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VECTOR DIFFERENTIAL EUATIONS

INTRODUCTION

The purpose of this paper is to show how the Lie theory* of

* Lie-Scheffers, Vorlesungen ubsr Differentialgleichungen and

Continuierliche Gruppen, Leipzig 1891,1896; Dickson, Differential

Equations from the Group Standpoint, Annals of Mathematics, 1924, Series

2, V25,pp. 287-324; Page, Ordinary Differential Equations; Coben, The

Iie Theory of one - parameter Groups; Ince, Ordinary Differential

Equations.

continuous one = parame ter groups of point transformations in four-space

may be applied to th® solution of vector differential equations of the

type
(1) Vau = E (z,u),
in which g is a known vector function of the position vector r and the
dependent scalar point function m. The groups used in solving the
various integrable cases of this equation are expressed also in terms
of r and u.

With the increasing importance of vector analysis in pure and ap-
plied mathematics there arises a very definite nsed for systematic re-

search in the field of vector differential equations. Very little is
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to be found in the literature on this subject. Even in The Collected

Works of J. Willard Gibbs only a few short sections*are devoted to

* vol. 2, Part 2, m ? Ch&p.I ] pp. 38"40'

equations of the simplest types. While it is true that a vector dif-;
ferential equation, expressed through its three scalar equivalents, may
be solved by the classical thsories of simultanmeous partial differential
equations, the integration is greatly simplified by the use of purely
vectorial ms thods, wherein the form of the equation is left intact.

It is shown in §§ 3,4 that a solvable differential equation of the
type (i) possesses either a complete or a gingular integral, and that
the determination of the latter type requires no integration. A neces~
sary and sufficient condition for complete integrability is established
in § 3.

In the following treatment of integrable vector differential equations
from the group standpoint, the canonical forms of the groups leaving
them invariant, and the canonical variables resulting from them, play a

fundamental role. Philip Franklin has said* in reference to ordinary

*
Franklin, The Canonical ¥orm of a one-parameter Group,
Annals of Mathematics, Vol. 29, Ser. 2, Apr. 1928, p. 113.

differential equations that "the use of these variables to simplify the
usual proofs of some standard theorems, and the fact that they furnish
the most direct way of applying the Lie theory to known cases of solvable
differential equations, seems to have escaped attention." In tie
writer's first draft of the present paper, no particular stress was

laid on the application of canonical variables to the dsvelopment of the
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theory. However, upon the suggestion of Professor Louis Brand, the
treatment was revised so as to rest almost completely on the use of
canonical variables. This effected a material simplification, Jjust as
Franklin's work simplified the corresponding theory for ordinary
differential equations.

Another fact that seems to have escaped notice is that the theory of
ordinary differential equations of the first ordsr, from the group
standpoint, may be expounded without the uss of Lie's extended trans-
formation. How this might be dons may be inferred by anology from the
present treatment of vector differential equations, in which the extend.
ed transformation is avoided completely.

It will be shown that an integrable equation of the type (1) in
gereral may be solved by the introduction of an integrating factor de-
termined along lines slightly different from those employed by Lie for
ordinary differential equations. A similar method is applicable to
équations of the latter type.

The writer wishes- to express his most‘bsincere thanks to Professor

Brand for his careful review of the raper and for his most valuable

sugge stionse.



PART I. ON THE SOLUTION OF THE EQUATION AVu - B =0

1. The Gradient. Change of Variable. If u is a scalar point function

of the position vector r, the gradient of a scalar or vector function
¥(r,u) with respect to T may be written
(1.1) V¥(r,w)= VZ +Vus=,

in which V[ represents the partial gradient of ¥, obtained by hold~
ing u constante.

If xT_z ig a vector function, its rotation and partial rotation are

definsd by the operations
rot gé‘:v*‘;{_ , rot \;l__z = Vixg, .
whence by (1.1)
2L

(1.2) rot \_;E(g,u) = rotr\]='{ 4+ YVu xf.

Ist two vectors I dg_be conrected by the inverse relations
r=x (@, =z (®).
Then if F is a scalar or vector function of v, its gradient with

respect to v, denoted by the symbol VVI;, is given by the formula*

. . T
I J. Spielrein, Vectorrechnung, Zweite Auflage, s. 387.

(1.3) Vg (v) Evv-v"g (v).
If r and Y are ;unctions also of a scalar point function u, and
possess the inverse relationships
¥ =1 (zg,u), r=r (y,u),

jt follows from (1.1) and (1.3) that



(1.9) UE (g(z,0) = (Vx + Vo o2 ). TE .

In particular, if F (v) =z (v), and u is hsld constant, (1.4) shows

that
(1.5) Ner (zw).e vz (L) = 1,

where I is the self-conjugate dyadic idemfactor.

