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ON THE SUMMABILITY OP DOUBLE FOURIER1S SERIES

The use of double Fourier*s series in the solutions of 
many problems in Mathematical Physics, has led a number of 
writers to consider various aspects of the theory of such 
series. Both convergence and summability of the develop- 
ments of certain types' of functions have been discussed.
The advantages of the process of summability over that of 
convergence in the case of developments that arise in 
Mathematical Physics justifies a close study of this process.
C. N. Moore* has considered integral orders of the Cesaro 
method of summability and applied it to the Fourier*s series 
development of a function of two variables at points of dis­
continuity of the function as well as at points of continuity.

The present paper is concerned with the extension of 
' Moore*s results to positive non-integral orders of summability. 
The advantages of non-integral means lies, not in any aid 
that it gives in finding the sum of a divergent series, but 
in the closer information it gives regarding the nature of 
the divergence of the series. Such information is of value 
in predicting the behavior of a series when multiplied by a 
set of convergence factors. .

ttTrans. Am. Math. Soc. 14 (1913), pp. 73-104. Also Math. 
Ann. 74 (1913), pp. 555-572.
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PART I
Summability of Double Series.

<■

1. Definitions ;
We take as a basis of the extended theory C. H. Moore*s-“-

values. If the quotient ^
(5) ■ 5 . . / A .  . ; .

tends to a limit S as m and n become infinite, the series (l) 
is said to be summable (Ck) to the’value S. In order that 
the above definitions have a meaning for the-value k m o, we 
assume .that the right-hand side of (2) has the value which it 
approaches as k ’approaches zero. The discussion In this'paper 
is .-confined.to real values of k.greater than -1.

i jFrom the, definitions of Ŝ , and Aw„ it follows that

x^y^on the two sides of (7), we obtain

*Trans. Am. Math. Soc. 14 (1913), pp. 73-104. Also Math. 
Ann. 74 (1913), pp. 555-572.

Form

definitions for summability of the double series
(̂)  ̂<t(„n = Ai| t ■» -(l)

A,." = r(<*>) rt~<i rt»j
where k has any value real or complex except negative integral

whether lc is integral or not. On equating coefficients of
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y,

(8) A m. = 2_ A'i

from which it is evident that the quotient (5) deals with 
the tveighted mean of the sums of the terms of the double 
series (1). In the same manner we find from (6) that

(9) 5„. = -
“ * JAlso, from the definition of A*,, we have

H Z *  t t h  -
30 that 1
(11) ‘ A'*‘ < ^ = *«.».•—  i

where M is a positive constant •
2. Theorem of Consistency

In order to prove the theorem of consistency we shall 
first prove the following lemma.

LEMMA 1. If we have two-'double' sequences

(12) a mn , A*,.  )

such that

where K , and K T are positive constants, and
(b) . , h™ ^~r-s - *■/ r '-’//** _ - 6*to />* . /t,/*#*
then 0 —
(1•*) hi. y  r/.'O . r(*~) rst*) A <*.

rr:.,.. x, rr..t,x>
and furthermore this sum remains finite for all values of m

and n. ■ '* ' .. '

a-,v
x+f* - at * ‘J' > * A * v  Ui* 4 —  )J  I -  . . . .  J
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Then
ai . —s a

and -

n —» o as m  *»d n —*«

| * ‘i  | < C. , i   J

w h e re  C, ct»J Ct  a r e  p a s t t ire  C o r j io n ^ s .

f/on/
iIP ‘ 'f - '''-run .’ a

(l>i) O’fHf-i.n-tt-i fr»j’ . a £.2L. I*"*'-*) ^
^'W'^ », *.+/•« "*++*•' ~ f

* CL 3-.

• ' *v " ■ * , ' ' , ,

; ; V;: , gf
i is'J" ,

(jkw-Q^h ofmH-i.nii-Sfc
i:v-' /n^rr*^ **+■*!

For the first term on the right-hand side of (14) we
have

? .  f ^ ' W / j V f r f r ,  z.lvtsrinifi W t ’ifti?1* ■.t-IjJ.I ■ yylA.+ tm4l ' ■ /'Cl •■ ■ ■ J-t -
= Z.(l*4k-xt-fxf4x £  ( ' ^ W / j V ' 4?

