We break ﬁP tﬁe region of integration as fol-

lowa;

N j f/» /»+ f/m ‘¢, /‘f/n /"i, z,_~
R AR f -

z ’
each integral having the Lutegrand ui\f L1 (91)

- Four the xixst inoegral in (92), we have'

(93) j/mj/h A L)//’"f/"' /“"""“"‘ ﬂ*n;;ﬂ 3{;(/;3)4,:,,4,6
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4 o ¢ 1 <« :ﬂn
- AC: | , ’
o f E«ﬂ)'*"’”’% | <°f-éb<'/w)

/va

since v~—?::7— deureuses atead;ly ironm unity inithe »eglon or integra-

.tiOu. ‘he aecond term of (92) oeeomes

Pl | oo [, e

'by treating the 4-integration as vefore, and putting in the greatest value

i

(94)

of ﬂ*"?"46 and the-ieast value of %3 The third term reduces analogously W ;

(95) } j/i' §/ ‘.=‘. s ff/’” IJ(af/s}l

For the [fourtn term of (ya) we have

f/w S/W)‘é Mf/ ’ &"’f/’f' < M o,

where M 18 the max;mum value of ]?(xﬂ).uxzhe region (o 0 — £, f>

(96)

If “°W we,uuoose, iirsn ¢, and £L, tnen m and n,” we can uwake (95),
(54), (95) ana (96) each‘b(mn); Also, since £, and £, ure now fixed, we have
the following duta concerning the remaining terms of (92)

The [ifth term is obviouslyz?bnﬁ)oy the generalized Riemann-LebeSgue
fheorem, since'this integral is now a Lebesgue integral. For the sixth term

of (92), (and the seventh reduces analogously), we have

(97) )ff £ o f/ l?(q'ﬁ)/idg

which 1is &6m;k Hence we obtain the'deu;red result in the case of Vv, e

There 1e‘no difficulty in reducins-the'w;muandtgﬁmin analogous
raAoBhfi.on. In fact, since « occurs oniy to the first powur in v” , we find
that the éeduced 1ntegrals will have no coefficient m, but will at worst have

Only a coefficient n,u uence they are obviously Aj%ha. The lemma is thus

Coupiete,
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It 18 to Lemma 20 that we appeati in dealing wj. th Cauchy 1ntegru.ls,

rather than to the e,eneralized Riemann Lebeague theorem.

©a3, NECESSITY OF GAUCHY INTE(:RABILITY OF %,5(4/3) xX §0) AND 3“(/5)
Lemma 21-: If (1) Y(o(ﬁl is integrable (c), X({)and ?(ﬂ)are integrable (c);

(1i) R nr s by 5y and4y, .0 area'[} _and (1111 A is summable {(G,r,8), Ac aud

_,L being @ummabl‘e’ éc 8) a.nd (C r) respectively. then ‘Ff‘S 6’([3) or \[Jr{@,ﬂ) are

integrable (C)L andfx,,,(gdand ;;séZQng intesrable (G) }

We first. not.e that 'Xﬂ(o{ and ?(/5) are integrable (C) by Lemma 17

of the Hardy Littlewood paper. For the proof of t.he lemma in the case of
(ﬁrs 1//}.) ’ we shall, as before, ‘indicate the proof only in the cases of:

(Pm ’ L@, a.nd(F . ﬁuccessive applicat.ions of these proceeses, or pioper
coubinations of then, will gserve to prove the lemma in its general aspect.

We put for convenience,

S. '&7”(5,/./5) . f f e o, ,/3) A, 4/5’

8) .\ E (yp) f i p) &n | E. Lo(/s) § ‘f’@/ﬂ)dn
— : B - :
l éz_g_("(ﬁ) : \[04;); %/C’f/ ﬂ/)d—"f,d’rg/ ‘

‘We shall prove first the integrability (C) uf ¥(¢B). By an inte-

18}

kit

gration by parts, . ' : a -

fwf K “’W‘*““ 'g':'gf "("”” Lot o f

(9) '- ] Edﬁgﬂ)lii f( Ll(%ﬂ)wcz,ﬁ

_ SM. n(.{/fi)J o fz }:‘_z:g’(’/—g) ﬂ

il
~ The last two terms of (99), veing single integrals, can be shown to exj_.st
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in ke ilimit by the p;'ocesaes of(Lemma 17 of the Hardy-Littlewood paper,
and. therefore we have only to show that ' :
(100) ,&,m, f f (;f’) Lol B .

existas, "
Since 'é:-, Q(ﬂ) is continuous, it possesses a double Fourier's
s‘eries which 1s unﬁformly,_summable_‘ (C,j){; also, s;ncé 1t_1si periodic, we

have that.

ryv—j j . “("r’/e’)ﬁ"-’"“m"f /"Afwhﬂ &44«5
s SAB) o e oif anth - B

(101)
,‘ f},\
"Hence we conclude that .

