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Virtual Masses and Moments of Inertia of Disks and
Cylinders in Various Liquids
YEE-TAak Yu
Department of Physics, University of Cincinnati, Cincinnati, Ohio
(Received August 12, 1941)

The effective mass or moment of inertia of an object in a liquid may be considerably greater
than the corresponding value in vacuum. Hence many applied dynamical problems require
the use of effective rather than actual values. Herein is reported an experimental method,
making use of a torsion pendulum, for determining the increase or “‘virtual’”’ moment of inertia
or mass of an object due to a surrounding liquid. Actual data on disks and cylinders in water,
gasoline and carbon tetrachloride are given. Experimental and theoretical results are compared

where possible.

INTRODUCTION

T is an important, yet not-too-well recognized
fact that the effective mass of an object in a
liquid is considerably greater than in a vacuum.
This, of course, is due to the fact that when the
object is set in motion the surrounding liquid is
also set in motion. The increase in effective mass
will be referred to as its “virtual” mass. Its
increase in moment of inertia about any given
axis will be similarly designated. Numerical
values of these quantities are, in general, not
negligible. Indeed, for certain objects such as a
hollow sphere or cylinder in water, virtual values
may far exceed actual values.

There are many dynamical problems in which,
if all or part of the system is moving with
acceleration in a fluid, it is very necessary to
take account of the above-mentioned virtual
quantities. As a simple example the under-sea
acceleration of a submarine, for a given force
applied by the propeller, is considerably less than
it would be were it not for its virtual mass due
to the water. The same statement is, of course,
true regarding the acceleration of a dirigible. In
the design of lighter-than-air craft the virtual
mass is taken about equal to the mass of the air
displaced. In any and all mechanical systems
where parts are vibrating in a fluid, virtual
moment of inertia and mass may be extremely
important. As a simple example, the period of a
torsion pendulum may be fifty percent greater
in water (depending on its size and shape) than
in a vacuum. Hence it is clear that, from the
point of view of applied physics and engineering,
this problem has considerable importance.
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The following is a brief description of an
arrangement for the experimental determination
of virtual moments of inertia and masses and a
summary of results obtained for disks and
cylinders in water, gasoline and carbon tetra-
chloride. These liquids were chosen because they
vary widely in density and the viscosity of each
is low.

EXPERIMENTAL ARRANGEMENT

The apparatus was essentially a torsion
pendulum (see Fig. 1) consisting of a tightly
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F16. 1. Apparatus for the determination of virtual moments
of inertia and masses in various liquids.

stretched piano wire P, mounted on a rigid
frame F, and a thin cross-arm fastened rigidly to
the wire near its midpoint. Exactly similar disks
or cylinders DD were fastened at either end of
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the cross-arm. Since the frame was portable, it
was easy to submerge the pendulum in any
liquid. Dimensions of the apparatus and the
cylindrical tank for the liquid are given on the
figure. As will be shown in what immediately
follows, the only data necessary for the deter-
mination of the virtual moment of inertia of the
oscillating member and thence the virtual mass
of either object D are, except for certain con-
stants, the free periods of oscillation of the
pendulum in air (assumed to be the same as in
a vacuum) and in the liquid.

The period of a torsion pendulum is given by
the well-known expression

K b2y}
T=27r/(——— , (1)
JaYE

where in this particular case K is the torsional
constant of the wire, I the effective moment of
inertia of the cross-arm and parts attached and
b is the damping factor due to the liquid. The
quantity b/21 was determined experimentally, in
the usual manner, for several cases and (b%/41?)
proved to be negligibly small compared with
K/I for the liquids used. As an example, the
period of disk A4 in water was found to be 1.705
sec. and b/21 equal to 0.11. Applying Eq. (1) we
find the numerical value of K/I to be about 13.6
which is approximately one thousand times the
value of (b2/4I%). Neglecting (b%/41%) we get

Ia } Il 4
Ta=21r(—) , Tl=27r(—) , (2)
K K

where the subscript a indicates values in air and
I values in the liquid. The virtual moment of
incrtia of the entire oscillating member due to the
liquid, is given by

K
Li=I—I,=—(T:*—T.?%. (3)
472

Hence, by merely determining T, 7 and K the
virtual moment of inertia of any pendulum ar-
rangement can be found from (3). In this work
K was determined in the usual manner by a
separate experiment. In the course of the experi-
mental work two wires were used, one in water
and carbon tetrachloride with K=1.158X10?
and the other in gasoline with K=1.125X10°%
dyne cm.
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It is now clear that the virtual moment of
inertia of either object D is given by

s(Ii—1,)=1,, 4)
where I, is the virtual moment of inertia of the
cross-arm alone without DD attached. Using this

Taste 1. Data for the determination of the virtual mo-

ments of inertia and masses of disks in water (motion normal
to face of disk).

Tw Ta L r 1, 1, M,
Disk  SEC. SEC. cM M G Cm? G cm? G

A 1.705 1.475 11.63 1.27 .214X10®  0.965 X10? 7.1
B 2,000 1.690 11.84 148 .214 X103 1.570 X103 11.2
C 2.310 1914 12.04 1.68 .214 X103 2.346 X103  16.2
D 2.720 2.200 12.29 1.93 .214 X103 3.645 X10%  24.1
E 3.880 3.002 12.86 2.50 .214 X103 8.754 X103  52.9
F 5.030 3.750 13.36 3.00 .214 X10% 16.375 X103 91.7

value of I,, the virtual mass M, of D can be
computed with a fair degree of accuracy from
the relation M,L?=1, where L is the distance
from the wire to the center of D. Making use of
(3) and (4) this relation becomes

17K I
M, =—[—(T,2— T.?) ——]. (5)
L 872 2

I, is constant for all experiments in a particular
liquid.

