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I* In troduction

Although the quantum theory as known and used today has made

possib le  tremendous advances in  physical knowledge# i t  nevertheless

su ffe rs  from considerable conceptual d if f ic u lt ie s #  and i s  found
T %

inapplicable  when d istances involved axe of the order of 10 cm. 

o r le s s .  Most p h y sic is ts  have accepted or ad justed  to  the

conceptual d if f ic u lt ie s *  b u t there are s t i l l  a fen  notably among
1 ' 

them E inste in  ,  who do not accep t w hole-heartedly the p resen t in te r ­

p re ta tio n  of quantum theory. In  the years since the development of 

quantum theory there  has been considerable discussion on th is

question of in te rp re ta tio n *  The whole controversy i s  very w ell summed
2

up in  the book A lbert E in ste in * Ph ilosopher-S cien tis t •

David Bohm in  a recen t se r ie s  of p a p e r s ^ h a s  suggested a  near 

in te rp re ta tio n  of quantum theory in  terras of "hidden v a ria b le s ."

He defines a "quantum-mechanical" p o te n tia l  such th a t  when added to  

the ordinary c la ss ic a l p o te n tia l , th is  to ta l  p o te n tia l may be used 

to  find  the motion of the system using ordinary Newtonian equations 

of motion. Bohm c a lls  th is  "quantum-mechanic a l"  p o te n tia l  an 

O bjectively re a l  p o te n tia l and he s ta te s  th a t h is  suggested in te r ­

p re ta tio n , provides a broader conceptual framework than the  usual 

in te rp re ta tio n , because i t  makes possib le  a  p rec ise  and continuous 

d escrip tion  of a l l  processes. He a lso  suggests th a t  h is  new in te r ­

p re ta tio n  may serve to reso lve the  d i f f ic u l t ie s  encountered in  the 

domain of d istances of the order of ICT1^ cm. or le s s .
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The purpose of th is  th e s is  i s  to in v estig a te  a  number of sp ec ific  

examples in  terms of Bohm’s °quantua-«echanicaln p o te n tia l  w ith  a 

p a r tic u la r  view towards providing an increased understanding of the 

p ro p erties  of th is  p o te n tia l . Having worked through a  number of 

exanples we should be in  a p o sitio n  to  comment upon Bohans contention 

th a t  th is  Mquantu®Maechaniealw p o te n tia l  has an objective r e a l i ty  

and th a t  th is  in te rp re ta tio n  provides a  broader conceptual framework 

than the usual in te rp re ta tio n .
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I I .  The Usual Physical In te rp re ta tio n  of Quantum Theory

The usual in te rp re ta tio n  of quantum theory i s  based on two 

fundamental assumptions. The f i r s t  assumption i s  th a t  the wave function  

determines only p ro b a b ilitie s  of ac tu a l experimental r e s u l ts ,  but never­

th e less  provides the most couplete possib le  sp e c if ica tio n  of the 

quantum s ta te  of an indiv idual system. The feecond assumption i s  th a t 

the process of tra n s fe r  of a s ing le  quantum from observed system to 

measuring apparatus i s  inheren tly  unpredictab le, uncon tro llab le ,

and unanalysable. From e ith e r  of these two assumptions the uncerta in ty
5

p rin c ip le  i s  re a d ily  deduced « The uncerta in ty  p rin c ip le  s ta te s  th a t  

there  i s  an inherent and irred u c ib le  l im ita tio n  on the p rec is io n  w ith 

which one may even conceive of momentum and p o sitio n  as sim ultaneously 

defined q u a n titie s . Thus, i f  e ith e r  the p osition  o r momentum i s  

p rec ise ly  known then a l l  knowledge of the other variab le  i s  lo s t .

Not only i s  th is  knowledge lo s t  but one may not even conceive of there 

being a p o sitio n  or momentum, as the- case may be, ascribab le  to  the 

system*
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III*  Bohm’s In te rp re ta tio n  of the Schroedinger Equation

We sh a ll  consider' here Bohm’s physical in te rp re ta tio n  of the 

p resen t mathematical form ulation of quantum theory fo r the  case of the 

s in g le -p a r tic le  Schroedinger equation. This wave equation i s

where V * V ( r  ) i s  the c la s s ic a l  p o te n tia l  and f  ( r # t )  i s  

a  complex function and may be w ritte n  in  the fo ra

where R and S are r e a l  functions of p o sitio n  and time* S ubstitu ting

(2) in to  ( l )  we obtain a d if f e re n t ia l  equation in  terms of R and S 

in stead  of ^  j

‘* § f (1)

' tS/fc
which upon expanding and cancelling  a fa c to r  e  from each term 

gives

Upon equating the imaginary terms, we g e t

7 5 )  ■
(3)

And equating the r e a l  terms.

( h )
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Let us now w rite  P( 'r»%) ** R2( r » t . )  or R ** P 2 , where P 

therefore i s ,  according to  the usual in te rp re ta tio n , the probiability  

d en sity . Then V R -  V P 44 « j [ P  * V P  ***f § §  ~ ^  = *

Equation (3) then becomes

■ p * § £ -  =  ( p *  v ' s  *  P ~ *  V P -  v s )  .
/

Sim plifying:

d P _  =  V p . V s )  =  - ■ £  V ( P V S )  J
C? t  797

which may be w ritten  in  the form

I f  + v-(p = ° . (S)d t

Now, equation (h) may be w ritten  in  the form

4 L  .  C Z * ) \  (6) '
J t  2.?K R

New, in  the c la s s ic a l  l im i t ,  as Pi - + 0 »  th is  l a s t  equation has 

the exact form of the Hamilton-Jacobi p a r t ia l  d i f f e re n t ia l  equation of 

c la s s ic a l mechanics. The so lu tion  of th is  equation, S, i s  the action

function defined by S * 2 J Tdt, where T i s  the k in e tic  energy of the
6 ° -*p a r t ic le  .  A property of S i s  th a t  p * V S i s  the momentum of the

p a r t ic le .

The c la s s ic a l  equation of motion of the p a r t ic le  i s  then
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To shew th a t th is  leads to the Hamilton-Jacobi equation we w rite 

W  d t  d%  d i  d u  4 *  2 }  d t  1 r

9 - ( v s )  + ( ¥ £  • v )  VSc?t ' /  \ yyj
2 1

r  d s

-  v [ a i
i s  +  ( v s y  

2 *
=  - V V

Hence

A L  + £ a ± *  + y  * o
d t  2YH

which is  the Hamilton-Jacobi p a r t ia l  d iffe ren tia l equation we sought.

Bohm new makes the ■assumption that even when 0 Eq. (li)

represents a Hamilton-Jacobi P a rtia l d iffe ren tia l equation in  which
r X1 S7*f<? 1the en tire  quantity \y~3Zi J  is  considered a po ten tia l, the 

f i r s t  tern  being the usual c lass ica l po ten tia l, and the second term 

a new type of potential which he ca lls  the ” quantum-mechanical” 

po ten tia l,

U ( w  - £ i r  ■ (7 )

The quantity VS can s t i l l  be regarded as the partic le  momentum 

and the motion of the pa rtic le  may s t i l l  be treated  by an equation of 

the c lassical form, but containing the additional force derived from 

the ”quantum-mechanical” po ten tia lt

_ 1  =  -  T7 (  1 /  -  - r  
</t'

r y  f  i  /  *  *
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This equation says tha t -we may s t i l l  regard, P( r , t  ) as the p ro b ab ility  

density  fo r  in  th a t  case P i? is  the p ro b ab ility  cu rren t and th is  

equation expresses the conservation of p ro b ab ility .

The foregoing in te rp re ta tio n  leads Bohm to  regard the ■wave function 

of an ind iv idual e lec tro n  as a mathematical rep resen ta tion  

of an ob jec tive ly  re a l  f ie ld .  From i t s  absolute va lue , R, can be found 

the ’’quantum-mechanical'* force acting  on the p a r t ic le .  But since the 

i n i t i a l  conditions of an indiv idual e lec tron  cannot, fo r  purely 

p ra c tic a l  reasons, be determined the equation of motion (8) cannot 

be completely solved and the motion of an indiv idual e le c tro n  i s  not 

p rec ise ly  determined. However, the p robab ility  density  of a  s t a t i s t i c a l  

ensemble of e lectrons is  given by P( ? ,  t  ) .

