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ANALYSIS OF BED-DUPLICATION FOLDING 

Abstract

John L. Rich Introduced the revolutionary concept that many folds 

In the Appalachian Mountains can be explained as superficial 

structures formed by passive translation of thrust blocks over ramps 

In detachment surfaces. The amount of layer-parallel shortening can 

be negligible In the formation of these bed-dupllcatlon folds. Rich 

primarily was concerned with an explanation for the Powell Valley 

anticline, in the southern Appalachians, but the essential kinematic 

features of his model of folding have been verified In other folds In 

the Appalachians, in the Canadian Rockies, in the Idaho-Wyoming 

thrust belt, and In the Pyrenees.

In this dissertation I solve boundary-value problems for an 

Idealized thrust block moving over a detachment surface and ramp, 

and produce theoretical bed-dupllcatlon folds In the thrust block that 

closely resemble those In Rich’s idealized model. The anticline Is
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narrow and rounded If the translation is small, and broad and 

flat-topped If the translation is large. The limbs of the anticline are 

symmetric if drag is zero. Drag along the ramp part of the detachment 

surface can explain the asymmetry of dtps of the two limbs of the 

Powell Valley anticline, particularly if drag between relatively 

competent rocks in opposition at the ramp causes an initial anticline 

to form as the thrust block begins to move, and then drag reduces 

markedly as relatively soft shales at the base of the block were 

thrust over competent rocks in the ramp.

The Burning Spring anticline in West Virginia appears to have 

formed at the termination of a detachment surface. Investigation of 

the translation of an homogeneous, viscous material above a flat 

detachment surface that terminates laterally indicates that the 

termination produces a broad, low-amplitude anticline in passive 

layering as a result of thickening induced by a gradient of shear 

stresses in the vertical direction. This thickening above the 

termination of a detachment is a mechanism of foldtng. If the viscous 

fluid contained mechanical layering, the fold would become amplified
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by buckling. The Burning Springs anticline probably was Initiated by 

termination of a detachment surface and subsequently amplified by 

buckling.

Bed-dupllcatlon folding has been studied mechanically and 

geometrically during the last few years. In order to bridge between 

geometrical constructions of Suppe (1983) and one of the mechanical 

models of Chapter I, two klnematlcal models are Introduced. In this 

way, results of the two methods of determining deformations and 

geometry of bed-dupllcatlon folding can be compared. One klnematical 

model is required for early stages and the other for later stages of 

bed-dupllcatlon folding, but each involves a simple, domainal, 

velocity distribution. The klnematlcal models produce the type of 

bed-dupllcatlon fold Suppe has termed "fault-bend fold,” and the 

models provide new insights into the essence of the type.

The velocity distributions assumed In the klnematlcal models are 

u similar to those predicted by the first-order, mechanical model for 

thrust ramps with low slopes (less than about 20*) and zero drag 

Introduced In Chapter I. The fold forms computed for the two sets of
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models are also similar, so the Suppe (1983) geometrical 

construction produces a reasonable approximation to a simple, 

w low-amplitude, bed-duplicatlon fold.

The approximation Is poorer for steeper thrust ramps. The upper 

lim it of the Suppe model Is 30* and at that ramp angle, the dip of the 

distal limb of the fold is twice the dip of the thrust ramp. Results of 

the mechanical analysis of steeper ramps, carried to second-order 

accuracy, indicates that the dip of the distal limb should be less than 

the dip of the thrust ramp, and that the block being thrusted is 

subjected to general simple shearing, which Is absent in the 

klnematlcal models. Nevertheless, both the klnematlcal and 

mechanical models predict asymmetry of fold limbs.
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INTRODUCTION

In 1934, John L. Rich proposed ramp folding or bed-dupllcatlon 

folding as a new mechanism for producing folds In fold-and-thrust 

belts. Using the combination of the Powell Valley anticline and 

Mlddlesboro syncline In Kentucky and Tennessee as his example, Rich 

proposed that these folds formed with a flat crest as a result of 

translation of the hanging wall over steps in the Pine Mountain thrust 

surface. Rich assumed that the Pine Mountain thrust surface had a 

ramp that connected a lower detachment in the Cambrian Rome shale 

with an upper detachment in the Devonian Chattanooga shale. Given 

sufficient translation, such that beds cut off at the thrust ramp are 

translated over the ramp and along the upper detachment, a 

flat-crested fold w ill form. He suggested that dips of the fold limbs 

w ill equal the dip of the thrust ramp.

In Chapter I, a theoretical model is proposed to reproduce the 

essential features of Rich’s idealized model of a thrust sheet being 

translated over a thrust ramp, satisfying, as closely as possslble, the 

general conditions assumed in the Rich concept. The model
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Investigates translation of a viscous material over a thrust ramp, 

thereby producing a bed-dupllcatlon fold The overburden Is assumed 

to be an Infinite half-space, so buckling cannot occur. The footwall Is 

modeled as rigid material so no deformation can occur there.

In Chapter II, the theoretical model Is modified so that 

deformation results from a combination of bed-dupllcatlon folding 

and termination of easy slip at the top of a thrust ramp. A 

frlctlonless thrust ramp connects a lower detachment surface with 

zero drag with an upper detachment surface with high adhesive drag.

The Powell Valley anticline has the distinct flat crest of a 

bed-dupllcatlon fold, but has profound asymmetry of fold limbs. A 

possible explanation for the asymmetry Is that the hanging wall is 

deformed as a result of drag along the ramp fault surface. Thus, in 

Chapter I, the theoretical model also Incorporates adheslonal drag on 

the thrust ramp as well as translation.

A theoretical model that Incorporates translation and drag may be 

utilized to Investigate other mechanisms for producing folds. The 

analysis appears relevant to the Burning Springs anticline In western

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



x v i i i

West Virginia which may have formed partly as a result of 

termination of a detachment surface (Woodward, 1959). The late 

Silurian rocks of the upper Sallna Group contain a thick salt horizon 

that pinches out distally In the vicinity of the Burning Springs 

anticline. In Chapter II, I Investigate folding of passive layering In an 

homogeneous, viscous material near the termination of a flat 

detachment surface. The detachment surface Is flat and along part of 

It adheslonal drag is large and along part of it  drag Is zero.

In Chapter II, I also Investigate deformation produced by a 

combination of bed-dupllcatlon folding and termination of easy slip at 

the top of a thrust ramp. The frictlonless thrust ramp connects a 

lower detachment surface with zero drag with an upper detachment 

surface with high adhesive drag.

Thus, in Chapters I and II, I use a combination of geometric 

Information obtained from field studies and theoretical analyses of 

folding processes in order to investigate several types of 

fault-related folding.

In 1983, John Suppe developed a geometrical construction that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



x ix

produces a bed-duplication fold closely resembling the construction 

proposed by John L. Rich (1934). The new geometrical construction is 

more restrictive than the model suggested by Rich, because it 

requires constant length and thickness of beds. In Chapter III, I 

examine the effect of the additional restrictions on the form of the 

folds and compare Suppe’s geometrical construction with the 

mechanical model developed in Chapter I, by using a kinematical 

model of material particle paths to bridge between the two. The. 

Impetus for comparing the geometrical construction and the 

mechanical model is that the geometrical construction makes 

predictions about fold form that are testable with the mechanical 

model.
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CHAPTER 1

MECHANICAL ANALYSIS OF BED-DUPLICATION FOLDING IN A „ 

THRUST SHEET MOVING OVER A RAMP

(Published In essentially this form In Tectonophysics, 1980,

volume 70, p. T9-T24)
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Introduction

Two general views of folding processes In the central and 

southern Appalachian Mountains of the eastern United States are that 

folding Is primarily a result of layer-parallel shortening of a stack of 

sedimentary layers with contrasting properties, and that folding Is 

primarily a result of repetition of sedimentary layers above ramp 

faults which connect thrust detachment zones at different horizons.

Bailey W illis (1893) assumed that the folds represent buckling 

caused by layer-parallel compression, and identified several basic 

mechanisms of folding, including the importance of “strut" members 

in controlling the sizes of folds (Currie et al., 1962; Nickelsen, 1963), 

and the importance of stratlgraphlc controls, particularly of initia l 

dips of layering, in determining the locations of large folds (Cooper, 

1964). W illis recognized that faulting is at least as obvious as folding 

in the southern Appalachians, but he imagined that the faulting 

followed the folding, and in a sense was a result of folding. This view 

of the faults in the southern Appalachians was largely based on 

structural interpretations of the Saltville thrust and associated fold
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by Willard Hayes (1891), who suggested that the Saltvllle thrust fault 

changed level by a ramp fault cutting through the northwestern limb 

of an anticline formed earlier.

Will is' basic idea, that Appalachian folds are a result of buckling, 

has several modern proponents. Low-amplitude folds on the Allegheny 

Plateau of Pennsylvania may have resulted from buckling of relatively 

competent rocks over a detachment zone of salt or shale (Sherwin, 

1972; Wiltschko and Chappie, 1977). The folds In Silurian and Devonian 

rocks of central Pennsylvania may also be buckle folds (Currie et al., 

1962; Nlckelsen, 1963; Faill, 1969,1973).

John L. Rich (1934), however, revolutionized concepts of folding In 

the Appalachians by showing that several large folds, Including those 

In the Pine Mountain overthrust block of Virginia, Kentucky and 

Tennessee, and the Sequatchie Valley anticline of Tennessee and 

Alabama, can be explained without recourse to shortening of layers, 

but rather by lateral translation of thrust blocks over ramp faults. 

His concept of folding originated through study of cross sections of 

the Pine Mountain block prepared by Charles Butts (1927), who showed 

that a shallow thrust fault must underlie the syncline and anticline
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within the block.

The most Important contribution by Rich was to explain the 

Middlesboro syncline and the Powell Valley anticline (Fig. ID) as 

natural consequences of transport of the thrust block over ramps 

(Figs. 1A, IB, and 1C) producing bed-duollcation folds, rather than by 

buckling or by subsequent warping of the surface of thrusting (Rich, 

1934, p. 1589).

Rich also noted that: "If the forward movement is slight, a narrow 

anticline is formed [Fig. IB], whereas greater movement produces a 

broad, flat-topped anticline [Fig. 1C]“ (Rich, 1934, p. 1590). He 

indicated that the Powell Valley anticline illustrates both narrow, 

rounded forms and broad, flat-topped forms along its  length. Rich 

(1934, p. 1594) indicated that the anticlines and synclines appearing 

with a thrust block are superficial and do not extend below the level 

of the thrust surface.

Rich imagined that the thrust surface followed a zone of easy 

sliding, within the Chattanooga Shale, until the frictional resistance 

became too great, then stepped upward by shearing across bedding to 

another zone of easy sliding, and repeated the stepping and sliding
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Figure 1. Cross sections of the Pine Mountain thrust block, Tennessee 

(after Harris and M illici, 1977, plate 2 and fig. 9). A, B, and C show 

idealized sequence of stages in the development of the Powell Valley 

anticline and the Middlesboro syncline.
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until the ground surface was reached (e.g., Fig.IB).

Chamberlin and Miller (1918) were able to produce analogous 

ramps between zones of detachment in experiments with multilayers 

comprised of plaster and clay, where the competency contrasts among 

layers were low. Morse (1977) experimentally produced symmetric 

folds over ramps In layers of various rocks.

Subsequent field work, deep drilling, and seismic-reflection 

profiling have verified the essential features of Rich's mechanism of 

bed-duplication folding In the Appalachians (Rodgers, 1949, 1963; 

Gwinn, 1964, 1970; Harris, 1970; Harris and Mlllcl, 1977), and the 

kinematic framework of Rich's mechanism of folding has been adopted 

to describe structures In the Idaho-Wyomlng thrust belt (Berger, 

1984; Royse et al., 1975), In the Canadian Rockies (Douglas, 1950), in 

the Pyrenees (Seguret, 1972), and In a fold and thrust belt presently 

forming In Taiwan (Suppe, 1979; Suppe, 1983).

One purpose of this chapter is to reproduce the essential features 

of Rich's idealized model of a thrust sheet being translated over a 

ramp structure, satisfying, as closely as possible, the general 

conditions assumed in the model. I assume a low-amplitude ramp of
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sinusoidal form (Fig. 2), and Impose the boundary conditions that 

there is zero drag along the surface of thrusting and that the rocks 

beneath the ramp are effectively rigid. The thrust sheet Is 

represented by a simple viscous material, containing passive markers 

which initia lly are fla t and become deformed by translation over the 

ramp.

Most of my calculations have been made assuming an Infinitely 

thick thrust sheet because preliminary calculations indicated that, If 

the thickness of the thrust sheet is at least twice the height of the 

ramp, and the top of the sheet remains fla t as a result of erosion and 

deposition, the finite thickness of the sheet has Insignificant effect 

on the pattern of deformation.

My solution is quite general and can be used for the deformation 

over a ramp of any shape that can be described in terms of a Fourier 

sinusoidal series. The particular series I select describes an infinite 

number of ramps connected by horizontal detachment surfaces, so 

that the ramps alternately step upward and downward rather than 

continually climb by a series of up-ramps. However, the solution Is 

approximate, because it is valid to firs t order in the maximum slope
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Figure 2. Shape of detachment surface and distribution of drag 

assumed in theoretical analyses. A. Symbols used to describe the 

detachment surface, which is comprised of sinusoidal ramp segment 

connecting upper and lower fla t segments. B. Magnitudes of drag 

parallel to detachment surface. Drag parallel to ramp segment is 

constant, k  Drag on fla t segments is zero.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



z

t=(%)«inW - v

„  ̂ DETACHt^f\^ J -
"  \\\\\\\\\\U \\\\,\W '"" „

"  u
ans -i

>  X
U 7-...... *

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of the surface of thrusting. The first-order solution Is valid for 

maximum slope angles up to about 15 or 20 degrees (corresponding to 

errors In the sine and cosine of 5-7J8). According to a cross section 

presented by Harris (1970), the maximum slope angle of the ramp 

beneath the Powell Valley anticline Is about 20 degrees. I have 

selected a maximum angle of about 17 degrees for the solution 

presented here. A solution to second order has been developed and the 

results are presented in Chapter IV. This solution should be valid for 

slope angles up to 30 or 35 degrees.

There Is zero drag to the order of approximation of my solution, 

so that the distinctive asymmetry of the Powell Valley anticline does 

not appear In the theoretical forms. The asymmetry has been known 

since the field work by Keith (1896, 1901), and is shown in Fig. ID but 

has remained unexplained. According to Wlltschko (1979a, p. 1093) 

dips of the northwestern limb are as high as 70 degrees. The dips of 

the southeastern limb are about 20 degrees.

A possible explanation can be deduced by examination of the 

structural cross-sections representing the idealized development of 

the folds on the Pine Mountain thrust block by Harris and Millcl
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(1977), as shown In Fig. 1A. Figure 1A shows folding next to a ramp 

before the thrust sheet is pushed over the ramp; folding before 

thrusting was suggested by Hayes (1891) and by Milici (1970). Then, 

If the folded sheet is passively pushed over the ramp, as Rich 

envisioned, the asymmetry develops, as shown schematically in Fig. 

1C. In this case the asymmetry is interpreted to be a result of 

buckle-folding followed by ramp-folding.

An alternative explanation for the asymmetry of the Powell 

Valley anticline is that 1t Is a result of drag induced by the ramp. For 

example, frictional drag between rocks In itially connected across the 

ramp might be much higher than that along the fla t sections of the 

surface of thrusting. I chose not to Investigate here the effect of drag 

on the fla t segments, reasoning that the fla t segments were zones of 

easy sliding and therefore should have low resistance to sliding. In 

order to Investigate effects of drag along the ramp, I introduce 

shearing resistance of any form that can be represented by a Fourier 

cosine series. I specifically evaluate the effect of constant shear 

stress along the ramp. The analysis Indicates that the asymmetry of 

the Powell Valley anticline could have been caused by drag on the
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ramp when relatively competent rocks (sandstones and limestones) 

opposed each other across the ramp. Further, Incorporation of drag 

along the ramp Into the theoretical analysis leads to a form that 

strikingly resembles early stages of the formation of nappes, 

according to conceptions by Argand, Helm and Trumpy (references In 

Rutten, 1969, pp. 185, 186, 190 and 195).

Most of the theoretical analyses of thrust sheets have focused on 

the critical problem of explaining mechanically how it  is possible for 

massive blocks of rock to translate laterally over detachment 

surfaces (Hubbert and Rubey, 1959; Raleigh and Griggs, 1963; Hsu, 

1969; Kehle, 1970; Chappie, 1978). Deformation in ramp regions has 

been analysed by E lliott (1976a, 1976b) and by Wiltschko (1979a, 

1979b) whose primary aim was to estimate the driving and resisting 

forces acting on Idealized thrust sheets. Wiltschko (!979b) showed, 

using plate theory, that thrusting of viscous sheets requires both a 

horizontal push and a topographic slope toward the distal end of the 

thrust sheets. None of these previous studies focuses on the subjects 

of my study.
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Solution

A detailed treatment of the boundary-value problem w ill not be 

presented here; it  is presented in the dissertation appendix. The 

general method has been well documented (Kamb, 1970; Budd, 1970; 

Fletcher, 1977; Reches and Johnson, 1979; Johnson, 1977). My 

solution for uniform translation, with zero drag, of a thrust block 

over a ramp is analogous to that of Barclay Kamb (1970), who was 

examining viscous flow and regelation associated with slip at the 

base of a glacier. He noted, Incidentally, that the analysis is relevant 

to thrust sheets. Kamb was primarily interested in the form drag 

caused by a rough, adheslonless surface; this type of drag is zero to 

the level of approximation of the first-order solution, i consider drag 

due to adhesional resistance to slip at the ramp. I also incorporate 

effects of layer-parallel compression in my general solution, but 

effects of such compression are negligible in Inhomogeneous, 

isotropic materials. The solutions for drag and layer-parallel 

compression are original.

Let c represent the position (in z-direction) of the detachment
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surface relative to a coordinate system centered at mid-height on the 

ramp (Fig. 2A). I represent the detachment surface by means of the 

Fourier, sine series:

OO oo

< = Z Amsin( m ^ixl d) = z Amsin( lm x) (1 a)
/77= I /77s  1

in which *  is the horizontal coordinate, >77 is an integer, and d  is the 

spacing of adjacent ramps (Fig. 2A). In the problem I am solving, that 

of an isolated ramp, d  is selected to be large compared to the height 

of the ramp.

Here lm is the wave number

lm = m y /d  (lb )

and Am is amplitude of a sine wave.

One of the boundary conditions is that the position of the 

detachment surface is fixed:
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(2a)

(or that the velocity normal to the detachment surface is zero). This 

requires that the vertical velocity, vz , and the horizontal velocity,

vx , at the detachment surface satisfy the relation (Kamb, 1970):

I *>] ? ■ I v ji l.(ds/dx) (2b)

The other boundary condition Is that the shear stress, on s ,

parallel to the detachment surface Is of the form of a Fourier cosine 

series:

OO

vns * Z RfljCQskmux/d) (3)
m- 1

in which Rm Is determined by the shear-stress distribution at the 

detachment surface. The Fourier series in (3) expresses constant
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adheslonal drag of magnitude k  along the surface of the ramp and 

zero drag elsewhere. The remaining boundary conditions are that the 

velocities become equal to the mean velocities at large distances 

from the ramps.

