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ABSTRACT

Using a perturbation method., explicit 
expressions are derived for the electromagnetic 
self energy and electromagnetic interaction 
energy of charged particles on Podolsky’s 
generalized quantum electrodynamics. No infinities 
arise in the derivation which is justified to the 
first order of approximation (i.e. to terms quadratic 
in the charges). Two noteworthy results follow 
from, the calculations, i) The self energy is finite 
and negative, ii) The interaction energy contains 
no singularities.
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1 .  INTRODUCTION

I n  a  s e r i e s  o f  p a p e r s  1 > 2 ,  3 ,  4 a  

g e n e r a l i z e d  e l e c t r o d y n a m i c s  h a s  b e e n  d e v e l o p e d  

i n  w h i c h  t h e  L a g r a n g i a n  c o n t a i n s  d e r i v a t i v e s  

o f  t h e  f i e l d  q u a n t i t i e s .  T h i s  h a s  l e d  t o  a  

t h e o r y  i n  w h i c h  a n  e x t r a o r d i n a r y  f i e l d  a p p e a r s  

i n  c o m b i n a t i o n  w i t h  t h e  u s u a l  K a x w e l l - L o r e n t z  

f i e l d .  T h i s  e x t r a o r d i n a r y  f i e l d  i s  a s s o c i a t e d  

w i t h  a  n e u t r a l  p a r t i c l e  o f  m a s s  m = h / a c , w h e r e  

a  i s  a  n a t u r a l  u n i t  o f  l e n g t h  o c c u r r i n g  i n  

t h e  t h e o r y .  The q u a n t i t i z a t i o n  r u l e s  h a v e  

b e e n  d e r i v e d  and  t h e  a u x i l i a r y  c o n d i t i o n s  

e l i m i n a t e d  b y  m e t h o d s  w h i c h  a r e  g e n e r a l i z a t i o n s  

o f  t h o s e  u s e d  i n  t h e  e a r l i e r  b a s i c  w ork  i n  

r e l a t i v i s t i c  q u a n tu m  e l e c t r o d y n a m i c s .

I n  GS I I I  t h e  a u x i l i a r y  c o n d i t i o n s  a r e  

u s e d  t o  e l i m i n a t e  f r o m  t h e  wave  f u n c t i o n a l  

t h e  o r d i n a r y  s c a l a r  p o t e n t i a l ,  t h e  l o n g i t u d i n a l

1 B . P o d o l s k y ,  f h y s .  R ev .  6 2 ,  68 ( 1 9 4 2 ) ,  
p r e v i o u s l y  c a l l e d  GE I .

2 B . P o d o l s k y  a n d  C . K i k u c h i ,  P h y s .  R e v .  6 5 ,  
228  ( 1 9 4 4 ) ,  p r e v i o u s l y  c a l l e d  GE I I .

3 B . P o d o l s k y  a n d  C . K i k u c h i ,  P h y s .  R ev .  6 7 ,  
184  ( 1 9 4 5 ) ,  p r e v i o u s l y  c a l l e d  GE I I I .

4 D . J . M o n t g o m e r y ,  P h y s .  R ev .  6 9 ,  1 1 7  ( 1 9 4 6 ) ,  
h e n c e f o r t h  w i l l  b e  c a l l e d  GE IV .
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c o m p o n e n t  o f  t h e  o r d i n a r y  v e c t o r  p o t e n t i a l ,  

t h e  e x t r a o r d i n a r y  s c a l a r  p o t e n t i a l  a n d  p a r t  

o f  t h e  l o n g i t u d i n a l  c o m p o n e n t  o f  t h e  e x t r a ­

o r d i n a r y  v e c t o r  p o t e n t i a l .  The c o n s e q u e n c e  

o f  t h e  t r a n s f o r m a t i o n s ,  w h i c h  i n c i d e n t l y  

a r e  e x a c t ,  i s  t h e  e x p l i c i t  a p p e a r a n c e  i n  

t h e  wave e q u a t i o n  o f  t e r m s  w h i c h  c a n  b e  

i n t e r p r e t e d  a s  t h e  e l e c t r o s t a t i c  s e l f  e n e r g y  

a n d  t h e  e l e c t r o s t a t i c  i n t e r a c t i o n .  The 

p r e s e n t  p r o b l e m  i s  t o  i n v e s t i g a t e  t h e  e f f e c t  

o f  - t h e  r e m a i n d e r  o f  t h e  o r d i n a r y  a n d  e x t r a ­

o r d i n a r y  v e c t o r  p o t e n t i a l s  t o  o b t a i n  w h a t  

c a n  b e  i n t e r p r e t e d  a s  " t r a n s v e r s e "  s e l f  

e n e r g y  an d  t h e  s p i n  an d  r e t a r d a t i o n  i n t e r ­

a c t i o n .

2 . c a l c u l a t i o n  o f  t h e  p e r t u r b a t i o n  e n e r g y

As a  s t a r t i n g  p o i n t  we u s e  some e q u a t i o n s  

o b t a i n e d  i n  GE IY .  I n  t h i s  p a p e r  a  g e n e r a l i z a t i o n
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o f  t h e  f u n c t i o n a l  f o r m a l i s m  o f  P o c k  , l e a d s  

t o  t h e  f o l l o w i n g  s e t  o f  o r d i n a r y  wave e q u a t i o n s  

i n  k  s p a c e  f o r  a  s y s t e m  o f  c h a r g e d  p a r t i c l e s  

GE IV ( 2 . 2 5 ) ,  ( 2 . 2 6 ) ,  an d  ( 2 . 2 7 )  r e s p e c ­

t i v e l y .

