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INTRODUCTION

This paper ex tends to  th e  com posite E u clid ean  

fu n c tio n  space (C ,E ^), in  which a p o in t  has as c o o rd i­

n a te s  a r e a l  con tinuous fu n c tio n  o f a r e a l  v a r ia b le  and 

^  r e a l  numbers, work which has been done on continuous 

fu n c tio n a l  tran sfo rm a tio n s  in  th e  E u c lid ean  fu n c tio n  

space C.

The i n i t i a t o r  o f th e  s tu d y  o f con tinuous fu n c tio n a l
1)

tra n s fo rm a tio n s  in  C was Kowalewski, who c a l le d  th i s

1) G.Kowalewski, Wiener S itz u n g s b e 'r ic h te , Band ISO (1911), 
A b t .I I a ,  T e i l  l ,p p .7 7 -1 0 9 j T e il  2 ,p p .1435-1472.T ei*  1 
w i l l  be r e f e r r e d  to  h e r e a f te r  as Kowalewski I  and 
T e i l  2 as Kowalewski I I .

space ft . By means o f r e g u la r  in te g r a l  power s e r ie s  he 

in tro d u ce d  th e  concept o f r e g u la r  in f in i t e s im a l  t r a n s ­

form ation; g roups, and o b ta in ed  th e  in f in i t e s im a l  p ro ­

je c t iv e  and conform al groups and Subgroups o f th e  
2)

Jo rm e r . Dines o b ta in ed  th e  f i n i t e  p r o je c t iv e  group in  C,

2) L .L .D ines, T ran sac tio n s  o f  the American M athem atical 
S o c ie ty , v o l .  20 (1 9 1 9 ),p p .45-65, ( h e r e a f te r  r e f e r r e d  
to  as Dines Ijt____________________________________ .

and proved th a t  an in f in i t e s im a l  p ro je c t iv e  tran sfo rm a­

t io n  in  6 g e ro ra te s  a one-param eter fam ily  o f  f i n i t e  

jp fo jee tiv e  tra n s fo rm a tio n s  in  C. Kennisofi^ showed th a t

3 J ' L.S .te n n iso n ,- P roceed ings o f th e  N a tio n a l Academy o f  
S c ie n ces , v o l .16 (1 9 5 0 ),p p .607-609.___________________
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2

th e  g en e ra ted  fam ily  i s  a group.
1

By in tro d u c in g  homogeneous co o rd in a te s  Kowalewski

I )  Sr.Kowalewskl, Gomptes R endus^voi.ISS (1911) ,p p .1452-1454. 

s im p lif ie d  th e  form of th e  i n f in i t e s im l l  p r o je c t iv e  and 

conformal transformations, w ritin g  them as l i n e a r  trans­

fo rm atio n s on a com posite ran g e . By th e  same d ev ice
2) 3)

H il& ebrandt and B a rn e tt succeeded in  g r e a t ly  s im p li-

2) T .H .R ild eb rah d t, B u l le t in  o f tiae American Matne- 
s ta t ic a l  S o c ie ty , v o l .  26 (1919-20), p p .400-405.

3) I .A .B a rn e tt ,  B u l le t in  o f th e  American M athem atical 
S o c ie ty , v o l .  36 (1930), pp . 273-276 ( h e r e a f te r  r e ­
f e r re d  to  as B a rn e tt A.—   ^---------

fy in g  Bines* p ro o fs . In  an o th e r paper Dines employed

4) L .L .D ines, A m eric an Jo u rn a l o f M athem atics, v o l . 44 
(1922) pp. 87-101 ( h e r e a f te r  r e f e r r e d  to  aa Dines 1^ .

homogeneous co o rd in a te s  in  making a p rim ary  c l a s s i f i c a ­

t io n  o f p ro je c t iv e  tra n sfo rm a tio n s  in  G. The s im p le s t

approach to  th e  f i n i t e  conform al group in  C was found
5)

by B a rn e tt and Nathan to  be th rough  th e  use  o f homo-

B )  I.A.Barnett and K.S.Nathan, Proceedings of the
N a tio n a l Academy o f S c ien ces , v o l . 18 (1 9 3 2 ),p p .400- 
403. See a lso  M .J .D e lsa r te , Gomptes Rendus, v o l .188 
(1929), p . 1591.________________________________________

geneous sphere c o o rd in a te s , which le d  ag a in  to  l in e a r  

f u n c tio n a l  tra n s fo rm a tio n s  on a com posite ra n g e . The

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



3

d e s i r a b i l i t y  was thus suggested  o f deve lop ing  th e  

th e o ry  o f l in e a r  fu n c tio n a l tra n s fo rm a tio n s  in  (C,Ej ,

That the  in v e s t ig a t io n  o f o th e r  con tinuous fu n c tio n ­

a l  tra n s fo rm a tio n s  in  (C,E ) was a lso  d e s ira b le  was
~  1) 

suggested  by th e  r e s u l t ,  o b ta in ed  by B a r n e t t ,  th a t  th e

1) I .A .B a rn e tt ,  P roceedings of th e  N a tio n a l Academy o f 
S c ie n ces , v o l . 15 (1 9 2 9 ),p p .96-98 ( h e r e a f te r  r e f e r r e d  
to  as B a rn e tt II).  ________________________ _

subgroup o f  th e  in f in i t e s im a l  p ro je c t iv e  group in  (C,E. )/W*’
ta k in g  u n i t  spheres in to  u n i t  spheres in  (C,E ) can by 

a s te re o g ra p h ic  p ro je c t io n  be converted  in to  th e  i n f i n i ­

te s im a l conform al group in  C.

In  P a r t  I  the  fu n c tio n -sp a c e  (C ,l  ) i s  c h a ra c te r -  

iz e d , and a f i n i t e  continuous tra n s fo rm a tio n  group and 

r e g u la r  I n f in i te s im a l  tra n s fo rm a tio n  group in  (C,EJ  

a re  d e f in e d . P a r t  I I  c o n s is ts  o f two lemmas f re q u e n tly  

Invoked in  th e  ensu ing  p a r t s .  In  P a r t  I I I  th e  group o f 

n o n -s in g u la r  f i n i t e  l in e a r  t ra n s fo rm a tio n s , and th e  

group o f in f in i t e s im a l  l in e a r  tra n s fo rm a tio n s , in  

(CjE^) are  o b ta in ed , and I t  i s  proved th a t  an i n f i n i ­

te s im a l l in e a r  tra n s fo rm a tio n  in  (C,E^) g en e ra te s  a 

one-param eter group o f f i n i t e  l in e a r  tra n s fo rm a tio n s  

in  (C ,E ^). In  P a r t  IV th e  group of f i n i t e  p ro je c t iv e  

tra n s fo rm a tio n s , and th e  group o f r e g u la r  in f in i t e s im a l  

p ro je c t iv e  tra n s fo rm a tio n s , in  (C,E ) a re  o b ta in e d , and
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I t  i s  proved th a t  an in f in i t e s im a l  p ro je c t iv e  t r a n s ­

fo rm ation  g en e ra te s  a one-param eter group o f f i n i t e  

p r o je c t iv e  tran sfo rm a tio n s  in  (C.E ) .  C orresponding 

r e s u l t s  fo r  th e  conformal tra n s fo rm a tio n s  in  (C ,l  )/>V
are  g iven  in  P a r t  V. In  P a r t  VI i t  i s  proved th a t  

th e  subgroup o f th e  in f in i t e s im a l  p ro je c t iv e  group 

in  (C , |^ )  ta k in g  u n i t  sp h eres  in to  u n i t  sp h eres in  

(C,E ) can by a s te re o g ra p h ie  p ro je c t io n  be co n v erted  

in to  th e  in f in i te s im a l  conform al group in  (C,E ) .f
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NOTATION

The meanings h e re  a tta c h e d  to  our symbols w i l l  be 

a p p lic a b le  whenever no o th e r  meanings a re  e x p re s s ly  In ­

d ic a te d .

Any Greek index aij ^  y 5 • .  .(e x c e p t J  ) ,  w ith  or 

w ith o u t p o s i t iv e  in te g r a l  in d ic e s ,  ranges over th e  c lo sed  

in te r v a l  I :  (0 ,1  ) whereas any L a tin  index  

( except/iv) has th e  d i s c r e te  i n t e g r a l  range J :  1 ,2 ,

The l e t t e r s  -v; i f  a ss ig n ed  Greek

in d ic e s ,  r e p re s e n t r e a l  con tinuous fu n c tio n s  o f  th e se  in ­

d ic e s  on 1} i f  ass ig n ed  p o s i t iv e  in te g r a l  in d ic e s ,  th ey  

r e p re s e n t  v a r ia b le s  which can assume a l l  r e a l  v a lu e s . I f  

th e y  a re  w ith o u t in d ic e s ,  th ey  denote s e t s  o f o r ­

dered  e lem en ts, e .g .

5 M u lt ip l ic a t io n  o f a s e t  ^6  by a r e a l  number I s  de 

f in e d  by

The eq u a tio n  ~''V  deno tes th e  system  o f eq u a tio n s

A d d itio n  o f two s e ts  ^  and M* i s  d e fin e d  by
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The in e q u a l i ty  deno tes the system  o f in ­

e q u a l i t i e s  I I — I I =  ' '  * >  ̂̂  I ~  ■

The l e t t e r s  ft, L , A?,. . . ,  when g iven  Greek in d ic e s ,  

denote r e a l  con tinuous fu n c tio n s  o f t h e i r  in d ic e s ,  where 

each  index i s  on I ;  in  a l l  o th e r  cases  th ey  denote r e a l  

c o n s ta n ts .

The v a lu e  of an ex p re ss io n  i s  no t a f f e c te d  i f  sim ul­

ta n eo u sly  a l l  s u p e rs c r ip ts  a re  made s u b s c r ip ts  and a l l  sub­

s c r ip t s  a re  made s u p e rs c r ip ts  w ithou t a l t e r a t i o n  in  th e  o r­

d e r  o f th e  in d ic e s j  thus

When th e  same Greek (o r L a tin  ) l e t t e r  occurs in  a 

term  b o th  as s u p e rs c r ip t  and as s u b s c r ip t ,  Riemann i n t e ­

g r a t io n  over I  (o r summation over J  ) w ith  r e s p e c t  to  

th e  repea te 'd  index w i l l  be u n d ers to o d , th e  re p e a te d  index  

b e in g  e a l le d r a  dummy in d ex . Thus th e  ex p re ss io n s

fi £  y
would in  o rd in a ry  n o ta t io n  appear as * i

Y ~  ' X .  f  M  ( « { i )  'K ’ C p )  A f  f  J
p ,  f  4 '  '*>

r e s p e c t iv e ly .  To p rev en t am bigu ity , we w i l l  r e f r a i n  from

u sin g  as a dummy index  a l e t t e r  a lre ad y  appearing  as an­

o th e r  index  in  the  same term ; th u s we w i l l  n o t u se  th e  ex­

p re s s io n  M*, K  as th e  e q u iv a le n t o f M .  f

The l e t t e r s  cc> ✓c, £  ( w ith  or w ith o u t p o s i t iv e

in te g r a l  in d ic e s )  w i l l  be u sed  as a r b i t r a r y  r e a l  constants,,
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When i t  i s  d e s ire d  to  in d ic a te  th a t  a fu n c tio n  i s  con­

tin u o u s  in  such p a ram e te rs , th e  symbols fo r  them w i l l  be

in e lo se d  in  p a re n th e se s  and p u t a f t e r  th e  symbol f o r  th e

fu n c tio n . Thus -% ^^and  /f ^ - ^ i l l  have th e  same s i g n i f i ­

cance r e s p e c t iv e ly  as have <X(<*',£) and a  ̂ i n  o rd in a ­

ry  n o ta tio n *  D if f e r e n t ia t io n  o f a s e t

w ith  re s p e c t  to  /6 i s  d e fin e d  by ■

_ n - S M ,
T 2  — L  3 jtr s  *

When a p o s i t iv e  in te g e r  i s  to  se rv e  as an exponent, 

th e  q u a n t i ty  whose exponent i t  i s  w i l l  be in c lo se d  in  pa­

re n th e se s  or b ra c k e ts ;  thus

< v 9  ^  **. * *  f  C

The l e t t e r  ^  , w ith  o r w ith o u t a p o s i t iv e  in te g r a l

in d ex , w i l l  denote a d e f in i t e  v a lu e  in  I ,  w hile  th e  l e t t e r  

JLs w i l l  denote an a r b i t r a r i l y  sm all p o s i t iv e  q u a n t i ty .
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PART I

TRANSFORMATIONS IN THE COMPOSITE FUNCTION SPACE ( C,E )

1)
1 . The Space ( C,S ) .  We d e s ig n a te  by ( G,B ) th e—— /»V /tsu

1 ) The d e f in i t io n s  in  th i s  s e c t io n  a re  g e n e ra l iz a t io n s  of 
th o se  g iven  by Kowalewski w ith  re g a rd  to  th e  space Cj 
see Kowalewski I ,  p . 77 ,____________________

com posite E uclidean  fu n c tio n -sp a c e  in  which every  o rdered

s e t  d e f in e s  a p o in t . Let us d iv id e  the  in te r v a l

I  in to  />*-' p a r t s ,  each o f le n g th  A *- ; th en  as <x>>
JL.

- f  0 • L et f ,  be a d e f in i t e  v a lu e  o f PC in  th e /U ;h

s u b - in te rv a l .  We can reg a rd  as th e  co o rd in a te s  o f  th e  p o in t

th e  i n f i n i t e  sequence
I, -£ -fc 5 ^  -fc I

( i  ) } *  a *  } > ' * ♦ > ' ">  *

Then th e  co o rd in a te s  o f th e  p o in t  , d e fin e d  by th e  o r­

dered  s e t  , a re
r  •£■ -fc *£ , ^

y  ’a *  y y  A *  > ' - > $  > ' '  *

Thus we a re  le d  to  d e fin e  th e  d is ta n c e  between th e  p o in ts  

'TC and /p as__________________________________ __

which in  o rd in a ry  n o ta t io n  would be

/ '  ( ( ( i " ~  .

For b r e v i ty  we w i l l  r e p re s e n t th e  d is ta n c e  between^ ancb

y  b7 < * > t  >•
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The sequence (1) can a lso  be reg ard ed  as th e  com­

ponen ts o f a v e c to r  ^  which goes from any p o in t  ^  in  

(0 ,1 ^ )  to  th e  p o in t  in  (G ,E ^). I f  we make th e  v e c to r

th e  components o f th e  v e c to r  w i l l  become id e n t i c a l  w ith  th e  

co rrespond ing  co o rd in a te s  o f th e  end p o in t o f th e  v e c to r .

By th e  norm o f th e  v e c to r  x  i s  meant th e  ex p ress io n

The le n g th  o f th e  v e c to r  i s  d e fin e d  as th e  p o s i t iv e  

stfuare ro o t  o f th e  norm. The le n g th  o f th e  v e c to r  obvious­

ly  eq u a ls  the d is ta n c e  between i t s  i n i t i a l  p o in t and i t s  

end p o in t .  We d e f in e  the  in n e r  p ro d u ct o f  two v e c to rs  'X  

and ^  to  be th e  ex p ress io n

I f  th e  v e c to rs  'X  and ^  Is su e  from th e  same p o in t ,  th e

istart from the origin, I.e. if we choose ^  ^ . - - = .  6t

*  -

their outer product to be the set of determinants

ang le S  which they  form i s  d e fin e d  by
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2 . O p era tio n s" and T ran sfo rm a tio n s« C e rta in  o p era -
P &t io n s  on , as e .g .  ^  -x -f- ^  ^  - , y ie ld  a unique

P < r
r e a l  number fo r  each OC . We s h a l l  r e p re s e n t such

•  *  .
o p e ra tio n s  by F 7 * ) ,  c a l l in g  th e  F  ( * )  fu n c t io n a ls  o f ^ x

The are s a id  to  be con tinuous a t  *tc — ^  i f6

j  F  — F ^ C ^ j  < P '

fo r  maximum | a x |  s u f f i c i e n t ly  sm a ll, i . e .  fo r  th e  m axi­

mum o f th e  q u a n t i t ie s  I A-x- 1^--9 I a x  / s u f f i c i e n t l y

sm a ll.

An o p e ra tio n  on which y ie ld s  fo r  each o '  a 

unique r e a l  con tinuous fu n c tio n  o f << d e fin ed  on I  w i l l  

be re p re se n te d  by F * M  • An example o f such an o p e ra tio n

is  K +■ K 'X- . When <*. i s  f ix e d ,  F ^O c)  be-
? *

comes a fu n c tio n a l o f .

The sim ultaneous a p p l ic a t io n  o f and F  ‘ 6 0

e s ta b l i s h e s  a correspondence o f a p o in t to  each  p o in t

'K  , th e  correspondence b e in g  ex p ressed  by th e  eq u a tio n

,2 ) £  =  F ( * )  =  (  f ' M ,  F ‘M ,  ■■■ ,  F ~ M )

or by th e  eq u iv a le n t system  o f eq u a tio n s

G *  =

{2>)  -  F ~ ( * )  .

The eq u a tio n  ( 2) ,  or th e  system  ( 2 / ),  d e f in e s  a f i n i t e  

p o in t  tra n s fo rm a tio n  in  (C,E ) .*y%s
The tra n s fo rm a tio n  (2) i s  c a l le d  con tinuous i f
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*

LB

fo r  ( % , ^  ) s u f f i c i e n t ly  sm a ll.

I f  th e  s e t  F M  o f o p e ra to rs  invo lves a r b i t r a r y  r e a l  

numbers or a r b i t r a r y  r e a l  con tinuous fu n c tio n s  o f one or 

more r e a l  v a r ia b le s ,  i t  d e f in e s  a fam ily  o f tra n s fo rm a tio n s  

in  (G.T5 An example o f such a fam ilv  i s

I f ,  fo r  a c e r ta in  choice o f v a lu es  o f th e  a r b i t r a r y  quan­

t i t i e s ,  th e  system  o f eq u a tio n s  d e f in in g  a fam ily  o f  t r a n s ­

fo rm ations can be so lved  u n iq u e ly  fo r  , th en  th e

system  o f eq u a tio n s com prising th e  s o lu t io n  i s  c a l le d  th e  

in v e rse  o f th e  member o f th e  fam ily  co rrespond ing  to  th a t  

ch o ice . The tra n s fo rm a tio n  r e s u l t in g  from th e  su c ce ss iv e  

a p p l ic a t io n  o f two members o f a fam ily  i s  c a l le d  t h e i r  

p ro d u c t. I f  th e  p ro d u ct o f every  two, and th e  in v e rse  o f 

every  one, o f th e  members o f a fam ily  i s  a lso  in  th e  fam ily,, 

th e  fam ily  I s  s a id  to  form a g roup . A su b se t o f a group 

i s  c a l le d  a subgroup o f th e  group i f  th e  p ro d u c t o f every  

two, and th e  in v e rse  o f every  one, o f the?members o f th e  

su b se t i s  a lso  in  th e  s u b s e t.  The p ro d u c t o f a tran sfo rm a­

t io n  and i t s  In v erse  i s  obv iously  th e  I d e n t i ty  tran sfo rm a­

t io n ,  th a t  i s ,  th e  tra n s fo rm a tio n  ta k in g  any p o in t in to

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



I t s e l f ,  C onversely , I f  th e  p ro d u c t of an in v e rs e -  

p o sse ss in g  member of th e  fam ily  and o f an o th er member 

o f th e  fam ily  i s  th e  i d e n t i ty  tra n s fo rm a tio n , th e  second 

tra n s fo rm a tio n  i s  th e  in v e rse  o f th e  f i r s t *

Let us co n s id e r th e  fam ily  o f tra n s fo rm a tio n s
J

M^C*) ?c* +  ,

^ ( t )  =  -I- *
w  v '  p &

where £  i s  a r e a l  v a r ia b le  on any s p e c if ie d  in t e r v a l ,  

f i n i t e  o r i n f i n i t e .  I f  M * , M M* , N  and AJ ^ a re  

f ix e d , £  a lone rem ains a r b i t r a r y .  When, as in  t h i s  in ­

s ta n c e , th e  a r b i t r a r in e s s  r e s id e s  in  one r e a l  q u a n ti ty  

a lo n e , a fam ily  w i l l  be r e f e r r e d  to  as a one-param eter 

fam ily .

Let us co n s id e r a one-param eter fam ily  o f t r a n s f o r ­

m ations

% ( * )  = F  ( *  I * )  .

L et be any ad m issib le  v a lu es o f jC  . The fam ily

i s  s a id  to  be continuous i f

[_ F ' c t J U z W ' G

K-e,l s u f f i c i e n t ly  sm a ll. I f  a one-param eter (con­

tin u o u s )  fam ily  forms a group , th e  group w i l l  be spoken 

o f as a one-param eter (co n tin u o u s) g roup .

3 . Composite I n te g r a l  Power Forms. Let
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^  >^» eq u a l or d i s t i n c t  p o s i t iv e  i n t e ­

g e r s .  U sing th e se  as exponen ts, form th e  fu n c tio n

■ ■ ( * * f ' ( x i ) f - ■ ■ ( * * )

which i s  con tinuous in  th e  + / arguments
X> a^  ^   ^  ^  • Form now tti© ex p ress io ny i *  ̂ A/ ^

<5 > \  . . . , J L  < * ) ( ” . ) ■ ■ < < ) ( ' *  ) ■ ■ ■ ( ' * ■ )/*J » » I A

and assume th a t  th e  in d ic e s  *Ct> — , ^  and , . . . ,  

a re  so arranged  th a t  th e  r e la t io n s  f ,  z - k t - z f a ,  and 

f ,Z  o ld , s in ce  such an arrangem ent i s  always

p o s s ib le .  I t  i s  to  be observed th a t  (3) i s  a con tinuous 

fu n c tio n a l  of ^  when <* i s  f ix e d  and a con tinuous 

fu n c tio n  o f << when <%- i s  f ix e d .  In tro d u ce  a f i n i t e  

number o f such ex p ress io n s  as ( 3 ) ,  r e q u ir in g  th a t  fo r  each 

o f  them th e  c o n d itio n

be s a t i s f i e d ,  and form th e i r  sum. This sum w i l l  be c a l le d  

a com posite in te g r a l  power form o f the th  o rd e r in  ^  ,

and will be designated by O C Jor,. more briefly,
s 1)(A J . * )  . The most g e n e ra l com posite in te g r a l  power

I )  '¥kis d e f in i t io n  i s  a g e n e ra l iz a t io n  o f 1 . Schmidt* s 
d e f in i t io n  o f an in te g r a l  power form in  -%.* ;See 
E .Schm idt, M athem atische A nnalen, v o l .  65 (1908), 
p . 574. See a lso  Kowalewski I I ,  p . 1436.______________

forms o f the  z e ro - th ,  f i r s t ,  second, and th i r d  o rd e rs  are
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r e s p e c t iv e ly

r O C M  s  K * ,

OC*(x) 22 L* OC -t- L  ̂  +■ *  y

i  A

(4)

ct , \ 2. * A<>( . v jk  a
j%<L x )  «■ M  ( * * )  +■ M  * ■ *  \

*■ y A r

+  n “f  * *  *, +  " * ( * ?
t  r P

i  oc
-h  M  f  M, oc nL ^

$ * ( * )  s  f C ( * ) + N ' c x f s + t C t * ^ * *

+■ **?'*% *$'+ *  ^ * }  ’XY~hN/  *** **
A
A .

+  N ’ I‘ ( ^ ) V  h * * * a  ,

where th e  /< , L  , f*\ , /Y , c a l le d  th e  c o e f f ic ie n ts  o f 

th e  form s, can w ith o u t lo s s  o f g e n e ra l i ty  be tak en  sym­

m e tric  in  a l l  Greek in d ic e s  excep t a  and a l l  L a tin  in d i­

ces excep t Ji . Thus i f  th e  c o e f f ic ie n t  in  the  term

W  i s  n o t symme.trie  in  A and y , we can r e -
S  «** «v?l

;h is  term  by th e  e q u iv a le n t e x p re ss io n  4: >
r  Y

p la ce  th i s

whose c o e f f ic ie n t  i s  symmetric in  A and y  • Or i f ,  say ,
* i  4 tth e  c o e f f ic ie n t  in  th e  term  OC x  nc i s  n o t sym­

m e tric  in  & and J l  , we can re p la c e  t h i s  term  by the  

;»e q u iv a le n t ex p re ss io n  ,
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e q u iv a le n t ex p ress io n  *£- ^  * whose

© © efficien t i s  symmetric in  Xt and X  .

