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ABSTRACT

Using a perturbation method,‘explicit
expressions are derived for the electromagnetic
self energy and electromagnetic interaction
energy of charged particles on Podolsky's
generalized quantum electrodynamics. No infinities
’arise in the derivation Wﬁioh is justified to the
first order of epproximation (i.e. to terms quadratic
in the charges). Two noteworthy results follow
from the calculations. i) The sell energy is finite

and negative. ii) The interaction energy contains

no singularities,
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1. INTRODUCTION

In a series of papers 1, 2, 35 4 a
generalized electrodynamics has been developed
in which the Lagrangian contains derivatives
of the fisld guantities. This has led to a
theory in which an extraordinary fleld appesrs
invcombination with the usual kaxwell-Lorentz
field. This extraordinary field 1s associated
with a neutral particle of mass m=h/ac, where
2 is a natural unit of length occurring in
the theory. The quantitizsation rules have
been derived and the auxiliary conditions
eliminated by methods which are géneralizations
of those used in the egrlier basic work in
relativigtic quantum electrodynamics.

In GE ITI the auxiliary conditions are
used to eliminate from the wave functional

the ordinary scalar potential, the longitudinal

1 B.rPodolsky, Fhys. Rev. 62, 68 (1942),
previously called GE I.

2 DB.rPodolsky and C.Kikuchi, Fhys. Rev., €5,
228 (1944), previously called GE II.
‘ 3 B.lPodolsky and C.Kikuchi, Frhys. Rev. 67,
184 (1945), previously called G& III.

4 D.J.lontgomery, Fhys. Rev. 69, 117 (1946),
henceforth will be called GE IV.
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component of the ordinary vector potential, '
the extraordinary scalar potential and part
of the longitudinal component of the extrs-
ordinary vector potential. The consequence
of the transformations,{Which‘incidently

are exact, ls the explicit appearance in

the wave eguation of terms which can be
interpreted as the electrostatic self energy
and the electrostatic lnteraction. The
'present problem ig to investigate thé effect
of  the remaindér of the ordinary and extra-
ordinary vector potentials to obtain what
can be interpreted as "transverse" self
energy and the spin and retardation inter-

action.

2. CALCULATICN OF THE PERTURBATICN ENERGY

As a starting point we use some equations

obtained in GE IV. In this paper a generalization
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of the functional formalism of Fock ©, leads

to the following set of ordinary wave ecuations
“in k space for a system of charged particles

GE IV (2.25), (2.26), and (2.27) respec-

tively.
(H-103/36)Y__= lef dle [Gg@,wm(gm |

870, )Y ()] (2.1)
(Iif'l‘lck—i’f*@/at)‘f’lo(l@,j)= G, (%, )Y, (2.2)
(H+hek-153/3t )Yy, (k,3)= -6 (K, §)¥, (2.5)
where 6

H= & (grepgrmgepy) +(1/67a) 2 €3

8=

+ 1 (e e /omR)[1-exp(-R/a)] (2.4)

S,

6T (k, §)= (1/2M) % 2len/210Y BT e B (1/k)utg ke

Xeexplikery) (2.5)
Co (i, 3)=(1/21)5/2(cn/28)1/2 Z € py(1/0K) (ke
| t&grgg)exp(ik.rg) (2.6)

R= ?—s - gu T§=(1+a2k2)l/2/a and. ,832=-I§j2= 1 .

In the derivation of eguations (2.1) (2.2)
and (2.3) the series expansion of the wave
functional was broken off after three terms

which corresponds to limiting the investigation

j

© V.Fock, rhysik. Zeits. Sowjetunion 6, 425 (1934)

i 6 Note the typographical error in GE IV (2.18)
which has a factor 1/4 instead of a factor 1/8 before
the Interaction term.
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to processes 1involving one ordinary quantum
and 6n@ extreordinary guantum. As in GE Iv
we treat the term on the right of (2.1) as a
perturbation of the unperturbed Hamiltonian,
At this point we depsrt from the procedure of
GE IV because we seek an explicit expression
for the perturbation energy rather thah the
corresponding matrix element.

