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1. Introduction* Lacunary simple trigonometric 
series, that is, series where the terms different from 
zero are "very sparse*, are series of the form

L (a^oos njjX + tocsin n^)},
k-1

where the indices satisfy an inequality

\+l^nfc 7 ̂  7 1 (^ ***«&))•

These series have been investigated by A, Zygmund 
(l), (3), 8* Szidon (3), (4), (5), (6), A. Molmogoroff 
(7), J. Marcinkiewioz (3), and 8, Banaoh (9), (10).

(1) A. Zygmund, On the convergence of 
lacunary trigonometric series, Fund*
Math., 16 (1930), 90-107, corrigenda,
Fund. Math., 18 (1932), 312*

(2) A. Zygmund, Quelques theoremes sur 
les series trigonometriques et celles 
de puissances, Studia Math., 3 (1931), 
77-91.

(3) S. Szidon, Einige 8Itze und Fragestellungen 
uher Fouxierkoeffizunten, Math. Zeit.,
34 (1933), 477-480;
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2.

n((4) S. Szidon, Sin Satz uber Fouriersche Reihen 
mit Lucken, Math. Zeit., 34 (1932)),
480-86.

n((5); S. Szidon, Ein S§tz uber trigonometrische 
Polynome und seine anwendung in der 
Theorie der Fourierreihen, Math. Ann.,
106 (1932)), 536-539*

(6) 8. Szidon, Verallgemeinerung eines
Satzes ttber die absolute Konvergenz 
von Fourierreihen mit Lucken, Math*
Ann., 97 (1927)), 675-676.

)) A. Kolmogoroff, Une contribution a 
lfetude de la convergence des series 
de Fourier, Fund, Math., 5 (1924)),
96-97.
J. Marcinkiewicz, A new proof of a 
theorem on Fourier series, L.M.S.
Journal, 8 (1933)), 279.

(9)) S. Banach, liber einige Elgenschaften
der lakunlren trigonometrischen Reihen, 
StudiaMath., 2 (1930)), 207-220.

(10) S. Banaoh, Sur lee series laounalree,
Bull. International Be L*Academie 
Polonaise Des Sciences et Des Lettres,
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3.

April-Oct. 1933.
Some of these results are collected in A. Zygmund, 

Trigonometrical Series.
This thesis consists of generalizations to lacunary 

double Fourier series of some of the results that are 
known for lacunary simple Fourier series* In 
particular see A. Zygmund, Trigonometrical Series, i 5.4, 
6.4, 9.6, 9.601 and 10.31. We shall define a lacunary 
double trigonometric series to be any series of the 
form

z>o

(1*1) ZL zjL (a^cos cos n,y + cos m^x sin n,y

^ V ln v  008 ^  * ak / lD v ein ^ y):>

.here the indices m,. and ^  satisfy the inequalities

We have assumed a = 0, a, = a * b c. - 0oo * ko o± ojt ko

for k, % - 1, 3, ... . We have lost no generality in 
making this assumption because these coefficients are 
merely coefficients of simple Fourier series for which 
the analogous theorems are true. It is clear that 
the rows and columns of (l.l) in which some of the
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terms axe different from zero are "very sparse". 
Also, the terms in these rows and columns that are 
not zero are "very sparse".

2. Generalization^theorem due to Zygmund on 
lacunary Fourier series. Let (<*•) he a set of 
functions defined over a set of points, Or (<*), in 
space of any number of dimensions, with coordinates 
real or complex. Let the (̂ ) satisfy the 
following conditions*!

lim - 0 (all J),

o° oo_

I— <r- ■'*' ! --lim
cJ.~*<£a L=a j.-a

(*0. I. Moore, Am. Math. Soc. Ooll. Pub., 
vol. 22, P. 23.)
cx? X-

If lim Z L  Z -  Z j (ctj-S , where S.4 areX-r** ‘ = « f f 1 j
the partial sums and S is the sum of the series,
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then we will say that the series is summahle # * .

(2.1)

Given a lacunary series (l.l), let us consider the sum

c*= oO

£ £ (««* v cAn + 4).
THEOREM I. If a series of the form (1*1) is summahle 

in a set of positive measure, then the series (2.1) con­

verges ,

If the series (1.1) is summahle $  in a set l*|?o

( 11 | 6 means measure of I), we mean that for every (x,j^)C *

<&P

(«.«> r  z  # < * )  s * (x- v  -- <£ *  c  ^
f>*i $--» e-

the left hand side heing convergent, and lim (D(x,y) exists and 

is finite. We will first consider the case where each row and 

each column of faM}pos.es... only a finite number of terms 

different from zero. It will he convenient to consider the 

series in the complex form

*22 r , j \ ATn*X .
7Z7Z K» - ct* ' 4) e e"*r
1-0® S. - - cf$
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(S.3)

We put
= 4  ■44 ' ~  ^  C44

- </

< % 4 '  ^^44 ^*4 =

" L(hu * < /  =

-  4L
JU * £i4£ + ^ 4 '

2  ■= 
44 *?JU,

Before proceeding we shall establish some equalities; 
and inequalities which we will need.

fe have
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-l /X Z jZ
*** + t4 £ * % *  dM

/

/

^ ^ A

■ A ■ (kbL- ■ e A

4.