We s h a l l  need a lso  to  employ com posite in te g r a l  power 

forms o f a s p e c ia l  k in d , nam ely, th o se  th a t  do n o t invo lve  

• We s h a l l  r e p re s e n t  such forms o f th e  th

o rd er by OC (%)• th u s  we have

o c u )  >
c°

(4*)
o t m  *  *  -  m ; * *  *

■r

/sm  P * 
+  N  **,.*'*- 

j* v  t
i t

x x v  .

\ -+■ C ^ )

a r c * ) ?

-+- N ' t *. (X)

4 . D i f f e r e n t ia l s  o f Composite I n te g r a l  Power p o m s . 

fh e  f i r s t  d i f f e r e n t i a l ,  in  th e  increm ent s e t  ^  , o f 

- o t y % )  a t  th© p o in t  oc ~ X  i s  d e fin e d  as/*«*W 6 ^

< T  6 v ,  * ) »  ( * L U 1 X ,  -•■

~  . ~ l h & ( < + • £ < + • > >  ■ ■ * * ;%  

~ \ J t
I t  i s  a com posite in te g r a l  power form o f th e  f i r s t  o rd er 

in  ^  when %  Is  f ix e d  , and a  com posite in t e g r a l  power

form o f th e  ( ^ - /  ) s t  o rd e r in  ^  when I s  r i ,  -
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1 )
f ix e d .

i )  flf. 1 .A .B a rn e tt, American Jo u rn a l o f M athem atics,
v o l .  44 (1922), p . 186. ________________________________

The second d i f f e r e n t i a l ,  in  th e  increm ent s e ts

and -z, , o f ( X ' X  = X  i s  d e fin e d  as
-  0  '**' * v7

( £ ( * . > 7  ; ? ) ^  [ j & r  ° C &  % 3 e,-o_ / -2- g
When X» Is  f ix e d , OC a com posite in te g r a l

power form o f th e  f i r s t  o rd e r in  ^  and o f th e  f i r s t

o rd e r in  ^  . When /y. and ^  a re  f ix e d , i t  i s  a

com posite in t e g r a l  power form o f the  ( a  )nd o rd er

in  'X , From th e  d e f in i t io n  o f th e  second d i f f e r e n t i a l  
0

we have a t  once 

THEOREM 1.

7  I ? )  "

The h ig h e r d i f f e r e n t i a l s  are  g iven  analogous d e f i ­

n i t i o n s .  The o rd e r o f form ing th e  su c cess iv e  d i f f e r e n ­

t i a l s  i s  always p erm u tab le . I t  i s  c le a r  from th e  form of 

o t m  th a t  the  d i f f e r e n t i a l s  o f a l l  o rd e rs  e x i s t  and

th a t  th o se  o f h ig h e r o rd e r th an  th e  a re  I d e n t ic a l ly
2 )

z e ro ,

2) I f  the l*rechet d e f in i t io n s  o f th e  d i f f e r e n t i a l s  o f
continuous fu n c tio n a ls  I s  a p p lie d  to  com posite I n te g r a l  
power form s, we g e t th e  same e x p ress io n s  as a re  ob­
ta in e d  from our d e f in i t io n s .  See M .F rech e t,T ran sac tio n s  
o f th e  American M athem atical S o c ie ty ,v o l .  I S  (1914),

  J J J L _______________________________ ;------------------- !-------
From the  hom ogeneity o f  OC (*)we have
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d i f f e r e n t i a t i o n  w ith  re s p e c t  to  g iv es

o c *  £ ~ ' o c * ( * )
j z  ~

P u ttin g  ^  = f  in  t h i s  i d e n t i t y ,  we g e t

OC (nc ; 'X )  ( x t )yV*\/ 6 J O /

S im ila r ly  the  form ula

C t * ^ — / J  $ * /'* *  ^

can he e s ta b lish e d ^ a n d  co n tin u in g  the  p ro c e s s , we g e t 

as the  analogue o f E u le r ’ s form ula fo r  homogeneous 

fu n c tio n s

THEOREM 2.

Ct* &i > *  i ' * * j * 0  m /»̂ (*~~()" CX̂ (x6)
^  ~ 2^3  ̂ ^ -+■ tj

There i s  an immediate a p p l ic a t io n  o f th i s  theorem

which w i l l  be u s e fu l  l a t e r .  I f  in  OC ( x )  an  c o e f f ic ie n ts
of I

are  re p la c e d  by t h e i r  ab so lu te  v a lu es  and ^

each by /  , th e  r e s u l t in g  ex p re ss io n  w i l l  be a fu n c tio n

of (< • The maximum o f t h i s  fu n c tio n  i s  c a l le d  the

height"*^ 0f . The h e ig h ts  of

T r^ e e ''ld w a Ie w ig Y " f i;i,- p T '' 'I l i^   ......   ~~
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&re  s im i la r ly  d e fin e d  as th e  r e s p e c tiv e

maxima o f th e  fu n c tio n s  o f <K which a r i s e  when th e  co­

e f f i c i e n t s  of th e se  forms have been re p la c e d  by t h e i r  ab­

s o lu te  v a lu es  and every  elem ent o f  the s e ts  — has

been re p la c e d  by f  . L et denote th e  h e ig h t o f

(% ) . Then by Theorem 2 th e  h e ig h t o f

»*■*>' > th e  h e ig h t o f

The ex ten s io n  o f T a y lo r’ s Theorem to  com posite 

in te g r a l  power forms i s  r e a d i ly  made* I f  in  < s r < w ;

we co n s id e r *Xd and as f ix e d , we have a polynom ial 

in  £  to  which we can apply  T ay lo r’ s Theorem, g e t t in g  

(s in c e  a l l  d i f f e r e n t i a l s  o f o rd e r h ig h e r  th a n  van­

is h )  ^

0 £ ( xs  ei )  d & K j)*  ■ • -+ ®

P u ttin g  £ = / in  th i s  id e n t i ty ,  we o b ta in  th e  fo llo w ­

in g  theorem , which i s  th e  analogue o f T a y lo r’ s Theorem: 

THEOREM 3.

O C ( * + $ ) ■ *  ( t ; ?) +■■-  + ± r  f t f i s p y } :

5 * Composite I n te g r a l  Power S e r ie s . An i n f i n i t e  s e r lg s  

o f th e  type

0 0  «  ■

<*> L  < £ ( * )
/^*vs O
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1 )
i s  c a l le d  a com posite in t e g r a l  power s e r ie s  in  •

1 )  Tliis i s  a  g e n e ra l iz a t io n  of an in te g r a l  power s e r ie s  
as d e fin ed  by Schm idt. See E .Schm idt, M athem atische 
A nnalen, v o l .  65 (1908), p .374 j see a lso  Kowalewski I I ,  
p . 1440.________________________________________

Form th e  power s e r ie s

(6) -h Z. -h ~ ‘ >

where <2- i s  th e  h e ig h t o f th e  term  O L'O c)  in  (5) and

O t X

2  i s  a complex v a r ia b le .  Let 7$ be th e  ra d iu s  o f

convergence o f ( 6 ) .  The s e r ie s  (5) i s  s a id  to  converge
2)

r e g u la r ly  fo r

sycr: r ;g c s i'a5,—itq.t "pTSgr

(7) I % I £  A , < 7? .
&o

THEOREM 4 . A com posite in te g r a l  power s e r ie s  

converges a b s o lu te ly  and un ifo rm ly  in  th e  su b se t (7) 

o f  (G,E ) in  which i t  converges r e g u la r ly .

PROOF.From th e  hom ogeneity o f cX (* .)  and from the  

In e q u a l i ty  (7) we in f e r  th e  in e q u a l i t ie s

I off*)! s  ( * f l  f y m - j
Hence in  the  su b se t ( 7 ) , the s e r ie s  (5) i s  dom inated by th e  

convergent s e r ie s  o f p o s i t iv e  term s

fts •+ CL SL ~f~ -f- ' * '
O t
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and i s  , co n seq u en tly , a b s o lu te ly  and un ifo rm ly  convergent 

in  th i s  su b se t.

From the c o n t in u ity  o f M r )  in  oc. and from th e  

r e s u l t  in  Theorem 4 on th e  un iform  convergence o f  I # J * )  

in  oc fo r  a f ix e d  ^  in  th e  su b se t ( 7 ) ,  th e re  fo llow s

THEOREM 5. The s e r ie s  ^  d e f in e s  a continuous
SUS.X0

fu n c tio n  of fo r  a f ix e d  in  th e  su b se t (7)

f ( .>

In  view o f t h i s  theoremv we s h a l l  w rite

=  T  OC " '{ * )  ( 1 * 1

and s h a l l  speak o f as a r e g u la r  com posite in ­

te g r a l  power s e r ie s  in  ^  .

THEOREM 6 . For a f ix e d  value  o f o{ , th e  r e g u la r

com posite I n te g r a l  power s e r ie s  i s  a continuous

fu n c tio n a l  o f .

PROOF. L et us p u t
'H.

M M
Choosing maximum s u f f i c i e n t ly  sm a ll, we w i l l  have

1% + A v . l ^  *R and consequen tly

(no-13 ' x ) = = ^T~ OL* 4 ^ )  (/*i*a*r)  .
- 0

We can w rite

Because o f th e  uniform  convergence o f f M  and 

T < *  +*■*), we can argue tha t^  g iven  an ^  , we can

1

f in d  an /r\^ such th a tJL.
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/ ^ ‘ < W  < 4 -  > / * ) /  < f
Since , as th e  sum o f a f i n i t e  number o f eon-

tin u o u s fu n c t io n a ls ,  i s  co n tin u o u s, i t  fo llow s th a t  fo r  

maximum I a x  /  s u f f i c i e n t ly  sm all we w i l l  have

\ ^ ( x + * * ) - * £ f * ) l < 4 r  ■

Hence .

) ( < * ■

fo r  maximum Uxl  s u f f i c i e n t ly  sm all* which p roves the  

theorem .

6 , D i f f e r e n t ia l s  o f R egular Composite I n te g r a l  

Power S e r ie s . By th e  f i r s t  d i f f e r e n t i a l ,  in  th e  i n ­

crem ent s e t  , o f f<*) a t  sy. -  “5* we s h a l l  mean

f< < ., * ) . & / v  - S . .

p ro v id ed , o f co u rse , th a t  (8) e x i s t s .  The second d i f f e ­

r e n t i a l ,  in  th e  increm ent s e ts  ^  and ^  , o f

a t  'Xss.nc i s  d e fin e d  as ^OO

(9)

p ro v id ed  th a t  (9) e x i s t s .  C orresponding d e f in i t io n s  a re  

g iven  fo r  th e  h ig h e r  d i f f e r e n t i a l s .  We have the  fo llo w ­

ing  s u f f ic ie n c y  theorem ;
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THEOREM 7 . Let and be such th a t  th e

fe llo w in g  In e q u a l i t ie s  h o ld ;

(10) I X ,(  i  A  ,  I t y l  ±  .

Then (8) e x i s ts  and can be computed from th e  form ula

, n ,

PROOF.From th e  hom ogeneity o f CL , from the 

p ro p e r t ie s  o f i t s  d i f f e r e n t i a l s ,  and from (1 0 ) , we in -

"  M > ; i t -  (4 \  K 8 -; #  * ].< 4 k
*  < >  - / , x .

and s im ila r ly  9

( l o . i )  f ■,% j " > $ ( =

D if f e r e n t ia t in g  in  the  form ula o f Theorem 3 w itn  re s p e c t 

to  €  , we g e t

h  + t*)m y * ; ^ f r  ^  W

wh? 7  x v v  w

|r«  % x4 e4 i  ?}h  r r K & v  

v ' ' '  +
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$*rom this inequality there follows toy virtue of (10.1)

( i o . i l )  . +  - - - +  Cs i ~ L ' f ' ! ai  ( * ) * '
( f  - t ) ! r

=  4-  %  (*■ ,+  ( /  -•> *>
But th e  s e r ie s

i s  r e a d i ly  seen  to  b e^ jo n v e rg en t, fo r  i f  we p u t c j

th e  s e r ie s  becomes £ r ~ 3 t  , which converges
/ > » v C  /s in c e  i t  i s  th e  s e r ie s  o b ta in ed  by te rm -by-te rm  d i f f e r e n ­

t i a t i o n  o f th e  convergent power s e r ie s
/*»=/

Hence ( l O . l l ^ t e l l s  us th a t  each term  o f th e  s e r ie s

o c  *  ( x  ■+-€%-)
L
✓w =/

i s  dom inated by th e  co rrespond ing  term  o f th e  convergen t

s e r ie s  o f p o s i t iv e  term s<>«=> .
y t ̂  - t Jz -̂--

Hence th e  s e r ie s
, e x '

* * ■ )
6

converg es un ifo rm ly  in  €  , C onsequently th e  ex p re ss io n

4 t  y  *■ ̂ )ex±  s t s  and can be computed from the  form ula
*V<- 'K®!? O p

^  ^  & * ( * + * * )  — 2 1  ^T ~ 7  ''***- * ^  -̂»*v ~ ^
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f l i t t i n g  = O in  th is  fo rm ula , we g e t ( 11)

By adding to  (10) th e  f u r th e r  in e q u a l i t i e s

(1 0 ) I f  I  i  a 3 , <■ f t  ,

we can prove in  a s im ila r  manner th a t  (9) p x is tS h a n d s is  

g iven  by the  form ula

Y * .  > f  > f )  ~ X -  'Y  ;

The e fh e n e lte n s io n  o f th e se  r e s u l t s  to  th e  h ig h e r  d i f f e r e n ­

t i a l s  i s  obvious.

Whenever we imploy th e  su c cess iv e  d i f f e r e n t i a l s  

, . . . ,  we s h a l l  as sume th a t  th e  in ­

e q u a l i t i e s  ( 10^ , (TU), and t h e i r  ex ten s io n s  a re  s a t i s ­

f i e d .

By u s in g  th e  method o f  p r o i f  which was used  to  e s ­

t a b l i s h  Theorem 6 we can prove

THEOREM 8 . The su c cess iv e  d i f f e r e n t i a l s  f < w >  

7 W .  •• . a r e , fo r  a f ix e d  value  o f oc , con tinuous 

fu n c tio n a ls  o f th e  increm ent s e ts  9 ^  * * * * *

The e x ten s io n  o f T a y lo r’ s Theorem to  r e g u la r  com posite 

in te g r a l  power s e r ie s  w i l l  now be made. For f ix e d  yc and

#  ’ f t * . * * * )  i s  a u n lfo rm lfy  convergent s e r i e s  in  €  
whose term s a re  continuous fu n c tio n s  o f €  and i s  th e r e ­

fo re  i t s e l f  a con tinuous fu n c tio n  o f -6- . T o  th i s  

fu n c tio n  o f £ we can apply  T a y lo r’ s Theorem s in ce  by 

Theorem 7 and i t s  ex te n s io n s  (x )  has d i f f e r e n t i a l s  of
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a l l  o rd ers  a t  ^  = a s u i ta b ly  r e s t r i c t e d  increm ent s e t

' a j l, .W e thus g e t ^

-f. - - .
which fo r  t  y ie ld s

THEOREM 9 . ^  .

+ J T f ( * . „ s t ) + i r y Cc‘  > v  r 4

C( |  M̂ 1* * •

Let * '(* ) .  * ( * )  he fu n c tio n s  o f th e  param eter %. 

w ith  f i r s t  and second p a r t i a l  d e r iv a t iv e s  w ith  r e s p e c t  

t© s t  . To an increm ent corresponds an increm ent A*C

Let us form

Expanding by Theorem 9, we g e t

n „ . 4 - p ^  - - -

~ZT?&
Because o f th e  p ro p e r t ie s  o f th e  d i f f e r e n t i a l s ,  t h i s

y ie ld s  

( 12)

3

A

I t  fo llo w s from th e  c o n t in u ity  of th e  su c ce ss iv e  d i f f e r ­

e n t i a l s  o f f ( x) in  th e  increm ent s e ts  (Theorem 8 ) th a t  

as AX o th e  r ig h t-h a n d  s id e  o f ( 12) approaches th e  

d e f in i t e  l im i t  > s in ce  and

A  OC -?  0 as A p t  o. We th u s have
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THEOREM 10.

In  a s im ila r  manner we now prove

THEOREM 1 0 .  
t>^'V'Yoc} m ^ r  i . <>% )

~~ii±

PROOF. By Theorem 10 we have

>>fr^ 1

P u ttin g  ^  ., we then have

( i s )  ^  ~  ^  f T * * * * } * * # ) -  P x ^ )
4 jt" ^  0 A  £

J% i-‘ x-,)t‘ : i-? h n -+ 4  s p.l.
A £  Ap+*

Since f i r s t  d i f f e r e n t i a l s  a re  l in e a r  in  th e  increm ent

s e t ,  we have th e  id e n t i ty

=  ( f X * - ,  - f f ) „
A *

SO t h a t ,  in  view o f Theorem 8 , th e  second term  in  the  

r ig h t-h a n d  member o f (13) i s

r < '  ,  &  -  r < *  >  & )  •

For a f ix e d  ^  i s  a r e g u la r  com posite

in te g r a l  power s e r ie s  in  OC . pu t
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Expanding ^  (v.'t-kv) by Theorem 9 , we g e t^

so th a t

+• *
i  • © #

^ \ x r  A % j ^  + & % )~Y f x > V ~  __ f  Q i)  $+  i * * )
A&

r  ? * (K ■,}+*} > £ t ;  ( X)

A t .

* f
x i

4*J* * 4 *

P ass in g  to  th e  l im i t  in  t h i s  l a s t  id e n t i ty  as O ,

we se e , in  view o f Theorem 8 , th a t  th e  f i r s t  term  o f 

th e  r ig h t-h a n d  member o f (13) becomes

f  ? * ( * > &  > % £  ■

-fhfts the  theorem  i s  proved*

7 . R egular I n f in i te s im a l  T ra n sfo rm a tio n s . A reg u ­

l a r  in f in i t e s im a l  tra n s fo rm a tio n  in  (G.E ) i s  d e fin e d  

by th e  system  o f  in t e g r o - d i f f e r e n t i a l  eq u a tio n s

<14> '

where th e  /J}A'(?c )  a re  r e g u la r  com posite in te g r a l  power 

s e r ie s  n o t In v o lv in g  , i . e .
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f V  - s . O - '

F©r a f ix e d  Pc , (*■) i s  a r e a l  con tinuous fu n c tio n  o f oi.

and th e  ^  ( x )  a re  r e a l  c o n s ta n ts ,  by Theorem 5 . We i n t r o ­

duce th e  symbol

„ Let (14) and
r  * “ =  f ( * ) ,

be two re g u la r  in f in i t e s im a l  tra n s fo rm a tio n s . By Theorem 7 

we can  impose s u i ta b le  r e s t r i c t i o n s  on J(% )  to  secu re  th e  

e x is te n c e  of j and s u i ta b le  r e s t r i c t i o n s  on

to  secu re  th e  e x is te n c e  o f . The ex­

p re s s io n

I s  a re g u la r  com posite in te g r a l  power s e r ie s  in  ^  , 

w h ile  th e  ex p ress io n s

(??)7*) -  f(*  J /to)- f t  *; f f
a re  r e g u la r  com posite in te g r a l  power s e r ie s  In  Oc which 

do n o t invo lve  bC . Hence th e  system  o f in te g r© -d if f e r ­

e n t i a l  eq u a tio n s
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d efin ed  a r e g u la r  in f in i t e s im a l  tra n s fo rm a tio n  in  (C,E )•
1 )

We c a l l  (15) th e  commutator o f (14) and ( T l ) .

1) This i s  a g e n e ra l iz a t io n  o f Kowalewski* s d e f in i t io n  
o f  th e  commutator o f two r e g u la r  in f in i t e s im a l  t r a n s ­
fo rm ations in  C; Bee Kowalewski I I ,  p . 1444.__________

A s e t  o f re g u la r  in f in i t e s im a l  tra n s fo rm a tio n s  i s  

c a l le d  a group i f  th e  commutator o f  every  p a i r  o f t r a n s ­

fo rm ations in  th e  s e t  i s  i t s e l f  in  th e  s e t .  A su b se t o f  a 

group o f r e g u la r  in f in i t e s im a l  tra n s fo rm a tio n s  i s  c a l le d  

a subgroup o f th e  group i f  th e  commutator o f  every  p a i r  

o f tra n s fo rm a tio n s  in  th e  su b se t i s  i t s e l f  in  th e  s u b s e t .
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PART I I  

LEMMAS

Lemma 1 . I f  th e  eq u a tio n

* giAy ? * lc*?* ^  O(16) K x  +  L  x  + M  ^ - t K  oc + K . oc ~  0
E &

l a  an I d e n t i ty  In  , at , ^  , and y  , th e  co­

e f f i c i e n t s  a re  a l l  I d e n t ic a l ly  z e ro .

PROOF. Let g  , f  , and f .  be any th re e  d i s t i n c t  

v a lu es  in  I .  L et <£ be d e fin e d  as fo llo w s;

CU (  Z -A .  fr *  ~

C  t r  *  =  -L + O

f + ^ )  jI/O
~3

and elsew here in  I  l e t  OC l i e  between d e f in i t e  bounds

independent o f a * b u t rem ain co n tin u o u s; f u r th e r ,  l e t

S e re , as th roughout our tre a tm e n t , th e  tk. , A -  ,  , A.

r e p re s e n t  a r b i t r a r y  c o n s ta n ts .  P u tt in g  In  (16) th e  oC 

th u s  d e f in e d , we have , , . _ \

K^O. +  + M ^ + K  X+K *=<>
* * \  $-A

Sow p a ss in g  to  the  l im i t  as ,€,-*■<) , we g e t ,  because o f th e

C o n tin u ity  of th e  c o e f f ic ie n t s ,

f t ^ i - L '  &  + M sc.-i-K  * + K . * * = °
* -i
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from which, because o f th e  a r b i t r a r in e s s  o f , Hr- ,
A*

/C, , <X, , we in f e r
f  ? f.  . .  r  £

(16 .1 )

(16 .2 )
£

(16 .3 )

o11

W 
‘a.

Choosing X -= K „ in  (1 6 .2 ) ,  we o b ta in
I ?? ?  *

K '  K 2  0  
f, U , 5 >

from which fo llow s

(16 .21)

S ince J, , f ,  , ' and ^  were any v a lu es  in  I ,  i t/ *■ J
fo llow s from (1 6 .1 ) , (1 6 .2 1 ) , and (16 .3 ) th a t  the : c©»? 

e f f i c i e n t s  o f (16) are  id e n t i c a l ly  z e ro .

LEMMA 2 . If th e  eq u a tio n

+■ ^  ^
(17) , «-/?_?  i s *  a

+  K * f J l * r + i - r * x i - K A * * ~ o

is an identity in -JC and o c , then

K  " «  K %  =  * r / *  >  * .

1 r  4  # «
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PROOF. L et pc be d e f in e d  as fo llo w s:
<'X  ^  CL (  I

x
and elsew here in  I  l e t  %■ l i e  between d e f in i t e  bounds

independent o f b u t rem ain co n tin u o u s; f u r th e r ,  l e t
^  a *<X ~  A -  *

P u ttin g  in  (17) th e  ^  th u s  d e f in e d , we g e t

K*0UX - t  «- - t  ^  ) - t K  Xf  *  f  p  Y

+  x  4 *  1 - K *  z* °  ( ? - * •  =
i  P f * -

P assin g  to  th e  l im i t  as & -> 0 f we g e t ,  beeause o f th e  

c o n t in u ity  o f th e  c o e f f ic ie n t s ,

-f-a. ((*’ A ? +  ( J ? ( x T +  ^ < x  X
r  r > r  r  r

j  P j A

Since Cl* , A T are  a r b i t r a r y ,  we in f e r  
?

i

K f(g% =  o

(1 7 .1 ) K ^ K .  ~ o

(17 .2 )

(17 .3 )

(1 7 .4 ) « / 4  +- ^

(1 7 .6 ) L * f ( x T +  K * 11** \  *“ 0
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from (1 7 .1 ) th e re  fo llo w s , s in c e  J f  was any v a lu e  in

i  K* ^  K * -  0 .
t

A pplying Lemma 1 to  |,1 7 .2 ) , we g e t

k ^ o ,

from which we deduce
OC0

K -  0 -

By Lemma 1 , (1 7 .3 ) y ie ld s

l * f = z - 6
* - * >

whence
L f ?  s  0 .

