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ON THE SUMMABILITY OF DOUBLE FOURIER'S SERIES

‘The;use of double Fourlert!s series in the solutions of -
.many_problems,in Mathematical ?hysics;has led -a number of
writers to consider various aspects of the theory of such
series. Both convergence and summability of the develop-
ments of certain types of functions have been discussed.

The advantages of the process of summability over that of
”convergence in the case of developments that arise in
Mathematical Physics justifies a close study of this processe.
C N. Moorea has considered integral orders of the Cesaro
vmethod of summability and applied it to the Fouriert!s series
deve10pment of a function of two variables at points of dis-
continuity of the function as well as at points of continuity.

The present paper is concerned with the extension of

' Moore!s results to positive ncn-iutegral orders of summability.
The advantages of non—integral means lies, not in any aid

“that it gives in finding ‘the sum of a divergent series, but
in the closer information 1t gives regarding the nature of

| the divergence of ‘the series.' Such information 13 of value

in predicting the behavior of a series when multiplied by a

set of convergence factors.

‘éTranSo Am, hiatho SOC. 14 (1915), ppo 73-1040 AlSO Iﬁatho
Ann. 74 (1913), pp. 555-572.

-
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PART I
Summability of Double Series.

4.

1.p Definitions" _
_ Ve take as a basis of the extended theory C. N. Loore s%
definitions for summability of the double series

(1) - Z dm,\ = al. 'fﬂ-u," -
’ -od.. -'4:;"'"'

- ave-

Form

' ) o : : —n k-, .. .
(2) L S 5(‘0 _ n /4: ) sy
' . » ?,( hoa 1520 M tr-s, met-y
where S e e
v R G ‘ ‘ . '
(3). o S, = ’Z_ @ pg
T - . Sl 47 L
an . ) . “’v»_a . Flms %) 7 rint %)
(a). : - Ami = (%) rtem) [(fr1) T

there k‘has any ‘value real ‘or oomplex except negstive integral
values. If the quotient ' .

(5) . 5..‘,?//4~. S

tends to.a limit Sasmand n' become infinite, the series (l)
1s said to be summable (Ck) uft‘o;the ‘'value S, -In order that

the above definitions have a meaning for the:value k = 0, we
assume that the right-hand side of (2) has the value which it
~approaches as k approaches Zero. The discussion in this- paper
is .confined to real values of k greater than -1l.

From the definitions of a,,and A . 1t follows that

@, “
(6) . MZ"»- 5,,”' .)'"] ~~ (/ ))"(/-/)";’Z’_"'.s x“',
%'r;c)l Z /),.. x'" ke )‘7 ("m"""u 51'“"’

hether k is integral or not. On equating coefficients of
x"y"on the two sides of (7) we obtain

*Trans. A:? Math. Soc. 14 (1913), 'PP. 73-104. Also Math.
Ann. 74 (1913), pp. 555=572. -
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4 iv\ ["-4[
(8) /4mn = %’. A‘J.
s Je

from which it is evident that the quotient (5) deals with
the weighted mean of the sums of the tenms of the double

" series (1). - In the same manner we find from (6) ‘that

\ S s (lm) L th)
(9) S’M ZT"'?f‘?,
Also, from the definition of A,, we have
. & /
ao) e L= |
so that _:,.f_ o ,' ; f ;4_;' .‘" «'n-f - . }
(ll) ‘ H AI )< Mm M‘ {m‘x:I,Z,J,""

- where M is a positive constant

'g; - Theorem of Consistency

.“:'

In order to prove the theorem of consistency we shall
“first prove the following lemma.,
LEMMA 1., If we have two- double sequences

(12) . ann , Lwm (m.-,”-..-,
such. that o , 4
I A RLTRPIY E- LY Ny AP
where K, and K, are posltive constants, and

) _Yjﬁzi‘ g'é;“ St Ay S
I A W
‘then - LT e .
(13) : Commrimong by (AR ORI [(570) [087) 4 g
(13) -ért:-no ,Z:,';:. p,nv/-ﬂ:,.w;r/ — /7(4()-'!)‘ g r‘(sr’,n.)

" and furthermore this sum remains finite for all values of m

and Ne -
Let ' P
iy . ' ‘
A..“ s - a r «(J - ,‘—‘. . ‘= ,‘-'.’ ~‘-‘. .._ . (‘;‘-= ,‘z‘d P,
J Py - T
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For the first term on the right-hand side of (14) we

have o
»”n
A (""H"')alhvl-JJ J'P ’* Z(H-.L .L) (L)P.L Z_(I#*"’)(J)’l
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The last three terms on the right-hand side of. (14)
may be discussed by entirely analogous methods. Ve shail
cbnsider the second term in detail and note that similar
arguments apply to the third and fourth terms. For the

second term e note that since p,,,,;*a asmand n — <

we can find a ).1. and ¥ corresponding to any snall positive

’ AR

Quantity € such that.: @ - Sary Lo ,‘

. I/Gmlc €/f< o (Mw/*' nov)

where < < Lam) oo /"/Jfl) rege)
‘ "' r(/wsz) /"{Jf;vz)

Then, since I/"ul <C;we have LR

v N

N4 e
'2‘_ ( Wsre .)"-(nw-,)/ J ﬁ‘JI < C /i (‘wﬁ-c)’\(-\wl-n,‘ Fy <

t: IJ ! PANP P g Stgtl 020,531 AT P Seg el
C'AZ'”  (rmpri) A i rjt
1 Ll:'; re AP a7
. | .
Z (mrr-6)™ (wt1-i) P
/
.f C t/wul ma-{fvl segt!
€ “ (‘mw-‘)"’lmrt-a)n ”JG
- ‘»“.- .
| ! 4< ‘}"‘51”’" AP o s 2dd

| It 1is evident that the first three terms on the right-
- hand side of the above inequ_al'if:y approach zero as m and n
approach infinity while t.he\ last sum approaches the value X,

. Iv tierefore follows that

e T
Mmoo £34550 A ATPH I Tt =9

. For the third term on the right-hand side of (14) we

have y

™m

Z:‘ (M‘/..‘);‘(a,/~./‘) aad « .= & 3 ety (mer-4) ¥ olef
rer T T oty bty S & / mdﬂ-vl Y J
Sz mAtm L . asLSE ~
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 An argﬁment similar to the preceding one shows that this
| term approaches zero as m and n. become infinite.A In a
similar manner it can- be shown that the fourth term on the
right-hand side off(lé) approaches zero as m and n become
‘infinite. . - - |

From the above. results we have

/lM Z a““_. ot oy L. _ ,-(4,,) /‘(pf/} f/Jfl) rig+i) 46'
nast P XIPYEAs Al - r{afpfz) I'(Jf’_ft)

mmre ¢

_Which proves the first part of our lemma.

