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INTRODUGTION

This paper extends to the composite Euclidean
function space (G,%M), in which a point has as coordi-
natés a real continudus function of a real varisble and
.~ Treal numbers, work which has been done on continuous
funetional trensformations in the Euclidean funetion
space C.

The initiator of the study of co?tinuaus functional

transformations in C was Kowalewskl, who csalled this

T) G.Kowalewskl, Wiener Sitzungsberichte, Bend 120 (1911),
- Abt.IIa, Teil 1,pp.77-109; Teill 2,pp.1435-1472.Teil 1
wlll be referred to hereafter as Kowalewski I and
Tell 2 as Kowalewski II. .

space R . By means of regular 1ntegral power series he
ﬂintroduced the concept of regular infinitesimal trens-

f@rmation;groups, and obtained the infinitesimal pro-
gﬁééfive and gonformal groups and 8Subgroups of the

ﬁggxmer‘ Dines obtained the finite projective group in G,

@) L,L.DInes, Transactions of the American Mathematlical
7" Soclety, vol. 20 (1919),pp.45-65, (hereafter referred
- to as Dines I)

ﬁ“proVed that en infinltesimal projective transforma-
ltion in C g&w&rates e one-parameter femily of finite

lgﬁejective trensformations in C. Kepnisog) showed that

Z3I T.5.Rennison, Proceedings of the National Academy oIl
Sclences, vol.16 (1930),pp.607-609.
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the generated famlily is a group.
1)
By introducing homogeneous coordinates Kowalewskl

’kij"ﬁjfowalewskiléompfesgﬁendus,vol.153 (1911),pp.1452~-146Z,
‘simplified the form of the infinitesimal projective and
conformal transformations, writing them as linear trans-
formations on g composig? range. By the same device |

2)
- Hildebrandt and Barnett succeeded 1n greastly simpli-

Z) T.H.H1ldebrandt, Bulletin of the American Mathe-
maticel Society, vol. 26 (1919-20), pp.400-405,

“3) T.A.Barnett, Bulletin of the American Mathematical
. Soclety, vol, 36 (1930), pp. 273-276 (hereafter re~
ferred to as Barnett 1.

4)
"fying Dines! proofs. In another paper Dines employed

JZS L.L.Dines, Americen Journal of Mathematics, VOl.44
(1922) pp. 87-101 (hereafter referred to as Dines 1.

homogeneous coordinates in meking e primary classifica-
~%ion of projective transformations in C. The simplest
gpproach to the finite conformal group in C was found

, 5)
by Barnett and Nathan to be through the use of homo-

5) 1.A.Barnett and D.S.Nathan, proceedings ol the
.. National Academy of Sciences, vol.18 (1932),pp.400-
" 403. See also M.J.Delsarte, Comptes Rendus, vol.188
(1929), p.1591.

geneous sphere coordinates, which led again to linear

functional transformations on a composite range. The
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| desirebllity was thus suggested of developing the

theory of linear functional transformations in (C,gv). -
| That the investigation of other continuous function-
,@} tranaformations in (C,gv) was also desirable was

: 1)
suggested by the result, obtained by Barnett , that the

TY T.E.Barnett, Proceedings of the National Academy of
. Sciences, vol.15 (1929),pp.96-98 (hereafter referred
to as Barnett IIh

subgroup of the infinitesimal projective group in (C’ﬁp)
_ teking unit spheres into unlt spheres in (C,E&) can by
}\é stereographic projection be converted into the infinl-
tesimal conformal group in C. |
In Part I the function-space (C,gv) is character-

ized, and a finite continuous transformation group sand
‘régular infinitesimal transformation group in (C,gm)'
’are defined, Part II cdomsiste of two lemmas frequently
invoked in the ensuing parts. In Part III the group of
" non-singular finite linear transformations, and the
~group of infinitesimgl linear transformations, in

| (C,E_) sre obtained, end it is proved that en infini7
;,;esimgl linear trensformation in (G,gv) generates a
;éne—parameter group of finlte linear transformatiéns

in (C,E_). In Part IV the group of finite projective
‘transformations, and the group of regular infinitesimal

projective transformations, in (c,gw) are obtained, and
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it 1s proved that an infinitesimal projective trans-
formation generates a one-parameter group of finite
projective transformations in (C,gv). Corresponding
-results for the conformal transformetions in (C,EL)
are given in Part V. In Pert VI it is proved that
the subgroup of the infinitesimal projective group

in (C,@w) taking unit spheres into unit spheres in
(G,EV) can by a stereographic projection be converted

into the infinitesimal conformal group in (C,E ,).
M~ .
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NOTATION

The meanings here attached to our symbols will be.

j{plica’ble whenever no other meanings are expressly in-
{"dizeated. | '
i | - Any Greek index « s A Y,sss{exCeDt 5 ), with or

witheut positive integral indices, ranges over the closed

_rmterVal I: (0,1 ) whereas any La’cin index &,? ﬁ,.n

yxcept m) has the discrebs integral range J: 1,2,sae, "
| - The letters «v, 4] v ¢ G if essigned Gree'k.

"3‘*¥1ﬁdiees, represent real continuous functi‘ensrof,these ine
7@1@93 on I if'assignegi positive integral indlces, they

‘represent variables which can assume all real Values; If

: e'y are without indices, they denote sets of v s/ Ore o

ered elements, e.g.
(444 74’ R ) .
; Aé.dition of two sets % and /;« is defined by

wty = [764—7 ac+;,) ,7‘--»‘-?)

ffnultiplication of a set - by a real number e 1s de-

fined by

The equation X ‘—’/? denotes the system of ‘equations
P

, ’ :
I A R
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E[*he lnequality l«./é A~ denotes the system of in-
.,'é;qualitiea I <, IvLI’-K« ---;’7‘ <.
The letters K, L,M, ..., when given Greek indices,
| ~denote real continuous functions of thelr indices, where
/"yf"ea‘eh Index i3 on I; in all other cases they denote real
e éonsfaz;ts.
, ‘The value of an expression is not affected if simul-
1 taneocusly all superscripts are made subscripts and all sub-
. :rﬁferipta are made superscripts without alteration in the or-~
der of the indices; thus
K=y x = K ”K,‘;{,

ey
- When the same QGreck (er Latin ) letter occurs in a -

term both as superscript and as subseript, Riemann inte-
":'Eigz".ation over I (or summation over J ) with respect to
ithe repeated index will be understood, the repeated index
“ “being calledra dummy index. Thus the expressions
R R I
- woald in ordinary notation appear as :
45 f“‘l (=) %(p)4p (£=1,-- ~) [JM(/’”)%/&!)%(XM}&»'

g ) i =/ °
- ‘respectively. To prevent smbiguity, we will refrain from

using a8 a dummy index a letter already sappearing as an-

her index in the same term; thus we will not use the ex~

,6

AT Xk A . « 3
pression M., xx a8 the equivalent of M, ‘.67‘1”‘ .

U Ak " o'

The letters o, & <, £ ( with or without positive

‘r“,_;;ritk’egral indices) will be used as arbltrary real constants.
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~When 1t 18 desired to indicaete that a function 1s cone
tinuous 1n such parameters, the symbols for them will be
inclosed in parentheses and put after the symbol for the
function, Thus ya((g/a,nd /(a‘g( 4')«111 have the seme signifi-

eance respectively as have ;r(ol z) and/((& a.l)in ordina-

ry notation. Differentiatlion of a set %t)z(%yfd%/f) ,x/)

with respect to A 1s defined by

< “/ 7 .
dple) _ (22500, A, ,9;;/1))

When a positive integer 1s to serve as an exponent.,
- the quantity whose exponent it 1is will be inclosed in pa-

rentheses or brackets; thus ,
2 2.
« x X J = a - A&
(x ) = x" x 5 [T‘L=-

The letter § , with or without a positive integral

\

~ index, will denote a definite value in I, while the letter

£ will denote an arbitrarily smaell positive quantity.
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| PART I
TRANSFORMATIONS IN THE COMPOSITE FUNCTION SPACE ( C,E )

1)
1. The Space ( C,gw). We designate by ( c,gw) the

"T) The definltions in this section are generalizétions of
those given by Kowalewskl with regard to the space C;
see Kowalewskl I, p. 77.

7~camposite Buclideaen functlon-space in which every ordered
set A defines a polnt x£ . Let us divide the interval |

I into »v parts, each of length AX ; then as s — oo,

Ao&t—? 0. Let §k be a definite value of X in the Ath

. éub-interval. We can regard as ﬁhe coordinates of the point
X the infinlte sequence

E —": ;l... 4z gw £ ' ot
]

(1) 2 AKX ’74 a4« )..."74 AX ,.‘)x),,,’% .

‘Then the coordinates of the point o defined by the or-

dered set are
7 . %

E, £ Y ' —~
7 A‘ # Ax 000)#. Ad,l" ) g’ '..,?
'Thns we are led to define the distance between the points
ac and 7 as

[ G (= o)

" which in ordinary notation would be

Ef (§@- x(*’)*’“ + Z (4 "‘)]J{;

< =

Fer brevity we will represent the distance betweenc 7:, andi

g by{'x"})o
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' The sequence (1) can salso be regarded ss the com-
~ponents of a vector A which goes from any point 7 in
"(G,E_) to the point 4+ 1in (C,E_). If we meke the Vector
Vstart from the origin, i.,e. if we choose 5,“.-.—3,'-_-~ -—=5:Q
’che components of the vector will become identical-with the
corresponding coordinates of the end point of the vector.
vB';y the norm of the vector x 1s meant the expression

_ “~
74“«; + X K. |
1The length of the vector ¢ 1s defined as the positive
;?q_uare root of the norm. The length of the vector obvious-

1y equals the distance between its initial point and its
end point. We define the inner product of two vectors &

and .g, to be the expresslion
o + P
x
x /}“ 7«/& >

thelr outer product to be the set of determinants

sl : : '
¢“ x* * x« x” ')C~ x ¥
« [

ya < 4
4 ¢ ,g.“ A4 A 7

>

If the vectors & and 4 issue from the same point, the
:Ahgle 6 which they form 1s defined by
- £
- /z#“‘: ,x:&*_ﬁt. 3 2 L
¥ o
[(46%,*7"2)(73‘:*7?()] N
« LN P ¢ ) x <5 )j"
: [(Xx+xx X9+ 44 )~ (%t <4
[(ZA+ %56+ 4

-~

cot O >
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10

2. Operations'and Transformations, Certaln opera-

A

7
tions on & , as e.g. ’)44'56 + A xf s Yield a unique

real number for each X . We shall represent ~»v such

operations by F ’L(%), calling the F ~(”~) functionals of -y

‘*The F‘;{x)are sald to be continuous at x = x, 1if
| FE(gran) - F"(x,)[ <z
. for maximum Jax| sufficiently small, i.e. for the maxi-
“mum of the quantities ‘A'x“‘ R lax' ,,"‘) ’475*, sufficiently
V, £a=mm11.
An operstion on X which ylelds for each -x a

unique real confinuous function of « defined on I will

be represented by ] F“(x) . An example of such an operation

<« ¥
1s K“'a'); + lg X . When « 1is fixed, F“(x) be-

- eomes a functional of X .
The simultaneous application of F (x.) and F (x)
rbestablishes a correspondence of a point Z to each point

X , the correspondence being expressed by the equation

(2) Z=F(x)=( F0,F(x), ..., F~()
or by the equivalent system of equations

= F%(x)
! . .

- /
" The equation (2), or the system (2 ), defines a finite

point transformation in (C,EW).
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. +
[ Fep- F“(ﬁ[ﬁ (P-E( ’fy+[ F ”'(;>-F“'(fy[’}‘f)"f(_’j?/) ‘e

for (X ,4 ) sufficiently small,

If the set F(x) of operators involves arbitrary real
‘nnmbérs or arbltrary real continuous funetions of one or
more real variasbles, 1t defines a family of transformations
~in (C’E»)' An example of such.a ?émily isp ;

iy L A B L % 4)

x’*=.er*+i)<gx‘+K §+¢(L§+L{; .
If, for a certain choice of values of the arbitrary quan-
titles, the system of equations defining a family of trans-

- formations can be solved uniquely for»dca, 4C~; then the
~system of equations comprising the solution 1s called the

 inverse of the member of the family corresponding to that
éhoice. The transformation resulting from the successive

J'application of two members of a family is called their
product. If the product of every two, and the inverse of

~ every one, of the members of a family 1s also in the family,
the family 1s said to form a group. A subéet of a group

~ 1s cglled a subgroup of the group if the product of every
two, and the 1nverse of every one, of the members of the

. subset is also in the subset. The product of a transforma-
‘tion and its inverse is obviously the identity transforma-

~ tion, that is, the transformation teking any point into

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e
-

v;ittself. Conversely, if the product of an inverse~
'possessing member of the famlly and of another member
of the femily 1s the identity trensformation, the second

~transformation is the inverse of the first,

Let us consider the family of transformations
—— o o 4’
Te) = MO X"+ M (t)alg + M, )«

—i Aoy P ¥ x
x(%) = h}lg(x)x + M ()4"

. where £ 1is a real variable on any specified interval,

“finite or infinite. If M“, M“P, M..‘ ’ N’; and M‘;’jare
fixed, X alone remains arbitrary.??lhen, as in this in-
étance, the arblitrariness resides in one real quantity
alone, a family will be referred to as a one-parameter
- family. |
| Let us conslider a one-parameter family of transfor-

mations

Z(2) = F(aélt).

Let t , £, be eny admissible values of £ . The family

d
S

. = — = L W
- { [ F‘(tk)—F“(tﬂ[é (%)-F (t,ﬂf—[l.’”'(’s)-” @) E’@'E@‘J“

- for ,1;'.-23,’ "sufficiently small., If & one-parameter (con-

18 m~ad A ba e Ak tincacisa 2P
X .

- tinuous) femily forms a group, the group will be spoken
© of as a one-parsmeter (continuous) group..

3. Composite Integral Power Forms. Let
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; 4’3%«:' ‘ ‘;fj‘, >%’“"j;vbe equal or distinct positlive inte-

"gers . Using these as exponents, form the funetion
é’v, o f/’«- e A
(PN PP

which 1s continuous in the £+~ + / arguments

Pr A SR ' 'h,/x&,,,,x""’“. Form now the expressilon

3% . £\ Fe
(3 K (x")(x ...x)(¢) (%)
M 5

“
and gssume that the indices &,, - & and < ,..., &

K, X,y

’

are so arranged that the relations £, Z £ 2 Z.f/;/ and
% 2 ?,,_Z,“’_Z #.hold, since such an arrangement is always
‘pcssible. It is to be observed that (3) is a continuous
functional of -x when o« 1is fixed and s eontinuous
"fﬁnction of & when <X 1is fixed. Introduce a finite
,i:mmber of such expressions as (3), requiring that for esach

of them the condition
ﬁ+ﬁ+---+ﬁ+&+'--+fw=w (,w_é_/y,-/-,,.)

" be satisfied, end form their sum. This sum will be called
a composite integral power form of the.m. th order in x ,
and will be designated by 0[ (”‘ ”‘ x or, more briefly,

)
;byk O(W(’”) . The most general composite integral power

I This definition 18 a generalization of E. SeEmIdtTs

.. definition of an integral power form in x% ;see

'*".‘E.Schmidt Mathematische Annslen, vol. 65 (1908),
p. 374. See also Kewalewski II, p. 1436.

forms of the zero-th, first, sec_ond, and third orders are
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~ respectively
LACE
‘ s
(%) = L“oc“"‘L‘“éf’ " L; o
!

2 £ ¥ R «
& (z) = M(x) + /‘;{,/’€ x X +%M“’6;/cs

. - A N
+ Mo.('exfjé + ™M 's(%)

- (4)

)

0(‘(94 N(ac)_f-N ’er-l-N (x)x N acfx'x
3

+ M" a;% +M

2 of f& v
+(IN, + r;%«x %+ K '0(4;,)

By <gY ¥
+ N, /(x)-f-"‘N xx + N XX

4 g Y 4

A §
A“ﬁ 3 /\“ﬂx a xpr
x -(-N x ';C-f"N XXX ,

where the K , L , M, N , called the coefficients of
the forms, can without loss of generality be taken sym-
‘metric in ell Greek indices except « and all Latin indi-

- ces except A~ + Thus if the coefficlent in the term
<fYy '
M xfx,y is not symmetric in /A and ¥ , We can re-

_‘glace this term by the equivalent expression -'-6‘1 “4'/‘1 ')ﬁﬂg
;%g;~L'h@ae coefflcient 1s symmetrie in ,5 and ¥y .« Or 1f, say,

4 |
the eoefficient in the term N&ﬂ ’ ')Cl' is not sym-

: etric in & and £ , we can replace this term by the

idvalent expression . ’
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| « “ ‘& L
~equivalent expression - (/\;-4[ T %gﬁ)’)ﬁf'lé X , whose

’eeefficient is symmetric in A4 and L .

We shall need also to employ composite integral power
\f'ferms of a special kind, namely, those that do not involve
+« We shall represent ~v such forms of the .~ th
order by 0/”5: {x); thus we have

Ol;;(ﬁ) - R"’,L’

OC(x) = /1:/: x4 L-%o;, >
. r~ - fo 7] ﬂ
o Ox) = M7 + M x x
P 2 F % A r' d
(4 ) ~ ,s)z- /<1VA, FK)’
: §RE iR P

~ i 3 AL Al vy ~e
-+ N;(x’)-f-N}X(X Jx +%”""" .
4. Differentials of Composite Integral Power Forms.

‘The first differential, in the increment set 4 , of
' o
0(,”*(7‘) at the point x = 2¢,  1is defined as

o oy ~  w o a
,Ocv‘(xo-’?)'—:— Uéw[oc:(,oc“a. .,ﬂéo ;’&’>ﬁ4"'*’ )
~ A A (e x'vey .. A1
=[ L & (X +ef %y, %Y ]
E[:%U,Cui(”‘o*ejy .

€=0
It is a composite integral power form of the first.order

0

in ? when ’)LA' is fixéd , and a composite 1nteg:a1 p?‘xger
’ = N

form of the (~w —f )st order in ')g when 'a-{_ 1s o7 -
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: 1)
fixed,

I CI. I.A.Barnett, American Journal ol Mathematics,
vol. 44 (1922), p. 186.

¢

The second differentiasl, in the increment sets ,17,
and 2, s of a&ktot X 1is defined as

m(x,,g,y) [W&(xf-éy-feg_

When %, is fixed, (X (X)})aa)is a composite integ’f'al

- power form of the first order in 17' and of the first
order in 3/ . When /y and 3 are fixed, it 1s @
composite integral power form of the ( 2+ -2 )nd order
in X Frém the definition of the second differential
we have at once

THEOREM 1.
OZ [xoz}) }) &’«(’;{)3/)7)

The higher differentials are given analogous defi-
‘nitions. The order of forniing the successive differen-
' tlals 1s always permutable. It is clear from the form of
Qj (=) that the differentials of all orders exist and
that those of higher order than the ~»~/th are identically

‘ 2)
! 72371‘00

ES TT the Frechet definitions of the differentials of
. continuous functionals 1s applled to composite lintegral

power forms, we get the same expresslions as are ob-
tained from our definitions. See M. Frechet Transactions
of the pmericen Mathematicsl Soclety,vol. /4 (1914),

p. /39

[ ¢
From the homogeneity of ng(x)we have
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piid

A (en) = () A(x)

Differentiation with respect to T gives

.i 0[« (’)lo ;F(&")og)'é/u«/&m~,qw:’<(x)'

Le 7

Putting _¢ =,/ in this identity, we get
- o
A (x5 %) = K (=),
Similarly the formuls

@:‘(4‘.37‘,}4‘.) s/m« (/-w—-/)@f/“.)

cen be established)and continuing the process, we get

- &8 the anslogue of Euler's formula for homogeneous

' functions
THEOREM 2.
«
U/’[‘:‘(ﬂg)"x’)"'“)‘%)S/wv@v"l)"'éﬂ‘/&f'l)q(w(xb)
- S—
A Fionaaes (,&52))-—-)""‘-'*9

There l1s an lmmediate application of this theorsm

o «
which will be useful later. If in %(x) all coefficlents

__are replaced by their absolute values and ?CT’X,'. cay X

‘each by / , the fesulting expression will be a function

of & , The meximum of this function is ecalled the

fhjeightl)

of Offx) . The helghts of | ﬁ:{f(x;y),

7"“:1) See Kowalewski 11, P. 41439,
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m ( J,(;)etc., are similarly defined es the respective
i;maxima of the funetions of & which arise when the co-
,kefficients of these forms have been replaeed by their ab-
; solute values and every element of the sets Gt ¥ ik .-has
= been replaced by | . Let 2. denote the height of
“ (7‘) » Then by Theorem 2 the height of 44 (XJ;- is
 mw &, , the height of CZ (x; ;,;) ism(m-/)m‘_,etc.
The extensien of Taylor's Theorem to composite
'_intagral power forms is readily made. If in Q{_ (’51’-6‘#}
"we consider X, and 1}, as fixed, we have a polynomisl
~4n € to which we can apply Taylor's Theorem, getting

(since all differentiasls of order higher than ,+ van-

(x -f-éf) “M[1)+—_d(6<);)+---+((‘)0[x(w

'putting €=/ 1in this identity, we obtain the follow-

Vﬁish)

i 1ng theorem, which is the analogue of Taylor's Theorem:
THEOREM 3.

