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1, Introduction. Immediately after the propounding

of the modern theory of elasticity by Navier in the first
~quarter of the nineteenth century, a number‘of mathematleians
turned their attention to nfoblems in elastioity. VSoon after
the work of Navier, Poisson and Cauohy had found the differ-
ential equations for the displacements of plates whieh are |
infinitesimally thin, but it was not until 1883 that & solu-
tion for the stresses in a moderately thick plate was obtained.
‘This solution, which was found by de Saint-Venant, * involves

* Final note of Art. 45 of his translation of Clebsch, 1863.

rationai integral functions of the oylindmieal'coondinates,

r and Z, where r is measured from the axis of the plate and

z from the middle surface. His method consists in finding
values for the disPIaoements for several cases of loading of
simple type- these solutions are then combined so as to give
more- complieated loading situations. |

_In 1887 C, Chree # found the.solution for.a rotating-

.# iréhel gambrldge Eh}losophioal soo,, tol{;l4:‘

plate, ~ -His method- oonsists-in finding"sets of complementary
solutions for the- differential equations which must be satis-
fied by the displaeements. - With each oomplimentary solution
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is assooiated an arbitrary constant; these constants are de-

?9r9?93d‘f9? onyAportioular p;oblom by the loading conditions

on the outer surface of the plate. | :
The p:oblem of a‘moderately thick circular plate under

uniform load. was not solved correctly by do'Saint;venant.

It was not until after 1900 that the correct solutloh4forA

this problem was obtained by A. E. H. Love *. Leve's solu-

* love's "The Mathematical Theory of Elasticity", fourth,
edition, 1927, p. 465.

tion- is an extension of .the method developed by J. H. ichell
in 1900 #, and gives the displacements in terms of rational

# Proc. London Math. Soc., vol. 31, 1900, p. 100.

integral powers of r and z.
Subsequent to lLove's solution for uniform load, the -
first important contribution to thevlitefature of moderately

thick circular plates was made by A.;Néﬁél?f*-in 1920. . He

*x Sohweizerische Bauzeitung, vol. 76 Nr. zz Deo. 4 1920,
pp. 257-260. , -

obtained 1n terms of Bessel funotions, the solution ror the |
bending or a moderately thick circular plate under a oon~ o
centrated load at the center._:v' Several years later,v_“

C A. Garabedian ## found correot solutions for a oiroular

2# Trans. Amer. Math. Soc., vol. 25, 1923; PD. 543-398.
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plate of,oonstant‘thiokness in- terms of{pol&nomlals\in T and

Z. The;next;year, A. Timpe”*zfound;the~samersolutions,ﬁ;

“ - . e e

* geitschrift fir angewandte Lathematik "ind Meohanik o
vol. 4 no. 5 1924, PYPe. - 361"’3760, RN P ST I

by an entirely different method.  In 1926' 'b'. A. Clemmow #

-

# Proc. Royal Soo., London, ser. A.”volj'llz:”lgze;‘pp:M559;59a.

'obtained solutions for the bending of a circular plate by

e by Wt o ¢ - . A S <

adding solutions 1nvolv1ng polynomials inir.and z- to the solu-
tions in terms of Bessel functions which had been obtainedv
previously by Néda1.5,;¢, T T S IR SN

Both Nadai's and Clemmow's solutions ,are : very cumber-
some, even for, the-.case of ;uniform:load.: AsThe,extension‘orn e
elther of these methods to more;complicatedwtypes;bfwloading
would be almost an 1mpossibility on aooount of the extremely

T
diffioult eomputations whieh would arise. The methods used

by "de Saint-Venant, Love, and Timpe oould be extended to more
oomplioated types or loading without giving rise to very
diffioult computations, but all three of these methods have

B -~

the disadvantage that for each new type of loading, the prob-

P e e st

llem must be solved from the very beginning by the process of

-«

"trial and error"- Garabedian's method is mneh less in- 1

> .
# : B

volved than those of de Saint-Venant, Love, or Timpe,,and in.

addition,. it gives the necessary machinery. for solving any

e s rir A g s e e T R S me B A oA
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type of loading by mesns of a single set of. equations,:. -
Garsbedian's method is based on-the: assumption that
the displacements’can be expanded 'in rationsl integrsal ‘powers
of a parameter, The device of developing the:displacements - -
in ascending powers*of a peiameter hed previously .-been used: -

by G. D. Birkhoffi* in- en attempt ‘to solve problems in cirou-

* Phil. Mag., London, Edinburgh and Dublin ser. 5 vol. 45
1922, - forloniior .

. T

———

e . ]

lar plates by the use of the Calculus of Variations.

- ,}~“‘

- .

Although Garahedian was the first to solve suocess-

p— [

fully problems in moderately thick circular plates by a .
method involving the assumption fhat the displecements'can o

e Ll R SR S

be expanced in convergent series, he was not the first to make

uge of such an‘assumption,.: Before 1827 Gauchy # had made |

# Cauchy's “Exercises de Msthematiques , vol. 11, Pp. 330 ..
548, 1827, - .

?,.f—’i"“ T R ’-.-:.-.,. P R
s A - - Ca DR T b P

use of’this assumption; heined'solvedlprcelens by assuming .
that-the stresses-and d13p1scements -conld expressed as ..
convergent series-in" ascending powers: of Z.. -.But Cauchy con-
cerned himself only with plates which were infinitesimally~
"thin, and neglected all’ powers of z higher than the second.

In 1887 ‘M. 'Lévy **,”in his study of a thick ciromlsr plate

....... . R . -~ .

f** Liouville 8 Jocrnal, vol. 5 1877, p. 219..

- R T N
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‘having no load on either base, made the assumption that the

displacements could be expanded in ascending powers of gz,

He did not attempt to find the solution for any given load=

ing condition, but he was able to prove that the displacements

could not contain powers of z greater than the third when the

oylinder is weightless and its bases are free of load.
Garabedian, at the close of his paper, conjectured

that his series were convergent, and sketched a physical argue -

ment in support of the contention that his method could be put.
on a figorous basis, Subsequent to the work done on this |
paper, Gerabedian has found the general term of his series; |
and has been able to establish convergence for a certain class
of loading functions. Mbreover .he has found connected with
his series an infinite set of constants which turn out to be
-the same set of constants exhibited in this paper.

The present paper was inspired direotly hy the above-
mentioned paper by Garabedien, and hence, . indirectly, by the
work done hy‘Birkhoff._ Although Garabedian‘s method and the
method used in this paper 1ead to the ‘Same results for any
Agiven loading conditions, they are quite distinct. On the
other hend, it should be said of the two methods that, pre-
cisely because of the difference in approach, each method |
sheds light on the other.A: Indeed the two methods, in a
sense, complement each other and eventually completely clari-

fy a problem which has waited 8 full century for solntion.
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The method of sovlution employec in this paper:is
based on the assumption that the components of displacement
can be developed in positive integral powers of z. In-
article 9 we shall Jjustify this assumption in-the case of -™l
plates of constant thickness by proving that the series de-
fining the displacements'are‘convergent for a certain class
of loading functions. It is clear that if solutions can be
found which call for only a finite number of terms of the
series, no question of rigor can arise.h_ In view of the
space which .would be required for complete.elaboration, we.-
do not propose to study ezhaustively theTProblemﬁof—conver;
gence° we shall concern ourselves principally with the case
in which the displacements terminate. A_Moreover, wevshall
treat only the case of constant thickness, since, in genergl;
problems in variable,thickness_involve infinite seriessof‘ |
considerable complication. g o

- Adopting cylindrical coordinates, we naturally take
the axis of the.plate to-be the’ -axis and-the middle. plane
of the plate to be the.plane’z = 0:- Let thefupper and“lower._
faces be z = h and z = «h, respectively;fthnSvtheithickness
of the plate is -2h, :"The plate 1s:taken‘to”be;homogeneons;
1sotropic, and only slightly bent; moreover, .the: plate must
be ‘thin enough- so that de Saint-Vanant's principle of the
elastic equivalenoe of statically equipollent systems of load

can be used at the edoe (cf. art 4). In order to simplify
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this first exposition of our method, we shall restrict all
stregses and displacements to be independent of ©; the ad-
vantage of this assumption is that the differential eéua-
tions which determine the coefficlents of z will be ordinary
instead of partial.,

We shall usé Love!s notation % with some slight

# In this paper, all references to Love are to the fourth
edition of his Mathematical Theory of Elaaticity, Cambridge,
1927,

modifications. To obtain results in compact form, the star

operator introduced by Professor Garabedian # will be used;

# Trans, Amer. Math. Soc., Vol. 25, 1923, pp. 343-398.

this operator is defined as follows:

¥ _ 1 2(rA)
e ST AR

U, V, w denote the displacements in .the”direét‘ions' of v, O,
z, respectively. . .The nine'components\of stress are‘FF}‘ﬁE},
%7, 76, 7, Tz, ¥, B2, 26, in which the first letter indi-
cates the direction of the stress and the second,letterﬁ:‘:}
iIndicates the direction of the normal;tdithe plane,acréss; ,

which the stress acts. The six components of strain afe

defined as follows (Love p. §56):

o
(1a) e, =0,
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(1b) €po = ;-Ua

(1c) 0z = 2%

(1d) e,p = é-i{-f w',

(2e) erg = V'- ¥,

I o

Note that all terms in 2 /36 have been suppressed.

We shall confine oursélves to the problem in which
the surface tractions are known and the displacements are to
be found. In this @ype pf problgmvthgvd;;placements must
satlsfy h 7. -

(1) the stress equations of mofion“throughout'the body,i
(2) the surface traction conditlons on the upper and
lower faces, ‘
(3) the boundary conditions at the edge. ,
We proceed to discuss, in the order. just 1ndicated the three

requirements which must be met by the’ displacements.'

2. Stress esquations of motion. The following rela-
tions exist between six of the nine s::tre'ss-comp_pnerits (Love,

p. 78): S ; -' s

0z = Z06,

- . e
% [
St

The six independent conipo‘nérrxt:s:‘of stress can be ‘expressed in
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terms of the six compone_nts'of'st'rain as follows (Love, p..

102) :

(2a T =AA+2mln,

(2b) CrE ,1\.4 +2,ué‘9,,

(2¢) %z = RA*'quezzy

(25-)‘ T = MEy,

(20} T8 =M Cpp ’, &

(2t) = ez =mEpg,

wheee PAR E’,,+€aa+e 27 = //x+ ?;Z

*

By means of equations (1), we can express these stress com=
ponents in terms of the displacements.’ It 1s convenient to

use the elastic constants E and r instead of A and M

where
A= c/+r€ff:z?') E ﬂ_:‘?(;—%ﬁ'

We obtain | o

(3a) = 1+ 51 zr —9’4)-#”[';’

(5b5 B Tl 1+r€l- v QW)_,_ Z}

SR =TS f Y4 0) ;w}
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10

- Y

(3d) 72 = 2(5,.) (a "'WO’

(3e) ™6 = zm-r) s (V' "' ’
=__ £ 2(/

(3£) oz Z2(I+v) 2Z

When terms in &/26& have been suppressed, the

stress equations of motion are (Love, p. 90) B

(4a) 9/’:" 2r2+rr-99=f(f"5-)7

5F 1T oz
() 2084+ 2% 4252 2= p(F - F2)7
o) LE + ZZ + iz ‘f’(f £)>

where ﬁ » £, and F denote the density,r gggeleration, ‘and body
force, respectively (Love,.p. 75). . All im;‘)qrtantanq:i:gmj.liazj
applications involving accelerations .or body forces will be
provided for if we ;etf(fz - F,) be a constant, .and £ (f, ~ F.)
and j’(fe - Fa) be proportional to ,r.,‘,tHenc.:e;que"isha;Ll tﬁri_‘bg o

i~

- o h e

,(4:a) . f’ (£, = Fp) = c,.r , ,
(410)  plfy cFp) =T, i -
T N

where ¢,, C4, Gz are constants. . We shall callc, r, cy7,
and ¢, the radial, tangential, .and-axial mass forces, respec-

tively. Observe that these mass forces-may:be ‘due, to accel~

N
kS . ¥
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11

erations obp to body forces.

By means of formulas (3), we can express formulas
(4) in terms of U, V, w and the elastic constants E and o~.
At the same time, we shall substitute the values which we
have Just assigned to the components of P (f = F). We thus
obtain

2 | _ow', zc-7) *_ 20t o,
() 25+ oz  I-20 4 E 7

* -27 1% (+0)(1-27)
zW .—-——I-—— U / - C' )
(5e) - %—; t zci-m) az t 20-7) w (-r)E X%

3. Surface~traction conditions. By surface
tractions are meant the stresses exerted on the bounding
surface of a body by some other object having conﬁact with -
the body in question (Love, p. 75). The sﬁrfaooétraotions
applied to the upper and lower faces can be resolved ioto'
radial, tangential, and normal components. The positivo
direotion of the normal component will be taken for both
the upper and the lower faces to be that of the outward
drawn normal (Love, p._75)., The positive direction of the
tangential component will bo taken for both faces to be the
clockwise direotion whon the plate 1s viewed from above._
The positive direction of the :édiol component will be:taken
outward on the upper face; it must be takon_inward on,tho>A

“

lower face since these three axes mst form either a right-
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12

handed system, or a left-handed system on both faces. We ]
will designate the radial, tangentlal, and normal components .
of the surface tractions by J, , K, , L, on_the upper faceJt
and by J, , K, , L, on the lower face, Note that L, and

L , are tensions when positive and pressures,when negatite.%

2
In order to satisfy the surface traction conditions‘.
on a face, it 1s necessary thgt the components of the }nte?nsli
stress at every polnt of the face should_be;equal‘to the'cor-
responding component of the surface traction at that point,

Thus, the surface traction conditions on the two faces are

(62) §2L=4 =L,

(QR?; o E?1zp% =Lz .

(6c) Tlgepy =0 T
(6d) ﬁlu-;, = J, , b | | ‘
(6e) lpey = Koo e o B

O

4, Boundary conditions at an edge. There are'two

ways of specifying the boundary conditions at an edge namely,

we may assign at an edge definite values L
(1) to the stresses or, to functions of the stresses, ;

(ii) to the displacements or. to functions of the displace~

ments,
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13

In applying an edge condition, it is also important to dis-
tinguish two cases:

(a) the stresses or displacements may be assigned values
for every z in the interval from z = ~h to z = h;..
(b) the displacements may have prescribed values at,only
a limited number of points, or values may be assigned
to certain resultant stresses and to certaln resultant
stress moments taken along a.vertica};elgment;pf:gg
edge. . . - ST Ttem el (Do,
In the first case, the solution obtained is exact; moreover,
this solution applies to a.plate of.any thickness:and may be
called a three-dimensional-solutioq,;;Infthg“gqppquéasg, the
solution:is:rigorous;,but;fgils;to.bede;act'unlesgLro?zgvery-
value of z at the edge the surface tractions are precisely. ..
in agreement with the corresponding 1nt§rna1;sgpesqgs,as;cal-
culated from the values obtained ﬁor}themdisp;apements, - This,
type of solution, when not exact,.is essentlally two-dimen-
sional in qharacter,.sinceAth;s‘typq,:equippg;tpat;thg,gq;pk-A
ness of the plate.be sma;l-asucompared‘with>t§§?q1amqpéq.:ﬁi
In general,ra‘phreefdimenaionalngolution,necégqitates
an elaborate analysls involving qusel;fpnqpiogq{fglog,:;n '}'
rectangular plates, Fourier,serieg.,'if thexplaﬁe 1§:§eryfﬁ
thick, a threefdimensional‘solution'isﬁtoLbe,desipeg.x;lpn;~
the other hand, when the plgpe_is,pniy;mdde:qtely;th;pkz_g”
‘two-dimensional solution majfsuffice.,,If-aztﬁqrq1mgpsiqngl

solution 1s adequate, immediately there are advantages to be
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‘14

observed; the work is far simpler in both theory and appli-

* cation than that involved in a three-dimensional solution,r’
and the approximate method of satisfying edge conditions
bermlts of the solution ‘of many important problems for which

as yet, no three-dimensional attack had been found _We

L
R A

shall be concerned in the present paper only with the two-_ o

dimensional type of solution.

In the two-dimensional attack, we begin by defining

the resultant stresses and the resultant stress moments (Love,'

DP. 455) mentioned in case (b) above.r Let c be any cylin- .

drical surface with the equation r constant, and let s be
the circle in which this surface meets the middle plane,
z =0, In particular, .C ‘may be an edge; in this case, S in

the "edge-line". We draw the normal ¥ to s in a chosen sense,

and choose the sense of s so that ), 8, z are parallel to
Y .

the directions of ‘a: right-handed systen of axes, assuming that

r, 6, z form a right-handed system. We consider the action

" -
PRV

which that part of the plate lying on the side of C towards

i

which )/ is drawn exerts upon ‘that part of the plate lying on
the other side. Let,ﬂ s be a short length of the curve s,

Tk

and let A be the area marked out upon c by two generating

-

lines of C d.rawn thru the extremities of A 8, The tractions
on A are statically equivalent to a force at the centroid of

= ..- ~
,..‘v...‘ .

A and a couple. Resolve this force and couple into compon-w

- ..«..'

ents along the y, 5 z directions, and let (’I.‘), (S), (N) e
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15

the components of the force and (H), (Ca, (K) the components
of the couple, Let A s approach zero, end.denote by T,, S,,
N., H., G., K, the limits of (T)/As, (S)/As, (N)/As, o
(H)/As, (6)/As, (K)/As, respectively. K,.- O “but the
other five limits may be finite and different from zero. T,
S, N are the components of the resultant stress and H G are
the components of the resultant stress moment belonging to an
element of the surface C. T ls either«a tension or a pressure;<'-
S and N are shearing foroes.tangential'and normal, respectively,‘
to the middle plane; G is a flexural couple and H is a tor-

sional couple. These resultant stresses and resultant stress4

moments are given by the following formulas:

() =L PPz,

(7b) er.hh?4z’.. \ *
(7¢c) s, »-':-[: ﬁdz, - . . e
(7a) G, = _: FP.i"dz P

(7e) Hp ‘=’._fh§? zdz.

For noderately thick plates, we know'br de Saint-
Venant'!s principle that the actual distribution of ‘the trac-
tions applied to an ‘edge 1s of no practical importance.‘ :
Therefore, 1nstead of dealing with the tractions themselves,"
we consider their force.and: couple resultants estimated per

unit length of -the.edge-line.-: Let the components of. thesev~
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16.

résultants be 7,S, N and H, G ih“EhZ*séﬁgé'ﬁré&ioﬁsiy“"“*;

assigned to T,, S,, N, Hy, G, the ‘hormal to the edge-1ine
being drawn away from the center for an outer edge and -
towards the center “for an’ inner edge..”lt is necessar§lthat
the applied tractions be statically equivalent to the stressf
resultants and the resultant stress moments at the edge;‘but

this does not’require the satisfaction of all the equations

Lot solem Tar e e e T

"+
r't
o

A

tion - . I -
by ;,.'[.\.IP ——- =

(L5§e: pn.”459-4él). ”Allhfaotors"of;our$problem'beiné inZ
dependent of 8, both’ ’9H/as ‘and 2H,/3s are zero. Hence, :

so far as the stresses are concerned the boundary conditions

at an edge are given by the equations

, o T i
.'4"";, .
(8&) S T,. = T, |
e VLS L ELA L wre Lo : .
(Bb) foe Wl Ne =Ny TR v ! TS B
AT B USRNSSR b A ERIEF
] ' ~ i«l ‘!
ST e .......i p f i ; “‘-‘1—?\. PSSP : 4 f‘" .
(8a): 7 B =Sl =
.. . . "_' . o . ! ‘ ' "’
‘ " o "r| f

It is true “that’ the solutions obtained by means of these
equations may not be exact but if not. exact they will .

i - -
"o P * i T i vty —1x .
-~ o .
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sufficiently approximate the exact solutlons for all points
that are not too close to the edge of the plate (Love, pp.