In order to eliminste +&O and ~ from

(2.1) we assume thst as a zero order approxi-

mation

(H-iﬁa/bt)\l/lo(l_g,j)=0 and (H—mb/at)‘{/Ol(g,j)= 0
(2.7)

From (2.2) and (2.3) we have thus
k,j)=G (k,] ¥

¥ o0k d) S DY /e

a.nd\1/01‘(13;,3)=-G0(L_g_,j)¥/00/1mk (2.8)

Introducing these terms into the right

.side of (2.1) gives as a first order approxi-

mation the perturbation energy

0(§,j>eo<;&j>/ﬁck], |

(2.9)

x ~
U= - Z‘jf ak [6] (s, 306, (1, §) /ok-G
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This expression may be simplified by use of
the following identities:

Z:] ;Bj (1/'1<)g3-gx_@_jexp(i§-gs )/Bj (l/k)_g{u-_;_cxgjexp(-i;g‘-gu)

= T 5(1/62) (X xdee ) (X x Jeoe g Jexp 1k R)

= (& xJo/k) (X xk/k)exp(1keR) (2.10)

and |

Zj,Bj(l/afé)(ggs.aggxgjﬂ#gs-gj)exp(i_lg;-p_s)@j(l/&E)(ﬁu' k*e
+o_<_uogj)ex;s;>(-i;§-gu)

= 1 /3222 Xak+ . X alo+ . 1ice
L ,(1/a2E2) (x ¢ ak ) o (X xalvet ) e exp(LkeR)

=(1/22k?) [ag(gsx K)o (X kW ot K a (X k-%;z.s-gg;‘k)] exp(ikeR)

=[(0_§Sx k/k) (o X k/k) + (1/a2f£2)(°.és'k/k)(¥u'l£/kﬂ exp(ik+R)
(2.11)
In arriving at the last expression (appendix I)
we use the known properties of the triple scalar

product, and the vector equation

(g xe/l) e (X xk/k)FX o X =X ok/k) (% «X/k) (2.12)

The perturbation energy thus becomes ,
U= =T (e e /10m%) [ drexp(ik-R) [ (o /i) + (3 35/0) (1/2)

‘(‘3{3"}5/1{)'(Ku"l‘?/k)(l/gg) - (ig'k/k)(gu',lf/k) (1/a2g4)]

(2.13)
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It can be shown 7 that the three terms
have the following orlgins. The first term is
the contribution of the transverse component
of the ordinary field. It is the only term
present in the usual electrodjnamics, in which
case 1t gives rise to an infinite -self enérgy.
The second term is the contribution of the trens-
verse component of the extraordinary field., The
third term is the contribution of the longitudinal
component of the extraordinary field. Its
magnitude has béem determined by the treatment
of the auxiliary conditions in GEkII eand GE III.
Using (2.12) and rearranging terms, it
follows that
U= - ZS’U_( eseu/161r5)[.{ d_}éexp(i}_{-_g)ﬁ; o, (1/k2-1/%2)

-fdgexp(i}_:-g) (o k/%) ey, /%) (1/2-1/K2)

-fd_lgexp(igg-g") (X k/k) (¥, k/k) (1/a2i'c‘%)] (2.14)

7 To do so requires a formalism (appendix II)
in which all vector quantities are resolved into

~transverse and longitudinal components rather
than the formalism of GE IV. Such a development

?aslb?en carried our. It also leads to equation
2.13). '
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o evaluabe the integrals we use polar
coordinstes 1n k space teking R as the
direction of {:he polar axis. The volume
element is k2sinBdkd®df where © and ¥ are
the polar and azlmuth angles respectively.
As o ¢, is independent of k it is unaffected
by the integrations. The factor (Xg-k/k)(efy-k/k)
however, requires more carsful atﬁention.
Inbroducing O(X,O(Y;and v,, the welkl known
Dirac matrices, and

Z/k= cos®

[

];s:x/k:: sinBcos? ];{y/k = sin®sinf

(™ «k/k) (gu-l_g/k)= o(sxuuxsingacosz‘f’ +°<s;gz°<uySin?€ sin2

+ O 00y, COSZH + L +o(3y°¢dx)sini3esin‘f’003‘f'

+(M oy + Koy ) sinBeosOsin'f

"'(“‘sz‘xux + Xgxtlyy ) sindcosbeosy (2.15)
Upon integration with respect to ¥ over

the range 0 - 2T the cross products all vanish.