For the eecond part of the lemma, ‘we have

mn '
IZ y St A,' < Rk ‘_"“_*"""_,("__ﬂ_'.‘_’_ﬁ—-’ (wus02,3~)
A l:',:-r m“”’"m"’"' & ,) S m"l‘"M"'f”
< K.k Ko (78,9, 45 1)
.:‘/‘1

where M is a positive constant. This completes the proof of
‘the 1emma.»

| With the aid of the above lemma, we now eutablish the
consistency theorem. .

~ THEOREM 1. If the series (1) is summable (Cr), where a»-,

and if furthermore

)
5’."
A

then the series is summable (Cr'), where 2> 4 and to the same

<C (rmym 12,3000 )

'value and furthermore

K «“n)
- [¢9)
Ay
From (6) we have
@, oo . ‘ il ;
2 S amyn ~ (1) ‘“"co s é. :‘«"”"’Y 7"
styme? B P
o X od (a) .

Myﬂ )
wrat, el ”mn L R

~ (:zz)ﬁ° (»-v)"
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- On equating coefficients of xX™"y” on the two sides of the

above expression, we have
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Hence the conditions of. lemma (1) are satisfied and we have

//‘m i ‘5 o ra -t.s-;l)] [ rl/h;u r(s) ] . 2
mproo " g A+3) [ r(n. +3¢/) [/‘ 4 J)] [I"(A +)]
mn

A - : FE N
L e 5 A
-~

- Putting resar! w¢¥get‘phev;§sultmas_stated., It also foilows
‘ from lemma. {1) that . T

: ‘ S(Afa) ‘
R : _,,; o K a positive constant.
AL '
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, PART II ,
Agglioation to the Double Fourier's Series

-

" We wish to apply this nethodlo:'sunmationﬂto the
‘development of a function etf two variebles, f(x,y), in a
double Fourier's series. C. N.' lfoore* has done this for .
functions which are finite end integrable or have certain
types of infinite discontinuities while remaining absolnte-
1y integrable "in the region (-77 zxs 7/' ~7sYys7)

‘and he has shown that the double series’ is smmnable (01) |
at e.11 points for which the fu.nction is contimous and also
at points where the function ’has certain types of discon-

- tinuities. By the extension of his'methoci to non~-integral
orders of'stmmability, we f£ind that the Fouriert's series
development for the - same class of functions is sumable

> (Ck) for a.ny velue of kX.0. The statements of the theorems
ST e e e

———

and lemmas involved in the proofe of these theorems are quite
s.nalogous to those‘. of Moore, in fact they become identical
.with his when k 1s placed equal to 1. The difference in the
form of S requires scme modifications of his proofs. In
 proving the theorems, it is convenient to restrict the value
//;r// of k so that‘okkfa;‘ This, howgve;, implies no ultimate
restriction since a series that is summable (Cr) is also
7 sunmable (Cr') for eny value of r! r. o

#Prans. Am. Math. Sec. 14 (1915) pp. 73-104; lath. Ann 74
(1915) PP- 555=572)
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The double-Fourief'3lseries corresponding to a function
of two variables,- f(x y), may be written in the fornm
‘(16) - flng e~ Z zs(?),fu)” j /f(x yJ Cvs[(m N0-x)] e foneny- 7Jy0‘x"/
where E(z) is used to designate the 1argest integer con-

talned in z.' For this series we find

( s’h “ ‘“ i-. :{:‘(i),—e{f)_;,,[ /f(z ’)[Cn((n-ul(r-u)]uva [(n-oh 'I)JJ J‘l

17) N o . €39~

T f f f f(...,-, Sin Ilm-u(x‘-r)/x] Sl i)y Al el .
_ St [(x-x)/'t.] Im((‘v 4]

‘,end

N (%) e ' o
Q) 5”{1, 7 I f ;(.,,)Z_, ,/ S Sl sty )
. A»m, o W . Son =0)/2] Sim Ly*4)/)

fo the change of variable N
(19) L x_,‘\.r'. 2‘.‘: (o g~ 1: 4@ -
ve obtain - T T

L (l'm) xx 5 (‘” - o
| (20) 5 j f(’fl 7*%}2 hw{-c,wdas‘“a‘-"‘ Mw-‘)ﬂ/“ “

(4.) 5
‘ . 1 . A L A ”l ‘sl ﬂ—.“ wﬂ

-We shall investigate first the nature of the -
"at points of continuity'of'the function £(x,y).  In what
'foiIOWS when we refer to a function as . being finite and
»integfable we shall mean that it has an integral in the
sense of Lebesgue. S .