/£>

* £  - 6m  * %  " K-l

/

<CHX> . -

n  , ^ ^  ^

This is a corollary of (II)
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This is also a corollary of (II))*

(V) OK 4a 4jL 
/£>

fe know that - 0> then

• i A . *  ' V t / k A / • both

sides fcy 4 and transposing we get

K f u * “ k V  -sat / k i “ * & * V  W u A ?

We add

.4 . w4 . ,4 , 44
1feZ \L

.3 aS

to each side getting

(is? + W* + c2
356

JsL. 2.

*  /  (akl diZ ^ (V ~  ° k ^ /
356
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hence aj® ̂ b̂  + ĉv +■ d|| ̂  ̂j i! ■kj hi ki 
16

Let

♦ f*L„ * fh'-r" * %"■?-f">f I = R J h i ) -

7

e may rewrite (2*3)) as

((2.4) <S1(*.h) '  Z - Z L  / ,  e-^'e‘̂  T j " ”* /. '* -A■ f 4=-°° J=-~- -4£

the sum on the right being in reality finite since 
it includes only a finite number of terms different 
from sero*

Since [ < z ^ j converges in E, we oan find a
subset £  of S such that /£/? 0 and a number M such
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that !(UUf)U M for C Q, (x,y) C 6 . jn
fact, we have £^11* E ■r ,.. where E is the set of1 2  n
values (x,y) such that / (x,y) / ^ n f or £ G*
Since /l/ ? 0, at least one of the sets E^, say E^, 
must have positive measure and may he taken as <f . 
It follows that

((2.5) M3/<f / =J^^(x,y)) dydx.

We see from (2,4) that

( 2.6) ^ j (x,y)dydx

t  L £.‘v.*s W/Vr?

W e may consider each sum of ((2.6) as the sum of 
4 sums, that is

I I - I I  +  Z .  Z - *  2L ~  2 -
/ f*t *=/ £-e°

By using (2.3) we can use (1,1; ) as our range
of summation. Using (2.3) we get
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m  be

{  ̂ Z ̂ /,e 'm'*e ‘”if &■(”’;,”*)

* & < * / ■ ”*  }  

r  Z L  Z _  )

■" S i r  ^ £ ’‘~'"’‘e ‘”^ f c f ™ l, f t « j f ^

We carry out the indicated multiplication and 
arrive at

( 2 ’ 8) { f t ^ ) < i , ^ . ~ ^ / £  |l h ”J

fc{4A A A  *Z ti )t H
'*j,
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(13).

X  X  X  X  ( /^ ^ a -Pm 11) /
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13,

^  c *' * e ifrjt * ctj,

" Z-Z-?- (/4L Kbefy^

e^”!t - V * e '  a V  ’’P *<*y <ty>

Let us denote the integrals on the right hand side by

+r*‘4f*U, ***/$■**(, ■■■ #**#}***.

and +» ^f4U respectively,

The numbers A , B , , etc, are the complex3 Jcxn j &jlxi
coefficients of a functiony^(x,y) equal to 1 in 
£ and zero elsewhere. We apply Schwarz's inequality 
to each of the terms on the right hand side of (3.8), 
with the exception of the first, and see that they 
do not exceed.
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(14)

srfltz. l l ^ / / / t

***■£f £ i  % (™*"t >/r*(*'t’’,/.J j-?l‘4t*t,U

■tirA- £ Z Z Z - Z - I / J  ItfJ i. (%7%) '

^ fS-t-ZL̂-l/itJIfyl-fcfy”i)4d(fjl'nj,)j ' f

» ^ f x z  fl/fy hr’j ( ^ ) ^  (”f,n ĵ Iz i.z J z ^ J J
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/ / - * ,  -£?4

,  f j *

&

¥■

+ //■//

*  * r ^ P &  / / I  /C ( » a  ̂ f z m  / > ;

. ^ E E l p /4 / £ % , j V / ' l ? / / $ «  *

0* 0*0+*" /1 .

^ 4 b l  fp*U, 2  *

in absolute value.

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



16.

Zygmund has shorn* that If n ^ / o *  7 A 7 1,
(*A. Zygmund, Trigonometrical Series, i 5.4) 

n^i/n^ >\ 7 1, then a number a-a at exists such 
that every integer jl can he represented no more than 
a times in the forms m^ ± m^ or ±  n̂ ., krO, J ? 0,

A 7 Q)t h 7 a.
3We observe that ^(x,y)C L . For fixed j and 

k  the second factor in any term on the right handjside 
of (2.9)) mould not exceed £  K J  r -  where

denotes the complex Fourier coefficient corresponding 
to that term. When we let j and h range from 1 to ^  
we have the second factor less than a ('JjL

We choose H sufficiently large such that

j  t A, A*J>

^ c z z -  t z  l $ M h  * a  Id ,4*M 4# 4-M *

«phere is no loss in generality if we omit the terms of 
the series (l.l)) for/=k  ̂S, 1 * ^  W, replacing
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them by zeros. The series remains summable and 
this only changes the value of the sum M.

