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INTRODUCT ION

In the study of Fourier Series, consideration of the
convergence end summebility of the series obtained by

differentiating term by term maturally finds a place.

~

i *
As early as 1904, Lebesgue |1 considered Cesaro

summability of derived series and his results were

improved by Privaloff rlj , and Young ?:2_7' and are

now included in stsndard works on Fourier Series such as

Zygmund's Trigonometric Series and Hardy-Rogosinski's new

(1944) Ceambridge tract, Fourier Series. Similarly, we

cen find in Gromwell (17 , Young |5/ eand Zygmund /2

=
N
!

consideration of successively derived series.
It is the concern of part one of this thesis, first,
to prove theorems for double Fourier Series similar to

those on derived and successively derived series as found

*
Bracketed numbers refer to bibliography.
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* - .
in Zygmund ; and second, to extend to double Fourier Series
a generalization of the theorem on successively derived

series, as due to Weng |1 .

In the second part, we consider logarithmic surmability
and are concerned with the extension to double Fourier
Series and their derived series of certain theorems due to
Weng .2/ eand [3] . 1In his investigations, Weng has
used a theorem discovered by W. H. Young in the course of
his researches in the theory of Fourier Series, end we
are naturally led to the use of an analogous theorem for
double series. Hardy [1] has given a simpie and direct

proof of Young'®s theorem, and it is his statement and proof

which we here follow for doﬁble series.

* -
Zygmund 1] , page 55 and page 257.
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The statement and proof of the extension of the Young-

Hardy theorem followss

THEOREM: Suppose (i) that £(x,y) is summeble and
periodic with periods 27 ; (ii) that g(x,y) is of bounded
variation in the cell (0,0; ~ , ©©) and one of the partial
derivatives of g(x,y) exists and is bounded on this same

cell; snd (iii) that the integrel

is convergent. Then the integral

4
)

v

,' LK g} gy / A~ 4(417,/
) ‘% o L/,/ / / .

mey be calculated by substituting for f(x,y) its Fourier Series

and integrating formelly term by tem.
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Iif S are the partial sums of the double Feurisr series of

Pkt BN

our function f{x,y), then we have

RS |

// | fee f A by

l/ / /
— ‘?/"ﬂ Yo :L,\ { / .<Ll/;. { 361 +-’-‘(‘< “e) ,.:A«;n g1 J g —amy
72 / / JT - ‘1 ) "_\_“—“ — - VL ' "(‘4; »"j ..,'LM ;{1".

A g (20 R A

Teking into account Fubini's theorem, we see that inversion of order

of integration is here permissable, and this expression then is

equal to
Lar At PR
/ [/
-~ / J( o o dn / / 1\":‘_(“_..,} ven (nr2)(y e grm ) Loy,
*7s / ey st £ (- nm) o
/] /.

e Je
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If we now let

L‘I’("‘/’}I] = L— ) (o« RIT 2y v a2y
e

~
2y (e +~ - ] J/l:' ' ['1’:_- 1./‘} .,
(;_‘ ) - / v (. (=t 1 ( </ E 5{/74 ‘.(,/") ;{7( 0_[7
o~ +// Lo T ~u) can ;;_ (- ‘
YA
- ! h 7 P . ) A/l/’; (M +_1)/.1 ;‘1.‘) - { (
o [ g i) Ao (P (i) Ay
T / = Ee

" is the partial sum of the double Fourier series of G(u,v).

it

»m LN

theory of the Lebesgue integral

& //—/
/ /l (« ~~)
,-/ '

/[4/11?

LR T
/)
/ 7L(11/ ,,~} /_ (‘4/ a~) A 5{/1/*
(g

which proves our theorem.

oy L mun
J(

a T
Ay 5
<

(-

a7

(1!’ 1/\’ C’(“'( z»‘{/»"

oo /m
://]f («,23) ‘j (« )l £v~/

Thus,

(u,v) remains bounded and tends to G(u,v), by the general
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The convergence of the double Fourier series of GL /(u,v) to
G(u,v) follows from a theorem of Hobsoﬁ* if we show thet ;:he function
G{u,v) is of bounded variation and has one of its peartial derivatives
bounded on the cell (0,0; 27, 277).

Let u_:j (x,y) = g(x-f- A7, y + 2j77’) end

SR+ rL'ujT//' i + "L(v)."”J/T_

i ) p e X & QAT
(7< “}/ " | - .:‘/ "‘M/f?f} \‘7(,.,( 5( Y A
rad /i / : o s Loy & ,1/7—'
Lo
REXT Sy g, T
=
The series P A is absolutely end uniformly convergent.

Also

”\~/~ A{,%///T' /f‘*(]-f-////

/

// e
B A I

b
Ltf-j (=) A'NT,{ A = e / / /'7(“-0.&/ yr2y7) -j(w an /u. Aot dlr
is not greater in absoclute value than V.. , when v, . is the total
L7 ’7
variation of g(u,v) on the cell

(x+ 2iT,y + 2j73x - 2(i+1)7,y - 2(3~ 1)7 )

*Hobson [ U page 710.
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As a result, the series

, )
/ L - .7
< ,/':
is absolutely and uniformly convergent as is > S
o i:c
Thus G(x,y) is defined for 0 ¢ x = 2 , 0 = y ¢ 2 , and we have

RN a7
/
/ /,/ CCGowla Ay £ TGyl oy
4 A

and if (x,, y, ) end (x,, y,) are any two points on (0,0; 27, 27)

< e ,

/ / ;)(" "‘"’v,fl"*?"/) AL:;«(—,\1+ALV" -?/‘LJ,gj,,\/'
I ;

[:C’J{;J

G
N
=S
'3
(1 N
h
oy
).
X
—
1N

Therefore, G(x,y) is summable, and if we form one of the sums
- by means of which the variation of G(x,y) on (0,0; 27, 27) is
defined, it is less than one equal to a corresponding sum formed
for g(x,y) on the infinite cell (0,0; © , > ). The variation of
G(x,y) on (0,0; 27, 27 ) does not exceed that of g(x,y) on
(0,0; = ,~ ). Thus the conditions for convergence of G are

a1 AL

fulfilled.
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~
PART J~-~-CESARO SUMMABILITY
1. Definitions. We shall consider the summability of series

of the form

7

o, ¢ '
s
A
(1.1) YD L j
o ‘}"
.:v/)‘:o

(=

where, for r and & integers,

A A T T
! { >\ / D)
(1.2) /4 = T —T—rf // ]‘!“ﬂ’) /7 (% 3,47 «Mot ;
L":) { ’) ZT;/{,‘/ / /Adrg‘l—

The subscripts on the square brackets shall mean the partial taken

with respect to x r times and with respect to ¥y s times;

>\ 5 = 3, 5, or 1 accordingly as 1 and Jj are both zero,

either 1 or J 1s zero or neither 1 nor j is zero; and

F(}A/?’u/&) x (el (u-A) CN).W_/?)
5

We shall let

(1.5) % (‘“ﬁ "'ﬂ) S : +l, 27 "ﬂx AU, Y+T) F [~ P]( +L(/ —~ar +,-’°<'ﬁ/3][7‘-u/ S
g Forrrg ) 41 finesgey o faes gy 6 fm gy
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) ." LM 4//,3}‘1
1 ) (Ll) = T’? -+ ; Lo i n = —_— ;
m — ,
e 2 an 4y
. (11+’/24)LL

P - ==
X F(M"'")

[x+1) [T ()

'
~

-/

% AM D,

-

e Y— ;
/\M()~~ /. A |

k=0 m

and

Lj(‘” s oo e “'{ Kj“*{}/

2. Conditions for Summebility (C,(, 0) of x Derived Series.

The Ceséro means of orders o, 0, i.ee (C,, 0) of the series (1.1)

for r =1 and s =« 0 can be writiten

Valbal
_ | . _ |
(201)/67*4020} = 7%’1 /«—%0 (). 2 Z, («) - 4 D *) A drr +o(')J
A Ay I

Vs
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10

where the prime denotes differsntiation with respect to u, and the

{

o(1) arises from replacing , ... Fa by . .
PR
) Yo (4
Let C?’ (u/n/:) - ¢ -
[y

Theorem 1. If f£(x,y) is integradle (L) in the cell
(-7, =37 ,7 ) end periodic in both x and y with periods
27, and if G(* 0,+ O) exists at e point (x,y) end is finite,

" say equal to S, then the double series (i.l) with r equal to one
and s eguel %o %ero is summable (C,¥ , 0) for « 7/ to the value S
at the point providing that G(u,v) is monotonic with respect to v
and bounded in a cross-neighborhood of the point.

In particulaf if f7( exists and is continuous at the point (x,y)
and bounded in a cross-neighborhood of the point, then G(+0,*+ 0)
is equal to the value of the derivative at the point; G(u,v) is
monotonoid; and the series (l.1) with r equal to one and s eguel
to zero is summeble (C, X, 0) for x > 1 at the point to the
velue of the derivative at the point.

Let us assume G(u,v) monotonic decreasing, and consider the
double integral in (2.1) broken up into four separate integrals

over the following regions:
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/..Zl 3 4 ) . é 2 }
;e 7V
> o . J €
(2.2) }: (6057 ¢
é'. (O’éjé/”)
D.‘ (616 T )
- Gty - e
ch o/o/. ee)
)
Let us define - o chewhere

Then the integral over the region A is equal %o

T

Cf@'o”wj ﬁ&;/’/@:w P A G

& L€
/ _
* o | $ () [Jf( «) Q () A dan

o)A
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12

Since two over 7 times the integral of Em (v) from zero
to 77 is equal to one and L,i (u) is a quesi-positive kernel, the
first term is equal to G(¢ «0,£~0) which can be made as close
to S as we plesse with proper choice of ¢ , and the second term

is o(1). The third temm can be written

- j« O

where s is an integer such that, with m = n + 1/2,

AT < € < C,a.. +’) T
I
RS
‘o « ~
(2.3) U, = /(“ﬂ’ +:1;)- ,Q( («) - 3 D~ o
¢ /) . LA, <" ../
L
the series above can be written )’ = U
The u, are positive and monotonic and decreasing with i since
525 is monotonic decreasing, and therefore the whole sum is less than
A
Iz I
. =
U, & Dlocwg . 2 im0 o2 (%o
7é(,/‘) r/ ~ e /TJLW(
) , /
&

Qz(w", +e)
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Now the difference between G(¢ ~0, € =0) and G(+ 0,+ 0) can be

mede as small as we please if we choose € smell enough; therefore,

the integfal over A +tends to S. We must still show that the three

remaining integrals all tend to zero.