For convenience‘in5writing we shall introduce the

following notations ' ¢ ;
‘ - " (A

. (%) ¥ .. . o ’ -
(21) G (48) = 75 ‘Z N A it mod S “_‘ ") JI'.'(JJ ya
L N K - ) ) i p - Pvey o« &«/J .
. . " (‘* - - . )
22) A( = i_——éi
( : " /‘("’) [ (o) i
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/ PRI TV
(23) - "‘) ‘/)(4}?-'1/4’"”[ /fu:&

From these definitions it is evident that
. A::;: | AM/AK) S

and . .. L
. o - o m:"(.(/,,_ﬁ"(-t)é"l/a/

«f’

Se Summability at Points of Continuitx.

o-10-

We shall first prove three 1emmas which are needed in

- ,'the proof of the main theorem of this section. L

LEMMA 2.‘ Let R be a region in the o« - plane lying with-‘-}_ S

rin the square who..,e sides are o<= i(‘ﬂ /) /*-‘ -tW-/°)

‘where /.: is a small positive quantity, and such that no
"“point of R 1ies Within the cirole whose . center is at the

s "origin and whose radius is p‘ where /—*a 15 another Small

K fpositive quantity. “Then 1f ya( /,) is a - function that is i‘inite’_» PR

L and integrable \in the region R, the limit

B [T S e e ds]
will exist and be egual to zero.h_':__».;__;,_‘,;_‘-A_H}:A

‘ " Let us designate by I.I the upper 1imit of the absolute -
";(fvalue of ywwu in the region R and by p the smaller of the»i
f,two quantities /o, and F/r The region R may be divided

‘, into two portions R and R such that the portion R ‘_ contains"_fy f‘f

" ‘,,«4;;”.‘}‘"9.11 points for which M.
| ' I°<l </x//" o ,
{ and the portion R contains all POintS f°r which e
TR mes
B :-:_Sinoe the region R contains no points which lie within a

:\',jcircle with center at the origin and of . radius />‘ hwe have""},; Lo

o« .,./3 >/’, - W-:j: »l'n ‘R,
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| *tFér 11 pelnts ef R, we have
o <> <
So that in this region R
: Bt > VP
It is evident that ‘
(25) ir ‘f(“uf’)”J ("‘;ﬁ) /‘"4-‘ | s ”fn 7(-!,/3)9:.?( o1,0) Aot t/A
1SS, qéwg: («n)lﬂ-/nl

" The two terms on the right-hand side of (25) may be discussed 'fl,}_-
"by entirely analogous methods. We shall consider the first
o term in detail and note that a similar argument applie.., to "

| i the second. For the first tem vie: ha.ve L
KA e o Wy dada) s 55, lw*.mll (“w)l'(*/ﬁ

| (26) ”.'- - ij I (au l lo"’ ‘/-ulﬂ

v e ¥
+

o Since, in the region R, /a':, }, e have

- ,,’ ";“i"’ = Lu IZA-,,",~_~—;_(::J;_;L§'

A“’ ,2’. Aﬂ;f{ h.-..f:“');’ﬂ‘-ﬁ’ s
T‘ 712 »(-‘,:{J L&«. /3 u-"u lpo]'

/ : lﬂ-z} T
4‘/0‘“/ .lgl A"’“J. M Jﬂ[ '

. ) - ’ T “
.y (‘- - (‘-n -

: e T e
‘Now: = 0% L 4 : e
S i : A("’/ 2 7-l (Oc“') .

"";"t/”ﬂi ' . s 'H'k(t‘J«‘cl)‘_g )
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‘ for all value., of /3
B 'Hence | '

i'(zv) p‘ fE)"g; ,)

’\.

,4(41 J/ﬂ/‘ ‘ ' S llo 1< n./o

Then the right-hand side of :(26) 1is less than

‘ (28) ) Co Mjf [ﬂ"(‘)("‘) l ;;,:,,ddf'gf
< %T;;-/,J )ﬂ;;.tot)lll.(l” '(/°
Al de
4 Jlnfj l a- ’!
Now N
(20 | IIfﬂ4&~7f” ‘”‘*
L e e = 7}”9,0" (:()lo(i -f'/f Ilf‘ Ldl"("

. | ‘I‘. H‘. Gronwall has shown that 7
o) S Rl deen

" '.',,‘where X is a positive con..tant independent of Mo Th'e'se'cond,”‘

",_;1ntegra1 on the right-hand side of (29) 1s also finite for ;(gf_!f;

all values of m s:.nce its integrand is 1ess than [I/J}n"ﬂ]
, '.:Collecting our results, we see that the 1eft-hand side of : -
o "(26) 1s less than VA where © is a positive constant.» R
" From the definition of A " it follows ‘that - B
SR - Consequently. T T
A T ’;_Q/z“f‘< cz&
| Hence s, for any arbitrarily small positive quantity e, We R

R :can find an integer q such that IR PR
f“» SRR CAW<:€.Q R 7 A
'; Amer. Math..Soc. Bul. 20(1913-14), pp.141 142.-fh’a;>a" |
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We therefore have .
(31) | f ps) Ot o) duds Jcse m g

Since for all points 1in Ry
IR VX W

we can show by a similar argument that | ‘

(32) [, g G deda | <ge A

Combining the inequalities (31) and (32) we have

|15y 040) e ) dedol < € oo 705
Hence
&
(35) i (g s ey e 1=2.

‘and our lemma is'estéblisﬁed.

\ LEMMA 3. If h .h,, k and k,-are positive numbers less

,than 7T, the limit
l{r”:—’ao [WLJ ,J: “'U‘M ’(“‘I"J

will exist and be equal to unity.

Let R be the‘region.whichjmnst‘be{added to or subtracted
from}thejsquare whose: sldes are @ = AL }, p
ito:prbduce_theirectangle;whoseqsidqg>apegigzi,«;-ﬁ,)e=4~a=ﬂ€,

»'Thehu_ | |

(34) 1ot R Y
- ‘ .771. ‘[ f& M 1/3) J“ /ﬂ < %;I’/L[% a-":‘“ (“',“)/“.J,—G

’ ’

] m ko deds
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REVEEN

PR

It follows at once from lemma (2) that
:\ For the first term on the ‘right=hand side of (34) we have j"'

- jw/,_ {' LA mm‘f“//') ‘(d ‘/,4

3
ﬂ -% »-% ‘ | A»
e Al
. / L” . l‘-l} ) % . . . v
= R Z : ﬁ MR YT LY/ len‘u-I},a /ﬁ :
= /4 ") TY o '.’_' m#/—a,’rﬂ-_/ TT » 3,
P ""J-‘ Ty o I»? . .-'l n/.!
=/
- 5’1'”:( . .
e T 7 A
_) i Im nd Ju = 7T o  when » s qJJj
A Sink , o R S

Cand T
R (. o (‘.*’} - lﬁ‘, »*;:.;; T T
PRI M=oy ma s
b4 - N

RN Combining these results we have . :

'“:;(05) | /,,.,', [7!-.[‘, [e “’ ,p)/«/ﬂJ / B

o hr’n-vav

RN T .'?