L

2+ Corre sponding Ordinary ;agg Partial \lector Differential

Equations. Differential equations of ths type

(2.1) Va =E (z,u),

when simplified algebrai;;,lly, usually appear in the form

(2.2) A(z,u) Vu-38(zu) =0 (A% 0)

in which A and a are known scala: and vector functicns respectively.
Ths latter form“tharefore will bte adopted except where the former ex~

pedites the treatwent. Obviously any integral is a scalar function
The trivial case for which B = O will be ex-

-
An

explicitly involving u.

cluded.
THEORRM 2. If P(x,u) = ¢ is 2 complets integral* of the

*This designation.agrees with the accepted classification of
integrals of simultaneous partial differential equations of the first
order. See Goursat, Vorlesungen uber die Integration der Differential-
gleichungen erster Ordnmung, Leipzig, 1893.

ordinary vector differential equation.
(2.2) Alz,p) YV - B (zm) =0, (a0, 3% 0)

B (r,u) is a golution of the corresponding vector partial differential

equation
(2.3) Bf = A (z,u) Vpf + B (z,u) .ba.é =0,



and converssly.

For by virtue of the assumed integral & = c, (1.1) and (2.2) show thda
Vﬁ-‘-vugf =0, AVu-B =0
identically in r and u. Thersfors

(2.4) AV.¢ + _lé?rfs o.

Sl

2

Conversely, if a function &(r,u), other than a constant satisfies
(2.3), tke identity (2.4) holds, and by (1.1), & = c implies
(2.5) AV E + AVui%a 0,
whence on subtracting (2.4) from (2.5),
AVu - B=0,

sines 9&/du #£0. Therefors ®=¢ is a complete integral of (2.2).

THEORIM 2B, If $(r,u) is a solution of Pf = 0, then any

-
—
-

scalar function G (£) of ¥ is a2lso a solution.

For by (2.3),
S G o0F
g €3) EAVG+%§EE ¢7 (B) (AYZ§+%3——“),

which vanishes identically by hypothosis.

COROLLARY, If ®(r,u) = c is a complete integral of

AVu —B =0, and G ($) is any function of &, then G (&) =c’ is aleo

2

complete intagrale.

3. Condition for the Existence 9‘_1: a Complete Integral. Not

every equation of the typs (2.1) or (2.2) has an integral. It will de-
velop that if ons exists it must be either a complste integral of the
form &(r,u) = ¢, where ¢ is an arbitrary constant, or an integrel of the

form ¥(r,u) = 0, involving no arbitrariness. The latter type will be
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designated as a singular integral, in conformity with the accepted

classification* of intagrals of simultansous partial differential equat-

*
See Goursat, loc. cit., o. 140.

ions of the first order. What follows is intended to obviate ussless

attempts to solve an equation of the type (2.1) or (2.2), when no solut-

ion existse

THEOREM 3. A necesgsary and sufficient condition that the

differential equation

(2.1) Vua:g (?,:u)
possess a complete integral is that
oF
(3.1) Qlr,u) = rot F+Fxa= =0,
v =" E = u

identically in r and u.
To prove ths mecessity assume the existence of a complete integral

F=c satisfying (2.1). Tren Vu =F, whence rot £ = 0*. Therefore by

*
I Gibb's - Wilson, p.167, (52).

(1.2) and (2.1), Q(z,0) =0,

The proof of the sufficiency requires the

LEMMA. Tre condition £’ = 0 is satisfied if and only if

B/x Br=o0

/ 1s defined

in which £ is an arbitrary scalar function of r and u and

HIG

in accordance with (2.3) as the operator
P e
P=gE=sNVtEgm-
/
First assume <)) =0 and deduce P/ x P’f£ = 0. Evidently
= = =



f = (V+F —) x ( Vf+F5—.)

. x °Z of
=\ (Fr)+F*er*§ 3w 5u
(% af) f 2 °oF df *
= X FpQlroty, F+Fx \Vif A+ Fx =
- = au ri Exbuvr §xu u
Sze Gibb's - Wilson, p.157,(40) for the expansion of (Fof fou)
o3 df ,*
= (rotrE + E x53) 53

€’

The reader will observe that ths cancellation of the first and third
terms of the preceding line is valid for an extremely broad class of
functions, and in fact is quite analogous to Jacobi's cancellation of the
second partial derivatives occurring in the deduction of the commutator
employed in his classical theory of partial differential equations of the
first ordsr (Goursat,loc.cit.,p.140). It JEay be shown that the cancel-
lation is justified whepever 2-V/f and VE-E exist and are continuous.

which vanishes identically by hypothesis.
Th: conversd is implied by the reversibility of thess steps.
To prove the sufficiency of the foregoing thsorem let the three

scalar components of the operator g' bs denoted by
1 D 1_ 2 P) ) Pej
e thon By Y How R=st B
in which Fg,Fy, F; are the three components of ¥. The condition

A

g'x z'f = 0 may now be expressed in the form
i d k
' / ] -
Pf P Plz =0,
/
Pxf ny sz
in which i,:j,;]s repres3nt a right-handed set of mutumlly orthogonal unit

vectors in the directions of the axes of x,y,z respectively. Thke co-

efficients of i,j,k must vanish identically. But these coefficients
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are precisely the three commutators of P;f,P;,f,P;f. Thus
! ] 1] 1
Py(Pzf) — Pz(Pyf) =0,
1 ] ] !
Pz(Pxf) —_ Px(sz) =0,
P'(p'f) P.(P' )
xyt) — HIEE) =0,
Hence the linearly independent simultaneous partial differential equations
(3.2) Pif=0, Bf=0, Pf=0,

form a Jacobian system of three equations in four independent variables
(x,%,2z,u), whose solutions are therefore all functions of exactly 4 — 3,

or on2, existing, common solution &(r,u) not a constent*. Since the

*
Boursat - Hedrick, vol.2, part 2, p.270. Dickson,loc.cit.,pp.