.(10é).j' 323— (,(/5) 2:) —"3——"" Mmer/«mmﬂ

Since (102) is uniformly summable and 11;3 5eneral term is O(M) it 13 uni-
formly convergent. | N | |

If we 1ntegfa.t-é' (102) doubly, ‘(mce .witlfi" i'espect. to each variable,
divide by o{/gz’and 1ntegrate again 1n the same’ way, we have

(103) f L Eb(/;‘iﬁ)b,acﬁ 7 7_ sy f{(f-ww)( wy’

- If we make a change of variable, putting mef= o' ,7: ', we obtaln

(1031) jj LLW) Z?’ Mff (xw /w”)@otﬂ

Since Ais summablezz;:; is summable, and it is convergent as noned

above; iience, by Lemma 19, (105') is continuous for ¢,¢. = 0. Therefore ‘P,
18 integrable (C). ' |

' The functions ‘f. ana“S", are already integrable (C) as.far as the
‘-and/& integrations reupectively are concerned. Since they are defined

interms of a single 1ntegration of r we can then use Lemma 17 of the Ha.rdy-
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Littlewooq paper to conclude that they are‘lntegrable (C) with respect to

thelr /? and < integrations respectively. The lemma 18 thus complete,

\

&2k, ANALOGUE OF LEMMA 15 FOR ¢ INTEGRABLE (C). Lemma 22;-If

&fis integrable (G). the hypoheses of Lemma 21 being satisfied, then a11

the resulte of Lemma 15 old without change.J

In-fect we'rind‘that the reductioﬁs of Lemma 15 are.all<valid.
In this- case, the statement of (74) ;e 8t11l true if we use Lemma 20 instead

of the Riemann-Lebesgue theorem, thus for example

| w‘y f ,,cw (””)‘" “”(’““’“Gmﬂ —o (C>

by Lemma 20, and hence S | e , o . ‘
! Com. l‘1¢-~—é)o{ Cod (V-4
J‘ I //( ﬁ ( ‘ ( )Jf Lo "L,g—?a LC,/) .
Rz "’/8 J
therefore (74) is true (C,1),: and we may even omlt the (C 1) since ;if> is

1YC%9. Moreover, Lemna 21 aseuree us that the J'S can be determined again

80 that the aatiefy.ali the conditions of . the ﬁ” , 80 that we can make

s
Buccessive applications of the reasoning of Lemma 15; (1)'and (éi), as vefore,

to prove Lemma 22 1nvgenpra1.

{;25. PROOF OF THEOREM IV IN GENERAL CASE, i IﬁTEGRABLE (C). We
are now in position to prove Theorem IV 1n the general case where ?’ is in-
tegrable (¢). Tue: suificiency ol the uonditions uas already been disposed
:of,;nz §20, For theAneceseity, we simply replace Lemma 14 by Lemma 21,
and Lemma 15 by Lemma 22, and carry out the argument of ™®&17 precisely as

before. Theorem IV is, then, completed.

\
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APPENDIX
' &p6. <ENERALIZATION OF A THEOREM OF FATOU, In the article cited
in cebnn’éction wit.h Lemma 16, Fatou obtei'ned:'a"ne’ces'e'ary and sufficient con-
dition fot the convergence of a Fourier 8 series ‘of a certain type. We base
our Lemma 16 ovn’a 5eneralization to two variables of his’ result
Let the double Fourier'szseriesirepresenting»-SG#ﬂ) be given‘by

e

fyé{ﬁ) 2P 4 7 5 .‘_%:‘“‘a.;jc—aboo/ MDJ/S -+ —L’-J c,@u-{,e,.m\’ﬁ d

W

L4 A A N
(104) ' ' ] ~5 fem e C-"Jﬂ+ XLJ P—c——\uq/lhmjﬁs

-zf Z_AUJ

We let Q{ﬁ)repreeent the integral of (104) obtained by integration of (104)

once with respect to eeeh variable, thus

(105) }(&({3).;4’%#” ii i

{

4

{ J/'-'Mx.oq’/o,‘,«,J/S ’fb‘,/&(n‘,oqc,oo‘/ﬂz
e cApg B Ly “’”f%/ﬁ’

he theorem we wish to prove 1s, then,

Theorem V-: Ii a £ and J;ﬁpre each rf—‘-) and if

4, etc. (h fixed) and Ay te. (ki fixed) are r{m) and féﬂrespectively, then

nry

a8 neceasary and aufficient condition that (1041 should be convergent is that

there should exlst’

é ("T "“”‘ ) + X ~+ + E :
We first preve twe'leﬁmaef' o

Lemma 2 -5' If e _geries_
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107 blny) =) ?— ST 2 J
_ij_eonvergent for x <1, y<1, and if C zolm), 8 o) k fixed, and S

= ,g;(i) , b fixed, then a mecessary and sufficient condition for the con-

vergence of (107) when x=y =1 ig that the value of the series should ap-

proach"a finite 1imit as x-—>1, 1—-—71 through real, prOper-fractional values,.®

We brea.k up the sum in (107) into four part.s'

oy L Y egjiyi s YT T YT Z7 Yoy
( { T /u T

where, from the point. gﬂ a/) on, we have
_ | y /“.J. ."C'uJ}M < %y
(109) - ~ {cd,‘, [ <« ¢,
ave

We then Y for the second éummatlon in (105), that

(no) ) 7_ ‘Jj.