« s X |
O+ g)= %(%)+#@@57)*"'";é?é{@s"?{).

5. Composite Integral Power Series. An infinite seriads

of the type
‘ oo

(5 S (x)
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; 1)
is called a composite integral power series in 2 .

I} This Is a generalization of an Integral power Series
as defined by Schmidt. See E.Schmldt, Mathematische
Annelen, vol, 65 (1908), p.374; see also Kowalewski II,
p.1440. ,

Form the power seriles

. .
G c},—+a,a+a;(z‘t)+“'>
' «
where & 1s the height of the term a ('x) in (5) and
Z 1is a complex variable. Let R ve the radius of
ccnvergenc? of (6). The series (5) is sald to converge
‘ 2 , - :

regularly for

BICT., E.SChHmIdt, L.Cey; DeddZ.

7) - Jx[g2 <R .

THEOREM 4. A composite integral power series ZOC (7‘)

Moz s

converges sbsolutely and uniformly in the subset (7)

__e__{ (C,i) in which it converges regularly.
&
PROOF.From the homogeneity of (X (x ) and from the
inequality (7) we infer the inequalities

lULf(x) [ﬂyL o (‘—)/ (") )

Hence in the subset (7),the series (5) is dominated by the

ecanvergent series of positive terms

a,+a./c+ ‘L(/‘L)-f-" -
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and 1s , consequently, absolutely and uniformly convergent

- in this subset.
, fl x (
From the contlmuity of 76} in o« eand from the

“result in Theorem 4 on the uniform convergence of Zﬂ (")

MY

- in o for a fixed - in the subset (7), there follows
: o
THEOREM 5. The serles f&t (x) defines a continuous

ANE D

: .'function of o« for a fixed . 1in the subset ('?)

In view of this theoremx we shall write
79‘(x) Z 0( (x) (Ix(f—/(,<'R))

* end shall speak of 7” (<) as e regular composite in-
tegral power series in A ., |

THEOREM 6. For a fixed value of & , the regular

composite integral power series %} 1s a continuous

~functional of X .,

PROOF. Let us put

4(x)= Zoz (x) /t[x) S &) - (1x]2n<R).

. P T Y M A !
' Choosing maximum ’A)J sufficiently small, we will have

| ,l%+A’)¢l< R ena consequently
« 6o

79(’)6‘(-6’)4)_—;;00;”?(%4'4%) | (/Kl;.f,n.z.R).

"We can write

[Ptreas el snegel [xeafe [0

) Beeause of the uniform convergence of 79 ("‘) and
7 ('x'M'x) we can argue that given an < , we can

find an o such that
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/ “(x)/<°— > I}c (x+Aoc)l<—‘ ("”z—”"i)’

Since /d/ (x) , a8 the sum of g finite number of con-
‘tinuous functionals, is continuous, it follows that for

meximm [ax [ sufficiently small we will have
(- ¢ _ o /<
[ 4 Cer an) 2] < £

Hence

I /}7’((%-1- Ax)-?y«(le < £

for maximum Idxl sufficlently small, which proves the
theoren.

6, Differentials of Regular Composite Integral

'Power Series. By the first differentisl, in the 1n¥

o
- erement set , of 7 (7‘) at x = ¢’ we shall mean

(8) ?(x,g) g;f(wé;j =—[ Xﬂ( 6(*-2{)7

provided, of course, that (8) exists. The second diffe-
- , , o
~rential, in the increment sets -4 and 3 , of 7 (X)

\ at X= x, is defined as
= [ SixGrgyreg)
Me o

77,,((,‘; yF }) E'g‘;—i—i %ﬂ’:;.,_g
3 6’:

€° 2= 0

“provided that (9) exists, Corr93pondine; definitions are

'ﬂ'giVen for the higher differentisls. We have the follow-

ing sufficieney theorem:
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THEOREM 7. Let X, and gf be such that the

————

 following inequalities hold:

o , .

wr nfen  lylen, nen <R
" Then (8) exists and can ‘be computed from the formula

() W (x,;4) = Z (2'(46.)7)

PROOF.From the homogeneity ot d’ (x), from the

properties of its differentisls, and from (10), we in-

for m (x“?/__[ﬂf/t/or"‘_&)/@f)/ %w (/t)f/t

(ﬁ —/ 2, —)

end similarly

& g 24Dy Y )
(10.1) [0(“(76.,2 })/ %(ﬁ‘— ;- - (/»-A/-H)a(/,,)fﬁ)“

Differentisting in the formule of Theorem 3 wit respect

vte € , we got

%0((74-1- c?j [)C ( 7)—1—" 0(((753;57)
Cé) ﬂ(vm»f};;)#- :
+ _Qfo:Z_Cgr é? ,))
" ot ) < (e P
&g < l % (“»> 7)/+ g i)

- * &
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~From this inequality there follows by virtue of (l@ 1)

[ aterep] < # s () 5 e S AR

(10.11) o+ - .+(1£_Z) /IL/a (/:,)f’

But the series

S =/

=]
jis readily seen to be convergent,for if we put‘/b‘fzi'f'Fbt-,
il 4
'the serles becomes Z/M«* (/t » which converges
since it is the series ébtained by termioz-term differen-
e
tiation of the convergent power series EEZ‘L (;?)

- Hence (10. llgetella us that each term of the series

Zape (7(7&6}]

is dominated by the corresponding term of the convergent

;,series of positive terms

Zma (/t -,«-c'/o)

-Hence the series o
oo
ST £ X (nrey)

=06
eenverges uniformly in € , Consequently the expression

vy 4

‘e"e ZOC &+6;}exists and can be computed from the formula

T SOZ GH-é;) Zf"‘%(y*(/j
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“putting € = O in this formula, we get (11)
. By adding te (10) the further inequalities

we can pi-ove in a similar manner that (9) pxistsiendsis

given by the formuls — o
//V‘(oc,;y; %) =ﬂ;odzﬂw/€;959}.

The eoFhenextension of these results to the higher differen-

tials is obvious.
. Whenever wve employ' the successive differentials
r&,;g), 7?’5;};}), ..o, We shall gssume that the in-
'f;;;@qualities (10), (I0), and their extensions are satis-
*fied. . | v
o By using the method of proff which was used to es~

- tablish Theorem 6 we can prove

o
THEOREM 8. The successive differentlals 765);),

. (x- . ), ese8re, for a fixed value of o« , kcontinuous

“functionals of the lncrement sets y, } sece o
The extenslion of Taylor's Theorem to regular composite

integral power series will now be mede. For fixed X, and

7, ,7‘6%1-63) 18 a uniformlyyconvergent series in €
)'whese terms are continuous functions of € and is there-
. fore itself a continuous function of . € , To this

’function of € we can apply Taylor's Theorem since by
. « .
~Theorem 7 and its extensions W [x) hes differentials of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



25

-~ all orders at X=X in a suitably restricted increment set

y/ . We thus get

W lurey) -%“/x}+ 7 (3 LY Cssp2)

which for ©=/ ylelds
THEOREM 9.
7"’(x+;)—?&)+-t77%,;)+4-77@)7)

e
Let %X {t) y 4 (2‘/ be functions of the parsmeter X

with first and second partial derivﬂ:ives with respect
to X ., To an -1nerement A,t corresponds an increment A%

‘Let us form

f[xv‘J’J‘) 7(?“/

Expanding ?ﬂ"xf-dﬁ) by 'I‘heorem 9, we get
<

1 fp (x’m 7‘(7() x)—:— 74( A%) A?C)-l- -- -

Because of the properties of the differentials, this

-
»

yields

(12) /}f‘[xﬂvx) (P(x“"y‘x@) )"“3.‘?77( A’;-lu-.

It follows from the continuity of the successive differ-

o )
'e‘;at,ials of 7 (") in the increment sets (Theorem 8) that
as AX -2 0 the right-hand side of (12) approaches the
4 dx )
definite limit /)96‘, 5%/ , stnce A% 4 2% g
' al

Ax >0 as AX > o. We thus have
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THEOREM 10.
o
2V (x) _ p(x; 2
- — ) ax
2%
In a similar manner we now prove
THEOREM 10,
a A& of .
2V 9 +Wx, %5 3%

PROOF. By Thecrem 10 we have
4 79 13 \)
x
J

) Putting ; = 3 : .» We then have

7(’)() / (x 5 3’
(13) s 77?&4« }ﬂy) Y 3)
| 4t->o

7&*41 ;ﬂij) 7M /&w 2&,2”{2-%6‘,1 .

A/f-)o
“8ince first differentials sre linesr 1n the increment

" set, we have the identity 4
| 'K{" J“J) 76‘)2‘) 77@( —-a't->

80 that, 1n view of Theorem 8, the second term in the

right—hand member of (13) is
f’ %),
7 (x; n&) y (x5 3

For a fixed ; + A} , ?(’C, ;*A}) 1s a regular composite

"_integral power series in X , Put

/y"'[,c) - 7777(; («T/+A}) .
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.
o o “ ’
"Expanding /P (16+M¢) by Theorem 9, we get

e «
/P“(x+4«)—7?,‘[x) _ #?d(x). A‘x)+117}7 &;A«;Agx)-p ooy
so that |

M ~ ~ ~ ol
Vv adV ) Wi ssye 10 G 85 oy Visgpomes)
At )
+ - *

i.e.

Paransyeap-VCxat 2 _ P g+a9s 8%
AL

«
« . AKX, . )
+-’7~? (x; 318y A% 549*3‘7 Vs g2y 8% 58552
pR ¢ .

+ -
Passing to the limit in this last identity as A 3 0 ,

we see, in view of Theorem 8, that the first term of

the right-hand member of (13) becomes
X dx ) « .2 . }1(_.)
W(‘X;/},;}é—):y(“)%) 2R
Thus the theorem 1s proved.
7. Regular Infinitesimal Transformaetions. A regu-

jtlartinfinitesimal transformation in (C,l;}v) is defined

by the system of integro~differential equations
4;_.%: — 7“(753
A&t

% = (yi(,‘)

where the ’}9"(%) are regular composite integral power

(14)

‘seriés not involving & , 1.e.
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7%&[,)‘) :io Q:’: (’XZ)

, «
For a fixed X ,7 ﬂc) is a resl continuocus function of «
: A .
‘and the y /7‘) are real constants, by Theorem 5. We intro-

duce the symbol | ’

P =( PP, - SPE).
~  Let (14) end _ |

%%"::: 7 {’)‘))

j:f - V()

be two regular infinitesimsl transformations. By Theorem %

(1%)

we can impose sultable restrictions on 7[’)() to secure the
) g ‘
existence of 77 6,)'?["0) , and suitable restrictions on

/p(’X) to secure the existence of 7“('\’0 37(%)) o« The ex-

press(";j.?.)x(/k) - 7«(’: 5 7(*))"70((" )77&))

18 a regular composite integral power series in X ,

:while the expressions '
(PP) (=)= P (= pe)-P (= ; px)

«V,a;re regulsr composite lntegral power serles in % which

Vf do not involve & . Hence the system of integro-differ-

~ential equations
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“(18)

~defines a regular infinitesimal transformetion in (C,E ).

1 g%

We call (15) the commutator of (14) and (I2).

T ThTs Ts & gonerallzation of Kowalewskl's defInltion
of the commutstor of two regulaer infinitesimal trans-
formations in C; See Kowalewskil II, p. 1444.

A set of regular infinitesimel transformations is
called a group if the commutator of every pair of trans-
formations in the éet is itself in the set., A subset of a

" group of regular infinitesimal transformetions is called
~a subgroup of the group if the commutator of every pailr

’of transformations in the subset is itself 1In the subset,
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PART II
LEMMAS

Lemma 1. If the equation

o LY Y x8x §
(16) K“’”x+L M’8¢4+K’9zr +K =0

18 en identity in £ , « , A , snd y , the co-

‘efficlents sre all identically zero.

PROOF., Let f , and §, Dbe any three distinect

values in I. Let X be defined as follows:
a (- £ X £8§ 1-,&)

x
46:)@' (f}-—l—édéfp-ﬁ&)
< (f e £X £ T 4+
(5-2 2% £5+2)
-and elsewhere In I let 76“ lle between definite bounds

independent of ... but remsin continuous; further, let

- - ’

A

Xt = " . | i

o A
Here, as throughout our treatment, the A& , A s &, &

represent arbitrary constants. Putting in (16) the X

thus defined, we have ‘47 }l—,egn(gfl-{-z
| :K“ﬁ';b-{' L“'a):ﬂ- { xﬁx K “EO ( E-e 48 £ 542
5, A‘YLE-'—A

Kow passing to the limit ss £ 20 , we get, because of the

"Qcmtinuity of the coefficients,

L EE X L E &5 f,l 555
K* ™ Sa + L e+ oK

£5
K AT
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- from which, because of the arbitrariness of o , -~ ,

A ,
A, & , we infer

S £ 53 §E5, L5535
(16.1) K =L =M =0,
' 'y
(16.2) Kf'g‘f’ x =0,

, )

, E£,
- (16.3) K'*=o

o F

Choosing§=§£§s in (16.2), we obtain

565,82 -
K K =0,
5653

from which follows -

' 5
Kf;ga_g:i :__-_:_0 .

‘ (16.21)

‘Since f , §

1 2-

- follows from (16.1), (16.21), and (16.3) that the; cos:

, and 3; were any values in I, it

~efficients of (16) are identically zero.

LEMMA 2. If the equation _
(o) o P 4 KK LG )T
K (ac) +x K 7§+ 5 | [p

(1) <B¥ Pt o kS xR
. x +C x'x+K, X'%x =0
ii en identity in X eand & , then
X _ A A xAX+K«a’,fEKd+ PLI
K=K =K==k 74 &
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PROOF. Let xX ©be defined as follows:
x%=a (g-2 52« éf"'ﬂ-)

cend elsewhere 1n I let 5Lx lie between definite bounds

?iﬁdependent of £ but remain continuous; further, let
4 A":': /6-/‘- .

Putting in (17) the 4 thus defined, we get

Ko+ a K% 4 a K. 47+ ‘—“F(%);Kx’s;x
[-9 e y A gAY
+ Lf.’aX471‘ K< £%¢%= o ({—zgng@'

2 |

Passing to the limit as &—> 0 , we get, because of the

continuity of the coefficlents,
. £8 F,F, , 58, v, 1 5PY
i a K pa KA+ P )+ K" xx
: A 7 £ Y

+ L_f:/go(/f-?-/- l{fxﬂfﬂ%#o .
5 A 4

‘ A
Since a , A" are erbitrary, we infer

(17.1) "= ’f; - 9

"(17.2) | Kff"; =9,

(17.3) L_;’d’)/‘g =0,

 (17.4) K;& . /2; =5

(17.5) LW(I?‘{)L’(" Kﬁ% X =0 .
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From (17.1) there follows, since & was any value in I,

S « «
o K E'K_ =
;Applying Lemma 1 to {17. 2), we get
. I(gﬂ-—-o
“from which we deduce
& f
K = 0 .
By Lemma 1, (17.3) ylelds
Lf/g =0
, F 2
-whence
L =0
#
From (17.4) we get
- «
- K~ + K =o
R 44

Putting in (17.5)
ol of D(
X :7—’"3’/
we get

ey L) K g ) m)

For the choice

(17.5) becomes

ar.se) L¥#(g42)+ K9G -2 )= 0.

Aﬁubtracting (17.52) from (17.51), we get

EJ‘ LR P+(K§#7+Krrp)77
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,‘;ﬁégvarding this equation as an identity in ¥ and applying

Lemme 1, we obtain

,
2 Lf'%/g—/- (KE'“ K ﬂ)gy

‘which is en identity in 4, 4, so ‘that Lemma 1 is sgein
applicable, ylelding

Ef’g KE’&X+K§X/6~O

_ancl from this we infer

COROLLARY. If to the hypothesis of the lemma 1s added
KPBY ¥
K /QE é or K; = }ng or both relatlons, then

"we have the further conclusions for these respective cases

KPLo = K=o o K¥=K =0
4R A

[ ]
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PART III
LINEAR TRANSFORMATIONS IN (C,E )
P %
A finite linear

l. Pinite Linear Transformstions.
1)
in (C,E ) is a transformation defined

- transformation

”17 0T, R.D.MIchal and L.S.Kennlson, Proceedings of the
_Netional Acedemy of Sclences, vol., 16 (1930),p. 617,

by g system of linear hemcgeneous integral equations
« 3’ (‘(«#"-0))

— X
| T = K%+ K '69/3 + Kx
(18 . i <
(e X+ = Lr x4 K%
A &
Let the linear transformations (18) and
= —x ol XS _ —« =7 =%
(18 . A
( ) =L i P K"'”;c,
: x o= ' F
be successively applied. The product transformation, ob-
tained by elimination of 5E , is found to, be
= t
X% = K% + K. fx
_ B z
.._(19) =. _ L.—_-jﬁ«,e 7( :
. ~x = _ /3 | p;
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where
= jEM‘P(“ *+ 0
A —x, g
e, BPPLK K ROLT
= K "+ K 'K +’Sb' + Py
— KK+ ;\:MFK1+7("‘K‘€4»)
BN T £k
, e —_ — A ""/ifL/s
' = LV“ ﬁ% + L K K 7’

'fWe thus hsave

THEOREM 11. The product of any two linear transfor-

- mations (18) and (I8B) in (C,E ) 'is the linear transfor-

Hation in (C,E ) defined by (19) snd (197).
Since K%oin (18), we can rewrite (18) in the form

Ko 7
X - 4( l( X ,45._,z.4x
1‘ K“’4( o — K' A K’ R
- (18”) i LB i
| —i _ ‘xF b K ¥,
* L ¢

) fThe system (18’) is equivglent to the single Fredholm
) 1

equation

Iy ¢fr. 7.0.HiIldebrendt, 1.¢., p.400; Cf. also Dines TI
o p.89.

A T e

K 18”7)
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"w‘here the integration with respect to B 1is from © to

/»v+/ “and where
« x= (o 2 £1)
7 & (i<« ci+1)
| X<
(i <« £441)
[ = (o2« 21)

(,.: o« ,_é__;/i—-l-d‘

K< (o}_f.x é'/)o;,&‘;D

— R

T“R‘R—
O ) (csxsl g epER)
(f (/.;<aé,l+/,o__’:fgél)

K;.a'f (,(4.0( é/i--l-l’?:éfgéj.f—l)/c#a;)
K91 (i<« ittt g <AL G4l i=])
The Fredholm determinent of (18”) is found on

1)
calculation to be

T Thls determinant 18 given, but in slightly erroneous
‘ form, both by Hildebrandt, l.c. , p. 404, and by
Michal and Kennison, l.c., p.618.

K&x <

K
—~— % A A
@e) D=|K "'2- 11 "

(&,)t: ', ”')/W’) -;‘
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f5§e shell e¢all D the Fredholm determinsnt of (18).
L From the well~-known theorem that the determinant of

f%he product of two Fredhelm transformastions is equal to

3%@g ppoduct of the determinants of the trénsformations,
~there follows at once

THEOREM 12. The determinant of the product of two

'11near transformatiions. in (C,E ) 1s equal to the pro-

5énct of the determinants of the trensformations.