Whert
(•I ' . «»’-*

* * ' v ** * A * r 'A* y y/ = */a t 4^  yn
fierce. ..’... ,, > ’ , .  7"> - ' ’

J **%+> *»■*«* *'*' /r**"*st

= j V ^ V - V
r r(* ti)r(p«) r(SH) ri±«) . .

//a /fj * v
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The last three terms on the right-hand side of.(14) 
may he discussed by entirely, analogous methods, _Y/e shall 
consider the second term in detail and note.that similar 
arguments apply to the third and fourth terms• For the 
second term we note that since as m and n — *■ 03
we can find a jx and V corresponding to any small positive 
quantity e such that.

) *  6 A  ’ *>')

where  ̂rte+o' * \ r ( * + p+z) ’
Then, since lftu'1 * v;e have ‘

r . y  ( w u ' w - w 1,

*  Cx tp~.nr— ' T ^ 77̂ 77*7r

c y 21
* ^  A

. It is evident that the first three terms on the right- 
hand side of the above inequality approach zero as m and n 
approach infinity while the last sum approaches the value K, 
It therefore follows that

ST..
For the third term on the right-hand side of (14) we 

have ‘ - . ■ *»«* * c.
, n+'r-sH'P7 r*1"',*" j m**™ „***+•
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An argument similar to the preceding one shows that this 
term approaches zero as m and n become infinite. In a 
similar manner it can be shown that the fourth term on the 
right-hand side of (14) approaches zero as m and n become 
infinite. •

Prom the above results we have '
/ / „  2 T .

which proves tho first part of our lemma.
For the second part of the lemma,'we'have)**•» 4 t m  ̂* J® ‘ i-

Z. . Ay I <- K, 1C. H  f * * * * ! - * ' ^ J — J. ... . . .. .. I ' ■ - . . ̂ .T
< K,fcv K ! • (+,*.r,1r'>-t)

- *  ' ’.' ... , • 

where M Is a positive constant. This completes the proof of 

the lemma. ■. • •: >
With the aid of the above lemma, we now establish the 

consistency theorem.
THEOREM 1. 7.If the series (l) is summable (Cr), where✓>■>-/, 

and if furthermore w
5 m” <; C »i, x. s —  j
AZl

then the series is summable (Cr»), where a*> and to the same 
value and furthermore

^Bn) < C
a z A

From (6) we have

i f  X T W *  • ~'mit
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On equating coefficients of x^y* on the two sides of the 
above expression, we have

(15)
Then

<-<*«> A <*-> . $ ‘.y5^.^ - jtfr, * -H-W4 ‘J

*****
.k*Jj

Now

a<id

Where

A/it

And

**•" . (s~ tj g ' h j /21 '•j'/f— /-v " -<  /

"  /V>

h™
{"M?

Inn . //*ir S l ‘. _ 5_
fHtn~ An

ll**1 -Sjg _ ^
AftJ 

** tmem.

Jl<M
[r(*

I U  I iSk I = 12= L  I

< Chl^K
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Hence the conditions of. lemma (l) are satisfied and we have

mfi*. -JZCZ, - L 'rZ’̂ l i l  p w T f n ^ J *
‘ 'intn

- 5  ’ ■ ' '

Putting r+snr* we get the result as stated. It also follows 
from lemma (l) that . , . ■ - /.

c (A +&) 
run

A *****' '•ntn

< K a positive co*stant.
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- PART II
Application to the Double Fourier>a Series

We wish to apply this method.of summation to the 
development of a function of two variables, f(x,y), in a 
double Fourier's series. C. N. Moore* has done this for 
functions which are finite and lntegrable or have certain 
types of infinite discontinuities while remaining absolute­
ly lntegrable in the region (-v.zxszr/ -n 
and he has shown that the double series is summable (Cl) 
at all points for which the function is continuous and also 
at points where the function has certain types of discon­
tinuities. By the extension of his method to non-integral 
orders of summability, we find that the Fourier's series 
development for the same class of functions is summable 
(Ck) for any value of k 0. The statements of the theorems
and lemmas involved in the proofs of these theorems are quite 
analogous to those of Moore; in fact they become identical 
with his when k is placed equal to 1. The difference in the 
form of S requires some modifications of his proofs. In 
proving the theorems, it is convenient to restrict the value
of k so that 0 k 1. This, however, implies no ultimate

A A
restriction since a series that is summable (Cr) is also 

7  summable (Cr') for any value of r*,r.
f •> . - A

♦Trans. Am. Math. Sec. 14 (1915) pp. 73-104; Math. Ann. 74 
(1913) pp. 555-572)
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The double Fourier*s series corresponding to a function 
of two variables, f(x,y), may be written in the form

