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ABSTRACT. Several basic relative invariants for homogeneous linear differential
equations were discovered during the years shortly after 1878. Also, a basic
relative invariant was found by Paul Appell in 1889 for a type of nonlinear
differential equation. There was little progress during the years 1892-1988 as
researchers who worked with homogeneous linear differential equations were
unknowingly handicapped by the standard practice of introducing binomial
coefficients in the writing of their equations. They thereby failed to develop
adequate formulas for the coefficients of equations resulting from a change of
the independent variable. Consequently, for relative invariants as the most
important kind of invariant, progress was stymied.

The notation was simplified in 1989, adequate transformation formulas
were developed, and explicit expressions were deduced in 2002 for all of the
basic relative invariants of homogeneous linear differential equations. In 2007,
explicit formulas were obtained for all of the basic relative invariants of a
type of ordinary differential equation involving two parameters m and n that
represent positive integers. When n = 1 and m > 3, the formulas specialize to
provide all of the basic relative invariants for homogeneous linear differential
equations of order m; and, when m = n = 2, they yield all three of the basic
relative invariants for the equations of Paul Appell.

A general method developed in 2014 combines two relative invariants of
weights p and ¢ for the same type of equation to explicitly obtain a relative
invariant of weight p 4+ g+ r, for any » > 0. With that, the principal problems
about relative invariants have now been solved.

This monograph provides clear perspective about the reformulation begun
after 1988 and recently completed. Chapters 15 and 18 show how the major
difficulties confronting earlier researchers have been overcome.
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Preface

The subject of relative invariants for ordinary differential equations has been
completely redeveloped in a series of publications begun in 1989. Now, there are
satisfactory solutions to the principal unsolved problems that provided interest for
researchers after Edmund Laguerre found a relative invariant in [37, 38] of 1879
for third-order homogeneous linear differential equations and the French Academy
of Sciences encouraged extensions of his research. In particular, Georges-Henri
Halphen won the 1880 Grand Prize of the French Academy of Sciences for research
about invariants published in [32] and Henri Poincaré received honorable mention
for his competitive submission to them in 1880.

Explicit formulas for all of the basic relative invariants of homogeneous linear
differential equations of each fixed order were found and presented in [19] of 2002.
For a type of nonlinear differential equation studied by Paul Appell in [4] of 1889,
he discovered one of its three basic relative invariants. The other two were obtained
for [20] of 2007 and all three appear in [20, page 13, Theorem 1.8] of 2007.

As a remarkable generalization not anticipated by earlier researchers, all of the
basic relative invariants were discovered and presented by explicit formulas in [20,
pages 257, 264, 275-276] for a type of ordinary differential equation involving two
integral parameters m and n, where m is the order of the equation and n is its
degree when its left member is regarded as a homogeneous polynomial in the various
derivatives of the dependent variable. In particular, when n = 1, the formulas
specialize to yield the ones in [19] for the basic relative invariants of homogeneous
linear differential equations of each order m > 3; and, when m = n = 2, they
specialize to yield the ones in [20] for the three basic relative invariants of the
nonlinear equations Paul Appell studied in [4].

To complete the research involving the preceding results, a construction was
developed in [21] of 2014 where, under general conditions, it combines two relative
invariants of respective weights p and ¢ for the same type of equation to produce
a relative invariant of weight p + ¢ 4+ r, for any integer » > 0. Examples were also
given in [21] to illustrate how, starting with the basic relative invariants for a given
type of equation, that construction can be repeatedly applied to obtain linearly
independent relative invariants of a given weight whose linear combinations yield
all of the relative invariants having that weight.

This revision of [21] includes Chapters 15 and 18 as new ones to show why,
after a flurry of intense interest during the years 1879-1891, the subject remained in
limbo until 1989. In particular, these chapters make precise the principal difficulties
earlier researchers failed to overcome.

Roger Chalkley

xi






CHAPTER 1

Historical Introduction

Anyone knowledgeable about the differential calculus can effortlessly develop
an interest in the subject of invariants by interacting with the computer-algebra
aspects of Chapters 16 and 17 before becoming involved with details.

The initial discovery of a relative invariant was made by Edmund Laguerre
in [37, 38] of 1879 when he found one for monic third-order homogeneous linear
differential equations. The principal research about relative invariants before 1989
was performed by Edmund Laguerre, Georges-Henri Halphen, Andrew Forsyth, and
Paul Appell during the years 1879-1889. For Laguerre’s use of relative, see page 39.

1.1. Notation to avoid

Chapters 15 and 18 provide a detailed explanation why research about relative
invariants languished during the years from 1890 through 1988. The main cause was
that authors who wrote papers about such matters before 1989 used notation like

(1.0) y™(2) + Z (T) d;j(2)y™=9(2) =0, with binomial coefficients (?)
j=1

Chapter 15 shows how that notation hindered the discovery of adequate formulas
for the coefficients of equations resulting from a change of the independent variable.
The abandonment of that notation in [14, 16, 17] during 1989-1993 was responsible
for the advances in [19, 20]. Throughout, we shall avoid notation like that of (1.0)
except for Chapters 15, 17, and 18 where early details are examined.

1.2. Relative invariant of Edmund Laguerre

To recall a result of Edmund Laguerre, we note that: when c¢;1(z), ca(2), ¢3(2)
are any three meromorphic functions on a region {2 of the complex plane and p(z) is
a not-identically-zero meromorphic function on {2, there are unique meromorphic
functions c¢f(z), c3(z), c5(z) on 2 such that the monic third-order homogeneous
linear differential equation

(1.1) y"(2) + c1(2)y"(2) + c2(2) Y/ (2) + es(2) y(2) =0, on L2,
is transformed by the substitution

(1.2) y(2) = p(2)v(2)

into the monic third-order homogeneous linear differential equation
(1.3) "(2) + ¢ (2)v"(2) + 5 (2) V' (2) + ¢ (2)v(z) =0, on £2.

Each of ¢f(z), ¢5(2), ¢5(2) can be expressed in terms of ¢;(z), c2(z), c3(z) and the
derivatives of p(z) by simple hand-written computations that yield

1



2 1. HISTORICAL INTRODUCTION

d(z) — 5 ci(2) c3(2) e3(2) — 2 e1(2) ea(2)

(%) + % (€1(2)" - 1V (2) _ + 2 (a(2)” - 1V (2)
+1ci(z) 1V (2) +1e(2) M (2) ’
+ %c;@)(z) i %c?)(z)

for each z in (2.

When ¢1(2), ¢c2(z), c3(z) are any three meromorphic functions defined on a region {2
and z = f(¢) is a univalent analytic function on a region 2** with f(2**) = (2,
there are unique meromorphic functions ¢;*(¢), ¢5*(¢), ¢5*(¢) on £2** such that the
substitution

(1.4) 2= f(¢), with () =y(f(c)),

transforms (1.1) into

(1.5)  w"(Q) + e (Qu"(¢) + 5" (O u'(Q) + ¢5™(Qu(¢) =0, on 277

(
Each of ¢*(¢), ¢5*(¢), ¢5*(¢) can be expressed in terms of ¢1(z), c2(2), c3(2), as
I

) ¢
<) and derivatives of f({) by simple computations that yield

well as z =
5" (¢) — 2 ¢ (¢) ¢5*(¢) e3(f(Q) — 5 (£(Q) e2(£(C))
+ 2 (7)) - 1M + 2 (e (FO))° = 28 (F(O
oy |77 ( *)*(1) _ (70 17( ( )()1) (£(0)) |
+3¢7(¢) e (0) Jrgcl(f(o) ¢ (f(())
+ 1) + L e (£(0)

for each ¢ in £2**.

We represent the relative invariant associated with () and (xx) by

(1.6) Ts31.3=w;3 — 3w1w2 + 27(101)3 2 (1) + 'w w(l) + 'w(z)

and regard it as a dlﬁerentlal polynomial into which substitutions can be made.
Thus, with w, = w 1f Z3.1;3(2), I3 1. 5(2), and Z37 () are respectively obtained
o 4 in Zs 1,5 with the corresponding ¢\’ (z) from (1.1), ¢;¥(z)
from (1.3), and c; *0 )(() from (1.5), then (%) and (**) may be written as

T315(2) = Taaa(2), on 2, and T355(Q) = (£/(Q) Tos(£(C)), on 27,

We note that the relative invariant of Edmund Laguerre presented in [37, page 117]
of 1879, or in [33, page 421], corresponds to the notation 273 1, 3.
Composites of some (1.2) and some (1.4) yield the transformations of (1.1).

by replacing each w;

1.3. Terminology for homogeneous linear differential equations

When ¢;(2), c2(2), ..., ¢m(2) are meromorphic functions on a region {2 of the
complex plane and p(z) is a not-identically-zero meromorphic function on {2, there
are unique meromorphic functions ¢ (z), ¢5(2), ..., ¢;,(2) on 2 such that the monic

mth-order homogeneous linear differential equation

(1.7) ch ym=)(z) =0, on 12,
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is transformed by the substitution

(1.8) y(2) = p(2)v(z)
into the monic mth-order homogeneous linear differential equation
(1.9) v (2) + ) e (2)v" T (2) =0, on £2.
i=1

We set n = 11in (3.4) of page 19 to obtain ¢} (z) for (1.9) as in (15.12) of page 158.

In terms of meromorphic functions ¢ (z), ¢2(2), ..., ¢m(2) on a region 2 and
a univalent analytic function z = f(¢) on a region 2** with f(2**) = (2, there
are unique meromorphic functions ¢*(¢), ¢5*(¢), ..., ¢ (¢) on £2** such that the
substitution
(1.10) 2= f(0), with w(¢)=y(f(C)),
transforms (1.7) into
(1.11) WO+ 3 e (OumI(C) =0, on 2.

i=1

Satisfactory formulas for the ¢;*(¢) were available only after the investigations
in [14, 16, 17] of 1989-1993 that lead to [19, page 136, Theorem A.3] of 2002.
To verify that, see the beginning of Section 15.1 on page 157. Here, for ¢;*(¢) in
(1.11), set n = 1 in (3.21)—(3.24) on page 24 and obtain (15.16)—(15.18) on page 159.

For any polynomial I over the field Q of rational numbers in variables ng )
having1 <i <mand j > 0,let I(z) on §2, I*(z) on £2, and I**(¢) on 2** denote the
functions respectively obtained by replacing each 'wl(-j ) in I with the corresponding
cgj)(z) from (1.7), c:(j)(z) from (1.9), and c:*(j)(g) from (1.11). Then, I is a
relative invariant for mth-order }(10)Inogeneous linear differential equations when I
J

(112) () =1(), on2and I*(C) = (F(O)I(f(Q), on 2™,
for each equation (1.7) as well as each (1.8) and (1.10).

effectively involves at least one w;”’ and there is a fixed positive integer s such that

1.4. Relative invariants of Georges-Henri Halphen

For each fixed integer m > 3, the polynomial

m—2 (m—1)(m—2) 3 m—2

(113) I7rL,1;3 = w3 — Twl wo + T(wl) — Twé )
(m—1)(m—2) 1 (m—=1)(m—2) (o
+ om wiwi + 12 w!?

is a relative invariant with s = 3 for the equations (1.7) of order m. This is a
consequence of Theorem 4.6 on page 32. It was published in a different form by
G.-H. Halphen in [32, page 127] of 1884. Namely, by rewriting his expression for V
in [32, page 127, Equation (10)] or [35, page 112, Equation (10)] with respect to
the coefficients of (1.7), we find that

(1.14) V= (m(m _f)?mQ)>Im)1;3(z),

where, with w; = wgo), T 1;3(2) is the function on {2 obtained by replacing each
w in (1.13) with the corresponding ¢/ (z) from (1.7).
In particular, for m = 3, (1.13) yields (1.6).
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By setting m =4 in (1.13), we see that the differential polynomial

. 4,1;3 = W3 — 5w w3 + z(w1)” —wy " + 'w'w + w
(1.15) Ty, 5 §(w1)® —wy) + fwiwt! + fwl?

is a relative invariant with s = 3 for the differential equations
(1.16) g (2) +c1(2) 9P (2) + ea(2) y P (2) + es(2) yV (2) + ea(2)y(2) = 0.

In [31, page 331, Equation (9)] or [35, page 469, Equation (9)], G.-H. Halphen
had already indicated a relative invariant with s = 3 for the equations (1.16).
His expression is equal to (—1/2)Z41,3(2). For the relative invariants presented
here thus far, the computations required to directly verify their properties can be
done as hand-written ones without great effort.

G.-H. Halphen used [31, page 339, line 3] or [35, page 474, line 23] of 1883 to
make plausible the existence of a relative invariant with s = 4 for (1.16). We used
Theorem 4.6 with computer algebra to conclude that the differential polynomial

(117) I4,1;4 = Wy — Z'lﬂl’UJJ - *wz(gl) 180( 2)2 + %w(Z) + %(wlfwg
1 1 1
+ 100“’5 )w2 + 4“’1ng ) %(wlf - 23090 (w1) wg )
(1) 3 (2) (3)
200 (w ) 20 W1W; 20

is a relative invariant with s = 4 for the equations (1.16). For merely a verification,
see Example 16.3 on page 164. Section 12.1 shows that each relative invariant
having s = 4 for the equations (1.16) is expressible in the form yZ, 1,4, for some
nonzero rational number ~y

1.5. Infinitesimal Transformations of Andrew Forsyth

To find explicit expressions for the coefficients of various relative invariants,
Forsyth recognized in [28, pages 394-401] that computations would be considerably
simplified if transformations of the type (1.10) were replaced by corresponding
infinitesimal transformations where higher order infinitesimals could be neglected.
His viewpoint was expressed in a footnote to [28, page 394] as follows.

“The functions are shown by this process to be invariants only
for an infinitesimal, but otherwise perfectly general, transforma-
tion; but the immediate purpose is to obtain the numerical co-
efficients and not to prove the property of general invariance,
which, otherwise known, could be derived by the principle of
cumulative variations.” (Andrew Forsyth)

Indeed, for each integer s satisfying 3 < s < 7 and for monic homogeneous
linear differential equations of order m > s, his process yields a relative invariant
that satisfies (1.12) with that s. Namely, after correcting the tiny misprint that we
noticed for [28, page 401, Equation (18)] in [19, page 79] and describe for s = 7 on
page 176 of Chapter 18, we used computer algebra in [19] to verify that Forsyth’s
expressions could be identified with vy, ¢ Zpm 1,6, for 3 < s < 7, where Z,, 1,5 is
given by (4.17) of page 32 with m = m (as any integer > s), n = 1, and e; = s.
Since T, 1,s was shown in [19] to be a relative invariant corresponding to (1.12)
with s > 3 and m > s, the properties of Forsyth’s expressions follow from that.
Details about this are presented in Sections 18.6 and 18.7 of Chapter 18.

A direct verification for each of the formulas [28, pages 399-401, (14)—(18)] in
the proof of Theorem 18.7 required a previously unavailable transformation formula.
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1.6. Laguerre-Forsyth canonical forms

Andrew Forsyth established and applied in [28, pages 403—407] of 1888 the
result that: for any homogeneous linear differential equation of order m > 2 having
meromorphic coefficients on a region, there is a subregion on which the restriction
of the equation can be transformed into a homogeneous linear differential equation
of order m in which the coefficients of the derivatives of order m — 1 and m — 2 are
zero. This process is described as a local transformation for a homogeneous linear
differential equation to a Laguerre-Forsyth canonical form.

By using infinitesimal transformations with reductions to Laguerre-Forsyth
canonical forms, Forsyth obtained expressions in [28, pages 404-407] that yield
identities various relative invariants would give when restricted to transformations
of one Laguerre-Forsyth canonical form into another. The corresponding invariants
for this restrictive context were descriptively termed linear invariants by Forsyth
to distinguish them from the true relative invariants of Laguerre and Halphen.

Without need for infinitesimal transformations, the preceding ideas were thor-
oughly redeveloped in [19, pages 39-49] and used in [19, Chapters 7-9] to prove
the result [19, page 6, Main Theorem]| that presented explicit formulas for all of the
basic relative invariants of homogeneous linear differential equations. The concept
of a Laguerre-Forsyth canonical form was extended in [20, pages 47-65, 265-274]
to more general types of ordinary differential equations and their properties were
essential for the verification in [20] of the results presented here in Theorem 4.6
on page 32 and Theorem 4.8 on page 34.

1.7. Differential equations of Paul Appell
In [4] of 1889, Paul Appell studied the differential equations expressible as

(118)  (4"(2))*+2¢01(2) ¥ (2) ¥/ (2) + 2c02(2) ¥ (2) y(2) + c1.1(2) (¥ (2))
+2612(2) ¥ (2) y(2) +e20(2) (y(2))" =0,

where the ¢; j(z) are meromorphic functions on a region {2 of the complex plane.
For any not-identically-zero meromorphic function p(z) on {2, there are unique
meromorphic functions c; ;(z) on 2 such that the substitution

(1.19) y(2) = p(2)v(2)

transforms (1.18) into

(1.20)  (v"(2))"+ 251 (2) V" (2) V' (2) + 25 2(2) V" (2) v(2) + €54 (2) (V(2))
+2¢] 5(2) v'(2) v(2) +c55(2) (v(z))2 =0, on {2.

Also, for any univalent analytic function z = f({) on a region £2** with f(2**) = (2,
there are unique meromorphic functions c; ](C ) on £2** such that the substitution

(1.21) 2= f(¢), with u(Q) =y(f(Q).

transforms (1.18) into

(1.22)  (u"(0)*+ 25 () u"(Q) ' (€) + 255 (¢) u" () u(C) + ¢4 (2) (' ()
+2675(0) 4 (©) ul(€) + 30 (u(Q)* =0, on 2%

2

2



6 1. HISTORICAL INTRODUCTION
Simple handwritten computations show that (1.18) and (1.20) yield
(1.23)  ci1(2) = (51(2)" = 11(2) = (coa(2))°, on 2,
while (1.18) and (1.22) give
2
(120 30 - (63(0)" = (70 11 (7(©) = (eon (7)) ] om 2

In this manner, Paul Appell found the relative invariant representable by

(1.25) Ty =wig — (won)?

14y Ly

For details about other relative invariants closely related to Appell’s research in [4],
see Chapter 7. In particular, for the basic relative invariants, see page 67.
As motivation for the notation (1.29) and (1.30), we note that the differential

equations (1.18) is the special case m = 2 of
2

2 _
(1.26) @)+ Y nn@ [y @) =0,
0<j1,j2<m v=1
(J1,32)#(0,0)
where ¢g0(z) =1 and the coefficients ¢, ;,(2) are meromorphic functions on some
region (2 of the complex plane such that

(1.27) cjw(l)’jﬂ@)(z) = le}jQ (Z), on .Q,
for 0 < ji1, jo < m and any permutation 7 of {1, 2}.

1.8. Recent developments

Earlier researchers lacked several tools essential for our work. There are now
adequate transformation formulas from [19] and [20]; e.g., see Chapter 3 as well as
Chapter 15. Also, computer algebra enabled us to discover several key identities
for [19, 20]. Moreover, modern algebra provides a precise context.

From 1889 until 2002, the principal unsolved problems were the following ones.

PROBLEM 1. For general systems of differential equations, characterize
and find explicit formulas for all relative invariants that have the structure
of (1.6) for the equations (1.1), the structures of (1.15) and (1.17) for the
equations (1.16), the structure of (1.13) for the equations (1.7), as well as the

structure of (1.25) for the equations (1.18).

PRrROBLEM 2. When a satisfactory solution to PROBLEM 1 is found and
those special relative invariants are termed basic ones, discover how any relative
invariant can be expressed in terms of the basic ones.

Problem 1 was solved in [19] and [20]. Namely, we characterized and found
explicit formulas in [19] for all of the basic relative invariants for homogeneous linear
differential equations. Then, after doing the same in [20] for nonlinear differential
equations like (1.18) and (1.26), we were able to unify in [20, Part 4] those diverse
results by characterizing and finding explicit formulas for all of the basic relative
invariants of differential equations obtained as special rewritten versions of ones like

(1.28) (y(m)(z))n + Z iy ig,orin (2) H Yy (z) =0, on £,
v=1

0<i1<ip<-<in<m
(31,92, .y in)#(0,0, ..., 0)

where m, n are positive integers and each a;, 4, ..., () is a meromorphic function.
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Chapter 2 explains the desirability and technique for rewriting each (1.28) as

n
(1.29) (y(m)(z))” + Z T O ) H y(miju)(z) =0, on {2,
0<j1,52, s Jn<m v=1
(41,325 -+, 3n)#(0,0, ..., 0)
where m, n are positive integers and the ¢;,  j, ... ;. (2) are meromorphic functions
on some region 2 of the complex plane such that

(1'30) 60707_“70(2’) =1 and Clin(1ys Jm(2)s s G (m) (z) = Cj1,j2,.s dn (Z)7

for 0 < j1, jo, ..., jn < m and any permutation 7 of {1, 2, ..., n}.

Each pair of positive integers m, n specifies a collection of equation having the
form (1.29)—(1.30). For n = 1 and m = m, they are the homogeneous linear ones of
(1.7) and possess relative invariants only when m > 3; while, for m = n = 2, they
specialize to the form (1.18). Chapter 4 begins with (1.29)—(1.30) as its subject.
In terms of (1.29)—(1.30) and a not-identically-zero meromorphic function p(z)

on (2, Theorem 3.1 specifies meromorphic functions ¢y, ,,.; ;. . (2) on £ such
that the substitution y(z) = p(z)v(z) transforms (1.29)—(1.30) into
n

(131) (y(m)(z))n + Z C:n, n; 51,792, - In (Z) H y(m_Jy)(Z) = 07 on '97

0<j1,72; -, jn<m v=1

(31, J2, -, 3n)#(0,0, ..., 0)
where
(1.32) o nio,0,.0(2) =1 and cp s 0 () = o o, (2)
for 0 < ji, ja, ..., jn < m and any permutation = of {1, 2, ..., n}.

:nﬂl;jhjz, s Jn
the context. Thus, we shall henceforth write ¢ ;. (2) for ¢y, .. 4, (2).
Then, (1.3), (1.9), and (1.20) are included as special cases. In particular, see (4.4).

For (1.29)—(1.30) and a univalent analytic function z = f(¢) on a region 2**
with f(£2**) = £2, Theorem 3.3 specifies meromorphic functions ¢y ... . . (C)

on £2** such that z = f(¢), with u(¢) = y(f(¢)), transforms (1.29)—(1.30) into

(1.33) (u"™(Q))" + > i © W) =0, on 27,
0<j1, 2, s Jn <M v=1
(41, 325 -+, 3n)#(0,0, ..., 0)

However, the dependence of ¢ (z) on m and n can be implied by

where
(1.34) cninio,0,..,0(Q) =1 and  coij )i ni (€ = Cnnigi,day o i (O
for 0 < j1, jo, ..., jn < m and any permutation 7 of {1, 2, ..., n}.

>k k

The dependence of ¢y .. . . (¢) onm and n can be inferred from the context.
Thus, we shall henceforth write ;7 ;. (¢) for ¢; .5 o5 ((). This enables
(1.5), (1.11), and (1.22) to be included as special cases. Also, see (4.7).

The equations (1.29)—(1.30) possess relative invariants if and only if the fixed
positive integers m and n satisfy (m, n) # (1, 1), (2, 1). In regard to the situation
of historical interest where m > 2, we characterize the basic relative invariants and
present formulas for all of them in Sections 4.3-4.4. For the remarkably simple
situation where m = 1 and n > 2, see [20, pages 257-260]. Thus, with PROBLEM 1
solved, the emphasis of this monograph is focused on PROBLEM 2.
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1.9. Principal results not in Memoirs [19] and [20]

The subject of relative invariants for differential equations was thoroughly
redeveloped in [19] of 2002 and [20] of 2007. There, the concept of a basic relative
invariant was formalized and we presented a single set of explicit formulas for the
construction of the basic relative invariants for a wide variety of equations. The
principal problem left unsolved in [19, 20] was that of explicitly constructing the
other relative invariants from the basic ones. At that time, methods of combining
two relative invariants to construct others had not been investigated deeply.

In this revision of [21], we continue without alteration the examination of
the construction presented on page 36 that uses relative invariants P and Q of
respective weights p and ¢ for the same type of equation to construct, for each
integer r > 0, a differential-polynomial combination C,, 4, (P, Q) of P and Q
over the field Q of rational numbers such that: C,, 4, (P, Q) is a relative invariant
of weight p + ¢ + r if and only if C}, 4. (P, Q) Z 0.

For r > 2, Theorem 4.10 of page 36 establishes that C 4, (P, Q) is a relative
invariant of weight p + g 4+ r if and only if r is an even integer or P and @ are
linearly independent over Q.

For r = 1, we have C)p 41 (P, Q) = pQW — (¢/p) PYQ. Proposition 8.1
on page 71 shows that C 41 (P, Q) is a relative invariant of weight p+¢+1 if and
only if P? and @7 are linearly independent over Q. To interpret this, see page 73.

Forr =0, Cpq0 (P, Q) is the relative invariant P Q of weight p + q.

Part 1 of this monograph provides the general perspective of [20]. Part 2 gives
a proof for Theorem 4.10. An alternate proof is given in Part 3. The results
about C,, 4. (P, Q) are used in Part 4 with the basic relative invariants for several
types of equations to construct all the relative invariants of a given weight for those
equations. Part 5 clarifies the problems faced by researchers before 1989 when
difficulties were created through the use of notation like that in (1.0).

1.10. Subsidiary details

To define semi-invariants of the first and second kinds for the equations (1.7),
let I denote a polynomial over Q in variables ng ), with 1 < ¢ < m and j > 0,
such that I effectively involves some 'ng ). When the first condition I *(2) = I(2)
of (1.12) is satisfied, I is said to be a semi-invariant of the first kind for the
equations (1.7). When the second condition I**(¢) = (/(¢)) I(f(¢)) of (1.12) is
satisfied for some positive integer s, I is said to be a semi-invariant of the second
kind for the equations (1.7). Thus, I is a relative invariant for the equations (1.7)
if and only if I is both a semi-invariant of the first kind and a semi-invariant of
the second kind for them. This terminology was introduced by Edmund Laguerre
in [37, 38, 33]. For more detail about it, see Section 4.9.

The research of James Cockle in numerous papers typified by [22] of 1862
yielded semi-invariants of the first kind for homogeneous linear differential equations
of various orders. Example 17.1 of page 168 is a reformulation of his result in [22].
His research in [23] of 1875 can be verified to give a semi-invariant of the second
kind with s = 2 for each homogeneous linear differential equation of order m > 2.
Example 17.2 of page 168 provides details. For additional information about the
semi-invariantss of James Cockle, see [7].
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As noted on page 4, Andrew Forsyth introduced infinitesimal transformations
in [28] of 1888 to derive the coefficients for formulas thought likely to specify relative
invariants of respective weights s = 3, 4, 5, 6, 7 for homogeneous linear differential
equations of order m > s. Because his expressions illustrate well how our explicit
formulas for the coefficients of transformed equations can be used to check the
validity of older results, we include them as (18.17)—(18.21) on page 176. After
a tiny misprint in [28, page 401, (18)] was corrected for (18.21), the results of
Section 18.5 verify directly that (18.17)—(18.21) yield relative invariants.

Forsyth’s use of infinitesimal transformations had a strong influence on later
research even though his formulas corresponding to (18.17)—(18.21) were insufficient
for the purpose of discovering a general pattern that would yield a relative invariant
of any weight s > 3 for homogeneous linear differential equations of order m > s.
In particular, Francisco Brioschi used infinitesimal transformations in [8, page 235]
of 1891 where he presented (18.17)—(18.21) in a different form. But, his expression
that corresponds to (18.21) is thoroughly incorrect. Ludwig Schlesinger employed
infinitesimal transformations in [47, page 196] of 1897 when he included without
alteration the formulas of [8, page 235]. Infinitesimal transformations were the
focus for developments in [7] of 1899 and [53] of 1906. Moreover, they also appeared
in [26] of 1903 for the nonlinear equations (1.18).

The most important part of the research done by Andrew Forsyth in [28]
of 1888 for invariants of homogeneous linear differential equations was his discovery
of the explicit simplified form that various relative invariants would assume when
restricted to transformations of one Laguerre-Forsyth canonical form into another
such form. For these expressions descriptively termed linear invariants, various
researchers implied that they may be a key item for future progress. We have
already mentioned in Section 1.6 our own indebtedness to Forsyth for those ideas.

For particular applications, various authors have proposed that a given (1.7) be
locally transformed into a Laguerre-Forsyth canonical form to which Forsyth’s linear
invariants could then be applied. This nonconstructive procedure was suggested in
[8, 40, 47, 7, 53, 41, 42, 52, 48, 27, 43, 44]. Because the term relative invariant
has occasionally been incorrectly applied to situations of the preceding type that
depend on a local transformation, we employed global as a modifier of relative
invariants in the titles of [19] and [20]. The importance of distinguishing global
properties from local ones was made clear by Frantisek Neuman in [45] of 1991.

While the equations (1.18) of Paul Appell were studied with respect to relative
invariants in [4, 26] and [20, pages 13-17], other results about them appear in
1, 2, 3, 4, 51, 9, 10, 12, 24, 25, 49, 13, 15, 18, 50] and [20, Chapter 19].
Of unusual interest for the equations (1.18) are three relative invariants Dy in (7.2),
Eg in (7.10), and E7 in (7.12) that enable us to check, as indicated on page 66,
whether any given (1.18) satisfies the solvability condition (7.4) on page 65.

All three of the basic relative invariants for the equations (1.18) were initially
discovered in [20, page 13] of 2007 by first finding in [20, Chapters 7-13] all of
the basic relative invariants of the equations (1.26)—(1.27) for any m > 2 and then
setting m = 2. Here, instead of regarding (1.18) as the special case of (1.26)—(1.27)
having m = 2, we can view (1.18) as the special case of (4.1)-(4.2) having m = 2
and n = 2. Thus, we can simply set m = 2 and n = 2 in Theorem 4.6 on page 32
or in Theorem 4.8 on page 34 to obtain (7.14), (7.15), and (7.16) of page 67.
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1.11. Instructive observations

MathSciNet is currently incapable of directing anyone to a publication having
satisfactory formulas for all of the coefficients of the monic equation that results
from a change of the independent variable in any given monic homogeneous linear
differential equation of arbitrary order m. However, the satisfactory formulas of that
kind developed and presented in [19, pages 135-137] of 2002 were essential for each
of the principal advances made in [19], [20], and [21]. For that reason, Chapter 15
has been included as an aid for readers who are unable to use a mathematics library
in the manner described in

http://homepages.uc.edu/~chalklr/Library.pdf
and who may therefore find it difficult to believe that there was extremely little
progress about our subject from 1890 through 1988. Chapter 15 shows how the
use without exception prior to 1989 of binomial coefficients as in (15.1), (15.3),
and (15.6) on pages 157-158 is sufficient to explain why earlier researchers failed to
discover adequate formulas for the coefficients of equations resulting from changes
of the independent variable.

Chapter 16 is written as if it were a separate expository paper designed to
awaken interest in a truly fascinating subject. It shows how easy it is to make
interesting discoveries based on satisfactory transformation formulas and the use of
computer algebra without need for additional details.

Chapter 17 demonstrates how the current existence of adequate formulas for
the coefficients of transformed equations enables one to check the accuracy of results
in older publications that involve the notation of (1.0) with binomial coefficients.
In particular, this technique is employed in Section 18.5 to verify Theorem 18.7.

Chapter 18 introduces a suitable symbolism and precise definitions for research
done before 1989 in order to show how its absence was undoubtedly a serious
handicap not only to researchers but also to mathematical historians who were
unable to popularize the remarkable results of 1879-1889 with precise statements.

In view of the long history of our subject, we are pleased that the single set
of formulas given in Theorem 4.6 enables all of the basic relative invariants to
be explicitly obtained for such a wide variety of situations. Various systems of
computer algebra can easily incorporate them. Each Mathematica notebook in this
monograph has an evaluation done with Version 7.0.1 that can be downloaded by
using the Google internet browser Chrome to visit the web page

http://homepages.uc.edu/~chalklr/Notebooks.htm
and make a selection. Various other internet browsers may be unable to download
these notebooks. The same evaluations for them are also produced by other versions
of Mathematica such as Versions 8.0.1, 9.0.1, 10.1, and 11.2.
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CHAPTER 2

The Importance of Suitable Notation

2.1. The representation (2.1) for the equations of interest

Each differential equation considered for transformations in this monograph
can be uniquely written, apart from the selections z and y(z), in the form

(2.1) (v ()" + > i i (2) [Ty (2) =0,
v=1

0<4 <ip <+ <ip<m
(il:i27~~~77;n)7é(0707~~-70) .
with ag,o, ... 0(z) =1,

where m, n are positive integers and the a;, ;,,... i, (#) are meromorphic functions
on a region {2 of the complex plane. When n = 1, this notation reduces to that
of (1.7) on page 2 for homogeneous linear differential equations. However, for n > 2,
the computations of pages 21 and 26 show that the formulas for the coefficients of
transformed equations take a simple form only when (2.1) is expressible as

n

(22) Z Z e Z Ci1,i2,..-,in (Z) H y(m*’”)(z) = O, Wlth 60707___70(2) = 1,

11=012=0 1y, =0 v=1

where the coefficients are meromorphic functions on §2. To make the coefficients
for (2.2) unique, we impose the additional condition that they satisfy

(2.3) Cin(1ys im(2)s o5 () (2) = Ciyig,.yin (2)s
for 0 <y, 49, ..., ip, < m and any permutation = of {1, 2, ..., n}.
Thus, our responsibility in this chapter is to show that each equation of the form
(2.1) is uniquely expressible as (2.2)—(2.3).
2.2. A transitional form (2.4) for (2.1)
Let A denote the set of n-tuples of integers defined by
A={(ir,ig, ..., 0n) | 0<iy <ip <o <ip <m}

and let B denote the set of (m + 1)-tuples of integers defined by

B ={(ko, k1, ..., km) | 0<ko, ki, ..., ky and ko + k1 + -+ + ki, = n}.

PROPOSITION 2.1. There are meromorphic functions by, i, ...k, (2) on £2 such
that equation (2.1) can be rewritten as

m k
(2.4) > kb () T (572(2)) " =0, with buo,o(2) = 1.
pn=0

(Ko, k1, ..., km)EB

13
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Proor. Each (i1, i2, ..., i) in A is uniquely representable in the form
(2.5) (i1, 42, ..., 0n) =(0,0,...,0, 1,1, ...,1, ..., ,m,m, ..., m ),
ko ks Eom
where kg, k1, ..., kn, are nonnegative integers such that kg + ki + -+ + kp, = n.

Let ¢ be the function from A to B defined by

¢((i1, iQ, ey i,L)) = (]4}0, k‘l, ey ]{im), for (il, 7;2, ey in) in A,
where, for 0 < p < m, k, is the number of components in (i1, i2, ..., i,) that are
equal to . Clearly, ¢ is one-to-one and onto. Let i be the inverse function for ¢.
Then, v is a one-to-one function from B onto A. For each (ko, k1, ..., ky,) in B,
we use (2.1) to define by, i, ...k, (2) as the meromorphic function on {2 having

(2.6) Oko, ki, eoos b (2) = iy i, i, (2),
where (i1, i2, ..., in) = ¥ ((ko, k1, .-, km)).
In particular, for b, ... o(z) with kg = n, we use (2.6) and (2.1) to obtain
(2.7) bno,...,0(2) =ao,0,..0(z) =1, on £
We employ A to write (2.1) in the equivalent form

(28) Z ail,iQ,...,l H y(m b = 0 with aop, 0, ...,O(Z) =1.

(31,42, .., in)EA

For any (ko, k1, ..., km) in B with w((ko, ki, ..., km)) = (i1, d2, ..., in), We use
(2.5) to see that

( g - (2
m— _ m—i,
bk07k17---7km(z) ( “) :ailyi27---7l71 H

pn=0
Morever, as the m-tuple (ko, k1, ..., k) ranges through B, the corresponding
n-tuple (zl, 19y vovy ln) = 1/}((/4:07 ki, ..., km)) ranges through A. Thus, we obtain
m k
(29) Z bk07kla"')k7n( ) H (y(m—u)(z)) '
(ko kl ...,k ) /,LZO "
= Z iy iy, ... in (2) Hy(mfi”)(zl
(i17i27“~7in)6A v=1

In view of (2.9), (2.8) for (2.1), and (2.7), we see that (2.4) is a rewriting of (2.1)
when the coefficients of (2.4) are defined by (2.6). This completes the proof. O

2.3. A rewritten form (2.10)—(2.11) for (2.1) that is ideal

THEOREM 2.2. There are meromorphic functions ¢, i, .., (2) on 2 such that
(2.1) can be rewritten as

(210) Z Ciy,ig, ..., in (Z) H y(mii")(Z) = 0, with Co, 0, ...,O(Z) = 1,
v=1

0<it, iz, ..., in<m
where

(2'11) Cir(1)sim(2)s oo in(n) (Z) = Ciyigyennyin (Z)v
for 0 <y, 9, ..., i, < m and any permutation © of {1, 2, ..., n}.
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PrROOF. For each (ko, k1, ..., kp) in B, let Sk, &y, ... k,, e the set of n-tuples
that are obtained from all possible permutations of the components of the n-tuple
(2.12) (j1s G2y oy dn) =(0,0,...,0, 1,1, ...,1, ..., m,m, ..., m ).

—_———
ko k1 km
Moreover, if (ko, k1, ..., km) and (lo, l1, ..., l,y) are unequal m-tuples of B, then
Sko. k1, ..., ke, a0d Sy 14, .1, are disjoint sets. For each (i1, i, ..., iy) in the set
(2.13) S= {(il, i9, ..., 1y) | for integers satisfying 0 < iy, i9, ..., ip < m},
there is a unique m-tuple (ko, k1, ..., km) in B such that (i1, i2, ..., 4,) is an

element of Sy k,, ... k,.. This yields the formula

(2.14) S= U Skokiobn

(ko, k1, ..., km)EB

Since we have ko + k1 + - - - + ky, = n, the number of n-tuples in Sy, &, ..., k., equals

n n!
<k0a kla e -vkm> B (kO')(kl') te (km')

Merely to fix ideas in mind, we count elements in the members of (2.14) and find

n n!
(m+nr= 3 (kkkm): 2 G )

(ko, k1, ..., km)EB 0<ko, k1, .-, km
ko+ki+-+km=n

(2.15)

For any (i1, 2, ..., i) in S of (2.13), a meromorphic function ¢;, 4,, .. 4, (2) is
defined on 2 in terms of (2.4) by

br 1.
(2.16)  ¢iyiy. .0 (2) = ’Wl—kvﬂ('z)

where (ko, k1, .., km) in B is such that (i1, i2, ..., in) € Sko, ky, ..., kmm
In particular, for ¢g,0,...,0(2), we have ko = n so that (2.16) and (2.4) yield

(2.17) o,0,..,0(2) = M =1, on 2.

(n707. . ,0)

Moreover, when (i1, 42, ..., i) in S belongs to Sk, ks, ..., k,, and 7 is a permutation

of {1, 2, ..., n}, we see that (ifr(l)v Lr(2)s « - s iﬂ(n)) belongs to Sk, k,, ..., k,, and
Oko by, ... kn (2)
(2.18) Cin(1), im(2)s o Im(n) (2) = Elﬁ = Ciy iz, oyin (2)-
KoKt seeikirm

The number of n-tuples in S, k,, ...k, is given by (2.15), Thus, (2.18) yields

cees Bm

(2.19) > Civvinnin(2) = bko k. ki (), for (Koykr, ... ki) in B.

(41,425 s in)€Skq, k1, ..., kem
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Each (i1, 92, ..., y) in Sky, &y, .., k,, 1S Obtained from (2.12) by a permutation of
the components for (2.12). We use this with (2.19) to deduce

n

(220) Z Cil,i2,-»-7in(z) Hy(m—i,,)(z)
(i17i27“'vin)68k0,k1,...,k-m v=1
m . k“
= > ciin i) 1 (y( ‘)(z))
(i17i2,-.»,in)68k0,k1‘___1km n=0
m k;u
= bk07k17___,km(z) H <y(m7#)(z))
n=0
In view of (2.14) and (2.20), we find that
(2.21) Z Cirvignoin (2) Hy(mfiu)(z)
0<iq, 42, ...y in<m v=1
= Z Ciy, iz, ..yin (Z) H y(m—i,,)(z)
(31,12, .., in)ES v=1
- 2 Yo Cann @) [Ty
(ko k1, s km)EB (1,42, s in)ESky, by, ... km v—1
m k‘“
= Z bko’k17'~'7km(2) H (y(m_'u)(z)) .
(ko, k1, ..., km )EB u=0

By comparing (2.21) and (2.17) with (2.4), we see that (2.10) is a rewriting of (2.4)
and (2.1) when the coefficient of (2.10) are defined by (2.16). Moreover, we use
(2.18) to deduce that these coefficients satisfy (2.11). This completes the proof. [

In particular, we see that (2.10)—(2.11) can be rewritten as (2.2)—(2.3).

2.4. Uniqueness for (2.10) subject to (2.11)

PROPOSITION 2.3. There is one and only one equation of the form (2.10) that
satisfies (2.11) and is a rewriting of (2.1).

PROOF. Suppose there are meromorphic functions d;, ;,,.. 4, (2) on {2 such
that the equation

n

(222) Z di1,i2,---,in (Z) H y(m_i”)(z) =0, with do’o’___’o(z) =1,
0<%1,1%2, ..., tp, <M v=1

is a rewriting of (2.1) and its coefficients satisfy

(2‘23) diw(1)1i7r(2)1 co ln(n) (Z) = dih 12, 00y n (Z),
for 0 <4y, d9, ..., in, < m and any permutation = of {1, 2, ..., n}.

In terms of ¢;, 4,,...,4, (2) for (2.10)—(2.11) given by (2.16), we introduce

(2.24) €iy,4p, .., in(2) =diy ig, . in ()= Ciyig, i (2),  for 0 <1y, i, ..., i, <m.

Let L = 0 be an abbreviation for the equation in (2.1), let L; = 0 be an abbreviation
for the equation in (2.10), let Ly = 0 be an abbreviation for the equation in (2.22),
and let yo(z) be any meromorphic function on a subregion of (2. Since L; = 0 and

Lo = 0 are rewritings of L = 0, the three functions obtained by substituting y(()k) (2)
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for y*)(2) in L, in Ly, and in Ly are equal. Therefore, 30(z) is a solution of the
equation (Lg — L1) = 0 that (2.24) enables us to write as

(2.25) > ivianin(z) [J ¥ (2) =0.
v=1

0<iq, iz, ..., in<m
We use (2.24), (2.23), and (2.11) to see that the coefficients of (2.25) satisfy
(2'26) Cin(1y,in(2)) o bn(n) (Z) = Ciy, iz, ..., in (2)7
for 0 <4y, 49, ..., i, < m and any permutation 7 of {1, 2, ..., n}.

When the various terms of (2.25) are collected to rewrite (2.25) in the form

(2.27) > Fivoin @) [Ty (2) =0,
v=1

0<j1<g2 < <gn <

the condition (2.26) shows that each coefficient e;, 4, .. 4, (2) of (2.25) is expressible
as the product of some nonzero rational number and some coefficient f;, j, . ;. (2)
of (2.27). Since each meromorphic function on each subregion of {2 is a solution
of (2.25) and is therefore also a solution of (2.27), we can conclude that each
coefficient f;, j,, ... ;. (z) for (2.27) is identically zero. Consequently, each coefficient
of (2.25) is identically zero and (2.24) yields

(228) dilyi%“,in(z)Ecihi%“,in(zL fOI"OSZ.l, i27 ey Zn §m

Thus, there is only one rewritten version of (2.1) having the form of (2.10) subject
to (2.11) and we have found that the coefficients of (2.10)—(2.11) are given by (2.16).
This completes the proof. O

2.5. Representations in Chapter 4 for the context about invariants

For the subject of invariants, it is desirable to begin with (2.10) in the form

(2.29) (y(m)(z))n + Z Ciy,in,.rin(2) H Y™ (z) =0, on £,
v=1

0<in, iz ooy in<m
(i1, 42, -y in)#(0,0, ..., 0)

where ¢g,0,....0(2) = 1 and the coefficients are meromorphic functions that satisfy
(2'30) Cin(1)s tx(2)s o bn(n) (z) = Ciy, iz, ... in (Z)v

for 0 <4y, 49, ..., in < m and any permutation 7 of {1, 2, ..., n}.

This display of the term (y(m)(z))n indicates the main features of the equation.

In terms of the coefficients for (2.29) and any not-identically-zero meromorphic
function p(z) on {2, Theorem 3.1 on page 19 shows that (3.4) and (3.5) specify

meromorphic functions ¢}, (z) on §2 such that the substitution

(2.31) y(z) = p(z) v(2)

transforms (2.29)-(2.30) into the equation

(232)  (™E)"+ Y G v Y@ =0, ;e
0<%, 12, ..., tn <M v=1

(i1, 2 o i) (0, 0, ., 0)
where ¢f o o(2) =1 and the coefficients satisfy
(2.33) C;:,(l),i,,@),4..,i"(n)(z) = Cz,ig, zn(2)7

for 0 <4y, 49, ..., i, < m and any permutation 7 of {1, 2, ..., n}.
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The substitution (2.31) has been termed a change of the dependent variable.

A change of the independent variable for (2.29) is accomplished by the inverse
function of a univalent analytic function on 2.

Let ¢ = g(z) be a univalent analytic function on {2 and let its inverse function
be z = f(¢). Then, z = f({) is a univalent analytic function on 2** = g(£2) and
must therefore satisfy f/(¢) # 0, for each ¢ in £2**. It also yields f(£2**) = (2.