■ ( H - i f c t y i t  )fOQ= 2 ^  dk  j& *(k ,  j  )]K1 0 ( k , j )

^  G * ( k ,  j  ) f Q1 ( k ,  j ) ]  ( 2 . 1 )

( H t h c k - i h V s t ) vf i o ( k , j ) =  G0 ( k , j ) f oo ( 2 . 2 )

( H + f t c k - i h S / & t  ) ' f0 1 ( k ,  j  ) =  -GQ( k ,  j  ) f QQ ( 2 . 3 )

w h e r e  6

H= £  ( « s - c R 4-M3c 2p 3 ) +- ( l / 8T a )  2Tge 2
o J.

+  r ^ fU (6 g€u / S H R ) [ l - e x p ( - R / a ) ]  ( 2 . 4 )

GI  ( k , j  )-  ( 1/ 2TT) 3/ 2 ( c f i / 2k ) 1/ 2Z  s 6 si&. ( 1 / k  )fitg • k

XeJi - e z p ( i k * r „ ) ( 2 . 5 )

G0 ( k , j ) = (  l /2 1 T ) 3 / 2  ( CH/2S ) 1 / 2  ( l / a k ) (o<s . a k * ^ -

+ ^s*®.j ) e x p (  i k . r . s ) ( 2 . 6 )

S.= EU “ Si, k  =• (1 + a 2k 2 ) l / 2/ a  a n d p .2 -  ^ . 2 a  q
^  «J «j

I n  t h e  d e r i v a t i o n  o f  e q u a t i o n s  ( 2 . 1 )  ( 2 . 2 )  

a n d  ( 2 . 3 )  t h e  s e r i e s  e x p a n s i o n  o f  t h e  wave 

f u n c t i o n a l  was b r o k e n  o f f  a f t e r  t h r e e  t e r m s  

w h i c h  c o r r e s p o n d s  t o  l i m i t i n g  t h e  i n v e s t i g a t i o n

5 V . P o c k ,  P h y s i k .  Z e i t s .  Sowjetunion 6 , 4-25 ( 1 9 3 4 )  
 ̂6 N o te  t h e  t y p o g r a p h i c a l  e r r o r  i n  GE IV ( 2 . 1 6 )  

w h i c h  h a s  a  f a c t o r  l / 4  i n s t e a d  o f  a  f a c t o r  l / s  b e f o r e  
t h e  i n t e r a c t i o n  t e r m .
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t o  p r o c e s s e s  i n v o l v i n g  one  o r d i n a r y  q u a n tu m  

■and one  e x t r a o r d i n a r y  q u a n t u m .  As i n  GE IV 

we t r e a t  t h e  t e r m  o n  t h e  r i g h t  o f  ( 2 . 1 ) a s  a  

p e r t u r b a t i o n  o f  t h e  u n p e r t u r b e d  H a m i l t o n i a n .

At t h i s  p o i n t  we d e p a r t  f r o m  t h e  p r o c e d u r e  o f  

GE IV b e c a u s e  we s e e k  a n  e x p l i c i t  e x p r e s s i o n  

f o r  t h e  p e r t u r b a t i o n  e n e r g y  r a t h e r  t h a n  t h e  

c o r r e s p o n d i n g  m a t r i x  e l e m e n t .

I n  o r d e r  t o  e l i m i n a t e  ' f 1 an d  ^  f r o m
J- v/ U J.

( 2 . 1 ) we a s su m e  t h a t  a s  a  z e r o  o r d e r  a p p r o x i ­

m a t i o n

( H - i ? i 3 / 2 ) t ) ' f ,1Q( k ,  j  ) =  0 a n d  ( H - i h ^ / 3 1 ( k ,  j  ) = 0

( 2 . 7 )

From ( 2 . 2 )  an d  ( 2 . 3 )  we h a v e  t h u s

t 1 0 h e > = V k u ) t o o / f i c k

an d  f Ql  ( k , j )= -G0 ( k ,  j  ) f 0 0 / h c k  ( 2 . 8 )

I n t r o d u c i n g ,  t h e s e  t e r m s  i n t o  t h e  r i g h t  

, s i d e  o f  ( 2 . 1 ) g i v e s  a s  a  f i r s t  o r d e r  a p p r o x i ­

m a t i o n  t h e  p e r t u r b a t i o n  e n e r g y

u  = “ E j  |  J )G0 ( k , j  ) / h c k - G  *( k ,  j  )&Q ( k ,  j  ) / 'h c £ \

(2.9)
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T h i s  e x p r e s s i o n  may b e  s i m p l i f i e d  b y  u s e  o f  

t h e  f o l l o w i n g  i d e n t i t i e s :

T. (1A  )o(3 • kxe  .e x p  ( i k - rg . ( l / k ) o f u . k x e  j 6x p (  -ij£*£u )

= ' E 1 (1  A 2 ) (OC x k • e , )  (*  * k • e . )  e x p  ( i k  • R )J — 3  J ~ ""J
-  (o< x k / k )  * ( ^  x k / k ) e x p ( i k « R )  ( 2 . 1 0 )

s ” u

and

( l / ' a k ) (o<g . akx£j+&<g . e   ̂ ) e x p  ( i k . r  g ) /3  ̂( l / a k ) ( * u * ajs^jg. j