(16) MyJ ^  z€Tt

where e (z ) is used to designate the largest integer con­
tained in z. For this series we find

, „ s..'*''’(17) - ' • * *’ -
5/r> •*'"Kif-ofy-u/*]

and ’* ’ -5/" [U-*)/x] SU Cft'-iJ/jJ

  ■   » »n *H
(18) - -TF7 ("fVfaVjZ- .^ ŝ tn'-xyq

By the change of variable

(19) >... V-y---V*
we obtain

(20) - j n v J Z r 4 >/^Zi . ' iitju +~~/*

We shall investigate first the nature of the -

at points of continuity of the function f(x,y). - In what 
follows when we refer to a function as being finite and 
lntegrable we shall mean that it has an integral in the 

sense of Lebesgue.
For convenience in writing we shall' introduce the 

following notations ‘

(21) '<£*"./>».£■. g"
<»*•1 <

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(nj ■ -. / ’ T*/a3; ^
From these definitions it is evident that

9 '

and , , ,4, — itj '<fo .
<%n Y</»j = <*> CZV* ■

3. Summability at' Points of Continuity.
We shall first prove three lemmas which,are needed in 

the proof of the main theorem of this section.
LEMMA 2. Let R be a region in the <*//3- plane lying with­

in the square 7/hose sides are * * ̂  (n -/>.) ,̂ 3: ± (̂ -/°.) 
where ^  is a small positive quantity, and such that no 
point of R lies within the circle whose center is at the 
origin and vrtiose radius is p, where /o, is another small 
positive quantity. Then if y>(</s) is a function that is finite 
and integrable NLn the region R, the limit 

(24)  ̂ J*

will exi3t and be equal to zero.*;
Let us designate by II the upper limit of the absolute 

value of in the region R, and by y> the smaller of the
two quantities f>, and fi/n} • .The region R may be divided 
into two portions R, and Rz such that the portion R, contains 
all" points’for which ; ■;

V ■/*\
and the portion R t contains all points for which

Since the region R contains no points which lie within a 
circle with center, at the origin and of radius we have '
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For all points of R, we have
* x * f'/z.

So that in this region
fl‘ ? A'A

It is evident that
(25) '//J* I « '

* l/tr.
The two terms on the right-hand side of (25) may "be discussed
by entirely analogous methods. We shall consider the first
term in detail and note that a similar, argument applies to
the second. For the first term we have  ̂ -V,

| J/#?, V <*>/*) 5 I 11
2̂6\ s *}]" | w  1

Since, in the region R, we have
I I -  1 I T~ A  . /»*» fej'UOl

.. I ^ v “ ' &  *"* ' ̂ L.y I
S' *«•

** /H y5

74 u • * • > 5** >9^”̂  - T A^~x> -x  -*-V  ̂  J:, /V-"/ - h  -""-sNow 7? ,,-J/ — '
s /C

and
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for all values of p  .
Hence _, ;

(27>

Then the right-hand side of ;(26) is less than 

<28>

_ 2. 7) ~t1_ f 71 ( <r-<Jc*i| J-d.

How ■ * " ' / '

(29) :V -Lj> ^  Mj
^ij^j<%!*&/J*

T. H. Gronwall* has shown that :
(30) I IV* «■ K ■ •'

where K is a positive constant independent of m. The second 
integral on the right-hand side of (29) is also finite for 
all values of m since its integrand is less than 
Collecting our results, we see that the left-hand side of 
(26) is less than C/d*' where C is a positive constant.

From the definition of /)„ it follows that

; in. ■$* = ri^i :
.Consequently. ;

;.■■■■ c /c<c%*
Hence, for any arbitrarily small positive quantity 6, we
can find an integer q such thatv

c/t*' < ie * >s,f

“Amer. Math. Soc. Bui. 20(1913-14), pp.141-142.
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Y/e therefore have
(31) '** ?>
Since for all points in Rz

v/e can show by a similar argument that
( 3 2 )  j f (“,!>) * *  I <i* .'"Zf-

Combining the inequalities (31) and (32) we have 

\Hn <(('./>) e

Hence
(33) h ™  [ J L  '{(*'*> *<*•/*> J* 4* J ~ a *y*t,+,-9co *-

and our lemma is established.
LEMMA 3. If h, .h, , k and k, are positive numbers less 

than TT , the limit
./"* fj_ f *  \ A  o ^ ’(•‘,/s) / e i d a j/ H y L .  TfT-J.4L, )_&

will exist and be equal to unity.
Let R be the region, v/hich must be added to or subtracted 

from the square whose sides are ©< z ± 
to produce, the rectangle whose sides are /.<
Then .. .