Hence a l l  the re s u lts  of the usual in te rp re ta tio n  are  obtained 

from Bohm’s in te rp re ta tio n  i f  the following three spec ia l assumptions 

are  made which are mutually co n sis ten t:

. (1) That the A f ie ld  s a t is f ie s  Schroedinger's equation.

(2) That the p a r t ic le  momentum is  r e s t r ic te d  to p * ^ S ( r , t  )

(3) That we do no t p re d ic t or con tro l the p rec ise  loca tion  of 

the p a r t ic le ,  but have, in  p ra c tic e , a  s t a t i s t i c a l  ensemble w ith 

p ro b ab ility  density  P ( r , t  ) <* / r , t  ) / 2 . The use of s t a t i s t i c s  

i s ,  however, not inherent in  the conceptual s tru e  t i r e ,  but merely a 

consequence of our ignorance of the p rec ise  i n i t i a l  conditions of the 

p a r t ic le .
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Stationary  S ta tes of the Hydrogen A tm

In  order to  le a rn  more about the p roperties  of th is  wquantum- 

mechanicalH p o te n tia l i t  i s  desirab le  to  study a number of sp ec ific  

examples.

The wave functions fo r the fiv e  lowest s ta te s  of the hydrogen-like

atom are as follow s^:

iM-%/ Bb- 1
(11)

U  / i 2- )y/* 2 r  A  ~ % - * & /£
t * * ' s / s i s : )  *■ a ‘ 6  e  (1 2 )

v  f A  sih e  e  %  ‘ (13)

where Z i s  the atomic number of the atom, <%,= — * the Bohr rad iu s , and^  w e
£ i s  the energy.

Let the absolute value of 9,00 be R i. Then

0
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We wish to  f in d  now the uquantuiM nechanicalM p o te n t ia l  d e fin ed

1^2 /  z

t y  U( r  ) -  -7 p~

And

V-VZ, -  V 2/ ?  =

<7o

But
r 1

Thus

w  * —  ,  w  - 1

V-Vr  -  i r V - r  + V y  ■ r  = f  ±  ~ £

V 2#  _ f f r b o f  & ^ (  r  + a° )  _ JF _ -L ) 

' fir {'So)  e. *»

F in a lly

r r  / - 9 ) j ! ; z $  =
Ut (f~) ~ 2fr? f t  2>» 40 ^a° r )

L etting d, - ---- 7 th is  becomes® 7r?er

U ( r )  -  4 ?  -  ^

The equation of motion fo r  th is  e lectron  i s  therefore

'*0 =- V(v+If.) -  -v (- ~ 0 )  -  <3 .

dy
Hence ------ * constant *  0 , since i f  i t  i s  not zero the e lec tro n  w ill

d t
leave the atom, which i t  cannot do* Therefore the e lec tro n  in  th is
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s ta te  of zero angular momentum also  has zero ra d ia l  momentum* The 

e lec tro n  i s  simply a t  r e s t  a t  some distance r  from the nucleus. The 

p ro b ab ility  density  fo r  r  i s  given by /  *£(>*)/** The coulomb 

a ttra c tio n  force between the nucleus and e lec tron  i s  ju s t  cancelled 

by the "quantum-mechanical1' fo rce .

For the 2̂00 s ta te  the “quantum-mechanical” p o te n tia l turns out 

to  be
/X i!"  _ ^  _ 2  ^  )

, ,  ) I z  <2, r  /
& < ?> 1 - h  (zz) — 77H --------- ■ ( 15)

This has qu ite  a d if fe re n t form than U x(r), but the force tu rns out 

to  be the same.

For
- vcrc?) - v£-Y-£)-£ = ?v  u2 Lrj - z ? „ l aaJ r 3 r 3 r  .

Thus the equation of motion again gives

** d t 1 =  ~  VflS+tZ)  =  ~ V(~ ~  + U2J

/  ̂  ̂ y  .  h

and the same in te rp re ta tio n  as before a p p lie s .

The %/a s ta te  again has zero angular momentum, and the forces 

on the e lectron  again cancel. But the p ro b ab ility  density  fo r  the 

positio n  of the e lec tro n  now involves 0 as w ell as r .

The s ta te  has angular momentum of magnitude • The 

"quantum-mechanical” p o te n tia l turns out to  be

d M e )  -  - £  £ { £  -  4 t) m -  r £ ^ r a  . (16)
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I f  u#v#w are the u n it  •vectors in  the d ire c tio n  of increasing 

r*0,y? respectively# then

r r j j r  2 1 /  r *  J _  2 1 /  ->
* d r  u  r  j e  irsi»e

The tt quantum-mechanical® force thus becomes

T77 T -  f z * 1 -  ^ 1 ) -  _  A* CoS & -*
~ 3 * ~ ( r 2- t*T&h*& r 3 J U y , r 3 U» Q

The f i r s t  term in  the u d irec tio n  i s  again ju s t  equal and opposite 

to  the  coulomb fore®. The l a s t  two terms can be w ritte n

 ^ --- - / Sin 0  u ■+ Cos O V )
y tr 3^ 3e  \ /  '

The absolute magnitude of th is  is

A '
-» ?  z-'5 Sivf Q

I f  we note th a t  the angular momentum * m <fpz » and th a t the 

cen trifu g a l force Fc * a  <flpt then we may elim inate <j> and w rite

: / r  -  J & -  
*  ~ 7

where p i s  the radius of ro tation*  In th is  p a rtic u la r  case ^  = and 
k 1/[= ~ ^ 3  * Thus we see. th a t the l a s t  two terms of the “quantum- 

mechanical" force can be in te rp re ted  as composing a force equal and 

opposite to  the cen trifu g a l force# provided r  s in  0 » p.

F ig . 1 shows p and the o rb i t  of the e lec tro n . This o rb i t  i s  

a  c irc le  ly ing in  a plane p a ra l le l  to  the XT plane and a d istance
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* 003 Q above or below i t .  This i s  a 

ra th e r  su rp rising  re s u l t  fo r  i t  says th a t 

the e lec tron  does no t necessarily  revolve 

about the center of coulomb a ttra c tio n  

bu t ra th e r about a s t a t i s t i c a l  ensemble 

of poin ts a t  a d istance r  cos 0 from 

the  cen ter.

We have seen th a t fo r the s ta te s  we have considered the 11 quantum- 

mechanical" p o ten tia l i s  of such a nature th a t the force derivable 

from i t  i s  in  each case equal and opposite to  the c la s s ic a l  fo rces 

acting  on the e lec tro n . Thus the n e t force on the e lec tro n  i s  zero 

and the term "s ta tio n ary  s ta te "  i s  very appropria te .

Let us in v estig a te  the general form of the "qtiantum-mechanical" 

p o te n tia l fo r  sta tio n ary  s ta te s .  For s ta tio n ary  s ta te s  the wave 

function  has the form

Y ( ? t ) =  u ( r ) e ' i r & A . (17)

The wave equation then becomes

-  p  *  + Yu. -  Fee  (18)

In  general u ( r )  i s  complex and may be w ritte n  in  the form

c S f p y / t  .
U ( p )  -  J ? ( r )  <  _ (19)

S ubstitu ting  th is  in to  the wave equation and equating the r e a l  and 

imaginary p a r ts , we g e t

F ig . 1
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+ J Z V S  - v &  =  o  (20 )

end

(21)

t
The wquantUBwnechanical" p o te n tia l can be found from the l a s t  eq u ation  

and i s

V = e-v -£, (rs f .  (“)
The " quantumH®echanicalu fo r c e  i s

- V U -  V (v s )1-

= - F  + ± , V ( P S ) Z

where F i s  the c la s s ic a l fore® on the e lec tro n . I f  the to ta l  force 

on an e lec tron  in  a  s ta tio n ary  s ta te  i s  the sum of the c la s s ic a l  and 

wquantum-mechanical" fo rce s , then the to ta l  force i s

Fr - - v v - v v  -  f - f  + £ , r ( r . s ) \  ; (23 )

Since ^ = ,  the to ta l  force may be w ritten

= . ? £  =  v £  =  v r  (2U)

where T i s  the k in e tic  energy*

We arrive  a t  the in te re s tin g  r e s u l t  th a t  in  a s ta tio n a ry  s ta te
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the n e t force on a  p a r t ic le  i s  always equal to  the  g rad ien t of the 

k in e tic  energy# In the case of uniform ro ta tio n a l motion, as was the 

case w ith the hi±, s ta te  o f the hydrogen-like system, the k in e tic
2

energy may be w ritten  T * * —fy- , where i s  a constant
2 2 w 3 r

of the motion* Then

which i s  the negative of the c en trifu g a l force,
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V. D iffrac tion  Problems

When a collim ated beam of p a r t ic le s  such as e lectrons i s  

in c id en t upon a narrow s l i t#  the p a r t ic le s  passing through the 

s l i t  would, by c la s s ic a l  considerations# produce an image of the 

s l i t  on a screen such as a photographic film  placed behind the 

s l i t .  Experiment shows# however, th a t  th is  i s  not the case but 

in stead  a p a tte rn  of l ig h t  and dark fringes i s  produced on the film  

very s im ila r to th a t  of an o p tica l d if f ra c tio n  p a tte rn . I f  a 

second s l i t  i s  opened p a ra lle l  to  and near the f i r s t  s l i t ,  the  

p a tte rn  on the screen w ill  be a lte re d . I t  i s  possib le  th a t some 

region on the screen th a t i s  "illum inated” w ith only one s l i t  

open may become "dark" w ith both s l i t s  open.