In terms of the coefficients for (2.29) and z = f({), Theorem 3.3 on page 24
shows that (3.21)(3.24) specify meromorphic functions ¢}, () on £2** such
that the substitution

(2.34) z=f(0), with u(¢) =y(f(0),
transforms (2.29)—(2.30) into the equation

(235) (W) "+ D Al O [ Q) =0, on 2,
v=1

0<i1, i, .. in<m
(41,42, .-, in)#(0,0, ..., 0)

where ¢5*;  (¢) =1 and the coefficients satisfy

236) (O = (O,
for 0 <4y, d9, ..., in, < m and any permutation = of {1, 2, ..., n}.

The special case n = 1 of Theorems 3.1 and 3.3 yields the transformation
formulas developed in [19, pages 133-137] and used in [19] to find all of the basic
relative invariants for homogeneous linear differential equations.

The special case n = 2 of Theorems 3.1 and 3.3 yields the transformation
formulas that were developed in [20, pages 23-33] and used in [20] to find all
of the basic relative invariants for the differential equations (2.29)-(2.30) having
n = 2. In particular, when n = 2 and m = 2, they specialize to give transformation
formulas for the equations (1.18) on page 5.

For m, n > 1, Theorems 3.1 and 3.3 yield the transformation formulas for
(2.29)—(2.30) that were presented in [20, pages 249-251].



CHAPTER 3

Coefficients of Transformed Equations

3.1. The coefficients ¢ (2) for (2.32)—(2.33) and (4.4)—(4.5)

1, 7.2 2»,,

In conformity with Theorem 2.2 on page 14, let the coefficients of
(3.1) > g in(2) [Jy™ " (2) =0, on £,
OSil,ig, ...,ingm v=1

be meromorphic functions on a region 2 that satisfy

(3'2) CO,O,W,O(Z) =1 and ciﬂ(l)yiﬂ(Z):"'7i1r(n,)(Z) = Cilyi27~~-7in(2)7
for 0 < iy, 49, ..., i, < m and any permutation 7 of {1, 2, ..., n}.

Let p(z) be a not-identically-zero meromorphic function on 2. We use (3.1)—(3.2)
and p(z) to specify the differential equation

(33) Z Cir i, .. ,zn H'Um l") =0, on {2,

0<i1,12, ..., in <M
as the unique one of that form whose coefficients are given by

i1 i2

(3‘4) Cj;lsiZHwZn Z Z Z ;11’,32,..’2” ) cjl7j2s"'5jn(z)7

71=0 j2=0 Jn=0
on {2 for 0 < iy, dg, ..., in <M,
in terms of

n ('Lu .71/)
12, () = p (2)
(3:5) 'AJll,Jz ~~1]n = H {( _]D) p(2) ] ’
where 0 < j, <14, <m, for 1 <v <n.
THEOREM 3.1. The coefficients of (3.3) satisfy

(3.6) .0,...0(2) =1 and ¢

for 0 <1y, g, ..., i, < m and any permutation © of {1, 2, ..., n}.

on 2

Tr(1)s bm(2)5 o ,iﬂ(n)(z) = C;‘17i2,4..,in (Z)v 2

Moreover, the substitution

(3.7) y(2) = p(2) v(z)

transforms (3.1)—(3.2) into (3.3) in the sense that: if meromorphic functions yo(z),
vo(2) on a subregionU of 2 satisfy yo(z) = p(2)vo(2), onlU, then yo(z) is a solution
of (3.1) if and only if vo(2) is a solution of (3.3).

19
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PrOOF. We apply (3.4), (3.5), and ¢g,0,....0(2) =1 to deduce

Z Z Z A?l?]%- —Jn ) lean»”-ajn(Z) =1

Jj1=072=0 Jn=0

Let m denote any permutation of {1, 2, ..., n}. For s =1, 2, ..., n, set ks = jr(s)-
We use this with (3.4), (3.5), and (3.2) to verify that

C;:ru), Tr(2)s 0 b (n) (Z)

ix(1) U (2) i (n) ]

— 2 : 2 : 2 : Z‘rr(l)vzﬂ(Z)v"vz‘rr(n)

= 'Akl ko, ..., kn (Z) ck17k27~~~;kn(’z)
k‘1 0 kg—o
’Lﬂ'(l) 1«(2) 7’7r(n

Zw(l))i‘lr(2)) v b (m) ) ) )
Z Z Z J'lr(l)aj'lr(2)7"'7j1r(n)(2) Cln(1ys dn(2)s s Jn(n) (2)

Jn(1)=0 Jr(2)=0 Jn(n)=0

Z Z Z ;11:;22’, ’,lf; 2) Cirjayein(2) =65 4y i (2).

Jj1=0 j2=0 Jn=0

Consequently, we see that (3.6) is valid.
Let yo(z) and vg(z) be meromorphic functions on a subregion U of {2 that
satisfy yo(z) = p(2)vo(z). We employ this with (3.5) to deduce

n ] n m—7j, . . ) )
38) [Tw" " @=]] lz (ml J”) p(“’)(z)vém_]“_z“)(z)]
v=1 v=1 L%,=0 v
_ n m m]ll) (3 —Ju) (m—iy)
= R (2) (2)
=> > > 11 K _jy>P(i”_j”)(z)v(()mi")(z)}
11=J1 i2=J2 in=Jn V=1 Jv
P IPIIEDIRCOIRWARACH] LA
11=J1 12=J2 n=Jn v=1
=Y. Y 3 Anne)
i1=J1 t2=J2 in=Jn
where
(3.9) Frprnin@ = (@) A i@ [Tw" ™).
v=1

Let Fy(2) be the function on ¢ obtained by replacing each y*)(2) in the left member
of (3.1) with the corresponding y( )( ) and let F3(z) be the function on U obtained

by replacing each v(¥)(2) in the left member of (3.3) with the corresponding v( )( ).
We use the definition of Fj(z) and (3.8), (3.9), (3.4), with the definition of FQ( )
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to obtain
_ (m—3v)
Fi(z) = Y Cigorgn (2 H Yo (2)

0<j1, 72, -, Jn<m
m m m m m m

— R . . 01,12, . 77fn

- z : z : z :C.]17J27"').]7L E E : E ]:Jl g2, Jn Z)
Jj1=032=0 Jjn=0 1=J1 i2=J2 in=Jn

m m m

=D D 2D D D Chnenin A FRI ).

J1=0141=71 j2=01i2=j2 In=01in=jn

m
) 11,12, -y in
E : E : § :Ch,]z e dn )-7:]‘1,]'2,...,%(2)

11=0j1=01i2=0 j2=0 in=0jn=0
m m m i1 i in

= o . 01,82, ..y in

=D IDIEED DN DI DERED DRI € R i A )
11=012=0 in=0 | 71=0 j2=0 In=0

n

= SN A Gy ) [T (2)
0<ii<m 0<j1<i1 v=1
0<ia<m 0<j2<i2
0<inSm 055, %
n
= (p(2)) S G @ [T
0<i1, %2, ..., in<m v=1

((2))" Fa(2).

Hence, yo(z) is a solution of (3.1) with (3.2) if and only if vg(z) is a solution of
(3.3) with (3.6). This completes the proof. O

It is in the computation above and in the computation of page 26 where the
form (2.2) for (2.29) is remarkably effective while the expressions (2.1) and (2.4)
lead to insurmountable complications.

3.2. Perspective

For a monic mth-order homogeneous linear differential equation
(3.10) y™ (2) + Z y™m=D(2) =0, on 2 with ¢o(z) = 1.

having meromorphic coefficients, early researchers developed adequate formulas for
the equations resulting from (3.10) by a change of the function from y(z) to v(z)
by means of y(z) = p(z) v(z) as in (3.7). For their notation, see page 157. However,
earlier researchers failed to develop adequate formulas for a change of the indepen-
dent variable. In that regard, see Chapter 15.

It is convenient to view a change of the independent variable from z to ( for
(3.10) as specified by the inverse function z = f(¢) of a univalent analytic function
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¢ =g(z) on 2. Then, z = f(¢) is a univalent analytic function on 2** = ¢(£2) and
it yields f(2**) = {2. Formally replacing each z in (3.10) with f({), we obtain

m

(3.11) ¢ (f(Q)) + D ci(F(Q)) ™ (f(C) =0, on 27 with ¢ (f(¢)) =1,

i=1

for which we can introduce u({) = y(f(()) But, then what do we do about
y(k)(f(g“))7 for 1 <k <m?

What we did to answer that question in [19, Proposition A.2, pages 135-136]
of 2002 after earlier progress in [14, 16, 17] is develop the result that we repeat
here in Theorem 3.2 for essential applications in Section 3.3.

3.2.1. Key result. Henceforth, let ( = g(z) denote a given univalent analytic
function defined on a region {2 of the complex plane and let z = f(¢) denote the
inverse function of g(z). Then, z = f(¢) is defined on the region 2** = ¢g({2) and
it yields f(§2**) = £2. Since z = f({) is a univalent analytic function on £2**, it
satisfies the condition f'({) # 0, for each ¢ in £2**. Consequently, analytic functions
a; ;(¢) on £2** are recursively defined, for ¢ > 0 and any integer j, by

(3.12) ap,;(¢) =1, on 2 for any j,
and
J "
(313) a1 = Y (a0 - (40 H i)
2 70

on 2** for i > 0 and any j.

THEOREM 3.2. Let yo(z) be a meromorphic function on a subregion U of £2.
Then, the meromorphic function yOZ)(f(C)) on YV = g(U) obtained by substituting
z = f(C) in the ith derivative y((f) () of yo(z) with respect to z is given by
(3.14) v (F(O) = (£1(0) " Y isi(Q) (oo V(). fori >0,

7=0
PROOF. For ¢ > 0 and j > 1, we use (3.13) to deduce

[
f(©)
For i > 1 and j = 0, we obtain a;11,0(¢) = ait1,-1(¢) = a;,0(¢) =0 via (3.13) and
see that (3.15) is valid. For ¢ = j = 0, we employ both (3.13) and (3.12) to verify
that each term of (3.15) is identically zero. Since (3.15) is valid for any integers i
and j that satisfy ¢ > 0 and j > 0, we therefore have

(3.15) ais1,5(0) = aipr-1(¢) = &l () — (i + ) ai i (C).

(3.16) Ozz(-l_)j,j(C) = @ir1-45,5(C) — ip1—j5-1(¢) +i j;c,((g)) ai—j,5(C),

fori>j5>0,

We shall establish (3.14) by proving the equivalent formula

(3.17) () w8 (F©) =Y i (O (oo HD(C), for i > 0.
j=0
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For i = 0, (3.12) shows that (3.17) is valid. Let ¢ be a nonnegative integer for
which (3.17) is true. We differentiate (3.17) with respect to ¢ and use (3.16) as well
as (3.17) to obtain

Lo (i41) Z‘f"(C)
(F(Q) Ty (f(0) + O

Z El)]] yOOf +Zaz j] yOOf)(j+l)(C)

(£ s (£(0)

=3 i 34(0) (0 NI Zam (O (o0 HIO)
=0

fN(C) i i+1 -
+iTg Zai—j,j(g) (oo f) (J) +ZO‘Z+1 —.i—1(C) (u Oof)(J)(C)
1) =

= 15500 (oo V) = airr,-1(Q) (woo )(Q)
j=0

e
RO

With o;41,-1(¢) = 0 from (3.13) and o ;(¢) = 1 = @ +1(¢) from (3.12), we rewrite
the preceding expression to obtain

(F(©O) S (F(O)) + @04(C) (oo £)ITI(C).

i+1

(PO T (FQ) =Y aira—i4(0) (wo 0 HI(Q).
=0

Thus, (3.17) is valid for each ¢ > 0. This completes the proof. O
3.3. The coefficients ¢;",;,  , (¢) for (2.35)—(2.36) and (4.7)—(4.8)

In conformity with Theorem 2.2 on page 14, let the coefficients of

n

(3.18) Z Ciy g,y nnyin (2) H Yy (z) =0, on £,

0<in, iz, ey in<m v=1
be meromorphic functions on {2 that satisfy

(3.19)  co0,..,0(2) =1 and iy in), s ingn (2) = Cirin,in (2),
for 0 <4y, 49, ..., ip, < m and any permutation = of {1, 2, ..., n}.

Let ¢ = g(z) be a univalent analytic function on {2 and let its inverse function be
denoted by z = f({) on 2** = g(£2). Since z = f(({) is a univalent analytic function
on 2** it satisfies f'({) # 0 for each ¢ in £2**. We use (3.18)—(3.19) and z = f(()
to specify the differential equation

(3.20) St o © Jum () =0, on 2,

0<iy, i2, ..., in <M v=1
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as the unique one of that form whose coefficients are given by

(3'21) Czl*;i27~--77fn Z Z Z ;1:;227, ,ZJZ ) Cj1, 52y s Jn (f(C))v

=0 jo=0 =0 . :
51=072 In for 0 < i1, 92, ..., in < m,

01,92, .0y in _ i1+j2++in - K
(3.22) Bzt () = (£O) T ] @i —gemei (C), om 27,

v=1
for 0 < j1 <41, 0 < g2 <dg, ooy 0 < iy <y,
(3.23) ap;(¢) =1, on 2, for any j,
and
J "
(3.24) @i (=) [ i+k—1) 740 ai—1,k(Q)]
2 70

on 2** for i > 1 and any j,

THEOREM 3.3. The coefficients of (3.20) satisfy
(325) CB,*O,...,O(C) =1 and cz (1) br(2)s ceyin(n) (C) = C;kl*, 12, .ony Un (C)v
for 0 <iy,ia, ..., in, < m and any permutation = of {1, 2, ..., n}.

Moreover, the substitution

(3.26) 2= f(C), with u(¢) =y(f(C)),

transforms (3.18)—(3.19) into (3.20) in the sense that: if meromorphic functions
yo(z) on a subregion U of 2 and uo(C) on a subregion V of 2** are related by

(3.27) up(¢) =50 (f(C)), onV =gl),

then yo(2) is a solution of (3.18) if and only if uo(C) is a solution of (3.20).
OBSERVATION. We see that ( = ¢(z) on 2 and z = f(¢) on 2** = ¢(£2)

establish a bijection between the meromorphic functions on subregions of {2 and

the meromorphic functions on subregions of £2**. Namely, for yo(z) on a subregion

U of 12, there corresponds uo(¢) = (yo o f)(¢) on the subregion V = g(U) of 2**.
While, to uo(¢) on a subregion V of 2**, there is yo(z) = (ug 0 g)(2) on U = f(V).

Proor. We use (3.21), (3.22), (3.23), and cq,o,...,0(2) = 1 on {2 to obtain

0 0
o0, ...0(C) = Z Z Z B0 (C) i nin (FO)

J1=07j2= Jjn=0

1.

Let 7 denote any permutation of {1, 2, ..., n}. For s =1, 2, ..., n, we introduce
ks = jr(s)- We use this with (3.21), (3.22), and (3.19) to deduce
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C;'k:(l) s B (2) 5 o0 b () (C)

In(1) irn(2) ()

ur 3l (2)s o b (n
DD BRI TG ks ke (FQ)

k1=0 k2=0 k,=0

ir(1) T (2) Lr(n)

(1) i (2)5 s b ()
Z Z Z Bj:(i)J:(Z)w-wj:(Z) (C) Chm(1)s Gm(2)s o Jm(n) (f(C))

jﬂ'(l)ZO j7r(2):O Jm(n)=0

—Z Z Z 102 () o (FQ) = €y (O,

71=0 j2=0 Jn=0
This yields (3.25).
Let yo(z) and ug(¢) be meromorphic functions related as indicated in (3.27).
For 1 <v <nand 0 < j, <m, we use Theorem 3.2 to obtain

m—j,

(FO) ST g (€) (o0 HE(C).

k,=0

We find that (3.28), (3.27), and (3.22) yield

(3.29) f[ i)

(3.28) w7 (F(0)

O™ TLF©) ™ S syt (©) (w0 f><kv><<>]

k,=0

= (f/(c))j1+j2+-~-+jn H Z ai,,fj,,,mfiu(C) (yO Of)(m—i,,)(g)

v=1 |i,=j,

+iottin .
=3 X X @ o (O w0
11=J1 12=J2 in=Jjn v=1
m m m (
— 7/ 12, . 77er m— Zu
=D D X BRI H“
11=J1 i2=J2 in=Jn
m m
= Z Z .. Z g;?;z, 7171 ©),
i1=J1 i2=J2 in=Jjn
where
(3.30) G5 © = By i (© [T (),
v=1

Let G (2) be the function on U/ obtained by replacing each y(*)(2) in the left member
of (3.18) with the corresponding yék) (z) and let G2(¢) be the function on V obtained
by replacing each «({) in the left member of (3.20) with the corresponding wu(¢).
By employing the definition of G1(z) with (3.29), (3.30), (3.21), and the definition
of G2((), we verify that
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n

= (f/(C))mn Z Cirsi i (2) H y(()ﬂl—]u)(z)
0<ji1, 2. -.cr jn<m v=1 =)

=3 > > e (FO) (f’(C))mnHyém_j”)(f(C))

j1=0752=0 Jn=0
m

m m
J— 21522500y tn
=D Y G O) X Y D G

J1=03j2=0 Jn=0 11=J1 i2=J2 in=Jn

=22 2> > S it (FQ)) Gt (0

m m m
=0 712:]‘2 In=01in=7Jn

> Z Z Crriar i (F(Q) G322 (Q)

i1=0 j1=01i2=0 j2=0 in=0Jn=0

i1=0142=0 in 41=072=0 In=0
. n .
= 3 S BRI (e, (FQ) T
0<i;<m 0<j1<i7 v=1

0<iz<m  0<j2<iz

n
_ (m—i,)
DD DI SFEN(o) | Lty
11=012=0 =0 v=1
_ (m— w)
= Z 21712 H U’
0<iy, i2, .. 7171<m
= G(Q).

Consequently, G2(() is identically zero on V if and only if G ( f(¢ )) is identically
zero on V. But, Gy (f(()) is identically zero on V if and only if G1(z) is identically
zero on U. Thus, yo(z) is a solution of the equation (3.18) if and only if uy(¢) is a
solution of the equation (3.20). This completes the proof. O

3.4. Observations about modifications versus abstractions

With addition and multiplication for functions, the set § of meromorphic
functions on a region {2 forms a field. Also, the usual differentiation f(z) — f'(2)
for functions in §, is a derivation for §, and with it §, is a particular example of
an ordinary differential field of characteristic zero as defined in [36)]

We could refer to coefficients like those of (3.1) and (3.3) as elements of §p,
and refer to coefficients like those of (3.20) as elements of Fo+-. However, we have
deliberately avoided doing so because the present context enables one to clearly see
how modifications as in [19, pages 94-103] and [20, pages 135-140] can be made
for other situations such as where the coefficients may be real-valued functions
of a real variable under various restrictions.
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In particular, one should not attempt as in [29] and [30] to create a generalized
theory for an arbitrary ordinary differential field § of characteristic zero that would
include the transformation formulas of Theorems 3.1 and 3.3 when § is specialized
to be §. That is because there is nothing that can be defined for an arbitrary
ordinary differential field § of characteristic zero that specializes when § is § to
yield the various univalent analytic functions ¢ = g(z) in § whose inverse functions
specify the transformations (3.26).

3.5. Cp,,n as a set of elements

In Section 4.1 on page 29, we describe C,, , as the set of differential equations
that can be represented in the form (4.1) subject to (4.2) on some region 2. Here,
we note that a definition for C,,, can be given that does not require selecting
notation for the independent variable and a typical function of that variable.

The ordinary differential equations of our study can be identified with the
elements of the set Cy, ,, defined for m, n > 1 in terms of the index set

J={(i1, 92, - .-, in) | i1, 2, ..., iy are integers and 0 < iy, ia, ..., i, < M}
by the requirement that: H is an element of Cy, ,, if and only if
(3.31) H= {ci177;27<~-7in}(i17i2,,,_,in)ej’

where each ¢;, 4, is a meromorphic function on a region {2 such that

vy in

(3.32) €0,0,..,0 =1 as well as Cin(1)ysim(2ys orin(n) = Cir,in, coyin

for 0 <y, 49, ..., i, < m and any permutation 7 of {1, 2, ..., n}.

Each element of C,, , specifies a unique ordinary differential equation of the
general type (4.1)—(4.2). But it can be represented in numerous ways depending on
notation chosen for the independent variable and a typical function of that variable.
With the selection of z and y, we obtain the representation (4.1)—(4.2) for H.

For an element H of Cy, , defined on 2 by (3.31)—(3.32), let p denote a not-

identically-zero meromorphic function on 2. Since the functions ¢j, ;  , defined
by (3.4)—(3.5) satisfy (3.6), the corresponding
(3.33) H* = {C:l’iQ,...,in}(il,i27_“7in)ej

is therefore an element of C,, . Thus, p transforms H into H* by the technique
of Theorem 3.1. The selection of z and v gives the representation (4.4)—(4.5).

For an element H of C,, ,, defined on 2 by (3.31)-(3.32), let g be a univalent
analytic function on {2 and let f on Q** = g({2) denote the inverse function for g.
Since the functions c;*,;, ,; defined on £2** by (3.21)-(3.24) satisfy (3.25), the
corresponding

(3.34) W =

11,02, 0y n }(ih 2,0y in) €T
is therefore an element of Cy, ,,. Hence, f transforms H into H** by the technique
of Theorem 3.3. The selection of ¢ and u yields the representation (4.7)-(4.8).






CHAPTER 4

Consistent Reformulation from 1989 Onward

4.1. Transformations for the equations of C,, ,

In terms of fixed positive integers m and n, we let Cy, ,, denote the collection
of ordinary differential equations that are expressible in the form

4 ™))"+ S i@ [y (2) =0, on £,
v=1

0<iy,i2, ..., i <M
(1,22, ..., 1n)#(0,0,...,0)

where the coefficients ¢;, i,, .. i, (2) are meromorphic functions on some region {2
of the complex plane such that
(42) CO,O,n-,O(Z) =1 and Ciﬂ'(l)aiﬂ'(2)7'“7i7\'(n)(Z) = Ciyig, ey in (Z)v
for 0 < iy, 49, ..., i, < m and any permutation 7 of {1, 2, ..., n}.
For observations about this notation, see Chapter 2 and Section 3.5.
For any meromorphic p(z) #Z 0 on {2, Theorem 3.1 on page 19 shows that (3.4)
specifies meromorphic functions ¢ . (2) on {2 such that the substitution

11,02, .0y in,
(4.3) y(z) = p(2) v(2)
transforms (4.1)—(4.2) into the differential equation

(4.4) (0™ (2))" + Yo G @ [ () =0, o,
v=1

0<iy,i2, ..., i, <M
(1,22, ..., 1n)#(0,0,...,0)

where
(4.5) CS,O,...,O(Z) =1 and C;:,(l),i,,(g),...,i,,(n)(z) = C;,z‘g,“.,in(z)a
for 0 <4y, 49, ..., ip, < m and any permutation  of {1, 2, ..., n}.

For any univalent analytic function z = f({) defined on a region §2** with
f(2**) = 2, Theorem 3.3 on page 24 shows that (3.21) specifies meromorphic

functions ¢f*;, () on §2** such that the substitution

(4.6) 2= f(0), with u(¢) =y(f(C)),
transforms (4.1)—(4.2) into the differential equation

47 (@W™Q)" + >t © J[um () =0, on 2,
v=1

0<iy, 2, ..., in <M
(i1, 2, ..., in)#£(0,0, ..., 0)
where

(48) CSTO,...,O(C) =1 and C::(l)7iw(2)7*~-7iﬂ(n) (C) = C;’rl*a i2, '“7iﬂr(<)7
for 0 < iy, 49, ..., i, < m and any permutation 7 of {1, 2, ..., n}.

29
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4.2. The ring R,, , of differential polynomials
Given m, n > 1, we assume that the symbols

49  w® . for 1<i,<m, 0<i;<ip<---<i,, and k>0,

11,02, 000y in?
are algebraically independent variables over the field Q of rational numbers and

we introduce R, , as the ring of polynomials in these variables over Q. We agree
— ,(0)
=w

- 21,22, o0y tn "

unique element F in Rm,n to each element F of R, ,, in such a manner that
(F+G) =F +G" and (FG) =F'G+FG', forany F, G in Ry, .

As a consequence, any derivation ’ for R,, , yields v' = 0, for each v in Q.
Henceforth, we let ” denote the unique derivation for R, , such that

(4.10) (W) =wD for each w®. . of (4.9).

i1, 12, . 11,82, 0y Gn ) 11,182, 0y bn

that w;, 4, A derivation ' for R, is a rule that assigns a

s in

To verify the existence and uniqueness of ’/, we combine (4.10) with a specialization
of either [5, page 139, Proposition 4] or [6, page A.V.130, Theorem 1].

With ’, Ry, is an ordinary differential ring in the terminology of [36, 46] and
its constants, the F in R, , satisfying F’ = 0, are the elements of Q. Thus, the
nonconstant polynomials of R, n are the elements of R, ,, not in Q.

For any F in R, ,, and r > 0, we write FO = F and FUtY = (F(T))/.

An element of R, ,, is said to be a differential-polynomial combination over Q
of F, G, ... in R, when it is expressible as a polynomial combination over Q
of F, F(l), F(Q), o, G, G(l), (}(2)7 ... . In this sense, the elements of R, , are
differential polynomials in the variables wj, 4, .., of (4.9) having k = 0.

To simplify the writing of (4.23) and (4.37), we introduce

(411) wo, .“,051.
N —

To further simplify the writing of (4.23) and (4.37), we introduce Xj, j, .. j.
for 0 < ji, ja2, ..., jn < m in terms of (4.9) and (4.11) through

(412) X5y o, jn = Wiy, daay, o don s Where o is a permutation

of {1, 2, ..., n} such that j,(1) < jo2) < < Jo(n)-

NOTATION 4.0. For any (4.1), (4.3), (4.6), and F in R, », let F(z) denote the

function on {2 obtained by replacing each wﬂc)m i, in F with the corresponding

c(k) i, (2) from (4.1); let F*(z) be the function on {2 obtained by replacing
w®) ~in F with ¢/®) . (2) from (4.4); and let F**(¢) be the function

11,225 -5 n 11522y 0052

on 2** obtained by replacing w® ~in F with ¢;*® (¢) from (4.7).

11,12, .., in 11,12, .., in

Suppose that F' is initially given as a differential-polynomial combination over Q
of symbols X, ;, .. ;. and variables w® ;, from (4.9). Then, instead of first

D1y 82, eny T

using (4.12) and (4.11) to express F as a polynomial over Q in the variables (4.9),

we can obtain F(z) by directly replacing each X](i)j% . j, With c§-lf?j27 i

(4.1) and each wEf?ib i, With Cl('i)iz, i, (#) from (4.1). This is a consequence of

(4.2), (4.12), cg,0, ...,0(z) =1, and (4.11). Similar observations apply to F*(z) with
respect to (4.5) as well as apply to F**(¢) with respect to (4.8).

(z) from
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DEFINITION 4.1. A polynomial F' in R, ,, is a semi-invariant of the first kind
for Cp,» when it is not a constant and yields

(4.13) F*(2) = F(2),
for each (4.1)—(4.2) of Cp,,,, and each (4.3) as a transformation of the first kind.

DEFINITION 4.2. A polynomial F' in R, , is a semi-invariant of the second
kind for C,, , when it is not a constant and there is an integer s such that

(4.14) F™(¢) = ()" F(f(0),
for each (4.1)—(4.2) of Cy,,,, and each (4.6) as a transformation of the second kind.

DEFINITION 4.3. A polynomial F' in R,,, is a relative invariant for Cy,
when it is both a semi-invariant of the first kind for C,, , and a semi-invariant of
the second kind for Cp, ;.

DEFINITION 4.4. The weight of the variable wgf?i% i, 10 (4.9) is the positive
integer ¢1 + i3 + - - - + iy, + k; the weight of a nonzero rational number is 0; and the
weight of a nonzero monomial in R, is the sum of the weights of its factors.
A polynomial in R, is isobaric of weight s when it is nonzero and each of its

nonzero monomials has weight s.

If F in Ry, s a semi-invariant of the second kind for Cy, n, then F is an
isobaric polynomial, there is a unique positive integer s for F that satisfies (4.14),
and s for F in (4.14) is equal to the weight of F. This result from [20, page 252]
is established on pages 43—44 for its restatement in Theorem 5.4.

DEFINITION 4.5. A polynomial F in R, , is basic when:

(1) there are integers ej, e, ..., €, subject to 0 < e; < ey <---<e, <m
as well as either e,, > 3 or n > 2 and e,,_1 > 1 such that the coefficient of
the variable we, e, ... e, in F is 1;

(2) F is isobaric of weight e; + eg + -+ + ey;

(3) if wl(f)zz .4, is any variable from (4.9) that F' effectively involves, then
i, <e,, for 1 <v <n;and
(4) if wl(-i)i% i, and 'w;ll{ iar ... are any two variables from (4.9) such that
the coefficient of the product wgf’)i% in w%{ jar .. i i Fis nonzero, then
either (i) wgf)wzn satisfies 1 < i, <2andi, =0,for 1 <v <n-1,
or (ii) w§'l1),j2,__.,jn satisfies 1 < j, <2and j, =0,for 1 <v <n-—1.
A basic polynomial F in Ry, has indez (eq, ez, ..., ey) when eq, ea, ..., e, are

the unique integers that satisfy the first three of the previous four conditions.
Naturally, a basic relative invariant is a relative invariant that is a basic polynomial.

Examples of basic relative invariants are given by I3 1.5 in (1.6) for C31, L4 1,3
and Zy 1.4 in (1.15) and (1.17) for C4,1, as well as Ty 5,11 in (1.25) as one of three
for C5. Their corresponding indexes are indicated by the integers following the
semicolon in the subscript notation.

All of the basic relative invariants for the various C,, , having m > 2 are given
by explicit formulas in Sections 4.3 and 4.4. For m = 1, see [20, Chapter 22].
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4.3. The basic relative invariants in R, ,, for C,, , when m > 2

There are no relative invariants for Ca 1; see [19, page 145, Proposition A.15].
Thus, we focus here on a fixed Cp, ,, having m > 2, n > 1, and (m, n) # (2, 1).
The corresponding possible indices (e, e, ..., e,) for Definition 4.5 satisfy

(4.15) 0<e; <---<e, <m and either e, >3 orn > 2 and e,,_1 > 1.
The number N, ,, of such indices is given by Proposition 5.10 on page 47 as
N = (m + ”) —3.
n

Thus, in view of Theorem 4.6, Ay, ,, is also the number of basic relative invariants
in Ry, p for Cp, .
Throughout, we set eg = 0 and rewrite (4.15) in the equivalent form

(4.16) e0=0<¢e; <ex<---<e, <m and e,_1 = 0 implies e,, > 3.
The introduction of eg = 0 is made so that (4.17) does not have a vacuous sum

when n =1 and m > 3.

THEOREM 4.6. For any inlegers ey, ea, ..., e, that satisfy (4.16), there is a
unique basic relative invariant in Ry, n for Cpm pn having index (e1, ez, ..., €,) and
it is given with respect to (4.9), (4.11), and (4.12) by

€n—1

€ €1
(4'17) Im;n§61:~~:en = E E E Im’n;el,~~,en;hl,‘-whn—1,€1+--'+€n7

ho=0 h1=0 hp—1=0

where Iy niey, ... eniha, .., hn_1, hn 4 defined recursively in terms of

1 _ 1 _
(4.18) A = Yy [wo, 02— T 1w£“, 0.1~ B=Lt(wo, .. 9,1)2},
3 n—1 1 n—1
1
4.19 d =
(4.19) = = 1) e O

n—1

(4.20) Knij =0, fori<—1andanyj,

(4.21) Knoj; =1, foranyj,
n Kfnl)n i1k (m - 1) dm,n Km,n; i—1,k
(4.22) Kinniij = ) , )
k=i t+1 + (m +2—-7— k)(2 — 17— k) Amn Km,n;i—Q,k

fori>1 and any j,

71 in
E § Kinngin—jign - Emngin—jnin Xits o ns

yin
J1=0 jn=0 fori, ..., in <m,
n e,—h,
m—h,
(424) Hm,n;el,...,en;hl,...,hn = H [(e I > H (61, — 7’)‘| ,
v=1 v r=1

for any hq, ..., hy,
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(425) Mm,n;el,.4.,en;h1,...,hn,1,i
= |:Hm,n;el,...,en;h1,»--7hn Lm,n;h1,~~~7hw} . ’
hp =i—(h1+-+hn_1)
forO0<hy <ep,...,0< hp1 <ep_1,
andl§h1++hn71 +m7

-1
4.26 A P = - ori>1
(4.26) et S e Jori 21,
and
e1+--+e,—1 .
(4.27) Be, . en,i = LA , fori>1,
er+---+e,+i—2

by means of
(428) Ima";€17-~~7€n;h1,...,hn,1,0 = Im,n;el,...,en;hl voirhp_1,1 = O,

fOTOShl Sela RN Oghn—l Sen—h
and
(4'29) Imaniel,“wen?hlv~~ahn717i = Mmn;er,...,en;hi, e, hn_1,i

(1)
+ Ael’m,@mi*l Im,n; €e1,...,eni;hi,ccc,hp_1,i—1

+ Bey,..yen,i=18mmn Imnser, o ensha, oo 1, i—2,
for0<hy <ey,...,0< hy1 <ep_y,
and 2 <i<hy+---+h,_1+e,.

PROOF. Theorem 4.6 is a direct restatement of [20, page 316, Theorem 27.13]
in combination with formulas used to establish [20, page 314, Theorem 27.7]. O

OBSERVATION 4.7. For n = 1 and 3 < e; < m, the basic relative invariant
Tin1;e;, Of weight eq in R, for Cp, 1 is given by (4.17) as e, = Imtiersen
with n replaced by 1 in (4.18)—(4.29). In particular, (4.18) and (4.19) become

1 —1,..(1) -1 2} 1
= —m - d d,i1=——w;i;
Am,1 (m;_l) {’wz 5 W) om (w1) an m,1 m(m — 1)’1111,
m—i\ |95
formulas (4.24) and (4.25) yield M, 1.6, = < > [H (e1 = 7)| L n;s
€1 —1 el
also, (4.28) gives I, 1.e,:0 = Im1;e;1 = 0; and, for (4.29), we have
Ipiier;i = Mpiieri + Aeqizt Ifqi,)l;el;i,l + Beic1am1 Im1;e;i—2,

when 2 <17 < ej.
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4.4. Alternative formulas for Z,, ,,.¢,,....., When m > 2

For m > 2, n > 1, and (m, n) # (2, 1), each basic relative invariant in R,
for C,, ,, is given explicitly in Theorem 4.8 by a technique that is independent of the
method used for Theorem 4.6 of the preceding section. Thus, we have a desirable
check on either procedure by employing both of them together.

THEOREM 4.8. Form > 2, n > 1, (m,n) # (2, 1), and integers ey, ..., e,
that satisfy (4.16), there is a unique basic relative invariant in Ry, n for Cp, n having
index (e, ..., en) and it is given by

(4.30) Im7n;el7"‘7e’ﬂ = jm)n;el7“'7en7

where

€n—1

€0 €1
(4.31) jm,n;el,-u,enEE E E Immser, oy enshay o o1, e14-+en

ho=0 h1=0 hpn_—1=0

and Jpmonier, ... eniha,y . hno1,i 15 defined recursively in terms of

m-—2 )
Wwo, ...,0,2 — 3 Wy . .. 0,1
(4 32) b _ 1 n\—/l_ n—1
‘ T m+ 1 7(3m—1)(m—2)(w 2
3 6m(m — 1) N
n—1
(4.33) d !
. = —w
T mm — 1) S
n—1
(4.34) Unnij=0, fori<—1andanyj,
(4.35) Unno,j =1, forany j,
s U(l) +2+k* 71danmn'i—
(436) Um7n;i,j = m,n;i—1,k ‘ (’L m ) , nsi—1,k ’
k=jt1 + (m +2—1i— k)(2 — 17— k) bm,n Um,n;i—?,k

fori>1 and any j,

i1 in
(437) Vi, in = O Y Unmsiv—jugs * Umintin—jn e v, oo

i1=0 in=0 . .
) In foriy, ... i, <m,

n ey,—h
m — hy,\
(4.38) Hinnser, .o enihyy e hn = I | [(6 _h > | I (ey —T)‘| ,

r=1

for any hy, ..., hy,
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o en

(4'39) Wmvn;517“~7en§h17---7hn717i

= Hm,n;el,...,en;hl,...,hn Vm,n;hl,...,hn X )
hn=i—(h1+4hn_1)

forOShlgelv"'70Shn—1éen—l7
andi§h1+"'+hnfl+m7

-1
4.40 A ;= ;> 1
( ) € eny = O fori>1,

et den—1
€1, ..y 6n,1l — .
1, » En,y 61+"‘+€n+l_27

(4.41) B fori>1,

by means of

(442) Jm,n;el,...,en;hl,...,h,,,_l,O = Jm,n;el,...,eﬂ,;hl,...,hn_l,l = 07

fOTOShl §617 "‘70§hn—1 Sen—l;
and

(443) Jm,n; e1,..,enihi, ..., hp_1,1

W myn;er,...,eni;h1, ... hn_1,1

J(l) )
+A€1,4..,€n,i—1 m,n;e1, ..., enshi, ..., hn_1,i—1 ,
yhn—1,i—1

+200 =1 dmn Jmmser,...eniha, ...
+Be,,en,i—1bman Imnser, .o enihay oo hn1,i—2
for0<hi<ey,...,0< h,_1<e,_1,
and 2 <i<hy+- -+ hp_1+en.

PROOF. Theorem 4.8 is a direct restatement of [20, page 316, Theorem 27.13]
in combination with formulas used to establish [20, page 314, Theorem 27.7]. O

OBSERVATION 4.9. For n = 1 and 3 < e; < m, the basic relative invariant
Tn1;e;, of weight eq for Cp, 1 is given by (4.30)-(4.31) as T 1.e; = I tiersen
with n replaced by 1 in (4.32)—(4.43). Then, (4.32) and (4.33) become

1 m— 1 m—1)(m— 1
bt = | e = 22wl — SEEEER ] and d = Sty
3

e1—1
1 r=1

. elfi
formulas (4.38) and (4.39) yield W, 1.¢,.i = (m l) [H (e1 — 7“)] Vi
also, (4.42) gives Jim 1,610 = Jm,1,e,;1 = 0; and, for (4.43), we have

1 .
Intier;i = Wintieri + Aeyiot [J'r(n,)l;el;ifl +2(i = 1) dp 1 Jm;;el;ifl}
+ Be i1 bm1 Imiiersi—2, when 2 <7 <e;.
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4.5. Principal technique for combining relative invariants

Form > 2, n > 1, r > 0, elements P, Q of R, ,, and positive integers p, g,
a differential polynomial C), ;. (P, Q) is defined in R, ,, by

T r—S8
(4.44) Crar (P7 Q) = Z ZAp,q,nS,t pY Q(r_s_t)7
s=0 t=0
where A, ; s+ is specified in R, , through
1
(4.45) A = 71 [wo, o= P me L, 0,1)2],
(")t —=— — i
(4.46) By, ;; =0, fori<—1andany h, j,
(4.47) Bo; =1, foranyh, j,
j—1
(4.48) Bhi,= Y. [ngg_l,k —k(2h+ k —1)amn Bhvi_gyk_l] :
k=i—1

for i > 1 and any h, j,

(r) (2q +r— 1)
(4.49) Cpgrp = (=1 K P u/i N for0<p<r,
)
and
s
(4.50) Apgrst = Z Cp.qrt+k Bpkot+k Bas—kr—t—ks
k=0 for0<s<rand0<t<r-—s.

THEOREM 4.10. For r > 2, suppose that P and Q are relative invariants
in Rmn for Comn of respective weights p and q. Then, Cp q.r (P, Q) in (4.44) is
a relative invariant of weight p+ g + v for Cp,  if and only if either r is an even
integer or P and Q are linearly independent over Q.

PRrROOF. Theorem 9.14 on page 95 and Theorem 11.11 on page 123 indepen-
dently establish that C, 4, (P, Q) is a relative invariant of weight p+¢+7 in Ry,
for C,, p if and only if it is nonzero. In view of Theorem 10.11 on page 103, it is
nonzero if and only if either r is an even integer or P and @ are linearly independent
over Q. We combine these results to complete the proof. O

For relative invariant P and Q in R, of respective weights p and ¢, we have

(4.51) Cpei(P, Q) =PQY — %P(I)Q
and
(4.52) Cr.a0(P, Q) =PQ.

Of course, the product in (4.52) is a relative invariant in R, , of weight p + q.
Propositions 8.1 on page 71 shows that the right member of (4.51) is a relative
invariant of weight p + ¢ + 1 if and only if P? and QP are linearly independent
over Q. This condition is examined in Proposition 8.2 on page 73.



4.6. SEVERAL IMMEDIATE APPLICATIONS OF THEOREM 4.10 37

4.6. Several immediate applications of Theorem 4.10

For m > 2 and n > 1, we assume that P and @ are relative invariants in R, »
for Cy, n, of respective weights p and ¢. Then, we must have (m, n) # (2, 1).

4.6.1. The construction via (4.44) when r = 2. We easily employ (4.44)
and (4.46)—(4.50) to verify that

(4.53) Cpe2(P,Q)=PQ® +a PV QW+ 8PP Q+7vam.PQ
where

—(2¢+1) q(2q+1) —4q(p+q+1)
4.54 = = —"0 d = =
(4.54) “ P p(2p+1) e 2p + 1

Theorem 4.10 shows that (4.53) is a relative invariant in R, , for C,, ., of weight
p+ q+2. In particular, when P = @ and therefore p = ¢, we rewrite (4.53)—(4.54)
to see that a relative invariant F,, ,, for C,, ,, of weight 2p + 2 is given in R,, , by

% + 1 2
(4.55) Fopn=PP® _ (p;) (P<1>) — 2pam.n P
P

For m > 3 and n = 1, the right members of (4.51) and (4.55) yield constructions
for relative invariants of homogeneous linear differential equations that were familiar
to Andrew Forsyth in 1888; namely, see [28, page 409, Equation (vii)] and the
formula of [28, page 418]. However, he did not have constructions based on the
right member of (4.53) with (4.54).

The right member of (4.53) with (4.54) first appeared in [20, page 147] of 2007
for the context m > 2 and n = 2.

4.6.2. The construction via (4.44) when r > 3. Due to the complexity
of the computations for (4.44) based on (4.46)—(4.50) when r > 3, we present a
computer program in Section 6.5 to efficiently expand (4.44). For r = 3, it yields

(4.56)  Cpas(P, Q) =PQW + 12, PYQW 1 2, PP QW 42, PP Q
+24@mn P QY + 25 a1, PY Q + 260l PQ,

in Ry,,pn, where

— 1 —4 2 9
(4.57) x = 3(i+)’ 24 = (3pq+32(; J;klp+6q+ ))
(458) w2t D@eD - Aalg+ DB +3pg+0pta+2)
. p(2p+1) p(p+1)(2p +1) ’
(4.59) 25— —q(g+1)(2¢+1) 2o — 2¢(q —p)(2p + 2q + 3)

plp+1)(2p+1) " (p+1)2p+1)
Theorem 4.10 shows that, when P and Q are linearly independent over Q, (4.56)
subject to (4.57)—(4.59) is a relative invariant for C,, , of weight p + ¢ + 3.

For r = 4, a corresponding expansion of C), 44 (P7 Q) in Ry, is given by
(6.10)—(6.21). It is a relative invariant for C,, , of weight p + ¢ + 4.

Applications in [20, pages 147-153] of 2007 motivated the discoveries of (4.53),
(4.56), and (6.10) for the special situation where R, ,, has n = 2 and m > 2. For the
systematic representations of relative invariants like those presented in Section 4.8
and Chapter 12, the constructions of Theorem 4.10 are essential.
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4.7. Representations of relative invariants

For m > 2, Theorem 5.14 on page 50 shows that each relative invariant in R, ,
for C,,,n, is expressible as a differential-polynomial combination over Q of a,, , and
the basic relative invariants in R, for Cp, . The involvement of a,,, can now
be accounted for by means of Theorem 4.10. The illustrations of that given in
Section 4.8 and in Chapter 12 involve the vector spaces introduced next.

NOTATION 4.11. For each s > 1, let V,, . s denote the set that consists of the
zero element of R, ,, together with all the relative invariants in R,y for Cp, , that
have weight s. Remark 5.8 on page 47 shows that V,, .1 = {0}.

With the addition for R, , and the scalar multiplication for elements of Vy, ». s
by ones in Q, Vp, . s clearly forms a vector space over Q.

PROPOSITION 4.12. For s > 1, Vi, n;s 5 a finite-dimensional vector space.

Proor. For s > 1, let Wy, ,.s denote the subset of R,, , that consists of 0
together with all of the isobaric polynomials in R, , whose weight is s. Then,
Wnn.n: s 1S & vector space over Q with respect to the addition for R,, , and scalar
multiplication for elements in Wi, ,,, s by ones in Q. Moreover, V,, ,. s is a subspace
of Wiyn:s. Let By, pn.s be the subset of W,, ., whose elements are the monic
monomials having weight s. Then, By, ,.s is a finite set and a basis for Wi, n. .
Hence, Wi, ;s and its subspace V,, . s are finite-dimensional vector spaces. This

completes the proof. O
For each s > 1, let dp, n(s) denote the dimension of the vector space Vi, n;s.
Whenever d,, ,(s) > 1, there are relative invariants Eg1, Es2, ..., Esq,, .(s)
in Ry, p for Cp, ,, of weight s such that the linear combinations
dm,n(s)
(4.60) Z K. E,; with Ks1, K2, ..., Ksq,, (s in Q not all zero,
=1

uniquely specify the relative invariants of weight s in R, . Of course, d;, (1) = 0.