329 - 331.

system (3.2) is equivalent to the equation P'f =0, is a solution of
the latter. Hence by Theorem 2 A there exists a complete integrel
®(r,u) = ¢ of (2.1). Furthermore since all solutions of (3.2), and
hence also those of ,_l:;f = 0, are functions of &, all integrals of (2.1)

are of t® form G () = c.

COROLLARY. A necessary and sufficient condition that the

differential equation

(2.2) A(r,u)Va - B(z,u) =0
00838388 & complete integral is that

B
(3.3) .(El (zw) =B xVA+ A rot B +Bx == =0,

idsntically in r and u.
XAMPLE. Consider the differential equation

t=3

Na —ud'Vé + $2(4,)Ve, =0,
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in which @1 and §2 are arbitrary scalar point functions and f is kmown.
Evidently F = ud| U~ £($)Ve,. It follows that

rot, E = Ex %:zr-f(é,_)v¢, xV¢,.
Thus_(=2' = 0; hence the differ;ntia; equation possesses a complete integral.
It is readily found to be
2 4 jf(q»z)aq)f ¢
by tte introduction of the integrating factor ¢ .
4. Singular Integral. It is rossible that Q (or Q) may not
vanish identically, yet may te rendered zero by virtue of a particular

relation of tke form ¥(r,u) = 0.* 1If this relation, obtained without

* /
Often most easily obtained by solving Q._ =0 (or.Q- = 0) alge-

traically for u and thus obtaining the relation in the form u = £(r).

integration and hence involving no arbitrariness, satisfies (2.2)(or(2.1)),

it is called a singular integrel. No other type of integral can exist.

1£0 = 0 (or{' = 0) has no solution, or if ( as may be possible) its
solution fails to satisfy (2.2) (or(2.1)), the latter is insolvable.

EXAMPLE 1. Consider the differential equation
S ——

(¢, + ) (Vu—aVd,) = uVs,
in which ¢1 and cpz are arbitrary scalar point functions and g is constant.
A= b +¢,> B=uVh+al(d+e)Ve,-
Bx VA [J— a (4,+$,)] Vb x Vi,
A ro;; 2 = a(d,+ ¢,)VexVe, = — Q"-i% .
Since Q= [u—a(4,+8)] Vb x Vb % 0, (unless VxVi,= 0), no complete

[}

integral exists. However, the solution

< w=a(d+d),
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of%: 0, satisfies the original equation and is therefore a singular
integral. By the foregoing thsory, no other integral can exist.
If Ve, xVp=0, that is, if ¢, and ¢, are connected by a function-

al relationship & =¢, ¢, = £($), tke resulting differential equation

Vo - iy v =a DO
must possess a complete integral, which by § 3 must include the solut-
ionu, =a(f+d,) = a.[q>+ £(4)] for a particular value of the constant
of integration. Evidently

V-u;) - -;Fg%@)(u— uy) = 0.
Hence the complete integral is

S

ln(g-—;'-lll- = Xﬁ%&v or um a[4>+f(4’)] + c.‘.e'S

EXAMPLE 2. Consider the equation

Vu + ¢unu V«#z-;— wVé =0,

in which q»' and ¢, are any scalar point functions satisfying the con-

dition Vo x Vi, # 0.  Since
Q.."-:-.’ w( &, + 1n u) Ve xV4 % o,

=

g

1
no complete integral exists. Nor does the solution u = ot 3 of.g- =0,

satisfy the original equation. The latter is therefore insolvable.

. LIE GROUPS OF TRANSFORMATIONS IN A

SPACE OF FOUR DIMENSIONS
OF EOUR DIMENSIONS

E

IS

|

5. The Group Concept. If, in addition to the three ordinary
AN PAAAA R (NANAANS (N o .

space coordinates associated with a point r, another coordinate, u, is

introduced, (r,u) may be regarded as a point in four-spade. In what
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follows, a systematic study will be made of the effect of transfofming
such a point by means of transformatidns telonging to a Lie group.
The set of transformations

r; =¢(rm,e), w -:\lf(&u,a)
in which the parameter g varies continuously, and t and ¢ are function-
ally independent, is said to constitute a continuous, one-parameter Lie
group provided

(1) the product of any two (distinct or coincident)
transformations of the set is itself one of the transformations of the
set, and

(i1) the inverse of any transformation of the set is

itself one of the transformations of the sete.

6. Groups determined by Differential Equations. It will

N

now be shown that each system of differential equations of the type

dr du
(601) ._'“.2’. = E(},‘l,ul) ) ..._l = ’7(,51:“1)
dt ~ at

in the variables T1» vy and the parameter t, determines a continuous,
ong-parameter Lie group, and hence that any number of such groups may be
produced at will, each corresponding to a chosen pair of values for the
functions ia.nd n .

