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INTRODUCTION

In th e  s tu d y  o f  F o u r ier  S e r ie s ,  c o n s id e r a t io n  o f  th e  

con vergen ce and sum m ability  o f  th e  s e r i e s  o b ta in ed  by  

d i f f e r e n t i a t i n g  term  by term  n a t u r a l ly  f in d s  a p la c e .

As e a r ly  a s  1904, Lebesgue [ 1 / c o n s id e r e d  C eskro

sum m ability  o f  d er ived  s e r i e s  and h i s  r e s u l t s  were  

improved by P r iv a lo f f  j 17 ,  and Young ; 2 / and are  

now in c lu d e d  in  standard works on F o u r ie r  S e r ie s  such as  

Zygmund* s T rigonom etric S e r ie s  and E a rd y -R o g o sin sk i* s  new 

(1944) Cambridge t r a c t ,  F o u r ie r  S e r i e s .  S im i la r ly ,  we
- r '7 r

can f in d  in  Gronwall 7 1 : ,  Young i 5 and Zygmund ZJ

c o n s id e r a t io n  o f  s u c c e s s iv e ly  d e r iv e d  s e r i e s .

I t  i s  th e  con cern  o f  p a r t  one o f  t h i s  t h e s i s ,  f i r s t ,  

t o  prove theorem s f o r  double F o u r ie r  S e r ie s  s im i la r  to  

th o se  on d er iv ed  and s u c c e s s iv e ly  d e r iv e d  s e r i e s  as found

*
B racketed  numbers r e fe r  to  b ib l io g r a p h y .
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2

aJe
in  Zygmund ; and seco n d , t o  ex ten d  to  double F o u r ier  S e r ie s

a  g e n e r a liz a t io n  o f  th e  theorem  on s u c c e s s iv e ly  d er iv ed

r 1s e r i e s ,  as due to  Wang [ 1J .

In th e  second p a r t , we c o n s id e r  lo g a r ith m ic  sum m ability  

and are  concerned w ith  th e  e x te n s io n  to  double F o u r ier  

S e r ie s  and t h e i r  d e r iv e d  s e r i e s  o f  c e r t a in  theorem s due to  

Wang ^2 j  and (3 7  .  In  h i s  in v e s t ig a t io n s ,  Wang has

used  a theorem  d isc o v e r e d  by W. H» Young in  th e  cou rse  o f  

h is  r e sea rch es  in  th e  th e o r y  o f  F o u r ie r  S e r ie s ,  and we 

are n a tu r a lly  le d  t o  th e  use o f  an an a logou s theorem  f o r  

double s e r i e s .  Hardy [ i j  has g iv en  a sim ple and d ir e c t  

p ro o f o f  Young’ s theorem , and i t  i s  h i s  sta tem en t and p ro o f  

which we here fo l lo w  f o r  double s e r i e s .

"  ~r
Zygmund _1J  , page 55 and page 257 .
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The sta tem en t and p ro o f o f  th e  e x te n s io n  o f  t h e  Young- 

Hardy theorem  fo l lo w s :

THEOREM: Suppose ( i )  th a t  f ( x , y )  i s  summable and

p e r io d ic  w ith  p e r io d s  2 77 . ( i i )  th a t  g ( x ,y )  i s  o f  bounded 

v a r ia t io n  in  th e  c e l l  (0 ,0 ;  *•' ,  ) and one o f  th e  p a r t ia l

d e r iv a t iv e s  o f  g ( x ,y )  e x i s t s  and i s  bounded on t h i s  same 

c e l l ;  and ( i i i )  th a t  th e  in te g r a l

may be c a lc u la te d  by s u b s t i t u t in g  f o r  f  ( x ,y )  i t s  F o u r ier  S e r ie s  

and in te g r a t in g  fo rm a lly  term  by term .

i s  c o n v e r g en t. Then th e  in te g r a l

/
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I f  S are th e  p a r t ia l  sums o f  th e  double F o u r ie r  s e r i e s  o f
r.r\

our fu n c t io n  f  (x » y ) , th en  we have

/

■in J

1 j  j  <!i*. }/ ! ^  • j  -J.^1 /■-<» ^,-1 : 7?- 4- )/■■./ - v-.'

4  - " V

Taking in to  a cco u n t F u b in i*s theorem , we se e  t h a t  in v e r s io n  o f  order  

o f  in te g r a t io n  i s  h ere p e m is s a b le ,  and t h i s  e x p r e ss io n  th en  i s  

eq u al to

/ J (a»y -U X,~j
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I f  we now l e t

-1 *\ ; ■

, «** / <i?r
I /  ! ,

 ----- /  j s Z * sr t  ('it*  +- ^  )(' -7 (,~ M  ^  XL-t-l-r C ^  ^  "-!’ ) !  J} ~ ^ )  s '  ) / { ^  , - t - t

"7?  ^  j  /  - yj * » /* -̂---/ / ~ ( -s. - /-i . " îtf  ̂ ( V ~ '"v'"‘
/ »  /i>

i s  th e  p a r t ia l  sum o f  th e  double F o u r ie r  s e r i e s  o f  G (u ,v ) .  Thus, 

i f  G ^  (u»v) rem ains bounded and te n d s  t o  G (u ,v ) ,  by th e  g e n e r a l  

th e o r y  o f  t h e  Lebesgue in t e g r a l

(■ /  1
/  /  /  1 11~~! ! - r  ( "  ' J  cC -

, «*?d 7T co ,, &
/ /  /  /

/  -J- ( (i/ ,'r)  f~ _ ~̂r') — j  J  -J- J ( c{, J ,/L̂ x

w hich p roves our theorem .
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The convergen ce o f  th e  double F o u r ie r  s e r i e s  o f  G (u^v) to
£

G (u ,v) fo llo w s  from a theorem  o f  Hobson i f  we show t h a t  th e  fu n c tio n  

G (u ,v ) i s  o f  bounded v a r ia t io n  and has one o f  i t s  p a r t ia l  d e r iv a t iv e s  

bounded on th e  c e l l  ( 0 ,0 ;  2 7T, 2 7T).

L et u.. . ( x ,y )  = g (x -f- 2 1 TT, y  -j- 2 j7 r )  and
V 0

, v (.* 'j I

+ ± ( n  ' ) * f j  ;lj  +

/  ■ ' '

'y, 4r -i // 

c u i F~

The s e r i e s v  . i s  a b s o lu te ly  and u n ifo rm ly  co n v erg en t.

A lso

*  7  ih’+ 'jr  r''j "f -'(j+ij/l

L i  - . ( 7  -it ]  —  r ~  , ;rK ! -  - !1 7 " ' ‘,7 k '
£ j / i t  F  tj - t  1 J  i i }  ~  ^  ) L, t t l s x

i s  n o t g r e a te r  in  a b s o lu te  v a lu e  th an  V. . ,  when V- . i s  th e  t o t a l
‘ 7  c '  1

v a r ia t io n  o f  g ( u ,v )  on th e  c e l l

(x +■ 2 i  T t y  -f- 2 %1T; X +- 2 ( i  ^  1 )7 /', y  -h 2 .(j r  l )  ^  ) .

*Hobson [ l j  page 7 1 0 .
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As a r e s u l t ,  th e  s e r i e s

\  1
/  ") U  ,• . V  ■ ~  s i T .  . < *  v >

t  - 7 "

i s  a b s o lu te ly  and u n ifo rm ly  con vergen t as i s  /  <-(v .

Thus G (x ,y ) i s  d e f in e d  f o r  0 ^ x  = 2 , 0 s y s r 2 ,  and we have

 ---
J C -  r ^ y j j  k  L—  /  f  .

I C-itV: I ^  ^  =■ j  i \ cj  ■’L* rL/

and i f  ( x , , y, ) and (x  ̂ , y  ̂ ) a re  any two p o in ts  on (0 ,0 ;  2  ^ , 2 7T)

T h ere fo re , G (x ,y )  i s  sumraable, and i f  we form  one o f  th e  sums 

by means o f  w hich th e  v a r ia t io n  o f  G (x ,y )  on ( 0 ,0 ;  2 T , Z J ' )  i s  

d e f in e d , i t  i s  l e s s  th a n  one eq u a l to  a  corresp on d in g  sum formed 

f o r  g ( x ,y )  on th e  i n f i n i t e  c e l l  ( 0 ,0 ;  °° , 00 ) .  The v a r ia t io n  o f  

G (x ,y )  on (0 ,0 ;  2 ^ ,  2 X )  does n o t  exceed  t h a t  o f  g ( x ,y )  on 

( 0 ,0 ;  50 , ^ ) • Thus th e  c o n d it io n s  f o r  con vergen ce o f  Ĝ ,; „r are  

f u l f i l l e d .
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PART I — CES&BO SUMMABILITY

D e f in i t io n s .  We s h a l l  c o n s id e r  th e  sum m ability  o f  s e r i e s  

o f  th e  form
04 , °o

( 1 .1 )  L 3
I - j :

•where, fo r  r  and s  i n t e g e r s ,

f T  /  ~i*

(1 .2) /“
/

A A- . . ,

' 'h ii /  /  J   V
J \ *  I J T *  /  /  y ^

^ 1 A 1 1 j [ ^ )  jp .  ( ^  et*

y ^ T  / - V  'A  ^

The s u b s c r ip ts  on th e  square b r a c k e ts  s h a l l  mean th e  p a r t ia l  tak en  

w ith  r e s p e c t  t o  x  r  t im e s  and w ith  r e sp e c t  to  y  s t im e s;

'X  ■ • = or 1  a c c o r d in g ly  a s  i  and j  are  b o th  z e r o ,

e i t h e r  i  o r  3  i s  zero  o r  n e i t h e r  i  n or  j  i s  z e ro ; and

I

We s h a l l  l e t

( 1 .3 )  { j y 1 (w «r) ? +*rj -t ( - t f j - (* - n ,y  + «r) + (~,J ^ j~ (*  + «, J~ *r) + t j

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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and

| 1 (U-v -t-*)
)

P {d  + >) P  ('n)

i / *  r  A  v  w  

K .  ■ L  a *
k  -  r> /

(u j  :■ -  <A J  ^  (u)

2 .  C on d ition s f o r  Sum m ability (C ,o ( ,  0 ) o f  x  D erived  S e r i e s * 

The C esaro means o f  o rd ers  o i,  0 , i . e .  (C ,°< , 0 )  o f  th e  s e r i e s  ( 1 .1 )  

f o r  r  * 1 and s a 0  can  be w r it t e n

^  («,*-) ■ A ( u )  . 4 j) (**) ^Uc,Ur +cU)j
M.
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1 0

where th e  prime d en o tes  d i f f e r e n t ia t io n  w ith  r e sp e c t  t o  u , and th e

o ( l )  a r is e s  from  r e p la c in g  ; t( by

Theorem 1 .  I f  f ( x , y )  i s  in te g r a b le  (L) in  th e  c e l l  

( -77  ,  -  77 - TT ,  TT ) and p e r io d ic  in  both  x  and y  w ith  p er io d s  

Z T ,  and i f  G(+ 0 ,  ~f- 0 ) e x i s t s  a t  a p o in t  ( x ,y )  and i s  f i n i t e ,  

say  equal t o  S , th en  th e  double s e r i e s  (1*1 ) w ith  r  equal t o  one 

and s eq u a l t o  zero  i s  summable (C ,y ,  0 )  fo r  ? I t o  th e  v a lu e  S 

a t  t h e  p o in t  p r o v id in g  th a t  G (u ,v ) i s  m onotonic w ith  r e sp e c t  to  v  

and bounded in  a  cross-n e igh b orh ood  o f  th e  p o in t .