Using

Ugxhyx + Hgyluy + Ogz0yz =Ng Wy and 0, = (Xg-B/R) &y R/R)
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the remaining terms give

Us=- 2, (eéxﬁwﬁ)ﬂx-d(”11-11+12-1€+ly
(- B/RN B/R)(I) = 8 I+ I -3 14)] |

‘ (2.16)

where
(T xp{i1kRe Odkd
- [&] 1k 3 g
Il ﬁ l+a2L<2 , (2.17)
o (ikR 0) 5 110k
To= jwf 1+ acke (2.18)
W, 212
r’[ &W (2.19)
§2]§299323Q3m;kzjggsg)smggmg
J T (1+ a2k2)2 (2.20)

These integrals may be evaluated by standard
methods. (Appendix III) o special limiting
processes are necessary. The results abe

= CW/H)[l - exp(—R/aD (2.21)
I= -Tlexp(~R/a)(1/R+ 2a/R2+ 2a2/R3)+ 2wa2/RS

| (2.22)
15= (w/2a)exp(-R/a) (2.23)
14= (W/za)exp(-ﬁ/a)+TTeXp(~R/a)(l/R4-2&/R2*-2a2/ﬁ3)

-2Ma2/R® (2.24)
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Introducing these expressions into (2.16)
we observe that the effect of the terms which
come From the residusl longitudinal component
of the extraordinary field is to cancel all
the singularities which arise from the terms
representing the effect of the transverse
components of the ordinary end extraordinary
fields., We obtain finelly an amazingly simple
expression for the perturbation of the

Hamiltonian.

-5 fs€ulu . l-exp(-it/g)
S PR

+(gs.§/ﬁ)(§ﬁ-§/ﬂ){J:expé-ﬂ/a) - exoé-ﬂ/a)]a,
(2.25)
De 3ELF EHERGY OF CHARGED PARTICLES |
To obtain the self energy we consider
only those terms in the summation correspond-
ing to s=u and let R go to zero, The
second term in (2.25), which incidentally

can be interpreted as the effect of retard-
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ation, vanishes. For a single particle we’

have left only 8

e? 7 2
U= - € . =-4§'—§-—— (301)
Teta > %7 " 4 Zya
Combining‘this with the electrostatic
self energy we obtain for the total, electro-
magnetic self energy of a charged particle
r o=_ L o ‘n Heaviside . %
Ug== 2 vy (in Heaviside units) (3.2)

or Ug= - %-%5— ( in electrostatic units) (3.3)

Thus on this theory the electromagnetic
3elf energy of a charged particle 1is
" necessarily distinct from the mass energy.
The wave eqguation for an isolated charged
particle is

(ctep+ mcip - €2/4a - 1n3/0t)¥=0 (3.4)

8 This result may be obtained more directly
by letting s =u and R=0 in equation (2.14).
- The integrations can then be carried out very
- simply. (Appendix IV)
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~11-

4, THE BELECTROMAGNETIC INTERACTION ENHRGY
Omitting the self energy terms in (2.25)
and considering the electrostatic interaction
we have for the cowplete electromagnetic
interaction energy the following équation:
v 7 fges § (0 -t ) [LeemmRial]
su
- b (o /R (o, n/m) [LexplR/a) - exal=i/al )
(4.1)
Note the appearance of the term (1/a)exp(-R/a)
which is only effective at short range. If we
let a-0, equation (4.1) reduces to Breit's
Formila. (Appendix IV)

The remarkable simplicity of the above

results as well as its freedom from singularities
has led the writer to the opinion that the
theory upon which it 1s based has a deep seated

validity.
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3

APPENDIX T
THE DURIVATION OF Bg (2.11)

Starting with the expression

-

9

— —

(1’/5‘2?’:2)[8‘2(58" k) (gu"g)"’ Xy, a(gs"}g'gu + Xk k

we expand the first triple scalar product by
the formulsa
Oox 0, = (olsykz_ 8z 5)0(«1}{* sz5x Msxkz)u

+ (ke v %yk}: uz
Although the components ofg{u do not always
commute with the components Of?fs they do
commute with the components of k. We may
therefore rearrange the terms on the right
to obtain the relations

AguKen, = = oy Mgz "%z Ky )= ¢ Xay (o4 g Kx =00,
—stz(uﬁxky~dﬁykx)= - et rk
The two triple scalar products therefore cancel.
To the remainder we add and subtraét
(1/82%2) (o 2 ke/k) » (¢, ) K/ k)
Using 1+ afk2= g2k2

and (gixg/k)ggﬁ;g/k)==gé-gau(g%-g/k)(gu~g/k)
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We may now regroup the terms to obtain in place
of the original expression

(oloxle/%e) o (42 k/%) + (1/aRk2) (L o ke/ %) (X2 k/k)
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THE IDENTI

14

APPENDIX 1T
FICATION

N 86 (2.13)

