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Abstract. Several basic relative invariants for homogeneous linear differential

equations were discovered during the years shortly after 1878. Also, a basic
relative invariant was found by Paul Appell in 1889 for a type of nonlinear

differential equation. There was little progress during the years 1892–1988 as

researchers who worked with homogeneous linear differential equations were
unknowingly handicapped by the standard practice of introducing binomial

coefficients in the writing of their equations. They thereby failed to develop

adequate formulas for the coefficients of equations resulting from a change of
the independent variable. Consequently, for relative invariants as the most

important kind of invariant, progress was stymied.
The notation was simplified in 1989, adequate transformation formulas

were developed, and explicit expressions were deduced in 2002 for all of the

basic relative invariants of homogeneous linear differential equations. In 2007,
explicit formulas were obtained for all of the basic relative invariants of a

type of ordinary differential equation involving two parameters m and n that

represent positive integers. When n = 1 and m ≥ 3, the formulas specialize to
provide all of the basic relative invariants for homogeneous linear differential

equations of order m; and, when m = n = 2, they yield all three of the basic

relative invariants for the equations of Paul Appell.
A general method developed in 2014 combines two relative invariants of

weights p and q for the same type of equation to explicitly obtain a relative

invariant of weight p+ q+ r, for any r ≥ 0. With that, the principal problems
about relative invariants have now been solved.

This monograph provides clear perspective about the reformulation begun
after 1988 and recently completed. Chapters 15 and 18 show how the major

difficulties confronting earlier researchers have been overcome.
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Preface

The subject of relative invariants for ordinary differential equations has been
completely redeveloped in a series of publications begun in 1989. Now, there are
satisfactory solutions to the principal unsolved problems that provided interest for
researchers after Edmund Laguerre found a relative invariant in [37, 38] of 1879
for third-order homogeneous linear differential equations and the French Academy
of Sciences encouraged extensions of his research. In particular, Georges-Henri
Halphen won the 1880 Grand Prize of the French Academy of Sciences for research
about invariants published in [32] and Henri Poincaré received honorable mention
for his competitive submission to them in 1880.

Explicit formulas for all of the basic relative invariants of homogeneous linear
differential equations of each fixed order were found and presented in [19] of 2002.
For a type of nonlinear differential equation studied by Paul Appell in [4] of 1889,
he discovered one of its three basic relative invariants. The other two were obtained
for [20] of 2007 and all three appear in [20, page 13, Theorem 1.8] of 2007.

As a remarkable generalization not anticipated by earlier researchers, all of the
basic relative invariants were discovered and presented by explicit formulas in [20,
pages 257, 264, 275–276] for a type of ordinary differential equation involving two
integral parameters m and n, where m is the order of the equation and n is its
degree when its left member is regarded as a homogeneous polynomial in the various
derivatives of the dependent variable. In particular, when n = 1, the formulas
specialize to yield the ones in [19] for the basic relative invariants of homogeneous
linear differential equations of each order m ≥ 3; and, when m = n = 2, they
specialize to yield the ones in [20] for the three basic relative invariants of the
nonlinear equations Paul Appell studied in [4].

To complete the research involving the preceding results, a construction was
developed in [21] of 2014 where, under general conditions, it combines two relative
invariants of respective weights p and q for the same type of equation to produce
a relative invariant of weight p+ q + r, for any integer r ≥ 0. Examples were also
given in [21] to illustrate how, starting with the basic relative invariants for a given
type of equation, that construction can be repeatedly applied to obtain linearly
independent relative invariants of a given weight whose linear combinations yield
all of the relative invariants having that weight.

This revision of [21] includes Chapters 15 and 18 as new ones to show why,
after a flurry of intense interest during the years 1879–1891, the subject remained in
limbo until 1989. In particular, these chapters make precise the principal difficulties
earlier researchers failed to overcome.

Roger Chalkley

xi





CHAPTER 1

Historical Introduction

Anyone knowledgeable about the differential calculus can effortlessly develop
an interest in the subject of invariants by interacting with the computer-algebra
aspects of Chapters 16 and 17 before becoming involved with details.

The initial discovery of a relative invariant was made by Edmund Laguerre
in [37, 38] of 1879 when he found one for monic third-order homogeneous linear
differential equations. The principal research about relative invariants before 1989
was performed by Edmund Laguerre, Georges-Henri Halphen, Andrew Forsyth, and
Paul Appell during the years 1879–1889. For Laguerre’s use of relative, see page 39.

1.1. Notation to avoid

Chapters 15 and 18 provide a detailed explanation why research about relative
invariants languished during the years from 1890 through 1988. The main cause was
that authors who wrote papers about such matters before 1989 used notation like

(1.0) y(m)(z) +

m∑
j=1

(
m

j

)
dj(z)y

(m−j)(z) = 0, with binomial coefficients

(
m

j

)
.

Chapter 15 shows how that notation hindered the discovery of adequate formulas
for the coefficients of equations resulting from a change of the independent variable.
The abandonment of that notation in [14, 16, 17] during 1989–1993 was responsible
for the advances in [19, 20]. Throughout, we shall avoid notation like that of (1.0)
except for Chapters 15, 17, and 18 where early details are examined.

1.2. Relative invariant of Edmund Laguerre

To recall a result of Edmund Laguerre, we note that: when c1(z), c2(z), c3(z)
are any three meromorphic functions on a region Ω of the complex plane and ρ(z) is
a not-identically-zero meromorphic function on Ω, there are unique meromorphic
functions c∗1(z), c∗2(z), c∗3(z) on Ω such that the monic third-order homogeneous
linear differential equation

(1.1) y′′′(z) + c1(z)y′′(z) + c2(z)y′(z) + c3(z)y(z) = 0, on Ω,

is transformed by the substitution

(1.2) y(z) = ρ(z)v(z)

into the monic third-order homogeneous linear differential equation

(1.3) v′′′(z) + c∗1(z)v′′(z) + c∗2(z)v′(z) + c∗3(z)v(z) = 0, on Ω.

Each of c∗1(z), c∗2(z), c∗3(z) can be expressed in terms of c1(z), c2(z), c3(z) and the
derivatives of ρ(z) by simple hand-written computations that yield

1



2 1. HISTORICAL INTRODUCTION
c∗3(z)− 1

3 c
∗
1(z) c∗2(z)

+ 2
27

(
c∗1(z)

)3− 1
2 c
∗(1)
2 (z)

+ 1
3 c
∗
1(z) c

∗(1)
1 (z)

+ 1
6 c
∗(2)
1 (z)

 ≡

c3(z)− 1

3 c1(z) c2(z)

+ 2
27

(
c1(z)

)3− 1
2 c

(1)
2 (z)

+ 1
3 c1(z) c

(1)
1 (z)

+ 1
6 c

(2)
1 (z)

,(∗)

for each z in Ω.

When c1(z), c2(z), c3(z) are any three meromorphic functions defined on a region Ω
and z = f(ζ) is a univalent analytic function on a region Ω∗∗ with f(Ω∗∗) = Ω,
there are unique meromorphic functions c∗∗1 (ζ), c∗∗2 (ζ), c∗∗3 (ζ) on Ω∗∗ such that the
substitution

(1.4) z = f(ζ), with u(ζ) = y
(
f(ζ)

)
,

transforms (1.1) into

(1.5) u′′′(ζ) + c∗∗1 (ζ)u′′(ζ) + c∗∗2 (ζ)u′(ζ) + c∗∗3 (ζ)u(ζ) = 0, on Ω∗∗.

Each of c∗∗1 (ζ), c∗∗2 (ζ), c∗∗3 (ζ) can be expressed in terms of c1(z), c2(z), c3(z), as
well as z = f(ζ) and derivatives of f(ζ) by simple computations that yield

c∗∗3 (ζ)− 1
3 c
∗∗
1 (ζ) c∗∗2 (ζ)

+ 2
27

(
c∗∗1 (ζ)

)3− 1
2 c
∗∗(1)
2 (ζ)

+ 1
3 c
∗∗
1 (ζ) c

∗∗(1)
1 (ζ)

+ 1
6 c
∗∗(2)
1 (ζ)

 ≡
(
f ′(ζ)

)3

c3
(
f(ζ)

)
− 1

3 c1
(
f(ζ)

)
c2
(
f(ζ)

)
+ 2

27

(
c1
(
f(ζ)

))3− 1
2 c

(1)
2

(
f(ζ)

)
+ 1

3 c1
(
f(ζ)

)
c
(1)
1

(
f(ζ)

)
+ 1

6 c
(2)
1

(
f(ζ)

)

,(∗∗)

for each ζ in Ω∗∗.

We represent the relative invariant associated with (∗) and (∗∗) by

(1.6) I3,1; 3 ≡ w3 − 1
3w1w2 + 2

27 (w1)3 − 1
2w

(1)
2 + 1

3w1w
(1)
1 + 1

6w
(2)
1

and regard it as a differential polynomial into which substitutions can be made.

Thus, with wi = w
(0)
i , if I3,1; 3(z), I∗3,1; 3(z), and I∗∗3,1; 3(ζ) are respectively obtained

by replacing each w
(j)
i in I3,1; 3 with the corresponding c

(j)
i (z) from (1.1), c

∗(j)
i (z)

from (1.3), and c
∗∗(j)
i (ζ) from (1.5), then (∗) and (∗∗) may be written as

I∗3,1; 3(z) ≡ I3,1; 3(z), on Ω, and I∗∗3,1; 3(ζ) ≡
(
f ′(ζ)

)3 I3,1; 3(f(ζ)
)
, on Ω∗∗.

We note that the relative invariant of Edmund Laguerre presented in [37, page 117]
of 1879, or in [33, page 421], corresponds to the notation 2I3,1; 3.

Composites of some (1.2) and some (1.4) yield the transformations of (1.1).

1.3. Terminology for homogeneous linear differential equations

When c1(z), c2(z), . . . , cm(z) are meromorphic functions on a region Ω of the
complex plane and ρ(z) is a not-identically-zero meromorphic function on Ω, there
are unique meromorphic functions c∗1(z), c∗2(z), . . . , c∗m(z) on Ω such that the monic
mth-order homogeneous linear differential equation

(1.7) y(m)(z) +

m∑
j=1

cj(z)y
(m−j)(z) = 0, on Ω,
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is transformed by the substitution

(1.8) y(z) = ρ(z)v(z)

into the monic mth-order homogeneous linear differential equation

(1.9) v(m)(z) +

m∑
i=1

c∗i (z)v
(m−i)(z) = 0, on Ω.

We set n = 1 in (3.4) of page 19 to obtain c∗i (z) for (1.9) as in (15.12) of page 158.
In terms of meromorphic functions c1(z), c2(z), . . . , cm(z) on a region Ω and

a univalent analytic function z = f(ζ) on a region Ω∗∗ with f(Ω∗∗) = Ω, there
are unique meromorphic functions c∗∗1 (ζ), c∗∗2 (ζ), . . . , c∗∗m (ζ) on Ω∗∗ such that the
substitution

(1.10) z = f(ζ), with u(ζ) = y
(
f(ζ)

)
,

transforms (1.7) into

(1.11) u(m)(ζ) +

m∑
i=1

c∗∗i (ζ)u(m−i)(ζ) = 0, on Ω∗∗.

Satisfactory formulas for the c∗∗i (ζ) were available only after the investigations
in [14, 16, 17] of 1989–1993 that lead to [19, page 136, Theorem A.3] of 2002.
To verify that, see the beginning of Section 15.1 on page 157. Here, for c∗∗i (ζ) in
(1.11), set n = 1 in (3.21)–(3.24) on page 24 and obtain (15.16)–(15.18) on page 159.

For any polynomial I over the field Q of rational numbers in variables w
(j)
i

having 1 ≤ i ≤ m and j ≥ 0, let I(z) onΩ, I∗(z) onΩ, and I∗∗(ζ) onΩ∗∗ denote the

functions respectively obtained by replacing each w
(j)
i in I with the corresponding

c
(j)
i (z) from (1.7), c

∗(j)
i (z) from (1.9), and c

∗∗(j)
i (ζ) from (1.11). Then, I is a

relative invariant for mth-order homogeneous linear differential equations when I

effectively involves at least one w
(j)
i and there is a fixed positive integer s such that

(1.12) I∗(z) ≡ I(z), on Ω, and I∗∗(ζ) ≡
(
f ′(ζ)

)s
I
(
f(ζ)

)
, on Ω∗∗,

for each equation (1.7) as well as each (1.8) and (1.10).

1.4. Relative invariants of Georges-Henri Halphen

For each fixed integer m ≥ 3, the polynomial

Im,1; 3 ≡ w3 −
m− 2

m
w1w2 +

(m− 1)(m− 2)

3m2

(
w1

)3 − m− 2

2
w

(1)
2(1.13)

+
(m− 1)(m− 2)

2m
w1w

(1)
1 +

(m− 1)(m− 2)

12
w

(2)
1

is a relative invariant with s = 3 for the equations (1.7) of order m. This is a
consequence of Theorem 4.6 on page 32. It was published in a different form by
G.-H. Halphen in [32, page 127] of 1884. Namely, by rewriting his expression for V
in [32, page 127, Equation (10)] or [35, page 112, Equation (10)] with respect to
the coefficients of (1.7), we find that

(1.14) V ≡
(

−12

m(m− 1)(m− 2)

)
Im,1; 3(z),

where, with wi = w
(0)
i , Im,1; 3(z) is the function on Ω obtained by replacing each

w
(j)
i in (1.13) with the corresponding c

(j)
i (z) from (1.7).

In particular, for m = 3, (1.13) yields (1.6).
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By setting m = 4 in (1.13), we see that the differential polynomial

(1.15) I4,1; 3 ≡ w3 − 1
2w1w2 + 1

8 (w1)3 −w(1)
2 + 3

4w1w
(1)
1 + 1

2w
(2)
1

is a relative invariant with s = 3 for the differential equations

(1.16) y(4)(z) + c1(z)y(3)(z) + c2(z)y(2)(z) + c3(z)y(1)(z) + c4(z)y(z) = 0.

In [31, page 331, Equation (9)] or [35, page 469, Equation (9)], G.-H. Halphen
had already indicated a relative invariant with s = 3 for the equations (1.16).
His expression is equal to (−1/2)I4,1; 3(z). For the relative invariants presented
here thus far, the computations required to directly verify their properties can be
done as hand-written ones without great effort.

G.-H. Halphen used [31, page 339, line 3] or [35, page 474, line 23] of 1883 to
make plausible the existence of a relative invariant with s = 4 for (1.16). We used
Theorem 4.6 with computer algebra to conclude that the differential polynomial

I4,1; 4 ≡ w4 − 1
4w1w3 − 1

2w
(1)
3 − 9

100 (w2)2 + 1
5w

(2)
2 + 13

100 (w1)2w2(1.17)

+ 27
100w

(1)
1 w2 + 1

4w1w
(1)
2 − 39

1600 (w1)4 − 39
200 (w1)2w

(1)
1

− 33
200

(
w

(1)
1

)2 − 3
20w1w

(2)
1 − 1

20w
(3)
1

is a relative invariant with s = 4 for the equations (1.16). For merely a verification,
see Example 16.3 on page 164. Section 12.1 shows that each relative invariant
having s = 4 for the equations (1.16) is expressible in the form γ I4,1; 4, for some
nonzero rational number γ.

1.5. Infinitesimal Transformations of Andrew Forsyth

To find explicit expressions for the coefficients of various relative invariants,
Forsyth recognized in [28, pages 394–401] that computations would be considerably
simplified if transformations of the type (1.10) were replaced by corresponding
infinitesimal transformations where higher order infinitesimals could be neglected.
His viewpoint was expressed in a footnote to [28, page 394] as follows.

“The functions are shown by this process to be invariants only
for an infinitesimal, but otherwise perfectly general, transforma-
tion; but the immediate purpose is to obtain the numerical co-
efficients and not to prove the property of general invariance,
which, otherwise known, could be derived by the principle of
cumulative variations.” (Andrew Forsyth)

Indeed, for each integer s satisfying 3 ≤ s ≤ 7 and for monic homogeneous
linear differential equations of order m ≥ s, his process yields a relative invariant
that satisfies (1.12) with that s. Namely, after correcting the tiny misprint that we
noticed for [28, page 401, Equation (18)] in [19, page 79] and describe for s = 7 on
page 176 of Chapter 18, we used computer algebra in [19] to verify that Forsyth’s
expressions could be identified with γm,sIm,1; s, for 3 ≤ s ≤ 7, where Im,1; s is
given by (4.17) of page 32 with m = m (as any integer ≥ s), n = 1, and e1 = s.
Since Im,1; s was shown in [19] to be a relative invariant corresponding to (1.12)
with s ≥ 3 and m ≥ s, the properties of Forsyth’s expressions follow from that.
Details about this are presented in Sections 18.6 and 18.7 of Chapter 18.

A direct verification for each of the formulas [28, pages 399–401, (14)–(18)] in
the proof of Theorem 18.7 required a previously unavailable transformation formula.
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1.6. Laguerre-Forsyth canonical forms

Andrew Forsyth established and applied in [28, pages 403–407] of 1888 the
result that: for any homogeneous linear differential equation of order m ≥ 2 having
meromorphic coefficients on a region, there is a subregion on which the restriction
of the equation can be transformed into a homogeneous linear differential equation
of order m in which the coefficients of the derivatives of order m− 1 and m− 2 are
zero. This process is described as a local transformation for a homogeneous linear
differential equation to a Laguerre-Forsyth canonical form.

By using infinitesimal transformations with reductions to Laguerre-Forsyth
canonical forms, Forsyth obtained expressions in [28, pages 404–407] that yield
identities various relative invariants would give when restricted to transformations
of one Laguerre-Forsyth canonical form into another. The corresponding invariants
for this restrictive context were descriptively termed linear invariants by Forsyth
to distinguish them from the true relative invariants of Laguerre and Halphen.

Without need for infinitesimal transformations, the preceding ideas were thor-
oughly redeveloped in [19, pages 39–49] and used in [19, Chapters 7–9] to prove
the result [19, page 6, Main Theorem] that presented explicit formulas for all of the
basic relative invariants of homogeneous linear differential equations. The concept
of a Laguerre-Forsyth canonical form was extended in [20, pages 47–65, 265–274]
to more general types of ordinary differential equations and their properties were
essential for the verification in [20] of the results presented here in Theorem 4.6
on page 32 and Theorem 4.8 on page 34.

1.7. Differential equations of Paul Appell

In [4] of 1889, Paul Appell studied the differential equations expressible as(
y′′(z)

)2
+ 2 c0,1(z) y′′(z) y′(z) + 2 c0,2(z) y′′(z) y(z) + c1,1(z)

(
y′(z)

)2
(1.18)

+ 2 c1,2(z) y′(z) y(z) + c2,2(z)
(
y(z)

)2
= 0,

where the ci,j(z) are meromorphic functions on a region Ω of the complex plane.
For any not-identically-zero meromorphic function ρ(z) on Ω, there are unique
meromorphic functions c∗i,j(z) on Ω such that the substitution

(1.19) y(z) ≡ ρ(z)v(z)

transforms (1.18) into(
v′′(z)

)2
+ 2 c∗0,1(z) v′′(z) v′(z) + 2 c∗0,2(z) v′′(z) v(z) + c∗1,1(z)

(
v′(z)

)2
(1.20)

+ 2 c∗1,2(z) v′(z) v(z) + c∗2,2(z)
(
v(z)

)2
= 0, on Ω.

Also, for any univalent analytic function z = f(ζ) on a region Ω∗∗ with f(Ω∗∗) = Ω,
there are unique meromorphic functions c∗∗i,j(ζ) on Ω∗∗ such that the substitution

(1.21) z = f(ζ), with u(ζ) = y
(
f(ζ)

)
,

transforms (1.18) into(
u′′(ζ)

)2
+ 2 c∗∗0,1(ζ)u′′(ζ)u′(ζ) + 2 c∗∗0,2(ζ)u′′(ζ)u(ζ) + c∗∗1,1(z)

(
u′(ζ)

)2
(1.22)

+ 2 c∗∗1,2(ζ)u′(ζ) u(ζ) + c∗∗2,2(ζ)
(
u(ζ)

)2
= 0, on Ω∗∗.
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Simple handwritten computations show that (1.18) and (1.20) yield

c∗1,1(z)−
(
c∗0,1(z)

)2 ≡ c1,1(z)−
(
c0,1(z)

)2
, on Ω,(1.23)

while (1.18) and (1.22) give

c∗∗1,1(ζ)−
(
c∗∗0,1(ζ)

)2 ≡ (f ′(ζ)
)2 [

c1,1
(
f(ζ)

)
−
(
c0,1
(
f(ζ)

))2]
, on Ω∗∗.(1.24)

In this manner, Paul Appell found the relative invariant representable by

(1.25) I2,2; 1,1 ≡ w1,1 − (w0,1)2.

For details about other relative invariants closely related to Appell’s research in [4],
see Chapter 7. In particular, for the basic relative invariants, see page 67.

As motivation for the notation (1.29) and (1.30), we note that the differential
equations (1.18) is the special case m = 2 of

(1.26)
(
y(m)(z)

)2
+

∑
0≤j1, j2≤m
(j1, j2)6=(0, 0)

cj1, j2(z)

2∏
ν=1

y(m−jν)(z) = 0,

where c0,0(z) ≡ 1 and the coefficients cj1,j2(z) are meromorphic functions on some
region Ω of the complex plane such that

cjπ(1), jπ(2)
(z) ≡ cj1, j2(z), on Ω,(1.27)

for 0 ≤ j1, j2 ≤ m and any permutation π of {1, 2}.

1.8. Recent developments

Earlier researchers lacked several tools essential for our work. There are now
adequate transformation formulas from [19] and [20]; e.g., see Chapter 3 as well as
Chapter 15. Also, computer algebra enabled us to discover several key identities
for [19, 20]. Moreover, modern algebra provides a precise context.

From 1889 until 2002, the principal unsolved problems were the following ones.
Problem 1. For general systems of differential equations, characterize

and find explicit formulas for all relative invariants that have the structure
of (1.6) for the equations (1.1), the structures of (1.15) and (1.17) for the
equations (1.16), the structure of (1.13) for the equations (1.7), as well as the
structure of (1.25) for the equations (1.18).

Problem 2. When a satisfactory solution to Problem 1 is found and
those special relative invariants are termed basic ones, discover how any relative
invariant can be expressed in terms of the basic ones.

Problem 1 was solved in [19] and [20]. Namely, we characterized and found
explicit formulas in [19] for all of the basic relative invariants for homogeneous linear
differential equations. Then, after doing the same in [20] for nonlinear differential
equations like (1.18) and (1.26), we were able to unify in [20, Part 4] those diverse
results by characterizing and finding explicit formulas for all of the basic relative
invariants of differential equations obtained as special rewritten versions of ones like

(1.28)
(
y(m)(z)

)n
+

∑
0≤i1≤i2≤···≤in≤m

(i1, i2, ..., in)6=(0, 0, ..., 0)

ai1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, on Ω,

where m, n are positive integers and each ai1, i2, ..., in(z) is a meromorphic function.
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Chapter 2 explains the desirability and technique for rewriting each (1.28) as

(1.29)
(
y(m)(z)

)n
+

∑
0≤j1, j2, ..., jn≤m

(j1, j2, ..., jn) 6=(0, 0, ..., 0)

cj1, j2, ..., jn(z)

n∏
ν=1

y(m−jν)(z) = 0, on Ω,

where m, n are positive integers and the cj1, j2, ..., jn(z) are meromorphic functions
on some region Ω of the complex plane such that

c0, 0, ..., 0(z) ≡ 1 and cjπ(1), jπ(2), ..., jπ(n)
(z) ≡ cj1, j2, ..., jn(z),(1.30)

for 0 ≤ j1, j2, . . . , jn ≤ m and any permutation π of {1, 2, . . . , n}.

Each pair of positive integers m, n specifies a collection of equation having the
form (1.29)–(1.30). For n = 1 and m = m, they are the homogeneous linear ones of
(1.7) and possess relative invariants only when m ≥ 3; while, for m = n = 2, they
specialize to the form (1.18). Chapter 4 begins with (1.29)–(1.30) as its subject.

In terms of (1.29)–(1.30) and a not-identically-zero meromorphic function ρ(z)
on Ω, Theorem 3.1 specifies meromorphic functions c∗m,n; j1, j2, ..., jn(z) on Ω such

that the substitution y(z) = ρ(z)v(z) transforms (1.29)–(1.30) into

(1.31)
(
y(m)(z)

)n
+

∑
0≤j1, j2, ..., jn≤m

(j1, j2, ..., jn)6=(0, 0, ..., 0)

c∗m,n; j1, j2, ..., jn(z)

n∏
ν=1

y(m−jν)(z) = 0, on Ω,

where

c∗m,n; 0, 0, ..., 0(z) ≡ 1 and c∗m,n; jπ(1), jπ(2), ..., jπ(n)
(z) ≡ c∗m,n; j1, j2, ..., jn(z),(1.32)

for 0 ≤ j1, j2, . . . , jn ≤ m and any permutation π of {1, 2, . . . , n}.

However, the dependence of c∗m,n; j1, j2, ..., jn(z) on m and n can be implied by

the context. Thus, we shall henceforth write c∗j1, j2, ..., jn(z) for c∗m,n; j1, j2, ..., jn(z).

Then, (1.3), (1.9), and (1.20) are included as special cases. In particular, see (4.4).

For (1.29)–(1.30) and a univalent analytic function z = f(ζ) on a region Ω∗∗

with f(Ω∗∗) = Ω, Theorem 3.3 specifies meromorphic functions c∗∗m,n: j1, j2, ..., jn(ζ)

on Ω∗∗ such that z = f(ζ), with u(ζ) = y
(
f(ζ)

)
, transforms (1.29)–(1.30) into

(1.33)
(
u(m)(ζ)

)n
+

∑
0≤j1, j2, ..., jn≤m

(j1, j2, ..., jn) 6=(0, 0, ..., 0)

c∗∗m,n; j1, j2, ..., jn(ζ)

n∏
ν=1

u(m−jν)(ζ) = 0, on Ω∗∗,

where

c∗∗m,n; 0, 0, ..., 0(ζ) ≡ 1 and c∗∗m,n; jπ(1), jπ(2), ..., jπ(n)
(ζ) ≡ c∗∗m,n; j1, j2, ..., jn(ζ),(1.34)

for 0 ≤ j1, j2, . . . , jn ≤ m and any permutation π of {1, 2, . . . , n}.

The dependence of c∗∗m,n; j1, j2, ..., jn(ζ) on m and n can be inferred from the context.
Thus, we shall henceforth write c∗∗j1, j2, ..., jn(ζ) for c∗∗m,n; j1, j2, ..., jn(ζ). This enables
(1.5), (1.11), and (1.22) to be included as special cases. Also, see (4.7).

The equations (1.29)–(1.30) possess relative invariants if and only if the fixed
positive integers m and n satisfy (m, n) 6= (1, 1), (2, 1). In regard to the situation
of historical interest where m ≥ 2, we characterize the basic relative invariants and
present formulas for all of them in Sections 4.3–4.4. For the remarkably simple
situation where m = 1 and n ≥ 2, see [20, pages 257–260]. Thus, with Problem 1
solved, the emphasis of this monograph is focused on Problem 2.
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1.9. Principal results not in Memoirs [19] and [20]

The subject of relative invariants for differential equations was thoroughly
redeveloped in [19] of 2002 and [20] of 2007. There, the concept of a basic relative
invariant was formalized and we presented a single set of explicit formulas for the
construction of the basic relative invariants for a wide variety of equations. The
principal problem left unsolved in [19, 20] was that of explicitly constructing the
other relative invariants from the basic ones. At that time, methods of combining
two relative invariants to construct others had not been investigated deeply.

In this revision of [21], we continue without alteration the examination of
the construction presented on page 36 that uses relative invariants P and Q of
respective weights p and q for the same type of equation to construct, for each
integer r ≥ 0, a differential-polynomial combination Cp,q,r

(
P , Q

)
of P and Q

over the field Q of rational numbers such that: Cp,q,r

(
P , Q

)
is a relative invariant

of weight p+ q + r if and only if Cp,q,r

(
P , Q

)
6≡ 0.

For r ≥ 2, Theorem 4.10 of page 36 establishes that Cp,q,r

(
P , Q

)
is a relative

invariant of weight p + q + r if and only if r is an even integer or P and Q are
linearly independent over Q.

For r = 1, we have Cp,q,1

(
P , Q

)
≡ P Q(1) − (q/p)P (1)Q. Proposition 8.1

on page 71 shows that Cp,q,1

(
P , Q

)
is a relative invariant of weight p+q+1 if and

only if P q and Qp are linearly independent over Q. To interpret this, see page 73.
For r = 0, Cp,q,0

(
P , Q

)
is the relative invariant P Q of weight p+ q.

Part 1 of this monograph provides the general perspective of [20]. Part 2 gives
a proof for Theorem 4.10. An alternate proof is given in Part 3. The results
about Cp,q,r

(
P , Q

)
are used in Part 4 with the basic relative invariants for several

types of equations to construct all the relative invariants of a given weight for those
equations. Part 5 clarifies the problems faced by researchers before 1989 when
difficulties were created through the use of notation like that in (1.0).

1.10. Subsidiary details

To define semi-invariants of the first and second kinds for the equations (1.7),

let I denote a polynomial over Q in variables w
(j)
i , with 1 ≤ i ≤ m and j ≥ 0,

such that I effectively involves some w
(j)
i . When the first condition I∗(z) ≡ I(z)

of (1.12) is satisfied, I is said to be a semi-invariant of the first kind for the

equations (1.7). When the second condition I∗∗(ζ) ≡
(
f ′(ζ)

)s
I
(
f(ζ)

)
of (1.12) is

satisfied for some positive integer s, I is said to be a semi-invariant of the second
kind for the equations (1.7). Thus, I is a relative invariant for the equations (1.7)
if and only if I is both a semi-invariant of the first kind and a semi-invariant of
the second kind for them. This terminology was introduced by Edmund Laguerre
in [37, 38, 33]. For more detail about it, see Section 4.9.

The research of James Cockle in numerous papers typified by [22] of 1862
yielded semi-invariants of the first kind for homogeneous linear differential equations
of various orders. Example 17.1 of page 168 is a reformulation of his result in [22].
His research in [23] of 1875 can be verified to give a semi-invariant of the second
kind with s = 2 for each homogeneous linear differential equation of order m ≥ 2.
Example 17.2 of page 168 provides details. For additional information about the
semi-invariantss of James Cockle, see [7].
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As noted on page 4, Andrew Forsyth introduced infinitesimal transformations
in [28] of 1888 to derive the coefficients for formulas thought likely to specify relative
invariants of respective weights s = 3, 4, 5, 6, 7 for homogeneous linear differential
equations of order m ≥ s. Because his expressions illustrate well how our explicit
formulas for the coefficients of transformed equations can be used to check the
validity of older results, we include them as (18.17)–(18.21) on page 176. After
a tiny misprint in [28, page 401, (18)] was corrected for (18.21), the results of
Section 18.5 verify directly that (18.17)–(18.21) yield relative invariants.

Forsyth’s use of infinitesimal transformations had a strong influence on later
research even though his formulas corresponding to (18.17)–(18.21) were insufficient
for the purpose of discovering a general pattern that would yield a relative invariant
of any weight s ≥ 3 for homogeneous linear differential equations of order m ≥ s.
In particular, Francisco Brioschi used infinitesimal transformations in [8, page 235]
of 1891 where he presented (18.17)–(18.21) in a different form. But, his expression
that corresponds to (18.21) is thoroughly incorrect. Ludwig Schlesinger employed
infinitesimal transformations in [47, page 196] of 1897 when he included without
alteration the formulas of [8, page 235]. Infinitesimal transformations were the
focus for developments in [7] of 1899 and [53] of 1906. Moreover, they also appeared
in [26] of 1903 for the nonlinear equations (1.18).

The most important part of the research done by Andrew Forsyth in [28]
of 1888 for invariants of homogeneous linear differential equations was his discovery
of the explicit simplified form that various relative invariants would assume when
restricted to transformations of one Laguerre-Forsyth canonical form into another
such form. For these expressions descriptively termed linear invariants, various
researchers implied that they may be a key item for future progress. We have
already mentioned in Section 1.6 our own indebtedness to Forsyth for those ideas.

For particular applications, various authors have proposed that a given (1.7) be
locally transformed into a Laguerre-Forsyth canonical form to which Forsyth’s linear
invariants could then be applied. This nonconstructive procedure was suggested in
[8, 40, 47, 7, 53, 41, 42, 52, 48, 27, 43, 44]. Because the term relative invariant
has occasionally been incorrectly applied to situations of the preceding type that
depend on a local transformation, we employed global as a modifier of relative
invariants in the titles of [19] and [20]. The importance of distinguishing global
properties from local ones was made clear by Frantǐsek Neuman in [45] of 1991.

While the equations (1.18) of Paul Appell were studied with respect to relative
invariants in [4, 26] and [20, pages 13–17], other results about them appear in
[1, 2, 3, 4, 51, 9, 10, 12, 24, 25, 49, 13, 15, 18, 50] and [20, Chapter 19].
Of unusual interest for the equations (1.18) are three relative invariants D2 in (7.2),
E6 in (7.10), and E7 in (7.12) that enable us to check, as indicated on page 66,
whether any given (1.18) satisfies the solvability condition (7.4) on page 65.

All three of the basic relative invariants for the equations (1.18) were initially
discovered in [20, page 13] of 2007 by first finding in [20, Chapters 7–13] all of
the basic relative invariants of the equations (1.26)–(1.27) for any m ≥ 2 and then
setting m = 2. Here, instead of regarding (1.18) as the special case of (1.26)–(1.27)
having m = 2, we can view (1.18) as the special case of (4.1)–(4.2) having m = 2
and n = 2. Thus, we can simply set m = 2 and n = 2 in Theorem 4.6 on page 32
or in Theorem 4.8 on page 34 to obtain (7.14), (7.15), and (7.16) of page 67.
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1.11. Instructive observations

MathSciNet is currently incapable of directing anyone to a publication having
satisfactory formulas for all of the coefficients of the monic equation that results
from a change of the independent variable in any given monic homogeneous linear
differential equation of arbitrary orderm. However, the satisfactory formulas of that
kind developed and presented in [19, pages 135–137] of 2002 were essential for each
of the principal advances made in [19], [20], and [21]. For that reason, Chapter 15
has been included as an aid for readers who are unable to use a mathematics library
in the manner described in

http://homepages.uc.edu/~chalklr/Library.pdf

and who may therefore find it difficult to believe that there was extremely little
progress about our subject from 1890 through 1988. Chapter 15 shows how the
use without exception prior to 1989 of binomial coefficients as in (15.1), (15.3),
and (15.6) on pages 157–158 is sufficient to explain why earlier researchers failed to
discover adequate formulas for the coefficients of equations resulting from changes
of the independent variable.

Chapter 16 is written as if it were a separate expository paper designed to
awaken interest in a truly fascinating subject. It shows how easy it is to make
interesting discoveries based on satisfactory transformation formulas and the use of
computer algebra without need for additional details.

Chapter 17 demonstrates how the current existence of adequate formulas for
the coefficients of transformed equations enables one to check the accuracy of results
in older publications that involve the notation of (1.0) with binomial coefficients.
In particular, this technique is employed in Section 18.5 to verify Theorem 18.7.

Chapter 18 introduces a suitable symbolism and precise definitions for research
done before 1989 in order to show how its absence was undoubtedly a serious
handicap not only to researchers but also to mathematical historians who were
unable to popularize the remarkable results of 1879–1889 with precise statements.

In view of the long history of our subject, we are pleased that the single set
of formulas given in Theorem 4.6 enables all of the basic relative invariants to
be explicitly obtained for such a wide variety of situations. Various systems of
computer algebra can easily incorporate them. Each Mathematica notebook in this
monograph has an evaluation done with Version 7.0.1 that can be downloaded by
using the Google internet browser Chrome to visit the web page

http://homepages.uc.edu/~chalklr/Notebooks.htm

and make a selection. Various other internet browsers may be unable to download
these notebooks. The same evaluations for them are also produced by other versions
of Mathematica such as Versions 8.0.1, 9.0.1, 10.1, and 11.2.
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General Perspective





CHAPTER 2

The Importance of Suitable Notation

2.1. The representation (2.1) for the equations of interest

Each differential equation considered for transformations in this monograph
can be uniquely written, apart from the selections z and y(z), in the form(

y(m)(z)
)n

+
∑

0≤i1≤i2≤···≤in≤m
(i1, i2, ..., in)6=(0, 0, ..., 0)

ai1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0,(2.1)

with a0, 0, ..., 0(z) ≡ 1,

where m, n are positive integers and the ai1, i2, ..., in(z) are meromorphic functions
on a region Ω of the complex plane. When n = 1, this notation reduces to that
of (1.7) on page 2 for homogeneous linear differential equations. However, for n ≥ 2,
the computations of pages 21 and 26 show that the formulas for the coefficients of
transformed equations take a simple form only when (2.1) is expressible as

(2.2)

m∑
i1=0

m∑
i2=0

· · ·
m∑

in=0

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, with c0, 0, ..., 0(z) ≡ 1,

where the coefficients are meromorphic functions on Ω. To make the coefficients
for (2.2) unique, we impose the additional condition that they satisfy

ciπ(1), iπ(2), ..., iπ(n)
(z) ≡ ci1, i2, ..., in(z),(2.3)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

Thus, our responsibility in this chapter is to show that each equation of the form
(2.1) is uniquely expressible as (2.2)–(2.3).

2.2. A transitional form (2.4) for (2.1)

Let A denote the set of n-tuples of integers defined by

A =
{

(i1, i2, . . . , in) | 0 ≤ i1 ≤ i2 ≤ · · · ≤ in ≤ m
}

and let B denote the set of (m+ 1)-tuples of integers defined by

B =
{

(k0, k1, . . . , km) | 0 ≤ k0, k1, . . . , km and k0 + k1 + · · ·+ km = n
}
.

Proposition 2.1. There are meromorphic functions bk0, k1, ..., km(z) on Ω such
that equation (2.1) can be rewritten as

(2.4)
∑

(k0, k1, ..., km)∈B

bk0, k1, ..., km(z)

m∏
µ=0

(
y(m−µ)(z)

)kµ
= 0, with bn, 0, ..., 0(z) ≡ 1.

13
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Proof. Each (i1, i2, . . . , in) in A is uniquely representable in the form

(2.5)
(
i1, i2, . . . , in

)
=
(

0, 0, . . . , 0︸ ︷︷ ︸
k0

, 1, 1, . . . , 1︸ ︷︷ ︸
k1

, . . . , ,m, m, . . . , m︸ ︷︷ ︸
km

)
,

where k0, k1, . . . , km are nonnegative integers such that k0 + k1 + · · · + km = n.
Let φ be the function from A to B defined by

φ
(
(i1, i2, . . . , in)

)
= (k0, k1, . . . , km), for (i1, i2, . . . , in) in A,

where, for 0 ≤ µ ≤ m, kµ is the number of components in (i1, i2, . . . , in) that are
equal to µ. Clearly, φ is one-to-one and onto. Let ψ be the inverse function for φ.
Then, ψ is a one-to-one function from B onto A. For each (k0, k1, . . . , km) in B,
we use (2.1) to define bk0, k1, ..., km(z) as the meromorphic function on Ω having

bk0, k1, ..., km(z) ≡ ai1, i2, ..., in(z),(2.6)

where (i1, i2, . . . , in) = ψ
(
(k0, k1, . . . , km)

)
.

In particular, for bn, 0, ..., 0(z) with k0 = n, we use (2.6) and (2.1) to obtain

(2.7) bn, 0, ..., 0(z) ≡ a0, 0, ..., 0(z) ≡ 1, on Ω.

We employ A to write (2.1) in the equivalent form

(2.8)
∑

(i1, i2, ..., in)∈A

ai1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, with a0, 0, ..., 0(z) ≡ 1.

For any (k0, k1, . . . , km) in B with ψ
(
(k0, k1, . . . , km)

)
= (i1, i2, . . . , in), we use

(2.5) to see that

bk0, k1, ..., km(z)

m∏
µ=0

(
y(m−µ)(z)

)kµ
≡ ai1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z).

Morever, as the m-tuple (k0, k1, . . . , km) ranges through B, the corresponding
n-tuple (i1, i2, . . . , in) = ψ

(
(k0, k1, . . . , km)

)
ranges through A. Thus, we obtain∑

(k0, k1, ..., km)∈B

bk0, k1, ..., km(z)

m∏
µ=0

(
y(m−µ)(z)

)kµ
(2.9)

≡
∑

(i1, i2, ..., in)∈A

ai1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z).

In view of (2.9), (2.8) for (2.1), and (2.7), we see that (2.4) is a rewriting of (2.1)
when the coefficients of (2.4) are defined by (2.6). This completes the proof. �

2.3. A rewritten form (2.10)–(2.11) for (2.1) that is ideal

Theorem 2.2. There are meromorphic functions ci1, i2, ..., in(z) on Ω such that
(2.1) can be rewritten as

(2.10)
∑

0≤i1, i2, ..., in≤m

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, with c0, 0, ..., 0(z) ≡ 1,

where

ciπ(1), iπ(2), ..., iπ(n)
(z) ≡ ci1, i2, ..., in(z),(2.11)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.
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Proof. For each (k0, k1, . . . , km) in B, let Sk0, k1, ..., km be the set of n-tuples
that are obtained from all possible permutations of the components of the n-tuple

(2.12)
(
j1, j2, . . . , jn

)
=
(

0, 0, . . . , 0︸ ︷︷ ︸
k0

, 1, 1, . . . , 1︸ ︷︷ ︸
k1

, . . . , m, m, . . . , m︸ ︷︷ ︸
km

)
.

Moreover, if (k0, k1, . . . , km) and (l0, l1, . . . , lm) are unequal m-tuples of B, then
Sk0, k1, ..., km and Sl0, l1, ..., lm are disjoint sets. For each (i1, i2, . . . , in) in the set

(2.13) S =
{

(i1, i2, . . . , in) | for integers satisfying 0 ≤ i1, i2, . . . , in ≤ m
}
,

there is a unique m-tuple (k0, k1, . . . , km) in B such that (i1, i2, . . . , in) is an
element of Sk0, k1, ..., km . This yields the formula

(2.14) S =
⋃

(k0, k1, ..., km)∈B

Sk0, k1, ..., km

Since we have k0 +k1 + · · ·+km = n, the number of n-tuples in Sk0, k1, ..., km equals

(2.15)

(
n

k0, k1, . . . , km

)
=

n!

(k0!)(k1!) · · · (km!)
.

Merely to fix ideas in mind, we count elements in the members of (2.14) and find

(m+ 1)n =
∑

(k0, k1, ..., km)∈B

(
n

k0, k1, . . . , km

)
=

∑
0≤k0, k1, ..., km
k0+k1+···+km=n

n!

(k0!)(k1!) · · · (km!)
.

For any (i1, i2, . . . , in) in S of (2.13), a meromorphic function ci1, i2, ..., in(z) is
defined on Ω in terms of (2.4) by

ci1, i2, ..., in(z) ≡ bk0, k1, ..., km(z)(
n

k0,k1,...,km

) ,(2.16)

where (k0, k1, . . . , km) in B is such that (i1, i2, . . . , in) ∈ Sk0, k1, ..., km

In particular, for c0, 0, ..., 0(z), we have k0 = n so that (2.16) and (2.4) yield

(2.17) c0, 0, ..., 0(z) ≡ bn, 0, ..., 0(z)(
n

n,0,...,0

) ≡ 1, on Ω.

Moreover, when (i1, i2, . . . , in) in S belongs to Sk0, k1, ..., km and π is a permutation
of {1, 2, . . . , n}, we see that (iπ(1), iπ(2), . . . , iπ(n)) belongs to Sk0, k1, ..., km and

(2.18) ciπ(1), iπ(2), ..., iπ(n)
(z) ≡ bk0, k1, ..., km(z)(

n
k0,k1,...,km

) ≡ ci1, i2, ..., in(z).

The number of n-tuples in Sk0, k1, ..., km is given by (2.15), Thus, (2.18) yields

(2.19)
∑

(i1, i2, ..., in)∈Sk0, k1, ..., km

ci1, i2, ..., in(z) ≡ bk0, k1, ..., km(z), for (k0, k1, . . . , km) in B.
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Each (i1, i2, . . . , in) in Sk0, k1, ..., km is obtained from (2.12) by a permutation of
the components for (2.12). We use this with (2.19) to deduce∑

(i1, i2, ..., in)∈Sk0, k1, ..., km

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z)(2.20)

≡
∑

(i1, i2, ..., in)∈Sk0, k1, ..., km

ci1, i2, ..., in(z)

m∏
µ=0

(
y(m−µ)(z)

)kµ
≡ bk0, k1, ..., km(z)

m∏
µ=0

(
y(m−µ)(z)

)kµ
.

In view of (2.14) and (2.20), we find that∑
0≤i1, i2, ..., in≤m

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z)(2.21)

≡
∑

(i1, i2, ..., in)∈S

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z)

≡
∑

(k0, k1, ..., km)∈B

∑
(i1, i2, ..., in)∈Sk0, k1, ..., km

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z)

≡
∑

(k0, k1, ..., km)∈B

bk0, k1, ..., km(z)

m∏
µ=0

(
y(m−µ)(z)

)kµ
.

By comparing (2.21) and (2.17) with (2.4), we see that (2.10) is a rewriting of (2.4)
and (2.1) when the coefficient of (2.10) are defined by (2.16). Moreover, we use
(2.18) to deduce that these coefficients satisfy (2.11). This completes the proof. �

In particular, we see that (2.10)–(2.11) can be rewritten as (2.2)–(2.3).

2.4. Uniqueness for (2.10) subject to (2.11)

Proposition 2.3. There is one and only one equation of the form (2.10) that
satisfies (2.11) and is a rewriting of (2.1).

Proof. Suppose there are meromorphic functions di1, i2, ..., in(z) on Ω such
that the equation

(2.22)
∑

0≤i1, i2, ..., in≤m

di1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, with d0, 0, ..., 0(z) ≡ 1,

is a rewriting of (2.1) and its coefficients satisfy

diπ(1), iπ(2), ..., iπ(n)
(z) ≡ di1, i2, ..., in(z),(2.23)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.
In terms of ci1, i2, ..., in(z) for (2.10)–(2.11) given by (2.16), we introduce

(2.24) ei1, i2, ..., in(z) ≡ di1, i2, ..., in(z)−ci1, i2, ..., in(z), for 0 ≤ i1, i2, . . . , in ≤ m.

Let L = 0 be an abbreviation for the equation in (2.1), let L1 = 0 be an abbreviation
for the equation in (2.10), let L2 = 0 be an abbreviation for the equation in (2.22),
and let y0(z) be any meromorphic function on a subregion of Ω. Since L1 = 0 and

L2 = 0 are rewritings of L = 0, the three functions obtained by substituting y
(k)
0 (z)
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for y(k)(z) in L, in L1, and in L2 are equal. Therefore, y0(z) is a solution of the
equation (L2 − L1) = 0 that (2.24) enables us to write as

(2.25)
∑

0≤i1, i2, ..., in≤m

ei1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0.

We use (2.24), (2.23), and (2.11) to see that the coefficients of (2.25) satisfy

eiπ(1), iπ(2), ..., iπ(n)
(z) ≡ ei1, i2, ..., in(z),(2.26)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.
When the various terms of (2.25) are collected to rewrite (2.25) in the form

(2.27)
∑

0≤j1≤j2≤···≤jn≤m

fj1, j2, ..., jn(z)

n∏
ν=1

y(m−iν)(z) = 0,

the condition (2.26) shows that each coefficient ei1, i2, ..., in(z) of (2.25) is expressible
as the product of some nonzero rational number and some coefficient fj1, j2, ..., jn(z)
of (2.27). Since each meromorphic function on each subregion of Ω is a solution
of (2.25) and is therefore also a solution of (2.27), we can conclude that each
coefficient fj1, j2, ..., jn(z) for (2.27) is identically zero. Consequently, each coefficient
of (2.25) is identically zero and (2.24) yields

(2.28) di1, i2, ..., in(z) ≡ ci1, i2, ..., in(z), for 0 ≤ i1, i2, . . . , in ≤ m.

Thus, there is only one rewritten version of (2.1) having the form of (2.10) subject
to (2.11) and we have found that the coefficients of (2.10)–(2.11) are given by (2.16).
This completes the proof. �

2.5. Representations in Chapter 4 for the context about invariants

For the subject of invariants, it is desirable to begin with (2.10) in the form

(2.29)
(
y(m)(z)

)n
+

∑
0≤i1, i2, ..., in≤m

(i1, i2, ..., in) 6=(0, 0, ..., 0)

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, on Ω,

where c0, 0, ..., 0(z) ≡ 1 and the coefficients are meromorphic functions that satisfy

ciπ(1), iπ(2), ..., iπ(n)
(z) ≡ ci1, i2, ..., in(z),(2.30)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

This display of the term
(
y(m)(z)

)n
indicates the main features of the equation.

In terms of the coefficients for (2.29) and any not-identically-zero meromorphic
function ρ(z) on Ω, Theorem 3.1 on page 19 shows that (3.4) and (3.5) specify
meromorphic functions c∗i1, i2, ..., in(z) on Ω such that the substitution

(2.31) y(z) = ρ(z) v(z)

transforms (2.29)-(2.30) into the equation

(2.32)
(
v(m)(z)

)n
+

∑
0≤i1, i2, ..., in≤m

(i1, i2, ..., in)6=(0, 0, ..., 0)

c∗i1, i2, ..., in(z)

n∏
ν=1

v(m−iν)(z) = 0, on Ω,

where c∗0, 0, ..., 0(z) ≡ 1 and the coefficients satisfy

c∗iπ(1), iπ(2), ..., iπ(n)
(z) ≡ c∗i1, i2, ..., in(z),(2.33)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.
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The substitution (2.31) has been termed a change of the dependent variable.
A change of the independent variable for (2.29) is accomplished by the inverse

function of a univalent analytic function on Ω.
Let ζ = g(z) be a univalent analytic function on Ω and let its inverse function

be z = f(ζ). Then, z = f(ζ) is a univalent analytic function on Ω∗∗ = g(Ω) and
must therefore satisfy f ′(ζ) 6= 0, for each ζ in Ω∗∗. It also yields f(Ω∗∗) = Ω.

In terms of the coefficients for (2.29) and z = f(ζ), Theorem 3.3 on page 24
shows that (3.21)–(3.24) specify meromorphic functions c∗∗i1, i2, ..., in(ζ) on Ω∗∗ such
that the substitution

(2.34) z = f(ζ), with u(ζ) = y
(
f(ζ)

)
,

transforms (2.29)–(2.30) into the equation

(2.35)
(
u(m)(ζ)

)n
+

∑
0≤i1, i2, ..., in≤m

(i1, i2, ..., in)6=(0, 0, ..., 0)

c∗∗i1, i2, ..., in(ζ)

n∏
ν=1

u(m−iν)(ζ) = 0, on Ω∗∗,

where c∗∗0, 0, ..., 0(ζ) ≡ 1 and the coefficients satisfy

c∗∗iπ(1), iπ(2), ..., iπ(n)
(ζ) ≡ c∗∗i1, i2, ..., in(ζ),(2.36)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.
The special case n = 1 of Theorems 3.1 and 3.3 yields the transformation

formulas developed in [19, pages 133–137] and used in [19] to find all of the basic
relative invariants for homogeneous linear differential equations.

The special case n = 2 of Theorems 3.1 and 3.3 yields the transformation
formulas that were developed in [20, pages 23–33] and used in [20] to find all
of the basic relative invariants for the differential equations (2.29)–(2.30) having
n = 2. In particular, when n = 2 and m = 2, they specialize to give transformation
formulas for the equations (1.18) on page 5.

For m, n ≥ 1, Theorems 3.1 and 3.3 yield the transformation formulas for
(2.29)–(2.30) that were presented in [20, pages 249–251].



CHAPTER 3

Coefficients of Transformed Equations

3.1. The coefficients c∗i1, i2, ..., in(z) for (2.32)–(2.33) and (4.4)–(4.5)

In conformity with Theorem 2.2 on page 14, let the coefficients of

(3.1)
∑

0≤i1, i2, ..., in≤m

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, on Ω,

be meromorphic functions on a region Ω that satisfy

c0, 0, ..., 0(z) ≡ 1 and ciπ(1), iπ(2), ..., iπ(n)
(z) ≡ ci1, i2, ..., in(z),(3.2)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

Let ρ(z) be a not-identically-zero meromorphic function on Ω. We use (3.1)–(3.2)
and ρ(z) to specify the differential equation

(3.3)
∑

0≤i1, i2, ..., in≤m

c∗i1, i2, ..., in(z)

n∏
ν=1

v(m−iν)(z) = 0, on Ω,

as the unique one of that form whose coefficients are given by

c∗i1, i2..., in(z) ≡
i1∑

j1=0

i2∑
j2=0

· · ·
in∑

jn=0

Ai1, i2, ..., inj1, j2, ..., jn
(z) cj1, j2, ..., jn(z),(3.4)

on Ω for 0 ≤ i1, i2, . . . , in ≤ m,
in terms of

Ai1, i2, ..., inj1, j2, ..., jn
(z) ≡

n∏
ν=1

[(
m− jν
iν − jν

)
ρ(iν−jν)(z)

ρ(z)

]
,(3.5)

where 0 ≤ jν ≤ iν ≤ m, for 1 ≤ ν ≤ n.

Theorem 3.1. The coefficients of (3.3) satisfy

c∗0, 0, ..., 0(z) ≡ 1 and c∗iπ(1), iπ(2), ..., iπ(n)
(z) ≡ c∗i1, i2, ..., in(z), on Ω,(3.6)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

Moreover, the substitution

(3.7) y(z) = ρ(z) v(z)

transforms (3.1)–(3.2) into (3.3) in the sense that: if meromorphic functions y0(z),
v0(z) on a subregion U of Ω satisfy y0(z) ≡ ρ(z)v0(z), on U , then y0(z) is a solution
of (3.1) if and only if v0(z) is a solution of (3.3).

19
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Proof. We apply (3.4), (3.5), and c0, 0, ..., 0(z) ≡ 1 to deduce

c∗0, 0, ..., 0(z) ≡
0∑

j1=0

0∑
j2=0

· · ·
0∑

jn=0

A0, 0, ..., 0
j1, j2, ..., jn

(z) cj1, j2, ..., jn(z) ≡ 1.

Let π denote any permutation of {1, 2, . . . , n}. For s = 1, 2, . . . , n, set ks = jπ(s).
We use this with (3.4), (3.5), and (3.2) to verify that

c∗iπ(1), iπ(2), ..., iπ(n)
(z)

≡
iπ(1)∑
k1=0

iπ(2)∑
k2=0

· · ·
iπ(n)∑
kn=0

Aiπ(1), iπ(2), ..., iπ(n)

k1, k2, ..., kn
(z) ck1, k2, ..., kn(z)

≡
iπ(1)∑

jπ(1)=0

iπ(2)∑
jπ(2)=0

· · ·
iπ(n)∑

jπ(n)=0

Aiπ(1), iπ(2), ..., iπ(n)

jπ(1), jπ(2), ..., jπ(n)
(z) cjπ(1), jπ(2), ..., jπ(n)

(z)

≡
i1∑

j1=0

i2∑
j2=0

· · ·
in∑

jn=0

Ai1, i2, ..., inj1, j2, ..., jn
(z) cj1, j2, ..., jn(z) ≡ c∗ii, i2, ..., in(z).

Consequently, we see that (3.6) is valid.
Let y0(z) and v0(z) be meromorphic functions on a subregion U of Ω that

satisfy y0(z) ≡ ρ(z)v0(z). We employ this with (3.5) to deduce

n∏
ν=1

y
(m−jν)
0 (z) ≡

n∏
ν=1

[
m−jν∑
iν=0

(
m− jν
iν

)
ρ(iν)(z)v

(m−jν−iν)
0 (z)

]
(3.8)

≡
n∏
ν=1

 m∑
iν=jν

(
m− jν
iν − jν

)
ρ(iν−jν)(z)v

(m−iν)
0 (z)


≡

m∑
i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

n∏
ν=1

[(
m− jν
iν − jν

)
ρ(iν−jν)(z)v

(m−iν)
0 (z)

]

≡
m∑

i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

(
ρ(z)

)nAi1, i2, ..., inj1, j2, ..., jn
(z)

n∏
ν=1

v
(m−iν)
0 (z)

≡
m∑

i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

F i1, i2, ..., inj1, j2, ..., jn
(z),

where

(3.9) F i1, i2, ..., inj1, j2, ..., jn
(z) ≡

(
ρ(z)

)nAi1, i2, ..., inj1, j2, ..., jn
(z)

n∏
ν=1

v
(m−iν)
0 (z).

Let F1(z) be the function on U obtained by replacing each y(k)(z) in the left member

of (3.1) with the corresponding y
(k)
0 (z) and let F2(z) be the function on U obtained

by replacing each v(k)(z) in the left member of (3.3) with the corresponding v
(k)
0 (z).

We use the definition of F1(z) and (3.8), (3.9), (3.4), with the definition of F2(z)
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to obtain

F1(z) ≡
∑

0≤j1, j2, ..., jn≤m

cj1, j2, ..., jn(z)

n∏
ν=1

y
(m−jν)
0 (z)

≡
m∑
j1=0

m∑
j2=0

· · ·
m∑

jn=0

cj1, j2, ..., jn(z)

m∑
i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

F i1, i2, ..., inj1, j2, ..., jn
(z)

≡
m∑
j1=0

m∑
i1=j1

m∑
j2=0

m∑
i2=j2

· · ·
m∑

jn=0

m∑
in=jn

cj1, j2, ..., jn(z)F i1, i2, ..., inj1, j2, ..., jn
(z).

≡
m∑
i1=0

i1∑
j1=0

m∑
i2=0

i2∑
j2=0

· · ·
m∑

in=0

in∑
jn=0

cj1, j2, ..., jn(z) F i1, i2, ..., inj1, j2, ..., jn
(z)

≡
m∑
i1=0

m∑
i2=0

· · ·
m∑

in=0

 i1∑
j1=0

i2∑
j2=0

· · ·
in∑

jn=0

cj1, j2, ..., jn(z) F i1, i2, ..., inj1, j2, ..., jn
(z)


≡
(
ρ(z)

)n∑
0≤i1≤m
0≤i2≤m·········
0≤in≤m

∑
0≤j1≤i1
0≤j2≤i2·········
0≤jn≤in

Ai1, i2, ..., inj1, j2, ..., jn
(z) cj1, j2, ..., jn(z)

n∏
ν=1

v
(m−iν)
0 (z)

≡
(
ρ(z)

)n ∑
0≤i1, i2, ..., in≤m

c∗i1, i2, ..., in(z)

n∏
ν=1

v
(m−iν)
0 (z)


≡
(
ρ(z)

)n
F2(z).

