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Introduction

In the general theory of summability, two well-known 

methods for summing divergent series are the Cesjtro method and the 

Holder method, defined as follows:

development we mean an iteration process which yields successively 

more and more powerful methods of summation in the sense that a 

higher order of the scale will sum divergent series that a lower 

order will not. Iteration processes, or scales, have been developed 

for several other methods of summing divergent series, as well as 
for the Cesaro and Holder methods.

Definition 1 A divergent series, whose nth partial sum is * * , 

is said to be Cesaro summable, or (C,l) summable, to the value s 
if lim $o4~ 5/ y- »* - /- 5̂. ~  s  %

H

The same defining statement holds for the Holder method. It is in 

their scale developments that the two methods differ. %  a scale

s < (a'>To obtain the Cesaro scale, let and let

V rx is used to

V “ ” +  ̂ , for r a positive integer,

used to denote the binomial coefficient: if*. - i«* *• r

Definition Z A divergent series, whose nth partial sum is 5k,
is said to be Cesaro summable of order r (r a positive integer),

or (C,r) summable, to the value s if
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Hy using the properties of the binomial coefficients, the nth Cesaro
c I f )mean of order r, that is, , may be expressed in terms of theV*.

g (r> K̂-IC ,Sfc
original partial sums: -*■£, =  ■*st’ -(n—  • ^  easily seen

'*• »n.
that the process of obtaining the rth order of the Cesaro scale

involves r-1 summations followed by a single division. This scale

has been extended to all integral and non-integral values of r

greater than -1.

To obtain the Holder scale, let H*' =■ ^  ,
'  n-H

and let HK =. —2— fr. 1 +— - - for r a positive integer.it+i

Definition 5 A divergent series, whose nth partial sum is $«., 

is said to be Holder summable of order r (r a positive integer), or 

(H,r) summable, to the value s if lim H^r) _ ^
H--'*0 H + l ~~

This process of obtaining the rth order of the Holder scale involves 

summation and division repeated r times. Unlike the Cesaro scale, 

we cannot obtain simple formulas which express the Holder means of 

order r in terms of the original partial sums ^  n. . We can see from
H(ry that such formulas are very complicated. 

Another important method of summability is the Norlund 

method defined as follows:

Definition 4 Let f»o> 0 , O y R  = J>0 + • r0
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A divergent series, whose nth partial sum is «$*., is said to be
Norlund summable, or (N, summable, to the value s if

lim J>> + f>, SH- t -< t So ^   ̂- *
w-wo Fn

We can readily see that definition 1 is a special case of definition 4  

in which the arbitrary- positive weights, |>*. , are all taken to be 1,

The literature on the Norlund method of summability, however,

ĉontains no discussion of scales. ~ ,
One of the accomplishments of this thesis is the develop­

ment of two Norlund scales, the first of which is analogous to, and 
includes as a special case, the Cesaro scale, and the second of which 

is analogous to, and includes as a special case, the Holder scale. 

Although each order of the Norlund scale transformation is itself a 

Norlund transformation, a single sequence of positive numbers { 

and a scale now sums a wider class of divergent series than was 

previously possible with-this single sequence.

For these Norlund scales, theorems about regularity, 

consistency, inclusion, a Tauberian theorem, etc., are developed in 

this thesis. A very interesting problem, suggested by Professor

The definition of summation was first given by G.F. Woronoi (22). 
(Numbers in parentheses are references to the bibliography.) Woronoi’s 

paper was scarcely observed at the time of its appearance and was at 

any rate soon forgotten. It is customary to attach this definition 

to the name of N.E. N&rlund (17),
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C.N. Moore, is the following: If and { are two regular
Norlund sequences, considered as coefficients of two power series

and no others on the unit circle, then this should imply, if s ̂  r,

With additional hypotheses, this problem is discussed in two theorems.

In the application of Norlund means to power series, 

several theorems are developed which concern Norlund summability of 

the series on the circle of convergence. One such theorem, important 

in itself, shows that the Norlund limit and the functional limit are 

the same at a point on the circle provided we approach the point from 

inside the circle. This is a generalization of Holder’s theorem (12) 

for the Cesaro means of order r and requires only an additional 

hypothesis on the Norlund function

discussed in this thesis is the summability of a series associated 

with a certain class of functions which have a singularity of a 

definite type on the circle of convergence.

fundamental square, is shown in this thesis to be summable, with 

regular Horlund weights, to the conjugate function. Norlund 

summability of the double conjugate Fourier series at a point of

functions associated with these

series,ies, have poles of order r and s respectively at

that the second scale, with j,is stronger than the first, with f j>*.̂

Another problem suggested by Professor C.N. Moore and

In the field of Fourier series, the double conjugate 
Fourier series of a function continuous throughout the
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discontinuity of the function is also discussed in a manner

similar to Professor C.N, Moore’s treatment (15) of the Cesaro 

summability of the double Fourier series of discontinuous functions.
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1* A Norlund Scale Development

We begin with a sequence of positive numbers -j such

that , fxStO , /?= ---____________ 9 °  • Let
R

h , ][4..J.J f ft-,#

Since — » / , /̂ t.) converges for l¥i< l. Since ^  ’
fit

^ (k>) converges, for I*l < / , to ( I - - * )  fl*> ) .
^  c , <fOLet £ _ * - * * be a given series with partial sums ' * ,

and consider

M  f « > = £ > V  = •
V̂ -O

[1.5]
* (r}-  L < Cr~'i L <lr~'h .1 In general, let *- - /* * M-Vi r - - t L ^ 5 b f for r a.positive integer.

Let

[ 1.4]  / * > /  =  (£?'*') = £  t' ,-t * ,

P0 ao
where I/"'.' converges absolutely as long as itself does (13 i).

Recurrence formulas for the evaluation of f>** have been developed 

by J.W.L. Glaisher (7).
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Then

D-.s] =  .
The coefficients in the power series on the right side of Li.s] may­
be expressed in terms of the original partial sums, 5"*, , by making 

use of [l.4] j to 00

m  t s r * "  =  Z m ' -
Y-t> Y--6 V' <> Y' e

-

cA n  S*.
L  =Consider "* , ir) , the Norlund mean of order r in thisz >Vz-tf

j- Cr)
scale development. If the limit of *•*. exists, as n.-?oo , the 

given series is said to be Norlund summable of order r, or (Nf, j>n,) 

summable,to this limit.

The Cesaro scale of integral order is a special case of 

this Norlund scale (set jv ~ { for all n).

£* Regularity

In this and later articles, we shall make use of several 
results that can readily- be proved by induction. Noting that
k iK)-  , , l U - 0  / ( * > P  A *"}. ,R .b (K' ,} andftc -  f b f n .  i  -t  p rc  p a  ,  fo + " ■ * ■ [ * .  *x I k I>0 +  " - b  ,  a n Q

assuming that and RL tend to limits, finite or infinite, we h&ve
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Theorem 1 (a) I7*-   o may be deduced from h k . —>o .
~ t j r  ^rso

*-r
2 i(b) * - •_I_ —v  | , for each fixed r, follows from I.
i f vV=*>
M.

The proofs are omitted. Henceforward, whenever reference is made to 

this theorem, the assumption is implicit that j?n and f*. tend to limits, 

finite or infinite.

Theorem 2 The ( ,  p*.) method is regular.

Proof: Noting that — / /V - W  and that
/-£»

|e.iJ

this transform can be shown to be a regular transform by an application 

of the Silverman-Toeplitz theorem (£0) and part (a) of Theorem 1. 
Details are omitted.