5., The U and w systems. We are now. in position

‘_,x y S ~.:

to determine formally theyvalues of U, V, w thiehﬂsatisfy
equations (5), (6), (8). In this paper, we shall concern
ourselves only with the determination of Uand w and shall
not attempt to find the value of V. Turning to equations
(3), we observe that (5b), (6e), (6f), (7c), (7e) are_the
only equations involving V and, moreover, they intolve \' -
only. Hence we set«these equations aside and turn to the
remaining equations, which® "involve U and w only. ;;: 4

We now proceed to the - formal development of our .

method of solution.* Let us assume that 4] and w can be ex="’

: U -~ .
Pl R A

panded in powers of z; that-is; C . S A
“ . - m N ” .
(9b) W ZZWn“ N
h:Or: Al

in‘which U, and w are functions of r only. Substitute (9a)
and (9b) in formulas (Sa) and (5b), and equate to Zero the

3-..(

coefficients of like powers of z. We obtain o

(J.Oa) ;J;'_;_.____.{W,,_,*Z(’ 7’)(/ }+¢ (")

. ™
s

'(10b) W = - 2(/ r) {U +(1 zr)w,z}-i- Kﬂ ,‘

whozo <.¢2<£-> - {2(1+r)/E? orr and §,(x) = 0 (n = 514,5,--=~);

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18

K, = {(1-2¢) (140-)/(1=)E} ¢, and K, =0 (n = 3,4,5,-==).
By collapsing the telescopilc series’ (lda)' and (10v), it is

: possible to express U, and W), , n = 2, directly in terns of
U% ,U ,w, ,w . Inthe formlas for U ‘and w, , it is
found necessary to distinguish between odd and: even,gub- s

scripts, Thus, there are four equations- namely,

( ) 1ck1) ¢!
(11a) U,_; - {(&+I zr)l/ +é w} + 4’; 2F 8

“1)¢ = = an o S
(11b) Uy, = 2((/ D {(nz Za')[/ . w } (. -0,1,2,-)5

" ~ 3¢ .' %C1x)6!
(1le) w,; -Z((llzr)i (G-Z-I-ZV)W} K‘ ’

(11d) w = '("') {tl/ +Ca-/+zr)w3(’*)+;<

28 ¢y

where ¢,(r) = iz(li-b')/E?"é,,r and $p;(r) =.0 (L = 0,'2;3;445);
{(1-27)(1+7)/(1-7)EJ ¢, and K;=0 (1 = 0,2,3,~==);
f 2'2(11-0')/(1;17')4“::301» and k=0 (1°% 0,2,3,-~=) . These

equations assume & simblér;:i‘drni if we ‘ix'xtz"o’duc‘e two new -

X
k

!

u

functions defined as follows:

. >; * Ve r::‘-,
=% _ U, +W,

(12a) U =20 )
: , ) ” Wo o
(12b) w, = Z(l 0.) "

Substituting (12) in (11), .we have.

cxi)* :
(132) Uz,-(-;) ‘4l +Vj +¢ )y

scxy* e = o,' 1,2,---)s

(13b) _ ﬁ- &) {a +2- zr) w, Hv}

Z¢
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Sy, X
(183c) w; = (1) §¢iG*Wo3 )+‘K£ ?

(sa) w,,, = —c—:)"{(i—lrzr)'u:+V}*(’*)+ Kee e
| If (13) 1s substituted in (9), the result'is { ~ :
(149.) U __,‘.32:0(-—1)‘{;- 3(*1)(:'2” }'_"('I) {(L-I'Z—Zr)w +W}I(¥I)£%
NEYEL PR S
-‘ (14b) W= ‘Z'o (-/) i, *W}m}-(%-y,- —Zc l‘)‘ {(c-n-zr)U +V}*a*)’(£z:2:‘;';7-

+(l-2r)(/+r) 0 22 z(/+o—) c z3 T
C-r)E - “FZ] T G-DE '3! .

Thesa expressions for the displacements satisfy formally the
stress equations of motion, (5a) and (Sc), when U and w are
infinite series. It can be shown also that they satisfy

(5a) and (5c) when T and. W are- finite series, An’ this" ‘con="

nection, 1t is natural to ask what are the necessary and

4

.............

sufficient conditions "for U “and W to terminate.‘

Let us first consider the’ espression for U, ""If v
[
is to have a finite number ‘of terms, both {i U + Ui“') and -

- RS :
{(i+2-2r)wo + w‘,} ) must eventually vanish and moreover,

~
F oy

independently of ‘each’ other, since the former is associatedv

]

with even powers ‘of *% ‘and “the 1atter with odd powers of Z.

-~ e

Hence a necessary condition for U to terminate is that we -

'should be able to find ‘two smallest integers L and ‘5
. x, . _~.
which §1'T, + U,] ¥ = o, 1’ &, and {(1+2 2r)w + W}‘fﬂ)‘ :

L . - W e mme T !
; >) B P .&\ M PO A T Nt

£

M
4
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‘Let us define the anti-prime-star operation as thab "
operation which’ mu‘st:' be performed upon P *"in order’ to chan ze
. ~ “ \,,V-

it to P. By performing this" operation upon fo(U o;(xd and

'y
{(B+2- 2r)w + w307 we' £1na ‘that both' fu G u}‘*”“

120 L

and {(P +2-27 )W, + W} “mist’ be of the form G,z ¢'C /r}

where C, and C, a're"'const‘ants. Moreover, since &« and B are

constants, it follows that the four quantities TS ,u

R

— £~/ Pt A , : . ;
wo“’) ’ wo'“') have the”form {C,r +‘Cz/r}.“f By‘—performing
altérnately integrations and inverse-star operations, 1t may

be shown that'U, and‘W can contain’'no terms which are not of

the form {C rz'"'"3 1. K r"" ' 10g r} and that U and W, can

contain no terms which are not oi‘ the for;n {C' rzf e

,,,,.e.

+ Kt p%%°% 10g r? ,. m, n, . p, q being any positive integers.

.r‘» ,w,{ .'.‘»“AJ)

et eyt

¥, ‘
These 1imitations-on ,Ua ,Wa ,U 'V, "have been found as necessary

conditlons for the termination of U, On. the pther hand we
i%
observe that if U ,w have the form specified U will

£‘»o

contain only a’ finite number ‘of - terms. . Hence these oonditions ‘

are seen to be both necessary and sufficient for Y to. terminate. .

i

By a similar argument it may be shown that ’tiqe above
restrictions on-the-form of U, ,W, ,U,*,w constitute also a
necessary and sufi‘icient condition that w have a finite num-

ber of terms, Hence it 1s evident that if U terminate, S0

also” will w; end vice’ versa. L
Y We are now - in’ & ‘position to show that U and w satisfy

the  stress equations of motion when U and w are i‘init_e series,

- We' shall not co.r:c'y."through‘ the details since the work is the
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same as for the: cag‘egjwﬁ‘e'n U:;and -w are:infinite series,except
that now we must determine the upper liﬁits for each suma;-
tion. Although these upper limits may be different for the
different summations , 811° 6f them are readily found if we
observe that the operation. by which a term becomes eventually
zero is differentiation or the star operation according as
the term has the form C r™or K r 1og r.

' We must’now .impose upon U»’and w the requirement f.hat
they satisfy the surface traction conditions on the upper
and lower faci:es. We bégin by substitﬁting formulas (14) in
(sc) ‘and (Sd), obtaining

B i £ 2 .

(158) - i TIF',Z;;(") {(c 1+r) +0}¥cw) (fc)l Cn T

o . ,* £+l zpf-l "

6 Z - -Gz%, .-:i" REE
(s IR Ao o g Vi .“ R R
(15b) ) T2 = Tff‘, (-l) {(;-H 0‘)% w}'(*ﬁ (zz‘)l
.ffiw?}%%:°ﬂ£a+ﬂ&%0}“wfé:& |

S herzo oo

Next.we.introduce: ifourf_nqgv ' quantitie'si dé_fingd; as. follows:-

ﬁ¢f’°‘L-L+L2;“’nf .

(16b) N L A Lz ) WWM_,\_“ PR SR - .

: (160) L “'?'J ; J + J ’.i im:;;?iﬁ»d s ; 4? | : |
feay yLa il o

-
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Note that (6a),(6b),(6c),(6d) are equivalent to the follow-
ing equations:

- ¥

(172) 2, 422z = L 5 -
(17b) ’Z?lzd; - 2?17-”4 =L,

(liic)' ﬁlz:l,;" Qliz;b =J ]
(174) 72,0 = 2z =4 :

In (17); replace %z and T2 by thei’? .values as given in (15) .
We thus obtain, finally T SRS - ,

e
-~ am st

(18) Z(-l) f(¢-1+a-)y+y}*"“ /7 _ 1T nr s 2

(z;)l ZEL E ~r
(19) Z(-l) {(u—l F‘)W +W}(M)"”;’zt ' “’V- ,g _,z.tl:c ,
@ery] T ZEh E =7
° o _ :am‘ /:’" :;Ir o
(20) ZC l) {(aH-V’)VV,#-W} (Z‘)’ ZE‘J’
5 e

+ 2 e

(21)Z(-/) fCH-V')V*- }“ 5';;;';)7 25/,? = Cr

ra

- -

These four systems of ordinary 1inear differential equations

determine the displacements save for the arbitrary constants

?

of integratiorv the 1atter are to be fixed subsequently by

\., e
Vo -~ [

the edge conditions (Art 12).

‘é. The determination of U‘,* and U, , From equations

(14), it appears that the displacements are determined as -

»- x:-:.v.p-n.--,

soon as we have found U and U The function U does not

S SRR BT ~
s _
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occur in any of our formlas. Since the w's“are not in-
volved in (18) and (21), these equations, when considered

simultaneously, will suffice for the determination'of'ﬁ:'

and U,. DNote that the leading terms in the summations of

(18) and (21) are, respectively, {(~1+0')U + U*? and

frU, + U:”}; we therefore solve first for Uf' and Uf'

’

and subsequently determine 'IT: and U, by quadratures.
It turns out, apparently as an irmedlate consequence

of our assumption of developabllity in powers of z, that it

*i

| is desirable to break up U,” and U:'._into terms ordered

PG S

according to powers of the ratio'h/r.A ' For this purpose, we
introduce the following convenient definition. If X and Y
are two polynomials in r which contain the same number o:f‘w 3

G L)

terms, Y is defined to be of the nﬂ' order of magnitude as _
compared with X if each term of Y is proportional to (h/r)

Tai LT

times the corresponding term in x. Let us consider two .

. SN
‘4

o

polynomials, X and Y which are connected by the relation

Y= X*'h . If Cpy r'” is any one term of X, the corresponding

- o
SN -

term in Y will be (c, r"') = (mz -l)c r"'"hz

n'v“r

= (m® ~1)c, r” (h/r)2 Hence, by definition, Y is of the

second order of magnitude :88 compared with X. -‘ »—Similarly,_ .
it may be shown that X“') h is }of the (2n) order of mag-
nitude as compared with X. ‘ _ o |

Altho we must solve first for: U bd U :, we shall
find it of advantage to begin by making certain assumptions

with regard to Uo and U: ; namely, that these functlons are '
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polynomials in r, and that they involve h in such a manner
that thelr terms may be grouped and arranged in ascending
order of magnitude. | Since only even powers of h enter in
(18) and (21), it is clear that we need provide for only
even orders of magnitude in our developxﬁents for 'I-I: and Uo*.

We write, therefore,

—% e X
(22a) U, = Z Yzmo ?
e b 4
*
(22b) U = Z Yo

-
where U”,o and Uz”a designate terms which, if they exist, are
of the (2n)t" order of magnitude as compared with‘,either Tf;’:

or Uo’; . Our only assumption with refezl"encei-t'é f:he ieadi'ng
terms I_I:: and UX 1s that they include, in the case that TJ-,*

ang U:’ do not wvanish 1dent1cally; the term of lowest order of
- magnitude occurring in either development; thus we postulate
the existence of ét least one of the terms ﬁ,: or Uot . Further-

more, we shall assume that TI"" and U} .cannot both be identi~

cally zero unless U z‘:'aa u? =0, n =0,1,2,--~, If (22)

zno

is substituted in (18) and (21), it fcllows.that

(23) ZC-I) {(c-u-a')z 2n0 +Z:Uzno}x(lt) /,zo

20 (Zb)l
1+ _ I+V"C Az

W gmp  ——

=T 2F E - -
) Ctl)"*' '/,z‘:
(24). ‘%’C 1) f(t--*V')Z(/zn o+z: ho} Czc+)|
149~ . A+0
=-zep?*t7E "¢
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Since each of these equafions involves in the left-hand -
merber a double series of some complication, it is desirable

to write out at length a few of the terms., We have -

[ (=1+0) Tt U |* [ a"ﬁ”; U, | ¥1¥
(23%) + (=1+0) Uzp+ Uypt - +TU40+VU40 Ei

(140-) Ty, + Upg | X(1%)2

+ (1#07) Uppt Upp y :
- < I+

[+ (147) Ugpt Uy, Ao VL-H'V-C}-AZ:

21 ZE E
_0 e e o o o o o_; N
— e e eTE TIPTo st 200 0
T Tppt Voo | ¥ [ (1477) Ty #-T5 |#1 -
(241) t 0 Ugpt Ugpl = |+ 4(1:_+,_a'_)‘ _“U“f Uyp 37 L
- - T | ‘
(260°) Tyt Upp |FNT0 L Ll o e
+ (21'0-) ﬁzdf Uzo : :.‘ .s.:‘ T :‘;::
= h'. 14— -, 1407
U U Se—ee ® & & TT = L
I+ (2407) Ut gy yo = Pt E G
o "o _s e oo te .‘:J ,,f“’;‘L ! e 20T B
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By means of equations (23') and.(24!'), we shall be
a.ble to obtain U and U¥ - for n = 0,1,2,~~~. Our proce-

zh,o zZnyo
dure consists in writing out two sysj:ems of differential
equations by equating all terms in (23') and in (24') which

are of the same order of magnitude; ff;:o
' ]

ed by selecting the (n+1)st equation of each system and

and U:,:, » 8re obtain-

solving the palr simltaneously.

»
-

For convenience, we may distinguish the following

types of loading:

i

(1) normal pressure on the face; ¢, = ¢, = 0, J =0, L# 0,

(11) shearing traction on the face; ¢,= ¢, =.0, L =0,

J#&o0. N T
(111) radial mass fo:bce; c, =0, J=L=0, c, ¥ 0,
(iv) axial mass force; ¢, = 0, J= 1L z—o, Cp ;t-.O.
It is desirable to deal with thess. types of loading one at a
time; by the principle of superposition, it will be possible
to solve more complicated problems by a synthesis of the sep-
arate solutions. We shall b_egin~ by considering a distribution
of loading of type (i). ' ‘

DA B
* 4. -
. Lo

Before we can proceed’ fﬁ:ri:her y we :mist determine :the
order of magnitude of {-(1+¢)/2EJL.’ If.we assume that this
quantity is of the second’ or higher order 6f magnitude as

compared with ﬁ: or U¥ the two equations of lowest 6r51er

co ?
of magnitude in (23%) and (24') are, respectively,

§(-140)T54U% 3 = 0 and {rT), +U)%] = 0. 1If we differentiate
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the first of these e(quations and solve it simultaneously
with the second we obtain U U*' = O. Sinoe L mst

appear on the rlght hand side of some one of the equations
derived by equating all terms in (25') which are of the same

order of magnitude, it 1s evident that we cannot have

_*’ . . ©ow
Uz"’o Uu o =0, n =0,1,2,--=, But by a previous assump-

tion, this impiies~»that U: and’ U a cannot both be-identi-

cally zero. From this contradiction, it follows that

{-(1.,.0')/2E}L is of the same .order of magnitude as ﬁ,’:' or

X1
v, .

of equations which result from equating a11 terms of “the

We are now in a position to obtain the two systems

- amien

PO

e S

same order of magnitude in (25') and in (24') They 'e'.re ’

respectively, R 7 N P , J”, AR
;*_ Ll
(25.0) i(-lw) u,,* Ul ==~Zzg L2 T
(25.2) {("1"‘7) TUpo t Uzo} Lo {”‘?_I.Uoo'-"' l'Uoo}» 'z—f =0 .
'y . . . . . * 'ioz e o e oL e
* [ J [ ] [ ] L ] L ) ..‘ L L ] .:: [ 4 L) ®.
—- X% 1,3- o
(25.2n) {("1"'”") ~?zh‘,5:‘f'_jUzn,‘b3 {0‘ U2h-2; 250t U, zZhez 03 ,~ET+”'. .
, N S *(‘*)" AZII R
't; (-1) {(n:-l-HT )’ "' Uap : (2),)’ 0 ’»
[ ) L] *® ~ ® [ ] [ ] ® ® L ] [ J o . [ ] K [ .
h'. 'o .T ;:; ° :J : H;-o ) ° * h:"";': .;‘” T
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_ l
(26.0) §0°T,, + U,,f‘ =0 >

2412
(26.2) {0 T, + sz' - f(1+07) T, +_U.,?(*D 'é‘,' =0>

e e e e e e e e e e e e
(26.2n) {V’ ﬁzn,o + Uz;,o3*;" {;1";”'.) ﬁ;n-z,; + I;zn-z.,v}c;uz;-zf vee
| 3]
+ (1) §(ns0) T,,+ 5.3 aﬁ.——-;% =0 >
e

# It 1s well to call attentlon to the fact that on page 358
of Garabedian's "Circular Plates of Constant or Variable

Thickness", loc.cit., the groups of equations designated as
24" = O end Rzpy; = 0, may be shown, by suitable reductions,
to be 1identical with equations (25) and (26), respectively.

We first differentiate each equation of (25) and
designate the resulting set of equations by (25)%. In
order to secure a notation appropriate to the discussion

which follows, we now write (25.0)%; and (26.0) in the form
= *l 140 g
(27.0) {(‘1+r)an*Upoj = - _Z_—é- Co L 2.
: - - y¥l: I+ ¢ -
(28.0) fU'U,, "’Uap? = - E_E?Aa" L >

.where a, = 0, ¢, = 1, ,Solving"i_t:“ﬁese‘ﬂwo‘leqxiations siml-

-

taneously, we obtain AP
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ﬁ*' = - I'/'V' fa Co}LI

vt = - ZEf{-Da, vl

=¥ ' . /
If we put these values of Uo‘: and Uof in (25.2) and (26.2),

we have, respectively,

- *: /-/-0' l*l
(27.2) §(-140)T,, 40,3 =~ T=C 4°L
*1 . 2 I¥’/ :
(28.2) §7T, 4,0 =~2Lah’L
where
_ 2a,=IcCo
=T
c = 2, -O‘Co.
] Z'I

If this pair of equations 1s solved similtaneously, the

29

result 1s
l#‘/ . . o .
ﬁz’;’z H'a-{a C}/) L
l*l '
vk = - L2 f0-r)a, +rc}/,zL SR

Substituting in (25.4) and (26.4) the values just ‘obtained,

=kl %I 7 .
for T , 0N ,TX ,U“ , Wwe find - -

- X 14 meu |
(28.4) {7 T, 49,5 = - ZF a1/7 ¢ e e LS
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where
a. = zZa, = |-C, - 3QA,— 2:Co ’ )
273 s
: la, - 0.0 22Q,~= I'Co . -
=t =000 L% TCo,
°z T, 4]

Solving again simltaneousl'y, we obtain . .
— %1 J+0" 4 I(XI) )
UW:——-{Q,, c,}ﬁl .