(34) . jl * x <z,“ J<*.*> J* Ja
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It follows at once from lemma (2) that

For the first term on the right-hand side of (34) we have

’h,/*) J« *!fl■"/x r*/i <w. '

%
r f V  
W * J - *

A,~

arrJ

= I

\  /v J j i u u L  J * i  -  TT w h e / f  m  t s  e> J J
J***

T. a z :

Combining these results we have

(35)

z o

which proves our lemma* ' : . jr,*-i - ZZZ-:;Z-y.;
• LEMMA 4. Let R be a region in the ^-plane lying within

the square whose sides are *=< - ± (*-/>,jyp = where
is a small positive quantity and such that the point m  = o,/»
lies within or on the boundary of R Then, if -<f(<*■’,/3) 
is a function that is finite and lntegrable in R, the 
limit . V..'

[ ff# ft*'/3) Mfl) <*«

will exist and be equal to zero, provided

(SS) >  : ■ [«</»**• ;'y:;
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Since !/U> ](fC+.fl)']=o

we may surround-the p o i n t w i t h  a circle of radius/** 
so small-that corresponding to any arbitrarily small positive 
quantity £ ' ’

I I < £■ (*' if'

where K is a positive constant such that

(py ^  ' i k

Let"us designate-by R, that portion of the circle of - radius^• 
which lies within'R,:and by Rt the remainder of the region R. 
Evidently"-' ;

(38.).. *£»(*>/*) S*fkv ■ ■.

v J k  <£!«/>)

For the first term on the right hand side of (38) we have

^£.t (f la

(39) ■■■; 2

» . ' ■ ■ J-Tts

v 2-< 4
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Since,;by lemma;2 .. • . ^
H m  £// < f M
m,n -*ar * '

it follows that
(40) I i
and hence /t . , . • - . <
{«) ; 
Therefore

//A,' "
\  J /W4 }J~¥40 . , . . j •

i " ' • . . . "

which proves our lemma,.
We are now ready to prove the following theorem re­

garding the summability of a double Fourier*s series 
development of a funotion at points where the function is 
continuous, . ,

THEOREM 2* If the funotion f(x.y) is finite and 
lntegrable in the region ( «* the development of 
the function in a double Fourier’s series will be summable 
(Ck), for any value of k >0, to the value of the funotion 
at every interior point of the region at which the function 
is continuous, ^

In equation (20) introduce the new function
(43) (f(d,&)- f (*+**,'itt/s) -
Then, for the double Fourier’s series corresponding to the 
function f(x,y), we will have
(44) : ±  ^F w V  , * " T

■r
A'n *”' « , fTr-x I'P-y fw; ' . /

I '  ̂ fl
»  • 7

From its definition, it is evident that \(f(*,/») satisfies
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the conditions of lemma 4 in the region of integration of 
the integrals in (44), provided ,(x;y) is a point interior 

to. the region *.;rj < and f (x,y) is continuous at
this point. It therefore follows from this lemma that the 
second term on the right hand side of (44) approaches zero 

■as m and n become'infinite. From lemma 5,.it follows that 
the first term on bhe right hand?,side of (44) approaches 
f (x,y) as a limit as m and n : approach infinity. s- We have 

then 'iaj
5 <■

at all points interior to the region; s(-***$7} s-vey&*) ; 
at which f(x,y) is continuous, which proves our theorem.
4.* Summability at Points' of Discontinuity that lie along 
Straight k j n e s .

Before proceeding with the discussion of the nature of 
the , J*>

/*?**-*<? /)<+J

,.r, ,. .... X l " 1 - »,,, ' (t” }(45 / -*co 1 l-i£ . "... ' . t > .

at points of.discontinuity of,,the function, we.shall first 
prove two lemmas which are needed in the investigation of 
this limit.

LEMMA 5. ;If h and k are positive numbers' less than * 
the four limits

tf4 A
(46) k z u - u  i c .  «>>
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will eaoh exist and be equal to j.
The proof that each of the limits exist and is equal 

to i may be made in a manner quite analogous to the method 
used in the proof of lemma 3. The existence and value of 
the last three limits may be obtained from the first by a 
suitable ohange of variables in the integrals involved.