It is made clear by using inequalities III, IV, 
and V and equality II with the condition lim (mk, n^) - 1 
that the right hand side of (3,9) does not exceed

4
We see from ( 3.5), (3.8) and equality ( I) that

4

where

4

Hence

which proves the convergence of (2.1),

We will now consider the case where each row 
and column of is not restricted to consist
of only a finite number of terms different from 
zero. We will let each row and column have an

u)j
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infinite number of terms different from zero. Let
■ t- f %.
Cl (x,y)- 21 2- <p u)B C G,n pH

where neither B nor <4 are infinite but are numbers 
F “ We take P and Q large enough to
satisfy the following conditions;;

<« 1 1  f>„ ' W - i >
(ii) I (x,y) - #1* (x,y) * , for

(x,y) C E - , where ^  as i-+t- , -*■ 0
as and the set E is of measure# 2 /E/.
P utting E = E^E^l.,., we see that /E*/* \ll&} , hence 
in the set E ~  E* of positive measure <2/ (x,y) 
tends to a finite limit. But (i)} insures that the 

are /  * means, corresponding to a sequence of 
($• Vwith only a finite number of terms different from 
zero in each row and column. In virtue of the 
special case already dealt with, the theorem is 
completely established.

Oorollary, If the series CX*1) converges in a 
set of positive measure, the series (2.1) converges.

W e will now generalize a theorem of Kolmogoroff 
which gives us a converse to the corollary. If 
( 2.1) converges, then, by the extension of the 
Riesz-Fisher theorem* to double Fourier series,
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there exists a function f (xy) C lP,
(♦Hobson, The Theory of Functions of a Real 
Variable, vol. II, i 470)

We will show that the lacunary double Fourier
series corresponding to f(x,y) converges almost
everywhere,

3. Generalization of Kolmogoroff1s theorem,
gLet f(x,y) be a function of the class L and 

®mn(x,y) denote the partial sums of the double 
Fourier series

^  <«im008 “ 008 V 008 ■ * 8in
* cmnsin 008 <*mas*n sin bf))

of f (x,y),

a n m x x .  K V i Z - k  7 % 7 1, n far A 7 n,
k,2= 1, 3, ,,,, then the partial sums Sm (x,y)) of 
(3*1)), corresponding to a function f(x,y) C L , oonverge 
almost everywhere to f(x,y) .

A series is said to posfless a gap (u,v;r,t) 
if o for u •<- i £ r, v j * t, We will need the 
following lemma.

A13QIA, If a series with partial sums
smn> P°sse8s©s infinitely many gaps (M^, ; I|, H|))
such that > A 7 1, ? 1* and is
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20.

summahle ((0, 1) to sum 8, then 8 „ converges to 8*
V *

There is no loss in generality if we let 8=0. 
Then, if we let 6 he the domain

w » i >  v  y  *i >
we have

- v v / £ 8 v j

= ertit̂ Kj) -c cr( iyjz ) - <j( lijsp.

Henoe S (1) and our lemma Is established. In
V

particular we have

THEOREM III* If the double Fourier series of 
a function f(x,y) C L possesses infinitely many 
gaps (M^, ^  ; M*,, ^  ) such that i.
S’!. /Ifi 7^/1, then the jartial sums 8^^ (r,y)) 
converge almost everywhere to f(x,y)).

In order to prove theorem II we split (3.1)) 
into rectangular blocks consisting of terms 
m^# n^ # n- n^. We then break (3.1))
into two series, one consisting of the terms of 
rectangular blocks where the sum k-d is even,
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21

the other consisting of terms of rectangular blocks 
where the sum k +JL is odd. Applying the extended 
Riesz-Fisher theorem we see that these series are 
Fourier series of functions f1(x,y) C  L2 and 
f" (x,y)CL2, Theorem Ilf tells us that the partial 
sums SJ^(x,y) and (x>y) two series
converge almost everywhere to f*(x,y) and f"(x,y)) 
respectively. Henoe 8 ^ -  S' ̂  S^oonverges 
almost everywhere to f* (x,y) + ffx,y)j = f (x,y) •

4. Generalization of theorem in A, Zygmund, 
Trigonometrical Series. ^ 9*601. We let
(4,1) M /f(x,y); a, b, o, <3/

* < C r U * , 7  f  dydx)1^

(4.2) Ap /f(x,y); a, b, c, dj
A

.  ( b - a

when the domain (a, c; bs, d) is fixed, we shall write 
Hp/tf , A [t] . fe shall need to make use of
nHolder1s inequality

(4.3) M /fg7 * Mp [t] Mp fgj , W? 1,

where
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22.

M fa] - lij_ f a ]  and where f, g § 0,

( 4.4 )) 1 + 1 . ,
P P*

V e shall also need the following lemma.

LEMMA. Given a function f(x,y), the expression 
Kl ft] ta a non-decreasing function of ̂  .

In (4.3) let f - /f/ , 7 0, and g - 1.
Then

K . Mp It I H?( /l/ ,

from which

' , v / \1-1/P* . 1/P/ i S I* 1 ^ / 1  \ / /"fr W  ft \
(b-a) (d

From (4.4)) we see that 1 —  l/P1 2 1/P. We take 
theo< robt of each side getting

( W ) ( d - c ) j J / * 1 Ayaj  *  llF’

hence
bo t a /*y.