. cxn?
*, - _Ii.—-a—. - +V-C qu N o
Uso == ZE ja a-)az 234

By continulng this procedure, we are led finally to the
following general formlas: -

: . 123
(298) Tpy ’4Lt'a'.{“ - n}/'z”L' ‘): n=051,2,°°°

eno T
) ' zh l(*l’ v': [ e .
(29b) Ukl = - H-r{(l -Na, + 0'6' }/7 1- { h 0 /2 R
2n,0 :
where &, and ¢, are given by the formlas” IR

(29c$ a, —Z(-l)‘ (642)Quoyg =(CH) Cpoy-s

‘o . (2‘-*3)’ Py h:l,.?’.g,o-o 2
. _ _ (c-}l)ah 1=¢ - ¢ C»-.-, s, Tl =
(20d) ¢, * Z (-1)" & Cze+dl . .. __{ ﬂ 3,302

By differentiating (22) and making use of (29), we have
— X! (+0 zn :cm)
(29e) T, --———-z:fa -c, 347 L
=0

* e $ 2 lctl) |
29f) U e |I-r)a, + 0 C LT
( ) ! 0 E hgo{( ) h?b Lwfea <. P

.
e I

% .
We are not yet in a position to solve for U and U‘,,

since these two quantitieshare not independent of each other. ;
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To f£ind the relation connecting them, we add up equations
(27) and make use of (29a),(29b), and (22), and obtain

- * 10 2 zh ; C1¥)?
(20g) -(1~-c)T, + U, == % Ef"h LY,

In solving for ﬁf‘and U,, one might first find ﬁt‘from.(zge) '
and then determine qf:from (299), U, being subsequently ob-
tained fronm q:hby antli-starring. An alternative method would
be to f£ind U, from (29f) and then determine ﬁf‘from (29g) .
We shall use the latter method, since it is the simpler of
the two,

Let ﬁ:ﬁ and U,. be the complementary solutions of
TI': and U,, respectively, and let T'I:P and U,, be the cor-
responding particular solutions. The complementary solu-

tions are found from equations (29e),(29f),(29g) by equating
thelr left-hand members to zero: From (29f), there results

4 -

~ cz.
(29h) Upe = C,>r + - ?

where C, and C, are arbitrary constants., If the value of

Igt obtained from (29h) is substituted 1n_(293),;itifolloqp
that

. =4 ch ) : - . - e
(291) Ve =iZ5r S

It may readily.bejshown that the complemgntafj;splutiPng;§or -
all other types of loading.will also be given by (20h) and
(291) ; hence in future we shall record only the particular
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solutions.

We shall now find the particular solutions when TI': !
and U, are infinite series; the case.in which T, and UX’
terminate 1s more involved and will not be considered until
art. 10. It is clear that infinite serles occur whenever
no integer m can be found such that L'Om.,”'-'-' 0, n2nm, Let

us designate the.antl-star and anti-prime-star operations by

the symbols (*)-l and (*l)-' ;" respectively; and let us agree

_ n~t -
that me is the result obtained by anti-prime-starring
nn
L“*) when arbitrary constants are suppressed, Observe that
-1 -1
LEDT = T pron (29r), we havé:

n-{
(293) U, = ‘Iitg',,-‘,{("")“ +TC B L 1cxan=!

Substituting in (29g), we find

(29k) Ua,b I+l7' 2 { cn}/’ZhL(l*)n.

It is clear that the above value of 'ff;, satisfies (29e).

Let &,= 1, ¢, = 0. By a process very similar to
that employed in the previous case, we obtain the following
general formulas for a loading of type (ii):

' — Xl 407 (=~ = 2n ey ? .
(308) Ty1pp == 357 Z,~CA3h LA n=0,1,2a,-

x1 1+0" _\ S = zh . cxn” _ cos *
(30b) Uzn,o”"'z'E'/Tf" r)a,,+rc,,}ﬁ ;( ,y N=0,1,2 00
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A=l

£ cetrz) an-l-‘.' - (6.+l)5n-i-i

- . n= [ 2 3, °°~
(30¢) 5() Zit )] 2 22,3,
- e ECE+) Anai=C "‘.E""": = coe g
30d) §,=5-(-1 : > N=,2,3,000 5
(30d) ¢, E( ) C2ie2)] ’ )
=X I+ S = _ 3 3y 3 '(4"1)"
306 = - a,-Ca3h*
! 1+ & - = ys2n - cxn”
T - ——— - +0 .
(30f) U, 257 hz:_‘_w{(/ ra, c,,}/, P ;
| 74, vi=- U 25 ; Xc) ™!
(30g) =(1~)T) + U) == 57 2 G, GRS
—Xi *t .
When U, and U, , as defined by (30e) and (30f), are in-

finite seriles, we find

o - ek’
(505) Ty, = z’*“’; Zf(/-r)a +0‘6,,}/7 2
o Y. la - - zh . =t
(30k) Ua,b = ZIE'/; E’z’fa,,-c,,}/; P XCrx)n .

33

b4

For the third case the forrmlas are quite simple* .

1f only a radial mass

force is acting, we have.

=¥ _ 40 7 | R
(Sla) Uoo = E '.r ; Uzh’o.:' o, n-= 1?27,-"-0
T S 'Y ' .
(31b) TU,, = = ¢T ; Uz, =0, n=1,2---,
=% |40
(31e) U, = = CT -
Xl_ -2 )
(31£) U, = = c.r o
* *
(31g) =~-(1-07)T, + U, = 0.
(519) U, =177 .3 :
°P §E£
=% 1+ ‘ z
31 v, , ==——=c1r“,
(31k) Uy = 2 O
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Finally, when the plate is subjected to axialimass’
force only, the formlas become

:{3Rab) ﬁ‘z*""o =0}, =0, n=0,1,-;
(32e£) TF' = U* = o;

(328) ~(1=7 )T+ UF =0;

(52)k) T,, = T,, = 0.

7. The determination of W. and w,. Since W, does -

not appear in the formlas for.U and w, it is necessary to
find only W, and w,. Equations (19) and (20), when consid-
ered simultaneously, will suffice for the determination of -

"v?' and w,. By analogy with §6 we might expect to be able

=¥ S

to solve directly for w,” and w' H but we are prevented from

doing so by the fact that, in the leading terms of (19) and
(20), the coefficients of w and w'* are the sam.,vWe find

iadhs and w'*'* , and subse-

that we must solve first for w
quentl'y obtain w ¥ and w’* by two quddratures. »

The preceeding article suggests that we should begin
by assuming that w, and wo are polynomials in r and that the
terms of Wo' and W, may be arranged in ascending order of

IS

magnitude, We write

w— / oo ey
(33a) W, =3 W,, 5
. Azo 1
‘ ZOO ’
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where wz,, o and w are of the (2n)t/’"ordeir of magnitude as

Zk 14
compared with elther Wa'o or WOIO o Weassume that the lead-
ing terms, W,, -and W,, » include, in the case that W, and w,
do not vanish identically, the term of lowest order of mag-

nitude occurring in either development.. Furthermore » We shall

assume “that- both ':'* and w'*m cannot be identically zero
.—-l*l"' _ T 27, S
unless wzh’a = wzn‘o =0, n = 0,1,2,~~-, Substituting (33)

in (19) and (20), we obtain

6“

Cz’.‘

- A 2 e e
o) Zc ) faﬂ r)Z: “en °+Z:%~.o? (zm)l “ies At E
(55) Z:(“/) {(t*’l-r)Zth ’+Z w,, p}l(*l)‘ 624 - I+V'J-

(zc)l - zZE

Let us write out at length a few terms of each of the above

-

P S »

L~

double series. We have '

| [ (1-0) T+ W, |* [ (2-0) ?'*‘4‘-'.#;;_('*)?? e
+ (1=0) ﬁzo* Yool - + (2= 0") sz 2" i;‘ 2'
(341) * (A=) Fypt W, |- *'i(2-r)fw40f.w4o 3/-;- R
y - e
ax?- . o
(3-0‘) Yoo + w” )
+ (5-0') Wzo"' Wzo - - \
N - 'hq. S T SRR P
. + + S=0) Wg,+ W, A a4l I+ .
| ( ) 40 40 _5! _.25-],"8"" :.Fz?‘..
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(1-0) Wt w,, |’ (2=0) Wi+ W,, 11

00
+ (l=-0) W, + Wy, + (2-0) W, + Wy,

2

(381) |+ (1=e) Tt Wy, | = |+ (2aor) Tppe wy, .;'..

— - 2
(3~7) W, + w,, |!<¥)
+ (3=0) Wyt Wy,
— h¥
e+ (3-0) W+ Wy, m----:% .

By means of equatlons (34!') and (35'), we shall be .-.

%1% 1x1¢
and th’o, y 1 = -0:_1:2,‘7':.?‘9 .-:The . -

able to solve for 'v?“,b
procedure 1is analogous to that of the preceding article.
Before we can write out the two systems of differ-.
ential equations obtained from (34') and (35!'), we must
study the effect of the prime-star operator- -upon order of
magnitude. Let us conslider two polynomlals, X.and Y,.con- .
nected by the relation ¥ = x* h‘,l‘, 'If ¢, r™1is any term of
X, the corresponding term in Y will be (c, r™) * pnEe mzcmr""z n?
=mzcmr"(h/r)i. Heﬁcé, by definition, Y is of the second
order of magnitude as compared with X; Similarly, 1t may be.
shown that X‘m"hz" is of the (2n) zh order of magnitude z;s
compared with X, ‘

We distinguish the four types of loading enumerated
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in article 6, We deal with these types of loading cne at
a time; more complicated problems may be solved by a synthe-
sls of separate solutions. ~ We begin by considering a dis- coe
tribution of loading of type (i).
Before we can proceed further, we must determine the. |
~order of magnitude of {-—(1-!-0’)/2331}1. If we assume that this
=1% ik

quantity is of the same order of magnitude as w,, or Voo s

" the two equations of lowest order of magnitude in (34!') and
(35!') are, respectively, f(l-a')\'v:,':-r W;:} = i-(l-rv')/th};e
f(l-a‘)""" } =0, Starring each term of the latter,
we obtain an equatlion which is inconsistent with the former;
hence {-(1+0'<)/2Eh}1 cannot be of the same order of magnitude

=1
as Wx

or w)¥. For the present, we shall assume that this
quantity is of the second order of magnitude; it will be,
convenlent to postpone temporarily the proof that it cannotjj
be of order higher than the second. | "
We can now write out the two sysﬁéms of;equati;ns which
result from equating all terms of the same order of magnitude

-

in (34') and (35'). They are, respectively,

— 1
(36.0) §(1-¢) W,,+ W,,] =0 el

(56.2) {(1_0_) W'zof } - 5(2-0_) ao+ ?‘l*) /) - l+rj’
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: — 1% — ) 4%
(36.4) f(l-a‘) Vg, + w,h,? - {(2-7) Wy, *+ wu? 3ﬁ’-
3,4
+ {(3-0-) Woo"’ Woo}(’*) ’é" =0
Sl
) _ = 2
(6.20) {(1-0) Ty, + Wy, F'F- §(2-0) W, _, o4 W, a}ccx)zﬁ+.‘.
Y ] ’ 3!
" e\ T axtt pE7
+ (-1) {(nf-l C) W, + w”} Gri] =0
— ) I
(37.0) i(l-a‘) W, ¥ w,o; =0
—_ / —1 1xt %
(37.2) {(l-a') Wy, + wu} - {(2-0‘) Wy, + w,o} ET=0’
- / e ‘:;' ‘ v""Z
(370211) f(l‘-ﬂ') Wz",o + Wzn,o} - {(2*”’) ‘VZh-l,a + thvz,a}l* E_A‘..*-ooo
| n _ ICky” f22 R
+ (-1) {(nfl-d‘) Wy, t Wapg _ (—276?:0 ?
* ® L ] L] [ ] [ 2 L [ ] .. L [ ] [ L *

# On page 358 of Garabediant'!s "Circular Plates:of Constant
or Variasble Thickness", loc. cit., the groups of equations
designated as Z;,43 = 0 and R?"*#* = 0, may be shown, by
suitable-reductions, to be identical with equations (36).and
(37), respectively.

-k and W‘*

ote that we cannot obta.’m W oo

from ”(SG;O)and
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(37.0) since the latter equation, when starred, becomes iden-

tical with the former. Similarly, it may be shown that ’v?z‘fo

and w'¥ cannot be obtained from (36.2n) and (37.2n). Although

n,o
we are unable to solve directly for wz“: , and w;: o » Wo shall
be able to find w '*u and w'* * s from the latter, by means

of two quadratures, we can find Wz: o and w:i °°

Let us form a third system of equations by starring
(37.2n) and subtracting from (36.2n); the equations thus |
obtained will be in simpler form if we rmltiply each by (3/h%).
We. thus have '

(38.0) 0 =0,

’ _ c1k)? ‘
(38.2) i(2-0‘) W,o + w”} o = ‘;(El;‘?j S
— c1x)3 2
(38.4) {(2~7) “_’zn_wz,}"*’ {(3-0) Tp+ W } ’ 5 2;’ ”
2z ot
(38.2n) {(2-0-) Wen-z,0t wz"_z’a}('*’ .
c1x)? .
= {(3-9’) qu-ua* Wzn 40} 6521/, e
(u:)‘"‘ Cyazn-2
- (=1 n#l-0") W, + % éﬂ/) -
- (1) (a1 0) W, + 7,3 nh =0,

Equations (36) and (38) w—er,e:fobté.inéd on the assump-
tion that {-(1+ 0')/2Eh};f was of the sccond order of magnitude

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

,\t 1%

as conpared with v w'* or Vipo o We have already proved that

{-(14-0' )/2Eh}£ is not of the same order of magnitude as

.ﬁ;: or w'* 3 We are now in a position to-show that it can-

not be of order higher than the second., If it were of the
fourth or higher order, ‘equation (38.2) would be i
(20 )W, + W, }(l*) = 0. Solving this equation simltaneous-
1y either with (36.0) or (37.0), we.find T g0,

Since i mist appear on the right hand side of some one of
the equations (38), it is evident that we: cannot have

-— * k1%

vz‘:: = Wz‘n , =0, n =0,1,2,--=-, But by a previous assump-
— X

tion, this implies that ¥ T ana wi¥'* cannot both be

identically zZero. From this contradicﬁion, it follows that
{-(li-r )/2Eh}£ is of the. second order of magnitude,

- By means of (36),(37), and (38), we shall be able to

=K%
obtain '*o and w;t o forn = 0,1 2,---. our procedure con—
",

sists in solving (38.2n#2) simltaneously with (37. 2n) .

Accordingly, we i‘irst perform the star-prime-utar operation

upon each equation of (37) and designate the resulting set

o

P ~;.;j~~;:»v"."
of equations by (3'7)*‘)‘ . In order to secure a notation

appropriate to the discussion which follows ’)»,;W?_,~ now write

(37. o)*'*- and /(38.2) in the form . _
_ axys. 301+7)
(59'°)~ f(- )W, + w’.?_?;-'” =T ZEARTC d £ .

25’/)3 :

where b, = 1, 4, = O. Solving simltaneously, we,obtain
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41

.2[5653
1%
wak® 3 Ce1-g)p —(2-7)d,} L.
2EH3
i

If we substitute these values of W, 7/*¥* ana wo':"* in (37.2)* *
and (38.4), we find

— (ht)z Ci+ l‘*
(5902) {(1-0-)sz+ W203 = iE;; /4 z’e

) — %)’ 14 1%

(40.4) §(2-0 )7, 4 w,, 3% = ;f:_/'?b L L',

where

b = o2 (Z»’bo - l'do)

[} 5-! ‘ ’ ' ' .
d - ’.bo -a’do .
[} 2!
If this palr of equations is solved simultaneously, the
result 1is |
— 151% 3C1t7) 2 1% T A
R s {5, d}/, £,
ik _ 3T (e d 3} A2 3 A
W, = 200 {c1-r) b, - c2-0) FhL
Substituting in (:5'?‘.4;)'*“‘t and (38.6) the values just found
SIkik IRk —I1KIk i* e
for w;: ,w;’ iy o W:: » We have ...

(3‘9‘-4) {1~ )W, ¢ W, }"”2_ 3C""t")d /14‘/(#)

ZEAH3 y
. 2 *:
(40.6) {(2_0-)-‘:‘;0* W403(’*) 3(1‘[‘!") b A‘I'IZCI )

Eﬁ"
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where

b, = E2(2b=ld) _ 63(3-b;-2:d)
2= S/ k7
- lb-od _ zb,-ld,
-7 4]

Solving again sirmltaneously, we obtain"

— l:nt_ 3(Hr) { b -d } /) 4 ,Z a*)

ZEAT ,z
xik _ 3CHT)( oyl rae ¢ ¢ 1%
Wt = = 3553 §C1-0)b, - C2-7)d, 3 4

By continuing this procedure, we are led finally to the
following general formlas: o )

_I%IX 1+0) 2 (I#) .
(419.) th)a = Z;/)a; {b —d }6 h/é - ) "'0 l 2 vee 4

2n pazy? .
(410) Wit j";‘?fn -o)b -(.z-r)d,,}é L 01,2,

where b, and d, are given by the formlas

(41c) b, "GZC D¢ (4+2)f(¢*2)bn-:-; (ul)a’,.-,-‘

2N =T1,2,3 00,

‘=0 (Zc+5)/
, _ = ¢ (l.'l'l)b,,-'-[ —cdp-1-C S . :
= -/ M=l & 3 o-o.
(419) 4, ‘Z.zo( ) Czer )] > »2> 35 t

-
a n——

T w'*,* and w,',ft can also be found by solving equations

(38. 2n+2) simltaneously with equations (36.2n): ‘Again let
b, = 1,d,= 0; then, by a process similar to that employed
above, we deduce the following values for b, and d, :

¢ E_'( 1 (;-I-z)f(c-f-z)b,,-,-,, —(u-:)a’,,-,,,]

(41tc) b, = ‘h l 2—,3 coe s

ceo ) C2£+5)’ -
hot ¢ (‘,f,)b,,_,_‘_‘—(c/ il ’.
(41'd) d = (“I) ——) h Z, 3 ‘f ooo P
"2 2e+3)] |
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L,
"'3"2

It may be proved without difficulty that the above values
of b, and 4, are precisely those given by forrmlas (41c)

and (414).

Star-prime-star (33) and make use of (41); the result is

=1 K% 3(I1t+0) zn (H:)
(41e) W, = ngcz{b -d 3"

(a1£) w*¥= gf/“") 2—_-{(/-,-)5 —C2-r) 35" /ax)

To solve for 'v?,' and w,, we must first find the re-

lation connecting them. Let" us transfer all except the first
two terms of equations (37 2n) to the right-hand side~ by )
.means of (4la), (41b), and (33), there results

- = 1%1 /;
(41g) (1-0 )W) + W) -{(z-r)wo'+ wo} Y

b zn+z guex)"™! R
s 2, gy

To obtain equation (41g) in a more convenient form, we star-

prime each term. Using (41le) and (41f), we find’

7y : o 1cx0”!
(41h) {(l-ﬂ’)ﬁ.’ * WO} == ;(El-’;:;) Edﬁ,hz”j BERE . T

Substitute in (41g) the value of W, obtained from (41h);

we obtain, finally,
2 n-2
= y, _hT ¥ 3(Hr) 2 46*0
(411) (-7 )W, + W, 4 5C-9 W, = 25/)3 Za’ /) /Z
3a+r) a-0) b, - (2-7)d,, znt2 lcm" y
zs/,3 ‘Z z¢t-r) A ’Z
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' We are now in position to solve for W, and w,. By analogy
with art. 6, there are two possible methods of procedure;

l choosing the simpler of the two, we first find w, from (41f)
and then obtain w by neans of (41:!.) . Let us designate by

'v'r;c end w,., respectively, the complenentary solutions of

v, and W, , and by 'v'v',; and W,, , respectively, the particular

/

solutions of W, and w, . The complementary solutions are

obtained by solving the homogeneous equationsrassociated with
equations (4le), (41f), (411). From (41f), we-have

v 17

(413)  w,_ = Kr?log r +'K,r% + Klog ri+ K, ') 0 .