In  p a r t ic u la r  i f  e x i s t s  and i s  con tin u ou s a t  th e  p o in t  ( x ,y )

and bounded in  a cross-n e igh b orh ood  o f  th e  p o in t ,  th en  G( + 0 , ^  0 ) 

i s  equal to  th e  v a lu e  o f  th e  d e r iv a t iv e  a t  th e  p o in t ;  G (u ,v ) i s  

m onotonoid; and th e  s e r i e s  ( l . l )  w ith  r  equal t o  one and s equal 

to  zero  i s  summable ( C ,* , 0 )  fo r  * 7 1 a t  th e  p o in t  t o  the  

v a lu e  o f  th e  d e r iv a t iv e  a t  th e  p o in t .

L et u s  assume G (u ,v ) m onotonic d e c r e a s in g , and c o n s id e r  th e  

double in te g r a l  in  (2 . 1 ) broken up in to  fo u r  sep a ra te  in te g r a ls  

o ver  th e  fo llo w in g  r e g io n s:

L et

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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O 0

(2 .2 ) B;
C :  L ° ‘ t i t , i r )

( i , t  ; T r )

L e t  u s d e f in e
{u

CM  ' O p . £ 6 )
/ J

o •J>cu/k e. -f c

Then th e  in t e g r a l  o v e r  th e  r e g io n  A i s  eq u a l t o

, TrO

* / j - 1 1  l j "1
/t

f*
r  f c

t*  !  ; J  • :! I  ' ) J )  M'-J
//. /  //I ' ^
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1 2

S in c e  two o v e r  77 t im e s  th e  in t e g r a l  o f  D (v ) from zero•'-*1

t o  TT ig  eq u a l t o  one and (u ) i s  a q u a s i - p o s i t iv e  k e r n e l,  th e  

f i r s t  term  i s  eq u a l t o  G(£ - 0 , £ ~ 0 ) w hich  can be made as c lo s e  

to  S a s  we p le a s e  w ith  proper c h o ic e  o f  t  ,  and th e  second term  

i s  o ( l ) .  The t h ir d  term, can  b e  w r i t t e n

■ J  L J V  • ^  A

where s  i s  an in t e g e r  such t h a t ,  w ith  m » n  -f i / 2 ,

I T .

I f

( 2 .3 )

th e  s e r i e s  above can b e  w r it t e n  )  L~'J L( .

The u . a re  p o s i t i v e  and m onotonic and d e c r e a s in g  w ith  i  s in c e  

j )  i s  m onotonic d e c r e a s in g , and th e r e fo r e  th e  w hole sum i s  l e s s  than
_ / (

'H

U . =? CP (+ ° +°)
r

( + J  +c‘) 
I  '
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How th e  d i f f e r e n c e  betw een ff( t  - 0 ,  t  - 0 ) and G(^ 0 , t  0 ) can be 

made a s  sm all a s  we p le a s e  i f  we ch o o se  fr sm all enough* th e r e fo r e ,  

th e  in te g r a l  o ver  A ten d s  t o  S .  We m ust s t i l l  show t h a t  th e  th r e e  

rem aining in t e g r a l s  a l l  ten d  t o  z e r o .

T  )

II /
( ( j r  O' ey ^  " "

I f  we d e f in e  C
. 6

we can w r ite  th e  in t e g r a l  o v er  th e  r e g io n  B in  th e  form

fO "f ■
/  /

/

where s i s  an in t e g e r  such t h a t

,j_ 7T~ ^  £r >-»l 4: ' -2- + ' J ^

and p i s  an in te g e r  such t h a t

/ > n  I T  - / •  - a -  ” *■ 7

where m i s ,  a s b e fo r e ,  eq u al t o  n  + jg.
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C on sid erin g  f i r s t  th e  r e g io n  where

we have th e  in te g r a l

T*
(U « r)  (h j

S in ce (fl (u„v) i s  bounded and l e s s  than some c o n s ta n t  K, 

t h i s  p a r t  o f  th e  in t e g r a l  i s  l e s s  th a n  o r  equal to

A t  ' -n- - e

K .-xT *

x
/  (H) d-H.t—1 ''J**

w hich, b ecau se  (u ) i s  a  q u a s i - p o s it iv e  k e r n e l, i s  l e s s  th a n

or  eq u a l t o

,̂ -a. + tj ~i

K e M e

* K s h a l l  alw ays denote a p o s i t i v e  co n sta n t*  though n o t  n e c e s s a r i ly
h aving th e  same v a lu e  even  when o ccu rr in g  more than  once in  any  
con tin u ed  in e q u a l i t y .
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As n  becomes i n f i n i t e  so  m ust m and a ls o  s  so  t h a t  t h i s  

in te g r a l  ten d s  t o  z e r o . We have th e  rem ainder o f  th e  r e g io n  B g iv in g

fb

L - 0  ^

c  -  j .  -f- f

where u t i s  d e f in e d  a s  i n  ( 2 .3 )  w ith  y  in  p la c e  o f  ^  and

u. i s  h ere a g a in  m onotonic d e c r ea s in g  w ith  i  and th e  in t e g r a l  

o v e r  t h i s  r e g io n  i s  l e s s  th an  f u ^ + J w hich i s  l e s s  th an  o r  eq u a l t o

c± +1 ; r

A
c'l &

B  +(S+!PI

T h is l a s t  e x p r e ss io n  con verges t o  zero  as s becomes i n f i n i t e  and 

hence a s  n  becomes i n f i n i t e .
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The in te g r a l  o v e r  th e  r e g io n  C in  t h e  same manner can be

w r it t e n  a s  a sums

where (j) (u ,v )  i s  eq u a l t o  G (u ,v ) o v er  t h e  r e g io n  C and zero

e lsew h ere  so th a t  we have th e  in t e g r a l  o v er  C in  a b s o lu te  v a lu e  

l e s  s th an

The in te g r a l  o v e r  th e  r e g io n  D con verges t o  zero  as n and m 

become i n f i n i t e  by  th e  g e n e r a l l im i t  theorem  o f  H obson*. T h erefore  th e  

Cesaro means ( 2 .1 )  upon c h o o s in g  c sm all enough and th e n  l e t t i n g  m and 

n  become i n f i n i t e  can be made t o  d i f f e r  from  S by  l e s s  than any  

p o s i t i v e  c o n s ta n t  no m a tte r  how s m a ll .

*  r 1 ■
Hobson / 1 ; ,  page 2 7 9 .
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3 • C on d ition s f o r  Sum m ability (C, o< ,  /3  ) o f  D erived  S e r ie s  ♦

Theorem 2 .  I f  f ( x , y )  i s  in te g r a b le  (L) in  th e  c e l l  ( -  777-TT%V» TO

and i s  f i n i t e  sa y  eq u a l t o  S a t  a p o in t  ( x ,y ) ,  th en  th e  s e r i e s  ( l . l )  

w ith  r  eq u a l t o  one and s  equal t o  zero  i s  summable (C ,oC,yc?), o < ^ l  

and /3  > 0 ,  to  t h e  v a lu e  S a t  th e  p o in t  ( x ,y )  p ro v id in g  t h a t  G (x ,y )  

i s  bounded in  a cro ss-n e ig h b o rh o o d  o f  th e  p o in t .

We aga in  break up ou r in te g r a t io n  o v er  th e  reg io n s  ( 2 .2 )  and th e  

in te g r a l  over  t h e  reg io n  A g iv e s  us

The Cesaro means o f  ord ers ( o' ,  ) i . e .  ( C j^ y ^  ) f o r  °< > 0

w ith  r  equal t o  one and s eq u a l t o  zero can be w r it t e n

(3 .1 )

and p e r io d ic  in  both  x  and y  w ith  p e r io d s  2 Tl and i f  G (+ 0 , + 0 )  e x i s t s

n

tr s  e
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S in c e  (u ) i s  a  q u a s i - p o s i t iv e  k e r n e l f o r  o< > 1 and (v )  

i s  a  q u a s i -p o s it iv e  k e r n e l f o r  p  >  1 ,  th e  f i r s t  term  on th e  r ig h t  

i s  e x a c t ly  eq u al t o  S , th e  secon d  i s  o ( l ) ,  and th e  th ir d  i s  in  

a b s o lu te  v a lu e  l e s s  than o r  eq u a l to  Max ( g ( u , v )  -  s j  w hich  

can  be made as sm all as we p le a s e  by prop er c h o ic e  o f  £ s in c e  

G(u»v) ten d s  t o  So

I f  K i s  th e  maximum o f  G (x ,y )  in  th e  cro ss-n e ig h b o rh o o d  o f  th e  

p o in t  ( x , y ) ,  th e n  th e  in t e g r a l  o v e r  B i s  in  a b s o lu te  v a lu e  l e s s  

than  o r  eq u al to

K  • * /  I k '
s o

where th e  f i r s t  f a c t o r  K i s  indep en d en t o f  m and n ,  th e  second  

f a c t o r  i s  bounded f o r  s ^ O , and f o r  r > l  th e  th ir d  f a c t o r  ten d s  

t o  zero  .as m becomes i n f i n i t e .  The in te g r a l  o v e r  th e  r e g io n  B , 

th erefore^  i s  o ( l ) .

In  e x a c t ly  th e  same manner th e  in te g r a l  o v e r  th e  r e g io n  C 

i s  l e s s  th an  o r  equal to

f r

j t  «, (“i f  <=%
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where K i s  independent o f  m and n ,  th e  second f a c t o r  ten d s  t o  zero  

as n  becomes i n f i n i t e ,  and th e  t h ir d  f a c t o r  i s  bounded f o r  a l l  m; 

h en ce , th e  in te g r a l  o v e r  C i s  o ( l ) .  A gain by th e  g en e r a l l i m i t  

theorem  o f  Hobson, th e  in te g r a l  o v e r  D co n v erg es t o  zero  as m. and n  

become i n f i n i t e .

T h ere fo re , th e  C esaro means ( 3 .1 )  can  be made t o  d i f f e r  from. S 

b y  l e s s  th a n  any p o s i t i v e  c o n s ta n t  by ch o o s in g  t  s u f f i c i e n t l y  sm all 

and th e n  a llo w in g  m and n  t o  become i n f i n i t e .

C o n d itio n s f o r  Sum m ability  (C, & * & ) o f  S u c c e s s iv e ly  

D erived  S e r ie s .

Suppose

a t  a p o in t  ( x ,y )  o f  o rd er  ( i , j )  and i f  th e  e q u a tio n  ( 4 .1 )  h o ld s ,  th e  

g e n e r a liz e d  p a r t ia l  o f  order ( r , s )  o f  f ( x , y )  s h a l l  be s a id  to  e x i s t

(4 .1 )

t f j  £- A" + a

f o r  sm all u and r ,  where

th en  th e s h a l l  b e  c a l l e d  th e  g e n e r a liz e d  p a r t ia l  o f  f ( x , y )
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a t  th e  p o in t  ( x , y ) .  I f

( 4 .2 )  j  (*  + <*,?) = J  ~  Y j v J  + ^

L ~ o

f o r  a l l  y  and sm all u where R (y) i s  bounded fo r  a l l  y ,  th en  th e  

r th  p a r t ia l  w ith  r e sp e c t  t o  x  s h a l l  be s a id  t o  e x i s t  a t  th e  p o in t  

( x ,y )  and Y . (y ) s h a l l  be c a l l e d  th e  r t h  g e n e r a liz e d  p a r t ia l
c o

d e r iv a t iv e  o f  f  ( x ,y )  a t  th e  p o in t  ( x ,y )  w ith  r e sp e c t  t o  x .  We a ls o  

g e t  a  s im i la r  e x p r e ss io n  f o r  th e  s t h  g e n e r a liz e d  p a r t ia l  w ith  

r e s p e c t  t o  y .  Wow ( u ,v )  a t  a p o in t  ( x ,y )  formed fo r  a

fu n c t io n  s a t i s f y i n g  ( 4 .1 )  w i l l  have c e r t a in  o f  th e  term s o f  ( 4 .1 )  

m is s in g j  th a t  i s ,  ( 4 .1 )  becomes

(4 .3 )  ^  Y .  + L  >-  z : :

when b oth  r  and s  are  even» A lso

( u V  - )  ,— t —  Y  k 2L+^ 3\ / ? '
/  ( a -* . ;1 / j - i .  ( / , .  . U *  h

< r - a ,  /  U 4 ,  A  j  /

14 j  =
3L

when r  i s  odd and s i s  even  and we have s im i la r  e x p r e ss io n s  w ith  r  

even  and s  odd, and r  and s b oth  odd . The ^ . when formed in
t  ■n
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e ->7 f f A 2. £ '“Z
t h i s  way s h a l l  he c a l l e d  th e  ( i » j ) t h  d e r iv a t iv e  o f  f  (x»y) a t  th e

p o in t ( x ,y )  and s h a l l  b e  denoted by f  . . ( x , y ) .  For th e  

s im ila r  eq u a tio n s  w ith  w hich we r e p la c e  ( 4 .2 )  we s h a l l  denote  

th e se  s in g le  g e n e r a liz e d  d e r iv a t iv e s  w ith  r e sp e c t  t o  x  by

P (x » y ) and f  (x ,v )  f o r  th e  s in g le  g e n e r a liz e d
V

d e r iv a t iv e  w ith  r e s p e c t  t o  y« I f  th e  r e g u la r  d e r iv a t iv e s  e x i s t ,  

th e y  are eq u a l to  th e  g e n e r a liz e d  d e r iv a t iv e s .