+  cx «e . ) e x o ( - i k * r  ) T _ u  —j  ' - v ----- u

=  ( l / a 2 k 2 ) j a 2 ( o ^ k ) .  k ) f  « s - ̂ )] e x p ( i k . R )

= A k ) * (ô u* 1?A) +• (1/a2£2 ) (<^. ic/k) (0^ • k/'k )j exp( ik*JR)

( 2 . 11 )

In arriving at the last expression (appendix I) 
we use the known properties of t h e  triple scalar 
product, and the vector equation
(rtgX k/k ).(©< u* k/k > % s • ^ - ( ^ s.J:A)(s<:u «JiA) (2.12)

The perturbation energy thus becomes

u ~ " £  s , xx ̂ £ o6 u./1 Slr° ) /  dkexp(ik\R) £ (2?a* i ? A ) • (f^* i f / k ) ( l / k 2 )

- (̂ sA A ) * ( ^ k A ) ( l A 2 ) - (s£s.iA)(^u .Vk) (l/a2£4 )]

( 2 . 1 3 )
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l e  c a n  b e  shown ^ t h a t  t h e  t h r e e  t e r m s  

h a v e  t h e  following o r i g i n s .  The f i r s t  t e r m  i s  

t h e  c o n t r i b u t i o n  o f  t h e  t r a n s v e r s e  c o m p o n e n t  

o f  t h e  o r d i n a r y  f i e l d .  I t  i s  t h e  o n l y  t e r m  

p r e s e n t  i n  t h e  u s u a l  e l e c t r o d y n a m i c s ,  in w h i c h  

c a s e  i t  g i v e s  r i s e  t o  a n , i n f i n i t e  - s e l f  e n e r g y .

The s e c o n d  t e r m  i s  t h e  c o n t r i b u t i o n  o f  t h e  t r a n s ­

v e r s e  c o m p o n e n t  o f  t h e  e x t r a o r d i n a r y  f i e l d .  The 

t h i r d  t e r m  i s  t h e  c o n t r i b u t i o n  o f  t h e  l o n g i t u d i n a l  

c o m p o n e n t  o f  t h e  e x t r a o r d i n a r y  f i e l d .  I t s  

m a g n i t u d e  h a s  b e e n  d e t e r m i n e d  b y  t h e  t r e a t m e n t  

o f  t h e  a u x i l i a r y  c o n d i t i o n s  i n  GE I I  an d  GE I I I .

U s i n g  ( 2 . 1 2 )  and  r e a r r a n g i n g ,  t e r m s ,  i t  

f o l l o w s  t h a t

U“ “ ^ s ,u (  6s eu /16ir3) [ ,.f
- J d k e x p ( i k v R )  (3(s * k / k )  (o(u * k / k )  ( l / k ^ - l / S 2 )

-  J d k e x p ( i k v R ' )  0*s * k / k )  ( ^ u * k / k )  ( l / a 2k 4 )J ( 2 . 1 4 )

7 To do so  r e q u i r e s  a  f o r m a l i s m  ( a p p e n d i x  I I )  
i n  w h i c h  a l l  v e c t o r  q u a n t i t i e s  a r e  r e s o l v e d  i n t o  
t r a n s v e r s e  an d  l o n g i t u d i n a l  c o m p o n e n t s  r a t h e r  
t h a n  t h e  f o r m a l i s m  o f  GE I V .  S u c h  a  d e v e l o p m e n t  
h a s  b e e n  c a r r i e d  o u r .  I t  a l s o  l e a d s  t o  e q u a t i o n
( 2 . 1 5 ) .
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To e v a l u a t e  t h e  i n t e g r a l s  we u s e  p o l a r  

c o o r d i n a t e s  i n  k  s p a c e  t a k i n g  R a s  t h e  

d i r e c t i o n  o f  t h e  p o l a r  a x i s .  The vo lu m e  

e l e m e n t  i s  k 2 s i n 0d k d 0 dlP w h e r e  0 a n d  f  a r e  

t h e  p o l a r  a n d  a z i m u t h  a n g l e s  r e s p e c t i v e l y .

As ^ 3 *0̂  i s  i n d e p e n d e n t  o f  k  i t  i s  u n a f f e c t e d  

b y  t h e  i n t e g r a t i o n s .  The f a c t o r  (5<s • k / k ) (<ŝ u • k / k ) 

h o w e v e r ,  r e q u i r e s  m ore  c a r e f u l  a t t e n t i o n .

I n t r o d u c i n g  C/X,C*Y a n d  IYZ , t h e  w e l l  known 

D i r a c  m a t r i c e s ,  and

k / k  = s i n S c o s 'P  k  / k  = s i n 6 s i n ' f  k  / k *  cos© x  y  z

we h a v e

(!*, * k / k )  ( tf « k / k ) =  U <v s i n 20c o s 2 f  +<v ^  s i n ‘20 s i n S f
o  U. o a  U.X o  ty U. j

+ ofs z ^ u z c o s 2 ^ + (ofs x 0Ca y  ^ s y o<iax) s i n 2o Si n ¥ > c o s r

•*-(^ s 3̂ u 2 + ^ s z ^ u y ) s ln e c o s 0  s l n ^

+-<Xs x o/u z  ) s i n 0 c o s 0 c o s ) P  ( 2 . 1 5 )

■~f Upon i n t e g r a t i o n  w i t h  r e s p e c t  t o  Y o v e r  

t h e . r a n g e  0 -  2¥  t h e  c r o s s  p r o d u c t s  a l l  v a n i s h .