LEMMA 6. If h and k are positive numbers less than tt 
and we divide the. reotangle whose sides are =

into two parts R , and R z by drawing either diagonal, the

U7) k  LiJk : /■ to,*-** 1

will eaoh exist and be equal to .
For the case in'which the diagonal joins the points 

(-h,-k) and (h,k) let us designate by R the triangle whioh 
has its right angle at the point (h,-k). Then

^  * .yi I*

- x. £ (JL*

If, in the third term on the right hand side of (48), we 
make the ohange of variable

t ft*’P ’ J - ;
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we obtain the expression .. ; , _

:;'y
Dropping the primes and combining this term with the first 
term on the right .side of (48), we get

It follows at once from lemma 5 that, the limit of the first 
expression,in (47h exists and its value is •§■.

We know from lemma 3 that; the limit of < the sum of the 
tyro expressions in (47) exists and is equal to 1. Hence 
the limit of the second expression in (47) must exist and 

be equal to.-jjr. ■■ . . ..
In a similar manner we can show that the lemma is’.true 

in the.case .dealing with the other diagonal..
We are now ready to prove the following theorem re­

garding the summability of a double Fourier1s series at 
points of discontinuity. \

• THEOREM 3. v; If f(x,y)1 is finite and integrable in the 
• region (-* $ g, y «• y ) and (x/ ,7, ) 13 a point of discon­
tinuity of f(x,y) such that every other.point of discontinuity 

of the function in the neighborhood of (x. ,y, ) lies on a 

straight line thru that point and the function approaches a 
definite value as we approach the point from either side of 
this line, then the series (16) will be summable (ck), for
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any value of k > 0 , at the point (x, ,y, ) and its value , 
will be half way between the limiting; values of the 
function. - .

Since all the points of discontinuity of f(x,y) lie on 
a straight line passing thru the point (xj ,y, ), let us choose 
a rectangle with center at. the point (x,,y, ) and with sides 
of length 2h and 2k respectively parallel to the coordinate 
axes and such that all points of discontinuity of f(x,y) in 
the neighborhood of'(x, ,y, ) lie-either on one of the diagonals 
of the rectangle or on a:line parallel to one of the co­
ordinate axes. The corresponding, rectangle in the — 
plane obtained by the transformation, /

X'-x, = 2 * y'-y* =

will be divided by the transformed line of discontinuities 
into two portions which we will designate by R* and R*.
Let us designate by R" the rest of the region of integration 
in the -plane. We have then for the double Fourier*s 
series at the point (x, ,y, )

+ (f „ J/3

^t follows at once from lemma 2 that the third term on the 
right hand side of (49) approaches,zero a s m  and n become 
infinite. Let us designate by f, (x,, y, ) the value which 
f(x,y) approaches as we approach the point (x,, y, ) thru
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the region ; R* and by fz(x,, y, ) the value which it approaches 
as we approach' the point thru the region R^. Introduce into 
the first and second terms on the right hand side of (49)
.the new functions ;

ft (*, - f(*, +2+t y, y i/3 ) - J; (*,, f.J

(50) and fiOtjflJ = / ( * ' * * ' ! ? ' ^

Equation (49) nay then be written

. 5.-»*«»>... •x-y.(«,;»)If:.

(51) ' V %  A >  J^ ;

It is evident that . ¥•(*,/*) and satisfy the conditions
of.lemma 4 in the.regions of integration. Hence each of the 
last twofterms on the right hand side of. (51) approach zero 
; as m and n become infinite. That the.first two terms ap­
proach the limits + f, (x,t •/,/ and 7 fx respectively as m 
and n become infinite is ; easily shown by the application 
of lemma 6 when the line of discontinuities is a diagonal 
of the rectangle or by lemma 5 in the case when .the line 
of discontinuities is parallel to one of the coordinate 
axes. Hence

<C2) = i (« '..*>  +

which proves our theorem.
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' 'It may be noted that in the proofs of lemmas 2 to 6 in­
clusive no restrictions.were placed upon the manner in which 
m and n become infinite. The conclusions still hold if n 
is held fixed.while n becomes infinite and then m Is allowed 
to become infinite or vice versa.