Ist x(gl,ul) = c be an integral of the equation

a5 ) (N£0).
day  Nlzp.e). S

If v = c is solved for r; in terms of u; and ¢ and the result

x -zl(ul,g), is substituted in the second of equations (6.1) and the
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latter integrated, the result, expressed in terms of Iy and y takes the

form .

w iz ,m) =t +ec.
If r) =T and ) =uwhen t = 0, the solution of the system (6.1) bacomes
(6.2) v(zye) =), wiz ) =wizu)+ ¢,

whose equivalent solved form is
(6.3) r, =4¢(zu,t),  u =Vt
It is easy to show that (6.2) and hence (6.3) constitute a set of trans-
formations forming a one«parameter Lie group.
For example if E(fl’ul) =5, r)(gl,ul) = 1w, the corresponding

group is determined by solving the pair of equations
dr du

>l =r., —1 =u
at ot as :
subject to the condition that r3 =r, uj=uwhen t = O, In this case

I, = ols, y =ebu, or I, =ar, uy=au, (a =et),
That these transformations form a group may readily be verified inde-
pendsntly.

7. Te Infinitesimal Transformation. Iet a scalar or vector
function f(r,u) be subjected to tke transformtion (6.3) and consider the
rate at which the transformed function f (gl,ul) changes with t at a fixed

point (r,u) for which t = O. Evidently

daf(xr, ,u )‘ dr. . - (e, u,) du
3 R Ae = ™l .v f(r u )+~'M-l’ 1 1 ;
" at ag TR @
whence by (6.1),
. af (x5 _ of(rq ,u
(7.1) m(nl,ul.) = g(rl:ul)'vr £(r; )4+ O(ﬁlsul) ._.__...._"‘("‘1’ 1) .
- dt ;T 1 2u

Place t = 0‘. Then 3]:,111 become r,u. Denote the result by U£(£,u%. Then

(7.2) [M] o = Ui(a'u) = §(£»u)-v‘.£(£»u)+ Y)(?.’u) of(r,u) .

dt ou
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Uf will be celled the (symbol of the ) infinitesimal transformation
which generates the equations (6.3) of the group; for if Uf is given,
§ and 7 are known and hence the equations (6.1) yield (6.3). Converse-

1y the equations (6.8) determine Uf; for by (6.1) and (6.3),
d _[2271 . du) -~ [2¥] _
[ FE‘:L]t:o‘; [ Y]t,g - §(£’u) ) [ a’%]fr_o—: [ —b—E-]‘t=0 = 7(!:)“).

8. Series Representation of a Transformed Function. If r and n
A A -~ — A~ A AA et =

——

are regarded as fized, the transformed function f£(r;,u;) of any scé,lar
or vector function g(g,ﬁ), resulting from the application of (6.3), de-
pends only on t. Hence for sufficiently small values of t it will be
assumed expansible into the convergent Maclaurin series

1 n "t
£l ) = foF fo'b+ 37 £t 37 fo t0+ ¥ pr£f?) ¥

Tk
Burali - Forti et Marcolongo, Calcul Vectoriel, p.65.
in which :
- - (n) - [fEe)] o
£, = [ uy)] 4o = £E)s £ = ats  Jt-o U'g(r,u),

whare Ung symbolizes the result of n successive applications of the

operator U =&V, + n b/Bu to ths function f£(r,u). Thus
- t2 y2e 4 15 B 2

Y
The equations of the finite transformations of the group gensrated

by Uf are found from (8.1) by identifying £(zrj,uy) with r; and ) in turn.

9. Invariant Surfaces. A family of four-space surfaces
Vo PAA A At N e Nt

w(a,u) = c is said to be invariant under a group if each surface 1is

transformed into the same surfacs, or if the surfaces of the family are

parmted among themselves by every transformation of the group.. -In the. -
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former case the surfacss are said to be individually invariant - in the

latter case collectively invariant.

— - en——————— ———— G

Tre surfaces are individually invariant if and only if F (o) 0,

and collectivaly invariont if and only if F, ()= O.

Evidently two families of surfaces «(r,u) = ¢, w'(r,u) = c' are
identical if and only if w is a function of w!. Hence the family w =c¢
is invariant under Uf if and only if
(9.1) o(zy,uy) = Flo(z,u),t) = Fle,t)

- for all pairs of solutions r,u of &(r,u) =c. In (S.1), t may or may
not enter, according as the surfaces are collectively or individually

invariant. By (7.2),

Twe

aF(c,t) } .
at t =0

Hence Uw is either zero or a function of ¢, according as the surfaces
are individually or collectively invariant. In either case UQ nay be
considersd a function of w.

Converssly, if Uw = F, (),

Uzw = U (Uw) = UFl(w) - Uwg%l- =F, ().

Similerly, Unu_;_-g F (o), (n=1,2,3, ). Conssquently,by (8.1),

V]

(9.2) w(}:’l’ul) = “’(F_au) -+ tFl(w) ‘;_"' Fz(“’)"’""""‘ f;;" Fn(m)"'”"” .