EXPERIMENTAL RESULTS

Detailed results obtained with lead disks, 3.4
mm thick and of various radii, in water are given
in Table I. These data were taken with the plane
of each disk parallel to the wire (motion per-
pendicular to the face). Graphs of I, and M,
plotted as function of the cube of the radius, 7,
are shown in Fig. 2. M, is directly proportional
to 3. This is to be expected from theoretical
considerations which will be discussed later. The
relation between M, and r is represented by the
simple empirical relation,

M,=3.411%p, (6)

where p, the density of the liquid, is unity for
water.

An analysis of the results obtained with the
plane of each disk perpendicular to the wire
shows that M, varies as the square of the radius.
The empirical equation relating these quantities
is

M,=0.4r%. )

JOURNAL OF APPLIED PHYSICS



The experiments described above were re-
peated in gasoline (p=0.734) and in carbon
tetrachloride (p=1.574). In cach case the experi-
mental values of I, and M, were found to be the
same as those in water multiplied by the density
of the corresponding liquid. See Table II. Hence
it is clear that I, and M, depend directly on the
density of the liquid and for these experiments
Egs. (6) and (7) hold for any of the three liquids.

For the experiments on cylinders, thin-walled
brass tubing 1.27 cm in radius were used. A thin
metal disk soldered at the center of each tube
made it equivalent to two cylindrical cups placed
base to base. Table III gives the results in water
when the longitudinal axis of each cylinder was
placed perpendicular to the wire. Curves 1 and
2 in Fig. 3 show the variation of I, and M, with
the length of the cylinder, k. For the range of
values of % used in these experiments, M, can
be represented by

M,=(T145.1h)p. (8)

This has considerable significance since (8) can
be written in the form,

M,=(3.413+xrh) p, 9)

where 7 is the radius of the cylinder. It will be
noticed that the first term of (8) is just the virtual
mass of a disk having a radius the same as that of

TaBLE II. Virtual moments of inertia and masses of
disks moving normal to their faces in gasoline (p,=0.734)
and in carbon tetrachloride (p.=1.574).

n M, 3.41r3p, 1. M. 3.41r3p,
Disk G cm? G G G cm? G G
A 0.703 X103 5.2 5.1 1.542 X103 11.4 11.0
B 1.135 X103 8.1 8.1 2.423 X103 17.3 17.4
C 1.739 X108  12.0 11.8 3.625 X103 25.0 25.4
D 2,704 X103 179 18.0 5.758 X103 38.1 38.6
E 6.533 X108 395  39.1 14.182 X103 83.8 83.9
F 11.995 X103 67.2 67.6 25.865 X103 1449 1449

TasLE III. Data for the determination of the virtual
moments of inertia and masses of cylinders moving parallel
to longitudinal axis in water (I,=0.214X 103 g cm?).

Cyr- Tw Ta L r h I, M,

INDER  SEC. SEC. oM ™M oM G cMm? G
A 1.520 1.051 11.63 1.27 1.10 1.658 X103 12.3
B 1.810 1.260 11.63 1.27 2.15 2.369 X10? 17.5
C 2.280 1.580 11.63 1.27 4.11 3.856 X103 28.5
D 2.660 1.860 11.63 1.27 6.11 5.180 X103 38.3
E 2.960 2.060 11.63 1.27 8.00 6.519 X103 48.2
F 3.270 2.260 11.63 1.27 10.00 8.085 X103 59.8

VOLUME 13, JANUARY, 1942
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F1G. 2. Variation of I, and M, with the cube of the radius.
Motion perpendicular to the face of the disk.

the cylinder and the second term is just the mass of
the water contained in the cylinder.

Results when the longitudinal axis of each
cylinder was placed parallel to the wire are shown
graphically by curve 3 in Fig. 3. This straight
line is represented rather accurately by

M= (9.8 —10.1)p. (10)

Undoubtedly this curve would not continue on
in the direction of the dotted portion, for
cylinders of very short lengths (thin disks).

Experimental results with the cylinders in
gasoline and carbon tetrachloride were again just
the same as those in water except for the proper
density factor (see Table IV) so that Egs. (9)
and (10) hold for any of the liquids.

COMPARISON OF RESULTS WITH THEORY

Considering the kinetic energy imparted to a
liquid by the motion of a body through the
liquid, Lamb! has obtained thecoretical expres-

!'For results here given see Horace Lamb, Hydro-
dynamics (Cambridge University Press, 1906), third edition,
Chapter V, pp. 102-150. :
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sions for the virtual mass of variously shaped
objects. His theoretical relation for the virtual
mass of a disk of radius 7, where motion is per-
pendicular to the face, is

(11)

M,=-rp
3

and for the virtual mass per unit length of a
cvlinder of radius 7, where the motion is per-
pendicular to its longitudinal axis, he obtains the
relation,

M,==rp. (12)

The theoretical results of Lamb are based on the
assumption of a ‘perfect’”’ non-compressible
liquid which extends to infinity in all directions.

Except for a constant factor, experimental
values of the virtual mass of a disk moving per-
pendicular to its face agree well with the results
of Lamb. Comparing Eqgs. (6) and (11) it is seen
that the experimental values are about 1.28

3
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F16. 3. Variation of I,and M, with k for a cylinder in water.
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times greater than corresponding theoretical
values. This may be due in part to the fact that
water is not a ‘‘perfect” liquid and that the
vessel was by no means infinite in extent.