2. Non-singular Transformations. A linear transfor-

Tmatian (18) whose Fredholm determinant is different from
;zere will be termed nan—singﬁlar‘

| If (18) is non-singuler, (18'') has a unique solu-
jtign linear in fﬁrd ; hence (18), when non-singuler, has

‘s unique inverse linear in . Let this inverse be

—a —l — —a
* = K x"+ K Fx +K;’X? (K *o)>

/9
(18.1) L ity KM%

We wish to show thet (18.1) is non-singulsr. By
Theorem 11 the product of (18) and (18. l) ia

(19.1) < C*~x? +i<—"‘”’ioc.
, X - P 7
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K ;' hnvg tho velnas

==t —_— —al —_—a

,”,{vhere K , K", "; L , K “ have the values

'h_gaiven by (195). But (19, 1), being the product of a

HBLOUIHHALVLUL BIU LULES LVELAY,y 10 LUY Lusubl vy hlﬂlls"
=y A4 . .)

formation. Hence we have K =K ‘=I (*— =4/ end
all other coefficients in (192.1) identically zero. The
Fredholm determinant of (19.1) is consequently equal to
~unity. Representing the Fredholm determinant of (18.1)
by D , we have DD =/ by Theorem 12, whence D+ 0 .
We have, then, proved

THEOREM 13. The inverse of a non-singular linesr

‘transformation in (C,E ) sxists and is 1itself a non-

ﬁfi%gu&@r linear transformation in (C,E ).
From Theorems 1l gnd 13 followé

THEOREM 14. The totallty of non-singulaer linear

transformations in (C,]gzw) constitute a group.

3. Infinitesimal Linear Transformetions. An in-

finitesimal linear transformation in (C,EM) is a trans-
formation defined by a system of llnear homogeneous

'integro-differential equations

Cu /)9<xa +K?+f;’<#

e1) YV . . LB i
1«‘,_,7’*[,()5:_ | L% +K‘79cj

AA g
‘\';
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- Let (21) and - '
o _ 0= K+ K% + K«
. - = +K x + ’ b}
(ZI) 4 i — . i
, dx" _ “ = x + K x
Gl s L e

be any two infinitesimal linear transformations in (C ,E\‘).
~ To show that the group property 1s present, we compute -
_their ecmmutator Applying _ —

' 0 V() =K%~ (x) =0
? ( ") K 7 (") 0, ) )

- we get

(PPt =0, (PPYCI= 0.

Applying — «
S ARy R Kﬂ 7’[")"

- we get

('P?)“/x)=f<'“x 5 (77?) (x) ==0)

Rt = K€ (x-Kk").

whevre

Appm;g(x) KO 7*&)—— o, Px) - % 7("/"”

(P = K% (pP)EI=o

where —_— o —of

K = —K K, .

. -4 L == s '6
T < ko = )0, P G
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TGN =, PP 6= T K"

- nuy

T ke ) o, T = J ) =R
T G =0, (PP )= '

,8 A‘X::
?‘((7() 79(")’ 7/X) ' ,; 79// 0)
—“X = X /’)C =90,
(W)() K ,s»(W) )

we get

where = -
R-*«ﬁ:_ Rdx KYF" ,S‘YR—F/".
‘Applying
File)= K P =0, PR 7
we get — re¢
(95 (x) = Kot (PP ) =,
where = K’
KJ, = "'pr K?
~ Applylng
/}ﬂ(x)*l( x L P l)=0, Plx)=s 7(7() £
- we get A Ie
~ = [/
) =e, (ppYe)- B
i l¥: =L, 6%5
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~ - Applying

o P (x) = Kd’g?/g , 7;&) =0, P(x)=o, }7(*) ’R—;‘% )
we get _ — L
(PPILx) =, (PP) ()= o .

jﬁ€ Applying

P - de? /4 tx)= o, 7 )= K f’;/x/=a,
NG NORR A

7.(/X) = K"‘xj 7 k[x) = o)?o‘(x) - oif‘ﬁ): Z'CK J
777’) /’X) Kvoc

v we get

N

_::Applying

Vi) = w3, Pl =0, P, P K
we get = . ) .
- (7’7’)/)=K{} 7 (PP =0
ﬁhqre R"?—« o K"‘ ’R"ﬁf
’;  5 - K ’
- Applying L

?70([%) =0, 7/;&) :=='L’." x'B ?/fx}goj p‘;[,d__‘_%‘x/‘
we get ‘

(77)%) =0, (7 “(x) =0
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’ 777,@) -0 Jl)= K%

Applying , )
A
0 7*(;() = L X
) . J
:

AN
we Se(?w) () = 0 (Wy/ (x) ?C ,

T‘ 1l

NWhere _
A tgdrljg
Applying -
e ) =K JE =0 F
we get . . E%;f
: (7’7) /x/:o, (PP ) = K%

where ‘ — R
KK K*K’

From these computations we see that the commutgtor of any
1o

_a
H
W,

two infinitesimal linesr transformations in (C,E ) is an
Infinitesimal linear transformation in (C,E ). We thus have
THEOREM 15. The totality of infinitesimal linesr

trensformations in (G,gN) constitute a group.
4., The Finite Transformations Generated by an In-

finitesimal Linear Trensformation. Let the system of

integro-differential equations
___’Z‘}f’fi K x“(t) + K" 'x(f't/rK ?\’?ﬂf/
P 4 .
i L) + KPR,

(22)
- A

“wlth the boundary conditions
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ey ®(0) = X, X°(e) =x",

 fﬁafine a glven infinitesimal linear transformastion in

  (6,§~). We shall show that this system has a unique solu-

T?fion | )
, _ M,({/t_}xx_’_ M"‘ﬁ[x_)?é + M:[X‘)?C'):

N @)’ + M~ # () x ,
g : 4

. where the coefficients are to be determined in terms of
o A 1)
- the coefficients of (22).

" Let us assume that (23) sattsfles (22). Differ-

2 entiating equations (23) with respect to £ , we get
«
1) _ M) < M) MG // ¢

2T At At ,a S
dx*(x) - N &) g gm”’,-c,x
Y E R e

P €5 %~
—35?1;) andllz_lzz

Substitution in (23.1) of the values of =

':,from (22) gives
)+ K a:ﬁc/fq( ar7(/
) 7

'*‘24" | +7———m G % +‘ﬂf’£

A:-"‘F A A
L-x'(%) K""f-“V(r) IMIR)

) M"‘(t}.
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‘1'Replacing X (t), % () in (24) by their values from (23),
-we obtain the following system of ldentities in ¢ and &« 3

(E Ko( “(t} __QM“(X')/],)( + [K M“p(x-}-f-'(%gMp(ﬂ

B YM™P(E)
+ '&;”%* -
1-[]K pq “(%/ +-ﬁ( F4 (%)'f' Kje (*)

- (24.1) s M (tﬂ,x -0
‘ )t

E[_;M(r} + L M (ﬂ*K Nz/’f/ j

I 4 M)
gt

: By Lemma 1 we deduce from (24.1) the system of linesr

- homogeneous integro-differential equatiqns
ol
ﬁ"’ & _ k*m )
A% B )

. ﬂ | > B ’ YF‘ ﬂN ﬂﬂ_)
AT g o O,

o £ £
M. {,f). - K“m;(t)v“ ’ﬁ,g /\}(x/-f—@ /Zj&j)

(24 11)< 3t ; y
B e AL

2M )

\\\~ A

NIRRT 7
E o Py
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‘;;’"with the boundary conditions
o / (4:=j}
(24.11 ) M (o) I M () M /)-—N//_OM/J—- (';*j-)
Let us assume that the system (24.11) with the
“ boundary conditions (24.11 ) 1s satisfled by a set of

, ‘ 1)
funetions analytic in A ana regular at L=o0 .

vIS Cf. Dines I, De. 59,

'.Representing A | «
¥y 3 M )
| M /z‘)? [’J «-—4—‘——> \
x J
PR J/{_ p >
YN p) M"?//fj 7
e _1,_, >

resijc?/t‘ljf bllTV’ z_ ] “[,,,,.,_7} N C’”"J Mki[”"’-j

~ the assumed solution of (24.11) is of the form

[+ M) = 2 L7 Lod 27T

e M“"(Wj t’"’
— Q<7 7

. MI(%) =2 2"
B I e P
N = 2o
A .ca’E'MJ s
M7(x) :,Z,, =
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The first term in each of the series expsnsions (25)

-~ 1s given by (24 11 ) We thus have

?i.(ea 0 M Eo]~/ MEL]= M T= N T =0 M 3(}{(";),

The coefficlents of all subsequent terms are uniquely de-:
«”:',f;e'rmined by the following recursion formulas, obtalned

- by repeated differentiastion of equations (24.11):

7(25,1) M“[/uvi—i]: K“Mx[wj)

M Lt = KM ] + 1 T
+ K, M o ]f/(jNF["wJ

v ‘2502)

e | »Mj Lot [ =KM ['”“}K;M [,..,_7+( 45’; )

| M [M]f/( N Z'wa

(25.4)

. 4 |
M;}‘[’f”"’ -.—.L;l\/I:EMjf“/{;M a[ﬂ«-]

F£g5t5)

It remains to establish the con?ergenee of the
_series (25)., Let P s a R R. R S be the maxima
-of the absolute values of K, K s K}_ , L
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" ‘respectively. Put

T = 'P+Q+ZR +ZS+Z K7,

A= ,} =]

and introduce the series

S - s

(26) Z £—_'——)—7—({)”\/

. _ p——e -

i;zach coefficient numerator in (25) is domiﬁated by the

R;éérresponding coeffieient numerator (Tjﬂwﬁn.(zs). Con~
:LSéquently, since (26) converges for all finite values of
JL 2$ ; each of the series (25) converges for all finite
;lif?al'ues of X and, for a fixedﬂ? s uniformly in « gnd
| . Hence, for any fixed A , the coefficients M°(%),

M“"(ﬂ ,‘1 (t) N (%) are continuous functions of

‘bheir Greek indices. When use is made of (25. l), M (1‘)

18 seen to have the expansion

M= ="

‘;lwhere &~ 18 the base of natural logarithms. Hence M“(/t)
_never vanishes. |
We have, then,

THEOREM 16. An infinitesimal linear transformation

, "
: '(22),7 (22 ) generates a one-parameter continuous family

E_g finite linear transformations (23). For any value of

_the parameter & , the coefficlent functions of the

:ig@ne'rated transformation are given by

: ) » (25&@) »{25.1),(25.2), (2505) +(25+4), and (25.5)i
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We next prove

THEOREM 17. The product of any two of the generated

transformations (23) corresponding respectively to parame-

, ter:values ;(:’ and -)tL is the member of thelfamily (23)
- i ;= )

l/,.ﬁ'@rrespcnding to the parameter value 76-/-/£'
s —_— /

Iy Cf. L.5.Rennison, Ll.Cs, . s

PROOF. Let —l; and T;: be the members of the family
o ' (] 2
- (23) for which 7('«’7{: and /‘t=/f;_ respectively. The product

of T ana T is, by Thecrem 11,
§ vie XM, £) Fre )
’)C(/f;_)—:M (/f"’;t’.)’)c ‘f‘M ((,-’ ?'f' ;_' 248 iy

2

ﬁhere

x;,x;) M (t)m“ﬁ(t)-;- M) M ()
: MM )+ e NGe)
{ M, 1) = M m‘(t)fM (t)mﬁ(x)

. | +m"(z)m ( ),

{ N(2,4) = N, (r)M(r)+ *(x;)@/z;)

u\q*a(t £ ) NP(;t)Mf(:t) + /‘1 (R")/"l a'(it‘)
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" We have to prove the relation

o T T =

In the proof of (28) we shall require the following

" pecursion formulas:

| (28.1) : M“[#’] = Mxtmjmﬁtf'—/wj)

ML) = M “CmdM” [7’ ~1
+ MP[A] ML - ~ e

‘ :(28.2)
- + ™M [~ M el p-~]
~7 BT 4 -]
+ M7 T i Ny L,
' }t_] M [ JM“‘:?”“"]"’PF rMJM Ef' j
(28.3) : j
+thJQ}3m”7
NT4]- EWJ " Cp—edt N.TdM [f-,wj
(28.4) M
fga : ‘ "‘M;.écmj A’s EJ’ WJJ
- ‘ * -
s MACI=NTIN LA 0 LI T ]

. Where o S 4“ )
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These formulas are readily verified for 76 =0 ,
s = p 5 foOr 4: /' 4y mm =0 , gnd for 74—:/ y o= [,
Their general validity is established by induction

~on 4 . We shall give the details only for (28.1).
Aﬁéuming that (28.1) is true for .f=.A , where £

18 any positive ingeger, and using (25.1), we get
M [4+/] :—K"pf‘[&] = K“/"IMEMJM“[%—/»:]

Hence (28.1) is true.

When uée is made, in the right-hand members of
. (27), of the serles expansions (25) and the recur-

 sion formulas (28.1), (28.2), (28.3), (28.4), and
(28.5), we find '

ﬁ;‘(*ntx)z? %QNMKEMJ .S_M“(/f' +/t"">)

I e Z'-fzﬁ;w “hr 7 wg P '
N“p*ni)""'ﬂ;o{w- ML = M7 (2 A))
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ﬁ;(f,,a)-—-i i’%’,f*f/*;“[m] = M4 +%),
N.e)=5 (£,7%) Gl N - N(t-«x)

MU, %) = >: Gt ) p L] = M),

Hence (28') is proved and the theorem established.

We now prove

THEOREM 18. The generated transformations (23)

- are non-singular.

PROOF. Corresponding to the cholice A€ for the

parameter, the generated transformation 1is

l =« —— — -«p — 4-0( -#‘,
X<(ax)= M (a£)x +M (A;t)’)fg*’}@/t)x)

. — —B  —ig —
A - )X
(a2) = n/;é (a2 + M “(a )aL
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where

M7(a%) =1+ K ax + ((41‘*,»,

P(A)(’)“ K€azr + ((“t»
M “(az) = K “ax + (ax)

(Ai‘) = I_‘AT + ((A’f))

v 7
Mt (ax) = 1+ K 0zt + (47“*)),;: €=4),

fMii(at) = KPazx+ (ax*) (< +3),

“the symbol((At‘jstanding for terms having as a factor
AX reised to a power hot lower than the second. Let

u_lj)*(mt) denote the Fredholm determinant of T,t , and D(%)

il, the Fredholm determinant of

| XYx)= M) <+ M P(X“/fx + 1, (/“}7(

T
R - -4 . g ' M—(;t»x
| X - /\L/f)jg*‘q. /

By Theorem 17 we have |

R T =TT ,
xear L BX

__whence

+8%) = dholm determinsnt of T I .
:D(k-f- #) the Fredholm determinant o © At
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But by Pheorem 12 the Fredholm determinant of 1‘ 7;)&
Vfrequals :D(I)D(Ax). Hence we get
(29) D(t+at) = D(x)D(at),

,.ﬂ@mputing :D(Ai'krom (20), we find

A Mied |
:D(At) | (oﬂ]«»[ —L[[ o (mr:) Lo

= 0" N GIS
(xb,t:f,--.,/w)
i+ K.,A*—*((“‘)) 45,_41’7“((“’9)-- ~I,<m4x+((a;t") |
= K At+ (ax™) |+}§2_Ai‘-r(@t7‘« K £t+@,fj)

K ax+(at) K At+@4t’7/"'l+££*+((4t9)j
ml Sadey

K“'“A,'t-f-@.\t" ) K‘Ati—(uﬁ’» ‘{'At{-(ﬂi’) K A;t-f-((M’)) \
1+ K at+(at) '+K“4m—@i)) 1+ K at+(ar) '+!(41+((Aﬂ)

+f L ax+@#) t+Kat+ar) ILA:H-((A*’» -K a¢ + (ax)

o |1Mate (@) K atr(ar) 1t K, at#(ar)-K at+(at)

K ,4;('+(At’) K ax+(at 7)"'/*{,{ ,:#(M?}

1 d

L ax+(az?)

i v (ar)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



55

= +E< t +t lfwm-!—f'l(“'d'd-tJAk + (Ai"j)‘
Then in view of (29) we have
IR T R e R L) er 5

or

‘(29.1) wﬂdt)'—wﬁ (,17[4-"* +K, +[K “‘"’((Atj
at

~where ((At» denotes terms having as & factor AX to
“some power not lower than the first. As AX—- o , the
"right-hand side of (29.1) approaches a definite limit.

J,We therefore have
‘ !

0(
L 42 _ + K ++K o+ K a
- B(r) 4% " mm '

Integrating, we get

A 3(2) = f[" ek et K +£K"“u£’4£’

j the eonstsnt of integratlon being zero since D)=/ .

_Then [K +K+""K .,..fK"dx dx
:D(x)=b | ’

_where £ 1s the base of natural logarithms; hence D(t/)
is different from zero for all values of & , and
‘the theorem is proved. |

From Theorems 13 and 18 we have
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THEOREM 19. The inverse of every member of the

 ffamilz (23) exists and is a non-singular linear trans-

-?ormation in (C,@n).

Finally we prove

THEOREM 20. The inverse of any member 1; of

-2

[

- the femily (23) is a member of the femily, nsmely, T N
'~ PROOF. By Theorem 17.we have '

T =T

1; -z °

t

' Bat T is the ldentity transformafion, as is seen from .

[ [

7f(25) and (25,0). Hence the inverse of 'Z; is 7:t .
' Theorems 16, 17, 18, 19, and 20 are combined in

THEOREM 21. An infinitesimal linear transformation

- (22), (22') generates a one-parsmeter continuous group

- of non-singular finite linear transformations (23). For

‘ény value of the parameter X , the coefficients of the

;~generated trangformation are given EI (25), (25.0), (25.1),

’T(zs.z), (25.3), (25.4), and (25.5).
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PART IV
PROJECTIVE GROUP IN (c,gv )

1. Homogeneous Coordinsates. Homogenedus coordinetes

afa péiﬁhe/j are any m¥ 2 ordered elements

%, x, —'-)"AH (M' o)
. such that the following relations hold:
S S
(30) ’x-u.-f-.l 7 > ';ZI?:T

kThen the puf 2 ordered elements et
‘ ~ (/t’# o)
/L 94 .- /2— X
 are homogeneous coordinstes of the ssme point 9: .
Conversely, any .~ 2 ordered elements
« p Sl T/
/'b%)/'b‘x)---)&'x (’)‘ 74:'0)/":#0)

~ are homogeneous coordinates of some point

"x ’X’ 4"”
i'}(:;g,]_) 7 = ,xn\ft ) W) g ");;:'Fn -
A transformation of the form
. < o “ﬂ « . K’( -xmf'l
Az = K x +K %#-K-"‘* »
{5 3 MNTY .
~~ty
, L
LA L_ x + K “x 1+ K x ’
(52) rex = | /S | } nfy
—_mr! % +K x
rx = L;,, o K s
) ~m o —_—rnt !
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can be regarded es a finite transformation in (C,EV) in
‘:homogeneeus coordinates taking aeny point (31) into a
'éoint | .
: o« 7-EI x ;)
' 8ince the transformations (32) are linesr, thé. results in
k”Bart III are appliceble. Hence those transformations (32)

which are non-singular, i.e.,whose Fredholm ‘determinent

K =~
P [ * K. K.+

K. .
(55) D—‘-’- KJ’ K -+ > 1 % J’\ A
o P~ +i =
: G P aut .Y A=/ //:: ""("'Hj 54_.,,&1‘(/
"Q“,"'defw (,4,);t =l,~~)W).

is @ifferent from zero, form a group.

2. Finite Projective Group. A finite projective trans-

formation in (c,Em) in homogeneous coordinates is defined
as the most generai non-singulsr transformation (32) tek~
ing a straight line into s straight line in (C,E ).