U s i n g

^ s x ^ x x  + ^ s y ^ u y  + ^ s z ^ u z  ^ ^ s  *^u anc  ̂ -^szVuz ~ (**s*'^A0  ( ^ u * 2 / R )
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t l i e  r e m a i n i n g  t e r m s  g i v e

11 T -  s * ^ u ^2 I 1 " I 1 +' I 2 "  I 3 +' I 4^
( ^ g . R / R ) ( ^ u . R / R ) ( I 1 -  3 1 2 +  I 5 -  3 I 4 )J

( 2 . 1 6 )

w h e re

X — frcfTC exp .L ikReosO) sinQ'dkdQ ( 2 . 1 7 )
1 J© Je 1 +  a 2k 2

I  _ p Y ^ cos^Qexp(l>Rco_s_6> )s in M h d ^ .  ( 2 . 1 8 )
2 ~J0 J0 1 +- a 2k 2

I  _ f ° r n fj2'k2p,-xp( l k g o o s 6 ) s i  riQdkd9, ( 2 . 1 9 )
3 )a )0 ( l  + a 2k 2 )2

I -  f 0r'a 2 k 2cos2 ft  exp.( i k R c o s $ ) s ln $ d k d 9 .  ( o  o n )
4 ”  J0 Jo ’ ( 1 +  a 2k 2 )2

T h e s e  i n t e g r a l s  may b e  e v a l u a t e d  b y  s t a n d a r d

m e t h o d s .  ( A p p e n d i x  I I I )  Eo s p e c i a l  l i m i t i n g

p r o c e s s e s  a r e  n e c e s s a r y .  The r e s u l t s  a r e

^1~  “ e x p ( - R / a )] ( 2 . 2 1 )

I g =  -TTexp(“ R / a )  ( l / R v  2 a / R 2 - t -2a2/ R '5 )'*- 2TTa2/R2>'

( 2 . 2 2 )

I 3 =i (T r /g a ) e x p (  - R / a )  ( 2 . 2 3 )

1 4 = ( i v / 2 a ) e x p ( - R / a )  +-’n-e x p ( - r i / a )  ( l / R  +  2 a / R 2  +  2 a 2/ R 3 )

- 2rra 2/ R 3 ( 2 . 2 4 )
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I n t r o d u c i n g  t h e s e  e x p r e s s i o n s  i n t o  ( 2 . 1 6 )  

we o b s e r v e  t h a t  t h e  e f f e c t  o f  t h e  t e r r a s  w h i c h  

corae f r o m  t h e  r e s i d u a l  l o n g i t u d i n a l  c o m p o n e n t  

o f  t h e  e x t r a o r d i n a r y  f i e l d  i s  t o  c a n c e l  a l l  

t h e  s i n g u l a r i t i e s  w h i c h  a r i s e  f r o m  t h e  t e r m s  

r e p r e s e n t i n g  t h e  e f f e c t  o f  t h e  t r a n s v e r s e  

c o m p o n e n t s  o f  t h e  o r d i n a r y  a n d  e x t r a o r d i n a r y  

f i e l d s .  We o b t a i n  f i n a l l y  a n  a m a z i n g l y  s i m p l e  

e x p r e s s i o n  f o r  t h e  p e r t u r b a t i o n  o f  t h e  

H a m i l t o n i a n .

•*-(*t -R/K)(*u-R/R) [ l - w l - S / a i  .  eyp(-flA )]  j

( 2 . 2 5 )

3 .  SELF ENERGY OF CHARGED PARTICLES 

To o b t a i n  t h e  s e l f  e n e r g y  we c o n s i d e r  

o n l y  t h o s e  t e r m s  i n  t h e  s u m m a t i o n  c o r r e s p o n d ­

i n g  t o  s _ = u  a n d  l e t  R go t o  z e r o .  The 

s e c o n d  t e r m  i n  ( 2 . 2 5 ) ,  w h i c h  i n c i d e n t a l l y  

c a n  be  i n t e r p r e t e d  a s  t h e  e f f e c t  o f  r e t a r d ­
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a t i o n ,  v a n i s h e s .  F o r  a  s i n g l e  p a r t i c l e  we 1 

h a v e  l e f t  o n l y  8

u = - 4 _ l £  (3.1)
1 6 i r a  ~  -  4  4 r ra

C o m b in in g  t h i s  w i t h  t h e  e l e c t r o s t a t i c  

s e l f  e n e r g y  we o b t a i n  f o r  t h e  t o t a l ,  e l e c t r o ­

m a g n e t i c  s e l f  e n e r g y  o f  a  c h a r g e d  p a r t i c l e  

h g s -  ^  ( i n  H e a v i s i d e  u n i t s )  ( 3 . 2 )
i  2

~  ( i n  e l e c t r o s t a t i c  u n i t s )  ( 3 . 3 )
cl

Thus  o n  t h i s  t h e o r y  t h e  e l e c t r o m a g n e t i c  

s e l f  e n e r g y  o f  a  c h a r g e d  p a r t i c l e  i s  

n e c e s s a r i l y  d i s t i n c t  f r o m  t h e  m a ss  e n e r g y ^

The wave e q u a t i o n  f o r  a n  i s o l a t e d  c h a r g e d  

p a r t i c l e  i s

( c t f ' g - f  mc2|3 -  <f2/ 4 a  -  itu>/c) t  ) ¥ - 0  ( 3 . 4 )