TaBLE 1V. Virtual masses of cylinders with motion parallel
to their axes in gasoline and carbon tetrachloride.

CyL- M, (3.41r347r%h) pg M. (3.4173 +mr?h) pe
INDER G G G G

A 9.2 9.2 19.8 19.8

B 13.0 13.1 28.2 28.2

C 20.9 20.4 43.2 43.8

D 27.9 27.9 59.9 59.9

E 35.1 34.9 75.0 74.8

F 44.2 42.3 92.0 90.8

No known theoretical relations are available
with which to check the other results herein
reported. However it might be expected that the
experimentally determined increase in M, per
unit length of a cylinder moving perpendicular
to its longitudinal axis could be compared with
Eq. (12). By (10) this increase is 9.8 which is
about twice the value of n7%p for the particular
size of cylinders used. Considering the fact that
the cylinders were hollow and thus filled with
the liquid, this result checks very well with the
result of Lamb.

CONCLUDING REMARKS

The method herein presented lends itself
readily to a rapid and accurate determination of
virtual moments of inertia. Indeed the virtual
moments of inertia of any object of any shape
substituted for the cross-arm of Fig. 1 can be
determined at once. For long cross-arms the
method employed undoubtedly yields good
values of virtual mass for the objects DD.

Besides giving actual data with corresponding
empirical equations, which it is hoped will be of
service in applied problems of physics and en-
gineering, the results here reported verify the
general theoretical conclusions that, the virtual
mass of an object depends on: (1) its size and
shape; (2) the density of the surrounding liquid;
(3) The direction in which it is moved relative to
certain axes taken in the object. In addition to
1 and 2, the virtual moment of inertia of an
object depends, of course, on the axis about which
it is taken.

JOURNAL OF APPLIED PHYSICS
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The Double Torsion Pendulum in a Liquid

YEeE-TAk Yu
University of Cincinnati, Cincinnati, Ohio .

T is believed that the usual course in analytical
dynamics would be greatly improved, from
the point of view of student interest and clear
understanding, if more specific demonstrations
of the topics treated were presented.

The double torsion pendulum in a liquid
affords an excellent concrete example of oscil-
lation problems beyond the elementary type, and
has the added advantage of showing very clearly
the importance of ‘‘virtual”” moment of inertia
and mass in the treatment of any problem in
which all or part of the system is moving in a
liquid. It is the purpose of this article to describe
such a pendulum and to give typical data com-
paring experimentally determined values of the
fundamental periods of oscillation, both in air
and in water, with computed values.

Construction details are shown in Fig. 1. A
piano wire, 0.673 mm in diameter, is stretched
tightly between opposite sides of a rectangular
wooden frame. Two crossarms, 44 and BB, each
consisting of a slender brass rod with a lead disk
attached to either end, are rigidly fastened to
the wire as indicated. The lead disks have a
thickness of 3.5 mm and the brass rods are each
3.92 mm in diameter. All other dimensions are
shown in Fig. 1. Obviously these dimensions may
be varied to suit particular needs or materials at
hand. _

Since this is a problem involving two degrees
of freedom, there are two fundamental modes of
oscillation. One of these is represented when the
crossarms are moving together in phase and the
other when their motion is exactly out of phase.
With a little practice, it is quite easy to excite
either mode of motion alone. Hence the funda-
mental periods both in air and with the frame
submerged in water may be obtained experi-
mentally merely by timing a large number of
oscillations with a stop watch.

In order to compute the periods it is necessary
to know (a) the torsional constant of each section
of the wire, (b) the moments of inertia of the
crossarms AA and BB in air and (¢) their
moments of inertia in water. Each of these

quantities is determined experimentally by
making use of a simple torsion pendulum similar
to the one shown in Fig. 1 but having only one
crossarm. When the free period T of oscillation
of this pendulum in air is known, the torsional
constant k of the wire can be obtained from the

usual relation,
T=2x(I/k)}, (1)

where I is the computed moment of inertia of a
long slender rod used as a crossarm. To determine
a, the torsional constant per unit length of the
wire, use is made of the relation,

k=a(1/h+1/1y), (2)

where I; and I, represent the lengths of the wire
above and below the crossarm, respectively. The
numerical value of « for our apparatus was found
to be 1.51X10% dyne cm?/rad. Hence the tor-
sional constant for each section of the double
pendulum is given by «/Li, /L and a/Ls,
respectively, where L,, L, and Lj represent the
lengths of the wire indicated in Fig. 1.

TaBLE I. Comparison of experimental and computed values
of the fundamental periods.

In air In water
Period Experimental Computed Experimental Computed
(sec) value value value value
T, ©1.18 1.17 1.45 1.43
T 1.98 1.93 2.36 2.33

The slender rod of the simple torsion pendulum
is now replaced by the arm A4 from the double
pendulum and the periods of oscillation both in
air and in water are determined. Applying Eq.
(1) again, this time with k& known, the moment
of inertia of the arm and its effective moment of
inertia—real plus virtual—in water are com-
puted. A repetition of this procedure gives the
corresponding values for the arm BB. One can,
of course, compute the moments of inertia of
these arms from the known masses and dimen-
sions. Likewise, the effective values in water
can be computed from the known masses, dimen-
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sions and virtual masses.! However, the accuracy
of directly determined experimental values is
probably greater.