If ¥, (w) 20, then U = F, (@) S0 (n =1,2,3,-:7), and o(z, u,) =

w(r,u), so that the surfaces W c are individually invariant under



16
Uf. If Fj(w)# 0, (9.2) is of ths form (9.1), explicitly involving t;

hance the surfaces w = ¢ are collectively invariant under U£.

THEOREM 8 B. The most general femily of surfaces «(r,u) = c,

collectively invariant under the group generated by the infinitesimal

transformation Uf, are obtained by equating to an arbitrary scalar con-

stant ths most general function «(r,u) determined by the equation Uw= 1.

By Theorem 94, the function «(r,u), occuring in the equation
w(g,u) = ¢ of the most general family of surfaces collectively invariant
under Uf, satisfies the equation
If ¢ is an arbitrary scalar function, the surfaces ¢(w) = c' are evident-
ly identical with the surfaces w= c. Thersfors it is necessary only to
establish the existence of a function & , such that
dé dé
l=Udw) == Tw= = F(w),.
) = 3, 7o 1)

By hypothesis, Fy(w)# O. Hence there is a region in which the integral

dw
¢(w)= m
exists. |
The most general families of surfaces collectively and individually
invariant under the group generated by the infinitesimal transformation
Uf = Of/du are readily found from the equations Ud= 1, Uu= 0,to0 be -
u+£(x) =c, g(r) =c!

respectively. The differential equations of these families have the

respective forms

WV = _z_(}_'-), | Vg(z) = 0.
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PART I . APPLICATION TO THE SOLUTION OF

DIFFERENTIAL EQUATIONS

10. Invariant Differential Equations. Cznonical Variables. 4

differential equation AVAL — g = 0 is said to be invariant under a group
if it possessss integral surfaces ¢ = ¢ which are individually or col-
lectively invariant under the group.
It follows from §6 ( by an interchange of subscripts) that
the infinitesimal transformation
Uf = §(r,u)-\ £ +n(r,u) ;é (n#0)
furnishes, and is also furnished by, the differential equations

dr du
(1001) E-t- — s(f.)u) ) 'a-t' = ?(E)u)t

the solutions of which are

(10.2) v(z,w) = ¥(zy,ny), wiru) =wlz;,u)+t.
Under the transformation of variables

(10.3) v=v(ru), w=w(r,u),

the equations (10.2) of the group assume the canonical form

(10.4) Yo=Yy W = wy 4 t.

The variables v and w are called a pair of canonical variables for the

group. Evidently

dy_.._ du Bv v
_ dw _ dr du 2w _ .. ow
L= e $Vw +¢t = SNwt 5L

The re fore
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(10.5) Uv=0, Uw=1l.
The infinitesimal transformation U'f, of the canonical form of the

group, is found from (10.4) just as Uf is found from (10.1). Thus

. 1 of _ dy dw 2f _ of
U‘fgi'vd’."") 2w T d.,t'v"i-‘— dt dw T dw

From the discussion at the end of §9, it follows that the different-

ial equation of ths most gensral family of surfaces collectively in-

variant under ths canonical form (10.4) of the group is of the form

(10.6) Vw =Ey),

while that of tke indiv;dually invariant surfaces is
(10.7) J'e(x) =0, or Vely) =o,

since Ve 9vely) = Velv), by (1.3).

Let us now suppose that a differential equation

(10.8) A(z,u)Nu - B(z,u) = 0
is invariant under the group generated by the infinitesimal transfor-

mation

‘ uf Egvrg+\7%-f;' (o)

and investigate the conditions under which the canonical variables (10.3)
of the group reduce ths differential equation to the form of (10.6).
Clearly this is a pertinent question; for if such a reduction is poss;lble,
a single quadrature yieldé the integral

(10.9) $= w-Sg_(Y,)odl= Cs

Under the transformation to canonical variables, (10,8) will define

% as a function of v. Hence by (1.4),

(10.91) (Nx +Vu g%‘). ' =\Uw.



'

' e e e
Itfollox:s from ‘(10".5.)! and ‘('io’.‘ 8) that ' s
S % E_ ?—'vv . ‘V‘*"“",—i‘f'
3 f "Hence by (10 91) the dlfferentlal equation (10.8) becomes
"'fii”‘j:‘(lo 92).. (Ava -B5 - Vv) Vv ’AVVW- o :
A necessary and sufficient condi tion that (10.92) .r‘educe to the form

L. s) is that tle dyadic -

’Q’ = An\y. - B § Vrv =nl - gQ'VrI

ooy wL = - ~

. posse svs:'é, 'rgciprqcal,, and hence -tha.t it be complete.*. . Itscomple teness.

: I : _',"_Gibbs - Wilson,_p‘.ZSl. ' Only co;np’leté‘dyqdics ha.ve”reciprojcals.

'-"requires, and. is assured by, the completene ss of each of the dyadics

A\?I - BS and <7r g Nov» the equation Y= v(r,u) daﬁnes r a.s a

, I Gibbs - Wilson, ‘P 286. _

.~_.’,"’5function, r= r(v,u), Hence (1 5) holds. Therefoze Vv is a omplete
T .fdya_dic. Consequently ?Zwill be complete if and only if the dyad.ic |

\E' -A»)I -Bg

L is complete. that is, if and only if its third scalar irvariant 1s not

- ..!.f_::f_;identically zero: .

