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1. Introduction. Lacunary simple trigonometric
series, that is, series where the terms different from

zero are "very sparse", are series of the form

o0 .

-y (aycos nx + bysin nkx»3

where the indices n, satisfy an inequality

nk+1/nk A 7 1 (A fixed».

These series have been investigated by A, Zygmund
(1), (3), 8. 8z1don (3), (4), (5), (6), A. Eolmogoroff
(7), J. Marcinkiewicz (8), and 8. Banach (9), (10).
(1) A, Zygmund, On the convergence of
lacunary trigonometric series, Fund.
Math., 16 (1930), 90-107, corrigenda,
Fund, Math., 18 (19323), 313.
(3) A. Zygmund, Quelques théorémes sur
lee seéries trigonométriques et celles
de pulssances, Studia Math., 3 (1931),
7791, ,
(3) 8. 8zidon, Einige S8tze und Fragestellungen
4 Hber FourierkoeffiZﬁnten, Math. Zeit.,
34 (1933), 477-480,
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3.

(4) 8. 8zidon, Ein Satz uber Fouriersche Reihen
mit Liucken, Msth., Zelt., 34 (1932)),
480-88.,

(5) 8. 8zidon, Ein Sgtz uber trigonometrische
Polynome und seine agwendnng in der
Theorie der Fourierreihen, Math, Ann‘,
106 (1933), 536-539,

(6) 8. Szidon, Verallgemeinerung eines

h Satzes #ber die absolute Konvergenz
von Fourierreihen mit Llicken, Math.
Ann,, 97 (1937)), 675-676.

(7) A. Kolmogoroff, Une contribution a
1'etude de la convergence des series
de Fouriér, Fund. Math,, 5 (1924)),
96-97.

(8) J. Marcinkiewloz, A new proof of a
theorem on Fourler series, L.M.S.
Journal, 8 (1933), 279.

(8) 8. Banach, foer einige Eigenschaften
der lakuniren trigonometrischen Reihen,
Studia Math., 2 (1930)), 207-220,

(10) 8. Banach, Sur les séries lacunaires,
Bull, International De L'Academie

Polonaise Des Boiences et Des Lettres,
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April-Oct. 1933,

Some of these results are collected in A, Zygmund,
Trigonometrical Series,

This thesis consists of generalizations to lacunary
double Fourier series of some of the results that are
known for lacunary simple Fourlier series. In
particular see A, Zygmund, Trigonometrical Series, $ 5.4,
6.4, 9.6, 9.601 and 10.31. We shall define a lacunary
double trigonometric series to be any series of the

form

&-s-/

| (1.1) 7_ ; (ay jc08 mx cos n,y + By cos mx ein n,y
+¢kjfm m X ¢O8 n,¥ + dk lsin m x sin g&y),:,

where the indices mk and ?Z satisfy the inequalities

n:]“l/zxak 7A7 1, ny /8, 7A 71, kL 1,3,3,..

We have assumed 8,0= 0, =0

%o Bop” bbjf ®xo
for kK, A= 1, 3, «ee . We have lost no generality in
making this assumption because these coefficients are
merely coefficients of simple Fourier series for which
the analogous theorems are true, It is clear that

the rows and colummns of (1.1) in which some of the
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terme are different from zero are “very sparse’,
Also, the terms in these rows and columms that are

not zero are "very sparse',

o

2, Generalizationftheorem due to Zygmund on
lacunary Fourier series. Let @ ; (#) be a set of
functions defined over a set of pointa y (<), in
space of any number of dimensions, with coordinates
real or complex, Let the 97- (<) satisfy the
following conditions*:

lim /Z_/ (oé)/ =0 (a1l 1),
lim Z/W/ (*)/ = 0 (all 3),

A Ada

lim Z_ Z_ Q/ (£) = Le
PP }e°

ArLas

(*0. . Moore, Am, Math. Soc. Ooll. Pub.,
vol., 33, P. 33.)

-4

If lim Z_ S Wf ()= S » Where 8,, are

g, <=0 /=°
the partlal sums and 8 is the sum of the series,
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5.

*
then we will say that the series is summable f

Given a lscunsry series (1.1), let us consider the sum

oeoo

(2.1) ; 4= (C%z + by + Cho + d&z)

TEEOREM I. If a series of the form (1,1) is summable

*
@ in a set of positive measure, then the series (2.1) con-

verges,

*®
If the series (1,1) is summsble é in & set 'E‘yo

( ,El ¢ means measure of.E), we mean that for every (x,¥)C E

. o
(2.2) z: %Z Al Sei¥9) = G (xg), aCG,
: 21 =1

the left hand side being convergent, and lim @(x,y) exists and
is finite. We wlll first consider the csse where each row and
each column offp (“)?possesses only a finite number of terms |
different from zero, It will be convenient to consider the

series in the complex form

™s

> . . MmyX .
Z: (Qpp~ #byy = <G4y - dgg) €4 giny
- .

.
p
9
s
‘l
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We put

4‘{{4 :@M—@éé"x,c*%*f‘; ’44

Y, T Y by i T Gy By

#4(’/._4 :44+"’é jj*djfj: %/‘{Z,e
(2'3) %/ﬁ-z = Yy T G 9y %" 5‘{7&4

R AL 2, .

Before proceeding we shall establish some eQualities:
and inegualities: which we will need.

(I) = 7 <47 < ”
&;{#; ’é‘zé‘z - 4&4; %o wl
We have

= /Z%fz - 4%) ’(’(é/h‘ip _//(,i,e ,Agj "’@1+§éej/
/6

[@‘Z )4’( ‘jz[@u 4&)*‘/4& Ged
/6 v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



.7.

2
%y - Gy ) Chrt Cap)v (2gy + Shg) e (a0
/6

Z4 df/ °
4] e o
/¢

2

+ (% ~+ f%e,) + (bpy — gy )

/6
2 2 < 2
= e 7 4, %e T e
.
(TII) 2
2 2 ¥
%; L Ry v b, v Chs T e
, =
§
This is a corollary of (II).
2 4 2 2 2
V/a b +~ C + d,
(Iv ) / /é& / = e T ke #e " HL

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



&,

| This is also a corollary of (II).