‘// (:’ (u ar) an ( A (‘-,r .’T )

i

L /

If we define ¢oo= 7
//

‘x_/ﬁ:,c,m/—/\}_c//%

we can write the integral over the region B in the fomm

(LA .
/(”‘,“Zi rC

oA ; T m //
f‘ ,, L'\. ———
\ _ /V A /, o ) ‘ At (o
— / i
¢ A O

where s is ean integer such that

8
3
AN

& art < ‘a2 +1) ir

end p is an integer such that

AT 4 /7 -+ -

where m is, as before, equal to n + 3.
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Considering first the region where

a 4r) T

we have the integral
i ”‘L,f':’-ﬂ’ /é
“ - X S R R
= 75(?‘/’7) L (v mme chedes
O
y
¢ e

Since (é (u,v) is bounded and less than some constant K’,'

this part of the integral is less than or egqual to

€

4t
. '
K[ 1 s
A — )
/é .

o

-4
which,because L (u) is a quasi-positive kernel, is less than
or equal to

K»d. +1) a

* K shall always denote a positive constant, though not necessarily
having the same value even when occurring more then once in any
continued inequality.
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As n becomes infinite so must m eand also s so that this

integral tends to zero. We have the remainder of the region B giving

C o= a4y

where u, is defined as in (2.3) with ?g in place of C;’A end
u, is here again monotonic decreasing with i and the integral

over this region is less than fu‘u'/ which is less than or equal to

=

¢
o( ; Inas B Ko
Ay ~—~ e LI

p:)

/ o‘(@
< K o
= & + T
& K Ny 2

This last expression converges to zero as s becomes infinite and

hence as n becomes infinite.
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The integral over the region C in the same manner can be

written as a sums

()
"
<

where JW (u,v) is equal to G(u,v) over the region C and zero
e

elsewhere so that we have the integral over C in absolute value

less than

a L

U, = juf & K ( = A [ () da

Ay
Ao

/\ ’/\/ / L j(("() c(q/
/

which is o(l) since L: {(u) is 2 quasi-positive kernel.

The integral over the region D converges to zeroas n and m
become infinite by the general limit theorem of Hobson®. Therefors the
Cesaro means (2.1) upon choosing ¢ smell enough and then letting m end
n become infinite can be made to differ from § by less than any

positive constant no matter how small.

}— 1?, page 279.

* Hobson
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3. Conditions for Summebility (C, <(, G ) of x Derived Series.

The Cesaro means of orders («, I ) i.e. (C,o(,/’) for x>0

and f“? 0O with r equal to one and s equal to zero can be written

_ o 9 /4 ‘
(3.1) [f o\:“j = 771—//(;(@47 : J/ () -e/{(ﬂé/ Al 1 ol 1)
7( ~

Theorem 2. If f(x,y) is integrable (L) in the cell (-77,-77; 77, /])
and periodic in both x end y with periods 27 end if G(+ 0, + 0) exists
and is finite say equal to S at a point (x,y), then the series (1l.1)
with r equal to one and s equal to zero is summable (C, x 27 ), X721

~and A ? 0, to the value S at the point (x,y) providing that G(x,y)
is bounded in a crosse-neighborhood of the point.

We again break up our integration over the regions (2.2) and the
integral over the region A gives us

—

—
"

] S 4
% //o? Lj(vl) . ;2 /<m(/v~} A Ao — 7%50( JA%(H/ - /Y)’{N/ Ao am
> 4 /

“

Q

& €

/ RS £
7 [Gru,«»j -S] © K L%(“,/ - 2 /(n’/ny Au Ao,

<o

3
o
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Since L/: (u) is a quasi-positive kernel for « > 1 and Kf (v)
is a quasi-positive kernel for ﬂ > 1, the first term on the 4right
is exactly equel to S, the second is o(l), and the third is in
absolute value less than or equal to Max [G(u,v) - S] , which
cen be made as small as we please by proper choice of ¢ since
G(u,v) tends to S.

If X is the meximum of G(x,y) in the cross-neighborhood of the
point (x,y), then the integral over B is in sbsolute value less

than or equal to

b faktope - ¢ [ Juze)e,

where the first factor K is independent of m and n, the second
factor is bounded for s >0, and for r>1 the third factor tends
to zero .as m becomes infinite. The integral over the region B,
therefore,is o(1).

In exectly the same manner the integral over the region C

is less than or equal to

2

Ko 2] |Kefar o [ Llef s

& =
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where K is independent of m and n, the second factor tends to zero
es n becomes infinite, and the third fector is bounded for ell m;
hence, the integral over C is o(l). Again by the general limit
theorem of Hobson, the integral over D converges to zero asmand n
become infinite.

Therefore, the Cesarc meens (3.1) can be made to differ from S
by less than eny positive constent by choosing ¢ sufficiently small

and then allowing m end n to become infinite.

4. Conditions for Summability (C, X ,/7) of Successively
[

Derived Series.

Suppose

(4.1) ](é‘w?“’) ) Z‘h’%' X;,a' o + /if’*

tty) EAra

for small u and r, where

R, = ) ke
/ﬁf/‘Q

Forarary

then the Y( ; shall be called the generalized partisl of £ (x,y)
/

at a point (x,y) of order (i,j) and if the equation (4.1) holds, the

generalized partial of order (r,s) of f(x,y) shall be seid to exist
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at the point (x,y). If

+

(4'2) f(?"'"f/‘y) - : %’ Xo (y"/ “ c' + [,(J*I /’ir (yj

L= 0

for all y and small u where RJA;) is bounded for all y, then the
rth partisl with respect to x shall be sald to exist at the point
(x,y) and yi . (y) shall be called the rth generslized pertial
derivetive of f(x,y) at the point (x,y) with respect to x. We also
get a similar expression for the sth gereralized partial with
respect to y. Now 170“ (u,v) at a point (x,y) formed for a
function satisfying (4.;1) will have certein of the terms of (4.l)

missingy that is, (4.1) becomes

/

1 39' laf ¢ ¢
L;- >
(4.3) %A(w,v) = XJ LU /\]H P e

(QY)24) ¢ 29 g

when both r and s are even. Also

© 20+ ay /? i i e
; - ——— ‘ad
% (Uf’vy X “ e * ~a } W oce
the ’

(Ac+,)! (;27'}.” 240 2y
‘::,.—‘_’:1::1~J ’

T e——

)

when r is odd and s is even and we have similar expressions with r

even and 8 odd, and r and s both odd. The 2/ ~ when formed in
g
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venerdlized

this way shall be called the (i,j)th:derivative of £(x,y) at the
point (x,y) and shall be denoted by fc,‘ (x,¥)» For the

J
similer equations with which we replace (4.2) we shall denote

these single generslized derivatives with respect to x by

% ,

derivetive with respect to y. If the regular derivatives exist,

£ . (x,y) and f? . {(x,y) for the single generalized
7
they are equal to the generalized derivatives.

The Cesaro meens of order (~, Ve ) of the series (l.1) with

r21 and sZ1 can be written

ol
L4

/ ~
R /

T oA .
, o a i, rf
_ 4 ta / (uy X (~)
¢ W uy d K. i—( ~ e
s A a / / < du™ A

Theorem 3. If £ (x,y) exists at a point (x,y) the
series (l.1) is summable/ (c, x ’f) for « > r, B s at the
point (x,y) providing the partiel derivatives of f(x+u, y* v)
with respect to u of order r+s for (~-/¢ ¢, end of order r
for ¢ <|~f1¢ 7 exist and zre of bounded variaetion for u = O;
and the partial derivetives with respect to v of order r-+s

for f1u/ £ ¢ snd of order s for & « ju) £ T exist and

are of bounded wvariation for v = Q.
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22

Let us take for convenience the point (x,v) equal to (0,0)
end r and s both even. Now since the derived series of a finite
trigonometric sum is obviously surmable by the Cesaro meens, and
since we can pick such a sum T N (x,¥), for N large enough, having
the values Xl . as partial derivatives at the point (0,0), the

2
summebility of the series for f(x,y) is implied by the summebility

’

of the function F(x,y) = £(x,y) = T, (x,y), which has all its
generalized partials of order (i,j), where i+ j < r + s, equal
to zero, and we cen also meke T (0,0) = £(0,0).
Now the r + sth derivative of F(0,y) and F(x,0) exist and
are of bounded variation for points - €4 x L & emd =& <y £ £,
and the rth derivative of F(x,0) and the sth derivative of F(0,y)
are of bounded variation on the remainder of the intervals (=77, ).
We then have by a theorem of Jackson® that the Mth partial sums
s M(x) and § (y) of the single Fourier series of F(x,0) and F(0,y)

considered as functions of x and y respectively are such that

/f(”j"]“j(vy/i: ~_._K jor 0 & A £ €
~

TN

“a

/ f(”‘/o/ - S (’7‘}/ ' -———K—— o & 4L AT

‘1

*
Jackson |1 ppe 48 et seq.
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end if superseript (h) denotes hth derivative with respect to x,

h? ) /
/ Ioime) = gf (=~ / < }( e s £ K £
< /' PR Y
I
~ ta ‘A) - , /
,/ (Al - b},( 7// = /\ — ’ e <AET
// e /\} el itet .
with similer expressions for F(0,y) and S (y).
Let us now consider a function
6(x,y) = Flxy) -85, & - s ()
Now F(0,0) = O and therefore
. . K
/ (= (2¢’ / = _A ’:‘:
M
~ ! o) — o / —/'t _ ‘
| Gl s | ReemSio]# T =5 )
4
/ ~ ,,/ < K s S o= £ & .
. g:i"‘\’/“/lf/ / = /\7 St -

(4.5)

. Further reproduction prohibited without permission
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(4.5)' / Glﬂ‘ :’_)/ K

, , A
M7

pes

If G, represents the

(h,0)th genereslized derivative of G(u,v)
at the point (0,0), we have

S K
| (2.6) [, | & -
i : by / i\"{ = 0y
Similarly
1
(4.7) ! [7/‘ ) v = ~_L.<~ = a0 2 ¢ ,
' (A M
end '
' - <
(4.7) [ vy I 4 _ e LAma T
Mo

We also get similar inequalities for G(0,y), G

cq s mdC (w),
end the following expensions for the function G

(4.8) ~ —

: AN (s
.:.‘/ ,;17'

- | )
- | AN -~ > '/
(Y s /

LR
[Shat¥) T ’
/ -

~

7z

for u end v smell and R (G) similar to R _ _ (f) of (4.3);
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Q
: % [ , A o F
(409) C(u/m) = @/ Cj'q( \/U‘*) “ L - U CC“//'))
— . /aL

for small u, 0 ${v) £ ¢ , and where € (u,v)—> 0 with u; end

L

' {/ L ' « u” el )
~) = v o -+ ;7
(.10 <‘{/ J (Zl'j_’ G’*,at'( ’ .