Prom (1 7 .4 ) we g e t

k *  +  K *  s o  . 
t *  4 j

P u tt in g  in  (1 7 .5 )
oC ck o(

*  '
we g e t

(17 .51) ^

For the cho ice  ^

(1 7 .5 ) becomes

(17 .52) °  ■

S u b tra c tin g  (17 .52) from (1 7 .5 1 ) , we g e t

Q l ' V *  -  •
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R egarding th i s  eq u a tio n  as an id e n t i ty  in  ^  and app ly ing  

Lemma 1, we o b ta in

f « V V

Which i s  an Id e n t i ty  in  80 Lemma 1 i s  again

a p p l ic a b le ,  y ie ld in g

and from th is  we in f e r

COROLLARY. I f  _to th e  h y p o th e s is  o f th e  lemma i s  added
ei o(K =£ A o r K ~= K„ or b o th  r e l a t i o n s ,  th en

Af-
we have th e  f u r th e r  co n c lu sio n s  f o r  th e se  r e s p e c t iv e  cases 

0 08 f t* *  0 or ft ft s  0 ,
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PART III
LINEAR TRANSFORMATIONS IN (C,E )

/>u

1. F in i te  L inear T ran sfo rm atio n s. A f i n i t e  l in e a rn
tra n s fo rm a tio n  in  (C,E ) i s  a tra n s fo rm a tio n  d e fin e d

1) di*. A .D .fiflchaland  L .S .K ennison , p roceed ings o f  the  
N a tio n a l Academy o f S c ie n c es , v o l .  16 (19gQ ),g . 617.

lay a system  o f  l in e a r  homogeneous in te g r a l  eq u a tio n s

j j *  =  K % * f -  ( x ' + ' X

( 1 8 )  H '  U - x ' + K * * .  .
f i  t

Let th e  l in e a r  tra n s fo rm a tio n s  (18) and

£ « »  T fi*p  +  k * «■ * ( x % o )

toe su c c e s s iv e ly  a p p lie d . The p ro d u c t tra n s fo rm a tio n , ob­

ta in e d  by e lim in a tio n  o f  -X , i s  found to . toe

-  K V +

o c  —
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where

{19 .b

= =  K  K  = £ 0

= r f r V V  K ^ K ' + K  k " ‘ + K L 1  ><x * p

'" ^ K *  -h K *  KK ^ K *  +  K ^ I ?  +
*  -■ * 

L f  Kf  +  *  *  ’

L? <  +  1 a *

We thus have

THEOREM 11* The p ro d u c t o f any two l in e a r  t r a n s f e r -  

mat Ions (18) and (IS ) in  (0 ,E ^) Is  the  l in e a r  t r a n s f o r ­

m ation  in  (C ,l^ )  d e fin e d  by (19) and (1 9 ^ ).

S ince K ^ o i n  (1 8 ) , we can re w r i te  (18) in  th e  form
£ . , * :4rsr * *  — 0 ?  -f-

U S ')
K K

The system  (18 ) i s  e q u iv a le n t to  the  s in g le  Fredholm 
1 )

eq u a tio n

I )  0 f  7  fT S T H iIdebrihd t, 1 .c p .'400; 'c f . '“ al'so■ 'B rnesT I7
p*89.

/ /  
(18 )

. «f «c . oCf
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where th e  in te g ra t io n  w ith  re s p e c t  to  ft i s  from o to

/ and where 
<* r

 OC
f

L *

x

1  *

v

(o  ^  l')

( s i  <  << i=  s i-  -1 - 0

£ o ■£= <̂  l)

(/C ^  0

(  o ~  f )

^  ~t f )

^  ~  ̂ o ± i& t  / )

( o  7 . ̂  ̂ i + i )

( ^ < « ± X - h i ,  « ^ 4 / )

^  «  6 ^ + ' ,  f  = i i ~'>A- 

K~*— I ( , i  *  *  £  i +  /, ? ' V  ^  i + ' , x ^ ' )

K*

r t f '
K* 
<*

K$r

i f .A '

KA*

The Fredholm d e te rm in an t o f (18^) i s  found on 
1 )

c a lc u la t io n  to  be

1 } f h i s  d e te rm in an t i s  g iv en , but in' s l i g h t l y  erroneous 
form , bo th  by H ild e b ra n d t, I . e .  , p . 404, and by 
M ichal and genniaon , I . e . ,  p . 618.____________________ _

(40 )
/U  ̂— (

-  f,

K

L ;**
A

/V»V) .
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We s h a l l  c a l l  2) th e  Fredholm d e term in an t o f (1 8 ).

From th e  well-known theorem  th a t  th e  d e te rm in an t o f 

th e  p ro d u c t o f two Frec&elm tra n s fo rm a tio n s  i s  equal to  

th e  ppoduct o f  th e  d e te rm in an ts  o f th e  tra n s fo rm a tio n s , 

th e re  fo llow s a t  once

THEOREM 12. The d e te rm in an t o f th e  p ro d u c t o f  two 

l in e a r  tran sfo rm a t!o n s  in  (C#E ) _is eq u a l to  th e  p ro ­

duct o f th e  d e te rm in an ts  of th e  tra n s fo rm a tio n s .

2 . N on-singu lar T ran sfo rm a tio n s . A l in e a r  t r a n s f o r ­

m ation  (18) whose Fredholm d e te rm in an t i s  d i f f e r e n t  from 

zero  w i l l  be term ed n o n - s in g l la r .

I f  (18) i s  n o n -s in g u la r , (18^) has a un ique so lu -  
—

tlo n  l in e a r  in  ^  j hence (1 8 ), when n o n -s in g u la r ,  has 

a un ique in v e rse  l in e a r  in  %. Let th i s  in v e rse  be

(1 8 .1 )

We

Theorem 

■■(19.1)

wish to  show th a t  (1 8 .1 ) i s  n o n -s in g u la r .  By 

11 th e  p ro d u ct o f  (18) and (1 8 .1 ) i s

C '* *  — K * '* .*  ■+■ K. •+ ^  )
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where K , K. , L  , « "  ^  have th e  value:
,  t  ?

g iven  by (191)* But (1 9 .1 ) , be ing  the  p ro d u c t Of a  

tra n s fo rm a tio n  and i t s  in v e rs e , i s  th e  i d e n t i ty  t r a n s -

a l l  o th e r  c o e f f ic ie n ts  in  (1 9 .1 ) id e n t ic a l ly  z e ro . The 

Fredholm de te rm in an t o f (1 9 .1 ) i s  consequen tly  eq u a l to  

u n i ty .  R ep resen tin g  th e  Fredholm d e te rm in an t o f  (1 8 .1 )

We h a v e ,th e n , proved

THEOREM 13. The In v e rse  o f a n o n -s in g u la r  l in e a r  

tra n s fo rm a tio n  in  (G,E^) e x i s t s  and i s  I t s e l f  a non- 

Tpjj.fignl.ar l in e a r  tra n s fo rm a tio n  in  (0 , 1 J .

From Theorems 11 and 15 fo llow s 

THEOREM 14. The t o t a l i t y  of n o n -s in g u la r  l in e a r  

tra n s fo rm a tio n s  in  ( C ,l^ )  c o n s t i tu te  a g roup .

3 . I n f in i te s im a l  L in ea r T ran sfo rm a tio n s . An in ­

f in i te s im a l  l i n e a r  tra n s fo rm a tio n  in  ( 0 ,1  ) i s  a t r a n s -  

fo rm atio n  d e fin e d  by a system  o f l in e a r  homogeneous 

in t e g r o - d l f f e r e n t i a l  eq u a tio n s

by ID , we have 3>Q — I by Theorem 12, whence o <,

f i i £
I a t

=  < ¥ “(*■) =  K V  - t  K X/>*  +  «  *  *

( 21)

V
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L et (21) and

m )

=  f ( * )  

= f r * J
4 *

c£#r

KV-f- K " \  + K* *■*,
f i  d  >

I x i r  K  *v
A . *

be any two in f in i t e s im a l  l in e a r  tra n s fo rm a tio n s  in  (C,E ) .
/♦v#

Td show th a t  th e  group p ro p e ^ tf  i s  p r e s e n t ,  we compute 

t h e i r  com m utator. Applying , .
f * ( * )  =  K V ? y l { A  = O ^ M  *  K ^  M  ==o >

we g e t

i j y T M = o > c y f T M '  

y Z  - * V, f ( * )  -  *> T M  0>

c n r M ~ r fi*.r

A pplying

we g e t

where

y * ( y . )  =  oj  y * ( * ) = t C * * , y ~ ( * )
A pplying

' f t * )  =

( y ? T ( * ) -  ( 7 f W ~  °>

where   * — «*
- *  -  -  K  «  , .

t
A pplying

f ( % )  =  K
<* at
OC I n r f r ) ” 0, J “M  = b > y  ( * )

- -  /« 
*  ,
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w© g e t _  . * =  - &/!>. ** <*■ 1 /  \ /  y~\A <Vi I /  1 I '*■' f
r= L  nc 

P> >
where _ .

i  > . z : k
f  r  f  '

A pplying _  — - .
f M  = K V, - •, J  ( * ) = o ) J  ( * ) ~ K

" V w  f ( *) = 0 >

w ® S @ t S S  -  1 X  /■ X

(ff)"(*) -  t ( f f )  (*)=•,
where _

K ^ = k  k ^ - k  k  , /S .
«-y

A pplying

7 V * J -  f {*> - • < ;*  *  / Y * M

t y y / M  ~ k; A
where

?* \ /  ky r

Applying . _  —^ (S
7 ‘ M  - K " 1*  , y ' M =  oj  J> 7 * ) =  # J  ( * )  = ^  x ,

we g e t _  - a

( y y )*(-*-)=oj ( y y )"(*)= t - " * >
where == • _  ^

L ~  =  L  K
e- ‘ " x  *p
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Applying .

we g e t 

A pplying

'p V ; = -- o, = 0, ^ Y *j -  K *V  ,

{ j f r ( x ) , * t ( p f ) % ) = o .

we g e t

^ v , ;  -  * - * *  p v * y =  «, 7  & > = * * ?

ylng   -   ■

/? * ;= /cVr /  ^  ~*>y ?*) ~ °'7  ̂=Li* '
we g e t

( j i T ( - )  =  k “^  ,  < 7 / J 7 * ; =  / r v , ,

where . *=» .  a 7
K J K ~ *  *• L - . K  ■

ci £ A~
Applying

we g e t

1 X 1 ^  |  — —  .  •

? ? * ;  =  k /  * * ,  r w  T ( * h  ° '  7  ( k ) ‘  >w “
' =■ ■ 1 ■

( y ? T ( * X 7  ( n ^ ~ 0'f
where __ . __ p •

K "  - - K  K 
> *

* y * M  = o ,  f ( - )
Applying . . o

* , * ,   ̂ ~ r

P
we g e t _  * .

i y j f M  = ° ,  C J J ^ M  - «
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Applying _  . ^  ,

y % ) » o7 f % )  -  ^  J ' f * - )  = «, ? * ( * ) =  k  J

we g e t == • ^

Cy f) %) - o, (y?)"(*) = ^  '
where _

p *
Applying . . . ~  /> ? V U  _  2 7 V

-  • .  r ' M , ?  & • • ’ ?  & J  ~  *

=  ° j  ( y f f M  =  *  >

we g e t

where K H**- K K4*
From th e se  com putations we see  t h a t  th e  commutator o f  any 

two in f in i t e s im a l  l in e a r  tra n s fo rm a tio n s  in  (C,E ) i s  an 

in f in i t e s im a l  l in e a r  tra n s fo rm a tio n  in  ( C , l ) .  We th u s have 

THEOREM 15. The t o t a l i t y  o f in f in i t e s im a l  l in e a r  

tra n s fo rm a t1ons in  (C,E^) c o n s t i tu te  a g ro u p .

4* The F in i te  T ransfo rm ations Generated, by an In ­

f in i t e s im a l  L inear T ran sfo rm a tio n . Let th e  system  o f 

I n te g r o - d i f f e r e n t l a l  eq u a tio n s

(22>  ̂ i s a W  + K *
3 / t  /g *

w ith  th e  boundary co n d itio n s
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(2 2 ')  ; o i " ( 0) J

d e f in e  a g iven  in f in i t e s im a l  l in e a r  tra n s fo rm a tio n  in  

(C,E ) .  We s h a l l  show th a t  th i s  system  has a unique so lu -  

t io n

£ ? ( * )  =  Oc -f- ,
Z3 ^

<23> 1  ^  =  H j ( * ) S  t  ,

where th e  c o e f f ic ie n ts  a re  to  he determ ined  in  term s o f
1 )

th e  c o e f f ic ie n ts  o f (22) .

Trer; iffngEF^prgrer
Let u s asswme th a t  (25) s a t i s f i e s  (2 2 ) . D if fe r ­

e n t ia t in g  eq u a tio n s  (25) w ith  re s p e c t  to  , we g e t

~ 2 *1 ^ 1  ~ y ? i * L  a

(2 3 .1 ) V  ^

'S *  ^  /

S u b s t i tu t io n  in  (2 3 .1 ) o f th e  valuew o f ^  and

from ( 22) g ives ^ .

V * - f t /  *  K ' + y t J r  k; * W  -  ^

(2*) 1  t i ^ xa*  ^  $ ;r  •>

1 * K ^ } ( t ) =  i r f W  J  +  ± M X* ( * )  *

\
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R eplacing  n c , % (*) in  (24) by t h e i r  v a lu es  from (2 3 ),

we o b ta in  th e  fo llo w in g  system  o f i d e n t i t i e s  in  X  and °< i

r [  w w  -  +  L h *

V(t, . „ i  t . —
- + K M (*) + K N. l*> ~~3TZJ P•C'g <* f  —' /

-  0 ,

C Li MJ ^ + L 1  % N/^ ~

(2 4 .1}-

* ( * ) + «
k iz > n  z*(/r)

'A

By Lemma 1 we deduce from (2 4 .1 ) the  system  o f l in e a r  

homogeneous I n t e g r a - d i f f e r e n t i a l  eq u a tio n s

f i y W  =rbit

(2 4 .1 1 )<

2 *

brf(*)
 1--------

24:

>> n ; &  .— /*—— -----3 I t

K W r f + K  M f c j - h K *  r i  <*)
V " f t  °< *

I f  " l * ) +  *u  % f l +K* i

- i !
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w ith  th e  boundary co n d itio n s

( 2 4 . i l  ?! * (* ) = I, &**(•)= f t  ^ 7 aJ=  ? M  fc + j)

Let us assume th a t  th e  system  (24 .11) w ith  the  

boundary c o n d itio n s  (24 .11  ) i s  s a t i s f i e d  by a s e t  of
, D

fu n c tio n s  a n a ly t ic  in  7t> and r e g u la r  a t  Xr~O  .

T) Gf. Dines I ,  p . 697

R epresen ting

re s p e c t iv e ly  by . 7 7

„ -c ~ j. » ;i~ i ? h .  « ' f~ J,

2  M  f t )  £

th e  assumed s o lu t io n  o f (24 .11) i s  o f the  form

ex>

=  S I
M £ ’—J  '
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The first term in each of the series expansions (25) 
i s  g iven  by (24#11/ ) .  We thus have

(26.0) !}  N  T»><r

The c o e f f ic ie n ts  of a l l  subsequent term s a re  u n iq u e ly  de­

term ined  by th e  fo llo w in g  re c u rs io n  fo rm u las , o b ta in ed  

by re p e a te d  d i f f e r e n t i a t i o n  o f eq u a tio n s  (24 .11)*

(2 5 .1 )

(2 5 .2 )

(2 5 .3 )

(2 5 .4 )

|B5*5)

I t  rem ains to  e s ta b l i s h  th e  convergence o f the  

s e r ie s  (2 5 ) . L et r , & , n. , s* be th e  maxima 

o f th e  ab so lu te  v a lu es  o f K  , K p , K  , L
*  P

t * l * J  - K M  

■ C ~ ~ + J =  +-
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r e s p e c t iv e ly .  Put
. — . - j,

T  = T  +  Q. - t - L  %  -+-H S ~ - + H  K  J

and in tro d u ce  th e  s e r ie s
Ĉ>

( 2 6 )
« — ^ w v y  '

gaeh c o e f f ic ie n t  num erator in  (25) i s  dom inated by th e  

co rrespond ing  c o e f f ic ie n t  num erator C r T  in  (2 6 ) . Con­

se q u e n tly , s in c e  (26) converges fo r  a l l  f i n i t e  v a lu es  o f 

>fc , each o f th e  s e r ie s  (25) converges fo r  a l l  f i n i t e  

V alues o f  and, fo r  a f ix e d  ^  , u n ifo rm ly  in  <* and 

. Hence, fo r  any f ix e d  t th e  c o e f f ic ie n t s  M*(#),

m ^ * )  ,  v C ( * )  ,  h ; m  are  con tinuous fu n c tio n s  o f 
*  P i

t h e i r  Greek in d ic e s .  When use  i s  made o f (25*1), M f x )

i s  seen  to  have th e  expansion
oc

M  ( * ) ~ *

where i s  th e  base o f n a tu r a l  logarithm s*  Hence M *(&)

raever v a n ish e s .

We have, th e n ,

THEOREM 16. An in f in i t e s im a l  l in e a r  tra n s fo rm a tio n  
#

(2 2 ) ,  (22 ) g e n e ra te s  a one-param eter con tinuous fam ily  

o f finite linear transformations (2 3 ). For any v alu e  o f 

th e  param eter j t -  , th e  c o e f f ic ie n t  fu n c tio n s  o f the  

g en e ra ted  tra n s fo rm a ti on a re  g iven  by 

(2 5 ) ,(2 5 * 9 )>( 2 5 .1 ) ,( 2 5 .2 ) ,( 2 5  * 3 ) ,(2 5 * 4 ) , and (2 5 .5 )4
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We n ex t prove

THEOREM 17. The p ro d u c t o f any two o f th e  g en e ra ted  

tra n s fo rm a tio n s  (23) co rrespond ing  r e s p e c t iv e ly  to  parame­

t e r  ̂ v a lu e s  jL  and i s  th e  member o f th e  fam ily  (23) 

co rrespond ing  to  th e  p aram ete r v a lu e

I)' g f .  L’:g.K enrilsorirrrcT

PROOF. L et and be th e  members o f the  fam ily'±
(23) fo r  whleh and r e s p e c t iv e ly .  The p ro d u ct

©f 7̂  and F  i s ,  by Theorem 11,

f )  = M 7 *  A  ) ™ ^

*'■*' -  “f t - }

where

+  (M  r ( * j  ( * % , ) - *

(27)-< /  } r

=  N ^ J  +  N / C r j n y * ; )

1 ^ * 7 - * ;,O -  f t ( * J "*(*;■) +  fb ^ r i
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We have to  prove th e  r e l a t i o n

(28) r  T  =  T

In  th e  p ro o f  o f  (28) we s h a l l  re q u ire  th e  fo llo w in g  

r e c u rs io n  fo rm ulas:

(2 8 .1 )

(2 8 .2 )

(2 8 .3 )

(2 8 .4 )

* 'KM * Z ~ J  n  . C / -----

(2 8 .5 ,

Ifeere ✓kv*-' ^
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These form ulas a re  r e a d i ly  v e r i f i e d  fo r  ~ 0 , 

yyw -  o » f o r  o , and fo r  /  .

T h eir g e n e ra l v a l id i t y  i s  e s ta b l is h e d  by in d u c tio n  

on sfis . We s h a l l  g ive the  d e t a i l s  on ly  fo r  (2 8 .1 ) .  

Assuming th a t  (28 .1 ) i s  t ru e  fo r  , where ^

i s  any p o s i t iv e  in te g e r ,  and u sin g  (2 5 .1 ) ,  we g e t

Hence (2 8 .1 ) i s  t r u e .

When use i s  made, in  th e  r ig h t-h a n d  members o f 

(2 7 ), o f th e  s e r ie s  expansions (25) and th e  r e c u r ­

s io n  form ulas (2 8 .1 ) ,  (2 8 .2 ) ,  (2 8 .3 ) , (2 8 .4 ) ,  and

(2 8 .5 ) , we f in d

M ' ( * „ * , ) = £  (*,+*>■). -  »  ( * , + * $ ,
. v  >

/>*»- 6

/M» = 0
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~ o

Hence (28) i s  proved and the theorem e s ta b l i s h e d .

We now prove

THEOREM 18. The g en e ra ted  tra n s fo rm a tio n s  (23) 

a re  n o n -s in g u la r .

PROOF. C orresponding to  the cho ice  A ^6 fo r  the  

p aram ete r, th e  g en e ra ted  tra n s fo rm a tio n  i s
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where
M ° 7 A * )  »  I -t ~h (T

* “% * )  =  k ^ a *  +  £ > * * * ,

M r  ( a * ;  =  * > *  +  ( * * " 1
t  *

n 7 & * )  =■ ^ & *  +  

f  ■ .

I V » ( a * )  =, 1+  K ^ A *  +• < ? > * “%  £ - A

th e  symbol C 4 * ^  s ta n d in g  fo r  term s hav ing  as a f a c to r  

A £  r a is e d  to  a power n o t lower than  th e  second. Let 

3 ) 0 * )  denote th e  Fredholm d e te rm in an t o f , and * < * )

th e  Fredholm d e term in an t of

f o f y x - y  =  m  * ( * ) * ' +  m  * * (* } *  +  w * ( * ) *  f

^  ^  * ■

By Theorem 17 we have

r = r t - ,
*+& *: *

whenee

;=• th e  Fredholm de te rm in an t o f  T* "jj^*
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f c t  by Theorem 12 the Fredholm de te rm in an t o f 7~ 

e q u a ls  Hence we g e t

(29)

8®mputlng3)(A£)trom (2 0 ), we f in d

D ( a * )  = |  n  ■ (■ * * )] + £

.)

r i  (A t)
f AK

L̂ y * ■  >

i+-K K A ttfa * * )) ' KH IJ- /-̂ v

K .A>t t  ({&£")) I +- K ((**f*-

*

« & * f  (fAje-J) K & * + ( 4 * H - -  l+ * ,£*+ €**%
/ * v l

K\t+(A*j} 1 '̂at-hCatJ j V f
«tf . _  . A  (M  ^  i . t l  a /  . U

< i-K '- t t+ i i ty  ( t -K 'W & d l i-n C te + m J  •+& **+& $

i f ;  a * +  f .* > | i - * k a M M  - m * + f " #

C ' A t ^ A t l )  I , " " * 4 * *  I  **+<•*-%■■

+  ( ( a * 1-))
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=  i  + l V ‘ ,L + " ‘ ' f  ' u - J A,fc +

Then In  view o f (29) we have

■. J X t + A * ) - X * £ + C K * & + ' “ + ! i s ! * '

OP

( 89. 1 ) . 2 > ( * f a * + - " + ! L ~ + f i % + f r i }•>

where M  denotes term s hav ing  as a f a c to r  A £  to  

some power n o t low er th an  th e  f i r s t .  As Ajat-f o , th e  

r ig h t-h a n d  s id e  o f (2 9 .1 ) approaches a d e f in i t e  l i m i t .

We th e re fo re  have

_l A3>(t^ — K -4- K -I 1- K -f* f* K •
■ $(*) 4 A r  n  i t

I n te g r a t in g ,  we g e t

A y * ( * ) -  +lL s l K '

th e  eo n s ta n t o f  in te g ra t io n  being  zero  s in e e  £ (< .)= / . 