The treatm ent of th is  problem by quantum mechanics le ads to 

re s u lts  th a t  correspond to experiment, but one must give up the 

p a r t ic le  p ic tu re  in  favor of a wave p ic tu re . Yet in  the f in a l  

analysis i t  i s  the p a r t ic le  th a t  s tr ik e s  the film  and produces an 

image. So although the quantum mechanical treatm ent p red ic ts  the 

proper density  d is tr ib u tio n  on the screen# i t  i s  no help in  under­

standing how i t  i s  possib le  fo r  the opening of a second s l i t  to  

influence the behaviour of the p a r t ic le s  going through the f i r s t  

s l i t .

The treatm ent o f  th e problem by Bohm’s  in te r p r e ta t io n  may be 

more s a t is f y in g  from a con cep tu al p o in t  o f  v iew . To employ t h is
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ia te rp re ta t io n  we m ist f i r s t  fin d  the exact wave function  from 

which we can find  the *quantum-mechanics!” p o te n tia l . Using th is  

p o te n tia l  in  a c la s s ic a l  equation o f motion we can determine the 

motion of p a r t ic le s  coming through the s l i t .  The d if f ic u lty  in  

carrying out th is  procedure i s ,  however* th a t  the exact wave function  

cannot be found, but only approximations which a re  good a t  some 

distance from the s l i t .  But i f  we wish to  determine the tra je c to ry  

of a  p a r t ic le  we must know the exac t force on i t  a t  every in s ta n t  

of tame, and hence we must knew the exact wave function fo r  a l l  

po in ts from the s l i t  to  sc reen .

However, l e t  us assume th a t  we have an exact wave function 

^  fo r  a beam of p a r t ic le s  passing through a s l i t .  We can thenv
fin d  a ”quantum-mechanical" p o te n tia l , UA, which i s  exact a t  a l l  

p o in ts . New i f  we open a  second, s l i t  a t  a  d istance d from the 

f i r s t ,  the wave function  fo r  the system becomes where

^0 i s  the wave function when only the second s l i t  i s  open. Although 

the wave functions are  ad d itiv e , the to ta l  wquantum-mechanical” 

p o te n tia l i s  no t the sum ♦ Ug since the to ta l  **quantumHDechanicaln 

p o te n tia l  depends on the absolute value of 5^. But

/ ¥ /  = /  ^  * ^  I t J ^ A i /  .

Instead

I % + h !  = {/ & / I* + &/'/%/(%j %)} t
Hence the Hquantumr«&chaniealM p o te n tia l  fo r  the system of taro s l i t s
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w il l  contain in te rac tio n  terms between the two s l i t s  which w il l  

account fo r  the influence of the second s l i t  on the d iffra c tio n  

of the  f i r s t  s l i t*
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V I. P o te n t ia l  B a rr ier  Problems

The c la s s ic a l  treatm ent of the problem of a free  p a r t ic le  of 

energy E approaching a  region of p o te n tia l V gives as i t s  so lu tion  

the re s u lt  th a t  i f  V i s  g rea te r than E the p a r t ic le  w il l  be to ta l ly  

re f le c te d , and i f  V i s  le s s  than E the p a r t ic le  w il l  be to ta l ly  

tran sm itted , bu t w ith energy E-V. Experiment shows th a t  e lectrons 

and other elementary p a r t ic le s  do not behave in  th is  manner. I t  is  

found th a t when the p o te n tia l b a rr ie r  has a he igh t V g rea te r  than E 

a  ce rta in  f rac tio n  of p a r t ic le s  w il l  penetrate  to  any f in i t e  depth.

I f  the depth of the b a rr ie r  i s  f i n i t e ,  those penetrating  to  th a t  

depth w i l l  be transm itted , while a l l  o thers w il l  be re f le c te d . I f  

the b a rr ie r  i s  in f in i te  in  depth a l l  p a r t ic le s  w i l l  even tually  be 

re f le c te d . And i t  i s  found th a t when the p o te n tia l b a rr ie r  has a 

he igh t V le s s  than E th a t  a c e r ta in  f ra c tio n  of the p a r t ic le s  

approaching the b a rr ie r  w i l l  be re f le c te d  and the remainder w il l  be 

transm itted  w ith energy E-V. Obviously c la ss ic a l considerations do 

no t qgree w ith experiment. The treatm ent of the problem by quantum 

mechanics, however, leads to  r e s u lts  th a t  agree very w ell w ith - 

experiment. But in  making use of the quantum-mechanical 'treatm ent 

we are forced to give up completely the  partic lfc-p ic tu re  and t r e a t  

the p a r t ic le  as i f  i t  were a wave. The only J u s tif ic a tio n  fo r th is  

i s  th a t i t  gives re s u lts  th a t  agree with experiment. But i t  i s  

c e rta in ly  no t a s a tis fa c to ry  treatm ent from a conceptual p o in t of view.

I f  Bohm1 s in te rp re ta tio n  i s  employed fo r  th is  problem we are
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assured of resu lt*  th a t agree w ith experiment. But we do not have to

give up the p a r t ic le  p icture# fo r  the Hwave-functionM # ¥  # no longer 

needs to  be in te rp re ted  as dealing w ith a wave. I t  i s  now simply a 

f i e ld  from which i s  derived the M quantum-mechanicalH force on the 

p a r t ic le .

We sh a ll  apply th is  in te rp re ta tio n  to a number of p o te n tia l  

b a rr ie r  problems. *

Case 1 .

l e t  us consider f i r s t  the case of a stream  of p a r t ic le s  of mass m 

and energy E d irec ted  toward a  p o te n tia l b a rr ie r  of width a and of 

heigh t V>E# as shewn in  F ig . 2 .

Following the usual procedure we s e t  down the ^ -fu n c tio n s  in  terms 

of constants which must be evaluated by the boundary conditions':

where k i  * )/2ME and k» * /  2ia(E-V) .

Since one of the f iv e  constants i s  a rb itra ry , l e t  us s e t  D ** 1* Then

A

£

i x
o CL

F ig . 2

f o r  X < o

f o r  o < v- < cl %(*■) -  +  C e ' * 2% >  (25)

% f x )  = / i e ^ x J
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A, B, C, E are complex constants to  be determined by the boundary 

conditions. Let us w rite

/ j  -  <z, + c a 2 

8  = k  + ‘ 4 z

C ~  + LCz

£ =  e, +*-e2

(2 6 )

y

Then

y .M = e* x
^z(x) -  ‘*‘ x -<■ (c, n c ,)  e ^ ‘ *

/ , / * )  = e U ' x

y  ( 27 )

y

We wish to  find  the "quantum-mechanical" p o te n tia l in  region 1, 

where x < 0 , given by

A% r'/t} /
U ,(x)  =  - 2m  / % /

"Die absolute value of fa (x) i s

/ f a  fa = j ( / +  ef)  cos fa, x -f- e2 s/8 fax + i (/-€,)*'*> fax + i e z fa j

-  <?,) Cos fa, x  +  e z $/n fa, x ]  [ ( ' - & )  S'* f a x  + <?2 fa'X-J |

c )
= < ( / + 4 z + e j j  +  Z<?( cos 2 fa ,x  ■+ Z<?z * h £ f a ,  x I
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The gradient of /# /  i s

_ _ , , _  < k /4 ,/ _____________4 e ,k ,/ urtt 'Zhx ~ 4ez k, cos kk, %________________________ '

/ {(/-*?*+? t )  + 4e, <*s24>, * S'* 4k, xj /2m

The la p la c ia n  o f  / # /  i s

J V V /  4 k * [ ~ <  S'”  4k, % +  e *  Cos 4k ,  r  ]
V ’ V /Y ' ,  ~ / J T  -  7 ~  i j / z

\(t+e, l+ f?) + 4 e l Cos 2k, x  -hZe^/h 4k,

_  4 k *  1^, cos Zk, x -f- <2*. I '” -4k, X ] _________

[(/ +e,z/ e / )  + z  *, c*s 4k, r  +4et s/h4k,xj '/2~ ,

•h2Upon s in p l i f y in g  and M u ltip ly in g  by -  ^  we o b ta in  fo r  th e "quantum- 

jDechanical" p o t e n t ia l :
4 .