S vhich proves our 1emma. S SR

7,

‘LELMA do Let R be a region in the o(/a-plane 1ying within :

,the square whose sides are <2 i(w- .) p :t(rr-p)Whel"e (:,

N ."(Zis a small po itive quantity and such that the point e< o/!-

1ies within or on the boundary of R. Then, if ?“‘ /3)

'*<ffis a function that is finite and integrable in R, the __1,f
“7]f11m1t e T ‘ -
| //m ): ff l,ﬂ(-f,/s) o (-m) Au J/a]

‘ m'u-rx B

._;“*rwill exist and be equal to zero, provided

e ; " : L | (“1/3)
(56) ./‘%.[" 1=
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- f'fffSihce'zt’,;i. //'" I_‘f"“'/’)] o
,/3-)0' v )

we may surround -the point oo ﬂ.—o with a circle of racl:me/at -

' so. small-that corresponding to anyvarbitrarily small p_ositive

e Hl<g, (< 10 ep7)

where K is a positive constant such that

: (37)' j I (d)’ d‘ ( -.K . ; ‘
~ Let us designate by - R that portion of the circle of radiusﬂf i  -

“ oot .

'which lies within-R,f and by R, the ‘remainder of the region Re .

o E_vidently K

e ‘-_.'f (58) Jf ‘f""/’) tﬂ,m»'o« 43 —ff ?f-c/s) “ ,a),(.u{; ;-,;.v R R

".Un lf(‘ ) Gmn ("'/3) ‘(“ /ﬁ

‘.'\ ;

o For the first tem on. ’che right hand side of (38) we have o

” ‘f“"'/’) M( /’)a&#l f.{ l‘f“'”“02..(4/3))1-11/-’.}':"[.’ -‘

A SI I c-wld-f "8
S Z"j l,—-(,,, l/«f Ir(ﬂ“ﬁ i

( ) o

 since fw""'“"’"" 11 I"‘MI"* <K
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Ir'Since. by lemma- 2 R
. ' //m Lff,? ?('{ ﬁ) mn (“QJJG( J,GJ_.

. R . mn-nv
‘1% follows that B A SR
(40) | e e v:.‘f’,_(«,p)'d%;f@\l' <-‘$: (?f"."f ‘Ir’
" 'and hence _ T U UL
@ rsoiatiunam e (e
Therefore . . | S
. (42) //m [!f« T(“ﬂ) ﬂ'é'"‘(ﬁ‘,/a) 0("( ‘[/d] :'0 . C

A

v'which proves our lemma.‘ | _
: We are now reedy to prove the following theorem re-

‘f=;f garding the summability of a double Fourier's series

':d.development of a funotion at. points where the runction is ilﬁlf‘~9

.’continuous.',,

. THEOREM z.‘ Ir the runotion rjx,y) is finite and

'-integrable in the region (—ﬂ‘r<w-n<1§W)tho development or

"f the function in a double Fourier'e eeriee will be summable'fj*

(ck), for any value of k:>0, to the value or the runotion

“i‘at every interior point of the resion at whioh the runction'ﬂ]f°j”

' ie continuous.;“;j @.:..

o In equetion (20) introduce the new runction
u‘l1(43) o 7740)-‘f(xf2¢ qun) - f(xwu " - o
W;Then, ror the double Fourier'e series corresponding to the'
i “f;b'runotion f(x,y), we. will heve éf"?~ ;ﬂ'~, | ,],«a L
S 44 j (Xq) - f(y "fx - ("M "““lﬂ .

j J:. 7(-4,/«) ol (d,,a}/do{,a o
. H ﬂvt -

) \?TQFrom its definition, it is evident that yhyw satieriee
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viiﬁ‘ the conditions of lemma 4 in the region of integration of
the integrals in (44), prov1ded (x,y) i1s a point interior f

B ﬁto the region @1*r*w -7sys7) and £(x,y) 1is continuous at
.:'thiS;point._,It:therefore'follows;from,thisflemma that;the
;. second term on the rignt,hend side-of«(4é) approacnes zero-

“‘as m'and n become "infinite. From lemma Sy it. follows that

‘the first term on the:right hand:side.of (44) approaches o

| ~;‘f(x,y).as a limit as m:.and n.approachﬁinfinity,;,ve;haves"J‘f”

| then "

- e S T
Y (45) ~ M'n-vﬂ’,":' F; "’) s Az(_‘-f:‘»' o B

mn

“ﬁ;at all points 1nterior to the region bv<x<n,~vf/év)

'53;at which f(x,y) is continuous, which proves our theorem.{;

'vfff4. Summability at Points of Discontinuity that lie along -
"‘thtraight Lines.l;';j | N |

Before proceeding with the discussion of the nature of’ tf_

PR IO i

tk}e 3 //m é( (l;‘l)

. A‘Nn < T,

,‘at points of discontinuity of the function, we shall first o

,s-;hprove two 1emmas which are needed in the investigation of

Atl'this 1imit..

" LEHMA 5., If h and k are positive numbers less than PR

“jthe four 1imits'

e

; i/;m [I‘J 6';;" (4/3)/41/6.]

’ m,n-’vﬂ
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o | pim o L Jiyﬁ *"'««,m de .t/aj
‘.ijh will each exist: and be equal to %.