8 T h i s  r e s u l t  may b e  o b t a i n e d  m ore  d i r e c t l y  
b y  l e t t i n g  s « u  an d  R = 0 i n  e q u a t i o n  ( 2 . 1 4 ) .
The i n t e g r a t i o n s  c a n  t h e n  b e  c a r r i e d  o u t  v e r y  
s i m p l y .  ( A p p e n d i x  IV)
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4 .  THE ELECTROMAGNETIC INTERACTION ENERGY 

O m i t t i n g  t h e  s e l f  e n e r g y  t e r m s  i n  ( 2 . 2 5 )  

an d  c o n s i d e r i n g  t h e  e l e c t r o s t a t i c  i n t e r a c t i o n  

we h a v e  f o r  t h e  c o m p l e t e  e l e c t r o m a g n e t i c  

I n t e r a c t i o n  e n e r g y  t h e  f o l l o w i n g  e q u a t i o n :

u  „  r  ' <1 -  ^  ) [  L r a n j t zB / i l ]
s u  '

-  ^  (9/ * R / R ) ( ^  •R /R )  f  l ~ g ^ P ).. -  &X£.LrJ/ .alS H I— R 8.
( 4 . 1 )

N o te  t h e  a p p e a r a n c e  o f  t h e  t e r m  ( l / a ) e x p ( - R / a )  

w h i c h  i s  o n l y  e f f e c t i v e  a t  s h o r t  r a n g e .  I f  we 

l e t  a -* 0 ,  e q u a t i o n  ( 4 . 1 )  r e d u c e s  t o  B r e i t  1 s 

F o r m u l a .  ( A p p e n d i x  IV)

The r e m a r k a b l e  s i m p l i c i t y  o f  t h e  a bove  

r e s u l t s  a s  w e l l  a s  i t s  f r e e d o m  f r o m  s i n g u l a r i t i e s  

h a s  l e d  t h e  w r i t e r  t o  t h e  o p i n i o n  t h a t  t h e  

t h e o r y  u p o n  w h i c h  i t  i s  b a s e d  h a s  a  d e e p  s e a t e d  

v a l i d i t y .
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APPENDIX I  

THE ") l- I  VAT I  ON OP EQ ( 2 . 1 1 )

S t a r t i n g  w i t h  t h e  e x p r e s s i o n  

( 1 / 8.2 5 2 ) £&2 ( 0̂  k ) • ( k ) + a C ^ x k ^ + o f g - ^

we e x p a n d  t h e  f i r s t  t r i p l e  s c a l a r  p r o d u c t  b y  

t h e  f o r m u l a

£4* -  * - u  ~  ̂°^syk z -  ° s  z ^ y  ̂ ®ux ** ^°^S2ilx " ^ s x ^ z  ^ u y

+ ^ s x ^ y "  ^ y ^ x ^ u z  

A l t h o u g h  t h e  c o m p o n e n t s  ° f ^ u  do  n o t  a l w a y s

commute w i t h  t h e  c o m p o n e n t s  o f  0^ t h e y  do

commute  with t h e  c o m p o n e n t s  o f  k .  We may

t h e r e f o r e  r e a r r a n g e  t h e  t e r m s  o n  t h e  r i g h t  

t o  o b t a i n  t h e  r e l a t i o n s

oh ^ k • v  =  -  0/  (q/ k  -  0/  k  ) _ o<r (r\/ k  -oi  k )_ s  _ ru. s x  u y  z \ z  y ; s y ' h i z  x  max z ;

~ s z (^ux-^y“ °^uy^x) -  ” ^ s  * ^

The two t r i p l e  s c a l a r  p r o d u c t s  t h e r e f o r e  c a n c e l .

To t h e  r e m a i n d e r  we a d d  and  s u b t r a c t  

( 1 / a 2R2 ) (o<gx k / k )  • («*u* k / k )

U s i n g  1 +  a 2k 2 =

an d  (o( * k / k ) * (<* x k / k ) = o< .y  -  (oC . k / k ) (<* . k / k )"" o lZ S “* ZA
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We may now r e g r o u p  t h e  t e r m s  t o  o b t a i n  i n  p l a c e  

o f  t h e  o r i g i n a l  e x p r e s s i o n

( ^ k / k )  • ( ^ uy k / k )  + ( l / a ‘2£ 2 ) (<*g . k / k )  (<*u * k / k )
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APPENDIX I I  

THE IDENTIFICATION OF THE TERMS 

± N  A A  ( 2 . 1 3 )

From GE I V  Eq ( 2 . 9 )  t h e  wave e q u a t i o n  

f o r  a  s y s t e m  o f  c h a r g e d  p a r t i c l e s  may be  

w r i t t e n  a s

[ H - i h V a t J f t - I l  36 * s . D ( r s , t ) ] f t

w h e r e  H i s  g i v e n  b y  Eq  ( 2 . 4 )  a n d  b y  GE I I I

Eq  ( 3 . 6 )