(V) 2 2 K - 2
< 4 b + e .
/’Z:,L//éz/ = %, 7 4,/44 #2 T Tt

We know that (f;ak Ldk;. - btéo;u)f;g z 0, then

3 48 3
ek : 2a,,b Oy A ,+ Multiplying both
sides by 4 and transposing we get

aaud wr” T kst Bakld Y B, 0 X/ 8"1;!

We add

4 .a o4 4 3 2 2 .3 2 43
8yt Byt Oy, Oy, 0B 0l aa R ol af - 20da®

to each side getting
' . a2 2 - 3 . ¥
((a.‘C ; B % ]pL a ]:&). . 4 Sal ) C}%) + (bg.ls °§_£)’

256

st o
| o E
= /Z‘,/l//é;/,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



9.

hence a.i[ bilt °2k[ dﬁ',& z /zf/é ///@,e/

18
Let
¢ﬁ7 7 Pf;ffl 7 6,7f.z LA
* €+/,7 * 6*1,7,./ i W/f’. gez T 00T = R“(f,?) -

-+ ﬂ,;/7 +¢/u,7+, 7 Z¢1’7¢;+ a e

W e may rewrite (2.3) as

4

N

(2.4) G(‘”/)’é% /eawxe“’zf 7]1(//)3,/,/

the sum on the right being in reality finite since
it includes only a finite number of terme different
from zero.

Since / q[a,ij)converges in E, we can find a
subset £ of E such that /£/70 and a number M such
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1o0.

tha.t/ﬁz(*l/)/é ¥ for <C@ (x99 €€ ., In

fact, we have E¥ E1+ Ea*' e+ Where En is the set of

values (x,y) such that / 0« (ax,y)}/

u

n for<< @G,
8ince /E/ > 0, at least one of the sets Ei’ say EK’

must have positive measure and may be taken as & .
It follows that

 (2.5) wdle] 2 //@‘(x,y)‘;dydx.‘
| j |

We see from (2.4) that

( 2.6) /fdf (x,y)dydx
‘ é
] f JE Ty i sty
> 5 im.x 1
/Z , gﬁe “‘3’; “r'p, (/mj/,/nk/}dydx.

W e may consider each sum of (2.8) as the sum of

4 sums, that is

-~ . Do -0

oo oo wf - oo ) -~/ -/
FEEFLEF AT TS
Hs-ro b oo #20 L=/ t=zs ASroo R LY == bo > -pe

By using (2.3) we can use (1,1} o= , o= ) a8 our range

~ of summation, Using (2.3) we get
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| (2.7) X 0“(:7)474; [//Z,ZZ /e et Tc(’fﬁ’é)

AP R NN LR

[/=, - 2//"'8””)‘ W R lmyimy)

o

h=
Z- Z'é; ea"yxe-i’uﬁlﬁL ()n/-,n/))

/" hzs

+

+ /Zj_ Z é%e‘.cmjxecnﬁ/ﬁé/@/h/’)

(= ¢ 4:,
-+ ot v - X iy
T T R

/<7

I\qz

3

We carry out the indicated multiplication and

arrive at

o

(2.8 f / Lopaya- bl £ 1748 Fos)

=/

EEEE G AG 1 Ry B,

44#/', Y2
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(13) .

£

Z—&/%//fa(/n%nz)ﬁ_/m 1y )

< /m%f—m/')x“./ﬁ - )
f e ”%M
é

ilmgrrm )X i+ ) f
// e e @ 2y
6 .

y 2 254&6’% 0 .7, ) Jz 07,7 )

A\
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[[emmmenng o
&

R A NN APLACTIRAC Y,
Slmy ~m, )X _ e & (rpeny,)
Jfe ey

b4

Let us denote the integrals on the right hand side by

- 3 —_— .
7 Aspas 4‘7744”41 ‘e 4T A et 4,
e ' :
and 47 %;4£6 . respectively,
The nunmbers Ajkzh’ Bjkzh’ etc, are the complex

coefficients of a function(x,y) equal to 1 in

& and zero elsewhere. We apply Schwarz's ineQuality
to each of the terms on the right hand side of (2.8),
with the exception of the first, and see that they

do not exceed.
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(14).

o) rft 22211y [ e, ,,U?/;/"'""‘f Yy /
12l i Y2 2]

| 47/’/“525/// /MZQ( Y 7/7 2.22‘//5;%/
w/“,z“fz/&//ig;/m”)%f._..,..%ﬁi
o [FE R i i) Y EEE T

wa/ZZZ/—,ﬁ f/é; (m n)/ﬂ(m »f}; ZfZ/c’:}mj/
w2252 Y U, [l 1Y [y ) ozt 25/ //7
2255 Ay L A A //c— a

. **f"fffi//,/,,//%/i/{,/%/z/ﬁ/@ ) 6 / /fof ,m/
e //.ZZZ/ /%/ //f / / 7,DEs, VA3 )ﬁf 5 “zi,wj/
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15.

B ALY 22 55%7//
WSS S AL ALTN /53w Py e
WSS Wo A %ﬁ’fi,f/g-jjzj/ 4

) ;Mizzgj/f b, A/Z/ZZZZ w//
WSS/ WA )/ZZZZ/ wj
+z//°‘ZZ%//gZ By //szZ/Fm]Z‘
+f/7*4,‘?2- 4/ e )//fﬁ,ff/é’m/f&

in absolute value.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16,

Zygmund has shown* that if mk*i/mk rA>r 1,

(*A. Zygmund, Trigonometrical Series, § 5.4)

| ‘:%1/:111 >4 » 1, then a number 4-a4(A exists such
that every integer }b can be represented no more than

4 times in the forms m, * m, or k-0, J70,

j I}L .t nk’
Z-0, nh 70,
We observe that # (x,¥)C Lz; For fixed j and
«lg" the second factor in any term on the right hand:side
of (2.9) @would not exceed ( Z: % Yoyl )% where
- V3¢ denotes the complex Fourier coefficient corresponding
to that term. When we let j and h range from 1l to ==

-l-/:.

