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Introduction

In the general theory of summability, two well-known
methods for summing divergent series are the Cesdro method and the

' HOlder method, defined as follows:

Definition 1 A divergent series, whose nth partial sum is S«,
is said to be Cesaro summable, or (C,1) summable, to the value s

if lim Se# S+ #5350 _
k00 n+i

The same defining statement holds for the H3lder method. It is in
their scale deveiopments that the two methods differ, By a scale
development we mean an iteration process which yields successively
more and more powerful methods of summation in the sense that a
higher order of the scale will sum divergent series that a lower
order will not, Iteration processes, or scales, have been developed
for several athercmethods of summing divergent series, as well as
for the Cesdro and Holder methods.

(s?)
To obtain the Cesiro scale, let Sn = Sw, and let

r) r- o -
5,., = 5,,r "+5," )+n- + S;f.r " ’ for r a positive integer.

: r
The symbol Y: is used to denote the binomial coefficient: f,-:&%'t;(_;sr).

Definition 2 A divergent series, whose nth partial sum ig Sa,

is said to be Cesiro summable of order r (r a positive integer),

or (C,r) summable, to the value s if lim <7 _
w¥Q x(r) -
n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



By using the properties of the binomial coefficiente, the nth Cesiro

()
mean of order r, that is, Sut y may be expressed in terms of the

L
X (rt)
s@ 2 Ny n
original partisl sums: *?'-‘;, = --";"——?T;,—— . It is easily seen
n n

that the process of obtaining the rth order of the Cesdro scale
involves r-1 summations followed by a single division. This scale
has been extended to all integral and non-integral values of r

greater than -1.

H:\ = SptS, - + S5n R

To obtain the HOlder scale, let
n+

{r-1) H(r-l) H(f—')
"

and let M= Ho ¥ M +.-+ , for r a positive integer.

A
Definition 3 A divergent series, whose nth partial sum is Sn,

is said to be HOlder summable of order r (r a positive integer), or

(Hyr) summable, to the value s if lim  HY = 5.
e TRE

This process of obtaining the rth order of the Holder scale involves
summation and division repeated r times. Unlike the Cesaro scale,
we cannot obtain simple formulas which express the Holder means of
order r in tei'ms of the originsl partial sums Sp. We can see from
the construction of H(:,) that such formulas are very complicated.

Another important method of summability is the Norlund

method defined as follows:

Definition ¢ Let P70, P,\}O, Pn—‘:rofhfn.iﬁh, h‘-—?O-
| F.
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A divergent series, whose nth partial sum is S, is said to be

Ngrlundfsummable, or (N,F~) summable, to the value s if

»*
lim  peSwt b Snat-thaSe _ g

¥ T

N0 R’.

e can readily see that definition 1 is a special case of definition 4
in which the arbitrary positive weights,rl,, are all taken to be 1.
The literature on the Norlund method of summability, however,
wcontains no discussion of seales. )

One of the accomplishments of this thesis is the develop-
ment of two Norlund scales, the first of which is analogous to, and
includes as a special case, the Cesiro scale, and the second of which
is analogous to, and includes as a special case, the Hdlder scale.
Althbugh each order of the NOorlund scale trensformation is itself a
Narlund transformation, a single sequence of positive numbers '{k“ﬁ
and a gcale now sums a wider class of divergent series than was
previously possible with this single segquence.

For these Norlund scales, theorems about regularity,

consistency, inclusion, a Tauberian theorem,. etc,, are developed in

this thesis. A very interesting problem, suggested_by Professor

*The definition of summation was first given by G.F. Woronoi (22).
(Numbers im parentheses are references to the bibliography.) Woronoits
paper was scarcely observed at the time of its appearance and was at
any rate soon forggtten. It is customary to attach ‘this.definition

4o the name of N.E. N8rlund (17). .
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C.N. Moore, is the following: If { P} and { fn} are two regular

Norlund sequences, considered as coefficients of two power series

oo @ .
n n
ZZ:P‘Z ) QZ:Z»E , and if the functions associated with these
n=o

Az0

series, ”(E) R g(i'), have poles of order r and s respectively at €=/

and no others on the unit circle, then this should imply, if s > r,
that the second scale, with {l‘f,is stronger than the first, with {}ni-
With additional hypotheses, this problem is discussed in two theorems.

In the application of Norlund means to power series,
several theorems are developed which concern Norlund summability of
the series on the circle of convergence., One such theorem, important
in itself, shows that the N‘éi:lund limit and the functional limit are
the same at a point on the circle provided we approach the point from
inside the circle. This is a generalization of Holder's theorem (12)
for the Cesiro means of order r and requires-anly an additional
hypothesis‘qn the NSrlund function P(a).

Another problem suggested by Professor C.N. Moore and
discussed in this thesis is the summability of a series assoclated
‘with a certain class of functions which have a singularity of a
definite type on the circle of convergence.

In the field of Fourier series, the double conjugate
Fourier series of a'function 'FCI,jL continuous throughout the
fundamental square, is shown in this thesis to be summable, with
regular Norlund weights, to the conjugate function, Norlund

summability of the double conjugate Fourier series at & point of
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digcontinuity of the function fi I«,y) is also discussed in a manner
similar to Professor C.N. Moore's treatment (15) of the Césaro

summability of the double Fourler series of discontinuous functions,
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1. A Norlund Scale Development

We begin with a sequence of positive numbers { l"‘% such

that }%70 y knz’o ) fir— ra‘f"gf“"{'rl) %...-70 ‘e Let
*

[1.1] po = il’n“” , FRuo= Z‘iPmc" .

w=a R=0

, P Y Rt
Since f?%:""""ls Piv) converges for 1%(<l, Since P(ﬂ:(""‘)én ?

=
ptx) converges, for lal<l , to (I-%) fx) .

Let f 4, be a given series with partial sums I, = Sm“),
and consider ha

[1.2] fiy) = Z_ s = TS L

V0

1
™
e
23
<
.

m (6) (o} ; e
Let JoSu A pisuti# o PSS phen

oo
2.3 Jhoure Jstr = 3 st
o =8

= Y>o

(r) (r-) (r-1) 7))

In general, let S = pda +f Sgq t- "'f,.,so , for r a.positive integer.

Let

[1.4] (/u«))" = (i,b,d ZP(” v

=0 v>o

(r) v \
where Z. }‘ converges absolutely as long as Z: I’Mﬂ itself does (136-).
v=d

*Hecurrence formulas for the evaluation of I’T have been developed

by J.W.Le Glaisher (7).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then

£l.5] Z_fv'ﬁ Z: Sy(r"),xv Z 5(” v

Y=o v=od
The coefficients in the power series on the right side of [1.5] may
be expressed in terms of the original partial sums, Sa , by making

use of [1.4]:

oD o0 oo

- ) v (l) v
el J st J e p st = ) R0 ) s
— Y=o V=3 Y=o V=e
Facd
— (mo)) »
=} (Z;s s)m .
Hop Vo
(r
{"5 - S,\, \
Consider ™™ ~ Z“i Ptr) , the Norlund mean of order r in this
v
Voo

ir)
scale development. If the limit of t exists, as n-200, the

given series is said to be Norlund summable of order r, or (Np, Pm)
summable,to this limit,
The Cesdro scale of integral order is a special case of

this Norlund scale (set ]>n,= i for all n).

2 Re rit

In this and later articles, we shall make use of several

results that can readily be proved by induction. HNoting that

P bt pe pE P R e BT am

assuming that p. and P. tend to limits, finite or infinite, we have
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(
Theorem 1 (a) ’_7_;5) % 0 may be deduced from }’_5_ >0 .

R

Z #K) 2_

Y=o

Sl
(b) = — | s for each fixed r, follows from fiﬂ:.; 1.
Zx }(K) P
v
Y=o

n
‘(K
@ P W7 »o ir Row,
Yo
The proofs are omitted., Henceforward, whenever reference is made to

this theorem, the assumption is implicit that  and R tend to limits,

finite or infinite.

Theorem 2 The (NR'FW) method is regular.
n
) _ , K (o}
Proof: Noting thet Sa = Z:I’v 5¢-v  and that
V=0
n 13
(kY
(x) Sa - l’.-;s__s, )
tn ' = Z- k) - 'lf:')
(2.1] Fv v=o A

this transform can be shown to be a regular transform by an application
of the Silverman-Toeplitz theofem (20) and part (a) of Theorem 1.
Details are omitted,

The next theorem establishes the relative regularity of
the (N, pu) method when Fx e,

Theorem 3 1f 2 auz 5(Ne,pa) and Fu 2@  then

]

ia, =S (Nm, }m) .

=0
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Proof: We have
Kt) (k) ;
(KH) S,._‘ ) . J’o P S 5 Pn Se‘z)
= - LK tk41)
Z ﬁcm) » +')+ A L
' (x) (k)
o ‘05;(;‘)4----4-”“.55“, Ps"- t-- {-* 50 ~$S

;.[pﬁ"’+-~.+(».S"“J+~~-+f~p£“‘ - ),(i y,) *M&)

(k)

since - o S by hypothesis, We make use of the result
>
et
v=0

3{”'”‘ + q“' >f provided -3—— -3 sand o) %y, ) &n are any
dpf"“ ‘f'd-,.,

positive numbers for which o e +-- +dn—00 (13p). Here, fooeo

implies va —2a by Theorem 1 (&).

v>0

We next prove a Tauberian theorem.