Let be as defined in (2.3).
u
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THEOREM IT. If ? 1, n/r 1,
mo +* / £

"kfl* 1> 3, • ••, and if the series Jĵ L / ^ /  
converges, then (l.l) is the Fourier series of a 
function f(x,y) belonging to every class L , and

where 0 depends only on P and A . 

Applying the lemma we see that
Zp

is a non-decreasing function of P. Let

aiF>' { + C f h w i ' i * ' ) 1'
1/p 4 J

then (1/4)) G(P) is a non-decreasing function of P
l/Pbut (1/4) is a decreasing function of P, hence

G(P) is en increasing function of P.
Since the left hand side of (4.5) is an increasing

function of P we may choose, for odd values of P ,
A x the same as A * H®noe it is sufficient to P,* P+l,i
consider the values P:r2h, h-M, 2, ... • We first 
suppose that (l.l) converges absolutely and we let

. ® k ,nF U , ®

be the power series of which the real part, for z = eix 
and Z = e iy, is (l.l). Then
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34.

where the series on the right converges, and where 
if yt is not of the form

(4.6) J-, ”1̂ ■+■ • • • .
X *

with m^>- mfĉ 7 ... ,

7 0 , */ ̂ ô_ V" • • « * h,
and ifV is not of the form

(4.7) ^  +■ /^ + • •. ̂

with tl£ 7 nt 7  ... ,

fit 7

We observe that if -i is sufficiently large, A 7b, ,

every positive integer can be represented at most 
once in the form (4.6) and at most once in the form
(4.7). If this were not so it would be possible to

m. + S, mv ■+ ... where at least one *o *1
<£ t<Lr. Let j be the smallest value of i for which 

cC S We subtract the representation with <={• 
as coefficients from (4.6) getting

represent u. as 4,
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35.

U: - </ ) » V  + (fy, - Sj*.)r
where

7 o*Ui-</J =/ i -- J, J", ■ ‘ *
Then

hub \J-j-Jjl is an integer 4 1» hence

1 4 h(A*‘+- V* + ...)

which is impossible if ^ - A„= h+1.

Applying the extended Riesz-Fisher theorem we obtain

2h F.
hence f(x,y) is of class L or L %  If ^  is of the 
form (4,§) andjris of the form (4.7) we may wtite

^r ” Û ,TVA , +  tt^ i’ nJL *  4 %  *7 Ay- D
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where i, s, and t are fired indiees equal to some 
number 1, 3, 3, possibly equal to each other*
The indioes q, ̂  , and V" have the same properties 
as i, s, and t. Th**1 s are the powers to which each 
successive ^  is raised in the product D t 
hence

Ui, u), -t- * - h

We have

* - - -  i i  e c u -  ■
1 CO.! «o,i—  ’ '

iv i , u ^ ~ k f i > L r k , n

I t u  /’■ v ( £ Z k D ‘

Hence, if

o

ir e ‘> / ^  jr. U / ) 1,IfU*
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27.

Since $he real part of F(eix, eiy) is f(x,y) we have 
jf (x,y)/i ̂ F(eix,eiy)| and the inequality C4.5) 

follows with

In order to remove the condition concerning 
the absolute convergence of (l.l), we apply (4.5) to 
the function

and then let r, f~* 1. We see that (4.5) holds if both
f and r are less than 1. However, the right hand side 
of (4.5) is convergent, hence (4.5) is true in the limit 
as r and f approach 1.

In order to prove (4,5) for general A 7 1, we break
(l.l) up into a finite number, say H, of series for 
each of which the number A is 5 h-f-1. Correspondingly

f(r,f , xfy)*/LZ. (a^oos cos n^y-'-b^cos rn̂ x sin y

aHy+ d^sin m^x sin n̂  y)r^f^

* f

Applying the above result to each we have
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However
Mgh/fJ • We Have obtained (4,5)

with
0sh»* = clP , r K <4hl)1/3h-

S., Generalization of Szidonfs theorem on lacunary 
series. This theorem on absolute convergence tells us 
far more than we can expect for ordinary double Fourier 
series,

THEOREM V, If a lacunary double trigonometrical 
series (1.1), where

“k+l'Sc7* 7 1,
is the double Fourier series of a bounded function

f U,y), /f/ * B,
then the series oonverges absolutely.