Th.n -t l i S  " ’- 1 — + I  *  ' '‘< * 3 d : t

* ( * )  = JL>

where Jt i s  th e  base o f n a tu r a l  lo g arith m s * hence M * )  

i s  d i f f e r e n t  from zero fo r  a l l  v a lu es  o f  , and

the  theorem i s  p roved .

From Theorems 13 and 18 we have
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THEOREM 19. The In v e rse  o f every  member o f the 

fam ily  (23) e x i s t s  and i s  a n o n -s in g u la r  l i n e a r  t r a n s -  

form&tion in  (C,E ) .

F in a l ly  we prove

THEOREM 20. The in v e rse  o f any member T~ o f
. I

th e  fam ily  (23) _is a member o f th e  fam ily , nam ely, T  „
t

PROOF. By Theorem 1 7 .we have 

r r  = T  .
V  T  0*• ~XI

But ~T i s  th e  id e n t i ty  tra n s fo rm a tio n , as i s  seen  from \

(25) and (2 5 ,0 ) .  Henee th e  in v e rse  o f 7^ i s  T .  ,
/ i

Theorems 16, 17, 18, 19, and 20 a re  combined in  

THEOREM 21. An in f in i t e s im a l  l in e a r  tra n s fo rm a tio n  

(2 2 ) , (227) g e n e ra te s  a one-param eter con tinuous group 

o f n o n -s in g u la r  f i n i t e  l in e a r  tra n s fo rm a tio n s  (2 3 ) . For 

any v a lu e  o f th e  param eter , th e  c o e f f ic ie n ts  o f the

g e n e ra te d  tra n s fo rm a tio n  a re  g iven  by (2 5 ), (2 5 .0 ) ,  (2 5 .1 ) ,

( 2 6 ,2 ) ,  (2 5 .3 ) ,  (2 5 .4 ) ,  and (2 5 .5 ) .
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P A R T  I V

PROJECTIVE GROUP IN (C ,l  )/**✓

1. Homogeneous C o o rd in a te s . Homogeneous co o rd in a te s  

a p6±fa3&e/tJ. are  a n y ^ f-* -  o rdered  elem ents
</ ^ - 4 .  I1 »K.+ I \

j  X s '  " ^ X ( X  #  0 J*  ^
such th a t  the  fo llo w in g  r e la t io n s  hold?

OC 1
% _  «  _  *

(50) "* yr ;> ’ ^ F T  'y
7C OC

Then th e  ✓vv.-f- x  o rdered  elem ents
OC

are  homogeneous co o rd in a te s  o f  th e  same p o in t

C onversely , any *- o rd ered  elem ents
f •'*./-/ f  S

S i, - -j ^  -f? A. 4* o j

are  homogeneous co o rd in a te s  o f some p o in t

/ V  • * '—  -( s i )  ^  -  ( Z ~ F T  } ’~ ^ f r r  > ’

A tra n s fo rm a tio n  o f th e  form

« . k*J. <<

~ : r  * .  '

/  pcV - K -T *  *■ •>
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can to© reg a rd ed  as a f i n i t e  tra n s fo rm a tio n  in  (C,E ) in/♦U
homogeneous co o rd in a te s  ta k in g  any p o in t (31) in to  a

P°in t ' . N
/ V *  X  *  )

S ince th e  tra n s fo rm a tio n s  (32) a re  l i n e a r ,  th e  r e s u l t s  in  

P a r t  I I I  a re  a p p l ic a b le .  Hence th o se  tra n s fo rm a tio n s  (32) 

which are  n o n -s in g u la r , i .e . ,w h o s e  Fredholm de te rm in an t

KK * *  K
H ? * ' K ' ~  K

&+4/M-1

(ss) D= k +

i s  d i f f e r e n t  from ze ro , form a group.

2 . F in i te  p ro je c t iv e  Group. A f i n i t e  p r o je c t iv e  t r a n s ­

fo rm ation  in  (G,E ) in  homogeneous c o o rd in a te s  i s  d e fin ed
-'TV

as th e  most g e n e ra l n o n -s in g u la r  tra n s fo rm a tio n  (32) ta k -  

a s t r a i g h t  l in e  in to  a s t r a i g h t  l in e  in  (C ,E ^).

Let
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and

( 54 / ) 2 > ' 3

be r e s p e c tiv e  homogeneous c o o rd in a te s  o f any two p o in ts  

in  (C ,l  ) .  An a r b i t r a r y  p a in t  o f th e  l in e  jo in in g  th e se

two p o in ts  has th e  homogeneous co o rd in a te s
o{ „ *  I f t 0

<X. X. J  -> >

Let (32) be a p p lie d  to  (34) and l e t  th e  co rrespond ing

tra n s fo rm a tio n  ■
- h  / (

/>vfy

/H.+ ( 
>

[22  ).

J t>.
.1-1

L ' 2  + x

i r s + «
/ J— /x. f" (

, H 1=0, * • ,  S  =* • ,

be a p p lie d  to  (34  )• M u ltip ly in g  th e  eq u a tio n s  in  (32) 

by and the  eq u a tio n s in  ( 32/ ) by , and adding

th e  co rrespond ing  e q u a tio n s , we g e t

k * ( *

a *  * ^  / >  " V

(3 4 .1 ),
v f
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"*■*') =  l T " ( *  )
- \  'n . f ' f  'n .t  L  »

+ * ( * y  ^  % y  K (M y .

S atia tio n s (3 4 .1 ) t e l l  us th a t  th e  p o in t w ith  homogeneous 

co o rd in a te s

i s  tak en  in to  th e  p o in t  w ith  homogeneous c o o rd in a te s

In  o th e r  w ords, an a r b i t r a r y  p o in t  o f th e  l in e  jo in in g  

th e  p o in ts  (34) and (®4y ) i s  tak en  in to  a p o in t  o f  the
-’OL _ I — _  <* — I I

l in e  jo in in g  X  > X > - * * , **• and ^  * 0

Combining th i s  r e s u l t  w ith  th e  f a c t  th a t  th e  n o n -s in g u la r  

tra n s fo rm a tio n s  (32) form a group , we have

THEOREM 22 . The t o t a l i t y  o f n o n -s in g u la r  t r a n s f o r ­

m ations (32) c o n s t i tu te  th e  group o f  f i n i t e  p r o je c t iv e  

tra n s fo rm a tio n s  in  (C,E^) in  homogeneous c o o rd in a te s .

A second c h a ra c te r iz a t io n  o f the f i n i t e  p ro je c t iv e  

tra n s fo rm a tio n s  in  ( 0 , 1 ^) in  homogeneous c o o rd in a te s  i s

th a t  th ey  are  th e  most g e n e ra l n o n -s in g u la r  tran sfo rm a-
( 3 x )  1)

t io n s  ta k in g  a l ln e o id  in to  a l in e o id  in  (G,E ) .  That

i )  " i f :  m ines h ;  "p":~w:

th i s  d e f in i t io n  i s  th e  e q u iv a le n t o f th e  one a lre ad y  

g iven  i s  seen from
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THEOREM 23. The n o n -s in g u la r  tra n s fo rm a tio n s  (32) 

ta k e  a l in e o ld  In  (G,S )

(35) ^  M ?C ~ °  =*<>)

In to  a l in e o ld  in  ( 0 , 1^ ) .

PROOF. R eplacing  oc , ^  - , and X  in  (35) byjS #■ s*y?hl
t h e i r  v a lu es from (3 2 ), we g e t th e  eq u a tio n  o f a l in e o ld

P ! f i ' *  t * %  ° >p r  s^f-f

where
M?- m V  +  M  t  >

* dr

+ ' L r , l< i
f i  4

A - f -  /  **%.+ < s*.+-(

The f i n i t e  p ro je c t iv e  group in  (C,E ) in  non-homo-/V
geneous c o o rd in a te s , o b ta in ed  by making in  (32) th e  sub­

s t i t u t i o n s  (30) and

3 L  s z " .  ____ _ =  7 t  ( z  * • • )
-f- ( U —- I (/

% OC

c o n s is ts  o f a l l  tra n s fo rm a tio n s  #  #  ex
^  OC

— A

K ■» +  ><*f o * -  ± 5 s ± t -  ( k % , )

L r  ?  + K  t f *
^ 4  +  n

f  ’ — i r v v * ’
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fo r  which (33) i s  d i f f e r e n t  from ze ro .
1)

3. I n f in i te s im a l  P ro je c t iv e  Group. An in f in i t e s im a l

I )  In  t h i s  s e c t io n  we g e n e ra liz e  Kowalewski’ s tre a tm e n t 
o f th e  in f in i t e s im a l  p ro je c t iv e  group in  C , g©© 
Kowalewskl I I .  p . 1452.___________________________________

p ro je c t iv e  tra n s fo rm a tio n  in  (C,E ) i s  d e fin e d  as th e  most^iv
g e n e ra l r e g u la r  in f in i t e s im a l  tra n s fo rm a tio n  in  (G,E ) 

which ta k e s  a s t r a ig h t  l in e  in to  a s t r a i g h t  l in e  in  (G,E ), 

I h e : Ija ram etficn eq u a tio n s o f a s t r a i g h t  l in e  in  (C,S )

are
1 ?  -  s * ?  - t  <*■

(55) | ^  -j-.s j c —  - r  t* - '

In tro d u ce  a new param eter Xf til© @Qii£it)Xozis

,

a re  to  r e p re s e n t  a s t r a i g h t  l in e  in  (G,E ) ,  the  fo llow -«n/
ing  co n d itio n s  must he s a t i s f ie d *

■ ^  »  - t  ,  Xd  <*- —
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These c o n d itio n s  in  tu rn  imply

2oJ~
i m ) 1 * 1

7 a

Let us assume th a t  th e  r e g u la r  in f in i t e s im a l  t r a n s ­

fo rm ation  (14) tak es  the p o in ts  o f th e  s t r a i g h t  l in e  (35) 

in  a s u i ta b ly  r e s t r i c t e d  su b se t o f  (C ,® ^ in to  p o in ts  

o f  a  s t r a i g h t  l in e  in  (G,E ) .  Then c o n d itio n s  (36) and/)v
consequen tly  th e  r e la t io n s

)  ( V  f  o )  ~  3 &  +

must h o ld , and th e  l a t t e r  imply

(3 6 ,1 )

/
By Theorem 10 we h a v e * s in c e

V-
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Prom (35) we get ^
D x *  •* 2 * _  =£ J z  „ — n j -  T̂T

(3 5 .1 ) 3 a.  ->

T f ' ( x )
S u b s t i tu t in g  in  (3 6 .1 ) th e  v a lu es  o f  — 4  k. -> —xr^,

3 *f —«
“SIT » 3 a_ g iven  by (37) and (3 5 .1 ) ,  we o b ta in

O C ? * ; - r j ^  . .  .
: <»> — +  ---------- r ._ 0 £ ( * -  v ;  .

~ ~ ✓v'*' r t f 1* " /  J
Since every  te r n  o r ^ ^ i ' /47yy and evelT  te r n  of

i s  o f th e  th  degree in  and ' 'V ' , f
*• ■ «* r_we g e t ,  upon re p la c in g  in  (38) 'X b y /c - x  and

fey ,

0 £ ( k -  — J  ,  ,

(39) ■ ? -----------------------    4 ----
/V -

Let us f i r s t  co n s id e r th e  c a s e /M ." ^  . Computing 

and p u t t in g  t h e i r  v a lu e s  in  (3 9 ),
3- /  /  /  x . /  f  S

we g e t th e  fo llo w in g  id e n t i ty  in  / t r  .

^  V  * sx r 'tx r ^ +

jg  ^  \  x . ^
+  & ? )

(3 9 .1 )

f  *  *  f
. . .   . a / .;  t
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Let us p u t in  (3 9 .1 ) th e  p a r t i c u l a r  /XT' d e fin e d  as 

fo llo w s:

and elsew here in  I  l e t  ry-v^l l i e  between d e f in i t e  bounds 

independent o f  A* bufe rem ain co n tin u o u s; a lso  l e t
-*■' n A*

A T  ~  .

P assin g  to  th e  l im i t  as A- "+ 0 , we get^ because o f th e  

c o n t in u ity  o f th e  c o e f f ic ie n t s ,  ,

( o f  M ^ t -

. .  . * ■ " ? £ . * -  ^  M  . 4 - * * - * -  V -
-f- < X / r  'f r  4  V  A

r*JA /  \X- sy* Pv _
-  *■ H  W. * 7  'VT -  0  -^  (3 ^  A  *

Because o f th e  a r b i t r a r in e s s  o f , A~ , we deduce

(39 .11) M s  s  °  ^  ^  ^ - >

(39 .12) ^  ~  ^ ' 4
I  M  = 0  ~ Jk  )

(39 .13) l ~ * t \

(39 .14) C M ^ - % h r m 0

(39 .15) «  M  / r  =  ^
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(39 .16) f j f 3  ~  0
A* . P  ■ ' + , / *  y  J

(39 .17) =  O •
f i

From (39 .11) we get,since J£ was any Talus in I

M * s  M *  -  0 *
S im ila r ly  from (39 .12) we in f e r

t

so th a t  M s  and M . • - can b o th  be re p la c e d  fey t 
0  ^  S'

symbol . Applying Lemma 1 to  (3 9 .1 3 ) , we g e t

From (39 .14) we have fey Lemma 1

m * - m '  (*-i)
and consequen tly

• p  a ?  r . • l
M  '  ®

*/$ s
from which i t  fo llo w s th a t  b o th  M  and M  .

P 'V
can be re p la c e d  by a new symbol *P . From (39 .15) 

by Lemma 2 and i t s  c o ro l la ry

p f t/> =  M r f i r  =  o J

whence .  .„*/>>
M =  M ■

From (39 .16) we have by Lemma 2 and i t s  c o ro l la ry  
r~> &
m . “  s  i c  ® 0  •/»-
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From (39 .17) we have by Lemma 1

n s/S o
t

whence ' -
M * *  o •

We are  th u s  ab le  to  conclude th a t  i f  (14) ta k e s  (35)

in to  a s t r a i g h t  l in e  in  (G ,l ) ,  then  a % j , a r c * )

must be o f th e  form

d T M  -  * *  (  r ' »  +  r '% ■ ) 3 

<40> 1  < £ ( * )  . ■« C t -  r \ )  .

The in v e s t ig a t io n  fo r  i s  f a c i l i t a t e d  by th e

o b se rv a tio n  th a t  (39) im p lies

0 £  ( * ;  ^  ^  _  C T  ( * ;  ^(3 9 .2 )
c*/\r~

/ V “

C ~  v> * *0 •
For/***- — 3 , (3 9 .2 ) becomes

Ot Y* : ^  ££ 7*; ̂ *0* ̂ 0 ̂3__   ̂  . ■■ — -3 * V _______ __
** /L Jnr nr

which t e l l s  us th a t O t (^ W a n d  0C % ,jaa^  f which a re  com-

p o s i te  in te g r a l  power forms o f th e  seeond d rd e re  in  ^  ^ 

are  r e la te d  in  th e  same way as a re  0C(% ) am d<£l^/ in  (39) .

Hence (X . Cx) * # ) t  ^  must be o f  th e  same form (as

com posite in te g r a l  power forms in  OC, *)as 0 £ f c f 9 &_ (* J  

r e s p e c t iv e ly  . -------
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Making use  of the symmetry o f the  c o e f f ic ie n ts  of 

'Avjt in  t Y  , & and in  ^  ^  ,

we can w rite  th e se  com posite in te g r a l  power forms as

fo llo w s ;

a (X ( v - \ = ( s N ~ r  ^

( 41) <

-f- X *

■ * ( h - ' J + % ' H Y ~ f  .

( sK u ^  ■

ir ( » ; J  

+  v- ">• f  /** r

4 - i f
v P

P * *

% .
*
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Since each com posite in te g r a l  power form in  (41) must he 

of th e  same form as th e  co rrespond ing  com posite in te g r a l  

power form in  (4 0 ), we can in f e r  th e  fo llo w in g  i d e n t i t i e s  

in  .

(4 1 .1 ) ^  3 t t V V  N  ( X * )

+  (H

-i- ( * < t  ^  f  ^ f ^ )oc

(41 .3 )

x N +■ 3
L *

+  (  f i  *  p . , ?  f i r  *

where a prime a f t e r  an index ^  o r ^  s ig n i f i e s  

th a t  th e  snmmatlon w ith  r e s p e c t  to  th a t  index  i s  from
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UIf to M - !  and f r o m  -&  I t o / y u  . From (4 1 .1 ) and (41*2)

1) 'is an aid to inferring (41.2) and (41.3), we write

+  ( 3 N  ^  * ' ■

I  /  £ t Kt*"}*"
c r  P~ % |  J  N  *£ /* '**’ s f

. f . f r i ' t e  . r i ' * '  * )  X  -X
+  ( j N  X e  t  / ' * ? '

w© get by Lefflma 2  and its corollary the following iden­
tities in * * ? " 1

3 n V V  / v " - 7 + h  ^•* ■* • V.*</W"7 t-  / V * V  =  0
> : L  . „

J(3,V ‘+ n ? ~ ' , + 5 /V = 0

N *  W  i ^ - T r  = * '

N ' fir ^  = ° ,
1V & y

9  j i «f 0< A
2  N  /ur A/*-/W~ ® 0

M P M T? 1- S N ! ' * r r 'i-
* '  jC. ^  *

/V/* P  tu /3*
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K f i *  i  f t  A* Is N /ur7 -t-xN. /W' 1 f  3 N /W" = o
> * ■  ^  5-

, U - *  i -  N f i / u r 11- *  N ? r -< * r  =  *

A *  y

3 Nj a N fi ^  = o ( * + * > ) .
3 ' % ' l i  ~j.* fi

A pplying Lemma 1 to  each, o f th e se  i d e n t i t i e s ,  we f in d  th a t

a l l  th e  e o e f f ie ie n ts  o f  & % y  and (%) v a n ish  exeep t 
KtP ^

p o s s ib ly  * From (4 1 .5 ) ,  how­

e v e r , we have

.  Cl A r-^j-  =  a c o n s ta n t
(41 .51) i  N . . ,  +  7 * *  a

L et u s p u t in  (41 .31) yur* ~ 0 , /Uj~ -  . (41 .31) th en

y ie ld s
A /

3 N « ^  ~  a co n stan t*A/V
.•w*

whenee, because o f th e  a r b i t r a r in e s s  o f  ^  ,
/V

(41.311) N. . . /> S 0 *
Thus (41 .31) red u ces to

/~ '/s(SI ./U'̂  — a c o n s ta n t.
A f .  £

Choosing /W  -  /£  in  t h i s  l a s t  r e l a t i o n ,  we g e t

N ? . .  -6- «  • a  c o n s ta n t,

and from t h i s ,  s in c e  A -  i s  a r b i t r a r y ,  th e re  fo llo w s
/s-»&
N . . 2 * >
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whence, s in ce  W - N_ a t

From (4 1 ,3 1 1 ), s in c e  N % .

I f ,  th e n , (14) tak es  (35) in to  a s t r a i g h t  l i n e  in  ( 

( € , $ ) ,  we must have

OC*(oc) m  OC (*■) 5=8 0  •

I t  rem ains to  determ ine th e  com posite in t e g r a l  power 

forms o f h ig h e r  o rd e r , s in c e  (39) im p lies  (3 9 .2 ) ,  i t  im­

p l ie s  su c c e s s iv e ly  fo r  > 3

(39 .21)
syy\,-3.

. . -W" * ■ s\s~
> > > '

P u t t :  1 Y\cr

the last relation of (39.21) becomes
«{ />*  ̂Ju

0 l1 C * ;  ■*'; i ' v~--)
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In  o th e r  words, ^  (*) and $  0 * )  , which a re  com positey J
I n te g r a l  power forms o f th e  th i r d  o rd e r in  , must-

S a t is fy  (39) fo r  J  . Hence OfTt'X-X ,0 C  f a )  must be
ei ^  Z

o f th e  same form r e s p e c t iv e ly  as (K ( tc)  , O t^fa) . We th u s

have A* , -
D C M  =

i #6«
Y * ; ••• j ^ )  o

Choosing z * '' — , we g e t from th i s

, # «  ( V -  - -  5 ^ J  =  —  > * )  *  0 •

But by Theorem 2 we have

6L* L ^ \ " '  'y'*)--y. ■----
/vw -  x

/uv  ̂ y4*v ^

Hence

-i.

O c * M  ~  # V * J  = o ( ~ ~ > 3 ) .

Noting finally that no restrictions have arisen on 
X H  , 0 C '( * \  , and re p la c in g

ieC.fi j *  ~ p P  - p  -fr I f  ' P " ~  7 * ''* '*
' > i- > * r  > > L-(i * r e s p e c t iv e ly

fej K * > K*- $ ^  » M* » » L ?  r K ^ t we have« P

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



7 4

THEOREM 24 . A n ecessa ry  co n d itio n  th a t  a r e g u la r

in f in i t e s im a l  tra n s fo rm a tio n  in  (C,E ) tak e  a s t r a ig h t
' m m m m i m w m m m m m m m m m m m m r n m m m m ^ m m m m m m m m m m m m  mmmmm A t /  wrnmmmmmm mm mammmmmmmmâ mamtrn

l in e  (55) in to  a s t r a ig h t  l in e  in  (G, i s  th a t  th e

tra n s fo rm a tio n  be o f th e  form

As an a id  to  p rov ing  th a t  (42) a c tu a l ly  ta k e s  a
1 )

s t r a i g h t  l in e  in to  a s t r a i g h t  l i n e  in  (C,E ) ,  we f i r s t

1 ) fh e  p ro o f which we s h a l l  g ive i s  s im p ler th an  th a t  
g iven  by Kowalewski f o r  th e  space C ; o f .  Eowalewski 

^  I I .  P . 1459._____________________________________________

e s ta b l i s h  the  fo llo w in g

LEMMA. Let 'X , V-* ^  , oc ^  ^  be any th re e  p o in ts

in  (G,E )■• A n ec essa ry  and s u f f i c i e n t  c o n d itio n  th a t  they

be c o l l in e a r  i s  th a t  th»  fo llo w in g  r e la t io n s  ho lds

PROOF. Let 'X. , **K i~ f  H e  op a s t r a i g h t

l in e  in  (C,E ) .  Regarding each o f th e se  p o in ts  in  tu rn

as the  v a r ia b le  p o in t ,  th e  p a ra m e tr ic  eq u a tio n s  o f th e  

l in e  can be g iven  in  th e  th re e  forms
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S u b s t i tu t in g  from th e  f i r s t  eq u a tio n  o f (35) in  th e  

f i r s t  eq u a tio n s  o f (3 5 .1 ) and (3 5 .2 ) ,  we g e t th e  two 

eq u a tio n s

=  s S ( A -

whence

(35 .3 ) /■C- —  A*

oCso th a t  /y. and ^  a re  l in e a r ly  dependent and t h e i r  

Sraiaian d e te rm in an t consequen tly  v a n ish e s , i . e .

(35 .31) =  o .

S ince  we can w rite

(43)
n

1 %

1

oC

? %  ^
~  X ei

% I  \

,31) y ie ld s
a "  =  O .

S im ila r ly ,  we f in d

(35 .4 ) C~ (K y  >

and. from (35 .3 ) and (3 5 .4 ) we g e t
<* X

A ‘ -  0 .

To prove th e  s u f f ic ie n c y  o f th e  c o n d itio n , l e t  our 

h y p o th e s is  be
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OC/S
(44) A  =  A -  =* 0  >

the
and l e t  (35) b e /p a ram e tric  eq u a tio n s  o f th e  s t r a i g h t  l in e  

whose v a r ia b le  p o in t  i s  . Then beeause o f (43) and 

(44) we have

P P 0 '

u  ot
Hence ^  and ^  are  l in e a r ly  dependen t. Let th i s  de­

pendence be ex p ressed  by th e  r e l a t i o n  (

*  _  Jc. S  ,

(45 ) y  ~ C - ^  *

Then, s in ce  by (4 4 ), we have th e  f u r th e r

r e la t io n s

(4 5 / ) ^  /C . — A.