J Moore has defined summability (Ck) of a double series 
by roY/s and by columns as follows:  ̂L. ; -V
"Definition. If each row of a double series is suramable 
. (Ck). and the seriesI'formed;from the values of the rows is 
summable (Ck), we say that the series is summable (Ck) by row3, 
and has the value of the series formed from the values of the 
rows." A series-summable (Ck) by columns is defined in a 
similar manner. " : v* J . J
■jV This definition-enables us to state the following corollary: 

Corollary*!., If f(x,y) satisfies the conditions of;theorem 5 
and (x, , y, ), is a point.of discontinuity of f(xty ) of the type 
described in theorem 3, the series (16) will be summable (Ck), 
for any value of k > 0, by rows or by columns at the point 
(x, , y, ) and it3 value will be one-half the sum of the limit­
ing values of the function. *>'■ ■ *.
/ Since the lemmas involved in the proof of theorem Z hold 

equally well when m and n become infinite in any manner, this 
corollary follows immediately from theorem 3.

The investigation of the behavior of the series at points 
on the boundary of the region {-7)$x$r>, -n s $n) with the ex­
ception of the points at the four corners leads to the follo?/ing
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corollary.
COROLLARY. 2.; , If x , is a value of x lying in the interval 

( -  77 < x < n ) and (x.y)- satisfies the conditions of
theorem 5 and furthermore is such that the two limits

(53) , tZ+f,
exist, the Fourier1 s ,development of f(xty) will be 3ummahle 
(Ck) for any value of k > 0, at the points (x,, * ) and \x*rni 
and its value will he one-half the sum of the two limits (53). 
Similarly, if y , lies in the interval (-v< <j< n) and the two 
limits

(54) ' - ■* ■:. .
exi3t, the series will be summable (Ck), for any value of 
at the points (v, ) and (-#, y, ) and to a value half way be­
tween the limits (54). .Moreover, in all ..these cases the 
series will be summable (Ck), for any value, of k > 0, by rov/s 
or by columns, and-to the same value* ’

Y/e have for the series (16) at the point (x, t 7t)

(55) = ; P  (*'***> 77 **/*)
TLJr,

7TKT
’mu

2 *
to t&J.

+ _L ( x' { T,42/3)

In the first term, on.the right hand side of (55) make the 
.change of variable ■ ■

57
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Then we have, after dropping the primes

z <$*•*>J,etk

(56) + & £ £ £ & * * * * ' ' * * & ' .   .

Introduce the new functions : , v :
~ - 7 7 * t /3 ) -  f a . , - * )

( 5 7 )  < w  r ,  , /y ,
fx(*.fl) ' $(*•***> **V>_ - H  * 

into the first and second terms respectively on the right 
hand side of (56)* Then (56) "becomes

/rj vSim*

(58) ' y (Aj
* ^ L J  ^

^ J- (' f, u,/3) fl)
' • - ' A ^ J U  / A —

It is evident that and f, (<,&) satisfy the conditions of
lemma 4 in the region of integration involved. Hence each 
of the two terms above which involve these factors approaches 
zero as m and n become infinite.; It follows from lemma 5 that 
as m and n become infinite the first and second terms on the 
right hand side of (58) approach the limits 

and {f(x,, vj respectively. Hende
(59) . __>?* •*-/«> a w

By a similar treatment we can obtain the results stated 
above at the three other points (x| , -w ), (>/«/.) o/i<S
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Since, in lemmas 4 and 5, no restrictions were placed upon 
the manner in which m and n become infinite, it follows that 
in each case the series is also summable (Ck), for any value 
of k; 0, by rows or by columns and to the same'value*

The behavior of the double Fourier*s series development 
of a function at a point of discontinuity ( 
such,that all other points of discontinuity of the function 
lie on two straight lines intersecting at right angles at 
the point (*»jy/). and parallel to the coordinate axes is given 
in the following theorem.

THEOREM 4 . If (f(x,y) satisfies the conditions of 
theorem 3. and (x, t y,) is a point of discontinuity of 

• f(x,y) such that every other point of discontinuity in its 
neighborhood lies on one of two straight lines parallel to 
the oo ordinate axes and intersecting each other at the point.
(x,,yi ), and if furthermore f (x,y) approaches ja definite value 
as we approach the point (x,. y, ), thru each of the four 
regions into which the lines:of discontinuity divide the 
neighborhood of (x̂  , y,), then the development of f(x,y) 
in a double Fourier*s;series will be summable (Ck)for any 
value of k > 0 , at the point (x,, y, ) and to a value which is 
one-fourth the sum of the four limiting values of f(x,y).