I TR

where K ,Kz,Ks,K are arbitrary constants. The substitution ser

in (411) of the values of w e and w‘;’c"_ obtained‘from (413)

results in DN J

(4;1-1&) .ﬁ;c: IV.[K,{ZI‘J&}/‘-}-,--;-O r)r}.,.zkr K3

Since it turns outwthat the complementary solutions for all
types of loading are given by (413) and (41k) ) We will hence-

B A i T s N

forth write only the particular solutions. 5;3;_“,,,3 R R,
vtlx

. We' ahall now find the particular solutions when w

1kix

and w, are infinite series- the case. when wthey Lterminate

: - -
-\-..».‘m DL U P . ..3", - e

.will be considered in art. 10, Let us designate the anti- ’
star-prime-star-prime operation by.fthe symbol (l*) o, ,and
let us agree that Z“” w2 ;iisrthe result obtained when Z(“)” "
is anti-star-prime-star-primed without introduction of arbi-

trary constants. = From '(4;I.f)'3"we‘ fing ~r oo s s

-
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(414) w,, = Z(E’;}a—;} Z:f(l 7)b,-(2-7)d, }/,"’,Z(’*’

Substituting in (411), we have

(41m) W), = - gg;?z:fb dJHPL R

)h-Z

It is clear that this value of 'v?ol satisfies (41le).

b
In the case when there is shearing force only, we
solve equations (38) simmultaneously with (37). | Setting

v, = 1, d,= 0, we obtain the following general formlas:

KX 3(He) (T _ T Y20 TR _ ]
(428.) wzhp :-Z—E-_ﬁ){bn-dhgﬁ J ? 7= 0,/,2,-00 P

(a2p) wEE .3(/4—0'){(,_,.)5 (z_‘,.)q/ ?/72"‘]-#(110" n=0,1,2, ;

2h,0 =

n=14 ‘ .
= » #2)bpyy-c =G0 A p-i- : .
(42¢) B, = 6%’(_04 (c+z)f(4 (z)j-})'l c & nel o} , h= ,,2,3,“’ ;

- ! ‘(cfl)b —-t—i -Ld “l-C
' = ! hotzé h =2 coe o
(424) * 4, ‘%( ) il » N=2,34, 3

I’Eo ‘0'57:’

' - / S
(42dd) 4, = 27 3 =% 7 &
— Mt
‘f Observe that w '* and wf,‘,: might also be found by solving equa
tions (38) sixmltaneously with (36) . Recalling that'g = 1,

d, = 0, we obtain by this method

- L€ (cfZ){(""'Z)bn-l-‘ -(l"'l)dn-l-l- .
(42'0) bh—égo.(l) (2‘*;)’ i’h'lzg, ST

nel - ] 7 ]
_ - CHY bposei =C Anet =i >
42'(1 d, = -/ ¢ - s N :I 'Z 3 o0e
( ) " .Z( ) (2 *3)‘ 3 Tt . .
It may readily be proved that the. above values of '5 and d
are the same as those given by (42¢c), (424), (42dd), :

-
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(426) _v_v_l*l)‘- 3([+r)Z {é d }AZI,JX(I*)M ;

e ZEA* A
n
(428) w/**_ gg*ﬁzfa-r)b ~(2-)dn 3 H*"T ¥
Y / h: ik 3(l+r) zn )"’
(421) (-0 )W, + w, A =S e A Z:d AT
3(1+r)2: (/-r)b (2—r)dn h?—"*zJ(xl)”
25/,2 2¢1-r)
When W‘,’*m and w”“* y» a8 _defined by (42e) and (42f), are

Anfinite series, we find that

' (/-[-r) zZhn *“‘)n-z.
(428) W, = Z5 2:';{(1 -r)b,-(2-)d, 4T ,

(42m) W), = - Zg’;";’ Z{b 4}/,th(¥:) !

For the third case, the fornmlas are very simple- if
only radial mass force is acting, we have

. - x4
(43ef) Wo'*_lx = W’ = 0 1 R
(431) (=0 )W, + W + ——

(43fm) w,, = W,, = 0.

'Finally, when the plate is-subjected to axial.mass ..
force only, the formmlas become

— kR i 2,
(44a) ¥,, = ;33(’/:‘_:')_ Cz 5 Wz, =0, N =1,2,~==,
o2 . x B
(44b) w'*¥__30U-7) o . gk o o1,2,eme

o0 =T 43 Sz 2n,0

— kIX _ 3(1+5)
(449) wo - ‘—E'_—/;—z"" cz .
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1XI% 3C1-r?)
(44f) Wo = - —EZT z

(441) (1-7)W, + w) + —— w!'*" = o.
. 30-03) 4
(444) wop R TA ¢, 4.

= _ 3(+7) 3, 3(+7)
(s4m) ¥, = igent !t Tt da-nE 2

8. Upper bounds of the constants. Before we can

establish convergence of the sehries for U ‘arid w, w-e- m;.st

exhibit upper bounds for the eight constants which enter In: 0.
L Y T'{} 3 [} S
the formulas for U » U, 3 W, R Wo'* .

Let us first consider the constants a, and C, . Re-
calling that a = 1, ¢, = 0 we compute from (30c) and (50d)
the values &, = 1/3, ¢, = 1/2, &, = 1/360, ©, =.1/12. We
shall now prove by induction that

(450 ) lan] < 1/27, [5,) <(s/0)/2", n =2 s,'---'

B

This relation is seen to be true for n = 2. The proof, -

therefore, will consist of showing that 1  °

X
9 ZK--&

- -

A
ZK l~¢

(45b) iax-. 1< s lc,(,,_ 1< 3 K 0,1, (k 3),
then | R ! -
(45¢) Ja,) <1/2%, (8] €(5/9)/2", . k. =3,4,mem.

From (30c), we have - -. . ° .
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£ :{—3 ti+2)l@xai-c | +(t'+l)15n-:-::l
= (2:+3)1
IK&, = (k=G| | 1Ck+DA, ~K T, ]
(zk-1)] Czk+1)]

(45d) [&f

P K= 3,9‘,"'.

If we substitute in (45d) the values of |&,.,_.| and’

[S_y.;| from (45b) and also the above values of &, ,C, ,

&, ,C, , the result 1s
. K-3 . =
- ] 14c+23 L—' l K+l
(45e) ld | < ‘Zo 9 C24+43)( zk-1-¢ 7 (zk-1)] T .Czk+i)l -
. K-. . X .
| 145423 ! 2° 144423 '
A e - < =3,4,0
<‘ o 7 (z:.+3)l 2R-t-¢ Z“’ ‘Z", 9 (z 3)’ 7 K238

If we calculate the first three terms of this series and
w

compare the remainder with the serlss Z 1/ (l+9)l ,. We find
‘o -

(a5r) 13, | <(.4992)/2"" < 1/2", k =3,4,--=7
In a similar manner, we have
(25g) |31 < (.2623)/2 %! 4(5/9)/2 K =54

In obtaining (45g), the followingrformqla forqﬁ;.was gged
instead of (304):

n-2 : SAVE e s . )
3 - Z( I)‘ (Lfl){(l*l’ah-z-b (&‘I’l)ch-z-—‘,} , h=2,3)4,"",

45h
(45k) é20 Czwz/)l

‘‘‘‘‘‘‘

a formula readily derived from (300) and (SOd) .

In a closely analogous manner, we c_:ar;.show that .

-

o(451) e, <1/2", le,) < (5/9)/2 n=1,2,---,
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In obtaining upper bounds for b",dh,bn,d,,, we use
formulas (41lc),(41'd), (42¢c),(42'd), respectively, and find

by a similar procedure,
(453) Io,l<1/3" , la,l<(3/4)/3" , n =2,3,== ;
(a5k%) [bn)<1/3" , 1a,1<(3/2)/3" , n=1,2,---.

' The above upper bounds seen to be the strongest that
can be found by the method of absoluté‘values. By means of"
these inequalities we shall show in the'next'article‘that.the
U and w series are uniformly convergent for a 1imited class ’
of load functions. We should 1ike to include in ‘this class
of load functions all powers of r for which the series do ‘not
terminate, but the present inequalities are not_strong enough
for this purpose. On the other hand'iif Qéfealbai;teLé few

values of the constants, we find that their absolute values

-~

are considerably smaller than the above upper bounds would
indicate. This suggests the possibility of secufing, by a

more refined analysis, the stronger upper'bounds desired.

- .
Ty ul“"

In this paper we. shall be content to establish convergence

on the basls of the inequalities deduced above.,,x,»-«ﬁan;;iiﬁ

g TS B

Since there 1s no particular advantage “in using for

e _ﬂ,.'x'

“the ct's, bl!s, and ars stronger upper bounds than’ for the a's,

we shall be content‘in preparation for the following-article, -

+ . ;- . .~ . e w WY .4'.' 't O F P

to wrilte : e R
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(45l) 'aﬂl’ (ah‘ ’ 'Onl ’ lanl 14 lbn’ ’ lsn( } ldhl’ lanl é 1/2h ?
n-<= 0,1,2,"""0

From (45a), (451), (453), (45k), we see that the above re-
lations hold for n = 2,3,4,--- ;3 recalling the values of the
constants for n = 0, and calculating thelr values for n =1,
we find that (45£) is also valid for n = 0,1l.

9. Convergence of the U and w series. Let U.and w,

be the complementary ‘solutions o;' U and W, pespeqtively, and
UP and Wy be the corresponding pa.rti-cular solutions. There
1s no need to examine U, and w, , since we are postponing *
runtil the next article the consideration of those cases in
which U and w terminate;"'for the same":reason, we are inter-

ested only in the values of Upp » "; ' Yop s w,P which are

defined by infinite series. SRR

' Let us first consider U, when the plate is under -
ndrmal load only.  Substituting 1(29,1),4(2915);,-'}(‘411);‘"(4‘1m),
in (14a), we obtain - |

L 1cx)™! C*" Z

(46a) U, = - e Ef ~1) c[ZZia-..-c,.Z/rz"/- (zu! ‘
- L"_'.Z'.Z’_(_;)"[Z{(l-r)a,,'+¢'6,.'}/7an“*0” P (f:;:
. ;fé;’;)‘%( ) (4+z-zo')[Z §b,-d, 3/7170”. ?lm)"g_;%l_l
L B [2: fc-rt-co-rid L3574 ol ]"*"‘ Z ”;

- - Lo . e

- . -

s Co bl
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Since we shall be able to show that each of the above series
i-'s absolutely convergent for a suitably restricted class of
load functions, 1t will be convenlent 1ln the dlscussion to
follow to employ the double series rather than the given iter-
ated serles. _ o .
Let A be the first iterated series, A, the correspond-
ing double series, and A, the series fermed from the absolute

values of the terms of A,. Using (45f), we find , .

anLlcn)" 1+¢

(45b) A, ‘ZZ czo)l znh |z

§z0 n=o

Making use of the fact that 1/(21)l £ 1/24' , 1 =0,1,2,--,
and that [z] &€ h we have T

hzcm-c) ‘ '(xl)o77l_g-gf
(46¢) Az—-zzf—'?},—:‘—,'/L ;e / .

ézp 10

Let r, be the outer radius of the plate, and let q, a,, 4, be
constants such that q, = 1, /h, 0 £ q < q, <.4, ~Then -

(46a) A& 2 %—’ Z. (r-g.)zo,*‘)ll-l“”n -1+ (M)Z(hu)

o ————— s e

e

Since 0 < gh/T, <q h/r 4 1, the above double series of posi-
tive terms will be uniformly convergent if L is.such a func-
tion of r that a constant M can be found for which .. ... .

-

-

2¢n+ n-i+¢ N e e o } e
(46e) (r%> nt-) :(*l) "I<M',0éf'§/;', et

“ oL

DI PN

for all values of n and i.. cn

It may be shown that if.L = p, J, (¢ V—qr/r ), where p,
is a constant then (46e) reduces to §p, r‘, (l/—'q)}J (j: V-qr/r )
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for all values of.n and 1. Hence we actuelly exhibit a
class of Bessel functions for which the iterated series A is
both absolutely and uniformly convergent in the interval
O&r&r, .

A procedure similar to the foregoing enables us to
show that the series defining elther Up or w, will be abso--
Jutely and uniformly convergent for normal load or shearing
traction ﬁnder hypothesis analogous to (46e). In particular,
we have, as interesting examples of load functions which give

convergent developments, the following:
(46f) L =p,J,(x V2ar/r,), £ =p,J, (¢t V2ar/r,),
3 =13, (£ V2ar/7,), 3 =p,9 (& V2ax/r,),

where p,, P,, 33, p, are constants, * ) S -

# Garabedian has found that the U and w series obtained by his
method are absolutely and uniformly convergent, :and gives,' by
way of examples, normal loads and shearing tractions propor-
tional to J,(r/r,) and J, (r/r,), respectively. - »

In the case of the examples juéﬁ gi§en, it is;réﬁéii§
shown that the serles for Up and Wp may bé pfiﬁed, starred,
or differentiated with respect?to z, term by term, as many
times as may be desired. Thus we have now exhibited examples
in which all the operations that have been hitherto applied
formally are seen to be Justified,

10. Finite series. In article 5 we showed that a
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necessary and sufficient condition for the U and w series to
terminate is that U, and 'Fi; contain no terms which are not of

the form
Cr®*™ 34+ kr?" logr
. —3 .
and that U, and w, contain no terms which are not of the form -

¢/ r2P 24 k! »?*%#°% 305 1, » _

m, n, p, @ being any positive integers. Fronm formlas (29),
(31), (32), (41), (43), (44) it is apparent that the comple-
mentary solutions and also the particular solutions for the
cases of radial mass force and axial mass force, izave the
forms which ensure terminating serles for the displacements.
It remains only to determine the admissible forms of particu-
lar solutions in the cases of normal load and shearing trac-
tion. . _ ,

When the plate is subject’ed to normal load or Vshearing
traction, 1t 1s easy to show that a condition suffidient to |
meet the above requirements on U, ,TI: sV, ;W,’,is; that L and,e

shall contaln no terms which are not of the form = . .
'C"rz"z}K”'rz;'zlogr ST e

and that J and j shall contain no terms which are not of the

.

form

cr* 34 kr*" " 10g 1,
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m, n, p, 9 being any positive integers. Moreover, it méy be
shown by an argument similar to that employed in article S
that, assuming U, , 'ﬁ: y Wy , W, given by series which termin-
ate, the above conditions are also necessary; we shall not
attempt 1n this paper to find necessary conditions in the _
case in which T, , TI: , W, , W, are defined by infinite series.
Let us consider first the case in which L,l, J, 3
contain no logarithmic terms, At this point, we find it

desirable to introduce two functions of m and n, namely,

2
(47a) —4-{0"_”” 5 him,

(47b) Ky = 2(M=-MKpy 5 N <M,

o

where nm = 0,1 2,--~, and n 1s a.ny 1nteger, or zero. It may

readlly be shown that

1%)” -

(48a) (r2m)¢ -.-0(,,,,,[‘7'("' "),0; nem,hn>m,
c1k)" Crm=n)~I i

(48b) (r*7) " =y FXTTT, 05 M<m,nzm.

We shall not lose in generality if we assume that L,
f, J, J contain but one term, since the more complicated
types of loading may.be .considered as the;sﬁm_of-_simple -load=-
ings which contain one term only.- We write, -therefore, for

the case of normal load
(492) L =e, r*", L= o, r®™ . m'F 0,1,2,mm-,

where e, and e, are constants. lMaking use of (49a) and (48),

BN
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we obtain from (29e), (29f), (29g), respectively,

o

- X1 m-g n
(49p) T = LT {a,,-c }hanum

—E o
(49c) U:‘ _ —'Ee:i._f(l'f)“ o C }/7 anl(*l)

- zn 4 k)"
(49d) ~(1-0) TF+ U,*—--’-"-‘-"-z:c,, L,
: S0

Performing the inverse prime-star operation upon (49c), we

find
zh[. rex)!

(49¢) U, = ;2”'5{(/-r)a +0c }/;

Recalling that U, = C,r + ¢ /%, we observe that U,,, as
Just defined, contains no terms like elther of - the terms-in

U, Butﬁthis property 13 not essential ;to a particular

o¢c ®

solutlion; it is possible to include additional terms which

55

vanish when prime—starred. Inetead of (48e) ‘we shall ‘adopt

the -particular solution, ;

,,_a. znp 1CXD"!
(492) U, = hZ_'f(/-r)a roc, 3k L 5
0

since by this choice our formulas become more»concise,andi~'

elegant, Note that the difference between (49e) and (4Qf)

is automatically taken cars of by the corresponding differ-
ence in the complementary solution. Substituting (49r) in

(49d) , we have : ST L e

”m n :
+o 42 DN . .
(49g) U":" =" -'—E"Z:fa,,,- ni/luL Toothyeenre,

~ 4 o .. N C vl N [N o~ 2
PN .o PR Lea w4 N »
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Observe that (49f) and (49g) are identical with (29j) anmd
(29k), respectively, except that the upper limits of n in

(49f) and (49g) are finite instead of infinite. We shall

—X
find it desirable, in the particular solutions of U,, T,

o2

w,, W, to use the forms already obtained for the corre-

sponding infinite series except that now the upper limit is,
=%

in the case of U,, U,, W/, the largest ihteger which yields

a non-vanishing term; the upper limit of Wq,b i1s taken to be
the same as that for W,, . It may be shovn that all the
particular solutlons thus defined will satisfy the appropri-
ate set of differential equations. '

Recalling (41f£) and (41m), and using (49a) and (48)
to determine the upper 1limits of n, W find T

3tor) _ zn gty
(4sm) w,, = 2£53 Ef{l )b, ~(2- r)d}/) /(

i .3

K C*l) z‘,‘f'af"-«
(491) Wé’p'—'— -;(E';:?Z:{b dn}/)zh,z’ ﬁ

In the ‘casei of shear we write ‘:

(50a) J = s, ™, §= s,r2mt, m»=‘0,1',2,---;

e . R
R RS Ve S

where s, and s, are constants. The case .’m which m = =l

will be handled separately below. Observe that .

i - - .

D R B AT LS

5 ; CF e » .
I " o2 »

(50at) 7¥ = 2(m¢+1) s.r"", j**=1‘2‘(in+1) szr"”,' m= 0,1',2,..7.’.3.;
¢ *" .

- - - i" -
- - . - o e &S

that is, J a.nd J*are proportional to r? a.nd therefore,

we may use forhniias (48)_tb','deter'mine the upper limits of n.
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We obtaln
[+~ X! 2n . it
(50£) g, =~— 255 1 z_"_"{(l-a')a +rc,,}/, ,
h=1
=% _ 40 "'*' 52" - XCIK)
(508) Vo = =77 E{“ G ?

*cx)""?