= AT
4, = $ L& By ® —
Theorem 4 If é,; v=5 (N“’f”) | and n“:)- ZA" - o(t)
n-r v=d
P
for each = 02 | then ZQ\,:— S , i.e., the series converges.
‘Y>o
Proof: | We have
®
(£ ®, uc)
< (k) 5 — iu. - 5;..( ) (} jp)
nT b = TR - (k)
Zh ZH

= S e p ) (s f050) Pt ""(s.-s, AT AN

Z f’(“) ' Z ﬁ('d
= & awﬁ_f"’(uam)f t putnt ) _ an (e th )6 u (B 1) £t p

Z e e 40
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K) ,
Since t(n. —? 35 , a necessary condition for convergence is

(3] ) k) () :
(%%t p) (bt h0) 4t 4y i —~ ol1) . This condition is
(K)+-- 4 j{k)

®», .. (k)
satisfied if u-r(frei+ #pu ) = 0(1) for each r=o0,1,2, ---

/h-r

&)

v
since the (N,, },(f)) method is regular and since ~—=— - I,
¥=0
for each fixed r, by Theorem 1 (b).
00
Theorem 5 A necessary condition that Z_ 4v  be (N . bu )
m .

(K] 0
summable is b la + K 4»-1 L ,/ak)f(o - a(1) .

>4
M: We have
(‘iwz))t.‘f’,(f}“',") - s sW = (p¥% e *k“’so)'(;“"s._,f- hs )
V=0 voo

(13
= }‘(’m(s"-“nﬁ)*‘" + /’i?l (S,—-So) + ff}ffo = fowﬁm‘- .. -i—ﬁl ’¢° .

Therefore,

(1) (14
t(K) Z bv t‘f_{ _ ﬁ:‘{hr *@)‘fm -
n - p. Y
o ‘ ) _): w
Lz“{'] Z_ fv ﬁV
v=D s ]
) () .
since n =5 ang -—é———— -» | by Theorem 1(b), the left side

K

of [_2.2] tends to zero and the result follows.
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oo oo
Theorem 6:  (a) If Zav =5 (Ny,pr) ,then J_a=5-4( N, bn )=

v={

o oo
(b) It 2. 4v=5 (Ng,pn) and ;L\Ft (N, pn) , then

Z;(avi[)v) =stt (Ne po).

() 1If Z"a.,'zs (Ne,pn) , them [ €& =C€S (Nk,pn) .
V2o

Y=o
The proofs are omitted.

Theorem 7 ¥ fuow s the condition i’A ~» ¢ 1s necessary and
' .

| sufficient for the regularity of the (N K,;;,.‘) method.
(k)
Proof': By Theorem 1(a), f_}};"’ - 0 may be deduced from ‘%‘_ 7O

4 [ad
=0

and the converse 1s also true when /i - , If we replace the
[
condition pu _5 p by the equivalent condition bu - 0,
pv
v=o
then the remainder of the proof is similar to the proof of a special
case (k = 1) of this theorem given in Hardy's Divergent Series, p.64-5,

which makes use of the theorem of Silverman and Toeplitz (20).

3. Consistency, Inelusion, Equivelence

We say that two methods A and B are consistent if 3,73 (A),

5»:">${(3) imply s'=s , i.e., if they camnnot sum the same series

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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to different sums,

Theorem 8 Any two regular Norlund methods are consistent: if

555 (N, pa ) and 555" (Ng,gu) » then S'=5 .

Proof: = The proof is similar to the proof of a special case (k = 1)
of this theorem given by Norlund (17)., Norlund's proof also appears

in Hardy's Divergent Series, p.65.

We say that the method Q includes the method P if sy—»5(P)
implies sy,—5 (§) and that the methods are equivalent if each
includes the other. If @ includes P but is not equivalent to P,
we say @ 1s gtronger ‘than P,

?ifé shall make use of the following results which are

readily established,

(i) 1Ir (N,,P.) and (N,, Z.,_) are regular, then kpg_ 50 » 1(3_ 20
: n n,

&) L%

and — o -0 153"" —®0 , by Theorem 1{a).
IR
| o~ L= ]
. J
. o = p v gt Qr=) @t
(ii) The series /’m :;ﬁvg' , P“"’:Z;P"t , Zu)—éfv R '2;

/7
" are convergent for [«l<I |
v

. 00 | Kk 2
(111) The series (pt\)k:ékb"m") (Fin)"= 'Z;&w"‘": (3<) =’2__;Z" :

Iy ‘.k 5 LK} ' )
‘i\@(ﬁ)i = ,;M.Qv %, are also convergent for fal< | (133).

v=e
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(iv) The series (I(u)) ZK“’ v o= (r) ) — <0“”)t and
’ P“))K ( x) SK

) ) K A
(1“") Zl“ = 8—"‘2:)))14 = %%k are convergent for small x (%),
[{

Equating coefficients in the power series identities in (iv), we get

| ' wpls _ ok
(v) kb(k)}'{k)* -~--+/f»£")ﬁ.‘” ~ :t) , K“w,? e ke B e,
k ) & ® (k) ptics )
W8yt G0 = p LYW 40 = R

Theorem 8 If (N, /m) and (N, Z") are regular, then in order

that (N, dn ) should include (K, ,lb,.,) it is necessary and sufficient

that both

(a) ‘kF)IZP?’#—I :"‘ZPM*‘“‘ + IK(””,,?‘J H wa

vea v=e

where H is independent of n,and

klx) .
(b) > =0 .

Z i

o
If Z ﬁsk’ >0 , the second condition may be omitted,

Proof; The proof is &' corollary.of the thedrem givem by Marcel

Riesz (18c) for any two regular Norlund’ methods.

Theorem 9 In order that two regular NSrlund methods (N, pn)

and (Ng, fn) should be equivalent, it is necessary and sufficient
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o3 po
that Z IKS,‘)I <o  and 2 115"] <
v=c !

=0
Proof': The proof is similar to the proof ef a special case (k=1)

of this theorem given by M, Riesz (18¢€).

4, Inclusion Determined by the Poles of .the Funcgion

In this article we shall discuss the problem suggested

by Professor-C.N. Moore and stated in the Introduction. In order to
, %

do so we shall make use of Wiegert's Theorem (9) which we now state

and prove.

4 )
v
Wiegert's Theorem If F(%)“‘ Zavz has the unit circle as the

L ="

circle of convergence and if z=1, a pole of order p (an integer) is

the only singularity on lef= i, then &Rn= O(?t?”"ﬁ.

Proof': Write

— C Co-t . C
fce) = (/—_755,, + f‘f;ﬂ"’ + "’;f"e + 3@,

v

A Y3

where g(?) is regular for [Z)<}+5§ , §70 . Hence j(?)=g_:l’vz

on

(&
where by = 0(1) ., Since (,__’l‘é;)‘r = Z oz s We compute

A=0

*Wiegert's Theorem is stated but not proved either in this reference
or in Titchmarsh's Theory of Functions, p2l4. So far as the writer

knows , there is no proof anywhere in the literature,
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N & oy e aen
U= GIF, g g5 4ot l +bn o Since o~ s b2

n_
Catl)

“we have 4, = O(nt ), which proves the theorenm,

) o0

o : »

Let ,.i’(“:Zh‘v' s fx)= ig,,*z", ¢) = éﬂ‘*v,
(Q(z) :i@tv s each convergent for Inl<| . Since pex) =(1~%) PM),

e ps
and g/n = (1-v) d)u) s, then Kn):Zk.,q" = X_{_") = Q’—ﬂ is
v=o puy P

convergent for small x (3)., The coefficients K, satisfy the
equations Kepwt == tKupe = fo , K Pt - rkallh= Qu .

Assume that /Va) and ffz) are rational and that /6(2) has
no zeros inside or on the unit circle, or both ﬁm and zta) have
the same zeros of the same order. Suppose {[e} has a pole of oraer s
and /:(z) has a pole of order r ., Then we can write

y gt § 5 r e > s-r-i
Key= §02) = pild o 3y ey g e,
r=é

2) ey G-2)° vio

where gt,!i); is analytic at z = 1 and its power series development,
pild}

e
Z b, 2" , converges for all z in and on Rl=1 ., If we write
v=o '

o v o0 n Ser-t v o S-r-1
k) = Zkva =(‘ (Z‘,, xx—v 2 , then Kn = 2 'Av lyn—v .
r=» n=4 v=o 7= 0

3 o
Theorem 10 If both }’(&)‘:— Zﬁv2' and 512) = Z[(f" satisfy
= v
the hypotheses of Wiegert's Theorem,with }(e) having a pole of order r

at z = 1 and glz-) having a pole of order s at z =1, and if s)r, and

»n (bo] <t , then (fi,,z,,) includes (N, pn)s.
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Proof: For inclusion, we must show {by:Theorem 8, with k = 1)
that Kl ot 1K Py v - # IKalPo € H Q, . By Wiegert's
Theorem, pu = O(n"") | gn= O(n5) » 80 that R = O(1™ - en™™")= o),

Q=005 + 1*7') = O™) , Furthermore, K =bo V. + b¥uy +-+h ¥y o
We must now show that IKJP + K, )R- +---+IkalP, = O(n$) . We have
Pt ¢ Kulfl < [ PO TR TR das [ PRVIUE | Sl Y W A |4

S ATl TN o NI T vl VIR (W) (o NPRTRY [ T/
since Yo "'>0 for s-r? o0 . Making use of the inequalities

S-P~f

Y e M 0 and A <M, 2" , we have

Wolfat =+ IKalPo < My [ Ul "¢ (117 1b,[Yn-0)e - + (bl 7 b5 % --~-+N>-J)]
S |78 TR M NRNae) PITY (SN "(r:-z)’+---f(n—«)ﬂ-')*'“*lb"ﬂ'