(:‘__f_ —A?(Al) ig

Gi'bbs - Wilson, p. szo, Pe 315 (5 ).

Thus a necess x and sufficlent condition that an integrable dif- :

ferential guation of the _m SlO 8} reduce to the form QO 6) a.nd. .

Mnce that the integra surfaccs be collectivelz invariant under the :

._:‘gro 2 ggnerated ‘ y_f that S :

,"’4

Av;—-,s:z#é?

~

It will now be shown that a mecessary and sufficient condition

; an integrable difrerential equation of the ;cxge_ (10 82 be ex

;Qressible in the form §10.72 and hance tb.a.t the integgal surfaceshﬁ’

‘. be ind.ividuallz 1nvariant u.nder the gg 2 gg rated Uf is that‘"-;f*"



20

s B= 0,

Al’)-——

By Theorsms 24 and 9

N

R U

, the function $(r,u) in ths assumed integral

& = 6 of (10.8) satisfies the equations

_ 23 _ _ 28
U§=§'Vr§+n-a_u—“'0) §§=AV,§+ B =0
Hence
o = pra
(10.93) AU - §- PE= (An- & B)o= O,

~

and since d8Ou#0, An-4-B=0.
Conversely, if (10.93) holds, U® = 0, since P& = 0. Hence, by
Theorem 9A, the integral surfaces $ = c are individually invariant under

Uf, and have the differential equation (10.7).

These deductions may b3 summarized in

THEOREM 10. If ths condition for integrability,
N T 9B

(3.3) Q=3>NA+ Aot B+ Bxs

=0,

& Iy

B

is satisfied identically, a differential equation

Az, u) Vu - g(g,u) =0,

invariant under the group generated ty the infinitesimal transformation

of
Ut = §(z,u)e N £ 400, 0) 5= (n#0)

may e converted to the form
V' =

d integrated by a single guadrature, by the introduction of the

1=

(v),

i

canonical variables v = v(r,u), w = w(r,u), obtained from the differential

equations (10.1), if and only if Ar —§«B 0.

If An—§eB =0, the differential equation may be written (without
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changing variables) in the form Wg(v) = O, and has the integral g(y)=-c.

11. Integrating Factor. ILet the conditions of the foregoing

A I e S

theorem be fulfilled. Then (10.8) has the integral &= c, whers from

(10.9),

(11.1) F=v —jg(y_).dx.
By Theorem 24,

(11.2) e AV.E + 'B?f = 0.

From (1.4) and the fact that d&= dy.,& +(2F/ow)dw it follows that

08s ¢ (Nr -V + D + q(%V& 3:%)
or, U= (uv)NE + (Uw)%—fs 1,
the last step being a consequence of (10.5) and (11.1).  Hence
AUZ - 5;;&; (An- g%)%% = :—% = 1—6—}2—_2'

In view of the last rasult, (11.2) bscomes

VEE,.A:)—‘SQ.
T ore, (1.1,
herefore, by 1v§ v < AVu—@
Vet

=1
Since ths last fraction is a perfect gradient, (AQ ——5-_13) is an

~

integrating factor of (10.8). This establishes

'I‘HEOREM 11, If the condition for integrability,
= 22
(.3.3) 0 =3 x VA+ Arot, B+ExsE =0
= = u

is satisfied identically, the differential equation

Ar,u) S - B(r,w) =0,

—
Ana



22

invariant under the group génerated by the infinjitesimal transformation

Uf = &(r,u) -NL+ n(z,u) g&,
-~ u

has the integrating fackor (Ar) —&§-B)™} , provided An— &B #*0.

12. Determination g_i_‘ all ‘g}g Differsential Equations

Invariant under a | Group. An example will show how to obtain all the

differential equations whose integral surfaces are collectively in-
variant under a griven group. Consider the infinitesimal transformation

: —pn of
Uf = rlwm R g Fut" s, (m+0,n+0)

in which r = |r|, R=r/r. One finds readily the canonical variables

m, 0 i
&=(%ﬂ:%)§v W=ﬁ"

In §§9,10 it was shown that the most general differential equation
Possessing integral surfaces collectively invariant under the canonical
form of the group, is of the form

(12.1) <'w = E(y).

As a change of variable ca; have no of fect on the property of invariance,
the required differsntial equation, invariant under the given form of
Uf, is found by expressing (12.1) in terms of r and u. By (1.4),

(Vv +Vua—- . g¥w —Vw.
Hence (12.1) becoﬁes

(12.2) ["EE+v(L-E

1
—
v

|

)£ (S| E ‘Kw) =" (v=y:R)

=
A~ o~

H

If F(v) is of the form ¢(v)R (12.2) easily reduces to

=
~~

(12/3) v w "t = £(v)R,

in which £{v) = + (¢ =1).
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Thus any differential equation of the form (12.2) or (12.3) which

satisfies ths condition for integrability (§3), is invariant under the
group generated by Ugj.“.

By this method the accompanying table was constructed, showing a
mumbar of differential equations of quite general form, together with
the groups leaving them invariant. The group are quite analogous to

those given by Professor Dickson* for ordinary scalar differential

equations.