D ( k ) =  A ( k ) - k k . A ( k ) / k 2 = At ( k )  and

5 ( k ) =  A ( k ) - k k . S ( k ) £ 2 +  k B 0 ( k ) / a K 2 =  A t ( k ) +  D - ^ k )

Thus  D ( r  , t )  i s  e q u a l  t o  A . ( r  , t )  t h e  t r a n s -   s - t  - s* '

v e r s e  c o m p o n e n t  o f  t h e  v e c t o r  p o t e n t i a l  a t  

t h e  p o s i t i o n  o f  t h e  p a r t i c l e  p l u s  D - , ( r . , j t )  

a v e c t o r  h a v i n g  t h e  d i r e c t i o n  o f  p r o p a g a t i o n  

o f  t h e  f i e l d  a n d  a  m a g n i t u d e  w h i c h  i n v o l v e s  

o n l y  t h e  r e s i d u a l  l o n g i t u d i n a l  c o m p o n e n t  o f  

t h e  v e c t o r  p o t e n t i a l  w h i c h  r e m a i n s  a f t e r  

elimination o f  t h e  a u x i l i a r y  c o n d i t i o n s ,  and  

t h e  f u n c t i o n  B ( r q , t ) .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



/  5

vVe may now r e p r e s e n t

A. ( k ) — ( c h / 2k )x/ 2 £  e -b ( k ,  j  ) 
~ j * l  J

D1 (k)- e3b(k,3)* 0

S l ( k ) =  (cfi . /2E ) l / 2 £■ e - j b ( k )t})
-K ~ j « l “ J "

D-  ̂( k ) = ( c h / 2a 2£>') l / 2 e ( k ,  3)

w h e re  [ b * ( k ,  j  ) , b  ( k ! , j  1 )} = -  2" . ; k - k ' )
*J tj

[ b * ( k , j ) , b ( k » , j '  ) ]  = 5 ^ ,  cT(k~k»)

rand and  ©g a r e  two o r t h o g o n a l  u n i t  v e c t o r s  

' p e r p e n d i c u l a r  t o  e„- a  u n i t  v e c t o r  I n  t h e— O

d i r e c t i o n  o f  t h e  f i e l d .  D e f i n i n g  f o r  

j  = 1 and  2

G * ( k ,  j  ) = ( e h / l 6'Tf3k ) 1/ 2 r  s &s &3 • § ^ e x p i  ( k * r s - c k t )

G * ( k , 3 )  =■ 0 f o r  j  -  1 and  2 a g a i n

G * ( k , j )  = ( c n / l S T r3^ ) 1/ 2 F  6 »e . e x p i ( k * r  - c k t )
o  S £> 1 S

a n d  Gw( k , 3 ) =  ( c K t / l 6 u 3 a 2£ 3 ) l / 2 2" e s<rfg » e 3e x p i ( k . r  - c k t )

we t h e n  o b t a i n  GE I I I  ( 2 . 1 7 ) .  The e l i m i n a t i o n  

o f  t h e  t i m e  f a c t o r s  i n  t h e  e x p o n e n t i a l s  an d  

t h e  t r a n s f o r m a t i o n  t o  k  s p a c e  g i v e n  on  p a g e s  119 

and  120  GE IV t h e n  r e s u l t s  i n  e q u a t i o n s  ( 2 . 1 ) ,

( 2 . 2 )  and  ( 2 . 3 ) ,  t h e  s t a r t i n g  p o i n t  o f  t h e  

p r e s e n t  p a p e r .  The a l t e r e d  p r o c e e d u r e  p r e s e n t e d
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h e r e  h o w e v e r  e n a b l e s  u s  t o  i d e n t i f y  t h e

s u b s c r i p t s  j  = 1 , 2  a n d  3 w i t h  t h e  t h r e e

d i r e c t i o n s  g i v e n  a b o v e .  Thus  f r o m  Eq ( 2 . 9 )

we h a v e  f o r  j  = 1 an d  2

3 )G0 ( ^  ) / f t e k =  T  (o^s .ej)(<>ru » e j ) ( € - g6u/l67T3 ) e x p ( i k * R ) / k 2  
s u.

G * ( k , 3 ) G  ( k , 3 ) / k c k »  0

& ';:' ( k , j ) S ’ ( k ,  j  ) / f t c £  - T  (<x »e • ) ( < * •  e -)(6 6 /167T3 ) e x p (  i k * R ) / £ 2
O — O “  —■=> “ J  ~  w J  a  u.s u.

Gq'“' (k , 3 )G0 (k , 3 )/heir  = r (<*s • e 3 ) (<*u • e 3 ) (6-s^u/ l 6Tr3 )exp( i k . R) / a2S4
s u

To carry o u t  t h e  i n t e g r a t i o n s  we l e t  e 7 a  k/kV_- "*0 ™

b u t  rem ove  t h e  d e p e n d e n c e  o f  t h e  t e r m s  i n  ( 2 . 9 )  

on  o u r  p a r t i c u l a r  c o o r d i n a t e  s y s t e m  b y  u s in g ;  t h e  

r e l a t i o n s

“ %  - ( 2fe * k /k ) (*u- k /k )

= (« x k / k M * , / k / k )