4.8. The relative invariants in R3; for C3; of weight s <13

To illustrate the preceding context when m = 3 and n = 1, we obtain

as; = Hws — w(ll) — %(wl)Q]

in Rs1 from (4.45) and we use Theorem 4.6 to see that

(4.61) T31.3=ws3 — %wlwz + %(wl)?’ — %wél) + %wlwgl) + %w?)

from (1.6) is the only basic relative invariant in Rs1 for Cs3;. The technique of
Sections 13.2 or 13.4 shows that there are no relative invariants in R3; for Cs;
having weight 2, 4, 5, or 7. It also establishes that, for s = 3, 6, 8, 9, 10, 11, 12,
and 13, the relative invariants of weight s in R for C3; are uniquely given by

ds,1(s)
(4.62) > KaiLg;, with Koy, Keg, ..., Ky q,,(s) in Q not all zero,
=1

where:
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the weight s =3 has d31(3) =1 and Ls1 = Z31,3;

) 1 and L611 = (1371;3)2;

)=1and Ls1 = Cs32(L3.1,3, L31:3);
)

the weight s =9 has d31(9) = 1 and Lg1 = (Z3.1.3)%;

(

the weight s = 6 has d31(6

the weight s = 8 has d3 1(8
(

the Weight s =10 has d3’1 10) =1 and L10,1 = 03’374 (13’1;37 Ig,l;g);
land Ly11 = Cs62(T3,1;3, (T31:3)%);

(10)
the weight s = 11 has ds3 1(11)
(12) = 3 as well as

the weight s = 12 has d3; (12
Loy = (Ts1;3)",
L2y =Cs63(T31;3, (T31,3)%), and
Liss=Cs36(T31;3 L3.1;3);

the weight s = 13 has d3,1(13) = 1 and Li3,1 = C3,64(Ts,1;3, (Z3,1,3)?).

We note that each of the relative invariants L ; for (4.62) is obtained from the basic
relative invariant Z3 1, 3 through repetitions of the constructions (4.44), (4.51), and
(4.52). They account for the necessary involvement of as 1.

Similar representations in regard to R4, for Cy4 1, Rs,1 for Cs.1, and R 5 for Ca 2
are presented in Chapter 12.

4.9. The terminology relative invariant

When the term relative invariant was introduced by Edmund Laguerre in [37]
of 1879, he used the word relative to distinguish his invariant from his conception
of an absolute invariant whose existence remained to be established.

To give an example of an absolute invariant, we use the relative invariants for
(1.16) given in Ry 1 by Z41,3 of (1.15) and Ty 1.4 of (1.17) to introduce
(4.63) A= (7 in the quotient field Q41 of Ry 1.

After setting m = 4 in (1.7), (1.9), and (1.11), we identify (1.7) with (1.16) and
employ the notation where: A(z) on 2, A*(z) on {2, and A**({) on 2** are the
(4)

functions respectively obtained by replacing each w,;”’ in A with the corresponding

cgj)(z) on {2 from (1.7), the corresponding c:(j)(z) on {2 from (1.9), as well as the
corresponding c:*(j)(C) on 2** from (1.11) — when denominators are # 0. Then,
when Z4 1,4(2) # 0, the properties for Z4 1,3 and Z4 1.4 analogous to (1.12) yield

* 4 4
A*(z) = (14’1;3(2’)), = (Za1:(2)) = A(z), on £,

(IZ.,1;4(Z))3 (Ta14(2))°

and

3 4
(T1150) ((F(0) Tarss(£(0)))
(Z5.4(0)° ((f/(c))4z4,1;4(f(g))>3

These relations characterize A of (4.63) as an absolute invariant for (1.16).

A™(() = = A(f(¢)), on 2%
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In [20, Chapter 20], the theory of semi-invariants and relative invariants in R, ,,
for the equations of C,, , was extended to an analogous theory about invariants in
the quotient field Q,, , of R, for the equations of C,,,. Natural modifications
of Definitions 4.1, 4.2, and 4.3 on page 31 lead to the concepts in Q,, , of rational
semi-invariants of the first and second kinds as well as rational relative invariants
and absolute invariants.

The result of [20, page 244, Theorem 20.15] shows that: A in Q,,, is an
absolute invariant for the equations of Cy, , if and only if A is expressible in the form
A = F /G where F and G are relative invariants in Ry, n for the equations of Cry p
such that F' and G have the same weight and are relatively prime polynomials.

To employ the single relative invariant Z3 1,3 of Edmund Laguerre in (4.61) as
well as in (1.6) for the construction of an absolute invariant, we apply the preceding
characterization of an absolute invariants to the relative invariants L3 1, Li22,
and L3 3 of Section 4.8 to conclude that: each of the six expressions

A =220 for1<i,j<3andi#j,
is an absolute invariant in Qs ; for the differential equations of Cs ;.

4.10. Subjects of other chapters

The results in Sections 4.3 and 4.4 about explicit formulas for basic relative
invariants were thoroughly verified in the arguments for [20, Theorem 27.13] with
the supplement of [19, Proposition A.15]. Except for those details, we shall make
this monograph independent of previous publications by including the necessary
background information in Chapters 3 and 5.

Chapter 3 provides a complete derivation for convenient explicit formulas that
specify the coefficients of the transformed equations (4.4) and (4.7).

Chapter 5 includes verifications for various properties of semi-invariants and
relative invariants used to establish Theorem 4.10.

Chapter 6 enables useful computer representations to be obtained for the basic
relative invariants and for the constructions of Theorem 4.10.

Chapter 7 uses research of Paul Appell to illustrate one type of application for
Theorem 4.10.

Chapter 8 develops properties of C), 41 (P7 Q) in (4.51) where r = 1.

Chapters 9 and 11 independently establish that: for m, r > 2 and the context
of Theorem 4.10, Cp 4.» (P7 Q) in (4.44) is a relative invariant in R, , for Cp, ,, if
and only if it is not identically zero.

Chapter 10 shows that: for m, r > 2, Cp 4. (P, Q) is not identically zero if
and only if either r is an even integer or P and @ are linearly independent over Q.

Chapter 12 illustrates the use of C), 4 (P7 Q) to conveniently express relative
invariants in terms of basic ones.

Chapters 13 and 14 show how the relative invariants in R, for Cy, , having a
given weights s can be deduced and represented with a system of computer algebra.
Furthermore, they provide the results summarized in Chapter 12.

Chapters 15 and 18 supply historical perspective about the subject before 1989
and the challenges that hindered progress.

Chapters 16 and 17 provide an effortless way for readers to learn about various
identities through interactions with a system of computer algebra.



CHAPTER 5

Supplementary Results

Here, for m > 2, we show that:

® a,,, in (4.18) and (4.45) is a semi-invariant of the first kind for Cy, »;

® b, in (4.32) and (11.2) is a semi-invariant of the second kind for Cp, p;

e each nonconstant differential-polynomial combination of semi-invariants
of the first kind over Q is a semi-invariant of the first kind;

o if F' is a semi-invariant of the second kind for C,, ,, as in Definition 4.2,
then F' is isobaric and its exponent s in (4.14) is equal its weight;

e any relative invariant for C,,, is expressible as a differential-polynomial
combination over Q of a,,, and the basic relative invariants for C,, ;.

5.1. Semi-invariants of the first kind

PrOPOSITION 5.1. Suppose that F is a differential-polynomial combination
over Q of semi-invariants of the first kind in Ry, for Cp . Then, with respect
to Notation 1.0, F satisfies F*(z) = F(z).

PRrROOF. Let (4.1)—(4.2) be an equation of Cy, ,, and let (4.3) be a transforma-
tion of the first kind for that (4.1)—(4.2) into a corresponding (4.4)—(4.5) in Cp, .
Let Fq, Fo, ..., Fy in R,, , be semi-invariants of the first kind for C,, ,,, let vin Q
be nonzero, and set

A
(5.1) E=~][] (F")",

i=1
where u; and v; are nonnegative integers when 1 < ¢ < A\. With respect to this
context, Definition 4.1 yields F(z) = Fj(z) and therefore F % (z) = F")(z),
when 1 < ¢ < A\. Thus, substitutions in (5.1) give E*(z) = E(z). Moreover, F is
expressible as F' = E| + E; + --- + E,, where each E; is an expression analogous
to (5.1) that yields E7(2) = Ej;(z), for 1 < j < s. Hence, we have F*(z) = F(z).
This completes the proof. O

PROPOSITION 5.2. For m > 2 and n > 1, the polynomial defined in R, , by

m-—1 m—1
(5.2) Gmn=wo,... .02~ —5— w((),)...,o,1_72 (wo, ..., 0,1)°
N—— —— m ——
n—1 n—1 n—1

is an isobaric semi-invariant of the first kind for Cy, , having weight 2.

Proor. Clearly, Gy, is an isobaric polynomial in R, , of weight 2. To show
that G, », is a semi-invariant of the first kind, let (4.1)—(4.2) be an equation of C,, »,
let a transformation (4.3) for (4.1)—(4.2) be given, and let (4.4)—(4.5) be the result

41
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of that transformation for which Theorem 3.1 on page 19 provides details. In that
context, we set

¢i(2)=co, .. ,0i(2) and ¢ (z)= 03,...,0,1'(2)’ fori=0,1, 2.

We introduce to; = wo, .. 0,1 and Wy =wy, . o2 to rewrite (5.2) as

. _m— 1 _m— 1 9
(5.3) Gy = 109 5wy BT (roq)~.
In view of (3.4), (3.5) and ¢o(2) =1, we find that
(1

] p(2)
5.4 ¢ (z) =c(z) +m
(54) ) =a()+ml L
and

(1 2

' P (2) <m> P (2)
5.5 5(2) =c2(2)+(m—1 c1(2) + .
After substituting c:(k)(z) for mgk) in (5.3), we use (5.4) as well as (5.5) and a

substitution of cgk)(z) for mgk) in (5.3) to obtain

Grunle) = [0 - V) - L (60’
e ()OS
- |25 (et -n [ £ )
-5 (o eantgion e [
= [ex(e) = 56 - B ()] = Gl
Thus, G is a semi-invariant of the first kind. This completes the proof. O

COROLLARY 5.3. The polynomial @, ,, defined in R, by (4.18) or (4.45) is
an isobaric semi-invariant of the first kind for Cy, ,, having weight 2.

PROOF. This is a consequence of the relation a,, = (1/(”1;1))67‘,,”,”. O

5.2. Semi-invariants of the second kind

The next result generalizes arguments that were advanced in [32, page 120] or
[35, pages 106-107] as well as [19, pages 140-142] and [20, pages 37-38].

THEOREM 5.4. Let F' in R, » be a semi-invariant of the second kind for Cy,
and let s be an integer in terms of which F satisfies (4.14) of Definition 4.2. Then,
F is isobaric and s is equal to the weight of F'.
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PROOF. Since F is not a constant, there is a positive integer w such that

where F, in R, ,, is isobaric of weight w and for 0 < u <w —1, either F, =0 or
F, is an isobaric polynomial in R, , of weight p. For any (4.1)-(4.2) on some {2,
we restrict ¢ = g(z) on {2 to functions of the type g;(z) = (1/t)z, where ¢ is a
fixed nonzero rational number. The corresponding inverse function is the univalent
analytic function z = f;(¢) = t{ on 27* = g;(2). For it, (3.23), (3.24), and (3.22)
yield a5 ;(¢) =0, for i > 1 and any j, as well as

?171"27...,1'." (C) = ti1+i2+~-+in, if (jl,jZa D) jn) = (ila i23 sy Zn)?
T J2 e dn 07 if (jlvj?v "'7jn)7é(i177;27 77”n)
¢

Now, (3.21) gives ¢* ;. () =ttt Fing 44, (t¢). Thus, we have

42, -
*x(k e, in
(7)) Qs L (),
for 0 <y, @9, ..., i, <mand k > 0.
Of course, substitutions in (5.6) yield

i 0; (b) F*(¢ Ei (), on 2**.

pn=0 1=0

(5.8) (a)

If T is a nonzero term of F),, then T is expressible as

A
(5.9) T=x H w21 iy in with Z(ilyy gy + ot in, + k) =p

v=1
where: v in Q is nonzero; A > 0; 0 <4y, <9, < -+ <4y, <m, 1 <4y, and
k, >0, for 1 <v < A. Thus, (5.9) and (5.7) yield

** sk (K
(5.10) T 7]_[ ert) L ©)

A

A
i i i ku _
= th1,u+zz,y+ +17L,u+ky] |:yHcz('l,,,),ig,y,...,inv,,(to :t#T(tC).
v=1

v=1
Since each summand F), for (5.6) is either zero or a sum of terms like (5.9) for
which (5.10) is valid, we apply (5.10) to deduce

(5.11) E(Q) = thE,(t¢), for0<p<w.
Then, we see that (4.14), (5.8)-(b) and (5.11) require

(5.12)  t*F(t¢) = (f1(Q) F(£:(Q) = F*(¢ ZF** )= thEL(tQ),
pn=0

for any (4.1)-(4.2) and any nonzero rational number ¢. We replace t¢ in (5.12)
with z and use (a) of (5.8) to verify that
w w
(5.13) ¢* Z F.(z) = Z t'F,(z), for any (4.1)-(4.2) and any nonzero t in Q.
n=0



44 5. SUPPLEMENTARY RESULTS

To establish
(5.14) t® Z F, = Z t"F,,, for any nonzero rational number ¢,
n=0 n=0
suppose that ¢ is a nonzero rational number such that (5.14) is not valid for ¢ = t.
Then, the differential polynomial
w w
D= (tO)s Z FM - Z(to)”Fu
©n=0 pn=0

in Ry, satisfies D # 0. By applying Corollary 5.13, we see that there is a
differential equation (4.1)—(4.2) on some region §2 such that the substitution of
P ; (2) from it for w®) . in D yields D(z) # 0. But, this contradicts

215125 «.0yn 215225 00y tn
(5.13). Hence, (5.14) is valid.

For each t # 0, the terms of weight w in the left and right members of (5.14)
give t°F, = t“F,,. In view of F,, # 0, we obtain s = w. Regarding (5.14) as an
equality of two polynomial functions of ¢ over R,, ,, we note that the coefficients
of like powers of ¢ must be equal. Thus, we deduce F,, = 0, for 0 < p < w, and
F = F,,. Consequently, F' is an isobaric polynomial of weight w and we have s = w.
This completes the proof. O

Let S, and S, be semi-invariants of the second kind in R, ,, for C,, ., whose
respective weights are s; and sy. Then, S1.55 is semi-invariant of the second kind
for Cy,,, of weight s; 4+ s2. Moreover, if s; = s; and «, 3 are rational numbers
such that aS7 + 8S3 # 0, then a7 + S5 is a semi-invariant of the second kind
for Cp, . While S gl) and Sél) are not semi-invariants of the second kind for C, n,
we do have the following result.

PROPOSITION 5.5. Let S denote a semi-invariant of the second kind in Ry,
for Cp, . whose weight is s and use

1

(5.15) ’ m(m — 1)w9’_v’_9’1
n—1

from (4.19), or (4.33), to define T in Rpn by

(5.16) T=8Y+2sd,,5.

Then, T is a semi-invariant of the second kind for Cy, , of weight s + 1.

PROOF. We employ (3.21), (3.22), (3.23), and (3.24) to obtain

(5.17) Gl 0O =Y By g Q) o, 0,5 f(2))
n—1 Jn=0 n—1 hn\:l_d
= f'(¢) ao,m-1(Q) co, ..., 0,1(f(2)) + a1,m-1(¢)
——
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of*
Since (5.15) yields d;; ,,(¢) = w and d, n(2) = Lo’l(lz), we find that

m(m —1)
(5.17) gives

(5.13) 2055,,(0) = 27'(Q) i (7(0)) ~ 158

Q)
After substituting ¢, i, (€) from (4.7) for wi™. . in T of (5.16), we apply

21,12, 21,122, yin

the formulas S**(¢) = (f’(())SS(f(C)) and (5.18) to deduce
T*(¢) = §7W(Q) +2sd;7 ,(¢) 5™ (C)

= (£(0) T SO(£(0) +5(£1Q) Q) S(£(Q)
+25(£/(0)) i (F(Q) S(F(Q)) = s (F(O) T £1(©) S(£(0))

_ (7o) [ (F(¢ »-+2sdmm(f«3)s<f«)ﬂ

s+1 *k
= (f(Q)" T(f(¢), on 2.
Since (5.16) shows that T is not a constant, this completes the proof. (I

PROPOSITION 5.6. For m > 2 and n > 1, the polynomial defined in R, » by

m—2 (3m —1)(m —2) 2
5.19) H,,, = - —
(5.19) n=Wo, ... 0,2 3 Wo.... 01 Gmm — 1) (wo, ..., 0,1)

n—1 n—1 n—1

is a semi-invariant of the second kind for C, ,, having weight 2.

Proor. Clearly, H,,  is an isobaric polynomial in R, ,, of weight 2. To show
that H,, ,, is a semi-invariant of the second kind, let (4.1)-(4.2) be any equation
of C n and let (4.6) be any transformation of the second kind for that (4.1)—(4.2)
into a corresponding equation (4.7)—(4.8). Section 3.3 provides details. For that
context, we set

(5200 () Zco.. . oulz) and (O = o0, fori=0,1,2,
\—\/— N, e’
n-1 ne1
In terms of w1 =wp, ... 01 and Wy =wy, ... 02, (5.19) yields

——— ———r
n—1 n—1
m—2 (1 Bm—1)(m —2)
5.21 H,, B = -— —
(5:21) ’ 2 3 e 6m(m — 1)

Formulas (3.23) and (3.24) of page 24 show that: for any j,
@o,j (C) = 1a

w0 =- (559

a0 ==(132) 2D 375 (1)

In view of this, (5.20) with (3.21) and (3.22) from page 24 give

(r01)%.

and
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(5.22) GO =D By (O G (F(Q) = £ a(f(Q) + arm-1(C)
j=0
= r©a () - (5) 5
and ,
(523) Q=D BYe0) ¢(£(0)
j=0
= ((0)) 2 (£(O)) + F/(C) arm—2(0) 1 (F(O)) + azm—2(C)
= (r©)alro) - ("5 1) roal©)
m\ f(C) | L (m+1\ (O
‘(3) 70) +3< 4 )(f’(()) '

After substituting ¢;**)(¢) for o{*) in (5.21), we use (5.23) as well as (5.22) and a
substitution of cgk)(z) for mgk) in (5.21) to obtain

=2 () (3m —1)(m —2)
A Al ony ey

() = |70 - (°(0)

(70 alr0) - ("5 )10 alr©)

-(B)5

T (f (C))
f///

~(3) e

~ (3m—

<)
(m

(
1

(6

—2)

6m(m — 1)

2) .

I
1
+< DR
-1

2 (£(Q) —

(3) (7

~ (Bm—1)(m

(1)

(F(Q) —

) (f”(

()
(€

'(©)
f (C)
3

>2

(

2

Thus, H,,,, is a semi-invariant of the second kind. That completes the proof.

6m(m —

= (£/(Q)) Humn (f(0))-

1)

)* (e1 (£
£ e (£(0)

/")
f(<)

)2
2P @ (f0)
)

)’

20 (7(0)
@ (£(0))?

O

COROLLARY 5.7. For m > 2, the polynomial by, ,, defined in R, n by (4.32)
on page 34 is a semi-invariant of the second kind for Cp, », having weight 2.
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Proor. This is a consequence of the relation b, , = (1/(m3+1))Hmn O

REMARK 5.8. An isobaric polynomial F' in R, , of weight 1 has the form

F=~wy, . 01, forsomenonzeroy in Q.
——
n—1
Formula (5.4) shows that F' is not a semi-invariant of the first kind for C,, ,,. Thus,
there are no relative invariants of weight 1 in Ry, pn for Cpy .

5.3. The number of basic relative invariants in R, , for C,, »

Theorem 4.6 of page 32 shows that: for m > 2, the number N, , of basic
relative invariants for Cy, , is equal to the number of sequences (e, e, ..., e,) of
integers ey, €2, ..., e, that satisfy 0 < e; < ey <--- <e, < m and are not equal
to (0,0,...,0),(0,0,...,1),0r (0,0,...,2).

We shall deduce the formula Ny, , = (m+") — 3 from the following result.

n

LEMMA 5.9. For any integers j > 0 and n > 1, let L;,, denote the number of

sequences (i1, ia, ..., in) of integers iy, ia, ..., i, that satisfy

(5.24) 0<i3 <ig<--<ip<j

Then, L;, s given by

(5.25) Lin= (J + n)’ when 7 >0 and n > 1.
n

PrOOF. For n = 1, the number of integers iy that satisfy 0 < iy < jis j+ 1.
Thus, (5.25) is true for n = 1 and any j > 0. Let n be a positive integer such
that (5.25) is valid for that n and any j > 0. Then, the number of sequences
(i1, %2, .y, in, ins1) that satisfy

(5.26) 0<i; <ig <+ <y Sipg1 < 5.

can be counted in terms of the values for i,7 from 0 through j. This gives

j .
»Cj,nJrl = ﬁo’n + ﬁl_,n +---+ ,Cj’n = Z (Z + TL)

i=o N "
:zj: i+n+1\  [(it+n\]_ (j+n+1
o — n+1 n+1)]  \ n+1 )’
Hence, (5.25) is valid for any n > 1. This completes the proof. d

PrROPOSITION 5.10. For m > 2 and n > 1, the number Nm’n of basic relative

m+n
invariants in Ry, n for Cp, . is given by Ny, , = < + > — 3.
n

PrROOF. We set 5 = m in (5.25) and note that exactly three of the sequences
counted by (m+") must be excluded. O

n

ProposITION 5.11. For m > 1 and n > 1, the number M,, ,, of variables
m+n) 1.

n

) ;, having k =0 in (4.9) of page 30 is given by M, , = (

w; .
11,22, .50

PRrROOF. Here, with 0 < i3 < iy < --- <4, <mandi, > 1, weset j =m
in (5.25) and note that only (0, 0, ..., 0) counted by (m+”) must be excluded. O

n
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5.4. Nonsolutions of nonzero equations

Given m, n > 1, we assume that the variables
527)  w, . for 1<iy<m, 0<i;<ip<--<in, and k>0,

from (4.9) are algebraically independent over the field C of complex numbers and
we let R, . denote the polynomial ring in these variables over C. Let ' denote the
unique derivation for R, , such that the elements of C are constants of R, , and

(5.28) (w(k) --;in)/ =wl"th for each wgf)» ;. of (5.27).

i1, 12, - 01,82, .oey n? 3825 ey

To verify the existence and uniqueness of ’, we combine (5.28) with a specialization
of either [5, page 139, Proposition 4] or [6, page A.V.130, Theorem 1]. When the
derivation ’ for ﬁmn is restricted to the subring R, , of ﬁmyn that consists of the
polynomials in the variables (5.27) over the field Q of rational numbers, it coincides
with the derivation ' introduced for R, , in Section 4.2. Thus, with ’, ﬁmyn is an
ordinary differential ring and the differential ring R, ,, introduced in Section 4.2
can be regarded as a differential subring of ﬁm,n. For terminology, see [36, 46].
Proposition 5.11 shows that there are M = (m+") — 1 variables w'"”

n 91,92, ey In

from (5.27) having k = 0. Let them be designated in some order by

$1, 62,83, ..., 8M—1, SM-
Thus, there are functions ¢1, ¢s, ..., ¢, and x such that
— ,(0) (0) _
(5.29) Sh=Wy ') gon), ey D W= (i i)

The derivation ' for ﬁm’n yields

(k) — (k)
(5.30) S = W) ba(h). b (h)° for1<h <M and k > 0.
Forv=1,2,..., M, let &, denote the ring of polynomials over C in the variables

of (5.30) having 1 < h < v and k > 0. We note that Gy = Ry .

PROPOSITION 5.12. In terms of an integer v subject to 1 <v < M, let Q be a
nonzero polynomial in S, and let zy be a complex number. Then, there are analytic
functions di(z), da(2), ..., d,(z) on a neighborhood 2 of zy such that the analytic

function Q(z) on 2 obtained by replacing each 5§Lk) in Q with the corresponding

d%k)(z) satisfies Q(z) # 0, for each z in (2.

PROOF. First, suppose that v = 1. Then, @ is a nonzero polynomial over C
in the variables s, 551), 5(12), ... . The Euler I'-function I'(z) is analytic on the
complex plane except for poles at z =0, —1, —2, ... . That I'(z) is not a solution
of any nonzero algebraic differential equation over the field C of complex numbers
is a special case of results known from [34] or [11]. Thus, we can find a complex
number z; and a region {2 containing zg such that: the function di(z) = I'(z + 21)
is analytic on 2 and the analytic function Q(z) on {2 obtained by replacing each
5gk) in @ with the corresponding dgk)(z) satisfies Q(z) # 0, for each z in £2. Hence,
the conclusion is valid for v = 1.
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Induction Hypothesis. Suppose v is an integer subject to 1 < v < M such that:
for any nonzero polynomial Q in &, and any zy in C, there are analytic functions
d1(2), ..., d,(z) on a region §2 containing zo such that the analytic function Q(2)
obtained by substituting dgf)(z) for 52’6) in Q satisfies Q(z) # 0, for each z in (2.

Let Q be a nonzero polynomial in 6,11 and let zg be a complex number. Then,
é is expressible as

A n;
Q=>"Q:R; with R;=][[s\y), for1<i<n

i=1 j=1

where: A is a positive integer; each of @4, ..., @, is a nonzero polynomial in &,;

ni, ..., N are nonnegative integers; for 1 < ¢ < Aand 1 < j < ny, w;; is a non-

negative integer; and the polynomials Ry, ..., R, are linearly independent over C.
If A=1and n; =0, then Ry = 1 and é = Q. Since é belongs to &,,

the induction hypothesis yields suitable analytic functions di(z), ..., d,(z) on a

region {2 containing zg. Then, we can arbitrarily select d,,11(z) =1 on 2.

Suppose that A > 1 or A =1 and n; > 1. When A > 1, n; and ny are not both
zero. Thus, the notation can be adjusted so that n; > 1. The induction applied
to Q; yields analytic functions d;(z), ..., d,(z) on a region U; containing zo such
that the analytic function Q1 (z) on U obtained by replacing 55116) in Q, with d;lk) (2)
satisfies Q1(z) # 0, for each z in Uy. Also, when A > 1, there are corresponding
analytic functions Q2(2), ..., @x(z) on U; obtained by substituting d;lk) (z) for 5&)
inQ,, ..., Q. Weset 7, = Q;(z20), for 1 <i <\, and

A

R = ZTi Rz
i=1

Due to the linear independence of Ry, ..., Ry over C, we use 71 = Q1(20) # 0 to
see that R is a nonzero polynomial in the variables 51(,(21, 51(,21, ... over C. Thus,
the argument for v = 1 gives an analytic function d,11(z) on a subregion Us of U;
containing zo such that the function R(z) on U, obtained by substituting d(ylfgl(z)
for 5&21 in R satisfies E(z) # 0, for each z in U. When 1 < h < v+ 1 and
k > 0, the result of replacing each 52]6) in é with the corresponding dglk)(z) yields
an analytic function Q(z) on U having

A A
Q(z0) = Qi(20) Ri(20) = > 7 Ri(20) = R(20) # 0.
i=1 =1

Continuity yields a subregion {2 of Us containing zg such that @(z) # 0, for each z
in £2. This completes the induction step and the proof. (I

COROLLARY 5.13. Let D be a nonzero element of ﬁm,n and let zg denote
a complex number. Then, there is a differential equation (4.1)—(4.2) with analytic

coefficients cj, j,, ... j. (2) on a region {2 containing zo such that the analytic function
D(z) on £2 obtained by replacing each ’wgf)wl of (5.27) in D with the corre-

sponding k) ;, (2) satisfies D(z) # 0, for each z in £2.

11,82, ey T
PROOF. Since D is a polynomial in &y;, Proposition 5.12 shows that there
are analytic functions d;(z), ..., dy(2) on a region {2 containing zy such that the

(k)
h

replacement of each s;’ in D with the corresponding d%k)(z) yields an analytic
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function D(z) on {2 that satisfies D(z) # 0, for each z in 2. With respect to the
notation employed for (5.29), we introduce
Ciyigy oin (2) = dy(iy,ia, . in)(2), on £2, for 0 <iy <--- <, <mand i, > 1.

We set cp.0,....0(2) =1 on £2 and, for any integers 0 < jq, jo, ..., jn < m that do
not satisfy 0 < j1 < jo < -+ < g, <m, weset ¢, js, .. 5. (2) = Ciy 4y, ..., 5, (2), Where
(i1, i2, ..., i) is an arrangement of (j1, ja, ..., jn) having i1 < ig < -+ < iy,
The (4.1) on 2 having these coefficients satisfies (4.2) and the function obtained
by replacing wgf,)iz,m,in in D with Cgf,)iz,...,in (z) from this (4.1) is equal to the
function D(z) obtained by replacing each s hk) in D with the corresponding dgbk)(z).
Since we have D(z) # 0 for each z in {2, this completes the proof. O

5.5. Relative invariants in terms of basic ones and a,, ,

For m > 2 and n > 1, Corollary 5.3 shows that the polynomial

1 1 _
(5.31) Amn = (m+1) {w07 .., 0,2 7 mleé,)..., 0,1~ 77217m1(“70, 0,1)2
3 n—1 n—1
M ~ M

of Ry,,n is an isobaric semi-invariant of the first kind for C,, , having weight 2.
We note that the use of a,,, rather than G,,, of (5.2) has advantages in the
formulations of (4.22) and (4.48). That is our key reason for selecting a,, ,, rather
than G, in the formulation of the next result.

THEOREM 5.14. For any m > 2, each relative invariant in R, , for Cp, p is
expressible as a differential-polynomial combination over Q of ap,,, and the basic
relative invariants in Ry, n for Cp p.

Proor. For m > 2, suppose that F' is a relative invariant in R, ,, for Cp, p.
Then, F is expressible as a differential-polynomial combination over Q of those
variables from (4.9) given by

(532) Wi, for 0§21§12§§zn§m and inZL
The variables of (5.32) are totally ordered by the rule that w;, 4, .. i, precedes
Wi, js, ... 5, if and only if either i, < j; or else there is an integer r satisfying
2 <r < nsuch that iy = j; for 1 <k <r—1and i, < j,.

Proposition 5.11 shows that M = ("™7") —1 is the number of variables in (5.32).
Let the total ordering for the variables in (5.32) be represented by

12,y ey ip

(533) 51, S2, ..., S\, WithﬁlE’wo"“’ .1, S2 =Wo, ..., 0,25 ----
—— N——
n—1 n—1
When n = 1, we observe that M = m and (5.33) consists of wi, wa, w3, ..., Wy

When n = 2, we find that the variables of (5.33) are respectively given by

Wo,1, Wo,2; -+ -5 Wo,m, W11, W12, -+ vy Wim, W22, ooy Wom, -+ s Winym
We use (5.31) to obtain

m+1 1, (1) -1
(5.34) wo,u.,o,25< 3 )am,n+m2wo,...,o,1+"§m(wo,...,o,1)
——— N—— ~—
n—1 1 n—1

m+1
E( )am’n"’Rm,n;O,...,O,Q;O?
3 N——

n—1
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where R, 10, ....0,2;0 is a differential-polynomial combination over Q of the only
variable in (5.33) that precede wo .. o,2. The structure of each basic relative
invariant Zp, pn;4, iy, in Ry, for Cp, pn yields

yin
(5.35) Wiy i, .in = Lmniin, i, oyin + Bmniin, i, oy in; 05

for i, >3 orn>2andi, 1 >1,
where Ry, iy 4o, ... in; 0 is & differential-polynomial combination over Q of variables

in (5.33) that precede wy, 4, ... i, - By repeatedly applying the derivation ' for R, ,
to (5.34) and (5.35), we deduce for k£ > 0 that

k m+1
(536) w((), ). .,0,2= ( )a’gvlf,)n + Rm,n;O, .5 0,2k
N—— 3 ——
n—1 n—1
and
k k
(5.37) w'gl,)ig, yin = Ign,)n;il,ig, iy TR i, oy ins s

when i, >3 orn>2and i, 1 > 1,

where Ry, n:iy ia, ..., i k 11 (5.37) or (5.36) is a differential-polynomial combination
over Q of variables in (5.33) that precede w;,,

Starting with F' as a differential-polynomial combination over Q of the variables
in (5.33), we use (5.37) to eliminate from F' the variables 51(5), for each k£ > 0. Then,
from the resulting expression, we use (5.37) or (5.36) to eliminate 5](\5)717 for each
k > 0. We continue in this manner using either (5.37) or (5.36) until finally we
eliminate the variables 55’“), for each k& > 0. The resulting expression is then a
differential-polynomial combination over Q of the basic relative invariants in R, »,

for Cp, ., as well as a,y,,, and s1. With s, = wy, ... ¢,1, we therefore write F' as

125005 n”

(5.38) F = F) + Z,
where Fp is the sum of the terms of F' that do not involve wgk) 0.1, for any k > 0,
and Zj is the sum of any remaining terms. Thus, Fj is a differential-polynomial
combination over Q of a,, , and basic relative invariants in R, ,, for Cp, p.

For any (4.1)—(4.2) on some region {2, there is a meromorphic function pg(z) Z 0
on a subregion U of {2 such that

(5.39) p(()l)(z) + CO’#OJ(Z) po(z) =0, onU.

Due to (5.39), an application of Theorem 3.1 on page 19 shows that the substitution
y(z) = po(z) v(z) transforms the restriction of (4.1)—(4.2) to U into a corresponding
equation (4.4)—(4.5) on U having

(5.40) ¢,..,0,1(2) = co, . 0.1(2) +m
Since Fj is a differential-polynomial combination over QQ of semi-invariants of the
first kind, Proposition 5.1 shows that the corresponding functions Ff(z) and Fy(z)
obtained from (4.4) and (4.1) via Notation 1.0 satisfy F(z) = Fy(z), on U. Because

. . k
any nonzero term of Zy would effectively involve wg " .1 for some k > 0, we use

(5.40) to see that the substitution of k) (2) from this (4.4) for w®

11,125 -5 tn 115225 .05 Un
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in Z yields Z5(z) =0, on Y. Thus, we obtain
F(z)=F*(z) = Fi(2) + Z{(2) = Fj(2) = Fo(z), onU.

Hence, we have F(z) = Fy(z) on {2, for any (4.1)—(4.2). Thus, the replacement
(k)
11,02, .0y tn 11,92, ey

(4.1)-(4.2) y1€1db a function that is identically zero. In view of Corollary 5.13,
we conclude that F' — Fy = 0. This yields F = F; and completes the proof. O

in F — Fy with the corresponding ¢ i, (2) from any

REMARK 5.15. The algorithmic substitutions employed in the preceding proof
are well suited for computer algebra. Section 7.2 gives examples.

That technique can be applied to any nonconstant element F' in R, ,, without
knowing ahead of time whether F' is a relative invariant. If that process fails to
express F' as a differential-polynomial combination over Q of a,, , and the basic
relative invariants in Ry, for Cp,,, then F is not a relative invariant for Cp, ;.
However, when the process does express F' in that manner, the representation may
be quite useful for the further study needed to decide whether F' is a relative
invariant. Illustrations of that situation are provided by the representations (7.18),
(7.19), and (7.20).



CHAPTER 6

Use of Computer Algebra

Programs to exhibit the basic relative invariants in R, 1 for Cp, 1 and in R, 2
for C,, 2 are given in Sections 6.1 and 6.3. Independent verifications are provided
in Sections 6.2 and 6.4. With minor alterations, these programs can be rewritten
for Ry3, R4, -... Our separate focuson n =1 orn=2or ... enables us to
use standard commands that can be easily modified for other systems.

6.1. Z,,1,., in Ry, ; for C,, 1 when m >3

We select a version of Mathematica from [55, 56, 57, 58, 59] as the system
of computer algebra. We represent the derivation ’ for R,, 1 as differentiation with
respect to a fictitious independent variable denoted by z. Then, the evaluation of
DIw[i1] [2],{z,k}] represents the corresponding variable wgf) of (4.9). We use
(4.18)—(4.29) and (4.17) as our guide for the following fourteen input statements

alm_,1]1[z_] := (1/Binomial[m+1,3])( w[2][z]
-((m-1)/2)w[1]’ [z]-((m-1)/(CCm))w[1] [z]"2 )

dlm_,11[z_] := (1/(mm-1)))w[1][z]
Klm_,1,i_,j_1[z_] =0 /; i <= -1
Klm_,1,0,j_1[z_] =1
Klm_,1,i_,j_1[z_] :=
( Sum[( D[K[m,1,i-1,k][z],z]
_(m_l)*d[m’ 1] [Z] *K[m31’i_1)k] [Z]
+(m+2-i-k) (2-i-k)a[m, 1] [z] *
K[m,1,i-2,k]1[z]),{k,j+1,m}] ) /; i >=1

wl0l[z_] = 1; X[k_1[z_] := wlk][z]

L[m—:lyi_] [Z_] =
Sum[ K[m,1,i-j,jl[z]*X[j]1[z], {j, 0, i}]

MIm_,1,el_,i_1[z_] :=
FunctionExpand[Binomial [m-i,el-i]]*

Product[(el-r), {r,1,e1-i}]1*L[m,1,i] [=]

Afel_,i_] := -1/(el+i-1) /; i >=1

53
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Blel_,i_] := (el-i)/(el+i-2) /; i >=1

inv[m_,1,el1_,0][z_]

0

inv[m_,1,el_,1]1[z_]

]
o

invim_,1,e1_,i_]1[z_] := ( M[m,1,el,i] [z]
+A[el1,i-1]#D[ inv[m,1,el1,i-1]1[z], z]
+Blel,i-1]*a[m, 1] [z]*
inv[m,1,e1,i-2]1[z] ) /; i >= 2

basicInv[m_,1,e1_J[z_] := invim,1,el,el][z]

that are to be evaluated by the selected version of Mathematica. The additional
evaluation of

Expand[ basicInv[3,1,3][z] ]
yields the expression for Zs 1.3 given in (1.6) on page 2. After evaluating

list[el_] := Table[ D[w[jl[z]l, {z,k}],
{j,1,e1},{k,0,e1-j}] // Flatten

to help simplify later output, we find that the evaluation of
Collect[ basicInv[m,1,3][z], 1list[3], Factor]

yields the expression for Z,, 1.3 in (1.13) of page 3. In particular, setting m = 4 in
the preceding expression or making an evaluation of

Collect[ basicInv([4,1,3][z], 1list[3], Factor]
gives the expression for T4 1,3 in (1.15) on page 4. The evaluation of
Collect[ basicInv([4,1,4][z], list[4], Factor]

yields the expression for Z4 1.4 in (1.17) on page 4. The preceding nineteen input
statements can be evaluated in several seconds on a typical personal computer of
current capabilities. When m is merely a symbol for an integer assumed to satisfy
3 < e; < m, the times required to obtain analogous representations of Z,, 1., are
approximately equal to: 1 second for e; = 4; 5 seconds for e; = 5; 15 seconds for
e1 = 6; 65 seconds for e; = 7; 4 minutes for e; = 8; 30 minutes for e; = 9; 4 hours
for e; = 10; and 19 hours for e; = 11.

6.2. Alternative computation for Z,, ;,., when m >3

Here, we show how Mathematica can be employed to obtain a computer rep-
resentation for J, 1, in (4.31). Since we have Z,, 1., = T 1;e,, a0 excellent
check on our computer representations for Z,, 1,¢, and Jp,.1;¢, is provided when
the subtraction of one from the other is identically zero. Based on (4.32)-(4.43)
and (4.31), the following fourteen input statements
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blm_,1]1[z_] := (1/Binomial[m+1,3]) ( w[2] [z]

-((m-2)/3)wl1]’ [z]

-((3m-1) (m-2) /(6m(m-1)))w[1] [z] "2 )
dlm_,1]1[z_] := (1/(m(m-1)))w[1] [=]
Ulm_,1,i_,j_1[z_] =0 /; i <= -1
Ulm_,1,0,j_1[z_] :=1
Ulm_,1,i_,j_1[z_] := ( Sum[ D[U[m,1,i-1,k] [z],zZ]

+2(i-1+k-m)d[m,1] [z]*U[m,1,i-1,k] [z]

+(m-i-k+2) (2-i-k)b[m, 1] [z] *

Ulm,1,i-2,k1[z], {k,j+1,m}] ) /; i >=1
wl0l[z_] = 1; X[k_1[z_] := wlk][z]

Vim_,1,i J[z_] :=
Sum[ Ulm,1,i-j,5] [z]*X[j1[2], {j,0,i}]

Wln_,1,e1_,i_1[z_] :=
FunctionExpand[Binomial [m-i,el-i]]*
Product[(el-r), {r,1,e1-i}]1*V[m,1,i] [z]

Alel_,i_] := -1/(el+i-1) /; i >= 1

Blel_,i_] :

(e1-i)/(el+i-2) /; i >= 1
jonv[m_,1,e1_,0][z_] := 0; jonv[m_,1,el_,1]1[z_] :=

jovim_,1,el_,i_J[z_] := ( W[m,1,el,i] [=]
+Ale1,i-1]1*(D[ jnv[m,1,el,i-1][z], =Z]
+2(i-1)*d[m, 1] [z]*jov([m,1,el,i-1] [z])
+Blel,i-1]*b[m,1] [z]*
jnvlm,1,e1,i-2]1[z] ) /; i >= 2

basicJ[m_,1,e1_]1[z_] := jonvm,1,el,el][z]

list[el_] := Tablel[ D[w[j][z],{z, k}],
{j,1,e1},{k,0,e1-j}] // Flatten

0

55

are to be evaluated by the same version of Mathematica employed for Section 6.1.

The additional evaluation of
Collect[basicJ[m,1,3]1[z], 1list[3], Factorl]
yields a computer representation for Jp, 1;3; an evaluation of

Collect[basicJ[m,1,4][z], 1list[4], Factor]
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gives a computer representation for Jp, 1.4 ; etc. When not set equal to a specific
integer, the symbol m for the order of the differential equation is a free variable that
represents any integer greater than or equal to the number assigned to el.

To check the accuracy of the the Latex file for pages 53-55 of this monograph,
we copied the input and pasted it into a Mathematica notebook. After evaluating
each item in the notebook, we then inserted the input commands

difflel_] := Together[
basicInv[m,1,e1] [z] - basicJ[m,1,el][z]]

Do[Print["diff[",el,"] = ", diffl[el]], {el,3,93}]

and found that their evaluation yielded O for each difference as it should.

6.3. Zpy2.¢1,¢, iN Ry 2 for Cp, o when m > 2

To present a Mathematica notebook based on Theorem 4.6 that is suitable
for making explicit the structure of various relative invariants Z,, 2.¢,, e, i Rom,2
for Cy, 2, we clear computer memory of previous usage and successively evaluate
each of the following sixteen input statements

alm_,2][z_] := (1/Binomial[m+1,3])( w[0,2][z]
-((m-1)/2)wl0,1]° [2]
-((m-1)/Cm))wl0,1]1[2z]"2 )

dlm_,2][z_] := (1/(m(m-1)))w[0,1] [z]
Klm_,2,i_,j_1[z_] =0 /; i <= -1
Km_,2,0,j_1[z_] :=1
Km_,2,i_,j_1[z_] :=
( Sum[( D[K[m,2,i-1,k][z], =z]
-(m-1)*d[m,2] [z]*K[m,2,i-1,k] [z]
+(m+2-i-k) (2-i-k)a[m, 2] [z] *
K[m,2,i-2,k]1[z]), {k,j+1,m}] ) /; i >=1
w[0, 0][z_] = 1;
X[j1_,j2_1[z_]1 := Applylw, Sort[{j1,j2}]11[z]
Llm_,2,i1_,i2_1[z_] :=
Sum[ K[m,2,i1-j1,j1][z]*K[m,2,i2-j2,j2] [z]*
X[j1,j210=1, {j1,0,i1}, {j2,0,i2} 1]
Hlm_,2,el1_,e2_,h1_,h2_] := ( Binomial[m-hil,el-hi]

*Product[el-r, {r,1,el-h1}]) (Binomial [m-h2,e2-h2]
*Product [e2-r, {r,1,e2-h2}] )
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M[m_,2,el_,e2_,h1_,i_][z_] :=
H[m,2,el1,e2,h1,i-h1]*L[m,2,h1,i-h1] [z]

Alel_,e2_,i_] -1/(el+e2+i-1) /; i >= 1

Blel_,e2_,i_] (el+e2-i)/(el+e2+i-2) /; i >=1

invim_,2,el_,e2_,h1_,0][z_] 0

invim_,2,el_,e2_,h1_,1]1[z_]

I
o

invim_,2,el_,e2_,h1_,i_]1[z_] :=
( M[m,2,el,e2,h1,i][z] +
Alel,e2,i-1]1*D[ inv[m,2,el1,e2,hl1,i-1][z], z]
+ Blel,e2,i-1]*a[m,2] [z]
*inv[m,2,el1,e2,h1,i-2][z] ) /; i >= 2

basicInv[m_,2,el_,e2_][z_] :=
Sum[ inv[m,2,el,e2,hl,el+e2][z], {h1,0,el1} ]

with a selected version of Mathematica. Then, evaluations of

list[el_,e2_] := Table[ D[w[j1,j2][z],{=z,k}],
{j2,1,e2},{j1,0,Min[j2,e1]},{k,0,el+e2-j1-j2}] // Flatten

Collect[ basicInv[m,2,1,1][z], 1list[1,1], Factorl]
give
(6.1) Tm211=w11 — (wo’l)z, with m > 2,
as the basic relative invariant of index (1, 1) in Ry, 2 for Cp, 2. We evaluate

Collect[ basicInv[m,2,1,2][z], 1list[1,2], Factorl]

to obtain
m—1 m—1
(6~2) Im,z; 1,2 =W — ——Wp,1 W11 — Wo,1 Wo2 + 7(1170,1)3
m m
-1 —1
_ m4 'w(l}i + m2 wo, 1 ’wé}i, with m > 2.

as the basic relative invariant of index (1, 2) in R,y 2 for Cp, 2. The evaluation of
Collect[ basicInv[m,2,2,2][z], list[2,2], Factorl]

yields
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2(m—1) 6(m—1)
6.3) Ty ons=wey— ")
(6.3) 22,2 = W22 m o1 1,2 5(m+ 1)m

2(bm +2)(m — 1)

wWo,2 W1,1 — (wo,2)2

(5m + 2)(m — 1)2

(’wo,l)2 w1 + (’wo,l)2 wo,2

5(m + 1)m? 5(m+1)m
- O B - P
gl O
+ mT_lwo,l wi') + mT—lwélf wo, — wwm wi]
-k - O kit

as the basic relative invariant of index (2, 2) in R, 2 for Cp, 2.