The next theorem establishes the relative regularity of 

the (N^, ̂ ».) method when Px •**> .

Theorem 5 If and /*. , then

= 5 j7*) •
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Proof: We have

+  <*W) s*  _Ik — £ ^ « )  - - + f .
v=o

• £■> s

1̂*3
since S by hypothesis. We make use of the result

Z - $v»o

* *f- < provided -#*- ,and —  j *«. are any
et0t- - - +■ ot» 5

positive numbers for which «<Dta, + ”• (13b). Here, f*--*00

implies <** ̂  2-h 00 Theorem 1 (ft).

Se next prove a Tauberian. theorem.

Theorem 4 If 2~4-v ~  $  ( f t * , bn.) anb f?SL=£ X ” b ffH  —
^  r ^  £sr r

for each r=. 0,1, V ~  , then 2 1 ^  ~  S > ± ’ e * f  ta e series converges.
rzo

Proof i We have

-  £ tr
t/TA '✓50

it-' ’ ^

z ŝ°<- • - *Ks* 1
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Sinee a necessary condition for convergence is

' + l>*P o U ) . This condition is

satisfied if t J *  * ) . ~ 0(1) for each r-o, 1,2, --
* - r

Ju j>(* }since the (N,, method is regular and since ■ C** —  —» * >
£~

for each fixed r? by Theorem 1 (b).
ao

Theorem 5 A necessary condition that be (N, , /Vt. )
r=*> *

summable is /• f + I *  *60 __ 0(,)

Proof; We have

Therefore, *ct
f,K)_  ^  =  f f i * . * " "  *I>k)a* .

i? -* ] *  £ > r  "

*tr
Since t*. -? 3 an(j _5a---- _$> ( fcy Theorem 1(b), the left side

of j_2.sj tends to zero and the result follows.
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Theorem 6
fl» C» V

; (a) If -  $ (^kt ,then f  >{?»■)■

*> a* N
(b) If ^  *v= 5 ( Mu, fa ) and kL̂ »v = ̂  ^ ^ K* I**'' , thenV-So K=o

~ s ± t  ( M *./>*.).

(c) If ( ^ k , U )  , then = C5 ( M k , !>» .).
vs* r^o

The proofs are omitted.

Theorem 7 If f*.-9 *> , the condition _£* ? o is necessary and--------- X

sufficient for the regularity of the (N *, jv) method.

,0c)
Proof: fiy Theorem 1(a). — fe—~ o may be deduced from
  7£

and the converse is also true when P*. ~>oo . If we replace the

condition fr* 0 fcy the equivalent condition />». «
*■ U"V

then the remainder of the proof is similar to the proof of a special 

case (k — 1) of this theorem given in Hardy's Divergent Series, p.64- 

which makes use of the theorem of Silverman and Toeplitz (20).

5. Consistency. Inclusion. Equivalence

We say that two methods A and B are consistent if 5"*.-* * 

imply 5 *  — 5 , i.e., if they cannot sum the same series
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to different sums.

Theorem 8 Any two regular Norlund methods are consistent: if 

( N k , }>*. ) and -> s' ( ) , then S ' -  5 .

Proof: The proof is similar to the proof of a special case (k := 1)

of this theorem given by Norlund (17). Norlund*s proof also appears 

in Hardy's Divergent Series, p.65.

We say that the method Q includes the method P if (P)

implies i *,-» S (4) and that the methods are equivalent if each 

includes the other. If Q includes P but is not equivalent to P, 

we say Q is stronger than P.

We shall make use of the following results which are 

readily established.

(i) If (NtJ L ) and (Nj, g*.) are regular, then id- -po , >

aid -JC— I

(ii) The series fn *\ =r ftyH * t Pit) Pv t *  , £ " ■ ) -H i * *  ' J
=̂o *=*> ^

are convergent for I *1<• .

(ill) Tho aeries (}«$= fHP* . ( / W  =  ' ( i H

/ _ v |
$(*■ )} ~ y are also convergent for I *»< I (13$A.

'J.&J1*. / by Theorem 1(a).
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( / 1*■)) -  *  “ ^7~^\ic — ( & L  are convergent for small x (5),
\$txV

Equating coefficients in the power series identities in (iv), we get

(v) f  - -  f -  q (: \

, /ftfv  - • *

Theorem 8 If (E k l j>K ) and (N̂  , ) are regular, then in order

that (N*, ) should include (Ek , ̂  } it is necessary and sufficient

that both

w  i e > i £ / ; v i * ! i i > + ---1 s « Z / . "vTT K=6

where H is independent of n,and

t(*>
(b) -**

L i?***>

If , the second condition may be omitted.

Proof; The proof is a corollary-of the theorem givea" by Marcel 
Riesz (18c) for any twQ; regular Norlund' methods.

Theorem 9 In order that two regular Norlund methods (NK| f>*.) 

and (Nfc, ̂ ) should be equivalent, it is necessary and sufficient
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r-*t>

Proof; The proof is similar to the proof af a special case (k =1) 

of this theorem given by M, Riesz (I8fc).

4. Inclusion Determined by the Poles of the Function

In this article we shall discuss the problem suggested 

by Professor-C.I. Moore and stated in the Introduction. In order to 

do so we shall make use of ffiegert's Theorem (9) which we now state 

and prove.

Wiegert *s Theorem If has the unit circle as the

circle of convergence and if z ~1, a pole of order p (an integer) is 

the only singularity on l?f- i , then 0(x ^ '1) .

Proof; Write

f w  = *- ftftr + 3<i)' 0O
where j(e) is regular for (e/<j+-£ , & > 0 . Hence

where l>* =  0( 1) , Since ~ ^  ^  > we compute

Wiegert1s Theorem is stated but not proved either in this reference 

or in Tltchmarsh’s Theory of Functions, p214. So far as the writer 

knows , there is no proof anywhere in the literature.
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a « =  + k ~ - since i :  ~

we have * K = OChA-'), which proves the theorem.

Let k u = 2 j v^  , & * ) - ! ! % « * ' '  y f i x )
Y-S-O K=» y=<

Q(t) -  Z 4l't# } each convergent for l v | < l  , Since p * )  = ( ! - ■ * )  f t * ) .
r-o

,. . „  ~  */.,» /0/«t .isand t i t )  =  ( / - * )  Q i t ) , then K it )  =  Z ^ y * *  -  i & l  -
" ir=a f i x )  f t * )

convergent for small x (5). The coefficients K Y satisfy the 

equations *~ f K *,p  = f a  , /£. t- - - *- A* f i  - n̂. •
Assume that p i )  and p i )  are rational and that j> a ) has

no zeros inside or on the unit circle, or both j>a) and p i )  have 

the same zeros of the same order. Suppose /»' has a pole of order 

and p t )  has a pole of order r . Then we can write
r  M> f r-1

K U ) = u n  ^  t d i l  t l :*2 ^  Y T  >
f r i t )  0 - i )

where $ i l *2 is analytic at z = 1 and its power series development 
hi ij

bY H Y 9 converges for all z in and on /£/ = / . If we write

Km = £ * * '  = fit K C7'k\ then ** = Lk C-T’.
*■=* *t=* XSO *-0

dev
Theorem 10 If both p t ) ~  Z h * "  and t i t )  -  satisfy

’ r*t ° i r = *

the hypotheses of Wiegert's Theorem,with /ft) having a pole of order
at z ~ 1 and p i )  having a pole of order s at z =1, and if s^r, and