we have the second factor less than 4 (;; /zgl <oo o

- We ohoose N sufficiently large such that
2 A !
wMEF T2 //{;u// )E L el
%* /é] j-‘fj
2, 8 - & £ / /.z, Y2 /
W'[,ZZ.Z::Z/J;‘,#// ) < %o/(f,

/=/V #=4 j/V h=N

f/ #///) < /%/é/,

4=/

P

4
4
(%2

:‘N%

A

rthere is no loss in generality if we omit the terms of
the series (1.1) for/¢k = N, 1=-£< N, replacing

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17,

them by zeros, The series remains summable and
~this only changes the value of the sum M,
It is made clear by using inequalities III, IV,
and V and equality II with the condition 1lim R (my, n,)- ¥
that the right hand side of (2.9) does not exceed

el 227 ag, - ol 0B, a2,
4

We see from ( 2.5), (2.8) and equality ( I) that

2 5 ¢ + ,
¥ /5/5/5/;; (‘x&;_zcl* bl 0;31’ d%l)/

C kg + 2
' 4
where
(Je 155 (af,r R 0B+ a)).
/_ﬁ_/g /¢ h% ke kL k2
4
Hence

2255 (B B ead)
8 -#Z:/"w (ak£+ ) ¥4 k/ !’

which proves the convergence of (2.1).

We will now consider the case where each row
and column of /@7 é{% is not restricted to consist
of only a finite number of terms different from

zero, We will let each row and column hsave an
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infinite number of terms different from zero. Let

0 (x,y)- é_ gf B,u8 4 (x,7), «C G
where neither P nor @ are infinite but are numbers
P~ F(«), Q- Q(x). We take P and Q large enough to

 eatisfy the folg.oxgiiig conditions; -

1) iim Z ; @, W)=1k
(11) /’t&". (x,y) - Q" (x,y) = €, » for
(x,7)) C E = ¥ , where ~ —+~ 88 1=, €sr 0
as 4 —~<% and the set £ is of measure ¢ a~1-%/z/,
P utting E- £% E%..., we see that /Y = 3/E/ , nence
in the set E - £® of positive measure QZ; (x,¥)
- tends to a finite limit, But (i) insures that the
0" are & means, corresponding to a sedquence of
{J.;~with only a finite number of terms different from
-zero in each row and columm. In virtue of the
special case already dealt with, the theorem 1is
completely established.
Oorollary., If the series (1.1l) converges in a
set of positive measure, the series (2.1) converges.
| W e will now generalize a theorem of Kolmogoroff
which gives us a converse to the corollary. If
~( 3.1) converges, then, by the extension of the

Riesz~Fisher theorem* to double Fourier series,
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there exists a funotion f(xy)C n?i

(*Hobson, The Theory of Funotions of a Real
Variable, vol, II, ¢ 470)

We will show that the lacunary double Fourier
series corresponding to f(x,y) converges almost
everywhere,
3. Generalization of Kolmogoroff!s theorem.
Let f(x,y) be a function of the class 12 and
‘ 8,,(x,y) denote the partial sums of the double
Fourier series

.4

(3.1) 2 2_ (amlcos WX CO8 ny +By,cos mx s8in ny

mzo nzo

+ CpnSin mx cos nyr dy.sin mx sin ny)

of £(x,¥).

THEOREM II., If mk+1/mk »A7 l,m,, -4 7 1,
k,2= 1, 2, «es, then the partial sums smknl(x,y» of
(3.1)), corresponding to a function £(x,y) C La, converge
almost everywhere to f(x,y) .

A geries aéf is said to posdess a gap (u,v;r,t)
if o4;=0 foru<i # r, v« js t. We will need the
following lemma,

EEHHA. If a series.ZfZZép with partial sums
Sy, DOSSesses infinitely many gaps (Mk, N M, B)
such that M}/M 47 1, N}/N, ;A7 1, and is
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 summable (0, 1) to sum 8, then Sukn.£ converges to 8,
There 18 no loss in generality if we let 8= 0,
Then, if we let 4 be the domain
< < ] < < 1
U< Uge My, N <N W,
we have '

(O — M) (W) - 0,08y x 2.8 My
= (ML) ()10, = (Ue1)( 1), P

= e‘(l;cnzl) + O’(MKNL); - O(MINY) .
- Hence Buku=0'(1)} and our lemma is established. In

particular we have

THEOREM III. 1If the double Fourier series of
a funct;l.on\f(x,y) C 18 possesses infinitely many
gaps (Mk, N ni, N ) such that M}/M, 777 1,
N} /N, 747 1, then the mrtial sums 8 NAGX’Y)}
converge almost everywhere to £(x,¥y).

In order to prove theorem II we split (3.1)
into rectangular blocks consisting of terms
Mo MetMy 1, N,z 0«15, We then break (3.1)
into two series, one consisting of the terms of

rectangular blocks where the sum k-/ is even,
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the other consisting of terms of rectangular blocks
where the sum vk £ 18 odd, Applying the extended
Riesz-Fisher theorem we see that these series are
Fourier series of functions f!(x,y) C 12 and
£11(x,y)C 13, Theorem II tells us that the partial
‘sums S&knl (x,y) and B’g‘knl (x,¥) of the two series
converge almost everywhere to £'(x,y) and £*(x,y)
respectively. Henoe 8 0, kn L By, converges
almost everywhere to f'(x,y)+ f(x,Yf £(x,y).

4, Generalization of theorem in A, Zygmund,
Trigonometrical Series, ¢ 9,601, We let

(4.1) [f(x,Y), a’) b 0, d]
s (ff/f(x,y)/ dydx)
(4.2) A, [f(x,y); a, b, ¢, @/‘:

/P

1]

/ f (x.Y)/ dydx)

when the domain (a, c¢; b, 4) is fixed, we shall write

KP[f] , [f] We shall need to make use of
 Holder's 1neQua11ty

(4.3) ¥ /fg] < I, [t/ X, /el , P71,

“where
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M’[fg] r Ml [fg] and where f, g z O,
( 4.4) I S S
P p? -
W e shall also need the following lemma.,

LEMMA, Given a function f(x,y), the expression
A /f] is a non-decreasing function of < ,
In (4.3) let £- /fr' » <7 0, and g - 1.