The proof that each.of the limits exist and is equal

.to % may be made in a manner quite analogous 1o’ the method
used in the proor of 1emma 5. The existence and value or |

7 \~"_-Lthe last three limits may be obtained rrom the rirst by a
L l'*suitable ohange of variables in the integrals involved.
LEMMA 6., If h and k:are positive numbers less than 7 |

2 and we: divide. the. reotangle whose eides ‘are «:24, g: 1’4

. 1nto two parts R, and R:. by drewing either diagonal, the

Clmits b 5hy i e
. (4'7) e ‘ {_7,—-ﬂ W»‘:J(d,ﬂ) /4 Jﬂ]

. o will eaoh exist and be . equal to £.
| For the case in whioh the diagonal Joins the points

| »“‘:"'-17(-11.-1() snd (h k) let us designate by R the triansle whioh_‘f_..-

'”t*[jhas its right angle at the point (h k). Them

. e ,,;U dn"(dya)d«alﬂ ".7_." U %G_w(/”’w’(‘ ,, ;

”;{(«J /4)"/’

b 4

'”“f}[Ir, in the third term on the right hand side or (48), we j,?V"f?

make the change or variable (

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Coelg-

' We obtain the etpression _;w‘? A: D U

- | A7k -

ST ﬂtJ“; Doy (£ )Jd)4°
Dropping the primes and combining this term with the first

P,

~term on the right .side of.(48) we get

j{ C/J!u(-z,ﬂ) a(ou( : ”‘j _f ,,,,_.(x o) d«o{/g
f e "1;;‘;) de o

" It-follows at once from lerma 5-that. the limit of the first(ifft-
“ ".‘_expression in (47) exists and its value is %. |
We know.from lemma 3-that the limit of- the sun of the i
‘two expressions in (47) exists and is equal to 1. Hence :
| the linit of the secondre.tpression in ’(4,'1.) must‘exist and
“-:‘_be’.equal to 3e. T TR
In a similar manner we can. show that the lemma i.. true'“'“
: in. the .case; dealing with the - other diagonal.f.; : B |
Ue are now ready to prove . the followinv theorem re-"i
:garding the sumnability of a double Fourier's series at _‘ff .

| points of discontinuity.» A

THEOREII 5.1 If f(x,y) is finite and integrable in the :

o :'_'fvregion (-7 <)rsu -n.,¢ ) and (x, ,y,) is a point of discon- L

‘tinuity of f(x,y) such that every other point of discontinuity

"of tha function in the neighborhood of (x ,y, ) 1ies on a |

straight 1ine thru that point and the function approaches a’

definite value as we approach the point from either side of :

‘t'xh_[this line, then the series (16) will e summable (Ck) for pf
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o t20-

' any value of k)O, at the point ( ,,z, ) and its value

-‘will be. half way between the: 1imiting values of the
function. v . AR
"Since all-the points of discontinuity of f(x,y) lie on h’
a stralght line passing thru’ the~point (x,,y;), let us choose p',
dfjp”;p_ a rectangle with center at the point. (x,,y,) and with sides,‘fl
T of length 2h and 2k respectively parallel to the coordinate
axes and such that all points of discontinuity of f(x,y) 1n

hethe neighborhood of - (x,,m ) 1ie- either on one of the diagonals i

of the rectangle or-on a’ “line. parallel to one of the o=
‘l;ordinate axes. The corresponding rectangle in the | ”of-vf”:igfi
ha.h,;'plane obtained by the transformation - -
| | Finda gy .
"l”:fwill be divided by the transformed line of discontinuities
1into two portions Which we will designate by R and Rz.l°'_h
"tfﬂLet us designate by R" the rest of the region of integration"{;;g
‘fiin the dMs-plane._ We have then for the double Fourier S B

PR

A T "j

‘lfseries at the POint (XO’Y3)

S o

| "iy:(49) ‘j;““'_ S
S * ”1 H HM“ 3-*1/*) ko ,,),(..,(,, 3

‘.

L, Furigy o) oo b

H ; f(“z* 3-fz/s) ) A,.(,,

h’fIt follows at once from lemma 2 that the third term on the

;right hand side of (49) approaches zero asm and n become:p T
'*l,rdinfinite.v Let us designate by f (x,, y;) the value which |

;i;f(x y) approaches as’ ‘we approach the point (z,, y;) thru g;f';
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the ?*regian? R, ‘and by £, (x,, y)the value waich it approaches
. as ‘we approach the point thru ‘the region Rz. Introduce’intoti‘f
the first and second terms on the right hand side of (49) v
the new functions B R
' f’,(v( R)= f(.l',f.z-t y,fz/.:) -f (.i,,y,) b’
(50) and‘ ¢ " | 7’: (« n - sl ,C(x,ﬂ« y,#lﬂ) (X,Jﬂ)
Equation (49) may then be written .

5..;.'."""")“-;*'# J‘(*w)}f /ﬂ)f&/ .

N (51) _} wll e S "”-L f(xu ‘h)I (d ﬂ) J"‘o
e e . Wij f(d Jﬂ)/d‘&d

f/ $, o % ""/”"‘/”

It is evident that 9’{«,/:) end y, /x ﬁ) satisi‘y the conditions E
of lemma 4 in the regions of integration.a Hence each of the t
'iaat two terms on the right hand side of (51) approach zero :e:{\'

;as m and n become infinite.J That the first two terms ap-

proach the 1imits }'(n,yd and A(kum)respectively as m |
- and RS become infinite is easily shown by the application t‘  :
o of lemma 6 when the line of discontinuities ig a diagonal

of the rectangle or by 1emma 5 in the case when the line |

of discontinuities is parallel to one of the coordinate i':i
“{ axes.r Hence ;‘ | | TR L_i;*_ﬁ‘ ;: |
(52) //m' | 5’ (x.,")' : :% [{:.‘V(}x‘,"g")‘v.;,.f‘(x".;jo)_]wf

Zh\-eat' o
. ) '4”'»

‘fjwhich pnoVestour‘theorem.gﬂ SR

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



| ?5:;“‘1.‘1-,:';‘:1ay be noted that in:' the proofs of uma‘g‘ 2to 6 in-
:fclusivefno restrictiOns.were;placedwupon the'manner infwhich'if;».
. m and n becoms infinite. .The conclusions still ‘hold if'm
is® held fixed while n becomes infinite and then m is allowed
~!o‘to ‘become infinite or vice versa.’f;ﬁ, i | T
.‘Moore has defined summability (Ck) of a double se"ies
by TOWS, and by - columns as follows. ‘{w.{,': H LA
q"Definition.; If" each row of a double series is summablelffﬂf:s'
“‘:(Ck) and - the series’formed: from the values of the rows is , ,
| ummable (cx), we say that the series is summable (Ck) by rows,‘fl;f”
‘1land has the value of the series formed from the values of the
_erows., A series- summable (Clk) - by columns is defined in a:
"V,fsimilar manner, . = ' .l A LA ST e
| -This definition: enables us’ to state the following corollary-,‘f
“:'_"Coroilaryvi.; Ii‘ i‘(x,y) satisfies the conditions of theorem 3 |