With boundary conditions (2b) and (3) I eliminate the arbitrary 

constants in the solution for viscous flow of a half-space. Skipping 

all remaining steps, the solution for the velocities within the thrust 

sheet is:

vx m * vx > * * vx*'*  * I vx *  ^

vz = ( vz )vx + ( vz ) i + ( vz \  (4b)

in which subscript (x ) identifies the component of velocity

associated with uniform translation of the thrust block, subscript % 

Identifies the component associated with drag along the detachment 

surface, and subscript c Identifies the velocity component associated 

with uniform extension or compression of the thrust block. The 

components are as follows.
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Uniform translation:

OO

< vx )vx  « vx  11 ♦ z  Am //77( 1m z)exp(- 1m z)sin( i^x )] (5a)
nr 1

OO

( vz )vx  = I  Am im( 1 ♦ lm z)exp(- im z)cos im x ) (5b)
n r\

Uniform extension or compression-

oo

( 1̂ ). * -O ja  I  /^ .rflc o s f /w Jf)
/77 -1

/^JrteinC !m x)\ exp(- !m z) ♦ Dxxx  (6a)

OO

( vz )i - Dx x r  lm z )-{ im z 9 )sln(lm x)
777-1

+ (1 + lm z)cos( im x)] exp(- Im z) - DXXZ (6b)

in which Dxx is the rate of deformation ("strain rate") caused by

overall shortening or lengthening of the thrust block. Dxx is negative
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If compressive.

Shear along detachment surface:

oo
( vx )% = - r(/?/?/ 2ji tn ){{ !n z - 1 )exp(- ln z) cos( x)

/?■ 1

- lAAmH ) It /^+ /r ( !qz - 1 ))exp(- /^z)s1n( /^z )
>77= 1

±t lf±  lq( lr z * 1 )}exp(* /Az)sin( /r x)]} (7a)

OO

( vz )x * K  Pn /2 »  tn ){( !n z)exp(- Jn  z)s1n( /n x )
/7 *1

oo

+ T(Am/2) It lq* lr  /^z)exp(- /qz)o.os( lqx) 
mm 1

4 t /^± /r z]exp(T // .z)cos( /r z)J) (7b) -

in which the upper sign is selected if  m in  and the lower sign is 

selected if  m<n and:

r= K m l n )-1); <7= l( m l n)* 1 ] (7c)
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(7d)

Here m and n are both odd.

As indicated above, these solutions are valid if  the position of the 

detachment surface can be expressed in the form of Fourier, sine 

series, eq. la, and if  the shear stress along the detachment surface 

can be expressed In the form of a Fourier, cosine series, eq. (3).

For the particular problem i have selected, the shear stress is 

constant along the ramp (Fig. 2B). The form of the detachment surface 

is a sine curve joining horizontal lines (Fig. 2A); the steps are 

alternately upward and downward so that the mean position of the 

Interface is the horizontal axis. Thus:

An -  (2 5 /*)[{(!//? )/(!-(nw! ̂ W cost /7xr w! 2 dO-cos( n ji/2 )];

n is odd (8a)

in case n * d! w%

An = -(2S//?n)cos(/?ir/2) (8b)
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in which S Is the step height of the ramp, w is the width of the 

ramp, and d  is a distance much greater than S and w, for an isolated 

ramp. Also:

Rm ■ (4k / /77n)sin( mv w! 2 <f)\ m \s odd (8c)

in which k  is the constant shear resistance to movement of the 

thrust block over the ramp.

In evaluating the solution I normalize all distances by the height 

of the ramp, and determine displacements of points by numerically 

integrating over time. I introduce a dimensionless drag parameter, K  

which ranges in value from zero for zero drag (*=  0), eq. 8c), to one 

for perfect drag such that a point In the thrust block at position (0,0) 

remains there. It is a measure of the ratio of adhesional drag, k, to a

representative viscous shear stress, ji( Vx f  w \ I derive K  by equating

the horizontal velocity, vx , at point (0, 0) caused by the mean flow,

with the negative of the horizontal velocity caused by adhesional 

drag, kw!^Ft where F is a function of the width and spacing of the ^
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ramps (Fig. 3);

OO

F= 1 / 1Z (2 d! w){ 1 /  /?jr)2s1n( /?* w!2 </)]; odd n (9a)
m- 1

Thus:

K= k lv L v J  w)Ft OiKi \  (9b)

For all my numerical results, w/  <7=0. \ and w l 5= 5.

Results

Patterns of deformation In Idealized thrust blocks are determined 

by numerically Integrating the velocity equations, eqs. (4), (5), (6). 

and (7). using small increments. In this way points along passive 

markers within the thrust blocks become displaced (Figs. 4 and 5). 

Markers that were originally horizontal become deformed Into folds, 

and markers that were originally vertical display distortions. In all

the solutions the ramp segment Is five units long and one unit high,

and reaches a maximum slope angle of 17 degrees.
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Figure 3. Relation between a factor, F, and the ratio of the width, 

of the ramp segment and the spacing, 4 of adjacent ramps in the 

Fourier series expression for the shape of the detachment surface. 

Here Vx is the uniform velocity of the thrust block far from the 

detachment surface. F  is a factor that determines the effect of shape 

of detachment surface on the drag parameter, K, and it  depends on 

w ! d

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LL.

0.9
0.05 0.10.005 0.01

W/
0.001

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 4. Deformation of passive markers by uniform translation of 

one unit (equal to ramp height). Markers with low dips originally 

horizontal; those with high dips originally vertical. A. Thrust block 

subjected solely to uniform translation (zero drag). B. Thrust block 

subjected to uniform translation and high drag along the ramp 

segment of the detachment surface.
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Figure 5. Thrust blocks subjected to ten units of uniform translation 

and various amounts of drag along the ramp. Markers originally 

horizontal. A. Zero drag. B, C. Moderate drag (A" less than one). D. High 

drag. Dotted lines indicate approximate configurations of markers 

near ramp. Exact positions could not be determined because of error.
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Of the many possible boundary-value problems that the equations 

solve, the problems of most Interest are those Involving various 

amounts of adheslonal drag at the ramp and various amounts of 

translation of the thrust block over the ramp. I w ill not present 

results where there are compression and extension because 

preliminary calculations indicate that effects of compression and 

extension are insignificant in the absence of mechanical layering.

Translation

Figure 4A shows the deformation of passive markers within a
•i

thrust block subjected solely to uniform horizontal translation, far 

from the ramp, equal to the height of the ramp (one unit), and Fig. 5A 

is for horizontal translation of ten times the height of the ramp (10 

units). In both examples the passive markers are deformed into 

symmetric folds. For translation of one unit (Fig. 4A), the fold has a 

rounded crest and the amplitude of the fold is less than the height of 

the ramp. The leading edge of the thrust is wedge-shaped, and is 

similar in form to individual imbricate thrust slices shown in
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cross-sections of the foothills in the Canadian Rockies (Thompson, 

1979) and of the central Appalachians (Perry, 1975).

For translation of ten units (Fig. 5A), the amplitude of the fold In 

a marker directly above the detachment surface Increases to the 

height of the step at the ramp, the width of the fold Increases, and 

the fold becomes a flat-topped anticline. As indicated by Rich, the 

width of the anticline increases with the translation. The beds that 

were in itia lly disrupted at the ramp become truncated by the fla t 

part of the detachment surface, and form the distal limb of the fold. 

The dip angles of both limbs are equal.

A characteristic of the anticlines produced by either one or ten 

units of translation is that the anticlines broaden and flatten with 

distance above the detachment surface. Thus the width of an anticline 

produced by bed-dupllcation folding Is a function of the stratigraphic 

level as well as of the amount of translation. Each limb of the 

anticline resembles a monoclinal flexure.

The forms derived analytically correspond with the principal 

elements of the kinematical model John L. Rich proposed for 

explaining bed-duplication folds.
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The existence of drag at the ramp has a marked effect on the 

shape of the fold produced by translation of the thrust block over a 

ramp. Let us consider extreme examples where drag is large enough to 

prevent the thrust sheet, at the steepest part of the ramp, from 

moving. Figure 4B shows the form if  there are high drag and one unit 

of uniform translation, and Fig. 5D shows the form if  there are high 

drag and ten units of uniform translation. The major effect of high 

drag is to thicken the layers proximally, behind the ramp; the ramp 

with drag acts much as a dam, retarding flow of viscous material 

over the ramp. Further, high drag and high uniform translation result 

in a nappe-like structure (Fig. 5D).

Effects of intermediate amounts of drag and ten units of 

horizontal displacement are illustrated in Figs. 5B and 5C. The drag 

inhibits translation near the ramp and therefore the development of 

the flat-topped fold, and it  imparts asymmetry to the fold. The 

gradual change with increasing drag, from a flat-topped anticline to a 

round-crested anticline, is apparent in Figs. 5. As the amount of drag
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increases, thrust displacement decreases near the ramp, the anticline 

becomes more rounded, and asymmetry increases. The amplitude of 

the folds, as shown by passive markers far above the detachment 

surface, decreases due to the increased thickening at the proximal 

end of the ramp. In the extreme, as shown in Fig. 5D, the fold dies out 

upward into a single, monoclinal form. The amplitude of the folds and 

the dip of the passive markers increase, near the detachment surface, 

with increasing drag.

Figures 4A and 4B illustrate differences of internal deformation 

of the thrust block where there is free slip (4A) and high drag (4B). 

The steeply dipping lines are passive markers that originally were 

vertical and evenly spaced. These lines remain nearly vertical where 

there is uniform translation (Fig. 4A) and zero drag; they are sharply 

bent near the detachment surface where there is high drag along the 

ramp (Fig. 4B).

Discussion

I have shown that one readily can produce the anticline with a
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symmetric form and a fla t top that is the central feature of the 

model of bed-duplication folding of Rich (1934), and elaborated upon 

by Harris (1970) and by Harris and Milici (1977). The development of 

such a form in an isotropic, viscous thrust block with passive bedding 

planes, riding over a detachment surface with a ramp, is shown in 

Figs. 4A and 5A

In many ways the theoretical model resembles the structural 

cross section of part of the Pine Mountain thrust block (Fig. ID), 

particularly the idealized cross-section drawn by Harris and Milici 

(1977), shown in Fig. 1C. The most obvious difference is the marked 

asymmetry reflected by different dips of the limbs of the Powell 

Valley anticline. I can imagine at least three ways in which the 

asymmetry could have developed. They all depend upon the formation 

of a low-amplitude fold in hanging-wall rocks adjacent to the ramp 

before the thrust block moved over the ramp, as Illustrated in Fig. 1 A. 

The layers in the hanging wall may have folded by buckling, that is, as 

a result of layer-parallel compression, as suggested by Hayes (1891). 

The layers may have folded passively as a result of splay-faulting, as 

envisioned by Harris and Milici (1977), and as indicated by the short
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faults beneath the ramp In Fig. 1 A.

In previous paragraphs we have illustrated yet another 

mechanism, Involving drag between the thrust block and the footwall 

rocks at the ramp, as shown for example in Fig. 4B. The initial fold 

produced in this way can be highly asymmetric, as shown in Fig. 5D. 

According to this interpretation, an initia l fold developed when 

relatively competent sandstones and limestones opposed each other 

across the ramp, and then the broad form developed when the initial 

fold was thrust upward and over the ramp as the relatively 

incompetent shales were thrust into contact with the ramp surface. I 

have simulated this sequence of events in constructing Fig. 6.

First, I assumed high drag and produced the form shown in Fig. 5D. 

Then, I assumed free slip all along the detachment surface, and 

supplied ten units of additional translation over the ramp. The amount 

of asymmetry could be reduced somewhat by reducing the amount of 

drag during the firs t stage, for example by assuming an initia l fold as 

in Fig. 4B. However, the essential elements are shown in Fig. 6. The. 

dip of the layers over most of the anticline w ill be in the proximal 

direction and there w ill be a bulge at the distal edge of the anticline.
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Figure 6. Form of anticline produced by firs t subjecting a thrust block 

to ten units of translation and to high drag and then to ten addditional 

units of translation and zero drag. Marker lines originally horizontal
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The bulge w ill develop whether the initial folding was a result of 

buckling, of splay faulting, or of drag at the ramp. Perhaps the Powell 

Valley anticline had a bulge at its distal edge rather than the fla t 

crest indicated in the idealized diagram shown in Fig. 1C.
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CHAPTER II

F0LDIN6 OF PASSIVE LAYERS AND FORMS OF MINOR
STRUCURES

NEAR TERMINATIONS OF BLIND THRUST FAULTS -  
APPLICATION TO THE CENTRAL APPLACHIAN BLIND THRUST

(Published In essentially this form In Journal of Structural 
Beology, 1982, vol. 4, p. 343-353)
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In this chapter, I Investigate folding of passive layering In an 

homogeneous viscous material near the termination of a fla t 

detachment surface (blind thrust, Thompson, 1979). A motivation for 

the study Is that such a mechanism of folding has not been 

Investigated analytically, although ft has been suggested to be 

responsible for some folds.

For example, the Burning Springs anticline in western West 

Virginia and eastern Ohio may have formed partly as a result of 

termination of a detachment surface (Woodward, 1959). The Burning 

Springs anticline Is somewhat different from many folds on the 

Plateau; It trends north-south, rather than about N 45* E as Is 

typical, and it  has higher structural relief at the ground surface, 

about 500 m, than folds nearby (Woodward, 1959; Rodgers, 1963). 

According to Rodgers (1963), the Burning Springs anticline Is a 

flat-topped fold with steep sides; however, cross-sections by 

Cardwell et al. (1968) show the anticline to be a rounded, asymmetric 

form, with the steeper limb facing eastward.
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According to Woodward (1959), a well drilled through the fold 

showed a normal stratlgraphlc section to a depth of about 1.2 km, 

near the top of the Orlskany Sandstone; but below that depth, several 

units, comprising the Interval between Onondaga and Helderberg 

-formations, were repeated by Imbricate thrusting, producing an 

increase of section of about 500 m In excess of normal thickness of 

units. Below the faulted zone the Lower Devonian rocks apparently are 

flat-lying. The Late Silurian rocks of the upper Sallna Group 

encountered in the well contain anhydrite, but no salt.

According to Rodgers (1963, p. 1533), a well drilled about 6 km 

east of the Burning Springs anticline encountered about 30 m of salt 

in the upper Sallna Group, and evidence from wells west and north of 

the anticline Indicate that the salt pinches out In the vicinity of the 

anticline. Rodgers attributed the thrusting In the core of the anticline 

to lateral pinching out of the salt. Gwinn (1964, p. 878) suggested 

that, "...Increase of frictional resistance along the decollement west 

of the salt wedge-out Impeded westward movement of the upper part 

of the plateau cover, producing imbricate thrust faulting; the 

...anticline was produced as an Incidental effect of the thrusting at
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depth." Rodgers (1963) suggested essentially the same mechanism of 

folding. Thus, the fold apparently was Initiated by termination of a 

detachment surface or a zone of soft salt, and subsequent faulting 

was the mechanism by means of which rocks In the core of the 

anticline were thickened.

In this chapter I show that terminations of detachment surfaces 

can produce passive folds by thickening the section locally. My 

analysis should be relevant to early stages of formation of folds 

similar to the Burning Springs anticline. However, It Is possible that, 

once Initiated, most of the growth of the Burning Springs anticline 

was a result of buckle folding. As suggested by Sherwln (1972) for 

the Chestnut Ridge anticline, the faulting in the core of the Burning 

Springs anticline may have been a mechanism of thickening of the 

section there during buckle folding of overlying rock, rather than the 

cause of the folding as suggested by Rodgers (1963) and by Gwlnn 

(1964).

The analysis presented here Is similar to that developed In 

Chapter I to describe folding of passive layers over Idealized ramp 

faults. There I considered the effect of adheslonal drag, represented
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by constant shear stress, on a ramp connecting a lower detachment 

surface to a higher detachment surface. Drag was assumed to be zero 

along the fla t detachment surfaces. Here, I Investigate deformation In 

viscous material above a fla t detachment surface along part of which 

adheslonal drag is large and along part of which drag is zero (Fig. la).

I compare the folding caused by the termination of a fla t 

detachment surface with the folding caused by bed-dupllcation 

folding at a ramp fault connecting frlctlonless detachment surfaces 

at two different levels. I examine deformation associated with a 

more complicated detachment surface that terminates at the top of a 

ramp fault (Fig. 1b), where folding Is caused both by drag and by 

repetition of strata. The ramp fault connects a lower detachment 

surface with zero drag to an upper detachment surface with high 

adhesive drag.

Solution

In order to determine velocities and stresses near the 

termination of a detachment surface, I analyse a model that assumes
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rigid material below the detachment and viscous material above (Fig. 

la). The detachment surface is assumed to be frlctlonless so that the 

horizontal shear stress Is zero here. The viscous material over the 

extension of the detachment surface (dashed line In Fig. la) 1s assume 

to adhere to the rigid base, and the maximum shear stress the base 

can exert onto the contacting viscous fluid Is the adheslonal strength, 

k.

I use Fourier series In order to solve this problem, so that the 

detachment surface and the adheslonal surface, both of width 4  are 

repeated cyclically along the *-axls. I present results of calculations 

for a small area, ABCD (Fig. la), of the body; so, for translations that 

are a small fraction of 4  the results are similar to those one would 

obtain for Infinitely long detachment and adheslonal surfaces. The 

method of solution of such problems has been well documented (Kamb, 

1970; Fletcher, 1977; Reches and Johnson, 1978; McClung, 1981), so I 

w ill omit discussion of the method here, but I present the derivation 

In the dissertation appendix.

The solution for the velocities Is,
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Figure 1. Shape of detachment surface and distribution of drag 

assumed in theoretical analyses, (a) Symbols used to describe the fla t 

detachment surface. Area ABCD denotes region near the termination 

of the detachment surface shown in Figure 2. Solid heavy line is 

segment with free slip. Dashed line is segment with drag of 

magnitude k  (b) Symbols used to describe the stepped detachment 

surface which is comprised of a dipping ramp segment connecting the 

upper and lower fla t segments. Heavy line is segment with free slip 

(lower fla t segment and ramp segment). Drag on upper fla t segment of 

u magnitude k

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1/x

Viscous Fluid
A z

v / / "  ^  
d------

//,

Rigid

-»X-
Detachment Surface

B

/ / / / / / / / / / / / / _ / / / / / /
' T = 0

A  Z

Viscous Fluid

Detachment
/ / / / / / / / / / / / r=o

- ////^ Rigid 

>

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



vx  a VX + <*z /2 ll> * 1 (/?^/2n /^K  /^z -1  )exp(-/^zJcosC /^ z )
✓77=* 1 ( l a )

vz  ■ - Z ( tf/tf/21) //77)( z)exp(- z)sin( z) (1 b)
✓77-1

In which

fm = m v /d  (1c)

Equations (la) and (lb) are valid for any distribution of 

adhesional drag that can be expressed by a Fourier cosine series. For 

constant adhesional drag, we have assumed,

Rm = (2X'//77n)sin(y77n/2);odd m (Id)

The velocity in the ^-direction ( vx ), equation (la), is the sum of

three contributions. The firs t term in equation (la), (vx ), Is a

constant and defines uniform translation of the fluid. The other two 

contributions are the result of the drag along the detachment surface.
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The drag causes a mean shear flow [second term In equation (la)] and 

a perturbed shear flow (third term). The mean shear flow (kz/2i\), 

where t\ is the viscosity of the fluid, is produced by the average 

stress, k 17, along the interface between the fluid and the rigid 

substratum. I assume that the mean shear flow Is zero at the 

detachment. It Increases linearly with z, so that far from the 

interface the velocity is a combination of the uniform translation and 

the mean shear flow. The perturbed shear flow, the third contribution 

to the velocity, decreases exponentially with Increasing z  and is 

required to satisfy the boundary conditions along the detachment

surface. The velocity in the z-direction ( vz ) is solely a result of the

perturbed shear flow. It decreases exponentially with Increasing z.