From Gi IV BEg (2.9) the wave ecguation

for a system of

written as

[E-113/6t]R = [Z €

where H is give

D(k)= alk)
Blr)= E(x)
Thus D(r_,t) is

verse component
the position of

o

& vector having

Kk Alk) /K% = 4y (k)
k) -k K(k)ER+ kB (k) /aK2 =

charged particles may be

(?sat)‘]ﬂ

n by Eg (2.4) and by GE III

X .D
s=-s %

and

B (x)+ By (k)
equal to gt(gs,t) the trans-
of the vector potentisl at

41
Lil

o]

sth particle plus Ql(gs,t)

the direction of propagation

of the field and a magnitude which involves

only the residu

2l longitudinal component of

the vector potentiel which remains after

elimination of the auxiliary conditions, and

the function Blp
[
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We may now represent
At(k)==(ch/2k)1/2j? e:blk,J)
- - J—.:l—J

Bo() = (o8/28)1/2 2 2Bk, )

Awr

0] (k) = (cn/2a28%)1/2¢ Bk, 3)
whore [b%(k,5),0(k',§1)] ==&, F-k)

(b, 0,00, 5] = 55, (ki)

X

and €4 and e, are two orthogonal unit vectors

o
T

‘perpendicular to ¢- & unit vector in the
direction of the field., Defining for

j=1 and 2

G¥(k, ) = (eh/16w5k)1/22fSesgs-gjexpi(g.;s—ckt)
G*(g,5)='o for j=1 and 2 again

'é%(}ﬁ:j) = (Cfl/l@ﬂgifi)l/g Zsésgs.éjeXPi(}‘C‘.ys—CKt)
and ﬁ*(%,5)= (cti/16TM3a253)1/2 Zéés%s‘gﬁeXpi(g'fs-th)

we then obtain G% IIT (2.17). The elimination
of thes time factors in the exponentials and

the trensformation to k space given on pages 119
and 120 G& IV then results in equations (2.1),
(2.2) and (2.3), the starting point of the

present paper. The altered proceedure presented
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here however enables us to identify the
subscripts J=1,2 and 3 with the three
directions given above. Thus {rom kg (2.9)
we have for j=1 and 2

G, ¥k, 36, <L,g)/ﬁck-‘£(o< rey) (ot e ) (€g6,/16M0)exp(ik-R)/k2
Go*(lg,ﬁ)(}o(}_g,ff})/ﬁck-:(')

ﬁo*(g 3)E (ks ) /ck = Z (geey) (o, e5) (€ 6 /16T )exp(ik-R) /&>

G *(x,3)G,(k,3) /nck = Z (gs-gg)(gu-e_eg)(eseu/lanfﬁ)exp(ig;_.@)/azizé

su
To carry out the integrations we let §2=‘g/k
but remove the dependence of the terms in (2.9)
cn our particular coordinate system by using the
relations

(e ee ) req )+ (ot re )X re )=t vot — (X ce )¢ ce)
' = Ao 0y (ot k/k) (K- k/k)
= (& xk/k) . (x xk/k)

112

Jfe thus arrive at (2.13) in which the three
terms may be identified as the contributions
of the transverse component of the ordinary
field, the transverse components of the extra-
ordinery field and the residual longitudinal

component of the extraordinary fleld respectively,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

(6



17

AYPENDIX III a
THE EVALUATION CF Il

I =‘fwfme ikRcos®)sindk
1 o 1+ a2k2

[=]
Let x =cos®, vy =ak and b= R/a. The integral

becomes
T =J_.r° exp(ixyb)dydx
1 a8ly ), 1+y2

= = / + ] ir b)d
" £l+y | cos(xyb)dx +1i Ell(Xy ydx

The second integrand 1s odd in x, therefore

this term vanishes leaving
= 2 { cos(xyb)dx
1= 2 (135 eostay
g;'%lﬂﬂzbgdz
(L+y=)

Consider now the integral
J :J'exggizbgdz

rz(l+z=)
valuates around an infinite semicircular
contour in the upper half of the complex plane,

indented at the origin. Dividing the integral

into pﬁrt% we have

J = fexp(lxb dx+ fexp(lzb)dz fexpﬂlxb}dx
x(1+x2) (1+z2 x(1+x2)

he integral along the infinite semi-

circular arc vanishes.
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To evaluate the integral around the indent

let z =¢€ei®, Thus

. .0 . . .
J.= 1lim cel® ie) .
i e—»o_." € elb (] +e~e

The residue at z=1 is -e-b/2. We therefore

U}

have

J= owiR= ~Tie-P= -1r1+[ 3{2(&5’—&_;2;;2;41

ng imaginary parts gives the formula

Iﬁlﬂ(gggdx §;L-e"b2

Using this result in the work above we get

I;= CW/R)[l-exp(—R/a)]