Talcing, instead of f (x,y), combinations of the 
functions f(x,y)t f(x,-y)t f(-x,y)t f (-*,-y) 
where the number of terms that are proceeded by a 
positive sign is always even, we may restrict 
ourselves to purely cosine cosine series, sine sine 
series, cosine sine series or sine cosine series, 
e.g., the former. We shall need to consider the non-
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negative polynomials♦
b<r

(5.1) RpqU , y ) ^ J ^  (t^cos Mfcx cos | y)

where ^ + ,

and the positive integers and 13̂, satisfy the 
inequalities

W V r '  ’ •
Performing the indicated multiplication in (5*1) and 
using elementary reduction formulas we see that the 
product consists of the constant term 1 and of the 
terms

/Vu) / c ^ y x c ^ u )  ̂

where

y = ± u ± 
\

1 ± 
k3

-b• * • — H 7 
i

.o

M
*1 3

• • •
i “k » P

tO * t t V -b . . .  ” ly 7i o,

V • X. *
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We see that

and

\ *  ••• * W  )'"uJ= {\  - \  - -$•
fe readily obtain

( l y ^ * * * ) ^ 7 Mk {I- f ~ f -**•)>

I ^ ( 1 + ^ L - * ^ T %  . . .) 7 ̂ 7  Hjj. (l-^."-j£fc- ...) ,

then

*k C-^r) ? r  >  \ ( ^ r )

A /_
Since jJ- ? 3 we have 1  .7 2 Z. H4, N. 7 3 7  H.J TCt 1 t’s / 1 ■*■■#■/ ^3/ J

Hence, the numbers

- Mlc * \ ± ***±MkK1 2 ki

corresponding to various sequences ? are all different. 
Similarly, the numbers  ̂N. * S,r ... i m, corresponding■*» <*'* f
to various sequences £JtaJ are all different.
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If JL is large enough, y~ i the indices^ and
uO corresponding to concentrate in the 
neighborhoods

/itk(l -6),

and

/ ^ ( l  -6),

of the numbers and We choose ^ 0  and 
arbitrarily small.

Returning to the series (l.l), take take 
£7 0 so small that the intervals

/ m fc(l -£ ), m^(l + £ ]7 ,

/n^(l — £ ), n̂ (l ) > kj^= 1 >3* • •

do not overlap and choose an integer r such that
A*'A * 1*5, ̂

Put '
(s) (t)

\  ~ rakr+ a* ^

O t s f r - 1, 0 ? t * r — 1.

Let
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(st) (s) (t)Hpq u,y) *jr (1* * e, cosM^ k  m m  £  (y)),

where

£16. „ *

We assumed a_n = 0, hence

Since

oo
'sir /m  f

f(x,y)dydx 0.

V U « ,  ,

ir^) /h^) r ^ r M'* t£ ) 
ji+i /

the only terras of

■S-f f  f(x,y)H^®*h,y)<lydx
' I  I  Pq

different from zero are those that define the 
coefficients a ^  in (l.l). This is true because 
each terra defines a Fourier coefficient but we have 
assumed the coefficients â . in (l.l) to be the 
only coefficients different from zero.
Hence
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(x,y)dydx (x,y)dydx = 4B

Letting p, q we see that the resulting infinite
series defined hy the left hand side of (5.2) is 
converges,# for each choice of s and t. Since s and 
t are hounded integers we have

In the case of an odd-odd function we consider, 
instead of (5.1), analogous polynomials with cosines 
replaned hy sines. However, in this case^'and ̂  
will not necessarily he positive. We can show, if 
H is the largest of the M. *s. that

Ihis is seen hy making use of the inequality

where

Hki 1

We also have
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but

because

U*/

Hence

We have shown thatWis between and SL but
i-1 itl

is not equal to Hv . Similarly we can show that 1^1
i

is between JL and N» but is not equal to L  . •A.y*y f

These added results enable us to see that all of 
the terms of our sine sine polynomial corresponding 
to

fit

T J f(x,y)R ̂  (x,y)dydx

are zero except those that define the coefficients 
<3̂ in (l.l) Of course the product of an even number 
of sine terms can be represented as a cosine term 
but since we are assuming an odd-odd function, the 
integral of f(x,y) multiplied by a cosine cosine
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term or by a cosine sine term is zero for all and

In the case of an odd-even function or an even- 
odd function we consider, instead (5.1), analogous 
polynomials with cos Mfcx replaced by sin Mfcx ox 
cos Hjj y replaced by sin I^y. However, as in the 
previous case

Hk J r l  * Hk , H */*>/ ‘ I ,
1-1 1*1 " V  t

and
Vi- Mv , uJ + SL. .

Ki ;

Using these facts we conclude

(.-! Js! > f

hence (l.l) converges absolutely.

6. We know that a necessary condition for a
double sequence /a , b  , o  , d  ? to be thatc mn mn ran mn)
of the Fourier coefficients of an integrable function

f(*,y) H°WeVer

/amn/’/̂ ffin/'/0mn/V^mn/^ ̂

is not a sufficient condition that there exists an
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integrable function f(x,y) with

I amn» >̂nan» °mn» ^ m j

as the coefficients of its double Fourier series,
but we shall prove that if a , b , c , d tendran* ran* mn mn
to zero rapidly enough, then we may choose the 
coefficients of the double Fourier series, for some 
value of m and n, as the above sequence. The
result that we shall obtain is a weaker result than
the result for simple Fourier series which was stated 
by Banach. We shall prove the following theorem.