6.4. Alternative computation for Z,, 5., ., when m > 2

The program presented here is based on Theorem 4.8 of page 34 for J 1.2 ¢y, ¢, -
It provides an independent check on the computations of Section 6.3 for Zy, 2. ¢, e, -
Namely, after the first sixteen input commands of Section 6.3 and the following
thirteen input commands

blm_,2][z_] := ( (1/(Binomial [m+1,3])) ( w[0,2][z]
-((m-2)/3)w[0, 11’ [z]
-((3m-1) (m-2)/ (6m(m-1)))w[0,1] [z]"2) )

dm_,2][z_] := (1/(m(m-1)))w[0,1] [z]
Ulm_,2,i_,j_1[z_] :=0 /; i <= -1
Ulm_,2,0,j_1[z_] :=1
Ulm_,2,i_,j_1[z_]1 :=
( Sum[ D[U[m,2,i-1,k][z], =]
+2(i-1+k-m)d[m, 2] [z]*U[m,2,i-1,k][z]
+(m-1-k+2) (2-i-k)b[m, 2] [z]*U[m,2,i-2,k] [z],
{k,j+1,m}] ) /; i >=1
wl[0, 0][z_] = 1;
X[j1_,j2_1[z_] := Applylw, Sort[{j1,j2}1][=z]
Vim_,2,i1_,i2_1[z_] :=
Sum[ U[m,2,i1-j1,j1]1[z]*U[m,2,i2-j2,j2] [z]*
X[j1,j210=1, {j1,0,i1}, {j2,0,i2} ]

Wlm_,2,el1_,e2_,h1_,i_][z_] :=
H[m,2,el1,e2,h1,i-h1]*V[m,2,h1,i-h1] [z]
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]
o

jnv[m_,2,el_,e2_,h1_,0][z_]

I
o

jnvim_,2,el_,e2_,h1_,1][z_]

jov[m_,2,el_,e2_,h1_,i_J[z_] :=
( Wim,2,el1,e2,h1,i] [z]
+Afel,e2,i-1]*(D[jnv[m,2,el,e2,hl,i-1] [2],z]
+2(i-1)*d[m,2] [z]*jnv[m,2,el,e2,hl,i-1] [2])
+B[el,e2,i-1]*b[m, 2] [z]
xjnv[m,2,el,e2,h1,i-2][z] ) /; 1 >= 2

basicJnv[m_,2,el_,e2_]1[z_] :=
Sum[ jnv[m,2,el,e2,hl,el+e2] [z], {h1,0,el} ]

are evaluated by the selected version of Mathematica with m as a mere symbol
representing any integer greater than or equal to ey, the evaluation of

difflel_,e2_] := Together[
basicInv[m,2,el,e2] [z] - basicJnv[m,2,el,e2][z]]

Do[Print["diff[",el,", ",e2,"] =", diffl[el,e2]],
{e2,1,3},{e1,0,e2}]

yields 0 for each difference.

With m as a variable for any integer > 2, a program to explicitly specify the
basic relative invariants in any particular one of R, 3, R4, ... can be written by
making minor modifications to the input commands of Sections 6.3 and 6.4.

6.5. Cpqr (P7 Q) as a differential-polynomial combination
of P, Q, and a,,, over Q

Let P and @ denote relative invariants in R,,, for C,,, having respective
weights p and ¢g. For r = 0 and r = 1, we note that (4.52) and (4.51) give

Cra0(P, Q) =PQ
and

Cpei(P, Q) =PQY - %P(l)Q

as explicit differential-polynomial combinations of P and @ over Q. Here, for
r > 2 and m > 2, we present a program that yields C), 4. (P7 Q) as an explicit
differential-polynomial combination of P, @, and a, , over Q.

For r > 2, m > 2, and a version of Mathematica from [55, 56, 57, 58, 59]
as the system of computer algebra, we shall use the evaluations of

D[P[z],{z,i}], D[Q[z],{z,j}], and Dlalm,n][z],{z,k}]

to represent P(i’), Q(j)7 and asrlf?n. To obtain a representation of Cp, , , (P, Q),

we clear the computer memory and then have Mathematica evaluate the six input
statements
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Blh_,i_,j_1[z_]

I
o
~
-
A

I

|
=

B[h_,0, j_1[z_1 := 1;

Blh_,i_,j_1[z_] Sum[ D[B[h,i-1,k][z], z]
-k(2h+k-1)a[m, n] [z]*B[h,i-2,k-1] [z],
{k,i-1,j-1}] /; i >= 1

Celp_,q_,r_,mu_] := FunctionExpand[
(-1)"mu *Binomial [r,mu]*
Binomial [2g+r-1,mu] /Binomial [2p+mu-1,mu] ]

Alp_,q_,r_,s_,t_1[z_] := Sum[Celp,q,r,t+k]*
B[P,k,t"'k] [Z] *B [q: S_ksr_t_k] [Z] :{k:O:S}]

polylp_,q_,r_,P_,Q_1[z_]:= Module[{expr, mon},
mon = Join[Table[D[a[m,n][z],{z,i}], {i,0,r-23}],
Table[D[P[z],{z,j}], {j,0,r}],
Table[D[Q[z],{z,k}], {k,0,r}] 1;
expr = Sum[ Alp,q,r,s,t] [z]*Derivative[t] [P] [z]*
Derivative[r-s-t][Q] [z], {s,0,r}, {t,0,r-s}];
Collect[ expr, mon, Factor] ]

that are based on formulas (4.46)—(4.50) and (4.44).
For r = 2, we evaluate poly[p,q,2,P,Q] [z] and find that

(6'4) Cp7q72 (P, Q) = PQ(2) + O‘P(l) Q(l) + BP@) Q+ Y AQm,n PQ,
where

65 a_—20tD g aCatD) o daprgt)

D pp+1) R S |

By Theorem 4.10 on page 36, (6.4) is a relative invariant in R, ,, for Cp, p, of weight
p + g + 2. Computer algebra shows that «, 8, v in (6.5) are the only coefficients
for which the right member of (6.4) is a relative invariant.

For r = 3, we evaluate polyl[p,q,3,P,Q] [z] and find that

(6.6) Cpe3(P.Q)=PQY + 12, PYQ? 412, PP QW + 23 PO Q
+l’4 am,nPQ(l) +l’5 am,np(l)Q+l'6 agrll?nPQa
where
-3(qg+1) —4(3pq+3¢*+p+6q+2)
6.7 SEAN LA —
( ) T p ) Ty 2p+ 1 5
68) w2 tD@etD - Aalg+1DEP +3pg+6pta+2)
p@2p+1) 7 ’ plp+1)(2p+1) ’
(6.9) _zale+DRe+) - 20(g —p)2p+ 20 +3)
plp+1)2p+1)° (p+1)(2p+1)
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When P and Q are linearly independent over Q, Theorem 4.10 establishes that
(6.6) is a relative invariant in R, , for Cp, ., of weight p + ¢ + 3. The coefficients
(6.7)—(6.9) first appeared for the context n = 2 in [20, page 150]. They are the
only ones for which the right member of (6.6) is a relative invariant.

For r = 4, we evaluate poly[p,q,4,P,Q] [z] and find that

(6.10) Cpr.aa(P, Q)
= PQW 44, POQO 4y POQR 4y PO QW 4y, PO Q
+ Qo [ys PQY 4y PV QW 1y, PP Q}

+ a%?n [ys PQW +yy PV Q] + [ylo aEﬁ?n +yn (am,n)2:| PQ,

where
(6.11) gy = —2Ra+3)
p b

6(¢ +1)(2¢ +3)
6.12 gt e+ 9)
(0:42) - p(2p+1)
(6.13) gy = —2a+ D2+ 1) (29 +3)

pp+1)(2p+1) ’

6.14) gy WaFDCF D2+ 3)

plp+1)(2p+1)(2p+3)’

—4(6pg + 6¢° + 4p + 18¢ + 11)

1 -
(6.15) Ys i1 ’
(6.16) Yo = 8(2¢ +3)(3p*q + 3pg® + p* + 9pg + ¢° + 3p+ 3¢ + 1)
p(p+1)(2p+1) )
(6.17) g — (g + D)2 + 3)(6p” + 6pg + 18p + dg + 11)
plp+1)(2p+1)(2p+3) ’
(6.18) _ 2(8p%q —8¢” +2p” + 12pg — 24¢° +3p — 18¢ — 5)
. " (p+1)(2p+1) ;
(6.19) Yo = 2¢(2q + 3)(8p” — 8pg® + 24p® — 12pq — 2¢° + 18p — 3¢ + 5)
p(p+1)(2p+1)(2p + 3) )
(620) gy = 200+ 2P —dpg+ 4’ +4p + dg +3)
(p+1)(2p+1)(2p + 3) ;

and
(6.21) = 48q(g+)(p+q+2)(p+q+3)

(2p+1)(2p +3)

Theorem 4.10 of page 36, shows that (6.10) is a relative invariant in R, ,, for Cyp, p,
of weight p + ¢ + 4. The coefficients (6.11)—(6.21) first appeared for the context
n = 2 in [20, page 151]. They are the only ones for which the right member of
(6.10) is a relative invariant.

Analogous results can be made explicit for larger values of r.
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6.6. Several identities

PROPOSITION 6.1. Suppose that P, Q, and R are relative invariants in Ry, n
for Cp, ., having respective weights p, q, and r. Then, P, Q, and R satisfy

2
(6.22) Crpia2(R, PQ) = <2q . 1) RC,,:(P, Q)
2p+2¢+1
<2q_~_1) P Cr,q,2 (R7 Q)
2p+2¢+1
(5t ) @ Craat P
and
(6.23) RCyy»2 (P’ Q)

_ ( r(2¢g+1)(2r +1)
2p(p+q+r+1)2p+2g+2r+1)
(2 +1)(2p+2¢ +1)
Cpoira(P, QR
(2(p+q+r+1)(2p+2q+2r+1) parr2 (P, QR)
( q(2¢+1)(2p+2g+1)
2(p+q+r+1)2p+2¢+2r+1)

)Cr,p+q,2 (Ra PQ)

) Copirs(@. PR).

PrOOF. While pencil-and-paper computations yield the desired results, the
computer algebra of pages 59-60 enables us to check that the evaluation of

Together[ polylr,p+q,2,R,Function([x,P[x]1*Q[x]]] [z]
+(2p/ (29+1))R[z] *poly[p,q,2,P,Q] [=]
-((2p+2q+1)/(29+1))P[z] *poly[r,q,2,R,Q] [z]
-((2p+2q+1) / (2p+1))Q[z] *poly[r,p,2,R,P]1[z] ]

has 0 as its output. Thus, (6.22) is valid. The evaluation of

Together [ R[z]*polylp,q,2,P,Q] [z]
+(r(29+1) (2r+1) / (2p(p+g+r+1) (2p+2g+2r+1) ) ) *
polylr,p+q,2,R,Function[x,P[x]*Q[x]]1] [=]
-((2g+1) (2p+2g+1) / (2(p+g+r+1) (2p+2q+2r+1)) ) *
poly[p,q+r,2,P,Function[x,Q[x]*R[x]]] [z]
-(q(2q+1) (2p+2q+1) / (2p (p+q+r+1) (2p+2q+2r+1)) ) *
polyl[q,p+r,2,Q,Function[x,P[x]*R[x]]][z] ]

yields the output 0 and establishes (6.23). This completes the proof. g

By setting R = Q = P and r = ¢ = p in either (6.22) or (6.23), we obtain

2(3p+ 1)
2p+1

The definition of C) 4 (P, Q) in (4.44)—(4.52) is applicable to any isobaric

polynomials P and @ in R, having respective weights p and g. Each of (6.22),

(6.23), and (6.24) as well as (8.16), (8.17), and (8.18) remains valid as an identity
in that context.

(6.24) Cpop2(P, P?) = PC,,(P,P).
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6.7. Observations about computations

Versions 3.0, 7.0.1, 8.0.1, 9.0.1, 10.1, and 11.2 of Mathematica can be used to
evaluate correctly all of the notebooks for [19] and [20]. We specifically found that
[64] and [55] performed flawlessly. Supplementary input not needed for Version
7.0.1 was supplied to the notebooks of [19] and [20] in order to enable Version 3.0
to efficiently evaluate symbolic sums like those for K, ,,.;; of (4.22) and U, p.i;
of (4.36); in this regard, see [19, pages 24-28]. With such supplements, Version 3.0
could be employed here.

For computer representations of C, 4, (P, Q) when P and Q have machine
representations, see Sections 13.3 and 14.2.

Correct evaluations for each of the Mathematica notebooks in this monograph
can be downloaded by using the Google browser Chrome to visit the web page

http://homepages.uc.edu/~chalklr/Notebooks.htm
and then making a selection of a particular notebook labeled according to the
section in which it appears.






CHAPTER 7

Principal Theorems Applied
to Paul Appell’s Study of C»»

Theorem 4.6 and Theorem 4.10 will be employed in this chapter to show that
relative invariants can be used to precisely characterize the equations of Cq o for
which solution procedures studied by Paul Appell in [4] are applicable.

7.1. Solution procedures for two special kinds of equations in C; 5

We use (4.1) with m =n =2, ¢1,0 = o1, C20 = Co,2, and ca1 = ¢12 to see
that: for each region {2, the differential equations of C2 2 on 2 are specified by

(7.1) (1)) 4 2¢01(2) ¥ (2) ¥/ (2) + 2¢0.2(2) ¥ (2) (=)
+e11(2) (' (2))” + 2e12(2) ¥ (2) y(2) + e20(2) ((2))* =0,

where the ¢; ;j(2) are meromorphic functions on (2.
To characterize the equations (7.1) that have a nontrivial factorization when
restricted to various subregion of {2, we introduce

1 wo1 wope
(72) D2 = |Wp,1 Wi,1 W12
Wp,2 W12 W22

in Ra 2 and we let Da(2) denote the function on {2 obtained by replacing each w; ;
in Dy with the corresponding ¢; ;(z) from (7.1). In particular, the situation k = 2
of [20, Theorem 15.10] shows that D3 is a relative invariant of weight 6 for Cso.
We know from [20, Example 15.6] that: (i) if D2(z) = 0, then each subregion U
of 2 contains a subregion V on which there are meromorphic functions «, 3, v, §
such that (7.1) is expressible on V as

(73)  (1'(2) +a2)y' (&) + B (1) + 1) () + ()w(z) ) = 0

and, (ii) if (7.1) is expressible as (7.3) on a subregion V of (2, then Da(z) = 0.

Paul Appell presented the main ideas of the preceding paragraph in [4] of 1889.
Thus, if (7.3) exists for (7.1) and is abbreviated as L1 Ly = 0 on V, then the solutions
(7.1) on subregions of V are the solutions of L1 =0 or Ly = 0.

To describe another kind of (7.1) that is solvable by a technique Paul Appell
presented in [4], let Q(z) denote the left member of (7.1), let Q(Y)(2) denote the for-
mal derivative of Q(z) with respect to z, and let §; denote the field of meromorphic
functions on (2. In [4], Paul Appell studied the equations (7.1) for which

(7.4) there is a A(z) in o such that Q) (2) + A(2) Q(2) = La(2) Ls(2),

where Lo(z) and L3(2) are respectively linear forms in y”(z2), 3/(2), y(z) and y"'(z),
y"(2), ¥'(2), y(2) over Fo.

65
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When (7.1) satisfies Da(z) #Z 0 and (7.4), each subregion U of {2 contains
a subregion V on which there are linearly independent meromorphic functions
vo(2), v1(%), v2(2) with respect to the field C of complex numbers such that

(7.5) (v1 (z))2 —dwvg(2)va(2) £0, onV,
and each of the functions
(7.6) y(2) = C?uo(2) + CKvy(2) + K?vy(2), for any C, K in C,

is a solution of (7.1) on V. Moreover, if there is a subregion V of {2 on which are
defined linearly independent meromorphic functions vg(z), v1(2), v2(z) over C such
that (7.5) is satisfied and each function of (7.6) is a solution of (7.1), then (7.1)
satisfies Dy(z) #Z 0 and (7.4). For complete details, see [20, pages 193-208].

In [4], Paul Appell sought relative invariants with which to characterize the
equations (7.1) that satisfy Ds(z) # 0 and (7.4). He was motivated by the way
that the relative invariant Dy specifies the condition Ds(z) = 0 for (7.3).

The differential polynomials E¢ and E7 defined in Ry 2 by (7.10) and (7.12)
have the property that: the functions Dy(z), Eg(2), and E7(2) obtained by replacing
each wgi) in Dy, Eg, and E; with the corresponding cf?(z) from (7.1) satisfy
Dy(z) £ 0 = Eg(z) = E7(2) if and only if (7.1) satisfies Da(z) £ 0 and (7.4).
This was established in [20, Theorem 1.10] with [13, pages 84-87] and it was
independently verified for [20, Remark 19.3].

Next, the constructive techniques of Theorem 5.14 and Theorem 4.10 will be
employed to express Fg and E7 as sums of relative invariants and thereby verify
that E¢ and E+ are relative invariants in Rg o for Cg o of respective weights 6 and 7.

7.2. Representations for Eg, E7, and D,

In Rs 2, we set

(7.7) By =wi — (woy)?,

(7.8) By = w2 —wp,1 wopo,

(7.9) By = wa s — (wo2)?,

(7.10) E¢=DB 1By —2 (31,2)2 +wp,1 Bi1 Bip

— wop,2 (Bl,1)2 + B B1(12) - Bl(ll) B,

(7.11) H, =B, B} ~B!')Bys 2By >Bs>
+2wg,1 Bi,1 Byo — 2wp2 Bi1 Bio,
and
_ e
(7.12) E;=H; - 6(E6 +6wo1 B ) .

The polynomial D5 of (7.2) can also be written as

(7.13) Dy = Bi,1 Bys — (Bi)”.
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By substituting m = 2 in (6.1), (6.2), and (6.3), we see that the three basic
relative invariants for C; » are given by

(7.14)  Tog11 =wyy — (wo1)?

(7.15) Tr2,12 = wio— 5 W01 W11 = W wo,2
1 1 1
+ 5(“10,1)3 41175 )+ 2w0 Lwll,
and
1
(T.16)  Topia2 = wr2 —wo, Wi+ ZWo Wi — (wo,2)* + g(wo,l)2 w1
4 1 1y 1
+ g(wo,1)2 wo2 — 3(111071)4 - gw(l,% + %wg i
1 1 1 1 1
+ 6'w01w( ) +Bwéiw1,1+§wo,1wé%+§ w) )w02
1 2 1 1 2 1
- B’wo 1 ’w(()i B(w( ))2 - g(wo,l)Q 'wéj.

From (5.31), we also have
(717) as o = wo,g 2’UJ(()1% %(’wo,l)Q.

For any F' in R 2, the algorithmic technique used to prove Theorem 5.14 is
applicable to express F' as a differential-polynomial combination over Q of Z3 5.5 2,
To2:.1,2, L22:1,1, Q2,2, and wy ;. Namely, after transposing all of the terms other
than wsy o in the right member of (7.16) to its left member and designating the
resulting left member by x4 o, we obtain ws o = @2 2. Similarly, we rewrite (7.15),
(7.14), and (7.17) to obtain a:l 9, 1,1, and @ 2 such that w2 = X120, w11 =11,
and wo 2 = xg,2. We use wy 2) = )ac( ) to eliminate from F' the varlous( wg 2 in the

k)

k
resulting expression, we use 'w1 2 = a:&Q) to eliminate the various w; 2, then, we

use wgkl) = mgkl) to eliminate the various wﬁ; and, we finally use wékQ) = xé% to

(K )

eliminate the various wy

To perform such computations with a selected version of Mathematica from
[65, 56, 57, 58, 59| in terms of (7.7)—(7.17) when F' is replaced with Eg or E7
or Dy, let the derivation ' for Ro 2 be represented as differentiation with respect to
a fictitious independent variable denoted by z and successively evaluate

B[1,11[z_] = wl[1,11[z] - (w[0,1]1[z])"2;
B[1,2]1[z_1 = wl1,2][z] - w[0,1][z]*w[0,2][z];
B[2,2][z_] = w([2,2][z] - (w[0,2]([z])"2;
D2[z_] = B[1,1]1[z]1*B[2,2]1[z] - (B[1,2]1[z])"2;

E6[z_] ( B[1,1]1[z]*B[2,2][z] - 2(B[1,2][z])"2
wl[0,1]1[z]1*B[1,1]1[z]1*B[1,2] [z]
w[0,2] [z] (B[1,1][z])"2

B[1,1] [z]*D[B[1,2][z],Z]

D[B[1,11[z],z]1*B[1,2]1[z] );

+

+
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H7[z_]

( B[1,1]1[z]1#D[B[2,2][=z],z]

- D[B[1,1][z],z]*B[2,2] [z]

- 2B[1,2]1[z]*B[2,2] [z]

+ 2w[0,1] [z]*B[1,1] [z]*B[2,2] [=]

- 2w[0,2]1[z]*B[1,1] [z]*B[1,2] [z] );

E7[z_] ( H7[z] - (1/6)(D[E6[z],z] + 6w[0,1][z]*E6[z]) );
x[2,2]1[z_]1 = ( inv[2,2][Z]

w[0,1] [z]*w[1,2] [z]

(1/5)w[0,2] [z]1*w[1,1] [z]
(wl0,2]1[z])"2

(1/5) (wl0,1] [2z]) "2*w[1,1] [=]

(4/5) (wl0,1] [z]) ~2*w[0,2] [z]

(1/5) (w[0,11[z]) "4
(1/3)D[w[1,2][z],z]
(1/30)D[wl1,1]1[z],{=z,2}]

- (1/6)w[0,1]1 [z]*D[w[1,1][z],z]

- (1/15)D[w([0,1][z],z]*w[1,1] [=]

- (1/3)w[0,1] [z]*D[w[0,2] [=z],=]
(1/3)D[w[0,1] [z],z]1*w[0,2] [z]
(1/15)w[0,1] [z]1*D[w[0,1] [2] ,{z,2}]
(1/15) (D[w[0,1]1[z],z]1)"2

(2/5) (wl0,1]1[z])~2xD[w[0,1] [z],2] );

I+ 1+

I+ +

+ 4+ o+

x[1,2][z_]

( inv[1,2] [z]

(1/2)w[0,1] [z]1*w[1,1] [z]

w[0,1] [z]*w[0,2] [z]

(1/2) (wl0,11[2])"3
(1/4)D[wl1,1]1[=z],z]

(1/2)wl0,1]1 [z]1*D[w[0,1]1[z],z] );

o+ o+ +

x[1,11[=z_] ( inv([1,1]1[z] + w[0,1]1[z])"2 );

x[0,2] [z_]

( al2,2][z] + (1/2)D[w([0,1][=],z]
+ (1/4) (wl0,11[z]1)"2 );

{a1,b1,cl}

Expand[ {E6[z],E7[z],D2[=z]} /.
wl2,2]’ [z]->x[2,2]’ [2z] 1;

{a2,b2,c2}

Expand[ {al,bl,cl} /.
wl[2,2] [z]->x[2,2][z] 1;

{a3,b3,c3} Expand[ {a2,b2,c2} /.

wl1,2]17° [z]1->x[1,2]°°[z] 1;

{a4,b4d,c4}

Expand[ {a3,b3,c3} /.
wl1,2]° [z]->x[1,2]°[=z] 1;
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{ab,b5,c5} = Expand[ {a4,bd,cd} /.

wl1,2] [z]1->x[1,2][z] 1;
{a6,b6,c6} = Expand[ {a5,b5,c5} /.

wl1,1]7° [z]->x[1,1]1°°[z] ];
{a7,b7,c7} = Expand[ {a6,b6,c6} /.

wl1,1]1° [z]->x[1,1]°[=2] ];
{a8,b8,c8} = Expand[ {a7,b7,c7} /.

wl1,1] [z]->x[1,1]1[z] 1;
{a9,b9,c9} = Expand[ {a8,b8,c8} /.

w[0,2] [z]1->x[0,2] [z] ]

with that selected version. The Mathematica output for a9 is a representation of Eg
and shows that FEg is expressible as

_ 2
Es=Ts211Z22,22—2(ZL22.1,2)

4 3
t3 {7:2,2; 1,1 IS% 12— 51’—22; 11L22; 1,2}
3 5 2
+20 {212,2; 1,1 152% 1175 (151% 1,1) —8a23 (Zaz11)°

By applying (4.52), (4.51), and (4.53)-(4.54) to the preceding formula, we obtain

(7.18) E¢=C40(T2211, L22,22) —2C330(T22:1,2: L2,2;1,2)
4 3
+ 3 Ca31 (12,2; 1,1, L22:1 2) + 20 Cio2 (12,2 1,1, Lo 1,1)-

34y L

Moreover, the output b9 for E; gives

)
E;=-2T5312Z22,22+ ~ {1—2,2; 1,11%;2,2 - 2152; 1,1 1272923}

6
2 71 1
1 I272;1,11g,%;1,2 - 515,%;1,1 5,3;1,2
+ —
9 21 72
+ T Tosie—  aso Lo Lozt

10 ==5 5

In view of (4.52), (4.51), and (4.53)-(4.54), it yields

5
(7.19) E;=-2C340(T22:12 La2;22) + 602,4,1(12,2;1,17 To9:2:2)

1
+ 502,372(1'2,2, 11, Lo21.2)-
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After observing that the output c9 for D5 yields
2
Dy=T5511Z2222— (T221,2)

1 3
t3 [12,2; 1,1 IS% 1,2~ 5152; 11L2,2; 1,2}
1
40

we employ (4.52), (4.51), and (4.53)-(4.54) to deduce
(7.20) Dy =C240(Z22:1,1, L22;2,2) — C330(Z2,2:1,2, L22:1,2)

34y 4y

5
+ {21'272;1,1 I8~ 5(1'%3;1,1)2 —8azs (1'2,2;1,1)2} ;

1 1
t3 C231(Ta2:1,1, Loz12) + Ecz,m (Z2211, To211)-

Since (4.52), (4.51), and the consequence (4.53)—(4.54) of Theorem 4.10 show that
each term in the right members of (7.20), (7.18), and (7.19) is a relative invariant
for Cy 2 we conclude that Dy, Eg, and E7 are relative invariants in Ro o for Ca o
of respective weights 6, 6, and 7.

The subscript of D5 is employed to signify that D is the special case k = 2
of a relative invariant Dy, in R, 2 for Cp, 2 of weight k(k + 1) that was introduced
and examined in [20, pages 162-168] for any integer k satisfying 1 < k < m.

Each relative invariant in Rqo for Cao of weight < 12 has a representation
analogous to the ones of (7.18), (7.19), and (7.20). We present details about that
in Section 12.3 and there is no evidence that 12 is a necessary limitation.



CHAPTER 8
Separate Examination of C’p’qJ(P, Q)

Given m, n > 1, suppose that P and @ are relative invariants in R, ,, for C,, ,
of respective weights p and ¢q. We see that C)p 41 (P, Q) is defined in R,, , by

(8.1) Cpoi(P, Q)= PQUW - %P(l)Q.

In particular, this does not require the restriction m > 2 of Theorem 4.10.

8.1. Properties of C) 41 (P, Q)
PROPOSITION 8.1. Let v denote a rational number and set
(8.2) F=PQWY +~PYQ, inRpyn.
Then, with respect to Notation 1.0 of page 30, the conditions
(8.3)  F'(2)=F(2), on 2, and F*(C) = (£C)" " F(£(), on 2",

are satisfied for any (4.1)-(4.2), (4.3), and (4.6) if and only if v = —q/p and F
is therefore Cp, 41 (P, Q) in (8.1). Moreover, Cp 1 (P, Q) is a relative invariant
in Roypn for Co, n of weight p+q+1 if and only if Cp 4.1 (P7 Q) Z 0 and that occurs
if and only if P? and QP are linearly independent over Q.

ProoF. Since P and @ are semi-invariants of the first kind in R, 5 for Cp, »
while F' is a differential-polynomial combination over Q of P and @, Proposition 5.1
yields F*(z) = F(z).

For any (4.1)—(4.2) and (4.6) that transforms (4.1)—(4.2) into a corresponding
(4.7)—-(4.8), the properties of P and @ as semi-invariants of the second kind having
respective weights p and ¢ yield

(8.4) P(¢) = (f(Q)"P(f(¢), on 27,

and

(8.5) Q™ () = (€)' Q(f(), on 2.

For each ¢ in £2**, we use (8.4) and (8.5) to obtain

(86)  PU(Q) = (£(O)" PO(F©O) +p(£(O) (O PFQ)

and

87 QW) = ()T QW(£(0) + ()T O QF(Q).

71
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For v in Q, we employ (8.2) as well as (8.4)—(8.7) to deduce
F™(Q) = PO Q™M) + 4P Q™ (¢)

= (/)" (P(£(©) QW (£(0) +7PD (FQ) Q) )
+(a+70) (F(©O) (O PF(O)) QF()

and
88)  F™(C) — (f(©Q)" T F(f(0)

= (a+70) (F(O)" " QO P(FO)QIF(C)), on 2.

Corollary 5.13 on page 49 shows that there is an equation (4.1)-(4.2) on some
region {2 such that the function P(z)@Q(z) obtained by replacing each wgi)iz’ i

in P Q with the corresponding k) (#) from (4.1) yields P(z) Q(z) # 0 on §2.

i1, 40, i
For this (4.1)—(4.2) and a transformation (4.6) with f”({) # 0, the coefficient
of (¢+p) in (8.8) is not identically zero. Thus, (8.3) is satisfied for any (4.1)—(4.2)
and compatible transformations (4.3), (4.6) if and only if g+vyp =0, v = —¢/p, and
F equals Cpq1(P, Q). Since P and Q are isobaric polynomials, we see that F
in (8.2) is not a nonzero constant. Thus, C) 41 (P, Q) is a relative invariant in Ry, ,,
for Cy, , if and only if it is nonzero.

To investigate the condition C), 41 (P7 Q) # 0, we let Q,, ,, denote the quotient
field for R,,n. Then, an element of Q,,, has a representation A/B, where A
and B are polynomials in R,,, and B # 0. The derivation ' for R,,, has a
unique extension to a derivation ' for Q,, ,; e.g., see [5, page 45, Proposition 11].
For any A and B # 0 in R, », it specifies

A\' BA - AB .
(89) (B) = Ty m Qm,n-
When A and B # 0 are relatively prime and (A/B)’ = 0, we use BA' = AB’

to deduce that B divides B’ in R,,,. This requires B’ = 0 as well as A" = 0.
Thus, the constants of Q,, , are the constants of R,, ,, namely the elements of Q.

We use the derivation ’ for Q,, ., as well as (8.1) to obtain
P\ Q@ pi—lp) _ pPY prlQ(l)
(Q”) - Q
q—1pr—1
S <Pg> Cpar(P. Q).
Q
This yields Cp 41 (P, Q) = 0 if and only if (P?/QP)" = 0. We observe that the
condition (Pq /QF ), = 0 is satisfied if and only if there is a rational number « such

that P? = aQP. Hence, CWLl(P, Q) % 0 is valid if and only if P? and QP are
linearly independent over Q. This completes the proof. O

When p = ¢, (8.1) yields
(P)' QpPY —pQW ( 1

Q Q2 QQ> Cp,qJ (P’ Q)

Thus, for the situation p = ¢, the condition C), 41 (P, Q) % 0 is satisfied if and
only if P and @ are linearly independent over Q.
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8.2. The condition that P? and Q" are linearly independent over Q

For integers m, n > 1, R, is defined on page 30 as the ring of polynomials
in the variables of (4.9) over the field Q of rational numbers. For each r > 1, let
R, n,r be the polynomial ring over Q in the variables

8.10) w!® . for 1<i,<m, 0<i;<ig<---<i,, and 0<Fk<r.

21,22 o0yl
Since (8.10) consists of finitely many variables and Q is a field, it follows that
each Ry, is a unique-factorization ring; e.g., see [39, page 199]. Because each
element of R, , belongs to Ry, ., for some r, we conclude that R, , is a unique-
factorization ring. Consequently, for P and @ as relative invariants in R, , of
respective weights p and ¢, there are pairwise inequivalent irreducible polynomials
R, Ry, ..., R, in R, , such that P and Q have unique representations

(8.11) P=u,R¥R}*---R* and Q=uyR)'RY .. R’

where a1, asg, ..., as and B, B, ..., Bs are nonnegative integers while uq, us are
nonzero rational numbers. We note that the corresponding sequences

(812) vp = (0(1, A2,y ...y as) and v = (517 /627 R} 66)

are elements of the vector space Q(*) over Q.

PROPOSITION 8.2. The polynomials P9 and QP are linearly independent over Q
if and only if vp # (p/q) vq.

PRrROOF. Instead, we shall establish the equivalent statement that: P? and QP
are linearly dependent over Q if and only if vp = (p/q) vg.

Suppose that P? and QP are linearly dependent over Q. Then, there is a
nonzero rational number us such that
(8.13) P? = uz QP.
In view of (8.11), we use (8.13) to obtain
(8.14) wWIRI“ RI* ... RI% = ybusRPP* R ... RPP:
Due to uniqueness of factorization in R, ,, we find that (8.14) requires
(8.15) ug =uf/ub and qa; =pB; forl<i<s.
Thus, the condition vp = (p/q)vq is satisfied.

Suppose the condition vp = (p/q) v is satisfied. Then, we use (8.11) to define
ug by ug = u/ub. Thus, (8.15) is satisfied and it yields (8.14). Since (8.14) and
(8.11) give (8.13), we conclude that P? and Q? are linearly dependent over Q. This
completes the proof. ([

EXAMPLE 8.3. For m = 4 and n = 1, let I3 denote the relative invariant Zy .3
of weight 3 in R4 given by (1.15) and let T4 denote the relative invariant Z4 ;.4 of
weight 4 in R4 1 given by (1.17). Since Z4 1,3 in (1.15) has the term wg and Zy 1.4
in (1.17) has the term wy, both I3 and I, are irreducible polynomials in Ry 1.

For the situation P = I3I, with p = 7 and Q = (I3)*(I4)? with ¢ = 14,
we note that vp = (1, 1), vg = (2, 2), vp = (p/q) vq, and C’7,14)1(P, Q) =0.

For the situation P = I3I4 with p = 7 and Q = (I3)?(14) with ¢ = 10,
we observe that vp = (1, 1), vg = (2, 1), vp # (p/q) vq, and a relative invariant
in R471 of Welght p+q+ 1=181s speciﬁed by C771071 (Ig I47 (13)2(14))
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8.3. Several identities

ProrosiTION 8.4. If P, Q, and R are relative invariants in Ry, n for Cpmn
having respective weights p, q, and r, then

(816) pCqurH(P QR) +qup+r1(Q PR) +rC, rp+q, 1(R PQ) =0
Proor. Using (8.1), we obtain
PChairi(P, QR) +4Cypir1(Q, PR) +7Cpig1(R, PQ)

- p(P(QR)( Q‘;Tp(l) (QR)> pP((QR)(l)—(QR)(l))
(@R TN (PR))| = i@ (PRI - (PR)V)
. (R(PQ)“) —Z#R“) (PQ)> #R((PQY - (PQY)

and (8.16). This completes the proof. O

ProrosITION 8.5. If P and Q are relative invariants of respective weights p
and q in Ry, pn for Cp n, then

(8.17) Copi(Q, P) = gcp,q,l(P, Q)
and
(818) Cp,p+q,1 (Pa PQ) =P Cp,q.,l(Pv Q) = CQp,q,l(P21 Q)

ProoF. We apply (8.1) to deduce
Copa(Q, P) = _g <PQ(1) - %P(l) Q> = _gcpqul(P7 Q)
and see that (8.17) is valid. Using (8.1) and (8.17), we find that

Cp,p+q,1(P, PQ) = P(PQ)(U p+qp(1)<PQ)

—ppQW 14 PP(” Q=PC,,:(P, Q)
p

q (1) 722 (1) p2
2p(Q(2PP ) @ P)
= 7% q,2p,1 (Q; ) C2p7q»1(P2’ Q)'

This yields (8.18) and completes the proof. O



Part 2

Proof of Theorem 4.10






CHAPTER 9
Invariant Character of C,, (P, Q) when m, r > 2

The principal part of Theorem 4.10 is established in this chapter by means of
arguments developed during the discovery of (4.44)—(4.50).

9.1. Introduction of R and ¢y, ;(2)

For m,r > 2 and (m, n) # (2, 1), let P and Q denote relative invariants
in Ry, for Cp, . of respective weights p and g. We use (4.44)—(4.50) to introduce

(9.1) R=C,, (P, Q).

Because @y, , of (4.45) as well as P and @Q are semi-invariants of the first kind
in Ry, p, formulas (9.1) and (4.44)—(4.50) show that R is a differential-polynomial
combination over @ of semi-invariants of the first kind. Thus, for any (4.1)—(4.2)
defined on a region {2 and any transformation (4.3) of that (4.1)-(4.2) into a corre-
sponding (4.4)—(4.5), Proposition 5.1 shows that the function R(z) on {2 obtained

by replacing wgf) in R with ¢ (2) from (4.1) and the function R*(z)

382y veey I 01,92, - nyin

on {2 obtained by replacing wgf’)h’ i, in R with cfl(}% i, (2) from (4.4) satisfy
(9.2) R*(z) = R(z), for zin 2.

We use the context of Section 4.1 where: (4.1)—(4.2) on {2 is a given differential
equation of Cpn, n; ¢ = g(z) is a univalent analytic function on 2 and therefore
satisfies ¢'(z) # 0, for each z in £2; z = f({) on 2** = g(2) is the univalent analytic
inverse function of ¢ = g(z) on £2; and, (4.7)—(4.8) on £2** is the unique differential
equation of C,, ,, into which the substitution z = f(¢) transforms (4.1)—(4.2). We
shall establish in Theorem 9.14 on page 95 that the function R(z) on {2 obtained
by replacing w'®) in R with cgf) i, (2) from (4.1) and the function R*™(()

01,92, -eey n 82,

x . . (k) . . sk (k) i
on {2** obtained by replacing w;,7;, ,; in Rwith¢; ;" () from (4.7) satisfy
(9:3) R™(¢) = (/€)™ R((C)), for ¢ in 2.

We begin by introducing the analytic functions ¢y, ; ;(2) on (2 defined by
(9.4) ®n,i,j(2) =0, fori < —1 and any h, j,
(9.5) ®no,(z) =1, forany h, j,
and )
- (1) 9"(2)
(9.6) Pniv1,5(2) = kz:; {%,i,k(z) —(h+k) 702 Bnik(2)| 5

for ¢ > 0 and any h, j.

7
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LEMMA 9.1. Formulas (9.4)—(9.6) yield

(9.7) ¢§Ll,2’j(2) = Gnyit1,j+1(2) = Phiv1,5(2) + (h+ )g”(( ))¢h i, (%)

fori <j and any h.

PRrROOF. For h, i, j satisfying 0 < i < j, we use (9.6) to deduce

98)  Gnirrian(z) = dnirs(2) = 60 (2) — (h+4) 9”(( )) bnii(2).

For i = —1 and any h, j, we employ (9.5) and (9.4) to obtain 1 — 1 and 0 — 0
as the left and right members of (9.8). For ¢ < —2 and any h, j, we note that
(9.4) yields 0 — 0 and 0 — 0 as the corresponding left and right members of (9.8).
We rewrite (9.8) to obtain (9.7) and complete the proof. O

PROPOSITION 9.2. Let W(z) be a meromorphic function defined on (2 and set

h *kk
(9.9) () = (f(Q) ¥(f(Q), on 2,
where h is a fixzed nonnegative integer. Then, the derivatives of ®(() with respect
to ¢ are given in terms of (9 4)-(9.6) by

(9.10) 2D () = (£(0))"" me “D(£(0)),
=0 on 2** for 7 > 0.

PRrROOF. Due to (9.9) and (9.5), (9.10) is correct for j = 0. Suppose that j is a
fixed nonnegative integer for which (9.10) is valid. Then, we obtain

(h+ 5 (FO)" ) dnig (FO)) I (£(0))
+ ()" (£(0) wUTI(£(0)
+ ()M s (FO)) UL (£(0))

)
i (h+ ) 5 Pni-1,5(f(C) o
} : (C)) k. ( ) ‘I’(H'l_z)(f(C))

- (f/(o)thHl i=1 hl 1g(f )
+ Z b (F(Q) gla+i=i) (f(Q)
i=0

PUTD(() =

MQ

=0

After replacing ¢ with ¢ — 1 and z with f({) in (9.7), we use the identity
g"(f(Q) _ "¢

)
7 (1)~ (1)
derived from g(f(g)) = ( to deduce

1<)
(£(0)

for ¢ in 2%,

(h+j) 5 Oni15(F(Q) + 8411 (FO)) + bnig (F(O) | = Snira (FO),

on 2% for i < j+ 1 and any h.

Since (9.6) gives ¢pit1,.,(2) = 0, for i« > 0 and v < i, we have ¢y j41,(z) = 0.
Moreover, (9.5) yields ¢pn0,;(f(¢)) = 1 = ¢n0,4+1(f(¢)). By combining these
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observations with the expression for @U+1((), we find that

. L Q)

i+ (h+ ) bn,i—1,5(f(C) o
w5 or VO s
(FE)™ )T S (FO) + bnig (F(O)

+ @0, (£(0) IV (£(Q)

j+1

Z Onijr1(F(Q) PUTTI(£(Q))
i=1
+ 60441 (£(Q) IV (£(0))

j+1

= Z Snij1(f(Q) pa+1=i) (f(Q)).
i=0

Thus, (9.10) is valid with j replaced by j + 1. This completes the proof. O

9.2. Formula for R**({) that involves 2, ;. s:(¢) of (9.11)

With respect to relative invariants P and Q in R,,, for C,, ., functions
P(z) and Q(z) on {2 are obtained by replacing wg )w , in P and in Q@ with

Ef)w i, (2) from (4.1). For a transformation (4.6) of (4.1)-(4.2) into (4.7)-(4.8),

functions P**(¢), Q**(¢), 457, 1s.+(C), and R**({) on £2** are obtained by replacing
each w(k) i, nP,Q, Ap g r s of (4.50), and R of (9.1) with the corresponding

:1*(2-? i (C) from (4.7). We use (9.4)—(9.6) to define A, 4., 5.:(¢) on 2** by
. uA;*qrutJrv C)
(91]. p q,r,s, t Z Z (bp v,t+v (f((,_)) ¢q,57u7v,r7t7ufv (f(C))»

0 v=0
A for0<s<rand0<t<r-—s.

THEOREM 9.3. For each ¢ in 2**, R**({) is given by

912) RO = (FO)" YN Wy gnen(Q) PO(F(C)) QU7I(£(0).

s=0t=0
PROOF. We use (9.1) and (4.44) to obtain

T

(913) R** _ Z Ap s, t P**(t) (C) Q**(T‘—s—t) (C)

s=0 t=0

In view of P**({) = (f’(())pP(f(C)) Proposition 9.2 yields
(9.14) P0(¢) = (£(0)" Zqﬁput TH(FQ)-

With respect to Q**({) = (f’(C))qQ(f(C)), Proposition 9.2 gives

Tisitrisit ¢qu7 —s— t( )
9.15 == () = (£/(¢) 7
015 QIO = (£10) 2 | g (r0))|

We introduce
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(9.16)

9. INVARIANT CHARACTER OF Cy .- (P, Q) WHEN m, r > 2

X

p,qms,t,uyu@) =

AF*

p7q77‘,37t(<) (bp,p,t (f(C)) ¢q,u,r—s—t (f(C))
(£)’°

x PUR(F(0) QU (£(Q))

and then combine (9.13)-(9.16) to deduce

(9.17)

R™(() =

(f@)r
(f)
(fr)r
(fr)r
(fr)r
(f)r
(f)r
(fyr
(f@)r
(fr)r
(fr)r
(fr)

(f(Q)r

r r—s t r—s—t
Z Z Xp,q,ﬂs,t,u,u“)
s=0 t=0 p=0 v=0
T r—s r—s r—s8—1t
D0 > Xpgrarun(O)
s=0 p=0 t=p v=0
r Tr—p r—s r—s—t
Z Z Z Xp,qu&w,u(()
pn=0 s=0 t=p v=0
T r—p r—S8—p r—s—v
Z Z Xp,qmsyt%u(o
p=0 s=0 v=0 t=p
T r—p r—p—V r—s—v
>0 2 2 Krarstaw(©)
p=0 v=0 s=0 t=p
r r—p r—p—v T—S—p—V
Z Z Xp,q,r,s,t+p,u,y(<)
p=0 v=0 s=0 t=0
T T—K T r—Ss
Z Z XP»W’S*#*V-,HM,;L,V(C)
p=0 v=0 s=p+v t=0
T r S—p r—s
Z Z ZXp,qmsfufu,tJr#,u’V(O
p=0 s=p v=0

@
|
=
S -
I
©w O

]~
Mm
g
N
>

p>q,r,3*ufv,t+u,um(o

s=0 pu=0 v=0 t=0

T s r—s S—p
E , E :Xp,q,ns—u—v,tﬂ-u,uw(o

s=0 pu=0 t=0 vr=0

T r—s s S—U
E , Xp,qﬂ',s—u—l/,t-&-u,u,l/(o

s=0 t=0 pu=0 v=0

r r—s s A
E , E E Xp,qms—ht-&-mu,)\—u(o

s=0 t=0 A=0 p=0

r o r—s s Ss—u
E Xp,q,r,u,t-‘rv,v,s—u—v(C)'

s=0 t=0 u=0 v=0

We use (9.16) and (9.11) to verify that

S S—Uu

DY Xpgruttows—u—v(C) = Apgrae(Q) PP((Q)) QUTTI(£(Q)-

u=0 v=0

By combining this with (9.17), we obtain (9.12) and complete the proof.
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9.3. Reformulation for 2, ;. s+ (g(z))
With f(g(z)) = z and f'(g(2)) = 1/¢'(z) on £2, we note that (9.11) yields

(918) le,q,r,s t Z Z p,q,ru t+v( ( )) ¢p,v t+v( ) ¢q,57u77j,r7t7u7v(z)7

u=0 v=0
onQ,forOSSSTaHdOStgr—s.