A brief outline of the way in which the funda-
mental periods of the double pendulum are
computed is given below. The Lagrangian func-
tion in generalized coordinates,

L=E—E,=} Z aiifii— Z €Ciiq:qj»
i ij

becomes, for the double pendulum in air,

L=1(I6:241.6,?%

Il « a a
—“[“912+—(0x—02)2+-—022], (3)
2 L1 2 L3
where I; and 6; represent, respectively, the
moment of inertia and angular displacement
from equilibrium of arm AA, and I, and 6, have
similar meanings for BB. Applymg the Lagran-
gian equation,
d aL) oL
di\ag,/ og

to Eq. (3), we obtain the two equatlons of
motion,
4)

)

@110+ 1101+ ¢120: =0,

220242101+ C220:=0,
where
(111=I1=0.701 ><104 g sz,
a2=1I1,=1.085X10*g cm?,
cu=a(1/L1+1/Ls)=1.760X10° dyne cm/rad,
Ci12=Ca1= —Ot/L2=0.641 X108 dyne cm/rad,
caa=a(1/Ly+1/L;)=1.557 X10° dyne cm/rad.

From Eqgs. (4) and (5) the fundamental deter-
minant of the system can be written down at

once as
—C12
Q29w —Ca2

anwt—cn

=0. ()

—Co1
The two natural periods of motion are obtained
by inserting the two values of w that satisfy Eq.
(6) in the relations T1=27/w; and Teo=27/w,.

1Yee-Tak Yu, “Virtual masses and moments of inertia of
disks and cylinders in various liquids,” J. App. Phys. 13,
66~69 (1942).

DOUBLE TORSION PENDULUM

IN A LIQUID

To obtain the natural periods in water an
exactly similar procedure is followed except that
I, and I, are replaced by the “effective” values,
which were I';=1.056 X10* g cm? and I',=1.576
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Fi1G. 1. A double torsion pendulum for experiments in air or

in a liquid.

X10* g cm? In treating the double pendulum,
no account of damping is taken since. previous
experience with a single torsion pendulum has
shown that its effect on the fundamental periods
of this particular apparatus’is very small.

A comparison of experimental and computed
values of the fundamental periods in air and in
water is afforded by Table I, where T, and T,
refer, respectively, to the periods when the
motion of the two arms is out of phase and in
phase. The agreement between experimental and
computed values is quite close. It seems certain
that a class demonstration of such a pendulum
and of the results that can be obtained with it
will not fail to promote interest in the subject at
hand and confidence in the methods employed.



'THE VIRTUAL MASS OF RECTANGULAR PLATES AND PARALLELOPIPEDS
IN A LIQUID AS DETERMINED BY DIMENSIONS AND THE DIRECTION

OF MOTION

Introduction and Scope of the Work:

Whenever an object is set in motion in a liquid the sur-
rounding liquid is alsopet in motion. This means that part of the
work done on the object in changing its velocity is transferred to
the surrounding liquid and (for hdn—viscoué fluids) appears entirely
as kinetic energy of the fluid particles. This would imply that the
effective mass of an object (so far as Newton's Laws of Motion are
concerned) should»be‘greater in a.liquid than'in empty space. Fur-
thermore, elementary considerations will show that this increase in
effective mass should depend on the size and shape of the object, the
extent of the liquid, the nearness of the moving object to containing
walls or to other oﬁjects in the liquid, the density of the liquid
and finally on the direction of motion relative to axes fixed 1in the
. object., Indeed it can be shown by straightforward analytical methods
that such is the case and actual expressions for the increase in ef-
fective mass or "virtual mass" of certain objects having simple geo-
metrical shapes such as a sphere or a long thin strip, etc. have been
determined.1

Excepting expressions for the virtual mass of a few simply

shaped objects, very little theoretical work has been done in this

1. "Hydrodynamics" by Horace Lamb, Third Edition, 1906, Chaps, IV
and V, PDe. ?0 - 149. ‘



field and a search through the literature reveals that even less has
been accomplished experimentally. Yet the importance of both theret-
ical and experimental results becomes evident when it is recalled

that the motion of any mechanical system moving in any fluid must in-

volve a conslideration of the virtual masses of the component parts

of the system. This is true even for motion in air although in -many

(but not all) cases the virtual mass of an object in air can be
neglected.,

Previous experimental work by the author of this paper on
the virtual mass of disks, spheres and cylinders in various liquids
has been reported.2 This is an account of experimental results ob-
tained for the virtual mass of rectangular plates and rectangular
parallelopipeds as determined by the dimensions of these objects and

the direction of motion relative to various faces.

Apparatus Employed:

The apparatus consisted essentially of a simple torsion
pendulum constructed as follows (éea Fig., 1). A piaﬁo wire W
having a diameter of about 1 mm. was stretched tightly between op=-
posite legs of a strong metal frame F. A cross—-arm 'A' consisting
of a small brass rod was fastened rigidly to the wire ahd served as
a support of the palr of rectangular plates or parallelopipeds BB.
The large screws SS served to regulate the tension on the wire., A

beam of light reflected from the small mirror 'm' to a scale some

2. "Virtual Masses and Moments of Inertia of Disks and Cylinders in
Various Liquids," Journal of Applied Physics, 13, 66-69 (1942)

"The Double Torsion Pendulum in a Liquid," A, J. Phys. Vol, 10,
No. 3, 152-153 (1942)
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- Pig. 1 DIAGRAM OF APPARATUS, The apparatus consists of s
“torsion pendulum the periods 'of which can be determlined in
air and in water and from which the virtual masses of objects ’