THEOBEM VI, Let fm̂ J >fnjj sequences .of positive 
integers such that 7 %  7 1, 7

i, j*l,3,..., and let j } and fz;jjbe
sequences of real numbers such that U log i log j-*- 0,

Vii ' V  ̂ 7 “J
and

then there exists an integrable function f(x,y) such 
that the Fourier coefficients a ^ ,  b ^ ,  o ^ ,

and n are and z*-; respectively,
i «)
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Ib proving this theorem we shall need to make use 
of several lemmas which are interesting in themselves 
and have wider application. We shall use the 
following lemma.

and are any hounded double sequences, then there 
exists a double Fourier-Stieltjes series of a non-

However, to prove this lemma we shall use some
other lemmas,, First we shall define bounded variation
for a function of two variables. We are using
Hardy*s definition,*

(*I. W. Hobson, The Theory of Functions of a 
Real 7 ariable, vol. I, P,345.)

We have the following lemma due to R, J. Dunholter.*
(♦Doctor's dessertation, University of 
Oincinnati, 1939).

LEMMA II, Given a double sequence of functions 
/®ran(x>y)/ defined in (0,0; 2T ,27") and of uniformly,

LEMMA I
the same conditions as above. If

decreasing function having û-j , Vij , u) 
the coefficients with indices m.n..
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bounded variation, either there ex let's a uniformly

bounded subsequence / F n ({x,y)f which converges every-
k  j

where to a function F(x,y) of bounded variation, of
diverges uniformly to <=»- as m, n tend toward-*7

LSMMA III, If 6~w %0, being a subsequence
of , m, n a G, 1, 3, where is the first
arithmetic mean of the first m rows and n columns of 
the double trigonometrical series

•e e*
(6.1) Z  Z  (a^cos ix cos jy^b^cos ix sin jx

-/-c^sin ix cos jy-f-d^sin ix sin jy),

then (6.1) is a Fourier-Stielt jes series of a non­
decreasing function.

Let
F _ U,y) * f  f fcL„, (^v')d^uaUr
V t  J, J. -*■*

We have

hence the functions F (x,y) are of uniform bounded

variation over (0,0; 3^,3^). Applying lemma II we 
find that there exists a uniformly bounded subsequence

/ v (x,yy
converging everywhere to a function
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F(x,y) of bounded variation.
By carrying out the integration on the right 

and using the orthogonal properties we see that

/. J&-)/, M l ) /
stw /'■iff . _

= W7* J' J e dy
where

/5J ffMt , 7/0/

was defined in (2.3). Considering the double 
integral as an iterated integral and integrating by 
parts we find that it is equal to

£  Sam . .

j f c  f  X  t a f

+ f *+- ***X J
' 9

Letting k, we find that y

^  - &  FUff,**)+ i * 1 {

4- f  C f  f  Ufje^e-^dLf'a —J &
'i t  S A #, .

Fir* I ( e~c *e~‘' ? dx„ F U ^ ) i
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for ,6, '/$** Oj £1,-2, so that (6.1) is a
Fourier-Stielties series.

r-iW s*r

LEMMA 17. If J  J  (JZr, (x,y)dydx . 7, where 
7 is a finite constant independent of m and n, then
(6.1) is a Fourier-Stieltjes series.

Since (Q ,0) - 0, in, n a 0, 1, 2, ... y^Fgjjj(x,y)^
cannot diverge to+*» and so there exists a sequence

uniformly hounded and converging everywhereM k  J
to a function F(x,y) of hounded variation. The proof 
follows the same as the proof of lemma III. fe axe 
now ready to prove lemma I*

It will he convenient to write
aadz-n ,^ instead of U-cp ify, uiL p  and 

7-cj , There will he no loss in generality if we assume
O 3* **• r- i. i.
J^c 71 j, ' ^  + Z-rr't S’ /.

We first assume that A ? 3 and put

+ ^  p  ^ ■*- ^  t*-l P  ^

r 771*1 {rij y- Tip J

■h -nj, P  /(U-<u ^  y-
and consider the partial products f, of the product
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Multiplying out these factors and making use of 
elementary trigonometrical reduction formulas we see 
that all the terms can he arranged in groups, where 
each group is a sum of two terms of the form as those 
in the brackets in ( 6 . 2 ) We notice also that the 
polynomial is a partial sum of any polynomial where 
wither k ot -1 has been increased. Making k , 
we obtain, QUite formally, a trigonometrical series. 
Sinoe some of the partial sums are non-negative, e.g.

» we may apply lemma III, hence this series is a 
Fourier-Stieltjes series of a non-decreasing function* 
Moreover the coefficients with suffixes m^n^ are

^  ■ tur , and z._. In section 5 we found that 
if 4 is large enough, , the indices of terms
different from zero concentrate in the neighborhoods

/» (l -6), m ^d +£)]

and
/n^l -£),

of the numbers m and n . , where<£7 0 is arbitrary.k ■'£
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In the general case A y 1, we choose r as the 
smallest integer such that the inequality !K ^ ^  
is satisfied, then break up m̂̂ J. into r sequences

1 1  2 2 r rml» m2 » **•* ®g» Big, •••»

and fnjJ into r sequences

H1 * n3 * * * * * * ^g * * * * * * * * * ^

such a way that

m 
i+1

i, j * 1»2, • • •,

1 s ■ s r, 1 * t * r,

being a large number which we shall define later. 
Let denote the product, analogous to (6.3) 
consisting of the factors