(50n) W, = .;(;4'/’0’2) Zf(l-r)b ~C2-)d, $H%"J ; \
<t __ 3(47) 2n pexn®!
(501) W, == Z 7% 4 Z:fb -d,3R*"JT -

P

For the specilal case of shear in which
(51a) J=s8,/r, § =8,/
N we have

2n . r=t
(51£) Ty =- I+:”Z_:;{(I-r)a +0 &, }/, npeao”l

% +0 zn ;*(l*)" =
(51g) Uop ZE/) Z:{a' 2

(51n) w,. o 3CI*D) Z{(/-r)b ~Cz- r)d,,}h’"J‘*“*) o

°»*ZER® & PEERt
‘ » (xl)
(511) ey =~ g;';‘;’gf;, d}/,‘ J

In order to treat the case in which I, j J, §

contain 1ogarithmic terms, it_j.s necessary 'to-introduce two

additlonal q;uantit:!te__s,'.n'ame}.yi, ao T s G, iy e DD e
(s8) By, = ot b b oy 2.0 3. 0<nEm, N=0,
(8281) B, == WERTEFESS T 5 NS0

(52) Py =Prn * Tarmny 5 M 3 T
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where m = 0,1,2,~--, and where n is any integer, or zero.

It may be shown without difficulty that

. |
7 - a, , p2 "’{log * +Bmni s nEm,

(53a) (r*™log r)
=0, n>n ;

(530) (r*" 108 2 Lot 22 Mf10g = 46,3, nen,
=&y, /T , 0; n=m n>n,

For the case of normal load, we let

(54a) L = earz'"log r, L= e4r’""103 r, m= 0,1,2,..‘...'.\,’

where e, and e, are c'onstants. Wé find

(54) T, =~ £ ,'é::,l{( 1-7) @+ 7Cp 3 L0

(54g) T, '-'-‘é%c,,- Bba e 3L s

(54n) Wop = gg;?Zf(l ~-b, -(2-0)d)p 3/72"/('*’

(541) T,y = ié’:’?f{bh =d,, 3/72"/5"*0‘ o
For the case of shearing tracti’on-we' writ’e}”“{ o iw oF

(652) J = s3r:}"*' lc;g r, }= s; p*nt log r,“ m-.-’.-jol,l,2,--..,

where 83 and S, are constants, Observe that

(55a1) 7*a 2(m+1)ssrz'" log r + 831‘7"", m= Q:lbé:",‘."'i

3*= 2(ml)s,»*™™ log r + 5,r*™, n =0,1,2,--,
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Using (53) and (48) to determine the upper limits of
(r®™10g r) and r*", respectively, we obtain

m+2 2h .yt

(55£) T, = ::; Z{Cl-r)&‘,,-l-ré',,?/; 2 ’

M*I -t
(558) -ﬁ,-* - = (+0 Z:fa C 3/7211 « XCIK) ,

(55n) W, = jgzr) Z: {(l-cr)b -(z-r)d,,}/:"'.f*“*) ,
n=t _,, .
(550) ¥, = - 28D FEGE 3R TAOT
nco e

We may now write out tl.xe complete formulas for.the.
displacements. It is convenient to give in full the. portion
involving the mass forces and to use the symbols U, , ﬁ;,‘b,
Yop s W"’P for the particular solutions in. f:he cases-ofx normal.
load and shearlng traction. The displacements take the form' |

(56a) U-— c,r +—-[}-’fzr'.&7.r+r+(, r}r}+ZK ¥ Ka Z‘

Z(z-r) K, [~ 3 3 3(/-02)
cr-m F < +8£ Crr "'/6"/,?—6 rz

3(/+a-) a'(/+a-)
ZE c"z,,* 2E Crrz
(xl)

(Z-ﬂ')(H-ﬂ')c rz3 +Z-("’) fo 'fV/;} cza)g

4

2

4-E hH*
- ';:Z(-l) f(u-z zr) Wop*pr

£s0., | e mes

}I(&l) 2"“ NEE
(2(,+l)l

ARSI A -
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zﬂ"
(56b) w = E,rflog r + K,r* + K;log r + K, ~ =& G Z

‘ : S-o
e LG RS LS 2 T

30 Clt+r)
EEAL?

o Zc1+o)
3a-r)E

L oarr)
zZE

_ (4 T)(147)
4a-mE

C-riz - C,r*z*

a+0)? ¢ )t z2¢
iy z +‘Z=3(-l) fawopf-mf,} zol

*a*)‘ 2e+!

E¢, .-

-Z 0 fec-1+20) O+ Uop] e

The upper 1imits of .1 in the above summations are, taken in

order, the same as the upper limits of n already found for

U

op 2 WQP, Wp s :;, respectivgly. |

We are now in position to express Q,;}N;::G, in terms
of ¢py Gz, Upps ﬁ;P, op » -P’ and the arbitrary.constants
involved in (56). At the same time, we anticipate the needs

of Part II by computing also - ;~~f - ::rf;,u
h o~ | M
(572) T, = j’_ 66 az, | e o

h — ' |
(57) . GB f‘ 99 2. 42 - S VL
The formulas for T, and Ta can be considerably»simplified

by making use of the function T op* "This functiocn has hither- .

to been undefined, since it does not .appear in the U or w

serles, We may assign to T anijalue'nhich-is consistent .

op
with the formmles already glven for 'ff,’;, 5 we shall f£ind 1t
convenient, in each case, to take for the upper 1limit of n

inT

op the value found in U,,. . Thus we define
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”?
heo
+i

- +0 )l:l)h-’
(49gt) UoP-:—-z-—E—-Z:f -C',,;hznl.l( >
o 14 2t 2n A"
(50g') T, = E"; Z{a -G 3h*" 4 ,

{ o C‘,,} /73-”[. 17275 Lietd

— +0 L - 2n h=1

(51gt) Uy =~ _5_-'72:{“ -C,,?h LC AR
1+

ZE J

(54g') Uo, =

(55¢!) T,, = E:{Eh_gh}ﬁ?'}-(k’l)hﬂ.

\l
“

By means of (49), (50), (51), (54), (55), and the
forrmilas which define the a's, b's, c‘s, and d's, it may be. .
shown that the following rela.tions are valid for all cases

-

of normal load and-shearing traction.,:"i;’f - .

. e U hz‘* LT e
(58a) Z:(”)‘f("”")u 'H/P} G+l = ZE’J' "

1 hE ko o)
(58b) Z ¢-1) {(“" ) Wopt Wop } Gornl - - ZE ,Z ’

60

l(‘l) 2443
(s80) X ¢-1) “§ i+ 2-0) Wipp + Wop3 “wWinpr? 140y Tk

(zé+3)l ~  4E
NE st le 1l 3
4—EZ ’

Vit .

the upper 11mits of 1 in the summations being the same as.
those for n in U,p s —‘IP ’ ",, respectively,

By substituting (56) in (3a), (Sb), (Sd), we obtain
¥r, 09, Tz, respectively, putting these values “of: 5— ee
Tz in (7a), (7b), ('7d), (5'7&), (57b), and making, use . of (58),

—<—-~‘..

! &

‘_‘_L.:\. L,-

we compute, finally,
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ZEH 2Eh C. |, 3+T LT 3
(592) T, = =6~ S r=;+ Zhric. v 3o 0
ZET 4 t*/)‘_/_:__’_‘_ﬁ. 0™t
vt Fr F E,( ’) P C2i+)l Wa
zE‘/7 ZEh C2  1+37 o C1+7) 3.
(59b) Ty = c:"/-fa' /-?-"' —5—hr’t Gt 31— 0")/7

zEr CTFRNLATEN
*Irr é( 9 V (zi¢0)] F# ?

z 3
(590) ©, = - ZEAZ () g p o T _ZEHO By HEL S,

e Y TEr 140 T SC+0) F? 30-9) ¢
2EAh°3 K3 3+0 /-1 24+2.300+30 %y, 3
*30+0) Fz { g h’- 3oc(l-v0) 24 €z
; HET 4 (_,)z—lcw crl__ 3443 J(::)"t__ VLI

P 4

-

1+0- F fo °P  (2.+3)]

3
| ZE/:3 1137, 2(8tr) h* - 455
(59d) @, = (1-7‘){ '@ +r * Tare) /"'gk 31— V)

2EH3 Kz  (1+30 /-1+ 24+230r+30 2 }/, c
3C+r) F* 8 pET. Z0C-0)

45:7-2( ,)c--I(tl) Ty hzus ;; Jaw /(Xlx)

-

1+0~ ; (zc+3)l . 4
K %)t
(59¢) N, = = g(f_i:__;). = +rhc, YL

where the upper limits of 1 in the summations are -the same as
those of n for ﬁLP, fﬁ;, —:;, ugp, respectively, 7t os
There are four other relations which we shall need -

in Part II, namely,

20°(I1+¢)
(602a) Tf'a =T, + T 45/’ ==C +(l+f)/7f_zcrb+ -3—(7(-7.‘5‘/‘)
2E0 FRUB P )

£%0

, (3
YT B ol tF 7
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YEH Cz+/7'/,,.c

(60b) t,, = T .- T

re = %t Yo T TTFr F2 . |
""r{ (kD)™ }'mr':f S -
(60c) Gf’ = G.# G, = 85/77) f(u%,;r);( +Kz?
5 z"‘,}"zf"#"‘}h?cz
HEL s ™ z—"sﬁ wy et gesy
+-’-;—‘7-'/zr’f; s s L e

c' o
/ -—lc*l) _.l(‘_tD Al Zl+3
I+V" Z( - /»' "W’P (z¢+3)l 74

AJnm _./,J“‘" "o lamt) ..,Z‘ u:) l

We have now obtained all the formiles nécessary for -
handling a wide class of problems in moderately thick plates.
In Part II we shall exhibit the power of our’theoretical®"
machinery by applying it to the ‘solutioniof ‘certain problems .'

of especial interest. A R £ T .»‘-'-:-:-- ~ —
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PART II

1l. Introduction to Part II. In applying the

theory of Part I, we shall consider the following problems:
(1) a complete plate, the load being
(a) a function of r continuous over the whole plate,
(b) a pressure concentrated at the center,
(c) a distribution continuous in each of two con-
centric zones but discontinuous at their
Junction == a bizonal problem;
(11) an incomplete plate, that is, a plate with a concen-"
tric hole, the load being '
(a) a function of r continuous over the whole plate,
(b) a uniform shear distributed over the inner .
edge of the plate, -t PN RO
Further types of problems to which our method 1s applicable'
will be mentioned at the close of the paper, :
The outer edge of the plate'will always:be denoted
by r, ; the radius of an inner edge, or of a ‘junction of: two
zoﬁes, will be called r, . In every case, the plate will be
fixed in space by demanding that there-shall’pe»no‘axial‘"
displacement at the outer edge. T S LI
In all problems which we shall consider the surface
tracfions on the faces will be prescribed; hence the dis- -

placements will be completely known as soon as the arbltrary
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constants in (56) have been determined. We shall find that
K,, K4, C, depend upon conditions at the outer edge; K,, K3,
C, are determined by condltions at the center or at the inner
edge, according as the plate is complete or incomplete.

In order to center attentlion on the more important
applications, we shall consider, besldes radlal mass force
and axial mass force, only two classes of continuous loads,

namely, normal load of type (49a) and shearing traction of
type (50a). # ‘

# In point of fact, when cases (51a), (54a), (55a) are
worked out, it 1s found that the procedure is similar to that
followed in cases (49a) and (50a).

12. Determlnation of K,, K3, K¢, C, for a complete

plate with continuous distribution of load., We shall first

find K;. Let us turn back to the stress-equations of rmotion

as glven by formulas (4). The third of these forrmlas was, .
obtalined by requiring that the sum of the z-compongntsaof;the
external and of the internal forces acting on a?ij??t1°}94 ‘

of a body should be equal to f(f, - F;), wherep, £, and F.
denote the density, acceleration, and .body rgyge{;respegt;ye-. _
1y. Recall that in (4!) we assumed that p(f, = F,)=c_= const,
Since the sum of the 1lnternal forces acting on any P9?§16§_9f

a body is zero, we infer from (4c) and (4'c) that the sum-
mation of the z-components of all the external forces agting

on any portion of a body mst équal ¢, times its volume.
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Recall that we assumed all stresses to be independent of
@, and that we took the outer normal on both the upper and
lower faces to be the positive direction for normal load,

Hence, for a solld plate of thickness 2h, we obtain
(61a) emeN, + f emr(L IL)dr-21rzh"
a TN, + J, r(L, - L, = rh c .

Since, by (16b) and (49a),

r
o rCLi~L2)dr _ €2 2™ pexy
r 2¢(m+1)

s M=0,1,,%,
we can conclude, fronm (Gla), that

(61b) N, = *h o, - L
Substituting (61b) in (59e), we find

(61c) K,= 0.

et

Observe that we have proved (6lc) to be true for radial mass
force, axial mass force, and surface loads of types (49a)

and (50a); it is worth noting that the proof is valid also

e
« B

for loads of type (519.), (548.), (Soa), o
- Let us now find C and - Kz. It is- evident that," as

a point approaches the axis of the plate ’ the direction of

86 at that point approaches a radial direction. o Since all
Ae, T R . s

stresses are independent of 9 we have R ";l :

3 . R O sy
- C . e

(529,) : »&avf/-r 95} 0.
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Observe that (62a) implies

(620) 25 Cro= P55 2rs =00

From (62b), (6lc), (éOb), (60d), we obtain (r #05:

1+ h‘ﬂ‘ i k)™ 2 ey
__—.Z}_ﬁf' + =z 'z ﬁf‘ -ty f;

J2ET Lo i OR)E 2 —-cm‘ hzet! ]
o %C " {f' -r }(244-1)’ e
3C/+0) - 3a+r).|_ 1~ (n)
(62d) Ky = g ottt s [~ G hr s -h+J

-

o %

-y £)- #1571
+hFaJF Iy g HIRY +r2,Z‘
_¥Eo e’ ';:.;(il)‘.f o zu-‘f] Ny
r -2 .
T Ta ‘za;a( -0°f Wop =t Wop (zus)lb .
It is not difficult to show, in the four loading cases
under consideration, that r¥ is the lowest power of r

appearing in either of the above brackets, Hence, 1etting .

r ~» 0 and making use of (62b), we obtain =~ F

(626) - Cz —4 K3= Oo * . . ‘, “ . Cim ‘ »_. s i e ‘1 L

‘% For the loading cases defined’ by (519.), (549.),
: (559.), neither C, nor K, are zero.

P e 2 JR R P e TR SO S S S P R OURU YU U

It should be observed that, _ although (62a) tuplies
(62b), the converse may not. be true. If (629.) is not
satisfied, -our solution will. not-be-valld in. the immediate«- |
neighborhood of the axis of the plate- ‘on the other hand |
by de Saint- Venant's principle, such a solution would be
valid for all points whose distance‘.from the '_axisiis at

.'E‘p
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least equal 'to the thickness of the plate,

Let us see 1if the four types of loading we are con-
sidering yield solutions which are valid in the neighborhood
of the center. From (3a), (3b), (56), we find

(62) -8 = -4y,

If the values‘K, = KJ = ’C = 0 are substituted in (621‘), the
result is N

YL - 2
} R

- w“ N

Y

(62g) ¥r - 60 = "”'c ,.z 3¢ ”')cz/— z.

= 7z : iy
- c:mt . k1)
+-——’+0_ ZZ(-/) [{L ap*'l/op} --‘ 4 o,b"'(/o/vz _](z;)l

L . L dv”» Bl ‘{'”- s

1k 1)1
2ct+l

l(#)
- —-{(c +2 Zr)%pf-%p} ‘.](zwl)l

R e - g
. - i _‘.V"

»J

It is not difficult to show that the right-hand side of the L

. -
St t.”, 1( -t E s

above equation contains, in the four cases under considera-- Sr

tion, no power of r .lower, than rz- hence (628.) is satisfied

-

and our solution is valid :!.n the heighborhoo‘d* &of the center

T ‘. S T s ~ .-

x A Lo < L ts. 4_“ L R T P ,tz T
. M - ed .

of the plate. %

... % For the cases defined by . (51a), (54a), (55a), the
condition (62a) is not satisfied, and’ hence the solution is
not valid in the neigl}boz_'hood of the axis of the plate.- .

T e gt e e L A i el v e o e+

-
T G e .—‘\vlv

o o2 Upettus now £ind* K Recall “that “we ‘have demzmded

N .
,,,,, T e Y - BN . ; - P e N Fal

e T - NUT . P ~ s
" - ¢ -

(63a) C Yolpep =O
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Substituting (63a), (62e), (61c) in (56b), we have

/-0 %)
(63b) K, = - Kzr,z ‘—Z—(Ez-z- r"—w,,,[,.,,a,

Putting (63b), (62e), (6lc) in (56), we obtain

—o?
(642) U =C,r - 2K,rz LT3 r3+§—€'—”—'-)-czr3z

gE J6 Eh*
+ SCr7) o (i+o) 2
YZE C=METTZE GIZ
C2-7)CitT) 3, s 4, T k)t z3¢
e E Gz -u?::o( ) {z_V‘,,,rVa,} ol

"*’)‘.z 2e¢l

l-
+ -0 {Ci+z-20) 0, p*w’l’} - zaent’?

£co

20" Z0 (-o? ,
(64b) w = Kz(rz" I‘z #T_?Zz)-ﬁ.-az—‘-z—.—zcz(r“_/;-#)

° GHEA?
..Z'g’;_;')c riz — %%%Q.Czr‘zz
e
SO TR “Hiplrer+ Y R o) B
"Z(-l)"{a'-u-zr) l/op j*a*) é::;l’

These formulas. are valid for the complete plate, 1oaded as
above described' the arbitraty constants K‘,. and C, are fixed

by further conditions to be 1mposed at the outer edge. '
13. Determination of K., 4, Kh C; for a complete

plate with central load. In this article we shall consider

a complete plate on which the only load acting is a pressure

of ~ W pounds concentrated at the center or the upper face,
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that is,

(65a) L,=0,0<%rSr, ; L, = 0, o<r<r

Let us find tne value of the stress L, at the center. Recall
that the stress at any point is obtained by considering the
average Stress over an area which includes the point itself
and allowing the area to shrink down to the point in duestion.
Consider on the upper face of the plate a circle of radius

r and center on the axis, The average stress on this cir-
cular area is - W/(mr?), Since W remains censtant as

r -» 0, 1t follows that L, is infinite at the center of the

~ ey
Wi -

plate. Thus, from (16a) and (16b), we have
(65b) L =/=L,= 0,0<rér, 3L=4=1L,==00, r =0,

We are now in position to find K,. Substitute (65b)
in (59e) and put ¢, = O; there results

| s8ch? kK,
(66a) N, = -3(,__ 5 F

z <L F é.";iv,u: o
B ’ PRSVENEL 3 R

=

k)= _ '
since £ O for every point except the center. Let us

¢

now consider a section of radius r cut concentricaliy from

the plate. _ Note that the value of N is constent along the :
circumference of this section since al]:*etresses 'are :!.nde-‘ '
pendent of 6. Since 'chis section oi_‘ the plate 1s _in eqni-,
1librium under the concentrat'ed'lcad - W'on the upper.face

and the shear N, along the circumference, we may write

¥
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(66b) 27T rN, - W =0,

Substituting in (66a) the value of N. found from (6$b), we
obtain

| 3a-r) W
(660) K' — W o

We may now proceed to the determination of K3Aand
C,. Substituting (65b) in (49f), (49g'),»(49h), (491), we

-
-

f£ind ‘ T

s

— . ) |
(678.) UOP = UoP = WOP = WoP = 0, o) <r.é.'- T, o

Substitute (67a) and (660) in (60b) and in (60d), and recall
that ¢, = ¢, .= J =J = 0. The resulting equations yield

for Cz and K, the values - IR f°‘ "l.??‘:r
H'V' . : ,- ’;_N B ‘{:‘:; Lo ’
(670) Cp= —g=rLppr®, 0crssy-5 v T o
Lo 3. >

(67¢) K 3(/+:r) P N —

3% 4Efs Fre

31+ | 2(8-t-r) z e
f"l?ﬁ;t—_;,—a—{( /1‘7')/' +-———-——£. /7 } ?4/‘2.5.