In  view o f (45) and (45 / ) we can p u t

whence ^  , of *
-f- ^  ■>

/ t
<4 6 > ^  +  = y ~ -  ■>

aC 
>
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"< oi U. ^  ,0 A* /«■ O *
O C  - f - A L  —  /OC - h j r s v -  ^

S u b s t i tu t in g  In  (16) from (3 5 ), we g e t 

2

?

Hence the  p o in ts  , ^ 7 " ^ - , a n d a r e  c o l l in e a r .

THEOREM 25. The tra n s fo rm a tio n  (42) ta k e s  a s t r a ig h t  

l in e  in to  a s t r a ig h t  l in e  in  ( C ,E ^).

PROOF. L et th e  p o in ts  » 'yc'h/% * 1)0

c o l l in e a r .  By the  p reced in g  lemma we th en  have

=  a “ x -  o
( 47)

and from (47) we g e t

(47 .1 )

I f ,  when we apply  (4 2 ), we should  g e t

a  S '  =  1 4 1 ^ 0 ,

0̂ 0 0CA/
i t  w i l l  fo llo w  th a t  A  and A  a re  in v a r ia n t  under

(42) and th e re fo r e ,  by th e  p reced in g  lemma, th a t  th re e  

c o l l in e a r  p o in ts  in  ( C ,^ )  a re  tak en  by (42) in to  th re e  

c o l l in e a r  p o in ts  in  (C ,lT }, so th a t  th e  theorem  w i l l  be 

p roved .

We s e e k ,th e re fo re ,  to  show th a t
. *  & I I *  n . •
ifir $ |-f- K

4 / t dz i \ r
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v an ish  when (42) i s  a p p lie d . Applying (4 2 ) , we have

S u b tra c tin g  the f i r s t  eq u a tio n  o f  (42) from th e  f i r s t  

eq u a tio n  o f (4 2 .1 ) and s u b tr a c t in g  each o f th e  o th e r  

eq u a tio n s  o f (42) from th e  co rrespond ing  equation ; o f  (4 2 .1 ) , 

we g e t
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S im ila r ly ,  we have
, d . . olA <* i '  •* £  «  £

1 -K  £  + K , - *  **A * /*

4 £ r =  L-* 1r +  M % +  f  M ’ifi

+  2 ? * '*  ■+- ^ M \  * - i M fx s i M %

Applying

w© g e t
«£A   — o

OCsK.
JL A _

A  *

Applying

y % )  =  w * .

w© g e t

JL&*/■

JL*

. «c *  
L y

£
y

oC
V l V 7

oC ei f
Tr

- t - at
5 i - V  "

A J l J L
c( rf

JL* L
Ot a t
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Applying

we g e t

. - . M '  v h A * . s :
<*X

> l . *

y^-OCA
&A . ~ M
A t rK ?

A p p l y i n g
y*(%) -  * *

w e g e t
* oc4
d A r _
A*

1*

OLM
A A _  •

*  4

-c V*

otjr

/*

Applying

r*  i *

^  i f

* A 

=  ^ A  ■

0( ? £  1/ ca ^  *  >

ryL~ M j
/«
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we get

J?A r  _ _

'fc

"f* /  * r v
f

k
A. ..*■. !>«A &

r + f n * * ? Vy  ~  ’ i *  <r k

JL A
0(<i

JLi:

o(L & & ttJk
~  - % * * * " + * " *  A  *  x  n *

k  * ■  *
r  & s\

+  * % ( *  2  J  >

* \  A *  * * + A * \ Af '

* ~ M  t 4 + t  * % « * + y n ^ t 4

~  'yc M 2. W  %*& f-  %

Applying

^ " V * )  -  0 ,  ~  ^  ■>

we g e t

J? *
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Applying

f M

w© g e t

<t*r J JIA

*  A

L  *  >

et*

Applying
- K  y

w© g e t

it A
A *

oC
i

Ku *

V

Ul
=  K A  

i A

These com putations inform  u s ,  in  view o f (47) and (47 .1 )

th a t  when (42) i s  ap p lied  we g e t

*  d j f *d *  
A * Aid:

*  O .

Hence th e  theorem i s  p roved .

Prom Theorems 24 and 25 we have

THEOREM 26. An I n f in i te s im a l  p r o je c t iv e  tra n s fo rm a tio n

in  (C ,1^,) has th e  form (4 2 ) .

Computing th e  commutator o f (42) and
—*C ^  rfZ-r/* ~t *)

" V
p  d  r  a  -

<**)

p  & >P
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we get
THEOREM 27. The t o t a l i t y  o f in f in i t e s im a l  p ro je c t iv e

tra n s fo rm a tio n s  in  (C,E ) c o n s t i tu te  a group.''    nrO — "—— — — -■
P u ttin g  _  •

«  m . r  * .* - •  \

^  ( ?  *

2  7

in  th e  in f in i t e s im a l  p r o je c t iv e  tra n s fo rm a tio n  (4 2 ), 

we o b ta in  as th e  eq u a tio n s  o f an in f in i t e s im a l  p ro ­

je c t iv e  tra n s fo rm a tio n  in  (C,E ) in  homogeneous c o o rd in a te s/K/
.  oC esA

* £ .  l ;  /<-«%+* * >

•S . - " / - " V

4 . The F in i te  T ransfo rm ations G enerated by an 

I n f in i te s im a l  P ro je c t iv e  T ran sfo rm a tio n . Let th e  eq u a tio n s  

o f a g iven  in f in i t e s im a l  p ro je c t iv e  tra n s fo rm a tio n  in  (C,E^) 

in  homogeneous co o rd in a te s  be

~ T *  p  f  ■*■+! }

i ^ ( 4 .  _  l T  * f a ) +  K *
i t  P /  • -•

C ' x f y )  t  K * * '* * .  ( * J
2Xr /$ £

(48)
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w ith  th e  boundary co n d itio n s
. - — „ , „ . / 

(48/ ) *  *  j  'X  ( ° ) =  *

Since th e  tra n s fo rm a tio n  (48) i s  l i n e a r  in  

'X  we can apply  theorem  21, s t a t e d  fo r

th e  case o f an I n f in i te s im a l  l in e a r  tra n s fo rm a tio n  in  

(0 ,1  ) w ith  K ~ 0, We th u s o b ta in
S tV t-  1 s \ +  I -K.+ I

THEOREM 28. An in f in i t e s im a l  p ro je c t iv e  tran sfo rm a­

t io n  in  ( C,E ) whose eq u a tio n s  in  homogeneous co o rd in a te s  

are  g iv e n  by (48) and (48 ) g en e ra te s  a one-param eter 

continuous group o f f i n i t e  p ro je c t iv e  tra n s fo rm a tio n s  in  

(C,E ) whose eq u a tio n s  in  homogeneous c o o rd in a te s  are

’* ,**(*) - M % *)x+ M f*J* f f f ( 4 *  

~(z )  s  N
(49)- /L.

i»>+f 1 ,

a *  ( v  = y

Af f i t )  ^  0 •

any v a lu e  o f  th e  param eter , th e ' c o e f f ic ie n ts  o f

(49) a re  g iven  by
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(49 .1 )

(4 9 .2 )

C m  = t
I /»«v» /Hi* ' ^

^ j = y  l 1 ? £ p L j b ~ ~
/4»vS 0

w f a ) -  f
/W.S o 

oo

Atv
«<

M “ < * ) = ^
/wf I /4h.ST O

n> ) - ?f* *----- ^Vv-̂  /
/hw" O

^  t t ^ C r a Z . *  ~ ~  
M *(*) =  2 _  ^ 7  •>

N > M l i  * L £ d - *
/■w *#■/

)
/•**€» 0

r C + , *(*) = ' L .  + ,
, Oo M1 /%**■( . . _  V " J - i  _

m  <^y =  2 _  ^ = 7A%v* O

mT«> - r f L ° J  - (C.J
= Nx Co] - = // £J = M ~ ” * C & a“■“* • i

M
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and

, (49 .3 )

- t  k  mv/3Z'™J+x V yf»^7•+■ K*ar *  ̂ /■̂nV *+1 *

r f  £ ~ ~ *  J  =  K *  M *  +  K  m ' U ~ J
*  ?  ut  2

+ M C ~ J f - K *  M  £**x7«< t̂C-/ *

M ~ K*M ~f- fc
/ /*-~f~( /X-f/ .

- t  K *  M  Z ~ ~ l  i r  K *  M  & J
o t  s f e  I  S > u f - t  ^ t f A v t f  )

n X~->- «> ̂  /v r ~ J +  i-* 'f
/  ^ ^ r

+  /< . +■ K N .  c ~ j<*• £ “ S*~ 'ts.-t-1 )

N ^ J =
P f t  r  ?  . ‘

v T ' O r ^ J ^  i f  H * L ~ ]+ K 4

I f " L ?  “ *C~J+ * + * M * £ ™ -J^  ,*.+ / j$ S»-+f ™

l''f'~ +L w  J =  L S n * C ~ J -f-  K ~AM
/& SK.+I £  'H.-hf
t

M~+'~+,ZWj= C*V £ ~ ~ > K  n  C ~ J
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PART V

CONFORMAL GROUP IN (0 ,1  )

1)
Sphere Geometry* A sphere  in  (0 ,1  ) i s  d e f in e d  by

X) In  t h i s  s e c t io n w e  g e n e ra liz e  th e  sphere  geom etry o f 
0 ; see  B a rn e tt and N athan, l . o . _______

the  eq u a tio n
/» « t^

( s o  *  ~ ° >

where ^  i s  the v a r ia b le  p o in t  and <yc  ̂ 06  ̂ . .  . J

are  co n s id e red  f ix e d  fo r  th e  moment. By w r i t in g  (50) in

th e  form *> \  /  \

( V * '  " 7 ^ ) ^  ~ i H )
/tvff '•v f

t  X 'X . - 'X  "V
V _ _ a

'TLwe see th a t  the  d is ta n c e  from th e  f ix e d  p o in t  /'

to  th e  v a r ia b le  p o in t  ' t  i s  c o n s ta n t.  We c a l l  th e

p o in t   ,:w r  th e
X

ra d iu s  "K by

/Jo
p o in t  th e  c e n te r  of th e  sphere and d e f in e  th e

p  f t  1

c  - x + y

The ang le O' between two spheres (50) and

(So) Z ~ * ' ( t %  *
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is defined by
( i f l V W - W

Cprtf-' 6  —   " ^  J
^  J2, ^  7?

where R  and R  a re  thfe r a d i i  o f  th e  sp h eres (50) and

(50) r e s p e c t iv e ly ,  and i s  th e  d is ta n c e  between th e

c a n te r s . The two spheres a re  s a id  to  be o rth o g o n a l i f  and 

only  i f  6 = 0 . By an easy  c a lc u la t io n  we g e t

THEOREM 29. A n ec essa ry  and s u f f i c i e n t  c o n d itio n
/vl

th a t  two spheres (50) and (50) be o rth o g o n a l i s  th a t  the  

c o e f f ic ie n ts  s a t i s f y  th e  r e l a t i o n

(6 i)  a. ( f  - x . ) - x  ■ —*■ -*  = o .

The le f t-h a n d  member o f (51) i s  c a l le d  th e  p o la r  of 

the  q u a d ra tic  fu n c tio n a l
A 4 /TK.'f’f J-

t  * r  * , - '* ■  'x-
p  f

A sphere (50) i s  com pletely  determ ined  when i t s  s e t
/  ot t i - \

of c o e f f ic ie n ts  / oc  ̂ * *• j ̂  J i s  g iv en , and th e

same sphere i s  determ ined  by a l l  th e  o rd e red  s e ts

. < « >

OC t 1-
where ^  are  the  c o e f f ic ie n t s  o f  (5 0 ).

The homogeneous co o rd in a te s  o f a sphere (50) a re  accord­

in g ly  d e fin e d  as any one o f th e  o rdered  s e ts  (5 2 ) . We thus
\ ' - '

o b ta in  a geometry in  which th e  sphere In  (0 ,1  ) i s  th e  

fundam ental elem ent and which i s  th e  analogue o f th e  e le -
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m entary  sphere geom etry o f - s p a c e . We s h a l l  c a l l

th i s  geometry th e  sphere geom etry o f ( G,E ) .

A tra n s fo rm a tio n  o f th e  form
„  I cn. '*■■+' ( x

f t  ft /*-+■/ X

+K **i~K * + * *. *
fi ft  ~ a-

g '*.+  <'} *». + ( /*%■+-1

■ (% , . *

can he reg ard ed  as a tra n s fo rm a tio n  in  (C,E^) in  homo­

geneous sphere co o rd in a te s  ta k in g  a sphere (50) in to  a
_  <* — t  .

, sphere  w ith  homogeneous c o o rd in a te s  A"X- * * *> ^  K .

S iaee  th e  tra n sfo rm a tio n s  (53) are  l i n e a r ,  th e  r e s u l t s  in  

F a r t  I I I  app ly .
1)

2. F in i te  Conformal Group. A f i n i t e  eonform al

I )  In  t h i s  s e c tio n  we g e n e ra liz e  the  work on th e  f i n i t e
eonform al group in  C done hy B a rn e tt and N athan, l . c . T

tra n s fo rm a tio n  in  (C,E ) in  homogeneous sphere c o o rd in a te s

i s  d e fin e d  as th e  most g e n e ra l n o n -s in g u la r  tra n s fo rm a tio n

le av in g  unchanged th e  q u a d ra tic  fu n c tio n a l  eq u a tio n
a ■* x.

<% % +  -X ~ 0<» jc. — O
^  fi f  3

i . e .  ta k in g  sp h eres o f zero  ra d iu s  in to  spheres o f  zero
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ra d iu s  i a  (G,E ) .

L et (54) be In v a r ia n t  under (53)* Then i f  th e  in ­

v e rse  o f  (55) la  ap p lied  to
Q —  I —■

i%*r\ /yc, oc "h ^  ^  *==s' ^I? ? )  ■ ^  T  t  j

we w i l l  have

**01 / —/V-fl*
w hich, when we re p la c e  a x   ̂ A a  by th e i r

oC /  /•**-*-
Values from (5 3 ) , becomes th e  id e n t i ty  in  'X  -X - * .

< * %  ^  - « v * -  * >  : r ......

r  / ^ (X / + / ' a K  Ky t i K
*+*. £ J  r  y *6 r M

^c-fjL \  y  , / is/3 U ^ .  is

Y Jr

AX + I/I  4  f ", K*ts*
— K K — M M J'XToc i - L ^ K  K

4 £  y  *  '*+*

*  ^  " * T  v  x L ; K t ~ Z L  ^ C r L K̂ y

4  /* ^  /*’t l '~'t'i ^ l A

y  Y  tjfM  *h.+u  ,s  , Y
; «  f J - (T  tf -+ X / / #  - K  /L

/tcfa. £  f  -*.+1 *+»-'**
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i l  K 'X'+̂i s».+ -i. y v  4. /*  f £

_ K  „ «  ~ K  a  K  J *  * .
/ > v + A  / $  /'K^1 '**'

- rv . 'X fJ -  y. j ^ x .  **.+/*+*.

*** + /* /Xf
, r~ k -l. o-K K  ~ K K

+ L J - ~ + i p  sK+f ~ f * -

s>X+>-'~-+X- , vTI M'+ , '3 . 0
-  K A  ■ + • ( « ) *  *  •>

S K  + 1  A ^ - f '  f

where

•W-f- | X̂ Jk- ^
P u tt in g  in  t h i s  id e n t i ty  x  = ^  , <9C = ^  and then  

argu ing  on th e  b a s is  o f  the  a r b i t r a r in e s s  o f Cl  and 

A - , we in f e r  th e  follow ing,!
-  r » v +  I

(5 5 .1 ) K K f *  + «  - *  / r  = 0 ,

(5 5 .2 ) K /C, -f-K K K ~  0
/K*-A- /» ^  /K+l/HTbX. 3
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( 5 5 . 3 )

(5 5 .4 )

(55 .5 )

(5 5 .6 )

SK.+- i~ IA SK,f- -J- ^  i-
4 K K ■+ T-k. K - K  K

|3  ^-h t A f /  / » v f  1 .

- K  K + [ " )
+  f  s * .  +  I ->

a- ^
\  /K-#-/ ^ s^+t/n+t ^+ i-

X \  /* + t.—  /_  K  jx ~i~ (  x  / f  K ~t x K K
4*, +1 'K+t- * ' t l /  y \  'A /$

n ^ + % 1  s*sr-t-f\ ft
- K  K  -  K  K  h i *= o

/*-+i £  '  J

(  * X V  - r  - * ' V ' V  4 .*
'  yS ^  sK.+t^i-x. 'K t '-

- L *  K ± J/»vt» 'K tL  V  y  v ■* /S

C(Kfr -c » r y *  + ( « y ^ \ s+Lj u*

-  L *  C * ' ) *  * y KA v + x l  KJ

1 S»,+±. ,■™-'f' ,,-  \  '
■* - K Z ~ a ) * *

+  ( k ' k 4 -h ( . k * - k  j r * ' - *

-  =  0  ■
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’F rm  (55 

(55 .41)

55.42) 

From (55,

(55 .51)

(55 .52) 

J*r©m (55,

(55 .61)

(55 .62)

(55 .63)

(55 .64)

@4

.4) we get by Lemma 1

oC t

K  L~ "  K'TK, i- f / K f * /  f+\. f *  X. / I v f -

. .&  sn.1-1 I
K  K< + x  *. ■ K  ~ K  K  - K  K  =or  4*' sT\+l A. 'K+t-/K+f “K!f-tx

,5) we g e t by Lemma 1

L “ - K  L ?  = ° >*— i L. _t.  ̂ J . /^ + t' ^  J- * -I* X* /Hf f
^  x- -

M  \  + x % K  - K  H  - K  j C + %’ sn-'f-f '*,1' X. / k+- x. '  1

-6) we g e t  by Lemma 2

X K * * K  t u ;  i f  +  j . / r ' V *

-  L ~  L *  - L f  L *  =  0
/ X - / - /  V  / ^ ^ Z .  J

X K " 1 *  . / , / U ,  <* K *  +  x K ' X  +  - K t ~ ‘- < - K
/$ ^

- K ~ ^ C ,  =  < V

+ ^ XK ~ *  

- i C * * " *  °>
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where

We thus have

THEOREM 30. A n ecessa ry  c o n d itio n  th a t  (55) leave

(54) In v a r ia n t  i s  th a t  c o e f f ic ie n ts  o f (53) s a t i s f y  th e  

r e la t io n s  (5 5 .1 ) , (5 5 .2 ) ,  (5 5 .3 ) , (5 5 .4 1 ) , (5 5 .4 2 ) ,

(5 5 .5 1 ), (5 5 .5 2 ), (5 5 .6 1 ), (5 5 .6 2 ) , (5 5 .6 3 ), (5 5 .6 4 ) .

1) These r e la t io n s  w i l l  he c o l le c t iv e ly  r e f e r r e d  to
as (5 5 ) .

We now show th a t  th e  tra n s fo rm a tio n  d e fin e d  by (53) 

and (55) leav es  (54) in v a r ia n t .  L et th e  in v e rse  o f  t h i s  

tra n s fo rm a tio n  be ap p lied  to  (T3¥). We th en  have

1)

(56)
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+  K ^ ' - K  K  ,

- K  K ^ ' J + U k ' K *  + * K * C ~
/**.■<-1- / * .  4- 1 /*.+ / f y  \  / H . + - z .

!_ *  - C  K  \  „
~j- X  »—  • '  / r v - f -  /  1 -  » -  <>V - t '  /  / K +  V

+ ^  *■ ’/ <

y ~ ' T

. * {  < ~ * + K  k ^ ' - k  k  'Y s * ¥ '
+ ( £ . > A  i ~ - + ^  j

A  r» s .4 't-  U  ] /  —

T  V /**bl 0
N <*.+ ! '

_  K <  ^  ) *  O C

But we f in d  • \  f
AX v  I YI —(_ L . ) <V oc ~  0

( « \ r ^ U + > s  r  J  «
1)

because o f (5 5 .6 2 ),

1) We have,, h e re  made use  o f th e  f  a c t th a t  i f  P ^ 5 , -py^ _  « 
th en  J^TC+'X-*'* 0 .   *

A t  *1 ^ + f £ \  4  \ °  ( 4 + s £ )

• t v i s  - * S  ( * . i )

in  view o f (5 5 .6 4 ),

<s
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O 0  f * T =  M

in  view o f (5 5 .6 1 ) , and

( x .  / /  j. K /TV- /*.+1 /5 s^+f /H + i

•*+*-

l a  view o f (5 5 .3 ) . A ll o th e r  term s o f th e  r ig h t-h a n d  

s id e  o f (56) v a n ish  because o f a p p ro p r ia te  r e l a t io n s  

from (5 5 ) . Thus (56) reduces to  ,

( / O Y + *  y .

Hence (54) i s  in v a r ia n t  under (53) and (5 5 ), and we have 

THEOREM 31. A s u f f i c i e n t  c o n d itio n  th a t  (53) leav e

(54) In v a r ia n t  i s  th a t  th e  r e la t io n s  (55) h o ld .

Prom Theorems 30 and 31 we have

THEOREM 32. The f i n i t e  eonform al tra n s fo rm a tio n s  

in  (C,E ) in  hom ogeneous-sphere c o o rd in a te s  a re  th o setmmmm mmmmm mammm

n o n -s in g u la r  tra n s fo rm a tio n a  (53) fb r  which th e  r e la t io n s

(55) h o ld .

A second c h a ra c te r iz a t io n  o f the  f i n i t e  eonform al 

tra n s fo rm a tio n s  in  (C,E ) in  homogeneous sphere  co o rd in a te s

i s  th a t  they  are  th e  most g e n e ra l n o n -s in g u la r  t r a n s f o r ­

m ations (53) ta k in g  o rth o g o n a l spheres in to  o rth o g o n a l 

spheres in  (C,E ) .  The eq u iv a len ce  o f t h i s  d e f in i t io n
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w ith  th e  one p re v io u s ly  g iven  i s  e v id e n t from

THEOREM 33. A n e c e ssa ry  and s u f f i c i e n t  c o n d itio n  

th a t  a n o n -s in g u la r  tra n s fo rm a tio n  (53) tak e  o rth o g o n a l 

spheres in to  o rth o g o n a l spheres in  (C,E^) i s  th a t  the  

c o e f f ic ie n ts  o f th e  tra n s fo rm a tio n  s a t i s f y  (5 5 ) .

To prove th a t  the  c o n d itio n  s ta te d  in  th e  theorem  

i s  n e c e ssa ry , we assume th a t  a n o n -s in g u la r  t r a n s f o r ­

m ation  (53) tak es  o rth o g o n a l sp h eres in to  o rth o g o n a l 

spheres in  ( G ,E j .  L e t ( ^  " A } * )

be s e ts  o f  homogeneous c o o rd in a te s  o f two sp h e re s , and 

l e t  th e  homogeneous co o rd in a te s  o f  th e  tran sfo rm ed  

spheres be r e s p e c t iv e ly  ( / t  y  > ^  ^  )  and

th e  in v e rse  t r a n s ­

fo rm ation  i s  a p p lie d  to  th e  l a t t e r  p a i r  o f sp h e re s , th e

fo llo w in g  r e l a t i o n  must h o ld  because o f  Theorem 29s 
r "  / - & -  —f - ~ \  —' " ■ f *-  o\*-/

y  ' I

r~ ~v». r~ , p * \  yuvti Axt-i- '*.+/
- j _ M j  »  - y  •>  J .