‘Let

('524) ’ )
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and
s/

« 1
7(541) 7>35 "+ 3
.’be réspective homogeneous coordinates of any two points
in (c,gw); An arbitrary Eéint of the line Joining these
i:wo points has the homogeneous coordina;ces

o o/ -

‘ !
a.xxvt/ﬂ-}ﬁ ax-'-l-/#?,-“ ax +/43, -

" Let (32) be applied to (%4) and let the corresponding

‘transformation ot
| | e ¥
My J
1 a1
7‘ + A .}ﬂvf— )2
el At |t
+
Zj‘ 3;1.4'/ 2
Y
7 Fe,

- be épplied to (i;’54l). Multiplying the equations in (32“’) 2
' . Vs
by & and the equations in (32 ) by & , and adding

the corresponding equations, we get 3
(a2t 45 = K (ar e g (5740
+ K (ax7+/€’~})+/( (ax” +,@-} )

?
/D(a,’z';%‘-/&'é;'é)"" k(ax 4'/5'} )—/-/( ﬁx-f—,&z/)

A'-"\;{'lb /& .
+ K “3:_*/—/.— wa—l)’

e
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/o (a.«o'Z”” 5/-/5-5"‘”)——- L.;ﬂ@”‘,*"‘?ﬂ)
- aflﬂvrl
+ K"‘H’(,_ q; 4—1-3?)-!-

'M‘I )

Equations($4 l)tell us thst the point with homogeneous
- eoordinates

wnr/

mnr/
ﬂu)t-fxg-z ath#} , & X +/“}

18 taken Into the point with homogeneous coordinates
R ] ""”V‘"/ -m‘f“ r
B Csz ¥_4£:; R X

In other words, an arbitrary'point of the line joining
the‘points (34) and (54!) is tasken into a point of the
> line joining X, x R ¢

Qfx-f-/&?) --)

——t
md 2,3, F

Combining this result with the fact that the non-singular
f‘iransformations (32) form a group, we have

THEOREM 22. The totality of non-singulsr transfor-

mations (32) constitute the group of finlte grolective

transformationa,ig (C,gv) in homogeneous coordinstes.

A second charactefization of the finite projective
transformations in (C,E“) in homogeneous coordinates- is

that they are the most geheral non-singular transforma-
o (32) 1)
- tions taking a lineold

into & lineold in (C,E ). That

nes il, p. BY,

: this definition is the equivalent of the one already
;{fgiven is seen from
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THEOREM 23. The non-singular transformations (32)
~tske & lineoid in (C,E ) '

(35) Mﬂ"'-rl“l’oc M =0 (B o
' 13 F Mt |

~into a lineocid in (C,gk).

—

PROOF. Repla¢ing &l; » X, emd 55 L, 1n (35) by

their values from (52), we get the equation of & lineoid
F:; — Tt

| Fi +MTx #1870 =9
~where /g

. 4‘;— i 3

P1 Pqp’}(gl-F'°4 K ”1hn~.ﬁ( )
roA o
) &m‘l"l n o~

—nFf A et K '
= M ,55 -f.hjg ATy

The finite projective group in (C,EL) in non-homo-
frgeneous coordinates,.obtained by meking in (32) the sub-

- stitutions (30) and

—_—_ : !
E G A= ()

: r;(m) ,)-z"‘"" = 7!
consists of all transformations k’d 7 P

- “4 K st + 7 T p

/y'd = Ko\?-f—/ %ﬂt-ki’— ""::”‘,*' (K#a))

L /} 27
<# f/("’“ﬂ
-4 K
/; - . l-p# + %,Z k‘mf""*/
LY KT et
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. for which (33) is different from zero. )
: 1

3. Infinitesimal Projective Group. An infinitesimal

~ I) In thIs sectlion we gemerallze Kowalewsklls treatment
. of the Infinltesimal projective group in C . See
. Kowalewskl II, p.1452,

%’ei“.r.p?ajective transformation in (C,gw) is defined es the most

genersl regulsr infinitesimal transformation in (C,§V)
f"’_f‘«iﬂhieh tekes a straight line into a straight line in (C,g:w).
The "parametricrequations of a straight line in (C,E’)
s 9€< ::,AA:< -+ 0»/4fﬁt

(35 b A

Introduce a new parsmeter /6/ If the equations
: x
= x" (=),
Ar Ar
x” = x(~)
;i";?’are to represent a straight line in (0’5,)’ the follow-

",V';‘;ing conditions must be setisfied:

X Vx 2" th-o
—;—F=3;rﬁ">~ rya

x — x ‘7" 5 7 o
- e 44 ‘”‘
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 These conditions in turn imply

‘)‘:x'« )'.\-xa.
| da’ da”

~ (36) % - x* ‘
: Qa de

Let us sssume that the regular infinltesimel trans-
formstion (14) takes the points of'the straight line (35)
7 in a sultaebly restricted subset of (C,E,) into points
,;f;sf;a straight line in (C,E ). Then conditions (36) and

consequently the relations

" (rx +—7~(x)) 2("*‘7’7"))
(F TR »(wfw)

9 a

- mast hold, end the latter imply

12 P(x) 99:7 :@
2 E A

: ' Ix™ Ix*
6.l —_—
(36.1) da o ‘ da

‘,By Theorem lolwe heve,since
, o « | |
L A O (s 3% 5 32 XG5
(am) | + -

“(%) .,.0(& %y
ST, gtk - §588)

g -
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‘F‘er (35) we get

= &« X - ~
I S =Y
(35.1) Y > |
o _ &« <
,, 3P )
, Substituting in (36.1) the values of. f,_’s/ ’79‘(:4,

Bx 3 x~
Do s da given by (37) end (35.l1), we obtain

02_-(*;”‘5“") 0("‘(,‘.,\,_. m—]

L S -

 (28)
_ ak(xﬂ'ﬂ') 6(6‘4"4")7‘_,,_ .

Since every term ol (][ éom)a_nd every term of ﬂ 6‘ Hadi "’j

1s of the ~w th degree in ¢ and U~ , ,

pa—

-3 . o< A
we get, upon replacing in (38) -x by ctx and Xx

- by (C"?‘& ] ) ' ( )
YA R A
e & [7:! T ?i”—) (m=23--)

: Let us first consider the case.sm =2 . Computing
A,
, M(x}-ﬂf), 0[&,4;4) and putting their values in (39),
‘we get the following identity in A7 s
' “ of
[ ’9 +/\r A,.J' /V'MM’?;/'
. M
M A
; « M
-I-N"'/vj,/‘;. /‘/g"""‘" M (’,‘;

(39.1) + /V’ALM“’%": Fom
o<y
- M Tk i A
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Let us put in (39.1) the particular A/~ defined as
)'fcllows: ‘ .
= a (5—/& £ _ﬁ_§+f—),
. and elsewhere in I let A 1ie between definite bounds
independent of & bub remain continuoum also let
; A=
:Passing to the limit as & >0 , we get ,because of the

~continmuity of the coefflcilents,

(a5 47 g 445 0k "'
< A 7.1 4
+/¢/¢‘*M'e//{ -7«-,&. g,e[,v_) #Mleﬁ

as it — o 11 At iR

~s R “7 A
"'/’ vidd =0 .
..aﬁ(/‘,-;)——“"\l. ’;’;"’; .

Because of the arbitrariness of & ,ﬂ- s We deduce

E_: I =‘i\\,’/- 0 (A¢&))

| ~E . (<
(39.13) IVL} . 0 (< # #)

- ey
(39.14) (Pﬁ% ﬁ( - =0 (4=;))

(39.15)
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~ a2 ~ LK ’
(39.16) /\Z‘fg (AIQ") -f-/\Z: /l/;',;;" = 0.,

7
(39,17 M v =o0.
YT s

From (39.,11) we get,since € was any value in I ,
: « «
M =0
FR
Similerly from (39.12) we infer
< > .
M. =M. (< —'—'4@]’
7 <5 R

o .

N

~J

o
so that Ma' and M. .. can both be replaced by a new

A-J-Av
symbol ; . Applying Lemma 1 to (39.13), we get
M. =o (*#J).
“~3
From (39.14) we have By Lemma 1
~ . .
M¥P= N (<=F)
and consequently P
o e . .
M £ = Méi | (" =7).>
« ~3 ..
from which it follows that both M ,/6 and M, (< ’3’)

4 ~F
can be replaced by a new symbol ? . From (39.15) we get

by Lerma 2 and its corollary
A §F Y
£ d = MEI‘ =0

2

whence A

M = I"Id'ay—'—‘-—‘o :

From (39.16) we have by Lemma 2 and its corollary

~ B ~pAy
M., = MA; = 0.
A
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From (39.17) we have by Lemms 1

¥
Mf’gs 0,

whence '

of,
M ,’g =0 .

s
We are thus able to conclude that if (14) takes (35)
into a straight line in (C,E ), then a/x} 5[ ]
must be of the form

UC () = /x“(? +7Di§‘),

(40)

2>

éﬂl:';/x) =ax"(P

7
7‘-_7” o;-) .

The investigation for »»v > 2 1is facilitated by the
observation that (39) implies

oy B35 B (i

ot
e

PV
(m=3) S‘, "‘) .

For m =23 , (39.2) becomes

oo/ " ‘
8y s _ Oy

2

o <
's U

. « ,
which tells us that aé"‘*’and OZ%M), which are com-

posite 1ntegral power forms of the second drders in <

are relsted in the seme way as are ﬂ[« 65} anda @ in (59)

Hence dc((" “7’ d[ ﬁ/"’)must be of the ssme form (as
composite. 1ntegral powerwijbrms in o )as W (’5}

respectively . e
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Making use of the symmetry of the coefficients of

W,«d”[k&/v)in , ¥ ,98 'anding—,% , A,

we can wrlte these composite integral power forms as .

fellews
ﬂ%(x o, "(KIVM—f—/V Mv‘-/V W)(“‘/L

otfo(

-+ :Lx(
-, ALK (N/"‘"+ '“N)/x
+(|’\J\°‘FM“+N /W"-f-.?N M-f—ﬁ“":vf')("r

l‘r / 7;
_,_(N*ﬂ;,:‘ NELr AN +3N° ,«f:;*,

(41)

~ i ~Lig ~MA I
~1 +N ‘v jx2x
¥ (N M—(—‘\/la/“/: e 9,
+ (.3 N 4 ‘A:Z'”F ’gg “ 7 R
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Since each composite integral power form in (41) must be
of the sgme form as the corresponding composite integral

power form in (40), we can infer the following identities

j_n % H

(41.1) (3NM-+N /«f+N /«;)(%“)L
('f\«? /g 1'+23‘q op ﬂ "%‘r )(' )L
?

r o S5 7 AxBy f /V x
+(Nxﬂm+?M+ZN'/f3 ,«dc}:
B, % x

+7-(N°(ﬂ/w‘ +N6£ /«;)ac
£ « o] I ;;t =0
+(“§Ze’“’*9‘£ g IR e

(41.2) (N 3’“"""3%”(‘{'” MO(%O
| .

fF N* e 3N Jxx
+(“fsr7+lﬂr t"[

~ii R g =0
+(3 A i ’
| < : r\/,{,"ire ~ ‘ /9 = -F?;C
(41.3) R % SN 7 ol A/ls | d ;C * U F?

where a prime after an index 3: or 4% signifies
that the summation with respect to that index is from
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‘ . ’ 1)
if to A~/ gnd from e~ +/ top . From (41.1) and (41.2)

1) AS an aiﬁ to inferring (41.2) and (11“3), We write
,c- A- A/ b.o
“z .

“~ A.k/[ A"‘)
+fx(N{ + N

N,c,/ﬁfé , *?4’ ) x

« (3N g N 7
— ?-")6;'(3 ﬁiéiﬁf-f-/;l; ar
+( 3N + N %) x
( 7 T4 7

4
£ X .

Vo

x
2R’

we get by Lemma 2 and 1ts corollary the following iden-
tities in ~~

«5 _ _
TN l\fmr”'fN s =0
&\xpﬂ +N B +3Nd¢w"ﬂ+N IJAM;”’O,

—-—

AvpY f «srd
.(/.g/‘f +3N "‘r’o)

N«,s);focf N;ﬂ’ N r
3;\;"(”+%"“' +N,&/v;‘=0)
q; " S/Q; N =0,
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ﬁ;; 7~N /“‘",g'f' 3Nﬂt‘“‘r= >
N Rs N L l’\vl'e,r/“""" ("1"3:),
Ry A.g S~ 4 Y :
¢
Ly i (i 4 &)
o =0 <+ ),

Applying Lerma 1 to each of these 1dentitiea, we find that
all the coefficients of ﬂz /74) and J[ﬁ‘) venish except
ns

Pa d
possibly A!:z& N.. g Nogso - From (41.3), how-

ever, we have

k3N ,,w.l,,, &/ﬂ _Ma” = a constant |

(41.:51) il },., | ﬂ

. "-’ v
Let us put in (41.31) =0 , w4 =&, (41.31) then

yields :
£
3 N a = g constanty
<gild |
3
whence, beceuse of the arbitrariness of &
(41.311) N;(,'uz = 0.
Thus (41.31) reduces to
~f
N A~ =  a constant.
Alﬂ.& B8
- 2
Choosing v = A in this last relation, we get
~ v
N._. ,6— = - a constant,
/C},C

end from this, since A 1is arbitrary, there follows
N..=9,

7
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-whence, since N.. = N ..
- 7 X ""‘"0(' ’
N
= 0 ,

- AR ~
From (41,511), since '\L,d = N&/:;‘l , We get

~ .

N . ~ 0 :

< LAl

 If, then, (14) tekes (35) into a straight line in !
(C,E ), we must have
AC (fx,) - 0[ (’x = o
It remalns to determine the composité integral power
_ forms of higher order, Since (39) implies (39.2), it im-

- plies successively for . > 3
o . A
K (x5 oy s o3 ) (s w5 )

A /U"A"
(39.21) . o . ’ : ) ' ’
m~3, orre ) . =3 Lormto
" Ng—"‘\ Vad — "'—'\
a:w(’x)ww'}' IR Sl S A OZ 6“" =33V "9
. v~

APutting ‘ )
°< Oz [ i i M") dzﬁé‘)" *[x wyty

the last relation of (39.21) becomes

B (i) R (x5 )

x . ) -
A

el , e
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~ In other words, m?"} and (%&(”‘) » Which are composite
"integral power forms of the third erder in X, mast-
'V-fiaatisfy (39) for = 3 . Hence Ofd[?‘) (l"(x) must be
of the sasme form respectively as 0((1:) ﬂ} &) . We thus

' have

«(«) < X () =0,

i.e. . ‘ | .
: & - o ~ . e s e ® ——
. M~ &.ﬁ______/ ——r
A= 3 iAo An =3 omko
‘Choosing =2« , we get from this
Qe (x; ) = Gy 5 2) 7 0
P w
=, b m—-xml
- But by Theorem 2 we have

5 o) o) D D),
A (s - 3%) = e (ommt) - (4] ).
A~y fomre
Hence '

oaiix) = Ai(x) =0 (m72).

Noting finally that no restrictions have erisen on

: OL:("), 0[:(“) , UC,“(“} , 0{7") » and replacing

L ’ L} ’ Lds ’ P? ’ s I'p ’ respectively
“p t L “a i4
by K ) K; ) Mﬁ , Ma' , K ’ L.P s K 3 s We have
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THEOREM 24. A necessary condition that a regular

~ Anfinitesimal transformetion in (C,E ) teke a straight

 1line (35) into a straight line in (C,E ) is that the

;: transformat1on be of the form

“ o+ K x+/\’ x % M'xﬂ‘f‘tx
i = Kol )

o (42) b . i B, ifpl P
Ax /("-f—l;g?"""/ rT= [M%*M/?)

o—
—

a4z

} A8 an ald to proving that (42) actuallyl‘t):akes 8
‘frstraight line into a straight 1line in (C’Ek)’ " we first

IS The proof Which we shall glve 18 simpler than that
glven by Kowalewskl for the space C ; ¢f. Kowalewskl

II, p. 1459,

" estsblish the -following
LEMMA. Let «x , x+-f ,x*3 be any three points

~in (C,E ). A necessary and sufficlent condition that they

be collinear is that the following relatilonsvhold:
ctzv
pb_ ¥ »;; A 7 ’a -0

<7 | ey
PROOF. Let X , X+ ,x+3 lte-on & straight

13

"_Vline in (0’1,3“,)“ Regarding each of these points in turn

:'as the varlable point, the parametrlc equations of the

- ‘1line can be given in the three forms .

_ ~

L (zE) A =aTp e el ~
1) +/;t -/~+1~v’ ‘X +7 ~ +

85.2) 443 =t gt = s e’
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- 8Substituting from the first equation of (35) in the
- first equations of (35.1) and (35.2), we get the two

,; equations o

- | o _
"}dz/v'“[/(""-), 3 = (= “))

'.whence

o o o
~so that A and 3 sare linearly dependent and their

,?ﬁramian determinant consequently venishes, i.e.

o o«

o "J‘h ‘ ?3’4 0
(35.31) 2 g |

. Y4 %
- Bince we can write B _
T I LA B
(43) B R P 3 7
i, 3% |F? S

L (35,31) yields
e Ao(p - 0.
. Similaerly, we find .
R . i
PR A I@._.a—

o = S >
T (35.4) 4 c-a L4

' m;d from (35.3) and (35.,4) we get

-y
= 0.

To prove the sufficiency of the condition, let our

f;fhypothesis be
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. ‘ ot oA
(44) INGEYNE.
o  the

and let (35) be/paremetric equations of the straight line

3>

whose varisble point is X . Then because of (43) and
(44) we have

« «
& 4« ? %
b §y
| 3 9%
ot w : ,
Hence ¢f  and 3 ere linearly dependent. Let this de-

pendence be expressed by the relation !

(45) ¢ T -~ 7

‘ o 4
Then, since .1327— = L by (44), we have the further

relations

(45") ’}

In view of (45) and (45 ) we can put
| ‘7"'{:(/4—& Pt “/4‘ "‘)’V—

é____;.

‘wh

‘whence ,‘_,,_’,ab,u—“-,«-/} = +’,€——/v-d)'

(4e) ,;‘,‘./.a/v—‘#/y*-/“ + A

R B Ak aataal
A~ : A'::,u,k‘f"/c/‘f",.
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i{Substituting in (éG) from (35), we get
: -
x-:-y M-I-/—nr x—bg /uf‘/“

o« @« o L A~ < ~
'1('+'3: = e N, X 3 =AM f e

i3ﬁ5305 the points X , ﬂh*;}, and Xtz are collinear.
~ THEOREM 25. The transformation (42) takes a straight

Aine into a straight line in (C,E ).
~ PROOF. Let the points X ~, K+4 , and X*+g be

g{@allinear. By the preceding lemma we then have

S “Ie = 0
'U(4V) A =a™" ?
,éné'from (47) we get )
P 's
S 3 2

~'If, when we apply (42), we should get

XA
A
P - £ = 24 - 0,
TAX L
: <8 xA
{it will follow that A  and A are inveriant under

kf(42) and therefore, by the prededing lemma, that three
:\eollinear points in (C,gk) are teken by (42) into three
fﬁcellinear points in (C,B ) 8o that the theorem will be
;;praved.