Then
x [lz] - ¥ [l2] X [y
from which
1-1/p? 1/P

b o4
1 (( (/#/*ayax )s 1 ) }
(b~a) (4-c) ﬁf/ vax ) (o-a) !Id-ei / /‘f /f/ﬁydx K

From (4.4) we see that 1 — 1/P' = 1/P, We take
theo< rodt of each side getting

1/y
(el et o)™ S (d.c)///ff e

hence

A M) e Ay p /e

Let ff; be as defined in (2.3).
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THEOREM IV. If mk+1/mk 7 A1, n,e+1/n:£ 747 1,

' k,[: l, 2, ¢esy, and if the series ;;{ /{ﬁ/é/

converges, then (1.1) is the Fourier series of a

2

function f£(x,y) belonging to every class Ih:P, and

(4.5) [(F/f‘ﬂf /{ﬁ?,/%gj}; C;,’A/;;/éf/z’

where O depends only on PPand A\ .
?

Applying the lemma we see that

Y P4 P Jp
{ ﬁlf ( /fu,y)/ 47@]
is a non-decreasing function of P. Let
27 2y
=) L P !
G(P) [”‘[[/f{)&?}/ 7%}/[’
1/p
then (1/4) G(P) is a non-decreasing function of P
butb (lilf4)1/P

G(P) is an increasing function of P,

is a decreasing function of P, hence

8ince the left hand side of (4.5) 1is an increasing

function of P we may choose, for odd values of P ,

£ . Hence it is sufficient to
AP,?\ he same as AP+1,’}\ |

consider the values PS2h, hI1l, 23, ¢oo « We first

suppose that (1,1) converges absolutely and we let
- - - ‘aa mk n
F(z,z);-%;; Z,f_,z kz L

"Be the power series of which the real part, for z- olX

and Z- Y, 18 (1.1). Then
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o0 o0

™(z,2)-2 L D, s z”,

r.so VY=o

where the series on the right converges, and where Dp,r 0,
if/:, is not of the form

(4‘6) 04,74”4’ -~ 0‘$m4& 4 e e

with n y Mol 7 see
kl ko L

.7 0, %* oL, +# eee=h,

and ifv is not of the form

(407) /gl)zef'ﬂ’.)zz;{— ..‘j

with n, 7 %17 eoe 3

B, 70y fitfee= ha

We observe that if A is sufficiently large, 4,42, ,
every positive integer can be represented at most

once in the form (4.8) and at most once in the form
(4.7). If this were not so it would be possible to

represent )L as J;mko+ d, mkl-* eees Where at least one

& #ter, Let j be the smallest value of i for which
J: # ay. We subtract the representation with ./

(2

as coefficients from (4.68) getting
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7 7 '#; j" /fl
where
)7”,4;. 7”357,, 7eaey 0% /ki-d/ 24 L'-/', Jrt e
Then

/047-4/7”4} ] A/m‘ﬂ’;ﬁ +>W4@J*1 o+ e )’

but /vij-%/ is an integer = 1, hence

« h + *eee )
mk:i (mkj+1 mkrz )

1l < h(xl“"' 7\-;"’ ocb)
which is impossible 1f A2 A,= h+1,

Applying the extended Riesz-Fisher theorem we obtain
7

/

ch
. h s 5 2
73 f /F (eix’ eiY)/ 2 dydx-~ 7 /D )r/ r's
2, g

2h P.
hence f(x,Y) isof class L orlL +*, If )~ is of the

form (4.6) andy-is of the form (4.7) we may wtite

/L =u),hﬂ*é "‘— w"m&s + u)sm&t = e o @ 3

= ™
7}— w *7 -+ u),_'m’hw + u)’m/*.r'* I
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where 1, s, and t are fixed indices equal to some
number 1, 2, 3, ..., possibly equal to each other.
The indices q,w , andv have the same properties
as i, s, and t, Thew! 8 are the powers to which each

successgive )/

40 is raised in the product D}Wa s
hence
W, + W, + = - = h
We have
] W Lbs
D = b U s
e Taae L1, 4L p
4! /‘“" /Mz / /:«a,
’DP,.Ié b ST ol o / L /)4{4 Yul - ,
o o oo 4
FEI [ mET P
}L=e YT /L Ly 24
Hence, if
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Since the real part of F(eix, ¥y 1s f(x,y) we have
lf(x,y)/g /F(eix,eiy)/ and the inequality (4.5)
follows with

o, - 4l

s

In order to remove the condition concerning
the absolute convergence of (1.1), we apply (4.5) to

the function

£(r,f, x,¥)-Z 2 (a.kﬂcos m X COS m,y+b ,008 m X Bin 1,y

+0,8in m x cos n,y+d_,sin m x sin vz}Z y)x"ke
and then let r,f—+ 1, We see that (4.5) holds if both
f and r are less than 1, However, the right hand side
of (4.5) is convergent, hence (4.5) is true in the limit
as and f approach 1,

In order to prove (4.5) for general A - 1, we break
(1.1) up into a finite number, say N, of series for
each of which the number/A is z h+1, Oorrespondingly

f=1

1'*0-0 + f

K
Applying the above result to each fi we have
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o s v S E 21T

However p
M, [£] £ VAR [£4]. We have obtained (4.5)

4

with

_ _ 1/3n
02h’ﬁ - OP’A'N<4h ‘) [

e Generalizaxion of 8zidon's theorem on lacunary
series, This theorem on absolute convergence tells us

far more than we can expect for ordinary double Fourier

series,

THEOREM V, If a lacunary double trigonometrical
series (1.1), where |
mk*i/mkM? 1, nzﬂ/nzﬂdl,
is the double Fourier series of a bounded function
£(z,y), [/ = B,
then the series converges abgolutelyi
Taking, instead of f(x,y), combinations of the
functions £(x,y)# £(x,-y) * £(-x,y)* £(-x,=y)
" where the mumber of terms that are preceeded by a
ziﬁbsitive sign is always even, we may restrict
ourselves to purely cosine cosine series, sine sine
series, cosine sine series or sine cosine series,

e.g., the former, We shall need to consider the non-
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negative polynomials,
V.24