From properties of the Beta Function, we can establish the inequality

Lé'l] , ls-r—|(n_.), LA o (""')§~r—‘lr <My r* ’

On making use of this result, we have
T4l Py # - + KulPy £ ’1{[/5.;/»‘4- lé,l(nil)g-\‘- f‘/ﬁn/] .
Since lbe| <Mym™', then
Ko lbt-- t Ik (P, < I, l_ll-"f- f'('n—’)’{..'z"(n-z)’fn- + n"J = O(»%),
on making use of [4.1] again. This completes the proof,
Next we show that the hypotheses of Theorem 10 imply that
(Ng, I } includes (N, pr ). We first show that the hypotheses imply

that (N, ,Z,._) includes (N,, P ), and then we repeat the argument k

times,
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-17-

In view of Theorem 8, with k = 2, we must show that

H(o(zjl '_fo)-f /klu)’ '{Z_:/‘\(P*‘“ + /k(z)l f(z) ‘ ng(z)

(.
where L2 g ok Hafo 3’#»/“‘"*}»/» y KBz Kok £ +KRp K,

Since pee) —*—z /wz' hag a pole of order r at 2 = 1,
vseo

1)

(l,(e)\ — (") has a pole of order Zr at z = 1.,  Similarly,

W

(g(a)) Z:gw has a pole of order 2s at z = 1, and Rs 2¢

since s ) r. Both (/ee)) Z }‘”@" and (?x’é) Z:gw satisfy

the hypotheses of Wiegert's Theorem, so that 2 - (1) ,
W

00y L EA e ) = o),
£

n
Z }5‘9: O(1* "¢t )L"""):: O(*).From the definition of Kl&),
Y=o
ZZOJ

(Kli))":(éjk/?v) Z: "J V = f((j’)) = ZtQ)zv

is convergent for small z (3). We assumed /lel and g(a') rational
and }(H has no zeros inside or on l2i= | , or pw) and §¢2) have
the same zeros of the same order. This aséumption still holds for

(,bu»))1 and (](e))z . Then

= g2 L“’ l’ . "_e“
Z‘?)er:( te ) ficz) (1-2), 2)" (Zi(i’ =

veD

pe2) f,(a) (1-2)%5 bute)] (- a)“ (-a)rr o

where Ct) is analytic at z = 1 since Z_'_ff) is analytic there.
/,[2 Plle;
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! s
The power series development ( )\ = Z‘f"é" converges for all
v=e

()
s 3 z~ '
z in and on l2l=1 , From the series for (/C(H) s We get
-3 $~3r- -3~
:1) = 4 %:s ar '+6€‘JY:-1 PR bf’ PRl

We assume nlb‘:)i <f1 and apply Theorem 10 with r replaced by 2r and
s replaced by 2s. Then this result, which is a necessary and

sufficient condition that (¥,, g.) include (N,, I’. ), follows:
= = w) ¢ =
CPN AT VA LN T P S
voo v=d P
We repeat the above argument k times to obtain

Theorem 11 If }(e) sf,;,,z" and fez) = 522‘,2' have poles of
ree =

vy )
order r and s, respectively, at z = 1, and no other singularities
in and on I2l=y , if s)r and x“,ﬁ?(u"l; then (NK‘K") includes

(N, pn) provided piz) has no zeros 1n or on [2l=1 , or }(?) and

z(z} have the same ze'ros of the same order,
Here, p€&)= pu2) | fe2)= {2)  and the coefficients,
7-2)° i~ 2)%
(k) ‘
bn!are those in the power series development of the function
< _ bk _y |
(ﬁi“l = z‘v 2'; the function is analytic at z = 1; the series
P:(Q r=o v

converges fobt all 2z in and on [&=1 .

We note that the second condition of Theorem 8 ig easily

’ . »
seen to be satisfied, The condition is 4 = o ( bR Iy‘)) . To prove
£
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this, we have, for k =1, K= 0(,‘54‘)’ Qn“-‘-afn’). Thus K = o(q),\')
since 5 7r and JKnl <H AT = o(nf) .

For any integral k > 1, we repeat the argument k times.

To illustrate Theorem 10, let us consider the case in

which the NOrlund means are the Cesgro means, We have
ey i BN
f(?‘) = (I"?) Z_ ) f(f") (I 2_}5 - s v )
r-f - 2 B s-i ]
/7» =¥ = 0" ) » e = X;«z = 0>} s

K: gyvr—: ¥ = Otn") Qn: i Y:-’ = YVS = Ofn S)}

oo V r
Kz = v -‘—Ut = (l'e)-’ = 1 _ = L&} d" .
@ é abd pe2) 2)° (~g)* " %{H—J (¢~ -2y

. . ‘ )

Here, fi@) _ ; , which in a power series Z b, &Y has b,=/{
pr(2) ves

ba=o0 forall nz/ , The hypothesis nlbn]<M is therefore

satisfied., Thus

J—r’l oo -t
k - 1 2 Z : 5 5"“"
Z @’ Z x é Y" 2” and therefore K»n= L

V=g

Prws —r-l
(bS'r"K+ 6155 ran-—[f""' Yﬂ.’ Pb

il

IkblPu + lK.IR;-jf‘""é‘ }an?:»
< £, 504, e sl 5"’“)
. H&()‘ 1 (n—p) + (n-2) N -
On making use of [4.1] s We have
Jkal Pt (Kl Paes & - ¢ [KulF) = Moun® = O(R%) o

Therefore |Kol Bt 1k, [P t-- +1knifs € H§, since G =0WS),
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Thus for integral r and s ,(C,s) summsbility includes (C,r)
summability .if s > r.

This example can be modified to illustrate Theorem 11.

Both Theorems 10 and 11 are restricted to integrel r and
8 by Wiegert's Theorem. We can partially remove this restriction by
the following consideration, and, specializing as above, show that
(Cys) summability includes’ (C,r) summability for non-integral s and r,

8 )r.

The Non-integral Case

Consider ), ) A . » Positive, non-integral.
Tk
Let (r-%) '(dst4,%+ (,1:‘4---):/,,+p,¢+}:,&,kﬁ.n. , where &,70, fv2o0.
since Y. 70 ,then p.70, poz0 . Suppose a, < M  and
assume b, o) = f_‘tv’fv is convergent for l4j<i+§ , $20 .
=0

-y v
Since VZ“ rv A converges absolutely for lx)< | » the product

v
series é; be¥ also converges,for (x| < | . Introduce
4‘,"‘]

Z pra’= Z X, 2:4\, (Z ¥, 4,.,,)«" so that /Su = Z:, Bn-v o

Y=o
Since 4y <M , then fn = O(fn“‘) /2_: 0(!“4—“'—1- )LA') = O(L}"“).
. 3
Let (1—1)_A1(A.+b‘1+"‘41‘---~ ) = go '{'Il«"'zz ‘ltzl‘-"*“‘ 2
where l»,>0, . » © . Since ]:;-l 0, then f-2¢, 3" z2 0 .

Assume g ) = i/’v"‘v converges for (xi< |45, $»0, and /pl<M,

vz

Since fY:H«"' converges absolutely for [4l< | , the product
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]
series, 2‘: 4 iv , converges absolutely for I‘Ki <{ . We have

,w' N © Ay p ] v ot

P O N P o RS )
Vo Vo veo Y=o

Since ‘n <M , for all n, then f": 0(73‘) and 0,‘:0({*1,;..-4-7@,20(71&“).

Now },(?) and i,(t) sre analytic in and on [21= [ .

Assuming }, (2) has no zeros in and on 2] =| , or both i), (2) and

!‘(gz) have the same zeros of the same order, we have

L LT e

— = 4 v
ha) 4 3./ "Z %/ 2" , where the power series 2: €y? converges
Z v 5

for all z in and on |2i= [ |
- =Y = v
Theorem 12 (a) If /’{t) = ifvz and Z{z) = va'x are
vEb PN

given as above, with )«,‘7)\,;»@ , and if wleai<M |, then (ny, in )
includes (N,, pu).
(b) To show (lex,,, } includes (Nk:fn ), we reguire, in place of

nlenl <M, that nle1< M, where (L(_f) k_ ’/2:1"' Zcm
/‘l(‘!) (Z‘vt

V<0

Proof': The proof of (a) is similar to the proof of Theorem 10 with

= > . 2 A—l-
k= J00 - Lo (o e g e
W nee ?

pre) pr) (1-x) 2 Vo

™My

The proof of (b) is similar to the proof of Theorem 11.

This concludes the discussion of the problem.

Some of the open questions concerning this Norlund scale
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are now listed.‘ First, an extension of this scale to non-integral
orders would be valuable, and this should carry in its wake most,
if not all, of the theorems developed here. Second, a comparison
of the Norlund scale with other summability scales would be
interesting, and so would relief from the restriction that {',(
be a sequence of pbsitive mumbers. Perhaps more can be done with
the above problem suggested by Professor’Moore. Also, a collection
of examples to illustrate the‘thebny ig always welcome.,

An interesting question which involves the Norlund
scale is the determination of the orderof summability of the Cauchy
product series of two given series, each known to be summable by
some order of the scale. In this connectlon, much work has been
done on multiplication theorems for Norlund means (of order one)
by Mears (16) and Silverman and Szasz (19). There is sufficient
generality in these theofems to answer the question for the scale,
by making the necessary changes in points of detail, in fact, to

have many of their theorems carry over,
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5. The Iterative Scale

In this article we shall develop a scale,analogous to
the HOlder scale, in which the means are defined by a process of
summation and division, summation and division, etec. This develop-
ment differs from the first Cesﬁro-type, scale where the means are
defined by a process of k summations followed by a single divisiom .
We shall flrst state the definition for smnmability of order one and
then for summablility of 'order k. The superscript notation , N %) ’

will be used for this iterative scale.,

Definition 5 Suppose bez o, F" zo, F. =}’.+ flf---'fl),.,, }%‘L 0.