We seek,therefore, to shoT that
o I VPN
287 7% 4 +{ ?”’
dX o B
&3* 3 F 3

Il
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: ¥ |4 &
alAd _ a;ed ] &x;
Ax |4 ~ 4

# el A B A

vanish when (42) is sapplied. Applying (42), we have
O%' = A (<% y)

&;t
- . =K —f-L."('x-f-/y)'f'K é""ﬁ')
oy S e N
(4241
R R —:—E“‘?][M%‘*/é‘)"m(x +a‘¢1
B = e )= 0 Gy

. 1{«%][@ WGy

Subtracting the first equation of (42) from the first

,éduation of (42,1) and subtracting esch of the other

mééuations of (42) from the corresponding equatioﬁv_of (42.1),

we get
zé_gj___._[_"g"-(-/{ﬂyﬁ-,«—ﬂ/ «y-r'x Mgl—‘f'y N’X
-r’#dﬂ% *“&M?-*/}M?“ +9M‘f?
d_ﬁi—; Lgﬁ-f-/( g -+ x Mg + 4 /"l/“‘

4-4”%*“”;”9””9”’
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'Similarly, we have

2 “ %t P
dy - (% %+ K L k2l M+ M’ x
el A B Z7 -
o« P x “M%. + "M
_{..3Mg/+ocl‘1%+3f/‘70;. F x
A i K<+ x*Ma 4 M’
= Lyt R g 577"
—f-g"'l‘?g,-f—oc M%:-f‘g M9§+3 %”,
_'Applying

P) = K" 7Nx)-o

G- e
 Applying .
Vo) = Lx5, P2 =0,
we get . et
a0 < #P + 4 o9 =(L"+L'g)““ﬂ:
pra o M P
|
PP ERI T
Cax Lx}x }f-
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- Applying

Pl =K, P==2,

we get
¥ <) o« Y
4 « K.t 7. ¢ /,g,, =K A'ik 4"
44 = > £ o K y| ¥ AY

AL 4
Applying : )
ok -
Y°(x) =K " 7 ) =2,
we get < & p rq"" %ﬂﬂ'&' « PR P Py
At (K 7 = +h 2,
dA £ | « i<ﬁ R P
A% «g F > &.3
Kv 4
J |
« & i
£Ao(k LZ;} 7. — L; A’#ﬁ‘
= « o
Ny éz} 3
.;_Applying

‘}7(¢, ;;gz M" oc 70 é&)" %2 F4’¢; )
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we get ¥
PR Ca % R e
Al _ s £
A% M3+ 3 Mx +3 40k 7
o a4l ra M X+ ?x
4 %M,'} 4y /gx ,
+ vy B a5 M
%0_( ’XPM;j +5'va+3 7‘}
. ¥ A Em A
= x*M AxpflMY"‘A XN
Y X)A"‘cs
_,.My(g‘*% 2
b4 A
“M
o 4%;4 »;,-(—f;dm * +7 7 ,3.
15 _ ¥ ~
Tt M?+%”°""?M} ’
x|

« ,LM;-rg""”"’”Z’ 7

9}" ,X_M3+3f‘17""3’ yf J
: Aoz 4 M(‘;- "+
=.,)LP1A +1.(\’1le -f-/xl‘;[ -f-r’;t

_ Applying

)= N P
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' we get v 16- p
£, mx"e "My
—_— » £ P o«
£1 M Mx 13 13
£, K Py £ |
gd ’)CPI‘Z(? _+,3 ljé’X-/-g ﬁy
-+ g "M £+ ’SM/%&+ F""Z
£ «B, By A7k
& A+ X' MA
= _.,,[‘,vaﬁ 112% £ ’-cﬂ *
+M%(?f' Tz )a > )
“ 'ﬁ o« A
At ﬂﬂ | £, 4ppoF ~
4% XMy T E i’ 7
o ~x*M 7 +? x +/} »ﬁ?
+[° t e A
PR AR L S L
| :.-,,Z‘QA&" 2M x*a -f-')‘/;"éf"‘ "":2(7&.#3‘)‘;#
 Applying

/pd('x) =0, /}?ﬂ(”‘) = Ki

we get
JA“p ‘(A = 0 .
ce/.t' = > dx
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 Applying

£ ~ R
%[%)7- o, 7 (=) = L—P %,
  W9 get ‘ .y »
i « ~ o oa
JA“F —0 XA“ = 7 l;’ ?;‘ :':l_;, A .
=0, .‘ .
ys 2% ;s
Applying . iy
?&(¢)30’7{4‘)'K “J 5
we get « £
o |7 Ke? |_ A"A,
IA(S 44 = —K
— =0, e K £ ik
AT 3 ’c‘& ‘

| These computations inform us, in view of (47)_and (47.1)
 that when (42) 1s applied we get

48 Aa~* - 0.
A% XX

Hence the theorem 1s proved,
From Theorems 24 and 25 we have

THEOREM 26. An infinitesimal projective transformation

.~ in (C,E,) has the form (42).

Computing the commutator of (42) and . ]

& KX+ L5+ Kl + /—(—.K?‘Zf Xxﬁéf"”%

: 2 - ‘ s 4 £ 4%
- dx” _ K* x x + x T -

2 =5 y e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



84

~we get

THEOREM 27. The totallty of infinitesimal projective

- transformations in (CfE/) constitute s group.

Putting o i

’; # n\.-f-'l
e o 4 N = (
~ in the infinitesimsl projective trensformation (42),
i we obtain as the equations of an infinitesimal pro-

~ Jective transformation in (c, E_ ) in homogeneous coordinates

4 ok " K «p /( /(a( Sy
Zﬂg_:zsL.g} T %% * 27 ‘f' d J
da” L; 7’.,«— Kﬁ‘%,, —f'/\’&.?m’bl).’
4;6; - A 7

nt/ A F 4
4 _ My =My
f"p’ = — " ’?}

4, The Pinite Transformatlons Generated EI an

- Infinitesimel Projective Transformation. Let the equations

rof a given infinitesimel projective transformation in (G,g;)

- in homogeneocus coordinates be

IR _ (VK ac[z‘)+/( X ‘7/ %/ K ~ ’Mf/f/
24 /s AT/

4’ '7 o ' . . . P
) ox® _ Lf 9?'7/1‘}«“/(”‘*2/1‘/*"’ =™t
(1 : 770 79

2 X

-— ! ” { — “f -___
)2 (A (") - K " ()
IX A &
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%ith the boundary‘conditicns

T ] +

e’ RW= Tt Be)ext XTT)= A
~.» - Since the transformation (48) is linesr in

: %“ﬁ{i’ﬁ%);"“@, we can apply Theorem 21, stated for

5f}the case of an infinitesimal linear transformation in

  (10:3§” ) with K =0 We thus obtain

MFI

THEOREM 28. An infinitesimal projective transforma-

tion-in (C,E ) whose equations in homogeneous coordinstes

"V*:ai"e given by (48) and.(48’) generates a one-parameter

H:"e,ontinuous group of finite projective transformations in

'v('c,E ) whose equations in homogeneous coordinates are

[(W2%6) = MM “’Zf)x # Pl“(:é}x 4 M"‘ ( d)f';'

) ’ P X mnt/
%7 = N ) 1l M /"‘/”‘"’M {,} 5
- S % o)

‘ (49)<
| r‘w’ﬁ‘/x +M ﬂ%f”‘ﬂf' M & mj'

nx"TH =

i Nt o, M) 0

Por any value of the parameter £, ‘the coefficients of

;-::'":(49) are given by
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-~ Y
M- 5 L e
¥ An=0 *
o0 « C""’J Y e
M ()= Th—4
~t =0 .
'LV e *Efij A
N/s () =Y e 77— #
e . Mo:’o A:j\ M] o~
Bl £,

 (49.2) M [J: l) M Co]
DR =N~ ,Eo] ::-"” . o] = N

i

"B, |
M;"ﬁ toJ ::V

*Ints

| Gmg), miTTo Co)
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:‘T}?‘and , ( M= Fomt 1] = K 1T [-.7
o T
MELmr = KM "fmJ*-K Cd

M [M.-,-,:] K M [WJ-F/\’ m” L]

P x/e ol

% o ‘f’Kﬂg M [ J T K ':qnflmﬂ J)
_(49.3)

o« St e atd

Cm-f—J-L I‘[Z[MJ*L M ,‘[J
+K N L]+ K N [_7

AJ, ﬁ A nt/
N Toen] = L W Eom L "M o K ’/vf‘ ]
A

7 s
7 e
bt[ﬂ*"’]— L.’g/vi["""J”L /( M 7[4~J+fm+,/‘7 & J

M”“‘”&d L8 NTHK, (10T

+l/6
E/w—'f‘j 8 %ﬂfm"j—f‘/( I:Zm+/["]
+ K”“* M Lo,

ottty
mf‘l’ﬁ

| m*””*'[/m—rj ’N EMJ-F M ["WJ

NS,/
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PART V
CONFORMAL GROUP IN (c,§v )

1)
Sphere Geometry. A sphere in (C,E ) is defined by
N/

;‘f#.‘I; In this sectlon we generallize the sSphere geometry of
- € 3 see Barnett and Nathan, l.c.

the equation

C et ”v+ L..
If_-f,‘,(so) X (? 7{6-{'/3«’3’) (’X g«-lrf)!g}) =0 :
;i’if'-where /} is the variable point and ocd) ’3‘) - _,’)‘m‘*

" are considered fixad for the moment. By writing (50) in
ff'i/the form

(=& ) )*(7‘~*'>( %)

ﬁ oV of BV o 8
+9C')¢ x X
X %a 7

S

we see that the distance from the fixed point jx%r

1l

" to the variable point 7 is constant. We call the

© point x?:;; the center of the sphere and define the
'f/.""rradius R vy

- The angle © between two Spheres (50) and

@ 27 ¥+ 3 ) ( < *%‘)"‘ E=o0
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- 1s defined by NP AT = 2
(R)r (R)— ()

= G >

| . 2RR

- ~where R and R are the radii of the spheres (50) and

Cod O

"‘v'}(gg) respectively, and £ 1s the distance between the
;y’",jennters. The two spheres agre said to be orthogonal if and
/tmly' if covw 0 =0 . Byv an easy calculation we get
| THEOREM 29. A necessary and sufficient condition

- that two spheres (50) and (50) be orthogonal is that the

f':-:'aoefficients satisfy the relatlon

f ~o ' + ot ot 2
(51) 1(46'80?;7‘-%3*;)-.04 TR XX =0

The left-hand member of (51) is called the polar of

. the quadrsatic functional
. . MmEl o 2
L e :
A 7

A sphere (50) i3 completely determined when its set
o 7 vty
of coefficients (fx , X, x is given, and the

ssme sphere 1s determined by all the ordered sets

~ _
"'(52) (/0’)6.:/‘””'; D M ) (/b*“))

-~ I A 2 '
where x X, © ;% are the ¢oeffilcients of (50),

~_ The homogeneous coordinates of a sphere (50) are accord-
- ingly defined as any one of the qrderedgeﬁs (62). We thus

- obtain a geometry im which the sphere in”

}s8 ) 1s the

f‘ﬁmdan’aentai element snd which is the analogue of the ele~
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ﬂ;?i‘%entar& sphere geometry of -,/ -spuce. We shall call
  th1s geometry the sphere geometry of (C,E ).

A transformation of the form

_ {g X Anrl & m£L
G@“sk%'f‘ ﬁf»/;:X'f'K%-/-A/’?‘ 2

Tt/ /n‘)"g_
' ~ 0\,‘1‘/ d;/’v‘l‘&
—— . < Ix + K %x + x
fox = Lﬂ“ +K i * iy ot d
N PR y PR A ¢ poryy SN
(B3 ari B K x T K x + k x
+ 2t/ av-2 A2,
ot 2 ety p e -+ x
Mk = LP, * K ; +K 9f..*fr/ K 2’

- L&
0
rF o, K F
 egn be regarded as a transformation in (C,§~) in homo-
bfgeneous sphere coordinstes taking a sphere (50) into a
—mt2

~-i}sphere with homogeneous coordinates /044 /w;c -y AKX .

;i81ﬁee the transformations (53) are linear, the results in

Part IIT apply. |
441 . . l
2. Finite Conformal Group. A finite conformal

»71) Tr ThTs 560t Ton We generalize the work on the finite
" -conformal group in C done py Barnett and Nathan, l.c,.

gffl;:z*ansformaticn in (C,E ) in homogeneous sphere coordinates
18 defined as the most general non—singular transformation

<(55) leaving unchanged the quadratic functional equation

B ﬁ 706 O‘m‘f‘l P W o
x + x'% - x =
(54) x y # | >

;;;?ige."‘caking sphéres of zero radius into spheres of zero
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adius in (C,E, ).
| Let (54) be invariant under (53), Then if the in--
*i;verae of (53) is applied to

—-a,_ o, P __/’V'f'J-
- KX, T K x =0,
F

— _. __,w.,., Mof 2 Al g2
+fx,?xx- "‘(M)[%%""";"" % )
b ]

¢
:’;;jf,:_,,;which when we replace /ua?‘ /L& " )/Liwﬁ:by their
s o~
’V¥Values from (53), becomes the identity in OL 16 SR

E(Kﬁ) (M)J“"‘ +<K‘g + > K’ K -f-L& Lf

LY L_’"’*)«« +(2K Y 42k K‘g+a~LfK

et | 4& PY 4 r M
‘_'&h/ﬁl-: —Lr //\;” A o +(rk f°'+;</5K
_.p/&ﬂ/é KM’—'/K f)’x x -f-(:. K
+ 2K KKMH-f‘ 2 L-D,ijtl'm . m'+ /L:;: 'l;ﬂ/gwm-r)ch

Y. ¥
A T S e 3 ot
+(1KY,€;;+ LK”K«{-L' = l;yk 7%1- f»(w-/,; ,_17:-n.
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] Ig nta fm«f:..
;...L_x K ~ % +(2K"K +2K K
) mEL ML) sy R A Py
o2 ' : nFr P ks

/‘\«"’lﬁ /)\»"'/f& :

g ! K Kf”"*',__ K K“*Lm%mf)k
+ (Km-k) Klé + j,m'f’/ wF) ot

/G mt K i,m-\‘-z-—‘ K : Km-f-!- m—?{xﬂt‘fj"
+( ’Svl-z—K/g * ém-h.K Mt ot »
e ?'m{_,_ ’k/,.,—fu-m‘f/
-’-—E?JSfHK/s +"'/;:m.,.,K , _—m-f-/mf:-
=t X ] ot M+L,—-O
B ﬁﬂ mt K * (M) * ’
;’ where M B M ("'"’7)

i Jo ,(,L *y)
: o o

~ Putting in this identity x =& ,&X =4 and then
arguing on the basis of the arbitrariness of &  and
- A, we infer the following:

+1 o ‘%n\-‘f"] ot

K™ K K -K : ' =0
_(s5.1) K Kf3 Ul PR mﬁ.%HK , ‘
nFr '_ 70\-1’:— X :4?4-» 2.

. (55.2) K'e K +K K -K K =0

e S ot [3 F - it |
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: mEF : Nt 2 At et
(55.3) J.K‘é K - + K Kf - K

mE P .?m'ﬁl S e

~ = /tw'f“‘l—

—_K K + (M=

S d ~+

| ~ ~F) ¥
ad Ay T J.LKK‘? —K L.
(1’( ’,i.;.,-f »K K/@ > 7 . At mt Nt
(55.4) ¥ B, ~F Frt
: D A ¢ >x +(+*K'K +2K K
. aty Nteatl) y R B FR
v P f o N ,£
- K -k K =0
’:wn. ' /»H%
~F2 b 4
(JJ(Y k¥ + LKp -/— l- Ki —-K L
. mF2 Mt atr M
. b
(55.5) +>4< 4_()‘/( K +1K Kr
N At ot
=0
-K K —K K )“ ,

m+3—£ /’v"'"& !

Y v, ¢
E(K”) ("7)_]’19‘ ”'(K +LK/§J+(}?LJ

| | | ¢ _ LT
+ILL5,";;£ //i-l-l/é ¥ zrmf-zﬁ>
4 Mf’,”e
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" From (55.4) we get by Lemma 1

S o u Xt L“ /(?; e
R ' A .
;‘»,(55.41) 2K /(M/ 2K /f/g -+ 7 3
s « - =0
— K L7~+z. C mta n»#—/L'"v*/ D

mFyr I

‘ LB ! 1"’“’_’ K —-K K =0
- (55.42) 2K Ifs +12j/( //LMH tr i i At

~ From (55.5) we get by Lemma 1 -
S « 1”"-”'

px > L. K
(55¢51) 2 KO( K:,-n. + > K K/s A #

‘ 24
- Kmf-l ~F 2 Lm-f':— Mt 2 nEE= Mt 2
) a . + 2 m.‘—,_,{_ W-}-I,;.
F nt 7(»&' > ’ ~ K A
;::"(15"5.:52) J\/'g" lfd +2_£‘" X ~tr m+z..l( Afa mtr S,
Frem (65.6) we get by Lemma 2
) N
-~ (55.61) (K*) = (M) =0,
: o -
i YU pa L LT KK A 2nlK
e « LT =
- L § Mt )
el vt ~f
T o & o ; , M/ X
(s5.63) *K K + 2 kf /}’6‘"" 2K L —K Ler
pFr A, X = 0
o — K l';\,-l—[ )
TN 28 PN Ty
- {55.64) g,/(" K?+2k"T"K =2 (M ’)—/( ¢
Thiag e %
S R o At !U:'.— 0
= J
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where if M (< = #)
MT=71 6 (= 1') ,

| We thus have

THEOREM 30. A necessary condition that (83) leave

©(54) invariant is that coefficients of (53) satisfy the
relatioms (55.1), (55.2), (55.3), (55.41), (55.42),
—_— | B

- (85.51), (55.52), (55.61), (55.62), (56.63), (55.64).

?,I} These relatlons will be collectively referred to
. a8 (55).

We now show that the transformation defined by (53)
gnd (55) leaves (54) imvariant. Let the inverse of this
: transformation be applied to (BZ4). We then have .

—_—ntl 2D

G, 3% - =7

_ (KP)(“) (K +>-KK&+L—’1(L;"

}
)'x”'l'(z/(/( + 2K K‘B
m""‘l- /‘,&
e
.,.UJK -K L -k £y

y 7k ~rik Y ¥ ot h)Xx
A ~ti
£t K D
+(K£ Kﬁ '_";AK mﬂ%K %
ot e d

+(1K/’l(~f/+ f ﬁ;‘ 7

-~ (56) | y Y ) |
-K_ L - l7’~‘f'/ 5“""“'"’.)"4—/ ')‘X

~Hros I st
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/3 m+l ,Avl-/
(K"« | AR K
+ G

f,ﬂ At k| 2 R

~ K K é>x“+'x + (:. K +1K”K4+L
8

mtL mf| MY »vl—z.

¥ 1
L Kam“" L -L K x
-+ = PRTTPNE L Y Mty ot L

N2 Y
3/7\-1—2- ""K

‘ mF - K nf‘z‘

+ (" K 7‘— ;k K P T z./g-{—,.,,g MbL My 41'[} x
m.'H j"’"*’ ot
+(KpK K K _aA:-f-/m-f'/lS‘./.‘_ﬂ‘f,Xx )

~r K /(aﬁd-: ' ¢
+( A.+:.Kll +.4'M+'— 7 . nt) mf.&a#—aX }L
70\!"&
A kKT
""(L,S»-H Kﬁ J”""’
nt/ ~ter

K ~
- ‘/(n-rlm.-'-; 2t 2] X

But we find # v
B B o k% + L L l_ )xx =0
(K g-t-’—LK ¥§ 9 M'H'

At ot 2 Tt Tty

because of (55.62),

1) We have z¥1ere miade use of the fact that 1f PR3, ‘P"”
" then ?’3 x"‘x" o,

(4+4)
L P m+/,€
(’} TS £, )“ {”) 7 (k-£)

~ in view of (55.64),
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(K*)(%)= (M) x"

T im view of (55.61), and :
p 2 #mZ
(- %

2 K K —_ _
et S *+ g,m-r-l ‘ Aty mta Tt/

M.r'H m'!"- m'f'/ S al

mtlmt) Mt nte

| - in view of (55.3). All other terms of the right-hand
"'74"',slide of (56) vanish because of appropriste relations

 from (55). Thus (56) reduces to
MmA k2

(/b) ('x 45 + X 93.— =" =(M) (ococ+xf¢; - % ?

" Hence (54) is inveriant under (53) and (55), and we have

THEOREM 31l. A sufficlent condition that (53) leave

 (54) invarlant is that the relationms (55) hold.

From Theorems 30 and 31 we have

THEQOREM 32. The finlite confoma;l transformations

in (C ,gw) in homogeneous' sphere coordinates are those

"‘l»non-singular transformations (53).1‘.‘01' which the relatlions

©(85) hold.
A sec.ond characterization of the finite conformal
transformations in (c,gjw) in homogeneous sphere coordinates
T,r';tf;i‘s -that they are the mos‘t general non-singuler transfor-

i{.jg_r‘,'mat.ions (53) taking orthogensl spheres into orthogonal

_spheres in (C,E ). The equivalence of this definition

7" : o - ) .- . e . N . - . F oy -y
5 P IR 5 S AC AR R LR AT S BN A R R AR (3 T
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with the one previously given 13 evident from

THEOREM 33. A mecessary and sufficlent condition

that a non-singular transformation (53) teke orthogonal

spheres into orthogonal spheres in (C,Ev) is that the

coefficients of the transformation satisfy (55).

To prove that the condition stated im the theorem
1s necessary, we assume that a mm-—singuiar transfor-
mation (53) takes orthogonal spheres into orthogonal
0//" / 2 ”‘fj o ¢ m'f'
Spheres‘ in (C,*g,'w). Let(/';;, ,g,'") ,} and(/\i;,/g%. 7%
be sets of homogeneous coordinates of two spheres, and |
let the homogeneous cocrdinates of the transformed

— Mty

spheres be respectively (fb 7 )"" ’} )/b? and
- & il — e K
(/LL’S/ MY s %A ~ )}/«iufﬂhen the inverse trans-
formation 1s applied to the latter pair of spheres, the

followling relation must hold because of Theorem 29:

ARG S A
[T A

‘ T
Replacing /by /b g—: T /"? J a.}: 2-3': Ai}
in this relation by their values as given by the equations

of the transformatlons, we get the following identity in
mnt 2 o3

’2‘: ’J'>“'>3 ’} 3’) BEY S
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_ Lx anl-a-_ L_)‘

) 9 add

+a 7 L7
4 5

A .
i ?”\fl 1{5‘/:,/; +;£A+IK

» Kmﬂ Ag)/‘%/'" 4

Mt 2 Tt

- . .