;1j
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APpPENDIX IITI b

THE EVALUATION CF I,

ﬁhere we have used the fact that sin(xyb)

is 0dd in x. Consider now the integral

J- f elT’lZdZ
T1¥z2

evaluated around an infinite semicircular
contour in the upper half of the complex
plane, The residue at z= 1 is e~1/2i. The
integral along the infinite arc vanishes;
Thus

imx

J = 2w1R~We“m~f ax

Bguating real parts gives the formula

rﬂ |+ y< ;)E e~Xb

Letting u= -xb we have therefore in the work
sbove

-b
- - 2aU
Iy= ﬂﬁﬁj; uceldu

arn

= - é%g [eu(u2-2u+2ﬂ;:
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Inserting the limits and the original quantities
we asrrive at the result

Te

il

~Texp(~R/a)(1/R+ 2a/R+ 2a3/R3) + 2wrac/RS
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APPENDIX III ¢
THE BVALUATION OF Is
As in the previous cases we simplify

our problem by several straightforward steps.

Thus
Ivzfj’ 2xRexp (ikReosd)sinBdkal
A A N (lrazke)2
_-=l._r° 'EQ zp%ixzb)dg_d_g
a Q T 1"‘3/‘ )
-2 (2 ;
2 ), 1+y?)2( cos(xyb)dx
g_j%y31n§vbggx
b)), (l+y<)

Consider now the integral

] ZeiZOdg
d fn(l+z?

around an infinite semicircular contour in
the upper half plane. The residue at the
pole z=1 is Tbe~P/4. The integral along the
infinite semicircular arc vanishes. Thus

o _ Tibe=b e eixh
e e

Bguating imaginery parts gives the formula

[=taigips= g oo

and therefore

Tp= wmexp (-R/a)
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APPENDIX IITI d
THE EVALUATION OF I,

Lgain by straightforward steps we have

o™ o 11 6)a21c251n6dkd.0
I4=£.L ggiJ%um%jff%ﬁ%ﬁgLﬂ“ﬁlnﬂ“; -
aj;x dx . Tty dy

Consider the integral
= iz
evaluated around an infinite semicircular
contour in the upper half of the complete
plene. The residue at z=1 is ie~M(m-1)/4.
Therefore
J= (T /2)e~M(1-m)

Thus

vecos{xbyldy T -bx
E?;Ti;égjil~¢— 7° (1-bx)

Letting bx = -u the original integral

becomes
T mb 3 -2
I, ==~ _! { uﬁeudu+-[ufeu&u]
4 Zabg[ s (4
-k
== _n eU(ud=-3uc+ 6u=-56)+ eW(ul-2u+2)
2abo [ ]o

Substituting the linits and the original
quantities gives finally
14:=(WVZa)exp(-R/a)4*Wexp(—R/a)(1/R+—2a/32+ 2a2/H)

-2ma2/RS
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APPENDIX IV
THE DYNAKMIC SEL¥F ENERGY
Letting s=u and R= 0 in &g (2.14) we
have |
U = -(esg/wnmf[ (of - ot ) /K2 (1+aBKB) - (of o 1/k)E/k2 (1+a2KE)

~ (K, -1/k) a2/ (1+ a2k2) % dk

Using the properties of the Dirac matrices
vwe note that in an arbitrary cartesian
coordinate system
9(.9_(=°(X2+0<y2+°<22___ 3
and
(ek/k)E= (1/k2) (atyley +otyliy 4 o(zkz)(okxkx+u yEyt sty ky)
= (1/%2) (04 Pheg P ot Pl B oty Pk, 2 )+ lryleg (dynty + bty )
+k X, dvyz*'dz ) Bk (oot + oty )
1/1«» (g +legPa i, ®)= 1
where we use the fact that the matrices anti-
commute. As the integrals no longer have any
angular dependence they may be readily evaluated
in polar coordinates in k space using 4mkedk

as & volume element,
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e have thus

v 7 ; - 21—2§d§ ]
DS= -(ésg/lvn‘))[f)"i‘fI'.F%%k“Z —411-[1*-&3}{? 4 (1+a<ke)

A trigonometric substitution simplifies these
integrals., We obtain finally

U = -(€42/4na)(3/2-1/2-1/4) = -3¢ 2/16Ta
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