Hence, y0(z) is a solution of (3.1) with (3.2) if and only if v0(z) is a solution of
(3.3) with (3.6). This completes the proof. �

It is in the computation above and in the computation of page 26 where the
form (2.2) for (2.29) is remarkably effective while the expressions (2.1) and (2.4)
lead to insurmountable complications.

3.2. Perspective

For a monic mth-order homogeneous linear differential equation

(3.10) y(m)(z) +

m∑
i=1

ci(z) y
(m−i)(z) = 0, on Ω with c0(z) ≡ 1.

having meromorphic coefficients, early researchers developed adequate formulas for
the equations resulting from (3.10) by a change of the function from y(z) to v(z)
by means of y(z) = ρ(z) v(z) as in (3.7). For their notation, see page 157. However,
earlier researchers failed to develop adequate formulas for a change of the indepen-
dent variable. In that regard, see Chapter 15.

It is convenient to view a change of the independent variable from z to ζ for
(3.10) as specified by the inverse function z = f(ζ) of a univalent analytic function
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ζ = g(z) on Ω. Then, z = f(ζ) is a univalent analytic function on Ω∗∗ = g(Ω) and
it yields f(Ω∗∗) = Ω. Formally replacing each z in (3.10) with f(ζ), we obtain

(3.11) y(m)
(
f(ζ)

)
+

m∑
i=1

ci
(
f(ζ)

)
y(m−i)

(
f(ζ)

)
= 0, on Ω∗∗ with c0

(
f(ζ)

)
≡ 1,

for which we can introduce u(ζ) = y
(
f(ζ)

)
. But, then what do we do about

y(k)
(
f(ζ)

)
, for 1 ≤ k ≤ m?

What we did to answer that question in [19, Proposition A.2, pages 135–136]
of 2002 after earlier progress in [14, 16, 17] is develop the result that we repeat
here in Theorem 3.2 for essential applications in Section 3.3.

3.2.1. Key result. Henceforth, let ζ = g(z) denote a given univalent analytic
function defined on a region Ω of the complex plane and let z = f(ζ) denote the
inverse function of g(z). Then, z = f(ζ) is defined on the region Ω∗∗ = g(Ω) and
it yields f(Ω∗∗) = Ω. Since z = f(ζ) is a univalent analytic function on Ω∗∗, it
satisfies the condition f ′(ζ) 6= 0, for each ζ in Ω∗∗. Consequently, analytic functions
αi,j(ζ) on Ω∗∗ are recursively defined, for i ≥ 0 and any integer j, by

(3.12) α0,j(ζ) ≡ 1, on Ω∗∗ for any j,

and

αi+1,j(ζ) ≡
j∑

k=1

[
α
(1)
i,k (ζ)− (i+ k)

f ′′(ζ)

f ′(ζ)
αi,k(ζ)

]
,(3.13)

on Ω∗∗ for i ≥ 0 and any j.

Theorem 3.2. Let y0(z) be a meromorphic function on a subregion U of Ω.

Then, the meromorphic function y
(i)
0 (f(ζ)) on V = g(U) obtained by substituting

z = f(ζ) in the ith derivative y
(i)
0 (z) of y0(z) with respect to z is given by

y
(i)
0 (f(ζ)) ≡

(
f ′(ζ)

)−i i∑
j=0

αi−j,j(ζ) (y0 ◦ f)(j)(ζ), for i ≥ 0.(3.14)

Proof. For i ≥ 0 and j ≥ 1, we use (3.13) to deduce

(3.15) αi+1,j(ζ)− αi+1,j−1(ζ) ≡ α(1)
i,j (ζ)− (i+ j)

f ′′(ζ)

f ′(ζ)
αi,j(ζ).

For i ≥ 1 and j = 0, we obtain αi+1,0(ζ) ≡ αi+1,−1(ζ) ≡ αi,0(ζ) ≡ 0 via (3.13) and
see that (3.15) is valid. For i = j = 0, we employ both (3.13) and (3.12) to verify
that each term of (3.15) is identically zero. Since (3.15) is valid for any integers i
and j that satisfy i ≥ 0 and j ≥ 0, we therefore have

α
(1)
i−j,j(ζ) ≡ αi+1−j,j(ζ)− αi+1−j,j−1(ζ) + i

f ′′(ζ)

f ′(ζ)
αi−j,j(ζ),(3.16)

for i ≥ j ≥ 0,

We shall establish (3.14) by proving the equivalent formula

(3.17)
(
f ′(ζ)

)i
y
(i)
0

(
f(ζ)

)
≡

i∑
j=0

αi−j,j(ζ) (y0 ◦ f)(j)(ζ), for i ≥ 0.
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For i = 0, (3.12) shows that (3.17) is valid. Let i be a nonnegative integer for
which (3.17) is true. We differentiate (3.17) with respect to ζ and use (3.16) as well
as (3.17) to obtain

(
f ′(ζ)

)i+1
y
(i+1)
0

(
f(ζ)

)
+ i

f ′′(ζ)

f ′(ζ)

(
f ′(ζ)

)i
y
(i)
0

(
f(ζ)

)
≡

i∑
j=0

α
(1)
i−j,j(ζ) (y0 ◦ f)(j)(ζ) +

i∑
j=0

αi−j,j(ζ) (y0 ◦ f)(j+1)(ζ)

≡
i∑

j=0

αi+1−j,j(ζ) (y0 ◦ f)(j)(ζ)−
i∑

j=0

αi+1−j,j−1(ζ) (y0 ◦ f)(j)(ζ)

+ i
f ′′(ζ)

f ′(ζ)

i∑
j=0

αi−j,j(ζ) (y0 ◦ f)(j)(ζ) +

i+1∑
j=1

αi+1−j,j−1(ζ) (y0 ◦ f)(j)(ζ)

≡
i∑

j=0

αi+1−j,j(ζ) (y0 ◦ f)(j)(ζ)− αi+1,−1(ζ) (y0 ◦ f)(ζ)

+ i
f ′′(ζ)

f ′(ζ)

(
f ′(ζ)

)i
y
(i)
0

(
f(ζ)

)
+ α0,i(ζ) (y0 ◦ f)(i+1)(ζ).

With αi+1,−1(ζ) ≡ 0 from (3.13) and α0,i(ζ) ≡ 1 ≡ α0,i+1(ζ) from (3.12), we rewrite
the preceding expression to obtain

(
f ′(ζ)

)i+1
y
(i+1)
0

(
f(ζ)

)
≡

i+1∑
j=0

αi+1−j,j(ζ) (y0 ◦ f)(j)(ζ).

Thus, (3.17) is valid for each i ≥ 0. This completes the proof. �

3.3. The coefficients c∗∗i1, i2, ..., in(ζ) for (2.35)–(2.36) and (4.7)–(4.8)

In conformity with Theorem 2.2 on page 14, let the coefficients of

(3.18)
∑

0≤i1, i2, ..., in≤m

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, on Ω,

be meromorphic functions on Ω that satisfy

c0, 0, ..., 0(z) ≡ 1 and ciπ(1), iπ(2), ..., iπ(n)
(z) ≡ ci1, i2, ..., in(z),(3.19)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

Let ζ = g(z) be a univalent analytic function on Ω and let its inverse function be
denoted by z = f(ζ) on Ω∗∗ = g(Ω). Since z = f(ζ) is a univalent analytic function
on Ω∗∗, it satisfies f ′(ζ) 6= 0 for each ζ in Ω∗∗. We use (3.18)–(3.19) and z = f(ζ)
to specify the differential equation

(3.20)
∑

0≤i1, i2, ..., in≤m

c∗∗i1, i2, ..., in(ζ)

n∏
ν=1

u(m−iν)(ζ) = 0, on Ω∗∗,
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as the unique one of that form whose coefficients are given by

c∗∗i1, i2, ..., in(ζ) ≡
i1∑

j1=0

i2∑
j2=0

· · ·
in∑

jn=0

Bi1, i2, ..., inj1, j2, ..., jn
(ζ) cj1, j2, ..., jn

(
f(ζ)

)
,(3.21)

for 0 ≤ i1, i2, . . . , in ≤ m,

Bi1, i2, ..., inj1, j2, ..., jn
(ζ) ≡

(
f ′(ζ)

)j1+j2+···+jn n∏
ν=1

αiν−jν ,m−iν (ζ), on Ω∗∗,(3.22)

for 0 ≤ j1 ≤ i1, 0 ≤ j2 ≤ i2, . . . , 0 ≤ jn ≤ in,

α0,j(ζ) ≡ 1, on Ω∗∗, for any j,(3.23)

and

αi,j(ζ) ≡
j∑

k=1

[
α
(1)
i−1,k(ζ)− (i+ k − 1)

f ′′(ζ)

f ′(ζ)
αi−1,k(ζ)

]
,(3.24)

on Ω∗∗, for i ≥ 1 and any j,

Theorem 3.3. The coefficients of (3.20) satisfy

c∗∗0, 0, ..., 0(ζ) ≡ 1 and c∗∗iπ(1), iπ(2), ..., iπ(n)
(ζ) ≡ c∗∗i1, i2, ..., in(ζ),(3.25)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

Moreover, the substitution

(3.26) z = f(ζ), with u(ζ) = y
(
f(ζ)

)
,

transforms (3.18)–(3.19) into (3.20) in the sense that: if meromorphic functions
y0(z) on a subregion U of Ω and u0(ζ) on a subregion V of Ω∗∗ are related by

(3.27) u0(ζ) = y0
(
f(ζ)

)
, on V = g(U),

then y0(z) is a solution of (3.18) if and only if u0(ζ) is a solution of (3.20).

Observation. We see that ζ = g(z) on Ω and z = f(ζ) on Ω∗∗ = g(Ω)
establish a bijection between the meromorphic functions on subregions of Ω and
the meromorphic functions on subregions of Ω∗∗. Namely, for y0(z) on a subregion
U of Ω, there corresponds u0(ζ) = (y0 ◦ f)(ζ) on the subregion V = g(U) of Ω∗∗.
While, to u0(ζ) on a subregion V of Ω∗∗, there is y0(z) = (u0 ◦ g)(z) on U = f(V).

Proof. We use (3.21), (3.22), (3.23), and c0, 0, ..., 0(z) ≡ 1 on Ω to obtain

c∗∗0, 0, ..., 0(ζ) ≡
0∑

j1=0

0∑
j2=0

· · ·
0∑

jn=0

B0, 0, ..., 0j1, j2, ..., jn
(ζ) cj1, j2, ..., jn

(
f(ζ)

)
≡ 1.

Let π denote any permutation of {1, 2, . . . , n}. For s = 1, 2, . . . , n, we introduce
ks = jπ(s). We use this with (3.21), (3.22), and (3.19) to deduce
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c∗∗iπ(1), iπ(2), ..., iπ(n)
(ζ)

≡
iπ(1)∑
k1=0

iπ(2)∑
k2=0

· · ·
iπ(n)∑
kn=0

Biπ(1), iπ(2), ..., iπ(n)

k1, k2, ..., kn
(ζ) ck1, k2, ..., kn

(
f(ζ)

)
≡

iπ(1)∑
jπ(1)=0

iπ(2)∑
jπ(2)=0

· · ·
iπ(n)∑

jπ(n)=0

Biπ(1), iπ(2), ..., iπ(n)

jπ(1), jπ(2), ..., jπ(n)
(ζ) cjπ(1), jπ(2), ..., jπ(n)

(
f(ζ)

)
≡

i1∑
j1=0

i2∑
j2=0

· · ·
in∑

jn=0

Bi1, i2, ..., inj1, j2, ..., jn
(ζ) cj1, j2, ..., jn

(
f(ζ)

)
≡ c∗∗ii, i2, ..., in(ζ).

This yields (3.25).
Let y0(z) and u0(ζ) be meromorphic functions related as indicated in (3.27).

For 1 ≤ ν ≤ n and 0 ≤ jν ≤ m, we use Theorem 3.2 to obtain

(3.28) y
(m−jν)
0

(
f(ζ)

)
≡
(
f ′(ζ)

)−(m−jν) m−jν∑
kν=0

αm−jν−kν ,kν (ζ) (y0 ◦ f)(kν)(ζ).

We find that (3.28), (3.27), and (3.22) yield(
f ′(ζ)

)mn n∏
ν=1

y
(m−jν)
0

(
f(ζ)

)
(3.29)

≡
(
f ′(ζ)

)mn n∏
ν=1

[(
f ′(ζ)

)−(m−jν) m−jν∑
kν=0

αm−jν−kν ,kν (ζ) (y0 ◦ f)(kν)(ζ)

]

≡
(
f ′(ζ)

)j1+j2+···+jn n∏
ν=1

 m∑
iν=jν

αiν−jν ,m−iν (ζ) (y0 ◦ f)(m−iν)(ζ)


≡

m∑
i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

(
f ′(ζ)

)j1+j2+···+jn n∏
ν=1

[
αiν−jν ,m−iν (ζ) u

(m−iν)
0 (ζ)

]

≡
m∑

i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

Bi1, i2, ..., inj1, j2, ..., jn
(ζ)

n∏
ν=1

u
(m−iν)
0 (ζ)

≡
m∑

i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

Gi1, i2, ..., inj1, j2, ..., jn
(ζ),

where

(3.30) Gi1, i2, ..., inj1, j2, ..., jn
(ζ) ≡ Bi1, i2, ..., inj1, j2, ..., jn

(ζ)

n∏
ν=1

u
(m−iν)
0 (ζ).

LetG1(z) be the function on U obtained by replacing each y(k)(z) in the left member

of (3.18) with the corresponding y
(k)
0 (z) and let G2(ζ) be the function on V obtained

by replacing each u(ζ) in the left member of (3.20) with the corresponding u0(ζ).
By employing the definition of G1(z) with (3.29), (3.30), (3.21), and the definition
of G2(ζ), we verify that
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f ′(ζ)

)mn
G1

(
f(ζ)

)
≡
(
f ′(ζ)

)mn  ∑
0≤j1, j2, ..., jn≤m

cj1, j2, ..., jn(z)

n∏
ν=1

y
(m−jν)
0 (z)


z=f(ζ)

≡
m∑
j1=0

m∑
j2=0

· · ·
m∑

jn=0

cj1, j2, ..., jn
(
f(ζ)

) (
f ′(ζ)

)mn n∏
ν=1

y
(m−jν)
0

(
f(ζ)

)
≡

m∑
j1=0

m∑
j2=0

· · ·
m∑

jn=0

cj1, j2, ..., jn
(
f(ζ)

) m∑
i1=j1

m∑
i2=j2

· · ·
m∑

in=jn

Gi1, i2, ..., inj1, j2, ..., jn
(ζ)

≡
m∑
j1=0

m∑
i1=j1

m∑
j2=0

m∑
i2=j2

· · ·
m∑

jn=0

m∑
in=jn

cj1, j2, ..., jn
(
f(ζ)

)
Gi1, i2, ..., inj1, j2, ..., jn

(ζ)

≡
m∑
i1=0

i1∑
j1=0

m∑
i2=0

i2∑
j2=0

· · ·
m∑

in=0

in∑
jn=0

cj1, j2, ..., jn
(
f(ζ)

)
Gi1, i2, ..., inj1, j2, ..., jn

(ζ)

≡
m∑
i1=0

m∑
i2=0

· · ·
m∑

in=0

 i1∑
j1=0

i2∑
j2=0

· · ·
in∑

jn=0

cj1, j2, ..., jn
(
f(ζ)

)
Gi1, i2, ..., inj1, j2, ..., jn

(ζ)


≡

∑
0≤i1≤m
0≤i2≤m·········
0≤in≤m

∑
0≤j1≤i1
0≤j2≤i2·········
0≤jn≤in

Bi1, i2, ..., inj1, j2, ..., jn
(ζ) cj1, j2, ..., jn

(
f(ζ)

) n∏
ν=1

u
(m−iν)
0 (ζ)

≡
m∑
i1=0

m∑
i2=0

· · ·
m∑

in=0

c∗∗i1, i2, ..., in(ζ)

n∏
ν=1

u
(m−iν)
0 (ζ)

≡
∑

0≤i1, i2, ..., in≤m

c∗∗i1, i2, ..., in(ζ)

n∏
ν=1

u
(m−iν)
0 (ζ)

≡ G2(ζ).

Consequently, G2(ζ) is identically zero on V if and only if G1

(
f(ζ)

)
is identically

zero on V. But, G1

(
f(ζ)

)
is identically zero on V if and only if G1(z) is identically

zero on U . Thus, y0(z) is a solution of the equation (3.18) if and only if u0(ζ) is a
solution of the equation (3.20). This completes the proof. �

3.4. Observations about modifications versus abstractions

With addition and multiplication for functions, the set FΩ of meromorphic
functions on a region Ω forms a field. Also, the usual differentiation f(z) 7→ f ′(z)
for functions in FΩ is a derivation for FΩ and with it FΩ is a particular example of
an ordinary differential field of characteristic zero as defined in [36]

We could refer to coefficients like those of (3.1) and (3.3) as elements of FΩ
and refer to coefficients like those of (3.20) as elements of FΩ∗∗ . However, we have
deliberately avoided doing so because the present context enables one to clearly see
how modifications as in [19, pages 94–103] and [20, pages 135–140] can be made
for other situations such as where the coefficients may be real-valued functions
of a real variable under various restrictions.
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In particular, one should not attempt as in [29] and [30] to create a generalized
theory for an arbitrary ordinary differential field F of characteristic zero that would
include the transformation formulas of Theorems 3.1 and 3.3 when F is specialized
to be FΩ . That is because there is nothing that can be defined for an arbitrary
ordinary differential field F of characteristic zero that specializes when F is FΩ to
yield the various univalent analytic functions ζ = g(z) in FΩ whose inverse functions
specify the transformations (3.26).

3.5. Cm,n as a set of elements

In Section 4.1 on page 29, we describe Cm,n as the set of differential equations
that can be represented in the form (4.1) subject to (4.2) on some region Ω. Here,
we note that a definition for Cm,n can be given that does not require selecting
notation for the independent variable and a typical function of that variable.

The ordinary differential equations of our study can be identified with the
elements of the set Cm,n defined for m, n ≥ 1 in terms of the index set

I = {(i1, i2, . . . , in) | i1, i2, . . . , in are integers and 0 ≤ i1, i2, . . . , in ≤ m}
by the requirement that: H is an element of Cm,n if and only if

(3.31) H = {ci1, i2, ..., in}(i1, i2, ..., in)∈I ,

where each ci1, i2, ..., in is a meromorphic function on a region Ω such that

c0, 0, ..., 0 ≡ 1 as well as ciπ(1), iπ(2), ..., iπ(n) ≡ ci1, i2, ..., in ,(3.32)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.
Each element of Cm,n specifies a unique ordinary differential equation of the

general type (4.1)–(4.2). But it can be represented in numerous ways depending on
notation chosen for the independent variable and a typical function of that variable.
With the selection of z and y, we obtain the representation (4.1)–(4.2) for H.

For an element H of Cm,n defined on Ω by (3.31)–(3.32), let ρ denote a not-
identically-zero meromorphic function on Ω. Since the functions c∗i1, i2, ..., in defined
by (3.4)–(3.5) satisfy (3.6), the corresponding

(3.33) H∗ =
{
c∗i1, i2, ..., in

}
(i1, i2, ..., in)∈I

is therefore an element of Cm,n. Thus, ρ transforms H into H∗ by the technique
of Theorem 3.1. The selection of z and v gives the representation (4.4)–(4.5).

For an element H of Cm,n defined on Ω by (3.31)–(3.32), let g be a univalent
analytic function on Ω and let f on Ω∗∗ = g(Ω) denote the inverse function for g.
Since the functions c∗∗i1, i2, ..., in defined on Ω∗∗ by (3.21)–(3.24) satisfy (3.25), the
corresponding

(3.34) H∗∗ =
{
c∗∗i1, i2, ..., in

}
(i1, i2, ..., in)∈I

is therefore an element of Cm,n. Hence, f transforms H into H∗∗ by the technique
of Theorem 3.3. The selection of ζ and u yields the representation (4.7)–(4.8).





CHAPTER 4

Consistent Reformulation from 1989 Onward

4.1. Transformations for the equations of Cm,n
In terms of fixed positive integers m and n, we let Cm,n denote the collection

of ordinary differential equations that are expressible in the form

(4.1)
(
y(m)(z)

)n
+

∑
0≤i1, i2, ..., in≤m

(i1, i2, ..., in)6=(0, 0, ..., 0)

ci1, i2, ..., in(z)

n∏
ν=1

y(m−iν)(z) = 0, on Ω,

where the coefficients ci1, i2, ..., in(z) are meromorphic functions on some region Ω
of the complex plane such that

c0, 0, ..., 0(z) ≡ 1 and ciπ(1), iπ(2), ..., iπ(n)
(z) ≡ ci1, i2, ..., in(z),(4.2)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.
For observations about this notation, see Chapter 2 and Section 3.5.

For any meromorphic ρ(z) 6≡ 0 on Ω, Theorem 3.1 on page 19 shows that (3.4)
specifies meromorphic functions c∗i1, i2, ..., in(z) on Ω such that the substitution

(4.3) y(z) = ρ(z) v(z)

transforms (4.1)–(4.2) into the differential equation

(4.4)
(
v(m)(z)

)n
+

∑
0≤i1, i2, ..., in≤m

(i1, i2, ..., in)6=(0, 0, ..., 0)

c∗i1, i2, ..., in(z)

n∏
ν=1

v(m−iν)(z) = 0, on Ω,

where

c∗0, 0, ..., 0(z) ≡ 1 and c∗iπ(1), iπ(2), ..., iπ(n)
(z) ≡ c∗i1, i2, ..., in(z),(4.5)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

For any univalent analytic function z = f(ζ) defined on a region Ω∗∗ with
f(Ω∗∗) = Ω, Theorem 3.3 on page 24 shows that (3.21) specifies meromorphic
functions c∗∗i1, i2, ..., in(ζ) on Ω∗∗ such that the substitution

(4.6) z = f(ζ), with u(ζ) = y
(
f(ζ)

)
,

transforms (4.1)–(4.2) into the differential equation

(4.7)
(
u(m)(ζ)

)n
+

∑
0≤i1, i2, ..., in≤m

(i1, i2, ..., in)6=(0, 0, ..., 0)

c∗∗i1, i2, ..., in(ζ)

n∏
ν=1

u(m−iν)(ζ) = 0, on Ω∗∗,

where

c∗∗0, 0, ..., 0(ζ) ≡ 1 and c∗∗iπ(1), iπ(2), ..., iπ(n)
(ζ) ≡ c∗∗i1, i2, ..., in(ζ),(4.8)

for 0 ≤ i1, i2, . . . , in ≤ m and any permutation π of {1, 2, . . . , n}.

29
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4.2. The ring Rm,n of differential polynomials

Given m, n ≥ 1, we assume that the symbols

(4.9) w
(k)
i1, i2, ..., in

, for 1 ≤ in ≤ m, 0 ≤ i1 ≤ i2 ≤ · · · ≤ in, and k ≥ 0,

are algebraically independent variables over the field Q of rational numbers and
we introduce Rm,n as the ring of polynomials in these variables over Q. We agree

that wi1, i2, ..., in ≡ w
(0)
i1, i2, ..., in

. A derivation ′ for Rm,n is a rule that assigns a

unique element F ′ in Rm,n to each element F of Rm,n in such a manner that

(F +G)′ ≡ F ′ +G′ and (F G)′ ≡ F ′G+ F G′, for any F , G in Rm,n.

As a consequence, any derivation ′ for Rm,n yields γ′ = 0, for each γ in Q.
Henceforth, we let ′ denote the unique derivation for Rm,n such that

(4.10)
(
w

(k)
i1, i2, ..., in

)′
= w

(k+1)
i1, i2, ..., in

, for each w
(k)
i1, i2, ..., in

of (4.9).

To verify the existence and uniqueness of ′, we combine (4.10) with a specialization
of either [5, page 139, Proposition 4] or [6, page A.V.130, Theorem 1].

With ′, Rm,n is an ordinary differential ring in the terminology of [36, 46] and
its constants, the F in Rm,n satisfying F ′ ≡ 0, are the elements of Q. Thus, the
nonconstant polynomials of Rm,n are the elements of Rm,n not in Q.

For any F in Rm,n and r ≥ 0, we write F (0) ≡ F and F (r+1) ≡
(
F (r)

)′
.

An element of Rm,n is said to be a differential-polynomial combination over Q
of F , G, . . . in Rm,n when it is expressible as a polynomial combination over Q
of F , F (1), F (2), . . . , G, G(1), G(2), . . . . In this sense, the elements of Rm,n are
differential polynomials in the variables wi1, i2, ..., in of (4.9) having k = 0.

To simplify the writing of (4.23) and (4.37), we introduce

(4.11) w0, . . . , 0︸ ︷︷ ︸
n

≡ 1.

To further simplify the writing of (4.23) and (4.37), we introduce Xj1, j2, ..., jn

for 0 ≤ j1, j2, . . . , jn ≤ m in terms of (4.9) and (4.11) through

Xj1, j2, ..., jn ≡ wjσ(1), jσ(2), ..., jσ(n)
, where σ is a permutation(4.12)

of {1, 2, . . . , n} such that jσ(1) ≤ jσ(2) ≤ · · · ≤ jσ(n).

Notation 4.0. For any (4.1), (4.3), (4.6), and F in Rm,n, let F (z) denote the

function on Ω obtained by replacing each w
(k)
i1, i2, ..., in

in F with the corresponding

c
(k)
i1, i2, ...,in

(z) from (4.1); let F ∗(z) be the function on Ω obtained by replacing

w
(k)
i1, i2, ..., in

in F with c
∗(k)
i1, i2, ..., in

(z) from (4.4); and let F ∗∗(ζ) be the function

on Ω∗∗ obtained by replacing w
(k)
i1, i2, ..., in

in F with c
∗∗(k)
i1, i2, ..., in

(ζ) from (4.7).

Suppose that F is initially given as a differential-polynomial combination over Q
of symbols Xj1, j2, ..., jn and variables w

(k)
i1, i2, ..., in

from (4.9). Then, instead of first

using (4.12) and (4.11) to express F as a polynomial over Q in the variables (4.9),

we can obtain F (z) by directly replacing each X
(k)
j1, j2, ..., jn

with c
(k)
j1, j2, ..., jn

(z) from

(4.1) and each w
(k)
i1, i2, ..., in

with c
(k)
i1, i2, ...,in

(z) from (4.1). This is a consequence of

(4.2), (4.12), c0, 0, ..., 0(z) ≡ 1, and (4.11). Similar observations apply to F ∗(z) with

respect to (4.5) as well as apply to F ∗∗(ζ) with respect to (4.8).
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Definition 4.1. A polynomial F in Rm,n is a semi-invariant of the first kind
for Cm,n when it is not a constant and yields

(4.13) F ∗(z) ≡ F (z),

for each (4.1)–(4.2) of Cm,n and each (4.3) as a transformation of the first kind.

Definition 4.2. A polynomial F in Rm,n is a semi-invariant of the second
kind for Cm,n when it is not a constant and there is an integer s such that

(4.14) F ∗∗(ζ) ≡
(
f ′(ζ)

)s
F
(
f(ζ)

)
,

for each (4.1)–(4.2) of Cm,n and each (4.6) as a transformation of the second kind.

Definition 4.3. A polynomial F in Rm,n is a relative invariant for Cm,n
when it is both a semi-invariant of the first kind for Cm,n and a semi-invariant of
the second kind for Cm,n.

Definition 4.4. The weight of the variable w
(k)
i1, i2, ..., in

in (4.9) is the positive
integer i1 + i2 + · · ·+ in + k; the weight of a nonzero rational number is 0; and the
weight of a nonzero monomial in Rm,n is the sum of the weights of its factors.
A polynomial in Rm,n is isobaric of weight s when it is nonzero and each of its
nonzero monomials has weight s.

If F in Rm,n is a semi-invariant of the second kind for Cm,n, then F is an
isobaric polynomial, there is a unique positive integer s for F that satisfies (4.14),
and s for F in (4.14) is equal to the weight of F . This result from [20, page 252]
is established on pages 43–44 for its restatement in Theorem 5.4.

Definition 4.5. A polynomial F in Rm,n is basic when:

(1) there are integers e1, e2, . . . , en subject to 0 ≤ e1 ≤ e2 ≤ · · · ≤ en ≤ m
as well as either en ≥ 3 or n ≥ 2 and en−1 ≥ 1 such that the coefficient of
the variable we1, e2, ..., en in F is 1;

(2) F is isobaric of weight e1 + e2 + · · ·+ en;

(3) if w
(k)
i1, i2, ..., in

is any variable from (4.9) that F effectively involves, then
iν ≤ eν , for 1 ≤ ν ≤ n; and

(4) if w
(k)
i1, i2, ..., in

and w
(l)
j1, j2, ..., jn

are any two variables from (4.9) such that

the coefficient of the product w
(k)
i1, i2, ..., in

w
(l)
j1, j2, ..., jn

in F is nonzero, then

either (i) w
(k)
i1, i2, ..., in

satisfies 1 ≤ in ≤ 2 and iν = 0, for 1 ≤ ν ≤ n − 1,

or (ii) w
(l)
j1, j2, ..., jn

satisfies 1 ≤ jn ≤ 2 and jν = 0, for 1 ≤ ν ≤ n− 1.

A basic polynomial F in Rm,n has index (e1, e2, . . . , en) when e1, e2, . . . , en are
the unique integers that satisfy the first three of the previous four conditions.
Naturally, a basic relative invariant is a relative invariant that is a basic polynomial.

Examples of basic relative invariants are given by I3,1; 3 in (1.6) for C3,1 , I4,1; 3

and I4,1; 4 in (1.15) and (1.17) for C4,1, as well as I2,2; 1,1 in (1.25) as one of three
for C2,2. Their corresponding indexes are indicated by the integers following the
semicolon in the subscript notation.

All of the basic relative invariants for the various Cm,n having m ≥ 2 are given
by explicit formulas in Sections 4.3 and 4.4. For m = 1, see [20, Chapter 22].
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4.3. The basic relative invariants in Rm,n for Cm,n when m ≥ 2

There are no relative invariants for C2,1; see [19, page 145, Proposition A.15].
Thus, we focus here on a fixed Cm,n having m ≥ 2, n ≥ 1, and (m, n) 6= (2, 1).
The corresponding possible indices (e1, e2, . . . , en) for Definition 4.5 satisfy

(4.15) 0 ≤ e1 ≤ · · · ≤ en ≤ m and either en ≥ 3 or n ≥ 2 and en−1 ≥ 1.

The number Nm,n of such indices is given by Proposition 5.10 on page 47 as

Nm,n =

(
m+ n

n

)
− 3.

Thus, in view of Theorem 4.6, Nm,n is also the number of basic relative invariants
in Rm,n for Cm,n.

Throughout, we set e0 = 0 and rewrite (4.15) in the equivalent form

(4.16) e0 = 0 ≤ e1 ≤ e2 ≤ · · · ≤ en ≤ m and en−1 = 0 implies en ≥ 3.

The introduction of e0 = 0 is made so that (4.17) does not have a vacuous sum
when n = 1 and m ≥ 3.

Theorem 4.6. For any integers e1, e2, . . . , en that satisfy (4.16), there is a
unique basic relative invariant in Rm,n for Cm,n having index (e1, e2, . . . , en) and
it is given with respect to (4.9), (4.11), and (4.12) by

(4.17) Im,n; e1, ..., en ≡
e0∑

h0=0

e1∑
h1=0

· · ·
en−1∑

hn−1=0

Im,n; e1, ..., en;h1, ..., hn−1, e1+···+en ,

where Im,n; e1, ..., en;h1, ..., hn−1, hn is defined recursively in terms of

am,n ≡
1(

m+1
3

)[w0, . . . , 0︸ ︷︷ ︸
n−1

, 2 − m−1
2 w

(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1 − m−1
2m (w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2
]
,(4.18)

dm,n ≡
1

m(m− 1)
w0, . . . , 0︸ ︷︷ ︸

n−1

, 1,(4.19)

Km,n; i,j ≡ 0, for i ≤ −1 and any j,(4.20)

Km,n; 0,j ≡ 1, for any j,(4.21)

Km,n; i,j ≡
m∑

k=j+1

[
K

(1)
m,n; i−1,k − (m− 1)dm,nKm,n; i−1,k

+ (m+ 2− i− k)(2− i− k)am,nKm,n; i−2,k

]
,(4.22)

for i ≥ 1 and any j,

Lm,n; i1, ..., in ≡
i1∑

j1=0

· · ·
in∑

jn=0

Km,n; i1−j1,j1 · · ·Km,n; in−jn,jnXj1, ..., jn ,(4.23)

for i1, . . . , in ≤ m,

Hm,n; e1, ..., en;h1, ..., hn ≡
n∏
ν=1

[(
m− hν
eν − hν

)eν−hν∏
r=1

(eν − r)

]
,(4.24)

for any h1, . . . , hn,
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Mm,n; e1, ..., en;h1, ..., hn−1, i(4.25)

≡
[
Hm,n; e1, ..., en;h1, ..., hn Lm,n;h1, ...,hn

]
hn = i−(h1+···+hn−1)

,

for 0 ≤ h1 ≤ e1, . . . , 0 ≤ hn−1 ≤ en−1,

and i ≤ h1 + · · ·+ hn−1 +m,

Ae1, ..., en, i ≡
−1

e1 + · · ·+ en + i− 1
, for i ≥ 1,(4.26)

and

Be1, ..., en, i ≡
e1 + · · ·+ en − i

e1 + · · ·+ en + i− 2
, for i ≥ 1,(4.27)

by means of

Im,n; e1, ..., en;h1, ..., hn−1, 0 ≡ Im,n; e1, ..., en;h1 ..., hn−1, 1 ≡ 0,(4.28)

for 0 ≤ h1 ≤ e1, . . . , 0 ≤ hn−1 ≤ en−1,

and

Im,n; e1, ..., en;h1, ..., hn−1, i ≡Mm,n; e1, ..., en;h1, ..., hn−1, i(4.29)

+Ae1, ..., en, i−1 I
(1)
m,n; e1, ..., en;h1, ..., hn−1, i−1

+Be1, ..., en, i−1 am,n Im,n; e1, ..., en;h1, ..., hn−1, i−2,

for 0 ≤ h1 ≤ e1, . . . , 0 ≤ hn−1 ≤ en−1,

and 2 ≤ i ≤ h1 + · · ·+ hn−1 + en.

Proof. Theorem 4.6 is a direct restatement of [20, page 316, Theorem 27.13]
in combination with formulas used to establish [20, page 314, Theorem 27.7]. �

Observation 4.7. For n = 1 and 3 ≤ e1 ≤ m, the basic relative invariant
Im,1; e1 of weight e1 in Rm,n for Cm,1 is given by (4.17) as Im,1; e1 ≡ Im,1; e1; e1
with n replaced by 1 in (4.18)–(4.29). In particular, (4.18) and (4.19) become

am,1 ≡
1(

m+1
3

)[w2 − m−1
2 w

(1)
1 − m−1

2m (w1)2
]

and dm,1 ≡
1

m(m− 1)
w1;

formulas (4.24) and (4.25) yield Mm,1; e1; i ≡
(
m− i
e1 − i

) [e1−i∏
r=1

(e1 − r)

]
Lm,n; i;

also, (4.28) gives Im,1; e1; 0 ≡ Im,1; e1; 1 ≡ 0; and, for (4.29), we have

Im,1; e1; i ≡Mm,1; e1; i +Ae1, i−1 I
(1)
m,1; e1; i−1 +Be1,i−1 am,1 Im,1; e1; i−2,

when 2 ≤ i ≤ e1.
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4.4. Alternative formulas for Im,n; e1, ..., en when m ≥ 2

For m ≥ 2, n ≥ 1, and (m, n) 6= (2, 1), each basic relative invariant in Rm,n
for Cm,n is given explicitly in Theorem 4.8 by a technique that is independent of the
method used for Theorem 4.6 of the preceding section. Thus, we have a desirable
check on either procedure by employing both of them together.

Theorem 4.8. For m ≥ 2, n ≥ 1, (m, n) 6= (2, 1), and integers e1, . . . , en
that satisfy (4.16), there is a unique basic relative invariant in Rm,n for Cm,n having
index (e1, . . . , en) and it is given by

Im,n; e1, ..., en ≡ Jm,n; e1, ..., en ,(4.30)

where

Jm,n; e1, ..., en ≡
e0∑

h0=0

e1∑
h1=0

· · ·
en−1∑

hn−1=0

Jm,n; e1, ..., en;h1, ..., hn−1, e1+···+en(4.31)

and Jm,n; e1, ..., en;h1, ..., hn−1, i is defined recursively in terms of

bm,n ≡
1(

m+ 1

3

)

w0, . . . , 0︸ ︷︷ ︸

n−1

, 2 −
m− 2

3
w

(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1

− (3m− 1)(m− 2)

6m(m− 1)
(w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2

(4.32)

dm,n ≡
1

m(m− 1)
w0, . . . , 0︸ ︷︷ ︸

n−1

, 1,(4.33)

Um,n; i,j ≡ 0, for i ≤ −1 and any j,(4.34)

Um,n; 0,j ≡ 1, for any j,(4.35)

Um,n; i,j ≡
m∑

k=j+1

[
U

(1)
m,n; i−1,k + 2(i+ k −m− 1)dm,nUm,n; i−1,k

+ (m+ 2− i− k)(2− i− k) bm,nUm,n; i−2,k

]
,(4.36)

for i ≥ 1 and any j,

Vm,n; i1, ..., in ≡
i1∑

j1=0

· · ·
in∑

jn=0

Um,n; i1−j1,j1 · · ·Um,n; in−jn,jnXj1, ..., jn ,(4.37)

for i1, . . . , in ≤ m,

Hm,n; e1, ..., en;h1, ..., hn ≡
n∏
ν=1

[(
m− hν
eν − hν

)eν−hν∏
r=1

(eν − r)

]
,(4.38)

for any h1, . . . , hn,
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Wm,n; e1, ..., en;h1, ..., hn−1, i(4.39)

≡
[
Hm,n; e1, ..., en;h1, ..., hn Vm,n;h1, ...,hn

]
hn = i−(h1+···+hn−1)

,

for 0 ≤ h1 ≤ e1, . . . , 0 ≤ hn−1 ≤ en−1,

and i ≤ h1 + · · ·+ hn−1 +m,

Ae1, ..., en, i ≡
−1

e1 + · · ·+ en + i− 1
, for i ≥ 1,(4.40)

Be1, ..., en, i ≡
e1 + · · ·+ en − i

e1 + · · ·+ en + i− 2
, for i ≥ 1,(4.41)

by means of

Jm,n; e1, ..., en;h1, ..., hn−1, 0 ≡ Jm,n; e1, ..., en;h1, ..., hn−1, 1 ≡ 0,(4.42)

for 0 ≤ h1 ≤ e1, . . . , 0 ≤ hn−1 ≤ en−1,
and

Jm,n; e1, ..., en;h1, ..., hn−1, i(4.43)

≡


Wm,n; e1, ..., en;h1, ..., hn−1, i

+Ae1, ..., en, i−1

(
J

(1)
m,n; e1, ..., en;h1, ..., hn−1, i−1

+ 2(i− 1)dm,n Jm,n; e1, ..., en;h1, ..., hn−1, i−1

)
+Be1, ..., en, i−1 bm,n Jm,n; e1, ..., en;h1, ..., hn−1, i−2

 ,
for 0 ≤ h1 ≤ e1, . . . , 0 ≤ hn−1 ≤ en−1,

and 2 ≤ i ≤ h1 + · · ·+ hn−1 + en.

Proof. Theorem 4.8 is a direct restatement of [20, page 316, Theorem 27.13]
in combination with formulas used to establish [20, page 314, Theorem 27.7]. �

Observation 4.9. For n = 1 and 3 ≤ e1 ≤ m, the basic relative invariant
Im,1; e1 of weight e1 for Cm,1 is given by (4.30)–(4.31) as Im,1; e1 ≡ Jm,1; e1; e1
with n replaced by 1 in (4.32)–(4.43). Then, (4.32) and (4.33) become

bm,1 ≡
1(

m+1
3

)[w2 − m−2
3 w

(1)
1 −

(3m−1)(m−2)
6m(m−1) (w1)2

]
and dm,1 ≡

1

m(m− 1)
w1;

formulas (4.38) and (4.39) yield Wm,1; e1; i ≡
(
m− i
e1 − i

) [e1−i∏
r=1

(e1 − r)

]
V m,1; i;

also, (4.42) gives Jm,1; e1; 0 ≡ Jm,1; e1; 1 ≡ 0; and, for (4.43), we have

Jm,1; e1; i ≡Wm,1; e1; i +Ae1, i−1

[
J

(1)
m,1; e1; i−1 + 2(i− 1)dm,1 Jm,1; e1; i−1

]
+Be1, i−1 bm,1 Jm,1; e1; i−2, when 2 ≤ i ≤ e1.
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4.5. Principal technique for combining relative invariants

For m ≥ 2, n ≥ 1, r ≥ 0, elements P , Q of Rm,n, and positive integers p, q,
a differential polynomial Cp,q,r

(
P , Q

)
is defined in Rm,n by

(4.44) Cp,q,r

(
P , Q

)
≡

r∑
s=0

r−s∑
t=0

Ap,q,r,s,tP
(t)Q(r−s−t),

where Ap,q,r,s,t is specified in Rm,n through

(4.45) am,n ≡
1(

m+1
3

)[w0, . . . , 0︸ ︷︷ ︸
n−1

, 2 − m−1
2 w

(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1 − m−1
2m (w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2
]
,

Bh,i,j ≡ 0, for i ≤ −1 and any h, j,(4.46)

Bh,0,j ≡ 1, for any h, j,(4.47)

Bh,i,j ≡
j−1∑
k=i−1

[
B

(1)
h,i−1,k − k(2h+ k − 1)am,nBh,i−2,k−1

]
,(4.48)

for i ≥ 1 and any h, j,

Cp,q,r,µ ≡ (−1)µ

(
r

µ

)(
2q + r − 1

µ

)
(

2p+ µ− 1

µ

) , for 0 ≤ µ ≤ r,(4.49)

and

Ap,q,r,s,t ≡
s∑

k=0

Cp,q,r,t+kBp,k,t+kBq,s−k,r−t−k,(4.50)

for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s.

Theorem 4.10. For r ≥ 2, suppose that P and Q are relative invariants
in Rm,n for Cm,n of respective weights p and q. Then, Cp,q,r

(
P , Q

)
in (4.44) is

a relative invariant of weight p + q + r for Cm,n if and only if either r is an even
integer or P and Q are linearly independent over Q.

Proof. Theorem 9.14 on page 95 and Theorem 11.11 on page 123 indepen-
dently establish that Cp,q,r

(
P , Q

)
is a relative invariant of weight p+q+r in Rm,n

for Cm,n if and only if it is nonzero. In view of Theorem 10.11 on page 103, it is
nonzero if and only if either r is an even integer or P andQ are linearly independent
over Q. We combine these results to complete the proof. �

For relative invariant P and Q in Rm,n of respective weights p and q, we have

Cp,q,1

(
P , Q

)
≡ P Q(1) − q

p
P (1)Q(4.51)

and

Cp,q,0

(
P , Q

)
≡ P Q.(4.52)

Of course, the product in (4.52) is a relative invariant in Rm,n of weight p+ q.
Propositions 8.1 on page 71 shows that the right member of (4.51) is a relative
invariant of weight p + q + 1 if and only if P q and Qp are linearly independent
over Q. This condition is examined in Proposition 8.2 on page 73.
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4.6. Several immediate applications of Theorem 4.10

For m ≥ 2 and n ≥ 1, we assume that P and Q are relative invariants in Rm,n
for Cm,n of respective weights p and q. Then, we must have (m, n) 6= (2, 1).

4.6.1. The construction via (4.44) when r = 2. We easily employ (4.44)
and (4.46)–(4.50) to verify that

(4.53) Cp,q,2

(
P , Q

)
≡ P Q(2) + αP (1)Q(1) + β P (2)Q+ γ am,nP Q

where

(4.54) α =
−(2q + 1)

p
, β =

q(2q + 1)

p(2p+ 1)
, and γ =

−4q(p+ q + 1)

2p+ 1
.

Theorem 4.10 shows that (4.53) is a relative invariant in Rm,n for Cm,n of weight
p+ q+ 2. In particular, when P ≡ Q and therefore p = q, we rewrite (4.53)–(4.54)
to see that a relative invariant Fm,n for Cm,n of weight 2p+ 2 is given in Rm,n by

(4.55) Fm,n ≡ PP (2) −
(

2p+ 1

2p

)(
P (1)

)2
− 2pam,nP

2.

For m ≥ 3 and n = 1, the right members of (4.51) and (4.55) yield constructions
for relative invariants of homogeneous linear differential equations that were familiar
to Andrew Forsyth in 1888; namely, see [28, page 409, Equation (vii)] and the
formula of [28, page 418]. However, he did not have constructions based on the
right member of (4.53) with (4.54).

The right member of (4.53) with (4.54) first appeared in [20, page 147] of 2007
for the context m ≥ 2 and n = 2.

4.6.2. The construction via (4.44) when r ≥ 3. Due to the complexity
of the computations for (4.44) based on (4.46)–(4.50) when r ≥ 3, we present a
computer program in Section 6.5 to efficiently expand (4.44). For r = 3, it yields

Cp,q,3

(
P , Q

)
≡P Q(3) + x1P

(1)Q(2) + x2P
(2)Q(1) + x3P

(3)Q(4.56)

+ x4 am,nP Q
(1) + x5 am,nP

(1)Q+ x6 a
(1)
m,nP Q,

in Rm,n, where

x1 =
−3(q + 1)

p
, x4 =

−4(3pq + 3q2 + p+ 6q + 2)

2p+ 1
,(4.57)

x2 =
3(q + 1)(2q + 1)

p(2p+ 1)
, x5 =

4q(q + 1)(3p2 + 3pq + 6p+ q + 2)

p(p+ 1)(2p+ 1)
,(4.58)

x3 =
−q(q + 1)(2q + 1)

p(p+ 1)(2p+ 1)
, x6 =

2q(q − p)(2p+ 2q + 3)

(p+ 1)(2p+ 1)
.(4.59)

Theorem 4.10 shows that, when P and Q are linearly independent over Q, (4.56)
subject to (4.57)–(4.59) is a relative invariant for Cm,n of weight p+ q + 3.

For r = 4, a corresponding expansion of Cp,q,4

(
P , Q

)
in Rm,n is given by

(6.10)–(6.21). It is a relative invariant for Cm,n of weight p+ q + 4.

Applications in [20, pages 147–153] of 2007 motivated the discoveries of (4.53),
(4.56), and (6.10) for the special situation whereRm,n has n = 2 andm ≥ 2. For the
systematic representations of relative invariants like those presented in Section 4.8
and Chapter 12, the constructions of Theorem 4.10 are essential.
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4.7. Representations of relative invariants

For m ≥ 2, Theorem 5.14 on page 50 shows that each relative invariant in Rm,n
for Cm,n is expressible as a differential-polynomial combination over Q of am,n and
the basic relative invariants in Rm,n for Cm,n. The involvement of am,n can now
be accounted for by means of Theorem 4.10. The illustrations of that given in
Section 4.8 and in Chapter 12 involve the vector spaces introduced next.

Notation 4.11. For each s ≥ 1, let Vm,n; s denote the set that consists of the
zero element of Rm,n together with all the relative invariants in Rm,n for Cm,n that
have weight s. Remark 5.8 on page 47 shows that Vm,n; 1 = {0}.

With the addition for Rm,n and the scalar multiplication for elements of Vm,n; s
by ones in Q, Vm,n; s clearly forms a vector space over Q.

Proposition 4.12. For s ≥ 1, Vm,n; s is a finite-dimensional vector space.

Proof. For s ≥ 1, let Wm,n; s denote the subset of Rm,n that consists of 0
together with all of the isobaric polynomials in Rm,n whose weight is s. Then,
Wm,n; s is a vector space over Q with respect to the addition for Rm,n and scalar
multiplication for elements inWm,n; s by ones in Q. Moreover, Vm,n; s is a subspace
of Wm,n; s. Let Bm,n; s be the subset of Wm,n; s whose elements are the monic
monomials having weight s. Then, Bm,n; s is a finite set and a basis for Wm,n; s.
Hence, Wm,n; s and its subspace Vm,n; s are finite-dimensional vector spaces. This
completes the proof. �

For each s ≥ 1, let dm,n(s) denote the dimension of the vector space Vm,n; s.
Whenever dm,n(s) ≥ 1, there are relative invariants Es,1, Es,2, . . . , Es,dm,n(s)

in Rm,n for Cm,n of weight s such that the linear combinations

(4.60)

dm,n(s)∑
i=1

Ks,iEs,i, with Ks,1, Ks,2, . . . , Ks,dm,n(s) in Q not all zero,

uniquely specify the relative invariants of weight s in Rm,n. Of course, dm,n(1) = 0.

4.8. The relative invariants in R3,1 for C3,1 of weight s ≤ 13

To illustrate the preceding context when m = 3 and n = 1, we obtain

a3,1 ≡ 1
4

[
w2 −w(1)

1 − 1
3 (w1)2

]
in R3,1 from (4.45) and we use Theorem 4.6 to see that

(4.61) I3,1; 3 ≡ w3 − 1
3w1w2 + 2

27 (w1)3 − 1
2w

(1)
2 + 1

3w1w
(1)
1 + 1

6w
(2)
1

from (1.6) is the only basic relative invariant in R3,1 for C3,1. The technique of
Sections 13.2 or 13.4 shows that there are no relative invariants in R3,1 for C3,1
having weight 2, 4, 5, or 7. It also establishes that, for s = 3, 6, 8, 9, 10, 11, 12,
and 13, the relative invariants of weight s in R3,1 for C3,1 are uniquely given by

(4.62)

d3,1(s)∑
i=1

Ks,iLs,i, with Ks,1, Ks,2, . . . , Ks,d3,1(s) in Q not all zero,

where:
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the weight s = 3 has d3,1(3) = 1 and L3,1 ≡ I3,1; 3;

the weight s = 6 has d3,1(6) = 1 and L6,1 ≡ (I3,1; 3)2;

the weight s = 8 has d3,1(8) = 1 and L8,1 ≡ C3,3,2

(
I3,1; 3, I3,1; 3

)
;

the weight s = 9 has d3,1(9) = 1 and L9,1 ≡ (I3,1; 3)3;

the weight s = 10 has d3,1(10) = 1 and L10,1 ≡ C3,3,4

(
I3,1; 3, I3,1; 3

)
;

the weight s = 11 has d3,1(11) = 1 and L11,1 ≡ C3,6,2

(
I3,1; 3, (I3,1; 3)2

)
;

the weight s = 12 has d3,1(12) = 3 as well as

L12,1 ≡ (I3,1; 3)4,

L12,2 ≡ C3,6,3

(
I3,1; 3, (I3,1; 3)2

)
, and

L12,3 ≡ C3,3,6

(
I3,1; 3, I3,1; 3

)
;

the weight s = 13 has d3,1(13) = 1 and L13,1 ≡ C3,6,4

(
I3,1; 3, (I3,1; 3)2

)
.

We note that each of the relative invariants Ls,i for (4.62) is obtained from the basic
relative invariant I3,1; 3 through repetitions of the constructions (4.44), (4.51), and
(4.52). They account for the necessary involvement of a3,1.

Similar representations in regard to R4,1 for C4,1, R5,1 for C5,1, andR2,2 for C2,2
are presented in Chapter 12.

4.9. The terminology relative invariant

When the term relative invariant was introduced by Edmund Laguerre in [37]
of 1879, he used the word relative to distinguish his invariant from his conception
of an absolute invariant whose existence remained to be established.

To give an example of an absolute invariant, we use the relative invariants for
(1.16) given in R4,1 by I4,1; 3 of (1.15) and I4,1; 4 of (1.17) to introduce

(4.63) A ≡
(
I4,1; 3

)4(
I4,1; 4

)3 , in the quotient field Q4,1 of R4,1.

After setting m = 4 in (1.7), (1.9), and (1.11), we identify (1.7) with (1.16) and

employ the notation where: A(z) on Ω, A∗(z) on Ω, and A∗∗(ζ) on Ω∗∗ are the

functions respectively obtained by replacing each w
(j)
i in A with the corresponding

c
(j)
i (z) on Ω from (1.7), the corresponding c

∗(j)
i (z) on Ω from (1.9), as well as the

corresponding c
∗∗(j)
i (ζ) on Ω∗∗ from (1.11) — when denominators are 6≡ 0. Then,

when I4,1; 4(z) 6≡ 0, the properties for I4,1; 3 and I4,1; 4 analogous to (1.12) yield

A∗(z) ≡
(
I∗4,1; 3(z)

)4(
I∗4,1; 4(z)

)3 ≡
(
I4,1; 3(z)

)4(
I4,1; 4(z)

)3 ≡ A(z), on Ω,

and

A∗∗(ζ) ≡
(
I∗∗4,1; 3(ζ)

)4(
I∗∗4,1; 4(ζ)

)3 ≡
((
f ′(ζ)

)3I4,1; 3(f(ζ)
))4

((
f ′(ζ)

)4I4,1; 4(f(ζ)
))3 ≡ A(f(ζ)

)
, on Ω∗∗.

These relations characterize A of (4.63) as an absolute invariant for (1.16).
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In [20, Chapter 20], the theory of semi-invariants and relative invariants inRm,n
for the equations of Cm,n was extended to an analogous theory about invariants in
the quotient field Qm,n of Rm,n for the equations of Cm,n. Natural modifications
of Definitions 4.1, 4.2, and 4.3 on page 31 lead to the concepts in Qm,n of rational
semi-invariants of the first and second kinds as well as rational relative invariants
and absolute invariants.

The result of [20, page 244, Theorem 20.15] shows that: A in Qm,n is an
absolute invariant for the equations of Cm,n if and only if A is expressible in the form
A = F /G where F and G are relative invariants in Rm,n for the equations of Cm,n
such that F and G have the same weight and are relatively prime polynomials.

To employ the single relative invariant I3,1; 3 of Edmund Laguerre in (4.61) as
well as in (1.6) for the construction of an absolute invariant, we apply the preceding
characterization of an absolute invariants to the relative invariants L12,1, L12,2,
and L12,3 of Section 4.8 to conclude that: each of the six expressions

Ai,j ≡
L12,i

L12,j
, for 1 ≤ i, j ≤ 3 and i 6= j,

is an absolute invariant in Q3,1 for the differential equations of C3,1.

4.10. Subjects of other chapters

The results in Sections 4.3 and 4.4 about explicit formulas for basic relative
invariants were thoroughly verified in the arguments for [20, Theorem 27.13] with
the supplement of [19, Proposition A.15]. Except for those details, we shall make
this monograph independent of previous publications by including the necessary
background information in Chapters 3 and 5.

Chapter 3 provides a complete derivation for convenient explicit formulas that
specify the coefficients of the transformed equations (4.4) and (4.7).

Chapter 5 includes verifications for various properties of semi-invariants and
relative invariants used to establish Theorem 4.10.

Chapter 6 enables useful computer representations to be obtained for the basic
relative invariants and for the constructions of Theorem 4.10.

Chapter 7 uses research of Paul Appell to illustrate one type of application for
Theorem 4.10.

Chapter 8 develops properties of Cp,q,1

(
P , Q

)
in (4.51) where r = 1.

Chapters 9 and 11 independently establish that: for m, r ≥ 2 and the context
of Theorem 4.10, Cp,q,r

(
P , Q

)
in (4.44) is a relative invariant in Rm,n for Cm,n if

and only if it is not identically zero.
Chapter 10 shows that: for m, r ≥ 2, Cp,q,r

(
P , Q

)
is not identically zero if

and only if either r is an even integer or P and Q are linearly independent over Q.
Chapter 12 illustrates the use of Cp,q,r

(
P , Q

)
to conveniently express relative

invariants in terms of basic ones.
Chapters 13 and 14 show how the relative invariants in Rm,n for Cm,n having a

given weights s can be deduced and represented with a system of computer algebra.
Furthermore, they provide the results summarized in Chapter 12.

Chapters 15 and 18 supply historical perspective about the subject before 1989
and the challenges that hindered progress.

Chapters 16 and 17 provide an effortless way for readers to learn about various
identities through interactions with a system of computer algebra.



CHAPTER 5

Supplementary Results

Here, for m ≥ 2, we show that:

• am,n in (4.18) and (4.45) is a semi-invariant of the first kind for Cm,n;
• bm,n in (4.32) and (11.2) is a semi-invariant of the second kind for Cm,n;
• each nonconstant differential-polynomial combination of semi-invariants

of the first kind over Q is a semi-invariant of the first kind;
• if F is a semi-invariant of the second kind for Cm,n as in Definition 4.2,

then F is isobaric and its exponent s in (4.14) is equal its weight;
• any relative invariant for Cm,n is expressible as a differential-polynomial

combination over Q of am,n and the basic relative invariants for Cm,n.

5.1. Semi-invariants of the first kind

Proposition 5.1. Suppose that F is a differential-polynomial combination
over Q of semi-invariants of the first kind in Rm,n for Cm,n. Then, with respect
to Notation 1.0, F satisfies F ∗(z) ≡ F (z).

Proof. Let (4.1)–(4.2) be an equation of Cm,n and let (4.3) be a transforma-
tion of the first kind for that (4.1)–(4.2) into a corresponding (4.4)–(4.5) in Cm,n.
Let F 1, F 2, . . . , F λ in Rm,n be semi-invariants of the first kind for Cm,n, let γ in Q
be nonzero, and set

(5.1) E ≡ γ
λ∏
i=1

(
F

(µi)
i

)νi
,

where µi and νi are nonnegative integers when 1 ≤ i ≤ λ. With respect to this

context, Definition 4.1 yields F ∗i (z) ≡ Fi(z) and therefore F
∗(µi)
i (z) ≡ F

(µi)
i (z),

when 1 ≤ i ≤ λ. Thus, substitutions in (5.1) give E∗(z) ≡ E(z). Moreover, F is
expressible as F ≡ E1 +E2 + · · ·+Eκ, where each Ej is an expression analogous
to (5.1) that yields E∗j (z) ≡ Ej(z), for 1 ≤ j ≤ κ. Hence, we have F ∗(z) ≡ F (z).
This completes the proof. �

Proposition 5.2. For m ≥ 2 and n ≥ 1, the polynomial defined in Rm,n by

(5.2) Gm,n ≡ w0, . . . , 0︸ ︷︷ ︸
n−1

, 2 −
m− 1

2
w

(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1 −
m− 1

2m
(w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2

is an isobaric semi-invariant of the first kind for Cm,n having weight 2.