C=0

for small u; & £ )v) £ 7 , end where e,(u,v)_,) 0 with ue.

We can also get similar expansions in terms of Gr . (U)o
Now if the double Fourier series of G(x,y) if )sszmmable
(c, Q(,'ﬁ ) to zero et the point (0,0), then the double Fourier
series of £(x,y) will be summable (C, X ,/) to the value S et
the point (0,0), since f(x,y) differs from G(x,y) only by |
finite trigonometric sums and the (r,s)th partial derivatives of
these finite trigonometric sums can be made to differ from
b/'t«t by less then any given positive guantity, no matter how
small, and the finite sums are obviously summable (C, 0(,/ ).
exactly the sen Form, whers mer the "D Tarv) 3t Formed with °F
respect to our mew function G instead of f. with
respect to our mew function G instead of f.
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Let us break the cell (0, 0, +7 ,+7 ) into the following parts.

A
=

H- 3 )0

&

5

3 3 9

I3 %

fr,;;ijl &l e Y

The integral over the region 1 we shall call I, end similarly for

the rest of the parts. Using (4.8) in the integral I, we have

e e} A
SORCYIRRR LY T du et '

A

a

Each of the terms in R ,.:4 (G) contains o v% where
p+q=r + 8 + l. For both i1 and j not equal to zero

G iy = C because of the structure of the function G(x,y).
<43
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%
Using (4.5), (4.6), and the fact that

g(,r/<:<[“j
du”

< K m,rw

we have, when M is greater them m times n, the integral I, in

absolute value less than or equal to

{

. N N
K/Mﬂ-/ m,a.-w . Kﬂp + K / / a(_,,(o(,‘//
s e T2+
(4‘1-11/ B (/w:w/ A A

which is o(1).

In the integral I, ,We use (4.9) so that

. A lnr /r 0((“/ U(L /\/ ‘Y?A:/
el ek

du” A

€ jam
Fioa I< ( .
K /Mn',,,‘ 4_+4*//<4..M_2‘ _—2 +..—+/<._f_}+4 ‘7(«0(4/‘
:(«4.4) (/ny (mm} é""‘}

* s
Zygmund f 1, page 259.
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i
~
3
3

m
-

which is o(L).

The integrel I, , using now (4.10), gives us

mﬂ’l 4’“/9\

i ‘o ., .
= / Z [ *uie{fw“’) A ABE A K JMo'Lw
77%2 /
A

Au” A=

Now on the intervel ¢ +to 7 the meximmm of A Km
tends uniformly to zero for fixed ¢ end n becoming infinite.

Then, by (4.7),

e

IT/ /(4"_,4::— N —
Ty

()" e

which is o(l).
The consideration of I 3 and I, is exactly the same as that of

I, and I where we use in place of (4.9) end (4.10), the corresponding
equations on the other axis. For the same reason we need only

" consider Ig s and 1
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Using (4.9) again, I, becomes in sbsolute value

Using (4.7), with ¥ > (m) ,

L& E ‘

| / / g 7f / o sl o/

- / RN G ‘ R ¢ ,t
"L'é/ = o )“("“""/ ? 2¢eyer T e T + C(“}‘”} o )
o Lo (! (i) e -

A X / / g /
't / v( /< n (v / 5( ) 1 e L {
/ ——— o/ T ab el
/ ///f 2| ~ / [ A //
L& / / C‘,’ e

end since 1 ( mmu, 1 mmv, and u<v
?

7
¢
- :
A TR . Ay o /
/ / - SCY; / {.
A / f‘{“ /{""“”‘ /'(‘1 /,qh - J fi— ~:-\~-1'——/L'/"A,
Aa” / / A
pa

= i

—_—
A
Th——
frr
3
3
\_‘.
3
¥
IS

L S
ey
/ —_—
et aq
T
7
/ N
-~ SR
PR 3

which is o(1).
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Using (4.10),

§ e (’7‘; r « Yo
Cou” o CK o Tk
I = 2 C;'/ . (/\)} U ! +« A e (‘(/‘V‘j ﬂ[ <r:, (// /\ﬂ/ ‘/qu[,‘,.
¥ A y{ - a{ V/L
e /- (o :

ekl

For v on the intervel ¢ to 7 , € (n), equel to the maximum

A e

of A o tends vniformly to zero as n becomes infinite,

which with (4.7) gives us

N A

' 2 o @)

o ! [ Y 7 di(,(alz/'

L ” - + T + e £ — ) .

/Ia/ s < //ﬁ fon) 7 (m,,y”"{ A u” g
E £

M7 N

but 1% mu, and therefore

A . € /7"/\/"(
) ’ («
/1 / £ ey - K} A u” L'f-j et
4 € ¢ 0( L{/r

The third factor is bounded as before, the second is constant for
fixed ¢ , and the first tends to zero as n becomes infinite, and

therefore I . = o(1).
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- K ﬁ(v) a(; /{j/u )

Since _— and —_— tend uniformly
S -
A A O( 7]
to zero on the interval ¢ %o 7" as m and n become infinite

the integral I q tends to zero.
Therefore the integral I can be made to differ from O by less
then any positive constant, no matter how small, if only m and n

are sufficiently lerge and M »” (mr) . Therefore our theorem

is proved.

5. Further Conditions for Summability (C, ¥ , Z ) of
/ 21

Successively Derived Series.

Let us define a function P(u,v) as follows:

/
$o [uf ¢&
- { 7
F {u/v] = ? X T’ U Jor Il ce

where the prime denotes the term for which i = r and j = s is missing;

A
F)' Iy r fuj ¢e¢
} S A oo e ol se  /
™ T .
) ) = 7 Yoy L7 St (~] <
'/_.— 90 7’ / [af 7
J=o 7€

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

. [l X é

P(H/'v) = 7L(/7<+«/ g ) Lor e

The 7, , are those defined for the function £(x,y) in (4.1) end
(4.2).

We will now define & function g(u,v).

i X
Yu A

Al a2

3(34/’) = [}—(7(*%/ y+,v)-/3(z4/-)]74 ("’/ﬂr[)t'("'”/‘a“*”_’/ sf(_“/,ﬁ]

e [J sy~ f@‘“’ﬂ’r ('",VMA(M, gy~ -

on the cell (-7, =73 77,7 ) and periodic in u and v of periods 27
outside the fundamental rectangle.

We can define the (C, « ,/) means of the series (l.1) as follows:

e -[“f:/j/iff : Z Q“i)d ( ' 2«7‘) Pty A«jﬁ
¢ L /
7\414
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Theorem 4. If f£(x,y) and the corresponding g(u,v) is
integreble (L) and periodic in the cell (=7, -7 7, 7 ) and the
double Fourier series of g(u,v) is summable (C, » , § ) for A >0
end 9 7 O tothe sum S 2t u = v = 0, then the series (1.1) is
summable (C, r +} » S + 5 ) to S at the point (x,y).

For convenience, let us consider r and s both even, then for
\ﬁﬁ (u,v), defined as in (1.3), we can easily get the following

Fourisr expansions

Lo
/

[
(5.2) i ' A Cov C« o5 A,
(;7
7 ‘

If we define

~ (i) ) ,

\ (« 2 14 o C )
/{” y [Trey t o

whers € 7 (t) is Young's function”, then

(4) + \i— '
N B Ay g,

* :
Young [/] pp. 161 et seq.

f Weng, Fe T. ||, pp. 400 ot seq.
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is of bounded variation over the region zero to infinity. So

. . ) o) . s -
multiplying (5.2) by ¥ | (mu) ¥ ;{/)’ (av) and integrating with
respect to u and v from zero to infinity, we have by the extension

of a theorem due %o Young-Hardy*

2] >

oo
/}‘m(/wu) w»/ %(Mdr(««ﬂr L / /ww«/ o9y e /(mn;’mj“’ Ly,

/
o Jo ‘

For r sven

4

/,_N(/MH) g LU 0(4,(

emd we then have the right hand side of (5.4) equal to

A A '
S I 4 .o -
% A M %:L i—rj \//";} (/~ /—?v}/}]

¢
171‘

and {5.4) is equivalent +to

oy
¢ b A Voo -
s [N b s

Q
s/

JAT T ) 2

7 <™

* .
Bardy [i] p. 186
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This last term is exactly the right side of (5.1) so that

u(//;] - _Lf MJ‘-F//w,a-H pig fm ‘ .//(M«/Lnf
(5.5) [o;ﬂ [, = - //W // /%(,4»/

J

This formula can be derived for all integral r and s 2 O.

~ Suppose
2 ad
‘ VR . .
?H/V] ~ 5[(.. Yy P g
ly 7
’L'=¢')9':a

where the ~— denotes formel correspondence. However, g(u,v) is

summable (C, ) , 9 ) and we can write the Cesaro means in the forms

%M"@/ i Z (/ = d‘/?(/‘ ‘3‘.)/]”()“:5/

¢ A

j(*\ﬂ

which from (5.5) is equal to

(o -]

L / () L Y e

(ro -5

We have g(u,v) in place of the function % (u,v) because of the

AR
s

form of glu,v).
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%
It cen be shown +that for « > r

\ () O[ | B |
//)«V\M _ ——
/H-o(k ) (,MM]MHA] i U/ (’m“/’h:,] J

end it then follows that

L& )
\ ()
/f‘*’ l.. .
M u /(f'mu/ du = o (1)
I
4

Since %ﬂ (u,v) satisfies equations of the type (4.3),

we get in place of (5.5)

o] o9}
_ 7 ea yfﬁf} ( (a}
o, ~ (. A4y At e 4 o .
4 (4

7

whers

/

y L 4
(u~nv) = LV Y + /i (& ~) Sor fuj ¢ &
a7 Al i 2 ) e

LA Joo a1 €
ot 7 vl > &
= ~———/J’ 6"(vt/~j }m l4j >e
A
v <&
= O ’SN lvj >¢
) 7e

*Young, loc. Cite
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Then, using (5.3),

A A

/‘
L RN oLt A~ F -y 2]
(5.6) | (j Sy L 76(-*g‘~—'—-—‘/7(' ) [2s
Al ,-f A L."Dlj=o {7(0( '-25-;/ /‘:ﬁ _ ) +/’)

(”"1"\} (M’V) i'_f;' s ¢/(/v(0l +‘9//
//y Sl K

The o(1) arises from the integrals over (0,7 ;7,0 ), (77, 03,7 ),

— *
and (77,7 3%, %) since

\ ) {
/ (4) = 0 ( ;ﬂ)'
7ﬂ (w~)

Now g(u,v) =

and therefore the quentity in braces in (5.6) is exactly

&K~C [y g Corcy O(Vfﬂ”‘l_»j
C\MM I (&) . Since T e 5\';‘/“

*Young, loc. cite
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N
by the consistency theorem for Cesaro summebility,

BN
[
L

o ZQ__«J/;-]'(G) — S for is r, J

Mgy S 32 My

We have, therefors,

(I‘A{ ¢ —7/‘L‘Tl /—(‘
- [t [ g~
77°
*
But
~
-
N s //X"r,"*\-/d) /7#/
) Cc - - y
- /(o(—t +|)
(<o
P [ At N AFS
2o 20 S Lo —>
/ < 0he 4 ‘

* -
Weng, Fo T. [/] p. 400
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PART 1I--LOGARTITHMIC SUMMABILITY

6. Definitions. We shall say the series > A
o 2

is surmable by logarithmic means of order k,f, i.e. (R,k,R), to

sum S if

rs

T s /,/ZM__ P 7, 1,%",
/\7,”/4 /-"3" /[ i 27’1 )/ /;‘ w’ Z /(m ) /}o

)d‘)/!