In evaluating the solution I determine displacements of points by 

integrating numerically over time. I Introduce a drag parameter, K  

which Is proportional to the ratio of the adhesional drag, k, and a

characteristic shear stress in the fluid, ( /  c/)y\, such that 

K<kFd!vx ^) (2a)
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where F  Is a factor, the value of which is determined as follows. For 

A'- 1 ,1 set the velocity equal to zero at x -  0, z» 0, in equation (la).

oo

vx  “  2
m~ 1

Substituting (2b) and (Id) into (2a),

o o

/■« Z (l//7 7 if)2sin(/77ir/2); /77 odd (2c)
fn-\

Thus, for K~ 1 there is no slippage at point (0, 0), but there is 

slippage everywhere else along the interface. For K  less than one 

there is slippage everywhere, and for K - 0 there is zero adhesional 

drag everywhere. I considered a range of lvalues in Chapter I (Berger 

and Johnson, 1980), but here I w ill assume Km 1 for all calculations.

The solution is for a homogeneous viscous fluid, but I can 

qualitatively use the solution to determine types of minor folds and 

local faults that might develop in the stress field produced by 

termination of the detachment surface. I compute the stress
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difference and shear stress by means of the velocities, equations (1):

(®xx~ ® ™  4i|(d Vjfibx) 

oxz - i)[(d Vylb%) * (d Kz /a^r)].

(3a)

(3b)

The mean pressure is

p  .  - < * „ ♦  ffz? )/2

OO

- Z /?/wexp(- /^ z )  sin ( ?m x) (3c)
mm 1

assuming a zero value at jv« 0.

In order to discuss possible orientations of minor faults In the 

material I assume that the condition of faulting Is described by the 

generalized Coulomb criterion (Rudnlckl and Rice, 1975):

4 J 2 -  />tan(*) i  C+ p0tan(*) (4a)

according to which yielding (faulting) occurs if  the equality Is 

satisfied. Here tan (♦) is the coefficient of friction, and <t> is the
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friction angle, which we assume to be 30 degrees for the 

computations. is the second Invariant of the devlatorlc stress 

which, for plane strain, Is,

= K® xx~ a + (ff xz^  (4h)

and p0 Is the overburden mean pressure, which must be added to the

mean pressure computed via equation (3c).

In order to discuss where minor kink bands and drag folds might 

form In the fluid, I assume that a layered fluid Is subjected to the 

stresses computed for the homogeneous fluid. The relevant stresses

for folding are the normal stresses parallel, ess, and normal, om , to

markers between layers, and shear stress, zns, parallel to layers. If 

e Is the slope angle of layering,

°ss~ ann = xx~ ®z?>cos(20>+ 2aazsW 20) (4c)

ans = [(a zz- a Â )/2]s1n(28) + o ̂ 08(28). (4d)

This completes the set of equations required to compute 

velocities, displacements, strains and stresses In the viscous fluid In
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Deformation near the termination of a detachment surface

Now let us examine results of computations of displacements, 

strains and stresses in a viscous fluid with passive layering near the 

termination of a fla t detachment surface. There is zero drag along the 

detachment surface but along the extension of the detachment surface 

there is sufficiently great adheslonal drag to prevent the fluid at the 

origin of coordinates (Fig. la) from moving. In the results presented 

in Fig. 2, the viscous fluid has been translated one-tenth of the length 

of the frlctlonless detachment surface (0.1 unit).

Figure 2(a) shows final positions of Interfaces between passive 

layers 1n the viscous fluid that were originally horizontal. The 

interfaces have been deformed Into a broad, low amplitude fold as a 

result of translation and drag. The drag Itself Is reflected In the 

tilting  of the steeply Inclined lines at either end of the figure; these 

lines originally were vertical. The layer-parallel shear Increases 

from zero at the frlctlonless detachment surface at the left-hand end
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Tigure 2. Deformation in a thrust block that has been translated 0.1 

unit Markers originally horizontal and end lines originally vertical. 

Heavy line at base is frictionless segment, (a) Folding of passive 

markers, (b) Contours of finite compressive strain and magnitudes in 

per cent (see text for definition). Arrows show orientations of the 

maximum principal compressive strain, (c) Contours of normalized

buckling stress ann) Ik, and senses of monoclinal kinkbands

and drag folds that should form, (d) Contours of yield function ( c+

p0y)/ k, and senses of minor conjugate faults that should form (here ji

= tan <t>).
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of the figure to a larger value at the top of the figure, as reflected in 

the t i l t  of the end line. In contrast, the layer-parallel shear decreases 

from a maximum value at the surface with large adhesional drag at 

the right-hand side of the figure, to a smaller value at the top of the 

figure.

The amplitude of the fold in the passive layering increases from 

zero at the detachment surface to a maximum value at some distance 

above the detachment surface, and then decreases to zero at very 

large distances above the detachment surface.

The distance above the detachment surface at which folding w ill 

be negligible w ill depend upon the amount of displacement on the 

detachment surface; the greater the displacement, the greater the 

distance of significant folding above the detachment surface.

The width of the fold increases upward, above the detachment 

surface, so that the width w ill increase and the amplitude w ill 

decrease with Increasing distance above the detachment surface. 

Finally, the culmination of the fold shifts in the direction of 

transport with increasing displacement and with Increasing distance 

above the detachment surface.
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The mechanism of the folding in the passive layers shown in Fig. 

2(a) is the reduction in horizontal velocity near the termination of 

the detachment surface. The formation of the fold reflects the 

gradient in shear stresses in the vertical direction; the equation of 

equilibrium indicates that a change in shear stress in the vertical 

direction is counteracted by a change In normal stress In the 

horizontal direction. Thus, the drag causes the viscous fluid to be 

‘■compressed parallel to layering In the vicinity of the termination so 

that the viscous fluid thickens there, producing the fold. The folding 

In this case Is a result of a fundamentally different mechanism than 

that described by Rich (1934), where folding is caused by repetition 

of stratlgraphlc section over detachment surfaces and ramps (Fig. 3a).

Directions and magnitudes of maximum finite compressive 

strains are shown In Fig. 2(b). The directions range from being 

parallel to the detachment surface at the detachment surface Itself 

to being at an angle of slightly greater than 45*, plunging distally, in 

the overburden overlying the surface of high drag. The magnitude of 

the finite compressive strains are Indicated In per cent, that is, In

terms of (1 -  L ftL 0) x 100, where Lf  Is the final length and L0 Is
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the original length of a line element.

For fai—field translation of one-tenth of the length of the 

detachment surface, the maximum finite shortening Is about 30% near 

the termination. The compressive strains are larger In the fluid over 

the surface of high drag than they are over the detachment surface.

Magnitudes of the difference between layer-parallel and 

layer-normal stresses, divided by adheslonal drag, k, and senses of 

layer-parallel shear are indicated In Fig. 2(c). Positive values of the 

stress difference Indicate layer-parallel compression. The solution, 

of course, was derived for an homogenous, Isotropic fluid, so that 

buckle folding cannot occur. However, I can use the solution to 

extrapolate where buckle folds would form and to indicate the sense 

of asymmetry of minor buckle folds if  the fluid were layered. The 

sense of asymmetry of drag folds and monocllnal folds are opposite 

for the same state of deformation (Reches and Johnson, 1976; 

Ramberg and Johnson, 1976). Asymmetric chevron folds and drag folds 

w ill form with their short limbs facing dlstally, and monocllnal kink 

bands w ill form with their short limbs facing proxlmally, as shown in 

the Inset sketches In Fig. 2(c). The stress difference Is maximal near
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the termination of the detachment surface, so the strongest tendency 

for minor folds to form Is there.

Figure 2(d) shows directions of minor faulting and magnitudes of 

a yield function, which Is based on the generalized Coulomb law of 

failure and Is the value of the cohesive strength plus the overburden 

mean pressure times the coefficient of friction. The friction angle is 

assumed to be 30* for all our computations. The cohesive strength and 

the mean pressure are normalized by k> so that the contours In Fig. 

2(d) are In terms of values of the quantity, equation (4c),

[(C+ /?(?tan(30')]/X'= yield function (5)

required to prevent local faulting. The larger the value, the greater 

the tendency for faulting according to the yield criterion, so that the 

contours shown In Fig. 2(d) are considered to be contours of equal 

tendency to fault locally.

As shown in the figure, the tendency for faulting to occur is 

maximal near the extension of the detachment surface where 

adheslonal drag Is large. The orientations and senses of minor
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faulting, according to the Idealized model, are shown by Inset figures 

In Fig. 2(d). Near the detachment surface (lower le ft In Fig. 2d) the 

Ideal faults are conjugate relative to the orientation of the surface 

and are reverse faults. In most places one fault Is a low-angle thrust 

fault and the other Is a hlgh-angle reverse fault dipping In the 

direction of transport; that Is, they are ‘back thrusts’.

Deformation near a ramp fault

Deformation patterns of viscous overburdens moving over ramp 

faults are shown in Figs. 3 and 4 In order to compare deformation 

caused solely by repetition of strata (Fig. 3a) with that caused by a 

combination of repetition and of termination of slippage along the 

upper detachment surface (Fig. 3b). The solution for these cases is 

presented In the Appendix. In both cases, the Inclined fault has a slope 

of 0.2, and the amount of horizontal translation Is equal to one-fourth 

the height (S) of the Inclined fault segment (0.25 units). The relative 

amounts of layer-parallel shear are Indicated by the lines bounding 

the figure which were vertical before deformation. Where there was
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Figure 3. Folding of passive markers and strain in the region above 

detachment surfaces and ramp subjected to translation of 0.5 units, 

(a) and (c): Frictionless detachment surfaces and ramp, (b) and (d): 

Terminating detachment surface and ramp. In (a) and (b), the markers 

were originally horizontal and the endlines vertical, (c) and (d) show 

the contours of finite compressive strain for (a) and (b), repectively.
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Figure 4. Minor structures that should from in the region above 

detachment surfaces and ramp subjected to translation of 0.25 units, 

(a) and (c): Frictionless detachment surfaces and ramp, (b) and (d): 

Terminating detachment surface and ramp, (a) and (b) show the

contours of normalized buckling stress (a55- a^J/ArMonoclinal kink

bands and drag folds may form in regions of positive stress 

difference, and pinch and swell structures in regions of negative 

stress difference, (c) and (d) show contours of yield function (r+

p0y )fkm \ patterns of minor conjugate faults (here ji = tan ♦).
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zero drag, the lines are essentially vertical (Fig. 3a) and where there 

was drag, the line Is tilted In the area of drag (right-hand side of Fig. 

3b) and Is nearly vertical 1n the area of zero drag (left-hand side).

In both examples, broad folds develop In the passive layering, but 

the forms of the fold are slightly different. For the ramp fault with 

zero drag, the fold Is flat-topped with monocllnal flexures near the 

foot of the ramp and near the top of the ramp (Fig. 3a). The amplitude 

of folding Is about the same for the passive Interface at midheight on 

the ramp, z  -  0, and for the Interface at z - 5. The amplitude at z - 

2.551s slightly lower, so amplitude decreases upwards at large 

distances from the ramp. For the terminating ramp fault (Fig. 3b), 

however, a small anticline develops over the foot of the ramp near 

midheight of the fault. At Intermediate levels (z - 0.55 to 0.755) the 

fold Is flat-topped but slightly asymmetric. The proximal limb Is 

slightly steeper than the distal limb. At higher levels (z  -  2.55), the 

fold Is rounded and Its width Increases with height, but the fold is 

s till asymmetric.

The asymmetry Is a result of adheslonal drag along the upper 

detachment surface. As discussed In connection with the terminating
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detachment surface (Fig. 2a), the drag causes thickening In the 

vicinity of the termination of the ramp fault. The thickening reduces 

the dip of passive layering at the distal edge of the fold, whereas it  

has a minor effect on passive layering at the proximal edge of the 

fold, so that the proximal edge Is steeper than the distal.

Directions and magnitudes of maximum compressive strains are 

shown In Figs. 3(c) and (d). There Is a zone of relatively high 

compressive strain In the vicinity of the foot of the ramp. For the 

terminating ramp fault (fig. 3d), there Is a zone of higher compression 

near the upper end of the ramp fault. This zone corresponds with that 

near the termination of a fla t detachment surface (Fig. 2b).
V

Patterns of Ideal minor folds and faults associated with a ramp 

fault and detachment surfaces without adheslonal drag are shown in 

Figs. 4(a) and (c), those associated with the terminating ramp fault 

are shown In Figs. 4(b) and (d). The senses of asymmetry of drag folds 

and monocllnal kink bands are the same everywhere except near the 

head (Fig. 4a) or near the foot (Fig. 4b) where the sense of shear is 

reversed. Over the head and foot of the ramp fault connecting 

frlctlonless detachments, and over the foot of the terminating ramp
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fault, the layer-normal compression Is larger than the layer-parallel 

compression, so plnch-and-swell structures or other extenslonal 

phenomena rather than folds should form there. For both ramp faults 

there Is a strong tendency for minor faults to form near the foot of 

the ramp (Figs. 4c and d). For the ramp fault connecting frlctlonless 

detachments there Is a secondary maximum of the yield function 

[equation <5)1, at the top of the ramp. For the terminating ramp fault 

the yield function is large along the upper detachment surface where 

addheslonal drag Is great.

The orientation and sense of displacement for the minor faults 

are shown in Figs. 4(c) and (d). For the case of a frlctlonless 

.detachment surface and ramp, the overall pattern of minor faults Is 

diverse, whereas for the case of a terminating ramp, back thrust 

would predominate. At the foot of the ramp, for example, where the 

tendency for faulting Is greatest, back thrusts occur In the case of a 

terminating detachment surface (Fig. 4d), whreas a more complex set 

of conjugate faults occur In the case of the frlctlonless detachment 

surface and ramp (Fig. 4c).
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Discussion

I can compare the style of minor faulting derived analytically 

with faulting observed in field studies of Serra (1977) and the 

faulting observed in experiments by Morse (1977). Serra examined 

beds duplicated by thrusting over ramp faults and recognized three 

main structural styles In the upper thrust plate (Fig. 5). Serra 

observed that the lower beds In the hanging wall could be subjected 

to thickening by imbricate faulting (Fig. 5a) or by flowage (Fig. 5b), or 

could be offset by backthrusts (Fig. 5c).

The thickening in the upper plate can be a result of buckle folding 

of a multilayer (Sherwin, 1972; Wiltschko and Chappie, 1977; 

Fletcher, 1981) or of drag at the ramp as In Chapter I (Berger and 

Johnson, 1980). Both folding mechanisms can produce the geometry 

and internal deformation observed by Serra and shown in Figs. 5(a) 

.and (b). In the case of buckling, a soft layer w ill thicken due to a 

decrease in vertical stress beneath anticlines, resulting in flowage 

(Sherwin 1972) or in faulting (Fletcher, 1981). Drag at the ramp could 

also cause the thickening.
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Figure 5. Structural styles observed in ramp regions of small-scale 

overthrust faults (after Serra, 1977). (a) Imbricate faulting in upper 

thrust plate, (b) Flowage in upper thrust plate, (c) Backthrusts in 

upper thrust plate.
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Serra (1977) reported that backthrusts commonly form In 

outcrops where the thickness of mechanical units was approximately 

equal to the height of the ramp. Morse (1977) experimentally produced 

backthrusts In folds formed by duplication of rock layers that were 

thrust over lubricated ramps. Morse noted that the backthrusts 

formed near the foot of the experimental ramp faults. In my 

analytical results, backthrust also form at the foot of the ramp (Fig. 

4d). However, backthrusts are possible everywhere along the 

terminating detachment surface (Fig. 2d). It Is likely that they are a 

result of the frictional drag as well as the presence of a thrust ramp.

Conclusion

Analysis of the deformation In the vicinity of the termination of a 

fla t detachment surface clarifies a fundamental mechanism of 

folding. The mechanism is differential local thickening and 

layer-parallel compression produced by Increased drag dlstally along 

.a detachment surface. As translation continues, the fold w ill Increase 

in amplitude and become asymmetric, with a steep distal limb, as a
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result of the mean shear caused by drag. Further, large translation can 

produce a nappe-shaped structure, as shown In Chapter I (Berger and 

Johnson, 1980, fig. 5d).

Accordingly, known mechanisms of folding Include lateral 

termination of a detachment surface, draping over a fault (Powell, 

1875; Reches and Johnson, 1978), Intrusion of magma (Gilbert, 1877; 

Pollard and Johnson, 1973; Koch et al., 1981), bed-duplcatlon (Rich, 

1934; Wiltschko, 1979; Berger and Johnson, 1980), density Instability 

(e.g. Ramberg, 1967), and buckling (e.g. Blot, 1961; Currie et al., 1962; 

Fletcher, 1977). Some folds appear to have been produced 

predominantly by one of these mechanisms, but others apparently are 

caused by a combination of mechanisms.

The Burning Springs anticline is probably an example of a fold 

produced by several mechanisms. Rodgers (1963) presents evidence 

that salt In Silurian rocks pinches out in the vicinity of the anticline, 

so that It is possible that the salt behaved as a viscous material with 

little  drag and that the adjacent rock to the west behaved as a 

material with greater drag, much as In the Idealized model of a 

terminating detachment surface. I would suggest that the termination
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of the detachment surface or a splay fault produced a low-amplltude 

fold which subsequently became amplified by buckling as the 

multilayered rocks were shortened further. Thus I suggest that the 

Burning Springs anticline Is similar to most of the other folds on the 

Allegheny Plateau, west of the Valley and Ridge Province, which, 

according to Sherwin (1972) and to Wlltschko and Chappie (1977), are 

primarily a result of buckling of multilayers above zones of 

decollement. The most Important difference would be that the Burning 

"Springs Anticline Is not part of a wave train, but rather Is an Isolated 

fold localized by a peculiarity of the stratlgraphlc section.
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CHAPTER III 

KINEMATICS OF FAULT-BEND FOLDING
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INTRODUCTION

In 1934, John L. Rich suggested that folding would result from 

duplication of beds above a thrust ramp connecting detachments at 

different horizons, and since that time his conceptual model has been 

applied to explain many folds in the Appalachian and Rocky mountains.