Proof. Clearly, Gm,n is an isobaric polynomial in Rm,n of weight 2. To show
thatGm,n is a semi-invariant of the first kind, let (4.1)–(4.2) be an equation of Cm,n,
let a transformation (4.3) for (4.1)–(4.2) be given, and let (4.4)–(4.5) be the result

41
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of that transformation for which Theorem 3.1 on page 19 provides details. In that
context, we set

ci(z) ≡ c0, ..., 0, i(z) and c∗i (z) ≡ c∗0, ..., 0, i(z), for i = 0, 1, 2.

We introduce w1 ≡ w0, ..., 0, 1 and w2 ≡ w0, ..., 0. 2 to rewrite (5.2) as

(5.3) Gm,n ≡ w2 −
m− 1

2
w

(1)
1 −

m− 1

2m
(w1)2.

In view of (3.4), (3.5) and c0(z) ≡ 1 , we find that

c∗1(z) ≡ c1(z) +m
ρ(1)(z)

ρ(z)
(5.4)

and

c∗2(z) ≡ c2(z) + (m− 1)
ρ(1)(z)

ρ(z)
c1(z) +

(
m

2

)
ρ(2)(z)

ρ(z)
.(5.5)

After substituting c
∗(k)
i (z) for w

(k)
i in (5.3), we use (5.4) as well as (5.5) and a

substitution of c
(k)
i (z) for w

(k)
i in (5.3) to obtain

G∗m,n(z) ≡
[
c∗2(z)− m− 1

2
c
∗(1)
1 (z)− m− 1

2m

(
c∗1(z)

)2]

≡



c2(z) + (m− 1)
ρ(1)(z)

ρ(z)
c1(z) +

(
m

2

)
ρ(2)(z)

ρ(z)

− m− 1

2

(
c
(1)
1 (z) +m

ρ(2)(z)

ρ(z)
−m

[
ρ(1)(z)

ρ(z)

]2)

− m− 1

2m

((
c1(z)

)2
+ 2m

ρ(1)(z)

ρ(z)
c1(z) +m2

[
ρ(1)(z)

ρ(z)

]2)


≡
[
c2(z)− m− 1

2
c
(1)
1 (z)− m− 1

2m

(
c1(z)

)2] ≡ Gm,n(z).

Thus, Gm,n is a semi-invariant of the first kind. This completes the proof. �

Corollary 5.3. The polynomial am,n defined in Rm,n by (4.18) or (4.45) is
an isobaric semi-invariant of the first kind for Cm,n having weight 2.

Proof. This is a consequence of the relation am,n ≡
(

1/
(
m+1
3

))
Gm,n. �

5.2. Semi-invariants of the second kind

The next result generalizes arguments that were advanced in [32, page 120] or
[35, pages 106–107] as well as [19, pages 140–142] and [20, pages 37–38].

Theorem 5.4. Let F in Rm,n be a semi-invariant of the second kind for Cm,n
and let s be an integer in terms of which F satisfies (4.14) of Definition 4.2. Then,
F is isobaric and s is equal to the weight of F .
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Proof. Since F is not a constant, there is a positive integer ω such that

(5.6) F ≡
ω∑
µ=0

Fµ,

where Fω in Rm,n is isobaric of weight ω and, for 0 ≤ µ ≤ ω − 1, either Fµ ≡ 0 or
Fµ is an isobaric polynomial in Rm,n of weight µ. For any (4.1)–(4.2) on some Ω,
we restrict ζ = g(z) on Ω to functions of the type gt(z) = (1/t)z, where t is a
fixed nonzero rational number. The corresponding inverse function is the univalent
analytic function z = ft(ζ) = tζ on Ω∗∗t = gt(Ω). For it, (3.23), (3.24), and (3.22)
yield αi,j(ζ) ≡ 0, for i ≥ 1 and any j, as well as

Bi1, i2, ..., inj1, j2, ..., jn
(ζ) ≡

{
ti1+i2+···+in , if (j1, j2, . . . , jn) = (i1, i2, . . . , in),

0, if (j1, j2, . . . , jn) 6= (i1, i2, . . . , in).

Now, (3.21) gives c∗∗i1, i2, ..., in(ζ) ≡ ti1+i2+···+in ci1, i2, ..., in(tζ). Thus, we have

c
∗∗(k)
i1, i2, ..., in

(ζ) ≡ ti1+i2+···+in+k c(k)i1, i2, ..., in
(tζ),(5.7)

for 0 ≤ i1, i2, . . . , in ≤ m and k ≥ 0.

Of course, substitutions in (5.6) yield

(5.8) (a) F (z) ≡
ω∑
µ=0

Fµ(z), on Ω; (b) F ∗∗(ζ) ≡
ω∑
µ=0

F ∗∗µ (ζ), on Ω∗∗.

If T is a nonzero term of Fµ, then T is expressible as

(5.9) T ≡ γ
λ∏
ν=1

w
(kν)
i1,ν , i2,ν , ..., in,ν

, with

λ∑
ν=1

(i1,ν + i2,ν + · · ·+ in,ν + kν) = µ,

where: γ in Q is nonzero; λ ≥ 0; 0 ≤ i1,ν ≤ i2,ν ,≤ · · · ≤ in,ν ≤ m, 1 ≤ in,ν , and
kν ≥ 0, for 1 ≤ ν ≤ λ. Thus, (5.9) and (5.7) yield

T ∗∗(ζ) ≡ γ
λ∏
ν=1

c
∗∗(kν)
i1,ν , i2,ν , ..., in,ν

(ζ)(5.10)

≡

[
λ∏
ν=1

ti1,ν+i2,ν+···+in,ν+kν

][
γ

λ∏
ν=1

c
(kν)
i1,ν , i2,ν , ..., in,ν

(tζ)

]
≡ tµ T (tζ).

Since each summand Fµ for (5.6) is either zero or a sum of terms like (5.9) for
which (5.10) is valid, we apply (5.10) to deduce

(5.11) F ∗∗µ (ζ) ≡ tµFµ(tζ), for 0 ≤ µ ≤ ω.

Then, we see that (4.14), (5.8)-(b) and (5.11) require

tsF (tζ) ≡
(
f ′t(ζ)

)s
F
(
ft(ζ)

)
≡ F ∗∗(ζ) ≡

ω∑
µ=0

F ∗∗µ (ζ) ≡
ω∑
µ=0

tµFµ(tζ),(5.12)

for any (4.1)–(4.2) and any nonzero rational number t. We replace tζ in (5.12)
with z and use (a) of (5.8) to verify that

(5.13) ts
ω∑
µ=0

Fµ(z) ≡
ω∑
µ=0

tµFµ(z), for any (4.1)–(4.2) and any nonzero t in Q.
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To establish

(5.14) ts
ω∑
µ=0

Fµ ≡
ω∑
µ=0

tµFµ, for any nonzero rational number t,

suppose that t0 is a nonzero rational number such that (5.14) is not valid for t = t0.
Then, the differential polynomial

D ≡ (t0)s
ω∑
µ=0

Fµ −
ω∑
µ=0

(t0)µFµ

in Rm,n satisfies D 6≡ 0. By applying Corollary 5.13, we see that there is a
differential equation (4.1)–(4.2) on some region Ω such that the substitution of

c
(k)
i1, i2, ..., in

(z) from it for w
(k)
i1, i2, ..., in

in D yields D(z) 6≡ 0. But, this contradicts

(5.13). Hence, (5.14) is valid.
For each t 6= 0, the terms of weight ω in the left and right members of (5.14)

give tsFω ≡ tωFω. In view of Fω 6≡ 0, we obtain s = ω. Regarding (5.14) as an
equality of two polynomial functions of t over Rm,n, we note that the coefficients
of like powers of t must be equal. Thus, we deduce Fµ ≡ 0, for 0 ≤ µ < ω, and
F ≡ Fω. Consequently, F is an isobaric polynomial of weight ω and we have s = ω.
This completes the proof. �

Let S1 and S2 be semi-invariants of the second kind in Rm,n for Cm,n whose
respective weights are s1 and s2. Then, S1S2 is semi-invariant of the second kind
for Cm,n of weight s1 + s2. Moreover, if s2 = s1 and α, β are rational numbers
such that αS1 + βS2 6≡ 0, then αS1 + βS2 is a semi-invariant of the second kind

for Cm,n. While S
(1)
1 and S

(1)
2 are not semi-invariants of the second kind for Cm,n,

we do have the following result.

Proposition 5.5. Let S denote a semi-invariant of the second kind in Rm,n
for Cm,n whose weight is s and use

dm,n ≡
1

m(m− 1)
w0, . . . , 0︸ ︷︷ ︸

n−1

, 1.(5.15)

from (4.19), or (4.33), to define T in Rm,n by

T ≡ S(1) + 2sdm,nS.(5.16)

Then, T is a semi-invariant of the second kind for Cm,n of weight s+ 1.

Proof. We employ (3.21), (3.22), (3.23), and (3.24) to obtain

c∗∗0, . . . , 0︸ ︷︷ ︸
n−1

, 1(ζ) ≡
1∑

jn=0

B

n−1︷ ︸︸ ︷
0, . . . , 0, 1
0, . . . , 0︸ ︷︷ ︸
n−1

, jn
(ζ) c0, . . . , 0︸ ︷︷ ︸

n−1

, jn

(
f(z)

)
(5.17)

≡ f ′(ζ) α0,m−1(ζ) c0, . . . , 0︸ ︷︷ ︸
n−1

, 1

(
f(z)

)
+ α1,m−1(ζ)

≡ f ′(ζ) c0, . . . , 0︸ ︷︷ ︸
n−1

, 1

(
f(z)

)
−
(
m

2

)
f ′′(ζ)

f ′(ζ)
.
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Since (5.15) yields d∗∗m,n(ζ) ≡
c∗∗0, ..., 0, 1(ζ)

m(m− 1)
and dm,n(z) ≡ c0, ..., 0, 1(z)

m(m− 1)
, we find that

(5.17) gives

(5.18) 2d∗∗m,n(ζ) ≡ 2f ′(ζ) dm,n
(
f(ζ)

)
− f ′′(ζ)

f ′(ζ)
.

After substituting c
∗∗(k)
i1, i2, ..., in

(ζ) from (4.7) for w
(k)
i1, i2, ..., in

in T of (5.16), we apply

the formulas S∗∗(ζ) ≡
(
f ′(ζ)

)s
S
(
f(ζ)

)
and (5.18) to deduce

T ∗∗(ζ) ≡ S∗∗(1)(ζ) + 2sd∗∗m,n(ζ)S∗∗(ζ)

≡
(
f ′(ζ)

)s+1
S(1)

(
f(ζ)

)
+ s
(
f ′(ζ)

)s−1
f ′′(ζ)S

(
f(ζ)

)
+ 2s

(
f ′(ζ)

)s+1
dm,n

(
f(ζ)

)
S
(
f(ζ)

)
− s
(
f ′(ζ)

)s−1
f ′′(ζ)S

(
f(ζ)

)
≡
(
f ′(ζ)

)s+1
[
S(1)

(
f(ζ)

)
+ 2sdm,n

(
f(ζ)

)
S
(
f(ζ)

)]
≡
(
f ′(ζ)

)s+1
T
(
f(ζ)

)
, on Ω∗∗.

Since (5.16) shows that T is not a constant, this completes the proof. �

Proposition 5.6. For m ≥ 2 and n ≥ 1, the polynomial defined in Rm,n by

(5.19) Hm,n ≡ w0, . . . , 0︸ ︷︷ ︸
n−1

, 2 −
m− 2

3
w

(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1 −
(3m− 1)(m− 2)

6m(m− 1)
(w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2

is a semi-invariant of the second kind for Cm,n having weight 2.

Proof. Clearly, Hm,n is an isobaric polynomial in Rm,n of weight 2. To show
that Hm,n is a semi-invariant of the second kind, let (4.1)–(4.2) be any equation
of Cm,n and let (4.6) be any transformation of the second kind for that (4.1)–(4.2)
into a corresponding equation (4.7)–(4.8). Section 3.3 provides details. For that
context, we set

(5.20) ci(z) ≡ c0, . . . , 0︸ ︷︷ ︸
n−1

,i(z) and c∗∗i (ζ) ≡ c∗∗0, . . . , 0︸ ︷︷ ︸
n−1

,i(ζ), for i = 0, 1, 2.

In terms of w1 ≡ w0, . . . , 0︸ ︷︷ ︸
n−1

,1 and w2 ≡ w0, . . . , 0︸ ︷︷ ︸
n−1

,2, (5.19) yields

(5.21) Hm,n ≡ w2 −
m− 2

3
w

(1)
1 −

(3m− 1)(m− 2)

6m(m− 1)
(w1)2.

Formulas (3.23) and (3.24) of page 24 show that: for any j,

α0,j(ζ) ≡ 1,

α1,j(ζ) ≡ −
(
j + 1

2

)
f ′′(ζ)

f ′(ζ)
,

and

α2,j(ζ) ≡ −
(
j + 2

3

)
f ′′′(ζ)

f ′(ζ)
+ 3

(
j + 3

4

)(
f ′′(ζ)

f ′(ζ)

)2

.

In view of this, (5.20) with (3.21) and (3.22) from page 24 give
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c∗∗1 (ζ) ≡
1∑
j=0

B0, ..., 0, 10, ..., 0, j (ζ) cj
(
f(ζ)

)
≡ f ′(ζ) c1

(
f(ζ)

)
+ α1,m−1(ζ)(5.22)

≡ f ′(ζ) c1
(
f(ζ)

)
−
(
m

2

)
f ′′(ζ)

f ′(ζ)

and

c∗∗2 (ζ) ≡
2∑
j=0

B0, ..., 0, 20, ..., 0, j (ζ) cj
(
f(ζ)

)
(5.23)

≡
(
f ′(ζ)

)2
c2
(
f(ζ)

)
+ f ′(ζ)α1,m−2(ζ) c1

(
f(ζ)

)
+ α2,m−2(ζ)

≡
(
f ′(ζ)

)2
c2
(
f(ζ)

)
−
(
m− 1

2

)
f ′′(ζ) c1

(
f(ζ)

)
−
(
m

3

)
f ′′′(ζ)

f ′(ζ)
+ 3

(
m+ 1

4

)(
f ′′(ζ)

f ′(ζ)

)2

.

After substituting c
∗∗(k)
i (ζ) for w

(k)
i in (5.21), we use (5.23) as well as (5.22) and a

substitution of c
(k)
i (z) for w

(k)
i in (5.21) to obtain

H∗∗m,n(ζ) ≡
[
c∗∗2 (ζ)− m− 2

3
c
∗∗(1)
1 (ζ)− (3m− 1)(m− 2)

6m(m− 1)

(
c∗∗1 (ζ)

)2]

≡



(
f ′(ζ)

)2
c2
(
f(ζ)

)
−
(
m− 1

2

)
f ′′(ζ) c1

(
f(ζ)

)
−
(
m

3

)
f ′′′(ζ)

f ′(ζ)
+ 3

(
m+ 1

4

)(
f ′′(ζ)

f ′(ζ)

)2

− m− 2

3

(
f ′(ζ)

)2
c
(1)
1

(
f(ζ)

)
− m− 2

3
f ′′(ζ) c1

(
f(ζ)

)
+

(
m

3

)
f ′′′(ζ)

f ′(ζ)
−
(
m

3

)(
f ′′(ζ)

f ′(ζ)

)2

− (3m− 1)(m− 2)

6m(m− 1)

(
f ′(ζ)

)2 (
c1
(
f(ζ)

))2
+

(3m− 1)(m− 2)

6
f ′′(ζ) c1

(
f(ζ)

)
− (3m− 1)

4

(
m

3

)(
f ′′(ζ)

f ′(ζ)

)2



≡
(
f ′(ζ)

)2
 c2

(
f(ζ)

)
− m− 2

3
c
(1)
1

(
f(ζ)

)
− (3m− 1)(m− 2)

6m(m− 1)

(
c1
(
f(ζ)

))2


≡
(
f ′(ζ)

)2
Hm,n

(
f(ζ)

)
.

Thus, Hm,n is a semi-invariant of the second kind. That completes the proof. �

Corollary 5.7. For m ≥ 2, the polynomial bm,n defined in Rm,n by (4.32)
on page 34 is a semi-invariant of the second kind for Cm,n having weight 2.
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Proof. This is a consequence of the relation bm,n ≡
(

1/
(
m+1
3

))
Hm,n. �

Remark 5.8. An isobaric polynomial F in Rm,n of weight 1 has the form

F ≡ γw0, . . . , 0︸ ︷︷ ︸
n−1

, 1, for some nonzero γ in Q.

Formula (5.4) shows that F is not a semi-invariant of the first kind for Cm,n. Thus,
there are no relative invariants of weight 1 in Rm,n for Cm,n.

5.3. The number of basic relative invariants in Rm,n for Cm,n
Theorem 4.6 of page 32 shows that: for m ≥ 2, the number Nm,n of basic

relative invariants for Cm,n is equal to the number of sequences (e1, e2, . . . , en) of
integers e1, e2, . . . , en that satisfy 0 ≤ e1 ≤ e2 ≤ · · · ≤ en ≤ m and are not equal
to (0, 0, . . . , 0), (0, 0, . . . , 1), or (0, 0, . . . , 2).

We shall deduce the formula Nm,n =
(
m+n
n

)
− 3 from the following result.

Lemma 5.9. For any integers j ≥ 0 and n ≥ 1, let Lj,n denote the number of
sequences (i1, i2, . . . , in) of integers i1, i2, . . . , in that satisfy

(5.24) 0 ≤ i1 ≤ i2 ≤ · · · ≤ in ≤ j.
Then, Lj,n is given by

(5.25) Lj,n ≡
(
j + n

n

)
, when j ≥ 0 and n ≥ 1.

Proof. For n = 1, the number of integers i1 that satisfy 0 ≤ i1 ≤ j is j + 1.
Thus, (5.25) is true for n = 1 and any j ≥ 0. Let n be a positive integer such
that (5.25) is valid for that n and any j ≥ 0. Then, the number of sequences
(i1, i2, . . . , , in, in+1) that satisfy

(5.26) 0 ≤ i1 ≤ i2 ≤ · · · ≤ in ≤ in+1 ≤ j.
can be counted in terms of the values for in+1 from 0 through j. This gives

Lj,n+1 ≡ L0,n + L1,n + · · ·+ Lj,n ≡
j∑
i=0

(
i+ n

n

)

≡
j∑
i=0

[(
i+ n+ 1

n+ 1

)
−
(
i+ n

n+ 1

)]
≡
(
j + n+ 1

n+ 1

)
.

Hence, (5.25) is valid for any n ≥ 1. This completes the proof. �

Proposition 5.10. For m ≥ 2 and n ≥ 1, the number Nm,n of basic relative

invariants in Rm,n for Cm,n is given by Nm,n =

(
m+ n

n

)
− 3.

Proof. We set j = m in (5.25) and note that exactly three of the sequences
counted by

(
m+n
n

)
must be excluded. �

Proposition 5.11. For m ≥ 1 and n ≥ 1, the number Mm,n of variables

w
(0)
i1, i2, ..., in

having k = 0 in (4.9) of page 30 is given by Mm,n =
(
m+n
n

)
− 1.

Proof. Here, with 0 ≤ i1 ≤ i2 ≤ · · · ≤ in ≤ m and in ≥ 1, we set j = m
in (5.25) and note that only (0, 0, . . . , 0) counted by

(
m+n
n

)
must be excluded. �
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5.4. Nonsolutions of nonzero equations

Given m, n ≥ 1, we assume that the variables

(5.27) w
(k)
i1, i2, ..., in

, for 1 ≤ in ≤ m, 0 ≤ i1 ≤ i2 ≤ · · · ≤ in, and k ≥ 0,

from (4.9) are algebraically independent over the field C of complex numbers and

we let R̂m,n denote the polynomial ring in these variables over C. Let ′ denote the

unique derivation for R̂m,n such that the elements of C are constants of R̂m,n and

(5.28)
(
w

(k)
i1, i2, ..., in

)′
= w

(k+1)
i1, i2, ..., in

, for each w
(k)
i1, i2, ..., in

of (5.27).

To verify the existence and uniqueness of ′, we combine (5.28) with a specialization

of either [5, page 139, Proposition 4] or [6, page A.V.130, Theorem 1]. When the

derivation ′ for R̂m,n is restricted to the subring Rm,n of R̂m,n that consists of the
polynomials in the variables (5.27) over the field Q of rational numbers, it coincides

with the derivation ′ introduced for Rm,n in Section 4.2. Thus, with ′, R̂m,n is an
ordinary differential ring and the differential ring Rm,n introduced in Section 4.2

can be regarded as a differential subring of R̂m,n. For terminology, see [36, 46].

Proposition 5.11 shows that there are M =
(
m+n
n

)
− 1 variables w

(0)
i1, i2, ..., in

from (5.27) having k = 0. Let them be designated in some order by

s1, s2, s3, . . . , sM−1, sM .

Thus, there are functions φ1, φ2, . . . , φn and χ such that

sh ≡ w(0)
φ1(h), φ2(h), ..., φn(h)

and w
(0)
i1, i2, ..., in

≡ sχ(i1,i2,...,in).(5.29)

The derivation ′ for R̂m,n yields

s
(k)
h ≡ w(k)

φ1(h), φ2(h), ..., φn(h)
, for 1 ≤ h ≤M and k ≥ 0.(5.30)

For ν = 1, 2, . . . , M , let Sν denote the ring of polynomials over C in the variables

of (5.30) having 1 ≤ h ≤ ν and k ≥ 0. We note that SM = R̂m,n.

Proposition 5.12. In terms of an integer ν subject to 1 ≤ ν ≤M , let Q be a
nonzero polynomial in Sν and let z0 be a complex number. Then, there are analytic
functions d1(z), d2(z), . . . , dν(z) on a neighborhood Ω of z0 such that the analytic

function Q(z) on Ω obtained by replacing each s
(k)
h in Q with the corresponding

d
(k)
h (z) satisfies Q(z) 6= 0, for each z in Ω.

Proof. First, suppose that ν = 1. Then, Q is a nonzero polynomial over C
in the variables s1, s

(1)
1 , s

(2)
1 , . . . . The Euler Γ -function Γ (z) is analytic on the

complex plane except for poles at z = 0, −1, −2, . . . . That Γ (z) is not a solution
of any nonzero algebraic differential equation over the field C of complex numbers
is a special case of results known from [34] or [11]. Thus, we can find a complex
number z1 and a region Ω containing z0 such that: the function d1(z) ≡ Γ (z + z1)

is analytic on Ω and the analytic function Q(z) on Ω obtained by replacing each

s
(k)
1 in Q with the corresponding d

(k)
1 (z) satisfies Q(z) 6= 0, for each z in Ω. Hence,

the conclusion is valid for ν = 1.
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Induction Hypothesis. Suppose ν is an integer subject to 1 ≤ ν < M such that:
for any nonzero polynomial Q in Sν and any z0 in C, there are analytic functions
d1(z), . . . , dν(z) on a region Ω containing z0 such that the analytic function Q(z)

obtained by substituting d
(k)
h (z) for s

(k)
h in Q satisfies Q(z) 6= 0, for each z in Ω.

Let Q̃ be a nonzero polynomial in Sν+1 and let z0 be a complex number. Then,

Q̃ is expressible as

Q̃ ≡
λ∑
i=1

QiRi with Ri ≡
ni∏
j=1

s
(ωi,j)
ν+1 , for 1 ≤ i ≤ λ,

where: λ is a positive integer; each of Q1, . . . , Qλ is a nonzero polynomial in Sν ;
n1, . . . , nλ are nonnegative integers; for 1 ≤ i ≤ λ and 1 ≤ j ≤ ni, ωi,j is a non-
negative integer; and the polynomials R1, . . . , Rλ are linearly independent over C.

If λ = 1 and n1 = 0, then R1 ≡ 1 and Q̃ ≡ Q1. Since Q̃ belongs to Sν ,
the induction hypothesis yields suitable analytic functions d1(z), . . . , dν(z) on a
region Ω containing z0. Then, we can arbitrarily select dν+1(z) ≡ 1 on Ω.

Suppose that λ > 1 or λ = 1 and n1 ≥ 1. When λ > 1, n1 and n2 are not both
zero. Thus, the notation can be adjusted so that n1 ≥ 1. The induction applied

to Q1 yields analytic functions d1(z), . . . , dν(z) on a region U1 containing z0 such

that the analytic function Q1(z) on U1 obtained by replacing s
(k)
h inQ1 with d

(k)
h (z)

satisfies Q1(z) 6= 0, for each z in U1. Also, when λ > 1, there are corresponding

analytic functions Q2(z), . . . , Qλ(z) on U1 obtained by substituting d
(k)
h (z) for s

(k)
h

in Q2, . . . , Qλ. We set τi = Qi(z0), for 1 ≤ i ≤ λ, and

R̃ ≡
λ∑
i=1

τiRi.

Due to the linear independence of R1, . . . , Rλ over C, we use τ1 = Q1(z0) 6= 0 to

see that R̃ is a nonzero polynomial in the variables s
(0)
ν+1, s

(1)
ν+1, . . . over C. Thus,

the argument for ν = 1 gives an analytic function dν+1(z) on a subregion U2 of U1
containing z0 such that the function R̃(z) on U2 obtained by substituting d

(k)
ν+1(z)

for s
(k)
ν+1 in R̃ satisfies R̃(z) 6= 0, for each z in U2. When 1 ≤ h ≤ ν + 1 and

k ≥ 0, the result of replacing each s
(k)
h in Q̃ with the corresponding d

(k)
h (z) yields

an analytic function Q̃(z) on U2 having

Q̃(z0) =

λ∑
i=1

Qi(z0)Ri(z0) =

λ∑
i=1

τiRi(z0) = R̃(z0) 6= 0.

Continuity yields a subregion Ω of U2 containing z0 such that Q̃(z) 6= 0, for each z
in Ω. This completes the induction step and the proof. �

Corollary 5.13. Let D be a nonzero element of R̂m,n and let z0 denote

a complex number. Then, there is a differential equation (4.1)–(4.2) with analytic
coefficients cj1, j2, ..., jn(z) on a region Ω containing z0 such that the analytic function

D(z) on Ω obtained by replacing each w
(k)
i1, i2, ..., in

of (5.27) in D with the corre-

sponding c
(k)
i1, i2, ..., in

(z) satisfies D(z) 6= 0, for each z in Ω.

Proof. Since D is a polynomial in SM , Proposition 5.12 shows that there

are analytic functions d1(z), . . . , dM (z) on a region Ω containing z0 such that the

replacement of each s
(k)
h in D with the corresponding d

(k)
h (z) yields an analytic
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function D(z) on Ω that satisfies D(z) 6= 0, for each z in Ω. With respect to the
notation employed for (5.29), we introduce

ci1, i2, ..., in(z) ≡ dχ(i1, i2, ..., in)(z), on Ω, for 0 ≤ i1 ≤ · · · ≤ in ≤ m and in ≥ 1.

We set c0, 0, ..., 0(z) ≡ 1 on Ω and, for any integers 0 ≤ j1, j2, . . . , jn ≤ m that do
not satisfy 0 ≤ j1 ≤ j2 ≤ · · · ≤ jn ≤ m, we set cj1, j2, ..., jn(z) ≡ ci1, i2, ..., in(z), where
(i1, i2, . . . , in) is an arrangement of (j1, j2, . . . , jn) having i1 ≤ i2 ≤ · · · ≤ in.

The (4.1) on Ω having these coefficients satisfies (4.2) and the function obtained

by replacing w
(k)
i1, i2, ..., in

in D with c
(k)
i1, i2, ..., in

(z) from this (4.1) is equal to the

function D(z) obtained by replacing each s
(k)
h in D with the corresponding d

(k)
h (z).

Since we have D(z) 6= 0 for each z in Ω, this completes the proof. �

5.5. Relative invariants in terms of basic ones and am,n

For m ≥ 2 and n ≥ 1, Corollary 5.3 shows that the polynomial

(5.31) am,n ≡
1(

m+1
3

)[w0, . . . , 0︸ ︷︷ ︸
n−1

, 2 − m−1
2 w

(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1 − m−1
2m (w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2
]

of Rm,n is an isobaric semi-invariant of the first kind for Cm,n having weight 2.
We note that the use of am,n rather than Gm,n of (5.2) has advantages in the
formulations of (4.22) and (4.48). That is our key reason for selecting am,n rather
than Gm,n in the formulation of the next result.

Theorem 5.14. For any m ≥ 2, each relative invariant in Rm,n for Cm,n is
expressible as a differential-polynomial combination over Q of am,n and the basic

relative invariants in Rm,n for Cm,n.

Proof. For m ≥ 2, suppose that F is a relative invariant in Rm,n for Cm,n.
Then, F is expressible as a differential-polynomial combination over Q of those
variables from (4.9) given by

(5.32) wi1, i2, ..., in , for 0 ≤ i1 ≤ i2 ≤ · · · ≤ in ≤ m and in ≥ 1.

The variables of (5.32) are totally ordered by the rule that wi1, i2, ..., in precedes
wj1, j2, ..., jn if and only if either i1 < j1 or else there is an integer r satisfying
2 ≤ r ≤ n such that ik = jk for 1 ≤ k ≤ r − 1 and ir < jr.

Proposition 5.11 shows that M =
(
m+n
n

)
−1 is the number of variables in (5.32).

Let the total ordering for the variables in (5.32) be represented by

(5.33) s1, s2, . . . , sM , with s1 ≡ w0, . . . , 0︸ ︷︷ ︸
n−1

, 1, s2 ≡ w0, . . . , 0︸ ︷︷ ︸
n−1

, 2, . . . .

When n = 1, we observe that M = m and (5.33) consists of w1, w2, w3, . . . , wm.
When n = 2, we find that the variables of (5.33) are respectively given by

w0,1, w0,2, . . . , w0,m, w1,1, w1,2, . . . , w1,m, w2,2, . . . , w2,m, . . . , wm,m

We use (5.31) to obtain

w0, . . . , 0︸ ︷︷ ︸
n−1

, 2 ≡
(
m+ 1

3

)
am,n + m−1

2 w
(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1 + m−1
2m (w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2(5.34)

≡
(
m+ 1

3

)
am,n +Rm,n; 0, . . . , 0︸ ︷︷ ︸

n−1

, 2; 0,
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where Rm,n; 0, ..., 0, 2; 0 is a differential-polynomial combination over Q of the only
variable in (5.33) that precede w0, ..., 0, 2. The structure of each basic relative
invariant Im,n; i1, i2, ..., in in Rm,n for Cm,n yields

wi1, i2, ..., in ≡ Im,n; i1, i2, ..., in +Rm,n; i1, i2, ..., in; 0,(5.35)

for in ≥ 3 or n ≥ 2 and in−1 ≥ 1,

where Rm,n; i1, i2, ..., in; 0 is a differential-polynomial combination over Q of variables
in (5.33) that precede wi1, i2, ..., in . By repeatedly applying the derivation ′ for Rm,n
to (5.34) and (5.35), we deduce for k ≥ 0 that

w
(k)
0, . . . , 0︸ ︷︷ ︸
n−1

, 2 ≡
(
m+ 1

3

)
a(k)
m,n +Rm,n; 0, . . . , 0︸ ︷︷ ︸

n−1

, 2; k(5.36)

and

w
(k)
i1, i2, ..., in

≡ I(k)
m,n; i1, i2, ..., in

+Rm,n; i1, i2, ..., in; k,(5.37)

when in ≥ 3 or n ≥ 2 and in−1 ≥ 1,

where Rm,n; i1, i2, ..., in; k in (5.37) or (5.36) is a differential-polynomial combination
over Q of variables in (5.33) that precede wi1, i2, ..., in .

Starting with F as a differential-polynomial combination over Q of the variables

in (5.33), we use (5.37) to eliminate from F the variables s
(k)
M , for each k ≥ 0. Then,

from the resulting expression, we use (5.37) or (5.36) to eliminate s
(k)
M−1, for each

k ≥ 0. We continue in this manner using either (5.37) or (5.36) until finally we

eliminate the variables s
(k)
2 , for each k ≥ 0. The resulting expression is then a

differential-polynomial combination over Q of the basic relative invariants in Rm,n
for Cm,n as well as am,n and s1. With s1 ≡ w0, ..., 0, 1, we therefore write F as

(5.38) F ≡ F0 +Z0,

where F0 is the sum of the terms of F that do not involve w
(k)
0, ..., 0, 1, for any k ≥ 0,

and Z0 is the sum of any remaining terms. Thus, F0 is a differential-polynomial
combination over Q of am,n and basic relative invariants in Rm,n for Cm,n.

For any (4.1)–(4.2) on some regionΩ, there is a meromorphic function ρ0(z) 6≡ 0
on a subregion U of Ω such that

(5.39) ρ
(1)
0 (z) +

c0, ..., 0, 1(z)

m
ρ0(z) ≡ 0, on U .

Due to (5.39), an application of Theorem 3.1 on page 19 shows that the substitution
y(z) = ρ0(z) v(z) transforms the restriction of (4.1)–(4.2) to U into a corresponding
equation (4.4)–(4.5) on U having

(5.40) c∗0, ..., 0, 1(z) ≡ c0, ..., 0, 1(z) +m
ρ
(1)
0 (z)

ρ0(z)
≡ 0.

Since F0 is a differential-polynomial combination over Q of semi-invariants of the
first kind, Proposition 5.1 shows that the corresponding functions F ∗0 (z) and F0(z)
obtained from (4.4) and (4.1) via Notation 1.0 satisfy F ∗0 (z) ≡ F0(z), on U . Because

any nonzero term of Z0 would effectively involve w
(k)
0, ..., 0, 1 for some k ≥ 0, we use

(5.40) to see that the substitution of c
∗(k)
i1, i2, ..., in

(z) from this (4.4) for w
(k)
i1, i2, ..., in
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in Z0 yields Z∗0 (z) ≡ 0, on U . Thus, we obtain

F (z) ≡ F ∗(z) ≡ F ∗0 (z) + Z∗0 (z) ≡ F ∗0 (z) ≡ F0(z), on U .

Hence, we have F (z) ≡ F0(z) on Ω, for any (4.1)–(4.2). Thus, the replacement

of each w
(k)
i1, i2, ..., in

in F − F 0 with the corresponding c
(k)
i1, i2, ..., in

(z) from any

(4.1)–(4.2) yields a function that is identically zero. In view of Corollary 5.13,

we conclude that F − F0 ≡ 0. This yields F ≡ F0 and completes the proof. �

Remark 5.15. The algorithmic substitutions employed in the preceding proof
are well suited for computer algebra. Section 7.2 gives examples.

That technique can be applied to any nonconstant element F in Rm,n without
knowing ahead of time whether F is a relative invariant. If that process fails to
express F as a differential-polynomial combination over Q of am,n and the basic
relative invariants in Rm,n for Cm,n, then F is not a relative invariant for Cm,n.
However, when the process does express F in that manner, the representation may
be quite useful for the further study needed to decide whether F is a relative
invariant. Illustrations of that situation are provided by the representations (7.18),
(7.19), and (7.20).



CHAPTER 6

Use of Computer Algebra

Programs to exhibit the basic relative invariants in Rm,1 for Cm,1 and in Rm,2
for Cm,2 are given in Sections 6.1 and 6.3. Independent verifications are provided
in Sections 6.2 and 6.4. With minor alterations, these programs can be rewritten
for Rm,3, Rm,4, . . . . Our separate focus on n = 1 or n = 2 or . . . enables us to
use standard commands that can be easily modified for other systems.

6.1. Im,1; e1 in Rm,1 for Cm,1 when m ≥ 3

We select a version of Mathematica from [55, 56, 57, 58, 59] as the system
of computer algebra. We represent the derivation ′ for Rm,1 as differentiation with
respect to a fictitious independent variable denoted by z. Then, the evaluation of
D[w[i1][z],{z,k}] represents the corresponding variable w

(k)
i1

of (4.9). We use
(4.18)–(4.29) and (4.17) as our guide for the following fourteen input statements

a[m_,1][z_] := (1/Binomial[m+1,3])( w[2][z]

-((m-1)/2)w[1]’[z]-((m-1)/(2m))w[1][z]^2 )

d[m_,1][z_] := (1/(m(m-1)))w[1][z]

K[m_,1,i_,j_][z_] := 0 /; i <= -1

K[m_,1,0,j_][z_] := 1

K[m_,1,i_,j_][z_] :=

( Sum[( D[K[m,1,i-1,k][z],z]

-(m-1)*d[m,1][z]*K[m,1,i-1,k][z]

+(m+2-i-k)(2-i-k)a[m,1][z]*

K[m,1,i-2,k][z]),{k,j+1,m}] ) /; i >= 1

w[0][z_] = 1; X[k_][z_] := w[k][z]

L[m_,1,i_][z_] :=

Sum[ K[m,1,i-j,j][z]*X[j][z], {j, 0, i}]

M[m_,1,e1_,i_][z_] :=

FunctionExpand[Binomial[m-i,e1-i]]*

Product[(e1-r), {r,1,e1-i}]*L[m,1,i][z]

A[e1_,i_] := -1/(e1+i-1) /; i >= 1

53



54 6. USE OF COMPUTER ALGEBRA

B[e1_,i_] := (e1-i)/(e1+i-2) /; i >= 1

inv[m_,1,e1_,0][z_] := 0

inv[m_,1,e1_,1][z_] := 0

inv[m_,1,e1_,i_][z_] := ( M[m,1,e1,i][z]

+A[e1,i-1]*D[ inv[m,1,e1,i-1][z], z]

+B[e1,i-1]*a[m,1][z]*

inv[m,1,e1,i-2][z] ) /; i >= 2

basicInv[m_,1,e1_][z_] := inv[m,1,e1,e1][z]

that are to be evaluated by the selected version of Mathematica. The additional
evaluation of

Expand[ basicInv[3,1,3][z] ]

yields the expression for I3,1; 3 given in (1.6) on page 2. After evaluating

list[e1_] := Table[ D[w[j][z], {z,k}],

{j,1,e1},{k,0,e1-j}] // Flatten

to help simplify later output, we find that the evaluation of

Collect[ basicInv[m,1,3][z], list[3], Factor]

yields the expression for Im,1; 3 in (1.13) of page 3. In particular, setting m = 4 in
the preceding expression or making an evaluation of

Collect[ basicInv[4,1,3][z], list[3], Factor]

gives the expression for I4,1; 3 in (1.15) on page 4. The evaluation of

Collect[ basicInv[4,1,4][z], list[4], Factor]

yields the expression for I4,1; 4 in (1.17) on page 4. The preceding nineteen input
statements can be evaluated in several seconds on a typical personal computer of
current capabilities. When m is merely a symbol for an integer assumed to satisfy
3 ≤ e1 ≤ m, the times required to obtain analogous representations of Im,1; e1 are
approximately equal to: 1 second for e1 = 4; 5 seconds for e1 = 5; 15 seconds for
e1 = 6; 65 seconds for e1 = 7; 4 minutes for e1 = 8; 30 minutes for e1 = 9; 4 hours
for e1 = 10; and 19 hours for e1 = 11.

6.2. Alternative computation for Im,1; e1 when m ≥ 3

Here, we show how Mathematica can be employed to obtain a computer rep-
resentation for Jm,1; e1 in (4.31). Since we have Im,1; e1 ≡ Jm,1; e1 , an excellent
check on our computer representations for Im,1; e1 and Jm,1; e1 is provided when
the subtraction of one from the other is identically zero. Based on (4.32)–(4.43)
and (4.31), the following fourteen input statements
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b[m_,1][z_] := (1/Binomial[m+1,3])( w[2][z]

-((m-2)/3)w[1]’[z]

-((3m-1)(m-2)/(6m(m-1)))w[1][z]^2 )

d[m_,1][z_] := (1/(m(m-1)))w[1][z]

U[m_,1,i_,j_][z_] := 0 /; i <= -1

U[m_,1,0,j_][z_] := 1

U[m_,1,i_,j_][z_] := ( Sum[ D[U[m,1,i-1,k][z],z]

+2(i-1+k-m)d[m,1][z]*U[m,1,i-1,k][z]

+(m-i-k+2)(2-i-k)b[m,1][z]*

U[m,1,i-2,k][z], {k,j+1,m}] ) /; i >= 1

w[0][z_] = 1; X[k_][z_] := w[k][z]

V[m_,1,i_][z_] :=

Sum[ U[m,1,i-j,j][z]*X[j][z], {j,0,i}]

W[m_,1,e1_,i_][z_] :=

FunctionExpand[Binomial[m-i,e1-i]]*

Product[(e1-r), {r,1,e1-i}]*V[m,1,i][z]

A[e1_,i_] := -1/(e1+i-1) /; i >= 1

B[e1_,i_] := (e1-i)/(e1+i-2) /; i >= 1

jnv[m_,1,e1_,0][z_] := 0; jnv[m_,1,e1_,1][z_] := 0

jnv[m_,1,e1_,i_][z_] := ( W[m,1,e1,i][z]

+A[e1,i-1]*(D[ jnv[m,1,e1,i-1][z], z]

+2(i-1)*d[m,1][z]*jnv[m,1,e1,i-1][z])

+B[e1,i-1]*b[m,1][z]*

jnv[m,1,e1,i-2][z] ) /; i >= 2

basicJ[m_,1,e1_][z_] := jnv[m,1,e1,e1][z]

list[e1_] := Table[ D[w[j][z],{z, k}],

{j,1,e1},{k,0,e1-j}] // Flatten

are to be evaluated by the same version of Mathematica employed for Section 6.1.
The additional evaluation of

Collect[basicJ[m,1,3][z], list[3], Factor]

yields a computer representation for Jm,1; 3; an evaluation of

Collect[basicJ[m,1,4][z], list[4], Factor]
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gives a computer representation for Jm,1; 4 ; etc. When not set equal to a specific
integer, the symbol m for the order of the differential equation is a free variable that
represents any integer greater than or equal to the number assigned to e1.

To check the accuracy of the the Latex file for pages 53–55 of this monograph,
we copied the input and pasted it into a Mathematica notebook. After evaluating
each item in the notebook, we then inserted the input commands

diff[e1_] := Together[

basicInv[m,1,e1][z] - basicJ[m,1,e1][z]]

Do[Print["diff[",e1,"] = ", diff[e1]], {e1,3,9}]

and found that their evaluation yielded 0 for each difference as it should.

6.3. Im,2; e1, e2 in Rm,2 for Cm,2 when m ≥ 2

To present a Mathematica notebook based on Theorem 4.6 that is suitable
for making explicit the structure of various relative invariants Im,2; e1, e2 in Rm,2
for Cm,2, we clear computer memory of previous usage and successively evaluate
each of the following sixteen input statements

a[m_,2][z_] := (1/Binomial[m+1,3])( w[0,2][z]

-((m-1)/2)w[0,1]’[z]

-((m-1)/(2m))w[0,1][z]^2 )

d[m_,2][z_] := (1/(m(m-1)))w[0,1][z]

K[m_,2,i_,j_][z_] := 0 /; i <= -1

K[m_,2,0,j_][z_] := 1

K[m_,2,i_,j_][z_] :=

( Sum[( D[K[m,2,i-1,k][z], z]

-(m-1)*d[m,2][z]*K[m,2,i-1,k][z]

+(m+2-i-k)(2-i-k)a[m,2][z]*

K[m,2,i-2,k][z]), {k,j+1,m}] ) /; i >= 1

w[0, 0][z_] = 1;

X[j1_,j2_][z_] := Apply[w, Sort[{j1,j2}]][z]

L[m_,2,i1_,i2_][z_] :=

Sum[ K[m,2,i1-j1,j1][z]*K[m,2,i2-j2,j2][z]*

X[j1,j2][z], {j1,0,i1}, {j2,0,i2} ]

H[m_,2,e1_,e2_,h1_,h2_] := ( Binomial[m-h1,e1-h1]

*Product[e1-r, {r,1,e1-h1}])(Binomial[m-h2,e2-h2]

*Product[e2-r, {r,1,e2-h2}] )
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M[m_,2,e1_,e2_,h1_,i_][z_] :=

H[m,2,e1,e2,h1,i-h1]*L[m,2,h1,i-h1][z]

A[e1_,e2_,i_] := -1/(e1+e2+i-1) /; i >= 1

B[e1_,e2_,i_] := (e1+e2-i)/(e1+e2+i-2) /; i >= 1

inv[m_,2,e1_,e2_,h1_,0][z_] := 0

inv[m_,2,e1_,e2_,h1_,1][z_] := 0

inv[m_,2,e1_,e2_,h1_,i_][z_] :=

( M[m,2,e1,e2,h1,i][z] +

A[e1,e2,i-1]*D[ inv[m,2,e1,e2,h1,i-1][z], z]

+ B[e1,e2,i-1]*a[m,2][z]

*inv[m,2,e1,e2,h1,i-2][z] ) /; i >= 2

basicInv[m_,2,e1_,e2_][z_] :=

Sum[ inv[m,2,e1,e2,h1,e1+e2][z], {h1,0,e1} ]

with a selected version of Mathematica. Then, evaluations of

list[e1_,e2_] := Table[ D[w[j1,j2][z],{z,k}],

{j2,1,e2},{j1,0,Min[j2,e1]},{k,0,e1+e2-j1-j2}] // Flatten

Collect[ basicInv[m,2,1,1][z], list[1,1], Factor]

give

(6.1) Im,2; 1,1 ≡ w1,1 − (w0,1)2, with m ≥ 2,

as the basic relative invariant of index (1, 1) in Rm,2 for Cm,2. We evaluate

Collect[ basicInv[m,2,1,2][z], list[1,2], Factor]

to obtain

Im,2; 1,2 ≡ w1,2 −
m− 1

m
w0,1w1,1 −w0,1w0,2 +

m− 1

m
(w0,1)3(6.2)

− m− 1

4
w

(1)
1,1 +

m− 1

2
w0,1w

(1)
0,1, with m ≥ 2.

as the basic relative invariant of index (1, 2) in Rm,2 for Cm,2. The evaluation of

Collect[ basicInv[m,2,2,2][z], list[2,2], Factor]

yields



58 6. USE OF COMPUTER ALGEBRA

Im,2; 2,2 ≡ w2,2 −
2(m− 1)

m
w0,1w1,2 +

6(m− 1)

5(m+ 1)m
w0,2w1,1 − (w0,2)2(6.3)

+
(5m+ 2)(m− 1)2

5(m+ 1)m2
(w0,1)2w1,1 +

2(5m+ 2)(m− 1)

5(m+ 1)m
(w0,1)2w0,2

− (5m+ 2)(m− 1)2

5(m+ 1)m2
(w0,1)4 − m− 1

3
w

(1)
1,2 +

(m− 1)2

30
w

(2)
1,1

+
(m− 1)2

3m
w0,1w

(1)
1,1 +

(5m− 4)(m− 1)2

15(m+ 1)m
w

(1)
0,1w1,1

+
m− 1

3
w0,1w

(1)
0,2 +

m− 1

3
w

(1)
0,1w0,2 −

(m− 1)2

15
w0,1w

(2)
0,1

− (m− 1)2

15
(w

(1)
0,1)2 − (5m+ 2)(m− 1)2

5(m+ 1)m
(w0,1)2w

(1)
0,1, with m ≥ 2,

as the basic relative invariant of index (2, 2) in Rm,2 for Cm,2.

6.4. Alternative computation for Im,2; e1, e2 when m ≥ 2

The program presented here is based on Theorem 4.8 of page 34 for Jm,2; e1, e2 .
It provides an independent check on the computations of Section 6.3 for Im,2; e1, e2 .
Namely, after the first sixteen input commands of Section 6.3 and the following
thirteen input commands

b[m_,2][z_] := ( (1/(Binomial[m+1,3])) ( w[0,2][z]

-((m-2)/3)w[0, 1]’[z]

-((3m-1)(m-2)/(6m(m-1)))w[0,1][z]^2) )

d[m_,2][z_] := (1/(m(m-1)))w[0,1][z]

U[m_,2,i_,j_][z_] := 0 /; i <= -1

U[m_,2,0,j_][z_] := 1

U[m_,2,i_,j_][z_] :=

( Sum[ D[U[m,2,i-1,k][z], z]

+2(i-1+k-m)d[m, 2][z]*U[m,2,i-1,k][z]

+(m-i-k+2)(2-i-k)b[m,2][z]*U[m,2,i-2,k][z],

{k,j+1,m}] ) /; i >= 1

w[0, 0][z_] = 1;

X[j1_,j2_][z_] := Apply[w, Sort[{j1,j2}]][z]

V[m_,2,i1_,i2_][z_] :=

Sum[ U[m,2,i1-j1,j1][z]*U[m,2,i2-j2,j2][z]*

X[j1,j2][z], {j1,0,i1}, {j2,0,i2} ]

W[m_,2,e1_,e2_,h1_,i_][z_] :=

H[m,2,e1,e2,h1,i-h1]*V[m,2,h1,i-h1][z]
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jnv[m_,2,e1_,e2_,h1_,0][z_] := 0

jnv[m_,2,e1_,e2_,h1_,1][z_] := 0

jnv[m_,2,e1_,e2_,h1_,i_][z_] :=

( W[m,2,e1,e2,h1,i][z]

+A[e1,e2,i-1]*(D[jnv[m,2,e1,e2,h1,i-1][z],z]

+2(i-1)*d[m,2][z]*jnv[m,2,e1,e2,h1,i-1][z])

+B[e1,e2,i-1]*b[m,2][z]

*jnv[m,2,e1,e2,h1,i-2][z] ) /; i >= 2

basicJnv[m_,2,e1_,e2_][z_] :=

Sum[ jnv[m,2,e1,e2,h1,e1+e2][z], {h1,0,e1} ]

are evaluated by the selected version of Mathematica with m as a mere symbol
representing any integer greater than or equal to e2, the evaluation of

diff[e1_,e2_] := Together[

basicInv[m,2,e1,e2][z] - basicJnv[m,2,e1,e2][z]]

Do[Print["diff[",e1,", ",e2,"] = ", diff[e1,e2]],

{e2,1,3},{e1,0,e2}]

yields 0 for each difference.
With m as a variable for any integer ≥ 2, a program to explicitly specify the

basic relative invariants in any particular one of Rm,3, Rm,4, . . . can be written by
making minor modifications to the input commands of Sections 6.3 and 6.4.

6.5. Cp,q,r

(
P , Q

)
as a differential-polynomial combination

of P , Q, and am,n over Q

Let P and Q denote relative invariants in Rm,n for Cm,n having respective
weights p and q. For r = 0 and r = 1, we note that (4.52) and (4.51) give

Cp,q,0

(
P , Q

)
≡ P Q

and

Cp,q,1

(
P , Q

)
≡ P Q(1) − q

p
P (1)Q

as explicit differential-polynomial combinations of P and Q over Q. Here, for
r ≥ 2 and m ≥ 2, we present a program that yields Cp,q,r

(
P , Q

)
as an explicit

differential-polynomial combination of P , Q, and am,n over Q.

For r ≥ 2, m ≥ 2, and a version of Mathematica from [55, 56, 57, 58, 59]
as the system of computer algebra, we shall use the evaluations of

D[P[z],{z,i}], D[Q[z],{z,j}], and D[a[m,n][z],{z,k}]

to represent P (i), Q(j), and a
(k)
m,n. To obtain a representation of Cp,q,r

(
P , Q

)
,

we clear the computer memory and then have Mathematica evaluate the six input
statements
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B[h_,i_,j_][z_] := 0 /; i <= -1

B[h_,0, j_][z_] := 1;

B[h_,i_,j_][z_] := Sum[ D[B[h,i-1,k][z], z]

-k(2h+k-1)a[m,n][z]*B[h,i-2,k-1][z],

{k,i-1,j-1}] /; i >= 1

Ce[p_,q_,r_,mu_] := FunctionExpand[

(-1)^mu *Binomial[r,mu]*

Binomial[2q+r-1,mu]/Binomial[2p+mu-1,mu] ]

A[p_,q_,r_,s_,t_][z_] := Sum[Ce[p,q,r,t+k]*

B[p,k,t+k][z]*B[q,s-k,r-t-k][z],{k,0,s}]

poly[p_,q_,r_,P_,Q_][z_]:= Module[{expr, mon},

mon = Join[Table[D[a[m,n][z],{z,i}], {i,0,r-2}],

Table[D[P[z],{z,j}], {j,0,r}],

Table[D[Q[z],{z,k}], {k,0,r}] ];

expr = Sum[ A[p,q,r,s,t][z]*Derivative[t][P][z]*

Derivative[r-s-t][Q][z], {s,0,r}, {t,0,r-s}];

Collect[ expr, mon, Factor] ]

that are based on formulas (4.46)–(4.50) and (4.44).

For r = 2, we evaluate poly[p,q,2,P,Q][z] and find that

(6.4) Cp,q,2

(
P , Q

)
≡ P Q(2) + αP (1)Q(1) + β P (2)Q+ γ am,nP Q,

where

(6.5) α =
−(2q + 1)

p
, β =

q(2q + 1)

p(2p+ 1)
, and γ =

−4q(p+ q + 1)

2p+ 1
.

By Theorem 4.10 on page 36, (6.4) is a relative invariant in Rm,n for Cm,n of weight
p + q + 2. Computer algebra shows that α, β, γ in (6.5) are the only coefficients
for which the right member of (6.4) is a relative invariant.

For r = 3, we evaluate poly[p,q,3,P,Q][z] and find that

Cp,q,3

(
P , Q

)
≡P Q(3) + x1P

(1)Q(2) + x2P
(2)Q(1) + x3P

(3)Q(6.6)

+ x4 am,nP Q
(1) + x5 am,nP

(1)Q+ x6 a
(1)
m,nP Q,

where

x1 =
−3(q + 1)

p
, x4 =

−4(3pq + 3q2 + p+ 6q + 2)

2p+ 1
,(6.7)

x2 =
3(q + 1)(2q + 1)

p(2p+ 1)
, x5 =

4q(q + 1)(3p2 + 3pq + 6p+ q + 2)

p(p+ 1)(2p+ 1)
,(6.8)

x3 =
−q(q + 1)(2q + 1)

p(p+ 1)(2p+ 1)
, x6 =

2q(q − p)(2p+ 2q + 3)

(p+ 1)(2p+ 1)
.(6.9)
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When P and Q are linearly independent over Q, Theorem 4.10 establishes that
(6.6) is a relative invariant in Rm,n for Cm,n of weight p + q + 3. The coefficients
(6.7)–(6.9) first appeared for the context n = 2 in [20, page 150]. They are the
only ones for which the right member of (6.6) is a relative invariant.

For r = 4, we evaluate poly[p,q,4,P,Q][z] and find that

Cp,q,4

(
P , Q

)
(6.10)

≡ P Q(4) + y1P
(1)Q(3) + y2P

(2)Q(2) + y3P
(3)Q(1) + y4P

(4)Q

+ am,n

[
y5P Q

(2) + y6P
(1)Q(1) + y7P

(2)Q
]

+ a(1)
m,n

[
y8P Q

(1) + y9P
(1)Q

]
+
[
y10 a

(2)
m,n + y11

(
am,n

)2]
P Q,

where

y1 =
−2(2q + 3)

p
,(6.11)

y2 =
6(q + 1)(2q + 3)

p(2p+ 1)
,(6.12)

y3 =
−2(q + 1)(2q + 1)(2q + 3)

p(p+ 1)(2p+ 1)
,(6.13)

y4 =
q(q + 1)(2q + 1)(2q + 3)

p(p+ 1)(2p+ 1)(2p+ 3)
,(6.14)

y5 =
−4(6pq + 6q2 + 4p+ 18q + 11)

2p+ 1
,(6.15)

y6 =
8(2q + 3)(3p2q + 3pq2 + p2 + 9pq + q2 + 3p+ 3q + 1)

p(p+ 1)(2p+ 1)
,(6.16)

y7 =
−4q(q + 1)(2q + 3)(6p2 + 6pq + 18p+ 4q + 11)

p(p+ 1)(2p+ 1)(2p+ 3)
,(6.17)

y8 =
−2(8p2q − 8q3 + 2p2 + 12pq − 24q2 + 3p− 18q − 5)

(p+ 1)(2p+ 1)
,(6.18)

y9 =
2q(2q + 3)(8p3 − 8pq2 + 24p2 − 12pq − 2q2 + 18p− 3q + 5)

p(p+ 1)(2p+ 1)(2p+ 3)
,(6.19)

y10 =
−2q(p+ q + 2)(4p2 − 4pq + 4q2 + 4p+ 4q + 3)

(p+ 1)(2p+ 1)(2p+ 3)
,(6.20)

and

y11 =
48q(q + 1)(p+ q + 2)(p+ q + 3)

(2p+ 1)(2p+ 3)
.(6.21)

Theorem 4.10 of page 36, shows that (6.10) is a relative invariant in Rm,n for Cm,n
of weight p + q + 4. The coefficients (6.11)–(6.21) first appeared for the context
n = 2 in [20, page 151]. They are the only ones for which the right member of
(6.10) is a relative invariant.

Analogous results can be made explicit for larger values of r.
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6.6. Several identities

Proposition 6.1. Suppose that P , Q, and R are relative invariants in Rm,n
for Cm,n having respective weights p, q, and r. Then, P , Q, and R satisfy

Cr,p+q,2

(
R, P Q

)
≡−

(
2p

2q + 1

)
R Cp,q,2

(
P , Q

)
(6.22)

+

(
2p+ 2q + 1

2q + 1

)
P Cr,q,2

(
R, Q

)
+

(
2p+ 2q + 1

2p+ 1

)
Q Cr,p,2

(
R, P

)
and

RCp,q,2

(
P , Q

)
(6.23)

≡ −
(

r(2q + 1)(2r + 1)

2p(p+ q + r + 1)(2p+ 2q + 2r + 1)

)
Cr,p+q,2

(
R, P Q

)
+

(
(2q + 1)(2p+ 2q + 1)

2(p+ q + r + 1)(2p+ 2q + 2r + 1)

)
Cp,q+r,2

(
P , QR

)
+

(
q(2q + 1)(2p+ 2q + 1)

2p(p+ q + r + 1)(2p+ 2q + 2r + 1)

)
Cq,p+r,2

(
Q, P R

)
.

Proof. While pencil-and-paper computations yield the desired results, the
computer algebra of pages 59–60 enables us to check that the evaluation of

Together[ poly[r,p+q,2,R,Function[x,P[x]*Q[x]]][z]

+(2p/(2q+1))R[z]*poly[p,q,2,P,Q][z]

-((2p+2q+1)/(2q+1))P[z]*poly[r,q,2,R,Q][z]

-((2p+2q+1)/(2p+1))Q[z]*poly[r,p,2,R,P][z] ]

has 0 as its output. Thus, (6.22) is valid. The evaluation of

Together[ R[z]*poly[p,q,2,P,Q][z]

+(r(2q+1)(2r+1)/(2p(p+q+r+1)(2p+2q+2r+1)))*

poly[r,p+q,2,R,Function[x,P[x]*Q[x]]][z]

-((2q+1)(2p+2q+1)/(2(p+q+r+1)(2p+2q+2r+1)))*

poly[p,q+r,2,P,Function[x,Q[x]*R[x]]][z]

-(q(2q+1)(2p+2q+1)/(2p(p+q+r+1)(2p+2q+2r+1)))*

poly[q,p+r,2,Q,Function[x,P[x]*R[x]]][z] ]

yields the output 0 and establishes (6.23). This completes the proof. �

By setting R ≡ Q ≡ P and r = q = p in either (6.22) or (6.23), we obtain

(6.24) Cp,2p,2

(
P , P 2

)
≡ 2(3p+ 1)

2p+ 1
P Cp,p,2

(
P , P

)
.