*1f_and (x,,: y,) is a point of " discontinuity of f(x,y) of the type g3l5lﬁ

ffidescribed in theorem 3, the series (16) will be. summable (Ck)

"'[ for any value of k:vO, by rows or by columns at the point

'fmﬁ(x,, v, ) and its value will be' one-half the ‘sum of the limit-_,ﬂ

'ging values of the function.fig?v’ii*f*?,‘ | S
2 Since the 1emmas involved in the proof of theorem.5 hold
fequally vell when,m and n become infinite in any manner, this
‘i[e_corollary follovs immediately from theorem S.ELfff.' .f.w, .
>n4 The investigation of the behavior of the series at pointsfv
i*i»on the boundary of the region ( nsxSn,-nsg‘w) with the ex-« Q5ﬁl'

‘“E,fception of the points at the four corners leads to the following '1“
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'5fjcorollary.¢L4"

o -23-; R

COROLLARY 2. If x, is a- value of = lyinp in the intervale'l [

:«( 7 <x <7 ) “ and (x,y) satisfies the conditions of o

’fitheorem S5 and furthermore is such that the two limits )
) (53) /rm f(*,/)/ o //»7 /'(X,‘i/ ’ ‘{ :

1"“71”” o T A X Y-

= ex1st the Fourier's development of f(x,y) will be summable

‘4lzf(Ck) for any value of k >0, at: the points ('”:”) and_ (L’—”}

-f‘and 1ts value will be one-half the sum of the two limits &l

| Similarly, if y, lies in the interval (—n<1<41)and the two “
‘7flimits ' f“tf' SRR v%")\‘ 'f""'f '
S : //m f(x y) SR /m /*17)
. -: (54) )"’”;”’7 - TR O )—..-p;,qj, R

”3fiexist, the series will be summable (Ck), for any value Of‘4n>_

' at the P°int° (7, 9:) and (ﬂ’ y, ) and to a value ‘half way be- ;?E:j:’

tween the limits (54).  Horeover, in all. these cases the

;aseries will be. summable (Ck), for any value of k‘>0, by rows

~ or by columns, and to the same value.-‘

o We have for the series (16) at the point (x,,”)
()

e 5 (x,ﬁr) - l I-r, ‘ R
Am”‘: : : 7 l—;u, 3 f(y,“.( 7'*’/‘) 6‘,’, (d,d)/.z%
| (55) : jfr[ f ("““ n “/') G (-t md-'-(ﬁ T

228

[U'f f()',rzx 7'-!2/1) ,,m(-t,:)./.(,4<, :
rl- :

In the first term, on the right hand side of (55) make the
"‘: change of variable;;:nie» ’ | ' "

/el-
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’ _;{‘;24;-:5I1;;ﬂ'

Then We have ’ after dropping the primes ‘ R

- - . S ‘LXIJ’U V.A‘ 7-;/ '” f/xl #2e, —”f‘l/’) 6_!(‘ /’)/‘{’k |

Cse) _ L
o 7'2[1_!'/ ,C(X,fld '7772,4) Joe (‘(/‘)/‘»‘k& :

Introduce the new functions .- .. <.l . . o
’ ;ﬂf«,,a) f(x, *24, -mz/u - f(r, -7rj

) : Wm;/
o (57 C T e 7:(0(/3) f(mu 772 ) - f(’" "')

. into the first and ‘second terms respectively on the right
hand side of (56). Then (56) becomes S e

/.

o ‘5, (X,,") 77 .7(()54 ‘7’)‘ Mn (d‘/ng’//a

R -:) IR | ,_, “"" L
R ot m/ 7?(4/3) - (dﬂ)/d/ﬂ

-)~ = beJ 7:(‘6/") IM'».(‘(IG) /,, ,{'e R S

o *,:It is evident that 7{-{,/3) and 7’.(«4) satisfy the conditions of_ S

lemma 4 in the region of integration involved.. Hence each

of the two terms above which involve these factors approaches :

":":fzero as m and n become 1ni‘inite., It follons from lemma 5 that .

as'm and n become inﬁnite the first and second terms on the
"'right hand side of (58) approach the 1imits 'f(X,, |
o ,-;and 4 ’f(x,,n) respeotively. Henée |

B 5; T < [+ s, o

By a similar treatment we can obtain the results stated
-‘..abOVe at the three other points (x ,*-_71) (1, .“ arw/ (. /y,) .
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‘:'USince,hin lemmas 4 and 5, no restrictions were placed upon |
the manner in which m and n become infinite, it follo:s thati
',fiin each case the series is also summable (Ck), for any valuee~
"jof k)'O, by rows or by columns and to the same value..~*
.yv Tne behavior of the double Fourier's series developmentf_‘
- 'ifof a }unction at a point of discontinuity (xl,% 7 ' |
"'f_nsuch that all other points of discontinuity of the function
llie on two straight 1ines intersecting at right angles at -
the point (X},y,) and parallel to the coordinate axes is given
;Tttiin the following theorem. B ¢‘~“’L ' '“y ”“f; o
B ,LHEOREII 4 If (f(x,y) satisfies the conditions of

B V;theorem 5, and (x,, y,) i3 a point of discontinuity of

| ?fif(x,y) such that every other point of discontinui;y in its‘:"

‘~Tneighborhood lies on one of . two straight lines parallel to

'ffthe coordinate axes and’ intersecting each other at the p01nt

: i'(x“y.), and if furthermore f(x,y) approaches e definite value

~

'jas we approach the point (r,, y;) thru each of the four j,v. |

- 'ffresions into which the lines of discontinuity divide the

."ffneighborhood of. (x,, y,) then the development of f(x,v)

“‘”Tin a double Fourier s: series will be summable (Ck) for anyvaﬁwx

'Tvalue of k >0 at the point (x., y,) and to a value which is

'iﬁfpone-fourth the sum of. the four limiting values. of f(x,y) )
: The proof of this thecrem can be carried out by methods simeif'
'ilar to those used in the proof of theorem 3 when the line of .