If tn‘-.): [o’!»*‘ }e‘#ﬂ"""f‘fusl;és when x - @  , we shall write

fo f’f( +- -'ffﬂ-

. - ( = . (n . X .
'Zlﬁf =S ( N u’ f,;) , that is, Z &, is N summable withweightse }.\
= f‘d..) |

‘Definition 6 We agsume k is a pogitive integer. If

(& &-
bR bte Yt pato

N

—>S when M2 , we shall write

s “© W)
dy = S(N"K,;},.,‘) , that is, Z4v is N ~ summable with weights /a.,.
V=o

™

The Holder scale is a special case of this iterative

scale (set ,’n =( for all n).

We now list some examples of divergent series which are

summable by this iterative scale.
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Example 1 The series J ¢, for which S.= (-2)" , that is ,

v=o

@p = Se-Su-1 = —3(-2y""

2

can be shown to be (N(‘f f“ } summable

with weights /:,._ = a“ . More generally, we have

by

. Example 2 The series J 4, for which Sy =(-k)", k1, k7o,
| =2

that is, @n =Sn-Sa- = (-1 (kct) K™ can be shown to be (N(zf pe )
summable with weights $. = k™', For K=/, the series for

which = (-1)" is (N p. ) sumable to % with weights fo= at/.

The series given in these examples are also summable Nm s but the
weights are difficult to determine. The scale is very useful in
eliminating this difficulty.

6. Regularity and Consistency
Theorem 15 - The iterative method of summation is regular if and

only if -ﬁ"-——? O
Fo

Proof: We use the proof of the regularity of the (Nw, }»,_ ) method
(8) and we repeat it k times to establish the regularity of the
(8%, b ) method.

Regularity assures us that Z_: 4y =5 ( N, Ps) implies
70

i‘l’ S( lefl)}").

vzo !

= 03 = )
Theorem 14 (a) If J4v=5 (N 3/6,\ ) , then Z‘v"s’dﬂ(m‘f n]-
. . v y:'
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(b) If it,:s(/v”",,én) and ) 6,2 ¢ (N® pu), then

V=0

J(a2s,) =52t (N*4,).

a o0

: »

() £ ‘Z’Jdv:S(N(k)n,‘A), then éCd‘,:Cs (N‘ ;ﬁ“')-
The proofs are amitted .

Theorem 15 Any two regular iterative methods are consistent:

if Z‘g; =5 (N®4.)  and les (N*)ge), then s'=5.

Proof: On using the Silverman-Toeplitz Theorem (20), the proof
is similar to the proof of consisténcy for the Cesaro-type scale
(Theorem 8, page 12) or to the proof given in Hardy's Divergent
Series, pege 65, with 3. replaced by . 5"

Due to the manner in which the means are formed, the
expression for tiﬂ in terms of 35,€= “)) is quite complicated:

(- 2 Lt.‘.‘::' 3k b 6570 = e

4=0 4;%0 P"- n—l.

n »- """lk,
é ‘l Ly " Lk f ,"__ "‘C& -
',

Lot ic=o ] —‘l i Fn_" ..... ‘K"

This greatly restricts its use.
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7. Application of Norlund Means to Power Seeies

We shall develop, in this article, several theorems
about NOorlund summablity of a power series on its circle of
convergence, If the radius of convergence of the series gz ave”
is r, the transformation 2'=rZ leads to a series with radius of
convergence 1, Therefore we shall suppose without loss of generality
that the radius of convergence is ‘lb.

The first theorem to be developed states the conditions
under which the Norlund limit and the functional limit are the same
at a point on the eircle of convergence. An important theorem in

itself, this result will be used in a later theorem.

e .
Theorem 16 r e’ is any fixed point on lzf=/ and if

tn(r)(etp) —» L @88 n- o ‘ and 1zl < ™M as gz » e
I pel

R Ho
inside an angle < , vertex at e¢*® , then lim 2:4,,?" =L,
' 22E =3

provided f{e } has no zeros inor on (2{= 1 .

Proof': With no loss of generality, set #=o0 . By hypothesis,
) s r)
t)(. © - —_ -2 L B

Z,‘ #(")

v
Vo

This can also be expressed &s

)
=/ Z (ry {r)
e £ Nt & é Ar

where €,-90 as n->aw .
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Therefore .

(e - F 0=t £ (£ W )ere FalZ A
[_7.1] (-2 (Pliﬂ) g; ve ép(é $ * ,,Z,o v:.av )
If )(F is the greatest of |€ J, lér“_) . .... , we have

[7.2] [ff(é/") / f/f (2 1) +»(,,Z(2:f fal”,
and
é ( é}ﬁ”)/a/ = (pua)” .

Multiplying both sides of [7.1] by [1-2l , we have

F(e)|l~?lg§lzﬁr - L le-e] i(i}m) I-? | Zpé,‘ (g:: /,,(”)Z“

¢-2 (P(a))' (f(z))r =3 ,b ‘))' n=s ’
F(Z)I' é L I,_z’ __kg)_)_ ll"é} a0 é o] /(fJ a’l
+ . L] — Pv )
¢1-2) (/‘ra)) G-2) ( pe) g’:‘ ("’"

oo (r) -
fiz) -2 ) 1-2] li-2l (b )™ .
( (1-2) (}(z))r nzw (

Making use of [7.2],we have

pe-2l Zf:e,l(&‘:’)t S T o (ZHer,

(7.3 |far-L] s e YRV II’

When 2z -1 in any way, the first term on the right tends to zero
for a fixed p. Setting 2-1/- f’e“‘, we have Cos« » § »0 inside
an angle < N , vertex at 1. Hence, for (‘ 5,

2,2 2
[el*= 1-aplwa +p> < 1-208 +@5 = 1-p8 < /-(“@% -_-(/aﬁ};),

win

that is, 2] < -8 = 1- $1-2] gng thus L1=2l .
. a 2 - lzl

Therefore the second term on the right side of [7.5] becomes
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L’—ffr’(/’ Z/v )Izl = l-2] )(/’I i € an 2| = Ii—?l (f(m)) .

Tpil” Tyt o

Since 4&£ﬁﬂ). is bounded, by hypothesis, and {} is arbitrarily
pcz)

small, the right side of [7.3) is arbitrarily small, and the theorem
is established,
If we consider Cesdro means of order r in this theoren,

in place of Norlund means of order r, the second hypothesis becomes

plial) —

r+t rit
lk(z)' ( 1-1z21 < ) s and can be omitted. The theorenm

for Cesiro means of order r was first proved by Abel (1) in 1826

for r = 0 (convergence) at least for radial approach. Frobenius (6),
in 1880, proved the case r = 1, and HSlder (12), in 1882, proved the
general resalt. Theorem 16 is important as a generalization of the
Cesaro result, even in cuges in which the Norlund means are weaker

than the Cesaro means.

Theorem 17. 1t |t (e*?) | <M  independently of & , then

lftzy] s M for 2l <l

Proof': By definition,

, " ( < =€) n
EeeD pn) = 75 lew) e = ) —w( 2K

B

By hypothesis,
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Hence,

‘ff—lt‘_f.%n(lo(r))k < M 2: ( Z/"’") .

Simplifying, we get

et (pof < M= A0 = 2L (hen)'

Finally, lf(re“)l < M and the theorem is established.
Theorem 18 If feay| <M, in lel<i, then (¢ (e®)[& s,

Proof: The proof is similar to Landau's proof (14) for (6,1)

summabilit;y? . From

r’(e) ém Zgnzl_ Z/" Z:s.‘e"lf..? =Z: f:’(l)e"

=0 H=0 n=

fee) pee) d
/ é (IJ = }_L‘-‘f {é(), ;) nﬂe‘ b

8

é.

we have

But we can add £(2) Pla)( }.#ﬁ,u—m + fn.?.") to the integrand without
altering the value of the integral since this term is regular at the

origin and hence in /el = ’l « Thus we can write

htla) = _,,u_/ ?,,,[(/u/um Hpn")2 +/_}le ’

+el=r
and since [fte)] <M s |Pe)] <™, » in lelsr < | , we have, on

setting 2-ret?,

' 2n
Bté’q)(l) 53%,‘]‘:{/}“;}‘2*"_ 4f“2_ll/r,," (44

A

[ pethrrpeo o 1

Selr’“ .zr(,,,-/&,r+/b,r”l—~-—+/,,r“) f ;’1;‘ .

A
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Since the left side is independent of r < 1, we have

RV < Lim [ S uefierspur) 4 2] 2 B+ = M)
r r®

r=/
Therefore |¢+&(Y] <€ ™M, . Applying this result to the

, function fce) = ,c(ewz) ,\we have | tﬁ"(e")[ <M

We now generalize a result due to M, Riesz (18a),(18b).