K L >?
,V + L; K Tt mt| MEL Nt ~ ) 4
(57 ) A

m-r’x.(lkrky

. 0 6 5y . ¥ K.&R
@E(KF)'(")]';/?;*(LK[K + K’i_‘-f'l. %

LL?-t—l) gy ?f

' Kf)p-fz-/_{/( k»ul—l,e

f%’ . mrik - mrih

ﬂrké’ |

P Mt A
4 4 PLAAT el
4-( KxK +2K K +2'l; el
Y 1) LKLY gy
KK +2K K

”wz.‘
K

MFI A,
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"‘{:—'K K%+L£~k
A"+/M+L

N T

£ K +>L
Ml A’S-H By F

7
R

4

AFI ML) ot

—

- K

Mt a2ty

+ x K H'/\"l-f-z.L_' K
ﬂ

¢

Nt M2 mfx.) ?y
K”*~k

e X of

-K

~K

mt

K

7‘/-\.4-'

Mm¥ | At
'5 M+L+ 2./'( k

1§+/ /53 g_m‘l"/

-~ K K

Mt mFr mET et

-’-

;:A\.-f'/

+( Mf

M%)} M{/f’(

RNt/

L MmFa

)"Ky:/’vl-t- k

4“/’" Vea™s o] Ny

7«

/
- K ~f Mty
M s NI 21 3

nt L

K

-2 )

ATy mF] mfr A~ e

[ﬁﬁ}

ntf/ m+ 2

4 F

| —K 51"1- ML
+ 2 K K™ - s mf L MLt At AT
mt 2 ‘
e
nF m+/ K K 4-2-« K f
RO TS ORI
- M¥a M"'J-
-K

m.-f-l m-f-). m.-h. mrr mFI b L m-{-a. m-r

Jar
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,.."»where' v - M (%:X)
) At o (A=x4) .

. By choosing in this identity

1 ( oy 2. pe % ol I M2
PAETVR AR AL S

We can 1nfer the following identlities in 9, and ¥

.,_,'7(5'7 .1) ((K) (M)jg,}—f-)_(KK ‘f'/(:‘ﬂ
., +L¥ 1-—[.. L ) 3"""(@'(

mt

| At/

| ;‘/Z R, 1@
- _.M M
+ l}£ K ’SK-H /4 K g /{2
M
+(m*Kf"a—K’”K‘+L_L— K
'n.-f':./g ‘
—-KWH%L/';:_,_‘K l/—n-f-/)#?-’—(KK
£ ¥ R o T
+1KF7K[, +"/-}K Ln'\ﬂk
ot R —
AL )y, = O
¥, ¥ p oL k’mﬁ L
(89.2) (:.K K+, 1+ 2K /fﬂ 7 At At
A ” ,{
r ka 2 K Hk’
- /S.,-f-z. m-l-/LmH 3’)« m+/ /4 ¥
- N ,4 m.f-/? =
- K K —’,/S-/—}a. /m-//( %

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



102

s T MmrL ﬂ,m-fl. Y
(57.3) 1KK + 2 K /( :.LK —-K L
L  mta Al mtr MPE

£ 74
-K )7 + £k +2K K
Mt M2 A"' m'l-z. A ;_,,._.,_‘

A | A A NF2 NP2

(sv o KPKT+HK K™k K. .=°

Py /? ; 5 - L et 2t )
T é’/n'f’l.
B A+ <’ -
. A{B7.5) 2 /(-/-/K 7 L;,,__,,, K PRI ER S VL

L ~ : _
- .
K K +(M)=o,
- PRI X Mt mF/ :

p P K?”‘*_K K =0
4 (57 6) K K + A/t % L et s !

o mte U Fmtz

In (57.1) let us chooseﬁ = 3’“ ; then by Lemma 2 we
~ have (55.61), (55.62), (55.63) and (55.64). By Lemma 1
. we imfor (55.41) and (55.42) from (57.2), sad (56.51)
~and (55.52) fram (57.3), while (57.4),(57.5) snd (57.6)

: ;gre precisely (55.1), (55.3) and (55.2) respectively.
i It remains to show that the conditiom is also suf-
‘ﬁéiéat. Let two sphepes with reSpective sets of homo-

~ gemeous coordinates

r(c;);u- ) (3 }” ML)
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be transformed by a non-singulasr transformation (53)

"’<“‘:Whese coefficieﬁts satisfy (55). Then, spplying the A

- ! _4.,-;-
. 1nverse to the transformed spheres (/‘;g ,/‘C,}, ; j
emd (A ?,);,23,1 .. .»%% ], we find that the expression

- "5:"') o F [ A A
rh 275+ 55)3" 5 -3 7
l, A',i;s equal to the expression which the right-hand side

f{:*-;af (57) reduces to when the terms involving M are

emitted, and because of relastions (55) the latter ex-

. -pression reduces to

B D KA A

 From this and Theorem 29 the sufficiemcy of the con-
~dition follows.
Let us apply successively the conformsl transfor-

{ :;;f;aation

(83), (55) end the conformal transformation
——X ,__/k*/_.‘ Rty
= “‘( o( /3“ x
/C:?‘ +'K 7’5 * K} +£~f/ x 7‘/{/ )
_—i - P&m-l—/._
—_—=A
Mhx = [73 x'+ K" %+ e
. . bﬁﬂ\f’-&. P ‘?.ﬁ..
: (B.S)i‘ ~F
- InfL
- St =t -fn+/3. ot el PIMEL
N = + K x t X
X - L/3 X+ K 4, ~F P it s
~— : - wiid et
- —m*’- —mtr_ @ mrE - Kmfb/w'z’ K A
= Xx'+K  ‘xt +
- &
0
\ ) K :F P
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(55), where (B5) réprésenta conditions satisfied by the
coefficients of (B3) corresponding to (56). By Theorem 1l

the product is a linear transformation
A/

— =y == A
TSt Rt Rl 4 AWK,

D

g4 *
= et 2.
+ K% =x
e al
— — p— f—/ pm-‘-&
= X xt= flr K KK
(53){ nox = [76 x } At mr:.
_—mrl ——'mf't‘ltf'l
FE~t_ IR e K + K
= & F , Af-/ Ay )
— e = i i L W =t mte
==mer_ TR KT K KR
~where '

;tr:z /.‘:/\/#0? }?—:‘-:.ded#o i

S$ince the transformations which we have applied are con-

formal, we have ’
(~) (x"'x =% ,_’”‘” “} (M)@ ac-f-/x—erZzM

A
(AT1#3 F i’o-;’t—i“*;fw}(@*@f? P )

From these two relations we get

>~ g«=- -—m+/=/w1' _.(‘ﬁ) ’XM-{'%X; %M;Cmfj
(?;) (}x A+ K ;' .

‘Hence (53) takee spheres of zero radius>into spheres.of

zero radius in (C,gv). We thus have

THEOREM 34. The product of two finite conformel

transformations in (C,E ) is a finite conformal trans-
} - " — "
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- By Theorem 13 the conformal trasnsformstlon defined

v y (53) and (55) has s non-singular inverse

r;(/)c = R—“fxo‘-f- l-(- Pﬂ; + /\‘; fxif-l/(nﬂ xm-f-:'-f::im“'
o014 R - z;*;—&r*’%w?“”“jf’ﬂ?" Tz
PR LY et N S S

P mt/ s

Since the transformation defined by (53) end (55) is

eonformal, we heve . .
ST . — MWt F & o T
L be , To% - X ):( X' FXK=K K )
-~ (89) (/c) (rx /‘ 1 ?‘ x X /] £ ¥
ffrlem }(58) we have |
y Ml 2
(58) (A) (’”‘*""”‘ x ")-—-:* (58),

Where (B8) denotes the expression whieh the right-hand

ff'side of (56) becomes when bars are placed above the co-
n t+a2
‘-«‘:;efficients and sbove 96 x! y T2 & . Replacing in
(58 ') the quadratic funectional
7 ~ 7/ 1T -
, «Foc XX - K
TP 7
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f?‘i’:"its value from (58), we get the identity

l;“)_(’i)_ (%% + o’é"of- Xz = (£0),

- ( Py —r T 2
. By first putting in (60) /x =A K = s then

u:(ﬁg)

 invoking the erbitrariness of & and & , and then

i‘using Lemmas 1 and 2, we obtain from (60) relastions (B5),

. Where . F’l- [,i.:.— )
e Ar M- o7
Mo o (x+3).

- Hence (68) is conformel, end we have

THEOREM 35, The inverse of & finite conformel trans-

" formation in (G,E ) exists and is itself a finite confor=-

~ mal transformation in (C,E ).
. — -~/

Theorems 32, 34 and 35 together give
THEOREM 36. The totallty of non-singuler transfor-

1; mations defined by (53) and (55) constitute the group of .

jf f’{finite conformel transformations in (C,EM) in homogeneous

- sphere coordinates.

3. Infinitesimal Conformal Group. For a fixed <&~

~ the set _
. ﬁ(a,) = (oc"[a.)) 7‘-’(&)) ceey X ("*))

_‘defines a point in (C,E )s A8 a varles in any inter-
vel 2 £a £ &, , the point describes a curve in (C,E ).

o Hence
(o x(=) (v 225 %)
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defines a curve in (C,E ). The components of the tangent
S ‘

“to the curve are

7 "
o Aeac“ r_ & x o M“,___choc
A= Zou )M = T 0 ) Za

so that the tangent is the vector

= Adx _ « M ,;w)
o2 At ),

La

Tagether the point 2 and the direction ,4¢zdefihe'a
lineal element in (C,%“), namely, the vector . which
starts from o< , |

If in a suitably restricted subset of.(c,gw)ia regu-
ler infinitesimal transformgtion (14) is spplied to the
curve (61), there will be a corresponding reguler infini-
tesimal transformation of the direction, ?or by Theorem 10

we willl have

3 ' X . 2
2l 2V - D P) = Pl 3= )=1p /x)f))

SR TS Y 3
335 = VO T )= )

The reguler infinitesimal trsnsformations (14) and

oL X
%“ =P (%1“)2 |

(‘62) < o

together define a regular infinitesimal transformation
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fylineal elements, which 1s called the first extension
M (14), ,
| An infinitesimal conformal transformation in (CQEV)
is defined as the most general regular infinitesimal trans-
;ﬁ:férmation in (Cagv) which lesves in¥arient the angle be=~
*;tWQen two linesl eleﬁents having a common origin,

- Two lineal elements with a conmon 6rigin are repre-

. sented by .(;(,A} and{;t)m} o The angle between them is the
;;éngle between the vectors A andl A~ , end the cosine
 of this angle &8

ev—-+-A~l>V’

ey

To obtain a necessary condition that (%4) be con~
. formal we assume that (63) is invarisnt under (14) in a

suitably restricted subset of (C E ). We then have

Mﬁiﬁ- +/Uff_q.:i. -+ /«j ia” '*“/V!_""'f(:
d/f ‘ d4 Y doc J%-;e d/;r &3,4 +M’ﬁ‘ug)
_ Mev-,wa,-)(f;gz‘_:”;—zé-f-
A s A,-,‘é;-f-,‘rzui ,u—/‘?_ + A
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Vrléartieular, let the lineal elements be orthogonal,

_é that we have
N » ; | 3/ —
(54) M/l;; o+ M VT = 0 .

4

‘*;fThen the following equation must hold for every choice
;y'r'of AL, gnd N satisf'y%ng (64):

P 4 7
R M LIS 2 TG AT

ei', in view of (62), | 1
,cc ?(x mj-f-/v'y[% M)fﬂ*yév)fﬂfyéuj 0.

iykﬁeplacing A , U7 by T 4, T 1n this equation,

‘;ywe obtain the equations .

o &";('x m’)./»/v-'ﬂf[x M)_/_Mdz’[«ﬂf)
(65) _,__/\;— @ /xj,»)=0 (/a:/)z) g)...))

‘which must hold for every 4+ end ~~ satisfying (64).

/ —f—(%""} /s’“ (; 75

(making §, end 5 as any distinct values in I ,

'1et us define A gnd s a8 follows:
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- ,
e 0 (o=x<§,,2’fl+,c< ,_./))
,u.d7o (f-—,& L £ & 4—,,9,)

) ¢ = — ’ 3

«

A =0 (/o é X & ;L.ﬁxuv5;+ne < X é:{)

ok <

~AS 7O (fz,~’€ ;o( 3§,—+’e’))

"The ¢« and v thus defined satisfy (64). Putting them
in (65.,1), we get S
. , £y XP) Ay =
(65.11) ff[ + L e A dy
: £-2 ;_l— .
and, since ,u, and /\/' are positive on the ranges of

“integreation here 1nvolved, (65.11) implies

Lﬁx-)LLX/g: 0 (f","( é/g é;f—l) Ea.-lc é)’é §;—1’L>.

:,Passing to the limit as ¢ - 0 , we get from this re-
“lation _ £

>

and, since f and f,_ were any distinect values in I,
1we have finslly

B L«ﬂ_'_ L..ﬂ .
‘Thus (65.,1) reduces to ~f 7
" LL-AHV'-I-(L-? f)""’z"f'(u"ﬁL A

(e822) 2 (L )M o
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t us now redefine A« and A~ as follows:

o

AL = Ay =

- - LF- <
=0 Qéxéfj El-f-,é“’( i%f)fﬂ <o =))
+
*'c’:-—/'ff& Vo (/C‘i )

?fSince (64) is again satisfied, we can use in (65.12) the
o end A Just defined, getting

. A _

~ (65,121) f 1/5 * ) Llards =

$-2 £-e

2

. If wo make in the second term of (65.121) the change of

o~
/3 :ﬁ.jf'f’ -5, 3
) ithat term becomes

~/
3£ i AL el AR
/ Z_/s * /u'ﬁ

warigble -

40/6’)

S - f;':z
- or
e /+‘ ﬁ_;i,(..};_ ﬂ—r, ‘f'f?
. L T s,
N £ |
7 iwhie-h, in view of the definition of/V' is equivalent to
o 5 - 5
L

 (66.121) tms ‘can be written in the form

S-S0,

£- -R
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'é'f;'f:frwhich, since ~ 1s positive in [ -2 §+z) implies

g _ -5 +5 ' |
L - l_ ( l"e"z/g"= 5;*-“')-
o Passing to the limlt es e —? o , we get
l._ = L

o | o |
‘whence 1t follows that [/_ 1s a constant, say K .

- (85.12) now re&uces to

gty + (£ v k’)f;”g

 (65.122) ~B 7
, L. =
(4T e (1 G ) =0

. We make now the following choice of A and v
“ N
s -—-a /u- /— /\r a Ar-o( unrestricted.
© When this choice, which satisfies (64), is epplied in
. (65.122), we get
~p 7
(L.(-* l_.)/u’/r =0,
y 76
whence, because of the arbitrariness of the /@' s We
infer

~p
L.ﬁ-{—L—,'/u':
(a 7)/3

- and by Lemma 1 this identity in v~ yilelds
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iﬁich, in view of (64), can be written as.

. ~ é Né
—zkh‘%r—f'(l-yv“l- J) =
 4whance ~
L_ka K {,C :'f)

L f}l_ .EEO (x'ﬁiyﬁ).

We conclude then, that if (63) is invarieant under (14)
CM (x) and 6w /%) must be of the form

(/l(x}= K’)C-{-L—F’X' + L. ’)Ca’
o / A #
(66)

A“(x)= Kx* -gxf’ L

- ‘where

[~ Lf“zo) L+ =0

In seeking to determine what the composite integfal
~ power forms of higher order than the first must be, we

" .meke use of the fact that (65) implies

7
B I (Care PUCEs

+ /‘; Ug’(?‘,‘ ~ 5 ’*) =9 (#=33 3,:-:)-

Pabbing ‘ AW
00 (=) = AT ), &% (x)fg/w (#=23-),

!
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654 2) becomes,vﬁ

/x v),«-/rg[ﬁ/'z M)-/—/—c ﬂzf[""")
-+ A 0[’ [x o) =0 f 2-3~~)

'};;,:A eemparison of (65.,27) Jith (65) shows that 405 (x)
- and f"/ [7‘) must satisfy the same relation as exists

‘,: i (65 '2V) ',i' f

—7’":"fbetween ﬂ£ ( x.) and % ("‘) .and must therefore be of the

same form respectively as 0;[‘ (7‘) and f (x} , &s com-
;;~,;:"--:‘posite integral power forms in .
s o ~ .

In particular, ﬁ[ ['”) and A /‘»‘) mugt be of the

f,f same form respectively as ﬂt [')‘) and UZ /”") When,
S X
.1n computing 0( (x) and ﬁt [‘7‘) s use is mede of the
‘-f’,’lli—'symetry of the coefficients in all indices other than

& and ,o,weget

( A x) = O (x; ) = (1/‘7,«(7‘/‘7’6

+!‘g,ur)¢ +(M 7"‘;/3’“"7

+ 2R ﬂ/&fﬁﬁ-"m /“’ %

-i—(»-M ,w"g-f/‘;ﬂ/, ¥ ,«f)%

(67)

”(oc) O (x5 ) = (” "*”**"’”"

~L ¥ £ "4&" .«.;. A
2 M x+m,’4 )x

i"*mce the right-hand members of (67) must be of the same .

:fsrm (as cempesite integrel power series in X )as the
responding right,—hand members of (66), we can infer
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the following identities in A~

o o ““ -2 /’4 A
ey A M Mk),w—,«_[M =0

(67.2) (M ‘s—f-:-""p“)w'/- (5% 2 17 wrt

+(M“f 1‘7’6 )/tr-f—l( “/“"Ml"’),w'“o |

(67.3) ( :.M +/‘1 )M’E/- [ M, 2 ﬁ.“ w”
L +(M/e+;'\7/e)w—o

sa’?-é) l(M .«-;ﬁ_ﬁ Ma*ﬁ):z,_’_(/\ze 7+/‘7ﬁ')ﬁd'l—io é’;‘.}’)‘

- From (67.1) we get by Lemma 1

o
o (67.11) M=o,

M“/g,_ ﬁ'g =0

(67.12) s )

- 2 M = 0.
(67.13) /1 e
From (67.12) and (67.13) respectively it follows that,
. : A A
' introducing new symbols M and M , We can put
: ~p N R

”5'4;__(,6*7,.121)' M“ﬁ;-: Pl,. =2 M'g)
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B A
ol Tasd
 (67.131 M =2 =a2M .
| ( ) 4 ,\Z‘i& te
~ PFrom (67.131) and the relation ﬁ? f4 it follows
) ﬁ;é "'“}

ffthat

(eraz) M = M =M
L5 £

, s
- Applying Lemma»l to (67.2), we get
p':—

(67.21) M~ -1-2-""“ 0,

«f A _
MFP+M =0
(67022) }' ; . )

XA Y BArY__
(67.23) emf =0,

. From (67.121) and (67.21) there follows

Aocﬁ AKX

© (67.211) M -M

- | o

From (67.23) and the symmetry of M : in /3 and Yy ,
we find ,_ ‘

) . “ ﬁd)’ r d tdﬂ <

M= - M -m* .-—M =-M 7/;--—/*7“’8{

a‘whanee
~ (67.231) M=o,
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'~‘ig}pply1ng Lemma 1 to (67.3), we get

, o ~ o
(e7.31) aM. +M. =0,
<4 F

& ~x
= 0
() MO0

: o
(67.33) M -f-:LM ’3—"—' o .
From (67.31) and (67.121) there follows

C o .
(67.311) M. =-M _
- AA

Prom (67.32) and (67,131) there follows

Y o\
s-M. .
A

R

‘(57.321) M,c

From (67.33) and (67.22) we get
. K ~

~ g _
M. +M =0,
but Mdf:__,-/\’q\':f“ s hence

A
| S

a.nd in view also of (67.33) we get
L “p _
(67.332) /‘7‘: =0.

K;Splying Lerma 1 to (67.4), we get

0 (!3—'#}))

~/

+M.

i
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i Y |
,;(6‘?.4,2) M'} +7F = (<% 4).