PR,
A - e

g
L YR

The argument which vie used in article 12 to ébtain
equations (62a) and (62b) is aiso valid for ths case of con-

k,“ Wb Lt

centrated load, Hence, if we 1et r -9 0 ih (67b) and (670)

and at the same time make use of (62b), we find s
(674) ¢, = 0, )

. + fir (G, oo Ziid oo
(670) 3(/+a')(9 V‘)W # E

- 40T ES . CwlrLonnooL o
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2.

# Love (p.475) gives, for the constant corresponding
to K,, the same value as that found for K, in (66c). But
he takes the constant corresponding to K3 to be zero, since-
that 1s the only value of K3 which permits Wo to remain
finite at the center of the plate, Incidentally, this
valud of K3 is the only one which makes w) vanish at r = 0.

Let us examine the axial displacement in Love!s
solution for central load, Substituting his value of w,
in the general formlas given on page 473 and making the
proper changes in his arbitrary constants so that they will
be identical with our constants, we obtain

| . »

gt f et
_ 3+ W 2
ST (/-fu&;/‘)z .

From the above formmla for w, we have an impossible situa-
tion- in splte of a negatively infinite load at the central

point of the upper surface, the displacements are positively

infinlte at every polnt of the axis of the plate except at
the central point of the middle surface, Moreover, since
the deflection of the middle surface is finite throughout .

the plate, we find that all points on the central axis Which,

before stralin, were below the middle surface assume a posi-
tion above it after strain. Evidently, Love's solution is
incorrect; hence K3# O and the displacement at the center
of the middle plane is not finite., De Saint-Venant in his
"Note du § 45"Y0f the translation of Clebsch, using a-

wholly different method, had previously made essentially the-

same mistake. These errors, together with others made by
de Salnt-Venant, have been pointed out and corrected,by
Garabedian in a paper published in the Journal de l'Ecole
Polytechnique, 26€ cahier, 1927, p. 89. ' 7

We obtain K, by substituting (63a) and (67a) in
(56b), at the same time setting c, = O; there results

(67£) K, == KrZlogr, =~ Koy = Kylog Ty o

Substituting (66c), (67d4), (67e), (67f) in (56), we find the

following formulas of displacement for the case of central
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load:

(68a) U = C,r - 2K,vz + 37 )W{Hzlq}r » 2€2=0)h 2(z-r)h* }I-z

I6TTER3 SC-0) F2
L Crr)(z-m) W _2_3’

S g3 = o< Fslz;

(68b) w

~ K,(r2 - r?) ...l Cz+ Kzz_

4 SQ-rIW 2y 1512 s ) — 3cr+o)(8+I)W

I6TTEALS 5 ¢ 40T EA al

3o-ci1+r) W 2 <
" T3 C1+loz r)z? , o<r £/

We shall eventually require T, and G.; substituting
(66c), (67d), (67e¢) in (59a) and in (59c), we have

(e02) 1, = 2L ¢, ,
(69p) @G, = 45/’3/( *+ 5= f3+a'+z(l+r)'4?l‘} o< <l
= T 3a-7) g7 ) £/h.

Let us see if the solutions for central load are S
valld in the neighborhood of the axisj Substituting (68)
in (62f), we have ' '

= _ a5 o 30-DW _(Z-DIW 3_ 2
(70) Tr - €0 = GTh3 ‘/7/'/7 T4z

'}f4 2 OL S

Observe that {rr - 663 # 0 for any value of z, 1n fact,

rro

it is either +00 or =-o0 for all z!s except 2 = 0 and
(3/5) h. Hence our solutioﬁ will not be valid in

the neighborhood of the axis of the plate, R
We can justify the above conclusion in another

manner, Recalling that L, =-o0 at'r = 0, .we can:icorclude
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that ZzZ is infinite at the center of the upper face and
hence the elastic limit is exceeded at this point, But
the stress-equations of motion were derived on the assump-
tion that the stress remains within the elastic limit;
hence the stress-equations of motion themselves are not
valld at the center of the plate. On the other hand, by
de Saint-Venant's principle, the actual stress distribu-
tion will be closely approximated by our solution at any
point whose distance from the axis exceeds the thickness of
the plate,

14. Pure stretching of a complete or incomplete

plate with continuous distribution of load., We define pure

stretching as that state of strain in vhich the middle plane
is not bent and the deformed plate itself is symetrical in
the middle plane, We find it_convenignt to have a criterion
for pure stretching in terms 6f surface tractions and mass
forces alone, since they generally consﬁitute the data in
any given problem, Ve shall show that, given oplj surface
tractions of types (49a) or (50a) and radia1 of”£$iéi ﬁ;ss
forces, a sufficient condition for pure’stfétqﬁingf;s, for

the complete_plate,

i
L

(71a) G,,[,_.,,’z c,=f=J
and, for the incomplete plate,

(D) Gl = Ol = Melpur, o e TR0
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Recall that, for a complete plate subjected to

these four types of loading, we have already proved -
K, = K3 = 0; hence, by (59¢), (71a) implies K, = O, In
the case of an incomplete plate, it 1s readily shown, by
(59¢) and (59e), that (71b) is a sufficient condition for

| K, = K, = K3 = O whatever the type of loading. Hence, for
both the complete and incomplete plate subjected to the
above four types of loading, (71) is a sufficient condition
that |

(72) K, =K;=K3=¢,=4=7T=0

From (56), we find that (72), whether the plate 1s complete
or incomplete, implies that' the displacements should have
the following form:

Cz [-0?

(732) U=C,r+,_ SE c,‘—3+%1f—£)c,_rz
“;2:3(""'{ ¢ Cop + Uop3 o cf:;z o
(73b) w= Kq lz_‘rCz %EEE).‘Q,- Z - -E;—I{%_%C,.z’
-2 (-1) {(6"1{-27')“”1"”4,0}*(’*) 25;;%'7 O

£eo
Fron (75b), we see that W, = K,f, U(r, z) = U(r -z), w(r, z) =
- w(r,~2). Obviously, these conditions are suffioient i‘or -

pure stretching as defined abové. SRR 1 _’;_' -

We are now in position to solve some. problems 1n

pure stretohing. ' In all .,uch problems, we shall assume
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that the middle plane is not displaced axially; that is,
w(r,0) = 0. Applying this condition to (73b), we find,
for both the complete and incomplete platé, that

(74) K, = 0.

Furthermore, in dealing with a complete plate under the
above four types of loading, it should be remembered that -
we have a.lready proved C,‘,_= 0. In each of the following -
problems, it is assumed that the distributlion of load is. -
such that elther (7la) or (71b) 1is satisfied.

Problem I :- Complete plate whose outer.edge is . .-

free to expand, that is, T,.[,.”;: O.. From (59a), we find .

+0)CI-0) 2 TC+r)h*
(150) ¢, = - LR e, - LG ¢,

2
DN Y r) i ‘*"_ﬁ____
[ZEh;' ZC l) U":" Czernllr=5"

Substituting (75a) in (73), we have for the displacements’

(vsb) U= -, {3+ -t %Qégc r(h*-32%)

(N TCl-0) TR ey B
"'r[zghf ""T-FF—I‘E,() /’ (zu-l)l r=

+ 2 (-1 “fc Upp + l/o,}“')‘ =

{=0

2¢
)[? . -7
o 3i+v)

(75b1) w = ,_7_{(34—:7')/‘ ~Z(l+r)r‘3+m" (ﬁ —z’)

N
th
'—(“"‘b“ ‘ cu) !
H-a‘ I’Z' °F  (zern)| Eh;’ .]

X(k)E Z 26H
- - =/+20. L
“Z;;( ) {(‘ % } . (2‘+l)l

+Z (l)
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Cagse Ja :=~ If in (75b) anmd (75bf) we set .I-I',P =Jj=0,
we have the solution for radial mass force only. If we
assume that the radial mass force is due to the normal accel=-
eration caused by the rotation of the plate about the z axis
with an angular velocity of &« rad./sec., we find from (4%a)
that c,r = pf, = = szr; hence ¢, = -pwz o« If we use this
value of ¢, , We obtain the well-lmown formlas for a rotat-
ing plate (Love, p. 148), It is readily shown that ¥F does
not vanish at the edge for all z; hence our solution is not
valid for points too close to the edge.

Case Ib :~ Consider a plate with no loads other than
equal constant tensions on both faces; that is, L, = L,= p,

L = 2p, £ = 0. From (49f) and (49g!),

gll+o) = _ I+0 .
Vop ===Zg £r 2 Yep=ZzE PI3
and from (75b) and. (75b%), - . . .- —Mj - &'A b
o Z
U= w =LZ.
g FPr 5

This 1s the well-known férnnn.a for a cylinder under-axial .
tension, We find that Tr vanishes at the edge i‘or all’ z,
and hence our solution is valid throughout the plate. In
this particular case, the ratio of h :!:b"';', “need not be. small,
Case Ic :~ To show the power of out method, we sh;:a.ll'
now consider a plate on which the only loads ar_e;gqualrten-

sions which are proportional to r_?; that is, L, = L, = p;-f, ‘

e s .

L = gpr?, £=0. We find
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- _ ote)

= 2
pori+ L-hpr,

U’P = yry=
= _ I+, 3, ltT
Uo/, = 7'.7:-""”" .7" ﬁ pPro>

—rr®
o pr femeecn s S s

In this problem, ¥ does not vanish at the edge for all z;
consequoently, the solution 1s not good in :the neighborhood

of the edge.

Case Id :~ We now consider a plate on which the only
loads are equal eutw'ez:d'sh'eax‘ing tractions proportional to r;

that is, J, = - Jz =pr, § =0, J =2pr. The results are

Oy = - ;&q'; s (Z*éa‘é_(lfﬂ'jbp/_’
Vo= gEgbritGE s
v = ;'Z/; ,b/%{(3+r)/;z-(/+r)/f?}— z-ré-S’EU_'-a' hpr
+ (Zz‘:-‘)z”r)'b
?—E%z‘{csf-r)f;z-z(h«r)rz} + 3*32;*72/1/;2
2
g’;’/") pz Ll e Tavon o

Again we find that our solution 1s not good ‘near the edge ’

since TT does not vanish there for all Ze S

Ly LIVTLG s o tuor B otwe
i .-w-... ca o wd N ew Ld aua "

- Problem II °-_ Incomplete plate whose out’er and

e n

inner edges are free to expand thah is, 'I',[,..,_-.. 'I‘,.Ir =0, ,

-
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i
Here we could work out four cases corresponding to the four

given under Problem I; it will suffice to consider the first
case only. From (59a), we have

2E 2E Cz , 3t ote) 2,

/- a'c' I+r/-z+ 4 rn* Cr * 3= 0’)/7 Cr=0>

2E 2E Cp , 3+0"
Pl =

oll+e) 2,
g c,. 3(1-r)h

= 0.

Solving these two equations similtaneously, we obtain

. L (Br)(=T) . 2 2 GCl+r) 2
%= M Sl el
_ G+t T) 2,2
2= ~Tgg NG

Substituting these values of C, and C, in (73), there

results |
ve-2Z c,f'f(3+a')(/'2+r,’) (/m-)/-Z}
(3+r)iro) 15312 a-(mr) 2
e F G TTeE ¢r rCh ‘322)’
W=4E L Z§ (30541, - 2(/+a')/-2)
ogillror) 2__2 B
*3(1_0.)50 Z(A -Z ) - T, el LT A

If we put cp = -f&)z, we obtaln the formulas given by
‘Love (p. 148).

Problem III :~ Consider a complete plate with no

load other than equal constant pressures on the “two fa'c'es;‘

that 1s, L, = L, ==~ p, L =- 2p,.£ = 0. " We have .
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Uap=£QEtC)'pr

= /-ra'
Upp == pr.

Hence, from (73) and (3a), we find

(76a) U =C,r +Zﬂgf-”—')p/-,

(76b) w:-l-""'#':c,z-—’-}_:”—'—pz,
I S 'y
(76ec) Tr = I-V'c' > pe

Case IITa :- The radius of the outer edge is to

remain unchanged for all z; that is, Ul,.zr‘.’: 0. We find

- - V'(H-V‘)P

' ;-
(1-20)CI407)
UE0, w=-"rrroE Pz

7= i

Thus a pressure of «gp/(l-0) mist be applied at the
outer edge if this edge is to remain unchanged.

Case IIIb :~ The thickness of the plate is to re-
main unchanged; that is, w‘z-.-::'h: 0. We find

G- %)
=T ZEr P
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=27 )(ltr) _
U= =0 /7/- s W=0,
’ITF = -ﬁ-o

20

Hence a pressure of =p/(20 ) is required at the outer edge
if the thickness of the plate is not to be altered., The
formlas in IIIa and IIIb are valid throughout the plate;’
hence there i1s no limitatlion on the ratio of thickness to
diameter. A similar remark appllies to the problem which
follows.

-

Problem IV :~ Consider an incomplete plate with no

loads other than constant pressures, =-p,

and -p, , at the -.
outer and inner edges, respectively. We have L, = L,= L~
= {¢{=0. Hence, from (73) and (3a), we find

U:C,r+-€-",w—-——£’z, )
o E £ C’-
0= G T TR FE

Since rr[,_,_,_ ~p, and rr{r -.--p, , We obtaln

- I-0 5/, "'E:/;z .
= Li_rz LA

o
¢ = ItT pmpIb ‘/“ R
r E /;z_

Most of the solutions Jjust obtalned are well known; only
cases Ic and Id seem to be given for the first time, Our object
in obtaining anew the known solutions has been to exhibit the

- . .
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power and elegance of a method which brings all these solu-
tions, and many others, together under one uniform method
of treatment,

15, The bending of a complete plate. We find in

the literature only a limited number of problems dealing
with the bending of moderately thick circular plates. The
‘plate bent by its own welght has been solved; the problen
of the plate loaded uniformly over one facerhas been solved
for several types of edge conditions; a plate whose faces
are subjected to shearing tractions seems not to have been
considered. Also, certain problems involving central load
have been solved, but, as we shall see, some of these have
been in error, Since it will be interesting to check our
results, so far as possible, with the work of others, we
propose to conslder in this article those problems involving
axial mass force, uniform load, and central load, which have
already becn solved by methods which yield solutions of the
same form as ours.,

We find it convenient to write out separate formlas
for egch of these three cases, For the case of central load,
the forrmlas defining U, w, T., G~ are given by (68) aﬁd (69).

e d

If we put ¢, = Upp = ﬁ,P = W, = W

the displacements for the case of axlal mass force; the

= 0 in (64), we obtain

corresponding formulas for T, and G, are found fbonx(sga)

and (59c). The results for axial mass force are
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-2 z
¢,r - 2K,rz +3(=Z)C= fresZoyrz

(77a) U = e ERE
- ——-(-———-('Zz./f;”')azrz3 ,

(7T0) W = - KylaF - 2) ~;—§-;’=-c,z+,—’:%kzz’+§§%-‘23(r;tf«)cz
oo S e

(77e) 1, = 2E2 ¢,

(770) 6, = ;‘:’%’K +f‘§”';l': 24;ozcifa;3rz/:éc 3._

At thils point, it will be interesting to check for-
mulas (77a) and (770) against the displacements given by
Prof. G. H. Bryan for a plate bent by its own weight (Love,

p. 486). If, in (77), we set. c, = £ 8, we have. the-solution:
for a plate bent by its own weight. "If, in addition, we set-
C, = p g(l-o)h/(2E) and K, = p g(3+70-)/(8E), we obtain. the
results given by G. H. Bryan except for a constant:term in w,-
accountéd for by an axial translation of the plate as a whole,
For the case of uniform pressure on the. upper face,':

we have O S T

(78a) L,=0,L,=L =/¢=~p;

g Cl+7) : Cese T e “no
(78b) U’F = -—‘/_-—E.——p/') -
. - _ (Ifr) - . - i £ . [T BN Y
(782) U,, = = P> Claste o emessean

_ 3Cte) -4 (8-3:7-)/7‘/-
(784) Wop = ME/;-’F{ 5_

———— 3 I P
e Wy = SRl FA

P T BEH3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



84

Substituting (78) in (64), (59a), (59c), we obtain

a77+70

(792) U C,r - 2K,rz 4 ——— —=pr

n

3(l-r’-) 2, 4(z+3r)4" CHT)(Z-7)
tZrE Pt gty IR TgERs prz’s

(790) w = ~ Kz(r‘," - r?) - 7%'—4 + I-rk z2

30— _ 8(g-37)h" .
"'72?"75/’{" - Sy ) 'bz
- 30Ci+o) 2, 265=37)hHh* Cr+)* 4
ICERS pirte 257 22+ eI PR,
(190) 1, = 2Eb - TL2,

E4Z 3+0 oph?
(7ea) G = -%K“"’fé—/”'z"%'

When the constants C, and K, have been fixed by the
conditions at the outer edge, the displacements will be com;
pletely determined. We shall conslider nine types of con-
ditions at the outer edge; these we shall order éccording to
the magnitude of the deflection at the center of the middle
plane of the plate., Since, for the types of loads wé shall.
consider, the deflection at the center is in the direction of
the negative z-axis, the formulas for w show us. that the '
central deflection of the middle plane increases as Kz_in- ~
creases. Since the thickness of our plate is small compared
to the outer radius, the term in K, paving the smallest'o?der
of magnitude 1in h/bb will be used as the basis for comparing
the relative magnitude of K,. AR T

In each case, we shall give, in order, the values of
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the constants for axial mass force, central load, and normal
load, respectively. We shall find, in each of the nine
cases, that C, = 0 for both axial mass force and central load;
when the load is uniform, it turns out that there is a value
of C, assoclated with each of three groups to be described
below. The nine cases follow,

Cagse S. This 1s the case of classicgl support. The
outer edge is free to bend and free to move radially; that

is,
N L R e
We find that
_ 3G-03) 3+0°, 2, 4(24+230+30%) 2 =P :
(80a) E,=3LL5c, f32L e HELEITEIT 2y, }, C=0;

_3G-r W ¢ 3t e
(80b) Kz =225 T2z ) =05

3C=-TIpf340, 2 1617‘/62} oL LD
CHER3UFT e ~ Sl o) ARy

(80¢c) KZ =

For the case of axial mass force, the displacements

are e — -

._"

4C6+70-303), ; }C /__
z

Us - 2D 34005 (e -

ICEAZ 1SCI-0) Z
(/Z-é(/,zzr) e, rz?,
_ _ 30-7) . BlZ4Z3rrird),; s
Wz - mf(s«»r)/‘ (/+r)/' * RN /7}6’ (/' r)
250 2> '4(??f'617;;3b+.) ‘2 z
,6Ehzf(3+¢)/‘ Z20+0F T b }C z

Lra)ie 74,

' G54z
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If we set ¢, = p g, we obtaln the solution for a plate bent
by its own weight, This result is apparently new; but the
same result could be obtained from G. H. Bryan'!s formulas

(loc, cit.) by compounding other solutions so chosen as to

For central load, the displacements are

__ 3U-r)W ¢ 1 L _ 2= h*
U=- BIrEAR3 {/*'V' +'4? r  $cr-m -,—_-,—_}l'z
L (rne-nw z2
ETERS

=~3KI-V‘)W IS+ (/' ,..2) {rz 2(3-!-7")/] }%/"J

16TTE A3 L 2¢i1tr) ScCi-o)
30C1+r) W L) >2
t BITESLS {ZCH-V) f‘}

This solution was first given correctly by Garabedian., *

# Comptes rendues, vol. 186, 1928, p. 1518,

For the case of uniform load, we have #

# Cf Love, p. 481.

g = agpt _ 3-7)
2ZE 32E43
Cl+or)(2-7) 2
- rz . ‘
gERT FrE e

3(¢/-o)

(8+a'+
= - m{(swﬁr‘ a+r)r’- 3&_(, V.Jr )hz}/’(r . F2)

PZ 2 2 4‘(5+za'+a-3) 2 2
ly { /‘ zZ
ZE+325/73{(3+7) -2c¢ +r) : &'0'““‘""‘*_:/7 }g

(ro)?
/55/;3 pzt.