Our immediate goal is to simplify the expression for A, 4, s t(g( )) in (9.18).
With respect to the ¢p;;(2) on 2 defined by (9.4)-(9.6) and the B;* .(¢)
on 2** obtained by substituting k) (¢) from (4.7) for wl(.k)

11,92, - in 1522, eeey b

of (4.46)—(4.48) on page 36, we introduce

in By, ;

i

k *%
(9.19) Epij(2) = Z (9'(2))" By (9(2) bninj—i(2),
h=0 on {2 for any h, i, j.

ProOPOSITION 9.4. The functions Q[znq,r,s,t( z ) of (9.18) are specified in terms
of (9.19) and the rational numbers €, 4, of (4.49) by

(9.20) Ap,q,rs.t (9(2)) = Z Cpgrttr Epaita(z) Egs—xr—t-a(2),
A=0
on 2, for0<s<rand0<t<r-—s.

PROOF. We use (4.50) on page 36 to see that

u

(921) Ap7q,7‘,u7t+v = Z Q:p,q7r,t+v+k Bp,k7t+'u+k Bq,u—k,r—t—v—k:~
k=0
By substituting ¢;’ (112 .4, () from (4.7) for 'wgf)lz 4, 0 (9.21) and writing g(z)

for ¢, we find that

u

Cp g ttotk B*,*k,t—&-'u—&-k: (9(2))

(922) A** U, t4U (g(Z)) = o
" k=0 ><Bq,u k,or—t—v—k (g(z))

After introducing

k 0k
(9.23) Yptwk(2) = (6'(2)" By viwsn (9(2)) bpw.tn(2)
and

u— B*Z_ r—t—v— z
(924) Zq,r,s,t,u,mk(z) = (g'(z)) k qu—kr—t k(g( )) ,

X ¢q,s—u—v,r—t—u—v(z)
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we employ (9.18) and (9.22)—(9.24) to verify that

(9‘25) Q[p,qms t = Z Z €p,q,r t+othk Y itv k( ) qusﬁt,u,v,k(z)
=0 v=0 k=

S S—v u

=D D0 D Coanervrk Yorwk(2) Zyrostaoi(2)

v=0 u=0 k=0

S§—vV S—Uv

»

= Z Z Z cp,q,r,t—&-v—&-k Yp,t,v,k(z) Zq,r,s,t,u,v,k(z)
v=0 k=0 u=k
s A s—v
= Z Qtp,q,r,t—}-)\ Y;n,t,v,)\—v(z) Zq,r,s,t,u,v,)—v(z)

A=0 v=0 u=\—

= E p7q,rt+>\§ E Yo toa— v q7r,s7t,u—v,v7>\—v(z)

A=0 v=0 u=X\
s A s

= Coartir D Yorwr—o(2) D Zorstu—vwor—o(2):
A=0 v=0 u=A

We apply (9.24) and (9.19) to deduce

Z Za,r,s tau—v,wr—v(2)
U=\

> (@) T B s (9(2) gsmur—t—u(2)
u=A

s—A

> (9'(2) " Biir—1-a(9(2)) bas—r—rr—t—r—i(2)
k=0

= Eq,s—/\,r—t—)\(z)-

Moreover, (9.23) and (9.19) yield

A A
Z Yptwr—o(z) = Z (gl(z))AivB;,*/\—v,H)\ (g(z)) Gp,v,t40(2)
v=0 v=0
A k
=) (9(2) By (9(2)) dpr—rpra—r(2)
k=0
= Epa4a(2)-

By combining the two preceding formulas with (9.25), we obtain (9.20) and complete
the proof. 0

9.4. Initial simplification for Ej,; ;(z)

To obtain information about 2, 4 ¢ (g(z)) from the involvement of Ej, ; ;(z)
n (9.20), we deduce properties of E}, ; j(z) via its definition in (9.19). The results
about Ej,; ;(z) in Proposition 9.9 depend on four lemmas for which we introduce

_ e B[]
(9.26) D(z) = 29,(Z)+4[g,(z)} , Q.
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LEMMA 9.5. The function amn(z) on (2 that is obtained by replacing each

w®) AN Qyyn of (4.45) with the corresponding P i, (2) on 02 fmm (4.1)

11,22, -+, n i1, %2,
11,82, o0y in

and the function af, () on 2** that is obtained by Teplacmg each w'*
in @m,n with the correspondmg ) , (Q) on 027 from (4.7) satisfy

01,82, ceny @

(9.27) U (9(2)) = (g’(z))_z(amm( )+ D(z)), on 2,
and )
029 a0 = (O ann(f0) + IS 3 EE ] o e

PRrROOF. Using the abbreviations of (5.20) on page 45 as well as (4.45), (5.23),
and (5.22), we obtain

a0 = Gy | 570 = T 00 - Bt ()]
(realro) - ("5 ) o)
( )5 (") 58]
T A (f<<>) - a(1©)
| e )
ST (at) - St () e
D ()@ al©)

- (f(§3§ 2 (10) = " (7€) - T (@) |
Q) 3[£©)
ST 4{1“’(4)}
" " 2
= () amn(7(0) + 19 - [T

Thus, (9.28) is valid. We substitute ( = g(2) in (9.28) and use f(g(z)) = z as well
as f'(g(2)) =1/9'(2),

" _ ”(Z) " — 79”,(’2) (g//(z))
F9(2) = =220 #7(g(2)) = L +3 :
(g( )) (g’(z))g (g( )) (g’(z)) (g’(z))5
f///(g(z)) B § f”(g(z)) 2 _ 1 _g///(z) N § |:g//(z)]2
2f'(9(x)) 4| F(92) |~ (¢2)° | 20 4lg()] |

and (9.26) to deduce (9.27), This completes the proof. O
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LEMMA 9.6. The By, ; ; defined in R, by (4.46)—(4.48) satisfy
(9.29) By = Bhip1 41— Bhis1y +32h+ 5 —1) @ Bhic1j-1,
fori <j and any h.
ProoF. For h, ¢, j such that 0 <i < j, we employ (4.48) to deduce
(9.30) B it1,j+1 — Bhivi,; = BSE = J@h+j—1)amn Bhi-1,j-1-

For ¢ = —1 and any h, j, we use (4.47) and (4.46) to obtain 1 — 1 and 0 — 0 as
the left and right members of (9.30). For ¢ < —2 and any h, j, we note that (4.46)
yields 0 — 0 and 0 — 0 as the left and right members of (9.30). By rewriting (9.30),
we find that (9.29) is valid. This completes the proof. O

The two members of (9.29) are not equal when ¢ = 1 and 1 —2h # j < —1.
The two members of (9.7) are not equal when ¢ = 0 and —h # j < —1. Thus, care
is needed when using (9.7) and (9.29).

LEMMA 9.7. In terms of amn(2) and D(z) as presented for Lemma 9.5, the
functions Ey, ; ;(z) defined by (9.19) satisfy

931)  Enicrjan(z) — Enirs(s) = ED () (hﬂ)gg',’(f))Eh,i,j(Z)

=320+ j = 1)(amn(2) +D(2)) Epi-1,5-1(2),
on §2, for 0 <i < j and any h.

PRroOF. For h, i, j subject to 0 <i < 7, (9.19) and differentiation yield

R E) T @) B (9(2)) Gniorsk(2)
(9.32) EN ()= +(=)""B ;t*;}( (2)) Ghikji(2)
= (QIZ)) hk](())¢1kj k()

We replace each w® . in (9.29) with the corresponding c; *(%) i, (¢) from

01,92, ey In 7«1 i2,

(4.7) and use the resultmg expression to verify that: for 0 < k <i < ],

(9.33) By (9(2) = Bifiin 11 (9(2)) = Bifvir; (9(2))
+i@2h+j—1)ar, (9(2) Bt 1,-1(9(2)).

With ¢ — k < j — k, we employ (9.7) to deduce

(
(

(9.34) 4259,2,;9,]-,;@(2) = On,it1—k,j+1-k(2) = Pnjit1-k,j—k(2)
+(h+j- k)gg,((j))m,i_k,j_k(z).

After replacing B}, ") (g(z)) and ¢}, ., (2) in (9.32) with the right sides of (9.33)
and (9.34), we ﬁnd that the resulting expression gives

(9.35) BN () =&+ &+ E+E+E+E&+ &

where
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&= k(g(=)" Z((ZZ)) B (9(2)) onirii(2)
k=0

& = (4'( ))kHBthH,jH( (2)) bnyi—k,j—k(2)
k=0

&= —(9/(2))]9“3;2“4 (9(2)) Gnyirj—k(2),
k=0

e=Y (') @R+ 5 = 1)l (902)) Bieo1y-1(9(2)) bnionj—i(2),
k=0

& = (91(2))kBZTk,j (9(2)) Ghit1-kj+1-n(2),
k=0

6 = _(9/(2))k B4 (9(2)) bnjiv1—kj—r(2),
k=0

and 4

&= 3 (¢(6)" ZE 5 B35, (5(2) nicrsa(2),

k=0

We apply (9.19) to check that

030 &&= () S0+ ) B o) dnionsil)
k=0

gI/(Z
g’(z) hyi,j (z)
With (9.19), (4.47), and (9.5), we find that

~—

=(h+j)

i1
E+ & = Z (9/(2))kB}tTk,j+1 (9(2)) Phiit1—k,j+1-k(2)

k=1

> (=) By (9(2) bnirnj-(2)

k=0
= Eniv1,5+1(2) = bnjiv141(2)

— Bpis1i(2) + (9'(2) B (9(2)),

&+ &= Z (g,(z))kB;:Tk,j (9(2)) bnyit1—kj+1-k(2)
k=0
1+1

- Z Bh k,j ( )) Ohiti—k j+1—k(2)

= ¢h,i+1,j+1(z) - (gl(z))l+1B;Ti+l,j (g(z))v

85
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and
(9.37) Ea+ &+ &+ & = Enjiv1,j+1(2) — Eniv1,5(2)-

We use (9.27), (4.46), and (9.19) to establish

S )i+ - 1) a . (0(2) ]
h—1 L XBnh i1 (9(2)) Gnyi—1-k,j—1-1(2)
i—1 / ks
= 2+~ 1) (amn(2) + D) Y [(" ) Bh””‘l(g(z))]
k=0 Xﬁbh,iflfk,jflfk(z)
= ](2h +] — 1) (amm(z) =+ D(Z)) Eh,i—Lj—l(Z)-
By combining (9.35), (9.36), (9.37), and (9.38), we deduce

(9.38) &=

1
NE
039 B = Brnin () - Bussas(e) + (0 )5 B )
+3(2h+ = 1) (amn(2) + D(2)) Brio1y-1(2):
We rewrite (9.39) to obtain (9.31) and complete the proof. O

LEMMA 9.8. The functions Ey, ; ;(2) defined on §2 by (9.19) satisfy
(9.40) Ehit1(z) =0, fori>0,j<iandanyh.

PRrROOF. For fixed integers h, i, j subject to ¢ > 0 and j <4, (9.19) yields
it+1
(9.41) Bhit1;(2) =Y (9'(2)) Bi ;(9(2) Shit1-vj—v(2).
v=0
If0<v<i,theni—v>0,j—v—1<i+1-—v,and (9.6) gives ¢p iy1-1 j—n(2) = 0.
If v =14+1, then (4.48) and j < i show that B} (9(2)) = 0. Thus, we conclude
from (9.41) that E}, ;41,(#) = 0. This completes the proof. O

PROPOSITION 9.9. The functions E}, ; j(z) defined on §2 by (9.19) satisfy
(9.42) E;i(2)=0, fori<-—1andanyh, j,

(9.43) Eno,j(z) =1, foranyh, j,

and

P REETELIC .
(044)  Bris()= Y By i 1(2) (h+k)g,(Z)Eh7Z,k() |

k=i — k(2h + k — 1)(0Jm7n(2’) + D(z))Eh,i_Lk_l(z)
fori >0 and any h, j.

PRrROOF. For i < —1 and any h, j, we see that (9.19) gives (9.42). For i = 0 and
any h, 7, we find that (9.19), (4.47) of page 36, and (9.5) of page 77 yield (9.43).
If i > 0 and j < 4, then (9.40) shows that (9.44) reduces to 0 = 0. Suppose that
i >0and j > i+ 1. Then, in view of E} ;11,:(2) =0 from (9.40), we obtain
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j—1

(9.45) Epit1,j(2) = Enit1,(2) — Eniy1,i(2) = (Bnit1.5+1(2) = Epjiv1,k(2)).

k=1
By setting j = k in (9.31) and substituting its resulting right member for the sum-
mand (Eh7i+1,;€+1(z) — Eh7i+17k(z)) in (9.45), we establish (9.44). This completes
the proof. 0

9.5. Properties of Ej, ; ;(2)

We define functions F} ; j,,(2) on 2 by means of

(9.46) Frniju(2) =0, forh, i, j, vsubjecttoi<0orwv<0orv>i,

(9.47) Fho,j0(2) =1, forany h, j,

and
j—1 FI(Lz)ku( ) = 2(v+ 1)D(2) Fhikp+1(2)

(9.48) Fh,i+1,j v (v—1-2h-— 2/€)Fh ik y— 1(2) )
- k:(2h k= 1) (amn(2) + D(2)) Fhyic1h-1,0(2)

for i > 0 and any h, j, v having 0 < v <i+ 1.

PROPOSITION 9.10. The functions Ej ; j(z) defined on §2 by (9.19) and the
functions F ; ; ,(2) defined on £2 by (9.46)—(9.48) satisfy

(9.49) Bnia() = 3 Fasue) |55 C oo,

/
— 9'(2)
for all integers h, i, j.

PRrROOF. In view of (9.42)—(9.43) and (9.46)—(9.47), we observe that (9.49) is
true for any h, i, j having i < 0.

Let iy be a nonnegative integer such that (9.49) is valid for all h, 7, j that
satisfy ¢ < ip. Then, for any h and k, we use (9.49), (9.26), and (9.46) to obtain

03 = S [ 5]

ZH 5[

=% tto [ 55]

g
ST o 1[4
+ZFh10J€V Vl:g/(z)] l 2D( )+ |:g/(z):| ‘|
io+1 ngll)o,k V( ) g”(z) v
= Z — 2w+ 1)D(z) Fhio kv+1(2) {g’(z) ] :

=D/ Pk (2)
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For any h and k, we employ (9.49) for i < ig as well as (9.46) to verify that

B M | o 10 - ‘ . g”(z) v+1
(951) (h—‘rk) g/(z) Eh,zo,k( ) = VZ:O (h+k)Fh,zo,k,u( ) |:g/(z):|
= } 9"(2)]"
= sz:o _(h' + k) Fh,lo,k,l/—l(z) |:gl(2) :|
and

(9.52) —k(2h +k — 1)(am,n(2) + D(2)) Enig—1,k—1(2)

R 7'(2)]"
= UZ:O —k(2h + k— 1)(am’n(z) —+ D(Z)) Fh’iofl’kflw(z) |:g,(z) :| .

For any h and j, we find that (9.44), (9.50), (9.51), (9.52), and (9.48) yield

Ehig+1,5(2) = Ji:l E’(lll)ok(Z) 0 k)!;/:((j))Eh’io’k(Z)
o k=io | —k(2h +k — 1) (amn(2) + D(2)) Bpig—1,5-1(2)

1 ]
it gt | F e (2) = 200+ 1)D(2) Fhig o (2)

= Z Z + %(V — 1) Fhighep—1(2) = (R + k) Fh ig k,0—1(2) {gg///((j))]
vEOR=o  k(2h+ ke — 1) (amn(2) + D(2)) Fhig—1,k-1,0(2)
io+1 .

= AN A C)

= U;O Fh,zo—i-l,J,l/( ) |:g/(z) :|

By induction on 4, this shows that (9.49) is valid for all integers h, i, j and completes
the proof. O

The proofs of Proposition 9.12 and Proposition 11.9 require the following result.

LEMMA 9.11. Any integers k, v, w subject to v > 1 satisfy
K\ (w+rk—1 +(w+2n—1/+1) K w+k—1\ [(k+1\[/w+k
v v v v—1 v—1 o v v )

ProOOF. Let £; and L5 denote the first and second terms in the left member
of the preceding formula and let R denote its right member. We find that

aefr e ()0
CC )50
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and
Lot Ly = k+1\[w+r—1 n K n K w+kK—1
v v—1 v—1 v v
(Ko—l—l)(w—i—m—l) (/i—l—l)(w—&—n—l)
= +
v v—1 v v
1
- (“ )(w”) = R.
v v
This establishes the validity of the formula and completes the proof. O

We introduce

v

(9.53) B, = H k, for any integer v.
k=1

In particular, this gives 3, = v!, when v > 1; and it yields B, = 1, when v < 0.

PROPOSITION 9.12. The functions F}, ; ;. (z) defined on §2 by (9.46)—(9.48) and

the functions By, ; ;(z) obtained by replacing wgf?i%_“’in in By, ;; of (4.46)—(4.48)
with cff)w i, (2) from (4.1) are related by means of

1), (5\(2h+j—-1
(9.54) Friiu(z) = % <‘17/> ( +Vj )Bh,i—u,j—y(Z), on 12,

for all h, i, 7, v that satisfy j > 0.

PROOF. If i < 0 or v < 0 or v > i, then (9.46), (4.46) of page 36, and the
binomial coefficients in (9.54) show that (9.54) is valid as 0 = 0. In particular,
if i =0 and v # 0, then (9.54) is true.

If i =0 and v = 0, then (9.47), (9.53), and (4.47) show that (9.54) is valid
as 1 = 1. Thus, (9.54) is true for ¢ = 0 and any h, j, v.

Suppose that ¢ > 1,0 < v <4, and 0 < j < i— 1. Then, (9.48) yields 0 for
the left member of (9.54). When 0 < v < i — 1, we use (4.48) with the inequalities
i—v >1land j —v < i—v to obtain By ,;_, (%) = 0 in the right member
of (9.54). When v = i, we have (Z) = 0. Thus, (9.54) is valid as 0 = 0.

It remains to be proven that (9.54) is true for ¢ > 1, 0 < v <4, and j > i.

Let ig be a nonnegative integer such that (9.54) is valid for ¢ = iy and any
integers h, j, v that satisfy 0 < v < iy and j > ip. Henceforth, in this argument,
let h, j, v denote fixed integers that satisfy 0 < v <ip+ 1 and j > ig + 1. We use
(9.48) and (9.54) for ¢ = iy to obtain

(955) Fh,i0+17j7,,(z)5.7'-1 +f2+f3+f4+f57

where
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Jj—1 j—1
= (1) _ DBy K\(2h+k—1\ L)
F1= Z Fh7i07k’,l/(z) = ov Z y y Bh,io—u,k—u(z)a
k:ig k?:i(]
j—1
Fo=Y =200+ 1)D(2) Frip kws1(2)
]{):ig

o )T B gy JX_:

(V.’il)<2hff;1)]

2u+1
k=io | X Bhig—v—1k-v—1(2)
a kE—1\(2h+k—2
J—1
1\ k2h+k—-1
5(12)7”%2)(2)2 ( )( v )( v )]’
k=i X Bh’iofyfl,kfufl(z)
j—1
Fs= Z %(1/ —1—2h —2k)Fp iy kv—-1(2)
k=1ig
- k 2h+k—1
7j—1
Y 2h + 2k — 1
e § [enae-ven (5 )
2v - |
f—io X Bhio+1—v,k+1—v(2)
j—1
Fi= Z —k(2h +k = 1)amn(2) Frio—1,6—-1,(2)
k=1ig
T k—1\/2h+k—2
Jj—1
e —k(2h+k—1
E(l)muz (2h + )(u)< v )
2v -
k=io | X a/'m,n(z) Bh7i0_”_17k_”_1(2)

(DB —(k—u)(2h+k_y_1)(k><2h+k_1) |

k=io | X G, (2) Bhig—v—1,k—v—1(2)
and
j—1
Fs = Z —k(2h+k —1)D(2) Frig—1,k-1,0(2)

k=1g
_7 k—1\/2h+k—2
Jj—1

_1\¥ k(2h+k—1
= () e piy 3 | M (0 )]

k=ig X Bh,iofufl,kfufl(z)

For ig < k < j—1, we have ip — v < k — v and see that (9.29) yields

BY) i (2) = (k= )(2h+ k — v — 1) amn(2) Bhig—v—1,6—v1(2)

= Bhig+1-vk+1-0(2) — Bhig+1-vk—v(2).

Consequently, we find that
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v Jj—1 _
- OB (e

k=io

Bh,i0+1u,k+1u(z)‘|

= Bhig+1-vk—v(2)
We apply F5 = —Fa, (9.55), and the preceding formulas to verify that

(956) Fh7i0+17j’y(z) = (fl + .7:4) + F3

= ji DBy (k) <2h +k— 1) Bh,ig+1-vkt1-v(2)

k—io 2 v v — Bhig+1-v,k—v(2)
) k 2h+k—1
i—l oy 2h + 2k — 1

+Z(1)2¢ (2h+ v )(V1)< v—1 )
k=io X Bhig+1—vk41-0(2)

If v = 0, then we use By, ;,+1.4,(2) = 0 from (4.48) to see that (9.56) reduces to

j—1

(957)  Fript1.5.0(2) = Y (Bhjiot1.k41(2) = Bhig11,5(2)) = Bhiig41,5(2)-

k=io

Suppose that 1 < v < iy + 1. Then we obtain

kN (2h+k—1 Jr(2h+2l<371/+1) k 2h+k—1\ _ (k+1\(2h+Fk
v v v v—1 v—1 o v v
by setting kK = k and w = 2h in the identity of Lemma 9.11 and we employ it to

rewrite (9.56) as
E+1\ /2h+ K
(=) %, - ( v )( v >Bh*i°“””“+“(z)

hio+1,7.0 (%)
v L E\ /2h+k—1
i (V) ( v )Bh’iOHV’kV(Z)

i\ [2h+j—1
(=" <i>< +1/j )Bh7io+1—y,j_y(z)
=% | i\ b1
- (£> ( Z/0 >Bh»i0+1—y7i0_y(z)

Either 1 < v < iy and By, jy41-v,ig—v(2) =0 or v =ig+ 1 and (llf) = 0. This gives

059 Fuigrin( = S92 (D) (T B o)

id v

In view of (9.57) and (9.58), we conclude that (9.54) is valid for i = ip + 1,
0<v<ip+1,and j > ig+ 1. This completes the induction and the proof. (I
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9.6. Simplification for 2, ;. s .(¢)
PROPOSITION 9.13. The functions Ay q.r5:(C) defined on 2** by (9.11) and

the functions A, 4 r.s.(2) on 2 obtained by replacing each wgf)mzn in Ap.grst
of (4.50) with the corresponding cEf)ZZZ (2) from (4.1) satisfy

(9.59) Apgrse(Q) = Ap,q,r,s,t(f(o), on 2% for0<s<rand0<t<s—r.

PrOOF. Using (9.20) of page 81 and (9.49) of page 87, we find that

s
(9:60) Wyt (902)) = 3 gt Byt (2) Epovr—i-(2)
v=0

s v s—v A
g// z I g// z
=) Cgrttr ) Fowrwu(?) { ,( >] > Frevrt-va2) [ )
v=0 =0 9'(2) A=0

g'(2)

v

S S—v
=3 3 > Gt Frtsenl® Fracur-icon(?) |

v=0 pu=0 A=0

Q

N(Z) Atp

S

s s—v Ap
- g"(2)
=30 30 Y Cartnn Frairon®) Fracericun(2) |

pn=0 v=p A=0

s S—[ s—A\ g//(z) Ap
= Z Z Z Cp.q.r ity FP,V,t+V7M(Z) Fq,sfu,rftfu,/\(Z) |: 7
=0 A= = g (Z)
M= =0 v=p
y e " k
z
= Z Z Cpqrttv Fp,V,t+u,M(Z) Fq7sfu,r7tfu,kfu(z) |:g/((z)):|
k=0 pu=0 v=p g
5 g//(z) k
= Gparstn(2) [ ( )} , onPfor0<s<rand0<t<r—s,
gz
k=0

where

k  stp—k
(9.61) Gp,qms,tk(z) = Z Z Cpq,rttv Fp,v7t+u,u(z) Fq,s—wr—t—v,k—u(z)
u=0 v=p

s—k
Z Cpoq,rttutv Fp,u+v,t+u+u,u(z> Fq,sfufv,rftfufv,kfu(z)

I
™=

» =
L
I O
AN
Il
o

I
™=

Cpoq,rttptv Fp,u+u,t+u+u,u(2) Fq,sfufv,rftfufu,kfu(z)-
0

N
Il
o

=
Il

Since (9.54) yields

(—DHu! (t+p+v\ [ 2p+t+pu+rv—1
Fyp ptvtrptou(z) = —5—

o0 " y )Bp,v,tw(z)
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r—t—pu—v
(Ut ( ;;ft)wl |
( )

Qk—p
k—p

X Bq,s—l/—k,r—t—u—k(z)

and

Fq,s—p—u,r—t—p—u,k—y(z)

we introduce the rational numbers Hp 4 ¢, defined by

_ A -
(9.62) Hp grikw Cpq,r ttptrv ( y )
_Z — ) X(2p+t+u+l/1)<rtuy>
% k—p
" (2q+r—t—,u—1/—l)
L k—p |

in order to rewrite (9.61) as

s—k
(9.63) Gp.q.rs,6.5( Z Hyqritkw Bputsv(2) Bys—v—kr—t—v—k(2)

v=0

For p, g, r > 2 and ¢, u, v > 0, we obtain

< r )<2q+r—1)

t+u+v t+up+v

Cpgurttpty = (—1)FHHHY

partruty = (-1) <2p+t+,u+l/1)
t+p+v

from (4.49) of page 36 and we check that

r rftfu _ t+k+v
t+p+v a t—l—k:—i—u k—p )’
2¢+1r—-1 2q+rft7ufufl _(2q+r—1\[t+k+v
t+p+v S \t+k+v k—p )’

and
(2p+t+u+l/1) (t+,u+1/>
_ 1%
2p+t+pu+v—1 2p+t+v—1
) (e

are valid identities. Since the expression Ly g, ¢, defined by

r 2q+r—1
(—1)tHktv k! (t+k+u)(t+k+u)

L, v =
p,q;mtk, ok W+t+v—1
t+v
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is independent of p, we see that (9.62) yields
k
—1)~
(9.64) Hy gtk = Lpgrtkw Z )

(t—|—k+l/> <t+u+u)
= @0
I
In view of the identity

(-0

we rewrite (9.64) as
t+k+v
k

(9.65) Hygrtkw =

‘We have

n=0

Thus, (9.65) gives
(9.66) Hygrihw =0, forl<k<s.

We use (9.63) and (9.66) to deduce

(9.67) Gpgrsiu(z) =0, forl<k<s.
Moreover, for k = 0, (9.62) gives

(9.68) Hpqrt,00 = €pgrttu-

As a consequence of (9.60), (9.67), (9.63), (9.68), and (4.50), we obtain

3 o)1
Ap,g,r5,t(9(2)) = Zprqmsyt,k(z) [ ,(2)} )
k=0 g
= Gpgrs,t,0(2)
S
= ZHp,qmt,O,V By ,t+0(2) Bys—vr—t—v(2)
v=0
S
= Z Cp.qrttv Bpw,ttv(2) Bes—vr—t—v(2)
v=0

=Apqrst(2), on .
With ¢ in 2**, z = f((), and g(f(()) = (, this gives

Q[p,q,r,s,t(C) = Ap,q,r,s,t (f(())a on Q**
Hence, (9.59) is valid. This completes the proof of Proposition 9.13.
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9.7. Cpqr (P, Q) is a relative invariant when nonzero

We continue to write R as the abbreviation in (9.1) for Cy (P, Q) of (4.44).

THEOREM 9.14. The function R(z) on {2 obtained by replacing wl(1 )12,< i, R
with C“ i i, (2) from (4.1) and the function R**(C) on 2** obtained by replacing
wgf)zzz in R with CZ*(Z) ., (C) from (4.7) are related by

sk _ +q+r *%
(9.69) R™(¢) = (f'(O)" " R(f(Q),  on 2°*.

Moreover, R is a relative invariant in Ry, n for Cm n of weight p4q+7 if and only
if it is nonzero.

PROOF. Since (9.1) and (4.44) yield

T—S8

=33 Ay grsa(z) PO (2) QU (2), on 22,

s=0 t

i
=

—~

we employ (9.12) of page 79 and (9.59) to deduce

T T

|
»

R™(0) = (£/(Q))" Ay gm0 (C) PO (FO)) QU9 (£(C))

(]

w
o
o~
Il
=

s |l
5
|

S

= (f/(c))p-&-q-&-r

= (f )p+q+r :(
Thus, (9.69) is valid.

Because R in (9.1) satisfies (9.2) and (9.3), R is a relative invariant in R, p
for Cy, ,, of weight p + ¢ + r if and only if it is not a constant. Since R can not be
a nonzero constant, this completes the proof. ([

Apgrst(£(Q)) PO(£(Q)) QU (£(Q)

, on 2%,

VHM
~_— O






CHAPTER 10
Conditions for C),,, (P, Q) %0 when m, r > 2

For m,r > 2 and (m, n) # (2,1), let P and Q denote relative invariants
of respective weights p and ¢ in R, ,, for C, ,,. We shall verify in Theorem 10.11
on page 103 that C), 4. (P, Q) satisfies the condition Cp 4., (P, Q) # 0 if and only
if either r is an even integer or P and @ are linearly independent over Q. In those
situations, C, 4., (P, Q) is a relative invariant for C,, ,, of weight p+q+r .

10.1. The dependence of C, , , (Q, P) on Cp,» (P, Q)

The following result is needed to establish dependence in Proposition 10.2.

PROPOSITION 10.1. The A, 4.1 defined in Ry, n by (4.50) of page 36 satisfy

<2p +r— 1)
T
(101) Aq,p,r,s,r—s—t = (_l)r

—o T Aparsits
2q +r—1 D,q,7,S,t
r

for0<s<r,and0<t<r-—s.

PROOF. We use (4.50) to obtain

S

(10-2) Aq,p,r,s,rfsft = E :Qq,pmrfsftﬂ' Bq,j,rfsftﬂ‘ Bp7sfj7s+t7j
Jj=0

s
= § Q:q,p,r,r—t—k Bp,k,t+k Bq,s—k:,r—t—k~
k=0

For0<s<r,0<t<r—s,and 0 <k <s<r—t, we find that (4.49) yields

Crper 7 Wb —1\[(2p+itk—1
Q:q,p,r,r—t—k o r—t—k r—t—=~k t+k

Coararr k(T ) (20T -1y (Patr—t—k-1
t+k)\ t+k r—t—k

from which we deduce

2p+r—1
Q:q p,r,r—t—k __ r T
(10.3) Zeprrotoh o ()

- 2q+r—1\"
r

¢p,q,r,t+k
By rewriting (10.3), combining it with (10.2), and using (4.50), we find that

97
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e (2p +Tr - 1)

Aq,l):’ﬁS;T*S*t =

r

(2p +r— 1>
—(_y N T )
=D <2q +r— 1) Aparisit-

r

<2q+r1) Y Coanirk Bokirk Bas—ter—t—k
k=0

This establishes (10.1) and completes the proof. O
ProprosITION 10.2. The polynomials C, 4. (P, Q) and Cyp r (Q, P) defined
in Ruyn by (4.44) of page 36 are related by
(2p +7r— 1)
, T
(10.4) Copr(Q, P) = (-1) gt —1\ Char (P, Q).
T
PROOF. We use (4.44) and (10.1) to obtain
C'qﬂ)7 ( Z q,p,T,S,T Q(T) P(Tisi‘r)
s=0 =0
= Y qurs’r‘ s— tP(t)Q(r s=f)
s=0 t=0
(Qp +r— 1>
= (t) (r—s—t)
= <2q+r—1> Z Aparst P QYT
t=0
(2p +r— 1)
= (Zq—l—r 1) Crar(P. Q).
This yields (10.4) and completes the proof. O

We shall apply the following result in the proof for Theorem 10.11.

COROLLARY 10.3. If r is an odd integer, then Cp , (P7 P) =0. Also, if r is

odd and {P, Q} is linearly dependent over Q, then C, 4, (P, Q) =0.
PROOF. When r is an odd integer, we use (10.4) to obtain

Cppr(P,P)=—-C,, (P, P)

and thereby conclude that C),,,(P, P) = 0. When r is odd and {P, Q} is
linearly dependent over Q, we have: Q = ~oP, for some 7y in Q; ¢ = p; and

Chrar (P, Q) =7 Chrpr (P7 P) = 0. This completes the proof.

]
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10.2. Several lemmas for use in Section 10.3

In this section, the symbols By, ; ; from (4.46)-(4.48) and A, ; , s+ from (4.50)
are to be regarded as differential-polynomial combinations over Q of @, . We first
use (4.46)—(4.48) to observe that: for h > 1, r > 1, k > 0, as well as for any nonzero
rational number v and integer j,

(10.5) Y (@m,n)" is not a term of Bj op1,5-

LEMMA 10.4. For each h > 1, ¢ > 1, and j > 2i, there is a corresponding
positive integer vy ; ; such that

(10.6) Iy = (—1)i7h’i,j is the coefficient of (am’n)i in Bp o ;.

ProoF. For h > 1,4 =1, and j > 2, we use (4.46)—(4.48) to verify that the

coefficient of @, , in Bp 2 j is given by I}, 1, = —7,1,; for the positive integer
j—1
Th,1,j = Zk(2h + k— 1)
k=1

Let 79 be an integer subject to ig > 1 such that: for each j > 2i¢, there is a positive
integer vp ,,; for which (10.6) is valid when ¢ = iy and j > 2iy. We apply this with
(4.48) to see that: for j > 2(ig + 1), the coefficient of (@)™ in By, o(i041),; 1S
j—1
Thiot1= Y, (k) @h+k =1k

k=2ig+1

j—1

> (“B)@h+E = 1)(=1) "0 k-1 = (1) M o1,
k=2ig+1

where v34,+1,; is the positive integer defined through
j—1
Vhiot15 = k@h+k— 1)y n-1, for j > 2(ig+1).
k=2ip+1

Thus, a positive integer 7y, ; ; exists for (10.6) whenever h > 1,4 > 1, and j > 2i.
This completes the proof. (Il

LEMMA 10.5. For p, q, ¢ > 1, there is a positive rational number oy, 4 such
that the coefficient Ay g of (Gm.n)' i Ap q.2i2i0 1S given by

(10.7) Apgi = (_1)iap,q,i-

PRrROOF. We employ (4.50) to obtain
2i

(10.8) Ap.g,2i,2i,0 = E Cp.q,2i,k Bp.k e Bg,2i—k,2i—k-
k=0

Using (10.8) and (10.5), we see that the coefficient A, ;i of (@m )" in Ay 42i2i0
is equal to the coefficient of (@, )" in the expression
i
Z Cp.q.2i,20 Bpov.2v Bg2i—20,2i—20-

v=0
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We apply Lemma 10.4 and the preceding observation to verify that
i

(10.9) Apai =Y Cpa2io0 Tpwow Tyiovaioow
v=0

%
= Z Qtp,q,2i,2u (_1)V’yp,u,2u (_1)1'71/,}/[1)1_71/’27;72”
v=0

_ i
= (—1)'ap,q.i,
where
i
(10.10) Qpgi = g Cp,q,2i,2v Vpv2v Vayi—v,2i—2v-
v=0

Since (4.49) of page 36 and Lemma 10.4 show that the three factors in each sum-
mand of (10.10) are positive rational numbers, «, 4, is a positive rational number

for (10.9) and (10.7). This completes the proof.

LEMMA 10.6. For p, q,% > 1, there is a positive rational number By q; such

that the coefficient By i of (@m.n)" in Apg2i+12i0 i given by
(10.11) Bpqis= (—1) Bpq.i-

PROOF. We note that (4.50) yields
2i

(10.12) A 241260 = Y Cpg2ir1k Bprk Booiok2it1— k-
k=0

In view of (10.12) and (10.5), the coefficient By 4; of (@mn)" in Apg42it1,2i0 1S

equal to the coefficient of (@, )" in the expression
i
Z €p.q,2i+1,20 Bp2v,20 B 2i—20,2i+1-20-
v=0
We apply Lemma 10.4 and the preceding observation to obtain

K2

(10.13) Bpai =Y Cpgritt o Tpwon Tyit2i11-20

v=0

3
=Y Cu2ir1,20 (1) W2 (=1 Vgicv2it1-20
v=0

= (_1)i5p,q,i7
where
3
(10.14) Bpai = ) Coa,2i41,20 V20 Vasimn,2it1-20-
v=0

Since (4.49) of page 36 and Lemma 10.4 show that the three factors in each sum-
mand of (10.14) are positive rational numbers, £, 4 is a positive rational number

for (10.13) and (10.11). This completes the proof.
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10.3. The situations where C,, , (P7 Q) Z0
The proofs of Propositions 10.8-10.10 employ the following terminology.

DEFINITION 10.7. For any nonzero monomial M of R, , uniquely specified by

T ()
M =7 [T with e, o itan
A=1

in terms of a nonzero rational number +, an integer v > 0, and variables from (4.9),

the order-sum O(M) of M is the nonnegative integer O(M) = Z k.
A=1

PROPOSITION 10.8. For m > 2, (m, n) # (2, 1), and an even integer r > 2,
let P and Q be relative invariants of respective weights p and q in Ry pn for Cop.
Then, (4.44) of page 36 satisfies Cp 4., (P, Q) £ 0.

PROOF. We use (4.44) to obtain

r—1r—s

Z Z Ap,q,r,s,t P(f) Q(T_S_t) + Ap,q,r,nO PQ

s=0 t=0

(10.15)  Cpyr(P, Q)

Writing r = 2ig with ¢y > 1, we apply Lemma 10.5 and (4.45) of page 36 to see
that A, 4,0 has a nonzero term of the form o (wo, 0, ___7072)i°, for some nonzero
rational number vy. Thus, A, 4.0 has a nonzero term whose order-sum is 0.

Let pg denote the least order-sum for the nonzero terms of P; let gy denote
the least order-sum for the nonzero terms of Q; and let X, denote a nonzero term
of A, 4 rr0P Q whose order-sum is O(Xy) = po + qo- For 0 < s < r—1 and
0 <t <r—s, we observe that:

for any nonzero term M of P(t)7 O(My) > 01 =po +t;
for any nonzero term My of Q(Tfsft), O(Ms) > 03 =qy+1r—s—t, and
for any nonzero term M3 of A, 41 p® Q(T_s_t), O(Ms) > 01 + 0.

In view of 01 +02 =po+qo+7—5>po+qo+1 > po+qgo = O(Xp) and (10.15), we
conclude that Xj is a nonzero term of C), - (P, Q). This yields C), . » (P, Q) Z£0
and completes the proof. O

PROPOSITION 10.9. For m > 2, (m, n) # (2, 1), and an odd integer r > 3,
let P and Q be relative invariants of respective weights p and q in Ry, n for Comn
such that p = q and { P, Q} 1is linearly independent over Q. Then, (4.44) of page 36

satisfies Cp g.r (P, Q) £ 0.
PROOF. We use (10.1) of page 97 with (—1)" = —1 to deduce
(1016) Ap,p,r,r,O = *Ap,p,T,T,O

and

(1017) Ap,p,’r’,rfl,l = _Ap,p,r,rfl,O-
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By combining (4.44) with (10.17) and A, .o = 0 from (10.16), we obtain

r—2r—s
(1018) Cp,p,r (P7 Q) = Z Z Ap,p,r,s,t j210) Q(r—s—t)

s=0 t=0
+ Ap,p,r,rfl,O(PQ(l) - P(l)Q)

For r = 2ig + 1 with iy > 1, we apply Lemma 10.6 as well as (4.45) of page 36 to
see that A, ., r—1,0 has a nonzero term of the form o (w0, ”,)0,2)7;07 where 7 is
a nonzero rational number. Thus, A, - ,—1,0 has at least one nonzero term whose
order-sum is 0.

Since P and @ are linearly independent over Q, the polynomial defined in R, ,,
by Y = PQ(U — P(l)Q satisfies Y # 0. Let py denote the least order-sum for the
nonzero terms of P; let gy denote the least order-sum for the nonzero terms of Q);
and let Yo be a nonzero term of A, ..—1,0(P QW — P(l)Q) whose order-sum is
O(Yo)=po+qg+1 For0<s<r—2and 0 <t <r—s, weobserve that:

for any nonzero term M of P(t), O(M;) > 01 =po+t;
for any nonzero term My of Q(Tfsft), O(Ms) > 09 =qo+71—s—t, and
for any nonzero term Ms of A, p, s+ pW Q(r_s_t), O(M3) > 01 + 0a.

In view of 01402 = po+qo+7r—5 > po+qo+2 > po+qo+1 = O(Yy) and (10.18), we
conclude that Yy is a nonzero term of CM,J,(P, Q). This yields C (P, Q) =0
and completes the proof. ([

PROPOSITION 10.10. For m > 2, (m, n) # (2, 1), and an odd integer r > 3,
let P and Q be relative invariants of respective weights p and q in Ry, for Cp
such that p # q. Then, (4.44) of page 36 satisfies Cp q.r (P, Q) £ 0.

PRrROOF. Let iy denote the positive integer such that r = 2ip + 1 and let v be
the coefficient of (am’n)io_la%?n in Ay g 2i9+1,2i0+1,0- After using (4.46)—(4.50) to
conclude that + is a nonzero rational number, we employ (4.45) to see that there
is a nonzero rational number 7y such that a nonzero term of A, ;.o is given by

Zy = (wo,0...0,2)° " wé%)()7.‘_,0,2. We note that (4.44) yields

r—2 r
(1019) C;D,q,T (P, Q) = Ap,q,r,s,t P(t) Q(r—s—t)

S

+ Ap,q,r,2i0,0 PQ(l) + Ap,q,r,Qig,l P(l) Q + Ap,q,r,r,O PQ

S

I
<
-
Il
<

Let po denote the least order-sum for the nonzero terms of P; let gy denote the least
order-sum for the nonzero terms of Q; and let Z> denote a nonzero term of P Q not
involving either wg, o, ... 0,1 Or wo,o,....0,2 as a factor and having order-sum pg + go.
We set Zy = Zy Z,. Thus, Z; is a nonzero term of A, 4, 0P Q whose order-sum
is O(Zo) =po +qo + 1.

When 0 < s <r—2and 0 <t <r—s, the order-sum of any nonzero term T
of Ay 4 rsit PO Q=71 satisfies

(10.20) O(T)>0+(po+1t)+(qo+r—s—1t)>po+qo+2.
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Any nonzero term of A, 4, 2i,,0 Or Ap q.r2i,,1 having order-sum 0 is expressible as
the product of a nonzero rational number and

(10.21) ((w070)m)0)1)2)k ((wo,o),,,,o,g)io_k , for some k satisfying 0 < k < ip.

Consequently, any nonzero term of Ap,q,r,giO’OPQ(l) or Ay 4 r2i.1 P(l)Q whose
order-sum is pg + qo + 1 must be divisible by a monomial of the type (10.21). Since
Zy is not divisible by any monomial of the type (10.21), we apply (10.19), (10.20),
and the preceding observations to see that Zj is a nonzero term of C 4, (P, Q).
This completes the proof. O

THEOREM 10.11. For m, r > 2 and (m, n) # (2, 1), suppose that P and Q
are relative invariants of respective weights p and q in R,y for Cmn. Then, the
polynomial C, 4 (P, Q) of (4.44) on page 36 satisfies

(10.22) Cpor(P,Q)£0

if and only if r is an even positive integer or { P, Q} is linearly independent over Q.