* I U  < M  , then (il„ |t) includes (S,,j>H.).
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Proof: For inclusion, we must show (by Theorem 8, with k = 1)

that lK«( |Kil ft.-, +--- P IkJP» < tt . %  Wiegert’s

Theorem, j>* =■ 0(h.r*') > gK= 0£k5"') > so that &  *  0 ( i r ' '+-“ + nr~')=

Ok = 0 0 5 ‘t--- 4- K5 = £X"-S). Furthermore, 4 - Wu-t + " + k * . %  -

We must now show that lk»|P«. + /k,|R-, <--•- + /*» IP„ - 0(*M . We have

s M r f T f ^ u j i r r i u j r r - ' t - H t i r T F . ,

since lfMs r 1 > 0 for s-r > o . Making use of the inequalities 

< M, i f * ' *  and < M 2 x>r > we have

ItJKk*---* I K J R .  *  It,|)(»- « )  +  • -  +  ( / M  »’"7 V — - t / U l ) ]

From properties of the Beta Function, we can establish the inequality 

[4 .1]  I * r V n ~ » ) r  f  ( n - i ) a r",/ ' ‘ <  r i H K S 0

On making use of this result, we have

/* * / /?  / - - -  v- / * * / /?  < t i t [ ih . \K s+  n ,K * -> U  - p / U ]  .

Since 11*. | <f1t, n.'1 , then

Ifclfc.*-** + Hr,JP0 ^ T c n - t f  4-l - ’i K - l f + ' ■ ' < - * * I  ~  OCns) ,

on making use of [4.1] again. This completes the proof.

Next we show that the hypotheses of Theorem 10 imply that 

(NKi } includes ( % ( ̂  ). We first show that the hypotheses imply 

that (Nj includes (l'I2, j>K ) , and then we repeat the argument k
times.
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In view of Theorem 8, with k  — 2 ,  we must show that

« »/ tff* | * *£.{? ,

where ^“’= , f i 1 =  } . / . * , -

Since ^  has a pole of order r at a — X,
00

( M » = £  ^ '  has a po le  o f o rder 8r a t z = l - S im ila r^

£»

( j « 0 ‘= I A '  has a pole of order 2s at z - 1, and 2s >2**
 ̂ flO ^

since s^r. Both ( f t*)) =■ /✓"*<?* and ^  ^  £ v satisfy

A)K

*!■»= o u " - ‘)  , X / " =  <50i**),

It

.From the definition of A7<?),

is convergent for small z (5). We assumed p(e) and £ ( t )  rational 

and j>d) has no zeros inside or on lii = I , or jxe) and have

the same zeros of the same order. This assumption still holds for 

( j}(tj) and ( $ U ) ) . Then

the hypotheses of Wiegert’s Theorem, so that r -  0 ( n t r - ' )  ,
w

Z

r  t f * > * - 1 i Q ) x-  j i W  ( p t i ' V  ' ___  - T  ;

where ( i t  <■*)) is analytic at z = 1 since i l l * *  is analytic there.
f>, a )
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The power series development converges for all
Ia W

z in and on 1*1 = 1 . From the series for ( j L l i ) ) \  we get

*•» - ijs. + t )  i»-1 + -+ **■«•
We assume x MSI < n and apply Theorem 10 with r replaced by 2r and

s replaced by 2s. Then this result, which is a necessary and 

sufficient condition that (N2, ̂  ) include (N,, ,j)». ), follows:

/ a r V v -  I™ .

We repeat the above argument k times to obtain 

Theorem 11 If ^ e \  = 22 and £ ( * )  ~  ? JV2* have poles of
jrs®

order r and s, respectively, at z - 1, and no other singularities 

in and on !?( = /, if s ̂  r and then (NK , ) includes

(N^ (J>»t) provided J>̂) has no zeros in or on l i t  -  I , or ̂ l * )  and

have the same zeros of the same order.

Here, k t i ) ~  , f i t ) -  i i U t l and the coefficients.
f * ) r  6 { h t f

,(«An,,are those in the power series development of the function

~ ^  £ * ;  the function is analytic at z =: 1; the series

converges fob all z in and on 721-1 •

We note that the second condition of Theorem 8 is easily 
seen to be satisfied. The condition is To prove
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this, we have, for k = 1, *h.- 0 ( n s~r ) } Qn-CXn.s) . Thus <?{ $*.)

since 5 > f  and /K*.| <  H 7t5‘r — .
For any integral k ^1, we repeat the argument k times.

To illustrate Theorem 10, let us consider the case in 

which the Norlund means are the Cesaro means. We have

f r '  =  ( 7 ^ j - = =  <£-/'' a '

f^ . = V* =  0 ( K r "  ) > ~  Xk. ~ ) 5

£ = Z  * r  > c  - ot»') , a  = z :  * r = ^I/ta  '

« «  =  £ * ' ' »  '

02
Here, $ • & ! _ / , which in a power series 2 2  *ias b e "  i

f>Ui) +**

i>n - o for all /l^/ , The hypothesis < M  is therefore

satisfied. Thus

I d '  therefore *..= O  

- f Jfi [ & r t  t S t i t * ' * (r-z)

On making use of [4,l] , we have

J*.l P * + f  *  f l* * .*  ~ OCk *) •

Therefore lk0| P*.* |C, j pK_, f —  f £  H QK since h* ) .
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Thus for integral r and s ,(C,s) summability includes (C,r) 

summability if s )> r.

This example can be modified to illustrate Theorem 11.

Both Theorems 10 and 11 are restricted to integral r and 

s by Wiegert's Theorem, We can partially remove this restriction by 

the following consideration, and,, specializing as above, show that 

(C,s) summability includes (C,r) summability for non-integral s and r, 

s > r.

The Mon-integral Case

Consider A, 2 A 2 * positive, non-integral.
Let ( i - r )  y where £ t>'7 0 i

Since > 0 ,then ^75, fk.% o . Suppose a.K < M  and

assume / t v is convergent for I J < i + £ ^

•/ ^ converges absolutely for Kl * ) , the product
9°

series also converges,for Kl < / . Introduce

j v * * —  Z  V  * * ' £ * * * *  so that A  ' Z  K  4 * - +  *
Y=o' v*+ ^  j  f  r*o

Since 4 *  < M  , then j>K =• O i / i h>)  ̂ fZ. z  0 ( 1 * ' +  - + - * * ' )  s  C K * - * ' * ' ) .

Let 0  * ) ) ' p  + fy'i + %* V  *
where L0 > o t 4. ? O • Since > o , then p  ? e t ft*. £  O .

Assume ^ ^  converges for I t K t H ,  i  >6 , and j<M.
*>b

Since j F  Y v converges absolutely for I t  I ^ f , the product
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seriesf , converges absolutely for l%l  <c / . We have
ITS* ̂

£>**'■ I ' > v  =  £  ( A £ V ;  / *  = A d ' .
*-'0 v*=d ■ rte* vf̂ o v-̂  ***».

Since i n  <. M  , for all n, then ^  ~ 6(-*}*■) and +

Now } ,<?) and are analytic in and on ! 2i -  I •
. lAssuming L U )  has no zeros in and on j?l =■ I , or both Or) and 

(g) have the same zeros of the same order, we have

//frJ _ _ f -  v
' /-T7, ~ 2— ^v ^  i where the power series S  ev ? converges

$rb *"=*#

for all z in and on l2l‘ f .