\ K £
_/_ . _,Lr/( ? ) ( ;LL ) ’{:) i
(l7 - réj_" 2 o ( % . % ’ g

tends to a limit S.

Let us define

¢U{,’I/j J/) = f /5(/"//- j/y//v,}/

| - ’ , by +-r) - -
= —(—f[}(,,(-;u/y+uj,f}(,,<_“/7—)~/. +]((7<+u/;-'v/—{-]L(x-«/ﬂm./.,‘r %LLQ;‘_@,_)] ;

-
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| (4nc) - X g/
A VA A AT -
o/.q . —— J
where r and s are integers = 1}
T 7
Ar o [y T o
X ey | X)) Kpiiny
5 g ™
AN u
*
" L)X (s a
‘14/ ]g/ T/ e ,/g) Z_d//f‘}
,J",q o 2 4
0/’)6 //v"
U AL - . _ ,
/5‘{/13} / >§,,~¢ (q///_sj AT )
lo] 7

*,¢ “
N[, oo
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7. Conditions for Summability (R,k,2) _o_{:'_ Double Fourier Series.

Theorem 5. If for a given point (x,y) there exist functions g(y)

end h(x) periodic with periods 27 such that

P
// ,,XW (t v, ‘9/21/“’///0(1 N a[u /Agfj 1) 'i/ Jor |
// Xn/ﬂ_’(q@l\h/u)}/'47 = a[m(,éa; jjj ;ﬂd/q/

Xyioow) =[] g

/

and
, i
Xoju/fv;‘\ - o_/\/é?:";)] j(v aﬁ/a/
wWhere
j(«gﬂwj + §&G-
= — e A =P C
and

,/7 (= ~+0) 4 L (#~u)

2y
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then the series (1.1) with r = 0, s = 0 is summable (R,k,2) at the

point (x,y) to sum S.

Since
L4 ) e
[/( X ko(“’,’”}g} :/o Xﬁo(tj,‘)/g) {/(/f - / X,f’w/o(t; ’63} J;LT/
J 7 -
and
AT , VT
s xdp(u/fw;l\/ ~ / 7<09<L'("/7/T/\/ AT ._./ ><0g /q/’;é\jé.{fl
/v ! < r o it
theorem 5 is en immediate corollary of section 8.

N 8+ Further Conditions for Summability (R,k,R) of Double Fourier

Series.

Theorem 6. If there exist positive integers k and ¢ and periodic

functions g(y) and h(x) such that

3 ®
(8.1) /7( (f«/g / = OZ“(@Z},‘;J} ﬁ—r«*aﬁ/d/-
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A<
<
3
Q
"
O
=
I
N
\\
E}
2
R

(8+2)

.
<
Q
o
-
3
&~
N,
"
W
P
y\\\
—
T~
J
3~
~—
=,
S
3
&,
\E

(8.3) Sl i i g]
. (L&, e 2P~ - s~ / / r v ,
XA/’ o ° i 4 N) )« dlé( l/(J

—‘@‘/"1’1 M{,ﬂ~i) 5___‘_>\S ) M, [1(;(4—»«);}-{‘1(?(*? N j’

ar e 2 ude a /

then the series (l.l) for r =20 and s = 0 is summable (R,k,Z)
at the point (x,y) to sum S.

Let us suppose without loss of generality that the point
(x,y) = (0,0); 8,, = 0; S =0 and £(x,y) is even-oven.
Then & (u,v;S) ® £{u,v). If we integrate (8.1), (8.2), end
(8.3) with respect to v from O to 7/ and use Fubini's theorem

to interchange the order of integration, we have these relations

i
holding for a function of one varisble / f£(x,y) dy, since

=7
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they held for all v. The simple Fourier series of this function is
o0
090

E 3
summedble (R,k). In other words, the series 5 &7

s
=y
o8

o0

is summable (R,k) and similarly ; Aa/, is sumable
A

7%
(R,2). We can therefore assume without loss of generality thet
the A = Aa ) = 0 forall i and all Jj. We then
L,/ > 7
have for the function under consideration

=2

AN . :

TR Y
L4 ‘/]

The .~ sign denotes formal correspondence and & . =

7
T a

/ / £(x,y) cos x cos y dx dy.
- ~7 :

a7
Now a 7—[’1 / / 7b (u,v) cos iu du dv = O for 2ll i

/ R

e VB
end 2, = -7# / / % (u,v) cos jv du d&v = O for all j.
o i -7

Since the trigonometric system is complete, we must have

/_‘ @ (u,v) du = 0 and/

-0

. W

f/ﬁ (u,v) dv = O which mekes the

* -
Wang, Fo Te |3 ppe 142-143.
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*

a T
- i
function /7) %, 7) = / ? (u,v) du dv doubly pericdic

with periods 27 for both t and 7 .

The integrated Fourier series converges and we have

: A, ¥ A :
. . ‘7

We will consider a function similar to Young's function used in

part one. The function

(8.5) L’k( t) = [T+ 4 Z (~1] : TE«;T

hes the following properties..

(8+6) Lo(’t} X AA_:_T ,

(8.7) [, ()= 00 for E 20 R >

* I
Weng, Fe Toe :3/ po 145
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—~
»
(o]
-~
~+
~—
[}
o~
S
T
~—
L5
~
N~
\\’
o+
"{\(
9
N
g
NV
N

(8.11) LR (t) = (j g ot t =2k o7-

’ C R
(8+12) /Lk(atjﬁw;gz—m‘ = v; ;1_/ @?1/ BERSSy

§)

Fe T. Wang has also proved that Lk/ (t) end L%‘” (%) are
absolutely integrable and of bounded variation on the interval
(0, ¥ )+ By an extension of the theorem due to Young-Hardy, we
mey multiply by such a function and integrate over the region

of bounded variatione.
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Integrating (8.4) term by term, after multiplication by
/ /
L, @)L, (@7),

i

) € X, ‘ T
‘ ’ 3 \ - '
o3 [} \ L. ’
/ Let] o diemiordr = ) d"?///“"/lw“‘)“‘”"fw*ﬂu’”’
p ; .. ! -
’ “J -/
, c /a

i

£
g /¢

and by (8.12), we get

1t

RRES

— A
/ (* ”:/ {&’??/ dsy ,Amm//\j/v e»«zyzp.fwr/ 7Z (29 Mt A7,
g : /
a

But for our function the left hend side is equal to

e, £

R J
@”’fy“ﬁ) r‘%”ﬂ /\m

1

and therefore

oe e
, o ;lm 2 / x,% ’ ’
T g € G

To prove our theorem, we must show that the right side is o(1).
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Let us break the integral into integrals over the regions

A (ee; ) B (ye;=,),

[.- (0’;”) J 7/“) J D : ( }7//] /..)0./ \-'9')

end denote by the capital letters, the integrals over the
corresponding regions. Then, using (8.9)

: &
ey,

K owm?n? / / . ! (D 0y & 2
PR

"“)Céf) )// om0’ )"

for n) 2 2. This in tum is

frh-d | ,(/,1
< i- //”4’3’“/ 1‘/’Q‘jf/ /[ */EL/ ,/7 }f,’tr)ﬁb('{jr

W) /Ld

Xy ¥ A
- K (ﬂﬂ}j,} gy ) T O
7. N s / J bl

oY

Al A7 —7(-—-
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-+ /\ s ’m) // I T/ /7b Tﬁ/aﬁfo/’f

<://L’0{ ”"/ /é"/"“)

/ , o # X
i W& ‘_WZM‘ __g_f / 7& (1) / M7
M -) ? / Cﬂ ")
Ny ‘ //"’° 7 N/{Q’f/ﬁ" 'L y it LA
TR S L R Y

K depends only on k snd £, and therefore, all four terms sbove
are o{l).
Now

20 4

/ L
7 ) ! , , £
(/, = ;‘2 _,._ijl; /,/ L‘F {m?)// LP(WT/ %4 (2:7./5(/7.,&(7
Clgn) gy

end integrating the inner integral by parts with
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we get
) ] " %
# Xt ox
| 7 (=5) 7 Ly,(»v .~
L & @y = 22 ¢y - gty dr

X+

since ¢ (C,t) = 0 and L ] ) = C (1). Therefore,

C is equal to
- =
N 2 2 L (m . o o (mg] 147
‘ v / £y L)(fwy ¢/ﬂ77 A7 7/ L’f( /Lf 4 % t At A7
D /e

3

—~— —_— PR

U (e gl

Now the first temm, again using (8.9), is in aebsolute value

less then or equal to

x
, K : k-t 7 o i
/)71’)4/3) /\- (,ég“-'/{ '701})) / 4//0(7 mTj / Cb X/;é T) / 0/ ~
2,2/ PR . /
/}7 / “ 7 . ‘

4

[ 4 ”',‘/lf //(9 "f -
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where K depends only on k¥ and %. As before, this is less than

or equal to

e ¢
, )ﬂ“// / <+ K -
U P [ ¢ 7 '/ / / I N i
N\ il m ) 3 7} / ’ | ’ )
_]_J_%J.) Y /;fm/L {7 4+ — / __fi~ /¢ 1/9/47 A7
g A . 7 . 7 7" c
Kjd? J Zérj n ./9 f ((,/r} -n/ {/}) 7
which is o(1).
The second term is, by the ssme procedure, in absolute value

less than or equal to

o< % Y

r/ Ay ql«
A S // 5T/ {J = /,(M/éb(n/ u
(8.14) N ? /7« r i ey B D S

Let us call the last integral E and integrate E by parts. Then,

Vi T
F =/t/J (”WZL;XM“/&L‘L},U
— R 7 /

. ~7 J ¢ 4
E - [y TU”””] = L K,
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ok

Now t-< .  (t,7) —> Oas t— O eand therefore

;9 g
—_ o * , , /,’/ ’ /‘f‘¢
£ = R by L - /\'/ tL, Y l;uf AT,
/ S )

Calling the first term E,, and integrating by parts, we have

<

- b S A
c X , ’ ;
Fol cwlxZny t L= stg) Lo X o0,

{

’—l L ' > - “e /o

2 * .
where again t - X~ (t,7) — Oas t—> 0. We cen continue

Lo

defining the E; , step by step, k times until we arrive at
/ s X — ; / / . ‘ar"‘,
! E, = / | E.) o+ /A’/ L7t 7(4.7/’0&:/&12‘/,
(An

If n% > 2, the first k terms when substituted in (8.14) give

us temms which, using (8.8), are o(1). The remainder of E is all
that is left of C to be shown o(l).