1 /cos/-' cosMx cos(ly +-<P. )V  AfA/

+ sin/' sinMx cos(Ny )VV/1/ *f4/

where M runs through the sequence

ml,m|, *•*»
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N runs through the sequence

t t 
nl* n3» *

As As
shall prove that <ZL 2L P . gives the required

S‘/ f/

Fourier-Stieltjes series. In fact, if is large 
enough, the indices occurring in the series obtained 
from Pg<fc all belong to the intervals

(m®#r , aj/fi- ), (n*/OC , n*/5T ), i, j - 1,3, ...,

so that the series Pg-fc, s, t = l,3,...r, do not 
overlap. Each product is a Fourier-Stieltjes series
of a non-decreasing function in which the terms with 
indices »®n| have the coefficients

and

Zmsn^ 
i i

As A' _
Qonsidering 2lL 2—  fit , we see that the lemma■S--/ t=/

follows.

LEMMA 7. If snm(x,y) are 'fche partial sums 
of (6.1) and if M f t(x,y) - smn(x>y)/ * 0, then
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(6.1) is the double Fourier series of f (x,y).

H [f —  8] is used in the same sense as II [fj 
in section 4, Put

/r\0>
) - sc**-'

&

^  * fay) ="<2̂ '

fhen
'3.w/*vlim > f r-. . _ . . ̂ J.*)

m,n
^f(x,y) - ^  (x,y)dydx-r 0,

i = 1,2,3,4.

Hence
f**f** Co)

llm f W * ' 7> % £  (x»y)ay^
m ,n-*~ *J0 Jo

'ITT flT Co)f(x,y) <p (x,y)dydx,

i =• 1,2,3,4.
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j fb.y) yt+'tLS'&f'dy~ ttysj 
J*

ht ‘ W *  f  f  / ̂ Jy,
-Jo Jo
/ar x*r

~jflFAJ J c7̂  djLj

/27T /Ajr
rfht~ j dfO.

LEMMA VI. A necessary and sufficient condition 
that (6.1) should be a Fourier series is that

as

/ ^ , - C J-* o

m, n, r, s -to®

Let us suppose that (6.1) is the Fourier series 
of f (x.,y) • Integrating the inequality

 ̂ - fUp )/- 77u f'Ii (jr+û yvj-ftiy.) (ic, v)dio<zUr
■J-7T J-7T
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where

(m + 1) (n-f l)K (u,v) mn

\j.
* 1. /sitilm* _1) M  /sin (n*l)-kv , 4 I sin -|u 7 ^ sin jpr J

over
(0,0, ;2/7 ,2^) 

we find that
/- /T  / r

rtf OZ^-fJ* v7- I I (u.,
J.r J-Tr

where _~ STT
^ ^  j '  I - f  ( x + u - i L j + i r ) d x j  d j p

We notice that tyfav) is continuous and vanishes 
for u « 0 , v = 0, Also we notice that the right hand 
side of the last inequality is mn-th Fejer sum of the 
double Fourier series of^ (u,v). Since the Fejer 
sum tends to the v&lue of the function at all points 
of continuity where the point has a cross 
neighborhood in which the function is bounded, we see 
that

«/"<T - fj-r 0
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as a, n-+o= . Using the inequality
'VC -C7 * Ml<rn -V ' .fj

we see that
M l Z  - (T ]  —* o*r>h A.S-!

as m, n, r, s -* **, •
Conversely, the condition Af f  ̂  ~Jro

implies

Hence, by lemma 17, (6.1) is a Fourier-Stieltges
series of F(x,y). If we can show that F(x,y) is

a V  <* ? >absolutely continuous, then will exist

almost everywhere and will be equal to f(x,y), hence
(6.1) will be the Fourier series of f(x,y).

In order to show that F(x,y) is absolutely 
continuous it is sufficient to show that the functions

are uniformly absolutely continuous, i.e. that, given 
an £ 7 0 , there exists a cT7 0 such that, for any
finite system A of non-overlapping rectangular 
domains (aj, bi, c^, d^), (ag, bg, Cg, dg),

M [ ( T  ]  *

t
Tm (*y) » <C„ (uv)dudv

we have
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Z L / £ „  r c . x j -  ^ ( c ^ k )I

- F  ( * * ,  k ) l * £

m 7 mo, n ? nQ.
In fact if, for fixed A, the inequality is satisfied
by the functions F^, it is satisfied by F«lim F„_. J tan* mn
How

' V ' C  ;<*]* */<Q - £  ;a ] ^ { < ts; j j

' € 7 f i A J *

]  denotes the double integral of 
/ « 7  over A).

Let r, s be so large that - 0̂ s]  + it<£

for m  7 r, n 7 s. For fixed r, s we have

; / U  *±e.

J ^ ^  = cf c^)

if only

Therefore
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for i ? r, n7B, /a /^Z , i.e.

/ c  (Ci,k )

&*• (&£,t?c)+ ^ ,4 )!-
7 r, n ?s, /&/ <- </ .