Theorem 18 (a) If f̂t) = 2 ~ . h ^  and 4(%) ~ X t * '* • ' ' are

given as above, with Ax>X, >© , and if k f then (N,, )

includes (N M f>*.),

(b) To show (N^( ) includes ( N )» we require, in place of

*/c*,/ < M ,  that /l / c!?* I *  t l  , where I f ,  f t ) \ K-  f  *■'*'' j* y  .{«■) 1

w  (7 z?r£
Proof: The proof of (a) is similar to the proof of Theorem 10 with

I k. , ' - -  ; *.
jnv) P'W) Ci—*j^*- hh> '

The proof of (b) is similar to the proof of Theorem 11.

This concludes the discussion of the problem.

Some of the open questions concerning this Norlund scale
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are now listed. First,"an extension of this scale to non-integral 

orders would be valuable, and this should carry in its wake most, 

if not all, of the theorems developed here. Second, a comparison 

of the Norlund scale with other summability scales would be 

interesting, and so would relief from the restriction that 

be a sequence of positive numbers. Perhaps more can be done with 

the above problem suggested by Professor Moore. Also, a collection 

of examples to illustrate the theory is always welcome.

An interesting question which involves the Norlund 

scale is the determination of the orderof summability of the Cauchy 

product series of two given series, each known to be summable by 

some order of the scale. In this connection, much work has been 

done on multiplication theorems for Norlund means (of order one) 

by Mears (16) and Silverman and Szasz (19). There is sufficient 

generality in these theorems to answer the question for the scale, 

by making the necessary changes in points of detail, in fact, to 

have many of their theorems carry over.
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5. The Iterative Scale

In this article we shall develop a scale,analogous to 

the Holder scale, in which the means are defined by a process of 

summation and division, summation and division, etc. This develop­

ment differs from the first Cesaro-type scale where the means are 

defined by a process of k summations followed by a single division . 

We shall first state the definition for summability of order one and 

then for summability of order k. The superscript notation , ,

will be used for this iterative scale.

Definition 5 Suppose ) *̂.2 o , /n~ {>»., J & -  o .

If c when A -? , we shall write
rj>*

, at j (j

that is, ^  &v is W summable withweights 4*.*’*• i ^  '

Definition 6 We assume k is a positive integer. If

L  *  l^ ,} k  /  t t ' °^ & — *' +: " + /<— 2— __ _> 5 when n , we shall write

2L *✓ = , 4*.) , that is, /  4</ is A/ SUHimable with weights i*,.IT30 K=ift

The Holder scale is a special case of this iterative 

scale (set j>* - I for all n).
We now list some examples of divergent series which are 

summable by this iterative scale.
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OO ^
Example 1 The series 2 2  f°r which Si = ( ~ j )  , that is ,

= 5*.-$h - i ~ — i  ( -  2.)^ y can be shown to be (N^^y }
} flfiwith weights £>*. = A . More generally, we have

40

Example 2 The series 2 1 for ~ C ~ t c ) K t  K.'ro

that is, 4h =5k-5ii~« = C- i) * ( k+ i ) k 2 H can be shown to be ( N />*. ) 

summable with weights - ic"*1. For /(=/, the series for 

which t̂ = f-/JK is (N('\ ) summable to j with weights - A.i-1.

The series given in these examples are also summable , but the 

weights are difficult to determine. The scale is very useful in 
eliminating this difficulty.

6. Regularity and Consistency

Theorem 15 The iterative method of summation is regular if and 

only if

summable

Pn.

Proof: We use the proof of the regularity of the ) method

(8) and we repeat it k. times to establish the regularity of the 

method.
oo

Regularity assures us that implies

0O . . .
Theorem 14 (a) If 2 2 ^  '  5 ( t>* ) , then 2 ~
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(b) If 2 1  * * *  5 (  >*.) an<i 2 1  K  = t  ( ^ \  t K)  » then
<f̂ O ’ • *3CO

re# '

<c) If then Z . C 4 ^ C s ( t 2 K\  { > * . ) .

The proofs are omitted .

Theorem 15 Any two regular iterative methods are consistent;
0t> **

if 2 1  - -S ( ^ l  b l ) and 2 . 4 * =' S  4^.) , then s f  ^  S ,

Proof; On using the Silverman-Toeplitz Theorem (20), the proof 

is similar to the proof of consistency for the Cesaro-type scale 

(Theorem 8, page 12) or to the proof given in Hardy's Divergent 

Series, page 65, with ^  replaced by 1 2

Due to the manner in which the means are formed, the 

expression for in terms of SA ( ■  C > ) is quite complicated;

« * * .  - i t  m k  c : 1 -tsO I--- - O Q . T *■*r  l, =<j i.t -a rk- K.-jt.y

x- H - A  *-*1' 6r- f

~ Z . I L  " " I L L  tZX— i* X
t,*-o l x--o £ (? * ... P  ■---/

This greatly restricts its use.
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7. Application of Norlund Means to Power Series

We shall develop, in this article, several theorems 

about Norlund summablity of a power series on its circle of 

convergence. If the radius of convergence of the series 

is r, the transformation <? - r2 leads to a series with radius of 

convergence 1. Therefore we shall suppose without loss of generality 

that the radius of convergence is 1.

The first theorem to be developed states the conditions 

under which the Norlund limit and the functional limit are the same 

at a point on the circle of convergence. An important theorem in 

itself, this result will be used in a later theorem.

*.6Theorem 16 If e is any fixed point on I z l -  / and if 

t j ; r ) ( { ; * * ) h as Jt-v oo and < M  as £
i f » « > l

inside an angle < , vertex at £ ce , then 1 i m T ' = L ,

provided p a )  has no zeros in or on l&[ ~ I .

Proof: With no loss of generality, set 6  -  o . By hypothesis,

t r  = 4 ^ l  .
L
tr*>

This can also be expressed as

nr = * If? <

where -=?o as yi-~? co
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Therefore

f _ £ & * '  = L l { £ r y + £ ± ( £ i r ) * \[7.l] ! - *  V'-* **•'«• / '^0

If ^  is the greatest of I^,/( l*f>+>.\ > .... , we have

M  1 * L ' < £ >r> r ^  , £ ( £ * v .
and

Multiplying both sides of £7.1 ] by I , we have

A ^ l i - W ^ a V . .  z. h - « l  - r1 /  5*  , ( o ]  >  I , - ? I  f  t. (f  I?)*'

■= II,-H (J,<»Y <. kziL ftJL i?)i" ,
° - e )  0 ' » y £ 7 )  -  u ~

(fu)-i)Û L = h i i | , £ i f i A w j ^  .
O-e) (/«)) r

Making use of [ 7 ,2],we have

M  i * « - d  -  I  ( & " ) ' « ’.

When ? -> I in any way, the first term on the right tends to zero

for a fixed p. Setting £  -  1 -  f e * * ,  we have Cos * > £  >0 inside

angle < n  , vertex at 1. Hence, for £ ̂  S ,
^ J

I * } 1 = -  / - f &  <  * ( * ~ Q)  >

, i?/ <. /-(li r /- L l t i . 1  and thus I t ~ * l  < ~  .
<a a  / —/?•/ *

Therefore the second term on the right side of £7,3] becomes

an

that is
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Sl„ce ^  i. W  *  hypothesis, a M  „  is a t h i ™

small, the right side of [7.3] is arbitrarily small, and the theorem 

is established.