BB can be compufedo



f4
fifteen or twenty feet away made-it quite easy to obtain the period
of oscillation of the arm for very small amplitude of motion. Since
the entire frame was portable it was an easy matter to obtain periods
of oscillation iﬁ air and in water. (Water was the only liguid used
for this work since theoretical considerations as well as previous
experimental woréiéhowv& that all virtual masses a?e directly pro-
porpional to the density of the liquid.) For the latter purpose the
apparatus was submerged in a large circular tank 4 ft. in diameter

and 5 ft. high, to a point where the mirror 'm' was just above the

surface of the water,

Experimental Procedure:

The general procedure was simple., Exactly similar rectang-
ular plates or rectangular parallelopipeds BB were rigidly fastened'
to either end of the cross—-arm of the torsion pendulum. Periods of
oscillation, first in air and tﬁen in water, were carefully determined
bi timing a'large number of oscillations with an accurate stop watch.
These two periods together with certain other data, to be mentionéd
opresently, make it possible to compute the virtual mass of the
objects BB.

The period of a simple torsion pendulum of the above type
in air is given by:

T, = L7 I,/K (1)
and neglecting the damping due to viscosity (which previous experience

has shown to be insufficient appreciably to change the period) the



period of this pendulum in water is given by:

T, = 1, I /K (2)

w
where I and IW are the moments of inertia of the cross-arm with
objects BB attached in alr and in water respectively and K is the
torsional constant of the wire W. Now let Ié' and I& represent
the moments of inertia of the cross arm only in air and water re-
spectively, Then the increase in moment of inertia of the entire
cross-arm in water over and above its value in air, due to elther

of the objects BB, is given by:

I = L'-f [ I, = Ig - (Iv'v'Ié)] (3)

This difference we shall refer to as the virtual moment of inertia

of the object in the water., Letting L represent the distance from

the center of the wire W to the center of the object B we can write
(assuming that L is relatively long),

T = 2 (4)

whére M is now the virtual mass}associated with the object B, Hence
agssuming that the torsional constant XK is known, equatibns (L), (),
(3), and (4) give the final result for which we are seeking. It will
be noticed that the same procedure can be used for finding virtual
mass regardless of how the objects are oriented on the ends of the
cross-arms., Thus this same apparatus and procedure was used as a
means of determining the virtual masses of rectangular plates and
rectangular parallelopipeds as a function of direction of motion rel-
ative to a normal to one face. To do this it i1s only necessary to
take periods of oscillation with the objects set at various known
angles between a face and the plane containing the wire W and the

cross-arm.,



The constant K was determined experimentally.by réplacing
the cross—-arm shown in the figure with a long uniform brass rod of
known moment of inertia Ik’ Then Ik is related to the period of os-
cillation Tk in air by,

K = a1, oy
With this and corresponding relations it is éasy to derive the fol-
lowing convenient working equation for M in which only Ik; L and

five periods of motion occur.

M = 1, 215 [Tﬁ - 02 - (mF - P )] (5)
T& and Té represent the period of the pendﬁlum in water and in air
respectivély without objects BB attached. For a fixed tension on the
wire and given rods supporting‘BB, the values of Ty, T&, and T,
should remain constant. However, it was found that reiatively small
changes in the tension would change these values. Hence they were
frequently checked.

The models for this'work were made as follows. Thin rec-
tanguiar plates were cut from sheet lead., Thicker models were cast
in a simple mold from plaster of paris. After hafdening and drying,
the plaster of paris casts were boiled in paraffin wax for some time
to render them impervious to water. This method proved quite suc-
cessful since models so made were not t00 heavy, it was relatively
easy to obtéiﬁ.accurate dimensions, and a brass nut could be cast

- in the face of each so that it could be screwed directly to the end

of the cross-arm.



EXPERIMENTAL  RESULTS

The Virtual Mass of Rectangular Parallelopipeds With Motion Perpen-

dicular to One Facezs:

Following the procedure just outlined the virtual mass of
a number of parallelopipeds each presenting the same area in the di-
rection of motion but having various thicknesses were determined.
These results are shown in tabie 1. Plotting values of virtual mass
against thickness the graph of Fig. 2 was obtained. As is evident
from the graph we can write,

M= Ml + M2 (6)

where Mm is constant and M2 1s a function of thickness only since for
this particular data the area presented to the direction of motion is
always the same. The general shape of the curve in Fig. 2 indicates

that Mz can be represented by an equation of the form,

_ n

or ' .
log My = log B +'n log S.

A plot of 1ogM2 against log S, Fig. 3, gives a straight line from
which B is found to be 21,7 and n 1s very approximately 1/2, But
this value of B is a particular one for parallelopipeds presenting
a face area of 8x4 square centimeters to the direction of motion.

In general B will depend on the area of the face and of course on
the density of the surroundiné liquid. For the moment (to be just-
*ified later) we shall assume that B is directly proportional to this

area and to the density (9 « Then the above equation for My

proper modification of the constant factor can be written as,
- 3/%
My = 3.84 ﬁQb@%::J'/' . (7)

with



‘Table o

S L T in sec. M

in cm. in cm, in air in water
Thickness of
parallelopipeds by eqn.-(5)
.5 22,9 2,57 4,60 105.7
1 235 3.21 5.18 111.7
2 23.1 3690 5,77 120.8
3 22,9 5.04 6464 128,0
5 22,9 6432 7,78 140.5
7 23,1 8.34 6.90 1477

Data for the parallelopipeds with the
area 8 x 4 cm.2 moving into water per-
pendicularly to their faces.
(Thickness = .3 cm. in each éase.)
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Table g