The definition of Cp,q,r

(
P , Q

)
in (4.44)–(4.52) is applicable to any isobaric

polynomials P and Q in Rm,n having respective weights p and q. Each of (6.22),
(6.23), and (6.24) as well as (8.16), (8.17), and (8.18) remains valid as an identity
in that context.
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6.7. Observations about computations

Versions 3.0, 7.0.1, 8.0.1, 9.0.1, 10.1, and 11.2 of Mathematica can be used to
evaluate correctly all of the notebooks for [19] and [20]. We specifically found that
[54] and [55] performed flawlessly. Supplementary input not needed for Version
7.0.1 was supplied to the notebooks of [19] and [20] in order to enable Version 3.0
to efficiently evaluate symbolic sums like those for Km,n;i,j of (4.22) and Um,n;i,j

of (4.36); in this regard, see [19, pages 24–28]. With such supplements, Version 3.0
could be employed here.

For computer representations of Cp,q,r

(
P , Q

)
when P and Q have machine

representations, see Sections 13.3 and 14.2.
Correct evaluations for each of the Mathematica notebooks in this monograph

can be downloaded by using the Google browser Chrome to visit the web page
http://homepages.uc.edu/~chalklr/Notebooks.htm

and then making a selection of a particular notebook labeled according to the
section in which it appears.





CHAPTER 7

Principal Theorems Applied
to Paul Appell’s Study of C2,2

Theorem 4.6 and Theorem 4.10 will be employed in this chapter to show that
relative invariants can be used to precisely characterize the equations of C2,2 for
which solution procedures studied by Paul Appell in [4] are applicable.

7.1. Solution procedures for two special kinds of equations in C2,2
We use (4.1) with m = n = 2, c1,0 ≡ c0,1, c2,0 ≡ c0,2, and c2,1 ≡ c1,2 to see

that: for each region Ω, the differential equations of C2,2 on Ω are specified by(
y′′(z)

)2
+ 2c0,1(z) y′′(z) y′(z) + 2c0,2(z) y′′(z) y(z)(7.1)

+ c1,1(z)
(
y′(z)

)2
+ 2c1,2(z) y′(z) y(z) + c2,2(z)

(
y(z)

)2
= 0,

where the ci,j(z) are meromorphic functions on Ω.
To characterize the equations (7.1) that have a nontrivial factorization when

restricted to various subregion of Ω, we introduce

(7.2) D2 ≡

∣∣∣∣∣∣
1 w0,1 w0,2

w0,1 w1,1 w1,2

w0,2 w1,2 w2,2

∣∣∣∣∣∣
in R2,2 and we let D2(z) denote the function on Ω obtained by replacing each wi,j

in D2 with the corresponding ci,j(z) from (7.1). In particular, the situation k = 2
of [20, Theorem 15.10] shows that D2 is a relative invariant of weight 6 for C2,2.
We know from [20, Example 15.6] that: (i) if D2(z) ≡ 0, then each subregion U
of Ω contains a subregion V on which there are meromorphic functions α, β, γ, δ
such that (7.1) is expressible on V as

(7.3)
(
y′′(z) + α(z)y′(z) + β(z)y(z)

)(
y′′(z) + γ(z)y′(z) + δ(z)y(z)

)
= 0;

and, (ii) if (7.1) is expressible as (7.3) on a subregion V of Ω, then D2(z) ≡ 0.
Paul Appell presented the main ideas of the preceding paragraph in [4] of 1889.

Thus, if (7.3) exists for (7.1) and is abbreviated as L1L2 = 0 on V, then the solutions
(7.1) on subregions of V are the solutions of L1 = 0 or L2 = 0.

To describe another kind of (7.1) that is solvable by a technique Paul Appell
presented in [4], let Q(z) denote the left member of (7.1), let Q(1)(z) denote the for-
mal derivative of Q(z) with respect to z, and let FΩ denote the field of meromorphic
functions on Ω. In [4], Paul Appell studied the equations (7.1) for which

(7.4) there is a λ(z) in FΩ such that Q(1)(z) + λ(z)Q(z) ≡ L2(z)L3(z),

where L2(z) and L3(z) are respectively linear forms in y′′(z), y′(z), y(z) and y′′′(z),
y′′(z), y′(z), y(z) over FΩ .

65
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When (7.1) satisfies D2(z) 6≡ 0 and (7.4), each subregion U of Ω contains
a subregion V on which there are linearly independent meromorphic functions
v0(z), v1(z), v2(z) with respect to the field C of complex numbers such that

(7.5)
(
v1(z)

)2 − 4v0(z)v2(z) 6≡ 0, on V,

and each of the functions

(7.6) y(z) ≡ C2v0(z) + CKv1(z) +K2v2(z), for any C, K in C,

is a solution of (7.1) on V. Moreover, if there is a subregion V of Ω on which are
defined linearly independent meromorphic functions v0(z), v1(z), v2(z) over C such
that (7.5) is satisfied and each function of (7.6) is a solution of (7.1), then (7.1)
satisfies D2(z) 6≡ 0 and (7.4). For complete details, see [20, pages 193–208].

In [4], Paul Appell sought relative invariants with which to characterize the
equations (7.1) that satisfy D2(z) 6≡ 0 and (7.4). He was motivated by the way
that the relative invariant D2 specifies the condition D2(z) ≡ 0 for (7.3).

The differential polynomials E6 and E7 defined in R2,2 by (7.10) and (7.12)
have the property that: the functions D2(z), E6(z), and E7(z) obtained by replacing

each w
(k)
i,j in D2, E6, and E7 with the corresponding c

(k)
i,j (z) from (7.1) satisfy

D2(z) 6≡ 0 ≡ E6(z) ≡ E7(z) if and only if (7.1) satisfies D2(z) 6≡ 0 and (7.4).
This was established in [20, Theorem 1.10] with [13, pages 84–87] and it was
independently verified for [20, Remark 19.3].

Next, the constructive techniques of Theorem 5.14 and Theorem 4.10 will be
employed to express E6 and E7 as sums of relative invariants and thereby verify
that E6 and E7 are relative invariants in R2,2 for C2,2 of respective weights 6 and 7.

7.2. Representations for E6, E7, and D2

In R2,2, we set

B1,1 ≡ w1,1 − (w0,1)2,(7.7)

B1,2 ≡ w1,2 −w0,1w0,2,(7.8)

B2,2 ≡ w2,2 − (w0,2)2,(7.9)

E6 ≡ B1,1B2,2 − 2 (B1,2)2 +w0,1B1,1B1,2(7.10)

−w0,2 (B1,1)2 +B1,1B
(1)
1,2 −B

(1)
1,1 B1,2,

H7 ≡ B1,1B
(1)
2,2 −B

(1)
1,1 B2,2 − 2B1,2B2,2(7.11)

+ 2w0,1B1,1B2,2 − 2w0,2B1,1B1,2,

and

E7 ≡H7 −
1

6

(
E

(1)
6 + 6w0,1E6

)
.(7.12)

The polynomial D2 of (7.2) can also be written as

D2 ≡ B1,1B2,2 − (B1,2)2.(7.13)
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By substituting m = 2 in (6.1), (6.2), and (6.3), we see that the three basic
relative invariants for C2,2 are given by

I2,2; 1,1 ≡ w1,1 − (w0,1)2,(7.14)

I2,2; 1,2 ≡ w1,2−
1

2
w0,1w1,1 −w0,1w0,2(7.15)

+
1

2
(w0,1)3 − 1

4
w

(1)
1,1 +

1

2
w0,1w

(1)
0,1,

and

I2,2; 2,2 ≡ w2,2 −w0,1w1,2 +
1

5
w0,2w1,1 − (w0,2)2 +

1

5
(w0,1)2w1,1(7.16)

+
4

5
(w0,1)2w0,2 −

1

5
(w0,1)4 − 1

3
w

(1)
1,2 +

1

30
w

(2)
1,1

+
1

6
w0,1w

(1)
1,1 +

1

15
w

(1)
0,1w1,1 +

1

3
w0,1w

(1)
0,2 +

1

3
w

(1)
0,1w0,2

− 1

15
w0,1w

(2)
0,1 −

1

15
(w

(1)
0,1)2 − 2

5
(w0,1)2w

(1)
0,1.

From (5.31), we also have

a2,2 ≡ w0,2 − 1
2w

(1)
0,1 − 1

4 (w0,1)2.(7.17)

For any F in R2,2, the algorithmic technique used to prove Theorem 5.14 is
applicable to express F as a differential-polynomial combination over Q of I2,2; 2,2,
I2,2; 1,2, I2,2; 1,1, a2,2, and w0,1. Namely, after transposing all of the terms other
than w2,2 in the right member of (7.16) to its left member and designating the
resulting left member by x2,2, we obtain w2,2 ≡ x2,2. Similarly, we rewrite (7.15),
(7.14), and (7.17) to obtain x1,2, x1,1, and x0,2 such that w1,2 ≡ x1,2, w1,1 ≡ x1,1,

and w0,2 ≡ x0,2. We use w
(k)
2,2 ≡ x

(k)
2,2 to eliminate from F the various w

(k)
2,2; in the

resulting expression, we use w
(k)
1,2 ≡ x

(k)
1,2 to eliminate the various w

(k)
1,2; then, we

use w
(k)
1,1 ≡ x

(k)
1,1 to eliminate the various w

(k)
1,1; and, we finally use w

(k)
0,2 ≡ x

(k)
0,2 to

eliminate the various w
(k)
0,2.

To perform such computations with a selected version of Mathematica from
[55, 56, 57, 58, 59] in terms of (7.7)–(7.17) when F is replaced with E6 or E7

or D2, let the derivation ′ for R2,2 be represented as differentiation with respect to
a fictitious independent variable denoted by z and successively evaluate

B[1,1][z_] = w[1,1][z] - (w[0,1][z])^2;

B[1,2][z_] = w[1,2][z] - w[0,1][z]*w[0,2][z];

B[2,2][z_] = w[2,2][z] - (w[0,2][z])^2;

D2[z_] = B[1,1][z]*B[2,2][z] - (B[1,2][z])^2;

E6[z_] = ( B[1,1][z]*B[2,2][z] - 2(B[1,2][z])^2

+ w[0,1][z]*B[1,1][z]*B[1,2][z]

- w[0,2][z](B[1,1][z])^2

+ B[1,1][z]*D[B[1,2][z],z]

- D[B[1,1][z],z]*B[1,2][z] );
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H7[z_] = ( B[1,1][z]*D[B[2,2][z],z]

- D[B[1,1][z],z]*B[2,2][z]

- 2B[1,2][z]*B[2,2][z]

+ 2w[0,1][z]*B[1,1][z]*B[2,2][z]

- 2w[0,2][z]*B[1,1][z]*B[1,2][z] );

E7[z_] = ( H7[z] - (1/6)(D[E6[z],z] + 6w[0,1][z]*E6[z]) );

x[2,2][z_] = ( inv[2,2][z]

+ w[0,1][z]*w[1,2][z]

- (1/5)w[0,2][z]*w[1,1][z]

+ (w[0,2][z])^2

- (1/5)(w[0,1][z])^2*w[1,1][z]

- (4/5)(w[0,1][z])^2*w[0,2][z]

+ (1/5)(w[0,1][z])^4

+ (1/3)D[w[1,2][z],z]

- (1/30)D[w[1,1][z],{z,2}]

- (1/6)w[0,1][z]*D[w[1,1][z],z]

- (1/15)D[w[0,1][z],z]*w[1,1][z]

- (1/3)w[0,1][z]*D[w[0,2][z],z]

- (1/3)D[w[0,1][z],z]*w[0,2][z]

+ (1/15)w[0,1][z]*D[w[0,1][z],{z,2}]

+ (1/15)(D[w[0,1][z],z])^2

+ (2/5)(w[0,1][z])^2*D[w[0,1][z],z] );

x[1,2][z_] = ( inv[1,2][z]

+ (1/2)w[0,1][z]*w[1,1][z]

+ w[0,1][z]*w[0,2][z]

- (1/2)(w[0,1][z])^3

+ (1/4)D[w[1,1][z],z]

- (1/2)w[0,1][z]*D[w[0,1][z],z] );

x[1,1][z_] = ( inv[1,1][z] + (w[0,1][z])^2 );

x[0,2][z_] = ( a[2,2][z] + (1/2)D[w[0,1][z],z]

+ (1/4)(w[0,1][z])^2 );

{a1,b1,c1} = Expand[ {E6[z],E7[z],D2[z]} /.

w[2,2]’[z]->x[2,2]’[z] ];

{a2,b2,c2} = Expand[ {a1,b1,c1} /.

w[2,2][z]->x[2,2][z] ];

{a3,b3,c3} = Expand[ {a2,b2,c2} /.

w[1,2]’’[z]->x[1,2]’’[z] ];

{a4,b4,c4} = Expand[ {a3,b3,c3} /.

w[1,2]’[z]->x[1,2]’[z] ];
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{a5,b5,c5} = Expand[ {a4,b4,c4} /.

w[1,2][z]->x[1,2][z] ];

{a6,b6,c6} = Expand[ {a5,b5,c5} /.

w[1,1]’’[z]->x[1,1]’’[z] ];

{a7,b7,c7} = Expand[ {a6,b6,c6} /.

w[1,1]’[z]->x[1,1]’[z] ];

{a8,b8,c8} = Expand[ {a7,b7,c7} /.

w[1,1][z]->x[1,1][z] ];

{a9,b9,c9} = Expand[ {a8,b8,c8} /.

w[0,2][z]->x[0,2][z] ]

with that selected version. The Mathematica output for a9 is a representation of E6

and shows that E6 is expressible as

E6 ≡ I2,2; 1,1 I2,2; 2,2 − 2 (I2,2; 1,2)2

+
4

3

[
I2,2; 1,1 I(1)

2,2; 1,2 −
3

2
I(1)

2,2; 1,1 I2,2; 1,2

]
+

3

20

[
2I2,2; 1,1 I(2)

2,2; 1,1 −
5

2

(
I(1)

2,2; 1,1

)2
− 8a2,2 (I2,2; 1,1)2

]
.

By applying (4.52), (4.51), and (4.53)-(4.54) to the preceding formula, we obtain

E6 ≡ C2,4,0

(
I2,2; 1,1, I2,2; 2,2

)
− 2C3,3,0

(
I2,2; 1,2, I2,2; 1,2

)
(7.18)

+
4

3
C2,3,1

(
I2,2; 1,1, I2,2; 1,2

)
+

3

20
C2,2,2

(
I2,2 1,1, I2,2 1,1

)
.

Moreover, the output b9 for E7 gives

E7 ≡ −2I2,2; 1,2 I2,2; 2,2 +
5

6

[
I2,2; 1,1 I(1)

2,2; 2,2 − 2I(1)
2,2; 1,1 I2,2; 2,2

]
+

1

9

I2,2; 1,1 I(2)
2,2; 1,2 −

7

2
I(1)

2,2; 1,1 I
(1)
2,2; 1,2

+
21

10
I(2)

2,2; 1,1 I2,2; 1,2 −
72

5
a2,2 I2,2; 1,1 I2,2; 1,2

 .
In view of (4.52), (4.51), and (4.53)-(4.54), it yields

E7 ≡ −2C3,4,0

(
I2,2; 1,2, I2,2; 2,2

)
+

5

6
C2,4,1

(
I2,2; 1,1, I2,2; 2,2

)
(7.19)

+
1

9
C2,3,2

(
I2,2, 1,1, I2,2 1,2

)
.
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After observing that the output c9 for D2 yields

D2 ≡ I2,2; 1,1 I2,2; 2,2 −
(
I2,2; 1,2

)2
+

1

3

[
I2,2; 1,1 I(1)

2,2; 1,2 −
3

2
I(1)

2,2; 1,1 I2,2; 1,2

]
+

1

40

[
2I2,2; 1,1 I(2)

2,2; 1,1 −
5

2
(I(1)

2,2; 1,1)2 − 8a2,2 (I2,2; 1,1)2
]
,

we employ (4.52), (4.51), and (4.53)-(4.54) to deduce

D2 ≡ C2,4,0

(
I2,2; 1,1, I2,2; 2,2

)
−C3,3,0

(
I2,2; 1,2, I2,2; 1,2

)
(7.20)

+
1

3
C2,3,1

(
I2,2; 1,1, I2,2; 1,2

)
+

1

40
C2,2,2

(
I2,2; 1,1, I2,2; 1,1

)
.

Since (4.52), (4.51), and the consequence (4.53)–(4.54) of Theorem 4.10 show that
each term in the right members of (7.20), (7.18), and (7.19) is a relative invariant
for C2,2 we conclude that D2, E6, and E7 are relative invariants in R2,2 for C2,2
of respective weights 6, 6, and 7.

The subscript of D2 is employed to signify that D2 is the special case k = 2
of a relative invariant Dk in Rm,2 for Cm,2 of weight k(k + 1) that was introduced
and examined in [20, pages 162–168] for any integer k satisfying 1 ≤ k ≤ m.

Each relative invariant in R2,2 for C2,2 of weight ≤ 12 has a representation
analogous to the ones of (7.18), (7.19), and (7.20). We present details about that
in Section 12.3 and there is no evidence that 12 is a necessary limitation.



CHAPTER 8

Separate Examination of Cp,q,1

(
P , Q

)
Given m, n ≥ 1, suppose that P and Q are relative invariants in Rm,n for Cm,n

of respective weights p and q. We see that Cp,q,1

(
P , Q

)
is defined in Rm,n by

(8.1) Cp,q,1

(
P , Q

)
≡ P Q(1) − q

p
P (1)Q.

In particular, this does not require the restriction m ≥ 2 of Theorem 4.10.

8.1. Properties of Cp,q,1

(
P , Q

)
Proposition 8.1. Let γ denote a rational number and set

(8.2) F ≡ P Q(1) + γP (1)Q, in Rm,n.

Then, with respect to Notation 1.0 of page 30, the conditions

(8.3) F ∗(z) ≡ F (z), on Ω, and F ∗∗(ζ) ≡
(
f ′(ζ)

)p+q+1
F
(
f(ζ)

)
, on Ω∗∗,

are satisfied for any (4.1)–(4.2), (4.3), and (4.6) if and only if γ = −q/p and F
is therefore Cp,q,1

(
P , Q

)
in (8.1). Moreover, Cp,q,1

(
P , Q

)
is a relative invariant

in Rm,n for Cm,n of weight p+q+1 if and only if Cp,q,1

(
P , Q

)
6≡ 0 and that occurs

if and only if P q and Qp are linearly independent over Q.

Proof. Since P and Q are semi-invariants of the first kind in Rm,n for Cm,n
while F is a differential-polynomial combination over Q of P andQ, Proposition 5.1

yields F ∗(z) ≡ F (z).

For any (4.1)–(4.2) and (4.6) that transforms (4.1)–(4.2) into a corresponding
(4.7)–(4.8), the properties of P and Q as semi-invariants of the second kind having
respective weights p and q yield

P ∗∗(ζ) ≡
(
f ′(ζ)

)p
P
(
f(ζ)

)
, on Ω∗∗,(8.4)

and

Q∗∗(ζ) ≡
(
f ′(ζ)

)q
Q
(
f(ζ)

)
, on Ω∗∗.(8.5)

For each ζ in Ω∗∗, we use (8.4) and (8.5) to obtain

P ∗∗(1)(ζ) ≡
(
f ′(ζ)

)p+1
P (1)

(
f(ζ)

)
+ p
(
f ′(ζ)

)p−1
f ′′(ζ)P

(
f(ζ)

)
(8.6)

and

Q∗∗(1)(ζ) ≡
(
f ′(ζ)

)q+1
Q(1)

(
f(ζ)

)
+ q
(
f ′(ζ)

)q−1
f ′′(ζ)Q

(
f(ζ)

)
.(8.7)

71
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For γ in Q, we employ (8.2) as well as (8.4)–(8.7) to deduce

F ∗∗(ζ) ≡ P ∗∗(ζ)Q∗∗(1)(ζ) + γP ∗∗(1)(ζ)Q∗∗(ζ)

≡
(
f ′(ζ)

)p+q+1
(
P
(
f(ζ)

)
Q(1)

(
f(ζ)

)
+ γP (1)

(
f(ζ)

)
Q
(
f(ζ)

))
+ (q + γ p)

(
f ′(ζ)

)p+q−1
f ′′(ζ)P

(
f(ζ)

)
Q
(
f(ζ)

)
and

F ∗∗(ζ)−
(
f ′(ζ)

)p+q+1
F
(
f(ζ)

)
(8.8)

≡ (q + γ p)
(
f ′(ζ)

)p+q−1
f ′′(ζ)P

(
f(ζ)

)
Q
(
f(ζ)

)
, on Ω∗∗.

Corollary 5.13 on page 49 shows that there is an equation (4.1)–(4.2) on some

region Ω such that the function P (z)Q(z) obtained by replacing each w
(k)
i1, i2, ..., in

in P Q with the corresponding c
(k)
i1, i2, ...,in

(z) from (4.1) yields P (z)Q(z) 6≡ 0 on Ω.

For this (4.1)–(4.2) and a transformation (4.6) with f ′′(ζ) 6≡ 0, the coefficient
of (q+γ p) in (8.8) is not identically zero. Thus, (8.3) is satisfied for any (4.1)–(4.2)
and compatible transformations (4.3), (4.6) if and only if q+γ p = 0, γ = −q/p, and
F equals Cp,q,1

(
P , Q

)
. Since P and Q are isobaric polynomials, we see that F

in (8.2) is not a nonzero constant. Thus,Cp,q,1

(
P , Q

)
is a relative invariant inRm,n

for Cm,n if and only if it is nonzero.

To investigate the condition Cp,q,1

(
P , Q

)
6≡ 0, we let Qm,n denote the quotient

field for Rm,n. Then, an element of Qm,n has a representation A/B, where A
and B are polynomials in Rm,n and B 6≡ 0. The derivation ′ for Rm,n has a
unique extension to a derivation ′ for Qm,n; e.g., see [5, page 45, Proposition 11].
For any A and B 6≡ 0 in Rm,n, it specifies

(8.9)

(
A

B

)′
≡ BA

′ −AB′

B2 , in Qm,n.

When A and B 6≡ 0 are relatively prime and (A/B)′ ≡ 0, we use BA′ ≡ AB′
to deduce that B divides B′ in Rm,n. This requires B′ ≡ 0 as well as A′ ≡ 0.
Thus, the constants of Qm,n are the constants of Rm,n, namely the elements of Q.

We use the derivation ′ for Qm,n as well as (8.1) to obtain(
P q

Qp

)′
≡ qQpP q−1P (1) − pP qQp−1Q(1)

Q2p

≡ −p
(
P q−1Qp−1

Q2p

)
Cp,q,1

(
P , Q

)
.

This yields Cp,q,1

(
P , Q

)
≡ 0 if and only if

(
P q/Qp

)′ ≡ 0. We observe that the

condition
(
P q/Qp

)′ ≡ 0 is satisfied if and only if there is a rational number α such

that P q ≡ αQp. Hence, Cp,q,1

(
P , Q

)
6≡ 0 is valid if and only if P q and Qp are

linearly independent over Q. This completes the proof. �

When p = q, (8.1) yields(
P

Q

)′
≡ QP

(1) − P Q(1)

Q2 ≡ −
(

1

Q2

)
Cp,q,1

(
P , Q

)
.

Thus, for the situation p = q, the condition Cp,q,1

(
P , Q

)
6≡ 0 is satisfied if and

only if P and Q are linearly independent over Q.
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8.2. The condition that P q and Qp are linearly independent over Q

For integers m, n ≥ 1, Rm,n is defined on page 30 as the ring of polynomials
in the variables of (4.9) over the field Q of rational numbers. For each r ≥ 1, let
Rm,n,r be the polynomial ring over Q in the variables

(8.10) w
(k)
i1, i2, ..., in

, for 1 ≤ in ≤ m, 0 ≤ i1 ≤ i2 ≤ · · · ≤ in, and 0 ≤ k ≤ r.
Since (8.10) consists of finitely many variables and Q is a field, it follows that
each Rm,n,r is a unique-factorization ring; e.g., see [39, page 199]. Because each
element of Rm,n belongs to Rm,n,r for some r, we conclude that Rm,n is a unique-
factorization ring. Consequently, for P and Q as relative invariants in Rm,n of
respective weights p and q, there are pairwise inequivalent irreducible polynomials
R1, R2, . . . , Rs in Rm,n such that P and Q have unique representations

(8.11) P = u1R
α1
1 R

α2
2 · · ·R

αs
s and Q = u2R

β1

1 R
β2

2 · · ·R
βs
s .

where α1, α2, . . . , αs and β1, β2, . . . , βs are nonnegative integers while u1, u2 are
nonzero rational numbers. We note that the corresponding sequences

(8.12) vP = (α1, α2, . . . , αs) and vQ = (β1, β2, . . . , βs)

are elements of the vector space Q(s) over Q.

Proposition 8.2. The polynomials P q and Qp are linearly independent over Q
if and only if vP 6= (p/q)vQ.

Proof. Instead, we shall establish the equivalent statement that: P q and Qp

are linearly dependent over Q if and only if vP = (p/q)vQ.

Suppose that P q and Qp are linearly dependent over Q. Then, there is a
nonzero rational number u3 such that

(8.13) P q = u3Q
p.

In view of (8.11), we use (8.13) to obtain

(8.14) uq1R
qα1

1 Rqα2

2 · · ·Rqαs
s = up2 u3R

pβ1

1 Rpβ2

2 · · ·Rpβs
s

Due to uniqueness of factorization in Rm,n, we find that (8.14) requires

(8.15) u3 = uq1/u
p
2 and qαi = pβi for 1 ≤ i ≤ s.

Thus, the condition vP = (p/q)vQ is satisfied.

Suppose the condition vP = (p/q)vQ is satisfied. Then, we use (8.11) to define
u3 by u3 = uq1/u

p
2. Thus, (8.15) is satisfied and it yields (8.14). Since (8.14) and

(8.11) give (8.13), we conclude that P q and Qp are linearly dependent over Q. This
completes the proof. �

Example 8.3. For m = 4 and n = 1, let I3 denote the relative invariant I4,1; 3

of weight 3 in R4,1 given by (1.15) and let I4 denote the relative invariant I4,1; 4 of
weight 4 in R4,1 given by (1.17). Since I4,1; 3 in (1.15) has the term w3 and I4,1; 4

in (1.17) has the term w4, both I3 and I4 are irreducible polynomials in R4,1.

For the situation P ≡ I3 I4 with p = 7 and Q ≡ (I3)2(I4)2 with q = 14,
we note that vP = (1, 1), vQ = (2, 2), vP = (p/q)vQ, and C7,14,1

(
P , Q

)
≡ 0.

For the situation P ≡ I3 I4 with p = 7 and Q ≡ (I3)2(I4) with q = 10,
we observe that vP = (1, 1), vQ = (2, 1), vP 6= (p/q)vQ, and a relative invariant
in R4,1 of weight p+ q + 1 = 18 is specified by C7,10,1

(
I3 I4, (I3)2(I4)

)
.
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8.3. Several identities

Proposition 8.4. If P , Q, and R are relative invariants in Rm,n for Cm,n
having respective weights p, q, and r, then

(8.16) pCp,q+r,1

(
P , QR

)
+ q Cq,p+r,1

(
Q, P R

)
+ r Cr,p+q,1

(
R, P Q

)
≡ 0.

Proof. Using (8.1), we obtain

pCp,q+r,1

(
P , QR

)
+ qCq,p+r,1

(
Q, P R

)
+ rCr,p+q,1

(
R, P Q

)

≡



p

(
P (QR)(1) − q + r

p
P (1) (QR)

)
+q

(
Q (P R)(1) − p+ r

q
Q(1) (P R)

)
+r

(
R (P Q)(1) − p+ q

r
R(1) (P Q)

)


≡


pP

(
(QR)(1) − (QR)(1)

)
+qQ

(
(P R)(1) − (P R)(1)

)
+rR

(
(P Q)(1) − (P Q)(1)

)


and (8.16). This completes the proof. �

Proposition 8.5. If P and Q are relative invariants of respective weights p
and q in Rm,n for Cm,n, then

Cq,p,1

(
Q, P

)
≡ −p

q
Cp,q,1

(
P , Q

)
(8.17)

and

Cp,p+q,1

(
P , P Q

)
≡ P Cp,q,1

(
P , Q

)
≡ C2p,q,1

(
P 2, Q

)
.(8.18)

Proof. We apply (8.1) to deduce

Cq,p,1

(
Q, P

)
≡ −p

q

(
P Q(1) − q

p
P (1)Q

)
≡ −p

q
Cp,q,1

(
P , Q

)
and see that (8.17) is valid. Using (8.1) and (8.17), we find that

Cp,p+q,1

(
P , P Q

)
≡ P (P Q)(1) − p+ q

p
P (1)(P Q)

≡ P P Q(1) − q

p
P P (1)Q ≡ P Cp,q,1

(
P , Q

)
≡ − q

2p

(
Q
(

2P P (1)
)
− 2p

q
Q(1)P 2

)
≡ − q

2p
Cq,2p,1

(
Q, P 2

)
≡ C2p,q,1

(
P 2, Q

)
.

This yields (8.18) and completes the proof. �
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Proof of Theorem 4.10





CHAPTER 9

Invariant Character of Cp,q,r

(
P , Q

)
when m, r ≥ 2

The principal part of Theorem 4.10 is established in this chapter by means of
arguments developed during the discovery of (4.44)–(4.50).

9.1. Introduction of R and φh,i,j(z)

For m, r ≥ 2 and (m, n) 6= (2, 1), let P and Q denote relative invariants
in Rm,n for Cm,n of respective weights p and q. We use (4.44)–(4.50) to introduce

(9.1) R ≡ Cp,q,r

(
P , Q

)
.

Because am,n of (4.45) as well as P and Q are semi-invariants of the first kind
in Rm,n, formulas (9.1) and (4.44)–(4.50) show that R is a differential-polynomial
combination over Q of semi-invariants of the first kind. Thus, for any (4.1)–(4.2)
defined on a region Ω and any transformation (4.3) of that (4.1)-(4.2) into a corre-
sponding (4.4)–(4.5), Proposition 5.1 shows that the function R(z) on Ω obtained

by replacing w
(k)
i1, i2, ..., in

in R with c
(k)
i1, i2, ...,in

(z) from (4.1) and the function R∗(z)

on Ω obtained by replacing w
(k)
i1, i2, ..., in

in R with c
∗(k)
i1, i2, ...,in

(z) from (4.4) satisfy

(9.2) R∗(z) ≡ R(z), for z in Ω.

We use the context of Section 4.1 where: (4.1)–(4.2) on Ω is a given differential
equation of Cm,n; ζ = g(z) is a univalent analytic function on Ω and therefore
satisfies g′(z) 6= 0, for each z in Ω; z = f(ζ) on Ω∗∗ = g(Ω) is the univalent analytic
inverse function of ζ = g(z) on Ω; and, (4.7)–(4.8) on Ω∗∗ is the unique differential
equation of Cm,n into which the substitution z = f(ζ) transforms (4.1)–(4.2). We
shall establish in Theorem 9.14 on page 95 that the function R(z) on Ω obtained

by replacing w
(k)
i1, i2, ..., in

in R with c
(k)
i1, i2, ...,in

(z) from (4.1) and the function R∗∗(ζ)

on Ω∗∗ obtained by replacing w
(k)
i1, i2, ..., in

in R with c
∗∗(k)
i1, i2, ...,in

(ζ) from (4.7) satisfy

(9.3) R∗∗(ζ) ≡
(
f ′(ζ)

)p+q+r
R
(
f(ζ)

)
, for ζ in Ω∗∗.

We begin by introducing the analytic functions φh,i,j(z) on Ω defined by

φh,i,j(z) ≡ 0, for i ≤ −1 and any h, j,(9.4)

φh,0,j(z) ≡ 1, for any h, j,(9.5)

and

φh,i+1,j(z) ≡
j−1∑
k=i

[
φ
(1)
h,i,k(z)− (h+ k)

g′′(z)

g′(z)
φh,i,k(z)

]
,(9.6)

for i ≥ 0 and any h, j.

77
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Lemma 9.1. Formulas (9.4)–(9.6) yield

φ
(1)
h,i,j(z) ≡ φh,i+1,j+1(z)− φh,i+1,j(z) + (h+ j)

g′′(z)

g′(z)
φh,i,j(z),(9.7)

for i ≤ j and any h.

Proof. For h, i, j satisfying 0 ≤ i ≤ j, we use (9.6) to deduce

(9.8) φh,i+1,j+1(z)− φh,i+1,j(z) ≡ φ(1)h,i,j(z)− (h+ j)
g′′(z)

g′(z)
φh,i,j(z).

For i = −1 and any h, j, we employ (9.5) and (9.4) to obtain 1 − 1 and 0 − 0
as the left and right members of (9.8). For i ≤ −2 and any h, j, we note that
(9.4) yields 0 − 0 and 0 − 0 as the corresponding left and right members of (9.8).
We rewrite (9.8) to obtain (9.7) and complete the proof. �

Proposition 9.2. Let Ψ(z) be a meromorphic function defined on Ω and set

(9.9) Φ(ζ) ≡
(
f ′(ζ)

)h
Ψ
(
f(ζ)

)
, on Ω∗∗,

where h is a fixed nonnegative integer. Then, the derivatives of Φ(ζ) with respect
to ζ are given in terms of (9.4)–(9.6) by

Φ(j)(ζ) ≡
(
f ′(ζ)

)h+j j∑
i=0

φh,i,j
(
f(ζ)

)
Ψ (j−i)(f(ζ)

)
,(9.10)

on Ω∗∗ for j ≥ 0.

Proof. Due to (9.9) and (9.5), (9.10) is correct for j = 0. Suppose that j is a
fixed nonnegative integer for which (9.10) is valid. Then, we obtain

Φ(j+1)(ζ) ≡
j∑
i=0


(h+ j)

(
f ′(ζ)

)h+j−1
f ′′(ζ) φh,i,j

(
f(ζ)

)
Ψ (j−i)(f(ζ)

)
+
(
f ′(ζ)

)h+j+1
φ
(1)
h,i,j

(
f(ζ)

)
Ψ (j−i)(f(ζ)

)
+
(
f ′(ζ)

)h+j+1
φh,i,j

(
f(ζ)

)
Ψ (j+1−i)(f(ζ)

)


≡
(
f ′(ζ)

)h+j+1



j+1∑
i=1

 (h+ j)
f ′′(ζ)(
f ′(ζ)

)2 φh,i−1,j(f(ζ)
)

+ φ
(1)
h,i−1,j

(
f(ζ)

)
Ψ (j+1−i)(f(ζ)

)

+

j∑
i=0

φh,i,j
(
f(ζ)

)
Ψ (j+1−i)(f(ζ)

)


.

After replacing i with i− 1 and z with f(ζ) in (9.7), we use the identity

g′′
(
f(ζ)

)
g′
(
f(ζ)

) ≡ − f ′′(ζ)(
f ′(ζ)

)2 , for ζ in Ω∗∗,

derived from g
(
f(ζ)

)
≡ ζ to deduce[

(h+ j)
f ′′(ζ)(
f ′(ζ)

)2 φh,i−1,j(f(ζ)
)

+ φ
(1)
h,i−1,j

(
f(ζ)

)
+ φh,i,j

(
f(ζ)

)]
≡ φh,i,j+1

(
f(ζ)

)
,

on Ω∗∗, for i ≤ j + 1 and any h.

Since (9.6) gives φh,i+1,ν(z) ≡ 0, for i ≥ 0 and ν ≤ i, we have φh,j+1,j(z) ≡ 0.

Moreover, (9.5) yields φh,0,j
(
f(ζ)

)
≡ 1 ≡ φh,0,j+1

(
f(ζ)

)
. By combining these
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observations with the expression for Φ(j+1)(ζ), we find that

Φ(j+1)(ζ)(
f ′(ζ)

)h+j+1
≡


j+1∑
i=1

(h+ j)
f ′′(ζ)(
f ′(ζ)

)2 φh,i−1,j(f(ζ)
)

+ φ
(1)
h,i−1,j

(
f(ζ)

)
+ φh,i,j

(
f(ζ)

)
Ψ (j+1−i)(f(ζ)

)
+ φh,0,j

(
f(ζ)

)
Ψ (j+1)

(
f(ζ)

)


≡


j+1∑
i=1

φh,i,j+1

(
f(ζ)

)
Ψ (j+1−i)(f(ζ)

)
+ φh,0,j+1

(
f(ζ)

)
Ψ (j+1)

(
f(ζ)

)


≡
j+1∑
i=0

φh,i,j+1

(
f(ζ)

)
Ψ (j+1−i)(f(ζ)

)
.

Thus, (9.10) is valid with j replaced by j + 1. This completes the proof. �

9.2. Formula for R∗∗(ζ) that involves Ap,q,r,s,t(ζ) of (9.11)

With respect to relative invariants P and Q in Rm,n for Cm,n, functions

P (z) and Q(z) on Ω are obtained by replacing w
(k)
i1, i2, ..., in

in P and in Q with

c
(k)
i1, i2, ...,in

(z) from (4.1). For a transformation (4.6) of (4.1)–(4.2) into (4.7)–(4.8),

functions P ∗∗(ζ), Q∗∗(ζ), A∗∗p,q,r,s,t(ζ), and R∗∗(ζ) on Ω∗∗ are obtained by replacing

each w
(k)
i1, i2, ..., in

in P , Q, Ap,q,r,s,t of (4.50), and R of (9.1) with the corresponding

c
∗∗(k)
i1, i2, ..., in

(ζ) from (4.7). We use (9.4)–(9.6) to define Ap,q,r,s,t(ζ) on Ω∗∗ by

Ap,q,r,s,t(ζ) ≡
s∑

u=0

s−u∑
v=0

A∗∗p,q,r,u,t+v(ζ)(
f ′(ζ)

)u φp,v,t+v
(
f(ζ)

)
φq,s−u−v,r−t−u−v

(
f(ζ)

)
,(9.11)

for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s.

Theorem 9.3. For each ζ in Ω∗∗, R∗∗(ζ) is given by

R∗∗(ζ) ≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
t=0

Ap,q,r,s,t(ζ) P (t)
(
f(ζ)

)
Q(r−s−t)(f(ζ)

)
.(9.12)

Proof. We use (9.1) and (4.44) to obtain

R∗∗(ζ) ≡
r∑
s=0

r−s∑
t=0

A∗∗p,q,r,s,t(ζ) P ∗∗(t)(ζ)Q∗∗(r−s−t)(ζ).(9.13)

In view of P ∗∗(ζ) ≡
(
f ′(ζ)

)p
P
(
f(ζ)

)
, Proposition 9.2 yields

P ∗∗(t)(ζ) ≡
(
f ′(ζ)

)p+t t∑
µ=0

φp,µ,t
(
f(ζ)

)
P (t−µ)(f(ζ)

)
.(9.14)

With respect to Q∗∗(ζ) ≡
(
f ′(ζ)

)q
Q
(
f(ζ)

)
, Proposition 9.2 gives

Q∗∗(r−s−t)(ζ) ≡
(
f ′(ζ)

)q+r−s−t r−s−t∑
ν=0

[
φq,ν,r−s−t

(
f(ζ)

)
×Q(r−s−t−ν)(f(ζ)

)] .(9.15)

We introduce
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(9.16) Xp,q,r,s,t,µ,ν(ζ) ≡
A∗∗p,q,r,s,t(ζ)(
f ′(ζ)

)s
[
φp,µ,t

(
f(ζ)

)
φq,ν,r−s−t

(
f(ζ)

)
× P (t−µ)(f(ζ)

)
Q(r−s−t−ν)(f(ζ)

)]

and then combine (9.13)–(9.16) to deduce

R∗∗(ζ) ≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
t=0

t∑
µ=0

r−s−t∑
ν=0

Xp,q,r,s,t,µ,ν(ζ)(9.17)

≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
µ=0

r−s∑
t=µ

r−s−t∑
ν=0

Xp,q,r,s,t,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
µ=0

r−µ∑
s=0

r−s∑
t=µ

r−s−t∑
ν=0

Xp,q,r,s,t,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
µ=0

r−µ∑
s=0

r−s−µ∑
ν=0

r−s−ν∑
t=µ

Xp,q,r,s,t,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
µ=0

r−µ∑
ν=0

r−µ−ν∑
s=0

r−s−ν∑
t=µ

Xp,q,r,s,t,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
µ=0

r−µ∑
ν=0

r−µ−ν∑
s=0

r−s−µ−ν∑
t=0

Xp,q,r,s,t+µ,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
µ=0

r−µ∑
ν=0

r∑
s=µ+ν

r−s∑
t=0

Xp,q,r,s−µ−ν,t+µ,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
µ=0

r∑
s=µ

s−µ∑
ν=0

r−s∑
t=0

Xp,q,r,s−µ−ν,t+µ,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
s=0

s∑
µ=0

s−µ∑
ν=0

r−s∑
t=0

Xp,q,r,s−µ−ν,t+µ,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
s=0

s∑
µ=0

r−s∑
t=0

s−µ∑
ν=0

Xp,q,r,s−µ−ν,t+µ,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
t=0

s∑
µ=0

s−µ∑
ν=0

Xp,q,r,s−µ−ν,t+µ,µ,ν(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
t=0

s∑
λ=0

λ∑
µ=0

Xp,q,r,s−λ,t+µ,µ,λ−µ(ζ)

≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
t=0

s∑
u=0

s−u∑
v=0

Xp,q,r,u,t+v,v,s−u−v(ζ).

We use (9.16) and (9.11) to verify that
s∑

u=0

s−u∑
v=0

Xp,q,r,u,t+v,v,s−u−v(ζ) ≡ Ap,q,r,s,t(ζ) P (t)
(
f(ζ)

)
Q(r−s−t)(f(ζ)

)
.

By combining this with (9.17), we obtain (9.12) and complete the proof. �
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9.3. Reformulation for Ap,q,r,s,t
(
g(z)

)
With f

(
g(z)

)
≡ z and f ′

(
g(z)

)
≡ 1/g′(z) on Ω, we note that (9.11) yields

Ap,q,r,s,t
(
g(z)

)
≡

s∑
u=0

s−u∑
v=0

A∗∗p,q,r,u,t+v
(
g(z)

)(
g′(z)

)−u φp,v,t+v(z) φq,s−u−v,r−t−u−v(z),(9.18)

on Ω, for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s.

Our immediate goal is to simplify the expression for Ap,q,r,s,t
(
g(z)

)
in (9.18).

With respect to the φh,i,j(z) on Ω defined by (9.4)–(9.6) and the B∗∗h,i,j(ζ)

on Ω∗∗ obtained by substituting c
∗∗(k)
i1, i2, ..., in

(ζ) from (4.7) for w
(k)
i1, i2, ..., in

in Bh,i,j

of (4.46)–(4.48) on page 36, we introduce

Eh,i,j(z) ≡
i∑

k=0

(
g′(z)

)k
B∗∗h,k,j

(
g(z)

)
φh,i−k,j−k(z),(9.19)

on Ω for any h, i, j.

Proposition 9.4. The functions Ap,q,r,s,t
(
g(z)

)
of (9.18) are specified in terms

of (9.19) and the rational numbers Cp,q,r,µ of (4.49) by

Ap,q,r,s,t
(
g(z)

)
≡

s∑
λ=0

Cp,q,r,t+λEp,λ,t+λ(z)Eq,s−λ,r−t−λ(z),(9.20)

on Ω, for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s.

Proof. We use (4.50) on page 36 to see that

(9.21) Ap,q,r,u,t+v ≡
u∑
k=0

Cp,q,r,t+v+kBp,k,t+v+kBq,u−k,r−t−v−k.

By substituting c
∗∗(k)
i1, i2, ..., in

(ζ) from (4.7) for w
(k)
i1, i2, ..., in

in (9.21) and writing g(z)
for ζ, we find that

A∗∗p,q,r,u,t+v
(
g(z)

)
≡

u∑
k=0

[
Cp,q,r,t+v+k B

∗∗
p,k,t+v+k

(
g(z)

)
×B∗∗q,u−k,r−t−v−k

(
g(z)

)] .(9.22)

After introducing

Yp,t,v,k(z) ≡
(
g′(z)

)k
B∗∗p,k,t+v+k

(
g(z)

)
φp,v,t+v(z)(9.23)

and

Zq,r,s,t,u,v,k(z) ≡
(
g′(z)

)u−k [B∗∗q,u−k,r−t−v−k(g(z)
)

× φq,s−u−v,r−t−u−v(z)

]
,(9.24)
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we employ (9.18) and (9.22)–(9.24) to verify that

Ap,q,r,s,t
(
g(z)

)
≡

s∑
u=0

s−u∑
v=0

u∑
k=0

Cp,q,r,t+v+k Yp,t,v,k(z)Zq,r,s,t,u,v,k(z)(9.25)

≡
s∑

v=0

s−v∑
u=0

u∑
k=0

Cp,q,r,t+v+k Yp,t,v,k(z)Zq,r,s,t,u,v,k(z)

≡
s∑

v=0

s−v∑
k=0

s−v∑
u=k

Cp,q,r,t+v+k Yp,t,v,k(z)Zq,r,s,t,u,v,k(z)

≡
s∑

λ=0

λ∑
v=0

s−v∑
u=λ−v

Cp,q,r,t+λ Yp,t,v,λ−v(z)Zq,r,s,t,u,v,λ−v(z)

≡
s∑

λ=0

Cp,q,r,t+λ

λ∑
v=0

s∑
u=λ

Yp,t,v,λ−v(z)Zq,r,s,t,u−v,v,λ−v(z)

≡
s∑

λ=0

Cp,q,r,t+λ

λ∑
v=0

Yp,t,v,λ−v(z)

s∑
u=λ

Zq,r,s,t,u−v,v,λ−v(z).

We apply (9.24) and (9.19) to deduce

s∑
u=λ

Zq,r,s,t,u−v,v,λ−v(z) ≡
s∑

u=λ

(
g′(z)

)u−λ
B∗∗q,u−λ,r−t−λ

(
g(z)

)
φq,s−u,r−t−u(z)

≡
s−λ∑
k=0

(
g′(z)

)k
B∗∗q,k,r−t−λ

(
g(z)

)
φq,s−λ−k,r−t−λ−k(z)

≡ Eq,s−λ,r−t−λ(z).

Moreover, (9.23) and (9.19) yield

λ∑
v=0

Yp,t,v,λ−v(z) ≡
λ∑
v=0

(
g′(z)

)λ−v
B∗∗p,λ−v,t+λ

(
g(z)

)
φp,v,t+v(z)

≡
λ∑
k=0

(
g′(z)

)k
B∗∗p,k,t+λ

(
g(z)

)
φp,λ−k,t+λ−k(z)

≡ Ep,λ,t+λ(z).

By combining the two preceding formulas with (9.25), we obtain (9.20) and complete
the proof. �

9.4. Initial simplification for Eh,i,j(z)

To obtain information about Ap,q,r,s,t
(
g(z)

)
from the involvement of Eh,i,j(z)

in (9.20), we deduce properties of Eh,i,j(z) via its definition in (9.19). The results
about Eh,i,j(z) in Proposition 9.9 depend on four lemmas for which we introduce

(9.26) D(z) ≡ −g
′′′(z)

2g′(z)
+

3

4

[
g′′(z)

g′(z)

]2
, on Ω.
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Lemma 9.5. The function am,n(z) on Ω that is obtained by replacing each

w
(k)
i1, i2, ..., in

in am,n of (4.45) with the corresponding c
(k)
i1, i2, ...,in

(z) on Ω from (4.1)

and the function a∗∗m,n(ζ) on Ω∗∗ that is obtained by replacing each w
(k)
i1, i2, ..., in

in am,n with the corresponding c
∗∗(k)
i1, i2, ..., in

(ζ) on Ω∗∗ from (4.7) satisfy

a∗∗m,n
(
g(z)

)
≡
(
g′(z)

)−2(
am,n(z) +D(z)

)
, on Ω,(9.27)

and

a∗∗m,n(ζ) ≡
(
f ′(ζ)

)2
am,n

(
f(ζ)

)
+
f ′′′(ζ)

2f ′(ζ)
− 3

4

[
f ′′(ζ)

f ′(ζ)

]2
, on Ω∗∗.(9.28)

Proof. Using the abbreviations of (5.20) on page 45 as well as (4.45), (5.23),
and (5.22), we obtain

a∗∗m,n(ζ) ≡ 1(
m+1
3

) [ c∗∗2 (ζ)− m− 1

2
c
∗∗(1)
1 (ζ)− m− 1

2m

(
c∗∗1 (ζ)

)2]

≡ 1(
m+1
3

)



(
f ′(ζ)

)2
c2
(
f(ζ)

)
−
(
m− 1

2

)
f ′′(ζ) c1

(
f(ζ)

)
−
(
m

3

)
f ′′′(ζ)

f ′(ζ)
+ 3

(
m+ 1

4

)[
f ′′(ζ)

f ′(ζ)

]2
− m− 1

2

(
f ′(ζ)

)2
c
(1)
1

(
f(ζ)

)
− m− 1

2
f ′′(ζ) c1

(
f(ζ)

)
+

(m− 1)

2

(
m

2

)
f ′′′(ζ)

f ′(ζ)
− (m− 1)

2

(
m

2

)[
f ′′(ζ)

f ′(ζ)

]2
− m− 1

2m

(
f ′(ζ)

)2(
c1
(
f(ζ)

))2
− m− 1

2m

[(
m

2

)
f ′′(ζ)

f ′(ζ)

]2
+

(m− 1)

m

(
m

2

)
f ′′(ζ) c1

(
f(ζ)

)



≡
(
f ′(ζ)

)2(
m+1
3

) [
c2
(
f(ζ)

)
− m− 1

2
c
(1)
1

(
f(ζ)

)
− m− 1

2m

(
c1
(
f(ζ)

))2]
+
f ′′′(ζ)

2f ′(ζ)
− 3

4

[
f ′′(ζ)

f ′(ζ)

]2

≡
(
f ′(ζ)

)2
am,n

(
f(ζ)

)
+
f ′′′(ζ)

2f ′(ζ)
− 3

4

[
f ′′(ζ)

f ′(ζ)

]2
.

Thus, (9.28) is valid. We substitute ζ = g(z) in (9.28) and use f
(
g(z)

)
= z as well

as f ′
(
g(z)

)
≡ 1/g′(z),

f ′′
(
g(z)

)
≡ −g

′′(z)(
g′(z)

)3 , f ′′′
(
g(z)

)
≡ −g

′′′(z)(
g′(z)

)4 + 3

(
g′′(z)

)2(
g′(z)

)5 ,
f ′′′
(
g(z)

)
2f ′
(
g(z)

) − 3

4

[
f ′′
(
g(z)

)
f ′
(
g(z)

) ]2 ≡ 1(
g′(z)

)2
[
−g
′′′(z)

2g′(z)
+

3

4

[
g′′(z)

g′(z)

]2]
,

and (9.26) to deduce (9.27), This completes the proof. �
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Lemma 9.6. The Bh,i,j defined in Rm,n by (4.46)–(4.48) satisfy

B
(1)
h,i,j ≡ Bh,i+1,j+1 −Bh,i+1,j + j(2h+ j − 1)am,nBh,i−1,j−1,(9.29)

for i ≤ j and any h.

Proof. For h, i, j such that 0 ≤ i ≤ j, we employ (4.48) to deduce

(9.30) Bh,i+1,j+1 −Bh,i+1,j ≡ B(1)
h,i,j − j(2h+ j − 1)am,nBh,i−1,j−1.

For i = −1 and any h, j, we use (4.47) and (4.46) to obtain 1 − 1 and 0 − 0 as
the left and right members of (9.30). For i ≤ −2 and any h, j, we note that (4.46)
yields 0− 0 and 0− 0 as the left and right members of (9.30). By rewriting (9.30),
we find that (9.29) is valid. This completes the proof. �

The two members of (9.29) are not equal when i = 1 and 1 − 2h 6= j ≤ −1.
The two members of (9.7) are not equal when i = 0 and −h 6= j ≤ −1. Thus, care
is needed when using (9.7) and (9.29).

Lemma 9.7. In terms of am,n(z) and D(z) as presented for Lemma 9.5, the
functions Eh,i,j(z) defined by (9.19) satisfy

Eh,i+1,j+1(z)− Eh,i+1,j(z) ≡ E(1)
h,i,j(z)− (h+ j)

g′′(z)

g′(z)
Eh,i,j(z)(9.31)

− j(2h+ j − 1)
(
am,n(z) +D(z)

)
Eh,i−1,j−1(z),

on Ω, for 0 ≤ i ≤ j and any h.

Proof. For h, i, j subject to 0 ≤ i ≤ j, (9.19) and differentiation yield

(9.32) E
(1)
h,i,j(z) ≡

i∑
k=0


k
(
g′(z)

)k−1
g′′(z)B∗∗h,k,j

(
g(z)

)
φh,i−k,j−k(z)

+
(
g′(z)

)k+1
B
∗∗(1)
h,k,j

(
g(z)

)
φh,i−k,j−k(z)

+
(
g′(z)

)k
B∗∗h,k,j

(
g(z)

)
φ
(1)
h,i−k,j−k(z)

 .
We replace each w

(k)
i1, i2, ..., in

in (9.29) with the corresponding c
∗∗(k)
i1, i2, ..., in

(ζ) from

(4.7) and use the resulting expression to verify that: for 0 ≤ k ≤ i ≤ j,

B
∗∗(1)
h,k,j

(
g(z)

)
≡ B∗∗h,k+1,j+1

(
g(z)

)
−B∗∗h,k+1,j

(
g(z)

)
(9.33)

+ j(2h+ j − 1) a∗∗m,n
(
g(z)

)
B∗∗h,k−1,j−1

(
g(z)

)
.

With i− k ≤ j − k, we employ (9.7) to deduce

φ
(1)
h,i−k,j−k(z) ≡ φh,i+1−k,j+1−k(z)− φh,i+1−k,j−k(z)(9.34)

+ (h+ j − k)
g′′(z)

g′(z)
φh,i−k,j−k(z).

After replacing B
∗∗(1)
h,k,j

(
g(z)

)
and φ

(1)
h,i−k,j−k(z) in (9.32) with the right sides of (9.33)

and (9.34), we find that the resulting expression gives

(9.35) E
(1)
h,i,j(z) ≡ E1 + E2 + E3 + E4 + E5 + E6 + E7,

where
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E1 ≡
i∑

k=0

k
(
g′(z)

)k g′′(z)
g′(z)

B∗∗h,k,j
(
g(z)

)
φh,i−k,j−k(z),

E2 ≡
i∑

k=0

(
g′(z)

)k+1
B∗∗h,k+1,j+1

(
g(z)

)
φh,i−k,j−k(z),

E3 ≡
i∑

k=0

−
(
g′(z)

)k+1
B∗∗h,k+1,j

(
g(z)

)
φh,i−k,j−k(z),

E4 ≡
i∑

k=0

(
g′(z)

)k+1
j(2h+ j − 1) a∗∗m,n

(
g(z)

)
B∗∗h,k−1,j−1

(
g(z)

)
φh,i−k,j−k(z),

E5 ≡
i∑

k=0

(
g′(z)

)k
B∗∗h,k,j

(
g(z)

)
φh,i+1−k,j+1−k(z),

E6 ≡
i∑

k=0

−
(
g′(z)

)k
B∗∗h,k,j

(
g(z)

)
φh,i+1−k,j−k(z),

and

E7 ≡
i∑

k=0

(
g′(z)

)k g′′(z)
g′(z)

(h+ j − k)B∗∗h,k,j
(
g(z)

)
φh,i−k,j−k(z).

We apply (9.19) to check that

E1 + E7 ≡
i∑

k=0

(
g′(z)

)k g′′(z)
g′(z)

(h+ j)B∗∗h,k,j
(
g(z)

)
φh,i−k,j−k(z)(9.36)

≡ (h+ j)
g′′(z)

g′(z)
Eh,i,j(z).

With (9.19), (4.47), and (9.5), we find that

E2 + E6 ≡
i+1∑
k=1

(
g′(z)

)k
B∗∗h,k,j+1

(
g(z)

)
φh,i+1−k,j+1−k(z)

−
i∑

k=0

(
g′(z)

)k
B∗∗h,k,j

(
g(z)

)
φh,i+1−k,j−k(z)

≡ Eh,i+1,j+1(z)− φh,i+1j+1(z)

− Eh,i+1,j(z) +
(
g′(z)

)i+1
B∗∗h,i+1,j

(
g(z)

)
,

E5 + E3 ≡
i∑

k=0

(
g′(z)

)k
B∗∗h,k,j

(
g(z)

)
φh,i+1−k,j+1−k(z)

−
i+1∑
k=1

(
g′(z)

)k
B∗∗h,k,j

(
g(z)

)
φh,i+1−k,j+1−k(z)

≡ φh,i+1,j+1(z)−
(
g′(z)

)i+1
B∗∗h,i+1,j

(
g(z)

)
,
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and

(9.37) E2 + E3 + E5 + E6 ≡ Eh,i+1,j+1(z)− Eh,i+1,j(z).

We use (9.27), (4.46), and (9.19) to establish

E4 ≡
i−1∑
k=−1

[ (
g′(z)

)k+2
j(2h+ j − 1) a∗∗m,n

(
g(z)

)
×B∗∗h,k,j−1

(
g(z)

)
φh,i−1−k,j−1−k(z)

]
(9.38)

≡ j(2h+ j − 1)
(
am,n(z) +D(z)

) i−1∑
k=0

[ (
g′(z)

)k
B∗∗h,k,j−1

(
g(z)

)
×φh,i−1−k,j−1−k(z)

]

≡ j(2h+ j − 1)
(
am,n(z) +D(z)

)
Eh,i−1,j−1(z).

By combining (9.35), (9.36), (9.37), and (9.38), we deduce

E
(1)
h,i,j(z) ≡ Eh,i+1,j+1(z)− Eh,i+1,j(z) + (h+ j)

g′′(z)

g′(z)
Eh,i,j(z)(9.39)

+ j(2h+ j − 1)
(
am,n(z) +D(z)

)
Eh,i−1,j−1(z).