The Cesa.ro means o f  order (  -v 9jO ) o f  th e  s e r i e s  ( 1 .1 )  w ith  

r  1 1  and sj? 1  can be w r it t e n

' i f 11 d. ji_ f3

(4 -4) I ^  v j  = -  I j  ^  ( u ^ j  1 J
■f A  H j  /   ̂  ̂ d ( A  ^  M  -V

Theorem 3 .  I f  f  ( x ,y )  e x i s t s  a t  a p o in t  ( x ,y )  th e
■ S '  s<-

/

s e r i e s  ( l . l )  i s  summable (C, <* t p  ) f o r  °< > r t p? > s  a t  th e  

p o in t  ( x ,y )  p r o v id in g  th e  p a r t ia l  d e r iv a t iv e s  o f  f ( x + u ,  y + v)  

w ith  r e s p e c t  t o  u o f  o rd er  r ^ s  fo r  bW  £ (■ , and o f  ord er  r  

fo r  £ < I v l  £ If  e x i s t  and are o f  bounded v a r ia t io n  f o r  u « 0 ; 

and th e  p a r t ia l  d e r iv a t iv e s  w ith  r e sp e c t  t o  v  o f  o rd er  r  +■ s 

fo r  I u / |r e  and o f  ord er s f o r  ^ / m / ■=■ T e x i s t  and

are o f  bounded v a r ia t io n  f o r  v  * 0 .
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L et us ta k e  f o r  con ven ien ce  th e  p o in t  ( x ,y )  equal t o  ( 0 ,0 )  

and r  and s both  e v e n , lo w  s in c e  th e  d e r iv e d  s e r i e s  o f  a f i n i t e  

tr ig o n o m e tr ic  sum i s  o b v io u s ly  summable by th e  Cesaro m eans, and 

s in c e  we can  p ic k  such a sum T ( x ,y ) ,  f o r  1  la r g e  enough, having  

th e  v a lu e s  . a s  p a r t ia l  d e r iv a t iv e s  a t  th e  p o in t  ( 0 , 0 ) ,  th e

sum m ability  o f  th e  s e r i e s  f o r  f  ( x ,y )  i s  im p lied  by th e  sum m ability  

o f  th e  fu n c t io n  F (x ,y )  * f  (x»y) -  TN ( x ,y ) ,  w hich has a l l  i t s  

g e n e r a liz e d  p a r t ia l s  o f  o rd er  ( i , ; j ) ,  where i  + j  4 r  + s ,  eq u a l 

t o  z e r o , and we ca n  a l s o  make T N ( 0 , 0 ) ■ f  (0 , 0 ) .

lo w  th e  r  + s th  d e r iv a t iv e  o f  F (0 » y ) and F ( x ,0 )  e x i s t  and 

a re o f  bounded v a r ia t io n  f o r  p o in t s  -  t  < x  4  t  and -  £- ^ y  (- b t  

and th e  r th  d e r iv a t iv e  o f  F ( x ,0 )  and th e  s t h  d e r iv a t iv e  o f  F (0 ,y )  

are o f  bounded v a r ia t io n  on th e  rem ainder o f  th e  in t e r v a l s  ( -  TTt  y r ).

We th e n  have by  a theorem  o f  Jackson* th a t  th e  Mth p a r t ia l  sums 

S ^ C x )  and (y )  o f  th e  s in g le  F o u r ie r  s e r i e s  o f  F ( x ,0 )  and F (0 ,y )  

c o n s id e r e d  a s  fu n c t io n s  o f  x  and y  r e s p e c t iv e ly  are such  t h a t

Jackson j 1! p p . 48 e t  s e q .
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and i f  s u p e r s c r ip t  (h) d en o te s  h th  d e r iv a t iv e  w ith  r e sp e c t  t o  x ,

! - \ )

-  J  w
^  A /

K
/7

-h

L.-
/ V
J r * /<

A'/

w ith  s im il a r  e x p r e s s io n s  f o r  P ( 0 ,y )  and S )V? ( y ) .

L et us now c o n s id e r  a fu n c t io n  

G (x ,y )  = F ( x ,y )  -  S /V) (x )  -  S,v( (y )

How F (0 ,0 )  = 0 and t h e r e fo r e

K

(4 .5 )
K
n

£ (r
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(4 .5 )*  J G -h  ) l  i  —  ■> -  -  '  ^
1 ‘ ■' ' 1 M *

I f  G , r e p r e se n ts  th e  ( h ,0 ) t h  g e n e r a liz e d  d e r iv a t iv e  o f  G (u ,v )>/

a t  t h e  p o in t  ( 0 , 0 ) ,  we have

(4 .6 )

S im ila r ly

(4 .7 )  I ^

and

K

M"

( 4 .7 )  }Q . ^.v/ | £ — :v  . e  <1 ^  ^ (/

■’T “'

We a ls o  g e t  s im i la r  in e q u a l i t ie s  f o r  G (0 ,y ) ,  G ,  and G (u ) ,

and t h e  f o l lo w in g  exp an sion s f o r  th e  fu n c tio n  Gs

( 4 . 8 ) - /  ~ G -  u \ ' ^ h  ^  G  4 ( ^ ' /
'   ( 3 i ‘ '  /  Ij - i  I1 J ?

f o r  u and v  sm a ll and R __ (G) s im ila r  to  R ( f )  o f  ( 4 .3 ) ;
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f o r  sm all u , 0 - ' ( v /  1=6 , and where ^ ( u , v ) —̂ 0  w ith  u j and

A/s .

(4 .1 0 ) (u~>j = ; r  (rrr) U %  ^  e  C ^ J
( t y

t
f o r  sm all u ; 6  k  1 t I ^  7 /' ,  and where <f ( u ,v )  0 w ith  u .

We can a ls o  g e t  s im i la r  exp an sion s in  term s o f  G i u j  .

Now i f  th e  doub le F o u r ie r  s e r i e s  o f  G (x ,y )  i s  summable 

(C, K , p ' )  t o  zero  a t  t h e  p o in t  ( 0 ,0 ) ,  th e n  th e  double F o u r ie r  

s e r i e s  o f  f (x » y )  w i l l  be summable (Ct o{ ) t o  th e  v a lu e  S a t  

th e  p o in t  ( 0 ,0 ) ,  s in c e  f ( x , y )  d i f f e r s  from G (x ,y )  o n ly  by  

f i n i t e  tr ig o n o m e tr ic  sums and th e  ( r , s ) t h  p a r t ia l  d e r iv a t iv e s  o f  

th e se  f i n i t e  tr ig o n o m e tr ic  suns can  be made t o  d i f f e r  from

s m a ll , and th e  f i n i t e  sums a r e  o b v io u s ly  summable (C,  ° < ) .

T h ere fo re , we can c o n s id e r  in  p la c e  o f  ( 4 .3 )  an in t e g r a l  o f

-<
b y  l e s s  th an  any g iv en  p o s i t i v e  q u a n t ity , no m a tte r  how

e x a c t ly  th e  same form , where n o w th e  LP (u ,v )  i s  formed w ith
/ *r<

r e s p e c t  to  our new fu n c t io n  G in s te a d  o f  f .
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L et us break th e  c e l l  (0 , 0 ,  f F . c T )  in t o  th e  fo llo w in g  p a r ts .  

a T

M

The in te g r a l  o v e r  th e  r e g io n  1 we s h a l l  c a l l  X t and s im i la r ly  f o r  

th e  r e s t  o f  t h e  p a r t s .  U sin g  ( 4 .8 )  in  th e  in t e g r a l  I ; we have

1 r
s

u J of

Jt-i
1 ~ a

f  ‘6-
Each o f  th e  term s in  E ' (G) c o n ta in s  u v  w herenr <

p + q :  r  t  s  1 .  For both  i  and j  n o t  e q u a l t o  zero  

G = C b eca u se  o f  th e  s tr u c tu r e  o f  th e  fu n c t io n  G (x ,y ) .
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U sing (4.5"), ( 4 . 6 ) ,  and th e  f a c t  th a t

V / /  °C
J. K j * J - L/ S  + I

A
K

a/f

we h ave, when M i s  g r e a te r  than  m tim e s  n ,  th e  in t e g r a l  I^ in  

a b so lu te  v a lu e  l e s s  th a n  o r  eq u a l t o

-rv\
rt i-A,

i
K

f  -i.A. +{ y

which i s  o ( l ) .

In  th e  in t e g r a l  I ,  we u se  ( 4 .9 )  so  t h a t
*N J

I*:
6 J -  r - * i t i A IS s ^  , p

j ]  ( h j  I /../
£71

J  J
£̂Lx/-

which f o r  M )  mu i s  l e s s  than  o r  equal t o ,  by (4*7)*

K rf-tl A-hl 
/tVf *>\

K
. X  . ±

,w-f< A /  W*
^  *1y -y ^  ̂  v

/(•

♦ r 'Zygmund j l ,  page 259 .
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w hich i s  o ( l ) .

The in te g r a l  ,  u s in g  now ( 4 .1 0 ) ,  g iv e s  us

ft I j o( i ft

J  K J "  J  K &  cj u j ^ >

/ l  A K  ^  t ~ )How on. th e  in te r v a l  t  t o  F  th e  maximum o f  ^  -____
-V

ten d s u n iform ly  t o  zero  f o r  f ix e d  t  and n  becom ing i n f i n i t e .  

Then, by ( 4 .7 ) ,

)

w hich i s  o ( l ) .

The c o n s id e r a t io n  o f  1^ and I ^  i s  e x a c t ly  th e  same as th a t  o f  

I a and 1^ where we u se  in  p la c e  o f  ( 4 .9 )  and ( 4 .1 0 ) ,  th e  corresp on d in g  

eq u a tio n s  on th e  o th e r  a x i s .  For th e  same reason  we n eed  o n ly  

c o n s id e r  I _  ,  1^ ,  and I  .9 a /<?
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U sing  ( 4 .9 )  a g a in , I 4, becomes in  a b s o lu te  v a lu e

- cr t

/ Z c- r%/^,- /v x j - ^ l  ’ j  /yj-'y/ ,  .
. /  */</" . / /  /

U sing  ( 4 .7 ) ,  w ith  M /  (am) ,

JL.