11

Angle between normal to

the plate and direction, .
of motion, (n,v) 0 5 50
31ze of ; 5.46  7.40 5.47 7.30 5,48 7400
late. }4 x 12
M exp. 161.0 150.9 122.0
M comp. 1l6l1,0 150.2 121.3
' 5.02  6.77  5.02 6.66 5.03 6420
3ize of 4 x 10
r"late,
' M exp. 132.2 123,2 100.2
M comp. 131.0 i22.2 99.3
2.56 6.07 2.56 5.09 Z.56 5473
3ize of 4 x 8
"lateo r
: M exp. 102.8 95.4 76,4
M comp. 102.0 95.0 77.0
Size of £ = 7 2.28  5.68  4.28 5.6 7,29 5.4
plateo
M exp. 89.0 83.1 68.0
M comp. 88.0 82.9 66.6
T e 3.96 5.18 5.96  5.12 3.07  4.9%
Size of £ X 6
lateo
J M exp. 7046 65.7 54.2
M comp. Ti.7 67.1 54,6
Size 0f 4 x & 3.35 .22 3.35 4,18 3.35 2,06
plate.
M exp. 40.1 38.4 31.8
M comp. 41,0 38.0 31.2

The Variation of Virtual Mass with Direction.

For thésddata all plates have the same thickness, .3cm

and the éffective arm in each case was 23,.55cm,

(n,v)

designates the angle between the nornal to the face and
the direction of motion.



Table 2

(Cont'd)

(n,v) 245° 60° 75° 90°
5649 6.56 5.50 6,10 5.51 5,72 552 5,61
82,1 43,1 M= 12,9 369
82,1 42,5 13,7 3¢l
5,05 6,00 5,04 3,57 5,04 5,24 5,04 5,153
67.7 34,8 11.4 34
66,9 34,8 11,4 2.8
4,56 5.40 4,57 5.05 4,57 5,05 4,57 4,66
52.3 27 .7 9.6 3el
52.3 27 . 4 9ed 2.6
4,29 5,08 4,29 4,77 4.30 4,50 4,30 4,40
46,0 25.4 8.3 3el
45,2 24,0 8.3 2.4
3698 4,70 3698 4,40 4,0 4,2 4,0 4,10
58.4 20.5 ) 8.0 2.7 -
37.1 20,0 7.0 2e3
3435 3486 336 3668 3436 3653 3636 3,47
21,5 12,1 5.1 2.3
21.5 12.0 4.6 2.0

The Variation of Virtual Mass of a Rec-
tangular Plate iwiths Direction of Motion.

(In these data all plates have the same thickness, .3 cm, The effec~-
tive arm L was taken as 23,55 cm, for all of them. (n,v) = angle be-
tween the normal and direction of motion.)



13 -

where, for reasons which will appear later, a,b, and c¢c are taken %o
represent half values of the dimensions. Dimension ¢ 1is in the
direction of motion and the face 2ax2b is perpendicular to the direc-

tion of motion.

In order to find Ml as a function of the dimensions a and
b, rectangular plates having different areas but all of the same thick-
ness (lead plates .3 cm. thick) were used. Results of the total mass
M thus obtained are shown in the first column of table 2. Assuming

the correctness of (7), a value of M1 1s computed for each value

of M by the relation,

M, =M - 3.84(L ab)cl/? (8)

1
It is to be noted that a value of Ml represents the virtual mass of
an infinitely thin rectangular plate of area 2ax2b since Ml is the
value of total virtual mass M where the curve of Fig. 2 is extrapol-
ated to zero thickness,

From general theoretical conside?ations to be discussed later,

it appeared likely that the virtual mass of an infinitely thin rec-

tangular plate should be given by:

Mi = 2r a%b° (9)

a’ % b

Thus values of Mi as determined from (8) were plotted'against

a2p° .

p/az + b2

This gilves the straight line shown in Fig. 4 the slope of which is

very nearly 2w (actual value = 6.,28), Hence we write as the total
virtual mass of a rectangular parallelopiped having dimensions 2a,

2b, and 2c¢ and moving perpendicular to theAface 2a x 2c¢:
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2 2.2

H=f)Erab _ * 3.8ab 1/ (10)
a + b

As a test of the correctness of this equation values of M for various
dimensions have been computed and tabulated with corresponding exper-
imental values in table 1, It is seen that the agreement between ex-
periment and equation (10) is excellent. Since the agreement 1is s;
close it appears certain that the tentative assumptions made in

writing equations (8) and (9) cannot be far from true.

vVariation of Virtual Mass of a Thin Rectangular Plate with Direction

of Motilon.,

It is evident that the virtual mass of a rectangular plate
moving edgewlse is less than when moving perpendicular to its face,
Hence it seems evident that the virtual mass of parallelopipeds in
general must depend on the direction of motion relative to axes
fixed in then, |
| In order to determine virtual mass as a function of direc-
tion of motion the followling procedure was adopted. Exactly similar
rectangular plates (the thin lead plates previously used) were rig-
idl} fastened to either end of the cross-arm A of the original ap-
paratus (Fig. 1) in such positions that the normal to the face of
each was at a definitely known angle with respect to the direction
of motion of the arm. This angle could be set to within an accuracy

of about t+ .5 degrees by means of a protractor arrangement which 1t

seems need not be described here. Thence by taking the same set of
periods of oscillation as for the previous work the virtual mass for
any particular angle could be computed by equation (5). A set of

values of virtual masses for rectangles of various dimensions & and b,



1le
but all of the same thickness ( .3 cm.), for angles 0, 15, 30, 45,

60, 75, and QQAS:?%een the normal to thé face and the direction of
motion are given in table 3, These rectangles are so thin that
they can almost (but not quite) be regarded as having only two di-
mensions., Plotting experimentally determined values of virtual mass
against corresponding angles for each rectangle the curves of Fig. 5
were obtained, In plotting these graphs values of mass on one side
of the zero angle are repeated for corresponding angles on the other
side since it is obvious that the virtual mass must be the same for
motion at a given anéle on either side of the normal to the facé.