LEMMA 7X1. If the series

Op Q» /■
>*3) 4. ^  " ( s

+ omr(sln mx cos ny-^d sin mx sin ny)

(6.3) Z -  (a cos mx cos nyf-b^cos mx sin ny>»S0 uul

mn

is a Fourier-Stieltjes series and if the series
00 ®°

(6.4) ^  r̂a cos mx cos ny

is a Fourier series, then

TT—1
(6.5) *̂v,>. fa_cos mx cos ny-/1-b__cos mx sin nymn mn

f c sin mx cos ny ̂ d sin mx sin ny)mn mn '

is a Fourier series.
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Let (x,y) and (x,y) denote the
(o, 1) means of the series (6.4) and (6.5) respectively. 
We have

/ &jj saw

f  'yL» ( ^  ir p + v).
*

Then
^ / c - c 7

does not exceed
--A.]

multiplied by the total variation of F over (0, 0; 2if, 
Applying lemma 71 we see that

- 4 J  -re

as si, n, r, b -r c" ,
Hence

-/V/ c , - € 7 ~ ^
as m, n, r, s -*• cx> ,

Applying lemma VI again we see that (6,5) is a 
Fourier series.

We shall need to make use of the generalization 
to double series of the Abel transformation*.
Oonsider

(*Q. I. Moore, Am. Math. Soc. Ooll. Pub. 
vol. 22, P. 16*)
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the series

£ Z .  -I tf.-/ Cct-) .4=0 J‘0 f f

set

At f'i £ ~ “fij ~ fi * I ■> t

A“ &} ' *L’jH

A i jĉ  - j - ii,j. t-/ ~ L̂'‘'/,(/*7,'

fhen

i— fi-jCoL) ~ 2.—  S^j iCi (oL)1J« y-» H Q 4=0 y*0 V ff

+ ^*yA/6 fc* (eC)1*0 ' '

+ 2r. A  *“ Jfi (<*■)■

We shall also introduce a convex double sequence* 
h  double sequence £  is said to be convex if

At A»”> S ai 4? ^ SO, A« > 5
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m, n * 0, 1, 3, ..., 
where

Amr> - Amr, ~ Am*

4 "  Atn-1, ~ ^ 1 0 ^ I A »M» )  ~ A 0/ C  ^  10 A  IfIB ̂

«̂l  ̂"*« ) " -̂/t Ĉ a t A Iff >» J

^  =■ ̂ /a )-- *,» 6̂ . *»■>»>).
>̂t - ■A,, f̂ i,

LEMMA VIII. If 0 as f, n-'*" and if 
4--* log m log n-i-o where fL»J is convex, the series

(6.6) iZ- 4. cos mx cos ny

converges, save for x = 0, y--0 to an integrahle, non- 
negative function f(x,y), and is the double Fourier ’
series of f(x,y).

Applying the generalized Abel transformation to
(6.6) we obtain

vSw * C*, <p) - A~_. /L-~ X̂‘  ̂'A"  f

Z ~  An Up) Ae i„ + X  X f tif )
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where D,. (x,y) denotes Dirichlet*s kernel for double 
series. Applying Abelfs transformation the second time 
we obtain

»>-X

* ̂ V/) Z  (xf  *i>n''

n-J.
+■

n ~ !

■m-X

+

(X.f)

>»~ZZ  [*+, )(i+/)rfi, fry )£
+ *” (*+') Z - > M p  

+ Z -  (»”-')ty+oJCf u f ) A ,

-t (vn+i) n Z,y,-, (<^) Z ,  ■»-/

If x ^  o, y y  o, we have that Dirichlet’s and Fejer's 
kernels are bounded, hence each term on the right, 
except the first, tends to zero with l/mn.
Therefore
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_ d-> **

u p  m*
t

which is non-negative. Since the last series integrated 
over (-A, -/■; T , 77 ) gives the finite value

<gyQ po
7? '̂ -*0 > is iategrabie#

From the expressions for f(x,y) and S^xyy)) we 

see that

-1■ / ) ̂ 7_,1 1 \n.,;

£  X‘1

+ 7”r) (jrt

^  )A* X y

+ <W/;* L,„_, c*.p

* I ^  ( JT,pl .
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Integrating over (- H , -// % // ,//) we find that

ft^ - Sfy,̂  ^  ̂  °(/) ^ ^

where is analogous to Lebesgue!s constant. Since

-- '^r~̂ 'n * OC/'>

and

log m log n -r 0

we have

M f f(x,y) - S (x,y)7 0,
f- mn J

Using lemma V we see that (6.6) is the Fourier series 
of f(x,y).

In order to prove the theorem, Let £

be a convex double sequence such that

and such that
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and
/ 2>n, ~r>f

are bounded. Let us consider a double trigonometrical 
series

z z ( A cos mx cos ny^B cos mx sin ny *»-« mn mn

t CL sin mx cos nŷ r D sin mx sin ny)mn mn

which by lemma I is a Fourier-Stieltjes series if 
we choose

t ‘7

*v»;

and

: -  2 -
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Applying lemma VIII we see that

z z h^ooa mx cos ny
>n-e y>~o

is a double Fourier series. Henoe, by lemma VII, 
we see that if we set

- ft™-*

~ ŵ,,, ■ >̂r}„ - Amr, -*,

then

z z (a cos mx cos ny + b cos mx sin ny — o mn mn

+ c sin mx cos ny ^ d sin mx sin ny)mn mn

is the required double Fourier series*
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