Now L (mt) = sin mt , end
mt

* )
Herdy |2) pp. 50-52.
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Y
. 6K’
, o m T Ry
/v-ﬁ—#ﬁ&’ :’;‘%_. x/‘ea/;'" ) AT
/ [/&—g}m) y ’

. J ) x . K
7./:4 ” g = ¢ .vr 1 t \ <
Sl [zt X onggarfy | £ =t ) K<eqr’,W/ ,
i /i 0 t £e ’ m} £ { L . /
/’aﬁ’j"’“) /ffj iy £=/ /
urjuvv—( A QJ' '.‘“J = icz—vt-—‘&)i ‘4/
2

The conditions (8.1), (8e2), and (8.3) give us the first term on
’ *
the right o(1). The argument used by F. T. Wang, applied to the

T
second term gives us something () Z [ G(u) a and therefore

/ OO// j: Tt wdaf

| | > 1

, Cog 7

R I Y

/ /(g’?’\ y /TJ ([6”) ,V o a~ 2 hre /
) s

which is o(1). The same procedure will also give B = o(l).

* r
Wa.ng, Fo Te (,3_/ Pe 150
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We have now only to show A = o(l). If we integrate A by

parts, we get

75” . TR ) oy
9~ \2 D ’ f’*‘f} ( e, } ! L XN ‘n.T g
N T W RN
’M)//Lv ‘H} PN 7 . //' // -2t M g) ,'
8 *0 ~ K >
/ A( t/L M}/ (f/(t' A7+ //L&at/é . /¢’LZ“///(//&//
[SaliRal : / / ;
fro & , .

Rt L o X
but, as before, %ﬁ (0,0) = Cb (0,7) = cZ‘ (t,0) = 0

end 80 A is equal to

oA

e ka U)/ ”M)L (mp) — /L ()] ey @ (EpAL
(gl & J g e

]
! Y

— LA(”"éj/\,‘F/m';‘/ }é /)7\/J{7‘ -f—/ K_.",e fmtjép/o,r,») %,/.//.7«/06-{/0{ 7}/.

4 /3‘ //a
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Let us call these terms, with the factor multiplied through,
A, , A, ,A;, and A,_, respectively. Using (8.8), we find that

for m)y > 2, ny > 2

o~

\ 0 ) (/&7 ) //% 07&/
I\Lﬁ/m} % M}r My my

£/

\
B AN

-
1IN

which is o(1).

Using the seme inequality for L , (n7), we find that

. ) -1 ) o4
JAL S a = g2t/ / [ 1,000 &7y m/.
_"/L?{? a ) éf,‘:z/,y o /. /n

But the quentity in absolute values can be treated exactly as the

similar quantity in E and can be shown to be

b
/
since the factor, %/ [8@(\1) + g(-u)} du of E is in this case a

constant. As a result, A, = o(l), and a similar argument gives

us et once A; = o(l).
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. 4- e keat /r:
Integrating A,j_ - by parts, we get — —_

g _ , s
4 %,7,7'«/)/{\;[714)! ‘

where

F

n

2 %Ktr/’
// + Lh(m/z‘t) f[_%(pm/; _;:__ At o7

I ‘ , 7%
- L/L/v(mv Lefnr) &7 X, ‘{tr)/

o0
7

RN

) e
_k (L v by X ey
Pt ” TR

) ¢
__j/f%(m,L“(mf 7(,,(17/“)] d7

¢ T:o

9 .
~+ kﬂ//ﬁiﬁ(”“"qi 7y ><H (f7}&u—cf(7
b=y /

[4

Let us call these terms F > F, » F3 s and G, so that

F = Fl + Fl + 1?3 + GE’ Now,GL is of the same form as F,
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emd upon integrating G, by parts, we get four terms similar to those
of Fo We shall call them F% s F. » F, and G, so that

G, = F, + F_ + F + G

* 5 6 2 *

Let us assume 'k ( X. If k = 2, we would elready heve (8.5) .

We then have by (8.6),

b
(; kU oot (n7) x~ G ATAT

- ~ ik
f @-wr fty 77

17

and our F contains 3k F. all similar in form to one of F - F or'l} .

If we integrate G, , by parts ¥ - k times with respect to 7 , we get

//{’(/)/

8015 /“/ = f)’.f ,‘n,/ / ‘CM1—GW r KL/VI nr Y _Z_, 7 u/{;(.d{ 7
( ) L;Q ( / ) g ~ T M T 7</i’/p(/ }

with ¢ - k additional F. ' s

We now show that

L +.M
¥

¢ '
L 72 &J m/) k /[7 m/} £
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The terms involving the F.oi for 1 = 0,1,2 ¢« » », k -1 are

all of the type

, Yy
/ R S [ / o 71"}/ ‘ LtTl T X €T
R i T ke3¢ ._,J"}; 7'4>f'/’ 30 b0 B
(% ) w"ﬁ”‘/ = &
but v 7 X }(r_f) S Oas t > Oeand 77 O and
RS NI
L., (mt) and L, . (n7) are (’ (1), so we have only to con~-

sider the upper limits. Now for m)” 2 and nj) 7 2, using (8.8),

s

!

mn K | o
LI [ o] emod X )
' K, Y fo-3: -3 3iti 304, /
Mé’? /7'1‘ / .Er; m)

k=1-3¢ ’ e~1-2¢
< | / M m /_,é::?—_ﬂ_ﬂ _j:} (L g ,
) (/é? "M) e (L//j M}\ 7 11 6 Vgl ﬂ

which is o(1l).

The terms containing F;”; y 1 20,1,2, ¢« o, k -1 are

all of the type

D T
- K — / Z_’, ot/ | (m2) T >< @& 7 AT,

k-32-3( 0 ~1- 13 S PR S 4
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Again using (8.8), and since T X (1; *)—>0 as T —%¥ O,
(4/[
this is in absolute value less than or equal to

// /& £ -1-3¢ /‘7
.L_\_ v ~y) / + / (t) X Ctp) ox].

p k Y, 7 aal SRIY B EETPEEY
/Lg—j ”a ) /’éfj m} S0

The quentity inside absolute value signs, integrated by parts

k - 2 - 31 times, gives us something which is less than or equal %o

j- 20

o K (g ms)™ 7 oy
) Z? /[f Lk-,h)(/ ’ x (f/b)—

; . y4 3+ 3¢ 243
,éav ” /' ! m . -
( ; (,@,9 )

s
{h‘)"ﬁ)z LR,,>3%{WT) ><{+ (f,l)) -~ s e . t(k‘al"Jy_/ fL (/n\fj >< rﬂ‘lj?x/

‘-}‘l.;'*}(‘ -+ ! * .]_'f“,]f/}
R ALY

' Tk, a3l

? ,
T ('/?~,1~z;),// L.=t) X (Tbjﬂ/,

Bach of the terms containing a factor from the square brackets is o(1)

as in the comsideration of F s and the last term, using (8.6), is
oty
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p/-fzz | )

/ey : o
(6.16) ey ) — /?/Z S \<M+/to /

/ /L’ZI ™ / L/é;ﬁ,,,./,)
v

The first factor is o(l), and we can show +that the second factor

is O{1) if the following relations are satisfieds

//\ ‘(t/p)/a‘/? *()/ “‘(é‘yf«,’/ Y
i 243 | _
/ ’/\ﬂ/lnz(tj/ 'M = O /M (Lij T:/k g

X 2+}£€U Al = C) [e% ;{)ﬂ]_

K,

K P21
Weng, Fo Te |./! page 150.
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These are satisfied since

R -/

‘ = — ,// ‘ /'vri‘
sz—// . (%) = X/‘M/“;‘_’? ;%) ]’1}¥le /’ K tCoy )

end the first term on the right setisfies the ineguelities upon
integrating (8.1), (8.2), and (8.3), end the second obviously
satisfies the three conditions. Therefore, the term (8.16) is o(l).

In exactly the same manner, we can, in general, show that

. £ 0]

_ _ o [l L : L

(8.17) XM(M/N) - o[ oy 51w &1

(8.18) x(‘” < [ (49 4" (L X’f"(] .

T , I , &7
(8.19) / /)(/f_// AR L [ wllg 2) (an// y
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since
) X )
, X y o
g I "~ v /
(8.2¢C) ~\\\ {u v X\ (gvp/ ~ / vy K’u @7;b
§s At 2 L
- iy
v, / N/W- s "/.7 /—:
! ! //" 7 / / ; C.,_./..-;
where / P R A S A S g i,
((. ; / // / Ay / 1,:;1 / / ,"1/:
-// 3{7 /(' //J‘ /4/' / /
) ' ar

The first term on the right of (8.20), upon integrating (8.1),

(8+2) and (8.3), obviously satisfies (8.17), (8.18), and (8.19).

The second tém with pg(v) + g(=v)—> O gives

N > "/‘/—/ ﬁ é A~
v) o= / s LS T2 ey g W/ wriderg /
/ oy u// "~ / (“/ - v -
/ \ 2 % s /o /,"._.
ST e
ey =
,f:_(
- / ! } ! Y \ / R ! ‘
= € )l ot ( "‘“’7 < - ”/ L L ( o~/ Y,
ix
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multiplied by

N ENCT)
=
Therefore, (8.17) holds and, in & similar mermer, (8.18) and (8.19)
alsoe.
Now the terms of F containing F, . (i=0,1,s » -, k-l)/.

end the terms F 1 > 3k, whick are of the type

e /( L Lopog ” b)_ ::)f’" m L X

7 = VRS
1

f59) AT,

are o(l) as sbove.