A few mechanical and geometrical analyses have been devoted to 

elucidating Rich’s model of bed-duplication folding. Thus, John Suppe 

(1983) has developed a geometrical construction that produces a 

bed-duplication fold closely resembling the one proposed by Rich. 

Wiltschko (1979a 1979b) has mechanically analyzed the energetics of 

thrust sheets moving over ramps. In Chapter I I have analyzed the 

folding of passive markers due to translation of a thrust sheet over a 

frictionless thrust ramp. I also have incorporated adhesional drag on 

the ramp and on the detachments, and have investigated the folding, 

stresses and strains within the thrust sheet.

In this Chapter, I introduce a simple kinematical1 model for 

bed-duplication folds that reproduces the forms of folds constructed
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geometrically by Suppe (1983), and then compare the kinematical 

model with results derived from the mechanical model of 

bed-duplication folding developed in Chapters I and II.

KINEMATICAL MODEL OF THE FAULT-BEND FOLD

In the form proposed by Rich (1934), bed-duplication folding 

requires: 1) Translation of hanging-wall rocks subparallel to the 

thrust surface. 2) Steps or curves in the thrust surface. 3) Continuous 

contact between hanging-wall and footwall across the detachment 

surface. 4) S tiff (or rigid) footwall.

1 Kinematics deals with the motion of particles, lines and bodies 

without consideration of the forces required to produce or maintain 

the motion.
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Suppe (1983) added three requirements to constrain the geometry 

of bed-duplication folds. These are: 5) Constant length of beds. 6) 

Planar fold limbs. 7) Constant thickness of beds within planar fold 

limbs. Suppe assumed that the folds obey most of the geometric rules 

identified by Paterson & Weiss (1966) for Ideal kink bands. In Suppe's 

terminology, the bed-duplication folds that satisfy his assumptions 

constitute "fault-bend folds.”

Velocity Domains and Velocity Discontinuities

In my kinematical model (Fig. la), I divide the area above the 

thrust surface into three velocity domains, I, II, and III, separated by 

two velocity discontinuities that form domain boundaries. Within 

u each domain, the velocities are constant. One velocity discontinuity 

forms the domain boundary at the base of the thrust ramp and is 

inclined at a clockwise angle of 90° -  e/2 (Fig. 1a). This domain
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Fig. 1. Velocities, displacement paths and fold form of kinematical 

model, (a) Velocity vectors (heavy arrows) and velocity domains (I, II

and III) separated by domain boundaries (steep dashed lines). VQ is

uniform velocity and 0 is dip of ramp, (b) Displacement paths of 

selected points, for a horizontal translation of 1.0 5  where 5 is 

height of thrust ramp and 0 is 20'. (c) Fold form produced by 

horizontal translation of 0.55 with superimposed selected 

displacement paths.
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boundary is fixed in all the kinematical models discussed herein. The 

other discontinuity forms the domain boundary at the top of the 

thrust ramp and is in itia lly inclined at a counterclockwise angle, Z, 

of somewhat less than 90°. As we shall see below, this velocity 

domain boundary changes in orientation to 90° + e/2 as the 

bed-duplication fold stops growing vertically.

In each domain, the velocity vector is parallel to the detachment

surface. Thus, in domain I, the velocity (V() is parallel to the lower

detachment; In domain II, the velocity is redirected parallel to the 

thrust ramp; and in domain III, it  is redirected parallel to the upper 

detachment. The velocity vectors change abruptly at domain 

boundaries.

The magnitudes of the velocity vectors are equal to V0 within
u

domains I and II because the vectors and bedding in both domains 

parallel the detachment surface near the domain boundary, and bed 

length is assumed to be conserved. In domain III, the magnitude of the

velocity vector is slightly less than V0cos(8), as I shall show below.

As shown in Fig. 2, each velocity vector in domains I and II can be
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 ̂decomposed into a component normal to the domain boundary (Vn) and 

Vn)|) and a component tangential to the domain boundary (Vs) and

VS||). The normal components match at the domain boundary. The

tangential components, however, are mismatched, and there is a 

change in magnitude of the tangential velocity equal to

vs ll"  vsl = 2Vos,n(0/2) (la)

which is approximately proportional to the slope of the ramp for 

small slopes,

VS|| - VS| » V0tan(e); small e (lb)

For small slopes, therefore, the magnitude of the vertical 

velocity over the ramp is merely equal to the velocity required to lif t  

the material up the ramp as the material is translated horizontally
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Fig. 2. Magnitude and orientation of velocity discontinuities at domain 

boundaries. Heavy arrows are velocity vectors. Light arrows are 

normal (subscript n) and tangential (subscript s) components of 

velocity vectors. Dashed lines are domain boundaries. Note change in 

magnitude of tangential velocity component at domain boundary.
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toward the ramp.

I wish to emphasize that eq. (la) is the magnitude of the 

discontinuity in velocity that occurs at the boundary between domains 

I and II and that there is no displacement discontinuity. Therefore, the 

domain boundary is a hinge, not a fault. A fault would require two 

closely spaced velocity discontinuities, with opposite sense, or else a 

displacement discontinuity. However, the pair of velocity 

discontinuities, one at each side of the ramp, behave much like the 

boundaries of a fault zone.

Within domain III, the velocity vector is parallel to the upper 

detachment, so at the boundary between domains II and III there is a 

change from a field of horizontal and vertical velocities to a field of 

horizontal velocity. The elimination of the vertical velocity 

component as beds cross the domain boundary causes tilting of the 

beds and the formation of the distal limb of a fold.

The magnitude of the velocity discontinuity at the boundary 

between domains II and III is determined in the same way as 

described above. Each vector is decomposed into normal and 

tangential components (Fig. 2). As a consequence of the reorientation
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of the velocity vector at the domain boundary, there is a discontinuity 

of the tangential velocity equal to

V s i n  -  V g , | =  v m c o s ( r )  -  v 0 c o s ( r - e )  (2a)

For small slope angles, eq. (2a) is approximately

Vgm - V g „ «  -V0tan(8); small 8 (2b)

Comparison of eqs. (1b) and (2b) shows that, for low ramp slopes,

the first velocity discontinuity introduces and the second velocity

discontinuity cancels the upward velocity component in the segment 

of material riding over the ramp fault. This is definitely consistent 

with the conceptual model of Rich (1934).
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Relations between Velocities and Slopes o f Velocity D iscontinuities

The kinematical model provides enough information to trace 

marker lines as they are translated across the domains of the 

velocity field and through the velocity discontinuities. For example, a 

horizontal line segment that begins in domain I w ill deform into a 

dipping line segment as it enters domain II, with a dip equal to that of 

the thrust ramp. Similarly, a horizontal line segment that begins in 

domain II and enters domain III deforms into a line segment with a dip 

opposite to that of the thrust ramp.

The process is illustrated in Fig. 3(a), where a single line 

segment, L, moves with the flow, in five time steps, from domain II 

across the domain boundary into domain III. The two dashed lines in 

Fig. 3(a) show displacement paths of points that mark the ends of the 

line segment.

Figure 3(b) shows the initial and final positions of the line 

segment, L, as it begins (line AB), and completes (line CD), its 

passage through the velocity discontinuity (line BC). Points A, B, C,
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Fig. 3. Initial and final positions of line segment that crosses domain 

boundary, (a) Five superimposed time steps showing displacement 

path of line segment, L, as it  crosses from domain II into domain III. 

Heavy arrows are velocity vectors and steep dashed lines are domain 

boundaries, (b) Initial and final positions of line segment, L, as it  

intersects the domain boundary. Low angle dashed lines are 

displacement paths of points A and B.
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and D are shown for reference in Fig. 3a. Note that point A, at the 

left-hand end of the line segment, remains in domain II and point B, at 

the right-hand end of the line segment, remains in domain III during 

the entire time period, 4 required for the line segment to pass 

through the discontinuity. As a result, the length of the dashed line, 

AC, is

AC = V||t = V0t (3a)

Similarly, the length of the dashed line BD is

BD = V in t (3b)

The value of Vju w ill be determined below in terms of the velocity V0

and the slope angle, e, of the ramp.

I firs t determine the angle, X, the slope angle of the velocity
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discontinuity between domains II and III. Following Suppe (1983), I 

assume that line element L does not change length as it passes 

through the domain boundary, and thus,

AB - CD (4a)

Following Paterson & Weiss (1966), I assume that beds are the 

same thickness on either side1 of domain boundaries, or as shown in 

Fig. 3(b)

angle (DBC) * angle (DCB) (4b)

The two assumptions stated above, (4a) and (4b) complete the 

definition of the geometry shown in Fig. 3, and from the geometry, I 

can eliminate the unknowns.

Considering triangle BCD, and using the law of sines,

[sin( 180* - 2r)/BC] - [sin(tt/L] (5a)
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Considering triangle ABC,

[sin(8)/BC] - [sin(r-8)/L] (5b)

I eliminate unknown length gC between eqs. (5), use trigonometric 

identities, and then use side lengths of a hypothetical right triangle 

containing t  in order to derive the following result,

tan(y) - cot(e) ± V[cot2(0) - 3]; 8 i  30' (6)

Equation (6) generally has two real roots. For 0  = 30’ , however, it has

^Note that this assumption is independent of change of bed 

thickness within the discontinuity. In fact, as can be proved by 

considering the discontinuity to be represented by two smaller 

discontinuities bounding a thin zone, the thickness of layers 

increases and then decreases as the layers pass through the zone, 

even as the width of the zone is allowed to approach zero.
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only one

tan(r) = cot(e) = tan(90 - e) 

r  -  60*; e - 30*

For ramp-fault angles greater than 30*, the roots of eq. (6) are 

Imaginary, so there is no orientation of discontinuity that will 

satisfy the conditions of zero lengthening and thickening of beds.

The relation between the velocities in domains I and II on the one 

hand and domain III on the other can be derived with the law of sines, 

using angles ABC and BCA shown in Fig. 3(b):

[sinCr—0)/L] - [sin( 180-0)/AC] (7a)

which, according to eqs. (3), can be written,

[sin(r-8)/V,„t] = [sin(180-r)/Vot] (7b)
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because BD - L.

Thus,

V||| = V0[sin(r-e)/s1n(r)] (8a)

or

V111 - V0[cos(e) - sin(8)cot(r)] (8b)

Equation (8b) provides information about the range of velocities 

for domain III. For small ramp slope angles,

V||, ® V0cos(8)

and V| 11 ^  V0; 8 ^  0.
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For larger slope angles,

Vm => V0tan(3<n; e=»30*

*  0.5774 V0

Accordingly, 0.5774 VQ i  Vjjj i  VQ.

Thus, eqs. (6) and (8) provide the necessary relations for 

determining the slope angle of the second discontinuity and the 

magnitude of the velocity vector within domain III.

Displacement Paths o f M aterial Points

Figure 1(b) shows examples of displacement paths of many
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material points within the three domains associated with a ramp 

fault. The material points initially were situated along horizontal 

bedding planes. The left-hand end of each path is the initial position 

and the right-hand end is the final position of the material point, and 

the displacement paths show all Intermediate positions occupied by

the points. The nominal displacement of points, VQt, was one half the

height of the ramp.

Points originating and staying within domains I or III merely 

traced out straight, horizontal, line segments. Some points, however, 

were close to a discontinuity In velocity, so their displacement paths 

show bends.

If one Ignores the points that passed through a velocity 

discontinuity, the displacement paths shown in Fig. Kb) Illustrate the 

three domains of the velocity field defined In Fig. I (a). The velocity 

vectors In domains I and III are horizontal whereas those In domain ll 

are inclined at the slope angle of the ramp fault. The magnitude of the 

velocity vector in domain III is somewhat less than that In domains I 

and II.
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Fold Forms Predicted by the Kinematics! Mode!

An example of a fold form predicted by the kinematical model is 

shown in Fig. He), for a thrust ramp inclined at 20* and for horizontal

translation in the far field, V04 of 1.05 where 5  is step height.

Superimposed on the fold form are displacement paths of a few 

points. The positions of many more points were determined in order to 

construct the folded form of the passive layers.

The fold produced by the kinematical model is typical of 

bed-duplication folds in that its amplitude near the ramp is equal to 

the thickness of section duplicated by faulting, and Its crest is flat 

(Fig. ic).

Some special features of the fold are the following. The shapes of 

kink-like bands at either edge of the anticline are independent of 

distance above the thrust surface. Thicknesses of beds are constant, 

except in the fold hinges. The fold form produced by the kinematical 

model is identical to the fold form constructed geometrically by 

Suppe (1983) and termed the "fault-bend fold.”

Figure 4 shows differences of fold forms caused by differences of
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Fig. 4. Fold form form for a horizontal translation of 1.05 over thrust 

ramps of 10* (Fig. 5a), 20* (Fig. 5b) and 30* (Fig. 5c). 5 is height of 

thrust ramp.
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ramp slope. The thrust ramps have dips of 10, 20 or 30V The most 

obvious effect of increasing dip of the thrust ramp is to impart an 

asymmetry to the two limbs of the fold that is most apparent when 

the dip of the thrust ramp exceeds 20V

Figure 5 shows changes of fold forms as results of changes in 

amounts of translation over a 20' ramp (0.2 5 1.05 and 2.9 $  where 5 

is the height of the thrust ramp). An increase in translation results in 

an increase in amplitude of the fold.

Kinematical Model fo r the Widening Stage

The fold cannot continue to grow in amplitude indefinitely with 

increasing translation. Duplication of beds at the ramp ceases and 

vertical fold growth ceases when the bottom of the lowest bed cut 

off at the base of the thrust ramp reaches the top of the ramp (Fig. 

5c). Continued translation requires a new kinematical model that 

produces only widening of the flat, anticlinal crest.
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Fig. 5. Fold form for horizontal translation of .25 (Fig. 4a), 1.05 (Fig. 

4b), and 2.95 (Fig. 4c) over a 20* ramp. 5 is height of thrust ramp.
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In order for the assumptions of constant bed length and bed 

thickness to be maintained, the kinematical model must change when 

the bottom of the lowest bed reaches the crest of the ramp. The 

domain boundary oriented at angle, t  (less than 90*), ceases to be a 

velocity discontinuity, and a new domain boundary forms at a 

counterclockwise angle of 90’ + 8/2, such that the two velocity 

discontinuities become parallel (Fig. 6a).

The velocity in domain III changes from Vju i  VQcos(e) to V((( =

VQ. Thus, the magnitude of the velocity vector becomes the same in

all domains. The orientation of the velocity vector (Vj(|) remains 

parallel to the detachment surface. The magnitude of the 

discontinuity (Vs-m - Vs*j|) decreases from the value given in eq. (2a)

to the value given in eq. (la), although of opposite sign.

An example of a fold constructed during the early stage according
\

to the first kinematical model (Fig. la) and during the late stage 

according to the second kinematical model is shown in Fig. 6(a). The 

figure also shows the two velocity discontinuities of the second 

kinematical model. At large translation, a flat-crested fold is
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Fig. 6. Fold form for a horizontal translation of 10.05 for two 

kinematical models, (a) Final fold form after translation of 10.05 

using one velocity model for early folding and another for later 

folding. Bed length and thickness are constant, (b) Final fold form 

after translation of 10.05 using only one velocity model [the model

for late folding used in Fig. 6(a)], VQ is uniform velocity, 5  is height

of thrust ramp, dashed lines are domain boundaries and heavy arrows 

are velocity vectors, e is 20*.
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produced, with an Interlimb distance that increases with the amount 

of translation of the thrust block. Thus, during the late stage of fold 

growth, the distal fold limb is inactive and the fold is widening; 

deformation is occuring only at the edges to the proximal limb.

This completes the kinematical analysis of the geometric 

construction of bed-duplication folds proposed by Suppe (1983).

Other Kinematical Models

The introduction of two kinematical models has allowed me to 

investigate the essence of the kind of bed-duplication folds proposed 

by Suppe (1983). The kinematical models show that the number of 

fundamental variables that needs be specified is very small—a ramp 

slope, a velocity in each of three domains and slopes of two velocity 

discontinuities. Furthermore, identification of the fundamental 

variables allows me to change them and determine their effects on
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the form of bed-duplication folds. In this way, for example, one can 

determine which assumptions are essential to the kinematical 

description of a bed-duplication fold as described by Rich (1934).

The Suppe geometrical construction requires that bed thickness 

and bed length be constant. Even where the construction is applied to 

complex interactions of many ramp faults (Suppe 1980 1983), Suppe's 

construction maintains bed thickness and, perhaps, bed length. The 

resulting fold forms can be extremely complex, but perhaps some of 

the assumptions can be relaxed so the forms can be simplified.

Figure 7(a) shows a fold constructed using all the assumptions of 

the kinematical model (Fig. la), whereas Figs. 7(b) and 7(c) show 

examples of folds constructed for two kinematical models in which 

thicknesses and lengths of beds might change slightly. In the example 

shown in Fig. 7(b), the second velocity discontinuity is vertical, and 

the velocity in domain III is equal to the horizontal component of 

velocity in domain II. The beds on the distal limb thin slightly. A 

reason one might select this model is that it produces symmetric 

proximal and distal limbs. Another reason one might select this model 

is that, for low ramp slopes, it becomes identical to the first
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Fig. 7. Fold forms and velocities resulting from three kinematical 

models after translation of 1.05. (a) Fold form and velocities for 

early folding kinematical model. Thickness and length of beds is 

constant, (b) Fold forms and velocities for kinematical model that 

produces symmetric folds, (c) Fold form and velocities for late

folding kinematical model. VQ is uniform velocity, dashed lines are

domain boundaries, and heavy arrows are velocity vectors. 8 is 20\
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kinematical model. In any case, the differences in fold form appear to 

be insignificant.

In the model shown in Fig. 7(c), I arbitrarily have inclined the 

second discontinuity even further, until the two velocity 

discontinuities are parallel. The velocity discontinuities, in fact, are 

the same as those that develop in the second stage of fold formation, 

shown in Fig. 6(a). The only difference, here, is that the velocity 

discontinuities are parallel throughout the folding history. The 

resulting fold for small translation is shown in Fig. 7(c) and for large 

translation is shown in Fig. 6(b). Comparison of Figs. 6(a) and 6(b) 

indicates that the model, which produces a distal limb in which beds 

have been slightly thinned (Fig. 6b) is virtually the same as the model 

that reproduces the Suppe geometric construction (Fig. 6a).

Because all these kinematical models produce essentially the 

same fold forms, the special assumptions of no change in thickness 

and no change in bed length must be inessential. Indeed, the only 

truely essential feature of the kinematical model appears to be that 

the folds are produced by fault duplication of beds, as indicated by 

Rich.
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SUMMARY OF MECHANICAL MODEL OF BED-DUPLICATION 

FOLDING

The kinematical models were constructed to serve as a bridge 

between the geometrical constructions of Suppe (1983) and one of the 

mechanical models in Chapter I. Because the velocity distributions 

are presented in both the kinematical and the mechanical models, the 

- models can be compared. In this section I review the mechanical 

model and present the velocities (Fig. 8a), displacement paths (Fig. 

8b) and fold form (Fig. 8c).

The mechanical model in Chapter I presents the solution for the 

problem of uniform translation of a homogeneous, linearly viscous, 

infinite half-space containing passive bed-marker lines, over a 

stepped, rigid substratum. Here we select a step or ramp that is 

planar (Fig. 9a). In Chapter I, the ramp is a sinusoidal surface.