If we consider Cesaro means of order r in this theorem, 

in place of Norland means of order r, the second hypothesis becomes

/ * . )  r + 1 
ikz)| V /-/?// \S/ J and can be omitted. The theorem!}>(i

for Cesaro means of order r was first proved by Abel (1) in 1826 
for r = 0 (convergence) at least for radial, approach. . Frobenius (6), 

in 1880, proved the case r =• 1, and Holder (12), in 1882, proved the 

general result. Theorem 18 is important as a generalization of the 

Cesaro result, even in cases in which the Norlund means are weaker 

than the Cesaro means.

Theorem 17. If I t L * '  ( € i 0 )  | < M  independently of & , then 

* M  for

Proof: by definition,

tSiSpCfiny = t & e * ) ' '  =  f  * % ! % (  £ b‘) r\
* ' r  aZT * * a  £  f ,™ 1 «» '

r
by hypothesis,

5 P i e * * )

~ z 7 F

r=»

* hO
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Hence, \

I i-r| r ’ H.«-a •'=’»> 7

Simplifying, we get

* *■ **v = £  < ̂ r .

Finally, and the theorem is established.

Theorem 18 If in l e t < l  , then

Proof: The proof is similar to Landau’s proof (14) for (C,l)

summability. From

£% /ax = --
<>* *»« #*-a H=-a

we have
*  j . (o/  \ J ~  I f u ) .

V - r

But we can add the integrand without

altering the value of the integral since this term is regular at the 

origin and hence in I i  I = / . Thus we can write

- j x l J s S g l w * - -  / >  ,

and since l f ( ? ) \  <r1f , M,_ r in i?U r  <  \ , we have, on

setting ,

&  * £ £ n f j l b *  h n ~  * b  * HI r * " + , f d *

+ b r ' t "  *  *

* * * ( h + h r + b r t - ~ + b r " )  + - i *  •
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Since the left side is independent of r < 1, we have

0) * i / m  = t i f c + n  = M(fc.+ i).

Therefore | Li) | - K ,  . Applying this result to the

function -  { ( e ^ g )  t we have j  j £ \ e * * )  / < tt, .

ffe now generalize a result due to M. Riesz (18a),(18b). 

Suppose f a )  - z  <* £K has radius of convergence 1. Let
... o i^ii . rtf

*■=* - - • ' <•=«r«)= C,w = <'-*>£*?*"=(•-*)£*"* 1 ' XS) *=«> '*■ »=■» ***

where the i > v  »s are defined by ^  K °  K -y  = 4 *  fa = - f  4  o .*=*  ̂ fa

At the origin, = 2 1 f a * r  ^ o
|T9<»

Theorem 19 If i*- , the Norlund means, t *  ( € * * ) , tend

to a limit at every regular point of f a i )  f ( ?) which is not a singular 

point of i d )  or T ( & )  ,

Proof; With no loss of generality, set 6 - 0  . We have

1̂ 10 t1’1 I — I f*5** ~ ~~ + fa - * * _ /fl &-< F ~ I
* * |  Ph. /*t-i »

- I h  %  +- "kP *- )■&-< 5»
1 n p..,

ft a*
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Therefore
, bn-t I . L Lkr±L f ... + iifii

nr-tr’l * *  » ft- ^  + ^ m  .P.-, P-
Since —> o , its Norlund mean also tends to zero, and

rw.
/  fo , 0 Jconsequently t* - r*-, -» d . Since

t m  = L i C ' - t ! ' , )  ?* = = t ‘ *> f , * >  h l*> >«=* '>“«
H 400

and since the radii of convergence of "̂*-1 )<? and
irso

are both 1, the radius of convergence of is at least 1.

For if it were less than 1, we may be led to a possible contradiction:

the radius of convergence of the Cauchy product series of two given

series is at least as great as the smaller radius of convergence.

Since T ( i )  _ , then T J D  is analytic whenever f><*) f t t )  is
bti) ~ ‘ t>(?)

analytic so that Tee-) and bfe) must have the same singularities of

the same order on the unit circle, if they have any at all. Assuming

2 r 1 is a regular point of f> t t )  f (& ) and not a singular point of 77?)

or b ( * )  t then,by Fatou’s theorem (5), we have
*=o

j. byThe partial sums are precisely C*. which must tend to a limit. This 

completes the proof.

*Fatou»s Theorem: If A*, - f  o , then the series
v-z*

converges at every regular point of 1^1 = I .
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We next generalize a result due to Dienes (4d),(4e)> and 

this generalization may be considered a partial converse of Theorem 16. 

We shall make use of the following lemmas (references to their proofs 

are given):

Lemma 1 (4e) If,along every path inside = i leading to 6 ,

lim I-fie) | < M  $ then , to any given ^ , there is an arc ( )
£~~9G.*4

containing 4 such that when z tends inside Id I ~ I to any point 

of ( V ,  ) ,  we have lim |fr?)J < l*|+n .

4M»

Lemma 2 (4e) If f ( £ ) - 2 2 4 * is bounded in a sector (0;a,b),
' . f|s»d

00 ao

then ~ L 1* * ' + 1 ' * * ' =  £ ( * )  *  , where {'*.(&') is
trzD

regular on the open arc (a,b) of Id  I -  I J and bn °  •

Lemma 5 (4e) If 4 *  -? o and along every path inside I?  I — I

leading to t lim fr(£) = A ,then s][0 ( e 4- * ) - *  A .where * 1 ° are

the arithmetic means.

Lemma 4 A regular Norlund method (N l t f>n) includes (C,i) if

* l>° + ZT I < f i , P K .

The proof is omitted.

Theorem 20 If Q , and along every inner path leading
£
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to , lim h i )  = A , then i £ } ( e t&  ) * provided*
H~t \ i r

H  (*-*)//>*-hc-i| " OCF%) , and € is a regular point of j H i ) r ( e )  
ks-i ' r

satisfying the hypotheses of Theorems 16 and 19.

Proof: 33y Lemma 1, h i )  is bounded in a sector (Q$a,b), the arc

(a,b) containing & , and hence , by Lemma 2, we can decompose it

into the sum Pt (f-) 4-h i *'). Since h i * )  is regular on the open arc (a,b),

and b n o , i.e., Ph 7 o t then Theorem 19 applies since __?0
PL PL

( C'k -  c0+ i- • ' t tv ) implies £a '« Thus the Norlund means of
£

the partial sums of at & converge to h  ( € * * ) . On the

other hand, the hypothesis on the Jjv 's implies the hypothesis of 

Lemma 4, so that from Lemmas 5 and 4 together, we get the Norlund 

means of the partial sums converging at 6^, Putting these results

together, and noting that the functional limit and the limit of the

Norlund means are the same, we get the theorem.

Singularities on the Circle of Convergence (4b),(4c)

We consider a function h i )  and its associated series}

OC'
2, 4* * v r, on the circle of convergence. Suppose in the neighbor-
psd

hood of € ,

f c i i  ~ <-« * v ) +  f I*)
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where ^  A , and the order { '  of -f,te)

at € l °  is ). We shall discuss the summability of the

series associated with this class of functions at points on the circle 

of convergence. This problem was suggested by Professor C.N. Moore 

and is discussed completely.