,c -  -<r

z
/ V

y -H )  ~

i.i-i)
-f*

•̂*1

7
-j- <- (M M I

V /

/

v  // x 
, /  A .„ (V zi

c: ^  -V~

a - f '

and s in c e  1 < mnu, 1 \  mmr, and u < v

c.(
1! J

L  lk-  

A ^

(if*/
X h

i< i

which, i s  o ( l ) ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 0

U sing  ( 4 .1 0 ) j

. o(

A l rC ' /  J  A  ^UJ } k  f-'v)
O r  . ( ^  « + U -■ - —  ~ ...... ■■I. - k̂joL I

J

-v"For v  on t h e  in t e r v a l  t- t o  v ,  € ( n ) ,  eq u a l t o  th e  maximum

J J & j
o f  / /l. te n d s  u n ifo rm ly  t o  z ero  a s  n  becomes i n f i n i t e ,

cA 'V
w hich  w ith  ( 4 .7 )  g iv e s  us

I ,  -  £ , I -  U  ,* ,(*» ■*] T y

b u t 1 = mnu, and th e r e fo r e

X  j =■ ^  i7̂ /  * K  j  *

CAct
y

K'"

The th ir d  f a c t o r  i s  bounded as b e fo r e ,  th e  second  i s  c o n s ta n t  f o r  

f ix e d  6 , and th e  f i r s t  ten d s  t o  z e r o  a s  n  becom es i n f i n i t e ,  and 

th e r e fo r e  I   ̂ -  o ( l ) .
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/  K>>
S in ce and ten d  u n ifo rm ly

t o  zero  on th e  in te r v a l  (r t o  IT  as m and n  become i n f i n i t e  

th e  in t e g r a l  I  ten d s  t o  z e r o .

T h erefore  th e  in t e g r a l  I  can be made t o  d i f f e r  from 0 by l e s s  

than  any p o s i t i v e  c o n s ta n t , no m a tter  how s m a ll , i f  o n ly  m and n 

are  s u f f i c i e n t l y  la r g e  and M ?  (mn) .  T h erefore  our theorem  

i s  p roved .

5 .  F urther C o n d itio n s f o r  Sum m ability (C, ,  f t  ) o f

S u c c e s s iv e ly  D erived  S e r ie s .

L et us d e f in e  a fu n c t io n  P (u ,v )  a s fo llo w s*

where th e  prime d en otes  th e  term  f o r  w hich i  * r  and j  *  s  i s  m is s in g ;

7

I t '  £ J-is*.

Y  W  rr kI t :

V
i

J-trf' I C  C-

l«\ yt- J
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Th® a re  th o se  d e fin e d  f o r  t h e  fu n c t io n  f ( x , y )  in  (4 .1 )  and

( 4 .2 ) .

We w i l l  now d e f in e  a fu n c t io n  g ( u ,v ) .

LL 4 *H- M /v

A- \

- f  ( ~ l j  [ j  '  P i Ly ^ ) J  +  (~ij $ ' v } ~  f t ~ « r  v -jl

on th e  c e l l  -  F j  I T t 7r ) and p e r io d ic  in  u and v  o f  p e r io d s  2^7"

o u ts id e  th e  fundam ental r e c ta n g le .

We can d e f in e  th e  (C, <*. tp ) means o f  th e  s e r i e s  ( l . l )  a s  fo llo w s :

C -VI
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Theorem 4 .  I f  f ( x , y )  and th e  co rresp o n d in g  g ( u ,v )  i s  

in te g r a b le  (L) and p e r io d ic  in  t h e  c e l l  ( -  7T, -  7T; JT t  T  ) and th e  

double F o u r ie r  s e r i e s  o f  g ( u ,v )  i s  summable (C, >i ,  1 ) f o r  X >  0 

and W  0  t o  t h e  sum S a t  u *  v  * 0 , th en  th e  s e r i e s  ( l . l )  i s  

summable (C, r  + } , s  + S ) t o  S a t  th e  p o in t  ( x , y ) .

For c o n v e n ien ce , l e t  us c o n s id e r  r  and s both  ev e n , th en  f o r  

( u ,v ) ,  d e f in e d  a s  in  ( 1 .3 ) ,  we can  e a s i l y  g e t  th e  fo llo w in g  

F o u r ier  expansion*

( 5 .2 )  J  j \  ' Cff-o t. a. Ur-J j  V

I f  we d e f in e

it- *

* t
where C ( t )  i s  Young’ s fu n c t io n  , th en

ix

w
(J) 4  V /-T j ( c /  -t A  ~ i f-1)  i ,

( 5 .3 )  V  ( u j  ,  t i L  )  C .  — ------- ;-------—  X
' ^ .----  p  ( o( ~ I -h ij

Young / / J  p p . 161 e t  s e q .  

t  Wang, F . T . [ l j  pp . 400 e t  s e q .
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i s  o f  bounded v a r ia t io n  o v er  th e  r e g io n  zero  t o  i n f i n i t y » So

m u lt ip ly in g  ( 5 .2 )  by Y */^ (mu) Y ^  (nv) and in te g r a t in g  w ith

r e s p e c t  t o  u and v  from zero  to  i n f i n i t y ,  we have by t h e  e x te n s io n

♦
o f  a  theorem  due t o  Young-Hardy

(J) \ )  \
( 5 . 4 ) /  /V  \  lP

‘ • V

For r  even

°°
<- A j  ) ,;*)

[ 7 / /  /̂ °<' /

(■-■) [■; lij CjO I tf I f  fa ^
I f i jp

V/  7̂V7 HJ Ccr* l tA
/ /4_tt- M

"TT >

o

C ' - i ,> £ "*X-T

and we th e n  have t h e  r ig h t  hand s id e  o f  ( 5 .4 )  equal t o

j - , -

hj
M

jL ± * ,  A • -a  -  f -j,-X- -T
7 7 "

U.
/

3 ( h i )  a - 2 ,
C <

and ( 5 .4 )  i s  e q u iv a le n t  to

/f-*- rt+l
— (-'J "**7 , M, /V•J <zAsi/

‘ V  ( ] - i )  i ) p .
<. c

*
Hardy [ | j  p .  186
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T h is l a s t  term  i s  e x a c t ly  th e  r ig h t  s id e  o f  ( 5 .1 )  so  th a t

(5 .5 ) ± ^ ^ V / +7  I
-<> /i. ^1

7T*

T h is form ula can  be d er iv ed  f o r  a l l  in t e g r a l  r  and s 0 .  

Suppose

o ,  ■

Y ~ "C A
a . .

j?
<• t( c^T ° * a r-

J  /

where t h e  y-'-y d en o tes  form al co rresp on d en ce . However, g ( u ,v )  i s  

summable (C, h ,  $ ) and we can  w r ite  th e  C esaro means i n  th e  formj

 < v - i  A . f

ot. - ft

I - Z  !
c. C -*■*-»
J £ -vn

w hich from (5 .5 )  i s  equal t o

± .
T J

We have g ( u ,v )  in  p la c e  o f  th e  fu n c tio n  ^  (u»v) because o f  th e

form o f  g ( u ,v ) .
1
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I t  can b e  shown th a t  f o r  o< j  r

y  *'  t- t lX
0 /H-i -t U \ ' V ' + * / )

and i t  th en  f o l lo w s  t h a t

■ \j w
*■*■1 , I f .  .yyy\ / t{ /

i/f-x
0 ( i j  m

S in c e  l/^ (u ,v ) s a t i s f i e s  eq u a tio n s  o f  th e  ty p e  ( 4 .3 ) ,I rf *4.

we g e t  in  p la c e  o f  ( 5 .5 )

j C7—
L ^ j  ,v *

^ 7

4- V 4/ A + I
jy-oi I /

-V +

o o ^ o o

/ / /

(a) (jl)
y  (r~«j V  f \ h ^ J  d «  d o -
//<* /  !f^3 IS A. /

where

-Y  A /

(m -v /
•V* —•?

L( --v*

S .' '

yf. /«/ c c-
w  £ £-

-nT'
-or !

,M/ < 6 
yw 7  £-

-̂ oT C (K ^y ^  l“l > &
I /*l < fr-

^ry N  7 £

/•W 7

♦Young, l o c .  c i t .
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Then, u s in g  ( 5 .3 )  

( 5 .6 )  (< (~ ’l C“V 6  (T.
£ 3

-  -X

/ /  V

/  X
t f e t .  i  . I  u p -  j

>yb< ‘d-v~ j  ^ s 10

The o ( l )  a r is e s  from th e  i n t e g r a l s  o v e r  (0 ,77”; XT,"5 ) t  ( J f  t  ) t

and (JT ,JT  ; ^  ,  M) s in c e *

y  = o i  ~
u £ fi

Now g ( u ,v )  = d ± ^ L {
V

M -V~
/

and th e r e fo r e  th e  q u a n tity  in  b r a c e s  in  ( 5 .6 )  i s  e x a c t ly

< * ~ r f  / 3 - A .  r
r ~ ~ -  *",[> -] (Q . )  .  S in c e  ^  J ̂   ' I '  ^  ^  M> '-A-l

*Young, l o c .  c i t .
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by th e  c o n s is te n c y  theorem  f o r  Cesaro su m m ab ility ,

' / V ( 6-) 5 f o r i i

We h a v e , t h e r e f o r e ,

*  7

s+-

j  y
[ * t

m ' C

n  -j± .
' ? / ( « + ' ' ' < + > )  \  i  sL

---------------- - /  ( - ! / "  C
c f 7/

n±

But
rT

( - 0

c. ^ o'-;

P ( o £ - i + , )

r

y
- J  V

7̂
*  5.

*Wang, F . T . [l  j  p .  400
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PART I I —LOGARITHMIC SUMMABILITY

6 .  D e f in i t io n s .  We s h a l l  sa y  th e  s e r i e s  ^  A .
"  "  Z - - - -  V  ?

i s  summable by lo g a r ith m ic  means o f  ord er  k i . e .  (R ,k*R ), t o  

sum S i f

Z L  ^   }  t )  ! o J  ( c ,  f i  / j
/

+ —- j - T  2 _  7? ? A  ? A ,-
r _ r ,

ten d s  to  a l im i t  S .  

L et u s d e f in e

( f t 1*.- j j j  -

-  ^  (* + M' 2? + ^  * ;f (-* - ^  ^  ̂V  + - g —J  ~ Lf-
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'T C>}

X ,  ( t  " js>■'T-/ 3

- t
M r j

where r  and s  are in te g e r s  X  i .
j

ir

A ~fr~

9 ( / U T-Oi
± n z L —l z  J r .

y

ni- , 61

X ^  J , r A )  J t J - r  .

A -A
J

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 1

7 •  C o n d itio n s  f o r  Sum m ability (R ,k ,3 .) o f  Double F o u r ie r  S e r i e s . 

Theorem 5 .  I f  f o r  a g iv e n  p o in t  ( x ,y )  th e r e  e x i s t  fu n c t io n s  g (y )  

and h (x )  p e r io d ic  w ith  p e r io d s  2 T  such t h a t

^ T , k ^ ) ) / d 7

and

where

and

—  — *  ^

n>

J uy **JK)  - 0 / I  ) J  j * CL0 «y

CUO  ^ <=» J

A
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th en  th e  s e r ie s  ( 1 .1 )  w ith  r  = 0 ,  s  = 0 i s  summable (R ,kaJJ) a t  th e  

p o in t  (x ay ) t o  sum S .

S ince

and

/

theorem  5 i s  an im m ediate c o r o l la r y  o f  s e c t io n  8 .

8 .  F u rth er  C on d ition s f o r  Sum m ability  (Rak a.g) o f  D ouble F o u r ie r  

S e r ie s .