For the particular geometry chosen here (Fig. 9b), the step is one 

of a series, each connecting to a higher detachment. Thus, the A'-axis
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Fig. 8. Velocities, displacement paths and fold form for the 

mechanical model of Berger & Johnson (1980). (a) Velocity vectors 

within deforming thrust block. Note absence of velocity domains. 

Horizontal translation is 0.25, where 5 is height of thrust ramp, (b) 

Displacement paths of selected points. Horizontal translation is 1.05. 

(c) Fold form after translation of 1.15.8 is 20*.
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Figure 9. Shape of detachment surface in second-order analysis of 

mechanical model, (a) Symbols used to describe a segment of the 

thrust surface, which is comprised of two detachment surfaces 

connected by a planar ramp, (b) Series of climbing, planar, thrust 

ramps connected by horizontal detachments.
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is inclined to the detachment surfaces, and parallel to the mean 

transport direction. In Chapter I and II, I chose a different series of 

steps, in which the *-ax is  is parallel to the detachment surfaces. 

Nevertheless, the forms of solutions for the velocity components are 

identical and are,

CO

vx =\l0[ \*TL{An /„)< /^ )e x p (- t n z * H  /  n *)\ 
n- 1

(9a)

vz  = V0 I ( A n l n)U n z+  l)exp(-//7z)cos(//7*) 
n-  1

(9b)

Here

/4n * [///(ni?)2][( Z7/ w)[D/(D-  ^)}]sin( /n wO (9c)

/n = njr/Z? (9d)
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and

//»  5[1 -KwlD)\ (9e)

where 5 is step height, w is step width and D is spacing of the 

ramps (Fig. 9b).

To determine the final position of displaced points, the velocity 

components are integrated numerically with the Runge-Kutta 

u technique.

Figure 8(a) shows displacement paths of particles originally 

uniformly spaced along passive, horizontal markers. The displacement 

paths are short, so they display the velocity field. The velocities are 

continuous throughout the thrust sheet and are of approximately 

uniform magnitude. In the vicinity of the thrust ramp, the velocities 

are perturbed from a horizontal orientation. The magnitude of the 

perturbation (i.e. the deviation from the horizontal) decreases 

exponentially upwards, so that at a distance, corresponding to several 

times the height of the ramp, the deviation is negligible.

Figure 8(b) shows longer displacement paths of selected
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particles. The paths are curved near the ramp as a result of the 

velocity perturbation there. Far above the ramp, the displacements 

approach uniformity.

Figure 8(c) presents the fold form for a translation of 1.15, 

where 5  is step height (defined in Fig. 9a). A symmetric fold is 

formed above the thrust ramp. The fold decreases in amplitude and 

increases in width with distance above the ramp. There is slight 

thickening or thinning of passive bedding.

DISCUSSION

Comparison o f Models fo r Low Ramp Slopes

I have presented fold forms and velocity distributions assumed on 

the one hand in a kinematical model that reproduces the geometry of
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- Suppe's (1983) graphical construction, and derived on the other hand 

from a mechanical analysis of ramp folding. Fold forms produced by 

the kinematical and mechanical models of bed-duplication folding 

have the common property that, in the vicinity of the thrust ramp, the 

amplitude of the fold 1s equal to the amount of fault duplication of 

beds. This is the central concept of the folding model proposed by 

John L. Rich (1934), so both the kinematical and mechanical models 

include the essence of the Rich model. Furthermore, both types of 

analysis predict flat-crested folds where displacements are large, so 

both are consistent in this respect with the Rich conceptual model.

The velocity distributions and the fold forms constructed by the 

kinematical and mechanical models are similar, so the kinematical 

model appears to approximate the kinematics of the mechanical 

model, at least for low slopes. The geometrical construction of Suppe 

(1983) produces a reasonable, firs t estimate of the geometry of 

simple, bed-duplication folds.
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The mechanical model can treat steeper thrust ramps if  the 

problem is solved to second order, rather than to firs t orderV In eqs. 

(9), I have presented the first-order solution, which is valid if  ramp 

slope is small. But the problem has been solved to second order, and I 

w ill present some results here for thrust ramps with slopes of 20* or 

35'. These results from the mechanical model can be compared with 

those from the kinematical model.

The fold formed above a 20' ramp is slightly asymmetric 

according to the second-order analysis (Fig. 10a). For example, the

^he order of a solution reflects the extent to which the boundary 

conditions are matched. The analysis is accurate to firs t order if the 

slope of the thrust ramp, (AI), is sufficiently small. It is accurate to 

firs t order if {A/9  and higher powers are small compared to {AD. The 

analyses are accurate to second order if { A / f  is small compared to 

(A/9 .
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Fig. 10. Fold forms produced by second order mechanical analysis, (a) 

Fold form produced after translation of 1.05 over a 20' ramp. Dashed 

lines remain steep after translation, (b) Fold form produced after 

translation of 1.05 over a 35' ramp. Tilted dashed Iine9 were 

originally vertical. Note that bed dip does not exceed ramp dip. Beds 

are passive marker lines.
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distal limb dips about 20* and the proximal limb dips about 15* in 

the second marker above the detachment surface shown in Fig. 10(a). 

The dip of both limbs is equal to or slightly less than the dip of the 

thrust ramp. The fold formed above the 35* ramp, Fig. 10(b), is 

distinctly asymmetric, again with a steeper distal limb. However, the 

dip of both limbs in markers above the upper detachment is less than
u

the dip of the thrust ramp.

Another result of the second-order analysis is displayed by the 

distortion of the steep, dashed lines shown in Figs. 10(a) and 10(b). 

The dashed lines are passive markers that originally were vertical. 

Line segments far from the ramp remained nearly vertical during 

deformation for the the 20* ramp (Fig. 10a) but became distinctly 

tilted for the 35* ramp (Fig. 10b). The tilting  of those vertical lines 

is a result of shearing set up by the interaction of the flow and the 

ramp--it reflects drag induced by the step. The shearing is zero in the 

first-order solution, and negligible in the second-order solution for 

the 20’ ramp, but significant for the 35’ ramp.

The fold forms derived with the second-order, mechanical 

analysis w ill now be compared with the fold forms produced by the
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kinematical model for thrust ramps with similar slopes. For a 20* 

ramp, the first-order mechanical model (Fig. 8c), the second-order 

mechanical model (Fig. 10a) and the kinematical model (Figs. 1c and 

5b) all produce folds with approximately the same form. The 

asymmetry Is absent in the first-order model, insignificant In the 

kinematical model, and moderate in the second-order model.

For a large ramp slope (30*), the kinematical model (Fig. 4c) 

produces a fold with profound asymmetry (Fig. 10b) and with a dip of 

the distal limb (60*) that is twice that of the thrust ramp. In 

contrast, at the slightly higher angle of 35*, the second-order 

mechanical model produces a fold form in which the limb dips are 

less than or equal to the dip of the thrust ramp. Furthermore, the 

velocities in the kinematical model do not account for the overall 

shearing which tilts  steep markers. These problems of the 

kinematical model at high slopes— the excessively steep distal limb, 

the lack of overall shearing, and gross failure of the model for ramp 

slopes greater than 30'—suggest that the kinematical model 

approximates the mechanical model only for low ramp slopes, slopes 

up to 20' or perhaps 25'. Nevertheless, the kinematical model
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qualitatively does predict the result that bed-duplication folds w ill 

be asymmetric.

Extension o f the Mechanical Model

Neither the mechanical model, consisting of an homogeneous 

viscous fluid, nor the kinematical model (of an unknown kind of 

material), adequately describes folding near thrust ramps. The basic 

approach used to develop the mechanical model, however, can 

investigate a wide range of conditions and properties.

For example, one can investigate mechanical models with 

Theological properties that would duplicate closely the flow assumed 

in the kinematical model. Analysis by Raymond Fletcher (personal 

communication 1986) indicates that sharp hinges can be produced in 

extremely anisotropic materials. A similar analysis has been 

performed to show that flow patterns w ill change markedly in an
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anisotropic material, somewhat as assumed in the kinematical 

models, when the anisotropic material truncated at the ramp has been 

pushed over the top of the ramp. This is an example where an 

interesting mechanical result was anticipated by a geometric 

analysis of fold form.

The mechanical model has been extended in other ways in order 

to investigate various aspects of bed-duplication folding. For 

example, in Chapter I, I developed a mechanical model involving 

adhesional drag along a thrust ramp in order to investigate possible 

causes of the marked asymmetry of flat-crested, Powell Valley 

anticline in the southern Appalachians. According to cross-sections 

by Harris & Milici (1977) and by Wiltschko (1979a), the distal limb 

has dips on the order of 70* whereas the proximal limb has dips of 

about 20*.

Three of the fold forms developed where adhesional drag on the 

ramp ranged from very low (K-0) to high (K*l) are shown in Fig. 11. 

Figure 11 shows that, even to firs t order, the folds can become 

asymmetric and the distal limb can have a larger dip than the thrust 

ramp, if drag is moderately large on the ramp.
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Fig. 11. Fold forms produced after translation of 10.05 with various 

amounts of drag along the ramp (First-order solution after Berger & 

Johnson 1980). (a) Zero drag, (b) Moderate drag (K less than one), (c) 

High drag. Beds are passive marker lines, e  is 17*.
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In fact, Fig. 11(c) shows that, if  adhesional drag is very large, 

*■ such that slippage is prevented at midlength along the ramp, the 

folding process that produces a bed-duplication fold can initiate a 

nappe.

In Chapter I, I show that a flat-crested form, with a steep distal 

limb, can be produced by in itia lly high drag on the ramp and then 

subsequently low drag, so the asymmetric distal limb becomes 

translated along the upper detachment. The most important effect of 

high drag on the thrust ramp is to produce an anticline at the thrust 

ramp. Translation of the anticline over the ramp produces much of the 

asymmetry and, of course, the flat-crested form is a result of 

translation onto the upper detachment.

There are other processes by which folding might occur at the 

thrust ramp prior to translation, and each can be studied via 

mechanical analysis. For example, if  buckle folding occurs, as 

suggested by Hayes (1891), it  can be treated by the introduction of 

mechanical layers. If the early folding is a result of lateral 

termination of easy slip on the lower detachment, it  can and has been 

treated by the introduction of adhesional drag on the horizontal
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extension of the lower detachment surface as in Chapter II.

I have not investigated effects of a deformable substratum on 

bed-duplication folding. Such problems, however, can be solved by 

extensions of the analyses completed to date. I also have not modeled 

the formation of several ramp faults, such as those responsible for 

duplexes. However, at the most elementary level, duplexes could be 

w modeled by sequentially forming and activating two or more ramp 

faults, using the first-order analysis. In fact, the first-order solution 

for the velocities for such problems has been presented herein, in eqs. 

(9).

In this way, the mechanical model can be extended widely in order 

to investigate many more conditions of bed-duplication folding.
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Uniform shear resistance along ramp. Zero elsewhere.

In the analysis of folding, the components of stress and velocity 

are separated into mean values and perturbed values. The mean values 

of stress and velocity are those that solve the problem describing the 

uniform translation over a planar interface (no thrust ramp) without 

shear resistance. The mean values are exact. The perturbed stresses 

and velocities are the values that must be added to the mean values in 

order to describe stresses and velocities in the material above the 

non-planar interface (the detachment surface and thrust ramp) or 

material that is subjected to shear resistance. The perturbed values 

are exact only if  the boundary conditions are satisfied exactly, and 

the order of approximation of a solution reflects the extent to which 

the boundary conditions are satisfied exactly. The mean values are 

uniform whereas the perturbed values are nonuniform—they vary 

from place to place and time to time.

The components of velocity and stress for a point are sums of the 

mean (bar over symbol) and perturbed (tilda over symbol) values:
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The mean velocities and mean stresses are given by the relations

Vjfm{bVj(/bx)X* V0 (If)

Yz  = (dvz /dz)z  ( lg )

a xx = 2jiO vx ! l  x) - Pq ( I h)
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(J 2 7  s  2 | i ( d  It-r lbZ) ~ Pq (10

Po = ' {axx + (Jzz)l2 < U >

For the problems treated here, all mean values except the mean

horizontal velocity and mean shear stress are zero. p0 is the mean

pressure and ji is the coefficient of viscosity. Plain strain is 

assumed.

A general solution for the perturbed velocities, vx  and l/z  is 

derived from the velocity potential

■ (1/ /)[(c + d( /z)}exp( /z)+{a + b( /z}exp(- /z)]cos( !x) (2a)

where /  is the wave number which w ill be defined below, and & k  £ 

and d are constants to be determined later
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Vx  = -btytbZ (2b)

vz  =bty/bx (2c)

a xx = 2ji(d vx l b x )  - p  (2d)

azz =2ik(bi/z / b z ) - p  (2e)

axz ~ M(d Vz !b X  + b Vx /bz) (2f)

in the following derivations, all solutions for stresses and 

velocities refer to the perturbed values unless explicitly described 

otherwise. All solutions are solved to first order In the slope of the

interface (A l\

The non-planar interface s, is described by means of the Fourier, 

sine series:
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oo
S = 7:Am sinC/^^r) (3a)

/??=1

in which x  is the horizontal coordinate and Am\s amplitude of a sine 

wave and,

lm = m y/ d (3b)

where m is an integer and d is the spacing of adjacent ramps. 

One boundary condition is that the interface does not move,

a«/d /=  0 = [ vz \ £ -  [ r) (4)

(the brackets with the subscript implies "evaluated at the position of 

the subscript"--in this case, at the interface, ?).

The other boundary condition is that the shear stress, on s ,
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parallel to the interface, is of the form of a Fourier cosine series:

oo
ans = 2  ̂ cos t fm ix/ d) - [o 22- a ̂ ]^(dc/d  x) + [o X2\^ (5)

m- 1

in which Rn is determined by the shear-stress distribution at the

detachment surface.

The Fourier series approximation demands a mean shear stress 

and implies that the velocities far from the interface w ill be equal to 

the velocity due to the perturbed mean shear. Consideration of this

boundary condition indicates that i|> must be chosen so that the axz is

a cosinusoidal function of x.

The Fourier series coefficients, /i^and Rn , which describe the

interface and the shear stress distribution are presented in Chapter I 

[equations (8)] and w ill not be repeated here.

The genera) solution for the velocity potential [equation (2)] 

was adequate to determine the inital form of the velocity equations, 

but is inadequate to determine the form of the velocity equations 

with the added complications of the two Fourier series that describe
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the interface and shear stress distribution. The new form of the 

velocity potential is derived as follows.

Substituting equation (3a) into equation (4), using (2b) and (2c) 

for the velocities (assuming cad*0 for a half-space), equation (4) 

becomes,

oo oo

0 = Z {-a^sint lp x) -Ka^- bn)/2] ln Z \Am rcos{ lr x ) 
m- 1 m=\

+ Am <7C0S( IgX )])  (6a)

in which

r  = {m l/?)-!; q - {m/ n)  * 1 (6b)

Two things should be noted. First, m and n are odd, because odd 

values of mare required to describe the interface and even values of 

n give zero values for the shear at the Interface. Second, r  can be
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negative.

For all values of m and n (odd and greater than zero), the three 

terms in equation (6) are orthogonal, so more terms are need in 

equation (2) which describes the general solution. To be a solution, 

must have the form,

o o

*  - z ((1/ /n) [an+ bn( In z)]exp(- ln z)cos( /n x) 
n - 1

o o

* 1 ( 1;  V  ^m ,n ' hm,n{ V )le*pl'  V )3ln( V 1
m- 1

o o

+ ! ( ] / dm/J(/r z)]exp(-/r z)s\f)(/r x) } ; n  0 (7a)
17) -1

If r  Is less than zero, the last term in equation (7a) becomes

o o

+ Z (1 /  Jr ) d /r z)]exp( /r z)sln( /r x ) ; r  < 0
>77=1

Using equations (2b) and (2c), the expressions for the velocities 

can now be written.

OO

vx = ^Z ([an* bn( !n z - 1 )]exp(-ln z)cos( !n x )
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o o

♦ Z [am n+ \>m nK lqz -  1 )]exp(- fqz)sin( /qx) 
m - 1

o o

+ I  dmrj< lr z - 1 )]exp(- Ir z)sin( /r x ) } ; r  10 (7b)
/77=1

If r  is less than zero, the last term in equation (7b) becomes

o o

- Z [cm n* d/77/7( /r z+ 1 )]exp( lr z)sin( /r x))- r  < 0 
m- I

o o

= Z bn{/n z)]eYQ(-/n z)s\[\Un x)
n=\

o o

+ z [amy  /qz)]ew(- /qz)cos( /qx) 
m - 1

o o

+ Z lcm/}* dm n( /r z)]exp(- /r z)cos( /r x )} ; r  10 (7c)
/77= 1

If r  is less than zero, the last term in equation (7c) becomes

oo

+ Z 6m /ti /r z)]exp( !r z)cos( /r x ) ) ; r  < 0
m -1

Substituting the velocities into the interface equation [equation
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(4)], expressions for the constants are derived,

(8a)

(8b)

(8c)

To determine the other two constants requires determination of 

the shear stress at the interface, [ox z ]^, [equation (2f)J, and the

normal stress difference at the Interface, [ozz - oxx ]^ [equations

(2d) and (2e)]. Substituting equations (2d, e and f), evaluated at the 

interface g, into equation (5) yields,

o o o o

I  /?ncos( ln x) = I  [2ji/^b^cost 1n x)

OO

- 4ji I  lnbn{Am / /7)cos(/^Jsinflm x) 
m -\
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■4m E tnb I f f i  Affj)sin( ^  A')cos( 1̂  x)
✓77-1

o o

-2mI fqtem,n~^m,r?s^ fQx} 
m-1

OO

-2m I  Ir k mjn- d ^ t e in t  /r * ) ) ; n  0 (9)
771- 1

If r  is negative, then the last term In equation (9) Is replaced by

-2m I  d/??,/Ps,n^ lr x ^  • r<  0
771- 1

Using trigonometric identities, and solving for constants,

bn = An/ 2n/n (10a)

fti,n *m,n

^m ,n  “  C /7 7 ,/T  b /7 ^ y/7 /4/7 7 ^  0

If r  is negative, then equation (10c) is replaced by,
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This completes the solution for the constants. They are 

substituted Into the equations for the perturbed velocities [equations 

(7b and 7c)]. The above derivation presents the contribution of the 

frictional drag to the velocities and stresses. A complete solution to 

the problem posed in Chapter I must include a mean rate of 

translation and a perturbed velocity set up by the Interaction of the 

mean flow and the ramp. This solution w ill be presented later.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CM 
CM