We rewrite (9.39) to obtain (9.31) and complete the proof. �

Lemma 9.8. The functions Eh,i,j(z) defined on Ω by (9.19) satisfy

(9.40) Eh,i+1,j(z) ≡ 0, for i ≥ 0, j ≤ i and any h.

Proof. For fixed integers h, i, j subject to i ≥ 0 and j ≤ i, (9.19) yields

(9.41) Eh,i+1,j(z) ≡
i+1∑
ν=0

(
g′(z)

)ν
B∗∗h,ν,j

(
g(z)

)
φh,i+1−ν,j−ν(z).

If 0 ≤ ν ≤ i, then i−ν ≥ 0, j−ν−1 < i+1−ν, and (9.6) gives φh,i+1−ν,j−ν(z) ≡ 0.
If ν = i+ 1, then (4.48) and j ≤ i show that B∗∗h,i+1,j

(
g(z)

)
≡ 0. Thus, we conclude

from (9.41) that Eh,i+1,j(z) ≡ 0. This completes the proof. �

Proposition 9.9. The functions Eh,i,j(z) defined on Ω by (9.19) satisfy

Eh,i,j(z) ≡ 0, for i ≤ −1 and any h, j,(9.42)

Eh,0,j(z) ≡ 1, for any h, j,(9.43)

and

Eh,i+1,j(z) ≡
j−1∑
k=i

E(1)
h,i,k(z)− (h+ k)

g′′(z)

g′(z)
Eh,i,k(z)

− k(2h+ k − 1)
(
am,n(z) +D(z)

)
Eh,i−1,k−1(z)

 ,(9.44)

for i ≥ 0 and any h, j.

Proof. For i ≤ −1 and any h, j, we see that (9.19) gives (9.42). For i = 0 and
any h, j, we find that (9.19), (4.47) of page 36, and (9.5) of page 77 yield (9.43).
If i ≥ 0 and j ≤ i, then (9.40) shows that (9.44) reduces to 0 ≡ 0. Suppose that
i ≥ 0 and j ≥ i+ 1. Then, in view of Eh,i+1,i(z) ≡ 0 from (9.40), we obtain



9.5. PROPERTIES OF Eh,i,j(z) 87

Eh,i+1,j(z) ≡ Eh,i+1,j(z)− Eh,i+1,i(z) ≡
j−1∑
k=i

(
Eh,i+1,k+1(z)− Eh,i+1,k(z)

)
.(9.45)

By setting j = k in (9.31) and substituting its resulting right member for the sum-
mand

(
Eh,i+1,k+1(z) − Eh,i+1,k(z)

)
in (9.45), we establish (9.44). This completes

the proof. �

9.5. Properties of Eh,i,j(z)

We define functions Fh,i,j,ν(z) on Ω by means of

Fh,i,j,ν(z) ≡ 0, for h, i, j, ν subject to i < 0 or ν < 0 or ν > i,(9.46)

Fh,0,j,0(z) ≡ 1, for any h, j,(9.47)

and

Fh,i+1,j,ν(z) ≡
j−1∑
k=i


F

(1)
h,i,k,ν(z)− 2(ν + 1)D(z)Fh,i,k,ν+1(z)

+ 1
2 (ν − 1− 2h− 2k)Fh,i,k,ν−1(z)

− k(2h+ k − 1)
(
am,n(z) +D(z)

)
Fh,i−1,k−1,ν(z)

 ,(9.48)

for i ≥ 0 and any h, j, ν having 0 ≤ ν ≤ i+ 1.

Proposition 9.10. The functions Eh,i,j(z) defined on Ω by (9.19) and the
functions Fs,i,j,ν(z) defined on Ω by (9.46)–(9.48) satisfy

(9.49) Eh,i,j(z) ≡
i∑

ν=0

Fh,i,j,ν(z)

[
g′′(z)

g′(z)

]ν
, on Ω,

for all integers h, i, j.

Proof. In view of (9.42)–(9.43) and (9.46)–(9.47), we observe that (9.49) is
true for any h, i, j having i ≤ 0.

Let i0 be a nonnegative integer such that (9.49) is valid for all h, i, j that
satisfy i ≤ i0. Then, for any h and k, we use (9.49), (9.26), and (9.46) to obtain

E
(1)
h,i0,k

(z) ≡
i0∑
ν=0

F
(1)
h,i0,k,ν

(z)

[
g′′(z)

g′(z)

]ν
(9.50)

+

i0∑
ν=0

Fh,i0,k,ν(z) ν

[
g′′(z)

g′(z)

]ν−1 [
g′′′(z)

g′(z)
−
[
g′′(z)

g′(z)

]2]

≡
i0∑
ν=0

F
(1)
h,i0,k,ν

(z)

[
g′′(z)

g′(z)

]ν

+

i0∑
ν=0

Fh,i0,k,ν(z) ν

[
g′′(z)

g′(z)

]ν−1 [
−2D(z) +

1

2

[
g′′(z)

g′(z)

]2]

≡
i0+1∑
ν=0


F

(1)
h,i0,k,ν

(z)

− 2(ν + 1)D(z)Fh,i0,k,ν+1(z)

+
(
(ν − 1)/2

)
Fh,i0,k,ν−1(z)

[g′′(z)g′(z)

]ν
.



88 9. INVARIANT CHARACTER OF Cp,q,r

(
P , Q

)
WHEN m, r ≥ 2

For any h and k, we employ (9.49) for i ≤ i0 as well as (9.46) to verify that

−(h+ k)
g′′(z)

g′(z)
Eh,i0,k(z) ≡

i0∑
ν=0

−(h+ k)Fh,i0,k,ν(z)

[
g′′(z)

g′(z)

]ν+1

(9.51)

≡
i0+1∑
ν=0

−(h+ k)Fh,i0,k,ν−1(z)

[
g′′(z)

g′(z)

]ν
and

− k(2h+ k − 1)
(
am,n(z) +D(z)

)
Eh,i0−1,k−1(z)(9.52)

≡
i0+1∑
ν=0

−k(2h+ k − 1)
(
am,n(z) +D(z)

)
Fh,i0−1,k−1,ν(z)

[
g′′(z)

g′(z)

]ν
.

For any h and j, we find that (9.44), (9.50), (9.51), (9.52), and (9.48) yield

Eh,i0+1,j(z) ≡
j−1∑
k=i0

E(1)
h,i0,k

(z)− (h+ k)
g′′(z)

g′(z)
Eh,i0,k(z)

− k(2h+ k − 1)
(
am,n(z) +D(z)

)
Eh,i0−1,k−1(z)



≡
i0+1∑
ν=0

j−1∑
k=i0


F

(1)
h,i0,k,ν

(z)− 2(ν + 1)D(z)Fh,i0,k,ν+1(z)

+ 1
2 (ν − 1)Fh,i0,k,ν−1(z)− (h+ k)Fh,i0,k,ν−1(z)

− k(2h+ k − 1)
(
am,n(z) +D(z)

)
Fh,i0−1,k−1,ν(z)

[g′′(z)g′(z)

]ν

≡
i0+1∑
ν=0

Fh,i0+1,j,ν(z)

[
g′′(z)

g′(z)

]ν
.

By induction on i, this shows that (9.49) is valid for all integers h, i, j and completes
the proof. �

The proofs of Proposition 9.12 and Proposition 11.9 require the following result.

Lemma 9.11. Any integers κ, ν, ω subject to ν ≥ 1 satisfy(
κ

ν

)(
ω + κ− 1

ν

)
+

(ω + 2κ− ν + 1)

ν

(
κ

ν − 1

)(
ω + κ− 1

ν − 1

)
≡
(
κ+ 1

ν

)(
ω + κ

ν

)
.

Proof. Let L1 and L2 denote the first and second terms in the left member
of the preceding formula and let R denote its right member. We find that

L2 ≡
[
κ+ 1

ν
+
ω + κ− ν

ν

](
κ

ν − 1

)(
ω + κ− 1

ν − 1

)

≡
(
κ+ 1

ν

)(
ω + κ− 1

ν − 1

)
+

(
κ

ν − 1

)(
ω + κ− 1

ν

)
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and

L1 + L2 ≡
(
κ+ 1

ν

)(
ω + κ− 1

ν − 1

)
+

[(
κ

ν − 1

)
+

(
κ

ν

)](
ω + κ− 1

ν

)

≡
(
κ+ 1

ν

)(
ω + κ− 1

ν − 1

)
+

(
κ+ 1

ν

)(
ω + κ− 1

ν

)

≡
(
κ+ 1

ν

)(
ω + κ

ν

)
≡ R.

This establishes the validity of the formula and completes the proof. �

We introduce

(9.53) Pν =

ν∏
k=1

k, for any integer ν.

In particular, this gives Pν = ν!, when ν ≥ 1; and it yields Pν = 1, when ν ≤ 0.

Proposition 9.12. The functions Fh,i,j,ν(z) defined on Ω by (9.46)–(9.48) and

the functions Bh,i,j(z) obtained by replacing w
(k)
i1, i2, ..., in

in Bh,i,j of (4.46)–(4.48)

with c
(k)
i1, i2, ...,in

(z) from (4.1) are related by means of

(9.54) Fh,i,j,ν(z) ≡ (−1)ν Pν

2ν

(
j

ν

)(
2h+ j − 1

ν

)
Bh,i−ν,j−ν(z), on Ω,

for all h, i, j, ν that satisfy j ≥ 0.

Proof. If i < 0 or ν < 0 or ν > i, then (9.46), (4.46) of page 36, and the
binomial coefficients in (9.54) show that (9.54) is valid as 0 ≡ 0. In particular,

if i = 0 and ν 6= 0, then (9.54) is true.
If i = 0 and ν = 0, then (9.47), (9.53), and (4.47) show that (9.54) is valid

as 1 ≡ 1. Thus, (9.54) is true for i = 0 and any h, j, ν.
Suppose that i ≥ 1, 0 ≤ ν ≤ i, and 0 ≤ j ≤ i − 1. Then, (9.48) yields 0 for

the left member of (9.54). When 0 ≤ ν ≤ i− 1, we use (4.48) with the inequalities
i − ν ≥ 1 and j − ν < i − ν to obtain Bh,i−ν,j−ν(z) ≡ 0 in the right member

of (9.54). When ν = i, we have
(
j
ν

)
= 0. Thus, (9.54) is valid as 0 ≡ 0.

It remains to be proven that (9.54) is true for i ≥ 1, 0 ≤ ν ≤ i, and j ≥ i.
Let i0 be a nonnegative integer such that (9.54) is valid for i = i0 and any

integers h, j, ν that satisfy 0 ≤ ν ≤ i0 and j ≥ i0. Henceforth, in this argument,
let h, j, ν denote fixed integers that satisfy 0 ≤ ν ≤ i0 + 1 and j ≥ i0 + 1. We use
(9.48) and (9.54) for i = i0 to obtain

(9.55) Fh,i0+1,j,ν(z) ≡ F1 + F2 + F3 + F4 + F5,

where
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F1 ≡
j−1∑
k=i0

F
(1)
h,i0,k,ν

(z) ≡ (−1)ν Pν

2ν

j−1∑
k=i0

(
k

ν

)(
2h+ k − 1

ν

)
B

(1)
h,i0−ν,k−ν(z),

F2 ≡
j−1∑
k=i0

−2(ν + 1)D(z)Fh,i0,k,ν+1(z)

≡ −2(ν + 1)
(−1)ν+1 Pν+1

2ν+1
D(z)

j−1∑
k=i0


(

k

ν + 1

)(
2h+ k − 1

ν + 1

)
×Bh,i0−ν−1,k−ν−1(z)



≡ (−1)ν Pν

2ν
D(z)

j−1∑
k=i0

 k(2h+ k − 1)

(
k − 1

ν

)(
2h+ k − 2

ν

)
×Bh,i0−ν−1,k−ν−1(z)

 ,
F3 ≡

j−1∑
k=i0

1
2 (ν − 1− 2h− 2k)Fh,i0,k,ν−1(z)

≡ (−1)ν Pν−1

2ν

j−1∑
k=i0

 (2h+ 2k − ν + 1)

(
k

ν − 1

)(
2h+ k − 1

ν − 1

)
×Bh,i0+1−ν,k+1−ν(z)

 ,
F4 ≡

j−1∑
k=i0

−k(2h+ k − 1)am,n(z)Fh,i0−1,k−1,ν(z)

≡ (−1)ν Pν

2ν

j−1∑
k=i0

−k(2h+ k − 1)

(
k − 1

ν

)(
2h+ k − 2

ν

)
× am,n(z)Bh,i0−ν−1,k−ν−1(z)



≡ (−1)ν Pν

2ν

j−1∑
k=i0

−(k − ν)(2h+ k − ν − 1)

(
k

ν

)(
2h+ k − 1

ν

)
× am,n(z)Bh,i0−ν−1,k−ν−1(z)

 ,
and

F5 ≡
j−1∑
k=i0

−k(2h+ k − 1)D(z)Fh,i0−1,k−1,ν(z)

≡ (−1)
(−1)ν Pν

2ν
D(z)

j−1∑
k=i0

 k(2h+ k − 1)

(
k − 1

ν

)(
2h+ k − 2

ν

)
×Bh,i0−ν−1,k−ν−1(z)

 .
For i0 ≤ k ≤ j − 1, we have i0 − ν ≤ k − ν and see that (9.29) yields

B
(1)
h,i0−ν,k−ν(z)− (k − ν)(2h+ k − ν − 1)am,n(z)Bh,i0−ν−1,k−ν−1(z)

≡ Bh,i0+1−ν,k+1−ν(z)−Bh,i0+1−ν,k−ν(z).

Consequently, we find that
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F1 + F4 ≡
(−1)ν Pν

2ν

j−1∑
k=i0

(
k

ν

)(
2h+ k − 1

ν

)[Bh,i0+1−ν,k+1−ν(z)

−Bh,i0+1−ν,k−ν(z)

]
.

We apply F5 ≡ −F2, (9.55), and the preceding formulas to verify that

Fh,i0+1,j,ν(z) ≡ (F1 + F4) + F3(9.56)

≡
j−1∑
k=i0

(−1)ν Pν

2ν

(
k

ν

)(
2h+ k − 1

ν

)Bh,i0+1−ν,k+1−ν(z)

−Bh,i0+1−ν,k−ν(z)



+

j−1∑
k=i0

(−1)ν Pν−1

2ν

 (2h+ 2k − ν + 1)

(
k

ν − 1

)(
2h+ k − 1

ν − 1

)
×Bh,i0+1−ν,k+1−ν(z)

 .
If ν = 0, then we use Bh,i0+1,i0(z) ≡ 0 from (4.48) to see that (9.56) reduces to

(9.57) Fh,i0+1,j,0(z) ≡
j−1∑
k=i0

(
Bh,i0+1,k+1(z)−Bh,i0+1,k(z)

)
≡ Bh,i0+1,j(z).

Suppose that 1 ≤ ν ≤ i0 + 1. Then we obtain

(
k

ν

)(
2h+ k − 1

ν

)
+

(2h+ 2k − ν + 1)

ν

(
k

ν − 1

)(
2h+ k − 1

ν − 1

)
≡
(
k + 1

ν

)(
2h+ k

ν

)
by setting κ = k and ω = 2h in the identity of Lemma 9.11 and we employ it to
rewrite (9.56) as

Fh,i0+1,j,ν(z) ≡ (−1)ν Pν

2ν

j−1∑
k=i0


(
k + 1

ν

)(
2h+ k

ν

)
Bh,i0+1−ν,k+1−ν(z)

−
(
k

ν

)(
2h+ k − 1

ν

)
Bh,i0+1−ν,k−ν(z)



≡ (−1)ν Pν

2ν


(
j

ν

)(
2h+ j − 1

ν

)
Bh,i0+1−ν,j−ν(z)

−
(
i0
ν

)(
2h+ i0 − 1

ν

)
Bh,i0+1−ν,i0−ν(z)

 .

Either 1 ≤ ν ≤ i0 and Bh,i0+1−ν,i0−ν(z) ≡ 0 or ν = i0 + 1 and
(
i0
ν

)
≡ 0. This gives

Fh,i0+1,j,ν(z) ≡ (−1)ν Pν

2ν

(
j

ν

)(
2h+ j − 1

ν

)
Bh,i0+1−ν,j−ν(z).(9.58)

In view of (9.57) and (9.58), we conclude that (9.54) is valid for i = i0 + 1,
0 ≤ ν ≤ i0 + 1, and j ≥ i0 + 1. This completes the induction and the proof. �
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9.6. Simplification for Ap,q,r,s,t(ζ)

Proposition 9.13. The functions Ap,q,r,s,t(ζ) defined on Ω∗∗ by (9.11) and

the functions Ap,q,r,s,t(z) on Ω obtained by replacing each w
(k)
i1, i2, ...,in

in Ap,q,r,s,t

of (4.50) with the corresponding c
(k)
i1, i2, ...,in

(z) from (4.1) satisfy

(9.59) Ap,q,r,s,t(ζ) ≡ Ap,q,r,s,t
(
f(ζ)

)
, on Ω∗∗ for 0 ≤ s ≤ r and 0 ≤ t ≤ s− r.

Proof. Using (9.20) of page 81 and (9.49) of page 87, we find that

Ap,q,r,s,t
(
g(z)

)
≡

s∑
ν=0

Cp,q,r,t+ν Ep,ν,t+ν(z)Eq,s−ν,r−t−ν(z)(9.60)

≡
s∑

ν=0

Cp,q,r,t+ν

ν∑
µ=0

Fp,ν,t+ν,µ(z)

[
g′′(z)

g′(z)

]µ s−ν∑
λ=0

Fq,s−ν,r−t−ν,λ(z)

[
g′′(z)

g′(z)

]λ

≡
s∑

ν=0

ν∑
µ=0

s−ν∑
λ=0

Cp,q,r,t+ν Fp,ν,t+ν,µ(z) Fq,s−ν,r−t−ν,λ(z)

[
g′′(z)

g′(z)

]λ+µ

≡
s∑

µ=0

s∑
ν=µ

s−ν∑
λ=0

Cp,q,r,t+ν Fp,ν,t+ν,µ(z) Fq,s−ν,r−t−ν,λ(z)

[
g′′(z)

g′(z)

]λ+µ

≡
s∑

µ=0

s−µ∑
λ=0

s−λ∑
ν=µ

Cp,q,r,t+ν Fp,ν,t+ν,µ(z) Fq,s−ν,r−t−ν,λ(z)

[
g′′(z)

g′(z)

]λ+µ

≡
s∑

k=0

k∑
µ=0

s+µ−k∑
ν=µ

Cp,q,r,t+ν Fp,ν,t+ν,µ(z) Fq,s−ν,r−t−ν,k−µ(z)

[
g′′(z)

g′(z)

]k

≡
s∑

k=0

Gp,q,r,s,t,k(z)

[
g′′(z)

g′(z)

]k
, on Ω for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s,

where

Gp,q,r,s,t,k(z) ≡
k∑
µ=0

s+µ−k∑
ν=µ

Cp,q,r,t+ν Fp,ν,t+ν,µ(z) Fq,s−ν,r−t−ν,k−µ(z)(9.61)

≡
k∑
µ=0

s−k∑
ν=0

Cp,q,r,t+µ+ν Fp,µ+ν,t+µ+ν,µ(z) Fq,s−µ−ν,r−t−µ−ν,k−µ(z)

≡
s−k∑
ν=0

k∑
µ=0

Cp,q,r,t+µ+ν Fp,µ+ν,t+µ+ν,µ(z) Fq,s−µ−ν,r−t−µ−ν,k−µ(z).

Since (9.54) yields

Fp,µ+ν,t+µ+ν,µ(z) ≡ (−1)µµ!

2µ

(
t+ µ+ ν

µ

)(
2p+ t+ µ+ ν − 1

µ

)
Bp,ν,t+ν(z)
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and

Fq,s−µ−ν,r−t−µ−ν,k−µ(z) ≡ (−1)k−µ(k − µ)!

2k−µ



(
r − t− µ− ν

k − µ

)
×
(

2q + r − t− µ− ν − 1

k − µ

)
×Bq,s−ν−k,r−t−ν−k(z)

,

we introduce the rational numbers Hp,q,r,t,k,ν defined by

Hp,q,r,t,k,ν(9.62)

≡
k∑
µ=0

(−1)kµ! (k − µ)!)

2k



Cp,q,r,t+µ+ν

(
t+ µ+ ν

µ

)
×
(

2p+ t+ µ+ ν − 1

µ

)(
r − t− µ− ν

k − µ

)
×
(

2q + r − t− µ− ν − 1

k − µ

)


in order to rewrite (9.61) as

Gp,q,r,s,t,k(z) ≡
s−k∑
ν=0

Hp,q,r,t,k,ν Bp,ν,t+ν(z) Bq,s−ν−k,r−t−ν−k(z).(9.63)

For p, q, r ≥ 2 and t, µ, ν ≥ 0, we obtain

Cp,q,r,t+µ+ν ≡ (−1)t+µ+ν

(
r

t+ µ+ ν

)(
2q + r − 1

t+ µ+ ν

)
(

2p+ t+ µ+ ν − 1

t+ µ+ ν

)
from (4.49) of page 36 and we check that(

r

t+ µ+ ν

)(
r − t− µ− ν

k − µ

)
≡
(

r

t+ k + ν

)(
t+ k + ν

k − µ

)
,

(
2q + r − 1

t+ µ+ ν

)(
2q + r − t− µ− ν − 1

k − µ

)
≡
(

2q + r − 1

t+ k + ν

)(
t+ k + ν

k − µ

)
,

and (
2p+ t+ µ+ ν − 1

µ

)
(

2p+ t+ µ+ ν − 1

t+ µ+ ν

) ≡
(
t+ µ+ ν

µ

)
(

2p+ t+ ν − 1

t+ ν

)
are valid identities. Since the expression Lp,q,r,t,k,ν defined by

Lp,q,r,t,k,ν ≡
(−1)t+k+ν k!

2k

(
r

t+ k + ν

)(
2q + r − 1

t+ k + ν

)
(

2p+ t+ ν − 1

t+ ν

)
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is independent of µ, we see that (9.62) yields

(9.64) Hp,q,r,t,k,ν ≡ Lp,q,r,t,k,ν
k∑
µ=0

(−1)µ(
k

µ

) [(t+ k + ν

k − µ

)(
t+ µ+ ν

µ

)]2
.

In view of the identity(
t+ k + ν

k − µ

)(
t+ µ+ ν

µ

)
≡
(
t+ k + ν

k

)(
k

µ

)
,

we rewrite (9.64) as

(9.65) Hp,q,r,t,k,ν ≡

[(
t+ k + ν

k

)]2
Lp,q,r,t,k,ν

k∑
µ=0

(−1)µ
(
k

µ

)
.

We have
k∑
µ=0

(−1)µ
(
k

µ

)
≡
(
1 + (−1)

)k ≡ 0, for 1 ≤ k ≤ s.

Thus, (9.65) gives

Hp,q,r,t,k,ν ≡ 0, for 1 ≤ k ≤ s.(9.66)

We use (9.63) and (9.66) to deduce

Gp,q,r,s,t,k(z) ≡ 0, for 1 ≤ k ≤ s.(9.67)

Moreover, for k = 0, (9.62) gives

Hp,q,r,t,0,ν ≡ Cp,q,r,t+ν .(9.68)

As a consequence of (9.60), (9.67), (9.63), (9.68), and (4.50), we obtain

Ap,q,r,s,t
(
g(z)

)
≡

s∑
k=0

Gp,q,r,s,t,k(z)

[
g′′(z)

g′(z)

]k
,

≡ Gp,q,r,s,t,0(z)

≡
s∑

ν=0

Hp,q,r,t,0,ν Bp,ν,t+ν(z) Bq,s−ν,r−t−ν(z)

≡
s∑

ν=0

Cp,q,r,t+ν Bp,ν,t+ν(z) Bq,s−ν,r−t−ν(z)

≡ Ap,q,r,s,t(z), on Ω.

With ζ in Ω∗∗, z = f(ζ), and g
(
f(ζ)

)
= ζ, this gives

Ap,q,r,s,t(ζ) ≡ Ap,q,r,s,t
(
f(ζ)

)
, on Ω∗∗.

Hence, (9.59) is valid. This completes the proof of Proposition 9.13. �
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9.7. Cp,q,r

(
P , Q

)
is a relative invariant when nonzero

We continue to write R as the abbreviation in (9.1) for Cp,q,r

(
P , Q

)
of (4.44).

Theorem 9.14. The function R(z) on Ω obtained by replacing w
(k)
i1, i2, ...,in

in R

with c
(k)
i1, i2, ...,in

(z) from (4.1) and the function R∗∗(ζ) on Ω∗∗ obtained by replacing

w
(k)
i1, i2, ...,in

in R with c
∗∗(k)
i1, i2, ..., in

(ζ) from (4.7) are related by

(9.69) R∗∗(ζ) ≡
(
f ′(ζ)

)p+q+r
R
(
f(ζ)

)
, on Ω∗∗.

Moreover, R is a relative invariant in Rm,n for Cm,n of weight p+ q+ r if and only
if it is nonzero.

Proof. Since (9.1) and (4.44) yield

R(z) =

r∑
s=0

r−s∑
t=0

Ap,q,r,s,t(z)P
(t)(z)Q(r−s−t)(z), on Ω,

we employ (9.12) of page 79 and (9.59) to deduce

R∗∗(ζ) ≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
t=0

Ap,q,r,s,t(ζ) P (t)
(
f(ζ)

)
Q(r−s−t)(f(ζ)

)
≡
(
f ′(ζ)

)p+q+r r∑
s=0

r−s∑
t=0

Ap,q,r,s,t
(
f(ζ)

)
P (t)

(
f(ζ)

)
Q(r−s−t)(f(ζ)

)
≡
(
f ′(ζ)

)p+q+r
R
(
f(ζ)

)
, on Ω∗∗.

Thus, (9.69) is valid.

Because R in (9.1) satisfies (9.2) and (9.3), R is a relative invariant in Rm,n
for Cm,n of weight p+ q + r if and only if it is not a constant. Since R can not be
a nonzero constant, this completes the proof. �





CHAPTER 10

Conditions for Cp,q,r

(
P , Q

)
6≡ 0 when m, r ≥ 2

For m, r ≥ 2 and (m, n) 6= (2, 1), let P and Q denote relative invariants
of respective weights p and q in Rm,n for Cm,n. We shall verify in Theorem 10.11
on page 103 that Cp,q,r

(
P , Q

)
satisfies the condition Cp,q,r

(
P , Q

)
6≡ 0 if and only

if either r is an even integer or P and Q are linearly independent over Q. In those
situations, Cp,q,r

(
P , Q

)
is a relative invariant for Cm,n of weight p+ q + r .

10.1. The dependence of Cq,p,r

(
Q, P

)
on Cp,q,r

(
P , Q

)
The following result is needed to establish dependence in Proposition 10.2.

Proposition 10.1. The Ap,q,r,s,t defined in Rm,n by (4.50) of page 36 satisfy

Aq,p,r,s,r−s−t ≡ (−1)r

(
2p+ r − 1

r

)
(

2q + r − 1

r

)Ap,q,r,s,t,(10.1)

for 0 ≤ s ≤ r, and 0 ≤ t ≤ r − s.

Proof. We use (4.50) to obtain

Aq,p,r,s,r−s−t ≡
s∑
j=0

Cq,p,r,r−s−t+jBq,j,r−s−t+jBp,s−j,s+t−j(10.2)

≡
s∑

k=0

Cq,p,r,r−t−kBp,k,t+kBq,s−k,r−t−k.

For 0 ≤ s ≤ r, 0 ≤ t ≤ r − s, and 0 ≤ k ≤ s ≤ r − t, we find that (4.49) yields

Cq,p,r,r−t−k
Cp,q,r,t+k

≡
(−1)r−t−k

(
r

r − t− k

)(
2p+ r − 1

r − t− k

)(
2p+ t+ k − 1

t+ k

)
(−1)t+k

(
r

t+ k

)(
2q + r − 1

t+ k

)(
2q + r − t− k − 1

r − t− k

)
from which we deduce

(10.3)
Cq,p,r,r−t−k
Cp,q,r,t+k

≡ (−1)r

(
2p+ r − 1

r

)
(

2q + r − 1

r

) .
By rewriting (10.3), combining it with (10.2), and using (4.50), we find that

97
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Aq,p,r,s,r−s−t ≡ (−1)r

(
2p+ r − 1

r

)
(

2q + r − 1

r

) s∑
k=0

Cp,q,r,t+kBp,k,t+kBq,s−k,r−t−k

≡ (−1)r

(
2p+ r − 1

r

)
(

2q + r − 1

r

)Ap,q,r,s,t.

This establishes (10.1) and completes the proof. �

Proposition 10.2. The polynomials Cp,q,r

(
P , Q

)
and Cq,p,r

(
Q, P

)
defined

in Rm,n by (4.44) of page 36 are related by

(10.4) Cq,p,r

(
Q, P

)
≡ (−1)r

(
2p+ r − 1

r

)
(

2q + r − 1

r

) Cp,q,r

(
P , Q

)
.

Proof. We use (4.44) and (10.1) to obtain

Cq,p,r

(
Q, P

)
≡

r∑
s=0

r−s∑
τ=0

Aq,p,r,s,τ Q
(τ)P (r−s−τ)

≡
r∑
s=0

r−s∑
t=0

Aq,p,r,s,r−s−tP
(t)Q(r−s−t)

≡ (−1)r

(
2p+ r − 1

r

)
(

2q + r − 1

r

) r∑
s=0

r−s∑
t=0

Ap,q,r,s,tP
(t)Q(r−s−t)

≡ (−1)r

(
2p+ r − 1

r

)
(

2q + r − 1

r

) Cp,q,r

(
P , Q

)
.

This yields (10.4) and completes the proof. �

We shall apply the following result in the proof for Theorem 10.11.

Corollary 10.3. If r is an odd integer, then Cp,p,r

(
P , P

)
≡ 0. Also, if r is

odd and
{
P , Q

}
is linearly dependent over Q, then Cp,q,r

(
P , Q

)
≡ 0.

Proof. When r is an odd integer, we use (10.4) to obtain

Cp,p,r

(
P , P

)
≡ −Cp,p,r

(
P , P

)
and thereby conclude that Cp,p,r

(
P , P

)
≡ 0. When r is odd and

{
P , Q

}
is

linearly dependent over Q, we have: Q ≡ γ0P , for some γ0 in Q; q = p; and
Cp,q,r

(
P , Q

)
≡ γ0Cp,p,r

(
P , P

)
≡ 0. This completes the proof. �
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10.2. Several lemmas for use in Section 10.3

In this section, the symbols Bh,i,j from (4.46)–(4.48) and Ap,q,r,s,t from (4.50)
are to be regarded as differential-polynomial combinations over Q of am,n. We first
use (4.46)–(4.48) to observe that: for h ≥ 1, r ≥ 1, k ≥ 0, as well as for any nonzero
rational number γ and integer j,

(10.5) γ (am,n)r is not a term of Bh,2k+1,j .

Lemma 10.4. For each h ≥ 1, i ≥ 1, and j ≥ 2i, there is a corresponding
positive integer γh,i,j such that

(10.6) Γh,i,j ≡ (−1)iγh,i,j is the coefficient of (am,n)i in Bh,2i,j.

Proof. For h ≥ 1, i = 1, and j ≥ 2, we use (4.46)–(4.48) to verify that the
coefficient of am,n in Bh,2,j is given by Γh,1,j ≡ −γh,1,j for the positive integer

γh,1,j ≡
j−1∑
k=1

k(2h+ k − 1).

Let i0 be an integer subject to i0 ≥ 1 such that: for each j ≥ 2i0, there is a positive
integer γh,i0,j for which (10.6) is valid when i = i0 and j ≥ 2i0. We apply this with
(4.48) to see that: for j ≥ 2(i0 + 1), the coefficient of (am,n)i0+1 in Bh,2(i0+1),j is

Γh,i0+1,j ≡
j−1∑

k=2i0+1

(−k)(2h+ k − 1)Γh,i0,k−1

≡
j−1∑

k=2i0+1

(−k)(2h+ k − 1)(−1)i0γh,i0,k−1 ≡ (−1)i0+1γh,i0+1,j ,

where γh,i0+1,j is the positive integer defined through

γh,i0+1,j ≡
j−1∑

k=2i0+1

k(2h+ k − 1)γh,i0,k−1, for j ≥ 2(i0 + 1).

Thus, a positive integer γh,i,j exists for (10.6) whenever h ≥ 1, i ≥ 1, and j ≥ 2i.
This completes the proof. �

Lemma 10.5. For p, q, i ≥ 1, there is a positive rational number αp,q,i such
that the coefficient Ap,q,i of (am,n)i in Ap,q,2i,2i,0 is given by

(10.7) Ap,q,i ≡ (−1)iαp,q,i.

Proof. We employ (4.50) to obtain

(10.8) Ap,q,2i,2i,0 ≡
2i∑
k=0

Cp,q,2i,kBp,k,kBq,2i−k,2i−k.

Using (10.8) and (10.5), we see that the coefficient Ap,q,i of (am,n)i in Ap,q,2i,2i,0

is equal to the coefficient of (am,n)i in the expression

i∑
ν=0

Cp,q,2i,2νBp,2ν,2νBq,2i−2ν,2i−2ν .
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We apply Lemma 10.4 and the preceding observation to verify that

Ap,q,i ≡
i∑

ν=0

Cp,q,2i,2ν Γp,ν,2ν Γq,i−ν,2i−2ν(10.9)

≡
i∑

ν=0

Cp,q,2i,2ν (−1)νγp,ν,2ν (−1)i−νγq,i−ν,2i−2ν

≡ (−1)iαp,q,i,

where

αp,q,i ≡
i∑

ν=0

Cp,q,2i,2ν γp,ν,2ν γq,i−ν,2i−2ν .(10.10)

Since (4.49) of page 36 and Lemma 10.4 show that the three factors in each sum-
mand of (10.10) are positive rational numbers, αp,q,i is a positive rational number
for (10.9) and (10.7). This completes the proof. �

Lemma 10.6. For p, q, i ≥ 1, there is a positive rational number βp,q,i such
that the coefficient Bp,q,i of (am,n)i in Ap,q,2i+1,2i,0 is given by

(10.11) Bp,q,i,≡ (−1)iβp,q,i.

Proof. We note that (4.50) yields

(10.12) Ap,q,2i+1,2i,0 ≡
2i∑
k=0

Cp,q,2i+1,kBp,k,kBq,2i−k,2i+1−k.

In view of (10.12) and (10.5), the coefficient Bp,q,i of (am,n)i in Ap,q,2i+1,2i,0 is
equal to the coefficient of (am,n)i in the expression

i∑
ν=0

Cp,q,2i+1,2νBp,2ν,2νBq,2i−2ν,2i+1−2ν .

We apply Lemma 10.4 and the preceding observation to obtain

Bp,q,i ≡
i∑

ν=0

Cp,q,2i+1,2ν Γp,ν,2ν Γq,i−l,2i+1−2ν(10.13)

≡
i∑

ν=0

Cp,q,2i+1,2ν (−1)νγp,ν,2ν (−1)i−νγq,i−ν,2i+1−2ν

≡ (−1)iβp,q,i,

where

βp,q,i ≡
i∑

ν=0

Cp,q,2i+1,2ν γp,ν,2ν γq,i−ν,2i+1−2ν .(10.14)

Since (4.49) of page 36 and Lemma 10.4 show that the three factors in each sum-
mand of (10.14) are positive rational numbers, βp,q,i is a positive rational number
for (10.13) and (10.11). This completes the proof. �
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10.3. The situations where Cp,q,r

(
P , Q

)
6≡ 0

The proofs of Propositions 10.8–10.10 employ the following terminology.

Definition 10.7. For any nonzero monomial M of Rm,n uniquely specified by

M ≡ γ
υ∏
λ=1

w
(kλ)
i(1,λ), i(2,λ), ..., i(n,λ)

in terms of a nonzero rational number γ, an integer υ ≥ 0, and variables from (4.9),

the order-sum O(M) of M is the nonnegative integer O(M) =

υ∑
λ=1

kλ.

Proposition 10.8. For m ≥ 2, (m, n) 6= (2, 1), and an even integer r ≥ 2,
let P and Q be relative invariants of respective weights p and q in Rm,n for Cm,n.
Then, (4.44) of page 36 satisfies Cp,q,r

(
P , Q

)
6≡ 0.

Proof. We use (4.44) to obtain

Cp,q,r

(
P , Q

)
≡

r−1∑
s=0

r−s∑
t=0

Ap,q,r,s,tP
(t)Q(r−s−t) +Ap,q,r,r,0P Q.(10.15)

Writing r = 2i0 with i0 ≥ 1, we apply Lemma 10.5 and (4.45) of page 36 to see

that Ap,q,r,r,0 has a nonzero term of the form γ0 (w0, 0, ..., 0, 2)
i0 , for some nonzero

rational number γ0. Thus, Ap,q,r,r,0 has a nonzero term whose order-sum is 0.
Let p0 denote the least order-sum for the nonzero terms of P ; let q0 denote

the least order-sum for the nonzero terms of Q; and let X0 denote a nonzero term
of Ap,q,r,r,0P Q whose order-sum is O(X0) = p0 + q0. For 0 ≤ s ≤ r − 1 and
0 ≤ t ≤ r − s, we observe that:

for any nonzero term M1 of P (t), O(M1) ≥ o1 = p0 + t;

for any nonzero term M2 of Q(r−s−t), O(M2) ≥ o2 = q0 + r − s− t, and

for any nonzero term M3 of Ap,q,r,s,tP
(t)Q(r−s−t), O(M3) ≥ o1 + o2.

In view of o1 +o2 = p0 + q0 + r−s ≥ p0 + q0 +1 > p0 + q0 = O(X0) and (10.15), we
conclude that X0 is a nonzero term of Cp,p,r

(
P , Q

)
. This yields Cp,p,r

(
P , Q

)
6≡ 0

and completes the proof. �

Proposition 10.9. For m ≥ 2, (m, n) 6= (2, 1), and an odd integer r ≥ 3,
let P and Q be relative invariants of respective weights p and q in Rm,n for Cm,n
such that p = q and {P , Q} is linearly independent over Q. Then, (4.44) of page 36
satisfies Cp,q,r

(
P , Q

)
6≡ 0.

Proof. We use (10.1) of page 97 with (−1)r = −1 to deduce

Ap,p,r,r,0 ≡ −Ap,p,r,r,0(10.16)

and

Ap,p,r,r−1,1 ≡ −Ap,p,r,r−1,0.(10.17)
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By combining (4.44) with (10.17) and Ap,p,r,r,0 ≡ 0 from (10.16), we obtain

Cp,p,r

(
P , Q

)
≡

r−2∑
s=0

r−s∑
t=0

Ap,p,r,s,tP
(t)Q(r−s−t)(10.18)

+Ap,p,r,r−1,0
(
P Q(1) − P (1)Q

)
.

For r = 2i0 + 1 with i0 ≥ 1, we apply Lemma 10.6 as well as (4.45) of page 36 to

see that Ap,p,r,r−1,0 has a nonzero term of the form γ0 (w0, 0, ..., 0, 2)
i0 , where γ0 is

a nonzero rational number. Thus, Ap,p,r,r−1,0 has at least one nonzero term whose
order-sum is 0.

Since P andQ are linearly independent over Q, the polynomial defined inRm,n
by Y ≡ P Q(1) −P (1)Q satisfies Y 6≡ 0. Let p0 denote the least order-sum for the
nonzero terms of P ; let q0 denote the least order-sum for the nonzero terms of Q;

and let Y0 be a nonzero term of Ap,p,r,r−1,0
(
P Q(1) − P (1)Q

)
whose order-sum is

O(Y0) = p0 + q0 + 1. For 0 ≤ s ≤ r − 2 and 0 ≤ t ≤ r − s, we observe that:

for any nonzero term M1 of P (t), O(M1) ≥ o1 = p0 + t;

for any nonzero term M2 of Q(r−s−t), O(M2) ≥ o2 = q0 + r − s− t, and

for any nonzero term M3 of Ap,p,r,s,tP
(t)Q(r−s−t), O(M3) ≥ o1 + o2.

In view of o1+o2 = p0+q0+r−s ≥ p0+q0+2 > p0+q0+1 = O(Y0) and (10.18), we
conclude that Y0 is a nonzero term of Cp,p,r

(
P , Q

)
. This yields Cp,p,r

(
P , Q

)
6≡ 0

and completes the proof. �

Proposition 10.10. For m ≥ 2, (m, n) 6= (2, 1), and an odd integer r ≥ 3,
let P and Q be relative invariants of respective weights p and q in Rm,n for Cm,n
such that p 6= q. Then, (4.44) of page 36 satisfies Cp,q,r

(
P , Q

)
6≡ 0.

Proof. Let i0 denote the positive integer such that r = 2i0 + 1 and let γ be

the coefficient of (am,n)i0−1a
(1)
m,n in Ap,q,2i0+1,2i0+1,0. After using (4.46)–(4.50) to

conclude that γ is a nonzero rational number, we employ (4.45) to see that there
is a nonzero rational number γ0 such that a nonzero term of Ap,q,r,r,0 is given by

Z1 ≡ γ0 (w0, 0, ..., 0, 2)
i0−1w

(1)
0, 0, ..., 0, 2. We note that (4.44) yields

Cp,q,r

(
P , Q

)
≡

r−2∑
s=0

r−s∑
t=0

Ap,q,r,s,tP
(t)Q(r−s−t)(10.19)

+Ap,q,r,2i0,0P Q
(1) +Ap,q,r,2i0,1P

(1)Q+Ap,q,r,r,0P Q.

Let p0 denote the least order-sum for the nonzero terms of P ; let q0 denote the least
order-sum for the nonzero terms of Q; and let Z2 denote a nonzero term of P Q not
involving either w0, 0, ..., 0, 1 or w0, 0, ..., 0, 2 as a factor and having order-sum p0 + q0.
We set Z0 ≡ Z1Z2. Thus, Z0 is a nonzero term of Ap,q,r,r,0P Q whose order-sum
is O(Z0) = p0 + q0 + 1.

When 0 ≤ s ≤ r − 2 and 0 ≤ t ≤ r − s, the order-sum of any nonzero term T

of Ap,q,r,s,tP
(t)Q(r−s−t) satisfies

(10.20) O (T ) ≥ 0 + (p0 + t) + (q0 + r − s− t) ≥ p0 + q0 + 2.
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Any nonzero term of Ap,q,r,2i0,0 or Ap,q,r,2i0,1 having order-sum 0 is expressible as
the product of a nonzero rational number and

(10.21)
(
(w0, 0, ..., 0, 1)2

)k
((w0, 0, ..., 0, 2)

i0−k , for some k satisfying 0 ≤ k ≤ i0.

Consequently, any nonzero term of Ap,q,r,2i0,0P Q
(1) or Ap,q,r,2i0,1P

(1)Q whose
order-sum is p0 + q0 + 1 must be divisible by a monomial of the type (10.21). Since
Z0 is not divisible by any monomial of the type (10.21), we apply (10.19), (10.20),
and the preceding observations to see that Z0 is a nonzero term of Cp,q,r

(
P , Q

)
.

This completes the proof. �

Theorem 10.11. For m, r ≥ 2 and (m, n) 6= (2, 1), suppose that P and Q
are relative invariants of respective weights p and q in Rm,n for Cm,n. Then, the
polynomial Cp,q,r

(
P , Q

)
of (4.44) on page 36 satisfies

(10.22) Cp,q,r

(
P , Q

)
6≡ 0

if and only if r is an even positive integer or {P , Q} is linearly independent over Q.

Proof. For the situation where r is an even positive integer, Proposition 10.8
establishes (10.22). When r is odd and

{
P , Q

}
is linearly independent over Q

with p = q, (10.22) is a consequence of Proposition 10.9. If r is odd and
{
P , Q

}
is linearly independent over Q with p 6= q, then Proposition 10.10 yields (10.22).
The remaining situation is that where r is odd and

{
P , Q

}
is linearly dependent

over Q; for it, we use Corollary 10.3 of page 98 to obtain Cp,q,r

(
P , Q

)
≡ 0 and

therefore see that (10.22) is not satisfied. Hence, we conclude that (10.22) is satisfied
if and only if either r is even or

{
P , Q

}
is linearly independent over Q. This

completes the proof. �
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for Theorem 4.10





CHAPTER 11

Symmetry with Respect to Semi-Invariants

The basic relative invariants were developed symmetrically in [19, 20] with
respect to semi-invariants of the first and second kinds. In particular, the definition
in [20] of Im,n; e1, ..., en by formulas repeated as (4.17)–(4.29) was employed to
establish in [20] that Im,n; e1, ..., en is a semi-invariant of the first kind for Cm,n; the
definition in [20] of Jm,n; e1, ..., en by formulas repeated as (4.31)–(4.43) was used
in [20] to prove that Jm,n; e1, ..., en is a semi-invariant of the second kind for Cm,n
with index (e1, e2, . . . , en); and the verification in [20, page 314, Theorem 27.7]
of the identity Im,n; e1, ..., en ≡ Jm,n; e1, ..., en thereby showed that Im,n; e1, ..., en is
a relative invariant for Cm,n having index (e1, e2, . . . , en).

Our definition of R ≡ Cp,q,r

(
P , Q

)
by (4.44)–(4.50) merely expresses R as

a differential-polynomial combination over Q of semi-invariants of the first kind.
That definition and the argument of Chapter 9 reveal the way Theorem 4.10 on
page 36 was discovered and first established. The goal of this chapter is to provide
Theorem 4.10 with a proof similar to the argument in [20] for Im,n; e1, ..., en as
summarized in the preceding paragraph. For that, we shall: define S in Rm,n as a
polynomial combination over Q of semi-invariants of the second kind for Cm,n; show
that S is a semi-invariant of the second kind when nonzero; and establish R ≡ S.

11.1. Context employed and definition of S

Throughout, we assume that r ≥ 2, m ≥ 2, n ≥ 1, (m, n) 6= (2, 1), P and Q
are relative invariants in Rm,n for Cm,n of respective weights p and q, am,n is
defined inRm,n by (4.45), andR is the differential polynomialCp,q,r

(
P , Q

)
defined

in Rm,n with respect to (4.44)–(4.50) of page 36 by

(11.1) R ≡
r∑
s=0

r−s∑
t=0

Ap,q,r,s,tP
(t)Q(r−s−t).

Proposition 5.3 shows that am,n is a semi-invariant of the first kind for Cm,n. Thus,
as a consequence of Proposition 5.1, each of the nonconstant expression defined by
(4.44)–(4.50) is a semi-invariant of the first kind. Moreover, R in (11.1) can not
be a nonzero constant. Consequently, either R ≡ 0 or R is a semi-invariant of the
first kind for Cm,n.

In view of Corollary 5.7, a semi-invariant bm,n of the second kind for Cm,n
having weight 2 is defined in Rm,n by

(11.2) bm,n ≡
1(

m+ 1

3

)

w0, . . . , 0︸ ︷︷ ︸

n−1

, 2 −
m− 2

3
w

(1)
0, . . . , 0︸ ︷︷ ︸
n−1

, 1

− (3m− 1)(m− 2)

6m(m− 1)
(w0, . . . , 0︸ ︷︷ ︸

n−1

, 1)2

 .
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Thus, with reference to z = f(ζ) in (4.6) and Notation 1.0 of page 30, it yields

b∗∗m,n(ζ) ≡
(
f ′(ζ)

)2
bm,n

(
f(ζ)

)
, on Ω∗∗.(11.3)

We note that bm,n is related to am,n of (4.45) through

bm,n ≡ am,n + d(1)m,n + (dm,n)2,(11.4)

where the definition of dm,n in Rm,n by (4.19) of page 32 or (4.33) of page 34 or
(5.15) of page 44 is repeated here as

dm,n ≡
1

m(m− 1)
w0, . . . , 0︸ ︷︷ ︸

n−1

, 1.(11.5)

With respect to the fixed integers m, n for Cm,n, we define S in terms of

Hh,i,j ≡ 0, for i ≤ −1 and any h, j,(11.6)

Hh,0,j ≡ 1, for any h, j,(11.7)

Hh,i+1,j ≡
j−1∑
k=i

[
H

(1)
h,i,k + 2idm,nHh,i,k

− k(2h+ k − 1) bm,nHh,i−1,k−1

]
,(11.8)

for i ≥ 0 and any h, j,

the rational numbers Cp,q,r,µ repeated from (4.49) of page 36 in

Cp,q,r,µ ≡ (−1)µ

(
r

µ

)(
2q + r − 1

µ

)
(

2p+ µ− 1

µ

) , for 0 ≤ µ ≤ r,(11.9)

as well as

Gp,q,r,s,t ≡
s∑

k=0

Cp,q,r,t+kHp,k,t+kHq,s−k,r−t−k,(11.10)

for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s,

P0 ≡ P , Pk ≡ P(1)
k−1 + 2(p+ k − 1)dm,nPk−1, for k ≥ 1,(11.11)

and

Q0 ≡ Q, Qk ≡Q(1)
k−1 + 2(q + k − 1)dm,nQk−1, for k ≥ 1,(11.12)

by

S ≡
r∑
s=0

r−s∑
t=0

Gp,q,r,s,tPtQr−s−t.(11.13)
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11.2. When S is a semi-invariant of the second kind

Proposition 11.1. For S defined in Rm,n by means of (11.13), either S ≡ 0
or S is a semi-invariant of the second kind for Cm,n of weight p+ q + r.

Proof. For any h and j, we note that (11.6)–(11.8) yield Hh,1,j ≡ 0 and

Hh,2,j ≡ −bm,n
j−1∑
k=1

[
2

(
k

2

)
+ 2h

(
k

1

)]
.

Consequently, for i0 = 2, it is true that:

(1) for any h and j, either Hh,i0,j ≡ 0 or Hh,i0,j is a semi-invariant of the
second kind of weight i0, and

(2) for any h and j, either Hh,i0−1,j ≡ 0 or Hh,i0−1,j is a semi-invariant of
the second kind of weight i0 − 1.

Let i0 be an integer satisfying i0 ≥ 2 for which (1) and (2) are valid. Then,
we use Proposition 5.5 to deduce that, for any h and k, either the polynomial

H
(1)
h,i0,k

+ 2i0 dm,nHh,i0,k in Rm,n is zero or it is a semi-invariant of the second
kind having weight i0 + 1. Moreover, for any h and k, either the polynomial
−k(2h + k − 1) bm,nHh,i0−1,k−1 in Rm,n is zero or it is a semi-invariant of the
second kind having weight i0 + 1. Thus, in view of (11.8), we see that, for any h
and j, either Hh,i0+1,j is zero or it is a semi-invariant of the second kind whose
weight is i0 + 1. This shows that, for i ≥ 1 as well as any h and j, either Hh,i,j is
zero or it is a semi-invariant of the second kind of weight i.

We apply (11.10), (11.7), and the preceding properties of Hh,i,j to deduce that:
for s = 0 and any t, Gp,q,r,0,t is a rational number; and, for s ≥ 1 and any t, either
Gp,q,r,s,t is zero or Gp,q,r,s,t is a semi-invariant of the second kind having weight s.

We use the property of P as a semi-invariant of the second kind having weight p
along with (11.11), Proposition 5.5, and mathematical induction on k to deduce
that Pk is a semi-invariant of the second kind having weight p+ k, for k ≥ 0.

Similarly, we employ (11.12) to verify that Qk is a semi-invariant of the second
kind having weight q + k, for k ≥ 0.

By combining the deductions of the three preceding paragraphs with (11.13),
we conclude that either S ≡ 0 or S is a semi-invariant of the second kind having
weight p+ q + r. This completes the proof. �

11.3. An expansion for differential polynomials like Pk in (11.11)

For any integers h, i, and j, we define polynomials Kh,i,j in Rm,n with respect
to dm,n in (11.5) through

Kh,i,j ≡ 0, for i ≤ −1 and any h, j,(11.14)

Kh,0,j ≡ 1, for any h, j,(11.15)

and

Kh,i+1,j ≡
j∑

k=0

(
K

(1)
h,i,k + 2(h+ i+ k)dm,nKh,i,k

)
,(11.16)

for i ≥ 0 and any h, j.
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For later reference, we note that (11.16) yields

Kh,µ+1,ν −Kh,µ+1,ν−1 ≡K(1)
h,µ,ν + 2(h+ µ+ ν)dm,nKh,µ,ν ,(11.17)

for µ ≥ 0, ν ≥ 0 and any h.

Proposition 11.2. Suppose that T in Rm,n is a semi-invariant of the second
kind of weight t for Cm,n and define Tj in Rm,n by

(11.18) T0 ≡ T and Tj ≡ T (1)
j−1 + 2(t+ j − 1)dm,n Tj−1, for j ≥ 1.

Then, Tj is a semi-invariant of the second kind of weight t+ j for Cm,n and

(11.19) Tj ≡
j∑
i=0

Kt,i,j−i T
(j−i), for j ≥ 0.

Proof. For j ≥ 0, repeated application of (11.18) and Proposition 5.5 shows
that Tj is a semi-invariant of the second kind for Cm,n having weight t+ j.

We use (11.15) to see that (11.19) is true for j = 0. Let j denote a nonnegative
integer for which (11.19) is valid. Then, we employ (11.18) and (11.19) to see that

Tj+1≡ T (1)
j + 2(t+ j)dm,n Tj(11.20)

≡
j∑
i=0

Kt,i,j−i T
(j+1−i) +

j∑
i=0

K
(1)
t,i,j−i T

(j−i)

+

j∑
i=0

2(t+ j)dm,nKt,i,j−i T
(j−i)

≡
j∑
i=0

Kt,i,j−i T
(j+1−i) +

j+1∑
i=1

K
(1)
t,i−1,j+1−i T

(j+1−i)

+

j+1∑
i=1

2(t+ j)dm,nKt,i−1,j+1−i T
(j+1−i)

≡
j∑
i=1

(
Kt,i,j−i +K

(1)
t,i−1,j+1−i + 2(t+ j)dm,nKt,i−1,j+1−i

)
T (j+1−i)

+
(
K

(1)
t,j,0 + 2(t+ j)dm,nKt,j,0

)
T (0) +Kt,0,j T

(j+1).

In (11.17), we replace h with t, µ with i− 1, and ν with j + 1− i to obtain

Kt,i,j−i +K
(1)
t,i−1,j+1−i + 2(t+ j)dm,nKt,i−1,j+1−i ≡Kt,i,j+1−i,(11.21)

for 1 ≤ i ≤ j + 1.

Replacing h with t, µ with j, and ν with 0 in (11.17), we use (11.16) to deduce

(11.22) K
(1)
t,j,0 + 2(t+ j)dm,nKt,j,0 ≡Kt,j+1,0, for j ≥ 0.

By rewriting (11.20) with the aid of (11.21), (11.22), and (11.15), we find that
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Tj+1 ≡
j∑
i=1

Kt,i,j+1−i T
(j+1−i) +Kt,j+1,0 T

(0) +Kt,0,j+1 T
(j+1)

≡
j+1∑
i=0

Kt,i,j+1−i T
(j+1−i).

Thus, (11.19) is valid with j replaced by j + 1. This completes the proof. �

11.4. Formula for S that involves Fp,q,r,s,t of (11.23)

Continuing the context for S in (11.13), we define Fp,q,r,s,t inRm,n with respect
to (11.14)–(11.16) and (11.10) through

Fp,q,r,s,t ≡
s∑

µ=0

s−µ∑
ν=0

Kp,µ,tKq,ν,r−s−tGp,q,r,s−µ−ν,t+µ,(11.23)

for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s.

Theorem 11.3. The differential polynomial S of (11.13) is given by

(11.24) S ≡
r∑
s=0

r−s∑
t=0

Fp,q,r,s,tP
(t)Q(r−s−t).

Proof. We apply Proposition 11.2 to Pt and Qr−s−t to see that (11.13) yields

S ≡
r∑
s=0

r−s∑
t=0

Gp,q,r,s,tPtQr−s−t(11.25)

≡
r∑
s=0

r−s∑
t=0

Gp,q,r,s,t

t∑
µ=0

Kp,µ,t−µP
(t−µ)

r−s−t∑
ν=0

Kq,ν,r−s−t−ν Q
(r−s−t−ν)

≡
r∑
s=0

r−s∑
t=0

t∑
µ=0

r−s−t∑
ν=0

Zp,q,r,s,t,µ,ν ,

where

(11.26) Zp,q,r,s,t,µ,ν ≡ Gp,q,r,s,t Kp,µ,t−µKq,ν,r−s−t−ν P
(t−µ)Q(r−s−t−ν).

We use (11.25) to verify that

S ≡
r∑
s=0

r−s∑
t=0

t∑
µ=0

r−s−t∑
ν=0

Zp,q,r,s,t,µ,ν

≡
r∑
s=0

r−s∑
µ=0

r−s∑
t=µ

r−s−t∑
ν=0

Zp,q,r,s,t,µ,ν

≡
r∑

µ=0

r−µ∑
s=0

r−s∑
t=µ

r−s−t∑
ν=0

Zp,q,r,s,t,µ,ν

≡
r∑

µ=0

r−µ∑
s=0

r−s−µ∑
ν=0

r−s−ν∑
t=µ

Zp,q,r,s,t,µ,ν

≡
r∑

µ=0

r−µ∑
ν=0

r−µ−ν∑
s=0

r−s−ν∑
t=µ

Zp,q,r,s,t,µ,ν
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and

S ≡
r∑

µ=0

r−µ∑
ν=0

r−µ−ν∑
s=0

r−s−µ−ν∑
t=0

Zp,q,r,s,t+µ,µ,ν(11.27)

≡
r∑

µ=0

r−µ∑
ν=0

r−µ−ν∑
t=0

r−µ−ν−t∑
s=0

Zp,q,r,s,t+µ,µ,ν

≡
r∑

µ=0

r−µ∑
ν=0

r−µ−ν∑
t=0

r−t∑
s=µ+ν

Zp,q,r,s−µ−ν,t+µ,µ,ν

≡
r∑

µ=0

r−µ∑
ν=0

r∑
s=µ+ν

r−s∑
t=0

Zp,q,r,s−µ−ν,t+µ,µ,ν

≡
r∑

µ=0

r∑
s=µ

s−µ∑
ν=0

r−s∑
t=0

Zp,q,r,s−µ−ν,t+µ,µ,ν

≡
r∑
s=0

s∑
µ=0

s−µ∑
ν=0

r−s∑
t=0

Zp,q,r,s−µ−ν,t+µ,µ,ν

≡
r∑
s=0

s∑
µ=0

r−s∑
t=0

s−µ∑
ν=0

Zp,q,r,s−µ−ν,t+µ,µ,ν

≡
r∑
s=0

r−s∑
t=0

s∑
µ=0

s−µ∑
ν=0

Zp,q,r,s−µ−ν,t+µ,µ,ν .