%
lecep.324

13. Solution of Differential Equations. It must be under-
stood that not all differential equations of the forms given in thz table
will be integrable. The first step in the solution of any differential
equation should b therefore to test it for integrability by the method
of §3. If the condition{)= 0 (3.8) is satisfied identically, an
_attempt should bs made to i;-entify the equation with one of the forms of
the table. If such an idenkification is possible, the integration may
be effected in two ways - either by the introduction of an integrating
factor, determined as in Theorem 11, from the corresponding group listed
in the table, or by a transformation to a pair of canonical variables
for the group. If-Q # 0, the possibility of a singular integral should
be investigated by the method of § 4.

The following formulas, deduced from (l.4), either directly or by

symme tryy; will be found useful in making the transformation required in

the second me thod.
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(13.1) Nw = (Y +Vu g%) ',
(13.2) Vv = (Vz +Vw %)-Vw,
(13.3) Vu s (x + YV 3—2’0 T,
(13.4) Vo = (V,,g +\V'w é-1:) Ju.

In these formulas, Vry. is computed by holding u constant, andvvg by

holding w constant, while superscripts designate total gradients.

EXAMPLE 1. Solution by Integrating Factor. If « is a con-
stant vector, the differential equation _
(v - rooce.l.'é/u)vu-\-uo(e %/u =0
satisfies the condition (3.3) for integrability. It is identified with

typs Il of the table for a =l, b= _ 1 and is therefore invariant undsr

the group for which § §=1, N=u. One finds readily the integrating

factor (A1) — g-B) =u"%. When this is introduced the differential

8quation takes tlﬁ form
' . r

ﬁm

whencs, by (1.1),
Vg =

The first of these shows that. , .
F = e r“"/"--\- f(u), %%;_-'S e*'"/u-\- £1(u).

at/u"' B§_1 resfu
! du=u  w '

F-'Il‘l

Hence £ (u) E%’- , f(u)=1nu,

F =eX-%/v 4 1nu.

Thus ths complete integral & = c¢ becomes
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rx/u

e 4+ lnu=c.

Solution by Canonical Variables. A pair of canonical

variables for the group are v =rfu, w = lnu. Hence, by (13.2),
v = [; + (va)g} Nu.
= /

From the differential equation ons finds

.“ 0“
uxe ™% fo PRAR
V’u = == *
o O .
e Cal AT N e
Thersfore vvw -\—%QY:% = 0’
w+e¥% = ¢, 1nu+e£‘£‘/u=c.

EXAMPLE i. Ths differsntial equation

(r+w)ex + (B'e) (rVu —u R) =r  (x constant)
may be identified with type Mle, by taking F(v) = «, and has the complete

integral
(R-x) (u+r) =r+c

EXAMPLE 3. The differential equation

[1 —a- (br + gu)}Vu =b(br+ au) (a,b constants)
is ssen at once to be invariant under the ‘group I of the table and has
the comple te integral o

u—-é-(br-l- au) 4+ C.

EXAMPLE 4, The differential equation

=
- B -
(r— _)Vu - 2uR +_.2. ;-2- B’—.‘?ﬁ: 0 (x constant)

may be identified with YII 2 of the table, by taking m=1, ¥ = =2,
n=1, F = vx/v-x, and has the complete integral

r2

s -+ in (-' '0() = c.

M
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PART IV . GENERALIZED LINEAR; BERNOULLI

AND RICCATI DIFFERENTIAL FEQUATIONS

}i. "JEE_ Gereralized Linsar Differential Equation. The differ-

ential equation
(14.1) Vu-t—gu+q =0,
in which p and q are functions of r only, may be considered a genzraliz-
ation of the ordinary linsar differential equation of the first order.
By Theorem 3, a complete integral will exist if and only if
(14.2) urotp =qgx p —rot q,
idsntically in r and u; that is, if and only if
(14.3) rot ps=0, -rotq=9qx p.

A comparison with type XTI of the table shove that (14.1) is in-
variant ( when integrable) under the group for which

SP dr af
Uf e
au‘ p.dr

and therefore by Theorem 11 has the integrating factor e . If
this is introduced in (14.1) the latter becomes

-dr -dr
V Sb ) = quP .

Hsnce the complete integral is
© 7 Spedr Sp-dr.
uw =¢c-\e "~ qedr,
in which the two line integrals will be indervendent of ths path by

virtue of (14.3).

Two linear differential equations were solved in §§ 3,4,
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15, Singular Integrel. If (14.3) is not satisfied
identically, (14.1) can have no complete integral. However, if rot
P 0, so that u actually occurs in (14.2), and if rot p is paralled to,

but not a constant multiple of * ¢ x p — rot q,

Since by 14.2, u would be a constant.

the algebraic solution
e @x3 —mg)-;ota ,
(rot ;Q)
of (14.2), may be a singular integral of (14.1). If by direct sub-

stitution this fails to satisfy (14.1), no solution exists.
In Example 1, of §f4, the singular integral of a generalized

linsar differential equation was obtained by a slightly different method.