We are then left with the term

}\/ 7 M ) / ’/ ,;L/;/’ s T

rs

(g ) U /[7 ny

(¢

which must be shown o(l).
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Let

‘{ /.L/v'v’ T it T é(,/"-f/r
/// // A ,X/’,_Hf,y ,

and break up the integral over the following regions, calling the

four integrals H ,H , H , end H%

H oo (eeiz #) Hoos (0 # 5 2)
’ y - P A AN
Hoo (25 0.%) Moo A5

Integrating H. by parts, we have

¥ A < 1 ‘J/‘/;l/’tq - PPN
/_é - X ,4 (7] mont w7 / \/,{,’%‘. Vi = ~] ot —

t
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[
s .
— L e A T
71 ,/>< ,/e'/’ vy / P
4
L 4
z~f ~ /) S
7 o R
>< Yy adot wosn | dr - K (37 2 ey
7 81 7 / / k€ £ PN
“te o g
\ ' A .
(! 7y Aem T et R T L g X (7] 222 nt  @fmr Afd7
/ . — 4 i
/ 72 + b ¢ .
- (4
Ak
b o g1y Lo2md e T kAT
v ~
/ k5 t /
s
o

. * o +
let us sey I, + I, + I .

Obviously (0,0) = 0, end by (8.17),

h
7/
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. ko »
| L b g =) g ) o T win p e
)I./ | Jopl 7 7) Y ,le 5 7 ~
_ p ,
l’ = o [ (/&I/,} 44—,/ ([f; ’Vl]j
ﬁ x ¥ P
T e ke (XICE
! ¢ +
/ c ” .4 /—m p £
3 (g i) | (L) at

o sl T oy
< e/ffg ) fz g 7 L ket (hoie) Ueg 2] b
, jj/ e v R=c
- erday g 3) L Kig 3
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I, = o[(log m) " (log nf] :

|7 ¢ == / * ) :K/r(:// .
- ) d 7 T : /

and as in I,

~ R r
I, = o[ (log m) {log n) ]-
L £ -
I, = o[(log m)  (log n) ]/ in exactly the same menner as I; .
- " ,
I, = oZ (log m) (log n)(/]/ in exectly the seme mammer as I
T < . o‘/’ ! < ( / ‘ 7 : /c .
v An 7 2 A7 A L
}_/(/ iy & m / (/"_/? 7_) A // &‘g _/_ : 0(./r/
I /D

and, then/ integrating as in I, , we get

1, = o[(log m)h (log n)*]~

/L]

[N

2
-, 4 o,
& mm / (Gy 7] ar g i) M.

1, = o[ (log m),T (log nf]

R 4
I, = o[ (log m) (log n) ]/ as I, .
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—_—
[}
<
.
n/
o
3
Q\
by
s‘i)
AR\
-
-‘M*\
=
35
T~ %
&\
ad
rL[\
—
%:{

r & ’
I, = of (log m) (log n)]

I
Therefore, E, = o/—(log m) (log n)7 » and we turn to H_ .

Integrating H, by parts, we get the terms

X 1) ol oo a7 )( 7) 4m ur/q ol a,w’m(/ At
kF el 7 { 7 y
’ P

3 # b 2

A / / ,
X»(_f// /M,A«,r( - %m-‘df’ﬂ"aéf'/\é/ / “*".
T X ’

ir’ 0

which we shall ecsall J »J, » J, , and J,. respectively.

T

(WA
0~
o+

O
S~
N
=
F“ku
e
N
N
—
N
3
3
D2

1%

3

3

ik
S

5'/\

‘T { i
3, = o] (logm) (logn)
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DQ
o ) ’m, A' 4,1/.” fad D
! /T

/

oA
lg 3/ ot

/
M

J, = o[(log m)k (log n)i/,
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A
J— / P +4 N . ) !
-\J, T~ an 7( "; o ot g gy L N T ) of 7.
o
Integrating by parts,
v i » h ; é L0 .
\)f; = ~ M /*:«—;__(‘(yr X{f 0{‘:"*‘// {/ ’:2: ;/\” A ) et / Xkl./a»;‘ // ~——-:-L 1,—(
il P Jf:r/* / !
o /f;
RIRPI RS NRR NP SOV
sf = fLm(c‘r("’ -’<?ﬁ /// /("/’" ”/T/ig

k
The first two terms are o[(log m) (log n){z s and integrating the

~

third termm by parts, we have
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A r) o™ (o
o / A\ . /\;
¢ /
o
X () et
-/ X’F‘,J / ( / D / /
5
Let us call these J]' ’ JJ” » and J}”' respectively.
Upon integrating (8.18), we have .
, 0 ok
[ X, ] ¢k i) 3,
‘ £l ) ‘
- o -k
Sk by e fog )7 PN Y o |l
= / ( .j,)e/ “ 7 -+ /< i z /’47; .

, k ¢
Therefore, /JJV(Iog m) - (log n) cen be made less than any
arbitrarily small positive constant by choosing g sufficiently large.
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Using agein the bound for /Xk . (u,v)/ .

- b

’ , ; v, ‘
T ¢ K et L2

r Sy ”

K

~—

| , 5
é ) /r/ d r s ¢ iJ/ ( ' /)j“#_’} ]
SN A R R R

N

Jaz

1

It therefore follows, for 4 sufficiently large, that™

| T -
(’: ] /r/, y) 4 é‘
(g =) ey )

Ir

*x 2 a
S P
K ie-r Ty W/ {M/

*
Here, and in whet follows, & shall designate any arbitrarily small
positive constant.
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[INAN
3
\\\
N
L—
X
1<*
2
A
~

oA 4 »
b
2 ;
TN 74 T / =z °
N -% f,/.ia

easily be shown to be, in sbsolute velue, less than

or equal to

od
~ )~
S
~

k
K t 7 (.(7)?_/_ ;

end therefore /J‘,W/ is less than or equal to

b
‘
re v . /(/ 7> ét/ﬁ '-é/
Sy RS ( (lry = N T e
K 7 [ty f i) 7 K& ,:f—/) Az 77 A7
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As e result, we have, for g sufficiently large,

* 5
- //»4 e e T ‘L. r‘ ﬂ{/)‘
= My P ) J o 3 gt 1 D
e = —_— ™ + ————— =
Y / : + <2 // ‘s (l/ f/ ( -
N f
e
’ 4
-

i . ( - K
j.. N ,‘M_ér-.t T PO i (’)&{/?L ’>< - it ~/ e o T
L = 7 7 /) el TE
KA /
‘o g ”I\:{;'-'
b s
. / » e | /
’ ”
+ - L[ty LA 4 — ><
» Y Vs - @ n
4 : ,
/,r” /!g_
- v " s
J_ = I, - Jlr + dJ_ *+ J,

74
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/

; ’f’ : £ X
] o A / /& / X -
[J0) 2 p **/>%/@%ﬁw-+/+; Xﬁft?tﬁw

I 5
-~ e / 5 4
-~ — Easl A o« 2 e =]
[ 7 ',X/u // % / ><,¢U/Z' A
%) ; g ¢ ]
S e () () s e 2 g 2t
y o L 7 j /'L - _//5/
p r R e 7
g, = o' (logm) (logn) /
-~ S
P
VRS T % X /
T e Can)f Lo, A it ~/ s
17,7 5 = Oy X g

As can easily be shown,

A

¢ ) o —
(i) = o Ao L M =
><}? ; ) o pt x:/.) i "j’ o J

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



76

from which it follows that

i
[NAN

2t < oz //W e,

ne el
[\-]/ i l“f/f?)/ ?) o
<. r'i‘: 4 R P }
—_ & m ,/ L,??_’—/ A :;/ ﬁ?/\: LA
(G /‘/’—?:

wr R (7
J_ % o /Elog m) (logn) |

T Y b e
/I ! = :;/ M />< <i‘/fj / 7\; ‘ .

; t / koot
] Y Y /—’61 ( /

-1

—_— a ;J./a
If again zﬁ ('T/T/) =//7<,( o (td/// A then,
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! F:a'—'/‘(f (’ % - b /ﬁ
— Y 3 7 gen A // ¢ T PN .
1. / = /) ;”:'"'/' VA
0 ! {

<

N T

from which it follows that, for sufficiently large g,

| T )
(/Cj ~) W("’(‘“j ") -
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(/ 1"‘)' M‘)/.k[( /; M/) ¥
It then follows that E, can be mede less than -, by properly

choosing p and q and allowing m and n to increase. H,; can be
hendled in exactly the seme manner as H, . TWe have still to

consider E% ®

z Al -7 —f -~ TA7
H, SR WA AR
It can be shown that
L 7
A de ot 0 I et P / L e s /
@ Tt 7 A N |
If we let
AT .7
/i) Ct/ 7) < / _ ((/14/ ,‘.m/,,, dalind 6(—\/“
/. “@ /. o~ 7/
= &

integrating H_, by parts, gives

b2 7 -9
o Fity _ No 27 oyl
7<V"f/’ L7 N /[ . R & ) A7

bl o t Yo g
A } AP
/ 7\ ({ 7) - / / (“7‘
— o~/ /r f7~) o= + / —% YR /F,T'f\! ('/T" /»
4 / LS A =7
» 4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79

If we substitute the expressions for R(t, 7 ) into these four

terms, we get, upon expanding, the following eighteen terms:

b

’< /j//) :ﬂi /;;mb - ﬁ__ﬂ / f“:{f‘x-/f&i—/)) A

S

e e pH LD L; g [ _ Lo L~ M ,f; , _g__

+ :_?:}J w«hzr y X U _ c,»—a.jp e ’mj X k/j(ffiz;/ b)

+ f:.'z \f»/ el a2l O, 0 = A

=7 5/ .a

>

Faad
2 4 4
- ey o B (AT K Gy atonl w7 sy s
-1 ) T /?-//(/ e 7 oy R
L S
1" Ve
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, b b
+ / XM/T'/?) 272 anl m.m,uufr-/ \ (L7 ““’“.;_{l HE T AT
Wz

b RSN A / / 3,01 ot a2
P oy
g =~
fac] N
~N s .
/ 7’
Lo ,’lVl-t L 7 g [N /o / . P 1
— LR GENT O GEUArr L wm ) el Y f.)&g\
o 2 > 2 RN Sl e, . 0T
ALtz ? L “e
P bl
“___..Q' // £ ) [ Ll 2
- EIN A emer o Sy e (2 E)
7 // ”jﬂ e 47 ;‘ /(f
Al 2
s
b ,
/ ‘/‘ 9
V 37 -] e _ R / rd T "
_ % Xk (/,.. o ﬁ;?‘ A+ _ Cu“‘Lf’ >\ (ZL .54__) L,‘,\m’?‘{ U
s —
5}1 7{_ , —~ 7 Z— { R 7 / A~
I }’/’
We shall designate the above terms by M, , M., , M5 , ¢ * ¢ , ¥, .