[T( x ] „ f £ . i ____ 4t,l * 4 e ! - ( '+ < * * & ) ' ’----- , 1
“ , W  \ [ ( „ ey e - ) , z e , ^ z M x ^ e ^ ^ f -  l \  (28)

Let us now fin d  the '’quantujwaechanical" p o te n tia l in  region 2, 

o < x <  a , given by

rr , ^
^  ^ zyyt /$£ /

In  order to  find  the absolute value of ^  we m ist note th a t  since
4 jL is

2 ~V i s  negative ks w il l  be an imaginary quan tity  and hence e~L 2 i s  

a  re a l quan tity . Thus

/ f t /  = { f t  * “ '* * *  R ^ , x  -
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She gradient of / ^ / i s

V i a  ! &  * * '* '  K+‘ A  ̂ c‘ }  * * ’ * ,
/  '* -  </* { a , ‘A ‘)e * '* ’ x +  f c ' ^ / ) e ' A x  < S M '< - A ) }  Vi '

The lap lac ian  of /</J is

17 7̂/(1 /  -  __ _  * + < A / c  ]
" ' A !  ’

e z , i ‘ *  ^

W *  K ) £ * ‘*‘ '  + ( c 1̂ )
. h 2Upon sim plifying and m ultiplying by -  we obtain fo r  the nquantum- 

mechanical” p o te n tia l

r j -  , _ * % * ( 4 ( c , h ^ c ^ ___________ .

In  region 3 ,  x > a , i t  i s  immediately seen th a t J%!m A * constant

and hence Uj(x) ** 0.

Let us new consider the boundary conditions. Since the ^ -fu n c tio n  

and i t s  f i r s t  deriva tive  must everywhere be continuous, th is  requires 

that a t x * 0

I + E  = & + C 

£ )  = (S~cJ f

and a t  x ** a

8 * * * +  Ce * ‘a ‘  A e ‘*'a 

- t f , ( B e * A - C e * a) =  ■
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Elim inating A from the l a s t  two, we g e t

Elim inating E from the f i r s t  two, we g e t

2i'4, = i(* . ) S  *  i ( 4 .  * 4 t ) C

Solving these lasst two fo r  B, we g e t

z>________ 4 s f 4 i - 4 ) e * * A
(4, S'»A t'k̂  <Z ~ 24, 4 L CoS A i4t <2

Then

And

(30)

r *  -k,(k,+kz) e 1,1*2*'
(4,2̂ 4))  i4i 4 -  Z4,4z cosA ikj,4 ^

£. __________ (4^~ 4 t )  A iAz <z
(4, Z*4 ) )  Vnh i-4  4  -  2 4 , 4 t cos A i4t <l ^

In  order to sim plify  the analysis of the problem we sh a ll  consider 

a  sp ec ific  example* Let us choose E * 9 e lec tron  v o lts ,  V •  13 e v ., 

and a * 10~^ cm. Then

E  -  / , 5  x /o  cm

Ckz ~ i i j  ~rt(£-v) -  -/<? *fOS cm'
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S u b stitu tin g  these values of k i ,  ka., and a in to  the expressions fo r  

B# C» and E, we g e t

B  =  O. OS '6 7 + i  O J 9 7  

c =  f / 7 6  -  i  0 .9 4 s  

£  * O.Z3S  -  i  0.743

For th is  example the ” quantuffi-oechanicalw p o te n tia ls  are

 ̂ ^  ̂  [li>/4 + 0.470 CoS Sityfex/O

and

V
In Table 1 we have tabulated  U versus x» and in 'th e  graph of F ig.

3 i s  p lo tte d  the n e t p o te n tia l , ¥ + U, versus x . This p lo t  shews th a t 

a t  no po in t i s  the n e t p o te n tia l g rea ter than E , A p a r t ic le  moving 

from l e f t  to  r ig h t ,  obeying a c la s s ic a l equation of motion would 

a lte rn a te ly  slow down and speed up as i t  passed the high and lew 

regions of the n e t p o te n tia l . As i t  passed through the " b a rr ie r” i t s  

v e lo c ity  would increase from a  small value a t  x  * 0  to  the value 

T - / 5 T  a t  x » a and remain eonstant th e re a f te r . There r e a l ly  i s  no 

longer a b a rr ie r  since the "quantum-mechanical” p o te n tia l cancelled 

j u s t  enough of the c la s s ic a l  p o te n tia l to bring the n e t p o te n tia l 

below the energy of the p a r t ic le s .  Furthermore th is  i s  no t j u s t  an

acciden t due to  the way we chose the numbers in  th is  p a r t ic u la r  example..

I t  i s  inheren t in  the way U depends on ,¥ through the ^ -fu n c tio n .
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TABLE I

-.15
■HJB.-M'n.i'Tirr,—H- i n , .,H.rmrT ,H n ,  g r rll[—' ; -inrifn

( l . 6 lli + 0.1*70 cos 3X10 x  -  1.1*56 s in  3XL0 x )S 

0*326
 .................................. . p w y *" '*’ '*..... . ........ ............. ... .....................y   ......................... p i n .

(0.0h2e2 10 x + 2.27&T2 10 x —0.238f

X -  cm. UxCxH ev.) X -  cm. U2 (x )-ev .

. x i o “® +8,70 0 -* .2 9

• g x l O - 8 +7 . 2 9-
r r x i ° 4

- * . 8 8

|  x 10“8 - 8 8 * 1 f  * |  * 1 0 -8 -6 .55

f ?  x 10“® -17.5 I*  m 1  X 10“®
h h

- 1 0 .2

IT o
J  x io “° + 7.57 a -  1 x l©"8 -13.0

f + 8.75

f  ‘ l o - 8 + 8 . 8 6

^ x l O - 8 + 8.85

0 + 8.70

Ux(x) hV
2 m

Ug(x) * -
a s

h kg
2m
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This in te rp re ta tio n  has enabled us to keep the p a rtic le -p ic tu re  

and s t i l l  allow a p a r t ic le  to penetrate  a p o te n tia l b a r r ie r .  But 

i t  t e l l s  us nothing about any re f le c tio n  a t  x * 0 . Does th is  in te r ­

p re ta tio n  then give us le ss  inform ation than the usual in te rp re ta tio n f  

I f  we consider th a t  the only physically  measurable quan tity  in  such 

an experiment is  the p a r t ic le  density , then we find  th a t  both in te r ­

p re ta tio n s  give id e n tic a l r e s u l ts ,  as indeed we have seen they roust.

The c o e ffic ien ts  of re f le c tio n  and transm ission generally  discussed 

in  the usual treatm ent of p o te n tia l  b a rr ie r  problems are  no t physically  

measurable q u a n titie s .

Suppose the e lec tro n  beam has an in te n s ity  of N e lec trons per 

second. Then

H * pv “ (33)

where'p «* p(x) i s  the e lec tro n  density  or number of e lectrons per u n i t  

leng th  of beam a t  x , and v •  v(x) i s  the v e lo c ity  of the e lec trons 

a t  x .  pdx i s  proportional to  the p ro b ab ility  of finding  an e lec tron  

in  dx a t  x . I f  p i and pa are the d en s itie s  a t  two d if fe re n t po in ts 

along the  beam, then

(3U)
P2 Pa

where P i and P2  are the p ro b a b ilitie s  of finding an e lec tro n  in  dx a t  

the same two p o in ts . Also, from conservation of e le c tro n s , we have

pxvi » pava .

Hence

= = jl = a t
~  p2 n r
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where /%/ ‘ and a re  the p ro b ab ility  d en sitie s  as obtained from the 

usual in te rp re ta tio n  of quantum mechanics.