We employ (11.26) and (11.23) to rewrite (11.27) as

S ≡
r∑
s=0

r−s∑
t=0

[
s∑

µ=0

s−µ∑
ν=0

Kp,µ,tKq,ν,r−s−tGp,q,r,s−µ−ν,t+µ

]
P (t)Q(r−s−t)

≡
r∑
s=0

r−s∑
t=0

Fp,q,r,s,tP
(t)Q(r−s−t).

Thus, (11.24) is valid. This completes the proof. �

11.5. Reformulation in (11.29) for Fp,q,r,s,t of (11.23)

We define Lh,i,j in Rm,n with respect to Kh,i,j in (11.14)–(11.16) and Hh,i,j

in (11.6)–(11.8) by means of

(11.28) Lh,i,j ≡
i∑

k=0

Kh,k,jHh,i−k,i+j , for any h, i, j.

Proposition 11.4. The differential polynomials Fp,q,r,s,t of (11.23) are ex-
pressed in terms of (11.9) and (11.28) by

Fp,q,r,s,t ≡
s∑

λ=0

Cp,q,r,t+λLp,λ,tLq,s−λ,r−s−t,(11.29)

for 0 ≤ s ≤ r and 0 ≤ t ≤ r − s.
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Proof. After introducing the abbreviations

Up,t,µ,k ≡Kp,µ,tHp,k,t+µ+k(11.30)

and

Vq,r,s,t,µ,ν,k ≡Kq,ν,r−s−tHq,s−µ−ν−k,r−t−µ−k,(11.31)

we apply them with (11.23) and (11.10) to verify that

Fp,q,r,s,t ≡
s∑

µ=0

s−µ∑
ν=0

Kp,µ,tKq,ν,r−s−tGp,q,r,s−µ−ν,t+µ(11.32)

≡
s∑

µ=0

s−µ∑
ν=0

s−µ−ν∑
k=0

Cp,q,r,t+µ+kUp,t,µ,k Vq,r,s,t,µ,ν,k

≡
s∑

µ=0

s−µ∑
k=0

s−µ−k∑
ν=0

Cp,q,r,t+µ+kUp,t,µ,k Vq,r,s,t,µ,ν,k

≡
s∑

λ=0

λ∑
µ=0

s−λ∑
ν=0

Cp,q,r,t+λUp,t,µ,λ−µ Vq,r,s,t,µ,ν,λ−µ

≡
s∑

λ=0

Cp,q,r,t+λ

λ∑
µ=0

Up,t,µ,λ−µ

s−λ∑
ν=0

Vq,r,s,t,µ,ν,λ−µ.

Application of (11.31) with (11.28) and (11.30) with (11.28) yields

s−λ∑
ν=0

Vq,r,s,t,µ,ν,λ−µ ≡
s−λ∑
ν=0

Kq,ν,r−s−tHq,s−λ−ν,r−t−λ ≡ Lq,s−λ,r−s−t(11.33)

and

λ∑
µ=0

Up,t,µ,λ−µ ≡
λ∑
µ=0

Kp,µ,tHp,λ−µ,t+λ ≡ Lp,λ,t.(11.34)

We use (11.32), (11.33), and (11.34) to obtain (11.29) and complete the proof. �

11.6. Initial reformulation for Lh,i,j

Proposition 11.5. The differential polynomials Lh,i,j of (11.28) satisfy

Lh,i+1,j −Lh,i+1,j−1 ≡ L(1)
h,i,j + 2(h+ i+ j)dm,nLh,i,j(11.35)

− (i+ j)(2h+ i+ j − 1) bm,nLh,i−1,j ,

for i ≥ 0, j ≥ 0, and any h.

Proof. For k ≥ 0, j ≥ 0, and any h, we rewrite (11.17) as

(11.36) K
(1)
h,k,j ≡Kh,k+1,j −Kh,k+1,j−1 − 2(h+ k + j)dm,nKh,k,j .

For 0 ≤ i ≤ j, we note that (11.8) of page 108 yields

Hh,i+1,j+1−Hh,i+1,j ≡H(1)
h,i,j + 2idm,nHh,i,j − j(2h+ j − 1)bm,nHh,i−1,j−1.
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Consequently, for 0 ≤ k ≤ i and j ≥ 0, we have i+ j ≥ i ≥ i− k ≥ 0 and

H
(1)
h,i−k,i+j ≡Hh,i+1−k,i+1+j −Hh,i+1−k,i+j − 2(i− k)dm,nHh,i−k,i+j(11.37)

+ (i+ j)(2h+ i+ j − 1) bm,nHh,i−1−k,i−1+j .

We apply (11.28), (11.36), and (11.37) to deduce

L
(1)
h,i,j ≡

i∑
k=0

K
(1)
h,k,jHh,i−k,i+j +

i∑
k=0

Kh,k,jH
(1)
h,i−k,i+j(11.38)

≡ L1 + L2 + L3 + L4 + L5 + L6 + L7,

where

L1 ≡
i∑

k=0

Kh,k+1,jHh,i−k,i+j ,

L2 ≡
i∑

k=0

−Kh,k+1,j−1Hh,i−k,i+j ,

L3 ≡
i∑

k=0

−2(h+ k + j)dm,nKh,k,jHh,i−k,i+j ,

L4 ≡
i∑

k=0

Kh,k,jHh,i+1−k,i+1+j ,

L5 ≡
i∑

k=0

−Kh,k,jHh,i+1−k,i+j ,

L6 ≡
i∑

k=0

−2(i− k)dm,nKh,k,jHh,i−k,i+j ,

and

L7 ≡
i∑

k=0

(i+ j)(2h+ i+ j − 1) bm,nKh,k,jHh,i−1−k,i−1+j .

By using these expressions with (11.7), (11.15), (11.28), and (11.6), we find that

L1 + L5 ≡
i+1∑
k=1

Kh,k,jHh,i+1−k,i+j −
i∑

k=0

Kh,k,jHh,i+1−k,i+j

≡Kh,i+1,j −Hh,i+1,i+j ,
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L2 ≡
i+1∑
k=1

−Kh,k,j−1Hh,i+1−k,i+j

≡

[
i+1∑
k=0

−Kh,k,j−1Hh,i+1−k,(i+1)+(j−1)

]
+Hh,i+1,i+j

≡ −Lh,i+1,j−1 +Hh,i+1,i+j ,

L4 ≡

[
i+1∑
k=0

Kh,k,jHh,i+1−k,i+1+j

]
−Kh,i+1,j

≡ Lh,i+1,j −Kh,i+1,j ,

L3 + L6 ≡
i∑

k=0

−2(h+ i+ j)dm,nKh,k,jHh,i−k,i+j

≡ −2(h+ i+ j)dm,nLh,i,j ,

and, with Hh,−1,i−1+j ≡ 0,

L7 ≡
i−1∑
k=0

(i+ j)(2h+ i+ j − 1) bm,nKh,k,jHh,i−1−k,i−1+j

≡ (i+ j)(2h+ i+ j − 1) bm,nLh,i−1,j .

Hence, for (11.38), we have

L
(1)
h,i,j ≡ Lh,i+1,j −Lh,i+1,j−1 − 2(h+ i+ j)dm,nLh,i,j

+ (i+ j)(2h+ i+ j − 1) bm,nLh,i−1,j .

We rewrite this to obtain (11.35) and complete the proof. �

Lemma 11.6. The differential polynomials Lh,i,j of (11.28) satisfy

(11.39) Lh,i+1,j ≡ 0, for i ≥ 0, j ≤ −1, and any h.

Proof. Let i denote a nonnegative integer. We apply (11.28) to obtain

(11.40) Lh,i+1,j ≡
i+1∑
k=0

Kh,k,jHh,i+1−k,i+1+j , for any h and j.

If k ≥ 1 and j ≤ −1, then (11.16) yields Kh,k,j ≡ 0. If k = 0 and j ≤ −1, then we
use (i+1+j)−1 = i+j < i with (11.8) to verify that Hh,i+1,i+1+j ≡ 0. Combining
these results with (11.40), we obtain Lh,i+1,j ≡ 0, when j ≤ −1. This completes
the proof. �
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Proposition 11.7. The differential polynomials Lh,i,j of (11.28) satisfy

Lh,i,j ≡ 0, for i ≤ −1 and any h, j,(11.41)

Lh,0,j ≡ 1, for any h, j,(11.42)

and

Lh,i+1,j ≡
j∑

k=0

[
L

(1)
h,i,k + 2(h+ i+ k)dm,nLh,i,k

− (i+ k)(2h+ i+ k − 1)bm,nLh,i−1,k

]
,(11.43)

for i ≥ 0 and any h, j.

Proof. In view of (11.28), we see that (11.41) is valid. We employ (11.28),
(11.15), and (11.7) to deduce (11.42). For i ≥ 0 and j ≤ −1, Lemma 11.6 shows
that (11.43) reduces to 0 ≡ 0. Suppose that i ≥ 0 and j ≥ 0. Then, (11.39) yields

(11.44) Lh,i+1,j ≡ Lh,i+1,j −Lh,i+1,−1 ≡
j∑

k=0

(
Lh,i+1,k −Lh,i+1,k−1

)
.

By setting j = k in (11.35), we use the resulting expression to rewrite (11.44). This
shows that (11.43) is valid as stated and completes the proof. �

11.7. Final reformulation for Lh,i,j

With reference to dm,n of (11.5) on page 108, we define em,n in Rm,n by

(11.45) em,n ≡ d(1)m,n + (dm,n)2

in order to have bm,n = am,n + em,n as a simplified writing for the identity (11.4).
We define Mh,i,j,ν in Rm,n with respect to am,n and em,n by

Mh,i,j,ν ≡ 0, for any h, i, j, ν satisfying i < 0 or ν < 0 or ν > i,(11.46)

Mh,0,j,0 ≡ 1, for any h, j,(11.47)

and

Mh,i+1,j,ν ≡
j∑

k=0

M
(1)
h,i,k,ν + (ν + 1)em,nMh,i,k,ν+1

+ (2h+ 2i+ 2k + 1− ν)Mh,i,k,ν−1

− (i+ k)(2h+ i+ k − 1)(am,n + em,n)Mh,i−1,k,ν

 ,(11.48)

for any h, i, j, ν satisfying i ≥ 0 and 0 ≤ ν ≤ i+ 1.

Proposition 11.8. The Lh,i,j defined in Rm,n through (11.28) are given by

(11.49) Lh,i,j ≡
i∑

ν=0

Mh,i,j,ν (dm,n)ν , for any h, i, j.

Proof. In view of (11.41), (11.42), and (11.47), we see that (11.49) is valid
for i ≤ 0 and any h, j. Let i0 denote a fixed nonnegative integer such that (11.49)
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is true for i ≤ i0 and any h, j. Then, for any integer k, (11.49), (11.45), and (11.46)
yield

L
(1)
h,i0,k

≡
i0∑
ν=0

M
(1)
h,i0,k,ν

(dm,n)ν +

i0∑
ν=0

Mh,i0,k,ν ν (dm,n)ν−1 d(1)m,n(11.50)

≡
i0∑
ν=0

M
(1)
h,i0,k,ν

(dm,n)ν +

i0∑
ν=0

νMh,i0,k,ν

[
em,n− (dm,n)2

]
(dm,n)ν−1

≡
i0+1∑
ν=0

M (1)
h,i0,k,ν

+ (ν + 1)em,nMh,i0,k,ν+1

− (ν − 1)Mh,i0,k,ν−1

 (dm,n)ν .

We note that (11.49) and (11.46) give

2(h+ i0 + k)dm,nLh,i0,k ≡
i0∑
ν=0

2(h+ i0 + k)Mh,i0,k,ν (dm,n)ν+1(11.51)

≡
i0+1∑
ν=0

2(h+ i0 + k)Mh,i0,k,ν−1 (dm,n)ν .

Using (11.49), (11.46), and bm,n ≡ am,n + em,n from (11.4) via (11.45), we obtain

− (i0 + k)(2h+ i0 + k − 1)bm,nLh,i0−1,k(11.52)

≡
i0+1∑
ν=0

−(i0 + k)(2h+ i0 + k − 1)(am,n + em,n)Mh,i0−1,k,ν (dm,n)ν .

Consequently, (11.50), (11.51), and (11.52) yield

L
(1)
h,i0,k

+ 2(h+ i0 + k)dm,nLh,i0,k

− (i0 + k)(2h+ i0 + k − 1)bm,nLh,i0−1,k

≡
i0+1∑
ν=0


M

(1)
h,i0,k,ν

+ (ν + 1)em,nMh,i0,k,ν+1

+ (2h+ 2i0 + 2k + 1− ν)Mh,i0,k,ν−1

− (i0 + k)(2h+ i0 + k − 1)(am,n + em,n)Mh,i0−1,k,ν

(dm,n)ν .
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We employ (11.43) as well as the preceding formula and (11.48) to deduce

Lh,i0+1,j ≡
j∑

k=0

L(1)
h,i0,k

+ 2(h+ i0 + k)dm,nLh,i0,k

− (i0 + k)(2h+ i0 + k − 1)bm,nLh,i0−1,k



≡
i0+1∑
ν=0

j∑
k=0


M

(1)
h,i0,k,ν

+ (ν + 1)em,nMh,i0,k,ν+1

+ (2h+ 2i0 + 2k + 1− ν)Mh,i0,k,ν−1

− (i0 + k)(2h+ i0 + k − 1)(am,n + em,n)Mh,i0−1,k,ν

(dm,n)ν

≡
i0+1∑
ν=0

Mh,i0+1,j,ν (dm,n)ν .

Thus, by induction on i, (11.49) is valid for any h, i, j. This completes the proof. �

We recall that the notation Pν introduced for (9.53) on page 89 yields: Pν = ν!,
when ν ≥ 1; and, Pν = 1, when ν ≤ 0.

Proposition 11.9. The coefficients Mh,i,j,ν for (11.49) and the Bh,i,j defined
in Rm,n by (4.46)–(4.48) of page 36 are related by

Mh,i,j,ν ≡ Pν

(
i+ j

ν

)(
2h+ i+ j − 1

ν

)
Bh,i−ν,i+j−ν ,(11.53)

for any h, i, j, ν satisfying j ≥ 0.

Proof. If i < 0 or ν < 0 or ν > i, then (11.46), the binomial coefficients
in (11.53), and (4.46) of page 36 yield 0 ≡ 0 for (11.53). If i = 0 and ν = 0, then
(11.47) and (4.47) give 1 ≡ 1 for (11.53). It remains for us to establish (11.53)
when h, i, j, ν satisfy i ≥ 1, j ≥ 0, and 0 ≤ ν ≤ i.

Let i0 be a nonnegative integer such that (11.53) is valid for any h, i, j, ν
subject to i ≤ i0 and j ≥ 0. Henceforth, let h, j, ν denote fixed integers that
satisfy j ≥ 0 and 0 ≤ ν ≤ i0 + 1. Using (11.48) and (11.53) with i = i0, we obtain

(11.54) Mh,i0+1,j,ν ≡M1 + M2 + M3 + M4,

where

M1 ≡
j∑

k=0

M
(1)
h,i0,k,ν

≡
j∑

k=0

Pν

(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

)
B

(1)
h,i0−ν,i0+k−ν ,
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M2 ≡
j∑

k=0

(ν + 1)em,nMh,i0,k,ν+1

≡
j∑

k=0

(ν + 1)em,nPν+1

(
i0 + k

ν + 1

)(
2h+ i0 + k − 1

ν + 1

)
Bh,i0−ν−1,i0+k−ν−1

≡
j∑

k=0

Pν

(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

) (i0 + k − ν) em,n

×(2h+ i0 + k − ν − 1)

×Bh,i0−ν−1,i0+k−ν−1

 ,
M3 ≡

j∑
k=0

(2h+ 2i0 + 2k + 1− ν)Mh,i0,k,ν−1

≡
j∑

k=0

Pν−1

 (2h+ 2i0 + 2k + 1− ν)

(
i0 + k

ν − 1

)(
2h+ i0 + k − 1

ν − 1

)
×Bh,i0+1−ν,i0+k+1−ν

 ,
and

M4 ≡
j∑

k=0

−(i0 + k)(2h+ i0 + k − 1)(am,n + em,n)Mh,i0−1,k,ν

≡
j∑

k=0

−Pν

(
i0 − 1 + k

ν

)(
2h+ i0 + k − 2

ν

) (i0 + k)(am,n + em,n)

×(2h+ i0 + k − 1)

×Bh,i0−1−ν,i0+k−ν−1



≡
j∑

k=0

−Pν

(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

) (i0 + k − ν)(a,n + em,n)

×(2h+ i0 + k − ν − 1)

×Bh,i0−ν−1,i0+k−ν−1

 .
We note that

M2 + M4 ≡
j∑

k=0

Pν

(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

) − (i0 + k − ν)am,n

×(2h+ i0 + k − ν − 1)

×Bh,i0−ν−1,i0+k−ν−1

 .
We employ (9.29) of page 84 to verify that: for k ≥ 0,

B
(1)
h,i0−ν,i0+k−ν − (i0 + k − ν)(2h+ i0 + k − ν − 1)am,nBh,i0−ν−1,i0+k−ν−1

≡ Bh,i0+1−ν,i0+k+1−ν −Bh,i0+1−ν,i0+k−ν .

Hence, we have

M1 + (M2 + M4) ≡
j∑

k=0

Pν

(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

)[
Bh,i0+1−ν,i0+k+1−ν

−Bh,i0+1−ν,i0+k−ν

]
.
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In view of (11.54), this gives

Mh,i0+1,j,ν ≡
(
M1 + (M2 + M4)

)
+ M3(11.55)

≡
j∑

k=0

Pν

(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

)[
Bh,i0+1−ν,i0+k+1−ν

−Bh,i0+1−ν,i0+k−ν

]

+

j∑
k=0

Pν−1

 (2h+ 2i0 + 2k + 1− ν)

(
i0 + k

ν − 1

)
×
(

2h+ i0 + k − 1

ν − 1

)
Bh,i0+1−ν,i0+k+1−ν

 .
If ν = 0, then we use Bh,i0+1,i0 ≡ 0 from (4.48) to see that (11.55) yields

(11.56) Mh,i0+1,j,0 ≡
j∑

k=0

(Bh,i0+1,i0+k+1 −Bh,i0+1,i0+k) ≡ Bh,i0+1,i0+1+j .

Suppose that 1 ≤ ν ≤ i0 + 1. Then, we obtain

(2h+ 2i0 + 2k + 1− ν)

ν

(
i0 + k

ν − 1

)(
2h+ i0 + k − 1

ν − 1

)

+

(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

)
≡
(
i0 + k + 1

ν

)(
2h+ i0 + k

ν

)
,

by setting κ = i0 + k as well as ω = 2h in the identity of Lemma 9.11 on page 88
and we use it with Pν−1 = Pν/ν to rewrite (11.55) as

Mh,i0+1,j,ν ≡ Pν

j∑
k=0


(
i0 + k + 1

ν

)(
2h+ i0 + k

ν

)
Bh,i0+1−ν,i0+k+1−ν

−
(
i0 + k

ν

)(
2h+ i0 + k − 1

ν

)
Bh,i0+1−ν,i0+k−ν

(11.57)

≡ Pν


(
i0 + j + 1

ν

)(
2h+ i0 + j

ν

)
Bh,i0+1−ν,i0+1+j−ν

−
(
i0
ν

)(
2h+ i0 − 1

ν

)
Bh,i0+1−ν,i0−ν

 .

For the situation 1 ≤ ν ≤ i0, (4.48) of page 36 yields Bh,i0+1−ν,i0−ν ≡ 0. While, if

ν = i0 + 1, then

(
i0
ν

)
= 0. Thus, (11.57) gives

Mh,i0+1,j,ν ≡ Pν

(
i0 + 1 + j

ν

)(
2h+ i0 + 1 + j − 1

ν

)
Bh,i0+1−ν,i0+1+j−ν ,(11.58)

when 1 ≤ ν ≤ i0 + 1.

In view of (11.56) and (11.58), (11.53) is valid for i = i0 + 1 and any integers h, j,
ν satisfying 0 ≤ ν ≤ i0 + 1 and j ≥ 0. This induction on i completes the proof. �
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11.8. Simplification for Fp,q,r,s,t that yields S ≡ R

Theorem 11.10. The Fp,q,r,s,t of (11.23) on page 111 and the Ap,q,r,s,t of
(4.50) on page 36 satisfy

(11.59) Fp,q,r,s,t ≡ Ap,q,r,s,t, for 0 ≤ s ≤ r, and 0 ≤ t ≤ r − s.

Proof. Using (11.29) of page 112 and (11.49) of page 116, we obtain

Fp,q,r,s,t ≡
s∑

ν=0

Cp,q,r,t+ν Lp,ν,tLq,s−ν,r−s−t(11.60)

≡
s∑

ν=0

Cp,q,r,t+ν

ν∑
µ=0

Mp,ν,t,µ (dm,n)µ
s−ν∑
λ=0

Mq,s−ν,r−s−t,λ (dm,n)λ

≡
s∑

ν=0

ν∑
µ=0

s−ν∑
λ=0

Cp,q,r,t+νMp,ν,t,µMq,s−ν,r−s−t,λ (dm,n)λ+µ

≡
s∑

µ=0

s∑
ν=µ

s−ν∑
λ=0

Cp,q,r,t+νMp,ν,t,µMq,s−ν,r−s−t,λ (dm,n)λ+µ

≡
s∑

µ=0

s−µ∑
λ=0

s−λ∑
ν=µ

Cp,q,r,t+νMp,ν,t,µMq,s−ν,r−s−t,λ (dm,n)λ+µ

≡
s∑

k=0

k∑
µ=0

s+µ−k∑
ν=µ

Cp,q,r,t+νMp,ν,t,µMq,s−ν,r−s−t,k−µ (dm,n)k

≡
s∑

k=0

k∑
µ=0

s−k∑
ν=0

Cp,q,r,t+µ+νMp,µ+ν,t,µMq,s−µ−ν,r−s−t,k−µ(dm,n)k

≡
s∑

k=0

Np,q,r,s,t,k (dm,n)k,

where

(11.61) Np,q,r,s,t,k ≡
s−k∑
ν=0

k∑
µ=0

Cp,q,r,t+µ+νMp,µ+ν,t,µMq,s−µ−ν,r−s−t,k−µ.

Since (11.53) of page 118 yields

Mp,µ+ν,t,µ ≡ µ!

(
t+ µ+ ν

µ

)(
2p+ t+ µ+ ν − 1

µ

)
Bp,ν,t+ν

and

Mq,s−µ−ν,r−s−t,k−µ ≡

 (k − µ)!

(
r − t− µ− ν

k − µ

)
×
(

2q + r − t− µ− ν − 1

k − µ

)
Bq,s−k−ν,r−t−k−ν ,
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we introduce the rational numbers Θp,q,r,t,k,ν defined by

Θp,q,r,t,k,ν ≡
k∑
µ=0

µ! (k − µ)!



Cp,q,r,t+µ+ν

(
t+ µ+ ν

µ

)
×
(

2p+ t+ µ+ ν − 1

µ

)(
r − t− µ− ν

k − µ

)
×
(

2q + r − t− µ− ν − 1

k − µ

)


(11.62)

in order to rewrite (11.61) as

(11.63) Np,q,r,s,t,k ≡
s−k∑
ν=0

Θp,q,r,t,k,ν Bp,ν,t+ν Bq,s−k−ν,r−t−k−ν .

For p, q, r ≥ 2 and t, µ, ν ≥ 0, we have

Cp,q,r,t+µ+ν ≡ (−1)t+µ+ν

(
r

t+ µ+ ν

)(
2q + r − 1

t+ µ+ ν

)
(

2p+ t+ µ+ ν − 1

t+ µ+ ν

)
from (4.49) of page 36 and we check, as we did for (9.62) of page 93, that(

r

t+ µ+ ν

)(
r − t− µ− ν

k − µ

)
≡
(

r

t+ k + ν

)(
t+ k + ν

k − µ

)
,

(
2q + r − 1

t+ µ+ ν

)(
2q + r − t− µ− ν − 1

k − µ

)
≡
(

2q + r − 1

t+ k + ν

)(
t+ k + ν

k − µ

)
,

and (
2p+ t+ µ+ ν − 1

µ

)
(

2p+ t+ µ+ ν − 1

t+ µ+ ν

) ≡
(
t+ µ+ ν

µ

)
(

2p+ t+ ν − 1

t+ ν

)
are valid identities. Since the expression κp,q,r,t,k,ν defined by

κp,q,r,t,k,ν ≡ (−1)t+ν k!

(
r

t+ k + ν

)(
2q + r − 1

t+ k + ν

)
(

2p+ t+ ν − 1

t+ ν

)
is independent of µ, we verify that (11.62) yields

(11.64) Θp,q,r,t,k,ν ≡ κp,q,r,t,k,ν
k∑
µ=0

(−1)µ(
k

µ

) [(
t+ k + ν

k − µ

)(
t+ µ+ ν

µ

)]2
.

In view of the identity(
t+ k + ν

k − µ

)(
t+ µ+ ν

µ

)
≡
(
t+ k + ν

k

)(
k

µ

)
,
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we rewrite (11.64) as

(11.65) Θp,q,r,t,k,ν ≡

[(
t+ k + ν

k

)]2
κp,q,r,t,k,ν

k∑
µ=0

(−1)µ
(
k

µ

)
.

We have
k∑
µ=0

(−1)µ
(
k

µ

)
≡
(
1 + (−1)

)k ≡ 0, for 1 ≤ k ≤ s.

Thus, (11.65) yields

Θp,q,r,t,k,ν ≡ 0, for 1 ≤ k ≤ s.(11.66)

We use (11.63) and (11.66) to deduce

Np,q,r,s,t,k ≡ 0, for 1 ≤ k ≤ s.(11.67)

Moreover, for k = 0, (11.62) gives

Θp,q,r,t,0,ν ≡ Cp,q,r,t+ν .(11.68)

As a consequence of (11.60), (11.67), (11.63), (11.68), and (4.50), we obtain

Fp,q,r,s,t ≡
s∑

k=0

Np,q,r,s,t,k (dm,n)k

≡Np,q,r,s,t,0

≡
s∑

ν=0

Θp,q,r,t,0,ν Bp,ν,t+ν Bq,s−ν,r−t−ν

≡
s∑

ν=0

Cp,q,r,t+ν Bp,ν,t+ν Bq,s−ν,r−t−ν

≡ Ap,q,r,s,t.

This yields (11.59) and completes the proof. �

Theorem 11.11. The differential polynomials R of (11.1) and S of (11.13)
are related by R ≡ S. Moreover, either R ≡ 0 or R is a relative invariant in Rm,n
for Cm,n of weight p+ q + r.

Proof. We employ (11.24), (11.59), and (11.1) to verify that

S ≡
r∑
s=0

r−s∑
t=0

Fp,q,r,s,tP
(t)Q(r−s−t) ≡

r∑
s=0

r−s∑
t=0

Ap,q,r,s,tP
(t)Q(r−s−t) ≡ R.

In view of S ≡ R, the observations of Section 11.1, and Proposition 11.1, we see
that: if R 6≡ 0, then R is a semi-invariant of the first kind, S 6≡ 0, S is a semi-
invariant of the second kind of weight p+q+r, andR is therefore a relative invariant
in Rm,n for Cm,n of weight p+ q + r. This completes the proof. �
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Observation 11.12. For the situation m, r ≥ 2, merely assume that P and Q
are isobaric polynomials in Rm,n of respective positive weights p and q. Then,
for R defined in Rm,n by (11.1) as well as (4.45)–(4.50) and for S defined in Rm,n
by (11.13) as well as (11.2)–(11.12), our arguments show that R ≡ S. Moreover,
if they are nonzero, then R and S are isobaric polynomials of weight p+ q + r.

In particular, suppose that P and Q are isobaric semi-invariants of the first
kind in Rm,n for Cm,n of respective weights p and q such that S 6≡ 0. Then, S is
an isobaric semi-invariant of the first kind in Rm,n for Cm,n of weight p+ q + r.

As another condition, suppose that P and Q are semi-invariants of the second
kind in Rm,n for Cm,n having respective weights p and q such that R 6≡ 0. Then,
R is a semi-invariant of the second kind in Rm,n for Cm,n of weight p+ q + r.

Observation 11.13. For r = 1 and the context of Chapter 8, we note that
(4.51) of page 36 expresses Cp,q,1

(
P , Q

)
as the difference of two semi-invariants of

the first kind. Using (4.51) as well as (5.15) and Proposition 5.5 of page 44, we see
that the identity

Cp,q,1

(
P , Q

)
≡ P Q(1) − q

p
P (1)Q(11.69)

≡ P
(
Q(1) + 2qdm,nQ

)
− q

p

(
P (1) + 2pdm,nP

)
Q

expresses Cp,q,1

(
P , Q

)
as the difference of two semi-invariants of the second kind.

In particular, (11.69) for r = 1 is analogous to S for m, r ≥ 2.



Part 4

Relative Invariants
of a Given Weight





CHAPTER 12

Representations Involving Cp,q,r

(
P , Q

)
In Chapter 7, we employed Cp,q,r

(
P , Q

)
to provide useful representations for

the historically significant relative invariants D2, E6, and E7 in R2,2 for C2,2.
In Part 4, we give additional evidence for the belief that representations analogous
to (7.20), (7.18), and (7.19) for D2, E6, and E7 exist for the relative invariants in
the Rm,n for each Cm,n having m ≥ 2 and (m, n) 6= (2, 1).

We recall from page 38 that the subset Vm,n; s of Rm,n, consisting of 0 and all of
the relative invariants inRm,n for Cm,n having weight s, forms a vector space over Q
whose dimension dm,n(s) is finite. For n = 1 and m ≥ 3 or n = 2 and m ≥ 2 with
m, s of modest size, the programs presented in Sections 13.1 and 14.1 compute the
dimension dm,n(s) of Vm,n; s and, when dm,n(s) is positive, they produce machine
representations for a basis of Vm,n; s. The remainders of Chapters 13 and 14 show
how machine-generated bases can be replaced with ones conveniently represented
by Cp,q,r

(
P , Q

)
in terms of basic relative invariants. Summaries of selected results

are given: for (m, n) = (3, 1) in Section 4.8; for (m, n) = (4, 1) in Section 12.1;
for (m, n) = (5, 1) in Section 12.2; and for (m, n) = (2, 2) in Section 12.3.

12.1. The relative invariants in R4,1 for C4,1 of weight s ≤ 12

The basic relative invariants in R4,1 for C4,1 are obtained by applying the
technique of Section 6.1 to Theorem 4.6 with m = 4 and n = 1. They are

I4,1; 3 ≡ w3 − 1
2w1w2 + 1

8 (w1)3 −w(1)
2 + 3

4w1w
(1)
1 + 1

2w
(2)
1(12.1)

and

I4,1; 4 ≡ w4 − 1
4w1w3 − 1

2w
(1)
3 − 9

100 (w2)2 + 1
5w

(2)
2 + 13

100 (w1)2w2(12.2)

+ 27
100w

(1)
1 w2 + 1

4w1w
(1)
2 − 39

1600 (w1)4 − 39
200 (w1)2w

(1)
1

− 33
200

(
w

(1)
1

)2 − 3
20w1w

(2)
1 − 1

20w
(3)
1 .

Here, as a convenience, we write I3 for I4,1; 3 and I4 for I4,1; 4. Moreover, (4.18)

or (4.45) yield a4,1 ≡ 1
10

[
w2 − 3

2w
(1)
1 − 3

8 (w1)2
]
. The technique of Section 13.5

yields d4,1(2) = d4,1(5) = 0 and shows that the relative invariants in R4,1 for C4,1
having weight s ≤ 12 are uniquely given by

(12.3)

d4,1(s)∑
i=1

Ks,iMs,i, with Ks,1, Ks,2, . . . , Ks,d4,1(s) in Q not all zero, where:

the weight s = 3 has d4,1(3) = 1 and M3,1 ≡ I3;

the weight s = 4 has d4,1(4) = 1 and M4,1 ≡ I4;

the weight s = 6 has d4,1(6) = 1 and M6,1 ≡ (I3)2;

127



128 12. REPRESENTATIONS INVOLVING Cp,q,r

(
P , Q

)
the weight s = 7 has d4,1(7) = 1 and M7,1 ≡ I3 I4;

the weight s = 8 has d4,1(8) = 3 and

M8,1 ≡ (I4)2, M8,2 ≡ C3,3,2

(
I3, I3

)
,

M8,3 ≡ C3,4,1

(
I3, I4

)
;

the weight s = 9 has d4,1(9) = 2 and

M9,1 ≡ (I3)3, M9,2 ≡ C3,4,2

(
I3, I4

)
;

the weight s = 10 has d4,1(10) = 4 and

M10,1 ≡ (I3)2 I4, M10,2 ≡ C3,3,4

(
I3, I3

)
,

M10,3 ≡ C3,4,3

(
I3, I4

)
, M10,4 ≡ C4,4,2

(
I4, I4

)
;

the weight s = 11 has d4,1(11) = 4 and

M11,1 ≡ I3(I4)2, M11,2 ≡ C3,4,4

(
I3, I4

)
,

M11,3 ≡ C3,6,2

(
I3, (I3)2

)
, M11,4 ≡ C3,7,1

(
I3, (I3 I4)

)
;

the weight s = 12 has d4,1(12) = 9 and

M12,1 ≡ (I3)4, M12,2 ≡ (I4)3,

M12,3 ≡ C3,3,6

(
I3, I3

)
, M12,4 ≡ C3,4,5

(
I3, I4

)
,

M12,5 ≡ C4,4,4

(
I4, I4

)
, M12,6 ≡ C3,6,3

(
I3, (I3)2

)
,

M12,7 ≡ C3,7,2

(
I3, (I3I4)

)
, M12,8 ≡ C4,6,2

(
I4, (I3)2

)
,

M12,9 ≡ C3,8,1

(
I3, (I4)2

)
.

12.2. The relative invariants in R5,1 for C5,1 of weight s ≤ 12

We apply the technique of Section 6.1 or Section 6.2 to see that the basic
relative invariants in R5,1 for C5,1 are given by

I5,1; 3 ≡ w3 − 3
5w1w2 + 4

25 (w1)3 − 3
2w

(1)
2 + 6

5w1w
(1)
1 +w

(2)
1 ,(12.4)

I5,1; 4 ≡ w4 − 2
5w1w3 − 4

25 (w2)2 + 31
125 (w1)2w2 − 31

625 (w1)4 −w(1)
3(12.5)

+ 3
5w

(2)
2 + 16

25w
(1)
1 w2 + 3

5w1w
(1)
2 − 62

125 (w1)2w
(1)
1 − 12

25w1w
(2)
1

− 13
25 (w

(1)
1 )2 − 1

5w
(3)
1 ,

and

I5,1; 5 ≡ w5 − 1
5w1w4 − 4

35w2w3 + 3
35 (w1)2w3 + 12

175w1(w2)2(12.6)

− 47
875 (w1)3w2 + 188

21875 (w1)5 − 1
2w

(1)
4 + 3

14w
(2)
3 + 1

5w1w
(1)
3

+ 8
35w

(1)
1 w3 − 1

14w
(3)
2 − 9

70w1w
(2)
2 + 6

35w2w
(1)
2 − 9

70 (w1)2w
(1)
2

− 3
10w

(1)
1 w

(1)
2 − 1

7w
(2)
1 w2 − 48

175w1w
(1)
1 w2 + 1

70w
(4)
1 + 2

35w1w
(3)
1

+ 1
5w

(1)
1 w

(2)
1 + 19

175 (w1)2w
(2)
1 + 6

25w1

(
w

(1)
1

)2
+ 94

875 (w1)3w
(1)
1 .

Here, we write I3 for I5,1; 3, I4 for I5,1; 4, and I5 for I5,1; 5. Using the technique

of Section 13.6 with a5,1 ≡ 1
20

[
w2 − 2w

(1)
1 − 2

5 (w1)2
]

from (4.18) or (4.45), we see
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that the relative invariants of weight s ≤ 12 in R5,1 for C5,1 are uniquely given by

(12.7)

d5,1(s)∑
i=1

Ks,iNs,i, with Ks,1, Ks,2, . . . , Ks,d5,1(s) in Q not all zero, where:

the weight s = 3 has d5,1(3) = 1 and N3,1 ≡ I3;

the weight s = 4 has d5,1(4) = 1 and N4,1 ≡ I4;

the weight s = 5 has d5,1(5) = 1 and N5,1 ≡ I5;

the weight s = 6 has d5,1(6) = 1 and N6,1 ≡ (I3)2;

the weight s = 7 has d5,1(7) = 1 and N7,1 ≡ I3 I4;

the weight s = 8 has d5,1(8) = 4 and

N8,1 ≡ I3 I5, N8,2 ≡ (I4)2,

N8,3 ≡ C3,3,2

(
I3, I3

)
, N8,4 ≡ C3,4,1

(
I3, I4

)
;

the weight s = 9 has d5,1(9) = 4 and

N9,1 ≡ (I3)3, N9,2 ≡ I4 I5,

N9,3 ≡ C3,4,2

(
I3, I4

)
, N9,4 ≡ C3,5,1

(
I3, I5

)
;

the weight s = 10 has d5,1(10) = 7 and

N10,1 ≡ (I3)2 I4, N10,2 ≡ (I5)2,

N10,3 ≡ C3,3,4

(
I3, I3

)
, N10,4 ≡ C3,4,3

(
I3, I4

)
,

N10,5 ≡ C3,5,2

(
I3, I5

)
, N10,6 ≡ C4,4,2

(
I4, I4

)
,

N10,7 ≡ C4,5,1

(
I4, I5

)
;

the weight s = 11 has d5,1(11) = 7 and

N11,1 ≡ (I3)2 I5, N11,2 ≡ I3 (I4)2,

N11,3 ≡ C3,4,4

(
I3, I4

)
, N11,4 ≡ C3,5,3

(
I3, I5

)
,

N11,5 ≡ C3,6,2

(
I3, (I3)2

)
N11,6 ≡ C4,5,2

(
I4, I5

)
,

N11,7 ≡ C3,7,1

(
I3, (I3 I4)

)
;

the weight s = 12 has d5,1(12) = 14 and

N12,1 ≡ (I3)4, N12,2 ≡ (I4)3,

N12,3 ≡ I3 I4 I5, N12,4 ≡ C3,3,6

(
I3, I3

)
,

N12,5 ≡ C3,4,5

(
I3, I4

)
, N12,6 ≡ C3,5,4

(
I3, I5

)
,

N12,7 ≡ C4,4,4

(
I4, I4

)
, N12,8 ≡ C3,6,3

(
I3, (I3)2

)
,

N12,9 ≡ C4,5,3

(
I4, I5

)
, N12,10 ≡ C3,7,2

(
I3, (I3 I4)

)
,

N12,11 ≡ C4,6,2

(
I4, (I3)2

)
, N12,12 ≡ C5,5,2

(
I5, I5

)
,

N12,13 ≡ C3,8,1

(
I3, (I3 I5)

)
, N12,14 ≡ C3,8,1

(
I3, (I4)2

)
.
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12.3. The relative invariants in R2,2 for C2,2 of weight s ≤ 12

The equations of C2,2 have the form given by (7.1) on page 65. The three basic
relative invariants for C2,2 are I2,2; 1,1 of weight 2 in (7.14) of page 67 as well as
I2,2; 1,2 of weight 3 in (7.15) and I2,2; 2,2 of weight 4 in (7.16). Here, we write I2

for I2,2; 1,1, I3 for I2,2; 1,2, and I4 for I2,2; 2,2. Moreover, (4.18) or (4.45) yield

a2,2 ≡ w0,2 − 1
2w

(1)
0,1 − 1

4 (w0,1)2. Using the technique of Section 14.3, we discover

that the relative invariants of weight s ≤ 12 for C2,2 are uniquely specified through

(12.8)

d2,2(s)∑
i=1

Ks,i Fs,i, with Ks,1, Ks,2, . . . , Ks,d2,2(s) in Q not all zero, where:

the weight s = 2 has d2,2(2) = 1 and F2,1 ≡ I2;

the weight s = 3 has d2,2(3) = 1 and F3,1 ≡ I3;

the weight s = 4 has d2,2(4) = 2 and

F4,1 ≡ (I2)2, F4,2 ≡ I4;

the weight s = 5 has d2,2(5) = 1 and

F5,1 ≡ I2 I3;

the weight s = 6 has d2,2(6) = 5 and

F6,1 ≡ (I2)3, F6,2 ≡ (I3)2,

F6,3 ≡ I2 I4, F6,4 ≡ C2,3,1

(
I2, I3

)
,

F6,5 ≡ C2,2,2

(
I2, I2

)
;

the weight s = 7 has d2,2(7) = 4 and

F7,1 ≡ (I2)2 I3, F7,2 ≡ I3 I4,

F7,3 ≡ C2,4,1

(
I2, I4

)
, F7,4 ≡ C2,3,2

(
I2, I3

)
;

the weight s = 8 has d2,2(8) = 11 and

F8,1 ≡ (I2)4, F8,2 ≡ I2 (I3)2,

F8,3 ≡ (I2)2 I4, F8,4 ≡ (I4)2,

F8,5 ≡ I2C2,3,1

(
I2, I3

)
, F8,6 ≡ I2C2,2,2

(
I2, I2

)
,

F8,7 ≡ C3,4,1

(
I3, I4

)
, F8,8 ≡ C3,3,2

(
I3, I3

)
,

F8,9 ≡ C2,4,2

(
I2, I4

)
, F8,10 ≡ C2,3,3

(
I2, I3

)
,

F8,11 ≡ C2,2,4

(
I2, I2

)
;
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the weight s = 9 has d2,2(9) = 11 and

F9,1 ≡ (I2)3 I3, F9,2 ≡ (I3)3,

F9,3 ≡ I2 I3 I4, F9,4 ≡ I3C2,3,1

(
I2, I3

)
,

F9,5 ≡ I3C2,2,2

(
I2, I2

)
, F9,6 ≡ I2C2,4,1

(
I2, I4

)
,

F9,7 ≡ I2C2,3,2

(
I2, I3

)
, F9,8 ≡ C3,4,2

(
I3, I4

)
,

F9,9 ≡ C2,4,3

(
I2), (I2)2

)
, F9,10 ≡ C2,4,3

(
I2, I4

)
,

F9,11 ≡ C2,3,4

(
I2, I3

)
;

the weight s = 10 has d2,2(10) = 22 and

F10,1 ≡ (I2)5, F10,2 ≡ (I2)2 (I3)2,

F10,3 ≡ (I2)3 I4, F10,4 ≡ I2 (I4)2,

F10,5 ≡ (I3)2 I4, F10,6 ≡ (I2)2C2,3,1

(
I2, I3

)
,

F10,7 ≡ (I2)2C2,2,2

(
I2, I2

)
, F10,8 ≡ I2C3,4,1

(
I3, I4

)
,

F10,9 ≡ I2C3,3,2

(
I3, I3

)
, F10,10 ≡ I2C2,4,2

(
I2, I4

)
,

F10,11 ≡ I2C2,3,3

(
I2, I3

)
, F10,12 ≡ I2C2,2,4

(
I2, I2

)
,

F10,13 ≡ I3C2,4,1

(
I2, I4

)
, F10,14 ≡ I3C2,3,2

(
I2, I3

)
,

F10,15 ≡ I4C2,2,2

(
I2, I2

)
, F10,16 ≡ C2,5,3

(
I2, (I2 I3)

)
,

F10,17 ≡ C4,4,2

(
I4, I4

)
, F10,18 ≡ C3,4,3

(
I3, I4

)
,

F10,19 ≡ C2,4,4

(
I2, I4

)
, F10,20 ≡ C3,3,4

(
I3, I3

)
,

F10,21 ≡ C2,3,5

(
I2, I3

)
, F10,22 ≡ C2,2,6

(
I2, I2

)
;

the weight s = 11 has d2,2(11) = 26 and

F11,1 ≡ (I2)4 I3, F11,2 ≡ I2 (I3)3,

F11,3 ≡ (I2)2 I3 I4, F11,4 ≡ I3 (I4)2,

F11,5 ≡ (I2 I3)C2,3,1

(
I2, I3

)
, F11,6 ≡ (I2 I3)C2,2,2

(
I2, I2

)
,

F11,7 ≡ (I2)2C2,4,1

(
I2, I4

)
, F11,8 ≡ (I2)2C2,3,2

(
I2, I3

)
,

F11,9 ≡ I2C3,4,2

(
I3, I4

)
, F11,10 ≡ I2C2,4,3

(
I2, (I2)2

)
,

F11,11 ≡ I2C2,4,3

(
I2, I4

)
, F11,12 ≡ I2C2,3,4

(
I2, I3

)
,

F11,13 ≡ I3C3,4,1

(
I3, I4

)
, F11,14 ≡ I3C3,3,2

(
I3, I3

)
,

F11,15 ≡ I3C2,4,2

(
I2, I4

)
, F11,16 ≡ I3C2,3,3

(
I2, I3

)
,

F11,17 ≡ I3C2,2,4

(
I2, I2

)
, F11,18 ≡ I4C2,4,1

(
I2, I4

)
,
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F11,19 ≡ I4C2,3,2

(
I2, I3

)
, F11,20 ≡ C2,3,6

(
I2, I3

)
,

F11,21 ≡ C2,4,5

(
I2, I4

)
, F11,22 ≡ C2,4,5

(
I2, (I2)2

)
,

F11,23 ≡ C3,4,4

(
I3, I4

)
, F11,24 ≡ C3,4,4

(
I3, (I2)2

)
,

F11,25 ≡ C3,5,3

(
I3, (I2 I3)

)
, F11,26 ≡ C4,4,3

(
I4, (I2)2

)
;

the weight s = 12 has d2,2(12) = 49 and

F12,1 ≡ (I2)6, F12,2 ≡ (I2)4 I4,

F12,3 ≡ (I2)3 (I3)2, F12,4 ≡ (I2)2 (I4)2,

F12,5 ≡ I2 (I3)2 I4, F12,6 ≡ (I3)4,

F12,7 ≡ (I4)3, F12,8 ≡ I2C2,2,6

(
I2, I2

)
,

F12,9 ≡ I2C2,3,5

(
I2, I3

)
, F12,10 ≡ I2C2,4,4

(
I2, I4

)
,

F12,11 ≡ I2C3,3,4

(
I3, I3

)
, F12,12 ≡ I2C3,4,3

(
I3, I4

)
,

F12,13 ≡ I2C4,4,2

(
I4, I4

)
, F12,14 ≡ I2C2,5,3

(
I2, (I2 I3)

)
,

F12,15 ≡ (I2)2C2,2,4

(
I2, I2

)
, F12,16 ≡ (I2)2C2,3,3

(
I2, I3

)
,

F12,17 ≡ (I2)2C2,4,2

(
I2, I4

)
, F12,18 ≡ (I2)2C3,3,2

(
I3, I3

)
,

F12,19 ≡ (I2)2C3,4,1

(
I3, I4

)
, F12,20 ≡ I2 I3C2,3,2

(
I2, I3

)
,

F12,21 ≡ I2 I3C2,4,1

(
I2, I4

)
, F12,22 ≡ (I2)3C2,2,2

(
I2, I2

)
,

F12,23 ≡ (I2)3C2,3,1

(
I2, I3

)
, F12,24 ≡ I2 I4C2,2,2

(
I2, I2

)
,

F12,25 ≡ I3C2,3,4

(
I2, I3

)
, F12,26 ≡ I3C2,4,3

(
I2, (I2)2

)
,

F12,27 ≡ I3C2,4,3

(
I2, I4

)
, F12,28 ≡ I3C3,4,2

(
I3, I4

)
,

F12,29 ≡ (I3)2C2,2,2

(
I2, I2

)
, F12,30 ≡ (I3)2C2,3,1

(
I2, I3

)
,

F12,31 ≡ I4C2,2,4

(
I2, I2

)
, F12,32 ≡ I4C2,3,3

(
I2, I3

)
,

F12,33 ≡ I4C2,4,2

(
I2, I4

)
, F12,34 ≡ I4C3,3,2

(
I3, I3

)
,

F12,35 ≡ I4C3,4,1

(
I3, I4

)
, F12,36 ≡ C2,2,8

(
I2, I2

)
,

F12,37 ≡ C2,3,7

(
I2, I3

)
, F12,38 ≡ C2,4,6

(
I2, (I2)2

)
,

F12,39 ≡ C2,4,6

(
I2, I4

)
, F12,40 ≡ C3,3,6

(
I3, I3

)
,

F12,41 ≡ C2,5,5

(
I2, (I2 I3)

)
, F12,42 ≡ C3,4,5

(
I3, (I2)2

)
,

F12,43 ≡ C3,4,5

(
I3, I4

)
, F12,44 ≡ C2,6,4

(
I2, (I2)3

)
,

F12,45 ≡ C2,6,4

(
I2, (I3)2

)
, F12,46 ≡ C4,4,4

(
I4, (I2)2

)
,

F12,47 ≡ C4,4,4

(
I4, I4

)
, F12,48 ≡ C2,7,3

(
I2, (I3 I4)

)
,

F12,49 ≡ C3,6,3

(
I3, (I3)2

)
.

In particular, Theorem 4.10 has enabled us to systematically present and extend
the isolated results in [20, Section 14.3] about (12.8) when 2 ≤ s ≤ 9.



CHAPTER 13

Computer Algebra for V3,1; s, V4,1; s, V5,1; s, ...

The vector space Vm,n; s was introduced in Section 4.7 on page 38. The program
of Section 13.1, enables the dimension of Vm,1; s to be computed for integers m, s of
modest size and, when Vm,1; s 6= {0}, it yields a machine representation for a basis
of Vm,1; s. We use it in Sections 13.2 and 13.4–13.6 to verify the properties of the
relative invariants Ls,i, Ms,i, and Ns,i presented in Sections 4.8, 12.1, and 12.2.

13.1. The relative invariants of weight s in Rm,1 for Cm,1
When integers m, s satisfy m, s ≥ 3, the program presented in this section

specifies linearly independent relative invariants over Q of weight s in Rm,1 for Cm,1
such that their nonzero linear combinations over Q uniquely yield each relative
invariant of weight s for Cm,1. However, it requires that a specific integral value m

be assigned to m in the first input statement. We have selected m = 3 on page 134
as the first input statement; and the program as written therefore applies to R3,1

for C3,1. By merely changing the first input statement to m = 4 or . . . and making
no other alterations, the program then applies to R4,1 for C4,1 or . . . .

We select a version of Mathematica from [55, 56, 57, 58, 59] as the system
of computer algebra and represent the derivation ′ for Rm,1 as differentiation with
respect to a fictitious independent variable denoted by z. This enables us to rep-

resent the variables w
(k)
i1

of (4.9) for Rm,1 by D[w[i1][z],{z,k}] as i1 ranges
from 1 to m and k ranges over the nonnegative integers.

13.1.1. The monic monomials of weight s. For a fixed integer s ≥ 1, let
a nonnegative integer es,i1,k be given for each pair (i1, k) of integers that satisfy
1 ≤ i1 ≤ m and 0 ≤ k ≤ s− i1. Then, the expression

(13.1) M =
∏

1≤i1≤m
0≤k≤s−i1

[
w

(k)
i1

]es,i1,k
is a monic monomial of weight s in Rm,1 if and only if the condition

(13.2)
∑

1≤i1≤m
0≤k≤s−i1

(i1 + k) es,i1,k = s

is satisfied. Moreover, each monic monomial of weight s in Rm,1 is expressible in
the form (13.1) for some nonnegative integers es,i1,k that satisfy (13.2).

The relative invariants of weight s are special isobaric polynomials of weight s.
Moreover, any isobaric polynomial of weight s is a linear combination over Q of the
monic monomials of weight s in the variables (4.9) having n = 1. Our first task is to
find and enumerate all such monomials. The trial-and-error assignment of integers

133
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to the es,i1,k must be efficiently restricted to reduce computation times. After
starting a new session, the first three of the following four Mathematica commands

m = 3;

u[s_,p1_,r_] := Floor[ (1/(p1+r))*(s

-Sum[(p1+k)*e[s,p1,k], {k,r+1,s-p1}]

-Sum[(i1+k)*e[s,i1,k], {i1,p1+1,m}, {k,0,s-i1}])]

nM[s_] := Module[ {counter, seq}, counter = 0;

seq = Apply[ Sequence, Reverse[ Flatten[

Table[{e[s,i1,k],0,u[s,i1,k]},

{i1,1,m},{k,0,s-i1}],1]]];

Do[If[(Sum[(i1+k)*e[s,i1,k],{i1,1,m},

{k,0,s-i1}])==s, (counter = counter + 1;

monM[s,counter]

= Product[D[w[i1][z],{z,k}]^e[s,i1,k],

{i1,1,m},{k,0,s-i1}] ),

counter = counter], Evaluate[seq]]; counter ]

printM[s_] := Do[Print["monM[",s,",",j,"] = ",

monM[s,j]], {j,1,nM[s]}]

accomplish that purpose. For instance, after the preceding four input statements
are evaluated, the additional evaluation of printM[4] computes, numbers, and
displays the monic monomials of weight 4.

13.1.2. Condition for relative invariants. An isobaric polynomial F of
weight s in Rm,1 is representable by the evaluation of

wPolynomial[s_] := Sum[x[s,j]*monM[s,j],{j,1,nM[s]}]

for some rational numbers x[s,i]. Due to (4.13) and (4.14) of page 31, the
condition

(13.3) ρ(z)s
[
F ∗(z)− F (z)

]
≡ 0 and

(
f ′(ζ)

)s[
F ∗∗(ζ)− (f ′(ζ)sF

(
f(ζ)

)]
≡ 0

is satisfied for any suitable ρ(z) and f(ζ) if and only if F is a relative invariant.
Representations for F (z), F ∗(z), F ∗∗(ζ), and the expressions in (13.3) based on
(3.4), (3.5), (3.21), (3.22), (3.23), and (3.24) are obtained through evaluations of

sub[s_] := Flatten[Table[

D[w[i1][z],{z,k}]->D[c[i1][z],

{z,k}],{i1,1,m},{k,0,s-i1}]]

cPoly[s_] := wPolynomial[s] /. sub[s]

c[0][z_] = 1;

cOneStar[i1_][z_] := Sum[ Binomial[m-j1,i1-j1]*

(D[rho[z],{z,i1-j1}]/rho[z])*c[j1][z],{j1,0,i1}]
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sub1[s_] := Flatten[ Table[

D[w[i1][z],{z,k}]->D[cOneStar[i1][z],{z,k}],

{i1,1,m},{k,0,s-i1}] ]

cOneStarPoly[s_] := wPolynomial[s] /. sub1[s]

alpha[0,j_][zet_] = 1;

alpha[i_,j_][zet_] := Sum[

D[alpha[i-1,k][zet],zet]

-(i-1+k)(f’’[zet]/f’[zet])alpha[i-1,k][zet],

{k,1,j}] /; i>=1

cTwoStar[i1_][zet_] := Sum[

f’[zet]^mu*alpha[i1-mu,m-i1][zet]*

c[mu][f[zet]],{mu,0,i1}]

sub2[s_] := Flatten[ Table[

D[w[i1][z],{z,k}]->D[cTwoStar[i1][zet],{zet,k}],

{i1,1,m},{k,0,s-i1}] ]

cTwoStarPoly[s_] := wPolynomial[s] /. sub2[s]

firstCondition[s_] :=

firstCondition[s] = Expand[

rho[z]^s*(cOneStarPoly[s] - cPoly[s])]

secondCondition[s_] :=

secondCondition[s] = Expand[

f’[zet]^s*( cTwoStarPoly[s]

-f’[zet]^s*(cPoly[s] /. z->f[zet]) )]

by the selected version of Mathematica from [55, 56, 57, 58, 59]. The condition
(13.3) requires that the coefficients x[s,1], . . . , x[s,nM[s]] of wPolynomial[s]
be such that firstCondition[s] and secondCondition[s] are identically zero.

13.1.3. Details for the first condition. We use (3.4)–(3.5) of page 19 to see
that ρ(z)s

[
F ∗(z) − F (z)

]
is representable as a linear combination over Q of the

various expressions

(13.4)

 ∏
0≤t≤s

[
ρ(t)(z)

]hs,t× ∏
1≤i1≤m

0≤k≤s−i1

[
c
(k)
i1

(z)
]es,i1,k

that correspond to nonnegative integers es,i1,k, hs,t that satisfy

(13.5)
∑

1≤i1≤m
0≤k≤s−i1

(i1 + k) es,i1,k +

s∑
t=1

t hs,t = s and

s∑
t=0

hs,t = s.
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After the evaluation of the preceding eighteen input statements that begin with the
assignment for m as the first input on page 134, the expressions corresponding to
(13.4)–(13.5) needed for firstCondition[s] are obtained from the evaluation of

v[s_,p1_] := Floor[(1/p1)*(s

-Sum[(i1+k)*e[s,i1,k],{i1,1,m},{k,0,s-i1}]

-Sum[t*h[s,t],{t,p1+1,s}])]

nA[s_] := Module[ {counter,seq1,seq2}, counter = 0;

seq1 = Apply[ Sequence, Reverse[ Flatten[

Table[ {e[s,i1,k], 0, u[s,i1,k]},

{i1,1,m},{k,0,s-i1}], 1] ] ];

seq2 = Apply[ Sequence, Reverse[

Table[ {h[s,t],0,v[s,t]},{t,1,s}]]];

Do[ If[(Sum[(i1+k)*e[s,i1,k],{i1,1,m},{k,0,s-i1}]

+Sum[t*h[s,t],{t,1,s}]) == s,

( counter = counter + 1;

monA[s,counter] =

Product[ D[c[i1][z],{z,k}]^e[s,i1,k],

{i1,1,m},{k,0,s-i1}]*

rho[z]^(s - Sum[h[s,t],{t,1,s}])*

Product[D[rho[z],{z,t}]^h[s,t],{t,1,s}]),

counter = counter ],

Evaluate[seq1], Evaluate[seq2] ]; counter ]

printA[s_] := Do[ Print["monA[",s,", ",j,"] = ",

monA[s,j]],{j,1,nA[s]}]

by the same version from [55, 56, 57, 58, 59]. For example, when the three
preceding input statements are evaluated after the ones on page 134, the evaluation
of printA[2] displays computer representations for the expressions of the form
(13.4) that satisfy (13.5) with s = 2.