Suppose f(2) = ‘z én 2" has radius of convergence 1, Let
=g

o
‘ o0 . , o0 . oo &f’,‘(b?" _ "P“fil) n n
70#) = :L_;(f“—t.(‘f.)e" =(,_e)éoé,{’a :(:~e')“4=:l = = (1 2)2: z”[.ln? >

nzo

.Y
3 (1) ()
where the b, 's are defined by ’Zu s, =1 L be= ,;; fo.
[
At the origin, &ce) = VZ:J.,Z' {0 .
=0
" (O .
Theorem 12 If > _, , , the Norlund means, fn’ (e") , tend

1LY
to a limit at every regular point of jc2) ft 2) which is not a singular

 point of #¢2) or T(2) .

Proof: With no loss of generality, set d=0 ., e have

ek - Rt s

At
n n-i

1]

tﬂpﬁ’l‘- + (LP“" ‘A’PA)S"I f(fz,;_' _./lg)&-z Fot (/éde-l“/“l,i) 55/ |
n Pn. pn_'

0 B th Bt) s b (e b ) I
R "R
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Therefore ‘ |
S, -1 Sg—l lsb
N {.... +
P A il ST
n-g = ] .
R- P
Since LSP’Ll > 0 » its Norlund mean also tends to zero, and
n

{n (] .
consequently Cp —ta- =20 . Since

T(z)= Z( AR fkﬁf, Fle :(,-g)f& :"z"f[,?" = pe2) f(?) bez) ,

and since the radii of convergence of Z:(t‘,.m—-{‘ ©)e"ana [ tz
rzo

are both 1, the radius of convergence of é b2 ig at least 1.

For if it were less than 1, we may be led to & possible contradiction:
the radius of convergence of the Cauchy product series of two givem
series is at least as greut as the smaller radius of convergence,

Since T(2)_ P(g)f(a), then T(2) 1is analytic whenever pe)f(2) is
b(2) b(2)

analytic so that 7¢2) and b(s) must have the same gingularities of
the same order on the unit circle, if they have any at all. Assuming
z =1 is a reguler point of }lt) f(2) and not a singular point of T(2)

€ [
or b¢z) , then,by Fatou's theorem (5), we have J_ (&%-¢.L) ) <0,
reo

. . _
The partial sums are precisely l‘.“ which must tend to a limit. This

completes the proof,

A
*Patou's Theorem: If duw 20 , then the series fl?)=Z4'?v
v=o

converges at every regular point of l2l =1 |
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We next generalize a result due to Dienes (4d), (4e), and
this generalization may be considered a partial converse of Theorem 18.
We shall make use of the followimg lemmas (references to their proofs

are given):

\ é
Lemma 1 (4e) If,along every path inside [zt =1 leading to € ‘ .

lim H—'(e)l < M , then , to any given )( sthere is an arc («,p )
z9e4

containing # such that when z tends inside l2l=1 +to any point
of (, § ), we have lim . |fa)] < M“l .

2-2et

Lemma 2 (4e) If f&)= 2; 4« 2" is bounded in a sector (03a,b),
n

of a0
1 2
then fe) = Z"‘E *‘Zc'v?v = g(ﬂ ¢ E.c2) , where f.(2) is
V=90 r=p
regular on the open arc (a,b) of 2l =1 ,and §, w0.
Lemma 3 (4e) If €x-20 and along every path inside [l2l= (
leading to €%, 1lim f(&)=A ,then 5" (e+#)+ A, where 57 are
2wet '
“the arithmetic ’means.
Lemma 4 A regular Norlund method (N, l:.{) includes (C,%) ir
- '
Ko + SV pepor| <AE .
Ecd

The proof is omitted.

Theorem 20 CIf da
F.

>0 ,'and along every inner pa’ph leading
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to e4f » lim  fez2)= A , then t,{”(etg) -?A ., provided

zretl

n- Y4
2 (""‘)“’K‘I’k—ll = O(f.), and € is a regular point of pe2 fre)
K=
satisfying the hypothes#és of Theorems 16 and 19,

Proof's By Lemma 1, f(2) is bounded in a sector (0ja,b), the arc
(ayb) containing & , and hence , by Lemma 2, we can decompose it
~into the sum (,(?)4-13(2-) . Since £,(2) is regular on the open arc (a,b),

T

and by,»20 , i.e., % >0 » then Theorem 19 applies since Gn 20

(C'.., T Cot € +---+Cn ) implies Ca _p o0 , Thus the Norlund means of

.
the partisl sums of £(2) at e?  converge to £ (eu). On the
other hand, the hypothesis on the />,,'5 implies the hypothesis of
Lemme 4, so that from Lemmas % and 4 together, we get the Norlund

-neahs of the partial sums converging at e"". Putting these results
together, and noting that the functional limit and the limit of the

Norlund means are the same, we get the theorem,

Singularivties on the Circle of Convergence (4b),(4c)

We consider a function F(é) and its assocliated series R

2.2, & V, on the circle of convergence., Suppose in the neighbor-
oo
hood of €w,
§ (g ===; )
.y
‘)c(a?)':‘z([l’y l—e*z + £ (@)
(1- e*%z)¢

b
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where }Z(e):nl .23"43—’33-:,_‘__* A, , ond the order ("of 7 ce)

at e*? is <¢ ( @20). We shall discuss the summabllity of the
series sssociated with this class of functions at points on the circle
of convergence, This problem was suggested by Professor C.N. Moore

and is discussed completely.

Case 13 0<¢<| The coefficients, ¢ . , of the series tend to

zero since the function is of order ¢< I on the entire circle of
convergence ( |2l =1 ): @&, behaves like Y,f—', the dominant contrib-
utor, (since log z is weaker than any power of z), which tends to
zero for o0<«P<I , In 1911, Dienes (4c) proved that , for the case

ocp<t , lim s5.{e‘) . At regular points of the

Ty - ?%T«)
function on the circle of convergence, if 0<¢%/ , i.e., Au 20 ,
the series is convergent by Fatou's Theorem (5). At the singular
point; e‘f the series is not Norlund summable since Iy (?") becomes
infinite like n%’n, and the Norlund method is totally fegular.

. c—-l
Cagse 2: (2 | The coefficients, &x , behave like {, , which

becomes infinite with n. The circle of convergence of Z 4,2 is
r=p

again the unit circle, However, —ai'!—, — 0 for r» f—l y lees, reinf2l,

A theorem due to M, Riesz (18a) is the basis for the next remark.

Riesz has shown that if ‘3—‘;{;-—?0('_' 70), the arithmetic means of order r

have a well determined limit at each regular point on the circle of
convergence and this limit is the value of the function, 4&) = Z 62" ,

=0

at this point.
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In view of this result, the series J 4,2¥ for
v>o

_ kK  paapeT
f2)= 6("? /- e”"é) + f¢&) is not (C,p) summable at regular points
(1—e“?a)t '

on the circle of convergence,since ,%é‘ does not tend to zero, but it
is (C, p+# ) summable for ¥>d , However we can find a Norlund
sequence { }a} which will interpolate precisely and still sum the
series. Let

22 H 2 - ”Pe".
poattyin  per s Datghet, pesgh

Consider a regular point &, ( #e‘“, #1) . The relation between the

coefficients &, and the order of the function ; #tz) = gjswé" 5
gk

n-oe

on the entire circle of convergence is given by L= /¢ Lim éﬁ»—i%“;lb 2

the order being N {4e). Thus the order of f(é) on the circle of
convergence is Lp+! . We can write f(eeo) = fta)+ (/-2) B(2) )
where P (#) is analytic at all regular points of #¢z7 in and on
the circle, except at € @ and 1. The function Y(2) is also of

order < g+t on the entire circle. On multiplying the equation

it

f(z) fez)+(-2)E (2) through by P(z_) = 2 R,e', we have

f’;Z'Z@ g2 = Z‘i 52)2% = £(2) f_&a" +1-2) 6 (2) zf’ne".
Ve Azp K=o Nz h=o
Equating coefficients, we get ﬁ’,f" (2,) = FC&)K(I*&), since the order
of (1-2)X¢e) Ra) =p)¥.(2) 1is one less than the order of fi2) on
the entire cirecle except at the point 1, which we avoid. The function
f(z) is analytic at 2, and does not influence the order., The ratio

of the Taylor coefficients of the second member to the first therefore
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tend to zero. Hence ¢,z )=5"() »f2),and we have proved

n

Theorem 21 At a regular point ¢ of f(2), on the circle of

convergence, the gseries Z 42" is summable (N n€ xlta) to fl2).
> s

A0

In 1913, Dienes (4e) proired that if 4y _, 0, rzi

Vs

‘ nr
and &)= Lﬁ_‘%f):r_a_) + f(2) , and the order of #(a) at e
-d 2 :
r=f)  _¢o0
s ol Sw Ucet?) _, rr-ett)
is Q <€ (o<(: <rfl )}, then € Lo in r(r+t) PZ

For gz 1 end (7@ , we have r-(70 and the Cesiro means of
positive order become infinite like )\e/o"w at the singular
point € é‘. Sinee the Cesaro and Norlund methods are totally regular,
the Cesaro means of any higher order become infinite,and so will.
any Norlund means which are more general.

This completes the discussion of the problem.