We have here a  re la tio n sh ip  between the v e lo c itie s  and p ro b ab ility  

d e n s itie s . l e t  us see i f  th is  holds fo r  the problem ju s t  considered in  

the  region x  < 0. We must show then th a t

=  . . .

# » (* , )  *

F i r s t  l e t  us find  v (x ) . The equation of motion of a p a r t ic le  in  the 

region x < 0  i s

= F(*)
J t

where F(x) i s  the force on the p a r t ic le  as derived from the sum of the
i< u

c la s s ic a l  and quantum-mechanical p o ten tia ls  which in  th is  case, since 

V(x) ■ 0 in  x < 0 , i s  simply the nquantum-jnechandcal" p o te n tia l ,  U(x).

In  order to in teg ra te  the equation of motion l e t  ^  ^  • Then

i k - I f  5 1 ,  and
d ta dx

v - —  * .</X

In teg ra tin g c we have
%

Or

f  v-Jv- -  £  I*f-(x ')c/K'
*4 y.%

r [ iV x / ’ - S C K ) 1]  -  7k f ~  V t y x ' M x  ”
i  .

=

**)'■- [Vfxj  - KC*)} .
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I f  xQ is  chosen so th a t  Ui(x0) * 0 , then the v e lo c ity  a t  x 0  w i l l  he 

v(*o) "  y & E  m iSkx. Solving fo r  v(x) we have then

n * )  = d r j / A V - Z t ' l C M  . (36)

Recalling Eq. (28) fo r  U i(x), Eq. (36) becomes

t/ (%) = > [ ~4e?--4el + ( f + e ' + e l f ^
™  \J i+ e / z+ e * ) + 2 e f to s  Z k .x  + 2 e ^  si* 2k, *  J

Then

y ( x z)  _  j( /+  < *-+ ? t )  * Ze, cos 2k, x , + Z e t  sin  2k, x j  

U l%) [0 + e? +  * i )  + 2  e, cot 2k, + 2 e z S>'h 2k,

We re c a l l  a lso  th a t

/ f t /  = +  2 e, os's 2 k , y. ± Ze^  5/>? -2k, x  J  z

and therefore

/ <t(*.)/X _ lO+e,*+ef) -t-Ze, cos 2k K + 2 ^  S/fr 2 6 , x,,]
, \( t+ e ,z* -e * )+ ze , ce>s z k ,x ^ Z e ^ s s *  zk ,% ^ \

which i s  id e n tic a l to  v (xg )/v (x i) above. Hence we have shown th a t 

re la tio n sh ip  Eq. (35) holds in  th is  problem, ind ica ting  th a t the two 

in te rp re ta t io n s •give the same physical r e s u l ts .

Case 2 .

l e t  us consider now the same problem but w ith the b a rr ie r  of 

in f in i te  e x te n t. That i s ,  l e t  a - * ° o ,  as shown in  F ig . k.
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The ^ -fu n c tio n s  can be w ritte n
■ t

f o r x < 0  % ( x )  = -h £  c L*'x'
(37)

for  x > 0  % (x )  -  C  ^

where k i  and k% are defined as before. Imposing the boundary conditions, 

we fin d  th a t

E . £ i ± 3 ,  C » —S&  . (3 8 )
ki+ka kx+k2

Since we have used the same no tation  as in  the previous problem, 

we may use Eq. (28) to  find  Ui(x) and Eq. (29) fo r  Ua(x), where

r  S + t t  r - - * * L —  i - o
' a 1- * :  ' ' a * - * :

& -  , c  l -  o
e * V - t f  " V - ^  " •

Since e, + 6^ = /

£/ 2

and since b i  » ba ** 0

U (T C )  »  =  £  0 9 )

£ ~ V  ■
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Consequently the n e t p o te n tia l i s  everywhere equal to  E , as shown in  

F ig . 5. This means th a t a p a r t ic le  w ith to ta l  energy E<V, no m atter

how f a r  from the b a rr ie r  to  the l e f t ,  w il l  have aero k in e tic  energy 

and hence w i l l  be a t  r e s t .  This would seem to ind ica te  th a t  the 

influence of the p o te n tia l b a rr ie r  i s  f e l t  a l l  the way to  -  °o .

When considering only a sing le  p a r t ic le  such a phenomenon i s  contrary 

to  our experience. But when a beam of p a r t ic le s  i s  d irec ted  a t  the 

b a r r ie r , information about the b a rr ie r  i s  obtained by the approaching 

p a r t ic le s  from the re f le c ted  p a r t ic le s .  This r e s u l t  r e a lly  corresponds 

to  the f a c t  a lready mentioned th a t fo r  an in f in i te  b a rr ie r  of th is  

type a l l  the p a r t ic le s  are re f le c te d  and the n e t flow of p a r t ic le s ,  

or n e t v e lo c ity , i s  everywhere aero .

Case 3 .

We have found th a t  the Bohm treatm ent gives us no inform ation about 

re f le c tio n  in  the problems already tre a te d . I f  we consider a wave- 

paeket ins tead of a beam of p a r t ic le s  approaching the b a rr ie r ,  we are 

c e r ta in  to  observe the s p l i t t in g  of the wave packet in to  re f le c te d  and 

transm itted  components. I t  would be in te re s tin g  to  see i f  and how the 

Bohm in te rp re ta tio n  accounts fo r  th is  re f le c tio n .

I f

V

1

L_

F ig . 5
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For sim p lic ity  we sh a ll consider an in f in i te ly  high hut in f in i t e ly

th in  b a r r ie r .  This type of b a rr ie r  depends on one parameter only (the

area  under the curve) and thus leads to  a more stra igh tforw ard  t r e a t -  
ft

s e n t  • Thus the p o te n tia l energy function can be w ritte n

(ill)  

where
O X 4  O

/:
i s  the Dirac d e lta  function , and has the property  th a t

6 (x )c /%  =■ 2
. CO

i s  the parameter th a t  determines the area under the p o te n tia l energy

fu n c t io n .
*

9To fu rth e r sim plify  the problem we sh a ll employ atomic u n its  •

In these u n its  the Schroedinger equation i s  w ritten

W  *  v r  = .

In  our case th is  becomes

= - y ^ s c x . )  + . m

Since the -function  must be everywhere continuous i t  i s  necessary th a t

^ ( 0 -)  -  ^ ( 0 *) -  ^ ( 0 ) . (1 0 ) 

This i s  one boundary condition on {/- . AnothBr i s  found by in teg ra tin g

the Schroedinger eq u ation  (i|2 ) w ith in  a sm a ll in t e r v a l  about th e  o r ig in .

~z[r'fr+) - ^ o - ) ]  31 -  f t  So) J
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The l a s t  in te g ra l being aero because i s  continuous. The second 

boundary condition i s  thus

t ' f o * ) -  ^ ' ( o - )  -  z Y  ¥ ( 0 )  . (kk)

This t e l l s  us th a t there  i s  a  d iscon tinu ity  in  the deriva tive  of 0  a t  

the o rig in .

Since the Schroedinger equation (1+2) i s  a free  p a r t ic le  equation 

everywhere except a t  x * 0 * the problem consists  of finding a  so lu tion  

of the free  p a r t ic le  problem w ith a  break in  the deriva tive  a t  x * 0

as given by (H i). Such a so lu tion  may be w ritte n  as

= %(*,*)  + A ( x )  ¥x ( x t )  .(1*5)

where

■ { ;
/  v  < o

A M  = ‘
0  X > o

and both ( x , t )  and ^  ( x , t )  a re  so lu tions of the free  p a r t ic le  

problem. That i s ,  they s a t is fy  the Schroedinger equation

i  (1+6 )

In  order th a t ^  ( x , t )  s a t is fy  the boundary conditions given in

(1+3) and (1+1+) i t  i s  necessary th a t

%(a>6) =  0  (i+7a)

^ ( o ^ )  &  (i+7 b)
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I f  a function i f  (x»t) i s  a continuous so lu tion  of (k6)t then 

i?  ( - x , t )  i s  also* Hie odd p a r t  of ( x , t )  **

and

% ( x t )  ^ 8a)

w il l  s a t is fy  (1*7 a)* Then
*

y £ ( ° A )  ~ Z  ^  & ? o y t )  *  ~ Z l f  9; ( o ^ )

by (k7b). We may take

£ rx ,A »  =  & '( * ,* )  (M»)

provided we s e t  A  » -  ^  , since ( x , t )  i s  a lso  a continuous so lu tion  

of (lt6 ) . Thus we have

9 ( x t t )  = ¥ ' ( x, t J
\ m

and hence

(1*9)

i s  a so lu tion  of our problem, where 5 p ( x , t )  i s  an a rb itra ry  continuous 

so lu tion  of the fre e  p a r t ic le  Schroedinger equation.