PROOF. For the situation where r is an even positive integer, Proposition 10.8
establishes (10.22). When r is odd and {P, Q} is linearly independent over Q
with p = ¢, (10.22) is a consequence of Proposition 10.9. If r is odd and {P, Q}
is linearly independent over Q with p # ¢, then Proposition 10.10 yields (10.22).
The remaining situation is that where r is odd and {P, Q} is linearly dependent
over Q; for it, we use Corollary 10.3 of page 98 to obtain C) 4, (P, Q) =0 and
therefore see that (10.22) is not satisfied. Hence, we conclude that (10.22) is satisfied
if and only if either r is even or {P, Q} is linearly independent over Q. This
completes the proof. |
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CHAPTER 11

Symmetry with Respect to Semi-Invariants

The basic relative invariants were developed symmetrically in [19, 20] with
respect to semi-invariants of the first and second kinds. In particular, the definition
in [20] of Zyy niey, ... e, by formulas repeated as (4.17)-(4.29) was employed to
establish in [20] that Z,, e, ... ¢, 1S @ semi-invariant of the first kind for C,, ,,; the
definition in [20] of Jonnie,, ... e, by formulas repeated as (4.31)—(4.43) was used
in [20] to prove that T n:e;, is a semi-invariant of the second kind for Cy, ,,

vy €

with index (ey, ez, ..., e,); and the verification in [20, page 314, Theorem 27.7]
of the identity Zy, niey,....en = Tm,nien,...,e, thereby showed that Iy, n.e,, ... e, 1S
a relative invariant for Cy, , having index (ey, ez, ..., €p).

Our definition of R = Cp 4, (P, Q) by (4.44)-(4.50) merely expresses R as
a differential-polynomial combination over Q of semi-invariants of the first kind.
That definition and the argument of Chapter 9 reveal the way Theorem 4.10 on
page 36 was discovered and first established. The goal of this chapter is to provide
Theorem 4.10 with a proof similar to the argument in [20] for Z,, ne,, ... e, @S
summarized in the preceding paragraph. For that, we shall: define §' in R, as a
polynomial combination over QQ of semi-invariants of the second kind for C,, ,,; show
that S is a semi-invariant of the second kind when nonzero; and establish R = S.

11.1. Context employed and definition of S

Throughout, we assume that » > 2, m > 2, n > 1, (m, n) # (2,1), P and Q
are relative invariants in R, , for C,, , of respective weights p and ¢, @, is
defined in R, , by (4.45), and R is the differential polynomial C), 4 (P, Q) defined
in R, with respect to (4.44)—(4.50) of page 36 by
(11.1) R=>"> A, r e PYQUY.

s=0 t=0
Proposition 5.3 shows that a,, . is a semi-invariant of the first kind for C,, . Thus,
as a consequence of Proposition 5.1, each of the nonconstant expression defined by
(4.44)—(4.50) is a semi-invariant of the first kind. Moreover, R in (11.1) can not
be a nonzero constant. Consequently, either R =0 or R is a semi-invariant of the
first kind for Cp, .

In view of Corollary 5.7, a semi-invariant b, , of the second kind for C,
having weight 2 is defined in R, , by

m—2 )
wg;..,e,Q_TwO,...,O,l
(11.2) b = —— o "
' T m+ 1 _(3m—1)(m—2)(w )2
3 6m(m — 1) N
n—1
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Thus, with reference to z = f(¢) in (4.6) and Notation 1.0 of page 30, it yields

(11.3) b n(Q) = (f(€) bmn ((C)), o 227,

We note that b, ,, is related to a,, , of (4.45) through
(11.4) b = @ +d0, + (dimn)?,

where the definition of d,, ,, in Ry, by (4.19) of page 32 or (4.33) of page 34 or
(5.15) of page 44 is repeated here as

1
11.5 dyn=——""— .
( ) m(m_l)wo,...,o,l

n—1

With respect to the fixed integers m, n for Cy, ,,, we define S in terms of

(11.6) Hy,;;=0, fori<-—1andanyh,j,

(11.7) H,,; =1, foranyh,j,
j—1 (1) .

(11.8) Hyi1, = Z hyik T 21Cm, hyik 7
i | —kQ@h+k—1)bp, Hpio15-1

for i > 0 and any h, j,

the rational numbers €, ., repeated from (4.49) of page 36 in

<r> <2q +r— 1)
(11.9) Cparp = (1)1 K for 0 < p<r,

(2p+u1> ’
w

as well as

S
(11.10) Gpgrst = Z Cpqrtrk Hpkork Hys—kr—t—k;,

k=0 for0<s<rand0<t<r-—s,
(11.11) Po=P, Pe=PY +20+k—)dpnnPer, fork>1,
and
(11.12) Q=Q, Q= Q;(Cl_)l +2(q+k—1)dnnQr—1, fork>1,
by
(11.13) S=)"> GporstPiQr st
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11.2. When S is a semi-invariant of the second kind

PROPOSITION 11.1. For S defined in Ry, by means of (11.13), either S =0
or 8 is a semi-invariant of the second kind for C, ,, of weight p+q+r.

PrOOF. For any h and j, we note that (11.6)—(11.8) yield Hj 1 ; =0 and

Hy,, = —bm}nji {2 (S) +2h (’f)} .

k=1
Consequently, for ¢y = 2, it is true that:

(1) for any h and j, either H}, ;) ; = 0 or Hp,;, ; is a semi-invariant of the
second kind of weight ¢, and

(2) for any h and j, either Hy, ;,—1; = 0 or Hj, ;.1 is a semi-invariant of
the second kind of weight 79 — 1.

Let ip be an integer satisfying io > 2 for which (1) and (2) are valid. Then,
we use Proposition 5.5 to deduce that, for any h and k, either the polynomial
H,(Lll)ok + 2igdpn Hp o1 in Ry, is zero or it is a semi-invariant of the second
kind having weight iy + 1. Moreover, for any h and k, either the polynomial
—k(2h + k — 1) by Hpig—1,6—1 in Ry, is zero or it is a semi-invariant of the
second kind having weight ¢y + 1. Thus, in view of (11.8), we see that, for any h
and j, either Hj, ;,41,; is zero or it is a semi-invariant of the second kind whose
weight is i9 + 1. This shows that, for ¢ > 1 as well as any h and j, either Hy, ; ; is
zero or it is a semi-invariant of the second kind of weight 7.

We apply (11.10), (11.7), and the preceding properties of H}, ; ; to deduce that:
for s =0 and any t, Gp q.r0,t 15 a Tational number; and, for s > 1 and any t, either
Gy q.r.s,t 15 2zer0 or Gp o » s+ 15 a semi-invariant of the second kind having weight s.

We use the property of P as a semi-invariant of the second kind having weight p
along with (11.11), Proposition 5.5, and mathematical induction on & to deduce
that Py is a semi-invariant of the second kind having weight p + k, for k > 0.

Similarly, we employ (11.12) to verify that Qy is a semi-invariant of the second
kind having weight ¢ + k, for k > 0.

By combining the deductions of the three preceding paragraphs with (11.13),
we conclude that either S = 0 or S is a semi-invariant of the second kind having
weight p + ¢ + r. This completes the proof. ([

11.3. An expansion for differential polynomials like P, in (11.11)

For any integers h, ¢, and j, we define polynomials Kj, ; ; in R, , with respect
to dp,n in (11.5) through

(11.14) K;;; =0, fori<—1andanyh, j,
(11.15) K o; =1, foranyh, j,
and
J
(11.16) Kiivry = (KiL+ 200+ i+ K di Ko )
k=0

for ¢+ > 0 and any h, j.
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For later reference, we note that (11.16) yields

(11.17) Knpi1—Knpi1o1=K\"

hyp,v

+2h+p+v)dmn Knpw,
for u >0, v > 0 and any h.

PROPOSITION 11.2. Suppose that T in R, is a semi-invariant of the second
kind of weight t for Cp, ., and define T; in Ry n by

(11.18) To=T and T; =T +2(t+j—1)dmnaTjr, forj>1
Then, T; is a semi-invariant of the second kind of weight t + j for Cy, n and

J
(11.19) Ti=Y Ky TV, forj>0.
=0

Proor. For j > 0, repeated application of (11.18) and Proposition 5.5 shows
that 7; is a semi-invariant of the second kind for Cy, , having weight ¢ + j.

We use (11.15) to see that (11.19) is true for j = 0. Let j denote a nonnegative
integer for which (11.19) is valid. Then, we employ (11.18) and (11.19) to see that

(11.20) Tip1= TV +2(t + 5) dinn T

J
=N K, TOT z)+ZKt<1” =
i=0 1=0

J
+ Z 2t + ) dun Ky i j—i TV
i=0

Jj+1
N oL

(5+1-1)
tai—1,74+1— 1T
i=1

If
&MQV

~
Il
=]

1
+ 2t + ) o K i 1 TOH

i=1

i
=> (Kt,m‘—i + K2t ) Kt,i—17j+1—i)T(j+H)

<.
—

+ (K50 + 20+ ) i Koo ) T 4 Kooy TUT.

In (11.17), we replace h with ¢, p with ¢ — 1, and v with j + 1 — 7 to obtain

(11.21) K;;;_i+ Kt(711)_17j+1_,- +2(t+ ) dmn Kijim1j41-i = Ky i j+1-4,
for 1 <i<j+1.

Replacing h with ¢, p with j, and v with 0 in (11.17), we use (11.16) to deduce
(11.22) Ko 420t + §)dmn Kijo = Kiji10, for j > 0.

By rewriting (11.20) with the aid of (11.21), (11.22), and (11.15), we find that
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J+1 Z K; ij+1—i T TU+=0 + Kt,jJrl,O T© + Kt’o,jJrl 70+

j+1
— j+1—12
=) K1 TUTY,
1=0

Thus, (11.19) is valid with j replaced by j + 1. This completes the proof. |

11.4. Formula for S that involves F, ,, ;. of (11.23)

Continuing the context for S'in (11.13), we define Fj, 4, s in Ry, », with respect
0 (11.14)—(11.16) and (11.10) through

s S—u

(11.23) Fp,q,r,s,t = E E Kp“u,7t Kq,u,r—s—t Gp,q,r,s—,u—u,t+m
pn=0 v=0
for0<s<rand0<t<r-—s.

THEOREM 11.3. The diﬁerential polynomial S of (11.13) is given by

(11.24) s=) Z amst PO QU
s=0 t=0
Proor. We apply Proposition 11.2 to P; and Q,.—s_; to see that (11.13) yields

s T—S8

(11.25) S = Z ZGp,q,T,S,tPt Qrs—t
s=0 t=0
T r—s—t

_Z ZGp,q,rstZK,p,t /,LP(t " Z K,Vr s—t—v Q(T s=t=v)

s=0 t=0

r r—s t r—s—t
= E , E E , E Zpqrs b
s=0 t=0 p=0 v=0

where
(11.26) Z st = Gpgrst Kppt—p Kopr—s—t—v pl=m Qlr—s=t=v),

We use (11.25) to verify that

§= Z

|
w

ek

z : Zp1Q7rvsat7/L7V
v=0

r—s—t

E , Zpqusytyuyv

w
I 3
o
S = %‘T
|
I w O
i™M7 i
|
= » O
N
Il
o

%
|

T O
<

|

»

5

»

&

D,q,T,8, b v

=
Il

<
»
Il

I
i{ng
(]

5
i
T O
<
|

— r—s—v

§ , Zp,qms-,tyuyu

v=0 t=p

=

I

o
»

I

i{ng

5
i
T ©
<
|
1
<
3
w
|
<

Zp,q,r,s,t,#,v
t=p

=
Il
=}
N
Il
=}
»
Il
<
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and
T T—W T—p—V T—S—l—V
(11.27) S = > Z g1, oo
n=0 v=0 s=0 t=0
r =@ r—pu—v r—pu—v—t
= Zp,q,r,s 4w
pn=0 v=0 t=0 s=0
r rT—p@ r—p—v r—t
= Zp.q,rs—p—v,t-+i
pn=0 v=0 t=0 s=p+v
roTr—p T r—s
= E Zp,q,rs—p—v,t+
pn=0 v=0 s=p+v t=0
r r  S—p r—s
= Zp,q,rs—p—v,t+p
pn=0 s=p v=0 t=0
T s S—W r—s
= Zp,q,rs—p—v,t+p
s=0 pu=0 v=0 t=0
r r—s S—u

F e L S Y T

1l
-
M
N

W
I

=

o~
i

<
AN
I

=

ﬁ
3
|
w
®
|
=

va(lﬂ"vs—ll—V-,t'f‘li»th .

Il
g

7
I
o
o
I
o

=
Il
o
N
I
o

—~
—_
—_

.23

~
=+

We employ (11.26) and o rewrite (11.27) as

r—s s S—p
S = Ky i Kqvr—s—t Gpgrs—p—vittp pt Q(Tisit)
s=0 t=0 Lp=0 v=0
= 3 qur.stP(t) Q(Ti‘git)'
s=0 t=0
Thus, (11.24) is valid. This completes the proof. a

11.5. Reformulation in (11.29) for F, ,, s of (11.23)

We define Ly, ; j in Ry, with respect to Kj, ; ; in (11.14)—(11.16) and Hj, ;
in (11.6)—(11.8) by means of

(11.28) Lyij=Y KnkjHpirisj, foranyh, i, j.
k=0

PROPOSITION 11.4. The differential polynomials Fy 4, s: of (11.23) are ex-
pressed in terms of (11.9) and (11.28) by

S
(11.29) Fpqgrst = Z Cp.qrtxr Lpat Lgs—xr—s—t,
A=0
for0<s<rand0<t<r-—s.
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PrROOF. After introducing the abbreviations

(11.30) Up,tuk = Kp o Hp ket vk
and
(11.31) Vorsituok = Kqvr—s—t Hys—pv—kr—t—p—rk;
we apply them with (11.23) and (11.10) to verify that
s s—p
(11-32) Fp,q,r,s,t = Z Z K 2ot K Wr—s—t Gp7q7r,sfufu,t+u
pn=0 v=0

S S—H S—u—

174
= E : E E Cpqrttutk Uptuk Vst vk

pu=0 vr=0 k=0
—k

S —p
= E : E E gtttk Uptuk Var,s itk

p=0 k=0 v=0
A

s s—A
= E E , E Cpqrt+a Uptpa—p Vst r—p

A=0 p=0 v=0

s A s—A
= E Cpqr i+ E Up.t.ur—n E :V NCR TR/
A=0 n=0 v=0

Application of (11.31) with (11.28) and (11.30) with (11.28) yields
s—A 5=

(1133) Z Vq,r,s,t,/t,u,k—p = Z Kq,l/,r—s—t H S=A—v,r—t—A = Lq,s—)\,r—s—t
v=0 v=0

and

A A
(11.34) Z Uptur—n = Z Kyt Hpx—pt1x = Lp as.
n=0 n=0

We use (11.32), (11.33), and (11.34) to obtain (11.29) and complete the proof.

11.6. Initial reformulation for L ; ;

PROPOSITION 11.5. The differential polynomials Ly, ; ; of (11.28) satisfy

(11.35) Lpiv1,; = Lhiv1,j-1 = LE}EJ +2(h+i+j)dmnLn;;
- (7' =+ j)(2h +1i +.7 - 1) bm,n Lh,i—l,j7

fori1>0,7>0, and any h.

PROOF. For k >0, j > 0, and any h, we rewrite (11.17) as
(1136) K}(ljlzd = Kh,k+1,j — Kh,kJrl,jfl — 2(h + k +]) dm,n Kh,k,j~
For 0 < i < j, we note that (11.8) of page 108 yields

1 . . .
Hp 1501~ Hpip1,= H;(”)j +2idy nHy i 5 — j(2h + j — Dby n Hpi—1,5-1-

113
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Consequently, for 0 < k <i¢and j >0, we have i+ j >i>i—k > 0 and

(11.37) H;(:i),k,iﬂ =Hpiv1-kit145 — Huiv1—kyits — 206 — k) dyy o Hpi— kit
+ (Z + ])(2h +1 +j — 1) bmm Hh,iflfk,z?l«m\
We apply (11.28), (11.36), and (11.37) to deduce
1 1 1
(11.38) Ll = Y Ky Hiking + ) K Hyl o
k=0 k=0

E£1+£2+£3+£4+£5+£6+£7,

where
3
L= E K1, Huiokyivy
k=0
1
Ly = E —Kj, jv1,5—1 Hpi—kit5
k=0
i
L3 = E —2h+k+j)dmn Knkj Hpik it
k=0
i
Ly = E Ky Hyip1-kivivg
k=0
i
Ls= E — Kk Hpiv1—k,ivj)
k=0
i
Lo = E =201 — k) duun Kn i, Hp ik it
k=0
and

£7 = Z(’L + j)(?h + ) +] - 1) bm,n Kh,k,j Hh,iflfkr,i71+j~
k=0

By using these expressions with (11.7), (11.15), (11.28), and (11.6), we find that

i1 i
Li+Ls= E Ky Hyip1—kivj — g Ky Hyip1—kitg
k=1 k=0

= Kh,i+1,j - Hh,i+1,i+j7
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i+1
Lo = Z 7Kh,k,j_1 Hh,i—&-l—k@.:,.j
k=1
i+1
= 12 Kkt Hiisrok ne-n | + Huirnisg
k=0
=—Lpiy1-1+Hpig1,4,
i+1
Ly= ZKh,lc,j Hypip1—kiv1+5 | — Knjit1,j
k=0

=Ly it1,5 — Kniv1,5,

L3+ L= Z —2h+i+j)dmn Knkj Hp ik it
k=0

= _2(h +i+ .]) d’m,n Lh,i,jv
and, with Hh,fl,i71+j = 0,
i—1

Lo=> (i+5)@h+i+5—1)byn Knkj Huior-ki-14
k=0

= (Z + ])(2]1 +1 +j — 1) bm,n Lh,ifl,j-

Hence, for (11.38), we have

Lgllyzaj = thH‘Lj - thi+17j—1 - 2(h +i+ J) dm,n Lh,i,j
+(i4+7)2h+i4+75—1)bpyn L1
We rewrite this to obtain (11.35) and complete the proof. O

LEMMA 11.6. The differential polynomials Ly, ; j of (11.28) satisfy
(11.39) Lyi1;=0, fori>0,75<-1, and any h.

PROOF. Let ¢ denote a nonnegative integer. We apply (11.28) to obtain

it1
(1140) Lh,i+1,j = Z Kh,k,j Hh,i+1fk,i+1+ja fOf any h and j

k=0
If k> 1 and j < —1, then (11.16) yields K ; =0. If k=0 and j < —1, then we
use (i+1+7)—1=1i+j < i with (11.8) to verify that Hj, ;41 +14+; = 0. Combining
these results with (11.40), we obtain Ly, ;11 ,; = 0, when j < —1. This completes
the proof. O
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PROPOSITION 11.7. The differential polynomials Ly, ; ; of (11.28) satisfy

(11.41) Ly;,; =0, fori<—1andanyh,j,
(11.42) Lyo; =1, foranyh, j,
and

L _ Ej: Lgllzk +2(h+i+k)dmn Lnik
hitlj = ’ _
’ ol —G+k)R2h+i+k—1)byn Ly
fori >0 and any h, j.

(11.43)

)

PRrROOF. In view of (11.28), we see that (11.41) is valid. We employ (11.28),
(11.15), and (11.7) to deduce (11.42). For ¢ > 0 and j < —1, Lemma 11.6 shows
that (11.43) reduces to 0 = 0. Suppose that ¢ > 0 and j > 0. Then, (11.39) yields

J
(11.44) Ly i1, =Lpiv1,5— Lnit1,-1 = Z (Lnyiv1,k — Lnit1,6-1)-
k=0

By setting j = k in (11.35), we use the resulting expression to rewrite (11.44). This
shows that (11.43) is valid as stated and completes the proof. O

11.7. Final reformulation for L, ; ;

With reference to d,, , of (11.5) on page 108, we define ey, ,, in Ry, . by
(11.45) emn = do), + (dimn)?

in order to have by, », = @ + €m,n as a simplified writing for the identity (11.4).
We define My, ; j,, in Ry, ,, with respect to a,,,, and e, , by

(11.46) My, ;. =0, foranyh, i, j, vsatisfying i <0 or v < 0or v >i,

(11.47) My ,0=1, foranyh,j,
and

J Ml(z%i),k,u + (V + 1) €m,n Mh,i,k,u+1
(11.48) Myip1j0 =Y | +(2h+2i+2k+1—v) M,k ,
POl — (i + k) (2h + i+ k= 1) (@mn + €mn) Mot

for any h, i, j, v satisfying ¢ >0 and 0 < v <i+1.

PROPOSITION 11.8. The Ly, ; ; defined in Ry, through (11.28) are given by

(1149) Lh,i,j = Z Mh,,i,j,l/ (dm,n)u7 fOT’ any h7 i) J
v=0

PRrROOF. In view of (11.41), (11.42), and (11.47), we see that (11.49) is valid
for i < 0 and any h, j. Let ip denote a fixed nonnegative integer such that (11.49)
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is true for i <ig and any h, j. Then, for any integer k, (11.49), (11.45), and (11.46)
yield

iO io
1 1 v v—
(11.50) L) =S M) (din)” + > Miigsow v (dmn)” " dY,
v=0 v=0

i(] Z-0

1 v V=

= Z M}(717i)07k71/(dm7n) + Z VMh7i07k7V [6777’7" - (dmvn)2] (dm7n) '
v=0 v=0

B zoz+:1 Mi(lll)oku + W+ 1) emn Mg kvt1 (dyy )"

= m,n .
v=0 - (V - 1)Mh»io7k»l’—1

We note that (11.49) and (11.46) give

i0
(11.51) 2(h + i + k) dmn Lniox = Y 2(h + io + k) Mi i ko (dn )™
v=0

i0+1
= Z 2(h + io + k) Mh,io,k,u—l (dm,n)y'
v=0

Using (11.49), (11.46), and by, n, = @m.n + €m,pn from (11.4) via (11.45), we obtain

(11.52) — (o + k‘)(Qh +i9+ k— 1)bm,n Lj -1k

io+1
= —(io+k)(2h+io+ k= 1)(@mn + €mn) Mnig—1 k0 (dmn)”-
v=0

Consequently, (11.50), (11.51), and (11.52) yield

Li1) 4 2(h+ o + k) o Liio

—(lo+k)2h+iog+k—1)bmnLnig—1.k

(1)
io+1 My ik + (v +1) em,n Mhig 01

= Z + (2h +2ig+2k+1— V) luh,io,k,lffl (dm,n)y'
v=0
— (Z() + ]f)(Qh + "L'O + k - 1)(am,n + em,n)Mh,iofl,k,u
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We employ (11.43) as well as the preceding formula and (11.48) to deduce

j Lg:) +2(h+i0 +k) dm,n Lh7i07k

_ io,k
Lhig+1,5 = E

k=0 | —(o+k)2h+io+k—1)byn Liig—1.

M) L+ 0+ 1) emn Mg ki

io+1 J
=Y ) | F(2h+ 20+ 2k +1—v) Mg hw (dm,n)”
v=0 k=0
— (o +k)(2h +io +k — 1)(@mn + €mn) Mhig—1,kv
10+1

= Z thi0+17j,V (dm,n)u~
v=0
Thus, by induction on ¢, (11.49) is valid for any h, 4, j. This completes the proof. O

We recall that the notation 93, introduced for (9.53) on page 89 yields: B, = v,
when v > 1; and, B, = 1, when v < 0.

PROPOSITION 11.9. The coefficients My, ; ;. for (11.49) and the By, ; ; defined
in Ry by (4.46)-(4.48) of page 36 are related by

N
(11.53) Mh,iyjyyapu(ztjx “;“7

> Bh,i—u,i+j—l/>

for any h, i, j, v satisfying j > 0.

Proor. If i < 0 or v < 0 or v > 4, then (11.46), the binomial coefficients
in (11.53), and (4.46) of page 36 yield 0 = 0 for (11.53). If i = 0 and v = 0, then
(11.47) and (4.47) give 1 = 1 for (11.53). It remains for us to establish (11.53)
when h, i, j, v satisfy ¢ > 1, 7 >0,and 0 < v <.

Let igp be a nonnegative integer such that (11.53) is valid for any h, i, j, v
subject to ¢ < ip and j > 0. Henceforth, let h, j, v denote fixed integers that
satisfy j > 0 and 0 < v < ig+ 1. Using (11.48) and (11.53) with ¢ = iy, we obtain

(11.54) Mh,i0+1,j,u =M+ My + M3+ My,

where

j
= 1)
My=D Mgk

k=0

J . .
— io+k\ (2h+io +k— 1\ 1)
B kZ—O‘BU< v > < 14 )Bhaio—l/,io+k_y,
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J
M2 = Z(V + ]-)em,n Mh,io,k,qul
k=0

o+ k\ [2h+ig+k—1
v+1 v+1

. . (Z’O+k_l/)em,n
B, (ZO‘Lk)(QhHOJ“k_l) X (2h+ig+k—v—1)|,

(v+1emn ‘J3u+1< )Bh,ioul,io+ku1

M- M-

v v

=~
Il

0 X Bhig—v—1,i0+k—v—1

£
\
Mb.

(2h+2ig+ 2k + 1 —v) My iy k-1

. o + &\ (2 +ig + & — 1
j (2h+2¢0+2k+1—u)(“+ )( tiot )
Zmu—l v—1 v—1 )

k=0

>
Il
o

X B io+1—vig+k+1—v

and

S
If
M~

- (ZO + k)(Qh + Z.O + k— 1)(am,n + em,n) Mh,iofl,k:,z/

b
Il
o

. k h . k (ZO + k) (am,n + em,n)
—‘By(m_1+ )(2 + 10 + —2> (2 +io+ k1)

If
M~

174 v

b
Il

0 X Bhig—1-vio+k—v—1

J o kN (2h 4o k1) | TR (@ntenn)
—quy<lo+ >( it ) X (2h +ig+k—v—1)
k=0

12 14
X B ig—v—1,i04+k—v—1

We note that

J o kN (2h g4 ko 1y| GO TE T G
M2+M4:Zmy<’°+ >< ot _> % (2h +ig + k—v —1)

=0 12 14
= X B ig—v—1,i04+k—v—1

We employ (9.29) of page 84 to verify that: for k > 0,

Bl(Lbl,ZofwioJrkfy —(lo+k—v)2h+io+k—v—1)CmnBhisc—v—1,i0+k—v—1

= B ig+1—vio+k+1—v — Bhjig+1—v,io+k—v-

Hence, we have

J
M+ Mo+ My =D P,

(io + k:) (2h +ig+ k— 1) |:Bh,io+1u,i0+k+1u
k=0

v v = Bhigr1—vigth—v
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In view of (11.54), this gives

(11.55) My igs1,50 = (M1 + (Ma + M) + My

= Ej:‘ﬁ (io + k;) <2h +io +k — 1) [Bh,io+1—v,io+k+1—v]
= 20 5

= — By, ig+1—v,io+k—v

o+ k
(2h+2i0+2k+1—y)<“3+ )

J
v—1
+ v— .
I;;B ! 2h+ig+k—1
= X 1 Bh,i0+1—u,i0+k+1—y
If v =0, then we use By, ;,+1,i, = 0 from (4.48) to see that (11.55) yields
J
(11.56)  Mpiot1,50 = Y _(Bhiiotviotht1 — Bhiotviotk) = Bhiot1io4145-
k=0

Suppose that 1 < v <ig+ 1. Then, we obtain

(2h + 2ig 4+ 2k + 1 —v) fig+ kY (2h+io+ k-1
v v—1 v—1

n 1o+ k 2h +ig+k—1 _ io+k+1 2h +ig + k
v v - v v ’

by setting kK = 19 + k as well as w = 2h in the identity of Lemma 9.11 on page 88
and we use it with P,_; =B, /v to rewrite (11.55) as

(io+k+1>(2h+io+k

5 5 )Bh,i0+1u,io+k+lu

j
11.57)  Miigi1,50 = Bo
(LLST) - Mo =9 kz_o <i0+k>(2h+io+k1)

- - Bh,i0+1—u7i0+k—l/

14 v

(io +j+1) <2h+i0 +7J

14 v

) 2h +ip — 1
- <V) < |y )Bh,io-‘rl—y,io—l/

For the situation 1 < v < g, (4.48) of page 36 yields By, iy+1—v,io—v = 0. While, if
v =io+ 1, then (ZO) = 0. Thus, (11.57) gives
v

)Bh,io+1u,io+1+jv

=P,

i0+1+j>(2h+io+l+j—1

v )Bh7i0+1V,i0+1+jV7

(11.58) M igt1,j,0 = ’%(

v
when 1 <v <ig—+ 1.

In view of (11.56) and (11.58), (11.53) is valid for i =ip + 1 and any integers h, j,
v satisfying 0 < v <ip+1 and j > 0. This induction on i completes the proof. O
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11.8. Simplification for F}, , . that yields S = R

THEOREM 11.10. The F, 4, s+ of (11.23) on page 111 and the Ap g, s+ of
(4.50) on page 36 satisfy

(11.59) Foorst=Apgrst, for0<s<r,and0<t<r-—s.

PRrOOF. Using (11.29) of page 112 and (11.49) of page 116, we obtain

(1160) Fp,q,r,s,t = Z Q:p,qm,tJru Lp,u,t Lq,sfu,'r‘fsft
v=0

s v s—v
= Q:PaQ»ﬂH‘V M, AN (dm,n)# MQ7S—V77“—3—t,>\ (dm,n)
v=0 pn=0 A=0

v sS—v

S
— A+
= § , E E Qp,qmt-s-v Mp,v,t,u Mq7s—lm"—s—t,k (dmn) .
v=0 pu=0 \=0

S S S—v
= E : E : } : A+
= Q:p,qn',t-&-u Mp%tu M(LS—VJ'—S—t,)\ (dmm) .

pn=0 v=p A=0
s S— S—A

= § : E : E : A+
= Q:p,q,r,tﬂ/ Mp,u,t,u Mq7sfl/,rfsft,>\ (dm,n> "

pn=0 \=0 v=p
s k  stp—k

cp’qm,tﬂf Mp,l«t,u Mq’S*Vﬂ”*S*Ek*# (dm,n)
p=0 v=p

S

=
i
o

kE s—k
Qtp,qmtﬂH-vMp,w—wqu,s—u—vm—S—t,k—u(dm,n)

pn=

Il
w

i
(=)
o
(=)

v=

N,

P,q,78:t,k (dm,n)k7

=
Il
o

where

s—k k

(11.61) Np.grsitk = E , E ,\Q:p,qmt+u+v My ptvtp Mg s—p—vir—s—t.k—p-
v=0 p=0

Since (11.53) of page 118 yields

trp+v\[(2p+t+ptv—1
My v = 1! ( y ) ( " Bypyt+v

and

r—t—pu—v
(k_“)!< k—p )
Ms— —vr—s—tk—p = B s—k—v,r—t—k—v,
q,s—p—v, t,k—t y 2q+r—t—p—v—1 q,s—k—v,r—t—k
k—p
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we introduce the rational numbers @y, ; 1 1., defined by

Q:p,q,r,terrz/ (t tet V)
1
k
(11.62) Opgrien = > pil (k= p1)! x(%+t+u+v—1)(—t—u—v
n=0 1% k— )
" <2q+7"tp,1/]_>
L k—u
in order to rewrite (11.61) as
s—k
(11.63) Ny grsik = ZQP1477‘~,75,]€7V BpoitivBas kvt
v=0

For p, ¢, r > 2 and ¢, pu, v > 0, we have

( r )(2(]—}—7‘—1)
— y\NE+tptv/\t+tpt+v
Cpqrttpr = (=1)7F pt+t+pu+rv-—1

( t+u+v )

from (4.49) of page 36 and we check, as we did for (9.62) of page 93, that

r r—t—p—v\ _ r t+k+v
t+u+v k—p C\t+k+v k—pn )’

20+r—1\(2q+r—t—p—v—1\ _ (2q+r—1\(t+k+v
t+u+v k—u S \t+k+v k—up )’

and
Gp+t+u+V—1> (r+u+u>
M _ M
Zp+t+p+v—1 2p+t+v—1
) ()

are valid identities. Since the expression Ky gk, defined by

T 2q+r—1>
(Dwym<t+k+u>(t+k+y
p+t+v—1
( t+v )

is independent of p, we verify that (11.62) yields

Kp,q,rt.k,v

k

(=) [(t+k+v\ (t+p+\]
11.64 rtky = v
( 6 ) @p,q, Jt,k, Rp.q,rt.k, MZ:;J (k) k— M M
1
In view of the identity

C+k+u>c+u+u>
k—p %

(6)

)
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we rewrite (11.64) as

2 k
t+k+v k
(1165) @p7q7/’-,t7k7y = < k > Hp,q,r,t,k,l/ Z(—l)“ < )
—0 K
“w
We have
: k
Z(l)“( ) =(1+ (71))]6 =0, forl<k<s.
n=0 K
Thus, (11.65) yields
(11.66) Opgritky =0, for 1<k <s.

We use (11.63) and (11.66) to deduce

(11.67) Npgrstk =0, forl<k<s.
Moreover, for k =0, (11.62) gives

(11.68) Opart 0w = Cp it

As a consequence of (11.60), (11.67), (11.63), (11.68), and (4.50), we obtain

S
_ k
Fp,q,r,&t = E Np,q7r7s,t7k (dmm)
k=0

= Npgr,s,t,0

s
E : 9?7‘177’:@0;” Bp7V1t+V BQaS*V:T*t*V
v=0

s

= E Cpqrttv Bpuitv Bos—vr—t—v
v=0

= Ap gt

This yields (11.59) and completes the proof. ([l

THEOREM 11.11. The differential polynomials R of (11.1) and S of (11.13)
are related by R = S. Moreover, either R =0 or R is a relative invariant in R, »
for Cp, ., of weight p+q+r.

ProOOF. We employ (11.24), (11.59), and (11.1) to verify that

S= i Tiq Fp st P QI = i SAp,qms,t POQU Y =R
s=0 t=0 s=0 =0

In view of § = R, the observations of Section 11.1, and Proposition 11.1, we see
that: if R # 0, then R is a semi-invariant of the first kind, S # 0, S is a semi-
invariant of the second kind of weight p+q+7, and R is therefore a relative invariant
in Ry, for Cp, ,, of weight p + g 4 r. This completes the proof. (Il
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OBSERVATION 11.12. For the situation m, r > 2, merely assume that P and @
are isobaric polynomials in R, of respective positive weights p and g. Then,
for R defined in R, by (11.1) as well as (4.45)-(4.50) and for S defined in R, p
by (11.13) as well as (11.2)—(11.12), our arguments show that R = S. Moreover,
if they are nonzero, then R and S are isobaric polynomials of weight p + q + r.

In particular, suppose that P and @ are isobaric semi-invariants of the first
kind in Ry, for Cp, n of respective weights p and ¢ such that § # 0. Then, S is
an isobaric semi-invariant of the first kind in R,, ,, for C,, ,, of weight p + ¢+ r.

As another condition, suppose that P and @ are semi-invariants of the second
kind in R, for C,,, having respective weights p and ¢ such that R # 0. Then,
R is a semi-invariant of the second kind in R, for C,, , of weight p 4 ¢+ 7.

OBSERVATION 11.13. For r = 1 and the context of Chapter 8, we note that
(4.51) of page 36 expresses Cp 4.1 (P7 Q) as the difference of two semi-invariants of
the first kind. Using (4.51) as well as (5.15) and Proposition 5.5 of page 44, we see
that the identity

(11.69) Cp,q,l(P7 Q) = PQ(I) - ]%P(I)Q
=p (Q<1> T qume) _9 (P<1> T dem,np) Q
p

expresses C) 1 (P, Q) as the difference of two semi-invariants of the second kind.
In particular, (11.69) for r = 1 is analogous to S for m, r > 2.
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CHAPTER 12
Representations Involving C,, , , (P, Q)

In Chapter 7, we employed C), 4, (P, Q) to provide useful representations for
the historically significant relative invariants D,, Eg, and E7 in Rqg for Ca .
In Part 4, we give additional evidence for the belief that representations analogous
to (7.20), (7.18), and (7.19) for D,, Eg, and E7 exist for the relative invariants in
the R, for each Cy, , having m > 2 and (m, n) # (2, 1).

We recall from page 38 that the subset Vy, . s of Ry, consisting of 0 and all of
the relative invariants in R, ,, for C,, ,, having weight s, forms a vector space over Q
whose dimension dm,n(s) is finite. For n =1 and m >3 or n = 2 and m > 2 with
m, s of modest size, the programs presented in Sections 13.1 and 14.1 compute the
dimension d, ,(s) of Vp, n; s and, when d,, ,(s) is positive, they produce machine
representations for a basis of Vy, ;5. The remainders of Chapters 13 and 14 show
how machine-generated bases can be replaced with ones conveniently represented
by Cp.q.r (P, Q) in terms of basic relative invariants. Summaries of selected results
are given: for (m, n) = (3, 1) in Section 4.8; for (m, n) = (4, 1) in Section 12.1;
for (m, n) = (5, 1) in Section 12.2; and for (m, n) = (2, 2) in Section 12.3.

12.1. The relative invariants in R4 ; for Cs; of weight s <12

The basic relative invariants in R4 for Cs; are obtained by applying the
technique of Section 6.1 to Theorem 4.6 with m =4 and n = 1. They are

(12.1) Tii1.3=ws3— %wlwz + %('wl)?’ — wgl) + %wlwgl) + %w?)

and

(12.2) Tin0=ws— twiws — %wgl) — 5 (w2)? + %wg) + £ (wy)w,
I %w?)wz + %w1wgl) . %(w1)4 . %(wl)gwgl)
— g5 (W) = wiwi? — fwi?.

Here, as a convenience, we write I3 for Z4 1.3 and Zy for T4 1,4. Moreover, (4.18)
or (4.45) yield as1 = L[wy — %'wgl) — 3(w1)?]. The technique of Section 13.5
yields d41(2) = da,1(5) = 0 and shows that the relative invariants in R4 1 for C4
having weight s < 12 are uniquely given by
da,1(s)
(12.3) Z K Mg, with Kg1, Ko, ..., Ks4,,(s) in Q not all zero, where:
i=1

the weight s = 3 has d41(3) =1 and M3, = Ts;
the weight s = 4 has d41(4) =1 and My, = Iy;
the weight s = 6 has dy1(6) = 1 and Mg = (Z3)%;

127
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the weight s =7 has dy1(7) =1 and My 1 =Z3ZLy;

the weight s = 8 has d41(8) = 3 and
Mg, = (Z4)?, Ms > = C332(Zs, Is),
My s = Cs41(Ts, Ia);

the weight s =9 has d41(9) = 2 and

My, = (Z3)?, My = C342(Ts, I4);

the weight s = 10 has d41(10) = 4 and

My, = (Z3)* L4, Moz = C334(T3, I3),

M3 = C343(Is, I4), Moy = Cuu2(Zs, Iy);
the weight s = 11 has d41(11) =4 and

My, 1 =T5(Z4)?, Mo = Cs4.4(T3, I4),

M3 = Cs62(Z3, (I3)?), M1y =Cs71(Zs, (I3Z4));
the weight s = 12 has d41(12) = 9 and

Miz1 = (Z3)*, M5 = (I4)°,

M3 = Cs36(Zs, I3), Moy = Cs45(Is, Ia),

M5 = Cuu4(Zs, Is), M6 = Cs65(I3, (I3)?),

M7 = Cs72(Is, (Z3Ly)), Misg = Cu2(La, (I3)°),

Miso = Cs5:1(I3, (T4)?).

12.2. The relative invariants in Rs5; for Cs; of weight s <12

We apply the technique of Section 6.1 or Section 6.2 to see that the basic
relative invariants in Rs 1 for C5; are given by

(124)  Ts1.3=w; — 2wiwy + %('wl)‘3 — 3w (1) + Sw, w(l) + w(Q)

5
(125)  T51,4 = wy — 2wiws — 55 (w2)? + S (w1)* wa — 2k (wy)* — wél)
+ %wéz) + %wgl)wg + 2w, wgl) - %(wl)gwgl) — 2w, w§2)
- B! - lw®,
and
(12.6) Ts51.5 =ws5— l'w1 wy — %wg ws + %(wl)ng + %wl('wg)2

1 1
— &L (w1)? wa + oo (wy)® — QwEL)—&- 4w§)+ T, w()

+ Ewgl)wg - 14wé‘3) — 2w, 'wé )4 Sws wél) — 2 (wy)? wgl)
(1), (1) (2) (1) ( (3)

1,4 4 2
170'w1 wy w2 + 5wy gp Wi wy

1) (2 2 1 1
+ wg) ()+11795( 1) ()Jr w(wg)) +875(w1) 'w(1)-

—ﬁwl wsy 7’UJl wo —

Here, we write Z3 for Iy 1.3, Z4 for 5 1.4, and Iy for Zs5 1,5. Using the technique
of Section 13.6 with as1 = 55[w2 — 2'w(1) 2(w1)?] from (4.18) or (4.45), we see
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that the relative invariants of weight s <12 in R5; for Cs; are uniquely given by

d5,1(5)

(127) > K.iNyi, with Ko1, Koo, ...

i=1
the weight s = 3 has d5 1(3) =
the weight s = 4 has d5 ; (4

the weight s = 6 has d5 1 (6

the weight s = 7 has ds 1 (7

the weight s = 8 has d5 ; (8
Ng1 =135,

N3 =Cs32(I3, I3),

(3)
(4)
the weight s = 5 has ds 1(5)
(6)
(7)
(8)

and

the weight s =9 has d51(9) =4 and
Ny = (Z3)?,
No3 = Cs42(Is, I4),

the weight s = 10 has d51(10) = 7 and
Nip1 = (13)2 Zy,
Nios = Cs34(Ts, I3),
Nips =C3p5.0 (137 15)7
Nios = Cus1(Za, Ts);

the weight s = 11 has d51(11) = 7 and
N = (T3)* Is,
N11,3 = C3,4,4(1—3, 1-4),
Niis = Cs62(Ts, (I3))
Nii7=Cs71(Ts, (T3T4));

the weight s = 12 has d5 1(12) = 14 and
Nig1 = (13)4,
N3 =T137,7s5,

al
Nisg = Cus3(ZLs, Is),
Niza1 = Cua2(Ls, (I3)?),
N12,13 = C3,8,1(1—37 (IS Is))7

s K 451 (s) in Q not all zero, where:

1 and N3 =ZIs;

1 and Ny = Zy;

1 and N5 ;1 = Zs;

1 and Ng1 = (Z3)%
1 and N7 =Z3Zy;
4

Ns2 = (T4),
Nga=Cs41(I3, I4);

Noo=1,7Z;,
Nos=Cjs51(I3, Is);

Ny = (1—5)27
Nioa = C343(Ts, I4),
Nios = Cua2(Zs, Is),

N2 =T;5(Z4),
Ni4=Cs53(Ts, Is),
Niig = Cus2(Z4, Is),

N12,2 = (1—4)37

N2y = Cs36(Ts, I3),
Niz6=C354 (Is, 1'5),
Nizs = Cs65(Ts, (I3)%),
Nizi0 = Cs72(Is, (I3Z4)),
Niza2 = Cs52(Ts, Is),
Nizjaa = Cs51(Zs, (T4)?).
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12.3. The relative invariants in R, 5 for Cy 5 of weight s <12

The equations of Cz 5 have the form given by (7.1) on page 65. The three basic
relative invariants for Co o are I o.11 of weight 2 in (7.14) of page 67 as well as
Ts.2:1,2 of weight 3 in (7.15) and T3 9,22 of weight 4 in (7.16). Here, we write T
for To9.11, I3 for Iy 9,12, and Iy for Iy 2,22. Moreover, (4.18) or (4.45) yield

a2 = Wy — %wgli — i(wo,l)z. Using the technique of Section 14.3, we discover

that the relative invariants of weight s < 12 for Cy o are uniquely specified through

dQ‘Q(S)
(12.8) Z K Fs;, with Kg1, K, ..., K, 4, ,(s) in Q not all zero, where:

=1
the weight s = 2 has dy2(2) =1 and F5 1 = Ty;
the weight s = 3 has d22(3) =1 and F57 = Is;

the weight s = 4 has d32(4) = 2 and
Fy, = (T,)?, F, =1y

the weight s = 5 has d22(5) = 1 and
F5, =1,Ts;

the weight s = 6 has d22(6) = 5 and
Fs1=(I)%, Fs2 = (Is)°,
Fe3=1,1,, Fs4=Cs31(T, I3),
Fo5=Cs22(T,, Io);

the weight s = 7 has d2 2(7) =4 and
Frq = (Z2)* Zs, F; 5 =131y,
Fr3=C41(T2, Is), Fr4=Ca3(Ts, Is);

the weight s = 8 has d2 2(8) = 11 and

Fs1=(Iy)", Fs» =T, (I3)%

Fy3 = (Z2)" Iy, Fy 4= (Z4)°
Fs5=TI,C331(T2, I3), Fs6=TI,C32:(Ts, I,),
Fs7=C3.4.1(T3, Is), Fss=C332(Ts3, Is),
Fs9=Cs42(Ts, I,), Fs10 = Ca33(T2, I3),

Fs11 = Cap4(Ts, Io);
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the weight s = 9 has d3 2(9) = 11 and

Fy, = (T,)% I3, Fyo = (I3)°,
Fy3=T>T37,, Fy4=T3C331(T2, Is),
Fos = T3 Cs(Ts I»), Fog =Ty Couy (T Ia),
Fo7=T5Cas5(Ts, Ts), Fos = Cs.(Zs, T1),
Foo=Cs435(T>), (I2)?), Fo0=C243(T2, I4),

Fy11 = Ca34(T, Is);
the weight s = 10 has ds 2(10) = 22 and

Fio1 = (I,)°, Fio2 = (I2)* (Z3)?,

Fios = (I2)* 14, Fio4 =1, (1,4)%,

Fios = (I3)* 14, Fio6 = (I2)? Ca3,1(Z2, I3),
Fio7 = (I2)? Ca2 (T2, Io), Fio8 =T2C341(T3, I4),
F10,9 =1, 03,3,2 (Isa Is), F10,10 =1, 02,4 2 (127 I4)
Fio11 =I5C35(Z2, Is), Fio12 =T Ca4(Z2, Io),
Fio13 =Z5C241 (T2, Is), Fio14 =ZI5C532(T2, I3),
Fi015 =T, C222(Z2, Io), Fio16 = Ca53(I2, (T2T3)),
Fio17 = Cuu2(Za, Is), Fio18 = C343(Z3, Is),
Fio10 = C24.4(T2, I4), Fio20 = C334(Z3, I3),
Fip21 =Ca3s (12, 13), Fipo2=Cs256 (IQ, IQ);

the weight s = 11 has d2 2(11) = 26 and

Fiiq = (Z2)* 3, F1 5 =175 (13)°,
Fi13=(Z2)° I3, Fy 4 =T;5(Z4)°,
Fi15=(Z2Z3)C23,1(I2, I3), Fi16 = (T2 I35)Ca222(T2, Io),
Fi17=(I5)? Cou,1 (T2, I4), Fi1 5= (T2)? Ca32(Is, Is),
Fi19=T5C342(T3, I4), Fi110 =I5 Ca43(T2, (I2)?),
F11,11 =1, 02,4,3 (12, 14), F11,12 =1, 02,3,4 (127 13)7
Fi113=T5C541(Z3, I4), Fi114 =I35C532(Ls, Is),
Fi115 =T5C542(T2, Is), Fi116 =Z5C235(T2, I3),
F11,17 =13 02,2,4 (12, 12), F11,18 =1, 02,4,1 (1'27 1'4)’
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Fi119 =Z4Co32(Ts, T3),
Fi191 = Cou5(Ts, I),
Fi193 = C3.44(T3, I4),
Fi195 = Cs53(Ts, (T2T3)),

the weight s = 12 has d3 2(12) = 49 and

F12A,1 = (12)67

Fiy3 = (I,)* (Ts)?,

Fio5 =15 (T3)* Iy,

Fio7 = (I4)°,

Fio9=T,Cs35(T2, I3),
Fio11 =TI, Cs34(Ts, I3),
Fi213=T,Cy42(Zs, Is),
Fi315 = (I2)° C224(T2, I,),
Fip17 = (Iz) C2,4,2(12, 4),
Fi319 = (T2)? C3,4.1(Ts, Is),
Fi901=T5Z5C4, (12, 4)7
Fi393 = (I2)° C231 (T2, Is),
Fi325 =T35C33, (IQ, I3)a
Fi207 =T35C545(Ts, I4),
Fip09 = (Z3)*Caa (IQ, IQ),
Fio31 =T, Ca4(Ts, Iy),
Fi233 =T, Cy42(Ts, Is),
Fio35 =T,C541(Z3, I4),
Fio37 = Ca37(Is, I3),
Fi230 = C246(Z2, I),
Fio41 = Ca55(I2, (I213)),
Fio43=C345(Is, I4),
Fiz45 = Ca64(I2, (I3)?),
Fio47 = Cu14(Zs, I),
Fi349 = C363(Ls, (T3)?).