(5.1) qu(x,y)—-&z; (ﬁfgg,cos ka cos § v):
where . *
; 62“ € x/

and the positive integers Mk and l}e satisfy the
inequalities

3 |
a7y 0 Ballprs

Performing the indicated multiplication in (5.1) and

using elementary reduction formulas we see that the

product consists of the constant term 1 and of the

terms
Av'u) L4 VX Coa a);,

where

~
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We see that

(nk; xak; cest Mk: Mkl)'ff 2Vz (uki~ mki_l-...-ukz- Mk12>

-1

and

)

N

Wz, * ¥,

L&)é (Niej had Klj-l - ooo“ﬂl’. “&?;
We readily obtain

+ iu‘on""lg["

/’—/ 2

=

Mki( 1*}.&3*)&:17? es t)?V 7 Mki(l" }L‘l’-},k_"z'p . 0):”

K)__‘-'(l")k"*};:ﬂ'*' .o .) 707 N,Q-?(l‘}l"-/u:"— }-o—) ’

then

B -2
%, Ga) 77 > lﬂ:i(‘lff-'_)’

T, (Gl wy

},L-—l

¥

k
8ince )Lzs we have Mk+17 3 Z_ X, H2+,7 aé; Nj

iz

Hence, the nuwbers

T, nk; ...tmki

corresponding to various seduences Zﬁé are all different.
8imilarly, the numbers * N, E}'LF N L corresponding

to various sequences Zfl,} are all different.
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'If}h is large enough,}Lzlpﬁu\, the Indicesy  and
w corresponding to Ahuconcentrate in the

neighborhoods

fu(1-e), w(rrey

/u,(1-¢€), N,(1re)

of the numbers Mk and @z' We choose €7 0 and
arbitrarily small,

Returning to the series (1.1), take take
€7 0 80 small that the intervals

[mk(l -£), mk:(l +€)7 ’

[nz(l -€), nz(l}é ) 5 k,2:1,3,4.4,

do not overlap and choose an integer r such that

N
; A\ = )po(é)
Put
(s)_ (t) |
= mn+a, Hl: nﬁr*‘t’ k,[:l,a,...,v
Oz ¢ ~1, Ozt g1 ~ 1;
Let
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R;(;:t) (x,¥) aj; (1“4 ¢ COBM}(;S)‘{ ©os Nét) (v)),

. =/

where

E,E =
* sign akr+s’,2r+t ¢

We assumed a,,= O, hence

CLANZ S 4
f{f(x,v)dydx 0.

el h e

8ince

N(t) /N(t) 7 4\ 7//‘3 (€]

L+1

the only terms of

A7 s377 ( &
8
’ﬁz//f(x,ym pqzx,Y)dydx

different from zero are those that define the
coefficients ay y in (1.1). This is true because
each term defines a Fourier coefflcient but we have
assumed the coefficients a, in (1.1) to be the

only coefficients different from zero.

Hence
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P

| q
(5.2) 4: g /a‘kr* 82 lret; /

S
* (st) 8 T (at)
7_% £(x,¥)R o4 (x,y)dydx 2 qu (x,y)dydx = 4B.

Letting p, 9@ 2« - we see that the resulting infinite
series defined by the left hand side of (5.3) is
convergent for each choice of 8 and t. 8ince s and
t are bounded :};‘ntegjrs we have
| Z % / 2, /<o

In the case of an odd-odd function we consider,
instead of (5.1), analogous polynomials with cosines
replaced by sines, However, in this case}) and W
will not necessarily be positive. We can show, if

M is the largest of the Mk's,“ that

ky j
leo w725 Nen |2 lerta, ]
where K
E. = =/,

A

This is seen by making use of the ineCuality

¥ 7 a2 M .
11 T

We also have

~“

V]-ler |22 en, |
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but .
Z e.M, # 0
because ‘
/ ¢4
6(.‘-/ ﬁ ) /722-' /éwmk/ﬁ
k we/
i-1
~ Hence

| /e/\ge/

We have shown that/V/is between ¥, and Nk but
: i-1 irl

is not equal to Mki. 8imilarly we can show that/U)/

18 between N and /, but is not equal to N,. .
ll,, . j;f / ,e?
These added results enable us to see that all of

the terms of our sine sine polynomial corresponding

to
LT
(s%)
fﬂ £(x,y)R ;q (x,y)dydx

(]

are zero except those that define the coefficients

qiLin (1.1) 'Of course the product of an even number

of sine terms can be represented as a cosine term
~but since we are assuming an odd-odd function, the

integral of f£(x,y) multiplied by a cosine cosine
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term or by a cosine sine term is zero for all mk and q£ .

In the case of an odd-even function or an even-
odd function we consider, instead (5.1), analogous
polynomials with cos ka replaced by sin ukx or
cos NR y replaced by sin Nyy. However, as in the
previous case

M, /- g o, N, <ful < N,
1-1 i+1 7 /
and

Y+ U ,WJF N,..
ki’ 4

Using these facts we conclude

7] T 7 eyl

gt L= g
hence (1.1) converges absolutely.

6; We know that a necessary condition for a

double seduence [a , b , ¢ ,d j to be that
m’ m’ mn m '

of the Fourier coefficients of an integrable function

f(x,y) is / am/+/bmn/'/°mn/*/dm/" 0. However
/am/f/bmn/*/cm/,/dm/—vo

is not a sufficient condition that there exists an
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integrable function f(x,y) with
{’amn’ ®uns Cmno dmn}

as the coefficients of its double Fourier series,

but we shall prove that ifa , b , ¢ , d tend
m® mn’ mn’ m

to zero rapidly enough, then we may choose the
coefficients of the double Fourier series, for some
value of m and n, as the above sequence. The
result that we shall obtain is a weaker result than

the result for simple Fourier series which was stated

by Banach, We shall prove the following theorem,

THEOREK VI, Let [mx} ,{hi} be sequences of positive
integers such that mpl/miv?\ 7 1, D4 /nj A7 1,

1, j=1,3,..., and let [%fj,[z,r}sz‘w‘.dg, and[;;}}be
sequences of real numbers such that «. i log 1 log j—~ O,

Vij Logi Loy for0, i Loy s ey

mp by by g

then there exists an integrable function f(x,y) such

that the Fourier coefficients b c
®myny2 Pmyngs Cmyngs

and dminj are iy, Vg, g, and z;; respectively.
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In proving this theorem we shall need to make use
of several lemmas which are interesting in themselves
and have wider application. We shall use the

following lemma.