Theorem 6 .  I f  th e r e  e x i s t  p o s i t i v e  in te g e r s  k and 2 and p e r io d ic  

fu n c t io n s  g ( y )  and h (x ) such th a t

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(8 .2 ) o [ M j tT, ■ H ''v ; % ■ *' ^  , L /  r- -■ V
h °

-  O U h i y ]  r ^ U;

and _ . * 0

■ «. aj  -= o l d  ( ,& 2  17 /  y  ^ JJ 0  ,\0

( 8 .3 )  _  o* r1 r  /7
(^ r ;-A; -  * j ^ ^ i )  J  y *  * ■

y  J ■

JU^ 1 ^ 1 1 1 1 ' ^  — > <7 h *  + «) + ^ ( * - y  c
'v a J  ■> u o a ^

th en  t h e  s e r ie s  ( 1 .1 )  f o r  r  s  0  and s = 0  i s  summable (R ,k ,S )

a t  th e  p o in t  ( x ,y )  to  sum S .

L e t us suppose, w ith o u t  l o s s  o f  g e n e r a l i t y  th a t  th e  p o in t  

( x ,y )  ■ ( 0 ,0 ) ;  a c o  * 0 ;  S ■ 0 and f ( x , y )  i s  e v e n -e v e n .J

Then (t> (u ,v ;S )  ■ f ( u , v ) .  I f  we in te g r a te  ( 8 .1 ) ,  ( 8 .2 ) ,  and

(8 .3 )  w ith  r e sp e c t  t o  v  from 0 t o  77 and u se  F u b in i* s theorem

t o  in terch a n g e  th e  ord er o f  in t e g r a t io n ,  we have th e s e  r e la t io n s

rh o ld in g  f o r  a fu n c t io n  o f  one v a r ia b le  j f ( x , y )  d y , s in c e
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th e y  h e ld  f o r  a l l  v .  The sim p le  F o u r ie r  s e r i e s  o f  t h i s  fu n ctio n , i s
00

\ *  7 ° ' Csummable (R »k). In  o th e r  w ords, th e  s e r i e s  /  k . '

0 0
i s  summable (R ,k ) and s im i la r ly  ) A , i s  summable

1 - '

( R ,£ ) .  We can  th e r e fo r e  assume w ith o u t  l o s s  o f  g e n e r a l i t y  t h a t  

th e  A s  A = 0  f o r  a l l  i  and a l l  j .  We th e n

have f o r  th e  f u n c t io n  under c o n s id e r a t io n

/  V  •
(u  -V )  -  4 -  ( u  - v )  ^  o, 1. . u r v  c u. c-c-o  „

The s ig n  d en o te s  form al corresp on d en ce and a  . . -

r

f  (x»y) c o s  x  c o s  y  dx dy .

• II '  ~ U
7r /.T

Now a . = —a I (  CD ( u , t )  c o s  iu  du dv = 0 f o r  a l l  iCO -Jt-
'  *  ' I  '  ~  1/

and a ^ , s  -~A / } $  ( u , t )  c o s  j v  du dv ** 0  f o r  a l l
' -li /  -Tf

S in c e  th e  tr ig o n o m e tr ic  system  i s  c o m p le te , we m ust have

7T j/-

(u ,v )  du = 0 and I (D (u ,v )  dv * 0 w h ich  makes th e

Wang, F . T . (. 3 J p p . 1 4 2 -1 4 3 .
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■*> *  '  f
fu n c t io n  f  ( t  ,  T ) -  j  J  j )  ( u ,v )  du dv d ou b ly  p e r io d ic

y o 0

w ith  p er io d s  2 11 f o r  b oth  t  and ^  •

The in te g r a te d  F o u r ie r  s e r i e s  con verges and we have

CPy S>°
*/*  r—

( 8 .4 )  j )  f t , T) - 1 ^ 0 ^  '

£‘- 1 7 ' /

We w i l l  c o n s id e r  a fu n c t io n  s im i la r  t o  Young*s fu n c t io n  used  in  

p a r t  o n e . The fu n c t io n

♦
has th e  fo llo w in g  p r o p e r t ie s .

Tt
( 8 .6 )  ' '  y

( 8 .7 )

*Wang, F . T . [3j p .  145
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I f  , *' r 1
(8.8) -  Q  I & J 2 -  j  j

( 8 .9 )  / = Q  f  (jm lL  1 J f f  t  % 7  /  * 1 ;
Ji? L  t A J

/

(8.io) t  L . i ^ j  - / ^  ;

(8 .1 1 )  ( t ) ~ ^/y ( /J  J-w o i: ~t ~ 2 ^  k  7  ~ 1 ;
j

Oi

__ / .  . 4
( 8 . i 2 )  I  ^ L t M  * f  r ^ f j  ,  ^ ' 7

/  //

F . T. Wang has a l s o  proved t h a t  L ( t )  and L ( t )  are* k

a b s o lu te ly  in te g r a b le  and o f  bounded v a r ia t io n  on th e  in te r v a l  

(0 , ^  ) .  By an e x te n s io n  o f  th e  theorem  due t o  Young-Hardy, we 

may m u lt ip ly  by  such a fu n c t io n  and in te g r a t e  o ver  th e  r e g io n  

o f  bounded v a r ia t io n .
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I n te g r a t in g  ( 8 .4 )  term  b y  term , a f t e r  m u lt ip l i c a t io n  by  

L^ (mt) L j  ( n ^ ) ,

t 90

L
s_2
y

'c /o

and by ( 8 .1 2 ) ,  we g e t

f a  t )
J I  3.
j d ; '  ~ — , ^

l" / 7T “

j  f I
/  tj J  ht -TJ j j  <~J d  ?,
-J /l t-J .. / /

/  . 'c yc

But f o r  our fu n c t io n  th e  l e f t  hand s id e  i s  eq u al to

and th e r e fo r e

V
. /  =*?

^  .3■>*1 '"Vi

To prove our theorem , we m ust show t h a t  th e  r ig h t  s id e  i s  o ( l ) .
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L e t us break th e  in t e g r a l  in t o  in t e g r a l s  over  t h e  r e g io n s

/A  ; - ( > ,  ’V *> ] , B  ■ (  }j  c  y *  ,  ' /  ,

Q :  L 6 ^ j 9 s " - )

(8 .1 3 )
7)  : ( /'

and denote by th e  c a p i t a l  l e t t e r s ,  the in t e g r a l s  o v er  th e  

corresp on d in g  r e g io n s .  Then, u s in g  ( 8 .9 )

D /
K

/  ~ 3 — 1 jbitri.irJr
t ) h '  r)

f o r  n  h 2  2 .  T h is  in  tu r n  i s

<
N t&y ~) + tf 'J[ rf j  p  'ft r) s l f  J

f  a r * 4

f - f -  j  f t  ( f r j
o i t  J  r

iLr-*. -  ) ^  J /  /
/  ' y ■' *i ■ i
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PC r &

1\ ( ,ry))  

' JU-rj rr ) 1

It 'i

l t d
tr  r

*'< nk. *

!j /*?

K
y& x>

/  I t '

/  I L r n t  /

/ — j L - L ~

* /V . /  1 j  ±  7
/ f t

&  *

I  j  ( t V  I M - J r

7° „

/  !

{l Y ' f  /

IJ&L  /Jh rl '. J / f  / M e l ?

t

K depends o n ly  on k  and A ,  and t h e r e fo r e ,  a l l  fo u r  te r n s  above 

are  o ( l ) .

How

and in te g r a t in g  th e  in n e r  in te g r a l  by p a r ts  w ith
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i o -f
t  /

/  \ (t r) r
O' , .U

we g e t

b»>y 6 (ty XT-
£ Xr

(b V j ,  ( t  TJ J T y

*  b
s in c e  kjk ( 0 , t )  * 0 and L  ̂ ( t )  »  Q : ( l ) .  T h er e fo re , 

C i s  eq u al t o

r
 —  j  I sikL^- ^  y d> ft} t)  _yt  - /  j  L / ' v V L ^ V  k  :i- ;

"  '  J J  ~

,h

IT*

Wow th e  f i r s t  t e r n ,  a g a in  u s in g  ( 8 .9 ) ,  i s  in  a b so lu te  v a lu e  

l e s s  th an  o r  eq u al t o

yQc

'T'k *

wiJ * i  , -J. sfST) ‘
> ■ I J
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where K depends o n ly  on k and 5 .  As b e fo r e , t h i s  i s  l e s s  th a n  

o r  eq u a l t o

which i s  o ( l ) .

The second  term  i s ,  by  th e  same p roced u re , in  a b s o lu te  v a lu e  

l e s s  th an  o r  eq u al to

L et us c a l l  th e  l a s t  in t e g r a l  E and in te g r a t e  E b y  p a r t s .  Then,

E ' J  j- r

/
■ X ° 7 t , r j  t l  r j l  -  /

' L * J  A
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* °  ̂ >> \lo w  t  • " 7 \0 ( t s ^) — ?  0 a s  t  —■? 0  and th e r e fo r e

f ,  - t < ' V ; f  i  u t ,
/

C a ll in g  th e  f i r s t  term  E^, and in te g r a t in g  by  p a r t s ,  we have

t  U.’- ' i  * *»■!>/ ?■ I S  r> -M,
.j o y  c y

s O & .
where a g a in  t  '^ X  ( t ,  r ) — ■> 0  a s t  —̂  0 .  We can c o n tin u e'do

d e f in in g  th e  E L ,  s t e p  by  s te p , k tim e s  u n t i l  we a r r iv e  a t

—- '■ * 0 *
! F , /  •= y  I t i )  i- j  t-J L ef a V  7 (  fa TJ J t  I  .

C* - / °

I f  n  'i'j y  2 ,  th e  f i r s t  k  terms when s u b s t it u t e d  in  ( 8 .1 4 )  g iv e  

us term s w h ich , u s in g  ( 8 .8 ) ,  a re  o ( l ) .  The rem ainder o f  E i s  a l l

t h a t  i s  l e f t  o f  C t o  be shown o ( l ) .

lo w  L (mt) •  s in  mt and 
0 mt ^

Hardy [ z j  pp . 5 0 -5 2 .

E ‘ E. - */-  k !  X
i L

l-f TJ

-  K t /  fay ftr j
M

■ 'c -t
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The c o n d itio n s  ( 8 .1 ) ,  ( 8 . 2 ) ,  and ( 8 .3 )  g iv e  u s th e  f i r s t  term  on 

*th e  r ig h t  o ( l ) .  The argument used  by F . T. Wang, a p p lie d  t o  t h e  

second term  g iv e s  us som ething ( j  j j '  G(u) dxj and th e r e fo r e

t . r i  / w /  , / f /  „

(_l 6: “OS r~ (  ---! 'cb-f-  — j L^LLL fC ^yoLtfjr
^  ( u , , v  k ! ,

which i s  o ( l ) .  The same procedure w i l l  a ls o  g iv e  B * o ( l ) .

♦ r , 1
Wang, F . T . l J] p .  150
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We have now o n ly  t o  show A ® o ( l ) .  I f  we in te g r a t e  A by 

p a rts*  we g e t

JP  h*
q_ ^  kI W7't TJ

V

* 2

( tr ,n  ?U t
sr*\ ■?■)

J  A

L h ^ L . ^ r i  A * / l J

b u t , a s b e fo r e , (ĵ ) ( 0 ,0 )  s

end so  A i s  eq u a l to

( t» 0 )  = 0

f

I A n »  I(f' "fll oy
~"d 'T

<2 A

ynk) -  /  L ^ y i j r ) )  f
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L et us c a l l  t h e s e  t e r n s ,  w ith  th e  f a c t o r  m u lt ip l ie d  th rou gh ,

Aj ,  ,  A3 , and A^. , r e s p e c t iv e ly .  U sing ( 8 .8 ) ,  we f in d  th a t

fo r  m /• 2 ,  n>j ^ 2

! i - l  /  f - /

I /I I ^  \ ^ m )jJ
I , i , I =  ~7f  t t :  " ’ j

^ J  itra ^ l)  ^

w hich i s  o ( l ) .