^ X _^  I -.'K+*-
R eplacing  ^ ^ > ^ 1  D > \T f  >”  >'*!%

in  t h i s  r e l a t i o n  by t h e i r  v a lu es  as g iven  by th e  eq u a tio n s  

o f th e  tra n s fo rm a tio n s , we g e t th e  fo llo w in g  I d e n t i ty  in
u f '*■+ el I

? >  v  > "  > v  > y >  t >  - ■ - > ?  ’■
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( x [ < K ' r -  ( h Y t f r  * C* *-
f y - l ' L *  - l * £ ~ -  £  £ £ %  /$ f  /*.ri a /H-f-i. 6 '  8

+  ( W ^ - h ^ K . . K , i - K  £ * a

v> £/& '"■W y' v  \
+ i L y  k * * - k  l .  - k  £  f o ri  ~h£% i

- S x  / r V  y- - k W  +  x £ k ^ - £ k — a
\  r  p  t  w

+  x £ k * ~ +' - k  £  - K  £ \4 -^ V  + 1 /"*y +  /  SKt-X- - I V f -  L-yp l̂-/ J / t p

I

•h

4
. j J  i

K  + % K  K  ~ K  Kf ( xi+, fl
~ t<  ^  £ ”~[x £ £

- K  K  h f - f  (  —
/X +  X- S "* T I /%

/*& .Y / j '* " * * -  I ,  , Y•f-x/C /T -f- 2- £  n K  Z_^ A $  £  y>wf//»f j. ^ y -a .

X  + £ * ' ( , K 'k * + 1 K  "  K M7/ 'y  (T \ S K + l .  £ *  0  '* .+ * ■

y
•K *- *^ i -
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R eproduced with

2. r v v , * '  X .

— K
A + / / K + t

-b  x  K** K  ^ K T *
~ b ,  e *  /

-/r
'-W ^ ,

-  K  L * '-^Vf-X sn.-f i SH.+- /

' -  *  z /  )  *  *  *  Y *  t
‘'**7 /*. *V S K + ^ J  </p " ^ '**7  ^  ^*/ , |*,V

-  K  * ' * " {  K  K ~ ~ \ b P U K *
/ * i f l  / n . f (  A f /  / n , f /  /  ^  ^  \  Y H i - X .

L l

-  K L *  ) h  ■*■ C % K fi K * -n K . K * 1s»\.+ i /* v + x  /•v f'* ./ (/jr ^  v. /h ^ * . ^6

* *i*7

/Hfy ^

v s - ,  * ' * " - «  *  - *
/K+t

j, /H-fy ( i *

s*+-l **.+I sK‘t-X'*S+t s*>i"/si+t 

? '* + * ’

S*-t-/ A\+-f ✓A./'Z. +• x—

i l  n \.“t /  <K+ x-

<n.+f

- K  K^. + 1. r*.+ i- /*.+ !

s \yf. n*A'( 'XV- x- tf* a ?*■*’*'
+  ( « $ ? ■  J  + £ & * , .

+  a  K<
t

k ^ L  k  k  - k  K
\  + , *+■ 2~ ^ 2 -  /Kti~

\ 3  ^ - f  / /  A ~-+- ■»•
+ ( ”) j #  f  -'-(^V "

■f-xK K

K K  - K  K V ; " ,ls  o
A V f//»v*- X. /K -fX  SH.+ X. /* .+ ) /* .+  X. /H f  x  0  )
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wnere

W =
0

( 4 = / )  

( 4 * 1 )

By choosing i a  th i s  id e n t i ty
,* .* -/ I /n.V-V. JL n  I* . + ■ 1  t /n.V-v. a ^ 1 n  -

# * * ■ , ' }  = *• > I  = Jr> 1r >

we can in f e r  th e  fo llo w in g  i d e n t i t i e s  in  jy and y  j

(6T.1) x

*  * $ 4 *  ~ K̂ * i 4 >< ~  f  ?

+  ( l K V t i ^ K/ f l l ; V K  

- < r  v

( s? .2 )

SK+- i-

- « r a £ \ %  ’  ° >  .
v  * ^ + t  , r

f  „ * k *  +  , K f i * k ~ * ' +  X L  K  - PIX. K K I t\ A * /K+l/*.+ \
\  /'"■*'/ P  *  . £

ir \  , f x ^
-  K L  +,l %r \  P%.+ z. n + l  OK ^  ~

/»,+ { 'H.tt
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(5 7 .3 ) x K  K  -* -*- < K X. L  K  - K  L

— k  C  +  k * + x k  A
/K 'f - t  /K + r  y  \  **t+" x. / ’'■+’A

_ *  K ^ - / C  £ " % • * ,
s K + l * * , - h x .  s k + i . / r * + x . ^

J#' /X 'f’ f

(5 7 .4 ) K ? K ^ +  K  «  ~ K  K  “^ 'M' I S*4~t s*̂ +- 1 f*>+ *- /»*.+• f

A U f t
(5 7 .5 ) * -K  ^  *>*-*» *  *i1-*./*■+*

/*•+1 (^

- K  K

^  *'(* A  * - *  K  =  0 <(57*6) r\ a ■ . s*.+f/K+x. s*vtx./*%.+x.

rf «
I a  (5 7 ,1 ) l e t  us choose ; then  hy Lemma 2 we

have (5 5 .6 1 ) , (5 5 .6 2 ) , (55 .63 ) and (5 5 .6 4 ) . By Lemma 1 

w© in f e r  (55 .41) and (55 .42) from (5 7 .2 ) ,  and (55 .51) 

and (55 .52 ) frcm  (5 7 .3 ) , w hile ( 5 7 .4 ) ,( 5 7 .5 )  and (5 7 .6 ) 

are  p r e c is e ly  (5 5 .1 ) , (5 5 .3 ) and (5 5 .2 ) r e s p e c t iv e ly .

I t  rem ains to  show th a t  th e  c o n d itio n  i s  a lso  s u f ­

f i c i e n t .  Let two spheres w ith  re s p e c tiv e  s e ts  o f homo­

geneous co o rd in a te s  ♦ \

w t ' . - . r y . w - - - *  J
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be transfo rm ed  by a m om -singular tra n s fo rm a tio n  (53) 

whose c o e f f ic ie n ts  s a t i s f y  (5 5 ) . Then, app ly ing  th e
/  — *  4, ~  '  Vin v e rse  to  th e  tran sfo rm ed  sp h eres  ^  /

/ ~ d  — t — '’VFai
and y  , we f in d  th a t  the  e x p re ss io n

i s  eq u a l to  th e  e x p re ss io n  which th e  r ig h t-h a n d  s id e  

-©f (57) reduces to  when the  term s in v o lv in g  M  a re  

o m itted , and because o f r e la t io n s  (55) th e  l a t t e r  ex­

p re s s io n  reduces to
p. P y  *V /•n*'/ SH.+ 2~ S*.+ f

[r\] Lxh  # for'? 3 ?  J .
From t h i s  and Theorem 29 th e  s u f f ic ie n c y  o f the  con­

d i t io n  fo llo w s .

Let us apply  s u c c e s s iv e ly  th e  eonform al t r a n s f o r ­

m ation; (5 3 ), (55) and th e  eonform al tra n s fo rm a tio n

i £ r =  J c V  + k * z/V  % — p  q, '**+! /Kfi. ■>

C5S) <

• 0 — . ,    --A /H + / _

C *  ±  *3

r- *
/ l *  o ,  / r  *  %
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As 9C- —

f

("§•5), where (^5) r e p re s e n ts  c o n d itio n s  s a t i s f i e d  hy th e  

c o e f f ic ie n ts  o f  (KS) co rrespond ing  to  (55)* By Theorem 11 

th e  p ro d u c t i s  a l in e a r  tra n s fo rm a tio n

< X F -  - * - +  *- ? * * - £ . ,  *
'

-f-

p  **+1 'Kf’%.
=-/**-/ 4 - '"■ ft# -  == /* f '  r*.+t ^vffm.r-2.
T  'K + K  1 C + K  06
/* /  'Kf‘U-

ju  x .  —  L -  ' X  + K  / x ’f ' K  %  ~f~K  *  *  
A  K  "  t  s*** 3-

where

/t-  — /tsA> -zp a ^ K  — K  K  =£6

Since th e  tran sfo rm a tio n s  which we have a p p lie d  a re  con- 

fo rm al, we have ; a  i

(V cjT*'?+

From th e se  two r e la t io n s  we g e t . .

m ? r ~ i ~'i

Hence ("53) tak es  spheres o f  zero  ra d iu s  in to  spheres o f 

zero  ra d iu s  in  (G,E ) .  We th u s haveA<
THEOREM 34. The p ro d u c t o f two f i n i t e  eonform al

tra n s fo rm a tio n s  in  (C,E ) i s  a f i n i t e  eonform al t r a n s ­■ ' 1 “■— •“ 111 ■ "n ■
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fo rm atio n  in  (C ,l  )»;;-i)Hfliwii>M ....  m...... . i. in. o -  ' * /»V '

By Theorem 13 the  eonform al tra n s fo rm a tio n  d e fin e d  

hy (53) and (55) has a n o n -s in g u la r  in v e rse
*  oC <*  OtA  (A —jr —£>C — °< -/n-f-t.

7 i  % •= /< ^  ^  K + K . *  +K -hK 'X y
f  /K+l.

* , * -  U . X +
?  ■■ ■ /

L  2  + K  *. + K  * * . .>^  ^  /**/

u  ALP+ K  ^ Z . + K  *. + *• *■ ,
P J, /*■+/ ^t-K

/ c ^  o  > K  *  ^  0  .

Since th e  tra n s fo rm a tio n  d e fin e d  by (53) and (55) i s  

eonform al, we have . .

( * ? ( * ' f  i-

from (58) we have
. 4  yr a jr *"*■*

(58 / ) ( a ) ^  ^  *  /  ~

where ("BB) deno tes the  ex p re ss io n  which th e  r ig h t-h a n d  

s id e  o f (56) becomes when b a rs  a re  p la ced  above th e  co- 

e f f i c i e n t s  and above '% <*. > - - - ,  <x- . R ep lac ing  in

(58^) th e  q u a d ra tic  fu n c tio n a l
R ir *-
fX. ~f~ *X 5C, ^<3t
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by i t s  v a lu e  from (5 8 ) , we g e t th e  id e n t i ty

( /V)  f  +■ -x* Z  _  ocT’* ' Z  )  — ( s i )

7 *  . *
_ (1V̂  — /H’f ’ i -  p

By f i r s t  p u t t in g  in  (60) ✓% y ^  ^  ^A/~  , th en

Invoking th e  a r b i t r a r in e s s  o f ^  and &  , and th en

u s in g  Lemmas 1 and 2 , we o b ta in  from (60) r e l a t io n s  (5F ), 

where „  — . \
M  C * * # )

Hence (58) i s  eonform al, and we have

THEOREM 35. The in v e rse  o f  a f i n i t e  eonform al t r a n s -
i

fo rm atio n  in  (G,E ) e x i s t s  and i s  i t s e l f  a f i n i t e  c o n fo r-
'■ ' ' ' ‘ "" “ ”   — —- —  ——— —  — — —

mal tra n s fo rm a tio n  in  (C,E ) .   " '■ Tr--""'1.“ *• s»*S
Theorems 32, 34 and 35 to g e th e r  g ive  

THEOREM 36. The t o t a l i t y  o f n o n -s in g u la r  t r a n s f o r ­

m ations d e f in e d  by (53) and (55) c o n s t i tu te  th e  group o f 

f i n i t e  eonform al tra n sfo rm a t!o n s  in  (C,E ) in  homogeneous 

sphere  c o o rd in a te s .

3*. I n f in i te s im a l  Oonformal group. For a f ix e d  ^  

th e  s e t  ^  \
% ( < ,)  =  ( * > ; ,  * '( • . ) ,  M

R e fin e s  a p o in t  in  (C,E ) .  As v a r ie s  in  any i n t e r -

v a l  cl <£ a. £  , th e  p o in t  d e s c r ib e s  a curve in  (C,E )

Hence

(61) (*> =  *• =  % /
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d e f in e s  a eurve in  (G ,l ) .  The components o f th e  tan g en t/»u
to  th e  curve are

* J x *  1 4 * '  4 X ~
~  ^  * ZT> *

so th a t  th e  ta n g en t i s  th e  v e c to r  

_ d x
= Y ^  ^

fo g e th e r  the p o in t  'X and th e  d i r e c t io n  d e f in e  a 

l i n e a l  elem ent in  (G ,l ) ,  nam ely, the  v e c to r  ^  which 

s t a r t s  from .

I f  in  a s u i ta b ly  r e s t r i c t e d  su b se t o f (G>E^) a reg u ­

l a r  in f in i t e s im a l  tra n s fo rm a tio n  (14) i s  a p p lie d  to  th e  

curve (6 1 ), th e re  w i l l  be a co rrespond ing  r e g u la r  i n f i n i ­

te s im a l tra n s fo rm a tio n  o f th e  d i r e c t io n ,  fo r  by Theorem 10 

we w i l l  have , , , \ ^  \

£  -  A  w

The r e g u la r  in f in i t e s im a l  tra n s fo rm a tio n s  (14) and 

A *  r J . .Alt
(62)

to g e th e r  d e fin e  a r e g u la r  in f in i t e s im a l  tra n s fo rm a tio n
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o f l i n e a l  e lem en ts , which i s  c a l le d  the  f i r s t  ex te n s io n  

o f  ( i 4 ) .

In  in f in i t e s im a l  eonform al tra n s fo rm a tio n  in  (C,E ) 

i s  d e fin e d  as the most g e n e ra l r e g u la r  in f in i t e s im a l  t r a n s ­

fo rm ation  in  (C,E^) which le av es  in v a r ia n t  th e  angle be­

tween two l i n e a l  elem ents hav ing  a common o r ig in .

Two l i n e a l  elem ents w ith  a eoramon o r ig in  a re  r e p r e ­

se n ted  by and The angle between them i s  the

angle between th e  v e c to rs  and n r  , and the  eo sln e

o f  th i s  angle i s
a t  __

j u S A T  f -  ^

(63)

To o b ta in  a n ecessa ry  c o n d itio n  th a t  (14) be con- 

form al we assume th a t  (63) i s  in v a r ia n t  under (14) in  a 

s u i ta b ly  r e s t r i c t e d  su b se t o f (C,E ) .  We th en  have

jL  h
I k

r  j J / r  -f
* £

L(J', A

•Hlfcertee

d /t
/ >  SV-+-M-

\  '
—  0  .

' i t '

t  J aq
■+

V  \  /Ir  A
+ — r ~ ~  t

/ a* ^  ^
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In  p a r t i c u l a r ,  l e t  the l i n e a l  elem ents he o rth o g o n a l, 

so th a t  we have

(§4) f- ̂ ^ 7  ~  °  ■

Then th e  fo llo w in g  eq u a tio n  must ho ld  fo r  every  choice 

o f M* and A*" s a t i s f y in g  (6 4 ): J

+■ f i r  ~ £ r  a t  i z . .  -  o
^  i *  /* }  t  J

©r, in  view o f (6 2 ) , * •

^  * d + ^  y  7

R eplacing  /*+s , / \ r  by ^  , /e /u ~  in  t h i s  eq u a tio n ,

we o b ta in  the eq u a tio n s  (

AK ( x f  ( % '  at)  -f~ AT"
/  f  J

(6B’ + r r  ( X .^ ( x )  o

which must ho ld  fo r  every  a *- and s a t i s f y in g  (6 4 ).

For ^  ~  /  , (65) becomes

x W r - A r  +  ( L r ’+ > -  "  ■ * '  “ * *

(6 5 ,1 ) ‘

: - i  P

t Taking Sf, and $  as any d i s t i n c t  v a lu es  in  HT , 

l e t  us d e fin e  and ^ v "  as fo llo w s:
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ot.A*~ *= 0

oC > o
Oi

s \ r  — o

oL
ssJ- > 0

+ jL *  ±. l )V  —  > ! > t —  ^  j

(  F, -v* { ; « £ & ,  + - + ) j  

(  0 (L oC -£. '̂ 3_+ e  < *  ^  / )

±  ^  ^ - f - > o

^ = r  0

The /<-<- and thus d e fin e d  s a t i s f y  (6 4 ) , P u tt in g  them

in  (65*1), we g e t

(66 .11 ) /  J | ^ +  L.*fi) ^ r ^ Y  =

^  ^  *and, s in c e  /<c- and /t/" a re  p o s i t iv e  on th e  ranges o f

in te g ra t io n  h e re  in v o lv ed , (65 ,11 ) im p lies

o ( V *  = /  = 1+*, £ * £ k + * ) .

P assin g  to  th e  l im i t  as ji, 0 , we g e t from th i s  r e ­

l a t i o n

L ^ + t V ' - o ,

and, s in ce  and were any d i s t i n c t  v a lu e s  in  I ,

we have f i n a l l y

<-?*= °  ■

Thu, (6 5 .1 ) reduces to  ^ 4  ~ , f i )  ,  ,  *

(65 .12) « * *v ^
+  (  % T  * J /U' s /V~ =  0 ■
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L et u s now re d e f in e  ✓w and as fo llo w s:
oC

*y V ~  ss. O foi=  f  5 + *  ± / \
V  /  ->  /  JL J - 'x .

/ i T ^ ^ r r  -  / I 0 ( - *

/C
=  /-VT" =  O

S ince  (64) i s  again  s a t i s f i e d ,  we can u se  in  (65 .12) th e

Mf and /v" j u s t  d e f in e d , g e t t in g
X+L g A A

(65 .121) J  l l 'V ’ t f i - * ' )  L S A r - J p ^ O .
Sr *

I f  we make in  the  second term  o f (65 .121) th e  change of 

■variable

th a t  term  becomes

J  l  ^  Y j
f *

OT s + #. ^

j  LI ' > -  * /* ,
w hich, in  view o f th e  d e f in i t io n  o f t i s  e q u iv a le n t to

- / V ^ v v
(65 .121) thus can be w r i t te n  in  th e  form
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w hich, s in c e  a t - i s  p o s i t iv e  in  ( g  -& + & )  , im p lies

L? = s,+*).
P assin g  to  th e  l im i t  as /  o  , we g e t

J -  -  l k  ,

whence i t  fo llo w s th a t  L-  i s  a c o n s ta n t ,  say K  •

(65 .12) now reduces to

■+ (  L  * 0 ^  "Z
(65 .122) ■ .  T fi i

We make now th e  fo llo w in g  cho ice  o f /*" and / i f  .
^  <*

— o /u- ~ /ir / V  — 0 sir- u n r e s t r i c t e d .
)  )  )

When th i s  ch o ice , which s a t i s f i e s  (6 4 ), i s  a p p lie d  in

(6 5 .1 2 2 ), we g e t

whence, because o f th e  a r b i t r a r in e s s  o f the  , we

in f e r  .
(  L ?  +  £ *  V  -

and by Lemma 1 th i s  i d e n t i ty  in  / t / "  y ie ld s
«  /'■'V

Z_ +■ L .  = o  .

(65.122) thus reduces to

+ ( Z * * + Z * ) ^ o >
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w hich, in  view  o f (6 4 ), can be w r i t te n  as

-  ^  -j- (  L  -f- L  Jyu. = 0

whence

t % z ^  o a  * , ) .

We co n c lu d e ,th e n , th a t  i f  (63) i s  in v a r ia n t  -under (14) 

a mM  end t t ' t * )  must be o f th e  form

£ Y * / =  K *  +
( 6 6 ) J  '

< % * (* )=  - L ? +■ i^* o c . }
'  fi  *

where

In  seek ing  to  determ ine what th e  com posite in te g r a l  

power forms o f h ig h e r  o rd e r th an  th e  f i r s t  must b e , we 

make u se  o f th e  f a c t  th a t  (65) im p lies

(6 6 .2 )

-h AT (K?(-JC • y * ' )  — 0
t  f  '

f u t t i n g  1 /  i

a "  ( * )  =
v* /  r
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(65*2) becomes A f>*>0 /  » /ts'fr S' \
m , o c f  0 £ ( *

. . .  * ,  K  r - ’ r  / * '  ' *  *
( ’ '

jr 4>-l £fet .
A com parison o f (65 .2  ) w ith  (65) shows th a t  ( v )O/J V—{
and ^ ^ 0  must s a t i s f y  the  same r e l a t i o n  as e x i s ts

between Ct (%,) and and must th e re fo re  be o f  the
t " !

same fo ra  r e s p e c t iv e ly  as CAy f a )  and "y (* )  , as com-
f ’ -/ r~ '

p o s l te  in te g r a l  power forms in  oc ,

In  p a r t i c u l a r j  a  (*■) and o c ~ M  must be o f  the

same form r e s p e c t iv e ly  as and 7 W  . When,

in  computing &  (%) and O c ^ C * )  , u se  i s  made o f th e

symmetry o f  th e  c o e f f ic ie n ts  in  a l l  in d ic e s  o th e r  th an

c< and ^  , we g e t

& * ( * )  =  •*r ^  *  -t- M

+  r f*  * ‘  +  ( /V - r

( 6 7 ) ^
\  J  ^ r  2  y  J

fire*) K*~i

Since th e  r ig h t-h a n d  members o f (617) m ust be o f  th e  same 

form (as com posite I n te g r a l  power s e r ie s  in  !K ) as th e  

co rrespond ing  r ig h t-h a n d  members o f (6 6 ) , we can in f e r
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:'iii© f o l l o w i n g  i d e n t i t i e s  i n  S*'"' \

(6 7 .2 ) ( h ^ ' + x  M  **) A*r ^

•+ / « a/V  ' v ^  W  V  ° ,
\  t  t  ^  Y

, * svai \ 4 , f  * **
(6 7 .3 ) Af. . . I**0 + ( t U i~x f ^ J * r

(6 7 .4 )

From (6 7 .1 ) we g e t by Lemma 1 

(67 .11) M * ®  °J>

(67 .12) M * -  M . '* .  s  0

3r 0(67 .13 ) F) ~  X • J

From ( 6 7 .1 2 )  and ( 6 7 . 1 3 )  respectively it follows that,
A /J £

i n t r o d u c i n g  new  s y m b o ls  an d  ,  we c a n  p u t

.  /vA  ^

(67 .121) M ^ S
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From (67.131) and th e  r e l a t i o n  M  — /m i t  fo llow s
£ - 4

th a t  & r

,132) M  S  M  . S  M  .
f

A pplying Lemma 1 to  (6 7 .2 ) , we g e t

aet
(67 .21) M -f-3 -M  Sl 0 >

(67 ,22) n / + r t f -  -  0 }
1r *

(67 .23) M ”V4 y + M |4' 1Jrs  D

From (67.121) and (67 .21) th e re  fo llow s

y\  A *(6 7.2 1 1) Ay = - M .
in •'/**'From (67 .23) and th e  symmetry o f n  In  ^  and y  *

we f in d

£

whence
^ 0 \S

(67 .231) M  ^ 0 .
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A pplying Lemma 1 to  (6 7 .5 ) ,  we g e t

(67 .31) A W ., £  °>

.32) M *  °>yV ^

(67 .33) - t  S  0

prom (67.31) and (67 .121) th e re  fo llow s

*
(67 .311) M , . &  ~ n  ^

prom (67 .32) and (67.131) th e re  fo llo w s 

(67.321)
^  A
M* m - MxC A

prom (67 .33) an d  (67 .22) we g e t

s oA A- /
/ Y  cZ/S /v/A<

h u t  ry  ' =r /if f  i h e n e e
st ~

C^oCfi
(67 .331) W ^ >

and in  view a lso  o f (67 .35) we g e t

_ _

(67.332) /V. =  0 ■

Applying Lemma 1 to  (6 7 .4 ) ,  we g e t

( 6 7 - 4 1 >  I f t  J
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(67 .42) MJ . I ' M . . U * i ) .