The p a rtic u la r  choi.ee of 9  ( x , t )  th a t  we make depends upon the
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i n i t i a l  conditions th a t we d e s ire . A convenient choice fo r  our purposes 

i s  a Gaussian function*

(5o)

where xQ is  the i n i t i a l  position  of the peak of the function , and v i s  

the v e lo c ity  of propagation of the peak.

Let us denote fo r  x  <0

M x f i )  -  % (* ,£ )  ~ SF'tiftr) ~ 

and fo r  x > 0

~ j F ' f y t - )  .

Then

%(*t}' -*'] *v f

+

and

(52)

We are now ready to  fin d  the "quantum-mechanical" p o te n tia ls . The 

-functions are so complex here th a t a d ire c t approach i s  very- 

tedious and the re s u lts  d i f f ic u l t  to in te rp re t .  To sim plify  the work
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we s h a ll  carry  out the calcu lations fo r  sp ec ific  values of x0» v , and 

y  and a t  only c e r ta in  values of x and t .

The Hqu&ntu®HBeohanicalw p o te n tia l  in  atomic u n its  i s

- h w  (53)

Since !^/Z i s  a  sim pler function to  work w ith than / # /  * we should 

l ik e  to  gfet ($3) in  terms of /V/"* • We note th a t

Y*V * = V - * * 7 * ^ /  7 A V

= p  / V /  +■ z  v / t /  - t7/ ^ /  = z \ f ¥ / v y ? / *  ( m / f \

Therefore

v 2- /* /  _  _/ p * a * /z _  /  v / w  \ z
~~7ZT ~ z /*/* \ /?/ J .

Also

V/¥/z = Z/<AJ V/*/

w  v / ^ /  _  v / w 2
/<*/ ^ / ^ / 2

So we f in a l ly  ge t

r n * t )  * 4 — 1  - wU ( \ n J  X \ 2 / t / z /  ' t / ' t / 2 '

The procedure to be followed new i s  to  ca lcu la te  the functions 

V / W V and t 7 / ^ /  *and evaluate them ind iv idua lly  a t  the

desired  points# Prom the tabulated  re s u lts  U (x ,t) can be constructed

and p lo tte d  as a function of x fo r  various tim es.
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-  37 -

Considering f i r s t  the functions on the l e f t  of the o rig in , we 

have fo r  the square of the absolute value of ¥i x

f r 7 7 + 2

+ *
f * f i

yf [ ( ^ - X + v - t  I  £ 6 x (x* + « £ ) \
7 m ~ '— 7as(-- ^ r_ j

, \ , (  Ztxfro+t't)]! „ X*'+(Xo+»-t)Zl
( T T p  /  [ 7ft*  /j  , H '  I  (55)

The g rad ien t of

+ - ±  
(*{777?

[ - J ? f f

X e>fe>
(5 6 )
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The Laplacian of / f i / \ s  t

' (  z  Kx-T^-o-t)t -zfa-x)* ztf \
v ' v  tfrtf7p']/*£z /+£*■ \ /-fit1- /

7  1 /4th J / + t * / + t L
-ZY(xa-K+u-t)

/+ t l

.  L -  A i -  ^  1 (_ b j z l £ j d l  It /+t* J J *^1 /+ti f  ,

, xV (Xo+otY\ S  ( -2£xfa  + 'rtJ)[_2. j -SM t-Z . t  W *  u-\
\ '  / - < ? '  7 U t 4  / * * *  J

_ ( ( K - * ) t  - V- )[xS{-Kc*-t'£))Z 4x f*-0-X + o t  .UztCx. + v t n  
I / + t l / (  /+ t*  J  u t L\ / + t '  //■**■ j

, + (4* )V (Xp-xj i  - » )1
(/■ft*)*, ' f+tV I /-/■ t 1

-hCO* l - Z t - x f a  + v t )  ) [  2 t  (  z t ( x ,  -f t ,£ )  ~ ( x 0 -x- f -  o f )  , v )

(  --------------- 77F‘-----------------------  + V

_ / *<>-* +»£ _ v'Y zt(K+*t) )*■ 4x f (Xt-vtf - V yztfv, +ut) )
I  A 77P~~J /+tl{ T T T ^ / t  T T t^J

4 x
(/+tL_ ( A x J f  ( _ ^ f l lV* \/+tl) I ■/ + £* vjJ (57)
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These functions have been evaluated and tabulated  in  Table H  

t fo r  the p a r tic u la r  case when x 0 * *4, v * li, and X  » k» a l l  being 

expressed in  atomic unite* These values were found convenient because 

a t  t  * 0 the cen ter of the wav© packet i s  a t  x « -h and diminishes 

rap id ly  to e i th e r  side so th a t i t s  amplitude is  neg lig ib le  a t  the 

o r ig in , and y e t i s  n o t so fa r  -away from the o rig in  th a t  i t  spreads 

out too much before reaching the barrier*  With the v e lo c ity  v * i* 

the packet moves rap id ly  enough so th a t  i t  does no t spread ou t too 

much by the time t  «* 2. At time t  * 1 the center of the packet i s  

near the o rig in  and a t  t  » 2 the re f le c te d  p a r t  of the packet i s  back 

a t  x  ■ -ii and the transm itted  p a r t  a t  x » lu By choosing x' * 1* i t  

turns out th a t  ju s t  h a lf  the packet i s  re f le c ted  and h a lf  transm itted . 

This i s  determined by se ttin g  /v-Jo^)! *= * tb® condition fo r

which i s  th a t /  «* v .

In Figs* 6 , 7 , 8 are p lo tted  and fo r  t  * 0,- 1 , 2 .

Carrying out the same procedure new fo r  the function to the 

r ig h t  of the o rig in , we have fo r the square of the absolute value of

f t I

7 ^ 7  (5 8 )

The g rad ien t of /# ? / is*
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xubie n

/ /  - - ? * / % /  ' ( v f o / 2 ) z  _  v * / # / z

Ul  z / V J  ~ & \ * / £ / V  4-/VJ2
t  « 0 v z/fr/x 11 v/<kr\

r  *
X /¥l( z v l t f V % J Z 4/1U*- z\z/<Liy
0 17.8 1.21* -16.6

+1 .001*6 -.02 .iif 7.6 2.36 -  5.2if
-2 .528 —2.03 6.56 3.11 1,85 -  1.26
-3 8.51 -lif.95 9.15 .269 .386 ■♦".117
-4f 18.06 if.52 -35.00 -.lf8if .0078 +.1*92
-5 5.20 n .6 3 19.95 .96 .626 -.331f
—6 .207 .87 3.25 3.92 2.20 -1.72
-7 .0009 ,oo5it .01*2 11.66 if.5o -7.16
-3*9 18.3 i.oo5 -1*0.1 -.51*8 .QOOif +.51*8
-3*5 15.9
-if. 5 17.If

' \
% •  1

0 6.39 1.6 -5.98 -.23 If .0078 +.21*2
- 1 3.03 3.75 1.69 .Ilf .191 + . o 5 i
- 2 •51f 1.19 2.11 .98 .607 <37
- 3 .038 .117 .332 2.205 1.217 -%988
- U .0011 .001*3 .0161 3.78 2.0 -1.78
-0 .5 lf.97 5.7if 2.98 -2.76

t  * 2

-1,5 1.162 -.563 .770 .166 .029 -.137
-.5 .398 -1.19 2.868 1.80 1.12 -.68

0 .066 .65 6.05 22.9 12.12 -10.8
- i •If 8 -1.05 -1.78 -.927 .  ,60 +1.53
-2 1.72 -1.1*. 2,07 .301 .083 -.218
-3 3.26 -1.3 -1.335 -.102 .020 , +.122
-if If. 07 -.0136 -1.62 -.0995 l.lfXlO +.10
-5 3.28 1.32 -.795 -.061 .0202 +.081
-6 1.85 1.1*5 .1*36 .059 .077 +.018
-7 .66 .8 .695 .261 .181* +.077
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The Laplacian o f / ^ / \ s t

v K r - - w f c > A - ' *  ~

These functions have been evaluated and tab u la ted  in  Table I I I

fo r  the same conditions as before* namely x 0  » - I 4 , v » U* X  m U.
2,

In  F ig s . 9 *  10 are p lo tte d  / % / and fo r  t  •  1 ,2 .