Case li 0 < f < / The coefficients, CL *. , of the series tend to 

zero since the function is of order ^ <  I on the entire circle of 

convergence ( |?l = I ): (L% behaves like i t  > the dominant contrib­

utor, (since log z is weaker than any power of z), which tends to

zero for o<f </ . In 1911, Dienes (4c) proved that , for the case

a < f < / , lim e l ° ) _ A<i . At regular points of the

function on the circle of convergence, if o < I , i.e., (I o , 

the series is convergent by Fatou’s Theorem (5). At the singular 

point, € * *  the series is not Norlund summable since * * ( ' * )  becomes 

infinite like k and the Norlund method is totally regular.

f - i
Case 2; ( ^  1 The coefficients, &K , behave like JT* , which

becomes infinite with n. The circle of convergence of is«•=<>
again the unit circle. However, ~ - r —> O for Y > £-/ , i.e., r+i 

A theorem due to M. Riesz (18a) is the basis for the next remark.
Riesz has shown that if o(r >o),the arithmetic means of order r
have a well determined limit at each regular point on the circle of

•O
convergence and this limit is the value of the function, 4te) -- 2 1 1 * 2 * , 

at this point.
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In view of this result, the series ^or

& * ) -  % { * } + ({i t )  is not (C, p ) summable at regular points 
0-«"***){

a-kon the circle of convergence,since j f j  does not tend to zero, but it 

is (0, } summable for ^ > 0  . However we can find a Norlund

sequence f M  which will interpolate precisely and still stun the 

series. Let _

kn - K ?*■ > / ( ? ) ~ ^  ̂  ^

Consider a regular point -?0 ( 4 t )  , The relation between the
dK5coefficients t»K and the order of the function , <pti) = *

on the entire circle of convergence is given by -fl-= ^  9

the order being S i— (£e). Thus the order of f i t )  on the circle of 

convergence is £ £ + ! . Tie can write f i i t o ) — f (2o )  +  ( / - ? )  ¥ l ( z )  9 

where ft (e ) is analytic at all regular points of f(g-) in and on 

the circle, except at and 1. The function f , ( * ) is also of
order £ I on the entire circle. On multiplying the equation 

f U h )  = f ( t o ) t - ( / - * )  ft i * )  through by p(7h) -  £  Pv 2 ' f we have

L i t  *  ^  = ^  * K +  ?%(*) Z f * * ”  .h

Equating coefficients, we get since the order

of (i~i)TtU) fti) ~ f ( * ) V t  (? ) is °ne less than the order of fit) on 
the entire circle except at the point 1, which we avoid. The function 

is analytic at 2 0 and does not influence the order. The ratio 

of the Taylor coefficients of the second member to the first therefore
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tend to zero. Hence fjfV*. )s= _»/<&), and we have proved_ ? r

Theorem 21 At a regular point <> of H z )  , on the circle of 

convergence, the series £ . & * * *  is summable (N, ) toa rut O

In 1913, Dienes (4e) proved that if 6 ^  q f  /
xr * ' ’

and /(*)■ =  j - f t ( z )  , and the order of at e 16

is {'<f ( » < ( < « !  ), then •

For q z, i and C * ̂  y we have r-e>o and the Cesaro means of 

positive order become infinite like K ' A f 1 n> at the singular
Vpoint C . Since the Cesaro and Norlund methods are totally regular, 

the Cesaro means of any higher order become infinite,and so will, 

any Norlund means which are more general.

This completes the discussion of the problem.

8. Application of Norlund Means to Fourier Series

In this article we shall develop several theorems about 

Norlund summability of the double conjugate Fourier series, hereafter 

abbreviated D.C.F.S. The following preliminary material can be found 

in any paper or text which treats D.C.F.S. (2), (11a), (21).

The function f(-Uf Y ) is assumed to be integrable over the 

fundamental square Q£-/r,-fT > and to have period AfC in each

variable. The double Fourier series (abbreviated D.F.S. hereafter) 

is denoted by < r ( f ) and the rectangular partial sums by (x> y > f )  t
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We have

[a.ij

f t  / I
CoqsH a - & * k V -+* b v .K 'J  -b Cm rL&o. h im . Jon, iv y  - t  Qmn. b n >  ynM^Ion

Kf ~°

where

jg.g]

and

M

^  M x.

if' m. = x, - o
■j if M ~ 0 } K7D  or >n>o , n.~o

I  if m > o , >t> <9

V*fK

L

/r

4 (
-* 4r 

r«[l[
J ( { * ) £ * * ,  fttM. &Q
«*J J~(l J-t

H, V tb ts J v

'»K

* iu

Seo /nu . J L tim ,* Jut. d *

~it Lh

JuuiLyt

* " 1 1

We may set * * „ < * =  < W

A«h. d*,* = dw*.
and use the unprimed coefficients, 
which we take to be

J Âjjj — t>Mn> »

> l̂HK. =■ 4m.» -,
This we do for the D.C.F.S.,
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1
M  Z .  ̂ nj^LihnJi0iJnM.d^KV'~ c  Cml 7t/ M.V -/" (jftiH'Cb. hjAL j

?/=»
where the coefficients are given by (8.3] , With unprimed coefficients* 

the rectangular partial sums of the D.C.F.S. are

[8.5] * * * . ( * > % > { ) =

f L^v — ^ . y  &ys!4./L«,Yy &Q V < /  -/■ ^  )* J .
JU-** yzo

On changing to the integral form for the coefficients, we have
m  x. r<r ir

"f

jfay iu j doVvM yk.'f.It^.y^. ~JLy*,jyu & o Yy
dujtf

■M H / *, S'
z
y-^ - k i&

n. > T ) — j  jft Cap. u> *̂9 fV-6wYt^ U j v j ^ l ¥
’ * a

„ |C .IT>K
p f ) =  a *  /  7 ~  ^  Y i y - y )  tU .d.v

V~-a Zg*

—“ r  ̂ \ / \
T ) =  j | ^  Jim. y(^-/jWZy

/ . ( (  A y ia  j
—  p / *• _  _■S**. (■*•%t T) = 11 | ) 0 M ('i-M,)[>tKi^-<r)du.df/

■'jt h

f tt  f ** _

[8.6] = -U I * W ,  f+v) DmU)D^) ̂ d.v .
/a- j-a
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If we note that t̂ ou.) = is an odd function of u, it is

not difficult to show that we can write j_8.6] in the form

(8.7] - J-j  f'kj D ^ C ^ D j v ) ^ /  ,

where p * ) - ■ ( ( * - * * , - f ( % + ^  f ' v) i 'v) •

We can form either the single or the double Norlund
*

mean of the double sequence of partial sums [8.7] - We shall work 

with the single Norlund means first. This Norlund mean of the square 

partial sums, Sjtic(v,y.'y-f ) , is
H.

(8.8] =  -fe-

Assuming (N ,^) is a regular method, if ) tends to a limit,

as n -=>«o , the sequence of square partial sums is said to be (N , j >̂  ) 

summable to this limit.

In integral form, the Norlund mean (8.3} becomes

[8.9; = f  f  f  J*C4.? ,
n. ’  ̂ ^

where ~ Z q and is given by [8.7]w  rK f

Let
K e ,

[8,10} S ( u ) ^  l i m  u . ) s  j i m  ' Z Z p r '  •
k.~9to jc~>0O

Herriot (10a), (10b), considers both. The double Norlund means

are defined later, where they are first used.
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The function , S (m .) t is defined for all u since the series is
JT ̂convergent ( < -j ) for all u. Let

f *  1 * 1 *

/ *where and denote differentiation with respect to u and v , 

respectively. We now have the following theorem:

Theorem 28 If, for each point (-*0,̂ o) within Q [ r n r K !> #,/*], the 
sequence j^(Xo,^«)j is Norlund summable with weights j * * , t then the 

Norlund means of the D.C.F.S. tend to a limit which is the limit of
<■ j r t * i *

the Norlund mean of j / j t  ('*<>>$«)}> provided exists and is

integrable. If lim </0) exists, the D.C.F.S. converges to

this limit.