Fi120 = Ca5(Ts, Ts),
(
(
(

_ )2
Fi196 = Cuu3(Z4, (T2)%);

_ )2
Fi190 = Cou5(To, (I2)?),

_ )2
Fi104 = C344(Ts, (I2)?),

F12,2 = (12)41'4,

Fip4 = (I2)* (T4)?,

Fio6 = (I3)*,

Fio8 =T5Cs56(Is, Io),
Fi310=Z5Co44(T2, Is),
Fi512 =T,C5435(Ts, Is),
Fi214 =T5Co55(Ts, (T2I3)),

Fi516 = (I2)° Ca3.3(T2, Is),
Fis15 = (I2)? C332(Zs5, Is),
Fi200=TI,I35C,52(I,, I3),
Fi300 = (I2)° C222 (T2, I),
Fio00 =T,T4C52(I,, Io),
Fiz56 =I5 C243(Ts, (T2)*),

Fi08 =T35C545(Ts, Is),
Fi330 = (T3)° C23.1(ZT2, Is),
Fia3: =T, Ca33(Is, Is),
Fi231 =T4C332(Z3, I3),
Fi336 = C2258(Z2, Io),

Fio38 = Caa6(I2, (I2)?),
Fio40 = C336(I3, I3),
Fis40 = C345(I3, (I2)?),
Fio44 = Caga(Is, (I2)?),
Fiz46 = Cy44(Zy, (12)2)
Fio48 = Ca73(T2, (T514)),

In particular, Theorem 4.10 has enabled us to systematically present and extend
the isolated results in [20, Section 14.3] about (12.8) when 2 < s < 9.



CHAPTER 13
Computer Algebra for Vs, Vit.sy Vsiisy -

The vector space V,, ,, s was introduced in Section 4.7 on page 38. The program
of Section 13.1, enables the dimension of V,, 1. s to be computed for integers m, s of
modest size and, when V,, 1,5 # {0}, it yields a machine representation for a basis
of Vpy.1,s. We use it in Sections 13.2 and 13.4-13.6 to verify the properties of the
relative invariants L ;, M ;, and N, ; presented in Sections 4.8, 12.1, and 12.2.

13.1. The relative invariants of weight s in R,,; for C,,

When integers m, s satisfy m, s > 3, the program presented in this section
specifies linearly independent relative invariants over QQ of weight s in R, 1 for C,, 1
such that their nonzero linear combinations over QQ uniquely yield each relative
invariant of weight s for C,, ;. However, it requires that a specific integral value m
be assigned to m in the first input statement. We have selected m = 3 on page 134
as the first input statement; and the program as written therefore applies to R3 1
for C3 1. By merely changing the first input statement tom = 4 or ... and making
no other alterations, the program then applies to R4 ; for C41 or ... .

We select a version of Mathematica from [55, 56, 57, 58, 59] as the system
of computer algebra and represent the derivation ' for R, 1 as differentiation with
respect to a fictitious independent variable denoted by z. This enables us to rep-
resent the variables wz(-f) of (4.9) for Ry,,1 by DIwl[i1] [z],{z,k}] as il ranges
from 1 to m and k ranges over the nonnegative integers.

13.1.1. The monic monomials of weight s. For a fixed integer s > 1, let
a nonnegative integer es;, x be given for each pair (i1, k) of integers that satisfy
1 <i; <mand0<k<s—iy. Then, the expression

_ (k)] i
(13.1) M= ][ [wil }
1<i1<m
0<k<s—i1

is a monic monomial of weight s in R, ; if and only if the condition

(13.2) > (i +k)esi =5

1<ii<m

0<k<s—i1
is satisfied. Moreover, each monic monomial of weight s in R,, 1 is expressible in
the form (13.1) for some nonnegative integers e ;, » that satisfy (13.2).

The relative invariants of weight s are special isobaric polynomials of weight s.
Moreover, any isobaric polynomial of weight s is a linear combination over Q of the
monic monomials of weight s in the variables (4.9) having n = 1. Our first task is to
find and enumerate all such monomials. The trial-and-error assignment of integers

133
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to the eg;, 1 must be efficiently restricted to reduce computation times. After
starting a new session, the first three of the following four Mathematica commands

m = 3;

uls_,pl_,r_] := Floor[ (1/(pl+r))*(s
-Sum[(p1+k)*e[s,pl,k], {k,r+1,s-pl}]
-Sum[(il+k)*e[s,i1,k], {il,pi+1,m}, {k,0,s-11}]1)]

nM[s_] := Module[ {counter, seq}, counter = O;
seq = Applyl[ Sequence, Reverse[ Flattenl[
Table[{e[s,il,k],0,uls,il,k]},
{i1,1,m},{k,0,s-11}1,111];
Do[If[(Sum[(il+k)*e[s,il,k],{il,1,m},
{k,0,s-i1}])==s, (counter = counter + 1;
monM[s, counter]
= Product [D[w[il] [z],{z,k}] els,il k],
{i1,1,m},{k,0,s-11}] ),
counter = counter], Evaluate[seql]; counter ]

printM[s_] := Do[Print["monM[",s,",",j,"] =",
monM[s,j11, {j,1,nM[s]1}]

accomplish that purpose. For instance, after the preceding four input statements
are evaluated, the additional evaluation of printM[4] computes, numbers, and
displays the monic monomials of weight 4.

13.1.2. Condition for relative invariants. An isobaric polynomial F' of
weight s in R, 1 is representable by the evaluation of

wPolynomial[s_] := Sum[x[s,jl*monM[s,j]l,{j,1,nM[s]1}]

for some rational numbers x[s,i]. Due to (4.13) and (4.14) of page 31, the
condition

(13.3) p(2)°[F*(2) = F(2)] =0 and (f'(¢))"[F*(0) — (f'(Q)°F(f(0)]

is satisfied for any suitable p(z) and f(¢) if and only if F' is a relative invariant.
Representations for F(z), F*(z), F**(¢), and the expressions in (13.3) based on
(3.4), (3.5), (3.21), (3.22), (3.23), and (3.24) are obtained through evaluations of

sub[s_] := Flatten[Table[
D[w([il] [z],{z,k}]->D[c[i1] [z],
{Z,k}] ,{il,l,m},{k,O,S-il}]]

0

cPoly[s_] := wPolynomial[s] /. subl[s]
clollz_]1 = 1;

cOneStar[il_J[z_] := Sum[ Binomial[m-j1,i1-j1]%*
(Dlrho(z],{z,i1-j1}]/rholz])*c[j1][=z],{j1,0,i1}]
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subl[s_] := Flatten[ Table[
D[w[i1] [z],{z,k}]1->D[cOneStar[i1] [z],{z,k}],
{11 ) 1 ’m},{ksoys_il}] ]

cOneStarPoly[s_] wPolynomial[s] /. subl[s]

alphal0,j_][zet_]

1;

alphali_,j_J[zet_] := Sum[
D[alphal[i-1,k] [zet],zet]
-(i-1+k) (£’’ [zet]/f’ [zet])alphali-1,k] [zet],
{k,1,33]1 /; i>=1

cTwoStar[il_] [zet_] := Sum[
f’ [zet] “mu*alpha[il-mu,m-i1] [zet]*
c[mu] [f[zet]],{mu,0,i1}]

sub2[s_] := Flatten[ Table[
DIw[il]l [z],{z,k}]->D[cTwoStar[il] [zet],{zet,k}],
{il,l’m},{kyo,s_il}] ]

cTwoStarPoly[s_] := wPolynomial[s] /. sub2[s]

firstCondition[s_] :=
firstCondition[s] = Expandl[
rho[z] “s*(cOneStarPoly[s] - cPoly[s])]

secondCondition[s_]
secondCondition[s] = Expand[
f’[zet] “s*( cTwoStarPoly[s]
-f’ [zet] “s*(cPoly[s] /. z—>f[zet]) )]

by the selected version of Mathematica from [55, 56, 57, 58, 59]. The condition
(13.3) requires that the coefficients x[s,1], ..., x[s,nM[s]] of wPolynomiall[s]
be such that firstCondition[s] and secondCondition[s] are identically zero.

13.1.3. Details for the first condition. We use (3.4)—(3.5) of page 19 to see
that p(z)*[F*(z) — F(2)] is representable as a linear combination over Q of the
various expressions

o IR T e

0<t<s 1<ii<m
0<k<s—iy

that correspond to nonnegative integers e ;, x, hs,: that satisfy

(13.5) Z (i1 +k) €s,i1,k T iths,t =s and z&: hst = s.

1<i;<m t=1 t=0
0<k<s—iy
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After the evaluation of the preceding eighteen input statements that begin with the
assignment for m as the first input on page 134, the expressions corresponding to
(13.4)—(13.5) needed for firstCondition[s] are obtained from the evaluation of

vis_,pl_] := Floor[(1/p1)*(s
-Sum[(il+k)*e[s,il,k],{i1,1,m},{k,0,s-i1}]
-Sum[t*h[s,t],{t,p1+1,s}1)]

nA[s_] := Module[ {counter,seql,seq2}, counter = 0;
seql = Apply[ Sequence, Reverse[ Flatten[
Table[ {els,il,k], 0, uls,il,k]},
{i1,1,m},{k,0,s-1131, 11 1 1;
seq2 = Applyl[ Sequence, Reversel
Table[ {h([s,t],0,v[s,t]1},{t,1,s}]111;
Do[ If[(Sum[(il+k)*e[s,il,k],{i1,1,m},{k,0,s-11}]
+Sum([t*h[s,t],{t,1,s8}]) == s,
( counter = counter + 1;
monA [s,counter] =
Product[ D[c[il] [z],{z,k}] els,il,k],
{i1,1,m},{k,0,s-11}]1*
rho[z] (s - Sum[h[s,t],{t,1,s}])*
Product [D[rho[z],{z,t}] "hls,t],{t,1,s}]),
counter = counter ],
Evaluate[seql], Evaluate[seq2] ]; counter ]

printA[s_] := Do[ Print["monA[",s,", ",j,"]1 =",
monA[s,j1]1,{j,1,nA[s]}]

by the same version from [55, 56, 57, 58, 59]. For example, when the three
preceding input statements are evaluated after the ones on page 134, the evaluation
of printA[2] displays computer representations for the expressions of the form
(13.4) that satisfy (13.5) with s = 2.

13.1.4. Details for the second condition. We use (3.21)—(3.24) of page 24
to see that the expression

(F' Q) [F () = (F Q) F(f(0)]

is representable as a linear combination over Q of the various terms

EEI 1 0 B

0<t<s 1<i;<m
0<k<s—iy

that correspond to nonnegative integers e; ;, 1, ls ¢ satisfying

(13.7) Z (i1 + k) es iy k + Zths,t =s and Z(t + 1) hsy = 2s.

1<i;<m t=1 t=0
0<k<s—iy
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When the input statements of the three preceding subsections are evaluated, the
expressions corresponding to (13.6)—(13.7) needed for secondCondition[s] can be
displayed after the evaluation of the following two input commands

nB[s_] := Module[ {counter, seql, seq2}, counter = 0;
seql = Apply[ Sequence, Reverse[ Flatten[
Table[ {els,il,k], 0, uls,il,k]},
{i1,1,m},{k,0,s-i1}], 11 1 1;
seq2 = Apply[ Sequence, Reverse[
Table[ {h[s,t],0,v[s,tl},{t,1,s}]11];
Do[ If[(Sum[(il+k)*e[s,i1,k],{il,1,m},{k,0,s-i1}]
+ Sum[ t*h[s,t],{t,1,s8}]) == s,
(counter = counter + 1;
monB[s,counter] = Product[
(Dlclil1l[z],{z,k}] /. z—>f[zet] ) els,il, k],
{i1,1,m},{k,0,s-11}]*
£’ [zet]"(2s - Sum[(t+1)*h[s,t],{t,1,s}])*
Product [D[f [zet] ,{zet,t+1}] "h(s,t],{t,1,s}]),
counter = counter ],
Evaluate[seql], Evaluate[seq2] ]; counter ]
printB[s_] := Do[ Print["monB[",s,", ",j,"] =",
monB[s, j1],{j,1,nB[s]}]

by the same version from [55, 56, 57, 58, 59]. For instance, after the preceding
evaluations, the evaluation of printB[2] displays computer representations for the
expressions of the form (13.6) that satisfy (13.7) when s = 2.

13.1.5. The remaining input commands. Next, for i = 1, ..., nA[s]
and j = 1, ..., nB[s], we shall define a[s,i] as the coefficient of monA[s,i]
in firstCondition[s] and shall define b[s,j] as the coefficient of monB[s, j]
in secondCondition[s]. Then, each als,i] and b[s,j] will be given as a linear
combinations over QQ of the coefficients designated by x[s,1], ..., x[s,nM[s]]
for wPolynomial [s]. A system of homogeneous linear algebraic equations over Q
in x[s,1], ..., x[s,nM[s]] is then obtained by equating to zero each of the
als,i] and b[s,j]. Any nonzero solution over Q of this system specifies a relative
invariant. The evaluations of

firstCoefficients[s_] := Dol als,i] =
Coefficient [firstCondition[s],monA[s,i]],{i,1,nA[s]}]

firstZeroCheck[s_] := Expand[ firstCondition[s]
-Sum[a[s,il*monA[s,i],{i,1,nA[s]}]]

secondCoefficients[s_] := Dol b[s,j] =
Coefficient[secondCondition[s] ,monB[s,jl],{j,1,nB[s]}]

secondZeroCheck([s_] := Expand[ secondCondition[s]
-Sum[ b[s,jl*monB[s,jl, {j,1,nB[s]1}] ]
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eqs[s_] := Join[ Table[ als,i] == 0, {i,1,nA[s]}],
Table[ b[s,jl == 0, {j,1,nB[s]1}] ]

rules[s_] := If[TrueQ[$VersionNumber < 7.5],
Flatten[Solvel[eqs[s],Table[x[s,jl,{j,1,nM[s]1}]1]1],
Flatten[Solve[eqs[s],Table[x[s,nM[s]+1-j]1,{j,1,nM[s]1}]11]]

invariants[s_] :=

Module[ {expansion, counter}, counter = 0; Print[" "],
Print[" Computation of invariants[",s,"]"];

Print ["Number of Monic Monomials = ", nM[s]];

Print ["Number of firstCondition Terms = ",nA[s]];

Print ["Number of secondCondition Terms = ",nB[s]];
firstCondition[s]; firstCoefficientsl[s];
Print["firstZeroCheck[",s,"] = ",

firstZeroCheck[s]];

secondCondition[s]; secondCoefficients[s];
Print["secondZeroCheck[",s,"] = ",

secondZeroCheck[s]]; expansion = Expandl[
(Sum[x[s,jl*monM[s,jl,{j,1,nM[s1}]) /. rules[s]];
Do[ If[Length[Coefficient[expansion,x[s,j]l]] != 0,
(counter = counter + 1;

inv[s, counter] = Coefficient[expansion, x[s,jl];
Print["inv[", s, ", ", counter, "] =",
inv[s,counter]]), counter = counter],

{j,1,nM[s]} 1; d[s] = counter;

Print["The vector space for weight ", s,

" has dimension d[",s,"] =", d[s], "."] ]

by the same version from [55, 56, 57, 58, 59] enable us to obtain machine rep-
resentations for all of the relative invariants in R, ; for C,, 1 of a given weight s.
Before providing details in the following paragraph, we note that the unusual form
of the next to the last of the preceding input commands is explained in Section 13.7.

When s is a positive integer, the evaluation of invariants[s] yields an integer
labeled d[s] that is equal to the dimension of the vector space Vy, 1. introduced
in Section 4.7. Moreover, when d[s] is positive, that evaluation also yields machine
representations labeled

(13.8) inv[s,1], inv[s,2], ..., inv[s,d[s]]

for d[s] linearly independent relative invariants over Q of weight s for C,, 1. Thus,
when d[s] is positive, we have a machine representation for a basis of V, 1, 5.

With the selectionm = 3 as the first input command on page 134, the preceding
summary applies to the context of relative invariants in Vs 1,5 for C3 . However,
when m = 3 is replaced by m = 4 orm = 5 or ... in the first input statement of
page 134 and no other alterations are made to the other twenty-nine input com-
mands, the italicized summary for the evaluated program then applies respectively
to the context of relative invariants in V4 1, for C41 orin Vs 1,5 for Cs 1 or ... .
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13.2. Simple verifications for Section 4.8 about Vs .,

Theorem 4.10 of page 36 shows that each L ; explicitly defined on page 39
is a relative invariant in Rg; for C3; of weight s and therefore belongs to Vs 1. 5.
By using (4.61) to see that each of L1217, L1292, and Li2 3 contains a term not
present in the other two, we verify that {L12.1, L12,2, L12,3} is linearly independent
over Q. Hence, for s = 3,6, 8,9, 10, 11, 12, 13, the subset {L,1, ..., Lqg, ,(s)}
of V3 1., is linearly independent over Q.

With a selected version of Mathematica from [55, 56, 57, 58, 59], we evaluate
the thirty input commands of Section 13.1 beginning withm = 3 on page 134. Then,
the evaluation of Do [invariants[s],{s,{2,4,5,7}}] yieldsd[2] = 0,d[4] = 0,
d[5] = 0, and d[7] = 0. Hence, there are no relative invariants in Rz for C3;
of weight 2, 4, 5, or 7. Next, the evaluation of

Do[ invariants[s], {s,{3,6,8,9,10,11,12,13}}]

yields d[12] = 3 and d[s] = 1, for s = 3, 6, 8, 9, 10, 11, 13. Consequently,
for 2 < s < 13, the integer ds1(s) defined in Section 4.8 is the dimension of Vs 1, 5.
Thus, for 2 < s <13 and d31(s) > 1, {Ls1, ..., Lg 4, ,(s)} is a basis of Vs 1, 5.

Alternatively, the assertions of Section 4.8 can be verified by showing that each
machine generated relative invariant of a basis for Vs 1., is expressible as a linear
combination of machine representations for each of Lg 1, ..., Ly 4, ,(s)- This more
informative approach in Section 13.4 will use the program of the next section to
obtain machine representations for the L ; of Section 4.8

13.3. Representation of C, , (P7 Q) in R,,1 with respect to (4.9)

For m > 3, r > 0, and given machine representations P and Q of relative
invariants P and Q in R, for C,, 1, we provide a program based on Section 4.5
to obtain a machine representation Com[r,P,Q] of C} 4, (P7 Q).

After the evaluations of Section 13.1 have been made for a particular initial
assignment of m, we successive evaluate each of

weight[iso_] := Module[{h,seq,t1,t2,t3,t4,t5,t6,t7},
t1 = Expand[iso];
t2 = If[Head[t1]===Plus, w[0][z]*t1[[1]],
Expand [w[0] [z]*t1]];
t3 = Applyl[List, t2];
seq = {wl[i_][z] -> n[i,0,1],
Power[wl[i_][z],k_] -> h[i,0,k],
Derivative[j_]1[w[i_]1[z] -> h[i,j,1],
Power [Derivative[j_][wli_11[z],k_1->h[i,j,k]};
td = t3 /. seq;

t5 = Cases[t4,h[i_,j_,k_.]1 1;
t6 = t5 /. hli_,j_,k_1->(i+j)k;
t7 = Apply[Plus, t6]]

aFirstKind[m,1][z_] := (1/Binomial[m+1,3])( w[2][z]
-((m-1)/2)D[w[1] [2],z]-((m-1)/(2m))w[1] [z] "2 )

Blh_,i_,j_1[z_] :=0 /; i<=-1
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B[h_,0,j_1[z_] :=1

Blh_,i_,j_1[z_]1 := Sum[ D[B[h,i-1,k][z], Z]
-k(2h+k-1)aFirstKind[m,1] [z]*B[h,i-2,k-1] [z],
{k,i_l:j_l}] /; i>1

Celp_,q_,r_,mu_] := (-1) mu*Binomial [r,mu]=*
Binomial [2g+r-1,mu] /Binomial [2p+mu-1,mu]

Alp_,q_,r_,s_,t_1[z_] :=
Sum[Celp,q,r,t+k]*B[p,k,t+k] [z]*
Blq,s-k,r-t-k] [z], {k,0,s} ]

Com[r_,P_,Q_] := Modulel {p, q},
p = weight[P]; q = weight[Q];
Sum[ Alp,q,r,s,t][z]*D[P,{z,t}]*
DIQ,{z,r-s-t}],{s,0,r},{t,0,r-s}] ]

with the same version from [55, 56, 57, 58, 59]. This enables machine representa-
tions to be easily obtained for the L ; of page 38, the M ; of pages 127-128, and
the N, ; of pages 129-130. In particular, the weights of P and Q for Com[r,P,Q]
are deduced from the machine representations P and Q for P and Q.

13.4. Alternative verifications for Section 4.8 about Vs ;.

After selecting one of [55, 56, 57, 58, 59|, we use it to evaluate the thirty
input commands of Section 13.1 beginning with m = 3 on page 134 and then have
it evaluate the eight input commands of Section 13.3. Next, the evaluation of

invariants[3]

yields d[3] = 1 as well as a machine representation labeled inv[3,1] for the basic
relative invariant T3 ;.3 displayed in (4.61). Consequently, in view of Section 13.3,
the evaluations for each of

L[3,1] := inv[3,1];

L[6,1] := L[3,1]1°2;

L[8,1] := Com[2,L[3,1],L[3,1]1];
L[9,1] := L[3,1]173;

L[10,1] := Com[4,L[3,1],L[3,1]1];
L[11,1] := Com[2,L[3,1],L[3,1]1°2];

L[12,1] := L[3,1]174;
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L[12:2] = Com[67L[3,1]:L[3’1]];
L[12,3] := Com[3,L[3,1],L[3,1]1"2];
L[13,1] := Com[4,L[3,1],L[3,1]1"2];

provide machine representations for the corresponding Ls; defined on page 39.
With d[3] = 1, the relative invariant Lz ; = Z3 1,3 forms a basis for Vs ;.3.

An evaluation of invariants[6] yields d[6] = 1 and a machine generated
relative invariant labeled inv[6,1] of weight 6 that is equal to the evaluation
of L[6,1]. Thus, {L¢,1} is a basis for V5 1,6.

An evaluation of invariants[8] yields d[8] = 1 and a machine generated
relative invariant labeled inv[8,1] of weight 8 that is equal to the evaluation
of (1/2)L[8,1]. Thus, {Ls1} is a basis for Vs 1,s.

An evaluation of invariants[9] yields d[9] = 1 and a machine generated
relative invariant labeled inv[9,1] of weight 9 that is equal to the evaluation
of L[9,1]. Thus, {Lg 1} is a basis for Vs 1,9.

An evaluation of invariants[10] yields d[10] = 1 and a machine generated
relative invariant labeled inv[10,1] of weight 10 that is equal to the evaluation
of (1/2)L[10,1]. Thus, {L191} is a basis for Vs 1,10.

An evaluation of invariants[11] yields d[11] = 1 and a machine generated
relative invariant labeled inv[11,1] of weight 11 that is equal to the evaluation
of (7/40)L[11,1]. Thus, {L111} is a basis for V5 1,11.

An evaluation of invariants[12] yields d[12] = 3 as well as three linearly
independent machine generated relative invariants labeled inv[12,1], inv[12,2],
and inv[12,3] of weight 12 that are respectively equal to the evaluations of
L[12, 1], (‘2/9)1..[12,3], and (1/2)L[12,2] . Hence, {L12,17 L1272, L1273} iS a
basis for Vs 1.12.

An evaluation of invariants[13] yields d[13] = 1 and a machine generated
relative invariant labeled inv[13,1] of weight 13 that is equal to the evaluation of
(6/77)L[13,1]. Thus, {L131} is a basis for V5 1.11.

13.5. Verifications for Section 12.1 about V, ;.

For the M ; of pages 127-128 defined when 1 < s < 12 and 1 < i < d41(s),
we apply Theorem 4.10 and (4.51)—(4.52) of page 36 to verify that each M;; is a
relative invariant in R4 ; for C4 1 of weight s and therefore belongs to Vi 1, s.

Using a version of Mathematica from [55, 56, 57, 58, 59|, we begin by evalu-
atingm = 4 in place of m = 3 as the first input command on page 134 and then we
evaluate the remaining twenty-nine input items of Section 13.1 as well as the eight
input items of Section 13.3. Then, an evaluation of invariants[3] yields d[3] = 1
and a machine representation labeled inv[3,1] for the basic relative invariant
T41.3 displayed in (12.1). Next, we observe that an evaluation of invariants[4]
yields d[4] = 1 and a machine representation labeled inv[4,1] for the basic rela-
tive invariant Z, 1.4 displayed in (12.2). Consequently, machine representations for
the relative invariants M ; are given by the evaluations of

S,

M[3,1]

inv([3,1];

M[4,1]

inv([4,1];
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as well as the evaluations of

M[6,1] := (M[3,11)"2;
M[7,1] := M[3,1]1*M[4,1];
M[8,1] := M[4,1]"2;
M[8,2] := Com[2,M[3,1],M[3,1]1];
M[8,3] := Com[1,M[3,1],M[4,1]];
and similar expressions for M[9,1], ..., M[12,0] as required by the definitions for

the various M, ; on page 128. The evaluation of
Do[ invariants([s],{s,5,12}]

yields d[5] = 0, d[6] =1, d[7] =1, d[8] =3, d[9] =2, d[10] = 4,
d[11] = 4, and d[12] = 9. Thus, for 2 < s < 12, the dimension of V., is
given by dy1(s) as defined on pages 127-128. For 6 < s < 12 and s = s, that
evaluation also yields machine representations labeled inv (s, 1], ..., inv[s,d[s]]
for relative invariants that specify a basis of V4 1. ;. The verifications for Section 12.1
are completed by showing that each one of those basis vectors is equal to the
evaluation of some explicit linear combination over Q of M[s,1], ..., M[s,d[s]].
For that, we use a natural modification of the procedure illustrated on page 153.

13.6. Verifications for Section 12.2 about Vs ;.

For the N,; of page 129 defined when 1 < s < 12 and 1 < ¢ < d51(s),
we apply Theorem 4.10 and (4.51)—(4.52) of page 36 to verify that each IN,; is a
relative invariant in R5 ; for C5 ;1 of weight s and therefore belongs to Vs 1, s.

Using a version of Mathematica from [55, 56, 57, 58, 59|, we begin by evalu-
atingm = 5 in place of m = 3 on page 134 as the first input command and then we
evaluate the remaining twenty-nine input items of Section 13.1 as well as the eight
input items of Section 13.3. After that, an evaluation of invariants[3] yields
d[3] = 1 and a machine representation labeled inv[3,1] for the basic relative
invariant 51,3 in (12.4). An evaluation of invariants[4] yields d[4] = 1 and
a machine representation labeled inv[4,1] for the basic relative invariant Zs ;.4
in (12.5). An evaluation of invariants[5] yields d[6] = 1 and a machine repre-
sentation labeled inv[5,1] for the basic relative invariant Z5 1,5 in (12.6). Thus,
each relative invariant IN,; has a corresponding machine representation given by
the evaluation of n[s,i] where

n[3,1] := inv[3,1]; n[4,1] := inv[4,1];

n[(5,1] := inv[5,1]; n[6,1] := n[3,11°2;

n[7,1] := n[3,11%n[4,1]; n[8,1]1 := n[3,11*n[5,1];

n[8,2] := n[4,1]1°2; n[8,3] := Com[2,n[3,1],n[3,11];
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and there are similar expressions for n[9,1], ..., n[12,14] as required by the
definitions for the various IN,; on page 129. The evaluation of

Do[ invariants[s],{s,6,12}]

yields d[6] = 1,d[7] = 1, d[8] = 4, d[9] = 4, 4[10] = 7,d[11] = 7, and
d[12] = 14. Thus, for 3 < s < 12, the dimension of Vs 1., is given by ds 1(s) as
defined on page 129. For 6 < s < 12 and s = s, that evaluation also yields
machine representations labeled inv[s,1], ..., inv[s,d[s]] for relative invariants
that specify a basis of V5 1,s. The verifications for Section 12.2 are completed by
showing that each one of those basis vectors is equal to the evaluation of some
explicit linear combination over Q of n[s,1], ..., n[s,d[s]]. For that, we use a
natural modification of the procedure illustrated on page 153.

13.7. Observations about versions of Mathematica

The unusual form of the second input command on page 138 and the sixth input
command on page 150 is required so that the output does not depend on the par-
ticular version of Mathematica from [55, 56, 57, 58, 59]. Namely, when d denotes
a specific positive integer and eqs represents a list of homogeneous linear equations
in variables V[1], ..., V[d] having rational coefficient, the output that Version 7.0
yields as the evaluation of Solve[eqs, Table[V[i],{i,1,d}] is obtained with
later versions as the evaluation of Solve[eqs, Table[V[d+1-i],{i,1,d}].

In the Mathematica notebooks for [19, 20], there is just one occurrence of the
Solve command. When its input statement given in [20, page 176, lines 14-15] as

Flatten[
Solve[ eqsl[s], Table[ x[s,il], {i,1,nM[s]3}] ] ]

rules[s_]

is replaced by

rules[s_] := If[ TrueQ[$VersionNumber < 7.5],
Flatten[Solve[eqs[s],Tablel[x[s,j],{j,1,nM[s]1}]1]1],
Flatten[Solvel[eqs[s],Table[x[s,nM[s]+1-j1,{j,1,nM[s]1}]1]1]1]

and no other alterations are made, we have found that Versions 3.0, 7.0.1, 8.0.1,

9.0.1, 10.1, and 11.2 then yield the same correct evaluation for each notebook of
[19] and [20].






CHAPTER 14
Computer Algebra for Vss.5, V32.5, Vi2:s -

The machine instructions in this chapter enable us to establish the results of
Section 12.3 about relative invariants in Rg o for Ca2. They also yield analogous
representations of relative invariants in Rg o for C3 2, in Ry o for Csp, ... .

Simple modifications can be made to obtain representations of the relative
invariants in R, , for C,,,, when m > 2 withn=3orn=4or....

14.1. The relative invariants of weight s in R,, s for C,, 2

When integers m, s satisfy m, s > 2, the program presented in this section
specifies linearly independent relative invariants over Q of weight s in R, 2 for Cp, 2
such that their nonzero linear combinations over Q uniquely yield each relative
invariant of weight s in R, 2 for C,, 2. However, it requires that a specific integral
value m be assigned to m in the first input statement. We have selected m = 2 on
page 146 as the first input statement; and the program as written therefore applies
to Ra 2 for Cz 2. By merely changing the first input statement tom = 3 orm = 4
or ... and making no other alterations, the program then applies to Rs3 o for C3 o
or Ry for Cypor....

We select a version of Mathematica from [55, 56, 57, 58, 59| as the system
of computer algebra and represent the derivation ’ for R, 2 as differentiation with
respect to a fictitious independent variable denoted by z. This enables us to repre-
sent the variables wgf)m of (4.9) for R, 2 by DIwli1,12] [z],{z,k}] as il ranges
from O to m, i2 ranges from Max[1,i1] to m, and k ranges over the nonnegative
integers.

14.1.1. The monic monomials of weight s. For a fixed integer s > 1, let
a nonnegative integer e ;, i, r be given for each triple (i1,i2,k) of integers that
satisfy 0 < i3 < m, max{l,i1} < iz < m, and 0 < k < s —i; —i3. Then, the
expression

a4 Mo L [l

0<i1<m
maz{l,i1}<ia<m
nggs—il—iz

is a monic monomial of weight s in R,, o if and only if the condition
(14.2) > (i tin+ k) eai k=5
0<ir <m
max{l,i1}<is<m

OSk‘S87i17i2

is satisfied. Moreover, each monic monomial of weight s in R, 2 is expressible in
the form (14.1) for some nonnegative integers e ;, i, » that satisfy (14.2).

145
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The relative invariants of weight s are special isobaric polynomials of weight s.
Moreover, any isobaric polynomial of weight s is a linear combination over QQ of the
monic monomials of weight s in the variables (4.9) having n = 2. Our first task is to
find and enumerate all such monomials. The trial-and-error assignment of integers
to the eg ;, i,k must therefore be efficiently restricted to reduce computation times.
After starting a new session, the first three of the following four input commands

m = 2;

uls_,pl_,p2_,r_] := Floor[ (1/(pl+p2+r))*(s
-Sum[(pl+p2+k) *e[s,pl,p2,k],{k,r+1,s-pl-p2}]
-Sum[(p1+i2+k)*e[s,pl,1i2,k],{i2,p2+1,m},
{k,0,s-p1-i2}] - Sum[(i1+i2+k)*e[s,i1,i2,k],
{i1,p1+1,m},{i2,i1,m},{k,0,s-11-12}])]

nM[s_] := Module[ {counter, seq}, counter = O;
seq = Apply[ Sequence, Reverse[ Flatten[
Table[{e[s,i1,i2,k],0,uls,il1,i2,k]},
{i1,0,m},{i2,Max[1,i1] ,m},{k,0,s-11-12}1,2]111];
Do[If[(Sum[(il+i2+k)*e[s,i1,i2,k],{il1,0,m},
{i2,Max[1,i1] ,m},{k,0,s-1i1-i2}])==s,

(counter = counter + 1; monM[s,counter]

= Product[D[w[il,i2] [z],{z,k}] els,i1,i2,k],
{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}] ),
counter = counter], Evaluate[seql]; counter ]

printM[s_] := Do[Print["monM[",s,",",j,"] =",
monM[s,j11, {j,1,nM[s]1}]

accomplish that purpose. For instance, after the preceding four input statements
are evaluated, the additional evaluation of printM[4] computes, numbers, and
displays the monic monomials for R, 2 of weight 4.

14.1.2. Conditions for relative invariants. An isobaric polynomial F' of
weight s in R, 2 is representable by the evaluation of

wPolynomial[s_] := Sum[x[s,jl*monM[s,j],{j,1,nM[s]2}]

for some rational numbers x[s,i] that are not all zero. Due to (4.13) and (4.14)
of page 31, the condition

(14.3)  p(2)°[F*(2) = F(z)] =0 and  (f/(¢)"[F*™(¢) = (F'(Q)°*F(f(¢))] =0

is satisfied for any suitable p(z) and f(¢) if and only if F is a relative invariant.
Representations for F(z), F*(z), F**(¢), and the expressions in (14.3) based on
(3.4), (3.5), (3.21), (3.22), (3.23), and (3.24) are obtained through evaluations of
the following fourteen input commands

sub[s_] := Flatten[Table[D[w[il,i2] [z],{z,k}]1->D[c[il1,i2][=z],
{Z’k}] ,{il,O,m},{iQ,MaX[l,il] )m}:{k’o’s_il_i2}]]
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cPoly[s_]

wPolynomial[s] /. subl[s]

c[0,0] [z_]

1;

cl[i1_,i2_1[z_] := Applylc,Sort[{il,i2}]1]1[z] /;
{i1,i2} !'= Sort[{il,i2}]

cOneStar[il_,i2_][z_] := Sum[ Binomial[m-ji1,il1-j1]*
Binomial [m-3j2,i2-j2]1*(D[rho[z],{z,i1-j1}]/rho[z]) *
(D[rho[z],{z,i2-j2}]/rho[z])*
cljt1,j211=1,{j1,0,i1},{j2,0,1i2}]

subl[s_] := Flatten[ Table[
D[w[i1,i2] [z],{z,k}]->D[cOneStar([il,i2] [z],{z,k}],
{i1,0,m},{i2,Max[1,i1] ,m},{k,0,s-11-i2}] 1]

cOneStarPoly[s_] wPolynomial[s] /. subl[s]

alphal0,j_][zet_] 1;

alphali_,j_][zet_] := Sum[D[alphali-1,k][zet],zet]
-(i-1+k) (£’ [zet]/f’ [zet])alphali-1,k] [zet],
{k,1,33]1 /; i>=1

cTwoStar[il_,i2_][zet_] := Sum[
£’ [zet] " (j1+j2)*alphalil-j1,m-i1] [zet]*
alphali2-j2,m-i2] [zet]*c[j1, ;2] [f[zet]],
{j1,0,i1},{j2,0,i2}]

sub2[s_] := Flatten[ Table[
D[w[i1l,i2] [z],{z,k}]1—>
D[cTwoStar[il,i2] [zet],{zet,k}],
{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}] ]

cTwoStarPoly[s_] := wPolynomiall[s] /. sub2[s]

firstCondition[s_] := firstCondition[s] = Expand[
rho[z] “s*(cOneStarPoly[s] - cPoly[s])]

secondCondition[s_] := secondCondition[s] = Expand[
f’ [zet] "s*( cTwoStarPoly[s]
-’ [zet] "s*(cPoly[s] /. z->f[zet]) )]

147

by the selected version of Mathematica from [55, 56, 57, 58, 59]. The condition

(14.3) requires that the coefficients x[s,1], ..., x[s,nM[s]] of wPolynomial [s]

be such that firstCondition[s] and secondCondition[s] are identically zero.
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14.1.3. Details for the first condition. We use (3.4)—(3.5) of page 19 to see
that the expression p(2)*[F*(z) — F(2)] in (14.3) is representable as a linear com-
bination over Q of the various expressions

1 [T [oe]" | T [dne]

0<t<s 0<ir<m
max{l,i1}<iz<m
0<k<s—ii—in

corresponding to the nonnegative integers es i, i, %, hs,t that satisfy

S S
(14.5) Z (i1 +i2+ k) €siyink + Zths,t =s and Z hsi = s.
0<i1<m t=1 t=0
max{l,i1}<io<m
nggs—il—’ig

After the evaluation of the preceding nineteen input statements beginning with the
assignment for m on page 146, representations for the expressions of the form (14.4)
that satisfy (14.5) are obtained for firstCondition[s] through the evaluation of
the following three input commands

vls_,pl_]1 := Floor[(1/p1)*(s
-Sum[(il+i2+k)*e[s,i1,i2,k],{il1,0,m},
{i2,Max[1,i1] ,m},{k,0,s-i1-i2}]
-Sum[t*h[s,t],{t,p1+1,s}])]

nA[s_] := Module[ {counter,seql,seq2}, counter = 0;
seql = Apply[ Sequence, Reverse[ Flatten[
Table[ {els,il,i2,k], 0, uls,il,i2,k]},
{i1,0,m},{i2,Max[1,i1] ,m},{k,0,s-i1-12}], 2] ] 1;
seq2 = Apply[ Sequence, Reverse[
Table[ {h[s,t],0,v[s,tl},{t,1,s}]11];
Do[ If[(Sum[(il+i2+k)*e[s,il,i2,k],{i1,0,m},
{i2,Max[1,i1] ,m},{k,0,s-i1-i2}]
+Sum[t*h[s,t],{t,1,s}]) == s,
( counter = counter + 1;
monA [s,counter] =
Product[ D[c[il,i2][z],{z,k}] els,i1,i2,k],
{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-12}]*
rho[z] (s - Sum[h[s,t],{t,1,s}])*
Product [D[rho[z],{z,t}] h[s,t],{t,1,s}]),
counter = counter ],
Evaluate[seql], Evaluate[seq2] ]; counter ]

printA[s_] := Do[ Print["monA[",s,", ",j,"]1 =",
monA[s,jl],{j,1,nA[s]}]

by the selected version. For example, after the preceding evaluations are made,
the evaluation of printA[2] displays computer representations for each expression
of the form (14.4) subject to (14.5) and s = 2.



14.1. THE RELATIVE INVARIANTS OF WEIGHT s IN R,, 2 FOR Cy, 2 149

14.1.4. Details for the second condition. We use (3.21)—(3.24) of page 24
to see that the expression

() [F*(C) = (F (O F(£(0)]

in (14.3) is representable as a linear combination over Q of the various terms

SR R R X

0<t<s 0<ii<m
maxz{l,i1}<io<m
0<k<s—ii—in

corresponding to the nonnegative integers e i, i,.k, hs,¢ that satisfy

S
(14.7) Yo (it k) esiinkt Y thee=s
0<i1<m t=1
maz{l,i1}<io<m
0<k<s—i1—ia

and
S

(14.8) > (1) hey =2s.

t=0
After all of the input commands in the three preceding subsections are evaluated by
the selected version from [55, 56, 57, 58, 59], representations for the expressions of
the form (14.6) that satisfy (14.7) and (14.8) are provided for secondCondition[s]
through the evaluation of the following two input commands

nB[s_] := Module[ {counter, seql, seq2}, counter = 0;
seql = Apply[ Sequence, Reverse[ Flatten[
Table[ {els,il1,i2,k], 0, uls,il,i2,k]1},
{i1,0,m},{i2,Max[1,i1] ,m},{k,0,s-11-12}]1, 2] 1 1;
seq2 = Apply[ Sequence, Reversel[
Table[ {h[s,t],0,v[s,t]1},{t,1,s}11];
Do[ If[(Sum[(i1+i2+k)*e[s,il,i2,k],{il1,0,m},
{i2,Max[1,i1] ,m},{k,0,s-i1-12}]
+ Sum[ t*h[s,t],{t,1,s}]) == s,
(counter = counter + 1;
monB[s,counter] = Product[
(DLcli1,i2]1[z],{z,k}] /. z->flzet] )~els,il,i2,k],
{i1,0,m},{i2,Max[1,i1],m},{k,0,s-i1-i2}]*
£’ [zet] " (2s - Sum[(t+1)*h[s,t],{t,1,s}])*
Product [D[f [zet],{zet,t+1}] "h[s,t],{t,1,s}]),
counter = counter ],Evaluate[seql],Evaluate[seq2]
]; counter ]

printB[s_] := Do[ Print["momnB[",s,", ",j,"] =",
monB[s,jl1,{j,1,nB[s]}]

by that same version. For example, after the preceding evaluations are made, the
evaluation of printB[2] displays computer representations for each expression
of the form (14.6) subject to (14.7), (14.8), and s = 2.
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14.1.5. The remaining input commands. Next, for i = 1, ..., nA[s]
and j = 1, ..., nB[s], we introduce a[s,i] as the coefficient of monA[s,i]
in firstCondition[s] and we introduce b[s, j] as the coefficient of monB[s, j]
in secondCondition[s]. Then, each als,i] and b[s,j] is a linear combination
over Q of coefficients designated by x[s,1], ..., x[s,nM[s]] for wPolynomial [s].
A system of homogeneous linear algebraic equations in x[s,1], ..., x[s,nM[s]]
over QQ is obtained by equating to zero each of the a[s,i] and b[s, j1. Any nonzero
solution over QQ of this system specifies a relative invariant. The evaluations of

firstCoefficients[s_] := Dol als,i] = Coefficient[
firstCondition[s] ,monA[s,i]], {i,1,nA[s]}]

firstZeroCheck[s_] := Expand[ firstCondition[s]
-Sum[a[s,il*monA[s,i],{i,1,nA[s]}]]

secondCoefficients[s_] := Do[ b[s,j] = Coefficient[
secondCondition[s],monB[s,j]], {j,1,nB[s]}]

secondZeroCheck[s_] := Expand[ secondCondition[s]
-Sum[ b[ls,jl*monB[s,jl, {j,1,nB[s]}] ]

egs[s_] := Join[ Tablel als,i] == 0, {i,1,nA[s]}],
Table[ b[s,jl == 0, {j,1,nB[s]}] ]

rules([s_] := If[ TrueQ[$VersionNumber < 7.5],
Flatten[Solvel[eqs[s],Table[x[s,j],{j,1,nM[s]1}]11],
Flatten[Solve[eqgs[s],Table[x[s,nM[s]+1-j],{j,1,nM[s]1}]1]1]]

invariants([s_] :=
Module[ {expansion, counter}, counter = 0;
Print[" "],
Print[" Computation of invariants[",s,"]"];
Print ["Number of Monic Monomials = ", nM[s]];
Print ["Number of firstCondition Terms = ",nA[s]];
Print ["Number of secondCondition Terms = ",nB[s]];
firstCondition[s]; firstCoefficients[s];
Print["firstZeroCheck[",s,"] = ", firstZeroCheck[s]];
secondCondition[s]; secondCoefficients[s];
Print["secondZeroCheck[",s,"] = ", secondZeroCheck[s]];
expansion = Expand[
(Sum([x[s,jl*monM[s, jl,{j,1,aM[s]1}]) /. rules[sl];
Do[ If[Length[Coefficient[expansion,x[s,j]l]] != 0,
(counter = counter + 1;
inv[s, counter] = Coefficient[expansion, x[s,jl];
Print["inv[", s, ", ", counter, "] =",
inv[s,counter]]), counter = counter],{j,1,nM[s]}];
d[s] = counter;
Print ["The vector space for weight ", s,
" has dimension d4[",s,"] =", d[s], "."1 ]
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by the same version from [55, 56, 57, 58, 59| enable us to obtain machine repre-
sentations for all the relative invariants in R, 2 for Cp, 2 of a given weight s. Before
providing details in the following paragraph, we note that the unusual form of the
next to the last of the preceding input commands is explained in Section 13.7.