~1f we make the eubstitutioh

Lo gt » gg/

v
/(_.V (,,—x)O(u—‘y) v l-v)/ 'y) )

i h Lk

- With the same subs["utions, % _

L/f/ C‘,J 1_'/‘_-/—"’ :—")J= S :
)T -)7 e

~8ince and V are large, the SS are positive/wumbers less than. unity. Hence

(111)

we have

ma)[ fL] / 7“’

= S9]7 dlead +2~_:-{-’C~'J‘/}>

* This lemma 18 a generaliz.ation to two variables of a theorem due to Prings-
heim° cf. Fatou, loc. ecit., p. 381.
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‘ /
where‘S—is the largest of the S} occurring in (111). But since oﬁf !and
Jlgjl‘approach zero witu /ﬂ, and/A/ pespectively, the same is true of their ~

mean values, hence the last term on the zight-hand side of (112) can be

made as small as we please°

(112') l _W_‘LZV ¢;J'%d Jz 4/ Z_f):vc”) —;- z'f

For the third term of (108), we have

[T 6 04 G [ 1T e oot

where 9, and éi are sums such as-occurred in (111) and approach zero by our
hypothesis. A similar reduction is valid for the fourth term of (108).

The net result of the ‘foregoing reductions is that

ow |60t 04) - (DT T T o]

can be made as small as we please; hence if one of the expressions in (114)
approaches a limit aa/u Voeo, the other does also. -But ae/u.and Y Do,
the last two suma in the second term of (114) approach zero, since the series

converges by-hypotheema, hence the lemma is complete.

Lemma 24 -2 If (104) is convergent and 1ts coefficients satisfy

the conditions of Theorem V, then there exists
'(”5) /Z/’N }('<+X,/8 7> 3('( x, /8-4—\7) ?(-{-{-xlﬂ y)+2_(d X;J)

By an easy reduction, we have that the fractional expression in

(115) can be replaced by

. - o
(116) 2_ 2_ /~\;,J- e gy
¢ Lx ' '}é%
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4

We consider this series a8 made up of the terms of (104) each multiplied
B ‘-'Y' ‘ . C . . '
X ——%l ((,J‘-:‘/,’L...)
L J o . ) .

Since (104) 1s'convérgent, i.e., summable (C,0), by hypothesis, and since

by a factor

the factors satisfy all conditions required of them to make them "converg-
ence factors" #, we can infer that (104) and (116) have the same limits,

and hence (115) is established.

The proof of Theorem V can now be completed. For the sufficilency,
we use Lemma 23. Let a(‘and /@ be arguments for which L exists; +then, by

uypothesis,

/éz;ru Z 7 Ay Y‘LAJ = 1—-
. ; — J _ )
TSI ' !
and. thence, by Lemma 23,‘(104)-18 convergent. The necesafty of the condition

(106) is a consequence of the combination of (115) with
?(vu—x /4*] +;(of+¥,/3 9 -f-;(o/ 1/34-(7)4-;(“ -x ﬂ \7)
(117) ,Z,m +¢?(-«A)-?—7(=r+xé)- 7(‘# x £)- zq(% *q\—zq(ﬂ’f YL -0

€,y Do - *

(117) being a generalization to two variables of a result due to Riemann,##
This combination results immediately in the necessity of (166), and Theorem

V 18 complete.

' Instead of requiring the existence of the 1limit in (106), we
can replace that condition by the existence of (115), because of the valid-
1ty of (117). But (115) immediately translates into

ot x + o
Sy ff Hvp) d f S feh) = myo

*Theseconditions are given byzk ﬁoore, "Convergence Factors in Multiple
Series", as yet unpublished.
**H.Geiringer, loc. cit. p. T3.
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which in tnrn is equivalent to

B o
(118) 7‘} f[ Jf(o(ﬁ) &cf&ﬁ — 3((4}9) a9 *‘J ->o0.

We thus have the following useful corollary to Theorem V :

Cofo;larx : If the conditions of Theorem V are satisfied, then

a necessary and sufficient conditlon that (104) should be convergent is that
(118) should be true.

"1t is on this corollary that Lemma 16 is based.

Cincinnatl, Ohio,
May 28, 1926.
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