Proof: We integrate v)dut.<Lv by parts four times.

We first integrate J by parts with 1/ = ,

d V ^ «* > dLV - <U , V^JicK(«.r)d̂  .

Then
/f ^ fl

t8 , n J  /  »)*«** =j jj -  |  J  lu^Lv

~ j  " j i j ^  ̂  ^  ^  *
t> ^

On making use of the periodicity of and the definition of

, we can readily show that I ~  o so that ^
L-o 'a*, a

IT 
= 0
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More over,

j K K(u>v)d*jL. ~ J 2l i*-* f i t f a y p =

K
da*. 't&U

Z - h - * D* - * iv ) \ 2 1 ' ^ yM- du- - ~ X r e  ^ (M)Z  - 7 -  ’
** K~t> J * K'“ *=0

so that [8.1l] becomes

&.izj f f t ,  ^ Y '  •

To integrate the right side of [8.12] Jsy parts, we set V -  DK( * H V »
Jttc

d V " { { £  ̂  ; y=j £ * w" °  i - r  •

Then {p.lg] becomes

[a . is ]  f f 1%lt =
Jo Jft f

^ l f  I s  i-

Since is periodic, ̂ a n d  are also periodic, and

we can readily show that if*' I -  ty 1 I = o , if we note that
XV * - 6

= f'tt+M, <f+V) + f + * )  -'f'tXtM, f~\f) .

Then jp.isj becomes
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To integrate the inner integral of {8.141 by parts, we set

u= £* , <tv= f ; <ur= O "  - v= £ ^ .
1 V i  vZ> 1 *

Then ^

taas] I f

h. i A ^  li < £ * * £  At**? A

o ' '

Finally, we integrate the right side of [8.15] by parts with

t-** f-o  y [  • * & *  I

Then [8.15] becomes

rV _ <A i fr//4' m * . \ k i ^ n ft*

fiH7 ' ( i ^ U'0 'b • '• /'
Xr ~

*=«

The conclusion follows from the hypothesis of the theorem.

We now consider the double Norlund means of the double 

sequence of partial sums:
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C8*16! 1AV =  ' p p  /y-ic X,*,

Cesarl (2) has shown that if - f ( a ^  is periodic of period A K in 

u and v and satisfies a Lipschitz condition of order U. (o<* < / ) 

in the fundamental square Q, then the(C,1,1} means of the D.C.F.S. 

converge uniformly, in any rectangle inside Q, to the conjugate 

function
—  (n (n 

[ 8 . 1 7 ]  f a j )  -  M l  l/> .

6

Cesari has also shown uniform convergence throughout the plane if 
■flu, V) satisfies a Lipschitz condition of order «( throughout the 

plane. The assumption that the integral form of - f i v . y ) , in I.8.17J, 

exists is implicit in his work, as it will be here.

We shall improve on Cesari*s result in two directions.

In order to do so, we prove the following

Theorem 25 If ■ftu.,'i) is a periodic function of period A lt with 

respect to u and v in the fundamental square Q and is such that

a~
* -  3.

is integrable in ( 0, 0 fT ,/C), then in any inner

rectangle with sides parallel to the axes and not containing points 

on the boundary of Q, the D.C.F.S. converges uniformly according to 
Norlund*s double means (H, ) to the corresponding function £ f'Vjjj).

We first assume that f u t ,  v) is continuous in and on the 

inner rectangle.
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Proof: The proof is similar to the proof given by Cesari (2) for

the case (C,l,l) with f ( u , v )  satisfying a Lipschitz condition of 

order o( (o<o<A / ). At a point (x,y) of continuity, we have, from 

[8.16] , L8.17] , and [8.7],

Since

we have

[8.20]

Simplifying the expression within the braces and then breaking [8 .2o ] 

up into three integrals, we get

QitM. 4k

\du-dLv

* JJU %
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For brevity, we denote the stun of the three integrals in (8.2^ by 

!| +IZ + 1 3 . Let 2 $ be the shortest distance from the point (x,y) 

to the boundary of Q. Let be such that o < tP < $ be arbitrary 

momentarily and set

/V /ftrf rr
L8.2Z] 1; = f ) +  ( (  + j +  I \ =  Jj .  f  + V  *• 3)-

3 o o •'« ■'f -/f  -'e •'T -if

Let £ be arbitrary. Since the functions under the integral sign 

in the expressions (j = t*.3) are smaller in absolute value than an

.it Ait

integrable function } f independent of and V , we
iw- 42 &

can select a 1* such that o <  T < $ and stifficiently small so that 

I ̂ 4*i( ( ^ l ,  I < £  i  ̂= t*.3. Now that '7’ has been fixed, the
integrals 3) approach zero as A y ^  33 , by the general

convergence theorem (lib). To illustrate this last remark, consider 

S i y. , which may be written

6 -“ J I
V

16 f  v INow .iljt— -3—  is integrable in (t, T j rr, a ) since it is ̂  I 1

which is integrable in (o,oj /r,<r) ty hypothesis. By the general 

convergence theorem (lib), we have

illn f f  *̂y l  6 r v ( * n + \) u.du-d.V —  O

The Norland mean of a sequence which tends to zero also tends to zero 

so that S llf. , in (§. 22J, tends to zero as 00.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 4 6 -

For Xt<( and 3-$+ , the argument is the same.

Cumulatively for these results, there exists an N„such 

that for V ? N„, I | <  € ,  f - i , z.3 whence , f - / , z , 3  for

/«., V > Nm and finally | T̂ .v o z e  ,

This theorem includes Cesari’s (C,l,l) result and 

generalizes it in two senses:

(a) from -fta,*/) satisfying a Lipschitz condition of order (#<«*.<, i  ) 

to f lu , * / ) being continuous within Q and satisfying the condition that

is integrable in {°> 0 J ̂ j^),

(b) from (C,l,l) summability to (N, j>«vj>»i) summability.

These two more general conditions are of value since there are 

Norlund means weaker than ( C , d.) means for any «* > o ,and since a 

much wider class of functions can be considered.

The above proof can also be used to show (N, J>h.} g*.) 

summability with
v

f/LV ~  *m «  •

Herriot (10a) treats double Norlund means of this type.

Discontinuities Along Straight Lines

le next consider the behavior of at a point (x,y) 
of discontinuity of in a manner similar to Professor C.N. Moore's

treatment (15) of the (C,l,l) summability of the D.F.S. at a point of

L —
j
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discontinuity. We prove the following

Theorem 24 Let /(-a,V) be a periodic function of period A i t

with respect to u and v in Q and such that is integrable

in (0,0 a , ff ). We assume the point of discontinuity ( x, ,y, ) of 

■fCu. 1 v ) is interior to Q and all other points of discontinuity in the 

neighborhood of (x,,y,) lie on a straight line passing through the 
point. The function -f(uxv) approaches a definite value as we approach
the point (x,,y, ) from either side of the line. If we enclose the

point (x/,/,) in a rectangle R with sides parallel to the axes, 

entirely within the cross neighborhood such that the line of discon­

tinuities passing through (x,,y, ) is either a diagonal of R3 or is 

parallel to one of its sides, then the Norlund means ^1) will

converge in either case.