+97-v?)
{3+ 2 r)p i LEZITS prz

§ m————
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In the elght remaining cases, we shall not attempt
to write the complete formulas for U and w; we shall be
content to give the values of K, and C,. These eight cases
fall into two groups. Group C comprises, besides the case
of classical clamping, three closely allied cases. The four
remaining cases, referred to as Group M, are characterized
by the fact that they yield central deflectlons intermediate
between those of Case S and Group C., We shall consider first
the cases under Group M,

- Case M-I. In this case, we attempt to make w vanish
& at the edge for all z. We can accomplish this if the load
is concentrated at the center; but if the load 1sAuniform,
or if the plate is subjected to radial mass force, we can
make all powers of z vanish except the last, a term in z¥,
ki The constant C, is readily found from the condition that the
coefficient of the term in z shall vanish, To ask that the

term in z? vanish is coextensive with demanding that

*w, _
Dzz rsfbfo‘ S

We f£ind

‘_.‘ .v'

(8la) Kz_';(]'”')cz{/; +._ZM_)./,Z}, C‘ o ;.

/6EAZ 307 (i~
3a-r)W
(Blb) Kz‘/gr,s-/,a (1+loz 15)s (=035 .
_ 3= P2 2(5'-30') - (:-r)(/—r*)}’
R i K e L
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Case M-II.

We demand that the upper and lower faces

shall not be displaced axlally at the outer edge; that is,

w rsr, = 0.

Z:=th

Vle obtain

2
(82a) K,=SC-0Cz(p2, IHETHT_ 42

2= TICER® Z5Ci-7) €20 ;

(82b) X, = f;’,,g_.,fi"ou?r) C=0;

3(1-0 25-230",2 _a-na-vr?
(820) KZ = ?(2—.——5—7)3—-’1{/;2*‘ 160 7 é‘l = 45’. /7.

Case M-III,

In this case, the axial displacement
at the edge is to be a maximum at z = 4 h; that 1s,"

We find

3(1-r*)C 2C410) 4 2
(83a) Kz= IGEL? 2 fr2+ 3(/"9') ﬁ } 4

3a-rE)w - .
(83b) K, = T EL3 (/+Za}r), C',-\q,_r_‘,.

oy

=0 ;

(I_ 2 .; 7 - (l V')(/‘
(83¢c) Kzz%z—gr-/;):gﬁ'{/; f'il_(z__é._.z)_ﬁz}?t c':ﬂ H4ET Ib

¢

Case M-IV."

There 1s no simple geomstrical 1nter- -

pretation for this case; the conditions at the edge ‘are
closely related to those of Case M;l. We take the 'same °
value for C, and require that L e,
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222 |Fs0 O.
Z=2h
The constants are found to be

3C1-rCe ¢ pz_ 2(2-HT=30%), 2

i SFae—h3
W

(84b) K, = 3/2’”‘;_23 (1tlsz l;), € =05

_3-02)p rp2_ 16,2 __G=0)-r®)
(840) K, = o3 4%, g e

(84a) K, =

C=0,

[

Cagse C-I. In this case, we attempt to make U vanish
at the edge for all z; we find that we can make all powers
of z vanish except the term in z3, Requiring that the
terms of the zerath and first poﬁers éf %z should vanish is
the same as demanding that

ol
Uolk:r, “ 2z lrsr, = 0.

The above conditlions have obvious geometric interpretations.

The constants are

3d-7r ")Cz. /-z.}...i’i B C '-‘O‘ e : mo
22537577 ¢ SRR

- 2- 2 ca .
(85D) X, =22 Vz)wf’fz’&}’:’"’ 220 4 ?9’?_61'0 s

(85a) K

-

32ITEAL3 SC-7) 2
3C-0P ¢, 2, 4(2+37) 42 __rgro)
(50) K, =G gt TG i G =

Case C-II. The requlrement in thi's case i'é: that "

89

the upper and lower surfaces shall not be stretched; that is,

::0;
[ 4
Z:z2h

U
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The results are

(86a) Kz = __________3("0'2)sz/52+ ———4(4+V)/72}) C, =0,

3ZEh? 3C1-7)
30-03)W 4G AXY, c=p:
(860) K, = 327 EAS3 {”Z’Z’? T IsU-0) rz—?’ €i=0;
3C-rp 2 B(Z ~70) ;2 _odi+a)
(86c) X, =gmrzs {r-Za=sh'l G- T4E P

Case C-III. We demand that the middle surface shall

not be stretched, and that both faces shall have, after
strain, a horizontal tangent at the edge; that is,

4 — 3
Uo,r:,-’ = W ‘r:,; = 0. #
Zz=zh-

# For all problems in which there is no shearing trac-
tion on either face, the condition wW/[res,ze24=01is coexten-

sive with 3¢ , ber 2024 =0 Since T = (au + w')E/{2(1+r)}

We obtain

-2 G0 | 3 ' ___"
(672) K= 2T C2fp 2 FTH]s G205

- A .
(870) X _3(/"?3)‘/‘/{/_’-2,@[;- 8cz-0) 5 }, *C,':a,"*‘

27 3z EA3 Sc-o) f3*
32 oCi1+o)
(87c) K, = 3(“"5‘;?5(," . 42) C',=" 'TE-TE_

ea v
s 0

Case C-IV. This is the case of classical clamping,

the middle surface 1s unstretched and remains hhbrizontal at}

the outer edge; that is,

-

Uo’r.,,-;"" w,,'[rc_’_’..—‘.:. O. - S e v
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-r2)C
(88a) EK,=2ULHC2pz, [z0;

32E4*%

_ 30-rAw _ 2t b .

3C1-7L)p 4‘(8-30‘) 2 _o(Cltr)
(88c) K, = 645/73{ - S h*s € =- T 2p.

Cases S and C-~IV are classical, The thin plate
solutions for Cases M-I, C~I, C~II have been given in a

paper by C. A, Clemmow; *

# Proc, Royal Soc., London, series A, vol. 112,
1929, PP- 559"5980

the four remaining cases appear to be new, Cases M-I and
C-I are of especlel interest. The former gives the

cloéést approximation which 1t is possible to obtain with

a solution involﬁing polynomlals only to the edge condition
in which w vanishes for all z, the latter gives the closeét
approximation to the edge condition in which U vanishes for
all z. These two edge condlitlons are 1mporfént since they
" are the only boundary conditions possible when Bessél'fﬁhc-

T e

tions alone are used, #

# Nadai, Schwelzerische Bauzeitung, vol 76 Nr. 22,
Dec, 4, 1920, pp. 257-260.

It is interesting to note that, in the Investigation
made by Clemmow upon clamped plates, the begt,agreené@t with
experiment was given by Case C-I, Thq circular plate . .
tested was an integral part of a cylinder, thg‘cyl;nder and
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head having been cut out from a solid piece of metal. It
was expected that, with such a plate, the clamping obtain-
ed would be as rigld as that of classical clamping. This
expectation was not realized, since the experimental re-
sults were not very close to those calculated from Case C-IV
even when the ratio of thiclmess to diameter waé small., It
thus appears that it is virtually impossible to construct

a physical type of clamping which will agree with a set of
analytical conditions previously advanced. Hence it becomes
necessary to devilse new analytical conditions which will
appréximate the physical situations arising in practice.
Herein lies a justification for considering Cases C-I,

C-II, C-III. It should be borne in mind, however, that
only in exceptional cases is the head of a cylinder an inte-
gral part of the cylinder itself, Ordinarily,rthe head 1is
fastened to the cylinder by means of bolts; and this type
of fastening 1s certainly less figid than that used by
Clemmow. It would appear-desirable, therefore, to study
also the additional cases, M-I, M-II, M~III, M-IV, inter-
ﬁedigte betveen S and C-I.

16. The bending of an incomplete plate. We shall

consider only two problems in this article., In each -
problem, we shall assume that (i) there is no axial dis~
placement of the middle surface at the outer edge, (ii) tﬁe
inner edge is free, (1i1) theAmgss force is nil and there‘

is no shearing traction on the faces; that 1is,
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(892a) Wo',_.ro = 03
(89b) Trlper, =Gt If-:r, =0,
(890.) C.= C, = J, = J, = 0.

Substitute (89a) and (89¢c) in (56b) and solve for K#. We

obtain, for both problems,

(90) Ky == ErZlogr, - K,r* - K, log T,

—Vwolblr:r‘o
The remaining constants depend upon the problem under cone

sideration.

Problem I. In this problem, the only load is a;

uniform pressure, -p, on the upper face; that is, .

(91) N,_/,_”_‘: 0,L,=0,L =L =-£=-p.

Let us first find K,. Substituting = -p in (59e), we
obtain -

_ 95/73 K.  pr
(92a) Y= =3, F * 2

Of the annular rings cut out by a cohcéﬁﬁricéyiiéd&igélf'
surface of radius r, consider the inner section.,. Since
this ring is held in equilibrium by the downward pressure
-p on the upper face and the upward‘shear Nr on the outer

edge, we have

(92b) 27 rN, - T(r?* - rt)p = 0.
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Substituting in (92a) the value of N, Just found, we obtain

3¢I-r?

(92¢) K, = /65/’3/:/-‘

We shall find it convenlent to express C, and K,
in terms of C, and X,, respectively. To accomplish this,
we firsf compute T, and G.. Since L and £in (91) are the
same as in (78a), the values of U,,, TLP, Yop 9 ﬁqp may be
found from (78b), (78¢c), (78d), (78e), respectively. Sub-
stituting (78), (89¢c), (92¢) in (59a) and (59¢), we have

ZEh C. o
(os0) T,-2Ehc, - ZEA Lz Eh,

YEL3 ZEL3 K3  (3t7)p
(930) 0= =g s Ket Sves 7t i F ’"ZG)

LarIpnt, | @bt b
4 20r% &

From (89b) and (93), there results

H-a‘ 20 o1+ pr, *

(942) C,=7==142C e
(94Db) K3=-___—2(,’f_")" K,
3C1+7)pri 4¢3+ (8-37)4h*?
¢ BE 3 f -f-(/fa')ﬁyr- .5’:"3 }

We can now express U, v, T;, G, in terms of C and
K,. Substituting (78), (90), (92¢), (94) in (56), (?9&»_)»,
and in (59¢), we obtain 4
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v=§Ft $ DL 2k, Z) + TCED Lz fo2)

(952) -rF HEF

30-r)p 4z+30)h* BRAE
3(21.&(/:)3 {" zr2(/+z/o,¢,-) S-7) G-c)F?
) A
_ 3c1tmIph? 3"”-4-(/4-0') _ (8-37 =
EEA3F % "47 TEnE T
_(rr)(2=)pP 2,2 ‘____,
EE4HT ¢ )

20
(95b) W'-"Kzi'“ 2_p2y Z(H—r) ’,!a; }_ C

za‘k ~2_ 3¢~ )pr* ,..z/?,__,.,@/_)

Ly 16 EAZ

;‘é’;’? pr s & f ‘3+”-+(/+r),47 - (3-5-_.‘;’_0;)/7
- S

32(g2§£{r‘-2q2(/+£7 r)+————-———2(“55_';3"')/,2}z2
d /;ZZ'* cEm Pz’

orhY,
(950) Tp = (I~ "2)(25/’ —ﬁ-—):

_ ‘ | .
(954) G,_--[/- L) ;é‘f_/’ ==K, —‘31'—-725(/'2—-/;1)- i’-'é_é—} |
_ () ph (,.z’[(,},. ,.214},.).
4r2
We are now in positlon to find the ya}pgf,;pf K?_
and C, for the nine cases of edge conditj.ons given in the . |
last article. We here record the value of these constants
only for the case of classical support.  Setting . i

= = find
Ylrar, = Orlrap, = 0s Ve

r(/-r)P

(96a) C, = e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



96

(96b) K2_3Z;_:)3ﬁ ST (-1,

30-r3) ph? 2 14
T I6ER3(r,-5*) o a2z

Observe that (95) becomes identical with (79) when

é?

r, = O. Hence, for uniform load, the complete plate is a
limiting case of the incomplete plate. We shall comment
on this situation further after we have solved Problem II.

Problem II. The only load is a downward shearing

force of - W pounds distributed uniformly along the:inner
edge; that is,

(97) L"-"- Lz':L:Z:o.

Substituting (97) in (59e), we have

(98a) N, = - 30-75 F - Lo T .

Consider an annular ring bounded by the inner-édééﬁaﬂdiéj‘f
concentric cylinder of radius r. Since this portion of the

plate is in equilibrium, we may write

(98b) 277rN, - W = 0.

The elimination of N, between (98a) and (98b) results 1n

é

- (I.. 7-)W ‘.Q, C SO S X - ~ﬁ>

(98c) K' = W .

Let us now £ind T, and G,. Substituting (89c), (97),
(98c) in (59a) and (59¢c), we find
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Eh C:
(99a) T, = é_"-:_/ic,- £52 22,
4EH3 . zEL3 Ks
(990) G, = = Fa=m ke 3c+o) r*
2(8+r)h*
7{3+—r +20+0)lopr ~ =23

From (89b) and (99), we compute

g
(2002) C,=4==12C, 5

“

(100b) K, = .Z_ff__f:'_)/;zkz

IZTER? {(3*”')*2,(’*”')'47’7"_""—5,;: }

Substituting (90), (97), (98c), (100) in (56), (59a), and
in (59¢), we obtain, finally, C T a e

(101a) U=(r+ 222 ), -2 K z)+‘-3,—§'7‘"é—;%g-/(/+z,(¢;.r)/-z

N L GBI W . 2(z-0) =z
+7Z—”,—E:'};"3‘ {3*0‘1‘2(/-1-0'),&?/'* SF= =<4 }

Sa

Clro)(2-mdW z-?, o -
STEAS R

(101b) w = - K, {7;3 ,-z.,_Z(“'V') /4} }__

ET K,z 74 2T )W(r%;r /-%,f)

I6TE h3 :
.3(/+r)14/r z(3+r)h
* I6TER? -y £ 3*”2””)14” CsnE
W ladidolid z, x
S ELT (/-f-,&} +)z | E "
(101c) T, = ) 260 T T
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_ L3¢ 4ER3 (3+W
o) 0« Cin 5 4583 1, oo

4 € W
t G (F g ooy 1),

We are now ready to find the values of K, and C,
for the nine cases of edge conditions given in article 16,
As an example, consider the case of classical support.

Letting T"‘"-’f}: ,_[,.,,.o-: 0, we obtain

3(I-)W ¢ 3+0° lrRedr n —
(102) KZ:/éITE/r"{ = +Ore) L f'-/‘z Aoy }, g, =o.

Observe that 1f W is kept constant and r, ié set
equal to zero, (101) becomes precisely the solution for
central load given by formlas (68) and (69). Hence fhe
centrally loaded plate 1s a limliting case of the incomplete
plate with vertical shear distributed around the inner edge.

It should be observed that we have no right to L
assume in advance that the complete plate will be a 1imit-v
ing case of the incomplete plate, qinge, in the case o{ma
complete plate, the constants C, and K3 were deﬁermined from

the conditions ;fﬁz t = 0, while, for the

= Lim
re = 3356 bro
incomplete plate, the constants were fixed by the conditions
Tr’f‘:l“, = Gr’f"-’", = 0. N A
It appears that A. Timpe % was the first to find

# Zeitschrift fur angewandte Mathematik und Mechanik
yol. 4, no. 5, 1924, pp. 361-376.

the solution for an incomplete plate with vertical shear

R - . - . . ‘
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distributed uniformly around the inner edge. Timpe did
not attempt to obtain the solution for central load by
letting r —» 0, since he thought that such a procedure
would not lead to the correct sblution., (cf. Garabedisan,
loc. cit.), In his opinion, the true solution for central
load could be found only as a limiting case of a blzonal
plate having constant load on the inner zone and no load
on the outer zone,

17. The bending of a plate under bizonal distribu-~

tion of load. In this article, we shall use the subscripts

1 and e to indicate the interlor and exterlor zones, re-
spectively. We shall consider only two problems; in the
first, the only load will be a total pressure of -~ W pounds
distributed uniformly over the upper surfacqtpf’the inger
zone; in the second, the only load will be a total downyard
pressure of - W pounds distributed upiformly over the Jjunc-

tlon of the two zones, | For each problem, therefore, we

have
(103a) Cpg=Czp=d,;, =JTp;,=0,r, &3
(103b) Cre=Crp=Jp= Jpo=Ly=L,e=0, <P E1,,

In both problems, the inner zoné’is’a conplete pléte
on which the loading conditions are the same as in article

12, Hence, for both problems, we have

(104) K, 0, = K3‘- = Cyp = O,
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Seadtiar & 200130 o7 Ll JlaVe Zantrs Lar e vater o'

& 43003387 o Jellub T, P AT oy sinie Uiie Jaatlin a?

i Jiate 30 0y o ulotirtun, we tate

(3::2) ires - ¥ o U,

re
Se ollrizatliin W x"t‘XUOOT‘S (232a) ant (121%) yiellp, S
tath grtliera,

J(I’f‘)ﬂ'.
leXT6A?

(XC:U) :" -

t oaluould Lo claerved tlat &f Uie rnoreal lcad i
distrituted unifornly over the irmer sons,as {n the first
prollen, the rrinsipyle of the e3uality of action andi re-
acticn rejulres that

A

ror; urt'mr; rie
Cn tho otlior hand, Af tlie norm=al load 1s distridbuted unie
foraly along tho Junction of thoe two zonos, as in the second
prodblen, ¥y, [, . must differ froa ¥p;lrer, bY an anount
equal to the normal load por unit length of the juncticn.
It ia not difficult to show that the adove values of K;e

and K,; onzure tho satiafaction, in ocach prodlenm, of the
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2%y e Ul

11 »L* L ““ -
(1Cia) rer, *ret rer P

y Y ) u‘Q- -
(100b) ’{"' Cro v 77 Orse

It slould to noted thal although (31C7) irslles (200), tle
converse mmy not bLe true, If (107) is not aatisfied, our
colution will not e valld in the ir=ediate neigllorhocd
of the junotiong lowever, Lf (1C0) s satisficd, our eolu-
tion, according to de laint-Venant's principle, will Ve
valid for all points not too noar the Junction,

The above, or oguivalont, conditiona at tho junction

have boon used by oach porson who has attorpted to find tho
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solution for a moderately thick plate under bizonal distri-
btution of load., These conditions, however, are not suffi-
cient for the determination of the unknown arbitrary con-

stants. De Saint-Venant, in obtaining the solution for a

biional plate supported at the outer edge * ,

# Final note to par. 45 of the translation of Clebsch.

demanded, in addition, that w! (the slope of the middle
‘surface) should be continuous at the junction., G. Fish, in

solving the same problem by an approximate method # ,

# Trans,Amer,Soc, of Mech.,Eng., vol., 43, 1921, p. 615.

assumed that the value of 63' z=zo should be continuous at
the boundary between the two zones., Garabedian, in correct-

ing de Saint-Venant's solution F , demanded that, at the

7 Journal de 1'ﬁcole Polytechnique, vol.26, 1927, p.89.

junction, both T, and G, should be continuous.