We t h u s  a r r i v e  a t  ( 2 . 1 3 )  i n  w h i c h  t h e  t h r e e  

t e r m s  may b e  i d e n t i f i e d  a s  t h e  c o n t r i b u t i o n s  

o f  t h e  t r a n s v e r s e  c o m p o n e n t  o f  t h e  o r d i n a r y  

f i e l d ,  t h e  t r a n s v e r s e  c o m p o n e n t s  o f  t h e  e x t r a ­

o r d i n a r y  f i e l d  and  t h e  r e s i d u a l  l o n g i t u d i n a l  

c o m p o n e n t  o f  t h e  e x t r a o r d i n a r y  f i e l d  r e s p e c t i v e l y .
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APPENDIX I I I  a  

THE EVALUATION OP I x 

I ,  _ r Y ^ e x o ( I k R c o s Q ) s ln d k d .9
-*0 'O1 1  L  1 +■ a 2k 2

L e t  x  — c o s © , y  = a k  a n d  b = h / a .  The I n t e g r a l

becom e s

I t  -  1  r r 1 e x n  ( i x v b  ) d y d x
l  + y 2

^  f j f e  £ / ,  c o s ( x y b  )d x  + i | ' s i n ( x y b  ) d x j  
c

The s e c o n d  I n t e g r a n d  i s  odd  i n  x ,  t h e r e f o r e  

t h i s  t e r m  v a n i s h e s  l e a v i n g

I ^ =  — f —SZp. f  c o s ( xyb  ) dx  
a 1 +y ' ia

-  2 f as i n (  vb ) dv  
"  a  )0 y  (1 +y2 )

C o n s i d e r  now t h e  i n t e g r a l

j  _  f  e x p (  i z b  j d z  
J p z ( 1+ z'2 ' j

e v a l u a t e s  a r o u n d  a n  I n f i n i t e  s e m i c i r c u l a r

c o n t o u r  i n  t h e  u p p e r  h a l f  o f  t h e  c o m p l e x  p l a n e ,

i n d e n t e d  a t  t h e  o r i g i n .  D i v i d i n g  t h e  i n t e g r a l

i n t o  p a r t s  we h a v e
-£ /•“O

„  f  e x p ( i x b ) d x  f  e x p ( i z b ) d z  + e x p ( i x b ) d x
J x ( l+ - x 2 ) J z ( l + z 2 ) J6 x ( l + x 2 )
/* ' l  / • _-i_ \ -, / * -t \ -, /

J

The I n t e g r a l  a l o n g  t h e  i n f i n i t e  semi
c i r c u l a r  a r c  v a n i s h e s .
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To e v a l u a t e . t h e  i n t e g r a l  a r o u n d  t h e  i n d e n t

l e t  z -  (e'i-6 . Thus

J s lim f jg-96-ej-Q.ep îb^A.6..). = - tt! 
i  e ^ o j _ “ € e i e  (1 +t2e Z5S)

The r e s i d u e  a t  z = i  i s  - e “ b / 2 . We t h e r e f o r e

h a v e

J =  2 triR= - n i e “b = - i r l  + f/_ooX(l + X̂ )

E q u a t i n g  i m a g i n a r y  p a r t s  g i v e s  t h e  f o r m u l a  

% I d x  = -llre,~Al
J6 x ( l t x 2 j 2

U s i n g  t h i s  r e s u l t  i n  t h e  w o r k  a b o v e  we g e t  

I-j_= (7r/R)[[l-exp(-R/a)j[
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APPENDIX I I I  b 

THE EVALUATION OP I 2

I „ =  r ° f T c o 326e x p (  i k H e o s 0  VsinQdkdQ 2 )0 i0 1+ a2k2
-  1 f*Y1 x ^ e x p  ( i x y b  ) d x d v
aJj., 1 + y *

C O S ( X T b )

Where we h a v e  u s e d  t h e  f a c t  t h a t  s i n ( x y b )  

i s  o d d  i n  x .  C o n s i d e r  now t h e  i n t e g r a l

e v a l u a t e d  a r o u n d  a n  i n f i n i t e  s e m i c i r c u l a r  

c o n t o u r  i n  t h e  u p p e r  h a l f  o f  t h e  c o m p le x  

p l a n e .  The r e s i d u e  a t  z -  I  i s  e~m/ 2 i . The 

i n t e g r a l  a l o n g  t h e  i n f i n i t e  a r c  v a n i s h e s .  

Thus

E q u a t i n g  r e a l  p a r t s  g i v e s  t h e  f o r m u l a  

fhg-g l .x .yb)d ; /= 1  e - x b
i  2  e

L e t t i n g  u =  - x b  we h a v e  t h e r e f o r e  i n  t h e  w ork  

ab o v e

eimsdz 
' "1+72"1

„ . ... ™ /'0°pimx
J =  2iriR =7 re -:m=J dx

JL*. |* u 2e u du

[  e ^ ( u 2 - 2u +-2
a b ^  L
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I n s e r t i n g  t h e  l i m i t s  an d  t h e  o r i g i n a l  q u a n t i t i e s  

we a r r i v e  a t  t h e  r e s u l t

I ft = - T e x p  ( - R / a ) ( l / R  + 2 a / R  + 2 a 3 / R 3 ) + 2ir a 2 / R 3d
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APPENDIX I I I  c
THE EVALUATION OP I3 

As i n  t h e  p r e v i o u s  c a s e s  we s i m p l i f y  

o u r  p r o b l e m  b y  s e v e r a l  s t r a i g h t f o r w a r d  s t e p s .  