From these fig u re s  o f the p ro b a b ility  d e n s ity , / f V  , and the  

"quantum-mechanical" p o te n tia l we see th a t the wave packet spreads 

out as i t  tra v e ls  along, as expected. We also see th a t the ”quantum- 

mechanical" p o te n tia l has a maximum value a t the same p o in t as the  

p ro b a b ility  d e n s ity , and drops o f f  on e ith e r  s id e . The shape o f the 

"quantiunr-mechanical" p o te n tia l moves along w ith  the wave p acket, and

becomes f la t t e r  as the wave packet spreads o u t. But we do not y e t
/ /  / /  

have any in fo rm ation  about the quantum-mechanical p o te n tia l a t  the

o r ig in .

'P '/W
Our problem is  to  fin d  the value o f U «*■ -  — 7 — a t x  *  0 ,  where

/ ¥ * /

V' is  defined  by equation ( 1*5 ) .  We s h a ll make use o f the boundary 

conditions as expressed by (b?a and b ). The d e riv a tiv e  o f the absolute  

value o f a complex fu n ctio n  is
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O 
H 

CM 
c^w

uvo 
tf-CO 

0\

1*5 -*

TA B IE  I I I

ir  - / / ? / * £ / * )Z  vVtfe/*
H e */?«/ *  U / f c / V / / > £ /

*

t  «  1 
#

■ *v

/ * / * v % /z vy&iz
m / 2

/(v/9*/z\
A*M/V "  %

' A

0 6.39 1.6 -5.98 -.231* .0078 + .21*2
1 1*.96 *3.75 -2.18 -.110 .0711* 4- .181
2 i . i * i -2.1*8 2.97 .527 .386 -.11*1
3 . n o * -  .1*32 . 9 7 1.68 1.13 -.550
1* .00^3 -.0202 .0715 3.36 1.81 -1.55
5 1**97 2.90 -2.07

i  -  2

.066 .122 .200 .758 .1*27 -.331

.31*2 .1*91* .523 .382 .261 -.121
1.18 1.22 .765 .162 .131* -.028
2.69 1.65 -  .099 -.0092 .01*7 +.056
U.Oi* .808 1.52 -.091* .005 +.099
1*.01 -  .86 1.1*8 -.092 .0058 +.098
2.63 -1.65 ,Ol*9 -.001*7 .01*92 +.051*
l.ll* -1.19 .766 .168 .136 -.032

.330 -  .1*79 .558 .1*23 .261* -.159

.063 -  .117 .186 .738 .1*31 -.307
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Applying th is  formula to  the ^  -functions fo r  x < 0  and x> 0, we g e t 

i f j  ~ z

/ a t '  / r W V  ‘ Tk/ -  z

At x » 0 these become

/ t M /  ’  i -----------------^ 7— ----------------------- i -------------7 ^ 7 -------------

, , , ,  , f C k  + x y /

The d iscon tinu ity  in  the d eriv a tiv e  of /V/ a t  the o rig in  i s  thus 

given by

. (61)

The deriva tive  of / f t  may be w ritte n  in  the following form:

, $ ( * , * ) -  y /% (°* )/ , X < °
/ ? /  = \ . . (62)

. J ( x , t )  + X / M o & l  t X  > 0

where g(x»t) and g » (x ,t)  are continuous functions of x . I t  i s  readily- 

seen th a t (62) s a t is f ie s  the condition th a t  /$V i s  continuous every­

where except a t  the o rig in  where i t  has a d iscon tinu ity  as given by (61).

The second derivative of /¥■/, or, what is the same thing, the 
Laplacian, may thus be w ritte n

V * / V /  = f ( x , 6 /  + & (x) . (63)
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That th is  i s  v a lid  can be shown by in teg ra tin g  from 0 -  to  0+t

f  v y p / c / x  -  J  -t z  X’/ '¥(<>,€))j ' S ( x ) f / x
o- 0 - o-

/ v ( o + ) / '-/</■(o j ' = j  (o +j - j (o  - )+z y / v  /<j, </.(Qj t ) f

since g(0+) * g(O-) •  g (0 ). We see thus th a t (63) leads to  the
/ '

proper d iscon tinu ity  in  /V / •

Now

H «  _  = _ /Vfoyj/SCx)
/ * /  2/ V C * ,* ) /

Whan x /  0

I f  fr t )  ,  _
J  Z / f r x , * ) /

which i s  the quan tity  th a t has already been calcu lated  and p lo tte d  

i n  F igs. 6 , 7* 8 , 9* and 10. When x ■ 0

„ /  , y /& o , t j /6 ( ° )
 5 7 ^ 7 —

= -  H  i f o )
Z / K o / J /

Thus, fo r  a l l  x ,

“ <*■*> -  - M & r  -  ™

Recalling th a t  the c la s s ic a l p o te n tia l V * / S i x ) ,  we see th a t the n e t 

p o te n tia l  i s  -
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-  $0  -

V + u  »
g(x,t)

The c la s s ic a l  p o te n tia l i s  completely cancelled a t  a l l  times by the 

Mquanttun-«iechani cal" p o ten tia l and the only p o te n tia l affecting  the 

p a r t ic le s  i s  th a t shown in  the f ig u re s .

The question now i s  how to account fo r  the spreading and re f le c tio n  

of the wave packet in  terms of the n e t p o te n tia l acting  on the p a r t ic le s .  

An analysis of the fig u res 6 to  10 w il l  give us a q u a lita tiv e  under­

standing of the process. The function / / /^ r e p re s e n ts  the d is tr ib u tio n  

in  x of an ensemble of p a r t ic le s  a t  an in s ta n t  of tim e. There i s  a 

corresponding d is tr ib u tio n  in  v e lo c itie s  which can be found by a 

Fourier analysis of the /- - fu n c tio n . As a convenient approximation

l e t  us fin d  the Fourier analysis a t  t  *  0 o f '
C

Thus

(65)

i s  the Fourier an a ly sis . The Fourier transform gives

t

r %  ° o  ( X - K ) ' '

— e .  *
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■* i?l **

L e t x  -  x Q *  u . Then

CM  •  ^

A convenient form ula fo r  th is  in te g ra l is  found in  Rojansky’ s

10In tro d u cto ry  Quantum Mechanics .

We obta in  then

C M ^ e  *  ■ ( « )

fo r  the c o e ffic ie n ts  o f the F o u rie r a n a ly s is . The d is tr ib u tio n  in  

v e lo c ity  is  thus given by

!C(V> /Z = i fe  e ~ <u'  (6 7 )

which is  a normal d is tr ib u tio n  about v Q, the v e lo c ity  o f the wave 

packet.

We have, th e re fo re , an ensemble o f p a rtic le s  w ith  a d is tr ib u tio n  

in  x  as given by / ¥ '(* )/Xand a non -co rre lated  d is tr ib u tio n  in  v  given  

by /c (v ) / '1 . L e t us consider what happens to  p a rtic le s  a t  A and E 

in  F ig . 6 . F ir s t  we observe th a t th ere  are an equal number o f p a rtic le s  

a t  A and B , since they are sym m etrical po ints on the d is tr ib u tio n  

curve. The p a rtic le s  a t  A have a d is tr ib u tio n  in  v e lo c it ie s  e x a c tly  

s im ila r  to  those a t  B. To be s p e c ific , h a lf  the p a rtic le s  a t  A or B 

are  going fa s te r  than the v e lo c ity  o f the packet envelope, v Q,  and 

h a lf  are going slow er.

Three s itu a tio n s  may a ris e  a t A« ( l )  If a p a r t ic le  is  going 

slow er than v 0 i t  w i l l  tend to  go even slow er and ev e n tu a lly  go in

+ i  u(0-o- v )
d a
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the negative x d irec tio n  because i t  i s  on a portion  of the p o te n tia l 

curve* A1, w ith p o sitiv e  slope* (2) I f  a p a r t ic le  i s  going only 

s l ig h tly  f a s te r  than vQ so th a t  i t  i s  no t able to surmount the s l ig h t  

p o te n tia l h i l l  to  the r ig h t of A* * i t  w i l l  slew down and tu rn  back, 

and eventually  go off to  the l e f t ,  (3) I f  a p a r t ic le  i s  going fa s te r  

than vD so th a t  i t  can surmount the p o te n tia l h i l l  i t  w il l  then en te r 

a  region where the p o te n tia l curve has a negative slope and i t  w ill  

then acce lera te  to the r ig h t ,  A corresponding argument holds fo r 

p a r t ic le s  a t  po in t B. C learly  no p a r t ic le  w il l  m aintain the same 

position  over a period of time re la tiv e  to the j^y{ x ,o ) j Z curve 

except a p a r t ic le  having exactly  the v e lo c ity  v0, and, of course, 

there  are no such p a r t ic le s .