8. Application of Norlund Means to Fourier Series

" In this article we shall develop several theorems ‘about
Norlund summability of the double conjugate Fourier series, hereafter
abbreviated D.C.F.S. The following preliminary material can be found
in any paper or text which treats D.C.F.S. (2}, (11a), (21).
The function fle,v) is assumed to be integrable over the
fundemental square Q[-AM} «,A] and to have period &fT in each
variable. The double Fourier series (abbreviated D.F/.S. hereafter)

is denoted by ¢(f) and the rectangular partial sums by Spa («,g s £),
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We have

[s.1] fea,v)

Z"m—[ nnc""’“”’“@""v +bm Lm“) boarv +Cmn&n m.«An.wv -rd'.,.,,_/&nma,&uz,vjl
m? o

where
(. '
i ==
4 if mz= o
8.2l A = {4 if m=0,n70 or myo, n=0
{ i mro, nvo
.

and

e [0
‘(= ;‘(I;J‘ Fa, v) Cre mu Creny dudy

A.’.w = ~£v /[H"Cs‘”,&agmu@vnvmdv

i

Comn

5K
”{[""'j j{f(a,v) Gorme &ﬁns’&cd'
Lol

i)

' di. ,:., Jfla v) Sama Aoty dudv
_ e

We may set A

i

/
mnn a”lllt a‘mw ) &ﬁ‘ha b."‘ = Ahw Y

and use the unprimeii coefficients. This we do for the D.C.7.S.,

which we take to be
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B-4 Z 'lana,llhu;&‘“m%L;\‘M;V‘l:?" Lo Crany -C»:,.fw mu,L&n;lf-d,,’,,,a‘ ma &MV] 5
T

where the coefficients are given by [8.3] . With unprimed coefficients,

the rectangular partial sums of the D.C.F.S, are

i§.5] ?‘,..,t(%;giﬂ =
L 0 [ dipedivy by bpun Livycuyhipn Covy +doylopuntiery ]

On changing to the integral form for‘ the coefficients, we have
_ | m by &
SMn(a,v)'F) - }(___/z Z E [ _f'(n’v).

A=o V=0 Lg )«

k’“/‘“’ Eay v»&':g#'r— d’m)’;; - :};uu G ¥y &}ﬂ&,&k ’y ’&/ﬂuz;VVJi;/memY}f-ﬁiﬂ.uL'V g?‘“‘”"yiﬁwv

_ »m W z 3 R
S,"(‘;,.!;f )= #‘Z f(mv‘.{fwﬂt looge . - fo;w,fm/uh&w;&w» &Y? Lugv|dady
Hzo Vool g

Smn(’”‘j}f)- ',% )" _{Z

‘k__ C g K " '
Smn ('k,y;ﬁ) = £ ( j“f.{u‘v{z .’fm;mit-w} Z.fu, Y(c‘—-#’))hdﬁ/
£

”-2-
-4, A ue ¥=o
— ‘rﬁ'!‘ﬁ R
Smaltiy; €)= K} | fund) D(a-s)Dly~v) du dv
Jg L
. | .
[8.6] Salrdy€) = bg )ljmm, yaad D, (w) D (V) dudv
‘ i
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If we note that E‘(a.) = ;L/,u is an odd function of u, it is

not difficult to show that we can write [8.6] in the form
L _
B.1 Sen (143 F) = J/,j fﬁ D, (<) D fv) duedv ,
), J, 4 .

where Yoy = flrta, $1v) = Foeon, $40) - flxra, $v) Hflx-ts V) -
We can form either the single or the double Norlund
»
mean of the double sequence of partial sums [8.7]. We shall work

with the single Norlund means first. This Norlund mean of the square

partial sums, Sec (v.}h‘) y 1s

[_8.8] tn(‘!:,S‘f) - “#‘ kz:”/kﬂk’skk (7“];;)

"

Assuming (N ,pe) is a regular method, if t,_('v.ggf ) tends to a limit,
as n -»e , the sequence of square partial sums is said to be (N ,}9,‘,)
summable to this limit,

In integral form, the Nérlund mean [8.8] becomes
ol _
89! (,L(t.y;f‘) = / / ¢, Ketu,v) deedv
e e lo *f
- . o
K. =1 e} DAv :
where Kul«, V)"M‘K., %;/‘n-k.p/c ) D ),and VJ"] is given by [8.7} .
Let

. K .-
[8.10] S(a) = lim Sytu) = [im Z é_a__’;:‘_‘; .

K-3o0 K0 yzop v

* " .
Herriot (10a), (10b), considers both., The double Norlund means

are defined later, where they are first used.
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The funetion , S(w), is defined for all u since the series is

convergent ( < —g— ) for all u., Let

14 1%

mra
Fk.('y,g} = [!&(u)SK(V)%y dw dv ’

/ »
where and denote differentiation with respect to u and v ,

respectively. We now have the following theorem:

Theorem 28 If, for each point ('):.,, 3,,) within Q[-7,7 3 ﬂ,ﬂl s the
sequence { Fe (x..,,‘j,)} is Norlund summable with weights /&,, then the
Norlund means of the D.C.F.S. tend to a limit which is the limit of
the Né'rlund mean of {5( (46.,,7‘,)}, provided 'f (’:.I:) exists and is

k

integrable, If 1lim

(x.‘go) exists, the D.C,F.S. converges to
K200

this limit.

L g'¢
Proof: We integrate [ [ K# K. (4,v)dedv by parts four times.
¢

K
We first integrate [ Zj‘? K (4 v)du by parts with U = Y. R

AV = Ku(av)dee AU = Yogde 5 V= [Kyluw)den
Then

[.11] [ K/’g gkl )by = / ﬂ[{ by E,‘(«‘v)m}'r_ [ [} f k—n(u.\/)llu-}'%:yt‘w]d-v

L T e )
:/{‘Kg,l gkn,(“‘v)m "'S EJKK(A’V)“]. ‘I"";’ LL}‘V.

On making use of the periodicity of fl.v) and the definition of

T
‘{}"'} s We can readily show that k,} = P =0.
R=D

ol

0 8o that %d

o=
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Moreover,
/k-n(u.i/}du. = n_.‘P Z /I—K Dt(“)pk (V)lu._ -
x ik ® — K
D . = -l - Coo. ViAo
:;,(L;ﬁ Z/i,,,( Dy-x (VJZ'L"’)'MM = P, élb K Dx{“)Z— ==
Ko V<o ) | &

so that (8.11] vpecomes

A & g
ol mE " Cove '\‘\
B.12] jj-/;?/c,.m.nau-:%‘-,—a&n KJDJV)U"Z w"/iy/civ' )

K=o vo Y

To integrate the right side of [8.12] by parts, we set oAV =D (v)dv,

,

«
{ Z ﬂj &«-}dy ) V Z“wwdv—-— f«vYV , U:;%&;fydw,

Then [8. 12] becomes

T —
[8.15) f o« En
(-] ‘ & ¥

LS eavey gl 3 ary
PR (R WA
L T [ o

{
Since ﬁu.v) is periodic, f (4,¢) and 1[(«.0‘) are also periodic, and

we can readily show that ¥ vy l - &IJ',! 0, if we note that
LET v

*q
¢’,1 = f(zhu y+v}+f(z* ,,,,, :,H-v) —fata, g-v) *—'fu—.u, y-v) .
Then [8.16_] becomes

r ‘ ‘55“ v/ ,f‘i P ‘*lll.d
, _ = € Y
{§o14] f f%"{ Kn(‘«uy’)du— ‘-V = ""‘"""" in.‘[}(f‘ V Ve y ’ty v

fK’P kzo
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To integrate the inner integral of [8.14] by parts, we set

U= 5‘4;* g 4V=Z It 5 AY= Yl ) Vo) ik
y=o

Y=o
Then
Rt
[8.;1.5] jf‘lﬁ, En(ai(/)jﬂ_li =
(/)
/ ”~ J‘ﬂ CroVy kK =l . Yy
o o b [ L [ 5 ] [ s o]
=o =) %<0 7o = §

| Finally, we integrate the right side of [8.15] by parts with

Ty, £ £y 7 i
U= p ZLJ« b, V=) &rigy | V:Z%{—V— ,4U= j«/;y Zéﬂ. dv,
[ ] ] o y>

Then [8.15] becomes

ol | -z 7 (% 1y « v g .
\ ¢ Klav)dedy =-1 Zﬁﬁ{’({/f;@ i’&%g.&) deamyv] _ t&’, ihik 'EM "
[0 "I * A (A ‘Yé v /;—;); v i Q( & T, J,,%“f ;.é; oy

LY S Fs
—— 2~ '3” gﬁz&l» &.‘VV
S Zﬁ . ) f (2 W«X 3, At s
= _L{‘p i/ts—kﬁ;mby) .
Y8 Te rem

The conclusion follows from the hypothesis of the theorem.

We now consider the double NSrlund means of the double

sequence of partial sums:
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[8.16] ’l/‘uv = { ch: it“"”‘f—nz’w

Cesari (2) has shown that if f{u,w is periodic of period &M 1in
u and v and satisfies a Lipschitz condition of order o« (0<« < ()
in the fundamental square Q, then the(C,1,1) means of the D.C.F.S.
converge uniformly, in any rectangle inside @, to the conjugate

function
n

— n
8.17 - L
[8.17 fryg) i@ ) Lt/—;,&t!_ze Gty dadv .

Cesari has also shown uniform convergence throughout the plane if
fa,v) satisfies a Lipschitz condition of order « throughout the
plane., The assumption that the integral form of e 4:.7) , in L8.l7],
exists is implicit in his work, as it will bz here.

We shall improve on Cesarit's result in two directions.