Any one of these curves is represénted qulte accurately,
except for angles near 4 n/2, by the equation:

2

Me = MoCos e (11)

That (11) does not give results in close agreement with experiment

for angles near ¥ n/2 1is due largely to the fact that the rectangles
have a finite thickness ( .3 cm, in each case)., This fact will be
taken account of in the work that follows. From the results just dis-
cussed 1t seems certain that, neglecting thickmness, the virtual mass
of a rectangle varies as the square of the cosine of the angle between

the direction of motion and a normal to the face and 1s represented by:

2.2
M= f’ 2ma”b 26 . (12
[—Fi??ffjﬁg:] cos )

The Virtual Mass of a Rectangular Parallelopiped as a Function of

the Direction of Motion:

Consider a rectangular plate having dimensions 2a, 2b, and

2c moving parallel to the ¥ axis as shown in Fig., 6 with the faces
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Angles

by egn. (13)
M
in gm.

— o —_ —_
(n4x5,v) = 60 (n4X5,v) = 30 (n4x5,v) = 0
in degree — o — =
(n4x8,v) = 30 (n4x8,v) = 60 (n4x8,v) = 90
Periods in water 1in air in water in in in
alr water air
in sec.
7 .66 6e33 7.44 6.34 7.28 6,34
Experimental
values 125.7 100.8 86.9
M
in gm.
1V$lues
computed
126 10063 87

Table 3

19
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2a x 2c¢ parallel to the xy plane and the normals to the faces 2ax2b

and 2c¢x2b making.angles 6 and p respectively with the direction of

motion. For motion of this type it seems likely that the object can

be regarded as two plates, one with an area an2b and thickness 2c
anothey Of

with an angle 6 between the normal to 2ax2c an@Athickness 2a with an

angle B between the normal to 2bx2c and the direction of motion.

Thus since equation (10) gives good agreement with experiment for

motion perpendicular to one face and since the experimental results

just discussed indicate that virtual mass varies as the square of

the cosine of the angle between the normal to a face and the direction

~of motion we shall, in an attempt to arrive at a suitable empirical

equation, compare experimental results with values obtained from the

following relation:

_ 2 2 |
M= F <?lfé_b___ + 5.848.‘001/2) cos®e + ( 2mb2c”® +
8% + b° A)b +c
5.84bca1/2 > cosgﬁ (13)

That the agreement between (13) and experiment is close is shown by
the dotted curves of Fig. 5.

As further evidence of the cérrectness of this equation
consider & rectangular parallelopiped wlth dimensions 4x8x5 cm? Let
us set the normal to the 8x5 face at 90 degrees with respect to the
direction of motion and determine'the virtual mass for various known
angles between the 4x5 and 4x8 faces and the direcﬁion of motion,
Experimental résults and results obtalned by computation from equa-
tion (13) are tabulated in table 2, It is seen that for each angular

setting, experimental and computed results agreé very closely.
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Extending this approach to the problem of finding an equa-

tion for the virtual mass of a rectangular parallelopiped moving
(without rotation) in any direction relative to axes fixed in the

object we will write:

{\ gma b __ b + 3.84 abcl/z

Pr——————— ) 0032 ( Nops V )

oy %E%:%::: + 3.84 acbl/z ) cos?® ( n,os V)
J 8 + o°

2 2 :
toEPe 4 sesvea®? ) cos® (my >] (20)

A b2 + c2
where Nop? DPac? and n,, are the normals to faces 2ax2b, 2ax2c, and

2bx2c respectively and v represents the direction of motion, For
motion parallel to two sets of faces (14) reduces to (10) and for
motion parallel to only one set of faces it reduces to (13). Apply-

ing equation (14) to a cube, sinqe a=5b =c¢, 1t reduces to,

3
M= 2ma 5/2
+ 3,84 a 2
F ( 2 | ) i‘cos ( nab,v) + cos2 ( Noos ¥V ) +

® ( e v'):]

But it is clear that cos2 (nab, v) + cosz (néc, v) + cosz (nbc, v) =1,

Hence.the virtual mass of a cube should be independent of its direc-

tion of motion and given by,
3 .
M= -21‘:;‘——- + 5.8425/2 ) (15)

This equation was tested experimentally and the results are given in

tables 4 and 5. The results of table 4 were obtalned by fastening a
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C] 0 6 3
Periods in air in water |{in air in water |in air in water
in ,
sec, 5453 6.84 5,53 6,84 5453 6,84
M exp. 106 107 106
M comp. 107 ' 1o% 1o%7
|
Table :45
e T 1 o
2 4 6
Periods in air in water | in air in water |in air in water
in
sec., 5.86 7.26 5.86 7.26 | 5,86 7426
M exp. 107 107.2 107
M comp. 107 107 107
Table §




pair of exactly similar cubes to the ends of the cross-arms (Fig. 1)
so that one pair of.faces in each case was parallel to the direction
of motion., The angle & was measured between the normal to.a~second
pair of faces and the direction of motion. Data for table 5 were‘ob-
tained with the cubes mounted with their diagonals in line with the
cross—-arms, Imagine a diagonal passing through a cube perpendicular
to the diagonal just mentioned. The angles 90, 45, and 30 degrees
given in téble 5 were measured between this diagonal line and the
direction of motion., It is seen that all values of virtual mass
1isted in these two tables are essentially the same. Indeed it was
observed experimentally that the period of osclillation of the pen-
dulum was, within experimental limits, the same for any arbiltrary
orientation of the cubes, showing that the virtual mass 1s lndepen-
dent of the direction of motion., It will also be noted that values
computed from (15) show close agreement with the experiment. This
is important since it gives strong suppor? to the correctness of

equation (14).