LEMMA I, Le [mi} ,[nj} be sequences satisfying

the sawme conditions as above. If

(<, (%, (=

and{l;} are any bounded double sequenées, then there

exlsts a double Fourier-Stieltjes series of a non-

decreasing function having 4j y Vig ,un} » andz:j as
~the coefficients with indices minj.

However, to prove this lemma we shall use some

other lemmas., First we shall define bounded variation:

for a funotion of two variables. We are using

Hardy's definition.* |

(*E. W. Hobson, The Theory of Functions of a
Real V ariable, vol. I, P,345.)

We have the following lemma due to R. J., Dunholter.*
(*Doctorts dessertation, University of
Oincinnati, 1939).
LEMMA II, Given a double sequence of functions
[fmn(x,yfz defined in (0,0; 37 ,27 ) and of uniformly,
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bounded varistion, either there exisks & uniformly

bounded subsetuence [ Fm n ((x,y)} which converges every-
k
where to a function F(x,y) of bounded variation, of

{/an(x,y)/} diverges uniformly toe- as m, n tend toward--

LEMMA III, If Omen,30, [0; wne ¢ bDeling a subseQuence
of 6;,,} » ® B = 0,1, 2, ..., where 0n» i8 the first
arithmetic mean of the first m rows and n columns of

'the double trigonometrical series

os

(6.1) ;i‘ Z  (a

yer 13908 ix cos jyrb,jcos ix sin jx

+0, .8in ix cos ;jy+d

i} 1]

then (6.1) is a Fourier-Stieltjes series of a non-

ein ix sin jy),

decreasing function,

Let .y
kan,l(x’Y) ;ff ?T”*"z (a0, v ) deww dv”

We have o )
/[’“*”z(zzly) = 47T dac]

hence the functions kanL(x’Y) are of uniform bounded

variation over (0,0; 27,27). Applying lemma II we

find that there exists a uniformly bounded subseqQuence

[ FﬁkN(x,yy converging everywhere to a function
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F(x,y) of bounded variation.
By carrying out the integration on the right
and using the orthogonal properties we see that

(/'/‘7+/ - ,v+/)

T - by
-ff[dwe &M ay 2y

where
> /tly Ny 78/

Ve 4 Was defined in (2.3). Oonsidering the double
integral as an iterated integral and integrating by
parts we find that it is equal 'ho

//7‘ /—’,,%% (27 27 )+ —‘é- (,zr;)e “747,

277 otk _A / 27 . 4,
e u-c;
4+ 1/7 f@f (4,27 ) Ay - /‘,:,# 4y /E e ?@

Letting k, _Z++ we find that

s s 27 _‘./
%/{5 = g Flal,27)* ;Z;‘g?f Flary)e fdf

&' 27 ¢ -o—éé 7 7 - (kX
. ﬁfﬁ/ﬂﬂe‘”@~ ff”’%/e & yay
, j.w’ ,27_’“ y,
;/fe et a4, Fliy)
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for ., B= 0,%t1,%2, ..., so that (6.1) is a
Fourier-Stieltjes series.
) 7 ra¥

LEMMA IV, If f Omn (x,y)dydx < V, where
V is a finite constan;: {ndependeht of m and n, them
(6.1) 18 a Fourier-Stieltjes series,

Since ¥, (0,0)=0, m, nz0, 1, 3, ..., /¥ (X,Y/
ca,nnot diverge to+e- and so there exists a seQuence

Z( W N (x,y)f{ uniformly bounded and converging everywhere
k

to a function F(x,y) of bounded variation. The proof
follows the same asthe proof of lemma III, We are
now ready to prove lemma I,
“ It will be convenient to write kmcﬂf , 74.;"7- >
“rivy, 08 Fery
7..57' . There wlll be no loss in generality if we assume

instead of ., 1/57, wh ;) and

2 1 ' a
Fm‘:nj = Mam‘.n;- + 7/7;‘:71?‘1-0/ }-f-Z.mz ? .;'/

We first assume that 273  and put
Uomery b 0 S Ty iy ke T R Ty
+ umi?mm‘-#m@%vkzmnf- Al PG fo Ll 724 4
= Poimj L0 Yoy e g oo 1 By

and consider the partial products by of the product
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(6.2) /= 7 [ 1# o008 Firic08 myx COB(ny¥ ¢ B i)

= /,/:/

+ sin )2, " sin m, X sin(njy # Omimj )f};

Multiplying out these faetprs and making use of
elemen&hry trigonometrical reduction formulas we see
that all the terms can be arranged in groups, where
each group is a sum of two terms of the form as those
in the brackets in (6.3). We notice also that the
pclynomial;&l"is a partial sum of any polynomial where
wither k or/ has been increased. MNaking k,.{—
we obtain, quite formally, a trigonometrical series,
Since some of the partial sums are non-negative, e.g.
%40 » We may apply lemma III, hence this series is a
Fburier—Stieltjes series of a non-decreasing function,
Moreover the coefficients with suffixes minj’are

Unpny3 Y s 3 UL,y BRA Z In section 5 we found that

g P ey e
if 4 is large enough, Ar A.(¢) , the indices of terms

different from zero concentrate in the neighborhoods
& + € ),
[mk(l ), m (1 +€)]
and

[2,(1 =€), n,(1re )

of the numbers mk and %A , whereé; 0 is arbitrary.
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In the general case A 7 1, we choose r as the
N

smallest integer such that the inequality A = /L
is satisfied, then break up {mi} into r sequences