13.1.4. Details for the second condition. We use (3.21)–(3.24) of page 24
to see that the expression(

f ′(ζ)
)s[
F ∗∗(ζ)− (f ′(ζ)sF

(
f(ζ)

)]
is representable as a linear combination over Q of the various terms

(13.6)

 ∏
0≤t≤s

[
f (t+1)(ζ)

]hs,t× ∏
1≤i1≤m

0≤k≤s−i1

[
c
(k)
i1

(
f(ζ)

)]es,i1,k
that correspond to nonnegative integers es,i1,k, hs,t satisfying

(13.7)
∑

1≤i1≤m
0≤k≤s−i1

(i1 + k) es,i1,k +

s∑
t=1

t hs,t = s and

s∑
t=0

(t+ 1)hs,t = 2s.
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When the input statements of the three preceding subsections are evaluated, the
expressions corresponding to (13.6)–(13.7) needed for secondCondition[s] can be
displayed after the evaluation of the following two input commands

nB[s_] := Module[ {counter, seq1, seq2}, counter = 0;

seq1 = Apply[ Sequence, Reverse[ Flatten[

Table[ {e[s,i1,k], 0, u[s,i1,k]},

{i1,1,m},{k,0,s-i1}], 1] ] ];

seq2 = Apply[ Sequence, Reverse[

Table[ {h[s,t],0,v[s,t]},{t,1,s}]]];

Do[ If[(Sum[(i1+k)*e[s,i1,k],{i1,1,m},{k,0,s-i1}]

+ Sum[ t*h[s,t],{t,1,s}]) == s,

(counter = counter + 1;

monB[s,counter] = Product[

(D[c[i1][z],{z,k}] /. z->f[zet] )^e[s,i1,k],

{i1,1,m},{k,0,s-i1}]*

f’[zet]^(2s - Sum[(t+1)*h[s,t],{t,1,s}])*

Product[D[f[zet],{zet,t+1}]^h[s,t],{t,1,s}]),

counter = counter ],

Evaluate[seq1], Evaluate[seq2] ]; counter ]

printB[s_] := Do[ Print["monB[",s,", ",j,"] = ",

monB[s,j]],{j,1,nB[s]}]

by the same version from [55, 56, 57, 58, 59]. For instance, after the preceding
evaluations, the evaluation of printB[2] displays computer representations for the
expressions of the form (13.6) that satisfy (13.7) when s = 2.

13.1.5. The remaining input commands. Next, for i = 1, . . . , nA[s]

and j = 1, . . . , nB[s], we shall define a[s,i] as the coefficient of monA[s,i]

in firstCondition[s] and shall define b[s,j] as the coefficient of monB[s,j]

in secondCondition[s]. Then, each a[s,i] and b[s,j] will be given as a linear
combinations over Q of the coefficients designated by x[s,1], . . . , x[s,nM[s]]

for wPolynomial[s]. A system of homogeneous linear algebraic equations over Q
in x[s,1], . . . , x[s,nM[s]] is then obtained by equating to zero each of the
a[s,i] and b[s,j]. Any nonzero solution over Q of this system specifies a relative
invariant. The evaluations of

firstCoefficients[s_] := Do[ a[s,i] =

Coefficient[firstCondition[s],monA[s,i]],{i,1,nA[s]}]

firstZeroCheck[s_] := Expand[ firstCondition[s]

-Sum[a[s,i]*monA[s,i],{i,1,nA[s]}]]

secondCoefficients[s_] := Do[ b[s,j] =

Coefficient[secondCondition[s],monB[s,j]],{j,1,nB[s]}]

secondZeroCheck[s_] := Expand[ secondCondition[s]

-Sum[ b[s,j]*monB[s,j], {j,1,nB[s]}] ]
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eqs[s_] := Join[ Table[ a[s,i] == 0, {i,1,nA[s]}],

Table[ b[s,j] == 0, {j,1,nB[s]}] ]

rules[s_] := If[TrueQ[$VersionNumber < 7.5],

Flatten[Solve[eqs[s],Table[x[s,j],{j,1,nM[s]}]]],

Flatten[Solve[eqs[s],Table[x[s,nM[s]+1-j],{j,1,nM[s]}]]]]

invariants[s_] :=

Module[ {expansion, counter}, counter = 0; Print[" "];

Print[" Computation of invariants[",s,"]"];

Print["Number of Monic Monomials = ", nM[s]];

Print["Number of firstCondition Terms = ",nA[s]];

Print["Number of secondCondition Terms = ",nB[s]];

firstCondition[s]; firstCoefficients[s];

Print["firstZeroCheck[",s,"] = ",

firstZeroCheck[s]];

secondCondition[s]; secondCoefficients[s];

Print["secondZeroCheck[",s,"] = ",

secondZeroCheck[s]]; expansion = Expand[

(Sum[x[s,j]*monM[s,j],{j,1,nM[s]}]) /. rules[s]];

Do[ If[Length[Coefficient[expansion,x[s,j]]] != 0,

(counter = counter + 1;

inv[s, counter] = Coefficient[expansion, x[s,j]];

Print["inv[", s, ", ", counter, "] = ",

inv[s,counter]]), counter = counter],

{j,1,nM[s]} ]; d[s] = counter;

Print["The vector space for weight ", s,

" has dimension d[",s,"] = ", d[s], "."] ]

by the same version from [55, 56, 57, 58, 59] enable us to obtain machine rep-
resentations for all of the relative invariants in Rm,1 for Cm,1 of a given weight s.
Before providing details in the following paragraph, we note that the unusual form
of the next to the last of the preceding input commands is explained in Section 13.7.

When s is a positive integer, the evaluation of invariants[s] yields an integer
labeled d[s] that is equal to the dimension of the vector space Vm,1; s introduced
in Section 4.7. Moreover, when d[s] is positive, that evaluation also yields machine
representations labeled

(13.8) inv[s,1], inv[s,2], . . . , inv[s,d[s]]

for d[s] linearly independent relative invariants over Q of weight s for Cm,1. Thus,
when d[s] is positive, we have a machine representation for a basis of Vm,1; s.

With the selection m = 3 as the first input command on page 134, the preceding
summary applies to the context of relative invariants in V3,1; s for C3,1. However,
when m = 3 is replaced by m = 4 or m = 5 or . . . in the first input statement of
page 134 and no other alterations are made to the other twenty-nine input com-
mands, the italicized summary for the evaluated program then applies respectively
to the context of relative invariants in V4,1; s for C4,1 or in V5,1; s for C5,1 or . . . .
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13.2. Simple verifications for Section 4.8 about V3,1; s
Theorem 4.10 of page 36 shows that each Ls,i explicitly defined on page 39

is a relative invariant in R3,1 for C3,1 of weight s and therefore belongs to V3,1; s.
By using (4.61) to see that each of L12,1, L12,2, and L12,3 contains a term not
present in the other two, we verify that {L12,1, L12,2, L12,3} is linearly independent
over Q. Hence, for s = 3, 6, 8, 9, 10, 11, 12, 13, the subset {Ls,1, . . . , Ld3,1(s)}
of V3,1; s is linearly independent over Q.

With a selected version of Mathematica from [55, 56, 57, 58, 59], we evaluate
the thirty input commands of Section 13.1 beginning with m = 3 on page 134. Then,
the evaluation of Do[invariants[s],{s,{2,4,5,7}}] yields d[2] = 0, d[4] = 0,
d[5] = 0, and d[7] = 0. Hence, there are no relative invariants in R3,1 for C3,1
of weight 2, 4, 5, or 7. Next, the evaluation of

Do[ invariants[s], {s,{3,6,8,9,10,11,12,13}}]

yields d[12] = 3 and d[s] = 1, for s = 3, 6, 8, 9, 10, 11, 13. Consequently,
for 2 ≤ s ≤ 13, the integer d3,1(s) defined in Section 4.8 is the dimension of V3,1; s.
Thus, for 2 ≤ s ≤ 13 and d3,1(s) ≥ 1, {Ls,1, . . . , Ls,d3,1(s)} is a basis of V3,1; s.

Alternatively, the assertions of Section 4.8 can be verified by showing that each
machine generated relative invariant of a basis for V3,1; s is expressible as a linear
combination of machine representations for each of Ls,1, . . . , Ls,d3,1(s). This more
informative approach in Section 13.4 will use the program of the next section to
obtain machine representations for the Ls,i of Section 4.8

13.3. Representation of Cp,q,r

(
P , Q

)
in Rm,1 with respect to (4.9)

For m ≥ 3, r ≥ 0, and given machine representations P and Q of relative
invariants P and Q in Rm,1 for Cm,1, we provide a program based on Section 4.5
to obtain a machine representation Com[r,P,Q] of Cp,q,r

(
P , Q

)
.

After the evaluations of Section 13.1 have been made for a particular initial
assignment of m, we successive evaluate each of

weight[iso_] := Module[{h,seq,t1,t2,t3,t4,t5,t6,t7},

t1 = Expand[iso];

t2 = If[Head[t1]===Plus, w[0][z]*t1[[1]],

Expand[w[0][z]*t1]];

t3 = Apply[List, t2];

seq = {w[i_][z] -> h[i,0,1],

Power[w[i_][z],k_] -> h[i,0,k],

Derivative[j_][w[i_]][z] -> h[i,j,1],

Power[Derivative[j_][w[i_]][z],k_]->h[i,j,k]};

t4 = t3 /. seq;

t5 = Cases[t4,h[i_,j_,k_] ];

t6 = t5 /. h[i_,j_,k_]->(i+j)k;

t7 = Apply[Plus, t6]]

aFirstKind[m,1][z_] := (1/Binomial[m+1,3])( w[2][z]

-((m-1)/2)D[w[1][z],z]-((m-1)/(2m))w[1][z]^2 )

B[h_,i_,j_][z_] := 0 /; i <= -1
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B[h_,0,j_][z_] := 1

B[h_,i_,j_][z_] := Sum[ D[B[h,i-1,k][z], z]

-k(2h+k-1)aFirstKind[m,1][z]*B[h,i-2,k-1][z],

{k,i-1,j-1}] /; i >= 1

Ce[p_,q_,r_,mu_] := (-1)^mu*Binomial[r,mu]*

Binomial[2q+r-1,mu]/Binomial[2p+mu-1,mu]

A[p_,q_,r_,s_,t_][z_] :=

Sum[Ce[p,q,r,t+k]*B[p,k,t+k][z]*

B[q,s-k,r-t-k][z], {k,0,s} ]

Com[r_,P_,Q_] := Module[ {p, q},

p = weight[P]; q = weight[Q];

Sum[ A[p,q,r,s,t][z]*D[P,{z,t}]*

D[Q,{z,r-s-t}],{s,0,r},{t,0,r-s}] ]

with the same version from [55, 56, 57, 58, 59]. This enables machine representa-
tions to be easily obtained for the Ls,i of page 38, the Ms,i of pages 127–128, and
the Ns,i of pages 129–130. In particular, the weights of P and Q for Com[r,P,Q]

are deduced from the machine representations P and Q for P and Q.

13.4. Alternative verifications for Section 4.8 about V3,1; s
After selecting one of [55, 56, 57, 58, 59], we use it to evaluate the thirty

input commands of Section 13.1 beginning with m = 3 on page 134 and then have
it evaluate the eight input commands of Section 13.3. Next, the evaluation of

invariants[3]

yields d[3] = 1 as well as a machine representation labeled inv[3,1] for the basic
relative invariant I3,1; 3 displayed in (4.61). Consequently, in view of Section 13.3,
the evaluations for each of

L[3,1] := inv[3,1];

L[6,1] := L[3,1]^2;

L[8,1] := Com[2,L[3,1],L[3,1]];

L[9,1] := L[3,1]^3;

L[10,1] := Com[4,L[3,1],L[3,1]];

L[11,1] := Com[2,L[3,1],L[3,1]^2];

L[12,1] := L[3,1]^4;



13.5. VERIFICATIONS FOR SECTION 12.1 ABOUT V4,1; s 141

L[12,2] := Com[6,L[3,1],L[3,1]];

L[12,3] := Com[3,L[3,1],L[3,1]^2];

L[13,1] := Com[4,L[3,1],L[3,1]^2];

provide machine representations for the corresponding Ls,i defined on page 39.
With d[3] = 1, the relative invariant L3,1 ≡ I3,1; 3 forms a basis for V3,1; 3.

An evaluation of invariants[6] yields d[6] = 1 and a machine generated
relative invariant labeled inv[6,1] of weight 6 that is equal to the evaluation
of L[6,1]. Thus, {L6,1} is a basis for V3,1; 6.

An evaluation of invariants[8] yields d[8] = 1 and a machine generated
relative invariant labeled inv[8,1] of weight 8 that is equal to the evaluation
of (1/2)L[8,1]. Thus, {L8,1} is a basis for V3,1; 8.

An evaluation of invariants[9] yields d[9] = 1 and a machine generated
relative invariant labeled inv[9,1] of weight 9 that is equal to the evaluation
of L[9,1]. Thus, {L9,1} is a basis for V3,1; 9.

An evaluation of invariants[10] yields d[10] = 1 and a machine generated
relative invariant labeled inv[10,1] of weight 10 that is equal to the evaluation
of (1/2)L[10,1]. Thus, {L10,1} is a basis for V3,1; 10.

An evaluation of invariants[11] yields d[11] = 1 and a machine generated
relative invariant labeled inv[11,1] of weight 11 that is equal to the evaluation
of (7/40)L[11,1]. Thus, {L11,1} is a basis for V3,1; 11.

An evaluation of invariants[12] yields d[12] = 3 as well as three linearly
independent machine generated relative invariants labeled inv[12,1], inv[12,2],
and inv[12,3] of weight 12 that are respectively equal to the evaluations of
L[12,1], (-2/9)L[12,3], and (1/2)L[12,2]. Hence, {L12,1, L12,2, L12,3} is a
basis for V3,1; 12.

An evaluation of invariants[13] yields d[13] = 1 and a machine generated
relative invariant labeled inv[13,1] of weight 13 that is equal to the evaluation of
(6/77)L[13,1]. Thus, {L13,1} is a basis for V3,1; 11.

13.5. Verifications for Section 12.1 about V4,1; s
For the Ms,i of pages 127–128 defined when 1 ≤ s ≤ 12 and 1 ≤ i ≤ d4,1(s),

we apply Theorem 4.10 and (4.51)–(4.52) of page 36 to verify that each Ms,i is a
relative invariant in R4,1 for C4,1 of weight s and therefore belongs to V4,1; s.

Using a version of Mathematica from [55, 56, 57, 58, 59], we begin by evalu-
ating m = 4 in place of m = 3 as the first input command on page 134 and then we
evaluate the remaining twenty-nine input items of Section 13.1 as well as the eight
input items of Section 13.3. Then, an evaluation of invariants[3] yields d[3] = 1

and a machine representation labeled inv[3,1] for the basic relative invariant
I4,1; 3 displayed in (12.1). Next, we observe that an evaluation of invariants[4]
yields d[4] = 1 and a machine representation labeled inv[4,1] for the basic rela-
tive invariant I4,1; 4 displayed in (12.2). Consequently, machine representations for
the relative invariants Ms,i are given by the evaluations of

M[3,1] := inv[3,1];

M[4,1] := inv[4,1];
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as well as the evaluations of

M[6,1] := (M[3,1])^2;

M[7,1] := M[3,1]*M[4,1];

M[8,1] := M[4,1]^2;

M[8,2] := Com[2,M[3,1],M[3,1]];

M[8,3] := Com[1,M[3,1],M[4,1]];

and similar expressions for M[9,1], . . . , M[12,0] as required by the definitions for
the various Ms,i on page 128. The evaluation of

Do[ invariants[s],{s,5,12}]

yields d[5] = 0, d[6] = 1, d[7] = 1, d[8] = 3, d[9] = 2, d[10] = 4,
d[11] = 4, and d[12] = 9. Thus, for 2 ≤ s ≤ 12, the dimension of V4,1; s is
given by d4,1(s) as defined on pages 127–128. For 6 ≤ s ≤ 12 and s = s, that
evaluation also yields machine representations labeled inv[s,1], . . . , inv[s,d[s]]
for relative invariants that specify a basis of V4,1; s. The verifications for Section 12.1
are completed by showing that each one of those basis vectors is equal to the
evaluation of some explicit linear combination over Q of M[s,1], . . . , M[s,d[s]].
For that, we use a natural modification of the procedure illustrated on page 153.

13.6. Verifications for Section 12.2 about V5,1; s
For the Ns,i of page 129 defined when 1 ≤ s ≤ 12 and 1 ≤ i ≤ d5,1(s),

we apply Theorem 4.10 and (4.51)–(4.52) of page 36 to verify that each Ns,i is a
relative invariant in R5,1 for C5,1 of weight s and therefore belongs to V5,1; s.

Using a version of Mathematica from [55, 56, 57, 58, 59], we begin by evalu-
ating m = 5 in place of m = 3 on page 134 as the first input command and then we
evaluate the remaining twenty-nine input items of Section 13.1 as well as the eight
input items of Section 13.3. After that, an evaluation of invariants[3] yields
d[3] = 1 and a machine representation labeled inv[3,1] for the basic relative
invariant I5,1; 3 in (12.4). An evaluation of invariants[4] yields d[4] = 1 and
a machine representation labeled inv[4,1] for the basic relative invariant I5,1; 4

in (12.5). An evaluation of invariants[5] yields d[5] = 1 and a machine repre-
sentation labeled inv[5,1] for the basic relative invariant I5,1; 5 in (12.6). Thus,
each relative invariant Ns,i has a corresponding machine representation given by
the evaluation of n[s,i] where

n[3,1] := inv[3,1]; n[4,1] := inv[4,1];

n[5,1] := inv[5,1]; n[6,1] := n[3,1]^2;

n[7,1] := n[3,1]*n[4,1]; n[8,1] := n[3,1]*n[5,1];

n[8,2] := n[4,1]^2; n[8,3] := Com[2,n[3,1],n[3,1]];
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and there are similar expressions for n[9,1], . . . , n[12,14] as required by the
definitions for the various Ns,i on page 129. The evaluation of

Do[ invariants[s],{s,6,12}]

yields d[6] = 1, d[7] = 1, d[8] = 4, d[9] = 4, d[10] = 7, d[11] = 7, and
d[12] = 14. Thus, for 3 ≤ s ≤ 12, the dimension of V5,1; s is given by d5,1(s) as
defined on page 129. For 6 ≤ s ≤ 12 and s = s, that evaluation also yields
machine representations labeled inv[s,1], . . . , inv[s,d[s]] for relative invariants
that specify a basis of V5,1; s. The verifications for Section 12.2 are completed by
showing that each one of those basis vectors is equal to the evaluation of some
explicit linear combination over Q of n[s,1], . . . , n[s,d[s]]. For that, we use a
natural modification of the procedure illustrated on page 153.

13.7. Observations about versions of Mathematica

The unusual form of the second input command on page 138 and the sixth input
command on page 150 is required so that the output does not depend on the par-
ticular version of Mathematica from [55, 56, 57, 58, 59]. Namely, when d denotes
a specific positive integer and eqs represents a list of homogeneous linear equations
in variables V[1], . . . , V[d] having rational coefficient, the output that Version 7.0
yields as the evaluation of Solve[eqs, Table[V[i],{i,1,d}] is obtained with
later versions as the evaluation of Solve[eqs, Table[V[d+1-i],{i,1,d}].

In the Mathematica notebooks for [19, 20], there is just one occurrence of the
Solve command. When its input statement given in [20, page 176, lines 14–15] as

rules[s_] := Flatten[

Solve[ eqs[s], Table[ x[s,i], {i,1,nM[s]}] ] ]

is replaced by

rules[s_] := If[ TrueQ[$VersionNumber < 7.5],

Flatten[Solve[eqs[s],Table[x[s,j],{j,1,nM[s]}]]],

Flatten[Solve[eqs[s],Table[x[s,nM[s]+1-j],{j,1,nM[s]}]]]]

and no other alterations are made, we have found that Versions 3.0, 7.0.1, 8.0.1,
9.0.1, 10.1, and 11.2 then yield the same correct evaluation for each notebook of
[19] and [20].





CHAPTER 14

Computer Algebra for V2,2; s, V3,2; s, V4,2; s, ...

The machine instructions in this chapter enable us to establish the results of
Section 12.3 about relative invariants in R2,2 for C2,2. They also yield analogous
representations of relative invariants in R3,2 for C3,2, in R4,2 for C4,2, . . . .

Simple modifications can be made to obtain representations of the relative
invariants in Rm,n for Cm,n when m ≥ 2 with n = 3 or n = 4 or . . . .

14.1. The relative invariants of weight s in Rm,2 for Cm,2
When integers m, s satisfy m, s ≥ 2, the program presented in this section

specifies linearly independent relative invariants over Q of weight s in Rm,2 for Cm,2
such that their nonzero linear combinations over Q uniquely yield each relative
invariant of weight s in Rm,2 for Cm,2. However, it requires that a specific integral
value m be assigned to m in the first input statement. We have selected m = 2 on
page 146 as the first input statement; and the program as written therefore applies
to R2,2 for C2,2. By merely changing the first input statement to m = 3 or m = 4

or . . . and making no other alterations, the program then applies to R3,2 for C3,2
or R4,2 for C4,2 or . . . .

We select a version of Mathematica from [55, 56, 57, 58, 59] as the system
of computer algebra and represent the derivation ′ for Rm,2 as differentiation with
respect to a fictitious independent variable denoted by z. This enables us to repre-

sent the variables w
(k)
i1,i2

of (4.9) for Rm,2 by D[w[i1,i2][z],{z,k}] as i1 ranges
from 0 to m, i2 ranges from Max[1,i1] to m, and k ranges over the nonnegative
integers.

14.1.1. The monic monomials of weight s. For a fixed integer s ≥ 1, let
a nonnegative integer es,i1,i2,k be given for each triple (i1, i2, k) of integers that
satisfy 0 ≤ i1 ≤ m, max{1, i1} ≤ i2 ≤ m, and 0 ≤ k ≤ s − i1 − i2. Then, the
expression

(14.1) M =
∏

0≤i1≤m
max{1,i1}≤i2≤m
0≤k≤s−i1−i2

[
w

(k)
i1,i2

]es,i1,i2,k

is a monic monomial of weight s in Rm,2 if and only if the condition

(14.2)
∑

0≤i1≤m
max{1,i1}≤i2≤m
0≤k≤s−i1−i2

(i1 + i2 + k) es,i1,i2,k = s

is satisfied. Moreover, each monic monomial of weight s in Rm,2 is expressible in
the form (14.1) for some nonnegative integers es,i1,i2,k that satisfy (14.2).

145
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The relative invariants of weight s are special isobaric polynomials of weight s.
Moreover, any isobaric polynomial of weight s is a linear combination over Q of the
monic monomials of weight s in the variables (4.9) having n = 2. Our first task is to
find and enumerate all such monomials. The trial-and-error assignment of integers
to the es,i1,i2,k must therefore be efficiently restricted to reduce computation times.
After starting a new session, the first three of the following four input commands

m = 2;

u[s_,p1_,p2_,r_] := Floor[ (1/(p1+p2+r))*(s

-Sum[(p1+p2+k)*e[s,p1,p2,k],{k,r+1,s-p1-p2}]

-Sum[(p1+i2+k)*e[s,p1,i2,k],{i2,p2+1,m},

{k,0,s-p1-i2}] - Sum[(i1+i2+k)*e[s,i1,i2,k],

{i1,p1+1,m},{i2,i1,m},{k,0,s-i1-i2}])]

nM[s_] := Module[ {counter, seq}, counter = 0;

seq = Apply[ Sequence, Reverse[ Flatten[

Table[{e[s,i1,i2,k],0,u[s,i1,i2,k]},

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}],2]]];

Do[If[(Sum[(i1+i2+k)*e[s,i1,i2,k],{i1,0,m},

{i2,Max[1,i1],m},{k,0,s-i1-i2}])==s,

(counter = counter + 1; monM[s,counter]

= Product[D[w[i1,i2][z],{z,k}]^e[s,i1,i2,k],

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}] ),

counter = counter], Evaluate[seq]]; counter ]

printM[s_] := Do[Print["monM[",s,",",j,"] = ",

monM[s,j]], {j,1,nM[s]}]

accomplish that purpose. For instance, after the preceding four input statements
are evaluated, the additional evaluation of printM[4] computes, numbers, and
displays the monic monomials for Rm,2 of weight 4.

14.1.2. Conditions for relative invariants. An isobaric polynomial F of
weight s in Rm,2 is representable by the evaluation of

wPolynomial[s_] := Sum[x[s,j]*monM[s,j],{j,1,nM[s]}]

for some rational numbers x[s,i] that are not all zero. Due to (4.13) and (4.14)
of page 31, the condition

(14.3) ρ(z)s
[
F ∗(z)− F (z)

]
≡ 0 and

(
f ′(ζ)

)s[
F ∗∗(ζ)− (f ′(ζ)sF

(
f(ζ)

)]
≡ 0

is satisfied for any suitable ρ(z) and f(ζ) if and only if F is a relative invariant.
Representations for F (z), F ∗(z), F ∗∗(ζ), and the expressions in (14.3) based on
(3.4), (3.5), (3.21), (3.22), (3.23), and (3.24) are obtained through evaluations of
the following fourteen input commands

sub[s_] := Flatten[Table[D[w[i1,i2][z],{z,k}]->D[c[i1,i2][z],

{z,k}],{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}]]
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cPoly[s_] := wPolynomial[s] /. sub[s]

c[0,0][z_] = 1;

c[i1_,i2_][z_] := Apply[c,Sort[{i1,i2}]][z] /;

{i1,i2} != Sort[{i1,i2}]

cOneStar[i1_,i2_][z_] := Sum[ Binomial[m-j1,i1-j1]*

Binomial[m-j2,i2-j2]*(D[rho[z],{z,i1-j1}]/rho[z])*

(D[rho[z],{z,i2-j2}]/rho[z])*

c[j1,j2][z],{j1,0,i1},{j2,0,i2}]

sub1[s_] := Flatten[ Table[

D[w[i1,i2][z],{z,k}]->D[cOneStar[i1,i2][z],{z,k}],

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}] ]

cOneStarPoly[s_] := wPolynomial[s] /. sub1[s]

alpha[0,j_][zet_] = 1;

alpha[i_,j_][zet_] := Sum[D[alpha[i-1,k][zet],zet]

-(i-1+k)(f’’[zet]/f’[zet])alpha[i-1,k][zet],

{k,1,j}] /; i>=1

cTwoStar[i1_,i2_][zet_] := Sum[

f’[zet]^(j1+j2)*alpha[i1-j1,m-i1][zet]*

alpha[i2-j2,m-i2][zet]*c[j1,j2][f[zet]],

{j1,0,i1},{j2,0,i2}]

sub2[s_] := Flatten[ Table[

D[w[i1,i2][z],{z,k}]->

D[cTwoStar[i1,i2][zet],{zet,k}],

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}] ]

cTwoStarPoly[s_] := wPolynomial[s] /. sub2[s]

firstCondition[s_] := firstCondition[s] = Expand[

rho[z]^s*(cOneStarPoly[s] - cPoly[s])]

secondCondition[s_] := secondCondition[s] = Expand[

f’[zet]^s*( cTwoStarPoly[s]

-f’[zet]^s*(cPoly[s] /. z->f[zet]) )]

by the selected version of Mathematica from [55, 56, 57, 58, 59]. The condition
(14.3) requires that the coefficients x[s,1], . . . , x[s,nM[s]] of wPolynomial[s]
be such that firstCondition[s] and secondCondition[s] are identically zero.
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14.1.3. Details for the first condition. We use (3.4)–(3.5) of page 19 to see
that the expression ρ(z)s

[
F ∗(z)− F (z)

]
in (14.3) is representable as a linear com-

bination over Q of the various expressions

(14.4)

 ∏
0≤t≤s

[
ρ(t)(z)

]hs,t× ∏
0≤i1≤m

max{1,i1}≤i2≤m
0≤k≤s−i1−i2

[
c
(k)
i1,i2

(z)
]es,i1,i2,k

corresponding to the nonnegative integers es,i1,i2,k, hs,t that satisfy

(14.5)
∑

0≤i1≤m
max{1,i1}≤i2≤m
0≤k≤s−i1−i2

(i1 + i2 + k) es,i1,i2,k +

s∑
t=1

t hs,t = s and

s∑
t=0

hs,t = s.

After the evaluation of the preceding nineteen input statements beginning with the
assignment for m on page 146, representations for the expressions of the form (14.4)
that satisfy (14.5) are obtained for firstCondition[s] through the evaluation of
the following three input commands

v[s_,p1_] := Floor[(1/p1)*(s

-Sum[(i1+i2+k)*e[s,i1,i2,k],{i1,0,m},

{i2,Max[1,i1],m},{k,0,s-i1-i2}]

-Sum[t*h[s,t],{t,p1+1,s}])]

nA[s_] := Module[ {counter,seq1,seq2}, counter = 0;

seq1 = Apply[ Sequence, Reverse[ Flatten[

Table[ {e[s,i1,i2,k], 0, u[s,i1,i2,k]},

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}], 2] ] ];

seq2 = Apply[ Sequence, Reverse[

Table[ {h[s,t],0,v[s,t]},{t,1,s}]]];

Do[ If[(Sum[(i1+i2+k)*e[s,i1,i2,k],{i1,0,m},

{i2,Max[1,i1],m},{k,0,s-i1-i2}]

+Sum[t*h[s,t],{t,1,s}]) == s,

( counter = counter + 1;

monA[s,counter] =

Product[ D[c[i1,i2][z],{z,k}]^e[s,i1,i2,k],

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}]*

rho[z]^(s - Sum[h[s,t],{t,1,s}])*

Product[D[rho[z],{z,t}]^h[s,t],{t,1,s}]),

counter = counter ],

Evaluate[seq1], Evaluate[seq2] ]; counter ]

printA[s_] := Do[ Print["monA[",s,", ",j,"] = ",

monA[s,j]],{j,1,nA[s]}]

by the selected version. For example, after the preceding evaluations are made,
the evaluation of printA[2] displays computer representations for each expression
of the form (14.4) subject to (14.5) and s = 2.
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14.1.4. Details for the second condition. We use (3.21)–(3.24) of page 24
to see that the expression(

f ′(ζ)
)s[
F ∗∗(ζ)− (f ′(ζ)sF

(
f(ζ)

)]
in (14.3) is representable as a linear combination over Q of the various terms

(14.6)

 ∏
0≤t≤s

[
f (t+1)(ζ)

]hs,t× ∏
0≤i1≤m

max{1,i1}≤i2≤m
0≤k≤s−i1−i2

[
c
(k)
i1,i2

(
f(ζ)

)]es,i1,i2,k

corresponding to the nonnegative integers es,i1,i2,k, hs,t that satisfy∑
0≤i1≤m

max{1,i1}≤i2≤m
0≤k≤s−i1−i2

(i1 + i2 + k) es,i1,i2,k +

s∑
t=1

t hs,t = s(14.7)

and
s∑
t=0

(t+ 1)hs,t = 2s.(14.8)

After all of the input commands in the three preceding subsections are evaluated by
the selected version from [55, 56, 57, 58, 59], representations for the expressions of
the form (14.6) that satisfy (14.7) and (14.8) are provided for secondCondition[s]
through the evaluation of the following two input commands

nB[s_] := Module[ {counter, seq1, seq2}, counter = 0;

seq1 = Apply[ Sequence, Reverse[ Flatten[

Table[ {e[s,i1,i2,k], 0, u[s,i1,i2,k]},

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}], 2] ] ];

seq2 = Apply[ Sequence, Reverse[

Table[ {h[s,t],0,v[s,t]},{t,1,s}]]];

Do[ If[(Sum[(i1+i2+k)*e[s,i1,i2,k],{i1,0,m},

{i2,Max[1,i1],m},{k,0,s-i1-i2}]

+ Sum[ t*h[s,t],{t,1,s}]) == s,

(counter = counter + 1;

monB[s,counter] = Product[

(D[c[i1,i2][z],{z,k}] /. z->f[zet] )^e[s,i1,i2,k],

{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}]*

f’[zet]^(2s - Sum[(t+1)*h[s,t],{t,1,s}])*

Product[D[f[zet],{zet,t+1}]^h[s,t],{t,1,s}]),

counter = counter ],Evaluate[seq1],Evaluate[seq2]

]; counter ]

printB[s_] := Do[ Print["monB[",s,", ",j,"] = ",

monB[s,j]],{j,1,nB[s]}]

by that same version. For example, after the preceding evaluations are made, the
evaluation of printB[2] displays computer representations for each expression
of the form (14.6) subject to (14.7), (14.8), and s = 2.



150 14. COMPUTER ALGEBRA FOR V2,2; s, V3,2; s, V4,2; s, ...

14.1.5. The remaining input commands. Next, for i = 1, . . . , nA[s]

and j = 1, . . . , nB[s], we introduce a[s,i] as the coefficient of monA[s,i]

in firstCondition[s] and we introduce b[s,j] as the coefficient of monB[s,j]
in secondCondition[s]. Then, each a[s,i] and b[s,j] is a linear combination
over Q of coefficients designated by x[s,1], . . . , x[s,nM[s]] for wPolynomial[s].
A system of homogeneous linear algebraic equations in x[s,1], . . . , x[s,nM[s]]

over Q is obtained by equating to zero each of the a[s,i] and b[s,j]. Any nonzero
solution over Q of this system specifies a relative invariant. The evaluations of

firstCoefficients[s_] := Do[ a[s,i] = Coefficient[

firstCondition[s],monA[s,i]], {i,1,nA[s]}]

firstZeroCheck[s_] := Expand[ firstCondition[s]

-Sum[a[s,i]*monA[s,i],{i,1,nA[s]}]]

secondCoefficients[s_] := Do[ b[s,j] = Coefficient[

secondCondition[s],monB[s,j]], {j,1,nB[s]}]

secondZeroCheck[s_] := Expand[ secondCondition[s]

-Sum[ b[s,j]*monB[s,j], {j,1,nB[s]}] ]

eqs[s_] := Join[ Table[ a[s,i] == 0, {i,1,nA[s]}],

Table[ b[s,j] == 0, {j,1,nB[s]}] ]

rules[s_] := If[ TrueQ[$VersionNumber < 7.5],

Flatten[Solve[eqs[s],Table[x[s,j],{j,1,nM[s]}]]],

Flatten[Solve[eqs[s],Table[x[s,nM[s]+1-j],{j,1,nM[s]}]]]]

invariants[s_] :=

Module[ {expansion, counter}, counter = 0;

Print[" "];

Print[" Computation of invariants[",s,"]"];

Print["Number of Monic Monomials = ", nM[s]];

Print["Number of firstCondition Terms = ",nA[s]];

Print["Number of secondCondition Terms = ",nB[s]];

firstCondition[s]; firstCoefficients[s];

Print["firstZeroCheck[",s,"] = ", firstZeroCheck[s]];

secondCondition[s]; secondCoefficients[s];

Print["secondZeroCheck[",s,"] = ", secondZeroCheck[s]];

expansion = Expand[

(Sum[x[s,j]*monM[s,j],{j,1,nM[s]}]) /. rules[s]];

Do[ If[Length[Coefficient[expansion,x[s,j]]] != 0,

(counter = counter + 1;

inv[s, counter] = Coefficient[expansion, x[s,j]];

Print["inv[", s, ", ", counter, "] = ",

inv[s,counter]]), counter = counter],{j,1,nM[s]}];

d[s] = counter;

Print["The vector space for weight ", s,

" has dimension d[",s,"] = ", d[s], "."] ]
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by the same version from [55, 56, 57, 58, 59] enable us to obtain machine repre-
sentations for all the relative invariants in Rm,2 for Cm,2 of a given weight s. Before
providing details in the following paragraph, we note that the unusual form of the
next to the last of the preceding input commands is explained in Section 13.7.

When s is a positive integer, the evaluation of invariants[s] yields an integer
labeled d[s] that is equal to the dimension of the vector space Vm,2; s introduced in
Section 4.7. Moreover, when d[s] is positive, that evaluation also yields machine
representations labeled

(14.9) inv[s,1], inv[s,2], . . . , inv[s,d[s]]

for d[s] linearly independent relative invariants of weight s in Vm,2; s for Cm,2.
Thus, when d[s] is positive, (14.9) provides representations for the elements in a
basis of Vm,2; s.

Due to m = 2 as the first input command of page 146, we see that the preceding
summary applies to relative invariants in V2,2; s for C2,2. However, when m = 2 is
replaced by m = 3 or m = 4 or . . . in that first input statement of page 146 and no
alterations are made to any of the other thirty input commands of pages 146–150,
the italicized summary for the evaluated program then applies respectively to the
context of relative invariants in V3,2; s for C3,2 or in V4,2; s for C4,2 or . . . .

14.2. Representation of Cp,q,r

(
P , Q

)
in Rm,2 with respect to (4.9)

For m ≥ 2, r ≥ 0, and given machine representations P and Q of relative
invariants P and Q in Rm,2 for Cm,2, we provide a program based on Section 4.5
to obtain a machine representation Com[r,P,Q] of Cp,q,r

(
P , Q

)
. The notation

Com[r,P,Q] does not need more detail because the program computes the weights
p of P and q of Q directly from the machine representations P for P and Q for Q.

After the evaluations of Section 14.1 have been made for a particular initial
assignment of m, we evaluate each of

weight[iso_] := Module[

{h, seq, t1, t2, t3, t4, t5, t6, t7},

t1 = Expand[iso];

t2 = If[Head[t1]===Plus, w[0,0][z]*t1[[1]],

Expand[w[0,0][z]*t1]];

t3 = Apply[ List, t2];

seq = { w[i1_,i2_][z] -> h[i1,i2,0,1],

Power[w[i1_,i2_][z],k_] -> h[i1,i2,0,k],

Derivative[j_][w[i1_,i2_]][z] -> h[i1,i2,j,1],

Power[Derivative[j_][w[i1_,i2_]][z],k_]

->h[i1,i2,j,k] }; t4 = t3 /. seq;

t5 = Cases[ t4, h[i1_,i2_,j_,k_] ];

t6 = t5 /. h[i1_,i2_,j_,k_] -> (i1+i2+j)k;

t7 = Apply[ Plus, t6] ]

aFirstKind[m_,2][z_] := (1/Binomial[m+1,3])(w[0,2][z]

-((m-1)/2)D[w[0,1][z],z] - ((m-1)/(2m))w[0,1][z]^2)
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B[h_,i_,j_][z_] := 0 /; i <= -1

B[h_,0,j_][z_] := 1

B[h_,i_,j_][z_] := Sum[ D[B[h,i-1,k][z], z]

-k(2h+k-1)aFirstKind[m,2][z]*B[h,i-2,k-1][z],

{k,i-1,j-1}] /; i >= 1

Ce[p_,q_,r_,mu_] := (-1)^mu*Binomial[r,mu]*

Binomial[2q+r-1,mu]/Binomial[2p+mu-1,mu]

A[p_,q_,r_,s_,t_][z_] := Sum[ Ce[p,q,r,t+k]*

B[p,k,t+k][z]*B[q,s-k,r-t-k][z], {k,0,s} ]

Com[r_,P_,Q_] := Module[ {p, q},

p = weight[P]; q = weight[Q];

Sum[ A[p,q,r,s,t][z]*D[P,{z,t}]*

D[Q,{z,r-s-t}], {s,0,r}, {t,0,r-s}] ]

with the same version of Mathematica from [55, 56, 57, 58, 59].
For example, if m = 2 while P and Q are both machine representations of the

relative invariant I2,2; 1,1 of (7.14), then the evaluation of Com[8,P,Q] is a machine
representation for F 12,36 ≡ C2,2,8

(
I2,2; 1,1, I2,2; 1,1

)
of page 132.

14.3. Verifications for Section 12.3 about V2,2; s
Our task is to check that: for each s satisfying 2 ≤ s ≤ 12, the relative invariants

Fs,1, . . . , Fs,d2,2(s) in R2,2 for C2,2 specified on pages 130–132 form a basis of the
vector space V2,2; s. We use the program of Section 14.1 with the assignments of 2
for m and one of 2, 3, . . . , 12 for s. Then, the evaluation of invariants[s] yields
an integer d[s] as the dimension of V2,2; s and it provides representations labeled
inv[s,1], . . . , inv[s,d[s]] for a basis of V2,2; s. After observing that the number
d2,2(s) of relative invariants Fs,1, . . . , Fs,d2,2(s) in Section 12.3 is equal to d[s],
we see that the verification can be completed by merely checking that computer
representations for Fs,1, . . . , Fs,d2,2(s) are linearly independent over Q. However, we
prefer the more thorough verification where each of inv[s,1], . . . , inv[s,d[s]]
is expressed as an explicit linear combination over Q of the machine representations
for Fs,1, . . . , Fs,d2,2(s).

We select one of the versions of Mathematica from [55, 56, 57, 58, 59] and
use it to evaluate each the thirty-one input commands on pages 146–150 as well as
each of the eight input commands in Section 14.2. Next, the evaluation of

Do[ invariants[s], {s,2,5}]

is done within seconds and its output shows that: d[2] equals 1 while inv[2,1] is a
machine representation for the basic relative invariant I2,2; 1,1 in (7.14); also, d[3]
equals 1 and inv[3,1] is a machine representation for the basic relative invariant
I2,2; 1,2 in (7.15); moreover, d[4] equals 2, inv[4,1] is a machine representation
for (I2,2; 1,1)2, and inv[4,2] is a machine representation for the basic relative
invariant I2,2; 2,2 in (7.16); d[5] = 1 and inv[5,1] is a machine representation of
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the relative invariant (I2,2; 1,1 I2,2; 1,2). We use the selected version of Mathematica
to successively evaluate each of

f[2,1] = inv[2,1]; f[3,1] = inv[3,1];

f[4,1] = f[2,1]^2; f[4,2] = inv[4,2];

f[5,1] = f[2,1]*f[3,1];

f[6,1] = f[2,1]^3; f[6,2] = f[3,1]^2;

f[6,3] = f[2,1]*f[4,2]; f[6,4] = Com[1,f[2,1],f[3,1]];

f[6,5] = Com[2,f[2,1],f[2,1]];

and additional expressions f[7,1], f[7,2], . . . , f[12,48], f[12,49] such that
each relative invariant Fs,i defined in Section 12.3 has a corresponding computer
representation given by the evaluation of f[s,i]. When s is one of 2, 3, 4, or 5,
it is clear that each of inv[s,1], . . . , inv[s,d[s]] can be obtained by evaluating
some linear combination over Q of f[s,1], . . . , f[s,d[s]].

To conduct a similar verification when s is 6, we successively evaluate

invariants[6]

Do[ expr[6,i] = ( inv[6,i]

-Sum[c[6,i,j]*f[6,j],{j,1,d[6]}] ), {i,1,d[6]} ]

Do[y[6,i,k] = Coefficient[ expr[6,i], monM[6,k]],

{k,1,nM[6]}, {i,1,d[6]}]

sol[6,i_] := Solve[ Table[y[6,i,k] == 0,{k,1,nM[6]}],

Table[c[6,i,j],{j,1,d[6]}] ]

with the selected version. Now, the evaluation of sol[6,1] gives the output

{{c[6,1,1] -> 1, c[6,1,2] -> 0,

c[6,1,3] -> 0, c[6,1,4] -> 0, c[6,1,5] -> 0}}

and therefore demonstrates that f[6,1] yields inv[6,1]. Similarly, the evaluations
of sol[6,2], sol[6,3], sol[6,4], and sol[6,5] show that:

the evaluation of (1/2)f[6,5] yields inv[6,2],
the evaluation of f[6,2] yields inv[6,3],
the evaluation of f[6,4]+(1/8)f[6,5] yields inv[6,4], and
the evaluation of f[6,3]+(1/3)f[6,4]+(1/40)f[6,5] yields inv[6,5].

Consequently, a basis for the vector space V2,2; 6 is provided by the five relative
invariants F6,1, F6,2, F6,3, F6,4, and F6,5 of Section 12.3.

The verifications for each s satisfying 7 ≤ s ≤ 12 are made in a manner that is
completely analogous to the procedure for s = 6.





Part 5

Modifications Required
for Developments before 1989





CHAPTER 15

Suitable Formulas for Transformations
of Homogeneous Linear Differential Equations

15.1. Introduction.

For a search of the literature to find adequate formulas that yield all of the
coefficients of homogeneous linear differential equations of any order m that result
from changes of the independent variable, MathSciNet is currently not helpful.
However, readers of this monograph are aware that such formulas exist because they
were developed in [14, 16, 17] and were essential for [19]. The natural questions
are: how do we know that formulas like them were not previously published and why
was there very little progress about relative invariants during the years 1890–1988?

To answer these questions, library usage like that indicated in
http://homepages.uc.edu/~chalklr/Library.pdf

may not be possible today. However, by checking the research articles devoted
to relative invariants for monic homogeneous linear differential equations, one finds
that, prior to 1989, each such publication used binomial coefficients to express their
equations in a form analogous to

(15.1) y(m)(z) +

m∑
i=1

(
m

i

)
Ci(z) y

(m−i)(z) = 0, with C0(z) ≡ 1,

and failed to provide general transformation formulas for (15.1) corresponding to a
change of the independent variable.

15.1.1. Transformations of the first kind for (15.1). When meromorphic
functions C1(z), C2(z), . . . , Cm(z) are given on a region Ω of the complex plane and
ρ(z) is a given not-identically-zero meromorphic function on Ω, there are unique
meromorphic functions C∗1 (z), C∗2 (z), . . . , C∗m(z) on Ω such that the substitution

(15.2) y(z) = ρ(z)v(z),

viewed as a change of the dependent variable from y to v, transforms (15.1) into

(15.3) v(m)(z) +

m∑
i=1

(
m

i

)
C∗i (z) v(m−i)(z) = 0, on Ω with C∗0 (z) ≡ 1.

It is easy to establish directly the validity for (15.3) of

(15.4) C∗i (z) ≡
i∑

j=0

(
i

j

)
ρ(i−j)(z)

ρ(z)
Cj(z), on Ω when 0 ≤ i ≤ m.

However, it is convenient here for us to use (15.12) and (15.13) to see immediately
that (15.4) is valid. Note that C∗i (z) in (15.4) is the same for any m ≥ i.

157
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15.1.2. Transformations of the second kind for (15.1). Let meromorphic
functions C1(z), C2(z), . . . , Cm(z) be given on a region Ω and let z = f(ζ) denote
a univalent analytic function on a region Ω∗∗ such that f(Ω∗∗) = Ω. Then, there
are unique meromorphic functions C∗∗1 (ζ), C∗∗2 (ζ), . . . , C∗∗m (ζ) on Ω∗∗ such that
the substitution

(15.5) z = f(ζ) with u(ζ) = y
(
f(ζ)

)
,

viewed as a change of the independent variable from z to ζ, transforms (15.1) into

(15.6) u(m)(ζ) +

m∑
i=1

(
m

i

)
C∗∗i (ζ)u(m−i)(ζ) = 0, on Ω∗∗ with C∗∗0 (ζ) ≡ 1.

However, no previous publication has presented explicit formulas for the coefficients
C∗∗i (ζ) of (15.6) when m and i are any integers that satisfy 1 ≤ i ≤ m. We shall
establish in Theorem 15.1 on page 159 that those coefficients are given by

(15.7) C∗∗i (ζ) ≡
i∑

j=0

βm,i−j,m−i(ζ)
(
f ′(ζ)

)j
Cj
(
f(ζ)

)
, on Ω∗∗ when 0 ≤ i ≤ m,

where βm,r,s(ζ) is the analytic function defined via αi,j(ζ) from (15.17)–(15.18) by

(15.8) βm,r,s(ζ) ≡


r∏

k=1

(m− s− k + 1)

r∏
k=1

(s+ k)

αr,s(ζ), on Ω∗∗ for r, s ≥ 0.

15.2. Consequences due to an improved notation

For given meromorphic functions c1(z), . . . , cm(z) on a region Ω, we write
a monic mth-order homogeneous linear differential equation in the form

(15.9) y(m)(z) +

m∑
i=1

ci(z) y
(m−i)(z) = 0, on Ω with c0(z) ≡ 1.

15.2.1. Transformations of the first kind for (15.9). For any given not-
identically-zero meromorphic function ρ(z) on Ω, there are unique meromorphic
functions c∗1(z), . . . , c∗m(z) on Ω such that the substitution

(15.10) y(z) = ρ(z)v(z),

viewed as a change of the dependent variable from y to v, transforms (15.9) into

(15.11) v(m)(z) +

m∑
i=1

c∗i (z) v
(m−i)(z) = 0, on Ω with c∗0(z) ≡ 1.

The special case n = 1 of (3.4) and (3.5) on page 19 yields

(15.12) c∗i (z) ≡
i∑

j=0

(
m− j
i− j

)
ρ(i−j)(z)

ρ(z)
cj(z), on Ω for 0 ≤ i ≤ m.

In view of ci(z) ≡
(
m
i

)
Ci(z) and c∗i (z) ≡

(
m
i

)
C∗i (z), for 0 ≤ i ≤ m, the identity

(15.13)

(
m− j
i− j

)(
m

j

)/(
m

i

)
≡
(
i

j

)
, for 0 ≤ j ≤ i ≤ m,

shows that each of (15.4) and (15.12) is a consequence of the other.
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15.2.2. Transformations of the second kind for (15.9). Let z = f(ζ)
denote the inverse function for a univalent analytic function ζ = g(z) on Ω. Hence,
z = f(ζ) is a univalent analytic function on Ω∗∗ = g(Ω) that yields f(Ω∗∗) = Ω
and satisfies f ′(ζ) 6= 0, for each ζ in Ω∗∗. Then, there are unique meromorphic
functions c∗∗1 (ζ), . . . , c∗∗m (ζ) on Ω∗∗ such that the substitution

(15.14) z = f(ζ) with u(ζ) = y
(
f(ζ)

)
,

viewed as a change of the independent variable from z to ζ, transforms (15.9) into

(15.15) u(m)(ζ) +

m∑
i=1

c∗∗i (ζ)u(m−i)(ζ) = 0, on Ω∗∗ with c∗∗0 (ζ) ≡ 1.

The special case n = 1 of (3.21), (3.22), (3.23), and (3.24) on page 24 yields

(15.16) c∗∗i (ζ) ≡
i∑

j=0

αi−j,m−i(ζ)
(
f ′(ζ)

)j
cj
(
f(ζ)

)
, on Ω∗∗ for 0 ≤ i ≤ m,

where the definitions of the analytic functions αi,j(ζ) on Ω∗∗ from (3.23)–(3.24) are

(15.17) α0,j(ζ) ≡ 1, on Ω∗∗ for any j,

and

αi,j(ζ) ≡
j∑

k=1

[
α
(1)
i−1,k(ζ)− (i+ k − 1)

f ′′(ζ)

f ′(ζ)
αi−1,k(ζ)

]
,(15.18)

on Ω∗∗ for i ≥ 1 and any j.

In contrast to the development of (15.16) for (15.15) in [19, pages 135–137], we shall
see next how the notation (15.1) complicated the situation for C∗∗i (ζ) in (15.6).

15.3. Previously missing essential formula for older research

Theorem 15.1. The coefficients C∗∗i (ζ) of (15.6) are given by (15.7).

Proof. For m ≥ 1, 0 ≤ i ≤ m, and ζ in Ω∗∗, we rewrite (15.16) to obtain(
m

i

)
C∗∗i (ζ) ≡

i∑
j=0

αi−j,m−i(ζ)
(
f ′(ζ)

)j (m
j

)
Cj
(
f(ζ)

)
.

Thus, we have

(15.19) C∗∗i (ζ) ≡
i∑

j=0

γm,i,j(ζ)
(
f ′(ζ)

)j
Cj
(
f(ζ)

)
,

where

(15.20) γm,i,j(ζ) ≡

(
m

j

)
(
m

i

) αi−j,m−i(ζ) ≡


i−j∏
k=1

(i− k + 1)

i−j∏
k=1

(m− i+ k)

αi−j,m−i(ζ).

With βm,r,s defined by (15.8), we see that (15.20) gives γm,i,j(ζ) ≡ βm,i−j,m−i(ζ)
and therefore (15.19) yields (15.7) for (15.6). This completes the proof. �





CHAPTER 16

Computer Algebra with Formulas (15.9)–(15.18)

The research presented in [19, 20, 21] was made possible when (15.16) was
discovered and systems of computer algebra could then be used to find several key
identities through trial-and-error experimentation. Similarly, one can make inter-
esting discoveries or rediscoveries merely by using the formulas for c∗i (z) and c∗∗i (ζ)
with a few basic commands in a system of computer algebra. Here, we illustrate how
that can be done by selecting a version of Mathematica from [55, 56, 57, 58, 59]
as the system. The names of its commands indicate well what they do.

16.1. Computer representations for c∗i (z) and c∗∗i (ζ)

We apply (15.9), (15.12), (15.17), (15.18), and (15.16) with the selected version
of Mathematica to conclude that successive notebook evaluations of

c[m_,0][z_] := 1

cS[m_,i_][z_] := Sum[Binomial[m-j,i-j]*

(D[rho[z],{z,i-j}]/rho[z])*c[m,j][z],{j,0,i}]

alpha[0,j_][zeta_] := 1

alpha[i_,j_][zeta_] := ( Sum[alpha[i-1,k]’[zeta]

-(i-1+k)(f’’[zeta]/f’[zeta])*

alpha[i-1,k][zeta],{k,1,j}] ) /; i >= 1

cSS[m_,i_][zeta_] := Sum[alpha[i-j,m-i][zeta]*

(f’[zeta])^j*c[m, j][f[zeta]],{j,0,i}]

enable Mathematica to then give computer representations for c∗i (z) and c∗∗i (ζ),
when i = 0, 1, 2, . . . and m can remain a symbol for any positive integer ≥ i.
For instance, the computer representations for the evaluations of cS[m,1][z] and
cSS[m,1][zeta] show that c∗1(z) and c∗∗1 (ζ) are respectively given by

c∗1(z) ≡ c1(z) +m
ρ′(z)

ρ(z)
and c∗∗1 (ζ) ≡ f ′(ζ) c1

(
f(ζ)

)
−
(
m

2

)
f ′′(ζ)

f ′(ζ)
.

Also, the computer representation for the evaluation of cS[m,2][z] yields

c∗2(z) ≡ c2(z) + (m− 1) c1(z)
ρ′(z)

ρ(z)
+

(
m

2

)
ρ′′(z)

ρ(z)
.
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16.2. Applications based on the representations for c∗i (z) and c∗∗i (ζ)

Example 16.1. With m ≥ 2 and symbols r1, r2 for rational numbers, we set

(16.1) Pm,2 ≡ w(0)
2 + r1

(
w

(0)
1

)2
+ r2w

(1)
1 .

In regard to the function Pm,2(z) on Ω that is obtained by replacing each w
(j)
i

in Pm,2 with the corresponding c
(j)
i (z) from (15.9), we see that the evaluation of

P[z_] := c[m,2][z] + r1*c[m,1][z]^2 + r2*c[m,1]’[z]

represents Pm,2(z). Also, for the function P ∗m,2(z) onΩ that is obtained by replacing

each w
(j)
i in Pm,2 with the corresponding c

∗(j)
i (z) from (15.12), the evaluation of

PS[z_] := cS[m,2][z] + r1*cS[m,1][z]^2 + r2*cS[m,1]’[z]

represents P ∗m,2(z). There are eight terms in the output for the evaluation of

dif1[z_] = Expand[ PS[z] - P[z] ]

and in those terms the parts not involving m, r1, r2 are equal to the evaluations of

b[1] = c[m,1][z]*rho’[z]/rho[z];

b[2] = (rho’[z]/rho[z])^2;

b[3] = rho’’[z]/rho[z];

while the evaluations of

a[1] = Coefficient[dif1[z],b[1]];

a[2] = Coefficient[dif1[z],b[2]];

a[3] = Coefficient[dif1[z],b[3]];

then yield the respective coefficients a[1], a[2], a[3] of b[1], b[2], b[3] in
dif1[z]. Of course, if r1= r1 and r2= r2 are specific rational numbers, then
we see that: a[1], a[2], a[3] are zero if and only if PS(z) - P(z) is zero and
P ∗m,2(z) ≡ Pm,2(z). After the evaluation of

list1 = {a[1]==0, a[2]==0, a[3]==0}

as a system of three linear equations in r1 and r2, the evaluation of

Solve[list1, {r1,r2}]

yields a unique solution that corresponds to

(16.2) r1 ≡ −
(m− 1)

2m
and r2 ≡ −

(m− 1)

2
.

Thus, when r1, r2 for (16.1) are defined by (16.2), we have P ∗m,2(z) ≡ Pm,2(z) on Ω
as a valid identity for any (15.9) on Ω having m ≥ 2 and any transformation (15.10)
of that (15.9) into a corresponding equation (15.11) on Ω.
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Example 16.2. With m ≥ 2 and symbols s1, s2 for rational numbers, we set

(16.3) Qm,2 ≡ w
(0)
2 + s1

(
w

(0)
1

)2
+ s2w

(1)
1 .

In regard to the function Qm,2(z) on Ω that is obtained by replacing each w
(j)
i

in Qm,2 with the corresponding c
(j)
i (z) from (15.9), we see that the evaluation of

Q[z_] := c[m,2][z] + s1*c[m,1][z]^2 + s2*c[m,1]’[z]

represents Qm,2(z). For the function Q∗∗m,2(ζ) on Ω∗∗ that is obtained by replacing

each w
(j)
i in Qm,2 with the corresponding c

∗∗(j)
i (ζ) from (15.16), the evaluation of

QSS[zeta_] := ( cSS[m,2][zeta] + s1*cSS[m,1][zeta]^2

+ s2*cSS[m,1]’[zeta] )

represents Q∗∗m,2(ζ). There are twenty terms in the output for the evaluation of

dif2[zeta_] = Expand[ QSS[zeta] - (f’[zeta])^2*Q[f[zeta]] ]

and in those terms the parts not involving m, s1, s2 are given by the evaluations of

b[4] = c[m, 1][f[zeta]] f’’[zeta];

b[5] = (f’’[zeta]/f’[zeta])^2;

b[6] = f’’’[zeta]/f’[zeta];

while the evaluations of

a[4] = Coefficient[dif2[zeta],b[4]];

a[5] = Coefficient[dif2[zeta],b[5]];

a[6] = Coefficient[dif2[zeta],b[6]];

give the coefficients of b[4], b[5], b[6] in dif2[zeta]. Naturally, if s1= s1 and
s2= s2 are specific rational numbers, then we see that: a[4], a[5], a[6] are zero
if and only if QSS[zeta] - (f’[zeta])^2*Q[f[zeta]] is zero and we have the
identity Q∗∗m,2(ζ) ≡

(
f ′(ζ)

)
2Qm,2

(
f(ζ)

)
. After the evaluation of

list2 = {a[4]==0, a[5]==0, a[6]==0}

as a system of three linear equations in s1 and s2, the evaluation of

Solve[list2, {s1,s2}]

yields a unique solution that corresponds to

(16.4) s1 ≡ −
(m− 2)(3m− 1)

6m(m− 1)
and s2 ≡ −

m− 2

3
.