These terms can be handled in the following manners

M, = o(l) = of(log m)’*’ (log n)_e],
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=
P=1
1
{
~
T
A

. !f (f- 57 } (,’ f{/f\
3 (R / Lol -
If we let
o ,
g [ L) ,) / Ly
Llawy = é I, A O [ <) (47 %) j ;
~/, 13
/ /\/ , / y y Y o
M L Loty oy K i 7 (b 2] "
f/\/’i/ = T+ (,é,&,} ;/) (”ij ,/ J T (éf, ;/J / S .C'/ A
. ’117417 . B /i 12 /r"ﬁ 1% ;:/, Z 3
- /
M, = o(1)+ 02‘ (log m)v]+ o£ (log m)éj .
M, = o[(log m) " (log n)*ﬁ] .

i ¢ 7
M, = o[ (logm)i (log n) /-*l.

/
—

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



82

ML,» = o[ (log m)ji (log n)‘;j .

p , K e ‘
!/\’/;' / = — (-‘:7 f—“— /1/?/ o) /"j
| JF P ’
4 0
M, = o (logm) (logm) |.
L S e e i
'i/"/ - “hp " / ;f/) \/j“i‘} b/

/) / Y

4 / / [ K, (Th)
/,\77/ = / SLAs ( / ) C/
41 ,,lj / _/4 2

. /7< f("'l
o //7\ fan)]. u/ P / ) _f*___\/ A
ey L A '

/
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/-{f P 2
and / / 7\ g i/ e J /\ +{ /(// [’/ ’,/J,/ ;:/' f
M, = o(l) + o [(log m)"ii"/ # o[(log m)/_\:/.
M, = o [(log m)/f (log n)'i] .
M, = o [(log m)/f (1og n)’fj in the seme manner as ¥ .
¥, = o[(log m)'f (log n)tj in the same manner as M .

f Mol & ::/

79/}

T , P ,

F A , p . B { f

’ / i~ (i A P R e -
é . :? ( P, 0 //V(/( vf~} 73 7,1/
( . 4

/,o /o ' 7

H
~
N
i

4 VO D
/ |/ i | { I < / / ./ (/7[
- e ! rR 2 9 7, S S e sl P
P [N e ,,/{
o e E
y B
o4 P b
/ / / 7{ // /‘/ K ~ (4 ) !, ; Z { >
—_ ~7ix ) R &
e B R e
AN g L P
oF i~

| g ) 7 / P ) , |
L= _! 1/ / / /%, o (87 4 1 Aol 7
- L = /!
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which, using (8.19), is equal %o

‘ K 5 R y f
R : [/ . = ‘1/ (e ,7 —;}— \ s,.;".'.} | Mgy }‘ / (’,d’} %‘— )
Y L s s 4 o7 { 7’ 7 4 v
I('l L 1% I [_/j f {

Vit £ :
These terms can be made less than ¢ (log m)‘ (log n) , if

we choose p and q large enough. Both the terms M, and X

are similar to and cen be handled in exactly the same way as ¥, .

b .
- T i )
e A &Y Sy,
j /(\//,// = e /,1 Z / L‘Z.i;__;_.z/i et ,(/7( A7
j : -y A < § =i I-// , L , %
3 A A i /. 2 L (o N A L
s At Sk s 1 Sy
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[ d 7 ) # >y
= el -+ /;!{?L' (/C(;j '.%.‘// Loy Z‘ ) o+ 2 /~ \[( c(:/ ""’,) (:L;j;{ .01) //
& v

By choosing p ard q sufficiently large and then letting m and n

become infinite, we can make

<
e~
7
\
‘_\\
S
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Therefore, for p, g, m, and n large enough

[ ™M
_ﬁ,___4,.f;Lf.ﬂ e
ey m)

,/L/A’i I f
7 /

S

can be handled in the seame menner as M,y e

M
/ < o /\, i ) +
— Ly [eg 2
( J 7 7/
7’ d

which behaves as the above terms.
-

< ) {’/ < ey g
Kty z)f B (5740

—

e

=
lr

£, i
g 21 /(

/ALy

The integral, when handled as in M , , gives us

X {
and/M,/ can be made less than € (log m) (log n) by choice of
can be hendled in the same memner as M, .

lerge p end qo M
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It now follows that H,  divided by (log m) g (1og n)f cen
be made less then any positive gquantity by choosing p and q suffi-
ciently large and then letting m and n become infinite.
If we now choose 5 sufficiently small, and p and q sufficiently
# A

large, end then let m and n become infinite, R, = cean be made to

7/

differ from zero by as little as we please, which proves our theorem.

9. Conditions for Summability (R,2, () of x Derived Series.

We now turn to logarithmic summability of derived series. Let the
(m,n)th logarithmic means of order (k, /) of the series (1.1) with

r=1, s =0 be

- 4 <‘ . /r 5% } T
9 .1 ’;{rmi = y ——l_— I ) “{LT :Lw) ¢ /450 + —
et by L o g L,

« L L

7 &m

If this tends to a limit S, we say the partially derived Fourier
series of & function f(x,y) with respect to x is summable (R,k,.?) to

sum Se.
K S

‘\ZL/ ” .(01 )
Theorem 7. Suppose tue © is integrable for all v

“A

end all u on (O, h ) where ) > O3 if there exists an integrable

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



88

function g(y) periodic in y such thet G(v) = ’%’:G(y + v} + G(y—v)] —7 8

as v— 0 for some y where the function G{(v) setisfies the ineguality

and if there exists a periodic integreble function h(x) which

setisfies the conditions,

(9.3)

byd

/’v‘ ) r : e
ST i - Lyt et

X wwh) s () / («izj ;/r,) fr atl

EXY) |
J —

/ .
/\ (u ~h) fox ( 7 L) }4_ S,
sy A = o AT Ly Ay AL ey
/ A ERA :

then the series (l.1) with r ®= 1, s = 0 is summable (R,2,-1 ).
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If we integrate (9.2) with respect to y from zero to 7' ,

we have the condition

va
holding for a function of x, i.e. /ﬁ £(x,y) dy, where 72/ =)
- /o .
is formed with this function of x and A is a constant. As a result,*

20 -

the series e L ;o is summeble (R,2), end we may therefore

A e ,

=/
consider, without loss of generality, that these terms are zero.

Let us now take

X (ZLT’\/ = —LL/_ L///:: (—é_/\/ - j el T 2em '(’.

Using the symbol #* as a superscript in the same manner as before,

94 . 2 \ , TR
XY o e tat s LW ey~ ) Azl

We now multiply, as hefore, by the functions L ; (mt) and L * (0 7)

*
Wang, F. Te [2.] page 238.
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and integrate from 0 to ¥ .+ Then

5 - )
1,90 . ,
= / : 2ams (T Lu (z/ AT A Lf‘ e 7) A7
L IR j
S . )' sy e

end, using (8.12),

~

)

4 [

@ a0
// ’ / o
JLom L X iy At -
A '

I } g ) i =) oA
& ™ T /_1_\ N (/ ¢ (Li 7. Lo )

¢ L oa

7 L

Therefore,

o e

-~ - ~ / .
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We breaek the integral up into integrals over the rogions (8.13) end

cell the integrals A, B, C, and De D is o(1) as in section 8.

o0
-3 231 '2,;,, N / A - 2% s
0 = ';Z'N 7 L,,, P Ly, Xt AT
/. 7 m o /
T E A
Sh 5w
] . ’ T
2 j ‘. ! . e ;S 4
D R T / Loy L Y X s naJ A s 2] / L, (), 0 frtoltefs
- R J / 7 ‘ ’ / * < o /
- P ’
{\A/éfyl' /M/y (f.rﬁz?? /?y(‘ ’/:, /},l é /7

where

i '/‘/(/f/ -/~ J ,J,«/‘m + .er/‘.fv 7.

o,
g
Q

1

The first term is o(1) by conditions (9.3) and the methods of

section 8« The second term is

" .7 <0
% , / /
/ / ’ g / ;7 1 ) // "’—/ /{,f i L ' M) o »of / //fm *+ Qe FAUF
L rdr S Ly tes et + / L //(_%( Y Ry LA
z

4 j
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-2 4

I 7 . [T,
4 ¢ 3/»/ L corfdr b | I ml 4
and also

. V ; g
/ ~ / R - /

/r // : er" ( 7:} &{//

F 3 /

{Ta

/ P

i J ,'/ . Ve :
2 1L entar g b,
The first term in each of the above is

3]

0=
case, the second term, using (8.9) is

17 by (8011)0 In each
S o Lo o]
:< Y, ¢ 3 ,_71,.’:«]_ AT s o | g j )
< 2 d L n
Agein using (8.9),
09 ~
[ e ] . 5 |
/ L frr ) St + mtj;l/f';
]
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from which it follows that B = o(l).