.~’}.;discontinuity was parallel to one: of the coordinate axes.;7

The behavior of the series at the four corners of the
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fregion (n:xv/ -»;7”/ is expressed in the following corollary

~ to theorem 4 which can be established'by simiiar methods.

”l*: CORGLLARY Ir f(x, ) is a function that satisfies the condi--;t

.. gions of theorem 3, and if furthermore the four limits '

i j(y,y i )c(l', / f(& /m f(*:‘/ L
(60) >, 7"" ) X7, yar v 1,1’;’74-1 SIS yor I

M

’ﬂfexist, the Fourier S development of f(x,y) will be summable L'»i-7

(Ckg for any value of k> 0, at each of the points (u/ /m;,, oy

x fand {vvj and'to aqvalue which i one-fourth the sum of the o

Tood ey Ty

""'l_ﬂ.'limits (60) P
B In the cases considered‘in theorem 4 and its corollary
;ffit 1s also true that the series is summable (Ck) for any -

‘ 'fhvalue of k.?O by rovs or by columns and to the same value to’:

‘“1pwhich it is summable when summed as a double series.yﬁ

€.

,Discontinuity that lie on Curves.

5.'/  Su 'abiliy at Point
Ue will consider nere the summability of a double Fourier s}}’

::}series at a point of discontinuity of the developed function

’L‘such that all other points of . discontinuity of the function in

‘iégthe neighborhood of that point lie on a curve which passes thru:7z”ﬁ

'vthat point.f’ e will assume that the curve has a- tanvent at the i;

}‘point of discontinuity of the function and that any line pass-},f’“5w

"__!ing thru that point will intersect ‘the curve only in a finite
f}finumber of points in the neighborhood of the point.a We will
'ffﬁalso assume that the function approaches a definite 1imit as S
‘s;ywe approach the point from either side of the curve. | :
| In discussinv the summability of the series we. will make ‘&;f;;

iuse of the following three lemnas.
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For the sake of brevity we have introduced the following

e e

;no’cations S e

e 7__6&; , i" ‘ AM-'I- . s (2c-l)a( Jin Jm (z_r.u/.! Jm/s
.o (e( A) = mrtr-d, mbry’ ; — n N
ot en e L ; . s " : "‘v- E . ) & ] " v | '
’ . X ' . ‘ll ’ 5 A( R qin (20-) Sind ; -
o ,(62), - T /’)’ A“u ‘.Z' e T e L,

s - I R
s NN-M s ‘o T et ;. >

""'From these definitions it is, obvious that R DU
) . 7»..“;-’/!) T ».(d) 7-(1141 3 e R

Tyl

j,LEMMA’ 7o If /? is . a reglon of “the -same nature ‘as in lemma 4
 the 1imits | s e D
-J(53) i [ ISy 9w o) pl-u!(s — ﬂ (.( ) /"/ﬂj

[ SN

Mn-,u
| (54) SEChN '4/:1”._-[ j éG,In (x,n) {',"lT“;i""‘é‘{““/‘_’jff« n?tgfn)‘{gv(ﬂ])

PO
- .

"will each exist and ‘oe egual to zero. ;

..,equal to BRI
| Sin'a Simis
- E—_—é«‘ Sk
for the first ezpression and :
. ‘ - 5""( J"’é 5m'a( .Sm R
. T I o ———-——-—é e
: "for the second expreosion. S

E LEMMAS. " If 5(4) :Ls a function of P that has a derivative

This 1emma follows immediately from lemma 4 on writing yld 0 - o

i '@nal to 2 at the point "‘-' , and is such that the curvep cgwy

: »is intersected onlv a finite number of timeu in the neighbor- '

-
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-2e-

~ hood of the point ( <= e/s o) by any line passing thru that

~point ‘the 1imit

M‘H-’O

<es> Jim [] 7 f”"r‘?ﬁ;#)/« : f"—r:f:(/*a—‘t;w,,)x ]

| ".""‘where hisa constant between o and 17 ’ will exist and be equal e

jf‘to zero provided A is different from zero. ‘--' :

Suppose, for definiteness, that /7>o and the curve/d j/d) o

H, [

/ lies above the tangent 1ine to the right of the origin until

perhaps it intersects the tangent line. It is evident that )’ -

can be chosen greater than /7 so that the llne p /)d

| cuts the curve p j/d) in a point to the right oi‘ the origin which',

. ’-g‘»ls nearer the origin than any point in which the tangent line

-_f -may cut the curve to the right of the origin.‘ Let us designate

: by ,( the o( coordinate of the first point to the right of the

origin in Which the line ﬂ- a ol cuts the curve. L

The expression in brackets in (65) can be written 1n the

f‘,‘vform

| . M) e *l ' .‘ .‘ . o
o ff&’Vth+fT Uzwwatg.:~
S (66) S ERSTEERE R
l'"’It is easily seen that for any fixed value of ,{’ the second .
term of (66) approaches zero as m and n become 1nfin1te, since
[ 2‘ }.5 Jm(ZJ—/)fJ”’" / < l for all values of /
Ja;‘ ri=y

The absolute value of the first term :Ls less than

o
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ﬁlf?29;'fn

( T(-)I( “)'o‘ﬂ)ld (f IT(&)‘(]A‘ )
) = j‘) 7;?2',}“3-'14 () >

e

. Sihce 7Y

o Jf' T"""*‘ ARG "‘ coleeE W

o Hence, bY chOOsing 2 near enough to ) we can make the first
“V{hterm in (66) as small as we please. It therefore follows that
7the limit as'm, and n become infinite of the e pression in .f;»"'”

L brackets in (65) exists and is equal to zero.

o jfﬁ‘ ¥

'f ZLEMMA 9.. If the tangent to the curve ;4 540 is parallel to

\v‘\_~v"v . v

1

't.ff'the, ’ -aris, then the 1im1t

S en . [f T""f ""””“‘]

N will exist and be equal to . zero provided n and n become infinite”' .

llf?in such a manner that

“'5”(68) w;,ff”fﬁ;34 eﬂn < k n: a . positive constant.