In order to do so, we prove the following

Theorem 23 If fiu,v)is a periodic function of period 24 with

respect to u and v in the fundamental square Q and is such that

is integrable in (0, 03 M), then in any inner

rectangle with sides parallel to the axes and not containing points

on the boundary of Q, the D.G‘.F.SQ converges uniformly according to

Norlund's double means (N , P?if"‘) to the corresponding function Iw.,).
We first assume that fla,v) is continuous in and on the

inner rectangle.
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Proof: The proof is similar to the proof given by Cesari (2) for
the case (C,1,1) with f(«,v) satisfying a Lipschitz condition of

order o (0<o( 4! ). At a point (x,y) of continuity,‘we have, from

[s.161, (8.17] , and (8.7],

R A A P—-‘ﬁ—i 2_fun frnSmn ",—;—r,[ jg’a%aq ducdy

/‘_Yhfvﬂ-'t

=L J" éﬂ _%_Zf/mi&a m][ A Z Fron th:]—d#a&tx}dudv,

'Y o M=o Kzo
¢ 5

Since

Létc e _ Coelnt L)

| . 23 TLJ & , Btk
[8.19] hiko =
>0

o ‘ -, O =kA

we have

[5.20) Tl - Foug) =

s s s

/L m=p A %

Simplifying the expression within the braces and then breaking [8.20]

up into three integrals, we get

v ‘e
R - Cro(med)a Jf 14
\ f8.21) @‘,(*t,g)—(lm z‘() =- —{‘F,Jo ihq[# é@é,,., (m ) (3 &‘t{)du.dv

i€

I LA SRR
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For brevity, we denote the sum of the three integrals in [_8;21] by
I,+1,+ T, . Let 2§ be the shortest distance from the point (x,y)
to the boundary of (. Let ? be such that o<1 <§ be arbitrary

momentarily and set

?’l‘ t n.T n.n l,
L8.22] Is =j5+J‘,g¢ +LJ -l-[r g = J}‘ ¢ Jjé &—J—j,’-l':l-‘q (1:1,2.3).

D

Let € be arbitrary. Since the functions under the integral sign

in the expressions Is' (1': L%3) are smaller in absolute value than an

oy

integrable function

, independent of A and ¥ , we

can select a P such that o< P< § and sufficiently small so that

l‘Tfl‘, 'Jnl, lJﬁ, <€ | ﬁ':l, 2,3, Now that 7 has been fixed, the
integrals J:‘-.,, (4=1.2.3) approach zero as 4,Y —? @© , by the general
convergence theorem (11b). To illustrate this last remark, consider

J14+ » which may be written

Tl
- bo % dedv .
(8.23] Jg = 'Tl Z/“_ jl %.‘Zﬂ y—&v(mfg_)u. v

b oY . ‘ 1 %
Now ¥{ —=— is integrable in (7,7} n, A ) since it is £ |—F—
Tw L ¢ (7 o) A by,

which is integrable in (0,0 r, ) by hypothesis. By the general |

convergence theorem (11b), we have

.llm Jf ao(mu)ududv = 0

The Norlund mean of a sequence which tends to zero also tends to zero

so that J,y , in (2_3..22],’0911(15 to zero as Mm@,
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For Jae and Jw s the argument is the same.
Cumulatively for these results, there exists an N, such
that for s,V > N, [JTg4]<€, f=n2.3 whence {1“/<fe ,{=hu3 for

sV > No  and finally | Ty —-f(m,j)l <lae ,

This theorem includes Cesari's (C,1,1) result and
generalizes it in two senses: |
(a) from £ uyv) satisfying a Lipschitz condition of order « (¢<=% i)

to flu,v) being continuous within Q and satisfying the condition that-

Yuy
hntt S

is integrable in (0,0; @,K),

(b) from (C,1,1) summability to (N,fm, ba) summability.
These two more general cénditions are of value since there are
Norlund means weaker than (C,d )v means for any « > 0 ,and since a
much wider class of functions can be considered.

The above proof can also be used to show (N, P"’ g,.,)
summability with

Ty =
Z

0 =0

oy
’Qv MZ—J Z/"’" V-n )’;mc .

Herriot (10a) treats double Norlund means of this type.

Discontinuities Along Straight Lines

We next consider the behavior of 1,, at a point (x,y)
of discontinuity of 1‘(«.5) in a manner similar to Professor C;N. Moore's

treatment (15) of the (C,1,1) summability of the D.F.S. at a point of
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discontinuity. We prove the following

Theorem 24 Let F(&,v) be a periodic function of period 27

with respect to u and v in Q and such that

Py is integrable

in (,0 y M, ). We assume the point of discontimuity ( x,,y, ) of
Flu,v) is interior to Q and all other points of discontinuity in the
neighborhood of (x,,y,) lie on a straight line passing through the
point. The function fa,v) approaches a definite value gs we approach
the point (x, ,y,) from either side of the line. If we enclose the
point (x,,y,) in a rectangle R:s with slides parallel to the axes,
entirely within the c¢ross neighborhood* such that the line of discon-
tinuities passing through (x,,y, ) is either a diagonal of R, or is
paréllel to one of its sides, then the Norlund means T.y(%,,4,) will

converge- in either case,

Proof: The integral sum to which 7T,,(1,,4)) converges will be
given after we have defined the necessary regions. The proof is
similar to the proof of Theorem 23. The integral form of T,y (%4,,4,)

is, from {8.7] , [8.16] , and [8.19] ,
{8'24] (';L}‘(lh'jn) = _L " 3 AL 2 L“_(__,Cn('l*“j v)}
n;[’{,{ﬁéﬁ—-(ﬁ“g_ %ﬁké}vm{i 2 “ﬂ:l:)

X
The cress neighborhood of a point (x, ,y,) in a region R is the

interior of the region bounded by the lines A%=xt € , Y=Y, ¢ § ,
for arbitrary €,§> 0 ., The cross neighborhood is important in D.F,S,
in treating difficulties that arise in the generalization from single

to D.F.S.
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where Vt,,, = flaraiyev) —fir-u,qiv) —F v tany-v) +Fia-a,y-v) .
Let 48§ Dbe the shortest distance from (x‘ 3y ,) to the boundary of Q.
‘Denote the cross neighborhood of (x, ,y,) by R, and let R, be the
remainder of the region of integration. Break off from R, the
rectangles R;(’i',o',ﬂ‘,ft?) s R:(O,’l‘; T, ), Rzﬂz 0,047, 7T ), where T is

such that o< <S is arbitrary momentarily.

The cross neighborhood of (x ;¥ ) is By . The remainder of the

R * (P,0:n,T)
region of integration is R, = Rt (0,74 1,n) +A+B+C+D .

RSt (s,0y P,7) (,10)
4
The deleted cross neighborhoocd, | ‘f\ /
R , is cross hatched. i A / b
|
W * 2 . —
fithin K| is 25 which : ////// /// ; “u!.)//
encloses the point (x,,y,). : /
The sum of the regions A,B,C and ra 8 / ¢
¥ | /
18 { /
f
R, -R!-RI-R! = A+B+C+D . 3 Jam V1
. lxi“ F‘_ —— ez'~-_‘ —

(‘;1‘7
Fig.1l

Let € be arbitrary and write [8.24] as

osnaf[ - {f[ (LTI

where the integrand is understood to be that in [8.24) . Let us

consider the second integral on the right side of [8.25]. By an
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argument simllar to that used with Jy, in the previous theorem

(see f[8.22] ), this integral, i.e.,

[@.26] ;(L"j:j,i;&‘fﬂp fé“ m(lﬂa ln(nfé)a)][‘é éﬁv«(ﬁg_ﬁ%‘%ﬂ?}ﬁdv’

can be shown to tend to

T (R
4.
[_8.27] ""’Ja [ fy GL& LEY dudV

by considering the difference between these two integrals, L826j

and [@.27], and choosing T sufficiently small so that this difference

in absolute value, can be made less than € . This difference between

the two integrals [8.26} and [8.27] has exactly the same form as is

found in ‘2_3.211 except that integratioh is now over the range (0,7)7,K).
Analogously, wé can treat the first and third integrals

on the right side of [8.25]and we can show that these tend to
s B n.p
o 2 f] ,
[8.28] ,,,(»l o%’ Gl % L2 X dudV an@ ""i ( ‘k,, Cot & Lol L deedV

respectively, The last integral on the right side of [8.25] remains
to be considere&. Within its region of integration, *,7 5, )
lies the cross neighborhood of (x,,7,), the region R, , minus the
two smell rectanguiar portions of this croés neighborhood already
accounted for. by the second and third integrals on the right side of
[8.25]. Now the region R,-R,-KX-R,” accounts for all the region
(74 r,x) except this deleted cross neighborhood of (x,,y,), which
we call R\* . We can write the last integral on the right side of

[8.25] as
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nrfl
T n Rz'gz"‘k;"" R;m L R, &

where the integrand is understood to be that found in I§3.24] . Let
us consider the first integral of [8.29] . Now that © has been fixed,

if we expand the integrand of

-L enﬂs en(mrl,)u_ o X ~ fra(nt5DV %Am(v
[8.30] ‘LJI eyl B é’b‘—“ 3 h. (W) g

-E R [ lu

we see that one of the integrals is
[8.31] S R e %Lt L dudy

R,-R!- "-:("'
and the other three imtegrals tend to zero as 4,v 9o , by applying
the general convergence theorem (llb)) and arguing as in the previous
theorem with J 44 (see [8.23] ). Thus far we have shown, from [8,27],
[8.28]),and [8.51]) that

.52.] f/kyl;g— f/,‘_,‘(a,s (ZI';‘,)M)][PV ,'.é/y-k( ;—f;iuy; SV)}MV

tends to

(8.33] L. JL%BM“ Gty dudv

as A,V o

| Let us now consider the deleted cross neighborhood of
(x‘,y') s Loy &*,since there remains only to consider the second
integral on the right side of [8.29) . We enclose (x,,y,) in a
rectangle Ry , with sides para.ilel to the axes, entirely within the

cross neighborhood such that the line of discontinuities passing

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



~51-

through (x,,y,) is either a diagonal of R jor is parallel to either
side. The point (x,,y,) is at the center of R.