The proof of this theorem can be carried out by methods sim­
ilar to those used in the proof of theorem 3 when the line of 
discontinuity was parallel to one of the coordinate axes.

The behavior of the series at the four corners of the
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region is expressed in the following corollary,
to theorem 4 which can he established by similar methods. 
COROLLARY. If f(x,y) is a function that satisfies the condi­
tions of theorem 5. and if furthermore the four limits
/ \ hm h*** £(*,1) . Ilf* . A**'
VO VI X-**,)-»» •*

exist, the Fourier*s development of f(x,y) will be summable 
(Ck), for any value of k y 0, at each, of the points h*J, fa,-*),(-*,-•) 
and and to a value which is one-fourth the sum of the
limits (60).

In the cases considered in theorem 4 and its corollary 
it is also true that the series is summable (Ck) for any 
value of k /0 by rows or by columns and to the same value to 
which it is summable when summed as a double series.

5. Summability at Points of Discontinuity that lie on Curves.
V/e will consider here the summability of a double Fourier*s 

series at a point of discontinuity of the developed function 
such that all other points of discontinuity of the function in 
the neighborhood of that point lie on a curve which passes thru 
that point. V/e will assume that the curve has a tangent at the 
point of discontinuity of the function and that any line pass­
ing thru that point will intersect the curve only in a finite 
number of points in the neighborhood of the point. V/e will 
also assume that the.function approaches a definite limit as 
we approach the point from either side of the curve. .

In discussing the summability of the series we will make 
use of the following three lemmas.
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For the sake of brevity we have introduced the following 
notations

(■£, SI”  ( * • • • ) *  S i” (*S - i) /3 J/n/3
(61) = A^> f c s S ^ ‘/3‘ ,

■ ' I  Y ; . - r  } ; • ,
if <■ ’ \ , i - •

.(A, ■ - *1**® '
(62) by, = ^

Prom these definitions-it is obvious that
, t % , » « / > )  = Z,w7;t/x> . , *

.LEMMA 7.. If /? is a region of the same nature as in lemma 4, 
the limits ; -■ " - ■
(63) - ■/"*» [JL •**

Oftj iA
(64) h™ Iff 3i»«si”j3 J*/a-JL

will each exist and be .equal to zero.
This: lemma, follows immediately from lemma 4 on writing f(<o) 

equal to • . .
i __ - .5 in'd Sin

for the first expression and V •'".-■'J ' ' ' °
$ih* Sinfl _ Sin'd.

U (3
for the second expression.' ; '

LEMMA 8. If <f(*y is a function of * that has a derivative 
equal to > at the point <*=■o , and is such that the curve 
is intersected only a finite number of times in the neighbor-
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hood of the point ( * - /3 = o ) by any line pas sin,a; thru that
point, the limit —  ; I ■ ’ ■ J :

(s5)

where h is a constant between 0 and jj , will exist and be equal 
to zero provided A is different from zero.

Suppose, for definiteness, that o and the curve 
lies above the tangent line to the right of the origin until 
perhaps it intersects the tangent line. It is evident that X  
can be chosen greater than A so that the line /3z J'* 
cuts the curve in a point to the right of the origin which
is nearer the origin;than any point in which the tangent line 
may cut the curve to the right of the origin. Let us designate 
by £  the oi - coordinate of the first point to the right of the 
origin in which; the line ^3= J'e* ' cuts the curve. ; ■;
; The expression in brackets in (65) can be written in the 

' form' ■ ' • 'V- ■: V■ c . • ■ .

(66)

^t is easily seen that for any fixed value of ^  the second 
term of (66) approaches zero as m and n become-infinite, since 

I f. A 1*'"■ \,<' l for all values of ?.I JT, ' 1 n t t - i ■ 1
The absolute value of the first term is less than -
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X  I j£>[ C & I X r *  I*/*)io( I (J/* ■ ':

 ̂ - = £ l ^ >u)

‘ v - ” '  ; , - ; j •< v-: > ^ ' <. ' /< Injl ' . , * > > .