U sing  th e  same in e q u a l i t y  f o r  L /f (n ‘r  ) ,  we f in d  t h a t

I A>  I i  -r=— ' 7 / 2, r' */ A  % > J  M  /•
/ > ?  '!(& **,/ /  -^

0

But th e  q u a n t ity  in  a b s o lu te  v a lu e s  can be tr e a te d  e x a c t ly  a s  th e  

s im i la r  q u a n t ity  in  E and can  be shown t o  be

s in c e  th e  f a c t o r ,  ^  / [ $ ( u )  -h g (-« )]  du o f  E i s  i n  t h i s  c a se  a

c o n s ta n t .  As a  r e s u l t ,  A  ̂ s  o ( l ) ,  and a s im i la r  argum ent g iv e s  

us a t  once A 7 *» o ( l ) .
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I n te g r a t in g  A,, by p a r t s ,  we g e t

where

Lf- ,s?y[ sr\ F
{jX-^ )  „Lr  ̂-U] J

J ' f *  L « ( M )  ' ' ' S '
c U  A  r

L
L S * V  L A " t j  t  r  X  n  (t r j

-r-- <)

-  \  ^  L j * v  7 ^ n (±/ X  M

- J
irs€>

[ » f h

^ s f J L 6 ^  TJ /  ^  v  X  frv ‘M~d 7J  J  Lj*-/ y '•'fi Sr,

L et u s c a l l  th e s e  term s Fi ,  Fj , F̂  ,  and Ĝ  so  th a t  

F * Fi +• Fj +- Fj -t- Qt» Now, G  ̂ i s  o f  th e  same form as F ,
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and upon in te g r a t in g  &2  b y  p a r t s ,  we g e t  fo u r  term s s im i la r  t o  th o se  

o f  F . We s h a l l  c a l l  them  F^ ,  F_ ,  F6 , and Gs so  t h a t  

Gt  = F t  i- F . r  F. f- Ga .

L et us assume k  ^ J?. I f  k  s  j2, we would a lr e a d y  have (8J5) •

We then  have by ( 8 .6 ) ,

end our F c o n ta in s  3k Ft a l l  s im i la r  i n  form t o  one o f  F, ,  F̂  ,  or F, 

I f  we in te g r a te  G  ̂ ,  by  p a r ts  JP -  k tim e s  w ith  r e s p e c t  t o  r  ,  we g e t

(8 .1 5 )  /  x
O  J

7  (t TJ J-tA T
it fi y  /

w ith  ’£  -  k  a d d it io n a l  F( J s .  

We now show th a t
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The term s in v o lv in g  th e  F 3 - + f o r  i  = 0 ,1 ,2  • • *, k -  1 are  

a l l  o f  th e  typ e

b u t t T  %  (~ n')  —y  0  a s t  0  and t  0 and
y  7 i  -f l s

L (m t) and L (n ^ ) are  £ )  ( l ) ,  so  we have o n ly  t o  co n -
K '  J i ~ Jt

s id e r  th e  upper l i m i t s .  Now f o r  m fj ?  2 and n fj y' 2 ,  u s in g  ( 8 .8 ) ,

K I h y  / r ’JJ 1 1 )—J /? - " i / y _  -»• %i ‘f / x t -f-1 i

I /  * ~ " 3i
(  l\ tf)

w hich i s  o ( l ) .

The term s c o n ta in in g  P  ̂ . i  = 0 ,1 ,2 ,*  • * , k -  1 are

a l l  o f  th e  typ e

/

K

/c

J e t .
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A gain u s in g  ( 8 .8 ) ,  and s in c e  "T X . k  o a s  T  — f  0 ,

lA
t h i s  i s  in  a b s o lu te  v a lu e  l e s s  than  o r  equal t o

D   I f  t  j  h  t )  ~ \  c u j .

h . /  ' - s - m , '

The q u a n tity  in s id e  a b s o lu te  v a lu e  s ig n s ,  in te g r a te d  by p a r ts  

k -  2 — 3 i  t im e s ,  g iv e s  u s som ething w hich  i s  l e s s  th an  o r  eq u a l t o

i f  t  L t " X  (t

1  X  ±  ( k - A - i y !  t  / (~'+)  X  i t »
* .  3+3,- ' it.2 +j/

Each o f  th e  term s c o n ta in in g  a f a c t o r  from  th e  square b r a c k e ts  i s  o ( l )  

as in  th e  c o n s id e r a t io n  o f  P and th e  l a s t  term , u s in g  ( 8 .6 ) ,  i s
>! 1~t
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The f i r s t  f a c t o r  i s  o ( l ) ,  and we can  show th a t  th e  second f a c t o r  

i s  0 (1 ) i f  th e  fo l lo w in g  r e la t io n s  a re  s a t i s f i e d t

/ x  ( * y /  "  -  0  *  r j  - 7  '
3 l > I—

(* V JJ - Q  [ u  i J  ]

/?, i + i f l u  "

Wang, F . T. f ? J page 150 .
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These a re  s a t i s f i e d  s in c e

k -i

/  t h i )  /

L  -  (

and th e  f i r s t  term  on th e  r ig h t  s a t i s f i e s  th e  in e q u a l i t i e s  upon 

in te g r a t in g  ( 8 .1 ) ,  ( 8 . 2 ) ,  and ( 8 .3 ) ,  and th e  second o b v io u s ly  

s a t i s f i e s  th e  th r e e  c o n d i t io n s .  T h er e fo re , th e  term  (8 .1 6 )  i s  o ( l ) .  

In  e x a c t ly  th e  same m anner, we ca n , in  g e n e r a l,  show th a t

(8 .1 7 )  *
X k

X ,  ( ■ $ » -  X  -k-i d r y ; .  k~ty n-3i

J
' b j

2+3 i

(8 .1 8 ) /  v  ? a O  / X X ' 1 !

(8 .1 9 )
t  . . h
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s in c e

(8 .20)
-x A *. *■

i n  ' V j
r

where jrXT) /  kl±J.
/ •'>'7

/•J7 2 .

The f i r s t  term  on th e  r ig h t  o f  ( 8 .2 0 ) ,  upon in te g r a t in g  ( 8 .1 ) ,  

( 8 .2 )  and ( 8 . 3 ) ,  o b v io u s ly  s a t i s f i e s  ( 8 .1 7 ) ,  ( 8 .1 8 ) ,  and ( 8 .1 9 ) .  

The second  term  w ith  g (v )  ■+ g ( - v )  — ? 0 g iv e s

-*
I f

,  j)

•V)

f)

&h})
i -

0 1

! ' t-1. 7) -i
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m u lt ip lie d  by

k

K " (£y  V
< -  i

T h erefo re , (8*17) h o ld s and, in  a s im i la r  manner, (8*18) and (8 .1 9 )  

a lso *

Now th e  term s o f  F c o n ta in in g  F ,,  ( i  * 0 , 1 , •  • *, k - l )  .
y  f > ( y

and t h e  term s F i  > 3k , w hich are  o f  th e  ty p e

!)

^  I  r:.yir— 2 { X X  !; i  A r

-n j '  J 0 ^  ’

are o ( l )  as above*

We are th e n  l e f t  w ith  th e  term.

— - - —  -  /  /  ' w  Z .  ^  ^  - r  V  >+ r i  /

w hich must be shown o ( l ) .

/ ---------—----- '---------   r  I /  AT <? / 1
k /if - . / / -  ' V '
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L et

and break up th e  in te g r a l  o v e r  th e  fo l lo w in g  r e g io n s , c a l l in g  th e  

fo u r  in te g r a ls  H, ,  ,  H, ,  and s

H ,  : < ° ' ° i  £ , i )  H .  : ( * < t  ’> t >*)

/-/ : (± , '>  »;*) H r • &>* : ’J)

I n te g r a t in g  H. b y  p a r t s ,  we have

i

I ; ^  ' (fTy W  t  j  ^  J.J
^ K! ~t r  ’ ' r 1

/

+A  //>» / f*\ /
I / * ' * H■4 'J * . / / "'\/ /x f- j I
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a r-
~ /y ? \

r\ / ' j- *.; ,^-vt ✓n /
A  * , ;y y - T ~ "

,-tf t /  X :'f .
/? / f-

W

r  ‘ A

I f  f  j  -'■'A-t-, ^

A ' ~ ~ F ~

- /IT*, ^  t  J s tJ r  
i r

. /y>/ T̂*7 'n  5
^  ■ r

/  <̂ ra -n 7 yA y/'

l e t  us sa y  I ,  + I  -r- • • • -̂  I  .1 ,z 7

O b viou sly  A  (°» 0 )  s  0* and by (8 » 1 7 ),!f/f

T - - t ,

4 r
o

A t 4 r

o{ T
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/f ^ I  «  o ( lo g  m) ( lo g  n)

and a s  in  I*

I j  s  o [  ( lo g  m) ( lo g  n )  ]  ■

lu.  -  0  [  ( lo g  m)^ ( lo g  n y ] 7  in  e x a c t ly  th e  same manner a s  I
P A  ̂ ]

1 f  = o l  ( lo g  m) ( lo g  n ) J  j  in  e x a c t ly  th e  same manner as I

*■ i  / * .
1J , /  < i  J ( J j + f  j r  J  A T ,

/e>

andy th e n , in te g r a t in g  a s  in  5 to g e t

1 /  * o J ( lo g  m) ( lo g  n ) * ] -

| / N ^  ^  7 / A T J  (Xr-Tj j )  M .

j fi
1 9 s  o | ( lo g  m) ( lo g  n )

I 9 * o /  ( lo g  m) ( lo g  n )  ]  as I ?
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f  ft -PI
J f «  o j_ ( lo g  m) ( lo g  n )  J

f  ft
T h er e fo re , E, *  o / ( l o g m )  ( lo g  n )

I n te g r a t in g  E^ by p a r t s ,  we g e t  th e  term s

,  and we tu rn  t o  •

-K >

I  h  f t  T )  -1-^  ’ >> ('>!■. C<P> t
' t /  '  ^  7  / ----    '

/■■ i Tkf

■ i /&■

(‘t f ) ^  7~ i A' -  d r
/

/ / ’f f  ;/ /  , / <■►» ? ‘•’♦I c
., V  -trj  ------------------------

/ ht  ( T
-mt II

T '

w hich we s h a l l  c a l l  J  ,  J, ,  J, ,  and r e s p e c t iv e ly .

J ŝ is-ri '*+% T"/
J   ................

3 - ^ t f  / ? /  •

r  ̂ ~
J, -  o I ( lo g  m) ( lo g  n ) ’ /.
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X
/  A , +

"~a ~ *]) ^ !?- I c*r u ~~ ^; t?L,-i■ K/ f  ' p - ~  ' ~ '

* *
{+ SL) « f

f - '
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/  '/m / X  X  -  • •*-*« -?• •'.« £r±J2jr -  -±r^__.i'°‘/ X 7.
I X k ? ' ~ ‘ ^  /

4-I

I n te g r a t in g  b y  p a r t s ,

> !>

i f i -  7
X k J £ . H  A t

X

u , /f L k h  f
A

H i !’
t

■&2 ~r  j

,H

t  k
X vy

/  .

The f i r s t  two term s are o [ ( lo g  m) ( lo g  n ) X  ; and in te g r a t in g  th e  

th ir d  term  by p a r t s ,  we have
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L et u s c a l l  th e s e  J, » > Euid r e s p e c t iv e ly .