16. The Generalized Bernoulli Differential Equation.
Bernoulli's ordinary differential equation of the first order may te
generalized in the form X |
(16.1) Vu + pu +qu =0,
in which P and a 'ére functions of r and pn is a constant. By Theorem 3,
a complete integral will exist if and only if
(16.2) w'"" rot pE(n-1) pxg —.lzzbt--'-gy, |
identically in r and u; that is, if and only if
(16.3) rot p =0, rot g = (n-1) P *q.

If (16.1) is written in the form
wia + pul-? 4 g =0,

it is clear that the substitution v = ul™R reduces ths equation to the
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generalized linear form

(16.4) 2 Vv 4+ pv+a=0,

porvided n * 1l.* The integration may be effectad therefore by the

¥ Ifn=1, (16.1) tecomes Vinu = p+gq, while (16.2)
reduces to the form rot (p+q) =0. This is precisely a necessary
and sufficient condition for the indspendence of the path of the line
integral occurring in the complete integrel ln u/c = J(p+g)-dr.

me thod of § 14.

The equation (16.1) is invariant wnder group XL of the table,
and hence may be integrated also by the method of §13. Provided n 1,
the complete integral is

w" = (1—n)e? (c - e¢g-d;;), $ zS(n-—-l) pedz,

in which the two line integrals will be independsnt of the path if and
only if the conditions (16.3) are fulfilled.

If no complete integral exists it is possible that (16.2), re-
garded as an equation in the unkmown u, may furnish a singular integral

of (16-1)0
17. The Generalized Biccati Differential Equation. The

O N e e e

differential equation
(17.1) YV = p+qu ;i-j_uz,
in which g,&,i are functions of r only, may be regarded as a generaliz-
ation of Riccati's ordinary differential equation of the first order.
By Theorem 3, a complete integral will exist if and only if

o usz_(-uga—z.‘-‘:o, where
(17.2) ~ ; :
I P;rot§_+g~x E, g=rot g+ 2px t, T =rotp +Dpx4q;
that is, if and only if
P

o =7T=0.

~
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Ist this condition be fulfilled and suppose that a particular
golution u, of (17.1) is known. Thsn by subtracting from (17.1) the
result of substituting u, in it, one obtains
V@ =-u,) =qla-u)+ tlu* -u?)
=(g+20,8) (w-u)+t (u-n)2
This is a gereralized Bernoulli equation in the derendent variable

-1
u —u, and honce by the substitution v = (u —u,) (§16) reduces to

the generalized linear form of (16.4),
(17.3) v + (g +2u0,t)v +¢ =0,
which may be integrated by two guadratures by the method of § 14.

If P=0=7T=0 and two particular solutions u, and u, of (17.1)
are known, the complete integral may be found by a single quadrature;
for the relation v = (u —u,)_‘ implies that v,= (u,— u, )-‘ is a
particular solution of (17.3), and the result of subtracting from (17.3)
the expression obtained by substituting v, in it: is obviously

Vv =v)+@+2aut) (v-v) =0
whence , by a single quadrature, o

In I=% :—S(q+ 2u,t)-dr.

It may be shown that the complete integral of (17.1) may be
'obtai:'ned algebraically when three particular solutions are kmown.

EXAMPIE. The differentizl equation
- 2
u W 2
Uu =§-R+(r—-—a r)Vcb,

in which ¢ is an arbitrary kmown scalar point function, satisfies the

condition p=so = T =0 for complete integrability, and may be integrated

~~
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by one or two quadratures according as use is made of both or only ons

of tke particular solutions uw = tar. Its complete integral is

_Car —are fa¢
C +e <a¢

u

18. Singular Integral. If p and o are not both identically

zero, and p,0,T, are coplanar vectors,* (17.2) becomes an equation in u,

*
If one of the vectors P,0, T is zero, the remaining two must be

collimsar, and the following discussion is easily modified

with ‘vac‘tvor' coefficients, whose solution may prove to be a singular
integral of (17.1). |

If these conditions are fulfulled and m and n are two non-
parallel vectors in the plane of ﬁ,g,:, then any algebraic solution of
the equation uzp + u0:+’ji= 0 saéi sfies also thé eéuations
(18.1) m . (u2£+ ug +T) =0, Ax}'-(uzg-t- ugs+T) =0,
and conversely.

Therefore to solve (17.1) when p and o are not both identically
zero, on® obtains the common algegraic solutions of (18.1), if such exist,
and rejects any not satisfying (17.1).

EXAMPLE. Consider the differential equation

(18.2) Ju = w — v’k

X4y

?

wfes.

+

in which ':!._, J» k form ths usual right-handed set of mutually orthogonal
unit vectors. It follows from (17.2) that

L k 2 i
- A

A k
T—._. Lad

G+9*  3x+g | =T T Jeg)

n

=

£ (ryy*
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Since p,,T lie in the plane of i and k, (18.1) may be written
~ 2

},n(u2f>+ug;+;l;)5 —— ——=2u 4+ 1 -0,
~ (x+y)%  z(xsy) 22
u _ 1 = O.

ke W+ uga) = iy _
- (x+y) z(x+y)

The common solution u = (x{-y)/z of these equations is found by sub-

stitution in (18.2) to be a singular integral. No other integral can

exist.
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