5/net................... ... . •_■
' * r ‘-.j ••

Hence, by choosing w near enough to /* wo can make the first 
term in (66) as small as we please. : It. therefore follows that 
the limit as - m and n become infinite of the expression in 
brackets in (65) exists and is equal to zero.
LSLI1IA 9. If the tangent to the curve Az'iU) is parallel to 
the q< -axis, then the limit

tsv^  ̂  ̂ - - ' ; . ' , -
will exist and be equal to,zero provided m and n become infinite 
in such a manner that
(68) . \ n/>̂  < k  positive constant.,,

The expression in brackets can be written in the form

t6 9 ) ; :

where X  is determined as in lemma 8. It is easily seen that 
for any fixed value ofj, the second term approaches zero as 
m and n become infinite in any manner. It follows from lemma 
7 that the first term will approach the same limit as *
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■- ■ - V
(70) I - - .

if this limit exists. If we place k«0 and replace 2m - 1 and
2n - 1 by m and n respectively, the integral I.becomes

X  - J *

It follows from the work of Titohmarsh* that the integral I, 
will approach the same limit as

J, ■ ‘ ' "V v
where provided /  is chosen sufficiently small and m
and n become infinite subject to the restriction (66). . 
Titohmarsh* has also shown that , ;.:V

h ‘m X*<X /»( ^ ) ^ r ,
Since f hf'g) remains finite for 0 51 < / it follows that

— - ' x* < y* ■1
where A is a positive constant, provided m and n satisfy the 
restriction (68). By choosing /  sufficiently small we can 
make W  and henoe I z as small as we please. Hence, the 
lemma is true for the special oase k s 0. It follows then, 
from theorem I, that the lemma is true for any value of k 
greater than zero.
THEOREM 5. If f(x,y) satisfies the conditions of theorem 3 
and (x„y, ) is a point of discontinuity of f(x,y) suoh that 
every other point of discontinuity in the neighborhood of 
(x,,y, ) lies on a ourve satisfying the following conditions! 
a) the curve has a tangent at the point (x,, j,) that is not 
parallel to either of the coordinate axes, b) no line thru 
the point (x,,y, ) intersects the curve in an infinite number

Proo. Royal Soo. Lon. Series A, 106 (1924), p. (307)
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of points in the neighborhood of that point, c) the function 
f(x,y) approaches a definite value as we approach the point 
(x,, y, ) from either side of the curve, then the development 
of f(x,y) into a double Fourier^ series will be summable (Ck), 

for any value of k >0, at the point (x f, y, ) and its value will 
be half way between the limiting values of the function at that 
point. If all the other conditions are fulfilled, but the 
tangent line to the curve at (x,, y, ) is parallel to one of the 
axes,,the series will be restrictedly summable (Ck), for any 
value of k > 0, to the same value at the point (x,, y,),

The proof of this theorem follows precisely on the lines 
of Moorefs* proof for the case when k ■ l if we substitute 

the expression
x!!W ■ ■ ■■■;" ■

for the expression ..
. &  . . . - ■ .

5^ * V -  \

wherever it occurs in his proof.
. We have considered so far the oumnability of the Fourier !s 

series development corresponding to a function which remains 
finite and integrable in the region (-#< * <7ft -*< f )•

By means of the following lemma the results may be easily extend­

ed to certain cases in which the function to be developed 
becomes infinite in thi3 region.

* Math. Ann. 74(1913), pp. 567-570.
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LEMMA. 10. Let R be a region satisfying the conditions of 
lemma 2 and '<?(*,/a) be a function that is finite and integrable 
in R except along certain lines of discontinuity where it be­
comes infinite while remaining absolutely integrable. Then 
if these lines are finite in number and such that they are 
either parallel,to the coordinate axes or cut such parallels 
in a finite number of points t the limit

JAj(71) H m

will exist and be equal to zero provided no Infinite dis­
continuities lie on or in the neighborhood of the coordinate 
axes. ■ .

The region R can be divided into a finite number of regions 
by adjoining to each line of discontinuity the portion of R 
\vhich is in its immediate neighborhood. For each of the regions 
in which remains finite it follows from lemma 2 that the
limit of (7l) exists and is equal to zero. Since there are no 
points of discontinuity in the neighborhood of the coordinate axes 
we Will''have':.

a positive constant '
nw»i

in each, of the regions in which ' becomes infinite. Hence, 
for each of these regions, the expression in (7l) is less than
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since (̂•tj/3) is absolutely integrable in R. It is easily seen 
that the limit of this expression as m and n become infinite 
exists and is zero. Since there are only a finite'number 
of regions, it follows that the limit in (71) exists and is /

■ ■ zero. ■■ '/■.
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