Let

~) j
2 W ; / ’ a A
= _;l—:_- _i":ﬂ7 / ] 7:/",,{/~ / #~ / (~c/ 7( (7 /L/f
7 1 /
s m) Loa /
l /
(g tig ) T

5 % Va T 7( o~

N ./ ‘o / T

Ve (t7) = 1 2 77 4

end integrate by parts. Then

o0
/ ~ / /% ’ ] 0/»‘/ /

/\ = \/M : Ly "/ 7_17 (/"’T/) 7(‘/‘} (_fr/, Ar
Fae

fheg (‘”7 ~7/

/ PR ¢ /
_ /\ /Jj:’ /M__,-—————— ’ /‘5 ’” ,/ [/,,1 -{-—/ (M?‘/j— Ls, tf*r t/] 7< L ‘\/ [‘LT /\

; R e ‘ -
_((*127' ) (L‘? ~) 4/ i// A

A 2 A P00 b
,A o /' /’. I S ly'q, b / ‘ T T < J/ﬂ‘ > (,7’ {7‘
- 'IL ,:«D'[ﬂ"lT;L’»’,/ *_L['_/ )‘caﬁt/& s
/ e
5 /1'7 /
~ Ve -
C Foo . + C ?
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Since, by (8.9},

( f 27
/",A’. . / ; > 7”,/ '
a K
and, by (9.2), o (u) = o{u), it follows at once that

-

*
C, = o(l). ©Now, for mt 2 O,

—~

| " .. / — ~
(9.4) it [ F L, ) s ] r'ﬂ,,z_,_;j = Oy

snd for mt,” 2

(9.5) Wi L e e ) ] = J (&g ~1),

-~

*Wang, Fo Te [2] page 239.
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95
We then have

Vo9 00 - 4, P : .
Ooo= N [/ ,5)7/ w [T [ RXITCE rg ) - / oA 7
(tg ) (o),

X ’ e . J
/\)/ 7~ ! 7 ; o . S 4 ~l P27 AﬁJo ::‘?‘4 ‘,V( \;[‘J"f- ';'(7
e N »?/7 / bt - A “‘”‘“”f QZ [ T / .
o M) )./4 - 7o
l":ﬂ? g ) 7
- 0%
The first term, since X ' (¥7,2) = oft) for all/ , is equal to
: 5
= L2000
/\/M} / o g

’ /
) L"() (™?) ° [{41,’/ ,,(..r—)/"‘ d 7

@;{7@): (*7 '

which is o(l), since

)
2 (
- _ Lg (4/7/‘;/ .//’/7 = S (1)
G )
J

The second is less than or equal to

~ I3
Y2 2 . o~/ _
._J\__ﬂ_q_,_. \/L"l_”lf_)._- _:‘F 7)o T

(ieg AT ot
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-
where (' (7) is integrable on O to +*, and this term is therefore

o(l1)e In a similar menner, using (9.5),

A«'/ 2 1 ; J ¢ t / 3}
(5 i \____”_7,__,,__ i n L'l')qv /:—7 ’_"” ™ s ’ﬂ/‘ﬁ// L/;’ {~
o 7 ¢ 2 ol )
( “q Lr’a; i ‘ ( pon
X
i =1 ! ‘ —_ - / o e :
+F e / (na~ B Jk / i T‘// ek (as -»(/t/ AL ol 7
{0 ¢ ~ - W T -e
CENTS (7=
, i Jy

but this is o(1), and the second tem is equal to

/'\/j,* /f/?’ {(4» 7){5 ij‘é}f (C'/Tf/—a{T

(/
(Wv O
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which is o(1), and we finally have C itself o(l), and only A left

to considere.

7
/’q = 7 + )/ ,/ _(_ Ty _/_‘[1‘"‘ ri X ey AF o2
/T = .
It is easily shown that
4 - )
oY r .
' .7 ~ % C A Ty 2 . / } N , oA .
/ L (4w T// X {1—7'/ x'!/f = & .’:‘ (_ 7 \) / — /// 1‘27 Z' A . R Zj} 7& - /fu '\/" J(T‘
s s ! R at L v
So - e -
and
y i 4
' FR Do a1 K/ TS
- h Ty - . S 2! / i Ldtmg g T e f
A +r) dr = [T / SR . .7
/ L;’ , Xw (7, A / — t o poo ’/<crl L7
/’ Y A A e g
Therefore,
S
A - _}\ o / e A J:’ZL e Kt AT A
T Llrg m) g’ / / 7 AT ( kN
™, ~m )
7 terg A
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2 g
',' 4 . b} 4 —
/ { (- 7 ) o 4
.o S Ti;‘ TLomus N e gy
[l )" L)t/ °/ - "
/7 / // /
/ fie ~ / ) ; } . N .
. K Y \{- 717'11,:""* “of /D P R I P
e . e e ;*1// ( 2. / BTG g
i £/ / - ' - T
/ L‘? ’”Y/_) ; 1{(_} 4‘/ }: o
o u <]

Since G(v) — S as v -—— 0, we can use (9.2) with G(v) replaced by S
end we now have o(u) as v tends to zero as well as u. Then

) (t,7 3S) cen easily be shown to be o[t(log 7 )(// as t and

<+

tend to zero. Then

b
/ 7\/"—4 H}Z} s A2 s
/a 1 7
~h ) /’j . _
) [ X L«'(f" 5] L mr - 4 / /1_) Fom e e rj 5 Ay
)Rl e e ] B
a s

The subscripts ¢ ¢ on the square bracket demand the same process of

integration as was performed on ~X <, ? end the function

2

N (t, 7 »S). The function in braces satisfies inegualities of
e

Lo
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the type (9.3) which makes each of the integrals, and hence, the

4
whole term o [(Iog n) ] .
Using this inequelity in A, we find the following expression

for A with the help of (S.4) and (9.5)

4
' = YA
{ ’.L/z’"‘ ~ ? / I . I /"ﬂ i
A “/ ‘,.j n ;Lrj,; "'7",] SR
i & rem
This is equal to
,
7 o 2 » . Y “)
P .7’ X - + A—rﬁ ﬂ’j‘ Z_ (I:-
Colge [Heg oy © )

which is o(l). We therefore finally have

J
; | U

*
Weng, F. T. |i] page 150.
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10. (Conditions for Summebility (R,2,2) of (x,y) Derived Series.

We now take the series (1.1) for r= 1, s =1 and proves

Theorem 8. If 1 gl aed hiw 9

/A

aon [

A T T V/
LU ~
I L e 3
I L S R e
° ¥ / .
and
,/' v -
Lé’ f/'“,’/\ ) )
(10.3) / 7/ //1_4) - L/ i) j*‘ '17 o) .;Sn,. 2L ,//
L L B E

where G(v) end H(u) are defined as above, then the series (1.1)

with r =1, s = 1 is summable (R,2,2) to sum S. Let
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Then

2 24
) /‘),‘;. A

; ) < R - .
/X it . g‘ f~ —_— \ L 7 Adetang a -+
[

<
/

C )‘ -

by /
maltiplying L (mt) end L (n ~), and integrating as before, we have

/ ’ e //' ’ // ’ .
/ L,d, imt) :’—-;. (") X (‘f/ ,"‘/, S /) Ard» 5 / LL [ome z-) e T A ; L (r) oo N 7
L4 A / =
. N /r
f=t] / o
) 15 / ) e i ’ Py A
.’, / { ] / A ) A (¢ :// LL {"r/‘/ dam 9 DT,
a3 I/ 7 /o
The use of condition (8.12) gives us
o0 o< 5
/ ! ;o ) DU '/ ’ ? L
/ LL J ,,,f/ L/_|’, ‘/./m m 7\ (f: 7"/, _5 7 “LT .,;,( 7 - —_ i N (/[d[;] nq/} _/_L,? ry 4
>/, - o~ * v i
’/// o

< 7

. T /V— c5 AL //‘ #/ (Li) 2],

I3 »
P
B
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But
—_ L 47 / > . M . /, !
/ - 3 Al ) . . A
H f’w " J ~-~—-'-;—~»-~»»»~ ll M"i" b /) . LJ7 - ) C K ;],
e ’ E P e & L I - J
T T S P
so that
o 0
&4 "
i 7 " . 2 X / h ) - - .
/ '/i’ ! ~ = Phad LA ;/‘ i e TS "L“ (T 7{ ('v‘#’ r. ) } ,;»‘(/f‘.;/‘/\
Lo J o, , 7 (&, I ST : R .
L lg o ey )T L
i (. V() VA

Let us break the integration up over the regions (8.13) and name
the integrals A, B, C, and D. We find that D is o(1), as in

section 8.

oo 4
2 ’ A 3 ' ;e ‘. . ,
LD fege) loe)” o = [ LA ey K7 T
17;_ v o }/17’1 v /,/, ER

If we define
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and

we find that

X (%/ 7; \),) = ’7/\ (Vv.f_/ T/‘ G_j r [6’/7'/ - 5 ey Ay ?J

end a similar expression for X (t,75) in tems of ~4 (t,~ ,H).
Substituting this expression for X (%,7,j) in the integral for C,

we get, after an integration by parts,

2

/

4 4 . /

/ ! / / [ r . ) ‘7, 7 7.
Tip D - A vy s ~ ) h veq { I~ A

/ Z_,; (2t 7 /—7 - ) ;E;L ? Zl { f‘/] X . (tre) AT+ ’ ZLZL ey 7<(/0. T ”//o /w

/

3

7

where
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By our hypotheses X (%,7 ,6) = oft). This with the
P4

inequalities (9.4) and (9.5) mekes the first integral

1 ) ~7 :,f:r A J
Since
o u
/ )t / At
T /
s /o

is obviously O (u);

, 7 /
/ IR R P /r (l ~/ /’
J Loy wirde e ST
/;7 -
/
and
&0
77
/ ) |
/ ) Gy dr - o [ o
o~ i P J /

the second term satisfies the same inequality as the first and

¢ = o(l). B, in the same manner, is alsoc o(l).
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If we integrate & by parts, we obtain

/ ) 5 , 3,0
\ s a0 P
4 - \"_/ : o j 47 :Jt (nz) L ‘/‘Cv‘ﬂ<’j T, )/
(i X L ’ Ao
Wog s ey ) i
4 bl
- \ M? 41 / ><[ (T 'A,:S/) T, [ ZT [, (=2l / Lr-
((_,7 ..... )"(fc‘?,; / ’ 4 s
;) /i
P4 1 r {
K X wnsit L d [rilenf | A
( //Vn7 {’é‘:;j 41) /& # o
)
S /
4 —\_A_ﬁwm__ // // ('f_’f }y L (,,,( /] .,J [ n'*) LT""'{T,
Ar

/L74'\) /J‘; } /"/

We shall designate the terms on the right by & , &, , A  , and A

Since L, (mt) L, (@-)=(0@); t7 7/ _ (%7) 20 east and
/;711 3
7~ ~2 0; and (/%M—j;%m);” L,(my) L,{yr) =o0(1)

for my > 2 emdnh> 2; A = o(1).
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Iy - B
A ) ) /( 217 M / ) ., , ] [ ) , 7 ]
Ca T T ) KTy {/ £ Lo et

o ;
//XA¢U %,1% L I@U W*

and by (9.4) and (9.5),

= LY
Ao s 2 [dn/w,{,/“] UZ@M, 5 lﬁlﬁ”/

A, = o(l). In the same memmer A, = o(l).
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Since /,x“(t,?/\?) = ot 7), A&, nowis o(l) in & memmer
similar to A .

We have thus shown that

- ‘;,'{ 7
2y

which is the requirement for summability (R,2,2).
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