1 1 3 |
ml, m2 y covy ml, mg, ‘seey Qi, mg’ ss vy

and fﬁni} into r seQuences
1 1 2 ..
nl, nz, see) nl, ng, es ey n;-., nz' s e e in
such a way that
m® _ /m® > n® /b,
142/ 7 By Tk
1, J=1,2, s00y
lzs8=zr, 1l=zt%te<rx, /u,73

being a large number which we shall define later,
‘Let Pgy denote the product, analogous to (6.3)
consisting of the factors
1 2 [coss cosMx cos(Ny -
J/;’/V[ 7/,”//‘/ os(Ny ~ &, )
+ 8in si cos(Ny - &
7/@4/ nMx cos(Ny 7 /I/)

where M runs through the seQuence

8
ml,mg, ...’
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¥ runs through the seduence

t % :
nl, 1'12, L [ ]

A A
We shall prove that J_ ) _ P_, gives the requized
S=/ tmy

Fourier-8tielt jes series, In fact, if‘ﬂ_is large
enough, the indices occurring in the series obtained

from Pst all belong to the intervals

(mg;/fr ’ m:m )s (ng/m ’ n'gm )y 1, 3=1,3, eee,

so that the series P 428 $=1,3,.0.7, do not
overlap. Each product Pst is a Fourler-B8tieltjes series
of a non~decreasing function in which the terms with

indices mgng have the coefficients

us.t , v g t, w »
miﬁj min; mgng
and
zmﬂn‘t ¢
i
A,

oY e
™~

A
Oonsidering Z_

S=7 ts/

, we see that the lemms

- follows.

LEMMA V. 1f 8 (x,y) are the partial sums
of (6.1) and 1f M /#(x,y) - 8_(x,y)/ —* 0, then
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(6.1) is the double Fourier series of f£(x,y).

¥ [f - g 1s used in the same sense as ¥ [f]
in section 4, Put

Then

a2l
)
lim f (f(x,s’) - Sm(x,y?} %, (x,y)dyax— 0,
m,n x>

]

1=1,3,3,4.

Hence

o
linm ff 8mn(x,Y) {fh@ (x,y)dydx
m,n""” o (]

20 /2 s
*ff f(x,y) % (x,y)dydx,

i = 1’2,5,4'
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AT jer
- a:u_—;%z//ﬂx,y)/aw@m% 7&%
/Jf&;)wﬂéﬁ/@vé 74/&
-Z;' 27
4&: ﬁ{/ﬂ&;)m&m& [?df,

7 jar
By = s / f(z,;)m@wé; dy 2

g2
éa’ 77

LEMMA VI. A necessary and sufficient condition
that (6,1) should be a Fourier series is that

M[J:,,,"Q: —+ 0

as
m, n, T, 8—roo

Let ue suppose that (6.1) is the Fourier series

of f{x,y). Integrating the inequality

VA 7
/0:,(4;/- f(x,;)/é 77%/ /f/m,,/fy)-fm/)//;,, (4 V) e 2o
-7 S
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where

(m+1)(n+1) Kmn(u;v)

¥) ‘ 1
= % s8i +1l)au sin (n+1)2v ’
gin 4u ‘ sin =v
over

(0,0,327 ,37);

we find that

T /A
NG, - FT ?2//7/%r)45,,/u‘,r)dw¢f
7

where

7(%V)=£”ﬁ”/{(r+w,7ff)-f(&;)/4743[/

We notice that ’/(«v) is continuous and vanishes
for u=0, v=0, Also we notice that the right hand
gide of the last inequality is mn-th Pejér sum of the
double Fourier series of i (u,v). Since the Fejér

- sum tends to the value of the function at all points

of continuity where the point has a cross

neighborhood in which the function is bounded, we see

that ‘
M/, -f] 0
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as m,n~+o , Using the inequality

MO, -G ] « N/, -7+ MG, -£]

we see that

/’7[0;; -q,]*o
88 M, N, T, 8 > oo »

Oonversely, the condition /0, -, ] o
implies o
M[@] = O(/]

Hence, by lemma IV, (6.1) is a Fourier-Stieltges
series of F(x,y). If we can show that F(x,y) is

FFxy)
absolutely continuous, then 5.5 4 will exist

almost everywhere and will be equal to f(x,y), hence
(6.1) will be the Fourier series of f£(x,y).

In order to show that F(x,y) is absolutely

continuotes it is sufficient to show that the functions

e
an(xy) ='//0;,, (uv) dudv

are uniformly absolutely continuous, i.e, that, given
an € 7 O, there exists a o 7 0 such that, for any

finite system A of non-overlapping rectangular

domains (e3, by, ©1, d1), (a5, D3, C3, dg), +..y
(07 = 8))(d; - By) # (e, - a,z) (dz - by)teee <

we have
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ZIE tend)- Futen b )
~fon (@, d )+ £, (a é)/*e

m7m0,n>no.

In fact if, for fixed A, the inequality is satisfied

by the functions F__, it is satisfied by F=1im Fope

mn?
Now

MGz, A] € MG, - 0 AT UG AT

sMa a0 ]+ M0 ;AT

(*//0, -4 ] denotes the double integral of

)

/0,,,—,,/ over 4).

Let r, 8 be so large that /\//4,; -0,/ fe

for m y r, n 7y s, For fixed r, s we have

MG, 4T < tE
/4/<J - J(e)

if only

Therefore

MG, A]<€
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for m > r, ns s, /A/AJ , 1.e.

Z e (e d)-F (oo b )

T (@, A )+ A, (2 b )/<e

form>r,n 78, /A/<c/.

LEMMA VII, If the series

oo ©0°

(6.3) »,Z.o Z,’:—: {a@cos mx cos nyr b, cos mx sin ny

£

+ cmnsin mx cos ny+dmnsin mx sin ny)

ig a Fourier-8tieltjes series and if the series

[ oo

(6.4) ,,,Zo Z ﬁ,,,,, COS mMX CoSs ny

h=g

1e a Fourier series, then

U

(8.5) ét—_ Z Mo (amcos mx cos ny+bmncos mx sin ny

nzo
7, 8in mx cos ny 74 ein mx sin ny)

is a Fourier series,
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Let /é;” (x,y) and G, (x,y) denote the
(c, 1) means of the series (6.4) and (6.5) respectively.