Theoretical Conslderations:

The general theory of the.virtuéi mass of an object moving
in a perfect fluid hgs been completely developed3 and is relatively
easy to apply in certain very special cases, Unfortunately, however,
it-is quite difficult to_apply to most objects even though their
geometrical_shapes may be quite simple., This 1s true even of so

simple an object as a rectangular plate or rectangular parallelopiped.

3. Hydrodynamics; Lamb, Horace, Third edition, Chapt. 111, pp 28-59

«
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But for the sake of completeness and for purposes of reference a
brief outline of the general theory is here given.

(2) The potential functilon.

The motion of & perfect fluid is characterized by the exist-
ence of a velocity potentiai function § which must satisfy Laplace’é
equation, ‘

v g = o (16)
and the existing boundary conditions for any particular problem.
(b) If 4 4is determined so as to satisfy Laplace's equation and the
" boundary conditions, the velocity components of the fluld particles

in the direction of increasing § are given by:

Now:: since the kinetic energy per unit volume of fluid is 1/2

it follows that the totel kinetic energy of the fluid is given by:
£ [[[ [t e (3 4y s

and, this, as shown by Lamb, Hydrodynamics, p. 44, can be written as:

T=—5[[?3%4

where = 3¢ is the normal velocity of the fluid particles to the
3n |
element of surface dS. For en object moving in a liquid with veloc-

ity ¥ the kinetic energy of the surrounding liquid is given by:

7=,gfsf¢ga§ds..—.—zt—m Ve (a7)

M represents the increase in effectlve mass of an object due to the

motion of the surrounding fluid and is what we bhave referred to as
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"yirtual mass." As a simple example of the use of (17) M 1let us
compute the virtual mass of & sphere moving in a perfect liquid of
infinite extent. Assume that the sphere of radius 'a' is moving
with velocity V as shown in the sketch., Boundary conditions for
this problem are: (&) on the surface of the sphere (for » = a ) the
‘normel component of the fluid particles in contact with the sphere
is at any point given by V = \/ cos g {
and (b) a» »r = 00 the velocity of the
ligquid must be zero. Now 1t 1s easily

seen that a solution of Laplace's equa- -

dary conditions is:

g = 1V ag © cos @

tion which a*se satisfies these boun- /
{
!
\
= AN
r § .

Hence applying equation (17) we have:

and thus the virtual mass of the sphere is given by:

M=2/5w (’ ad
Expressions for the virtual maés of other‘ obvjecté have been obtained.4
For example: the virtual mass of a circular disk of radius 'a' with
motion perpendicuiar to one face is equal to 8/3 (O a3 and the

virtual mass per unit length of an infinitely long strip of breadth

-
4, Strock, Lamb .,

<Y
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2b is given by
M =P’ (18)

So far as 1s known no theoretical work on rectangular plates
or rectanguié? parallelopipeds has been published. Such work has
been started by the author of this paper and two remarks in this gen-
eral connection should be made., ﬁirst the form of equation (9) was
suggested by & series expansion of an assumed form for g and term by
term integration of the general equation (17) as applied to a thin
rectangle. The factor 2w occurring in (9) was obtained approximately
as the slope of the straight line Fig.44 and suggested specifically
by the following., Let a >> b. Then neglecting b in the denomin-
ator of equation (9) and dividing through by 2a we have M = LT b2
which should represenp”the virtual mass per unit length of a very
long strip. But thig?exactly the relation given by Lamb (see above)
for the mass per unit length of an(infinite strip. Secqﬁdly the 0082
(n,v) occurring in (11) and subsequent equations is to be expected
from theoretical considerations, One of the boundary conditions
over any surface is that the normal component of velocity of the
fluld particles in contact with the surface must be equal to
VCos (n,v). Over a plane surface where n and v remain constant
(assuming no rotation) V Cos (n,v) remains constant., Hence it
can be seen that the general expression for T will contain

Cos2 (n,v) as a factor and thus the expression for virtual mass

will also contain this factor.

‘Conclusions:

() The technique of employing a torsion pendulum, devel-

oped for this work, lends itself well to an accurate determination
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of the virtual mass of any object moving linearly in any direction
relative to axes fixed in the object. The casting of models in
plaster of paris also proved quite successful,

(2) Experimental values of virtual mass of rectangular par-
allelopipeds of various slzes were determined for various directions
of motion and from this data empirical equations which give results
in close agreement with the experiment were obtained for: (a) a very
thin rectangular plate moving in any direction relative to a normal
to its face, equation (12), (b) a rectangular plate of finite
thickness moving parallel to one set of faces and in any direction
relative to the other two, equation (13), and finally (c) the gen-
eral case of a rectangular parallelopiped of any dimensions moving
in any direction relative to axes fixed in itself, equation (14),

(3) In so far as comparison of the above equations with
general theoretical considerations can be made, there is qualitative
agreement, Specific theoretical results for a rectangular parallelo-
\piped are not available, In the one case where a direct comparison
can be made, namely the mass per unit length of an infinite strip,
the agreement is exact in form and very close as to the one constant

involved.
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