Thus, for s1, s2 in (16.3) defined by (16.4), we have Q∗∗m,2(ζ) ≡
(
f ′(ζ)

)
2Qm,2

(
f(ζ)

)
on Ω∗∗ as a valid identity for any equation (15.9) on Ω having m ≥ 2 and any
transformation (15.14) of that (15.9) into a corresponding equation (15.15) on Ω∗∗.
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Example 16.3. Here, we use the computer representations for c∗i (z) and c∗∗i (ζ)
in Section 16.1 to check that the expression for I4,1; 4 in (1.17) on page 4 is printed
correctly. We find that the evaluation of

Simplify[ ( cS[4,4][z] -(1/4)cS[4,1][z]*cS[4,3][z]

-(1/2)cS[4,3]’[z] -(9/100)cS[4,2][z]^2

+(1/5)cS[4,2]’’[z] +(13/100)cS[4,1][z]^2*cS[4,2][z]

+(27/100)cS[4,1]’[z]*cS[4,2][z] +(1/4)cS[4,1][z]*cS[4,2]’[z]

-(39/1600)cS[4,1][z]^4 -(39/200)cS[4,1][z]^2*cS[4,1]’[z]

-(33/200)(cS[4,1]’[z])^2 -(3/20)cS[4,1][z]*cS[4,1]’’[z]

-(1/20)cS[4,1]’’’[z] )

- ( c[4,4][z] -(1/4)c[4,1][z]*c[4,3][z]

-(1/2)c[4,3]’[z] -(9/100)c[4,2][z]^2

+(1/5)c[4,2]’’[z] +(13/100)c[4,1][z]^2*c[4,2][z]

+(27/100)c[4,1]’[z]*c[4,2][z] +(1/4)c[4,1][z]*c[4,2]’[z]

-(39/1600)c[4,1][z]^4 -(39/200)c[4,1][z]^2*c[4,1]’[z]

-(33/200)(c[4,1]’[z])^2 -(3/20)c[4,1][z]*c[4,1]’’[z]

-(1/20)c[4,1]’’’[z] ) ]

is zero and the evaluation of

Simplify[ ( cSS[4,4][zeta]

-(1/4)cSS[4,1][zeta]*cSS[4,3][zeta]

-(1/2)cSS[4,3]’[zeta] -(9/100)cSS[4,2][zeta]^2

+(1/5)cSS[4,2]’’[zeta]

+(13/100)cSS[4,1][zeta]^2*cSS[4,2][zeta]

+(27/100)cSS[4,1]’[zeta]*cSS[4,2][zeta]

+(1/4)cSS[4,1][zeta]*cSS[4,2]’[zeta]

-(39/1600)cSS[4,1][zeta]^4

-(39/200)cSS[4,1][zeta]^2*cSS[4,1]’[zeta]

-(33/200)(cSS[4,1]’[zeta])^2

-(3/20)cSS[4,1][zeta]*cSS[4,1]’’[zeta]

-(1/20)cSS[4,1]’’’[zeta] )

- (f’[zeta])^4( c[4,4][f[zeta]]

-(1/4)c[4,1][f[zeta]]*c[4,3][f[zeta]]

-(1/2)c[4,3]’[f[zeta]] -(9/100)c[4,2][f[zeta]]^2

+(1/5)c[4,2]’’[f[zeta]]

+(13/100)c[4,1][f[zeta]]^2*c[4,2][f[zeta]]

+(27/100)c[4,1]’[f[zeta]]*c[4,2][f[zeta]]

+(1/4)c[4,1][f[zeta]]*c[4,2]’[f[zeta]]

-(39/1600)c[4,1][f[zeta]]^4

-(39/200)c[4,1][f[zeta]]^2*c[4,1]’[f[zeta]]

-(33/200)(c[4,1]’[f[zeta]])^2

-(3/20)c[4,1][f[zeta]]*c[4,1]’’[f[zeta]]

-(1/20)c[4,1]’’’[f[zeta]] ) ]

is zero. Consequently, I4,1; 4 as presented in (1.17) on page 4 is a relative invariant
of weight s = 4 for the equations (15.9) on page 158 having order m = 4.
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Example 16.4. With m ≥ 3 and symbols t1, t2, t3, t4, t5 representing rational
numbers, we introduce

(16.5) Im,3 ≡ w3 + t1w1w2 + t2
(
w1

)3
+ t3w

(1)
2 + t4w1w

(1)
1 + t5w

(2)
1 .

For the function Im,3(z) on Ω that is obtained by replacing each w
(j)
i in Im,3 with

the corresponding c
(j)
i (z) from (15.9), the evaluation of

Inv[z_] := ( c[m,3][z] + t1*c[m,1][z]*c[m,2][z]

+ t2*c[m,1][z]^3 + t3*c[m,2]’[z]

+ t4*c[m,1][z]*c[m,1]’[z] + t5*c[m,1]’’[z] )

represents Im,3(z). For the function I∗m,3(z) on Ω that is obtained by replacing

each w
(j)
i in Im,3 with the corresponding c

∗(j)
i (z) from (15.12), the evaluation of

InvS[z_] := ( cS[m,3][z] + t1*cS[m,1][z]*cS[m,2][z]

+ t2*cS[m,1][z]^3 + t3*cS[m,2]’[z]

+ t4*cS[m,1][z]*cS[m,1]’[z] + t5*cS[m,1]’’[z] )

represents I∗m,3(z). For the function I∗∗m,3(ζ) on Ω∗∗ that is obtained by replacing

each w
(j)
i in Im,3 with the corresponding c

∗∗(j)
i (ζ) from (15.16), the evaluation of

InvSS[zeta_] := ( cSS[m,3][zeta]

+ t1*cSS[m,1][zeta]*cSS[m,2][zeta] + t2*cSS[m,1][zeta]^3

+ t3*cSS[m,2]’[zeta] + t4*cSS[m,1][zeta]*cSS[m,1]’[zeta]

+ t5*cSS[m,1]’’[zeta] )

represents I∗∗m,3(ζ). We note that t1, t2, t3, t4, t5 for (16.5) yield

(16.6) I∗m,3(z) ≡ Im,3(z) on Ω, and I∗∗m,3(ζ) ≡
(
f ′(ζ)

)
3 Im,3

(
f(ζ)

)
, on Ω∗∗.

if and only if their representations t1, t2, t3, t4, t5 make the evaluations of

diff1[z_] = Expand[ InvS[z] - Inv[z] ]

diff2[zeta_] = Expand[InvSS[zeta]-(f’[zeta])^3*Inv[f[zeta]]]

identically zero. Among the thirty-eight terms in the expansion of diff1[z], there
are eight parts that do not involve m, t1, t2, t3, t4, t5. Let them be copied
individually from the output, pasted into individual input cells, given the names
b3[1], b3[2], . . . , b3[8], and then evaluated. Among the ninety-three terms in
the expansion of diff2[zeta], there are eight parts that do not involve m, t1, t2,
t3, t4, t5. Let them be copied from the output, pasted into input cells, given the
names b3[9], b3[10], . . . , b3[16], and then be evaluated. We evaluate

Do[a3[k] = Coefficient[diff1[z], b3[k]], {k,1,8}];

Do[a3[k] = Coefficient[diff2[zeta], b3[k]], {k,9,16}];

and then find that the evaluation of

Solve[ Table[a3[k] == 0, {k,1,16}], {t1,t2,t3,t4,t5} ]
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yields a unique solution. As expressed for (16.5), it is given by

t1 = −m− 2

m
, t2 =

(m− 1)(m− 2)

3m2
, t3 = −m− 2

2
,(16.7)

t4 =
(m− 1)(m− 2)

2m
, and t5 =

(m− 1)(m− 2)

12
.

Thus, (16.6) is satisfied by (16.5) with (16.7) for each equation (15.9) having m ≥ 3
as well as each transformation (15.10) of (15.9) into a corresponding (15.11) and
each transformation (15.14) of (15.9) into a corresponding (15.15). In this regard,
see (1.13) of page 3. If the definitions of b3[1], b3[2], . . . , b3[16] give difficulty,
use the Google browser Chrome to visit

http://homepages.uc.edu/~chalklr/Chapter-16.html

and then download the Mathematica notebook available there. Details are also
given in that notebook for Examples 16.1, 16.2, 16.3, and 16.5.

Example 16.5. There are unique rational numbers u1, u2, . . . , u12 for

Im,4 ≡ w4 + u1w1w3 + u2w
(1)
3 + u3

(
w2

)2
+ u4w

(2)
2 + u5

(
w1

)2
w2(16.8)

+ u6w
(1)
1 w2 + u7w1w

(1)
2 + u8 (w1)4 + u9

(
w1

)2
w

(1)
1

+ u10
(
w

(1)
1

)2
+ u11w1w

(2)
1 + u12w

(3)
1 , with m ≥ 4,

such that the functions Im,4(z) on Ω, I∗m,4(z) on Ω, and I∗∗m,4(ζ) on Ω∗∗ that are

obtained by replacing each w
(j)
i in Im,4 with the corresponding c

(j)
i (z) from (15.9),

with the c
∗(j)
i (z) from (15.11), and with the c

∗∗(j)
i (ζ) from (15.15), satisfy both

I∗m,4(z) ≡ Im,4(z) on Ω, and I∗∗m,4(ζ) ≡
(
f ′(ζ)

)
4 Im,4

(
f(ζ)

)
, on Ω∗∗.

When the technique of Example 4.4 is repeated here, the main difference is that:
in place of the copy and paste for Example 4.4 where b3[k] was obtained separately
for 1 ≤ k ≤ 8 and 9 ≤ k ≤ 16, we now use copy and paste to obtain b4[k]

separately for 1 ≤ k ≤ 20 and for 21 ≤ k ≤ 40. Of course, this requires more
patience. However, when details similar to those of Example 4.4 are carried out,
the coefficients for Im,4 in (16.8) are found to be

u1 = −m−3m , u2 = −m−32 , u3 = − (m−2)(m−3)(5m+7)
10(m+1)(m)(m−1) ,(16.9)

u4 = (m−2)(m−3)
10 , u5 = (m−2)(m−3)(5m+6)

5(m+1)m2 , u6 = (m−2)(m−3)(5m+7)
10(m+1)m ,

u7 = (m−2)(m−3)
2m , u8 = − (m−1)(m−2)(m−3)(5m+6)

20(m+1)m3 ,

u9 = − (m−1)(m−2)(m−3)(5m+6)
10(m+1)m2 , u10 = − (m−1)(m−2)(m−3)(2m+3)

20(m+1)m ,

u11 = − (m−1)(m−2)(m−3)
10m , u12 = − (m−1)(m−2)(m−3)

120 .

By setting m = 4 in these formulas, we obtain the coefficients for (1.17) on page 4.

Observation. The basic relative invariants Im,1; s of weight s ≥ 3 for the
equations (15.9) of order m ≥ s are given explicitly by the computer program in
Section 6.1 on pages 53–54. We note that Im,3 in (16.5) with the coefficients of
(16.7) is equal to Im,1; 3. Also, Im,4 in (16.8) with the coefficients of (16.9) is equal
to Im,1; 4.



CHAPTER 17

Computer Algebra with Formulas (15.1)–(15.8)

Various identities that involve the coefficients of (15.1), (15.3), and (15.6) exist
in the mathematical literature. Their derivations are sometimes doubtful. Now,
they can be verified directly with computer algebra based on the formulas (15.4)
and (15.7) for C∗i (z) and C∗∗i (ζ). An explanation is given next.

17.1. Computer-algebra representations of C∗i (z) and C∗∗i (ζ).

For a version of Mathematica from [55, 56, 57, 58, 59] as the system, we apply
(15.1), (15.4), (15.17), (15.18), (15.8), and (15.7) to see that the evaluations of

Ce[m_,0][z_] := 1

CeS[m_,i_][z_] := Sum[Binomial[i,j]*

(D[rho[z],{z,i-j}]/rho[z])*Ce[m,j][z],{j,0,i}]

alpha[0,j_][zeta_] := 1

alpha[i_,j_][zeta_] := ( Sum[alpha[i-1,k]’[zeta]

-(i-1+k)(f’’[zeta]/f’[zeta])*

alpha[i-1,k][zeta],{k,1,j}] ) /; i >= 1

beta[m_,r_,s_][zeta_]:=(Product[(m-s-k+1),{k,1,r}]/

Product[(s+k),{k,1,r}])*alpha[r,s][zeta]

CeSS[m_,i_][zeta_] := Sum[beta[m,i-j,m-i][zeta]*

(f’[zeta])^j*Ce[m, j][f[zeta]],{j,0,i}]

enable representations for C∗1 (z), C∗2 (z), . . . , C∗∗1 (ζ), C∗∗2 (ζ), . . . to be obtained
as the evaluations of the corresponding

CeS[m,1][z], CeS[m,2][z], . . . , CeSS[m,1][zeta], CeSS[m,2][zeta], . . . .

For instance, computer representations for the evaluations of CeS[m,1][z] and
CeSS[m,1][zeta] show that C∗1 (z) and C∗∗1 (ζ) are respectively given by

(17.1) C∗1 (z) ≡ C1(z) +
ρ′(z)

ρ(z)
and C∗∗1 (ζ) ≡ f ′(ζ) C1

(
f(ζ)

)
− (m− 1)

2

f ′′(ζ)

f ′(ζ)
.

Also, the computer representation for the evaluation of CeS[m,2][z] yields

C∗2 (z) ≡ C2(z) + 2C1(z)
ρ′(z)

ρ(z)
+
ρ′′(z)

ρ(z)
.

167
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17.2. Computer-algebra verifications.

Example 17.1. James Cockle was aware in [22, page 533, (11)] of 1862 that,
for any m ≥ 2 as well as any (15.1) and substitution (15.2) that transforms (15.1)
into (15.3), the coefficients of (15.1) and (15.3) satisfy

(17.2) C∗2 (z)−
(
C∗1 (z)

)2 − C∗(1)1 (z) ≡ C2(z)−
(
C1(z)

)2 − C(1)
1 (z).

For an independent verification, the evaluation of

Expand[ ( CeS[m,2][z] - CeS[m,1][z]^2 - CeS[m,1]’[z] )

- ( Ce[m,2][z] - Ce[m,1][z]^2 - Ce[m,1]’[z] ) ]

is zero. By making a change of notation, we see that (17.2) corresponds to the
semi-invariant of the first kind Pm,2 defined by (16.1) and (16.2).

Example 17.2. For any (15.1) and substitution (15.5) that transforms (15.1)
into (15.6), there is an identity that corresponds to one presented by James Cockle
in [23, page 446] of 1875. We multiply it by −

(
3(m− 1)

)
/
(
2(m− 2)

)
to obtain

C∗∗2 (ζ)− (m− 2)(3m− 1)

3(m− 1)2
(
C∗∗1 (ζ)

)2 − 2(m− 2)

3(m− 1)
C
∗∗(1)
1 (ζ)(17.3)

≡
(
f ′(ζ)

)2
C2

(
f(ζ)

)
− (m− 2)(3m− 1)

3(m− 1)2
C1

(
f(ζ)

))2
− 2(m− 2)

3(m− 1)
C

(1)
1

(
f(ζ)

)
 .

To verify that (17.3) is valid for ζ in Ω∗∗ and any integer m that satisfies m ≥ 2,
we check that the evaluation of

Together[ ( CeSS[m,2][zeta]

- ((m-2)(3m-1)/(3(m-1)^2))CeSS[m,1][zeta]^2

- (2(m-2)/(3(m-1)))CeSS[m,1]’[zeta] )

- f’[zeta]^2 ( Ce[m,2][f[zeta]]

- ((m-2)(3m-1)/(3(m-1)^2))Ce[m, 1][f[zeta]]^2

- (2(m-2)/(3(m-1)))Ce[m,1]’[f[zeta]] ) ]

is zero. A change of notation shows that (17.3) corresponds to the semi-invariant
of the second kind Qm,2 of weight 2 defined by (16.3) and (16.4).

Example 17.3. Let m represent an integer that satisfies m ≥ 3. For any
(15.1) and transformation (15.2) of (15.1) into a corresponding (15.3), the research
of Georges-Henri Halphen in [32, page 127] of 1884 indicates that the coefficients
of (15.3) and (15.1) satisfy

C∗3 (z)

− 3C∗2 (z)C∗1 (z)

+ 2
(
C∗1 (z)

)3
− (3/2)C

∗(1)
2 (z)

+ 3C∗1 (z)C
∗(1)
1 (z)

+ (1/2)C
∗(2)
1 (z)


≡



C3(z)

− 3C2(z)C1(z)

+ 2
(
C1(z)

)3
− (3/2)C

(1)
2 (z)

+ 3C1(z)C
(1)
1 (z)

+ (1/2)C
(2)
1 (z)


, for z in Ω;(17.4)
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while, for any (15.1) and transformation (15.5) of (15.1) into a corresponding (15.6),
the research in [32, page 127] indicates that the coefficients of (15.6) and (15.1) are
related by 

C∗∗3 (ζ)

− 3C∗∗2 (ζ)C∗∗1 (ζ)

+ 2
(
C∗∗1 (ζ)

)3
− (3/2)C

∗∗(1)
2 (ζ)

+ 3C∗∗1 (ζ)C
∗∗(1)
1 (ζ)

+ (1/2)C
∗∗(2)
1 (ζ)


≡
(
f ′(ζ)

)3



C3

(
f(ζ)

)
− 3C2

(
f(ζ)

)
C1

(
f(ζ)

)
+ 2

(
C1

(
f(ζ)

))3
− (3/2)C

(1)
2

(
f(ζ)

)
+ 3C1

(
f(ζ)

)
C

(1)
1

(
f(ζ)

)
+ (1/2)C

(2)
1

(
f(ζ)

)


,(17.5)

for ζ in Ω∗∗. To independently verify (17.4), we note that the evaluation of

Together[ ( CeS[m, 3][z] - 3 CeS[m, 2][z]*CeS[m, 1][z]

+ 2 CeS[m, 1][z]^3 - (3/2)CeS[m, 2]’[z]

+ 3 CeS[m, 1][z]*CeS[m, 1]’[z] + (1/2)CeS[m, 1]’’[z] )

- ( Ce[m, 3][z] - 3 Ce[m, 2][z]*Ce[m, 1][z]

+ 2 Ce[m, 1][z]^3 - (3/2)Ce[m, 2]’[z]

+ 3 Ce[m, 1][z]*Ce[m, 1]’[z] + (1/2)Ce[m, 1]’’[z] ) ]

is zero. For an independent verification of (17.5), we find that the evaluation of

Together[ ( CeSS[m,3][zeta] - 3CeSS[m,2][zeta]*CeSS[m,1][zeta]

+ 2 CeSS[m,1][zeta]^3 - (3/2)CeSS[m,2]’[zeta]

+ 3 CeSS[m,1][zeta]*CeSS[m,1]’[zeta]

+ (1/2)CeSS[m,1]’’[zeta] )

- (f’[zeta]^3)( Ce[m,3][f[zeta]]

- 3 Ce[m,2][f[zeta]]*Ce[m,1][f[zeta]]

+ 2 Ce[m,1][f[zeta]]^3 - (3/2)Ce[m,2]’[f[zeta]]

+ 3 Ce[m,1][f[zeta]]*Ce[m,1]’[f[zeta]]

+ (1/2)Ce[m,1]’’[f[zeta]] ) ]

is zero.

A Mathematica notebook that contains evaluations for the input commands of
this chapter may be downloaded from

http://homepages.uc.edu/~chalklr/Chapter-17.html

by using the Google browser Chrome.
The fact that the identities (17.4) and (17.5) do not involve the order m ≥ 3 of

the corresponding equations (15.1), (15.3), and (15.6) was thought to be desirable.
That situation is reflected in the formulas (18.4) and (18.17). However, the order m
is involved in formulas of greater complexity such as (18.18)–(18.21) on page 176.

Formulas (18.17)–(18.21) correspond to the ones that Andrew Forsyth derived
for relatve invariants of weights s = 3, 4, 5, 6, 7 in [28, pages 398–401, (14)–(18)]
based on his use of infinitesimal transformations. The previously unavailable (15.7)
of page 158 enables a direct verification of Forsyth’s formulas to be made based on
the technique of this chapter. In this regard, see the verifications in Section 18.5
for Theorem 18.7 on page 177.





CHAPTER 18

Suitable Context for Older Notation

The principal failing of the notation for (15.1), (15.3), and (15.6) that involves
binomial coefficients was its role before 1989 in greatly hindering the discovery of
suitable formulas for the coefficients of (15.6) corresponding to a change (15.5) of
the independent variable. The details about this in Chapter 15 make it clear that
the notation involving binomial coefficient should never have been adopted.

However, before we abandon that notation, an explanation should be given to
explain why truly remarkable results like (17.4)–(17.5) of Edmund Laguerre and
Georges-Henri Halphen were known to only a few mathematicians in 1989. Thus,
we provide in Section 18.1 a previously missing precise context about invariants for
equations like (15.1). However, to truly honor Laguerre and Halphen, their results
should be presented in a form like that of Section 1.3 where binomial coefficients
are avoided as a needless distraction.

18.1. Symbolism and terminology

In previous research about invariants for equations written as (15.1), instead of
constructing semi-invariants and relative invariants from polynomials upon which
algebraic operations can be performed and into which substitutions can be made,
the semi-invariants and relative invariants were represented by functions without

mention of substitutions. For example, the expression C2(z)−
(
C1(z)

)2−C(1)
1 (z) in

the right member of (17.2), the expression inside the brackets of the right member
for (17.3), and the expression in the right member of (17.4) were described as
invariants.

For suitable notation, let Rm,1 be the ring of polynomials over Q in the variables

(18.1) W
(j)
i , for 1 ≤ i ≤ m and j ≥ 0;

set Wi ≡ W
(0)
i , for 1 ≤ i ≤ m; and let ′ denote the unique derivation for Rm,1

such that
(
W

(j)
i

)′ ≡W (j+1)
i , when 1 ≤ i ≤ m and j ≥ 0. The constants of Rm,1

(i.e., the elements γ in Rm,1 having γ′ = 0) are the elements of Q. The weight

of W
(j)
i is i + j; the weight of a nonzero element of Q is 0; and the weight of any

nonzero monomial in Rm,1 is the sum of the weights of its factors. A polynomial
in Rm,1 is said to be isobaric when it is nonzero and the weights of its nonzero terms
are equal. The weight of an isobaric polynomial is the weight of any nonzero term.

For any polynomial R̂ in Rm,1, let R̂(z) denote the function on Ω that is

obtained by replacing each W
(j)
i of R̂ with the corresponding C

(j)
i (z) from (15.1),

let R̂∗(z) denote the function on Ω obtained by replacing each W
(j)
i of R̂ with the

corresponding C
∗(j)
i (z) from (15.3), and let let R̂∗∗(ζ) denote the function on .Ω∗∗

obtained by replacing each W
(j)
i of R̂ with the corresponding C

∗∗(j)
i (ζ) from (15.6).

171
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For instance, in terms of the polynomial

(18.2) P̂2 ≡W2 − (W1)2 −W (1)
1 ,

the identity (17.2) of James Cockle for m ≥ 2 is P̂ ∗2 (z) ≡ P̂2(z), on Ω. Also, for

(18.3) Q̂m,2 ≡W2 −
(m− 2)(3m− 1)

3(m− 1)2
(W1)

2 − 2(m− 2)

3(m− 1)
W

(1)
1 ,

the identity (17.3) of Cockle is given by Q̂∗∗m,2(ζ) ≡
(
f ′(ζ)

)2
Q̂m,2

(
f(ζ)

)
, on Ω∗∗.

The identities (17.4) and (17.5) of Halphen are represented with the polynomial

(18.4) Ĥ3 ≡W3 − 3W2W1 + 2(W1)3 − 3
2W

(1)
2 + 3W1W

(1)
1 + 1

2W
(2)
1 .

by Ĥ ∗3 (z) ≡ Ĥ3(z), on Ω, and Ĥ ∗∗3 (ζ) ≡
(
f ′(ζ)

)3
Ĥ3

(
f(ζ)

)
, on Ω∗∗. In fact, if the

variables W
(j)
i of (18.1) are introduced so that they are related to the variables

w
(j)
i for (1.13) by w

(j)
i ≡

(
m
i

)
W

(j)
i , then Im,1; 3 in (1.13) yields Im,1; 3 ≡

(
m

3

)
Ĥ3.

Definition 18.1. A polynomial R̂ in Rm,1 is a Cockle-semi-invariant of the
first kind for equations of the form (15.1) when it is not a constant and yields

(18.5) R̂∗(z) ≡ R̂(z),

for each (15.1) and each transformation (15.2) of (15.1) into a corresponding (15.3).

Definition 18.2. A polynomial R̂ in Rm,1 is a Cockle-semi-invariant of the
second kind for equations of the form (15.1) when it is not a constant and there is
an integer s such that

(18.6) R̂∗∗(ζ) ≡
(
f ′(ζ)

)s
R̂
(
f(ζ)

)
,

for each (15.1) and each transformation (15.5) of (15.1) into a corresponding (15.6).

Definition 18.3. A polynomial R̂ in Rm,1 is a Laguerre-Halphen relative
invariant for equations of the form (15.1) when it is both a Cockle-semi-invariant
of the first kind and a Cockle-semi-invariant of the second kind for such equations.

As examples, we note that P̂2 in (18.2) is a Cockle-semi-invariant of the first

kind; Q̂m,2 in (18.3) is a Cockle-semi-invariant of the second kind; and Ĥ3 in (18.4)
is a Laguerre-Halphen relative invariant.

18.2. Our viewpoint abut the older Cockle-semi-invariants

To illustrate how the context of Section 18.1 can be employed, we begin by

defining F̂i and Ĝi in Rm,1 through

(18.7) F̂0 ≡ 1, F̂1 ≡ −W1, F̂i+1 ≡ F̂
(1)

i + F̂1 F̂i, for i ≥ 1,

and, with the introduction of W0 ≡ 1,

(18.8) Ĝi ≡
i∑

j=0

(
i

j

)
F̂i−jWj , when 0 ≤ i ≤ m.

We have Ĝ0 ≡ 1, Ĝ1 ≡ 0, and Ĝ2 ≡ P̂2 in (18.2). The coefficients of F̂i and Ĝi

are polynomials in the variables W
(k)
j over Q. They do not involve m.

To obtain Ĝi(z) on Ω or Ĝ∗i (z) on Ω, we replace each W
(k)
j of Ĝi with the

corresponding C
(k)
j (z) from (15.1) or the corresponding C

∗(k)
j (z) from (15.3).
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Theorem 18.4. For 2 ≤ i ≤ m and the equations (15.1), Ĝi is an isobaric
Cockle-semi-invariant of the first kind having weight i.

Proof. For 2 ≤ i ≤ m, we use (18.8) and (18.7) to see that the coefficient

of Wi in Ĝi is 1 and therefore Ĝi is not a constant. Since (18.7) shows that F̂i
is an isobaric polynomial of weight i for i ≥ 0, we apply (18.8) to conclude, for

2 ≤ i ≤ m, that Ĝi is an isobaric polynomial of weight i.

For 0 ≤ i ≤ m and a transformation (15.2) of (15.1) into a corresponding
(15.3), we employ (18.8), (15.4), and the identity(

i

j

)(
j

k

)
≡
(
i

k

)(
i− k
j − k

)
, for 0 ≤ k ≤ j ≤ i,

to obtain

Ĝ∗i (z) ≡
i∑

j=0

(
i

j

)
F̂ ∗i−j(z) C

∗
j (z)(18.9)

≡
i∑

j=0

(
i

j

)
F̂ ∗i−j(z)

j∑
k=0

(
j

k

)
ρ(j−k)(z)

ρ(z)
Ck(z)

≡
i∑

k=0

(
i

k

)
Ck(z)

i∑
j=k

(
i− k
j − k

)
ρ(j−k)(z)

ρ(z)
F̂ ∗i−j(z)

≡
i∑

k=0

(
i

k

)
Ck(z)

i−k∑
ν=0

(
i− k
ν

)
ρ(ν)(z)

ρ(z)
F̂ ∗i−k−ν(z)

≡
i∑

k=0

(
i

k

)
Ck(z)Si−k(z), on Ω,

where

Sµ(z) ≡
µ∑
ν=0

(
µ

ν

)
ρ(ν)(z)

ρ(z)
F̂ ∗µ−ν(z), on Ω for µ ≥ 0.(18.10)

We note that (18.10), (18.7), and (17.1) yield S0(z) ≡ F̂0(z) and

S1(z) ≡ F̂ ∗1 (z) +
ρ(1)(z)

ρ(z)
≡ −C∗1 (z) +

ρ(1)(z)

ρ(z)
≡ −C1(z) ≡ F̂1(z).

Let µ be an integer satisfying µ ≥ 1 such that Sµ(z) ≡ F̂µ(z). Then, we use (18.7),

F̂µ(z) ≡ Sµ(z), F̂1(z) ≡ ρ(1)(z)/ρ(z) + F̂ ∗1 (z), and (18.10) to verify that

F̂µ+1(z) ≡ F̂ (1)
µ (z) + F̂1(z) F̂µ(z)

≡ S(1)
µ z) +

ρ(1)(z)

ρ(z)
Sµ(z) + F̂ ∗1 (z)Sµ(z)

≡
µ∑
ν=0

(
µ

ν

)
ρ(ν+1)(z)

ρ(z)
F̂ ∗µ−ν(z)− ρ(1)(z)

ρ(z)
Sµ(z) +

ρ(1)(z)

ρ(z)
Sµ(z)

+

(
µ∑
ν=0

(
µ

ν

)
ρ(ν)(z)

ρ(z)
F̂
∗(1)
µ−ν (z) +

µ∑
ν=0

(
µ

ν

)
ρ(ν)(z)

ρ(z)
F̂ ∗1 (z) F̂ ∗µ−ν(z)

)
and, since the relation F̂i+1 ≡ F̂

(1)

i + F̂1 F̂i in (18.7) is also valid for i = 0,
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F̂µ+1(z) ≡
µ+1∑
ν=1

(
µ

ν − 1

)
ρ(ν)(z)

ρ(z)
F̂ ∗µ+1−ν(z) +

µ∑
ν=0

(
µ

ν

)
ρ(ν)(z)

ρ(z)
F̂ ∗µ+1−ν(z)

≡
µ+1∑
ν=0

(
µ+ 1

ν

)
ρ(ν)(z)

ρ(z)
F̂ ∗µ+1−ν(z) ≡ Sµ+1(z), on Ω.

Thus, Sµ(z) ≡ F̂µ(z) is valid on Ω for µ ≥ 0. We replace Si−k(z) in (18.9) with

F̂i−k(z) and compare the result with (18.8) to see, for any (15.1) and (15.2), that

Ĝ∗i (z) ≡
i∑

k=0

(
i

k

)
Ck(z) F̂i−k(z) ≡ Ĝi(z), on Ω when 0 ≤ i ≤ m.

Hence, for 2 ≤ i ≤ m, Ĝi is an isobaric Cockle-semi-invariant of the first kind

having weight i. This completes the proof. �

This proof of Theorem 18.4 illustrates how the context of Section 18.1 can be
applied. To connect it with the argument in Subsection 18.3.2 as the only one
available for earlier researchers, we have the following result.

Theorem 18.5. For an equation (15.1) on Ω having order m ≥ 2, repeated as

y(m)(z) +

m∑
i=1

(
m

i

)
Ci(z) y

(m−i)(z) = 0,

suppose that ρ1(z) 6≡ 0 is a meromorphic function on a subregion U1 of Ω such that
the substitution y(z) = ρ1(z) t(z) transforms the restriction to U1 of (15.1) into

(18.11) t(m)(z) +

m∑
i=2

(
m

i

)
di(z) t

(m−i)(z) = 0, on U1 with d1(z) ≡ 0.

Then, for 1 ≤ i ≤ m, di(z) of (18.11) is given by di(z) ≡ Ĝi(z), on U1.

Proof. For the indicated transformation of (15.1) on U1 into (18.11) on U1,
we find that (15.4) and (18.7) yield

(18.12) d1(z) ≡ ρ
(1)
1 (z)

ρ1(z)
+ C1(z) ≡ 0 and F̂1(z) ≡ −C1(z) ≡ ρ

(1)
1 (z)

ρ1(z)
, on U1.

We use (18.7) and (18.12) to see that the formula

(18.13) F̂k(z) ≡ ρ
(k)
1 (z)

ρ1(z)
, on U1,

is true for k = 0 and k = 1. In terms of any positive integer k for which (18.13) is
valid, we observe that (18.7) and (18.13) yield

F̂k+1(z) ≡ F̂ (1)
k (z) + F̂1(z) F̂k(z)

≡ ρ
(k+1)
1 (z)

ρ1(z)
− ρ

(k)
1 (z)ρ

(1)
1 (z)(

ρ1(z)
)2 +

ρ
(1)
1 (z)

ρ1(z)

ρ
(k)
1 (z)

ρ1(z)
≡ ρ

(k+1)
1 (z)

ρ1(z)
.

Thus, (18.13) is true for k ≥ 0. Using (15.4), (18.13), and (18.8), we notice that
the substitution y(z) = ρ1(z)v(z) transforms the restriction to U1 of (15.1) into the
equation (18.11) on U1 having

di(z) ≡
i∑

j=0

(
i

j

)
ρ
(i−j)
1 (z)

ρ1(z)
Cj(z) ≡

i∑
j=0

(
i

j

)
F̂i−j(z) Cj(z) ≡ Ĝi(z),

for 2 ≤ i ≤ m. This completes the proof. �
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18.3. Original introduction of Ĝi(z), Ĝ
∗
i (z), and Ĝ∗i (z) ≡ Ĝi(z)

Let (15.1) be an equation of order m ≥ 2 on Ω and let y(z) = ρ(z) v(z) be a
substitution as described for (15.2) that transforms (15.1) on Ω into (15.3) on Ω.
Here, we are to ignore the content of Sections 18.1 and 18.2 in order to view the
way that Georges-Henri Halphen in [32] and Andrew Forsyth in [28] introduced the
Cockle-semi-invariants of the first kind that were essential for their constructions.

18.3.1. Halphen canonical form for (15.1). Let ρ1(z) be a meromorphic

function on a subregion U1 of Ω such that ρ
(1)
1 (z) + C1(z) ρ1(z) ≡ 0 on U1 and

ρ1(z) 6≡ 0. Then, we use (15.4) to see that the substitution y(z) = ρ1(z) t(z)
transforms the restriction to U1 of (15.1) into the equation on U1 given by

(18.14) t(m)(z) +

m∑
i=2

(
m

i

)
Ĝi(z) t

(m−i)(z) = 0, with Ĝ1(z) ≡ 0,

where explicit expressions for Ĝ2(z), . . . , Ĝm(z) are obtained by substituting

ρ
(1)
1 (z)

ρ1(z)
≡ −C1(z),

ρ
(2)
1 (z)

ρ1(z)
≡ −C(1)

1 (z) +

(
ρ
(1)
1 (z)

ρ1(z)

)2

≡ −C(1)
1 (z) +

(
C1(z)

)2
,

and

ρ
(k+1)
1 (z)

ρ1(z)
≡

(
ρ
(k)
1 (z)

ρ1(z)

)′
+
ρ
(k)
1 (z)

ρ1(z)

ρ
(1)
1 (z)

ρ1(z)
, for k ≥ 2,

into (15.4) to obtain Ĝ1(z) ≡ 0, Ĝ2(z) ≡ C2(z)−
(
C1(z)

)2−C(1)
1 (z), . . . . But, the

coefficients of (18.14) are defined on all of Ω and they are uniquely specified by the
given (15.1). In this way, apart from the selection of the variable t, the equation
(15.1) on Ω uniquely determines (18.14) on Ω as its Halphen canonical form.

18.3.2. Deduction of Ĝ∗i (z) ≡ Ĝi(z). Just as (15.1) on Ω specifies (18.14)
on Ω as its Halphen canonical form, the equation (15.3) on Ω specifies

(18.15) t(m)(z) +

m∑
i=2

(
m

i

)
Ĝ∗i (z) t

(m−i)(z) = 0, with Ĝ∗1(z) ≡ 0,

on Ω as its Halphen canonical form where Ĝ∗2(z) ≡ C∗2 (z) −
(
C∗1 (z)

)2 − C∗(1)1 (z),

and so on. For 1 ≤ i ≤ m, Ĝ∗i (z) was regarded as obtained from Ĝi(z) by replacing

in Ĝi(z) each C
(k)
j (z) from (15.1) with the corresponding C

∗(k)
j (z) from (15.3).

With reference to U1 for the local transformation y(z) = ρ1(z) t(z) of (15.1)
on U1 into (18.14) on U1, we observe that the substitution v(z) =

(
1/ρ(z)

)
y(z)

transforms the restriction to U1 of (15.3) into the restriction to U1 of (15.1). Hence,
the substitution v(z) =

(
ρ1(z)/ρ(z)

)
t(z) transforms the restriction to U1 of (15.3)

into the restriction to U1 of (18.14). Consequently, both (18.14) and (18.15) are

Halphen canonical forms for (15.3). This requires Ĝ∗i (z) ≡ Ĝi(z), for 2 ≤ i ≤ m.
Since Georges-Henri Halphen in [32] of 1884, Andrew Forsyth in [28] of 1888,

and other researchers did not employ polynomials into which substitutions from

(15.1) or (15.3) or (15.6) could be performed, the function Ĝi(z), for 2 ≤ i ≤ m,
was referred to as an isobaric semi-invariant of the first kind having weight i.

Sections 18.1 and 18.2 provide clarification. See Theorems 18.4 and 18.5.
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18.4. Results of Forsyth in the context for Sections 18.1 and 18.2

Andrew Forsyth employed infinitesimal transformations in [28, pages 398–401]
of 1888 to derive a necessary structure for Laguerre-Halphen relative invariants
of weights s = 3, 4, 5, 6, 7 for equations (15.1) of order m ≥ s. The deduction for
the weight s = 3 in [28, page 398, (14)] corresponds to the notation

(18.16) Θ̂3(z) ≡ Ĝ3(z)− (3/2)Ĝ
(1)
2 (z), for equations (15.1) of order m ≥ 3.

The right member of (18.16) is equal to the right member of (17.4) and was known
to Georges-Henri Halphen in [32] of 1884. That it does not involve m was noted on
page 169. In that regard, the notation of Sections 18.1 and 18.2 yields the identity

(18.17) Θ̂3 ≡ Ĝ3 − (3/2)Ĝ
(1)
2 ≡ Ĥ3,

where Ĥ3 is given by (18.4).
With respect to the notation of Section 18.1 on page 171, we use (18.8) to see

that the polynomials of interest that correspond to the formulas for Θ̂4(z), Θ̂5(z),

Θ̂6(z), and Θ̂7(z) in [28, pages 399–401, (15), (16),(17),(18)] are given by

Θ̂4 ≡ Ĝ4 − 2Ĝ
(1)
3 + (6/5)Ĝ

(2)
2 −

3(5m+ 7

5(m+ 1)

(
Ĝ2

)2
,(18.18)

for equations (15.1) of order m ≥ 4,

Θ̂5 ≡ Ĝ5 −
5

2
Ĝ

(1)
4 +

15

7
Ĝ

(2)
3 −

5

7
Ĝ

(3)
2 −

10(7m+ 13)

7(m+ 1)
Ĝ2 Θ̂3,(18.19)

for equations (15.1) of order m ≥ 5,

Θ̂6 ≡ Ĝ6 − 3Ĝ
(1)
5 + (10/3)Ĝ

(2)
4 − (5/3)Ĝ

(3)
3 + (5/14)Ĝ

(4)
2(18.20)

+
30(7m2 + 28m+ 25)

7(m+ 1)2
(
Ĝ2

)3
+

5(7m+ 8)

14(m+ 1)

(
Ĝ

(1)
2

)2
− 5

3m+ 7

m+ 1
Ĝ2

(
Ĝ4 − 2Ĝ

(1)
3 +

2(14m+ 31)

7(3m+ 7)
Ĝ

(2)
2

)
,

for equations (15.1) of order m ≥ 6,

and

Θ̂7 ≡ Ĝ7 −
7

2
Ĝ

(1)
6 +

105

22
Ĝ

(2)
5 −

35

11
Ĝ

(3)
4 +

35

33
Ĝ

(4)
3 −

7

44
Ĝ

(5)
2(18.21)

− 7Ĝ2

11(m+ 1)

 (3/2)(11m+ 31)
(

2Ĝ5 − 5Ĝ
(1)
4

)
+ 5(15m+ 41)Ĝ

(2)
3 − 15(2m+ 5)Ĝ

(3)
2


− 7(3m+ 4)

11(m+ 1)

[
3Ĝ

(2)
2

(
Ĝ3 + Ĝ

(1)
2

)
− 5Ĝ

(1)
2 Ĝ

(1)
3

]
+

21(55m2 + 288m+ 329)

11(m+ 1)2
(
Ĝ2

)2
Θ̂3,

for equations (15.1) of order m ≥ 7,

except that: the denominator 11(m+ 1)2 appearing in the last fraction of (18.21)
is a correction for the denominator 22(m+1)2 that [28, page 401, (18)] would give.
For details about that misprint, see [19, page 79].

The restriction to infinitesimal transformations is removed in Theorem 18.7.
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18.4.1. Deduction for Ĝ
(k)
i . For any polynomial P̂ in Rm,1 of page 171 and

the derivation ′ for Rm,1, we write P̂ (0) ≡ P̂ , P̂ (1) ≡
(
P̂ (0)

)′
, P̂ (2) ≡

(
P̂ (1)

)′
, . . . .

Thus, for any k ≥ 0, we use the notation P̂ (k) for the polynomial in Rm,1 obtained

from P̂ by repeatedly applying k times the derivation ′ defined for Rm,1.

We recall that P̂ (z) designates the function on Ω obtained from P̂ by replacing

each W
(j)
i in P̂ with the corresponding C

(j)
i (z) from (15.1). However, due to

properties of the derivation ′ for Rm,1, we see that the function
(
P̂ (k)

)
(z) on Ω

that is obtained from P̂ (k) by replacing each W
(j)
i in P̂ (k) with the corresponding

C
(j)
i (z) from (15.1) is equal to the kth derivative with respect to z of P̂ (z). Similarly,

the function
(
P̂ (k)

)∗
(z) on Ω obtained from P̂ (k) by replacing each W

(j)
i in P̂ (k)

with the corresponding C
∗(j)
i (z) from (15.3) is equal to the kth derivative with

respect to z of the function P̂ ∗(z) obtained from P̂ by replacing each W
(j)
i in P̂

with the corresponding C
∗(j)
i (z) from (15.3).

Proposition 18.6. For 2 ≤ i ≤ m and k ≥ 0, Ĝ
(k)
i is an isobaric Cockle-semi-

invariant of the first kind having weight i+ k.

Proof. For 2 ≤ i ≤ m and k ≥ 0, we use (18.8) to see that the coefficient

ofW
(k)
i in Ĝ

(k)
i is 1 and Ĝ

(k)
i is an isobaric polynomial of weight i+k. Theorem 18.4

on page 173 yields Ĝ∗i (z) ≡ Ĝi(z), on Ω, from which we deduce

(18.22)
(
Ĝ

(k)
i

)∗
(z) ≡ dk

dzk
Ĝ∗i (z) ≡

dk

dzk
Ĝi(z) ≡

(
Ĝ

(k)
i

)
(z), on Ω.

We compare (18.22) with (18.6) of Definition 18.1 on page 172 to complete the
proof. �

18.4.2. Properties of Θ̂3, Θ̂4, Θ̂5, Θ̂6, and Θ̂7. We know that Θ̂3 in (18.17)
is a Laguerre-Halphen relative invariant for equations (15.1) of order m ≥ 3 because

Ĥ3 in (18.4) on page 172 has that property with respect to Definition 18.3.

Theorem 18.7. For 3 ≤ s ≤ 7, Θ̂s is a Laguerre-Halphen relative invariant of
weight s for the equations (15.1) of order m ≥ s.

Proof. Let s satisfy 3 ≤ s ≤ 7. We use (18.17)–(18.21) to see that the

coefficient ofWs in Θ̂s is equal to the coefficient 1 ofWs in Ĝs. Since Definition 18.1
on page 172 shows that a nonzero sum of Cockle-semi-invariants of the first kind
is a Cockle-semi-invariant of the first kind, we apply Proposition 18.6 to conclude

that Θ̂s is an isobaric Cockle-semi-invariant of the first kind having weight s.
We establish in Section 18.5 that: when an equation (15.1) on Ω is transformed

by z = f(ζ) of (15.5) into a corresponding equation (15.6) on Ω∗∗, the identity

(18.23) Θ̂∗∗s (ζ)−
(
f ′(ζ)

)s
Θ̂s
(
f(ζ)

)
≡ 0, on Ω∗∗ for 3 ≤ s ≤ 7,

is valid, where Θ̂s(z) on Ω and Θ̂∗∗s (ζ) on Ω∗∗ are obtained by replacing each W
(j)
i

in Θ̂s with the corresponding C
(j)
i (z) from (15.1) and C

∗∗(j)
i (ζ) from (15.6). In view

of (18.23) and Definitions 18.2–18.3, we conclude that Θ̂s is a Laguerre-Halphen
relative invariant of weight s. �
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18.5. Computer-algebra verification of (18.23)

After selecting a version of Mathematica from [55, 56, 57, 58, 59] as the
system, we recall from page 167 that the evaluations of

Ce[m_,0][z_] := 1

alpha[0,j_][zeta_] := 1

alpha[i_,j_][zeta_] := ( Sum[alpha[i-1,k]’[zeta]

-(i-1+k)(f’’[zeta]/f’[zeta])*

alpha[i-1,k][zeta],{k,1,j}] ) /; i >= 1

beta[m_,r_,s_][zeta_]:=(Product[(m-s-k+1),{k,1,r}]/

Product[(s+k),{k,1,r}])*alpha[r,s][zeta]

CeSS[m_,i_][zeta_] := Sum[beta[m,i-j,m-i][zeta]*

(f’[zeta])^j*Ce[m, j][f[zeta]],{j,0,i}]

provide representations for the coefficients C∗∗1 (ζ), C∗∗2 (ζ), . . . of (15.6). We use
(18.7) and (18.8) to see that the evaluations of

F[0][z_] := 1

F[1][z_] := - Ce[m,1][z]

F[i_][z_] := F[i-1]’[z]+F[1][z]*F[i-1][z] /; i >= 2

G[i_][z_] := Sum[Binomial[i,j]*F[i-j][z]*Ce[m,j][z],{j,0,i}]

FSS[0][zeta_] := 1

FSS[1][zeta_] := - CeSS[m,1][zeta]

FSS[i_][zeta_] :=

FSS[i-1]’[zeta]+FSS[1][zeta]*FSS[i-1][zeta] /; i >= 2

GSS[i_][zeta_] :=

Sum[Binomial[i,j]*FSS[i-j][zeta]*CeSS[m,j][zeta],{j,0,i}]

provide representations for the function Ĝi(z) on Ω and Ĝ∗∗i (ζ) on Ω∗∗ obtained

from Ĝi by replacing each Wj in Ĝi with the corresponding Cj(z) from (15.1) or
C∗∗j (ζ) from (15.6). In view of (18.17)–(18.21), we observe that the evaluations of

Theta[3][z_] := ( G[3][z]-(3/2)G[2]’[z] )

ThetaSS[3][zeta_] := ( GSS[3][zeta]-(3/2)GSS[2]’[zeta] )

Theta[4][z_] := ( G[4][z]-2G[3]’[z]+(6/5)G[2]’’[z]

-(3/5)((5m+7)/(m+1))G[2][z]^2 )
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ThetaSS[4][zeta_] := ( GSS[4][zeta]-2GSS[3]’[zeta]

+(6/5)GSS[2]’’[zeta]-(3/5)((5m+7)/(m+1))GSS[2][zeta]^2 )

Theta[5][z_] := ( G[5][z]-(5/2)G[4]’[z]+(15/7)G[3]’’[z]

-(5/7)G[2]’’’[z]-(10/7)((7m+13)/(m+1))G[2][z]*Theta[3][z] )

ThetaSS[5][zeta_] := ( GSS[5][zeta]-(5/2)GSS[4]’[zeta]

+(15/7)GSS[3]’’[zeta]-(5/7)GSS[2]’’’[zeta]

-(10/7)((7m+13)/(m+1))GSS[2][zeta]*ThetaSS[3][zeta] )

Theta[6][z_] := ( G[6][z]-3G[5]’[z]+(10/3)G[4]’’[z]

-(5/3)G[3]’’’[z]+(5/14)G[2]’’’’[z]

+(30/7)G[2][z]^3*((7m^2+28m+25)/(m+1)^2)

+(5/14)((7m+8)/(m+1))G[2]’[z]^2

-5((3m+7)/(m+1))G[2][z]*

(G[4][z]-2G[3]’[z]+(2/7)((14m+31)/(3m+7))G[2]’’[z]) )

ThetaSS[6][zeta_] := ( GSS[6][zeta]-3GSS[5]’[zeta]

+(10/3)GSS[4]’’[zeta]-(5/3)GSS[3]’’’[zeta]

+(5/14)GSS[2]’’’’[zeta]

+(30/7)GSS[2][zeta]^3*((7m^2+28m+25)/(m+1)^2)

+(5/14)((7m+8)/(m+1))GSS[2]’[zeta]^2

-5((3m+7)/(m+1))GSS[2][zeta]*(GSS[4][zeta]

-2GSS[3]’[zeta]+(2/7)((14m+31)/(3m+7))GSS[2]’’[zeta]) )

Theta[7][z_] := ( G[7][z]-(7/2)G[6]’[z]+(105/22)G[5]’’[z]

-(35/11)G[4]’’’[z]+(35/33)G[3]’’’’[z]-(7/44)G[2]’’’’’[z]

-(7/11)(G[2][z]/(m+1))*( (3/2)(11m+31)(2G[5][z]-5G[4]’[z])

+5(15m+41)G[3]’’[z]-15(2m+5)G[2]’’’[z] )

-(7/11)((3m+4)/(m+1))*( 3G[2]’’[z]( G[3][z]+G[2]’[z] )

- 5G[2]’[z]*G[3]’[z] )

+G[2][z]^2*Theta[3][z]*((1155m^2+6048m+6909)/(11(m+1)^2)) )

ThetaSS[7][zeta_] := ( GSS[7][zeta]-(7/2)GSS[6]’[zeta]

+(105/22)GSS[5]’’[zeta]-(35/11)GSS[4]’’’[zeta]

+(35/33)GSS[3]’’’’[zeta]-(7/44)GSS[2]’’’’’[zeta]

-(7/11)(GSS[2][zeta]/(m+1))*( (3/2)(11m+31)(2GSS[5][zeta]

-5GSS[4]’[zeta])+5(15m+41)GSS[3]’’[zeta]

-15(2m+5)GSS[2]’’’[zeta] )

- (7/11)((3m+4)/(m+1))( 3GSS[2]’’[zeta]*

(GSS[3][zeta]+GSS[2]’[zeta])-5GSS[2]’[zeta]*GSS[3]’[zeta])

+GSS[2][zeta]^2*ThetaSS[3][zeta]*

(21(55m^2+288m+329)/(11(m+1)^2)) )

represent the functions Θ̂s(z) on Ω and Θ̂∗∗s (ζ) on Ω∗∗, for 3 ≤ s ≤ 7, that appear
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in (18.23) on page 177. Since the evaluation for each of

FullSimplify[ ThetaSS[3][zeta] - f’[zeta]^3*Theta[3][f[zeta]] ]

FullSimplify[ ThetaSS[4][zeta] - f’[zeta]^4*Theta[4][f[zeta]] ]

FullSimplify[ ThetaSS[5][zeta] - f’[zeta]^5*Theta[5][f[zeta]] ]

FullSimplify[ ThetaSS[6][zeta] - f’[zeta]^6*Theta[6][f[zeta]] ]

FullSimplify[ ThetaSS[7][zeta] - f’[zeta]^7*Theta[7][f[zeta]] ]

is zero, we conclude that (18.23) is valid. A Mathematica notebook containing the
preceding evaluations can be downloaded from

http://homepages.uc.edu/~chalklr/Chapter-18.html

with the Google browser Chrome. It illustrates well the technique of Chapter 17.

18.6. Several observations

A different argument to verify Theorem 18.7 was employed for [19, page 79].
There, after finding explicit formulas for all of the basic relative invariants of the

equations (15.9), we used computer algebra with the substitution w
(j)
i =

(
m
i

)
W

(j)
i

in the basic relative invariants Im,1; 3, . . . , Im,1; 7 to verify that

(18.24) Im,1; s ≡
(
m

s

)
Θ̂s, for 3 ≤ s ≤ 7 and m ≥ s,

where Θ̂3, . . . , Θ̂7 are given by (18.17)–(18.21). The properties of Θ̂s as a Laguerre-
Halphen relative invariant for the equations (15.1) then follow from properties of
Im,1; s as a relative invariant for the equations (15.9).

The formulas for Θ̂3(z), Θ̂4(z), Θ̂5(z), Θ̂6(z), and Θ̂7(z) in [28, pages 398–401]
and their rewritten versions appearing in [8, page 235] did not lead to general results.

Francesc Brioschi introduced errors when he rewrote Θ̂7(z) for [8, page 235] of 1891

and those errors were copied in the expression for Θ̂7(z) that Ludwig Schlesinger
included in [47, page 196] of 1897.

18.7. Computer-algebra verification of (18.24)

We continue with the Mathematica notebook that was begun on page 178 and
includes the sixteen commands of page 178, the seven commands of page 179,
and the five commands above. At this point, the evaluations of Theta[3][z],
Theta[4][z], Theta[5][z], Theta[6][z], Theta[7][z] are representations for

the functions Θ̂3(z), Θ̂4(z), Θ̂5(z), Θ̂6(z), and Θ̂7(z) on Ω that are obtained by

replacing each W
(k)
j in Θ̂3, Θ̂4, Θ̂5, Θ̂6, and Θ̂7 of (18.17)–(18.21) with C

(k)
j (z)

from (15.1). Next, we evaluate

Ce[m_,i_][z_] = W[i][z]

and recognize that the evaluations of Theta[3][z], Theta[4][z], Theta[5][z],

Theta[6][z], Theta[7][z] now represent the polynomials Θ̂3, Θ̂4, Θ̂5, Θ̂6, and

Θ̂7 of (18.17)–(18.21) in the variables W
(k)
j over Q.
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With respect to the equations (15.9) on page 158, in order for the evaluations
of basicInv[m,1,3][z], basicInv[m,1,4][z], basicInv[m,1,5][z] as well as
basicInv[m,1,6][z] and basicInv[m,1,7][z] to represent the basic relative
invariants Im,1; 3, Im,1; 4, Im,1; 5, Im,1; 6, and Im,1; 7 as polynomials over Q in the

variables w
(j)
i , for 1 ≤ i ≤ m and j ≥ 0, we evaluate the input commands

a[m_,1][z_] := (1/Binomial[m+1,3])( w[2][z]

-((m-1)/2)w[1]’[z]-((m-1)/(2m))w[1][z]^2 )

d[m_,1][z_] := (1/(m(m-1)))w[1][z]

K[m_,1,i_,j_][z_] := 0 /; i <= -1

K[m_,1,0,j_][z_] := 1

K[m_,1,i_,j_][z_] :=

( Sum[( D[K[m,1,i-1,k][z],z]

-(m-1)*d[m,1][z]*K[m,1,i-1,k][z]

+(m+2-i-k)(2-i-k)a[m,1][z]*

K[m,1,i-2,k][z]),{k,j+1,m}] ) /; i >= 1

w[0][z_] = 1; X[k_][z_] := w[k][z]

L[m_,1,i_][z_] :=

Sum[ K[m,1,i-j,j][z]*X[j][z], {j, 0, i}]

M[m_,1,e1_,i_][z_] :=

FunctionExpand[Binomial[m-i,e1-i]]*

Product[(e1-r), {r,1,e1-i}]*L[m,1,i][z]

A[e1_,i_] := -1/(e1+i-1) /; i >= 1

B[e1_,i_] := (e1-i)/(e1+i-2) /; i >= 1

inv[m_,1,e1_,0][z_] := 0

inv[m_,1,e1_,1][z_] := 0

inv[m_,1,e1_,i_][z_] := ( M[m,1,e1,i][z]

+A[e1,i-1]*D[ inv[m,1,e1,i-1][z], z]

+B[e1,i-1]*a[m,1][z]*

inv[m,1,e1,i-2][z] ) /; i >= 2

basicInv[m_,1,e1_][z_] := inv[m,1,e1,e1][z]

from pages 53–54 of Section 6.1. For the relation w
(k)
j =

(
m
j

)
W

(k)
j , we evaluate

binomial[m_,i_] := Product[m-k,{k,0,i-1}]/i!

w[i_][z_] := binomial[m,i]*W[i][z]
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where the first of these two input commands enables
(
m
i

)
to be evaluated for any

nonnegative integer i even when m is merely a symbol. Since the evaluations for
each of the input commands

FullSimplify[ basicInv[m,1,3][z] - binomial[m,3]*Theta[3][z] ]

FullSimplify[ basicInv[m,1,4][z] - binomial[m,4]*Theta[4][z] ]

FullSimplify[ basicInv[m,1,5][z] - binomial[m,5]*Theta[5][z] ]

FullSimplify[ basicInv[m,1,6][z] - binomial[m,6]*Theta[6][z] ]

FullSimplify[ basicInv[m,1,7][z] - binomial[m,7]*Theta[7][z] ]

is zero, we conclude that (18.24) on page 180 is valid. The Mathematica notebook
that is downloadable from

http://homepages.uc.edu/~chalklr/Chapter-18.html

with the Google browser Chrome contains evaluations for the input statements of
this chapter.

18.8. Brief summary

The subject needed a simpler notation, precise definitions, explicit formulas of
a general character for the coefficients of equations resulting from a change of the
independent variable, and a symmetrical development with respect to the two types
of semi-invariants. Instead, after the research of Andrew Forsyth in [28] of 1888,
the subject was identified with the performance of infinitesimal transformations.
For example, see [7] of 1899 and [53] of 1906. Biographies of Georges-Henri Halphen
reveal the attitudes that prevailed by incorrectly implying the subject of invariants
for differential equations was merely a detail in the theory of continuous groups.
Also, since Halphen’s research about invariants did not fit into that context, it
should have been praised rather than claimed by biographers to be “no longer in
the mainstream.” Thus, because the subject had become so thoroughly muddled,
it needed the complete redevelopment that we began in 1989.

There are numerous areas of mathematics where considerable effort would be
required for a neophyte to understand the contributions made by experts or to fit
those contributions into an interesting historical perspective.

In contrast, the subject of relative invariants has a long history. Moreover, it
should now be intelligible to anyone knowledgeable about the differential calculus
and the concept of a polynomial in algebra.

We are pleased to have advanced this remarkable area of mathematics.
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37. E. Laguerre, Sur les équations différentielles linéaires du troisième ordre, C. R. Acad. Sci.
Paris 88 (1879), 116–119.
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Ellis Robert Kolchin, 30, 48

Edmund Nicolas Laguerre, xi, 1, 2, 8

Serge Lang, 73

George F Metzler, 9

Hisasi Morikawa, 9

Jean-Claude Ndogmo, 9
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