:From (67.42) and (67.31) we find

M}+Mﬁ o (5%4),
and since, further, [\1 ."EM; sit follows that

-

'(‘67.‘512) IVL; =0 (~ ”"j)}
'and consequently, in view of (67.31),
‘ | o . '
’(67.315) | M/% =0 (*v’Fo”*).
From (6’7 41) and the relation M M we find
ﬁ ::-'——ICI/ E"‘M = "_—':‘ é—-M ""/v ("ﬁ’ﬁl)
-whence
e -.=> ~ 3 »&
(67.,411) M, .ﬂ“o ( u )
:- of;
'From (67.41) we find "
§ =M. =-M_ . (G=Hh+i)
<jk '*;2\ F ¢
or, since l‘j ¥ M by (67.132),
~ N . .
(67.412) M =-M (?“’ﬁ"é”)'
ﬂ;.,&

We are now in a position to state what form OZ ("‘}

,mé, JL (at) will have to %’ake. sinee, however, the

Ya rms ‘to which M 0(.7')(, must raduee require some

<y
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ﬁi*e in determining, we present the detsils. All possible

"eases are included without repetition in the following list:
| ~ogk Nk

M- = M (" =f #'49 by (63.151),
| ﬁ;ﬂ(: [,‘1\3" G" =4 #g/) by (67.152);
,,:1,. _ ’Cr.: (/c:_/:./&) by (67;131),‘

ik DL : s
¥ H*__M (;, =R +i) by (67.412),
% |

R
M =0 (*’—’ij*@)' by (67.411).

Ken@e we must have
S~k 5
M % xzqcm M,q .,LM(,‘).MQW
- af' £ _/‘ Y
j‘fﬁff;where a prime after an index f or ‘A&- indicates that

1;139 summation is fromv 7 to A~/ eand from 4+t tosv, |
;f?e}can rewrite this expression in the simpler form with-
e — Mt

% ¥ 7
~ Using (67.1), (67.12), (67.13), (67.211), (67.231),
??157.311), (67.321), (67.331), (67.332), (67.312), (67.313)

~(es)

anél (68), we have the result. that, ir (63) is inveriant
B ,(,
fﬁuﬁler (14), a /’X) and ﬂ ('x) must be of the form

0[ (x) = 2% (Mx-f-Mac) M(x9';+4cac)
ar(x) = 2% (Moc Mx) -6, x%)
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0( ("K) and 0[ [x) must be of the same form re-
.;f,sgec‘bively as dl {'X) and az_b(%) , as composite inte-

ff};gral power series in X ., Then the right-hand members

>f (41) must be of the same form as the corresponding

right-hand members of (69), as composite integral power
.f:aeries in & , Hence the following identities in v

must hold:

(‘70.1) (3 lew_azi' /V.“Mg;'/' Nd’:r)(x“);[N“’siw“+ N«,&J 7

d
1774 /Sd’f o £
+2 N "Mf/gf-s ’“{);";f"'"(ﬁé “
o« X
. “,GM ,x_?/x =X (}‘fﬁ)
—f—zNéﬂ /3> >
: - Ki,‘, M{ ,s“x
Nig o 3N "
0.2 (NSTg > Moy 0 3 s
P + &w;”}x x®
v "('N/S AX-M!“ gy 2y
~ ' ~ 'ﬁ’ ‘ -
-l-(%N”’?A/w--pN 4 /?'; «./-—0 (3*%))

. '};{whfe:e a prime after a dummy index has the ssme signifi-
f'e;ance as before. Likewise the following ldentitles in A
. must hold:

A A
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AB%) 7 Ag g £
R TR I e o

+(ﬁ“‘aiN’“K)”§ =%
) . < le :\\d/& ﬁ
:;._(70.5) (N"‘ls_ /;; )M""*(Nz -3 /;/%)M +3N

-+'((Qﬁﬁalfq£;:),«r'= 0 5

Y |
A A gy ~Y
A70.8) [’\Qz’ SAl‘H',e ol 3,Y«‘. (/' e ’g«" %
~ '
o & « ,w-"_./\L =0
By Lemma 2 we infer from (70.1) and (70.2)
{70.11) 3 Now" + N + N éw’r-o)
' « oBY L ABY A agyl  Aasy
- (70.12) N‘Fx/“" +/\;./8MZ/‘/V ~ 3N /60;'-"/\, 'f«r?.:o
Y. B B ~ o
(70.13) NTw + N, o =0
e sneee (44
o ® & =0 +4
I e e A Al e
et/ V> ﬁ";wfﬁ’iv 0
A A~ , -
N -t N+ 3N N A
.21) l'jl”m; ) R R A
G ~ i gR ﬁ"{w, .1_(’\7"'7My=o (.&4-'}'),
- (70.22) N ~ o + 0N g )24

A 1
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R

By Lemma 1 we infer from (70.11)

:f (vo.11i)
from (70.12)
',‘(70.121)
from (70.13)
°; (70.131)
 from (70.14)
T (70.141)
 fram (70.21)
ifl(70.211)
L ?"“’m, (70.22)
%'-(70.2215

: from (70.23)

’ ~;M% LN Mﬂzo (<#5+4).
N“E%MEN#E" 3
N2 N =N o
M=o
'\562 = "i: = azﬁgo (‘1;*4‘))
~5.==‘R7" =N =0
By £y /b/f ’
ﬁ;j‘ -:=' /’\‘,;‘;é;—:.o (< #:j))
N;;&IE , | (i*j#”é) ‘

- (70.231)
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In view of (70.111), (70.121) and (70.311), we find that

(70.3) reduces to y
" Adsd A/ ~
(ARG = A= 0,

"; and by Lemma 1 we conclude from this identity in v~

Aupg . ~F
(70.31) N“/sz N, s
| ~~ ok .
 (70.32) N/;’ =0 (« "’f)-

Because of (70.111), (70.121) and (70.131) we see that

- (70.4) reduces to
A B0t

(I(I‘%N Mf'«'f'_?/v‘/g £ =0,

from which we get by Lemmsg 1

HR AXp A S
r'?:;'ff‘(‘704-41) N -f—N,g =0,
A o
(70.42) N f =0

::_Because of (70.31) we can put
Q= RF
)

then (70.41) becomes

F’ Kx
NP+N"= 0
) 2
- whence
“ Axp
(%0.411) N =0
snd,on account of (70.31),
o T~ .
(70.412) NF Y=o (4 3')'
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Because of ('70.4;1/1), (70.131), (70.42) and (70.121),

we find thét ('70 5) reduces to
«
4 B r

N ot SA/ w4+ N =0
B #44 i
- and by Lemma 1 we get from this

« » _—
(70.51) i}l.ﬁ =0 (# £ ) >
(70.52) {\l.“ =0 (7:=£)>
7 | PY Y4
| | NP (4=k)
(70.53) /g-‘ =0 t7

In view of (70.221), (70.412), (70.211), (70.221) and
(70.32), we observe that (70.6) reduces to

" e /v'e,wf
“§¢k
whence by Lemma 1
~ - ‘=R
- (70.61) N«'jlé =o ( ¢ ))
~p
. (70.62) NA._ =0

" Finally, because of (70.111), (70.141), (70.51), (70.221)
" and (70.32), we find that (70.7) reduces to |

~ £
N . Z w= o)
;4
whence by Lemms 14~ )
;. o =0 < =k )
(*7031) AA/';'AZ (
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~ ~
Since =1, it follows from (70.71) that
M;zl cigh
| 1 —_ (,.; = J’) .
(70.72) N =0 |

x AL
. Thus we have found that if (63) is invarient under (14)
‘ » .
all the coefficients of og /x)and @‘Aﬁ) must

vanish, i.se. _
agc‘(x) =3 ﬂ}’*[x) = 0
Just es (65) implies (65.2), 1t implies for 7’7 > 2

| P
(65.3) &; 76()7:?_’:_/) p f(

. /)
f—;,‘bmw
cod 7
' 3 -3
‘Let us put ) )
O AT, ORI
/—SW f # 3W

Then (65.3) becomes

s B Bl Bl e B
e | /g
The relgtion (65. 3’ ) between 0( /x) and 'a‘f'x) is
the same as the relati&n (65) between JC fx] and a/x)
- Hence a’({"‘) and a(x) must be of the seme form
"byij;,,(as oomposite integral power series in 4 ) as ﬂ /x}

o A-
and /'x) res;)ectively. Hence

x)"‘ 0( [7‘)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



126

i.e.

n
°

a /x o) = %/Y Nl “") P
e

A A~ A

_ s.nd, choosing = x , we get
Xl ;. )~ﬂ‘~%5"'5°‘)”""
o0 ? =
f ,f-;M ,
Bu’c; by Theorem 2 we have

o (x) = ﬂ'(”(x} =0 #7).
Noting finally that no restrictions have arisen on
(x) and 0[&(76}, and replacing L™ “£ .(

M‘“ , /\9"", L; , L" respectively by /(“'i /9,
Ld, L‘.' s /;‘; K~ ", we have

THEOREM 37. A necessary condition that (63) be in-

variant under (14) is that (14) be of the form

)
+:.7<(1,7¢+L’z;) L(":’:*""; ,

4 x* K +K7‘_K/8%+’K }

(71) =
+,.x*(”’;+“°;) L("““"é),
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where
1’y KMF+K’W;—=0) K;’+Kf£z),

N We now‘prove that the transformationvdefined by (71)’
/

and (71 ) actually leaves (63) invariant. The derivative

of (63) with respect to X is

7 7
(,«Hu, 4-»») /V’/U"'f- v'/V'

e )

M

N 1 & sk
G e )
—A’(”‘ . ﬁyMM’*M‘j ”
M+M/¢XMM+M/")

™
/0'AT'¢~/U'/V' d&~

where

o[ ( y

+/uv/"'
/%(’“'/?~ £

- o
/V’/V' + /"'M/"')
el )
_.,Arf(;cA"+/4'”ixc‘/¢’4'ﬁt /f:]‘ihf
74
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The invariance of (63) will be established if we verify

that ﬁs vanishes when in the expression for A we

4~ _4(4/‘ JM
At Ax AL

‘substitute the values of 5%*__ ,

,ﬁsiven by the equations )
« ¥

P K
7[04 '“') K'W +K /gf';_ _

gor L% 2 QI PR ALY

T F

: <,'a
P AP R (“ A/"§+x M)
7

/ 7(«; ,w) o /;»e’gw( {;4-2— L/;

\J
3
‘\
R
+
‘J
R
'\
\
“

2 L ("A/;"L/"/V-)

~7"
< /(/u'—f-K

Pl =K 7.
i B pax l—pf‘f '*‘ZMNLJ«?'.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



129

. When we apply <
?7 [x) K 7 /’X) /,

. A vanishes. When we apply

V) =ka™ Pl = K",

A becomes

K& M(MM -I'MMX/U"/V’-I-/V-'/V")

- (MN’ +n /V’X’\f‘/\’"f' /v'/v*)]

TK/U' EU(W”.FM/‘ Arexf/"+/\/":?')

. which reduces to zero. When we apply

.797")"‘ Kuﬁ”ﬁ‘ ) 77’“["):0:
/\ becomes
1) rx) e L
(K7+K /;A;(M SR alr it
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L y & ¢
£ A £
ol ‘ €/U'/V'/V"+/‘4/V"/V/"’
+ w2 % <
3’[ € 7 "MMGM./
— A~ A ﬂ«/u—,w/w-f-/u-
K ¥ 6'( ¢ 7 ¢

o , |
which vanishes because of (71 ). When we apply

, 70(("/ - Igo(,xg; X.[x):‘_gﬁ%,é"

A vecomes é P o
'2’{“14["?(“5”}”{*%? /v‘/g;.,_,“.,.;,\r?
+ M[/‘} MWA/CJ —/«; (,uf/x:; A/’éAé' +/u€j/v— /3_—
+/~_S/“; /U'l/j *’“e/‘f” /‘/‘:ﬂz )
+ Krﬂf#E/As,(M{Mi. /U'G/tg + AL /to(zu'/u-}

2 Z/u,/v'w/tf' —-/t/"(wx/"'/‘*i‘
R M e A S
g 2 P

, 5 V4
5 /u'/u-'/“f-(-/vt/‘r/‘"’/“")]
ey A £ 7z
A | Y Y

: V L
¥ ks § € A S e A AN
— Wl [ (g pg g T
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£ Sand L/ & € [ § 5 ¢
T pmo vl M A NN e AW NN Al

‘ 4 J
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which reduces to zero. When we apply

?[x}* 2 o L L."(fx +acx) 7/7:]—.2% L’:‘

A becomes

v, 4 A -

€ i £ € o+ e,w/v"’gff
E,\{(M,;Ar/u'-f-/wﬁj/"/: Me ya
L £
")’
B

Y 4

+M§mf%*ﬂdmv’ ]+%}L1
€

+ x [_Ar L7""' L’x""j[ (’“’MMM

¢ é
£ /‘"+MMM//_+/‘~//;/V——/‘//:W>

AN, AT
-f—/wz 3 € £ V%
E .
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€ L &
[/\z(/bb{"g_ Af/"'-/-/w?/r/v- +,<~J:w Ar*ft,.

€ J § L
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S )Tk s €T
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which reduces to zero. When Wwe apply

y [—x)—- 2 X [_T/x 77 (x) 2X La;x L/‘(/xﬁx’g)
A becomes

| ) iu/
[M L/)H-’)c LM]EV" MMAV/Z"‘FM//?#’ .

€
A/'W
—f/wd;w /u'(;tr +/~£/w /‘"’/"’)“/""(’w

M,/V'
+/°\:e/lf/"'/‘§+/‘~/"r/"r/w+ L

+ .‘L[/V}L’x KX L/i][ (MM/U'/U"

/L}"/V'
Fun /V'/"""/“"“
+MA?/"/?+M £ A

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



133
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& £ (,a,‘:w ,u'exv' +/wm:~ /V'if 7"/%4/;0/‘//:}
— [ ":é 42 5 € e § g
& ¢ A A
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which reduces to zero. When we apply

Pl =0, Y(x)= k",

A vanishes., When we apply

?a(/x} =0, 77;(%)"" K&’&%’ >
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/\ becomes
) g - /U);v/'
K +K /A—AI'(MMAJ’/U'-/-M/“’
(4:/1 Lk ¥
*_/bbx/u/ /u—‘/u— e ,Ar'/U:)
K 'e(/«—uﬂ“/v"/v" o+ At /V"/U“/v’ +/~ifr/u:’}
s o7 vy
P 74 4 A ¥
A ) A A
+ K/"'/"'Mv/wx
. Aa
Y Y Sand as

/
which vanishes becsuse of (71 ).
We thus have
THEOREM 38. The transformation defined by (71) and

. (71 ) lesaves (63) invariant.
Theorems 37 and 3B togekher give
 THEOREM 39. The infinitesimsl conformal transforma-

tions in (C,E_) are the transformations defined by (71)
‘end (717). | |
/
If we form the commutator of (71), (71 ) and

. _ ,
fi‘_’f_ K™ +Kx -f-Kd’x-f'/( ’)‘1‘17‘(1.

4
, 1 4‘
dt:i p( 4_[(06 ——K’ 7zp1P K' 4;_*'194(1.
¥ o
N 4
It )- L(x o%f-fx.fxa)
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_ - i SgA
1) KPR =0, K"K =0

WQ find it to be a transformatlion of the same kind. Hence

we have

THEOREM 40. The totality of infinitesimal conformal

transformations in (C,E ) constitute a group.
== . 2 .
The infinitesimal conformal group in (C,gm) in homo=-

geneous sphere coordinates can be obtained by putting

. o - ~
' . o ezl
12y X =L, % ='r+': é""““'““

o

4
- in the transformation defined by (71) and (71 )« We thus

o eet
- d ol nf 2
(71.1) 7/%_-44 _.’.Z:__- /\/;L -/-/(y +A’ 7’,@
« my/

+§.‘7‘{f’~”‘«(/‘5fa+[]g/) Ly )

o Py nt Mt 2 ~ < F
S (71.2) 2(.7__—4: i—— K~ 7 +K7—K?

Ax

+~ K z?r#‘l-ﬁi(Cch +'£'9{/>‘-

A: % a4

Equating coefficients of X in (71.1) and equating
~ eoefficients of ~x” in (71.2), we'get
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' ~ “~ ~ "’
(71.5)<%~= K'y—‘KP'y "'f‘K y—'l—g + K ? p)

7.

~wt 2

X
| \_
- From (72) we have

Mt nt |

2!y uy -1-%31;3’% c

'uyﬁifferentiating (72 ) with resPect to A

(71.3) and (71 ), we find

mFt

2Ax

437 1(K%+K’»Oii)+1x 4"

< amtl

L = e e =

/. A/

iﬁ____ = - X (L‘F&B + L??f)‘

2

o~
K/} ,

A, Al

s and using

+

'Ah_infinitesimal conformal transformation in (C,E ) in

homogeneous sphere coordinates is, then, of the form

o

X
&

LX

A M,-H._-. ﬂ _+L
| 4*2/%—~— (‘-% 7¢>>
‘ﬁhere - :

mt/

K et

Ly = g+ K" 9F+K ?"Ly Kg
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4, The Finite Transformations Generated BI an

Infinitesimal Conformal Transformation. Let the equations

of a given infinitesimal conformal transformation in (C,E )
e o %

' ?}35‘1' in homogeneous sphere coordinates be

MzK&“@)M"'g(tﬁ@—“ (<)
Bt — et 2
+ K 2znv+23r 7L{£;'La‘ (%;L

S 4
. (78) :)_jZ;éf) = kR - “xl) - K° % (4‘)
| +K““ Vg, )+ K:M &),

x| 1&M+L~W+LK x.(}flK%+'(t),
ox -

ﬂ‘.+
) =" M%) ”‘1’""/9[1-)./.). k? 'z {"“}
| L= 2 e
~ where
o o of iF F~ —
(73”) KF—I'KFEOJK +K° =0,

. with the boundary conditions
‘ ' -“** mFL

’v" ( —_ P _
- (r3") x (o) = ’X x (o) = x, x™(0)=x ()9‘
‘8ince the transformation (73) is linear, we can
apply Theorem 21, stated for the case of an infinitesimal
© - 1inear transformation in (C,E +1.)' We thus obtain the re-
sult that the given transformation generates akone—parame-’

e kér continuous group of finite transformations, which in

-~ homogeneous sphere coordinetes are expressed as the non-
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singulsar linear transformations

. <oy 7
[+ 10= it ) 0

M

P [ «
A)x
+ l\lw-/(i}x * ltlf'l.() J

REHE) = NGe)<F M+ ML R

(7a) % PR % L,

% ”‘f&i fon
N, ) x4+ M (x)x; +

A &"“M‘f"]—{t) = .,

A g o, M‘[t)z;&o‘

- where, for any vali’%e of the parameter XL , the coeffi-

‘elents are given by JRE |
N S Ml 2
| )

ﬁ“(r) = 2

*o

oo M L)
M " (t) = Z ,:" / /f >

: . moF = 0
L (74.1) N (%) = - ﬁm/ P ,
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(MeCoJ= 1, ML =T = 1, T
=t Lod- A, “Led=o0, M™7 [o]= (=4),

e

A mf').