 
U

i 
CM 

CM 
CM

 
CM

 
CM 

CM 
CM

1 .05  T ! * "STORED UNDER <RAMP.NSF>3
1 .08  A i * "RATIO OF SHEAR STRENGTH#!IME TO VISCOSITY?3 *K i
1 .09  S NX--31 rX FPRM(2*120)
1 .10  S P I = 3 . 1415926536.S T=10 i3  U D = . i fS  SW=0.2}3 SB=SW*UD
1.11 T ! * *D/W“ * i/W D* 3 U /S 3* i /S W * “ D /S 3* i/(SW*WD)
1 .12  A i * "MAXIMUM DISPLACEMENT FACTOR (FRACTION OF S ) ? 3*ST
1 .13  A i*"NUMBER OF TIME INCREMENTS?( > 1 0 ) 3*T
1 .14  S EX=-5*3D*T ! * “ EXX3*EX*A i * “ EXX?3 *XE*F J= i*2 *N X *D  9
1 .15  S L=PI*SD*A i * 3WANT INTERFACE? YES PLUS NO.3*00
i . i t i  I  ( 0 0 )1 .1 7 * 1 .1 7 * 1  ! * ' INTERFACE*X*ZETA3*3 XM=1/SW*S XI=XM/10*B 8
1 .17  D 1 .9 5 *1  ( 0 0 ) 1 0 . i f A  i * “ X-LEFT?3»XL)I ( X L )1 .2 *  1 .9 *  1 .2
1 .19  T ! ! * “ TIME STEP OLD POSITIONS*X*Z NEW POSITIONS*XX*ZZ*
1 .20  A i * “ X-RIGHT?3 *XR *3 NUMBER OF PQINTS?3*IM
1 .25  3 X I = ( X R - X L ) / ( I M - i ) * 5  X=XL-XI
1 .30  T ! * “ POSITION OF BASE IS  - 0 . 5 “
1 .40  A i * “ Z-POSITION OF LAYER?3*Z
i . 4 5  D 1 .19
1 .60  S X -X + X I* I  (X -XR )3 .1  *3 .1  * 1 .7
1 .70  G 1 .4
1 .9 0  Q
1 .95  T ! * “ W“ * i/S id*  T i * “ DO A SINGLE POINT? Y=NEG. NO.“ *A 00

3 .1 0  S XX~X*3 Z Z - 1

3 .1 2  T ! * "TIME STEPS3* !
3 .1 6  F 1=1*T*T Z 3 . 0 i * I * D  4
3 .3 0  T i *% 8 .0 4 *X *Z * “ “ *XX*ZZ
3 .9 0  G 1 .6

4 .0 5  S DX=0*S DZ=0
4 .1 0  F N ^ i jZ .N X JS  LN=N*L*D 5
4 .2 0  3 XX=XX+DX-f( i+XE*XX)*5T /T>3  ZZ=ZZrBZ-(XE*ZZ>*3T/T

.07  3 C3=FC0S(LN*XX)*3 AN=AN( N)

.10  3 TP~FEXP(-Liv*ZZ>*3 SN=FSIN(LN*XX>

. i 2  3 Ti=LN*ZZ

.14  3 R;=R(N> *3 Ti=LN#ZZ*8 TRsTP^Z

.16  S MM=R)i<(Ti-i))i(TP#C3

.17  3 P-~R*Ti*TP*SN

.18  F M -l*2*N X*D  6

.20  3 T2=LN*( XX#XE+1)

.30  3 DX^DX+AN#( S T /T ) * ( T2#Ti#3N-XE#( 2 - T i ” 2 ) #C3) #TP+MM

.40 3 D Z = D 2 + A N *(S T /T > * (T 2 * ( I+ T i)*C S -fX E * ( i -T i~ T l ' ,’2 )*SN)*TP+P

with permission of the copyright owner. Further reproduction prohibited without permission.



6 . iO 8 R f t= (M /N ) - i  fS QQ=(M/N)t 1
6 .1 3 I ( ftft )6 .1 4 i> 6 .1 5 f6 .1 5
6 .14 S I Z = - i  »G 6 .2
6 .1 5 S IZ = i
6 .2 0 s LR=LN*RRf3 LQ=LN*QQ
6 .3 0 8 AA=-<ft/2>*LQ*AN<M> r3 CC=-<R/2>*LR*AN<M>
6 .4 0 8 BB--CCfS b b = i z * aa
6 .5 0 S TR=FEXP ( -FABS ( LR) *Z Z ) i  3 TQ=FEXP ( -LQ#ZZ)
6 .6 0 8 MM = MM+ < AA+BB < L Q * Z Z - i ) )  *TQ*FSIN( LG*XX >
6 .6 2 S MM=>MM+IZ*( CC+BB*( L R *Z Z - IZ ) ) *TR *FSIN< L.ft*XX)
6 .7 0 8 P=P+ < AA+BB*( LQ*ZZ) ) *TQ*FCGS( LQ*XX)
6 .7 3 8 P=P+< CC+BB* <LR*ZZ) ) *TR*FCOS< LR*XX)

B .05 F X--Xn»XI»XrlF3 ZT=OfB S . l i T  ! »X»ZT
8 .0 7 R
8 .1 0 F N=i»2»NX»S AN=AN(N) i l l  8 .2
6 .15 R
8 .2 0 8 ZT=ZT+AN*FSIN <L *N *X )

9 .0 2 8 T4~F8IN< < J *P I/2 )* idB >
9 .0 3 8 ft< J>r- 2 * i \ i * T 4 /<  < ( J * P I ) " 2 ) * S D * n
9 .0 5 I <J *W B -1 )9 .1 f9 . 9 f9 .1
9 .1 0 8 T i  = FC08<J*PI*UB/2>»3 T2==FC0S< J * P I / 2  >
9 .2 0 8 T3=(1 /<  P I * ( i /W B -J ) ) ) *F S IN ( < 1 - J#UO) * P I / 2 )
9 .3 0 S T 4 « ( i /< P I * ( i /W B + J ) ) ) * F S IN ( < l+ J * U D > # P I /2 )
9 .4 0 8 AN < J > = < 2 /<  J * P I ) ) *  <T 1 -T 2 ) +T3-T4
9 .8 0 ft
9 .9 0 S A N < J ) ~ - ( 2 / ( J * P I ) )*FC O S<J*P I/2 )

10 .10 B 1 .3 fA  i t “ X /S ? " » X f " Z /S ? 3 rZ
10.15 F J ~ 1 f2 fNX»B 9
10.17 B 1 .19
10.20 8 XX=XiS ZZ=Z»F I= l rT » B  4
10.30 T ! rZ 8 .04 rX > Z r  a ‘  »XX»ZZ
10.40 Q

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



110

Uniform shear resistance along part of flat detachment. Zero 

elsewhere.

In this problem, the interface is flat, so one boundary condition is 

that s, is constant,

(ID

Note that in this problem, Am is a constant and is not the expression

given in equation (8c) of chapter I. The other boundary conditions are 

those of the previous problem and are given in equations (4) and (5).

Rm is presented in equation (Id) of chapter 2. The velocity potential

M* is given in equation (2a). Using equations (2), the velocities are

vy = -[a + b( Iz- 1 )]exp(- /z)cos( /x) (12a)
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vz  = [a + b( /z)]exp(- /z)sin( Ix) (12b)

in which the wave number /  is

/  = v/ef

Using the boundary condition expressed In equation (5), at z  = 0,

°ns  = (13)

and solving for the constants,

OO

a-b = [ Z Rmcost !m x)]/2n I  (14)
m -1

Using the boundary condition expressed In equation (4), at z  = 0, 

and the condition that the vertical velocity must vanish at the 

interface,
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[ ^ = 0  "  0  s asin* ^ (1 5 )

Accordingly,

o o

a = Oj b = -[ I  ffmcos( Im jt ) ] / 2 j i /  (16)
m = \

Substituting equations (16) Into equations (12) and adding the 

mean horizontal velocity, vx , and the mean shear flow, vt yields,

OO

v  +  ( 1 / 2 ^  T  ( 1 1 W  Rn / /7? z ~ 1 ) e x p ( "  ^  z ) c o s (  lm
m=] (17a)

OO

vz  = -(1 /2ji) T iM  Im)RmUm z)exp(- lm z)sin( lm x) (17b)
m- 1

This completes the solution for the velocities due to drag on a 

flat detachment surface. Note that a mean shear flow contribution is 

required, because in this case, the origin of coordinates is picked

such that ans is always greater than zero. Thus, the average shear

flow is not zero as it  was in the previous problem.
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1.13  S L=2*P I*3D »3 B0=0»r J - i .2 » N X rD  11
1.16 S R=i\N;i<ST*3P/<Ba>i<T> »F N=i»2»NXfD 12
1.17  D 1 .9 5 H  (WW)1 0 .1 » A ! »“ X-LEFT?" rXL» I  (XL.) 1 ,2» 1 . 9 . 1 . 2
1 .19  T ! ! t  “ TIME STEP OLD POSITIGNSrX.Z NEW POSITIONS ,  XX, 2 2 .  *
1 .20  A i t “ X-RIGHT?"hXRk‘ NUMBER OF POINTS?"fIM 
1 .22  A ! t "MIN Z?“ »ZM» ! n"MAX Z? ’ »ZX»! » ‘ INTERVAL?"»ZI
1 .25  S X Is (XR-XL) /<  IM - 'i  )
1 .30  S Z -ZM -ZI
1.^*0 S X=XL-XI »3 Z = Z + Z I* I  ( Z -ZX>1 .45»1 .45»Q
1.45  D 1 .19
1 .60  S X=X+XI»I (X -X R >3 .1»3 .1»1 .7
i .70 G 1 .4
1 .90  Q
1.95  T ! t “ DO A SINGLE POINT? Y-NEG. N D .- iA  WW

3.1 0  S XX=X*S ZZ=Z i F I  = 1>T»D 4
3 .3 0  T ! »%8.04»Xi'Zi> “ “ »XX»ZZ
3 .9 0  G 1 .6

4 .1 0  S MM;=0 i  S P=0»F N=1 »2»NX»S LN~N*L»D 5
4 .1 5  S T4=R*2*ZZ*3D/SP
4 .2 0  S ZZ=ZZ+P
4 .2 5  S XX=XX+MM+T4+ST/T

5 .0 7  S CS=FCGSiLN*XX)
5 .1 0  S TP=FEXP(-LN*2Z>»S SH=FSIN<LN*XX)
5 .1 2  S Ti=LN#ZZ
5 .1 6  S MM=MM+R<N>*<TI~i>*TP#CS
5 .1 7  S P-P-R<N>*T1#TP*SN

10.10 A !» - X /S ? “ »X»“ Z /S ? " ,Z
10.17  D 1 .19
10 .20  S XX=XrS ZZ=Z»F I= l rT ? D  4
10.30 T ! »Z8 .04»X r2»“ “ .XX.ZZ
10.40 G 1 .17

11.10  S B a = B a + ( i /S D > *< S P /2 > * ( i /< P I ” 2>>*< < i/J>~2>*FS IN <2*J*<P I/SP>*SD >

12.10 3 LN=N*L
12.20 3 R <N )= (R /<2*S B )>*<<1 /< N *P I> ~ 2>>*FSIN<LN/SP>
12.30 S R N <N )= (2 /<N *P I))#FS IN (LN )
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18.05 A ! t  *
18 .10 S S3=
18.20 F N=1
18.25 S SH=
18.30 T M
18.40
18.60

T
R

0

19.05 S TP=
19.08 S CN=
19.09 S SN=I
19.20 S BQ=
19.30 S SS=:
19.40 S GCH
19.50 S P=P

21 .10 T ! f *1
21 .15 A ! ! !
21 .20 D 22
21 .30 D 18.
21 .40 F N~1
21 .50 S SX~i
21 .60 T ! f "
21 .70 I <FA1
21.71 G 2 i . :
21 .72 T ! f "•
21 ,73 S J2=l
21 .74 T H
21 ,78 S SN=-
21 .8 0 s DS :
21 .85 T U
21 .90 G 2 i . :

22 .10 S X2=;
22 .20 A i ! f
22 .30 S DX-:
22 .40 S xx=:

Z ? * fZZ
GG-OfS p =o

SH STR. FROM B . C . " fS3+2*SD/SP 
SH STR. FROM SOLUT.'.SH

BQ=BQ+RN( N) *TP*T i*C N

-RN<N)*T1*3N

'E STRESSES' 
fXI » “ Z iY ’S Z i

. 2 fNXfS LN=N#LfD 19 
30fS SS-2*8D/SP+BQ 
S X X 'fSXf " SXZ“ fSS

TAN 2THETA(SIG D ' r S S /S X

rHETA IS + OR -  45 DEGREES'
■S0T(<SX"2) + <S3 ' '2 ))»T  ! f * J 2 ' fJ2 

YIELD FUNCTION"fJ 2 - P * 0 .5774 f " P " fP
iN/FSQT< 1+TN~2) i S CN=i/FSOT(1 +TN~2)
= 2*SX*C3t2*5S*SN fS SH = -SX*SN+S5*CN 
SSS-SNN* fDSf '  SNS’ fSH

Z l ? " fZ I
! ! i -Z 2 r3  TN=DZ/DX
J=Z1-DZ/2fT "X POS'fXXf " Z POS’ fZZ
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1.05  T ! . "PROGRAM FOR COMPUTING FIN ITE STRAINS OF A DEFORMED"
1.07  T • "RECTANGLE— STORED UNDER STRAIN.BER '

1:1s 1 ! : ” s n  i r ' i NDlo ” c o » K ^TS 15 i l l  c »  « . . » »  « -
1.20  F I - 1 , 3 0 ; D  2;D 3
1 .30  Q

2 .10  A ! ,"X A " ,X A ,"  Z A " ,Z A "  XB'J.XB,;; 2B",2B
2 .20  A ! ,"X C " .X C ,"  ZC",ZC," XD",XD," ZD",ZD
2.30  S A 1 ( 2 ) - ( 1 / 2 ) * ( X C - X A + X D - X B ) / D Z
2 .40  S A 1 ( 1 ) - ( 1 / 2 ) * ( X B - X A + X D - X C } / D X  

2 .50  S A 2 ( l ) - ( l / 2 ) * ( Z B - 2 A + Z D - 2 C ) / D X
2 .60  S A 2 ( 2 ) « ( 1 / 2 ) * ( Z C - 2 A + Z D - Z B ) / D Z
2 . 7 0  S I 1 - ( A 1 ( 1 ) / v 2 ) + ( A 2 ( 1 ) a 2 ) + ( A 1 ( 2 ) a 2 ) + ( A 2 ( 2 ) a 2 )
2 . 8 0  S I 2 - ( ( A 1 ( 1 ) a 2 ) + ( A 2 ( 1 ) ‘a 2 ) ) * ( ( A 2 ( 2 ) a 2 ) + ( A 1 ( 2 ) a 2 ) )

2 . 8 5  S I 2 - I 2 - ( A l ( l ) * A l ( 2 ) + A 2 ( 2 j * A 2 ( l ) ) A 2

1 :8 1
2:81 W ( * > ‘2)-<«<>)M))
3 .10  T ! , " X  A N D  Z  FOR PTS A . B . C . D " , ^ X A . Z A , ! X B , Z B , ! , X C A Z C J , X D , Z D

3 .20  T ! ."F IN ITE  STRETCHES— S I" ,  S I ,  S2,S2, D VOL ,S1*S2
3 .30  T !,"TANCENT TWO THETA",TN,!!
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Uniform shear resistance on upper flat segment of 

detachment surface. Zero elsewhere.

In this problem, the detachment surface is not represented by a 

simple sinusoidal, Fourier series. Instead, a cosinusoidal, Fourier 

series is used that approximates a planar ramp segment. Thus, the 

boundary condition that describes the interface is

oo
s - I  Amzos{/m x) (18)

m- 1

where Am is presented In equation (A3) of chapter 2. The other 

boundary conditions are those presented in equations (4) and (5) with 

the exception that ans is redefined

oo

o ^ - r  Accost /n x) (19)
n - 1

where Rn is defined in equation (A4) of chapter 2.

The change in the boundary condition neccessitates a change in
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the velocity potential i|>, from that shown in equation (7). However, 

the method to determine the form of the velocity potential is exactly 

that as described in the derivation of equation (6). Substitute 

equation (18) into equation (4), using equations (2b and 2c). Equation 

(4) becomes

0 - I  (-a^sinf Im x) * (a^- b^) !n I  *4^^sin( f^x) cos( a1)
n - 1 m -1

(a^- b^) Z lm Amcos(!n x)s\t\(Im x)} (20)
m- 1

The three terms in equation (20) are orthogonal so the velocity 

potential, i|it must have the form

OO

i|> « z  ((1 /  In) [an* b^t /^zMexp(-Inz)cos( /n x) 
n-1

♦ z (1 /  V  ta/7?/7+ b ^  ( /^z)]exp(- /<7z)cos( /^z)
171-1

+ 1 (1 / /p  [cm n+ d/77/?( /,.z)]exp(- /r z)cos( /^z)}; n  0 (21)
/77-1
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If ✓" is less than zero, the last term in equation (21) becomes

oo

* T { \ / / r ) d/77/?(/^^)]exp(Ir z)cos( !r x ) ) ; r  < 0
m-1

Using equations (2b and 2c) the expressions for the velocities can 

now be written

o o

mx  = Z {{an+ bn{ ln z -  1 )]exp(- ln z ) cos( !n x) 
nm\

OO

+ Z 1 )]exp(-/Qz)cos{ty)
m- 1

o o

+ Z [ c ^ *  Ir z -  1 )]exp(- /r z)cos( !r x )); /• 2 0 (22a)
m = \

If r  is less than zero, the last term in equation (22a) becomes

OO

- Z [cm n* d/77/7( /r z+ I )]exp( !r z)cos( /r x ) } ; r  < 0 
m-1

o o

- -Z  ([ay7+by7(/y7̂ )]exp(-/y7z)sfn(/y7A')
/7 = l

OO

• 1 W  v )hxp<‘  V )sin( V 1
fD- 1
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OO

- Z 6w /)( /r z)\exp(- /r z)sin( Ir x ) ) ; r  10 (22b)
m-1

If/- is less than zero, the last term in equation (22b) becomes

OO

- Z [Cm n* 4m /f( /r z)]exp( /r z)sin( /r x ) ) ; r  < 0
✓77“  1

Substituting the velocities [equations (22)] into the interface 

equation [equation (4)], produces expressions for the constants,

an = 0 (23a)

zmtn ~ "b/7 • ôr a11 n

The other constants are determined using the boundary condition 

that describes the shear stress distribution on the interface, 

equations (5 and 19). As in the first problem presented in this
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section, the stresses are evaluated at the interface, z  The shear 

stress on the interface is

oo
ans - Z ( - 2m / n [ { * n-b^Jcost !n x) 

n- 1
oo

♦ Z (2b/7-a/7)(/4/77 /^cost In x)cos{ lm x)\ 
m- 1

OO

-4 jiZ  /^(a^-b^X Im Am)sin( /^zJsinf /^ z ) ] 
m- 1

OO

-2)1 E  l ^ mn-bm^ l Qx) 
m - 1

oo

-2m Z /r (cm n-  d^^JcosC /Az )} ; /•* 0 (24)
/77= 1

If z Is negative, then the last term in equation (24) Is replaced by

OO

- 2m Z //'(c/77/7+ dfff ̂ cos i )r x )); r< 0 
tn - 1

Using trigonometric identities and solving for the constants,
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b/7= (25a)

^m,n "  b /7 ln Am * *m,n “ c y77,/7
(25b)

^m,n = b /7 ~ zm,n = a /?7 ,/7» r  * 0 (25c)

If /- is negative, then equation (25c) is replaced by

^mfn = ~ b /7 * cm,n = “ a /77 ,/7» A

This completes the solution for the constants. They are 

substituted into equations (22) in order to compute the perturbed 

velocities. The problem posed in Chapter II is not complete without

the mean horizontal flow, vx , and the mean shear flow, v. The mean

flow and the perturbed flow set up by the interaction of the mean 

flow and the ramp w ill be presented next. The mean shear flow is

presented in the next paragraph; i t ’s form depends on the choice of Rf
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.The derivation is valid for any shear stress distribution that can be 

described using a Fourier cosinusoidal series, i.e. any Rn .