Upon in te g r a t in g  ( 8 .1 5 ) ,  we have

j  X f/ ^ /  $ H c< ( £ ? { )  ( ^ > )  ;

a r b i t r a r i l y  sm all p o s i t i v e  c o n s ta n t  by ch oosin g  q s u f f i c i e n t l y  la r g e
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U sin g  a g a in  th e  hound f o r  / ^ X /  (U*T) /  »

5 1  ^  -  f l Z  f j  I  — Z T '  c l /
T

I t  th e r e fo r e  f o l l o w s ,  fo r  g  s u f f i c i e n t l y  l a r g e ,  t h a t*

u ,

(M -j

I f

-r

¥  ( v  -- /  /  i ’" Z l  ^

H ere, and in  what f o l lo w s ,  t  s h a l l  d e s ig n a te  any a r b i t r a r i l y  sm all  
p o s i t i v e  c o n s ta n t .
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d> ( t ,  ? )  can  e a s i l y  be shown t o  b e , in  a b s o lu te  -value, l e s s  th an  

o r  eq u a l to

K 1 r i )  ( b  i J  /

and th e r e fo r e  I J.. I i s  l e s s  th a n  o r  eq u al t o

K  ' 7  ( l 7 tts -z . —
■ s  f .
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A.s a r e s u l t ,  we h a v e , f o r  % s u f f i c i e n t l y  la r g e ,

( r

j ;

'  M-*h

- * r  T */ +
(t/r j

■if

Cir<~ ■'I'J ' 

*?

In te g r a t in g  th e  second  in te g r a l  by  p a r ts  t w ic e ,  we have

J
2-

f'^y\ ^ f  ■'a- /"Hi ~C _ ,yx-i C
V t ~t

■4
? ! r>\ 7 -

.'Sl V ,7 /■

s /(» / r

A

X
V /

k.  J -

= J J -rv
in

J, ^
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from w hich  i t  f o l lo w s  t h a t

/  ik*
cr

(  I  . /f

f H -f J
J ' =  o  ( lo g  m) ( lo g  n )  / 4

r  L J

U( > / 
U  /  5

A  ^ Xr
t / x x v ! -  -  *'■

. f c

^  j  / JlsTTi -7— ) . TJ  Xt

J - o  ( lo g  m) ( lo g  n )

t-

I f  a g a in / f A  A th e n ,
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But <3/ (u ,v )  = Q  j u ( lo g  rr )  t  ( lo g  ^  )  /  ,  w hich makes

t

j J n'l  i  !\ ^  /  + K

4-V-?*\

t !

from  w hich i t  f o l lo w s  t h a t ,  f o r  s u f f i c i e n t l y  la r g e  q,
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I t  th en  fo llo w s  th a t  H; can be made l e s s  th a n  by p ro p er ly  

c h o o s in g  p and and a llo w in g  m and n  t o  in c r e a s e .  E j  can  be 

handled in  e x a c t ly  th e  same manner a s  H , • We have s t i l l  to  

c o n s id e r  H ,' t

hi

- j  / ')

/ ^  _ f± r j  r i f j r .

I t  can  be shown th a t

.t

t f

C(T<-

I f  we l e t

f

r U  /  r±t2L_2Lr A

'A=

in te g r a t in g  b y  p a r t s ,  g iv e s

( ± Tj  f  ( t  /
'  / f  -P

/ $
yVt-

ir
K (% v j  -V-

r- f

f  A S i A j L  ;f t  7 !  A t

A  7 ' L

/  7 ( >-/ (-/ >J ft it r I At A

- f-  /  -2-
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I f  we s u b s t i t u t e  th e  e x p r e ss io n s  f o r  R ( t ,  T ) in to  t h e s e  fo u r  

term s, we g e t ,  upon exp an d in g , th e  fo llo w in g  e ig h te e n  term s*

b

y/ ' k s
(tyj [)) f —

t"
- X

k~/ ,  4

hj - / c*-<. * ^  7  tp l f J r
'T
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/ 4 '* ( ”/*
+ / /  X  *T> £ £ . '  ‘a m  MJn - I f~\ u.v a±j=i xrw i

/  J  /  ^ 1 T  ?  3  /  /  9 / > _ /  ^  f  ^  - r ,

^ /5 *  ■ i  /X*1 /c7 ! S*

Ur\Z ~t c-r̂ t •'i /■ 7 “
- £ /
✓#-

l.-tr'i /
"ZTT^ X L T i l ^ T -

C<r<z- /> m?~
' X . V f r J

US' S S l  AT~. 
r 1

We s h a l l  d e s ig n a te  th e  above term s by 15; , ,  M, ,  • * • , M/s •

These term s can  be handled in  th e  f o l lo w in g  manner*

M, * o ( l )  •  o / ( l o g m ) ? ( lo g  n )"* 1 .
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M, »  o ( l )  -h o ) ( lo g  m) ,/f- o f  ( lo g  m) / •
*  ■ . J  -J

1I_, = o f ( l o g  m)  ̂ ( lo g  n ) H /  .

/ :^ f j  \  J l L

M ? *  o f  ( lo g  m. )* ( lo g  n ) < f  •

Ur-'t .

■ H  ? )
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« of ( lo g  m) ( lo g  n )  j

r, ,c7  f ;

r
 ̂  ̂ 7

= o/ ( lo g  m) ( lo g  n )  I .

/ /

M ̂  =  o [  ( lo g  e )  * ( lo g  n ) ^ J  .

. /  I
7 -

sit

/7-17 /'v?
/i r f  +

jj ^ ' " 7

)  /-**  n' a  s
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M? = oCD y- o

m7 = o [ ( l o g m)

s  o j ( l o g m /

M,
r

“ o j ( lo g m)f

1 J ; •/- o /(log m)A / •

i n  th e  same manner as M .

/ * „ /  < X- / ) ' M 4 r .
i • sr>i s~> \ i  /  i ... i>Jy'/J? *->> /  /  J  '7>

i - 4  f  '

I n te g r a t io n  by  p a r ts  g iv e s

< X  U ' r[ r r ^ , T ^ j A  x  s  y , S
—  .*.^1 , / ;  ,4 /  /  -'■7 -'2

1 /

, £
(  ■ I f '  f  ^  /  /

/ /  / / V A  . , , Z 7  /
+  — ■ /  p r , i  I I ^

4 _  ' r  c * * "  " y

r# .-0

t  ~ — I  i ~ J - , ■=/ /  /  ~ ,u - , iv
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w h ich , u s in g  ( 8 .1 9 ) ,  i s  equal t o

£> (’J
/<

f ’ f

K
- - - ' ■ ■  /  — ■ j
<7 ,r  ■■ (J  f  y

H -f
These term s can  be made l e s s  th an  f  ( lo g  m) Clog n )  ,  i f  

we ch oose  p and q la r g e  enough. Both th e  term s M , and K IS 

a re  s im i la r  t o  and can be hand led  i n  e x a c t ly  th e  same way as M .

r i j  4 - A- /  /  m J r

■>7
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O'.U j .  ;,&j  'K.) ■+- ° ^  jtr^  ■{£crar ^ )  j .
J  'J

By ch oosin g  p and q s u f f i c i e n t l y  la r g e  and then  l e t t i n g  m and n  

become i n f i n i t e ,  we can  make

I V , ,  (
" ' < (r

V
5 j ->«7

< '„ k  / ' ^
f -  — (................  / - ^ A -  j  f U i - f  'ir '

j g. c?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



86

T h er e fo re , f o r  p , q , m, and n la r g e  enough

I n , -M— _ <
p ft ■ r o

; "*** I { ^-j  'M )
' 0 J

M,y can be handled in  th e  same manner a s  M •

n j  i  ,4  n - j f  n  j f

w hich  b ehaves a s  t h e  above ter m s.

/  *
// n  /  /

> n , i  i ,  4  ' n  P i  T‘ ŝ i > A r

The i n t e g r a l ,  when handled as in  II t/ ,  g iv e s  u s

k -f
and/M/?/  can  be made l e s s  than 6 ( lo g  m) ( lo g  n )  b y  c h o ic e  o f  

la r g e  p and q . M/=, can be hand led  in  th e  same manner as Mr  •
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ly .--1

I t  now f o l lo w s  t h a t  d iv id e d  by ( lo g  m) ( lo g  n ) can

b e  made l e s s  th a n  any p o s i t i v e  q u a n t ity  b y  ch o o sin g  p and q s u f f i ­

c i e n t l y  la r g e  and th en  l e t t i n g  m and n  become i n f i n i t e .

I f  we now ch o o se  h s u f f i c i e n t l y  s m a ll , and p and q s u f f i c i e n t l y
ft A

la r g e ,  and th en  l e t  m and n  become i n f i n i t e ,  R ^ can  be made to
/

d i f f e r  from  zero  by  a s  l i t t l e  a s  we p le a s e ,  w hich p roves our theorem *

9 • C on d ition s f o r  Sum m ability  (R ,2 ,  f ) o f  x  D erived  S e r i e s .

Vie now turn  t o  lo g a r ith m ic  su m m ab ility  o f  d er iv ed  s e r i e s .  L e t  th e  

(m ,n )th  lo g a r ith m ic  means o f  o rd er  (k , -f ) o f  th e  s e r i e s  ( l « l )  w ith  

r  •  1 ,  s  •  0  be

1 C'-n

I f  t h i s  ten d s  to  a l i m i t  S ,  we sa y  th e  p a r t i a l l y  d e r iv e d  F o u r ie r  

s e r i e s  o f  a fu n c t io n  f  ( x ,y )  w ith  r e s p e c t  t o  x  i s  summable (R ,k , J  ) t o  

sum S .

i "■*U y ( .

Theorem 7 .  Suppose J_i_c _1_ i s  in te g r a b le  f o r  a l l  v

and a l l  u on ( 0 ,  ij ) where f) /  0 ; i f  th e r e  e x i s t s  an in te g r a b le
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fu n c t io n  g (y )  p e r io d ic  in  y  such t h a t  G (v) = z j j i (y  +- v )  +- G (y -v ) -?S

as v  —> 0 f o r  some y  where th e  f u n c t io n  G("ir) s a t i s f i e s  th e  in e q u a l i t y

/  / / / , , , -
( 9 .2 )  /  7 Xif......... ...  —

/  L  + ~c "  y-•'c /

and i f  th e r e  e x i s t s  a p e r io d ic  in te g r a b le  fu n c t io n  h (x )  which  

s a t i s f i e s  th e  c o n d it io n s ,

( 9 .3 )

I X .  ■' A '/•* T ■= 0  L  l~ ' 'X  J  ,W CK.U' ^

th en  th e  s e r i e s  ( 1 .1 )  w ith  r  * 1 , s ■ 0 i s  summable (R ,2 , - / ) •
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I f  tub in te g r a te  ( 9 .2 )  w ith  r e sp e c t  t o  y  from zero  to  ,  

we have th e  c o n d it io n

,L{

-  A  I  •(/ -e. r

T

h o ld in g  f o r  a fu n c tio n  o f  x ,  i . e .  / _  f ( x , y )  dy, where Y^  JJ ' t o

i s  form ed w ith  t h i s  fu n c t io n  o f  x  and A i s  a c o n s ta n t .  As a r e s u l t ,*

£ A  : c i s  summable (R ,2 ) ,  and we may th e r e fo r eth e  s e r i e s  /  <• ---------
; *  /

c o n s id e r , w ith o u t  l o s s  o f  g e n e r a l i t y ,  t h a t  t h e s e  term s are z e r o .  

L et us now ta k e

/ \  ( t  T J -  L jy  ( - t  r j  _ ^  r  t

U sing th e  symbol * a s  a  su p e r s c r ip t  in  th e  same manner as b e fo r e ,

,V i - 7 + J ^  1 1 = r , .  itT)
. -J

We now m u lt ip ly ,  a s b e fo r e ,  by  th e  fu n c t io n s  L ? (mt) and L / ( n r )

Wang, F . T . [ a ]  page 2 3 8 .
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and in te g r a t e  from  0 t o Then

/ '
-tj /  >/ 7-y ( r r i s t t ' A r ^ .