Thus

I  -  f V  a^k^expC ik R c o s f l  ) s i n 8dkdQ
3 - } J o (l^a2k2)2

_ 1  PY* y S e x u  ( i x v b  )d v d x
a )0 l_, (l+y2)2

= f  C ( l ^ ) 2C0Os(xyb)dX
2 f ^ v s i n i  vb )dv  
ab )„ ( l + y 2 )2

C o n s i d e r  now t h e  i n t e g r a l  

J -  C z e i z b d z
J r(l+z2)2

a r o u n d  a n  i n f i n i t e  s e m i c i r c u l a r  c o n t o u r  i n  

t h e  u p p e r  h a l f  p l a n e .  The r e s i d u e  a t  t h e  

p o l e  z = i  i s  T rb e" f r /4 .  The i n t e g r a l  a l o n g  t h e  

i n f i n i t e  s e m i c i r c u l a r  a r c  v a n i s h e s .  Thus  

J »  2n iR  = |

E q u a t i n g  i m a g i n a r y  p a r t s  g i v e s  t h e  f o r m u l a

i b e ' b

and therefore 

I 3 ~ ^ e x p ( - R / a )
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APPENDIX I I I  d 

THE EVALUATION OP I 4

A g a in  b y  s t r a i g h t f o r w a r d  s t e p s  we h a v e

r  _ c o ag f lex p  ( lkEco..s.<g.) a 2k 2,s,ine.dkdJ
4 Jo Jo (£+-^2^ 2)2

C o n s id e r -  t h e  i n t e g r a l
x  f  *7 2  A  i  ZKXiA r?

J= Jr
e v a l u a t e d  a r o u n d  a n  i n f i n i t e  s e m i c i r c u l a r  

c o n t o u r  i n  t h e  u p p e r  h a l f  o f  t h e  c o m p l e t e  

p l a n e .  The r e s i d u e  a t  z - i  i s  i e “m ( m - l ) / 4 .  

T h e r e f o r e  

J =  O ' /  2 ) e " m( l - m )

Thus

r v 2c o s ( x b v ) d v  TT - h x , - ,  , >,
'  4 d - b x )

L e t t i n g  b x  = - u  t h e  o r i g i n a l  i n t e g r a l  

b e c o m e s

I . = -  ^  f u be u d u  + f u 2e u d u l  
4 2a b 3!  K  Jo J

-  ~ ^  , ,, T e u ( u 3 - 5u 2 -t 6u - 6 )-+ e u ( u 2 - 2u + 2 )l
2ab% L

S u b s t i t u t i n g  t h e  l i m i t s  a n d  t h e  o r i g i n a l  

q u a n t i t i e s  g i v e s  f i n a l l y

1 4 = ( I l / 2 a ) e x p (  - R / a )  + IT ex p  ( - R / a ) ( l / R - t  2a / f i 2 + 2a 2/ i $

-2TTa2/R3
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APPENDIX IV 

THE DYNAMIC SELF 1 1 nhY 
L e t t i n g  s = u  and  R = 0 i n  Eq ( 2 . 1 4 )  we

h a v e

IT = - ( 6  2 / i 6 T T 3 ) f r  ( cs/ - ot ) / k 2 (  l 4 - a 2 k 2 ) -  (of * k / k ) 2 / k 2 ( l + a ^ k ^  )S S J L *S “S “S -

. ( 0< . k / k ) 2a 2/ ( l + a 2k 2 ) ^ d k
O “J

U s i n g  t h e  p r o p e r t i e s  o f  t h e  D i r a c  m a t r i c e s  

we n o t e  t h a t  i n  a n  a r b i t r a r y  c i & r t e s i a n  

c o o r d i n a t e  s y s t e m

q(.q< =■ cŝ .2 + + o<z 2 -  g

and

( o ( .  k / k ) 2  =  ( l / k 2 ) ( e ^ x k x  +  o / y k y +  o ( z k z  ) ( o t x k x + < a f y k y +  o t z k z  )

=  ( l / k 2 ) ( < * x 2 k x 2 +  o C y S k y 2 +  o^z 2 k z 2 ) +  k x k y ( o L ^ y  )

+ k y k z (ofys*z 4- ĉ zc /y ) -f ^ 2^ X (°^z°^c + ^

= ( l / k 2 ) ( kx 2 + k y 2 ^  k z 2 ) = !

w h e r e  we u s e  t h e  f a c t  t h a t  t h e  m a t r i c e s  a n t i -  

commute. As t h e  i n t e g r a l s  no l o n g e r  h a v e  a n y  

a n g u l a r  d e p e n d e n c e  t h e y  may be  r e a d i l y  e v a l u a t e d  

i n  p o l a r  c o o r d i n a t e s  i n  k  s p a c e  u s i n g  4'7rk2dk 

a s  a  vo lum e  e l e m e n t .
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We h a v e  t h u s  

U g - - v « a  "" J  l + a 2 k 2  *  \ J  ( l ^ k 2 ) J

A t r i g o n o m e t r i c  s u b s t i t u t i o n  s i m p l i f i e s  t h e s e  

i n t e g r a l s .  We o b t a i n  f i n a l l y  

U„= - { €  2 / 4 ^ a ) ( 3 / 2 - 1 / 2 - 1 / 4 )  = - 3 6  2/ l 6lTa
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