Solution

Here I present the solution for velocities for the problem 

Illustrated in Fig. Kb) of Chapter II, where there Is a detachment 

surface and a ramp fault with zero drag and a higher detachment 

surface with adheslonal drag, k. This problem Is similar to those 

discussed In Chapter I, except In the previous solutions there was 

zero drag on the ramp. Further In Chapter I, I assumed a sinusoidal 

ramp fault, whereas, here I assume a straight ramp fault. For the 

present problem, I can Identify four contributions to the velocities 

and stresses within the viscous fluid. One is the mean rate of

translation, ~vx  . Another is the velocity gradient set up by the

average shear stress acting over the interface between the fluid and 

the rigid substratum,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



* ( z - 5 /2X 1-M'/dO(1/2n)

120

In which I have set this component equal to zero along the upper 

detachment surface, and 5  is ramp height, w is ramp width.

The third component is a perturbed velocity set up by the 

interaction of the mean flow and the ramp, and the fourth component 

is the perturbed flow required to satisfy the stress boundary 

conditions along the surface. The components are arranged in the 

order just described in the expression for the velocity in the x  - 

direction:

vx = vx  + k( z -  5 / 2)( 1 - w l </X 1 /2 i))

OO

+ \vK - k z { \ -w l<7X1/2n)]I Am /m(!m z)exp(- !m z)cos(Im x)
m-1

o o

+ ( l/2n) Z KRnl  ln % ln z -1 )exp(- ln z) cos( ln x) 
n- 1

OO

- Z {Am/2){{ fq+ /r ( 1qz - 1 ))exp(- lqz)z os( Iqx)
m -1
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±( /r ± lg( Ir z+\ ))exp(? Ir z) cos( !r x))\
121
(26a)

vz  = -I yx ~k z ^1“  w ! M 1 /2n)] Z Am tm{ 1 + !m z ) w p(- /^ z )
/77= 1

OO

sin( lm x)-( 1 /2n) Z ( f y /  ln)[ !n zexp(- ln z)sin( 1n x) 
n- 1

OO

-  Z (Amf2){ lqK 1 + /r z)ex p(- /^zjsinf / ^ )  
m-1

+ /^dt/^zJexpCj/^zJsint/^z))]. (26b)

Here

Am = (4 5 /  w) cH 1 //77h)2cos[/77h( 1 -  w l cft/2\, for all m (26c)

Rm = (2XV/?n)sin[/?ii( 1 - w l cftl2]; odd n (26d)

d = [(m l / 7 ) + 1 ]; /*= [(m l /?)-1J; !q = <7/^; !r  -  r ln (26e)

The upper signs in eqs. (26a) and (26b) are selected for m > n, and 

the lower signs are selected for m < n

The derivation of expressions for stresses and the drag 

parameter, K , is similar to that discussed in connection with
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equations (2)-(4) in Chapter II. I introduce a drag parameter, K,

K = { F -  sfcf)kp/vx i  (27)

where p = 2 s /{ d- tv), k  is the adhesional drag and F is a factor, the 

value of which Is determined as follows. For K= 1,1 set the velocity 

equal to zero at x  = 0, z  = 1, in eq. 26a. Substituting eq. 27 into (eq.

268)^. q z -\ and solving for F

CO oo

F -  Z 11 K/fl-1 )exp(- ln) + Am[- lq - /r ( /q- 1 )}exp(- Iq) 
n - 1 fn- 1

± Am{- /r  ? /q( lr  T 1 )}exp(* /r )\{-2 d/{ d- tv))( 1 / /?n)2sin{ /n( d-tv)l2)

* Aml  <A /m?exp(- !m)] /  1 * /m)2exp(- / „ )  (28)

Thus, for /f= 1 there is no slippage at point (0,1), but there is 

slippage everywhere else along the interface.
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The normalized shear stress c nslk  is 

*ns,km  P1 d

CO CO

+1 I  [(2/ /?jr)sin( n v p l d) [( !n z - 1 )exp(- ln z)cos( ln x) 
n - 1 fn- 1

♦ (Am/ 2) g{- lg - lr ( lqz - 1 )}exp(- lqz)cos( lqx)

+ (Am/2 )r{- lr  ? !q{ lr z  ? 1 )}exp(? lr z)cos( lr x) (29)

where p = (d *  w)!2.

The expressions for stresses and velocities converge for large 

m and n if z  is positive; that is, for points in the fluid that lie 

above midheight on the ramp. The expressions for stresses converge 

more slowly than those for velocities, because the Fourier 

components of the velocities converge according to 1 />77and I//?2 

whereas those for the stresses converge according 1 and M n. 

Equation (26a) and (26b) diverge for z  negative, that is, for points in 

the fluid that lie below midheight on the ramp. I have elected not to 

compute velocities and stresses for points below midheight on the
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ramp, but I could have performed the computations by using plus and 

minus options as I did for parameter r  in equations (26a) and (26b).
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CM 
CM

 
CM

 
CM

1 . 0 5  T ! t  " S TO R E D  UNDER < S P L A Y . B A L > "
1 . 0 8  A ! f “ R A T I O  OF SHEAR S T R E N G T H / V I S C O U S  SHEAR S T R E S S ? " y K K
1 . 0 9  S M X = 3 1  ) S  N X = ( M X + i ) / 2 ) X  F P R M ( 2 y 1 2 0 ) ) D  1 . 9 7
1 . 1 0  S P I = 3 . 1 4 1 5 9 2 6 5 3 6 . 3  T = 1 0 ) A  i . " S L O P E  OF RAMPS?y 2 S / W " y  SW
1 . 1 1  B 1 . 9 6 ) T  " P / S ’ y 1 / S P y "  W / S ’ r  i / S W y  " 2 P / U " . 2 * S W / 8 P
1 . 1 2  A i y “ M AXI MUM  D I S P L A C E M E N T  F ACTOR ( F R A C T I O N  OF S ) ? " y S T
1 . 1 3  S L = P I * S B ) A  i » " N O .  T I M E  I N C R , ? " y T ) F  N = D N X ) S  L N = L # N ) D  1 2 . 4
1 . 1 4  T ! y "RAMP I S  AT 0 » 0  C O O R D S " ) 3  8 L = 0 ) S  J Q = 0 ) F  M = = l » 2 » M X f D  9
1 . 1 5  T ! t  "MAX S L O P E " y S L )  A \ t “ WANT I N T E R F A C E ?  Y E S - P L U S  N O . ' y U W
1 . 1 6  I  ( WW) 1 ♦ 1 7  y 1 ♦ 1 7 ) T ! » " I N T E R F A C E y X y Z E T A ’ ) 3  X M = 5 / S W ) 8  X I » 5 ) D  :
1 . 1 7  D 1 1 yD 1 . 9 5 ) 1  ( 0 0 ) 1 0 . D A  i y " X - L E F T ? " y X L ) I  ( X L > i . 2 y 1 . 9 y 1 . 2
1 . 1 9  T ! ! y “ T I M E  S T E P  OLD P Q S I T I O N S y X y Z  NEW P O S I T  I O N S  y XX yZ7."
1 . 2 0  A i y " X - R I G H T ? " y X R y " NUMBER OF P O I N T S ? " y I M
1 . 2 1  3  A F = K K * S T * 3 P / ( ( B Q ) # T ) ) F  N = i y N X ) S  L N = N * L )  D 1 2  
1 . 2 3  S V = - A F * S B / S P
1 . 2 5  S X I - ( X R - X L ) / ( I M - 1 ) ) 3  X = X L - X I
1 . 3 0  T D " P O S I T I O N  OF BAS E I S  - 1 . 0 "
1 . 4 0  A i y " Z - P O S I T I Q N  OF L A Y E R ? " y Z
1 . 4 5  D 1 . 1 9 ) T " DX DZ D Z / B X "
1 . 6 0  S X = X + X I ) I  ( X - X R ) 3 . i y 3 , l y l , 7
1 . 7 0  G 1 . 4
1 . 9 0  G
1 . 9 5  T ! y " DO A S I N G L E  P O I N T ?  Y - N E G .  N O . " ) A  0 0
1 . 9 6  S S D = i / S B ) 3  3 W = 5 U / 2 ) S  S P = 2 / ( 1 / S D - i / S W ) ) T  ! y "  D / W " y S W / S D
1 . 9 7  A i y " S P A C I N G  OF RAMPS? D / S " y S D

3 . 1 0  S X X = X ) 3  2 Z - Z  

3 . 1 2  T ! y “ T I M E  S T E P S " y !
3 . 1 6  F  1 — 1 y T ) T £ 3 . 0 i y I ) B  4
3 . 3 0  T ! y / £ 8 . 0 4 y X y Z y “ " y X X y Z Z
3 . 9 0  G 1 . 6

4 . 0 5  S D X - 0 ) S D Z = 0 ) S  S X = 0 ) 3  8 Z = 0
4 . 1 1  F  M = i y 2 y M X ) S  L M ~ L . * M r D  5
4 . 1 2  F N = l y N X ) S  L N = L * N ) D  7 ) F  M = i y 2 y M X ) 3  L M - L * M ) D  6
4 . 1 5  8  T 4 = A F * ( Z Z - i ) * S D / S P
4 . 1 8  S B Z = S Z + D Z ) 3  B X = D X + S X + T 4 + S T / T
4 . 2 0  3  Z Z = Z Z + B Z ) S  X X = X X + B X

. 1 0  S T T = F E X P ( - L M * Z Z )

. 1 4  S T 2 = L M * Z Z

. 3 0  5  D X = B X + ( S T / T + U ) * A M ( M ) * L M * T 2 * T T * F C 0 8 ( L M * X X )

. 4 0  S D Z = D Z -  ( S T / T + V ) * A M  ( M ) * L M *  ( T 2 + 1 )  #TT>i<FSIN ( L M # X X )
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6 . 1 2  S RR=a ( h / N ) - i  »8  G a = < M / N ) i l i 3  L . G * L N * G G * 3  L R ' - L N f t R R J S  I Y = 1
6 . 1 3  1 ( R R ) 6 . 1 4 * 6 . 1 6 * 6 . 1 7
6 . 1 4  S I Z = - l i G  6 . 2 5
6 . 1 6  S I Z = i  * 3  j! Y ~ 0 * G  6 . 2 5
6 . 1 7  3  I Z = 1
6 . 2 5  3  E R = F E X P ( - F A B S < L R > * Z Z >  * 8  E a = F E X P < - L G * Z Z >
6 . 2’7  3  J i ' i = B ( N ) * < H M ( M ) / 2 >
6 . 3 0  3  S X != SX - t - J N * <- L G - L R # < L G # Z Z ~  1 ) ) -YEGtfFCOS< l . G * X X >
6 . 3 5  3  3 X = S X - J N * I Z * <L R + I Z * i _ G *  < L R * Z Z ~ I Z  > ) * E R * F C 0 8 <L R * X X ) * 1 Y
6 . 4 0  S S Z = S Z - J N * ( - L Q - L R * <L Q * Z Z ) ) *EQ>i<F8IN <I..Q>i<XX)
6 . 4 5  3  S Z = S Z + J N * ( L R + I Z f r i - Q # i i _ R * Z Z ) ># E R * F S I N ( L R * X X ) * 1 Y

7 . 1 0  8  T P = F E X P < - L N * Z Z ) i S  T 1 = L N * Z Z
7 . 2 0  S S X = S X + B < N ) * < T l - i > * T P * F C Q S < L N * X X >
7 . 3 0  3  5 Z ~ 3 Z - B ( N ) * T i * T p ) i t F S I N ( L N * X X )

8 . 0 5  F X - - X M * X I * X h * S  Z T = 0 * D  8 . 1 * T  ! * X * Z T * D  I S
8 . 0 7  R
8 . 1 0  F  M = i * 2 * M X ; S  L M - H * L t S  A H= A i i < H >  r D  8 . 2
8 . 1 5  R
8 . 2 0  3  Z T = Z T + A M * F C O S < L M * X )

9 . 1 0  S i_i't=M*L_# S A M < M > = 8 * < l / S D > * < S U / <  < M * P I  > ~ 2 > > * i - C 0 S  < L. .M/SP)
9 . 2 0  3  J G = J C H A M ( M > * u _ M ~ 2 > * F E X P < - L M >
9 . 3 0  3  S L ^ S L + A h i <M >*L M; i< FS IN ( M f r P I / 2 )

1 0 . 1 0  D 1 . 4 5
1 0 . 1 8  D :L.2a.»D i . 2 3 * D  3 . 1 2
1 0 . 1 9  B 1 . 3  * A ! * " X / S ? " * X * 3 Z / S ? 3 * Z
1 0 . 2 0  8  X X = X * S  Z Z - Z f F  I = l * T i T  Z 3 . 0 0 * I J B  4 * B  1 0 . 3
1 0 . 2 5  G
1 0 . 3 0  T ! * Z 8 . 0 4 * X * Z * “ “ * X X * Z Z * B X * B Z
1 0 . 4 0  I  ( B X ) i 0 . 5 * i 0 . 9 * 1 0 . 5
1 0 . 5 0  T B Z / B X
1 0 . 9 0  R

1 1 . 0 5  S B Q = 0 * F  N - 1 * N X * 3  L N = N * L * B  1 4 i F  M = 1 * 2 * M X * S  i_M=-M*L. * D 1 3
1 1 . 1 0  3  B G = < B Q + S B * J G > / < J G + i >
1 1 . 2 0  T i t “ FACTOR F “ rBQ
1 1 . 3 0  R

1 2 . 2 0  3  B < N ) = < A F / S D > * ( l / <  < N * P I  > ~ 2 >  > * F S I N C l N / S P >
1 2 . 4 0  8  R N < N > = < 2 / < N * P I > > * F S I N < L N / S P >

1 3 . 1 0  3  R R = < M / N ) - i * S  Q G « < M / N > + 1 * 3  I Y * 1
1 3 . 1 5  I  < R R > 1 3 . 1 6 * 1 3 . 1 7 k 1 3 . 1 9
1 3 . 1 6  3  I Z = - 1 * G  1 3 . 2
1 3 . 1 7  3  I Z = i * S  I Y = 0 * G  1 3 . 2
1 3 . 1 9  3  I Z = 1
1 3 . 2 0  8  L G = L N * G G * 8  L R = L N * R R
1 3 . 3 0  3  T G = F E X P ( - L G ) * 3  T R = F E X P < - F A B S ( L R ) )
1 3 . 6 0  S GQ= < A M ( M ) / 2 > # < - L Q - L R s i c <L Q - i ) ) # T Q
1 3 . 7 0  S H a = - < A M < M ) / 2 ) * a Z * < L R + I Z * L G * a j * - I Z > > # T R * I Y
1 3 . 8 0  3  B Q = ( G G + H Q >* C G + B Q
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1 4 . 0 5  S B a = < L N - i > * F E X P < - L N >
1 4 . 2 0  S C a = < - 5 P / S D > * < i / < < N * P I > ” 2 ) ) * F S I N < L N / S r - >
1 4 . 3 0  S BG=BQ+BQ)i<CQ

1 5 . 0 5  S D X = 0 » S  D Z = 0
1 5 . 0 7  A ! . - X X T ’ . X X . ’  Z Z ? " » Z Z
1 5 . 1 0  F N = l r N X . 3  L . N = N # L » D  1 6 . F  M = l » 2 . M X r 3  L M= Mf cL r D 1 7
1 5 . 2 0  T ! . ■ B X . B Z . B Z / D X ’ . D X . B Z . D Z / D X
1 5 . 3 0  Q

1 6 . 1 0  S D X = B X - B < N > * F C a S < L N * X X )

1 7 . 1 0  D 6 . 1 2
1 7 . 1 1  I  ( R R ) i 7 . i 2 » i 7 . i 3 » 1 7 . 1 4
1 7 . 1 2  3  I Z = ~ i } G  1 7 . 1 6
1 7 . 1 3  S I Z = i » 5  1 Y = 0 »G 1 7 . 1 6
17.14 3 12=1
1 7 . 1 6  S T P = B < N ) * A M < M > / 2
1 7 . 2 0  5  I i A = D X - < 2 * T P * L . N ) * F C 0 S < L Q ) i i X X >
17.30 3 &X=BX+IZ*TP*2*i_N*FCG3<LR:i(XA> *:£Y
1 7 . 5 0  3  B Z=DZ +TP . i <( LQj jcFSIN <L G * X X ) • t L R * F S  I N  <i . R t f X X ) > *  t Y

1 8 . 0 5  3  X X = X . 3  Z Z = Z T
1 8 . i O  5  A u = 0 » 5  K Q = 0 r 3  S i _ = 0 » 3  5 5 = 0 i 3  B Q = 0 » 5  C u = 0 » 3  DQ = 0
1 8 . 1 5  F M = i r 2 » M X » S  L M = = H * L f 3  3 i _ = S L ~ A M ( M > * L M * F 3 I N < L M # X X )
1 8 . 2 0  F N = i » N X i S  L N = N * L » B  1 9 f F  M = 1 » 2 . M X ; S  L M = M # L t D 2 0
1 8 . 2 5  3  S H = A Q * 3 L + S B / S P + B Q + K Q + D Q
1 8 . 3 0  T ‘  SH S T R .  FROM B . C . 3 . S S + S D / S P
1 8 . 4 0  I 1 SH S T R .  FROM S u L U T . " »SH
1 8 . 6 0  R

1 9 . 0 5  3  T P ss< i - L N * Z Z )  » 5  T 1 = F E X P < - L N * Z Z )
1 9 . 0 8  5  CN=FCGS<LN!i<XX>
1 9 . 0 9  3  3 N = F S I N ( L N * X X )
1 9 . 1 0  3  A G = A G + 2 * R N < N ) * T P * T 1 * S N
1 9 . 2 0  3  B G = B G + R N ( N > * T P * T 1 * C N
1 9 . 3 0  3  S S = 3 3 + R N < N > * C N
1 9 . 4 0  3  G a = R N < N > * T P * T i * S N + G G
1 9 . 5 0  3  P = P - R N < N ) * T 1 * 3 N