If the approximate nature of Fish's solution is taken
into account, his assumption may be‘cong}d9?ed ppgigqg;va;ent
of Garabedian's. However, the assumptions made by Gara-
bedian and by de Saint-Venant are not equivalent; and nat-
urally there arises the question: which of the ;wo?aqgump-
tions 1is correct? ‘ L -~

BN

It should be observed that we have no more right,
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a priori, to demand the continuity of Ty and Ge at the junc-
tion than we have to demand the continuity of w} ,>because
the law of tﬁe equality of action and reaction does not apply
in the case of T, and Gy when the direction of 86 is tangent

to the junction. # We must find some other test for deter-

% However, this law does apply to T, and G, in the case
of a radial junction.

mining which of these assumptions is correct., We have such
a test in the case of the two problems we are considering in
this article, since each of thenm reduces to the problem of
the complete plate loaded centrally when r; is allowed to
approach zerda.while the total load, W , is kept constant,

Let us first consider de Saint-Venanﬁ's ASsumptidn
of the continuity of w! at the junction. It may readily be
shown, for both problems, that so long as r, # O, wgi vanishes
at r= O, Hénce de Saint-Venant's assumption results in.
w'oeb_=°-= O for the case of a centrally loaded plate, But
this condition 1s the same as that obtalned by.Love for a
complete plate centrally loaded, and we have already shown
(art. 13) that Love's solution is incorrect.“Eéénseiﬁently,
the assumption of de -Saint<Venant is incorrect.

Let us now turn to Garabedian's assumption of the
continuity of T, and G, at the junction. Since, for both”
problems, both tryiand gr,£ vanish at ; = o‘whgﬁ'rtééLo;ij .

Carabedian'!s assumption results in the con&iﬁidn
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traelf'=a = g,,eelr:a = O for the case of central load.
Observe that this condition is the same as that obtalned by
us for the case of a complete plate loaded cenfrally (art.13).
Since, furthermore, the value of K, given by (105¢) is
identical with the wvalue found for K, for the centrally
loaded plate, éarabedian's assumption is a sufficient con-
dition for obtaining the correct solution for central load

if r, is allowed to approach zero.

We shall use Garabedian's assumption even though
it has not been proved to be a necessary condition for the
centrally loaded plate to be a limiting case of the above
bizonal problems, since such a proof would seem to involve
a difficult problem in the calculus of variations. Thus,

we shall assume that

,e(ﬂw - M . .

(108¢c) Fol; Toe Y o ¥ rt Toc s : e S
—&;’w - M .

(2084) For Cpe = 5% Goc

Observe that conditions (108) are equivalent to.

(1008) = (g = Troi) = F57 (opge = tros) = O,

7

(109b) ;.‘_‘;’7. (Groe = Gros) = ’e“,-_,‘”r ‘8roe SBros 3 = 0.

Let us turn now to the first problem. R

Problem I, The only load 1s a total pressure of

~ W pounds distributed uniformly over the upper. ’surface of-

the inner zone; that is,
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W
(110&) Lz‘:= o, L'l: = Il" = 4.:‘.-—-”-:7‘:; ) /’é /; .

Observe that (78a) and (110a) would be identical if
p =W/(mr,2). Hence, by the aid of (78), we have the

— "
following values of U’P‘.’ Uo/,‘- ’ W,/,; s Wope ¢

(110b) T,p, = Zg;azb:/r;
(120c) T, 4;;_):14 -
C108) vy, = = ZEBL S (0 25047,

Let us now find Tf'a’ tf'a’ G/'a’ Bro

Substituting (104) and (110) in (60), we have

for each zone.

(111ab) T,_&. 4‘54 C;‘ W‘ﬁ'vf 2 tre;‘ =0

3 8 2
(111e) G, . =— .‘fgfr) K, 477.,‘_1 (1v0) -2 - Ca p-A }: :
(1114) (-DW , o '

gf'&[ I3 vk
Substituting (103b) and (105¢) in (60), we find

4E4 " 4Eh Cae -
(llzab) Troe= = C1e s Yroe =T Tir /fz ’

3
(112¢)  Gpp, = fféw K,e (’*V)W(/f/é}r): -

4E4H3 K.;e _ 2(8+r) /7z
(112Q)  8roe = Zerrg) #2 T { =" }

5,? +3

We are now ready to determine C and K and also

3¢

- -3

-
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to find the relations between C,; , C,p , K,;, _Kze' Sub-
stituting (111) and (112) in (109), there results

3c-rdW _ 4(8+7)
(1138) Cpp = 0, Kyp= = TTTTT N - gy AT
oc(1-r)Ww
(113b) C,. = Clé’ + m—;l:—z':

. 2 : ‘-: .
3C-rIW g7/ |
(1130) K, = Kpp = S-—220 {”"Zj?r*sam-)rz?

Let us now find in and K,{e.

Substituting (104),
(1104), (113c) in (56b), we obtain

3{i-7 )W’,, {/‘ R Lk
32ITEAHS 4r*

2(8t+r+ri)h?
t2hpt — Soorr e S

2
(1148) wof,_, = Kyt *t Ky —

Substituting (103b), (105¢), (113a) in (56b), we have

A R A A S *

(114b) We/z=a = Kze/'z‘*/(:/g : D e :f'j;“;',,:'"_
_3G-r)W 2, 2 H4C84T)
32T EAHS /-{zr o= 5(/-0') 3
From (114b) and (106a), there results — - cao
L 3a-r I 2, ,.2_ 4(8+r)
(115a) K#c’-'-'- Kze/; 327563 «@/"fZ/‘ 4 =i NIEY.2) A }

Substituting (114) end (1152) in (106b), we find .
_ 2_3U-rIW 13 2, 9(6-37)/7
(1150) Ky = = Kzels 72?7‘2777 0 {r O

3(1-rD W Loz 4C8+0) 42
Y32rEL 3 Loy Sy S

2
3C1-rH) W 2 5’:7‘6
Y327E43 §20Ulpnth*+ s S

.
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We may now express- the df;.p»lggement; in.-terms of
W, C,p, and Kyq. Substituting (104), (;10), (113), (115Db)
in (56), we ha've- E S '

- L . [
-

(116a) U‘-=c,er zk,_er' +ZE”.,.,_,

- 3¢ )W{ /-2+zr*+4 lrg 1+ Y(z2+97-r2f?

rz -
Y3z7ES S-ron?
('Iﬂr')(Z-ﬂ')H/ :
ST BET L, rzr S
20 20 2
(116b) w. = N r) -Gz f T F Ko Z
Lioes : g _ . 2
3(/-V‘)h/ /- {,. *5-rz 8(81‘7‘*7’)/( ?
/287/"5%'7 A 5(/-
ST zM/(/" /47/‘ r/@r)
o TETERT | »
20-m)W 4 (BraIh? zZ
R A s ’) ZETG”
: 3o PW /_zH-z. L z2(S+20+rhy 2
-IéﬂEﬁsi’ j*z47r* 5vq+mnﬂ 3z
‘_::-‘\' " IR S AR P r‘,,‘, . !.”‘ oy
L L)t Z"‘.

16TTEAY 172 ‘
substituting (103b), (105¢), ;}15a)d,;.(;‘:&_5a)f;rif (56),.we -
obtain |

P P N 3

PR -t

3CI-o )W 2 4(2-0')/: z
*3277'5/,3 {/‘ *2r (H-Z,é;/-)+ SCI-V‘J Vad

(/+a')(z ~AW 23’
EITELS -~ I~
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z0-
V"

$ BT 2o rilig )
3= _g{,'.z 4‘(91‘-7')/7}

(117b) wy= = K, , (/2 /-z)- C’,‘,z+l K, zz

+

32TE 43 ) __
Wl atid a4 /4 2 i -
ST ( m’b"q /')Z

Let us now find Tpp snd‘Gré. R'The'substitution’of
(103b), (105¢); (113a) in (59a) and in7(59¢c) yields °°

(1182) T,, = ff/’ Cre s

3 -
(1180) G, = — .34(‘7’—:?-) 3o Keet 3 {3+r+2(/+r),é;r—i£% .

We are now in position to find the values of C,e

and Kze for the nine cases of edge conditions given in L

- P

erticle 15. We shall consider only the case of,classical
support. Substituting the conditions Trelr r
inﬂ(118),,ye,iind,

relf- 30

*i :'_1.'21 . ..1. )“‘., ?'L’""i“'

. N B ol ri
(119) Kze-%%ﬁ*”’*“’*ﬂ@ ——,—---—-j

it is important to know whether or, not our, solution
is valid in the vicinity of the junction of the two zones._:
It is not difficult to ShQW!;py\Q?QQS;Q:,(l;QI?;st;V)"(§a)’
and (sb), that conditions (107) do nmot hold,, IHemee our ...
solution is vaiid'oniy_fo?_nointsfuhich¥ere.not_too:nean.‘ﬂ

the junction. e ey

-t e - s

In this connection, it is interesting to ask whether

,,,,,,,,,
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the solution for the complete plate with uniform load on
the upper face can be obtained from our bizonal problenfby“
expanding the inner zone to include the entire plate. In
(116), replace W/(ffr,") by p and, at the same tir_ne, set
r, =1,. We find that the resultlng values of U, and w;
are not identical with the displacements given in (79l for
a complete plate, But there 1s no reason why we should -
expect an agreement. The formulas for U, ‘and w; do not
hold at r = r, ; hence, when we,set r,= r,, the formulas for
U; and w, may not be valid at the outer edge., However, if
we substitute (119) in (116) and then‘let'r;’=:r;,*we do
obtain the solution for the,complete plate loaded uniformly
on its upper face and supported at the outer edge.f However,
for no other type of edge condition is the complete plate
a limlting case of the blzonal plate. Agreement in the
‘case of the supported plate i1s explained by the "fact that ‘
although we do have a discontinuity of U and w at the Junc-
tion, the imposing of conditions (ldés ensures the continuity
of Ty and Geo - * 0 s B8 GITT T

Let ‘us See what happens when we shrink v, to zero
but keep W constant.?l Ve find that formulas (117) and (118)

-—-—.;.—-.. . e - A
L4 '“!

_become identical with (68) and (69), respectively.ﬂw ‘Hence
the centrally loaded plate is a limiting case of . the bizonal
plate with uniform load on the upper face of the inner zone.
LBut, since U and Vg are not valid in the vicinity of the

.Junction, the 1imiting values of the displacements will not
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hold in the neighborhood of the origin. Recall that we had

‘reached a similar conclusion in article 13 in our discussion

of a complete plate loaded at its center, |
Problem II. The only load 1s a total downward

pressure of - W pounds distributed uniformly over the junc-

tion of the two zones; that 1s,

(120a) Lz‘: = L”_- = LL- =[‘-=0, r £ T,

It is evident that L,, is =00 at the junction; thus =~

(120b) ~ L,.=0, L, =L;sd =00, =1,

‘ &

our procedure 1s similar to that followed in Problem I, We
first £ind Trp, tps Gppy» By, fOr each Zone,  Substituting
(104) and (120a) in (60), we have

, 85/73- SR
(1210) Croc == 3G-g) Ke¢ » Bppp =00 Ty ST

The values of Trgps trpes Grgps grae are giir’e"n‘b'y formlas
(112). Substituting (112) and (121) in (109) » WO ohtain

o _ 3C-r W Z(8+V')
(1223) Cpe= 0y Kge= = I6TTEA 3~ {' SC"'”'J/’—’)

Cl-rIW
(122bv) C,; = cze»,K ;= Kgem .76:7'523 (I+Jb;;/')

Av Lot us now find K, and K, .  Substituting (104),
(120a), (122b) in (56b), we find - o N

N
PO § . .
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z
- W
0250) Wlzay = Ky e Ky = SEEX iy 1)

Substituting (103b), (105c), (122a)-in (56b), we have
(1280) Wo[, . =K, r*+Kye
_ 3~ 2(3+o-)
“TETE} 3 ’4’?"{" o= r)/’}

From (123b) and (106a), it follows that - .. .. ‘

&

, S 2, p2_.2(8t7) ) 2
(124a) Kye = = ,Kze" /5775/,3'@"{r '{'/7 SCI-V')A }'

If (123) and (124a) 'a.réf?éﬁbstituted in_(106b), the result is

- -
(124b) K, = - Ko %+ STV x g s+ /-“2)‘

16TE} 3 ‘
- 3C1-0AW g g2 Z(8tT)
YICTEAS Fih Sci-7) £ 4%

Wé are now prepared to find the displacements.

Substituting (104), (1209.), (122b), (124b) An” (56), We - have ~

3C-rDW
(125a) U, = C,e/‘ ZKze"Z * 977-5/,3 (/‘t.’@ ,;)i{',zi) .

(125'b) W, z - Kz (/- /—z)_ 20 C ,: : zr// 2 L

IR ‘_‘_\"; . 1 z,:v;
VIETELT (r%; r/é:,w +45=r2).

.'{:".: . +

3C=r YWy " fs ¢ 212 (8t+7)
/67/“5/;3 /‘{/— 6’(/ 7‘)/, ) i i
PR ‘;‘,"75_’;_‘;);‘/(/*/&}/-)2 ftf’"l. ' ‘

Substituting (103b), (1053), (122&), (1249.) in (56), we find

.'..__ i
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(1268) Up= C,o " ~ 2Ky k2
3(U-TVW ¢ 2 2, 2(2-0)4
VleTEgs L1 (2 g LT STy zenbiz

_ (o )(z=-m) W 23,
ETE/3 F

zr '
- Ky, (13- rY - = C, zf-,,./(zez

SU-TIW 2y, |
Visress (s —ritep )

3-rIW g2 2(8+7)
YIeTERS {12 S X Ea

.307(/+v9 ) _ .

(126b) W,

Let us now find T, and G o* The substitution of ~..

-n-v.—;,z

(105b), (105¢), (122&) in (59a) and in (59c) results 1n }

zE/; 2E4h

(127&) ’ Tre Ie 9 . . E L ‘ AR UL ¥

2 t
(1270) G, = - 34‘?‘;'__‘.5// W{ﬁﬁzaw)&;r -

We might now:'proceed td’findtthe‘véluesvoficié andcn;
K, for the nine cases of edge conditions given in article '>:
15. We propose here to ‘determine these constants:-onlyifor .

the case of classical support. ' ‘Substituting the condition

Trelrar, = Oelror,= 040 (12'7).'-we find©

e stmOW ' £2), Cre =0
8) K,,= "= +z - —a' ’. .
(128) K,, ‘,.327/_5/’3{3-*0' (/+a'),4? ~(l=0) 73 f 1

“Observe that zZis the '"higries't-’ﬁéwéx'-”or‘sziﬁ us, ‘w‘;,'

or w 4

o s whereas U, contains a term in 2z

; it is ev;dent, theré-
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fo‘»é, that at the junction of the two zones, ﬁ-; # ’:’-F‘ and

'9—6? # ﬁ-é " Consequently, our solution is not valid in the

immediate neighborhood of the zonal boundary.
It is of interest to note that if we keep W constant
end let r, = O, equations (126) and (127) become identical

o~

with (68) and (69), respectively. Hence the complete plate

e e

loaded centrally is a limiting case of Problem II as well as’

of Problem I.

18. Conolusion. The generality of our method has

been olearly exhibited in Part II, since all the solutions
¢ et Ty
there obtained were determined from a single formula for the

displacements, namely, formula (56).. Moreover, the power of
our*method hes been demonstrated by the diversity of the pro-
T ) t, c B - R

“ “'-'!V’“

blems solved. These problems have been oonoerned with both

,,,,,
PR

complete and incomplete plates and with oonditions of load

om0 o
e Wk T * )

which give not only pure stretohing but elso oombined stretch-
ing and bending. The class of loads treated has been exten-

4’6.-,~ -

SO D O

sive- we have considered not only radial and axial mass force

‘; N - r' 4.-.r

but also uniform normal load normal load proportional to r K

—")if~ . 3 syeed

conoentrated normal load,’» d shearing traotion proportional

P
L e ML,
3

to r. | Furthermore, with eaoh type of load a 1arge number

- ‘-‘,...4‘.,," R

of edge conditions have been stndied.

.:; “'ir

" Further evidenoe of both the power and generality of
this method ie seen in the ease and rigor with which it has

-
N - . o .
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stants K,, K3, and C, in the case of a complete ple.te..__’j -
Certain writers, in attempting to determine these constants,
have sllowed themselves to .be influenced by speculation. . ..
concerning the physical nature of .the problem. - ‘Eogiiquﬂé,&
stance, .C, and K; have been, put.equal to ze;q.inserde: to
keep U snd W from being.infinite at,the center of the plate.
That intuition. is a poor subsfitute_fer,r;gqyggetmethemeti-_
eal enalysis is evidensed by the fact thet C, and Kaﬁe;e.:‘ﬂ
not zero for the loading cases defined by formulas (5la),.
(64a), (55a), end by the fact that K, is not zero for the
case of central load.- Indee@,git:wes;by}eeeuq}ng3x3f§0}
for\the case of load coneent:agedaat{the;eegteg:eg e\pléfe
that both de-Saint-Venant and love.were.led.to give_ erron-
eous solutions in_the p;oblem;ef;cegt;e}igged. iy v mie -
Since our solutions are of, two-dimensionel. type,.
s comparison with solutions of-three-dimension314char;, %1
acter is natural, and there arisee at once.the.question. of
relative acocuracy. . We have already pointed out that .,
Clemmow's experiments show that the.best agreement with the
actuel defleotion.of a clamped plate ;s:gifep’by 0?39,9?1’
which is a two-dimensional solution, and not by either i; |
Clemmow's three-dimensionsl solution orVNé@e;fg.wy_C}emmow

has attiibuted,this,tq a mere ooincidence,‘e;ece‘he-r»and

Nédai elso -- hes taken the stand that the correst solution
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"for a plate can only be found from & three-dimensional soln-
tion, a two-dimensional solution being, of necessity,.a less
sccurate approximation to the true physical situation. The
position taken by Clemmow and Nédai would be a Justifiable one
if it were possible to give é correct mathematical definition
of theAboundary conditions at an edge and subsequently to
find a three-dimensional solution in agreement with this
mathematical definition., But it is not possible to give an
accurate mathematical description of the boundary conditions
at an edge, even for such a simple case as that of a plate.
clamped at the edge., e

Forthermore, there are only two types of boundary
conditions which can be handled by Hédsi's method; Clemmow
igxable to go beyond these two types, but only at the ex-=
pense of extremely complicated computations, - On the other
hand, there seems to be no 1limit to the numdber of boundary
conditions which can be studied by means of our .two-dimen= .. -
sional method. Moreover, the computations are mach simpli-.

fied when we Seek a two-dimensional instead of é three-di- . .
mensional solution. Finally, in practice,-& two-dimen~
sionsl solution is sotuslly to be preferred.to, s three-di-.
mensionel solution; for not only is the former simpler in .
structure, but, what 1s more, the.results_obtaipe@;;ng}ifi
mqyupgltrger,physically‘77 when & proper mathematical de-

finition of the boundary conditions at the edge is used -~
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than results obtained from & three-dimensional solution
whose boundary conditiens do not so‘elosely approximate
those actually existing. | o
‘ The application of our method is not limited to oir- .
~ cular plates of eonstant thickness. The method‘may aleo.be
‘:.applied to eiroular plates of variable thickness, to rec-’f
tangular plates of either constant or Variable thickness,
| and, under the heading of one-dimensional problems, to »
moderately thin rods of either constant or”variable_thick->
aees; in fact, this method may be used in any problem where'
Garabedian's method is applicable. So_far as the suthor
is aware, ﬁolmethod other then Garabedianfs has been de~
' veloped which can be applied to such brosd classes of pro-
blems. ~: _ | .. 7 | |
A careful exemination of the 1iterature end a de-;p
- tailed study of the various methods thus far devised, has |
convinced the suthor that his method or the closely parallell
method of Garabedian, affords the most natural and satisfac-
'tory machinery for handling the two-dimeneional problems of
Elastieity. - Not only may these two methods be said to »
yield the solution most to be desired in praetioe, but also"
they seem to be in every way superior - by virtue of their
power, generality, and simplicity - to any two-dimensional

method hitherto advanoed,
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