We have
, Y
O = 77 A o)A, Flrma, yor)
Then

TN, -Q::]

s

does not exceed

M/ -]

multiplied by the total variation of F over (0, 0; 21, 37),
_ Applying lemma VI we see that

M[Ig”” _’é.s_/ 7o
as m, n, r, 8 o2,
Hence
/QQQZ; «cZ:47~+ 0

as m, n, r, s—> o=,

 Applying lemma VI again we see that (6.5) is a
‘Fourier series,
We shall need to make use of the generalization
~to double series of the Abel transformation®*.
Oonsider

(*0. ¥, Moore, Am, Math, Soc. Ooll. Pub.
vol., 33, P. 16*)
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the serles

ZZ Wy £y (L)
Lo /=o f f
We set
A/d JL‘; s ‘ﬂ/ )Cg,u,’j,,
Aol f:—'/'—' f‘; A—f,j,]f_/
4: fc/' = ﬂ; ’fi.,/n - fu-,,]‘ + f:.‘f-/,/f-/.
Then
é ;ZL,,/ﬁ/(oL) Z‘)% \S.fA” 7. (L)

p!
* Z "S‘?Alo ft.? (<)

Z 5 A f”.(o;)+-5f7/67 (o(.)

We shall also 1ntroduce a convex double sequence,

& double sequence 2/ﬁhi} is said to be convex if

< 2 2,
< A & % 4, Ama, £ 0, 20 Amm 2 O)
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m,n =O’ 1, 8, OQQ;
where

A ﬁ""'h z ﬂ‘“,‘ - x“-v\,,-r\av'

LY}

Au ﬂmn = ﬁmn -

Zmol,,y

A“ jm.. = 4,, (Ao, ﬂmu)" 4,, Cdla ﬁm.,)
A:l A""": Au' ( 4, AM»); AL, (Acl 4’”"1,

'A/‘; ﬁm,, T A,, (A,, 17-”. )—‘ A, (Alaim-n )
B D = A, (20

LEMMA VIII, If 4 _—~ O asm, n—-= and if

A~ log m log n-—rowhere fﬂ,,,.} is convex, the series

so O

(6.8) £ L A..cO8 mMX COB MY
converges, save for x-0, y-0 to an integrable, non-
negative function f(x,y), and is the double Fourier
series of f(XQY)o

Applying the generalized Abel transformation to

(6.6) we obtain

Smn(’ = Z_ ~D47, (/})A,,ﬂ

‘d

In~/

+Z~Q»(’7}A4¢ ZD,,,J, (17

+ m-h(’ff)Am'nj
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where 131 J(x,y) denotes Dirichlet!s kernel for double
series. Applying Abel's transformation the second time
we obtain

S = Zz. ¥ > - > 4
mh(»c;) o % (¢ /){7 /Jﬁ/ (/c%)A,, ?L/
+ %h[a'f/)/fj’nﬁ[»ﬂf)ﬁ,’:fhln-/
* j >/ ) - < .
/:a i 4’/”‘/,7/ j;/)Au ﬂm-/j/,
+7n)7/;’/,”_l /,r,%) 4",-,‘77-/

m-Z
+‘%[”f/)/l;+/)/ﬁn /J;/)AIJI. ﬂén
+‘77’) /7)4'/) /;;’,rh[/"/;) 4»1-1 bel

* /Z (1)) K, ry )4, Ay
+ Cori I Sy (14) ya—

” ’Dhm (4'1% )Amw .

If x# o, y7L o, we have that Dirichlet's and Fejer's
kernels are bounded, hence each term on the right,
~except the first, tends to zero with 1/mm.

Therefore
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S,,,,-*{(x,”y) =lZ/Z-. [£+/){7%/)/:/' (4 )A: 47‘ ,

which is non-negative. Since the last series integrated

‘over (-7, -7; 7 , 7 ) gives the finite value

//"ZZ/Z = 7a,,, f(x,@ is integrable.,

From the expressions for f(x,y) and Bméxi;y)) we
Bee that
/7[(%; ) —Sm,(&;)/’:“zw}z;’ /4}/)6;/%/)/;/‘ (»:7)4‘} ()

m-g
-/-g' P(<r) /}: 7=/ /If)A,’: Ao rs

2%71‘/)// (4;%/4':/ 4,7_'/’/.

r 717 /’/"‘/,")-l (}; ?) 4»4—// 2~/

-+ %i /)71‘/)/[7&/)/{;,, (,{/’/)Ajd 4:'77

-+ M/hf/)%,/?‘ll?’ /,,/7‘)

n-&

-+ %/7777“/}77‘/) 4://4% Yy /4»7'

* Omrn)r fr (5 4) Hone

7 ‘D»m //,/)4//1»7
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Integrating over (-7, -7 3 7 ,7) we find that

/V/fﬁiﬁl - 57..,, [”C;Z/: o(r) + 4 4mn Z,,,,,)

where L 18 analogous to Lebesgue's constant. Since
Lo - “/47%‘/47)” 4772 - O

and
A logmlogn —+ O
we have

M[f(x,Y) - Smn(x,y)/ - 0.

Using lemma V we see that (6.8) is the Fourier series
of f(x,y)In order to prove the theorem, Let /?L%

In order to prove the theorem, Let Z( A4e f)

be a convex double seQuence such that

by Ay A Ay L 0

and such that

/(”‘z”' Vmin' Z"-)min'
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Z/’:izgzﬁ
T ry

are bounded. Let us consider a double trigonometrical

gseries
AZ: ( Amncos mx cos nyv‘ancos mx sin ny
f-Omnsin nx cos nyf-Dmnsin mx sin ny)

which by lemma I 1s a Fourier-Stieltjes series if

we choose
Ay = Homing By = Yoorg
‘/ Am ) 2 ¢ 7 ) 7
“"7 LR

e

N
&
g

and

s = -rn"n.
(] ; ¢ Z
MM g
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Applying lemma VIII we see that

- o0

‘Zi 2 A __cos mx cos ny

M=a h=s

1s a double Fourier series., Hence, by lemma VII,

we see that if we set

Zh-;, = 4»1,. A’N—n, A,.,S dm,, B"“h,
C’nn = Am_n Cm” . dm;, = jmn ﬂm;,
then
%-__ G
2 7 (a2 cos mx cos ny - b cos mx sin ny
e Mza mn mn

* emnsin mx cos ny - dmnsin mx sin ny)

| is the required double Fourier series.
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