From (67 .42) and (67 .51) we f in d

M *  . =  0 ( x * i h
oc °(

s in c e ,  f u r th e r ,  M ,  . ^  M  . y i t  fo llow s th a t

M*. *  o ( x  * £ ) .
-V

and co n seq u en tly , in  view o f  (6 7 .3 1 ),
/

t

(67.512)

(67.513) M *  ~  0

* ^  f \J  V f  A /  / V  -

$**■ jr** A j i  £ j i  £  x A j .  *-££. -»

A/ A/
from (67 ,41) and th e  r e l a t i o n  M we f in d

~  ^  ~  „ * * *  * ,

whence

M =  D (  *■ *$■ 4  :4r'& )  .
(67.411) " . A

*

From (67 .41) we f in d

Pi ( } = * * * ) ,
! i j*  ' ■ * }

o r , s in c e  M  ss  M . by (6 7 .1 3 2 ),

^  s  —  M . (  $■ ^ )  '( 6 7 .4 1 2 )  M

We are  now in  a p o s i t io n  to  s ta te .w h a t  form D t M  

and s t y * )  w i l l  h a re  to  f a k e . S in ce , how ever, th eX»  ̂ jm 'sy  f
term s to  which W  MOC. <% must reduce r e q u ir e  some

X
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care  i a  d e te rm in in g , we p re s e n t th e  d e t a i l s .  A ll  p o s s ib le  

cases a re  in c lu d ed  w ithou t r e p e t i t io n  in  th e  fo llo w in g  l i s t

n  -
A  A
M ( jC ■= £, =/" ^ fey (67.131)

£

n-II by (67.132)

0 - / ~ 0 by (67.131)
A  ’

- M (r fey (67 .412)
/ v /  - J jL
P J ~ f *  = : 0 fey (67 .411)

Hence we must have

% *= •% P\̂% i- MVoĈ -rTyjv** v  K i ' 3

where a prime a f t e r  an index o r in d ic a te s  th a t

th e  summation i s  from /  to  a — / and from M-h t to/**'© 

We can re w r i te  t h i s  e x p re ss io n  in  th e  s im p le r form w ith ­

ou t prim es

(68) M  ^  ~  ^  *  t  ■

Using (6 7 .1 ) , (6 7 .1 2 ), (6 7 .1 3 ) , (6 7 .2 1 1 ), (6 7 .2 3 1 ),

(6 7 .3 1 1 ), (6 7 .3 2 1 ), (6 7 .3 3 1 ), (6 7 .3 3 2 ), (6 7 .3 1 2 ), (67.313)

and (6 8 ) , we have th e  r e s u l t  t h a t ,  i f  (63) i s  in v a r ia n t  

under (1 4 ), A Y * )  and OV’(-k) must be o f  th e  form

(%) -  x % (  i- M 

<69) ^
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/V-

and 0 T ( x )  must be of th e  same form r e ­

s p e c tiv e ly  as ^ ( y )  and QL̂  (■%) , as com posite i n t e ­

g r a l  power s e r ie s  in  OC . Then th e  r ig h t-h a n d  members 

o f (41) must be o f th e  same form as th e  co rresp o n d in g  

r ig h t-h a n d  members o f  (6 9 ), as com posite in t e g r a l  power 

s e r ie s  in  • Hence the  fo llo w in g  i d e n t i t i e s  in

must h o ld :

(70 .1 ) (  3 v V f  N̂ +  + ( N ^  + hJ ‘̂ 7

+  x  | Q * s  N + r % )  y Y + ^

(70 .2 )

t

j
t  A t t r* ' t

f r i ' * '  ? ) x ■ = o  ( i + j Q  
" - (  N  ' Z + N f i . .  / u r ' r * '  ^  *

where a prim e a f t e r  a dummy index  has the  same s i g n i f i ­

cance as b e fo re . L ikew ise th e  fo llo w in g  i d e n t i t i e s  in  /UJ~ 

must hold?

(7 0 .3 ) N  +  \ N  “  ~  X A , ) ^  *
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(TO.4)

(TO. 5)

(70 .6 )

(70 .7 )

By Lemma

(70.11)

(70 .12)

(70 .13)

(70.14)

(70 .21)

(70 .22)

121

'  $
/  «  0

+  ( N  -f N  J  y  3

c  n ^ ~  i f .  ) * * ■  ( * ? - 3  & y * + 3

v. f t  v

L nz £  * n z J  ■ *  *  ' ■ t r  *  ->
^  \  £  <̂>6

m “ cl y n ‘‘ - j N  \ m t - n  -
N . s r + l f y  3 l 2 ^ x J  * *  f i

2 we in f e r  from (7 0 .1 ) and (7 0 .2 )

3 /Vj^r* +  N  ^ r -  = 0

..up's *  kPP* i a ^ ."A*̂  A«£* irN  +  N . m -  +  N  a *t + 3 N  / u t - ' - t N  y X o  
t  f  >

N ^ + W ^ V . - o ,

<* &  A/* *  , a/* '* sur- ~ 0
3  /v  ,ur + N *T ■+ N * 1/  J

j 4 t  1 "*  *
S~

V '  >  ' • /** /  ^  f  ."■ *

N  * s+r -+ N/3 ^  *  fi*  V
P A  '
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( 7 0 . 2 3 )  3

I  f i

By Lemma 1 we In fe r  from (70 .11)

(70.111) I S / ^ s / V*  s N ^ o  ;
$ J

from (70 .12)

(70 .121) N  = N. = N —N =  O •
*  >

from (70 .13)

(70.131) N .  S i  0 j

from (70 .14)

(70.141) -  ' J *

from (70 .21)

(70 .211) ^  ~ N/* X r  ’

from (70 .22)

(70.221) a  ~ P

from (70 .23)

N  * # 4 / »  o ( * * } + * )(70.231)
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In  view o f (7 0 .1 1 1 ), (70.121) and (7 0 .3 1 1 ), we f in d  th a t

(7 0 .3 ) reduces to

'*  N

and by Lemma 1 we conclude from th i s  id e n t i ty  in  ✓w"

A */i XT73
(70 .31) /V ->/V A>

(70 .32) A /,

Because o f (7 0 .1 1 1 ), (70.121) and (70.131) we see th a t

(7 0 .4 ) reduces to  A

from which we g e t by Lemma 1

A < * /*  4  P*
(70 .41) N  i - N  ^  0 }

A
A

(70 .42) N & 0 .

le eau se  of (70 .31) we can p u t

th en  (70 .41) becomes

t f + f m o J
whence

A  #/3
(10.411) N  =  0 , 

and,on account o f (7 0 .3 1 ),

(70 .412) N *̂0 i * - j )
/*
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Because o f (7 0 .4 1 1 ), (7 0 .1 3 1 ), (70 .42) and (7 0 .1 2 1 ),

we f in d  th a t  (7 0 .5 ) reduces to
o<> al M A  MjS . _ .

N * r  + i N  s * -  +  ' *** -  o
a  m  n  ?

and by Lemma 1 we g e t from th i s  

(70 .51) N*g £=.0 C f

(70 .52)

(70 .53)

M ' s .  0 - ' = ^ ,  
t i l

N ^ s o  C i * * ) -
3*

In  view o f (7 0 .2 2 1 ), (7 0 .4 1 2 ), (7 0 .2 1 1 ), (70 .221) and

(7 0 .3 2 ) , we observe th a t  (7 0 .6 ) reduces to
JL ^ B  P

N  N  =  o
-c i f  I  "  J

whence by Lemma 1

( 7 0 .6 1 )  t i - j u  ~  °

(70 .62) H- ’ — 0 •

F in a l ly ,  because of (7 0 .1 1 1 ), (7 0 .1 4 1 ), (7 0 .5 1 ) , (70.221) 

and (7 0 .3 2 ), we f in d  th a t  (7 0 .7 ) reduces to

A/ ^  ~  ° >
% i

whence by Lemma 1

(70 .71) %  ~  ° " " t ) -
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~  %
Since N a — *V . . a , i t  fo llow s from (70 .71) th a t  

A j l X

(70 .72) /V " / ■- ) *

Thus we have found th a t  i f  (63) i s  in v a r ia n t  under (14) 

a l l  th e  c o e f f ic ie n ts  o f O f f * )  and f x )  mus t  

v a n ish , i . e .

a ~ M  -  < K ~ M  «  o .
3 3

J u s t  as (65) im p lies  ( 65 . 2 ) ,  i t  Im plies fo r  '4* -3~~

(6 5 .3 ) ^  ° if a z z z r d

L e t  u s  p u t

v Y x ) • O t ‘ ( « ) ~ r y j ^ > 0 V ( x ) =  Y f Y * - ; " ;  - j - f ) ■
i  f  J  * ----- -------------

Then (6 5 .3 ) becomes „

( 66. 3 ' )  ~

The r e l a t i o n  ( 65 . 37 ) between ^  and ^  (x. ) i s

the  same as the  r e l a t i o n  (65) between K YxJ and / xJ .
^  <? of

Hence and (K  must be o f  th e  same form

(as compos it© integral power series in ) as a r c * )

and 47*J re sp e c tiv e ly *  Hence
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i # © *
< X  “ * J
^  * jr-s*Z~**o

and, choosing =• <y. , we g e t

f l t* (o c  - . . . • / * }  =  & ( * )  “ ' i ? 6-) ~  a  '
A j , - x XZ~~to

But by Theorem 2 we have

&*('*■,■■■■,*■) = j> ( 4 - ) - ■ +
' f

< X ( * i  ■ ■■>'*■) ~  *■ ^  ■

Hence / -

(%*(■*) •  ^  ( * )  ~  0 ^ >XJ *
?  t

Jfo tin g  f i n a l l y  th a t  no r e s t r i c t i o n s  have a r is e n  on 

/ * )  and ^  , and re p la c in g  , L. . „

N *  , r e s p e c t iv e ly  by

Z-, L *" , K *  , K , we have
A

THEOREM 37. A n ecessa ry  c o n d itio n  th a t  (63) be in ­

v a r ia n t  under (14) i s  th a t  X14) X® the  form

> K " + * * < - « * * .  I - * ? * * .

+ i S ( j y L ^ y a x ' * + * % \

K * t K S -  Kfi x < S f ^  *(71)
4 t

A 1
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where

(717) =  o ^  d
j

We now prove th a t  th e  tra n s fo rm a tio n  d e fin e d  by (71) 

and (7 1 f ) a c tu a l ly  leav es  (63) in v a r ia n t .  The d e r iv a t iv e  

of (63) w ith  re s p e c t  to  i s

A
, * ^ V A /  *

[ /U. /«C 4- /**  . 1 /  /XT' ' * r  "t A /- /VT  J
V *

where

A  = JTir ^

J

M (
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f h e  i n v a r i a n c e  o f  ( 6 3 )  w i l l  b e  e s t a b l i s h e d  i f  we v e r i f y  

t h a t  v a n i s h e s  w hen i n  t h e  e x p r e s s i o n  f o r  A we

s u b s t i t u t e  t h e  v a l u e s  o f
J *  9 <** > <4X

g i v e n  b y  t h e  e q u a t io n s

, A « . 4  01 /  ^
> ' /V J „  T_ 'iC L~ i  “ • ^ .

/  f  /
" f ' Z ' X  -  a- * -  v  A

1 r

•<
/* ^  

/  /* ^  "If  TC /U. +  ?C I
^  A  * }  >

®  ( x - k ' — K  ^  '* 2 . *~x s * - i f *  
~ 7 J  ~ ’ f  . x  *  ?

X. 0  ^  /  t i c  - t-  3-  'X ' L -  M .
- h i  - x i f * *  ^  *- * •  ^

“  . 4-“ ^ / -  J ^ l/*  n r K - i x r  i f 'X« f  \  u ^ r + K  x r  h K  ' V + h * r  ‘- ’’i
J lx r  _  0? ( > ; / ^ = +  V  ^

* *  M *  * , i

+  0- -x Z V -  ^  ^  ^  t

A -  . J ^ - .  )
f'l

(*
CV .  ^

+  i *  - x 1 -  » /•
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— /C*-
r

When we a p p ly  

/K v a n i s h e s .  When we a p p ly

T U ) = K * t y ~ M  -  K * ‘>
A b e c o m e s

+  V  * ' v y p

,  f  ^ Y  * U(**. sj-  i  'V -/^ ' - f  -v- /* r - )
<■ t  ■* A  e ^

-  ^ ( J ' t +  ~  ? J

w h ic h  r e d u c e s  t o  z e r o .  When we a p p ly

f ( y )  •  < %  , f ( * )  -  • ,
A* b e c o m e s

Ty'N /  e ^  £
( K r V / f

•f-
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'A ^ ^Hf“ A*-' /IT  /V~ /y - ' -j~ A-<~ /U~ /ts~  yiy- / J\_ y i r
* ^  4■& G

- K ' ^ s r  ( ~ W ~ \  +  ^Y d  I

. j ^ a T  ^  J
m+‘ A^ / ^  4  tC J  >

/
w h ic h  v a n i s h e s  b e c a u s e  o f  ( 7 1  ) .  When we a p p ly

n v - $ v ;  i r ( * ) — $ * '
A b e c o m e s  f  £

\ .  A  ( ~ V V

r_ - ,^ - A A s J& ~A A - A T  A T  /tr *f" A-«- '
■ f  j? ^

k r  * r  r  * € £  f. A  / t /~  /  /K . I  m .  aa.  A r / i s -  -f~ s n ,  a c  AT" / t r -
*— rV f  £ y  /-

t  _ . . A -  ^
*  ̂  ^ A  ~  r ? —

A  *  ' *AT * J -  £-f- AC AT -f / ^ -  AA-'s**' -f- si-A. /U~
’  r  $  Z  J

“^%pV~S

3
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t  aJ-m* AT u  */r ^  V  ^/r'-i-y/yr^rfr
JL + ft £ f  T t- 0X  '"V ' S € 7  f  r

A r~ s i r  \ j  _  f (  s y -  ( / u J m -  a t  A ^ A ^ A y * \+ r
l  ^  r L  1 r  e £  r

r £ £ \  A /  <T _ e
-f- / t v  XV AT' ~f- A  / I ^  yj~ )  — /*J~ (■A-*“ x ^ / w  A
^  f  A  X  '  f  c

£  <r r  £  J  ^  \ j
^  ^ $ x  x  ^ A

w h ic h  r e d u c e s  t o  z e r o .  When we a p p ly

1 * *  / A  -  * * 1 )  ^ % ; = i S t f * ,

A becomes
r -  y  x  V ' T  , ) r r  ^  H

^ J j / L x + o c  L  A y  -  L - X  * u ~  L *  x c J

■ J t  e

u  *

r
f€  , r v r  ^  ^ 1 - f  % T ^ ^

a T A T / ^  /  /V~ J j  L_

,  Y  iJ a t - i f o f * ~  _■ ̂ y f  ( aa? ^
+  *  r  f  A J L *  € 7

j t ' • * £ C  ^

+ .  7 ^  J ~ 3  +  - c ^  - ^ r~ J
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w h ic h  r e d u c e s  t o  z e r o .  When we a p p ly*r e d u c e s  t o  z e r o ,  w nen we a p p ly  . , * \

y% ) -  x , y% )= xSii*  - &*+**%
A  b e c o m e s

<r 'C £- M .  A T  A T  +  ^  A T  A ^  J ~  ,f j  A  ~ ~ J  x K * e
£  , . A  ~ ~

*  ■ **r j .  + s “- < ' i r  " L

£  /V>v
a j  f  A* v- 4- /it A4.

+  j M i s r ^ + ~ ^ A r ' j !  A  —
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AJT /W /
r  r  X
Ms /i/*0* AAs

s  r  j
\, rr̂ s

-j /t/C A'"A*" AC'0 7 t , r j 4v/ L  z  z  *
, k l  I T  /  <■ e f  . f

-  L  *  *■ \ W  (~*± *r 'u;  ■'A- /~
zJL* ~ <r f  ^  

^ /> v  <r

•f. ^  ^  ^  / / /  L— ✓<

^  I  , &  *  r- l A
+  * L  * r  -  L  * ^ - L

a ~  y 5
>» t- £ /Vvu

— / t r  (  ^  at- aa. a o  - f / 'M . / i r -  ^  ^
4  ^  r  « ^ ,  jL

r  ^  ^  r  \ l

- h  ^  ^  ^  ^  ^  ^  ,^ y

w h ic h  r e d u c e s  t o  z e r o .  When we a p p ly

7 % J - 0 1 ¥ * ( « ) .  K t
A7 ’ v a n i s h e s • When we a p p ly
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A becomes
/  \  4. t f  X $  ^  Ar^A/~(  K *f K W / I T  //W~ xc a t  a t  -f- ^  S* ' 'A r / ^ \
'  U  ^ r  t  / » .  r

-f* ’ ' A'**'
JL £  f  x  ^  V y  /-*•»'

<— 1^ ajl, I  A*-- A * "' A T* A ^*  “h  y * *  / t A ” A -*~ '/\T~  ~ j~ /^ /V A J~ /U ~
*> . ' a  ^  f  Y  Y  /*»

/Vw

■f* A - y r '  A ^

^  AJ- at
/ ~  + '  X i  *  *

y  Y  ''**-' ''*'■' ^ A
A  'tv 4*' AC- I

V  Y  ^  t ^ y

/
which v an ish es  because o f (71 ) .

We thus have

THEOREM 38. The tra n s fo rm a tio n  defined, by (71) and 

(71^) le av es  (63) I n v a r ia n t .

Theorems 37 and 38 to g e th e r  g ive

THEOREM 39. The in f in i t e s im a l  oonform al tran sfo rm a­

t io n s  in  (0 ,1 ^ ) a re  th e  tra n s fo rm a tio n s  d e fin e d  by (71) 

and ( 7 l ' ) .

I f  we form th e  commutator of (71) ,  (71/ ) and

= K ‘ f - i ( l c % K Y ic  + K *  '* * +  * -* (£ ? %
P "* . r

_ K ^ ~ K  +

+  V * j  )  -  + ■%\ ) J
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( f l ) K1* * -  oJ K ^ V K

we f in d  I t  to  be a tra n s fo rm a tio n  of th e  same k in d . Hence 

we have

THEOREM 40. The t o t a l i t y  of I n f in i te s im a l  conform al

tra n s fo rm a tio n s  in  (C,E ) c o n s t i tu te  a group .
: ’ 1 /w ' "

The In f in i te s im a l  conform al group in  (C,E ) in  homo- 

geneous sphere co o rd in a te s  can be o b ta in ed  by p u t t in g

o(.
(72) OC ~~ L > ~  <wb2-' V  i '

/  ^  - h i -  \
^  a )  ,

in  th e  tra n s fo rm a tio n  d e f in e d  by (71) and (71 ) .  We thus

get

+ k U  *+  *  * ( L \ + ~ L ^  ■>

„ * ■ J ^  • *+ *■ ~ is
(7 1 .2 ) H  * l 2 — - K ~ y  + K V - Kf i ?

* *  * *  r  - ■

+ k \ + x  * X l %  +  L  *
&

E quating  c o e f f ic ie n ts  o f X* in  (71 .1 ) and eq u a tin g  

c o e f f ic ie n ts  @f OC^  in  (7 1 .2 ) ,  we g e t
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(71*3) *<

»  *  *  -

V.

/W +  A- /

Prom (72) we have

<72 ' } + ^

B iffe  r e n t ia t in g  (72 ) w ith  re s p e c t to  , and u sin g

(7 1 .3 ) and ( 7 l ' ) ,  we f in d
<n,y-» a t  \  sy*-~h t

% - =  i ( K \  +  K \ )  +  ^ &  ■

An in f in i t e s im a l  conform al tra n s fo rm a tio n  in  (C,E ) in/H/
homogeneous sphere  co o rd in a te s  i s ,  th e n , of the  form

%  =  K -f + x  f a + K ;  7  ~ L  9  + K % y

<

A t, " a  O f  >
x. l  fi „ ~ r  , *■ '*’* L~ t f *

% - L *

\ c .

i-

£ r ~ - - x ( L %

where

K + ft s0, +*!
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-n.

4 . The F in i te  T ransform ations G enerated by an 

In f in i te s im a l  Conformal Trans fo rm a tio n ♦ L et th e  eq u a tio n s 

o f  a g iven  in f in i t e s im a l  conform al tra n s fo rm a tio n  in  (C,E 

in  homogeneous sphere c o o rd in a te s  be

f t  *■*(*).. = «  ^  W  i- *■

+  K * ^ » + C , ' X  C ) > 

* * % * ±  = K  * " ( * ) -  ! C * f( * J + * ' % < * )

/*v* r I

„  2 .  h T *  ‘' x f a j - t -  ^ +x K ?i+,(x ^

where

(7 3 ')

w ith  th e  boundary co n d itio n s
_    .  .  ~ ^ + x

(73") H ~ ( c )  =

S ince  th e  tra n s fo rm a tio n  (73) I s  l i n e a r ,  we can 

apply  Theorem 21, s ta te d  fo r  the  case o f an in f in i t e s im a l  

l in e a r  tra n s fo rm a tio n  in  (C,E ) .  We th u s o b ta in  th e  re-
/y*.

s u i t  th a t  the g iven  tra n s fo rm a tio n  g en e ra te s  a one-param e­

t e r  continuous group of f i n i t e  tra n s fo rm a tio n s , which in  

homogeneous sphere  co o rd in a te s  a re  exp ressed  as th e  non-
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s i n g u l a r  l i n e a r  t r a n s f o r m a t io n s

r ^ a )  =  *  m ^ c* }  *

-f n  ( * ) * r " +  m *  ( * ) * " * \^ X / Ai.1̂ 1 J

(74) . /

A- =  N 7 * ) /  7- <-
r

-+

A* •%
/Hf /

A  'X

/K.+ f

(*> = 
v_  ■

s+y*i~ x.

A. *  6, W  ( t )  B . 
ir h e r e , f o r  a n y  v a l i f e  o f  . t h e  p a r a m e te r  ,  t h e  c o e f f i ­

c i e n t s  a r e  g i v e n  h y  _

* * y .-  0

n '(*> -  £ _
«■

^**4. :
su * ~ — o  

Qtf
m> )  = £  ' .

tT /k s  0

M

/YL+

(*? 4 .1 ) ^  « ; W = 2 .
I ' = 0
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/Vn.- 0

n ~ ~ * ,W = 1 L J L ^ T — *
s>v*-~ 0

< X>  t A * -  1z -~ ~ - M L~~d
n ~ ~ * W - Z  -  ~ ?  - -  *  >

-M ^  A/ ^  —
n ; > j  =  H  *

* C ~ * J  j t

t r , f ( * ) - L . ^ = r ~ ~  J

M ~ ? ' ^ ' ( * ) ~ ] [ s - 0 ^ !

/ y ^ ~  — W
O o  A /  /  / « v j

c— /V  ■- *
> ;  -  I  *  >N

n

= 0

/4vc — 0
sry-t1- 7  y

m  L ^ L  t  ^

.+*•
■ c ~ J

M  W = 2 . ------------ 7 7 7 J
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(74

n * c ° ] =  i , m - ' c . u = M / r » j = f C .  &
= m * w = r  « - ^ ^ w = /  m

f* J

.2 ) ^  W * C oJ = 0 ^  G]

and

» N r ’ t J  -  h ~ * '  * c j  - • ,
C J

y-i
& > / .

J= K N ^ W t  
v,sw +  /(VF~J+ f r N e l~2+ fN *  £J<K ^  /nf-; ^  /K-fi. ^

M* f̂ -r t̂ J = /fM- Ĉ D •+■ K C~Ĵ  ̂   ̂£̂ J
^  <? 2  « 4 j

+  K M«ty

-Z2-

(74

oi s*~i~I -£.

M/**-t (

.3 )^
-f- K M

e K  A V - f - f  / K ' t ' /  j

; <*'
/'*'■'+f~ /rvt-3~
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n [ ^ J  = K M*
OVti. f t

*  *cti oc _

if

n T ~ + « >  k r r ~ J -  k ~m c- J -  k w r — J
/> J  t  t  t  x  ~

J'r- "7 ,, si*-i~l ■'H.tl ~ . -a. '*'*■'*’ k/"~ r~ 1
~f~ K  N f 1*;/■/■ K  N  7  ^  ^  U**^J

fi /  ?

w ^'r 7 -  xA~+>?r-~7-7- * * *  M E"~J

H ~ ' [ - * d - - C V ~ ]
N*C~J,

M ^ r  n H ^ L ~ l - ^ N r G ~ 3 + l ( / r ~ J  
M t r ~ + l l = w  ̂ ^

+  K ~ ^ V "  * r ~ > *  "  ^

m~+' * n~.*- f] = * * ** C ~ J + xj  f 1 ' * t  C ~ 3
M L f  4~.+x

~ ^ - t - l  r - ~7
f  x K H  l —
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/V\.+ V.