This discussion accounts fo r  the spreading out of the d e n s ity  

d is tr ib u tio n , and i t  a lso shows th a t  as time increases more and more 

p a r t ic le s  w il l  have negative v e lo c it ie s ,  thus making up a " re flec ted ” 

packet* I f  the p o te n tia l function , U, i s  symmetrical then i t  appears 

th a t ju s t  h a lf  the p a r t ic le s  w il l  be ” transm itted” , and h a lf  " re f le c te d ” . 

The words transm itted  and re f le c te d  are pu t in  quotation marks because 

they c e rta in ly  no longer have th e ir  o rig in a l meaning in  terms of the 

r e s u l t  of an in te rac tio n  of a wave packet w ith a  p o te n tia l  b a rr ie r .
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V II. Conclusions

We have examined a number of quantum mechanical problems by 

Bohm's in te rp re ta tio n . The process consisted  of finding  the wave- 

function  or / ' - f i e l d ,  as i t  should now be called* from i t  a ’’quantum- 

mechanicalM p o te n tia l and w ith the aid  of th is  p o te n tia l tre a tin g  the 

problem in  a c la s s ic a l  manner.

In order to  carry  out th is  process w ith a reasonable f a c i l i t y  

we have seen th a t the /  -function  must be of a f a i r ly  simple form. 

Any complexity in  the / '- fu n c tio n  i s  magnified many times by the 

process of taking, i t s  absolute value and finding the Laplqcian, as 

was seen in  Case 3 of the p o te n tia l b a rr ie r  problem. The labor 

involved in  most problems would g e t completely cu t of hand. And those 

problems fo r  which an exact / '- fu n c tio n  cannot be found cannot be 

trea te d  by th is  method a t  a l l .

Of course, i t  i s  not. necessary to  find  the Hquantum-mechanic a l” 

p o te n tia l when solving a problem fo r  a l l  physic a lly  v e r if ia b le  

inform ation comes from the p ro b ab ility  density  /¥/*"• B it i f  we are 

to  have a b e tte r  understanding of th is  Hquantum-mechanical11 p o te n tia l 

and the c la s s ic a l behaviour of a system w ith th is  p o te n tia l taken 

in to  account, and i f  we are to  be able to. make a judgment as to  the 

r e a l i ty  of th is  p o te n tia l , then we must gain some experience in  

a c tu a lly  working w ith th is  p o te n tia l . That has been the purpose o f  

■this work.

We have obtained some ‘in te re s tin g  and some times unexpected 

re s u l ts .  In the case of s ta tio n ary  s ta te s  we have seen th a t  the
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n quantum-mechanical” p o te n tia l is  always composed of two p a rts , one 

of which is  ju s t equal and opposite to  the c la s s ic a l p o te n tia l, and 

the other is  the negative of the k in e tic  energy. The fo rce  derived  

from  th is  second p a rt is  equal and opposite to  the in e r t ia l  fo rces o f 

the system. In  the case o f the ^ /jt/ s ta te  o f the hydrogen atom i t  

was found th a t the plane o f the o rb it  o f the e le c tro n  d id  n o t in  

general include the nucleus. This is  something e n t ire ly  new in  our 

experience and c e r ta in ly  leads to  conceptual d if f ic u lt ie s .

In  working on the p o te n tia l b a rr ie r  problems the fa c t is  brought 

out th a t one cannot consider the behaviour o f only a s in g le  p a rtic le  

fo r  i f  we attem pt to  do so we fin d  th a t the p a r tic le  is  in fluenced  

by the p o te n tia l a t  an in f in ite  d is tan ce . But i t  is  not su rp ris in g  

th a t we cannot consider a s in g le  p a r t ic le  because the p o te n tia l 

fu n ctio n  being derived  from  the Y ' -fu n c tio n  holds only fo r  a 

continuous stream of p a r t ic le s , as does the ft- -fu n c tio n . Thus we 

must always deal w ith  an ensemble o f p a rtic le s  whether we use the  

usual in te rp re ta tio n  or Bohm's in te rp re ta tio n , even i f  we suppose th a t 

the i n i t i a l  conditions are known. The im p lica tio n  o f Bohm’ s in te r ­

p re ta tio n  is  th a t i f  we could know the i n i t i a l  conditions o f a p a r tic le  

we could determ ine i t s  tra je c to ry  by means o f c la s s ic a l equations o f 

motion inc lu d in g  the "quantum-mechanical” p o te n tia l. But since we 

cannot w rite  a f t  -fu n c tio n  fo r  a s in g le  p a r t ic le , we a lso  cannot f in d  

a ”quantum-mechanic a l” p o te n tia l applying to  a s in g le  p a r t ic le , and so 

we cannot fin d  the motion o f a s in g le  p a r t ic le .
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I t  seems therefore# th a t we are even in  Bohm's in te rp re ta tio n  

in h e re n tly , n o t m erely by p ra c tic a l necessity# re s tr ic te d  to  the 

behaviour o f ensembles o f p a r tic le s . This being the case I t  would 

n o t seem th a t th is  new in te rp re ta tio n  r e a lly  o ffe rs  a much broader 

conceptural framework as Bohm cla im s.

We must now look in to  the questions o f the r e a l it y  o f the "quantum-
#

mechanical" p o te n tia l and th e  v a lid ity  o f Bohm's in te rp re ta tio n * There 

undoubtedly are numerous te s ts  th a t must be app lied  to  Bohm'a new 

in te rp re ta tio n  o f quantum theory before i t  w i l l  be g e n e ra lly  accepted 

as va lid o  I t  seems to  th is  w r ite r  th a t a necessary, although not 

s u ff ic ie n t , con d itio n  fo r  the v a lid ity  o f Bohm'a in te rp re ta tio n  is  

th a t th is  "quantum-mechanical" p o te n tia l have an o b jec tive  r e a l it y .

Bohm claim s th a t i t  does but he does not d e fin e  what he means by 

"o b je c tiv e  r e a lity " , and he does n o t su b stan tia te  h is  c la im .

Of course, "o b je c tiv e  re a lity "  is  a d i f f ic u l t  concept to  d e fin e .

We th in k we have some in tu it iv e  fe e lin g  about what is  and is  not 

o b je c tiv e ly  r e a l, but th is  is ' not dependable. Bohm's "quantum- 

mechanical" p o te n tia l is  rem in iscent o f another device invented to  

account fo r  observed fa c ts , and th a t is  the F itzG erald -iLoren tz con­

tra c tio n . The assumption th a t a body moving w ith  a v e lo c ity  v  

contracted a fra c tio n a l amount j / / ~  " 'fa  o f i t s  len g th  in  the  

d ire c tio n  o f motion e x a c tly  accounted fo r  the observed fa c ts . There 

is  no ph ysica l experim ent th a t can prove th is  assumption wrong, and 

y e t i t  is  doubtfu l i f  any p h y s ic is ts  today consider the F itz G e ra ld -
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Lorentz con traction  an o b jec tive  r e a l it y .  The reason fo r  the  

abandonment o f the F itzG era ld -L o ren tz co n tractio n  assumption is  th a t  

i t  is  s te r ile — i t  does not lead  to  any new or deeper understanding 

o f n a tu re .

The w r ite r  b e lieves  th a t th is  " quantum-mechanical" p o te n tia l

is  a device o f the same n a tu re . We can say th a t i f  there  were such

a p o te n tia l, then observed fa c ts  could be accounted fo r . But there

is  no p h ys ica l experim ent th a t can prove or disprove the existence

o f th is  p o te n tia l. Does th is  assumed p o te n tia l le a d  to  any new o r

deeper understanding o f nature? We b e lieve  no t and so we b e lie v e

th a t i t  does not have an o b jec tive  r e a l it y .
*•

According to  our prem ise, then , we must conclude th a t Bohm's 

new in te rp re ta tio n  is  not a v a lid  one.
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