Proof: The integral sum to which converges will be

given after we have defined the necessary regions. The proof is 

similar to the proof of Theorem 23. The integral form of 

is, from [8.7] , (8.16] , and [8.19] ,

I t  .The crass neighborhood of a point (x,,yf ) in a region R is the

interior of the region bounded by the lines 'Y.-'K, ± 6  , $ -  <j, i  S , 

for arbitrary 6 , $  > O . The cross neighborhood is important in D.F.S, 

in treating difficulties that arise in the generalization from single 

to D.F.S.

•du.A V ,
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where - t i v + M . y - v )  +  f t * - * . ,  y -  v) .

Let iS  be the shortest distance from (x , ,yf ) to the boundary of Q. 

Denote the cross neighborhood of (x,,y; ) by R, and let Rz be the 

remainder of the region of integration. Break off from R z the 

rectangles R ) , R^(0i /̂ i ' ?A ) t  » **» ̂  where*? is
such that o < f < £  is arbitrary momentarily.

The cross neighborhood of (x.{ ty t ) is R, . The remainder of the

region of integration is Rz = j gn . (o,«p^n) V + A+B + C + D .
R-z ' '• io , o i -p/P) Of,It)

The deleted cross neighborhood,

R *  , is cross hatched.

Within R *  is £3 which 

encloses the point (x„y,).

The sum of the regions A , B , C  and 
D is

- R i - R  1 - =  A + B  4-C +  b  .
f R-,

Fig.l
Let <f be arbitrary and write (8.24} as

L3.,=] t{f - Cl - (£* XT f ’

where the integrand is understood to be that in [8.24} . Let us 

consider the second integral on the right side of [ 8.25J. By an
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argument similar to that used with in the previous theorem 

(see [8.82] ), this integral, i.e.,

( 8  . H i  i - f f y l t  L H ^ £ r ) Y “ ’

can be shown to tend to 
T f f i

{a. 27] ^ 2 .  *

by considering the difference between these two integrals, [p.26] 

and [§.27], and choosing f  sufficiently small so that this difference 

in absolute value, can be made less than 6  . This difference between 

the two integrals [8.26] and [d .2 ? ] has exactly the same form as is 

found in jg.2l] except that integration is now over the range ( 0,Tj?,«").

Analogously, we can treat the first and third integrals 

on the right side of [8.25] and we can show that these tend to

,fyt r at ?
[8.28] ir’| and J </fy U f  J

respectively. The last integral on the right side of [8.25] remains 

to be considered. Within its region of integration, \ at, fT )

lies the cross neighborhood of (x(,y, ), the region R, , minus the 

two small rectangular portions of this cross neighborhood already 

accounted for fcy the second and third integrals on the right side of
[8.25], Now the region d l“ accounts for all the region

('P.T* *, ic,rr) except this deleted cross neighborhood of (x,,y,), which 

we call R *  . We can write the last integral on the right side of

[8.25] as
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- k < n C*
J f  I  *  i ' l l * . *

where the integrand is understood to be that found in [8,24] . Let 

us consider the first integral of (8,29] . Now that 'P has been fixed,

if we expand the integrand of

L B . 3 0 ]

we see that one of the integrals is

[8.3l] ^  d u .l¥  9

and the other three integrals tend to zero as jt.,Y  -? eo , by applying 

the general convergence theorem (lib), and arguing as in the previous 

theorem with JT^ (see [8,25j ), Thus far we have shown, from £8,27],

£8.28J,and [s.Sl] that

(8.S2J
"  JJ* '  *** '

tends to

{e.ssj * 1  %   ̂&t- du.du ,
as A i V -**> ,

Let us now consider the deleted cross neighborhood of 
( x i > 7 | ) »  i«e., R *  ,since there remains only to consider t t o e  second 
integral on the right side of {8.29] . We enclose (x,,y, ) in a 

rectangle & s , with sides parallel to the axes, entirely within the 

cross neighborhood such that the line of discontinuities passing
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through (x,,y,) is either a diagonal of R 3 or is parallel to either 

side. The point (x,,y,) is at the center of R 3 .

We consider first the diagonal line. Let this line divide 

R 3 into two regions R ̂  and R and let and £ * ( * , ,  <{,) be

the two values which y) approach when (x,y) approaches (x ,,y( ) 

through the regions R 5 and R "  . Since only the second integral oh

the right side of [d# 29] remains to be considered, we write this as

n .  i*jj +  ^

We then use the general convergence theorem to show that the last 

three integrals in |§.54] tend respectively to

k k
asA»y“?#°> by the familiar argument of considering the respective 

differences between these integrals and proceeding as before.

We have thus shown that the Norlund means of the D,C#F.S. 

at a point of discontinuity (x,,y( ) converge to the sum of the four 
integrals

C t/t-fk  d u .d vM  »•(/( ' 1 ,  4; 'I h
provided each of these integrals exists.
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For the case in which the line through (xf,y( ) is parallel 

to one of the sides of R j and divides R3 into R and R ̂  v) , we 

require the existence of the integrals

du.dv

where tends to f t tx,,y,} and «j,) as (x,y) tends to (x,,y,)

through Rj" and , respectively. The proof for this case is
similar to the proof for the diagonal line.

Discontinuities That Lie Along Curves

We consider the behavior of the Norlund meatis of the 

D.C.F.S. at a point of discontinuity such that all other points of 

discontinuity in the neighborhood o f that point lie on a curve which 

passes through the point,and the function approaches a definite

value as we approach the point from either side of the curve.

Assume the curve is of such a nature that it has a tangent 

at the point of discontinuity of ■ft'l. <j) and that any line passing 

through that point will intersect the curve in only a finite number 

of points in the neighborhood of the point. From £.8.24] we again 

consider
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where R , is the rectangle with (x,,y,) as center and the tangent to

the curve at (x, ,y( ) as one of its diagonals and such that all points

of discontinuity of in the rectangle lie on the curve. The

region R z is the remainder of the region of integration. We choose 

i so small that the curve of discontinuities does not intersect 

the diagonal which is tangent to it within the rectangle, except 

perhaps at the point of tangency. In case the tangent is parallel 

to one of the axes, it will divide R , into two parts, as does the

diagonal, and the treatment is the same.

to the previous theorem, (8.38], {8.33] and part of [8.34] , [§.55] , 

since the discussion is the same to show that

the limiting values of "fdt.ij) as we approach (x, ,y, ) through R 1, and

To treat the second integral of [8.37] we need only refer

tends to

as v -y eo .

Let R / and R;,/ be the two portions into which the 

tangent to the curve at (x,,y,) divides R, and let -f, and be

R respectively. Then
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where the integrand is understood to be that of js. S7 "J . %  the 

familiar argument of applying the general convergence theorem (11b) 

to both integrals on the right side of [s.40] we can show that these 

integrals tend, as V , to

( M i l  >

respectively. We then have the following

Theorem 25 Let be a periodic function of period Src with

respect to u and v in Q and such that 1 I is integrable
I A

in ( 6 i o ̂ it, fT ). le assume the point of discontinuity (x( ,y,) is 

interior to Q and such that every other point of discontinuity in the 

neighborhood of (x,,y, ) lies on a curve which satisfies the following 

conditions: (a) the curve has a tangent at the point (x,,y, ),

(b) no line through the point intersects the curve in an infinite 

number of points in the neighborhood of that point, (c) the 

function f ( ^ )  approaches a definite value as we approach the point 

(x,,y,) from either side of the curve. Then the D.C.F.3. is (N, )

summable at the point (x,,y, ) to the sum

( i  * J U  +  i L . ) ’

provided each of these integrals exists.
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