A i ~t /_> _ ty' -n 7

and, u s in g  ( 8 .1 2 ) ,

L>̂  TJ  Ls ̂  ?J X  /T T-J r  j  '*V  Jf X
' ^  ly _ d J 7-

, / C/Ur,
0  7 J

A

T h er e fo re ,
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We b reak  th e  in t e g r a l  up in to  in t e g r a ls  o v e r  t h e  r e g io n s  (8*13) and 

c a l l  th e  in t e g r a l s  A» B, C» and D i s  o ( l )  a s  in  s e c t io n  8«

„  3 V . /. . .

7  S
ytt' -0-7

— FT- ., i '

.-X5

j  i  (-'TJ i  l^ v  X ' h  rjhJMJr r j  j 'L  ("vL /-O' h t y . l t 4
[ l£ert\' j  ' / C Jh Sp

where

j )  ( V '  ?J z  r  M ( t 'J  - / -  J)  7 “  T

The f i r s t  term  i s  o ( l )  b y  c o n d it io n s  (9 » 3 ) and th e  m ethods o f  

s e c t io n  8 .  The secon d  term  i s

J) OC /  *

j  i ( h ? )  r  A t /  L v 'n' V  / /  CtrJ M t + ^  j  ^  (« y  Is M r J  J_ y  - = ■

/  y* // j  //j
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But

'' * ' 7 7 ( ~  ' ^L; h7S  T A7 j  = f  j  7 L ‘ < ~ V  l ^ r  ' •  > /  / L l h r j t J

and a ls o

I I 7 L ^ n r ) A r i  C i  /  / i v ' r v /  r  !i I  / L ^ r f . U .
/ --n

The f i r s t  term  i n  each o f  th e  above i s  0 ‘. b y  ( 8 .1 1 ) .  In  each  

c a s e ,  th e  secon d  term , u s in g  ( 8 .9 )  i s

O/ T
,3

S*\

A gain u s in g  ( 8 .9 ) ,

/  /  A  ^  /  / / / / /  ^ ^  * I ^ t r ,  7 '  / ^ . / r i  /  ,

/  ^  J L
'i
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from w hich  i t  fo l lo w s  t h a t  B * o ( l ) .

C'1 Tj  ■■! r / f~ L. (”i £/

L et

X  ’ /H V Xtf

and in te g r a t e  by p a r ts*  Then

r ,  *u  ̂: s, P /  (Jirzj ™ )  f£m j „ij / ; 7

r i ^ - v  7 ( / a ( t rJ  A

K 2 i
SJ.ll /7’J

ill
/

/
L r (r» ' /  ['’" f (-‘z. i- Ljc" LjJ .X ‘ r-y ^ r .X ,

A'
oo b

/  I f  :r rj f  ^ , - r  (■’•’ tJ  i- L ^ v ^ v ]  7 < / «  f r V  ^  ^

i L c
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S in c e , by ( 8 .9 ) ,

( .  r   ̂ j. /

i

' £ ■¥■
and, by  ( 9 .2 ) ,  ■"/. ' (u) = o ( u ) ,  i t  f o l lo w s  a t  once th a tC o

Cx = o ( l ) .  Nowt f o r  mt ? 0 ,

( 9 .4 )  -r f a y  +

and f o r  mt }  2

( 9 .5 )  t  l ^ l T  f j ]  -  O  ~’ t ) ,

Wang, F . T . [ - J  page 2 3 9 .
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C/The f i r s t  term , s in c e  ' X  ' (ST/ $ )  = o { t )  f o r  a l l  r , i s  eq u a l t o
C- o 
y

l/ J / !I\ +* I ;
:— r r r ~ ,  I (n7J

L T  V  cl ■

w hich i s  o ( l ) ,  s in c e

CO
(

L  „ i™ TJ  4  --

The second i s  l e s s  th an  o r  equal t o

(■hr^_ * v \T  ) // y
3 T *'-n I

f ' t

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



96

v/here 4' (7S *s in te g r a b le  on 0 t o  ^  ,  and t h i s  term, i s  th e r e fo r e  

o ( l ) .  In a s im ila r  manner, u s in g  (9»5)»

f  -  h -Z L ------- /  i  T:-r' ' I

-/-............1......-.. /  / J/r- r ] (  / /  ‘̂  mJ M- f  Jr.4 4 . ,  < ■ -  y i  ^  * I J
i i iT J  -Til .• I I t

 ̂ ;/ 1 9 ■ /(f

The f i r s t  term  th e n  i s  equal t o

(u- '/VA-, ;-m l Lt<?"7T /

\ f t  M  ™'tr  i t - I  /

c / .̂ -

but t h i s  i s  o ( l ) ,  and th e  second t e r n  i s  equal to

U Il\ it t "  T J  > o f)  (  , ' T  /  j

/  jl "t~ \
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w hich  i s  o ( l ) ,  and we f i n a l l y  have C i t s e l f  o ( l ) ,  and on ly  A l e f t  

t o  c o n s id e r .

/ 7 *
T   ---   ± I /  J_ \ ~ t l i_ V” r ’ ^ V

r V /

I t  i s  e a s i l y  shown th a t

/  'X - 7  -7 -7  J - j ' ~ j r  <tv 'A t

and

£  ^  x  ' -•//" - * / T o  / t  ~  ,
i  ^  /  .I,-? / ,-*1

^  X (  - x .
fJT

T h er e fo re ,

i  , ?
’I
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S in c e  G (v) — S a s  v  — ? 0 , we c a n  u se  (9*2 ) w ith  G (v) r e p la c e d  by  S 

and we now have o (u )  as v  ten d s  to  z e r o  a s  w e l l  a s  u . Then

( t , T  ;S ) can  e a s i l y  he shown t o  b e  o ^ t ( lo g  '/') j  a s b a11̂  

ten d  to  z e r o . Then

/
A /^  .

r A >  .1- ,  / / X  f  (

The s u b s c r ip t s  c f on th e  square b ra c k e t demand th e  same p r o c e ss  o f  

in te g r a t io n  as was perform ed on -X   ̂ ,  and th e  fu n c t io n

~ 7 \ (b» t  , S ) .  The fu n c t io n  in  b r a ces  s a t i s f i e s  in e q u a l i t i e s  o f
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th e  typ e  ( 9 .3 )  w hich makes each o f  th e  i n t e g r a l s ,  and h en ce , th e  

w hole term  o j~ ( lo g  n ) 4] •
L.

U sing t h i s  in e q u a l i t y  in  A, we f in d  th e  fo llo w in g  e x p r e ss io n  

f o r  A w ith  th e  h e lp  o f  ( 9 .4 )  and ( 9 .5 )

T h is i s  equal t o

w hich i s  o ( l ) .  We th e r e fo r e  f i n a l l y  have

■J  v -  r /  /  \
( \  i - ,  y  -  -  3 , V .

' "  J  , V

*
Wang, P . T . [>] page 150.
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1 0 . C on d ition s f o r  Sum m ability (R ,2 , 2 ) o f  Qc,y) D erived  S e r ie s < 

We now tak e th e  s e r i e s  (1 .1 )  f o r  r  »  1 , s = 1 and p roves  

Theorem 8 .  I f  J  .w f ki^j

(1 0 .1 )  /  /  /  % I V J ~  j l  ‘i f A r  * o )  j

(10 .2 )

and

/  °f ~  &  f A 'f -- ‘  j r  ' m T
i- i-r

(1 0 .3 )  /  'j/  J  % / l A T  _  } A  ; » j  I  A t  r  * , v ,  w

where G (v) and H (u) are d e f in e d  as ab ove, th e n  th e  s e r i e s  ( 1 .1 )  

w ith  r  « 1 ,  s * 1 i s  summable (R ,2 ,2 )  t o  sum S . L et
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Then

X  h  7j S  ■ '~v ~ ) -I- j  l } ^  ij ‘ T F

k> ' 'm u lt ip ly in g  n L . (m t) and L _ (n ~ ) ,  and in te g r a t in g  as b e f o r e ,  we have

/ X ft 3 ) JrJ?

X
-f-

\  0* ,
/  [ y /4 . . I ‘—i. P* *) -':û 1 < ^ -'-’i t  j  y=-?jy y  ̂ r,

/
, 7 -•'

The use o f  c o n d it io n  (8 .1 2 )  g iv e s  us

-f /
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But

C J .  — ~ — , /  f h  ? )  f a ? ) *  a  A- . j

so  t h a t

e* . f*
-V > - f  /

,/?„ / —  C -- - t  _ ^ £ l r _ — /  j  L r ' TJ M-slr.
- '' 7' i-i ^  7”"1 /" " '’*//? ) ■ / /f iT i - ^ 7/ ■ ’’>f • /  y y' '

L et u s break th e  in te g r a t io n  up o v e r  th e  r e g io n s  (8 .1 3 )  and name 

th e  in t e g r a l s  A , B, C, and D . We f in d  th a t  D i s  o ( l ) ,  as in  

s e c t io n  8 .

-r

H' f ^' ,'y*y .si-i

I f  we d e f in e
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we f in d  th a t

~X ^ ( f' T . C - )
J  y

r L r ; ?]

and a s im i la r  e x p r e ss io n  f o r  ( t , r ) ) in  term s o f  ~X Ct#r ,H ).  

S u b s t i tu t in g  t h i s  e x p r e ss io n  f o r  >  ( t ,? ; .>) in  th e  in t e g r a l  f o r  C, 

we g e t ,  a f t e r  an in te g r a t io n  b y  p a r ts ,

/ L / ”VJr j -  /  j-[* Lt '( - v ]  (t/r^J At + /  t  Lt h V ^  c/^jJ f

where

t I

L C
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By our h y p o th eses  (t» 'r  ,G) -  oOO • T his w ith  th e
Y

i n e q u a l i t ie s  ( 9 .4 )  and ( 9 .5 )  makes th e  f i r s t  in te g r a l

S in ce

/  *
/

i s  o b v io u s ly  6  (u )

F
j  *  'J  j-v-v ? A ?  -  c  / -------- /  - /

and

( '"Y  LriTJ A y

th e  second term  s a t i s f i e s  th e  same in e q u a l i t y  as th e  f i r s t  and 

C ® o ( l ) .  B, in  th e  same m anner, i s  a l s o  o ( l ) .
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I f  we in te g r a t e  A by  p a r t s ,  we o b ta in

4  -  ^  |  t  T Y ĉ ( r r j J

,7 ... *7
•H1 /- _ I ; / r , f I

(iLj. f ( Z y ~ ) X

K
Z 3..mi m

(JtrTj. V
j \_
_

k
■> i

.■771

X  7> /  '(>»rf t L ! ( ™ V (  M -
c, ‘- ■' •' ' J-f-L -  ji f -  , /

> 7 -* ,

■ ■/ “ / - 3  /  /„) / “A

We s h a l l  d e s ig n a te  th e  term s on th e  r ig h t  by A, ,  A , ,  A , ,  and A 

S in c e  L , (mt) • (n r ) = 0 ( 1 ) ;  t  t  ' /  ( t , ' 7' ) ~? 0 as t  and

^  - ?  0 ; and ^  ‘ X  (m.; ) (nr, ) = o ( l )
,y J   ̂ !/ '

f o r  mi) > 2, and n  h > 5 ;  A ( * o ( l ) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



U sin g  now ( 1 0 .1 ) ,

and by ( 9 .4 )  and ( 9 .5 ) ,

JL

A, / I M i

~ o ( l ) .  In  th e  same manner A , = o ( l ) .
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S in e s  X  ( t ,T.S) s  o ( t  T ) ,  A now i s  o ( l )  in  a manner
CC '  '

s im i la r  to  A^ .

We have th u s shown t h a t

-  j  = °t u  j
y

which i s  th e  requirem ent f o r  sum m ability  ( R ,2 ,2 ) .
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