We consider first the diagonal line, Let this line diwvide
R3 into two regions R, and R, and let £ (%,,4,) and £ (x,,4,) be
the two values which fe, y) approach when (x,y) approaches (x,,y, )
through the regions R; and R 3” . Since only the second integral om

the right side of [8.29_( remaing to be considered, we write this as

B.24] & jL‘/’«j -}g-f/‘ﬁ—..(aw bolmes )u.)} [ n 2: }H c,,,z _":';‘_’iﬁ)_"); Ldy

den X

! s
= 5 + ig f L
A’JL*_ t K’-J ] + ﬁ"’}%& -
B Ry 2R, K J gy

We then use the general convergence theorem to show that the last

three integrals in [8.34] tend respectively to

[33.55] thkh‘ (ot s (,tv dudv | ‘;;’ff%'m% Mg/«d«/, #Jj"'ﬁat%@tg dudv
x* K3 ‘3' Ry ,
as po,¥ 2, by the familiar argument of considering the respective
differences between these integrals and proceeding as before,
We have thus shown that the NOrlund means of the D.C,F.S.
at a point of discontinuity (x' ,y') converge to the sum of the four

integrals
ER:E L f f ﬂ
> (4 f + ! ¥ n ,"“’ M% &t’; dee dv ’
2 Ry k5 ks

provided each of these integrals exists.
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For the case in which the line through (x,,y, ) is parallel
to one of the sides of R3 and divides R, into R;" and R (3‘ ) we

require the existence of the integrals

U
— v d
""‘Uf« i ﬂx@) By g G225

where Hy.,g) tends to f,li,,y,) and ﬁn,,g.) as (x,y) tends to (x,,y,)
through R;" and RU;" N respectively, The proof for this case is

similar to the proof for the diagonal line.

Discontinuities That Lie Along Curves

We consider the behavior of the Norlund meahs of the
D.C,F.S. at a point of discontinuity such that all other points of
discontinuity in the neighborhood of that point lie on a curve which
passes through the point,and the function 1‘(«.3) approaches a definite
value as we approach the point from either side of the curve.

Assume the curve is of such a nature that it has a tangent
at the point of discontinuity of fw.’) and that any line passing
through that point will intersect the curve in only a finite number

of points in the neighborhood of the point. From [_8.24] we again

consider

foo% — (""“i)" L ua,x_c..(u) dv
[8.57_] ’l;‘y(t.n’,,gl)— 5){)11{ f/ﬁrn % &m X{V%"‘:‘h }Ju

el wl

2
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where R, is the rectangle with (x,,y,) as center and the tangent to
the curve at (x,,y, ) as one of its diagonals and such that all points
of discontinuity of ‘f(m:j) in the rectangle lie on the curve. Thé
region R, is the remainder of the region of integration. We choose

R, so small that the curve of diecontinuities does not intersect
the diagonal which 1s tangent to it within thé rectangle, except
perhaps at the point of tangency. In case the tangent is parallel
'to one of the axes, it will divide R, intc two parts, as does the
diagonal, and the treatment is the same.

To treat the second integral of [_8.37] we need only refer

to the previous theorenm, [8.32),[8.23) and part of [8.34], [8.35] ,
since the discussion is the same to show that

T B e

An ¥t

tends to

(1
B.39] j’% b %1&(/_{,&6'% dodv |

as vy >0 .
Let R, and R,” be the two portions into which the

tangent to the curve at (x,,y,) éivides R, and let ‘ﬁ and F,_ be

the limiting values of 'F(t.-”) as we approach (x, s¥, ) through RY and

Rf‘ respectively, Then

[8.49] #»JL = #‘ﬂ&, * #’JL’..
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where the integrand is understood to bhe that of [§.57] « By the
familiar argument of applying the general convergence theorem (11b)
to both integrals on the right side of [8.40] we can ghow that these

integrals tend, as w4,V 2% , to

d
B'4l] #’J‘(K' %;,, M% d—t% dedv #{t ('}Uy(jwf &t%oﬂ& v,
f '

respectively. We then have the following

Theorem 25 Let fta,v) be a periodic function of period 2r with

respect to u and v in Q and such that ' ¥ is integrable

in (6,0 ¢®, M ), We assume the point of discentimuity (x,,y,) is

interiér t0o Q and guch that every other point of discontinuity in the
neighborhood of (x,,y, ) lies on a curve which satisfies the following
conditions: (a) the curve has a tangent at the point (x,,¥,),

(b) no line through the point intersecﬁs the curve in an infinite
number of points in the neighborhood of that point, (¢) the
function fu..g) approacheé a definite value as we approach the point
(x,,y,) from either side of the curve, Then the D,C.F.S, is (N, f,,_,i,,_)

summable at the point (x,,y, ) to the sum

‘f})(Jjﬁl +JJK’" +JL s'b‘ﬂ M"‘i ety ded?,

provided each of these integrals exists.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(3)

(4)

(5)

(6)

—-55-

Bibliography

2

Abel, N.H.: Mmemmmﬁnﬁmrdmlkﬂw)+%¢+%%Flfp“
Crelle 1, 1826, p 311-39.

Cesari, L.: "Sulle serie di Fourier delle funzione
Lipschitziene di piu variabili," Instituto per le
Applicazioni del Calcolo, Rome.

Courant, R.: Differential and Integral Calculus, vol.l;

Interscience Publishers, Inc., New York, p 417,
Dienes, P.:

(a) La série de Taylor sur le cercle de convergence.,
Comptes rendus, 140 (1905) p 189-,

(b) Egsai sur les singularités des fonctions analytiques,
Journal de Mathematiéues, 1911, ¥me V., Dienes, HNote
citée,

(e) Recherches nouvelles sur les singularités des
fonctions analytiques, Annales de 1'Ecole HNormale,
(3), 28 (1911) p 389-457.

(d) Sur la sommabilit€ de la série de Taylor, Comptes

rendus, 153 (1911), p 802-805.

(e) ngons sur les singularités des fonctlions analytiques,

Gauthier-Villars, Paris, 1913, p 17, 32, 60.

Fatou, P.: Série trigonométrique et série de Taylor, Acta

Mathematica, 30 (19068) p 355-400,

Frobenius, G.: Uber die Leibnitzsche Reihe. Crelle 89 (1880)

p <62-4,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(7)
(8)

(9)

(10)

(11)

(12)
(13)

(14)

(18)

+ ~56-

Glaisher, J,W,L.,: Note on Sylvester's Paper; Quarterly
Hardy, G.H.: Divergent Series, OxfordUniversity Press,

- Heyashi, G. and Izumi, S.: Theorems on N8rlund's method of

Summation I; Tohoku Mathematical Journal, vol. 47, 1240,
p 6-13.
Herriot, J.D.:

(a) NOrlund Summability of Double Fourier Series,
Transactions of the Americen Mathematical Society,
52, 1942, p 72-94.

(b) Norlund Summability of Multiple Fourier Series,
Duke Mathematical Journal, 11, 1944, p 755-754.

Hobson, E.W,: The Theory of Functions of a Real Variable,

vol. 2, second edition, Cambridge at the University Press,
19263 (a) p 698, (b) p 422, 515, 700,

Holder, O.: Grenzwerte von Reihen an der Convergenzgrenze,
Mathematische Annalen, R0, 1882, p 535-42,

Knopp, K.: Theory and Application of Infinite Series,

second edition, 1947; (a) p 179-180, (b) p 77.
Landau, E,: Abschgtzung der Koeffizientensumme einer Potenz-
reihe, Arch, fur Math. (3) 21, p 42-50 and p 250-255;

24 (1913-18) p 250-R60.
Moore, C.N.: On the Summability of the double Fourler series
of discontinuous funétions, Yathematische Annalen, vol, 74,

(1913) p 555-572,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(16)

(17)
(18)

(19)

(20)

(21)

(22)

ST

Hears, F.M.:
(a) The Inverse Norlund Mean; Annals of Math., 2, 44,
1943, p 401.
(b) Nérlund Summability of Cauchy Products; Annals of
Math., 2, 46, 1945, p 563.
(¢) Some Multiplication Theorems for the Norlund Mean;
Bull. Am. Math. Soc., 41, 1935, p 875-880.
N8rlund, N.E.: Lunds Universitets Apsskrift (2) 16 (1920) #3.
Riesz, M.:
(a) Sur les séries de Dirichlet et les séries entigres,
Comptes rendus, 149 (1909) p 909-12.
(b) Uber einen Satz des Herrn Fatou, Crelle 140 (1911)
p 89-99,
(¢) ¥roceedings of the London Mathematical Society, (%),
22 (1923) p 412-19,
Silverman, L.XK, and Szasz, O.: On a Class of N6rlund Means;
Annals of Math., 2, 45, 1944, p 347-357,
Szasz, Q. Introduction to the Theory of Divergent Beries,
University of Cincinnati, 1944, p 16. |

Tonelli, L.: Serie Trigonometriche, Zanichelli, Bologna 1928,

Chapter 9.

Woronol, G.T.: Proceedings of the eleventh congress of
Russian naturalists and scientists (in Bussian) St. Peters-
burg, 1902, p 60-1. There is an anmotated English trans-

lation by Tamarkin in Annals of Math., 2, 33 (1332) p 422-8.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