The expression in brackets can be written in the form ml”':

‘) - ‘ .‘ : : .
| ,[':.1(69) _L 7-(1“ ’”h";,,,,(,,)a[,,.,f Tm(j’{ 7?#34’)“ L

‘hl'fgwhere /( is determined as in lemma 8. It is easily seen that
'V7:5for any fixed value of// the c'econd term approaches zero as
: ;gm and n become infinite 1n any manner.. It follows from lemma ih'

vl3‘7 that the first term will approaoh the same limit asfﬁf-*

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(70) o I jr “)M*(dej M) /)J/J)Je\ ;:,_v‘

B r,[if this limit exists.i Ir we plaoe k-O and replace am - l and’_'

'fa‘inn - l by m and n respectively, the integral I beoomee
. j ‘(‘!Jlﬂ 30’/3)010( ' .

I;It follows rrom the work or Titohmareh* that the integral I,

Afwill approach the eame limit as - . : R L
R s T, jhtma(jb&‘ -.-@/ﬂ)/d e
74;-"h°1'° ’7"‘5"/ Provided 1 is ‘chosen surrioiently small and m

. amd n ‘become infinite subJeot to the restriction (66)

AR {fTitchmarsh* has also shown that . ,j_f;f.

. N “‘ /"" Ix(J‘M/ (/-v)/t S e

" ‘since LAM")remains finite Tor 0 ¢ <l it rollows that
R JA ' o :

‘1where A is a positive oonstent, provided n and n satisfy the

'i;restriotion (68). By ohoosing ,( surrioiently small we can i
:imake A" and hence I, as small as we pleaee. Henoe, the e
- lemma 1s. true ror the special oase k = 0. It followe th,g,/_}

‘_'rrom theorem I, that the lemma is true ror any value of k- i-:"
‘nigreater than zero.ig\ e L i

.jf.THEOREM 5._ Ir f(x,y) aatiefiee the oonditione of theorem 3

 emd (xy) isa point of disoontinuity of £(x, y) suoh- that

“wf;fevery other point of dieoontinuity in the neighborhood Qz_ -
Vf(x,,y;) liee on a ourve satisrying the rollowing condit;gna'fr‘

:pa) the curve has a tangent at the point (x,, y,) that is not

:~parallel to either of the ooordinate axe;, b) no line thru,f"

"'f'the point (x,,y;) intereeote the curve in an inrinite nunber’dp'i

Proo. Royal Soo. Lon. Seriee L, 106 (1924), P. (307)
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'of p01nts in the neighborhood of that point, c) the function

$

f(x,y) approaches a definite value as we approach the point

'(x,, y;) from either side of the curve, then the development |

kof f(x y) into a double Fourier's series will be summable (Ck)

-~

- . for any value of kj70, at the ppint (x., y,) and its value will

‘be half way between the limiting values of the function at that’f:”‘
:5E91nt. If all the other conditions are fulfilled, but the

;tanaent 1ine to the curve at (x,, v, ) 1s parallel to one of thenvwi

"13'_axes,nthe series will be re°trictedly summable (Ck) for any -

'fvalue ofl;)(h to the same value at the point (x., Yl)°i‘
- ~The proof of this theorem follows precisely on the lines
v'of Moore s* proof for the case when k -1 1f We substitute

’1the expression

- £
7;2%wn -

. : 6”‘!‘* Jm‘ﬂ

,e»v T

!—"forfthe expression

,iﬂwherever it occurs in his proof.,"”{ﬁdm.k‘ e
‘ We have considered so far the summability of the Fourier s~~
series development corresponding to a function which remains':'F5ﬁuf
."r"-w}‘i‘inite and integrable in the’ region (- AR 7’: ’”" y 7 J. }7
‘4fo means of the following lemma the results may be easily extend-i;
'ed to certain cases in which the function to be developed |

f'becomes infinite in this region.«-;

‘ 73
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,1LEMMA 10., Let R be a repion satisfying the conditions of B

'flemma 2 and P+p) be a function that is finite and integrable'

”‘vin R etcept along certain lines of discontinuity where it be-V':°r a

Tﬂgcomes infinite while remaining absolutely integrable. ;Theg:

"if these lines are finite in number and uuch that they are» |

'”ff.either parallel to the coordinate axes or cut such parallels

'ffin a finite number of points, the limit

| (71)‘_‘ . S im U] (f(-: a) (uc) J¢ J,a]

m, n-voe

'3"5fwill exist and be equal to zero. provided no infinite dis-i 1:5k"4 T

‘Ui;continuities lie on or in the neighborhood of the coordinate.duﬁ
,  | The region R can be divided into a finite number of regions‘-vw
‘”";by adjoining to each line of discontinuity the portion of R ‘: |
| AR hich is in its immediate neighborhood.: For each of the regions
:*»;lin which. y@¢) remains finite it follows from lemma 2 that the |

1limit of (71) exists and is equal to zero. Since there are no-it":lf
“'.:points of discontinuity in the neighborhood'of the coordinate axes,;{f
”'::we will have | } | .

SR .
1 “‘""l ik Tl
"‘.

’ N , A‘M a positive constant o Sl
o in each of the regions in which 77A)'becomes infinite.; Hence,‘?i""

:i[fifor each of these regions, the expression in’ (71) is less than

JJ ,(f(d a)'ldal,o < M.

”&
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_,;‘oince ?(ﬂﬂ) is absolutely integrable in R._ It 18 easily seen;‘t:

© that the limit of this expression as m and n become infinite B

‘fl?exists and is zero.‘3: Since there are only a- finite number

l"lof regions, it follows that the limit in (71) exists and is'Lf'UJ:J

'<zero.'»“
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