/nfH/HfH
+ ,"7_ ^  k̂ V

' I (i SK

n ~ + -  + - >  «■ > < f ' € , C r 0  ^ K ^

r r +' ~  * £ V f r >

x  c v  c~ j  <- ^  K * ~ ” n  c ~ i .
We s h a l l  now show th a t  th e  tra n s fo rm a tio n s  d e fin ed  

by (7 4 ), (7 4 .1 ) , (7 4 .2 ) , and (74 .3 ) a re  c o n fo rm a lly  

v e r ify in g  th a t  th e  c o e f f ic ie n ts  s a t i s f y  th e  fo llo w in g  

r e la t io n a l  to  be r e f e r r e d  to  c o l le c t iv e ly  as (7 5 ) j

(7R .i)  ( ^ f l ' K tx ' ^ ) i 0
<̂+f P ■$■ /*■+! s*-tt ■**-+/ y

(75 .2 ) lY  ( t)
/v+ i. 1 7
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(75 .4 )

(75 .5 )

(7 5 .6 ) 

(*75*7)

(75.8)

(75 .9 )

i s l v * ( * ) # ' * " ( * )  * -* -n  ( * J M *sK-f-f **'t'(

- m *̂,w ' ’

+  £ M C * ) T = °  ,

3L At I t )  M “  (* )r  * tP t* ) tC to +/k+( r

_  Af U )N *  (*)~M  (*)N*(*)=o
I -w. -A-1 /''-V'i. 'K-f- 2. /Hj1/ J

<b 1

(* ) *■ * +  *■

/•Vf- 2.

C r fw T -  C W iT r  ° 3

i  A (*)■■+ -* H * (t)j\l* (t)+ - X
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(75.10) ^
A

/C  .

/H.+ X

(75.11) j  n y ^ 7 r f f t J  % ( * ) - *

-  m ^ 7 * )  t C "

where
m ^ j  =  m ( * j  ( - = / ) ,  -  0  C ^ t j )

The c o e f f ic ie n ts  of th e  g en e ra ted  tran sfo rm a tio n s  

M entioned in  Theorem 21 were found as the  un ique s o lu ­

t io n  o f th e  system o f in t e g r o - d i f f e r e n t i a l  eq u a tio n s

(24 .11) w ith  th e  boundary c o n d itio n s  (2 4 .1 1 ^ ). Apply­

ing  th i s  knowledge to  th e  o re s e n t cade, we see th a t  the  

c o e f f ic ie n ts  o f (74) a re  o b ta in ed  as th e  unique s o lu ­

t io n  o f th e  fo llo w in g  system  of i n t e g r o - d i f f e r e n t i a l  
1 )

e q u a tio n s ;

1 ) th e  prime b e fo re  a fu n c tio n  deno tes d i f f e r e n t i a t io n  
of the  fu n c tio n  w ith  r e s p e c t  to  S& ._____________.

p n ' ( t ) - =  km‘w,
<™> ,  K M «/*(*) + k ^ m ^ I ■+
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+  K* N / V )  i- K + •C ”' N fi (*-).
°L a  ^  /Ki-f v

V w « « W , *. f y t )

*  t r w ’ '

'M *  (*) =  K t f  ( * ) +  K * r t * * f( * ) +  ”( * j
/Kft <*■+/ /*  ' &

ot ‘**‘+ *■ . I

**■+/

' r f f r h  *  H *  ( * ) -t- + - K *JL+z ' /*+* r  &

+  K * M  ( * ) + « . S .  ^
/K+f

/  j .  K H > ( * )  +  K  ‘

'  iK / w

i - z  K  N n + I ( * - ) ,r
V̂ fc) - ± K - " M r t + ^ K r  r i  C * )

P /s Js. / * + 1 ■

- t  x K
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' f 'T Y * )  *  KM*'(*)- N*(*) +  K. .  V **(*)'  A. ft  */*

/ff*,»^)Sr.JV  N * (*)*■*■>< M  ^ C * )
/ n . t  v . yS ^  < n +  2-

t  ,  K

'M~~ * f t )  ' L * '  " * ( * ) * •  ’■ If ■ M  * ' ( * * >1 1 L^y ^ + , ft. 4 .* + /

v ~ > ;  k \ j f

i - K ^ M  ( * ) j
At.tr A ttx ^ + r

y - * W -  *  " W

( t ) + K " ~ t > l  (* )
' ✓'•Vf'2- A-tX- J

'  f f "  “ ? * ) -  X K* V l* )  + >- K ^* > ft At.tr f/*-t\ y

f t  /*.+! f

. , j  4 0*.f *- / \ t  I yf\+X.
/  N  ( * ) + x l (  M  ( ij+ iK H  (*)
• ’ K y  f t  a*.f*. *
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M ^ . ) *  I r f 'V c )  = ( ‘) - W “ (> )
> *• £  / K f |  /K.+X.

-  ^ ( > )  -  ° ,  M ~ * ( o )  =  /  ( *  * j )  J

t l  * * '( • ) = o (-< ■ *;)>  m * * " " ( • ) *

(7 6 ' ’ =  N ~ + '( . )  ~  M ~ * ' * t . )  = a

=  N ^ ( ‘ )  = * ( 0

= ~ * U )  -  O, /V ^ 1 = ' •

We no te  f i r s t  th a t  the boundary c o n d itio n s  (76^) are  

s a t i s f i e d  in  (75)* Next, d i f f e r e n t i a t i n g  r e la t io n s  (75) 

w ith  re s p e c t to  X , we g e t th e  fo llo w in g  e q u a tio n s , to  

be r e f e r r e d  to  c o l le c t iv e ly  as (7 7 ):

(77 .1 )' /*-+f A £,/».+ !

- M  ( * ) .sK+t **.+!

(77 .2 ) X (*) ( * )
SKtX. f

-n  (*■) m c*)-n (*)m (*)
+ , 'X.lSW *

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



1 4 8

( 7 7 . 3 )

(77 .4 )

(77 .5 )

a  m * C t) 'm **?*) - t  u
«.t! j S  /  ^

f - i A J  f t /  '/I ( t )

'H i ' / z ^ ^ i .  sHf~ l . 'H .i-t

-  M  l * ) ' M ^ ~ * ? i ) - l 1  (* )'» m C*) 

t  X f l f f l  ' M l * )  ~  ° y

2 - r f f s t )  'M *  (* )  f  z -M  M  't* T (* )
/K4~{ S*+t '  f t  '

- f  i « ^ /  v > ; -  ' £ > ;
v

-  n *  ( * )  ' t i ~ + " ~ 7 * J  -  y y * - )
/*■+ l- 

_ W-
-

* 'iLm + " u * }
+ x rt*~*'(*) 7*}

_ x ( + j
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■'<77.6)

(77 .7 )

(77 .8 )

(7 7 .9 )

XN*(*)'M* (*)+-x/i* (t) ^ C t )

+  *  r T fy  t x N ^ J
C **

-  n ~ (*) ' n " H ~ y * js».+ i. /*■+{

-  < c , r t ~ 0  >

i  M ~(t) 'M fi (*) + x n *  (*)'M i t j  
jH  /* .•+  a. /*%*■ t 4

■+3.MfJtx)'M. t j + x H  (* ) '^ ( t)

-  M  f t '*  ( * ) - "  &  M  C * M o t

V*6e) -  MOc) ,

3 . M * A{ * ) ' n  ( t )  +  x M  ( * )  M f f l + i - N f y 'H f * )
* f  *P , r  ?

+  X  N * ( t )  +  X  m '{£ )
t

+  X  f i f t y  +  x M f t )
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(77

where

+  a. » ' “(*■) ' u p )  - N *  ( t)  V f  (*)
^ r /

-  V? (4 'nk(4 -  Hf (*J '**(*)-N*( * ) ' % 0/nt*. ,*.*-/ /*>+*- /k+i . **+! J

(7 7 .i o ) 4  r f f e )  + *- 'M *(x) +■ * 'MA /

-+. *. m  > ; 'm ^ )  +  *■ m *7 * ) n/  ( x )

- n *  c t )  ' r r * ' w - W £ ,  r t
/K-f l-

- a / "  (* ■ )W '* * 1' 7 ^ * 0 >sn. ¥~l

. 11) A  / ^ 7 ^ |  1- *  r f( * )  'M  '" p j

- t x M  * * (* ) ' % ( * }  ' « M  **& ) '» * + (* )

-  r - T ^  P )  'm ^ ' P ) -  M ~ * ' p )  ' n ^ P )

- M —  P ) ' m ~ h P ) - n ~ * ,AT 4  ' * * P ) =

M ■i j / 1 r m  f t )  P s i )

If w© substitute from (76) in the left-hand member of 
each eq u a tio n  o f (7 7 ), we s h a l l  f in d  th a t  th e  r e s u l t ­

ing  ex p ress io n s  a l l  reduce ' to  z e ro . Thus th e  l e f t -

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



1 5 1

hand member o f (77 .1 ) becomes . “ 7

which reduces to  zero s in c e  the ex p re ss io n  in  b rack e ts  

v an ish es by (7 5 .1 ) and th e  o th e r  term s v an ish  by (7 5 / )*

The le f t -h a n d  member o f (7 7 .2 ) becomes

>■'< I % - { x)  * * '

+  x K > r M T t* >  « % ) ■ > - * * .p  Y t *
which reduces to  zero  s in c e  th e  ex p ress io n  in  b ra c k e ts

v an ish es  by (7 5 .2 ) and th e  o th e r  term s v a n ish  by (73/ ) .

When use  i s  made of (7 5 .8 ) ,  th e  le f t - h a n d  member o f

(7 7 .3 ) becomes

i K ft. M (*>-&, J? )n »)
L. 7® V

-  h  ( * 6 * 8 +  W + * r5
X+t /*+! '—

which reduees to  fcero s in c e  the  f i r s t  ex p ress io n  in  

b ra c k e ts  v an ish es by (7 5 .3 ) and th e  o th e r  term s v an ish  

by (7 3 y) . The le f t-h a n d  member of (77 .4 ) becomes . ^

a. K f \  rrtt)f£(*fr  -  w

*-£*"^1 /*tf/ J

R eproduced  with perm ission o f the copyright owner. Further reproduction prohibited without perm ission.



1 5 2

+ 4 «  + « 1  (* )>

Which reduces to  zero  s in c e  th e  f i r s t  ex p re ss io n  in  

b ra c k e ts  van ish es by (7 5 .4 ) and th e  o th e r  term s v an ish  

by (7 3 / ) .  The le f t-h a n d  member of (7 7 .5 ) becomes

.  h ~ * u ~ " (a )

which reduces to  ze ro  s in c e  th e  f i r s t  e x p re ss io n  in  

b ra c k e ts  v an ish es by (7 5 .5 ) and th e  o th e r  term s v an ish  

(7 3 / ) .  The le f t-h a n d  member of (7 7 .6 ) becomes . ^

A k £  r f ( * )  m * (* ) + x  M * fa )  ~  (*)
L~ /*■+*• A

j \ j ^ f ( t ) N ^ ( * ) ]
s* st *■

r :> /* . */>*]
+ ■ a -

p i-h  X

which reduces to zero since the first expression in  

b ra c k e ts  v an ish es by (7 5 .6 ) and th e  o th e r  term s v an ish  

by (7 3 r ) .  The le f t-h a n d  member o f (7 7 .7 ) becomes
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H  K [ 1 ( * )  +  X M # Y * )  M

_  n r * '  ~ * UC*) A T "  > )  -  n ^ ^ f y s T * # !

X*),

which reduces to  zero s in c e  th e  f i r s t  ex p ress io n  in  

b ra c k e ts  v an ish es  by (7 5 .7 ) and th e  o th e r  term s v an ish  

by (73/ ) .  The le f t -h a n d  member o f (77 .8 ) v an ish es  by 

(7 5 .8 ) .  The le f t -h a n d  member of (77 .9 ) becomes

x. (* ) +  *  t t f a )  N * f t ) +■ *• f a )

+  a [K %  K * ? }ff/* ) " ,&

+  ± I k * + k 4 '

which reduces to  zero s in c e  th e  f i r s t  e x p re ss io n  in  

brackets vanishes by (75.9) and the other terms vanish 
by (7 3 / ) .  The le f t-h a n d  member o f  (77 .10) becomes

S .k [x . tr t* )  M *(*U * M t y l i W t i M ' f y f l P j  
L -  +  f  f r
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-  M ^ W / v V ;  -

+  ^ W f } N ^ )  %  (* ),

which reduces to  zero  s in ce  th e  f i r s t  ex p ress io n  in  

b ra c k e ts  v an ish es by (75 .10) and th e  o th e r  term s v a n ish  

by (7 3 / ) .  Using th e  f i r s t  eq u a tio n  of (7 6 ), we f in d

' M x p J  -

so th a t  th e  le f t -h a n d  member o f (77 .11) becomes

i  m£ (* U  * ( » * # ?

_ ^  >j t& 'fa ) -

which reduces to  zero  s in ce  the  f i r s t  ex p ress io n  in  

b ra c k e ts  v an ish es  by (75 .11) and th e  o th e r  term s v a n ish  

by (73 / ) .

Thus we have shown th a t  th e  c o e f f ic ie n ts  o f th e  

g en e ra ted  tra n s fo rm a tio n s  (74) s a t i s f y  (7 5 ) . Hence 

th e  g en e ra ted  tran sfo rm a tio n s  a re  confo rm al.

We have now com pleted th e  p ro o f of

THEOREM 41. A g iven  in f in i t e s im a l  conform al t r a n s -
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fo rm atio n  in  ( C ,E ^), which in  homogeneoas sphere co­

o rd in a te s  i s  d e fin ed  by (7 3 ), (7 3 / ) and (7 3 ^ ), g en e ra te s  

a one-param eter continuous group o f f i n i t e  conform al 

tra n s fo rm a tio n s  in  (0 ,1 ^ ) , which in  homogeneous sphere 

co o rd in a te s  a re  g iven  by (7 4 ), (7 4 .1 ) , (7 4 .2 ) and (74 .3 )*
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PART VI
1)

A SUBGROUP OP THE PROJECTIVE GROUP IN (C,E )/Hz

I)' We' h ere  g e n e ra liz e  r e s u l t s  o b ta in ed  by I . A .B a rn e tt, 
p roceed ings of th e  N a tio n a l Academy o f S c ie n ces , 
v o l .  15 (1929), p . 96*___________________________________

1 . The Subgroup of the  I n f in i te s im a l  P ro je c t iv e

Group in  Taking U nit Spheres in to  U n it Spheres

in  (G,S ) .  We seek to  determ ine the  form o f those  ***•
in f in i t e s im a l  p ro je c t iv e  tra n s fo rm a tio n s  (42) which tak e  

the  u n i t  sphere in  (C,S^)

A f
(78) *  I* 1- *  “  '

in to  a u n i t  sphere in  (C ,l  ) ,  i . e .  which leav e  (78) in -  

v a r i a n t .

F i r s t  l e t  us assume th a t  (78) i s  In v a r ia n t  under 

(4 2 ) . Then fo r  every OC. s a t i s f y in g  (78) we have

A f  f  X. ) = 0

or j )  *

^  ^  y  <**_ >

w hich, when use  i s  made of (42) and (7 8 ), becomes

(79) (  k ' + m O *  + ■ ( *  < • '% )'* * +

+  *  A r  W  ' y ?  t *
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Tile choice

s a t i s f i e s  (78) f o r  every  ^  • P u tt in g  in  (79) th e  

th u s d e f in e d , we g e t th e  fo llo w in g  id e n t i ty  in  ;

(79 .1 ) t - i  ^  ( K

+  ( /%  + % ) ' *  +  L /,(% )

+ * %  % +( i f  4 h ^ +U ^ K  0 ■

Let us u se  in  (79 .1 ) th e  d e fin e d  as fo llow s?

*  > 0  ( f ' - x ' k *  = % + * -)

V
*= 0 fo * $->« !'+■*■*■« it )

A .

-  0

We thus o b ta in  an I d e n t i ty  w hich, a f t e r  we d iv id e  through 

*  W  , becomes

(79.il) s* .+*■*--------------- z----~°j
[ W f v F ~ ~ f o f c  ? ( / > * ?

Applying the Mean Value Theorem o f D e f in ite  I n te g r a l s ,  

we f in d  th a t  (79 .11) becomes
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C a 74’X’
, <  t \  f ' -sA* r

(79 .111) (k V f) 7  lrx  U - t  U ------ _ 0

C ^ f  / W  '

where 3L > ^  > JTy-. > are  c e r ta in  in te rm e d ia te

v a lu es  in  th e  in te r v a l  ( f t  + * )  .  Applying S chw arz 's 

In e q u a l i ty ,  we have r,+ *

( n w n  « /
^  A-Xf-X f-X-7

whence

T f 7  { y *  .

c ‘ v r J f i W  / v ^ /

P assin g  to  th e  l im i t  in  th i s  in e q u a l i ty  as ^  -t> 0 , 

we see th a t  th e  r ig h t-h a n d  s id e , and th e re fo re  th e  l e f t -  

hand s id e , approaches z e ro . S in ce , a ls o ,  L h -+ L f ' 

as /L -> 0 , (79 .111) reduces to

L * ' = o

when we pass to  th e  l im i t  in  (79 .111) as jt+ -+ 0  . But
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sine© £  was any value in  I  , w© conelud©
<X

(79.1111) L  0

(79 .11) thus reduces to

%-JL
^  /»

w hich, when d iv id e d  th rough  by J  $  * » becomes

t & K ’ V n W *  .  „

J
*! /* r«- - _  r s r* , u  *~7

f-Z- f - J t
Again app ly ing  th e  Mean Value Theorem, we have

<***/>
,  f j  ^  ^

r £>_ »y f -  s~  s ’ ~x ----------   —  0
(79 .112) ^  /”  t

L  L  <*

By Schwarz’ s In e q u a l i ty  we have

r ?,ft ^

n W
5  1 .

I *
Since th e  r ig h t-h a n d  s id e  o f  th i s  in e q u a l i ty  approaches 

zero  as £ ,* + 0  > so does th e  le f t -h a n d  s id e .  But
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f as x  0 . Hence, p a ss in g  to  the 

l im i t  in  (79.112) as JL 0 , we o b ta in

n r' -  o j

whence

(79.1121) K * •+ M *53 0  .

(7 9 .1 ) th u s  reduces to

from which we in f e r

(79.121) ^  +

(79 .12) thus reduces to

(79.122) 0 > 

from which we g e t by Lemma 2

(79.1221) Kj ' t L ? S S 0 '

From (79.1111), (79.1121), (79.121) and (79.1221), 
we have

THEOREM 42. A n ecessa ry  c o n d itio n  th a t  (42) leave  

(78) in v a r ia n t  i s  t h a t  (42) be o f the form
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(80)

where

K * + ^  +  K . V - * V *  +  * * ,*i  >
P f  P *

_ f ' f  ^  K -  /7C K%c + M  ^  ^

(so/) K ^A o,K:W ‘- o.
We re a d i ly  e s ta b l i s h  th e  s u f f ic ie n c y  o f th e  c o n d itio n  

s ta te d  as n ecessa ry  in  Theorem 42. A pplying th e  t r a n s ­

fo rm atio n  we f in d  by (80) and (8 0 / ) ,  we have

J L
4*r

j - 11 K " *  +  *  *

which i s  zero fo r  any p o in t  ^0 s a t i s f y in g  (7 8 ) , in  

view of (807). We tlius liave
THEOREM 43. The tra n s fo rm a tio n  d e fin ed  by (80) and 

(807 ) le av es  (78) I n v a r ia n t .

Theorems 42 and 43 to g e th e r  g ive
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THEOREM 44. The most g e n e ra l I n f in i te s im a l  p ro je c ­

t iv e  tra n s fo rm a tio n  in  ( C,E^) le av in g  (78) in v a r ia n t  

I s  d e fin e d  by (80) and (BO^).

Computation o f th e  commutator o f th e  tra n s fo rm a tio n

(8 0 ) , (8 0 ')  and the  tra n s fo rm a tio n  .

4 * 1  = K *  -t- k " 1  +  ,

M i - -  F T -  ,
J f t + . K ^ a o ,  0

gives

THEOREM 45. The t o t a l i t y  of tra n s fo rm a tio n s  o f  th e  

h in d  d e fin ed  by (80) and (80 *) c o n s t i tu te  a subgroup 

o f the  in f in i t e s im a l  p r o je c t iv e  group in  (C ,E ^).

2 . A R e la tio n  w ith  th e  I n f in i te s im a l  Conformal Group 

in  ( C,E . ) .  By analogy w ith  th e  term ino logy  o f /'’■'/-space, 

we say th a t  a p o in t -X i s  p ro je c te d  s te re o g ra p h ie a l ly  

With re s p e c t  to  th e  sphere (78) on th e  l in e a r  sp read  

'% =  — /  when 'X i s  transfo rm ed  b y 'th b  form ula

(81)

01
2L0C

SLOC
/>W

I -  oc
\ j i =  /, a , • -

We proceed  to  tran sfo rm  (8 0 ) , (8 (/ ) s te re o g ra p h ie a l ly

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



1 6 5

by means o f (8 1 ) a D if f e r e n t ia t in g  (81) w ith  r e s p e c t  to

£ ( > - x  J ~ Z *£ * Z  =
A t

A oc

-ffr*

JL0-* ~ >
A * "  XL 4 .i*  -

A * 0- « )

A  A? sfx*' A x  
and re p la c in g  ~~££— * H x T  * " A t?  by t h e i r  v a lu es
from (8 0 ), (80 ) ,  we g e t

_<x
.1) A *L  ~  X

A t-

^ ■ x ^ K - x - n *
<*■ /J W  / ) V  fi(

-h
00

h - * J

(8 1 .2 ) - -X X
A t

, . /<tv *2**' *,
- « * - K y + * * ' « + «  *  - M *

0 - n T j

where
y p +  * r W  =  <. r A<V  K ^ o  ( i j r i A  -r -'X
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from (81) we have

V
*  * -------------5 -----------------J

( 817 )

aC ^
S u b s t i tu t in g  in  (78) th e  v a lu es  o f •% , <x » given by

(8 1 / ) ,  we have v
/  ’’’ x

,7 8 ')  . T ^ r )
A#

le p la c in g  in  (8 1 .1 ) % , #  by th e i r  v a lu es  from

(8 1 / ) ,  we get

<8M ' ,  § : -  +
*  P . _ . u -n /\

where

K ^ t K f A ^  0  , K * " ~ 5 E  o  .

But u s in g  (7 8 y) we f in d

/
so th a t  (81 .1  ) becomes
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- 4 - ' /

where

K ^ t  K ^ s  o } 0  .

^  *
R eplacing  X  , x *  in  (8 1 .2 ) by t h e i r  v a lu es  from 

(81 *), we g e t

(81 .2  )/ -  f t *  K  ~M~4C
A it A

where
« .a > , . < c  A v  , ,

K *+ K •
/

Using (78 ) , we f in d  

so th a t  (81 .2  ) becomes

 O \ 1 ̂  / 7 ”w — —

q £ -  = * ' +  x " } ^
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where
K * * + K * ' % o  K ^ - r  K ~ * s .  o ^

P o ttin g  \

K“-K*= ft* M~-*/ -CK.+ K ) = *<--■
/IV '

we have f i n a l l y

K  % * + - f-  K* 06
< t t  Is

( 8 2 )  -<
+  z *

A /i #
i  —1  ;  Oc ~f- K

.4 *  . = K  t * *  ~ Kf  }

« « f  ̂ ^
/  . . __ / i_ * * *, ^  y  )
'  ^  -  1  > >  J

where  ̂ . . j  ***
( / . ' )  K ' f + K *  S 0 } K  * + K  -  0 •

The t o t a l i t y  o f tra n s fo rm a tio n s  o f the  k in d  d e fin e d  by 

( 8 2 ) ,( 8 2 #) com prise, however, the  in f in i t e s im a l  conform al 

group in  (C,E ) .  Hence we have

THEOREM 46. The subgroup (8 0 ), (80 ) o f  th e  group o f 

in f in i t e s im a l  p ro je c t iv e  tra n s fo rm a tio n s  in  (C,E ) i s  trans*
rnrmrin.irijuiiMinTTiiiTir- -n . .. u m - ■' ' ' r ] ' r n— / 9\ ^  •m m m m  r i r n - i m i r

formed by a s te re o g ra p h ic  p r o je c t io n  (81) in to  th e  i n f i n i ­

te s im a l conform al group in  (C ,S ^_^).
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