2 0 .05  D 6 .1 2 .1  <RR)20 .0 6 » 2 0 ,0 7 » 2 0 •0 8
2 0 . 0 6  3  I Z = - 1 » G  2 0 . 0 9
2 0 . 0 7  S I Z = 1 5 S  I Y = O r G  2 0 . 0 9
2 0 . 0 8  3  I Z = i
2 0 . 0 9  8  T 1 = F E X P < - L G * Z Z >  P8 C O * > F C G Q ( L Q * X X )
20.10 3 Ka=Ka+RN<N>*GQ*<La+LR*<LG*ZZ--i>>*<AM(M>/2>*Tl*Ca
2 0 . 2 0  3  T 2 = F E X P < - F A B S ( L R > * Z Z ) * A M < M ) / 2 i 3  C R = F C G S < L R * X X >
2 0 . 2 5  3  S Q = F S I N ( L Q * X X ) } S  8 R = F S I N < L R * X X )
2 0 . 3 0  S B a = D a + R N < N ) * R R * < L R + I Z * L . Q * ( L R * Z Z ~ I Z ) > * T 2 * C R * I Y
2 0 . 4 0  S H Q = H a + R N < N > * a a # < A M < M > / 2 ) * < L l H L R * < L a * Z Z - i > ) * T i * S Q
2 0 . 5 0  3  I G = I Q + I Y * R R * I Z # T 2 * < L R 4 I Z * L Q ) i U L R * Z Z - - I Z >  > * 3 R
2 0 . 6 0  3  P = P r R N ( N ) * G Q * < A M < M > / 2 ) * L R * T l * S a
2 0 . 7 0  3  P = P + R N ( N > * I Y * R R * L Q * T 2 * 3 R * I Y
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to 
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to 

to 
to i . 1 0  T i r " C O M P U T E  S T R E S S E S "

1 * 2 0  A i t “ X X ? " » X X » “ Z Z ? ’ » ZZ
i . 3 0  S A Q = 0 » 3  K Q = 0 » 8  P = 0 » 3  B Q = 0 » 3  C Q = 0 » 3  B G = 0 » S  H G = 0 » 3  G 0 = 0 » 8  1 0 = 0
1 . 4 0  F N = i » N X » 3  L N = N * L f B  1 9 » F  M = i r 3 » M X » 3  L M = M * L » D  2 0
1 . 5 0  3  5 X = G u + H 2 + I Q » 5  3 5 = 3 D / S P + B Q + K 0 + D Q
1 . 5 5  F M = i r 2 » M X * 5  L H = L * M » B  2 2
1 . 6 0  T ! * “ S X X " r S X »  ° S X Z " » S S
1 . 7 0  T i t " T A N  2 T H E T A C 3 I G  i > " » 5 3 / 5 X
1 . 7 3  3  J 2 = i - 3 u T (  ( 5 X " 2 )  +  ( 3 3 ' ' 2 ) )
1 . 7 4  T i r " Y I E L D  F U N C T I O N " r J 2 + P * 0 . 5 7 7 4 » " P " » P  
i . 7 6  A ! » “ ANGLE OF L A Y E R I N G  + OR - I t B E G R E E S " » A L
1 . 7 5  5  S N = F S I N < 2 * A L * P I / 1 8 0 > f 5  C N = F C 0 3 ( 2 * A L * P I / : L 6 0 )
1 . 6 0  3  DS =  2<<3Xj)iCS+2)i i55)i(5N i  S SH =  - S X t i f S N + S S ^ C N  
1 . 8 5  T i t " S 3 3 - 3 N N "  »DSr" S N S " i - S H

2 2 . 1 0  5  S T i = - 2 * < S T / T + V > * ( L M ' - ' 2 > * A M < M > * < L M * Z Z / A F > * F E X P < - L M * 2 Z >
22.20  3 55=S3rTi*FC03(LM*XX) »3 3X=SX+Ti)i(F3IN(Lri>i<XX>
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1 . 0 5 T

A

I * * S T O R E D  U N D E R  < R A M P . S T R > *
1 • 'RATIO OF SHEAR STRENGTH#TIM£ TO VISCpSITY?*»K1

1 . 0 9 S N X » 3 1 » X  F P R M ( 2 , 1 2 0 )

■ 1 . 1 0 S P l f 3 . 1 4 1 5 9 2 6 5 3 6 > S  T - 1 0 J S  U D - . 1 I S  S U « 0 . 2 ) S  S B = S W * U D
1 . 1 1 T i .« n y L M . i /u n .»  u / s ' . i / s u .  • n /s " . i / fS L i* i jn >
1 . 1 2 A ! * " M A X I M U M  D I S P L A C E M E N T  F A C T O R  ( F R A C T I O N  O F  S ) ? * > S T
1 . 1 3 A ! » ' N U M B E R  O F  T I M E  I N C R E M E N T S ? ( > 1 0 ) * > T

...... 1 .14 F J = 1 , 2 , N X « D  9

1 . 1 5 S L = P I * S D > A  1 r ’ W A N T  I N T E R F A C E ?  Y E S  P L U S  N O . * > 0 0
1 . 1 6 I ( 0 0 ) 1 . 1 7 * 1 . 1 7 » T  1 * ' I N T E R F A C E * X i Z E T A *  * S  X M = 1 / S W J S  X I » X M / 1 0 * ‘ D  8

. 1 .1 7 n 1 . 9 5 S I  < 0 0 ) 1 0 . I S A  1 » ' X - L E F T ? * * X L i I  ( X L ) 1 . 2 > 1 . 9 . 1 . 2
1 . 1 9 T U . * T I M E  S T E P  O L D  P O S I T I O N S * X > Z  N E W  P O S I T I O N S , X X , Z Z *
1 . 2 0 A ! > " X - R I G H T ? *  > X R i "  N U M B E R  O F  P O I N T S ? * > I M

1.25 S X I = ( X R - X L ) / ( I M - 1 ) ) S  X = X L - X I
1 . 3 0 T I > ' P O S I T I O N  O F  B A S E  I S  - 0 . 5 *
1 . 4 0 A 1> * Z - P O S I T I O N  O F  L A Y E R ? * > Z
1 . 4 5 P 1 . 1 9

1 . 6 0 S X = X + X I , * I  < X - X R ) 3 , 1 , 3 . 1  > 1 . 7

1 . 7 0  
1 . 9 0

G

n
1 . 4

1 . 9 5 T I > * U * , 1 / S W ) T  1>  * D 0  A  S I N G L E  P O I N T ?  Y = N E G .  N O . * * A  0 0

3 . 1 0 f t x x a x s s  z z a z
3 . 1 2 T 1 > " T I M E  S T E P S ' * I
3 . 1 6 F 1 = 1 , T i T  Z 3 . 0 1 , I , * D  4
3 . 3 0 T ! , % B . 0 4 , X , Z , *  * , X X r Z Z
3 . 9 0 G 1 . 6

4 . 0 5 S D X = O J S  D Z = 0 , S  U X = O t S  U Z = 0 ) S  W X = 0
4 . 1 0 F N = 1 , 2 , N X ) S  L N = N * L , D  5
4 . 2 0 S X X = X X + S T / T + D X » S  Z Z = Z Z + D Z

5 . 0 7 S C S = F C O S ( L N « X X ) > S  A N = A N ( N )

5 . 1 0 S T P = F E X P ( - L N * Z Z ) f S  S N = F S I N ( L N # X X >
S.15 S T l s l  N * 7 7

5 . 1 4 S R = R ( N ) » S  T 1 = L N * Z Z > S  T R = T P " 2
5 . 1 6 S M Q = R * ( T 1 - 1 ) * T P > S  P Q = - R * T 1 # T P
5  1 7 - M M = M f l i K C S i S  P = P i U i 5 N i S _ U X . = U X T L N M Q * S N  f  S... U Z r  U Z - L N m a i r 2 . ) . * T P * £ S _
5 . 1 8 S W X = W X - P Q # L N * C S > F  M = 1 * 2 , N X * D  6  „  

T X = A N * ( S T / T ) * L N # T 1 * T P5 . 2 0 S
5 . 2 5 S TZsAN* ( ST/T ) * L N #  ( T l+ 1 ) *TP
5 . 3 0 S D X = D X + M M + T X # S N » S  D Z = D Z + P + T Z * C S
5 . 4 0 S U X = U X + T X * L N * C S > S  U Z = U Z - L N # L N * A N * ( S T / T ) * ( T l - 1 ) # S N

.. , 5 .6 0 8 . W X = W X - T Z * L N # S N
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6 . 1 0  8  R R * < h / N > - l » S  Q Q = ( M / N ) + 1
6 ^ 1 3  I  ( R R 1 6 . 1 4 . 6 . 1 S . 6 . 1 5 _____________________________________________________
6 . 1 4  S  I Z » - l r G  6 . 2

6 . 1 5  S  I Z « 1

6>20 S  t.R----|.N*RR«S 1 ,asl.N*QQlS - S Q = F S i m L Q * X X ) J S . . C f l = F C 0 S ( L Q & X X )
6 .2 5  S  SR=FSIN<LR*XX)iS CR=FCQS(LR#XX)
6 . 3 0  S  A A = - < R / 2 > # L Q # A N < h > » S  C C = - < R / 2 ) # l . R * A N < M >
6 - > 4 0 —S - B B a O r  i  S  P D r i l Z S A A _________________________________________________________________

6 . 5 0  S  T R = F E X P < - F A B S < L . R ) * Z Z )  i S  T Q = F E X P ( - L Q * Z Z )  
6 . 5 2  S  M 0 = < A A + B B # ( L Q * Z Z - l ) ) # T a

6 . 5 6  S  P Q « ( A A t B B * ( U Q * Z Z ) ) » T Q  
6 , 5 8  S  P R « < C C t D I i * < L . R * Z Z > > * T R

_ A .  AO S MM=MM4-M0lKS04-MRltRR________________________________
6 . 7 0  S  P = P + P a # C Q + P R # C R
6 . 8 0  S  U X » U X + L Q * M Q * C Q + L R * M R * C R  

^ 2 0 . 8  W X = W X - L a * P Q ) t i S a - L R * P R » g 8  .
6 . V 5  S  U Z - U Z - L Q # < A A + B B # < L Q # Z Z - 2 ) ) # T O * S Q

6 . 9 8  S  U Z = U Z - I Z # L R * ( C C + B B # ( L R * Z Z - 2 ¥ I Z ) ) * T R # S R

8 . 0 5  F  X = - X M » X I » X M i S  Z T = O f D  8 . 1 J T  l , X , Z T
8 . 0 7  R

- 6 . 1 0  .F N=U2jMXLS.^Nr M <N)iD 8 . 2 ________________
8 . 1 5  R
8 . 2 0  S  Z T « Z T + A N * F S I N < L # N * X )

9 . 0 2  S  T 4 = F S I N < < J * P I / 2 > * U D >
9 . 0 3  S  R < J ) = 2 * K 1 # T 4 / < ( ( J J K P I > " 2 ) * S D * T )
9 . 0 5  I  < J H t H D - 1  ) 9 . 1 . 9 . 9 . 9 . 1 ________  _ _

9 . 1 0  S  T l »  F C 0 S < J * P I * W D / 2 ) f S  T 2 » F C 0 S < J # P I / 2 ' > '  ....
9 . 2 0  S  T 3 = < l / ( P I * ( l / W S - J ) ) ) * F S I N ( < l - J # U B > # P l / 2 )

9 . 3 0  S  T 4 « a / _ ( P l i m / M B + J ) m F S I N < < l + J * U D > » P I / 2 )
9 . 4 0  S  A N < J ) = < 2 / < J # P I ) ) * < T 1 - T 2 ) + T 3 - T 4
9 . 8 0  R

9 . 9 0  S  A N ( J ) = ~ ( 2 / ( J * P I ) ) * F C 0 S < J # P I / 2 )
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10.10 D 1.3JA !* *X/S?* fX f * Z/S?*fZ
10.15 F J=1f2 fNX)D 9
10.17 S A(1f1)=1?S A<2f2>=1fS A<2f1)=0fS A(1.2)=0
10.20 S XX=XfS ZZ=ZfF 1=1fTJD 4 f D 11
10.30 T • f%8.04fXfZf* *fXXfZZ
10.40 Q

11.10 C COMPUTE FINITE STRAINS
11.20 S B(1r1)=1+UXfS B(1f2)=UZfS B(2f1)=WXfS B<2f2)=1-UX
11.30 S C(lrl)=A(lrl)!«iB<lrl)fA(2»l)*B(l»2)
11.32 S C(1f2)=A(1f2)#B(1f1)+B(1f2)#A<2f2)
11.34 S C (2 f 1) =B ( 2 r 1) #A (1 > 1) +A (2.1) #B (2.2)
11.36 S C<2f2)=A<1f2>*B<2f1>+A<2f2>#B<2f2>

_li*.4.0LJl_J=!l1.2 fF.._K.=1 1 2 fS_A< Jf K ) »C.UrJO ... . ............... ..
11.50 F J=1 f2 fF K=1f2 fS C<JfK>=A<JfK>~2
11.55 S I1=0fF J=1f2 fF K=1f2 fS Il=ll+C(JfK)
11.60 S _I2=<C<1f1)+C<2f1>>*<C<2f2 > + C U f2>>
11.65 S I2=I2-<A<1f1)#A(1f2)+A(2f2)#A(2f1>)”2
11.70 S S=(1/2>#(I1+FS0T<<I1"2)-4*I2))}S S=FSQT<S>
11.75 8 TN=2# <A<1f1)#A<2f1)+A(2f2)#A<1f2)>
11.76 S TN=TN/<C<1f1>+C<1f2)-C(2f1>>C<2f2>)
11.80 S PH=<A<2f1)-A<1f2>)/<A<1f1>+A<2f2)>
11.82 S D=A<1f1)#A<2f2>-A<1f2>*A<2f1)
11.85 T !. •TIME STEP.1 f I f * MAX. STRETCH* fS
11.90 T MIN STRETCH*f1/Sf * TAN 2THETA*fTN
11.95 T ! f * TAN ROTATION*fPHf * DILATION*fDf* I1fI2*fI1fI2
11.96 D 10.3fT !
11.99 R
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Translation over a frlctionless detachment surface and ramp

In the preceding derivations, the solutions for drag are presented 

for the general case of drag applied to any boundary that can be 

described with a Fourier, sinusoidal series.The actual problems posed 

in Chapters I and II deal with detachment surfaces of different forms, 

although each is described with a Fourier, sinusoidal series. In the 

following derivation, the interface is described by $ (equation 3a).

However, Am has one value in Chapter I and a different value in

Chapter II. Either value is valid in the general solution.

The boundary conditions for the previous problems are given In 

equations (3a and 4). In this problem, however, the solution is for the 

perturbed velocity as a result of the Interaction of the mean flow and 

the ramp. The mean flow must enter into the boundary condition given.. 

In equation (4). Thus, the position of the Interface is

d</d t~ 0 -  [ Vz]^ - [vx * i^ O s /d jr )  (30)
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Using equation (3a) and solving for the perturbed velocity in the 2 

direction at the interface, to first order,

The velocity potential, t|», which for the previous problems had 

been of the form of equation (2a) with added terms to Include all the 

waveforms, is now of the form

V = (1 /  m e  * d( /z)]exp( /z)+Ia + b( /z)]exp(- /z))sin( /x) (32) .

The velocity potential, is chosen with this form so that vz  will be

a cosinusoidal function of *  as specified in equation (31).

Solving for the velocities and stresses using equations (2),

x m  m (31)

OO

vx  ~ 1 k /77+ bnr/ Jm z~ 1 JlexpC- fm z)sin( Jm x) (32a)
m- 1
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VZ  “  ^  â/77+ //77^)]exP̂ - !m  z)cos( / f f lX )  (32b)
✓77= 1

- I-2 ji //77[a/77+ bm( / ^ z - 1  )]exp(- !m z) sin( /^ tt)  (32c)
✓77= 1

Because the Interface is frictionless, the shear stress at the 

Interface, vns (equation (5)] is zero and to first order, at z= s,

a ns ~ ®  =  xzJ z=s

Solving for the constants, using equations (32c and 33)

a/77= ^4 )

and equation (31)

a /7 7 = vx Am
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This completes the solution for the constants. They are 

substituted back into equations (32) to compute the perturbed 

velocities.
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Translation over a frictionless thrust ramp with uniform 

shortening

In this problem, the addition of uniform shortening has altered 

the mean flow such that it is now described by the equations,

vx  - ?QX* ( l/4ji)(o xx ~ ® zz^x  (36a)

vz  m-&vx /* x )z  (36b)

The vertical velocity is assumed to be zero at the unperturbed, rigid 

interface. The position of zero horizontal velocity is determined by

the value of ~vQX.

The position of the interface is modified from equation (30) to 

include a vertical mean flow

dC/d t= 0 = [ vz  + vz\£ - [ vx  + vx \£ W h x )  (37)
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where ? is defined by equation (3a). 

The other boundary equations are

°nn = °zz  + azz (38a)

an s s **xz*(az z ~ a x x ^ & ^ x  (38b)

Evaluating the vertical perturbed flow at the interface [substitute 

equation (3a) and equations (36) into equation (37) and solving for the 

vertical perturbed flow at the interface],

co

I - 1 (d vx /bx) !m x) 
m -\

+1 %x + Vxld x) Am 7̂7cos( lm x * (39)

In order to determine the form of the velocity potential, i|», a trial 
solution is selected of the form

i|> ■ F cos( /m x) + §U m x) sln( !m x) (40)

Substituting equation (40) into the biharmonic equation
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- tmA[(4G-F)cos( Jm x) - G( !m x)%\xi im x)\

+ 2 f m2 (2d2G/d<v2 - d 2F/dz2)cos( tm x)

-2 tm2 (d 2G/dz2)( /m x)sH  lm x)

+ (d ^F/dz^cosf ffjjX) + (d 4G/dz 4)( lm x) sin( Jm x) -  0 (41)

The general solution to G is

G = [a + b( tm z)]exp(- !m z) + [c + d( lm z)]exp( tm z) (42a)

and F is

F = [A + B( /m z)]ex p(- lm z) + [C + D( //7?z)]exp( !m z)

+ b( lm z)2exp(- lm z) * d( Jm z^exp( !m z) (42b)

Using equations (42) to determine the form of i|>, assuming that 

the perturbed velocities vanish at plus infinity,

-  ([(A + B( !m z)) + b( !m zficosf lm x) (43)

+ la + b( /m x)sm( /m x))exp(- lm z )
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Solving for the velocities,

vx  -  /^({A+BC 1m z-\)+b[(lm z ) 2 - 2( fm z)])zos(lm x)

+ [a+b( lm z-1)](Im z)sin( lm z))exp(- Im z) (44a)

- - //77((A+B( / ^ z ) + b( / ^ z ) 2 -Ia+b( /^zJDsinC /^ z )

- [a+b(l m z)]( z)cos( z)]exp(- z) (44b)

*x s  = "2M ̂ 2((A+B( z - 1 )-a+b[( lm z) 2-3( z)+1 ])cos( lm x)

+ la+b( z - 1 )K z)sin( lm z))exp(- Im z) (44c)

Solving for the constants, using equation (39) and assuming that 

the horizontal velocity is zero at x  = 0,

A = 0 (45a)

a = (d vxn x )A ml  lm (45b)

In order for there to be free slip at the interface, the shear stress 

[equation (38b)] must be zero, which requires that
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b ■a ' (45c)

B = 2(d vx lhx)Aml  lm = 2a (45d)

This completes the solution for the constants. These values are 

substituted back Into the equations for the velocities (equations (44)]. 

To solve the problem completely, the solution must include a uniform 

translation term which is added to the solution.
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