M [o]=0 (: +4), MAMH[" =l &7

(1)
| | _ NMﬂ[ J=mM""" ir,]- 0 Y A Ty )
B i O R A
SRRy ij =0, /\7“““””1 aj-/’%

-—

L (e o] = KMo,

PT am
M“ﬁ[,\,w-r:j" KM ‘B[— J‘f‘ KFM ): J .
+K MVF[MJ-F K E"J"’KMH [MJ‘ILK ,Xntj
<y N |
Br.. ﬁ/v] -
r ' 2
4 f(o(m-ﬂl\jwfl }[:WJ —+ 9 /\/z_,_,\j‘EMj‘)
‘ "l& mt « gmt
o e ] = KL, T T
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M et ] = K M”’”*'E«J-K"yjl&]ﬁ(“"n -]

g,m.‘f‘l
4-:.
a -t e /( E”‘“’
+ K Mm‘l‘l /u:f([ J * mﬂ. mF Z

. o £
i Lt D= Kot ] = KON T

~t =
At
+ K*7 MW,I e KM
+ KA.m'(“‘-— (I M*L["f‘*’] ,
bl |
MM., N D 4y [= L K;"" Nf{ijf-).K 1;1” lE;»]f-z.KM »:Z

M o ..zK”N”E»Jm.K iy Bl gy

o Py
L ﬁm.-f—
Qm#-z.m* [M+£_7.- pi K/g N‘rl[m] + K I/V’ +xE j )

, We_shall now show that the transformations defined
by (74), (74.1), (74.2), and (74.3) ere conformal,by
ﬁfverifying that the coefficlents satisfy the following

‘ relations; to be referred to collectively as (75):

: (75;1) Mﬁ(;e)M (*}f-M (t)M7m*&)_M+ M/(v mfxﬂ\gtl.) L

NG m”"""‘*})_

ncH

ms.2y M (¢ ;ﬂ'&)ﬂvl (ﬁM? "W~

Mt L
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(75.9)
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- M N, () -M . N /@»/._. 0

Mt M M 2
< A _ P | PPy
Mfg ( )I:Zf//t) 24 (Z) gm-ﬁ/ - 11 ”w Z4
_ Mm+a. Mty ) MMH,C{Z‘) -= 0

Mf"al

:.M“/»f)M (t)HM"‘/*)M /z}+zﬂfd/"/ (Y
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Mty

N/ MF2 . aqdd

TN, -G
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an )M LM’.'“WM ‘) +L/‘7'/f/;¥ )

‘-S(Vs.lo)

_ a»#/jé%}A/ (t) ‘LA?k2432745}==0)

mta

wwany 2RI e ) Y ) DT

- M )M“" (- M R

T M =Ml ), M=o (i#3).

| The coefficlents of the generated transformations

i“%f@é@tioned in Theorem 21 were found as the unique solu-

© tion of the system of integro-differential equations

(24.11) with the bounda_ry conditions (24.117). Apply-

%f%liﬂg this knowledge to the present cade, we see that the

EL;ccefficients of (74) are obtained as the ﬁnique solu~
 \ti0n of the following system of integrc-differential

- 1)
equations;

- ITMEe prime before a fUnctlon denotes differentlation
: of the function with respect to & .

Met) = KMT(x),

- ) .
(‘76‘) ,Md(g(/t) - K Md’g(t) + K /5/\1/4#}4_/!(3//‘7’[1‘)
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where _ o

M“(o): (> M,‘,g(o) = Mj’.‘(") = ’\1::’(’) =’\1+L(°)4
:N;(o) =0, M‘;’:(o)=/‘ (4:5;:)

MEHG) =0 (s ), M) = M)

(76 I) mf—lm‘f-l(o)z /.

— /Y:“f'/ﬁ) = M“*’j/o) = 0-) M

(= N = 1)

= Mm-f'i-mfl(o) ‘=-0) MM‘('L ”Vf'l—(o) =/

We note first that the boundary conditions (76/) are
satisfied in (75). Next, differentiating relations (75)
'with respect to X , we get the following equations, to

be referred to collectively as (77):

m"(t)M Tejrarl (NPT

(77.1) Gt

- I:Z-f'lm-f-/(t) Mﬁr‘m‘é‘f (/ M (’t)"o

RA s nAfY

,('7'7;2) 2/‘7 )’ ,;’4 (t}+:-M (t)/‘/?Mh[f)

Nt

M @M

Mt mt , ) WA f o 2.

::0)
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m¥F/

(77.3) a " [t)-';’la”ft) -+ 15/‘4;*?*’) ”‘1:/*/
2N () M e T ?m{d
g

- WM N

MF oy N2 -
o AT L M % / "V"/”“"’t
- Pzt-flm-ﬂ( ) 7) M).M{} &

Famie) ME) =0,

o 207(¢) M /t}fat” (4‘)/‘7//,41/‘1’@ /‘/L(t}

mt/

+ 2 M) M)+ N (%) M (%)

+2m7 ™) N4 g N
_ N (x_) Mm-l-lm-f(/t}_M ) )

Mt

| — N M”E ”‘*’(x), 0, |
(77, 5 2 M (v ""lﬂ{f}"”’ M /‘P) M (/“MMMM @

Pt 5 N |

Tl T

/ m,fz.m'f'l / nF/ A
-; M""*""(ﬂ Mmf‘f'lﬁ\- (j’}"‘ [}M /’x)

—-MT ’J[;t) 'memﬂ(*):’ 0,
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C(77.7)

(77.8)

(77.9)

149

/. mti

a2 M (» ’M: (f)+:.ﬂ/?: (t) ‘M%) + 2m" () /75 *)
bz ' « ' /Mf:/n-f-a.(’_

AT ) ) T

‘ P X _ MFl T l/V‘/Z‘)
+JLM? f(t),/\;‘(r) M ?’;‘t/,m::.

N AT TN G

- I\L‘:l(t) ,Mad.a. /Mu(zj = 0)
. P fd 7, A
L) M 1L AT
oL y / i'i' .
+ 1M}[fj g'm-ka.['d’f—lﬁ!»u*:(.t) M (tj
7, ] oty

_ Mm.—l-/ mf.’-[aj /M""'“' Aﬁ‘j—M’mu%jM (%)

nF 2 VA,

s mbfA, 7 i
’_Mﬂ‘f”m?zj,Mm /k)_M (;'17 M (ﬂ"}‘O“

M) M (4 ~ ME) ,"7(“}’01 |
y X‘E C f
NI A &)+ MW
A N N+ 2T GG
A ¢
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+ 2 MP ) M) - N (z‘)N’e &

T oa

~N W /V"/r/y NN =0

le

(11.10) 2 #e) M) # W) W w21 e

/5
+ w01 ME) #am? () WA

+ =N(t) i) M) N ()
N i T o )

—N" (%) M”‘“”( )=o0,

e Sall

;.!y”;(v*};n) JLM /f) M {ﬂ-{—l/‘f (t) M ﬁi"}fz/‘//)Mﬁ«_/
-1—17‘1*‘%‘] 1, (%) - 4/"1 U M"*{a‘}
Y Viatiale ) M‘”*"’V(x‘) M ) MG
m+x. f(/_(_) Mmf'/c(ﬁ MM.H/V(/ﬂ M (}_0

* wWhere
M* M) (<=4)
M) = { (< #¢) .

' 'If’wa substitute from (76) in the left-hand member of
. each equation of (77), we shall find that the result-

2 1ﬁg expressions all reduce: to zero, Thus the left-
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hend member of ('7‘7 1) becomes fmts b ates '
4 KEM (x)M (t)+M (r)M (t)-/‘l (f//‘f ({)]
Y mF ~F FnF Aty
+akEMIGM 2k M7 IMTT ),

| Y R 4 # |

'which reduces to zero since the expresslon 1n brackets
venishes by (75.1) and the other terms vanish by (737),
The left-hand member of (77.2) becomes

k[ M MR ) M ),

nf/me2

-+ ak? M(ﬁ” (t)+z/</‘4 /*//‘1%"“‘z
| 74

.>
~ which reduces tq zoro since the expression in brackets
vanlshes by (75.2) and the other terms venish by (‘75’).
" When use is made of (75.8), the left-hand member of
{77.3) becomes atimg

2 K m"(r)/‘l'"(;)ﬂ/; /e‘}/‘ﬂ Wt M

m-H nt2

-M (,f}M"‘"M*[t}-,«- (M(ﬁj-{- 2.[/('8-1—}( ]

k| |
o mt/ &M“"L
[ M Ce) 2 K'&"’f«]@’ X @7
vhich reduces‘ to zero since the first expression in

~ brackets vanishes by (75.3) end the other terms vanish

o by (73 ) The left-hand member of (77 .4) becomes ’“_I

ak[>M N (t)f-:.Mﬁ(z‘j/‘{"‘f[#f /V7z‘)/‘/ %)
~M LN (:e)/v @ 1[7( AL

ot mty bt oy
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2]k, +«]m Ll (f)“[" +K ]N @ @),

|

‘2g;which reduces to zero since the first expression in
o brackéts venishes by (75.4) and the other terms vanish
by (73 ) The left-hand member of (77.5) becomes

2K[ > M (19"'7 /"’/7‘-1/‘1"/«*//'/ (’f}—ﬂ“m%//‘/ @’

+afk o+ 5’;] M ‘7“) m* M{*),

which reduces to zero since the first expression in
“ hrackets vanishes by (75.5) and the other terms vanlsh

k by (73 ). The left-hand member of (77.6) becomes

K[ () 1) M st 19
N )M GINT ()
+ 2-[_7(( +/f'i7/‘1 /z‘)/‘;/s /*“}f—z&, 3;57/7/2’///\”7“/19
+ lB"f.«-K‘jY/\f(t)/z %),

S

which reduces to zero since the first expression in
"brécketsAvanishes by (75.6) and the other terms vanish
by (73’). The left-hand member of (77.7) becomes
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;u()::.m ®) M‘é (:e)+>.M* (X')M &7

MFa

MM ) = gL
A, A2  Rmts
_+1L/—<#i/<ﬁl‘lg /‘z (%) + /(,é-ffj]ma "IN (t},

which reduces to zero since the first expression in
{b;rackets vanishes by (75.7) and the other terms vanish

by ('75') The left-hand member of (77.8) vanishes by
(75.8). The left-hend member of (77 9) becomes

&KL—M (x)M (ve)+zN(t)/V/r)+ M) M
+2M’(*)N"“‘(t) N (t)/v/‘/f/ NN

+ Q-EK.‘FTK’:(]M [t}Mf(’ﬁ'f'" V.18 r]M/jM/y
42 [K p JM /t)M [f),«-,z[/( ]/\1*73?/‘1@

x
+ 2[k4 kPN N )
—F
fwh}ch reduces to zero since the first‘ expression in

brsckets venishes by (75.9) end the other terms vanish

by ('75/). The left-hand member of (77.10) becomes

.Q K | ;M“(t) M;‘[x')-f- 2 M"Zf-)[;“:[ﬁszifﬁg%}
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— MHEONE (0 - M NG (fe 2 E fj’/vf)ﬂf#
+ 2[R, o W /-:.[A:"’g./(ﬁ]/\;“[x) Me,
2NN 2T NG 1, 69,

which reduces to zero since the‘first expression in
brackets vanishes by (75.10) and the other terms vanish

by (73'). Using the first equation of (76), we find
<7 Y L4 2
M) M) = K [T

80 that the left-hand member of (77.11) becomes

[y 6 MECr s A (o)1)
e ) - o) 17 e

""‘E{F Kx,ﬁ M*/a‘)M*[Aj-/— z[f(z M]M{//M

’ wh1ch reduces to zero since the first expression in
{éﬁfhckets>Vanishes by (75.11) and the other terms vanish
by (75’).

; Thus we have shown that the coefficlents of the
i'u'g‘e_nekraatte.d} tranSférmations (74) satisfy (75). Hence |
- the generated transformations are cqnformal.

We have now completed the proof of

THEOREM 4l. A glven infinitesimal conformal trans-
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formation in (C,g;), which ;g homogeneous sphere co-

ordinstes is defined by (73), (73”) and (75”), generstes

liﬁéfane-parameter continuous group of finite conformal

 gpransformations EE‘(C’§~)’ which in homogeneous sphere

;ﬁ;&bordinates are given by (74), (74.1), (74.2) and (74.3).
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PART VI H
A SUBGROUP OF THE PROJECTIVE GROUP IN (C,E )
. W .

. TI) We here generallze results obtained by l.A.Barnett,
- Proceedings of thé National Academy of Sciences,
vol. 15 (1929), p.96.

1. The Bubgroup of the Infinitesimal Projective

Group in (C,§~) Taking Unit Spheres into Unit Spheres

in (C,E ). We seek to determine the form of those
infinitesimal projective transformatiocns (42) which tsake

the unit sphere in (C,§~)
A Fo_
(T x'x +xx =1
into a unit sphere in (C,E ), i.e. which leave (78) in-
1] inl = !
4 variant.

First let us sssume that (78) 1is invariant under

| (42). Then for every x satisfying (78) we have

or A ¢

which, when use is mede of (42) and (78), becomes
Y4 2-
(79) (K"-H"l")’x *(K+M)"‘ & (")

7 4
s +,f fxx =0
+ K «x a’ ? f)x'x T
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The choice .
‘¢
| [7 %t '2" }
. satisfies (78) for every 7, . Pu’cting in (79) the

;¢5?=

" thus defined, we get the following identity in /f
(79.1) (’# % 4 ?) (K”M)’%
+ (454 Wk "'”1)7 + 1—(#)
+Kﬁ4,fﬂP +(K.’g+ 'f‘)g# +£444 =0.

‘Let us use in (79.1) the /} defined as followsg

/?'X>0 (%-e 4"“51—2.)

o« - <Kf)
7_-_-0 (ogx<f/,e)3/'+,e £/

h )

o We thusi’ obtain an 1dentity which, after we divide through

-u A .
«fﬁby }. )ﬁl/e s, becomes
+x§

[l fligy | .,ff:"w 4

(79.11) 3* £-2 _’. =0

" Applying the Mean Value Theorem of Definite Integrals ’
we find that (79.11) becomes . . -
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| S

£ . AL
: (79.111) (K ) {, * Lfs_,_/(ﬂ;!}__l_:}{;?@d =0
W G0
A2

where }‘_ ’ 53 s f,‘ fs. are certain inﬁermediate

values in the interval ( § ~2., }',+£) + Applying Schwarz's

VInequality s We have

(LM)MJ (23

| §
':, whence 54 g 2
‘— Co [ #’44’/3 Wi J:.? "’/ﬁ7
l | K™+ £ 314 g\*
| [ 4] LG

< (K+ K e+ KT (a0,

Passing to the 1imit in this inequality as ¢ -* 0 ,
 we see that the right-hand side, and therefore the left-
hend slde, ‘apprqaches zero. Since, also, L3-+ L

as =20 , (79.111) reduces to
¥
L' =0

- when we pags to the limit in(79.111) as ¢ = 0 . But
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since ¥ was any value in I , we conclude
(79.1111) "= o0

(79.11) thus reduces to
,+ 2 Fre

f K 7 gd’/?"x

;e
f('( WP )yl 4p i = o,
20 [ 76T

7
- which, when divided through by 5 ’3 a@,s s becomes

te I
££<Kﬁ+mﬁ)g'p‘e/g f-f- J.;’.f.g, /étb:(/“l}/

3‘2‘:

7 "
A S5 G

: '(Again applying the Mean Value Thegrem, we heve

g
o f s
(79.112) K*+M fﬂ ,4) k=

1
o

By Schwarz's Inequglity we have
§te

L gt
[f'f'*(#ﬂ :.

Since the right-hand side of this inequsality approaches
o zero as ¢ =>0 , so does the left-hand side. But
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K54 Mgt-? g Mg' as & — 0 , Hence, passing to the
ltmit in (79 112) as ,Q,—% O , we obtain

K¥+ M*

whence

o{ % ___
(79.1121) K"+ M =

(79.1) thus reduces to
- sae) (ﬂf"‘ﬁ) @*% TR )%7 +8 M -0

-L

‘Pu’gting 7 = )g —'a. in (79.12), we get
7 MY R tk_o

ola (K, + a +K aa

?(4‘ 46) gk

J

gf'frem whieh we infer

RO +M =0 K +K.
(79.121) '; ) > Tk A

B ~ (79.12) thus reduces to
r

, )
£ + K'.3+L.,) =0,
7579.122) K /&} 4 ( y o %g ’
from which we get b-y Lemms 2
- . P g -
 (re.1e2n) K’ LK =0  KirL =0,

From (79.1111), (79.1121), (79.121) and (79.1221),
. Wwe have

THEOREM 42. A neceésary condition thet (42) leave

(‘78) inverient is that (42) be of the form
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4%“ « oLp K x%- K +’)(M7K.)
= s * y
(80) “ - ﬁ “ ~F A 3
4 o et K’—’K Kx +x M x
AR Sl Ml
where , o
. « <3 y
 (80”) ks K =0, K Kt =o0.

We readily establish the sufflcieney of the condition
stated as necessary in Theorem 42. Applying the trans-

‘formation we find by (80) and (807), we have

A docy;)
& x 4«
7— +/xx) Y Y. + f); AX

B 7 B¥ fsfr')

= [/x GY +K'goc1-’<?<"’)‘K";+“M§;
AN PV

¥ x K% +7€/‘10§>

H§GM_A +K% P ]

=a[ k(5% ) ”%("fs“f*?“t'a

AY K4'x
+ K ’
+/>/46K fxx » 7(’

which is zero for any point X satisfying (78), in

, ,
view of (80 ). We thus have

THEOREM 43. The transformation defined by (80) and

(80 ) leaves (78) invariant.

Theorems 42 and 43 together give
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THEOREM 44. The most general infinitesimsl projec-

tive transformation in (C,g&) leaving (78) invariant
- 1s defined by (80) and (80).

Computation of the commutator of the trensformation
(80), (80’) and the transformation

— Y « =
A5 e % 5«{ ﬁ x M«
. —_—i B A 2'
“ x K - x AR+ M
4o - =K, _.*__‘.? o
R—“F‘I“R‘F“ e

A
=0, K'#+K =0
glves

THEOREM 45. The totality of transformetions of the
 kind defined b

(80) and (80’) constitute a subgroup
the infinitesimal projective group in (C,E )

2. A Relation with the Infinitesimal Conformsl Group

(C,E ,). By enalogy with the terminology of nv-space,
say that é point

v 4

is projected stereographicslly

. with respect to the sphere (78) on the linear spread
S

—/ when x 1is trensformed By thé formuld

« .

We proceed to transform (80), (BC() stereographically
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by means of (81):. Differentiating (81) with respect to

7‘5 we have x Ax""
&x = (/__
. ~) A A 4‘96”‘—
’[7‘2& _ X(/‘“ oe; 7AX X (j_:[’);..jf'\'l
4% (1-<7) ’

< ‘(x""
send replacing % R % s A& by their values
B 3}, N I ‘
- from (80), (80 ), we get

: | | o X 7:-;-/(“’)(0:/\1”;4
V"‘?“"‘(:s?m.l) A7 _ 4 ) .K FK é‘i”' K2 T

et . Y

,.-

j*[(K/M})x rM%’“K ;‘]}

D-%
4T Mg xfr K 4‘47"“”"”“

% -

gl

- where

K+ K* =0 K'Li’-f—K"&Ed) K=K =0 (}"'“
J
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“But from (81) we have

< (-a)T”
- 2

X
(81”)

‘, /~¢n~&,{, . . M——)
g(ve.—— fl (""'4‘3 ) -

L

Substituting in (78) thé values of x , « , givem by
- (81 ), we have

i ( ) )
s’y ’Xﬁﬁg‘/' K “} Z7L (}'

' A
. Replacing in (81l.1) X , X by their values from
{81 ), we get

’""fap!.l’) dz° _ /9- 7,,/( [ﬁ( rl(joc

Lt
+/‘7fx+/f ]‘(K+Kx)

(} =/,2, - '”")

;"ﬁere )
" Vaad
K4 K* =0, K™%k T=0.
- But uging ('78l) we find | ‘\ _
.z(*-—-wK‘%:‘x - (K[ A A )
/] - x :

/ .
so that (81 1) becomes

A “_p A lax +H x
T« n- ~H_ M Z+ <
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G . « .
Eeplacing x |, x* in (81.2) by their values from

o (81 ,), we get

;' ",”""'.(81.2’) g—f—': - /;* <"+ K";‘ Mm”z.ﬁ | N
o B WD
-2 < M:—K;:oﬁ“ , (a4 =455 |
—; -
~ where

i 1:"'= A nval:
K?+K7 =0, K™+ K =0 .
Using (78 ), we find

<M K oc -‘-(M K )éﬂ"+¢ oc)-H‘? +/(MW(")3' =2y

" 8o that (81 2 ) becomes

4z = —(M4K” )-M”"" K R K “;

_/_24__[(,(#7‘/()44 +M7 x +K” j
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N Er TE) i
kY X E) G
;j?where

KA?J:_I_KJ":_—___ 0) KA-M‘)‘— KAMAE 0

-

Putting - : , ‘ ,
K“-—lf:'“ K} M™=-K (KM-J-K) 4L

| MA‘,.—KA;/W:‘L'LL:/) MA:-"K&M/: _ K)

‘~’we have finglly

 where . FA

o ,(__ a~ =0

(l’o’) K'd-l-l(/’ ;_-O)K ~+K

The totallty of transformations of the kind defined by

R '
(82),(82 ) comprise, however, the infinitesimal conformal

. group in (C,E ). Hence we have
m=|

THEOREM 46. The subgroup (80), (80 ) of the group of

'f;finfinitesimal projective transformationsrgg (C,gv) is trans-

"rfcrmed by = stereogrephic projection (81) into the infini-

g ﬁ?gsimal conformal group in (C’Ev-/)‘
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