When s is a positive integer, the evaluation of invariants[s] yields an integer
labeled d[s] that is equal to the dimension of the vector space Vp, o, s introduced in
Section 4.7. Moreover, when d[s] is positive, that evaluation also yields machine
representations labeled

(14.9) inv[s,1], inv[s,2], ..., inv[s,d[s]]

for dls] linearly independent relative invariants of weight s in Vp, 2.5 for Cp 2.
Thus, when d[s] is positive, (14.9) provides representations for the elements in a
basis of V;, 2; 5.

Due tom = 2 as the first input command of page 146, we see that the preceding
summary applies to relative invariants in V, 9.5 for Co 2. However, when m = 2 is
replaced bym = 3orm = 4 or ... in that first input statement of page 146 and no
alterations are made to any of the other thirty input commands of pages 146-150,
the italicized summary for the evaluated program then applies respectively to the
context of relative invariants in Vs o, s for C3.2 or in Vs 9,5 for C4p or ... .

14.2. Representation of C, (P, Q) in R,, > with respect to (4.9)

For m > 2, r > 0, and given machine representations P and Q of relative
invariants P and Q in R, 2 for Cp, 2, we provide a program based on Section 4.5
to obtain a machine representation Com[r,P,Q] of C, 4 (P7 Q). The notation
Com[r,P,Q] does not need more detail because the program computes the weights
p of P and g of Q directly from the machine representations P for P and Q for Q.

After the evaluations of Section 14.1 have been made for a particular initial
assignment of m, we evaluate each of

weight[iso_] := Modulel[
{h, seq, t1, t2, t3, t4, t5, t6, t7},
t1l = Expand[iso];
t2 = If[Head[t1]===Plus, w([0,0] [z]*t1[[1]],
Expand [w[0,0] [z]*t1]];
t3 = Apply[ List, t2];
seq = { wlil_,i2_][z] -> n[i1,i2,0,1],
Power[wl[il_,i2_1[z],k_] -> h[i1,i2,0,k],
Derivativel[j_][wl[i1_,i2_11[z] -> h[i1,i2,j,1],
Power [Derivative[j_] [wl[il_,i2_]1[z],k_]
->h[i1,i2,j,k] }; t4 = t3 /. seq;
t5 = Cases[ t4, h[il_,i2_,j_,k_]1 1;
t6 = t5 /. hl[il_,i2_,j_,k_1 -> (il1+i2+j)k;
t7 = Applyl[ Plus, t6] 1]

aFirstKind[m_,2][z_] := (1/Binomial[m+1,3]) (w[0,2][z]
-((m-1)/2)D[w[0,1]1[2],2z] - ((m-1)/(2m))w[0,1][z]"2)
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Blh_,i_,j_1[z_.] :=0 /; i <= -1
B[h_,0,j_1[z_] :=1

Blh_,i_,j_1[z_] := Sum[ D[B[h,i-1,k][z], =]
-k(2h+k-1)aFirstKind[m,2] [z]*B[h,i-2,k-1] [z],
{k,i-1,j-1}1 /; i >=1

Celp_,q_,r_,mu_] := (-1) mu*Binomial [r,mu]*
Binomial [2g+r-1,mu] /Binomial [2p+mu-1,mu]

Alp_,q_,r_,s_,t_1[z_] := Sum[ Celp,q,r,t+k]*
Blp,k,t+k] [z]*B[q,s-k,r-t-k] [z], {k,0,s} ]

Com[r_,P_,Q_] := Modulel {p, q},

p = weight[P]; q = weight[Q];

Sum[ Alp,q,r,s,t][z]*D[P,{z,t}]*

DIQ,{z,r-s-t}], {s,0,r}, {t,0,r-s}] 1
with the same version of Mathematica from [55, 56, 57, 58, 59].

For example, if m = 2 while P and Q are both machine representations of the
relative invariant Zs 2.1.1 of (7.14), then the evaluation of Com[8,P,Q] is a machine
representation for F12736 = 02,2,8 (IQ 2:1.1, 1272; 171) of page 132.

34y Ly

14.3. Verifications for Section 12.3 about V5. s

Our task is to check that: for each s satisfying 2 < s < 12, the relative invariants
Fs1, ..., Fsa,,(s) In Rop for Co 2 specified on pages 130-132 form a basis of the
vector space V2. ,. We use the program of Section 14.1 with the assignments of 2
for m and one of 2, 3, ..., 12 for s. Then, the evaluation of invariants[s] yields
an integer d[s] as the dimension of V9, s and it provides representations labeled
inv[s,1], ..., inv[s,d[s]] for a basis of V5 5. s. After observing that the number
da2(s) of relative invariants Fy 1, ..., Fy 4, ,(s) in Section 12.3 is equal to d[s],
we see that the verification can be completed by merely checking that computer
representations for Fy 1, ..., Fy 4, ,(s) are linearly independent over Q. However, we
prefer the more thorough verification where each of inv[s,1], ..., inv[s,d[s]]
is expressed as an explicit linear combination over Q of the machine representations
for Fs,17 ey FS,dQ,Q(S)'

We select one of the versions of Mathematica from [55, 56, 57, 58, 59] and
use it to evaluate each the thirty-one input commands on pages 146-150 as well as
each of the eight input commands in Section 14.2. Next, the evaluation of

Do[ invariants([s], {s,2,5}]

is done within seconds and its output shows that: d[2] equals 1 while inv[2,1] isa
machine representation for the basic relative invariant Zs 2.1 in (7.14); also, d[3]
equals 1 and inv[3,1] is a machine representation for the basic relative invariant
T5.2:1,2 in (7.15); moreover, d[4] equals 2, inv[4,1] is a machine representation

for (Z99,1,1)% and inv[4,2] is a machine representation for the basic relative
invariant Z5 2,22 in (7.16); d[6] = 1 and inv[5,1] is a machine representation of
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the relative invariant (L2211 Z2,2;1,2). We use the selected version of Mathematica
to successively evaluate each of

£[2,1] = inv[2,1]; f[3,1] = invI[3,1];
f[4,1] = £[2,1]1°2; f[4,2] = inv[4,2];
£[05,1] = £[2,1]1*£[3,1];
f[6,1] = £[2,1]1"°3; f[6,2] = £[3,1]1°2;
£06,3] = £[2,1]1*£[4,2]; £[6,4] = Com[1,£[2,1],£[3,11];
£[6,5] = Com[2,f[2,1],£[2,11];
and additional expressions f[7,1]1, £[7,2], ..., £[12,48], £[12,49] such that

each relative invariant F; defined in Section 12.3 has a corresponding computer
representation given by the evaluation of f[s,i]. When s is one of 2, 3, 4, or 5,
it is clear that each of inv[s,1], ..., inv[s,d[s]] can be obtained by evaluating
some linear combination over Q of f[s,1], ..., f[s,d[s]].

To conduct a similar verification when s is 6, we successively evaluate

invariants[6]

Do[ expr[6,i] = ( inv[6,i]
-Sum[c[6,1,j]1*£[6,3]1,{j,1,d4[61}] ), {i,1,d[6]1} ]

Doly[6,1i,k] = Coefficient[ expr[6,i], monM[6,k]],
{k,1,nM[6]1}, {i,1,d[6]}]

sol[6,i_] := Solvel[ Tablely[6,i,k] == 0,{k,1,nM[6]}],
Tablelc[6,i,j]1,{j,1,d[6]1}] ]

with the selected version. Now, the evaluation of sol[6,1] gives the output
{{cl6,1,1] -> 1, c[6,1,2] -> 0,
cl6,1,3] -> 0, c[6,1,4] -> 0, c[6,1,5] -> 0}}

and therefore demonstrates that £ [6,1] yields inv[6,1]. Similarly, the evaluations
of s01[6,2], sol[6,3], sol[6,4], and sol[6,5] show that:

the evaluation of (1/2)f[6,5] yields inv[6,2],

the evaluation of £ [6,2] yields inv[6,3],

the evaluation of £[6,4]+(1/8)f[6,5] yields inv[6,4], and

the evaluation of £[6,3]+(1/3)f[6,4]1+(1/40)f[6,5] yields inv[6,5].
Consequently, a basis for the vector space V3.6 is provided by the five relative
invariants Fg 1, Fg2, F6,3, Fg.4, and Fg 5 of Section 12.3.

The verifications for each s satisfying 7 < s < 12 are made in a manner that is
completely analogous to the procedure for s = 6.






Part 5

Modifications Required
for Developments before 1989






CHAPTER 15

Suitable Formulas for Transformations
of Homogeneous Linear Differential Equations

15.1. Introduction.

For a search of the literature to find adequate formulas that yield all of the
coeflicients of homogeneous linear differential equations of any order m that result
from changes of the independent variable, MathSciNet is currently not helpful.
However, readers of this monograph are aware that such formulas exist because they
were developed in [14, 16, 17] and were essential for [19]. The natural questions
are: how do we know that formulas like them were not previously published and why
was there very little progress about relative invariants during the years 1890-19887

To answer these questions, library usage like that indicated in
http://homepages.uc.edu/~chalklr/Library.pdf
may not be possible today. However, by checking the research articles devoted
to relative invariants for monic homogeneous linear differential equations, one finds
that, prior to 1989, each such publication used binomial coefficients to express their
equations in a form analogous to

(15.1) Y™ (2) + Z (’7) Ci(2)y™ D (z) =0, with Co(z) =1,

and failed to provide general transformation formulas for (15.1) corresponding to a
change of the independent variable.

15.1.1. Transformations of the first kind for (15.1). When meromorphic
functions C(2), Ca(2), ..., Cp(2) are given on a region {2 of the complex plane and
p(z) is a given not-identically-zero meromorphic function on {2, there are unique
meromorphic functions C}(z), C5(z), ..., Ck (z) on §2 such that the substitution

(15.2) y(2) = p(2)v(2),

viewed as a change of the dependent variable from y to v, transforms (15.1) into
m

(15.3) o™ (2) + Z (T) CHz)v'™m D (2) =0, on 2 with Ci(z) = 1.
i=1

It is easy to establish directly the validity for (15.3) of

L0\ pled)
(15.4) Ci(z) = Z (l) Pl Ci(z), on 2 when 0<i<m.
=\ e(2)

However, it is convenient here for us to use (15.12) and (15.13) to see immediately
that (15.4) is valid. Note that C}(z) in (15.4) is the same for any m > i.

157
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15.1.2. Transformations of the second kind for (15.1). Let meromorphic
functions C4(z), Ca(2), ..., Cpn(2) be given on a region 2 and let z = f(¢) denote
a univalent analytic function on a region 2** such that f(£2**) = {2. Then, there
are unique meromorphic functions C7*(¢), C3*(¢), ..., C*(¢) on 2** such that
the substitution

(15.5) 2= f(0) with u(¢) =y(f(c)),

viewed as a change of the independent variable from z to ¢, transforms (15.1) into
(15.6)  ul™ () + Z ( )c** (m=0(¢) =0, on 2% with C5*(¢) = 1.

However, no previous publzcatzon has presented explicit formulas for the coefficients
Cr*(¢) of (15.6) when m and i are any integers that satisfy 1 < i < m. We shall
establish in Theorem 15.1 on page 159 that those coefficients are given by

(15.7) C*(¢ Zﬁ,m Lim—i(Q) (F1(0) €5 (£(C)), on 2% when 0 < i <m,

where B,,.r,5(¢) is the analytic function defined via a; ;(¢) from (15.17)-(15.18) by

T

H(m —s—k+1)
(15.8) Brmrs(C) = k=1 ars(C), on 2% forr, s > 0.

T

[IGs+k)

k=1

15.2. Consequences due to an improved notation

For given meromorphic functions ¢;1(z), ..., ¢n(2) on a region {2, we write
a monic mth-order homogeneous linear differential equation in the form

(15.9) y™ (2 +ch Yy (2) =0, on Q2 with ¢o(2) = 1.

15.2.1. Transformations of the first kind for (15.9). For any given not-
identically-zero meromorphic function p(z) on 2, there are unique meromorphic
functions ¢;(z), ..., ¢, (z) on §2 such that the substitution

(15.10) y(2) = p(2)v(2),

viewed as a change of the dependent variable from y to v, transforms (15.9) into
(15.11) v (2) +> e (2) v (2) =0, on 2 with ¢j(z) = 1.
The special case n =1 of (3.4) and (3.5) on page 19 yields

“(m =35\ pli(z) )
(15.12) ci(z) = S a2 ¢j(z), on £2for0<i<m.
2 (1)) 50

In view of ¢;(2) = () Ci(2) and ¢} (2) = () C; (2), for 0 < i < m, the identity

a ()(0)/0)=() mosszion

shows that each of (15.4) and (15.12) is a consequence of the other.
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15.2.2. Transformations of the second kind for (15.9). Let z = f(()
denote the inverse function for a univalent analytic function ¢ = g(z) on 2. Hence,
z = f(¢) is a univalent analytic function on 2** = ¢(Q2) that yields f(£2**) = 2
and satisfies f/(¢) # 0, for each ¢ in £2**. Then, there are unique meromorphic
functions ¢;*(¢), ..., ¢ (¢) on £2** such that the substitution

’ m

(15.14) z=f(¢) with u(¢) =y(f(C)),

viewed as a change of the independent variable from z to ¢, transforms (15.9) into
(15.15) u™(¢) + Zc** w™I(¢() =0, on 2°* with ¢f*(¢) = 1.

The special case n = 1 of (3.21), (3.22), (3.23), and (3.24) on page 24 yields
(15.06) ()= Y a g ilQ) (FO) & (0), on 2" for0<i<m,

where the definitions of the analytic functions a; ;({) on £2** from (3.23)-(3.24) are

(15.17) ap;(¢) =1, on 2% for any j,
and
1)
(15.18) a;;(Q) = { i (i+k—1) a;i—15(C)
,; 1l o

on 2** for ¢ > 1 and any j.

In contrast to the development of (15.16) for (15.15) in [19, pages 135-137], we shall
see next how the notation (15.1) complicated the situation for C;*(¢) in (15.6).

15.3. Previously missing essential formula for older research
THEOREM 15.1. The coefficients C:*(¢) of (15.6) are given by (15.7).
ProOOF. For m > 1,0 <i <m, and ¢ in £2**, we rewrite (15.16) to obtain

( )c** Z i jm—i(0) (F(Q))’ (m) C;(£(0))-

J

Thus, we have

(15.19) Cr O =D 1mii(©) (F(0) C5(£(0),
=0
where
<”}> (i—k+1)
(15.20) Yrm,iri () = 731 i jm—i(C) = f_:;— @i jm—i(C)-
< i > (m—i+k)
k=1

With £, s defined by (15.8), we see that (15.20) gives Vi i i (C) = Bm,i—j,m—i(C)
and therefore (15.19) yields (15.7) for (15.6). This completes the proof. O






CHAPTER 16

Computer Algebra with Formulas (15.9)—(15.18)

The research presented in [19, 20, 21] was made possible when (15.16) was
discovered and systems of computer algebra could then be used to find several key
identities through trial-and-error experimentation. Similarly, one can make inter-
esting discoveries or rediscoveries merely by using the formulas for ¢f(z) and ¢;*(¢)
with a few basic commands in a system of computer algebra. Here, we illustrate how
that can be done by selecting a version of Mathematica from [55, 56, 57, 58, 59|
as the system. The names of its commands indicate well what they do.

16.1. Computer representations for ¢f(z) and ¢;*(¢)

We apply (15.9), (15.12), (15.17), (15.18), and (15.16) with the selected version
of Mathematica to conclude that successive notebook evaluations of

clm_,0]1[z_] := 1

cS[m_,i_J[z_] := Sum[Binomial[m-j,i-jl*
(D[rho[z],{z,i-j}]/rho[z])*c[m,j] [z],{j,0,i}]

alphal0,j_][zeta_] := 1

alphali_,j_][zeta_] := ( Sum[alphali-1,k]’[zetal
-(i-1+k) (£’ [zetal /£’ [zeta] ) *
alphali-1,k] [zetal ,{k,1,j}] ) /; i >=1

cSS[m_,i_][zeta_] := Sum[alphali-j,m-i] [zetalx*
(£’ [zetal) “j*c[m, j1[flzetall,{j,0,i}]

enable Mathematica to then give computer representations for ¢} (z) and ¢*((),
when ¢ = 0,1, 2, ... and m can remain a symbol for any positive integer > i.
For instance, the computer representations for the evaluations of cS[m, 1] [z] and
cSS[m,1] [zetal show that ¢j(z) and ¢j*({) are respectively given by

f"(©)
f1@©Q)°

Also, the computer representation for the evaluation of ¢S[m,2] [z] yields

c3(z) = ca(z) + (m—1)ci(2) p'(z) I <m> P”(Z).

A =at+nlE wd ¢© = r0ate) - ()

161
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16.2. Applications based on the representations for ¢ (z) and ¢*({)
ExampPLE 16.1. With m > 2 and symbols rq, 72 for rational numbers, we set
(16.1) Pro=wl +r (w§0>)2 +rywl?,

In regard to the function P, 2(z) on (2 that is obtained by replacing each ng)

in P, o with the corresponding cz(.j)(z) from (15.9), we see that the evaluation of
Plz_] := cm,2]1[z] + rixclm,11[z]"2 + r2*clm,1]1’[z]

represents P, 2(2). Also, for the function P, 5(2) on {2 that is obtained by replacing

each wl(-j) in P,, 2 with the corresponding c:(j)(z) from (15.12), the evaluation of
PS[z_] := cS[m,2][z] + ri1*cS[m,1][z]"2 + r2*cS[m,1]’ [z]

represents Py, 5(z). There are eight terms in the output for the evaluation of

dif1[z_] = Expand[ PS[z] - P[z] ]

and in those terms the parts not involving m, r1, r2 are equal to the evaluations of

bl[1] = c[m,1] [z]*rho’ [z]/rho[z];
b[2] = (rho’[z]/rholz])"2;
b[3] = rho’’[z]/rholz];

while the evaluations of

al1]

Coefficient[dif1[z],b[1]];

al2]

Coefficient[dif1[z],b[2]1];

a[3] = Coefficient[dif1[z],b[3]];

then yield the respective coefficients a[1], a[2], a[3] of b[1], b[2], b[3] in
difi1[z]. Of course, if r1= r; and r2= ry are specific rational numbers, then
we see that: al[1], a[2], a[3] are zero if and only if PS(z) - P(z) is zero and
P, 5(2) = Py 2(2). After the evaluation of

listl = {a[1]==0, a[2]==0, a[3]==0}
as a system of three linear equations in r1 and r2, the evaluation of
Solve[listl, {r1,r2}]

yields a unique solution that corresponds to

m—1 m—1
(16.2) rlz—( 5 ) and 7’25—( 5 )
Thus, when 7y, 73 for (16.1) are defined by (16.2), we have P, 5(2) = Pm 2(2) on §2
as a valid identity for any (15.9) on {2 having m > 2 and any transformation (15.10)

of that (15.9) into a corresponding equation (15.11) on {2.
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ExXAMPLE 16.2. With m > 2 and symbols s;, s for rational numbers, we set
(16.3) Qo= wi” + 5, (w(lo))2 + spw.
In regard to the function @, 2(z) on {2 that is obtained by replacing each ng )
)

in Q,, , with the corresponding ¢;"’(z) from (15.9), we see that the evaluation of
Qlz_] := cm,2][z] + sixc[m,1]1[z]1"2 + s2%c[m,1]’ [z]

represents Q, 2(2). For the function @}y 5(¢) on £2** that is obtained by replacing

each 'w§j) in Q,, » with the corresponding c;f‘*(j)(g) from (15.16), the evaluation of

QSS[zeta_] := ( cSS[m,2] [zeta] + s1*cSS[m,1] [zeta] "2
+ s2%cSS[m, 1]’ [zeta] )

represents Q7 5(¢). There are twenty terms in the output for the evaluation of
dif2[zeta_] = Expand[ QSS[zetal - (f’[zetal) "2*Q[f[zetal] ]

and in those terms the parts not involving m, s1, s2 are given by the evaluations of

bl[4] = clm, 1][flzetal]l f’’[zetal;
b[5] = (£’ [zetal/f’ [zetal)"2;
b[6] = £’’’ [zetal/f’ [zetal;

while the evaluations of

a[4] = Coefficient[dif2[zeta],b[4]];
a[5] = Coefficient[dif2[zeta],b[5]];
a[6] = Coefficient[dif2[zeta] ,b[6]];

give the coefficients of b[4], b[5], b[6] in dif2[zeta]. Naturally, if s1 = s; and
s2 = so are specific rational numbers, then we see that: a[4], a[5], a[6] are zero
if and only if QSS[zeta] - (f’[zetal) 2*Q[f[zetal] is zero and we have the
identity Q77 5(¢) = (f(€))? @m,2(f(¢)). After the evaluation of

list2 = {a[4]==0, a[5]==0, al[6]==0}
as a system of three linear equations in s1 and s2, the evaluation of
Solve[list2, {s1,s2}]

yields a unique solution that corresponds to
(m—2)(3m—1) m—2

Gm(m — 1) and SQE—T.

Thus, for s1, s in (16.3) defined by (16.4), we have Q57 5(¢) = (f/(¢))? Qm.2(f(€))
on 2** as a valid identity for any equation (15.9) on {2 having m > 2 and any
transformation (15.14) of that (15.9) into a corresponding equation (15.15) on £2**.

(164) 81 = —
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EXAMPLE 16.3. Here, we use the computer representations for ¢} (z) and ¢*(¢)
in Section 16.1 to check that the expression for Z4 1.4 in (1.17) on page 4 is printed
correctly. We find that the evaluation of

Simplify[ ( cS[4,4][z] -(1/4)cS[4,1] [z]*cS[4,3][z]
-(1/2)cS[4,3]°[z] -(9/100)cS[4,2][z]"2
+(1/5)cS[4,2]17 7 [z] +(13/100)cS[4,1] [z] ~2*cS[4,2] [Z]
+(27/100)cS[4,1]° [z]*cS[4,2] [z] +(1/4)cS[4,1] [z]*cS[4,2] [z]
-(39/1600)cS[4,1]1 [z] "4 -(39/200)cS[4,1] [z] "2*cS[4,1]° [z]
-(33/200) (cS[4,1]1’[2z])"2 -(3/20)cS[4,1] [z]*cS[4,1]’" [z]
-(1/20)cS[4,1]1°7°[z] )

- ( cl[4,41[2z] -(1/4)c[4,1]1[z]*c[4,3] [z]
-(1/2)c[4,3]1°[z] -(9/100)c[4,2][z]"2
+(1/5)cl4,2]’° [z] +(13/100)c[4,1][z] "2*c[4,2] [z]
+(27/100)c[4,1]1° [z]*c[4,2] [z] +(1/4)c[4,1][z]*c[4,2]’ [=]
-(39/1600)c[4,1][z] "4 -(39/200)c[4,1] [z] "2*c[4,1]’ [z]
-(33/200) (c[4,1]1°[z])"2 -(3/20)c[4,1] [z]*c[4,1]’ [z]
-(1/20)cl[4,11°°°[z] ) 1]

is zero and the evaluation of

Simplify[ ( cSS[4,4] [zeta]
-(1/4)cSS[4,1] [zetal *cSS[4,3] [zetal
-(1/2)cSS[4,3] [zeta]l -(9/100)cSS[4,2] [zeta] "2
+(1/5)cSS[4,2] "’ [zeta]
+(13/100)cSS[4,1] [zeta] "2*cSS[4,2] [zetal]
+(27/100)cSS[4,1]° [zetal *cSS[4,2] [zetal]
+(1/4)cSS[4,1] [zetal *cSS[4,2] ’ [zetal
-(39/1600)cSS[4,1] [zetal "4
-(39/200)cSS[4,1] [zeta] "2*cSS[4,1]’ [zetal]
-(33/200) (cSS[4,1]° [zetal) "2
-(3/20)cSS[4,1] [zetal *cSS[4,1] "’ [zeta]
-(1/20)cSS[4,1]°° [zeta] )

- (f’[zetal)~4( c[4,4] [f[zetall
-(1/4)cl4,1] [f[zetall*c[4,3] [f[zetall
-(1/2)c[4,3]’ [f[zetal]l -(9/100)c[4,2] [f[zetal]l"2
+(1/5)c[4,2]’’ [f[zetall
+(13/100)c[4,1] [f[zetal]l "2*xc[4,2] [f[zetal]
+(27/100)c[4,1]’ [f[zetall*c[4,2] [f[zetall
+(1/4)cl4,1] [f[zetall*c[4,2]’ [f[zetall
-(39/1600)c[4,1] [f[zetal] "4
-(39/200)c[4,1] [f[zetal]l "2*c[4,1]’ [f[zetall
-(33/200) (c[4,1]’ [f[zetal]l) "2
-(3/20)c[4,1] [f[zetall*c[4,1]’’ [f[zetall
-(1/20)c[4,1]’’ [f[zetal]l ) 1]

is zero. Consequently, Z4 1,4 as presented in (1.17) on page 4 is a relative invariant
of weight s = 4 for the equations (15.9) on page 158 having order m = 4.
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EXAMPLE 16.4. With m > 3 and symbols t1, o, t3, t4, t5 representing rational
numbers, we introduce

(16.5) Im73 = w3 + t1wws + 1o (w1)3 + tg’wgl) + tiwq 'wgl) + t5 w§2)

For the function I,,, 3(2) on {2 that is obtained by replacing each ng) in I,, 3 with
the corresponding cgj)(z) from (15.9), the evaluation of

Inv(z_] := ( c[m,3][z] + tixc[m,1] [z]*c[m,2] [z]
+ t2*c[m,1] [z] "3 + t3*c[m,2]’ [z]
+ tdxc[m,1] [z]l*c[m,1]°’ [z] + t5*c[m,1]’’[=z] )

represents I, 3(z). For the function I}, 5(2) on §2 that is obtained by replacing

each ng) in I,, 3 with the corresponding c*(j)(z) from (15.12), the evaluation of

i

InvS[z_] := ( ¢cS[m,3][z] + ti1*cS[m,1] [z]*cS[m,2] [z]
+ t2*%cS[m,1] [z] "3 + t3*cS[m,2]’ [z]
+ t4%cS[m,1] [z]*cS[m,1]’[z] + t5%cS[m,1]1’°[z] )

represents I, 5(2). For the function I;;"5(¢) on 2°* that is obtained by replacing
each ng) in I,, 3 with the corresponding c:*(j)(C) from (15.16), the evaluation of
InvSS[zeta_] := ( cSS[m,3] [zetal]
+ t1*cSS[m, 1] [zeta] *cSS[m,2] [zeta] + t2*cSS[m,1] [zeta] "3

+ t3%cSS[m,2] > [zeta] + t4#*cSS[m,1] [zeta]l*cSS[m,1]’ [zetal
+ t5%cSS[m, 1]’ [zeta] )

represents I7*3((). We note that t1, 2, t3, t4, t5 for (16.5) yield
(166)  [a(2) = Lns(2) on 2, and I5(Q) = (/O Lns(£(Q)), on 2
if and only if their representations t1, t2, t3, t4, t5 make the evaluations of

diffi1[z_] = Expand[ InvS[z] - Inv[z] ]

diff2[zeta_] = Expand[InvSS[zeta]l-(f’[zetal) "3*Inv[f[zeta]]l]

identically zero. Among the thirty-eight terms in the expansion of diff1[z], there
are eight parts that do not involve m, t1, t2, t3, t4, t5. Let them be copied
individually from the output, pasted into individual input cells, given the names
b3[1], b3[2], ..., Db3[8], and then evaluated. Among the ninety-three terms in
the expansion of diff2[zetal, there are eight parts that do not involve m, t1, t2,
t3, t4, t5. Let them be copied from the output, pasted into input cells, given the
names b3[9], b3[10], ..., b3[16], and then be evaluated. We evaluate

Do [a3 [k]

Coefficient[diffi[z], b3[k]], {k,1,8}];

Do[a3[k] Coefficient[diff2[zetal], b3[k]], {k,9,16}];
and then find that the evaluation of

Solve[ Table[a3[k] == 0, {k,1,16}], {t1,t2,t3,t4,t5} ]
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yields a unique solution. As expressed for (16.5), it is given by

m— 2 (m—1)(m — 2) m— 2
1 . = - = —-— —_— ——_—
( 67) tl m ) t2 3m2 ) t3 2 )
_(m—1)(m-2) _(m-1)m-2)
ty = o , and ts = 19 .

Thus, (16.6) is satisfied by (16.5) with (16.7) for each equation (15.9) having m > 3
as well as each transformation (15.10) of (15.9) into a corresponding (15.11) and
each transformation (15.14) of (15.9) into a corresponding (15.15). In this regard,
see (1.13) of page 3. If the definitions of b3[1], b3[2], ..., b3[16] give difficulty,
use the Google browser Chrome to visit
http://homepages.uc.edu/~chalklr/Chapter-16.html

and then download the Mathematica notebook available there. Details are also
given in that notebook for Examples 16.1, 16.2, 16.3, and 16.5.

EXAMPLE 16.5. There are unique rational numbers w1, usg, ..., us for

(16.8) I, ,=wi+u wiws +uzwg ) + us (wg) +u4w2 2 + us (w1)2w2

+ ug wgl) wo + U7y W wgl) + usg ('wl) + ug (’UJ1> wgl)

+ ulo(wgl))2 + u11 wq w§2) + uqa wgg), with m > 4,

such that the functions I, 4(2) on 2, I, 4(2) on £2, and I};*4(() on 2** that are

obtained by replacing each w(]) inI,, 4 Wlth the corresponding C(J)( ) from (15.9),

with the ¢;%)(2) from (15.11), and with the ¢;*)(¢) from (15.15), satisfy both

Ir*n,4(z) = m,4(z) on {2, and 1:24(() = (f/(C))4I7n,4(f(<))a on §2°*.

When the technique of Example 4.4 is repeated here, the main difference is that:
in place of the copy and paste for Example 4.4 where b3 [k] was obtained separately
for 1 < k < 8and 9 < k < 16, we now use copy and paste to obtain b4 [k]
separately for 1 < k < 20 and for 21 < k < 40. Of course, this requires more
patience. However, when details similar to those of Example 4.4 are carried out,
the coefficients for I,, 4 in (16.8) are found to be

(169) w =03 wy=—mE, oy = Rl R,
wy = Yy (DM EAS) g mn3)OmtT),
up = Ry = (DT Cnto),
up = — (PRGEAEROIED gy = Rt Gntd),
upy = — LA )2 m8)

By setting m = 4 in these formulas7 we obtain the coefficients for (1.17) on page 4.

Observation. The basic relative invariants Z,, 1, s of weight s > 3 for the
equations (15.9) of order m > s are given explicitly by the computer program in
Section 6.1 on pages 53-54. We note that I,,, 3 in (16.5) with the coefficients of
(16.7) is equal to L,y 1,3. Also, I, 4 in (16.8) with the coefficients of (16.9) is equal
to Im71; 4.



CHAPTER 17

Computer Algebra with Formulas (15.1)-(15.8)

Various identities that involve the coefficients of (15.1), (15.3), and (15.6) exist
in the mathematical literature. Their derivations are sometimes doubtful. Now,
they can be verified directly with computer algebra based on the formulas (15.4)
and (15.7) for C}(z) and C}*(¢). An explanation is given next.

17.1. Computer-algebra representations of C;(z) and C;}*(({).

For a version of Mathematica from [55, 56, 57, 58, 59| as the system, we apply
(15.1), (15.4), (15.17), (15.18), (15.8), and (15.7) to see that the evaluations of

Celm_,0][z_] :=1

CeS[m_,i_J[z_] := Sum[Binomiall[i,j]*
(D[rho(z],{z,i-j}]1/rho[z])*Ce[m, jl[2z],{],0,1i}]

alphal0,j_][zeta_] := 1

alphali_,j_][zeta_] := ( Sum[alphali-1,k]’[zeta]
-(i-1+k) (£’ [zetal /£’ [zeta] ) *
alphali-1,k] [zetal,{k,1,j}] ) /; i >=1

betalm_,r_,s_] [zeta_] :=(Product [(m-s-k+1) ,{k,1,r}]/
Product [(s+k) ,{k,1,r}]) *alphalr,s] [zeta]

CeSS[m_,i_][zeta_] := Sum[betalm,i-j,m-i] [zeta]*
(f’ [zetal) " j*Celm, jl[flzetall,{j,0,i}]

enable representations for C7(z), C5(2), ..., C7*(¢), C5*(¢), ... to be obtained
as the evaluations of the corresponding

CeS[m,1][z], CeS[m,2] [z], ..., CeSS[m,1][zeta]l, CeSS[m,2] [zetal, ... .

For instance, computer representations for the evaluations of CeS[m,1][z] and
CeSS[m,1] [zeta] show that C;(z) and C;*({) are respectively given by

* — p p/(Z) an *ok 7 _ (m - 1) f//(C)
(171 i) =i+ 5 and GO = '(0) C1(f(0)) 5 o)

Also, the computer representation for the evaluation of CeS[m,2] [z] yields
Pl r')
p(z) — p(2)

C3(z) = Ca(z) +2C4(2)

167
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17.2. Computer-algebra verifications.

ExXAMPLE 17.1. James Cockle was aware in [22, page 533, (11)] of 1862 that,
for any m > 2 as well as any (15.1) and substitution (15.2) that transforms (15.1)
into (15.3), the coefficients of (15.1) and (15.3) satisfy

(17.2) C3(2) = (C1(2)) = CTM(2) = Cal2) — (C1(2))” -~ €V (2).

For an independent verification, the evaluation of
Expand[ ( CeS[m,2][z] - CeS[m,1][z]"2 - CeS[m,1]’°[z] )
- ( Celm,2][z] - Celm,1]1[z]"2 - Celm,1]1°[z] ) 1]

is zero. By making a change of notation, we see that (17.2) corresponds to the
semi-invariant of the first kind P, o defined by (16.1) and (16.2).

ExAMPLE 17.2. For any (15.1) and substitution (15.5) that transforms (15.1)
into (15.6), there is an identity that corresponds to one presented by James Cockle
in [23, page 446] of 1875. We multiply it by —(3(m —1))/(2(m — 2)) to obtain

iy o - TR o) - Fn e
[ty - 20 ey
= (7)) oy
_mcl (F(O)

To verify that (17.3) is valid for ¢ in £2** and any integer m that satisfies m > 2,
we check that the evaluation of

Together[ ( CeSS[m,2] [zeta]

- ((m-2) (3m-1)/(3(m-1)"2))CeSS[m, 1] [zeta] "2
(2(m-2)/(3(m-1)))CeSS[m, 1]’ [zeta] )
f’[zeta] "2 ( Ce[m,2] [f[zeta]ll]

((m-2) (3m-1)/(3(m-1)"2))Celm, 1][f[zetall 2
(2(m-2)/(3(m-1)))Ce[m,1]’ [f[zetal] ) ]

is zero. A change of notation shows that (17.3) corresponds to the semi-invariant
of the second kind @,,, 5 of weight 2 defined by (16.3) and (16.4).

EXAMPLE 17.3. Let m represent an integer that satisfies m > 3. For any
(15.1) and transformation (15.2) of (15.1) into a corresponding (15.3), the research
of Georges-Henri Halphen in [32, page 127] of 1884 indicates that the coefficients
of (15.3) and (15.1) satisfy

[C3(2) [ Cs(2)
—-3C5(2)Cy(2) —3C%(2) C1(2)
+2(C(2)° +2(Ci(2)° '
1) —E2GYE | T —eape |0
+3C1(2) 0T (2) +3C1(2) P (2)
+1/20P0) | | +01/20P)
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while, for any (15.1) and transformation (15.5) of (15.1) into a corresponding (15.6),
the research in [32, page 127] indicates that the coefficients of (15.6) and (15.1) are
related by

[C57(C) T [C3(f(0)) |
—305%(Q) CF(©) —3G(f(0)) C1(£(0))
+2(Cr(¢)° L 2Ero)’

W e | TV Camepie) |
+3057(¢) V() +3C1(£() O ()
|+ /207 | L+ (1/2) P (£(0)

for ¢ in 2**. To independently verify (17.4), we note that the evaluation of

Together[ ( CeS[m, 3][z] - 3 CeS[m, 2][z]*CeS[m, 1] [z]

2 CeS[m, 11[z]1"3 - (3/2)CeS[m, 2]’ [z]

3 CeS[m, 1][z]*CeS[m, 1]°’[z] + (1/2)CeS[m, 1]1’°’[z] )
( Celm, 3]1[z] - 3 Celm, 2][z]*Ce[m, 1][z]

2 Celm, 11[z]1°3 - (3/2)Ce[m, 2]’ [z]

3 Cel[m, 1][zl*Ce[m, 1]1°[z] + (1/2)Ce[m, 1]1’’[z] ) 1

+ o+ 1+ +

is zero. For an independent verification of (17.5), we find that the evaluation of

Together[ ( CeSS[m,3][zeta]l - 3CeSS[m,2] [zeta]*CeSS[m,1] [zeta]
2 CeSS[m,1] [zetal "3 - (3/2)CeSS[m,2]’ [zetal

3 CeSS[m,1] [zeta]*CeSS[m, 1]’ [zeta]

(1/2)CeSS[m,1]’’ [zeta] )

(f’ [zeta] "3) ( Celm,3] [f[zeta]ll

3 Celm,2] [f[zetal]l*Ce[m, 1] [f[zetal]

2 Celm,1] [f[zetal]l "3 - (3/2)Ce[m,2]’ [f[zetall

3 Celm,1] [f[zeta]l]*Ce[m,1]’ [f[zeta]]
(1/2)Ce[m, 1]’ [f[zetal]l ) ]

I+ 4+

+ 4+ +

is zero.

A Mathematica notebook that contains evaluations for the input commands of
this chapter may be downloaded from

http://homepages.uc.edu/~chalklr/Chapter-17.html
by using the Google browser Chrome.

The fact that the identities (17.4) and (17.5) do not involve the order m > 3 of
the corresponding equations (15.1), (15.3), and (15.6) was thought to be desirable.
That situation is reflected in the formulas (18.4) and (18.17). However, the order m
is involved in formulas of greater complexity such as (18.18)—(18.21) on page 176.

Formulas (18.17)-(18.21) correspond to the ones that Andrew Forsyth derived
for relatve invariants of weights s = 3, 4, 5, 6, 7 in [28, pages 398401, (14)—(18)]
based on his use of infinitesimal transformations. The previously unavailable (15.7)
of page 158 enables a direct verification of Forsyth’s formulas to be made based on
the technique of this chapter. In this regard, see the verifications in Section 18.5
for Theorem 18.7 on page 177.






CHAPTER 18

Suitable Context for Older Notation

The principal failing of the notation for (15.1), (15.3), and (15.6) that involves
binomial coefficients was its role before 1989 in greatly hindering the discovery of
suitable formulas for the coefficients of (15.6) corresponding to a change (15.5) of
the independent variable. The details about this in Chapter 15 make it clear that
the notation involving binomial coefficient should never have been adopted.

However, before we abandon that notation, an explanation should be given to
explain why truly remarkable results like (17.4)—(17.5) of Edmund Laguerre and
Georges-Henri Halphen were known to only a few mathematicians in 1989. Thus,
we provide in Section 18.1 a previously missing precise context about invariants for
equations like (15.1). However, to truly honor Laguerre and Halphen, their results
should be presented in a form like that of Section 1.3 where binomial coefficients
are avoided as a needless distraction.

18.1. Symbolism and terminology

In previous research about invariants for equations written as (15.1), instead of
constructing semi-invariants and relative invariants from polynomials upon which
algebraic operations can be performed and into which substitutions can be made,
the semi-invariants and relative invariants were represented by functions without
mention of substitutions. For example, the expression C3(2) — (Cy (2))2 - C%l) (2) in
the right member of (17.2), the expression inside the brackets of the right member
for (17.3), and the expression in the right member of (17.4) were described as
invariants.

For suitable notation, let R, ; be the ring of polynomials over Q in the variables
(18.1) W9 for1<i<mandj>0;
set W, = m(o), for 1 < i < mj; and let " denote the unique derivation for R, ,
such that (VVi(j))/ = W/i('Hl), when 1 <4 < m and j > 0. The constants of R
(i-e., the elements v in R, ; having 7' = 0) are the elements of Q. The weight
of ‘/Vi(]) is 7 + j; the weight of a nonzero element of Q is 0; and the weight of any
nonzero monomial in R, ; is the sum of the weights of its factors. A polynomial

in R, ; is said to be isobaric when it is nonzero and the weights of its nonzero terms
are equal. The weight of an isobaric polynomial is the weight of any nonzero term.

For any polynomial R in R, let ﬁ(z) denote the function on (2 that is
obtained by replacing each VVZ-(j) ofIAE with the corresponding Ci(j)(z) from (15.1),
let E*(z) denote the function on {2 obtained by replacing each m(j) ofﬁ with the
corresponding C:(j)(z) from (15.3), and let let ﬁ**(() denote the function on .(2**
obtained by replacing each VVi(j) ofﬁ with the corresponding C;‘*(”(g) from (15.6).

m,1

171
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For instance, in terms of the polynomial
(18.2) Py =W, - (W) - W,
the identity (17.2) of James Cockle for m > 2 is Py (z) = P,(z), on 2. Also, for
(m—2)(3m —1) 2(m—2)

3(m —1)2 3(m—1) .

the identity (17.3) of Cockle is given by A;;*Q(C) = (f’(())QCTjW2 (f(Q)), on £2%*.
The identities (17.4) and (17.5) of Halphen are represented with the polynomial

(18.4) H, =W, —3W,W, +2(W,)> — 3w,") 4 sw, w4 lw®).

by Hy'(z) = Hg( ), on £2, and Hi*(¢) = (f’(C))3ﬁ3(f(()), on 2**. In fact, if the
variables W ) of (18.1) are introduced so that they are related to the variables
wE]) for (1.13) by wl(-j) = (TL)VVi(j), then Z,, 1,3 in (1.13) yields Z,, 1,3 = (?) iI\g.

(Wy)* —

(18.3) Q=W —

DEFINITION 18.1. A polynomial R in R,,.1 is a Cockle-semi-invariant of the
first kind for equations of the form (15.1) when it is not a constant and yields
(18.5) R*(z) = R(2),
for each (15.1) and each transformation (15.2) of (15.1) into a corresponding (15.3).

DEFINITION 18.2. A polynomial R in R,, 1 is a Cockle-semi-invariant of the

second kind for equations of the form (15.1) when it is not a constant and there is
an integer s such that

(18.6) R*(Q) = ('(Q)"R(f(9),
for each (15.1) and each transformation (15.5) of (15.1) into a corresponding (15.6).
DEFINITION 18.3. A polynomial R in R, 1 is a Laguerre-Halphen relative

invariant for equations of the form (15.1) when it is both a Cockle-semi-invariant
of the first kind and a Cockle-semi-invariant of the second kind for such equations.

As examples, we note that }32 in (18.2) is a Cockle-semi-invariant of the first
kind; @Q,), 5 in (18.3) is a Cockle-semi-invariant of the second kind; and Hj in (18.4)
is a Laguerre-Halphen relative invariant.

18.2. Our viewpoint abut the older Cockle-semi-invariants

To illustrate how the context of Section 18.1 can be employed, we begin by
defining F; and G, in R,, ;1 through

(18.7) F,=1, F,=-W,, F  =F" +FF, fori>1,
and, with the introduction of Wy =1,
(18.8) G, = Z (Z)I/ﬁz_ijj, when 0 < i < m.

§=0
We have CAT’O =1, él =0, and CAJQ = 132 in (18.2). The coefficients of ﬁz and CAT’Z
are polynomials in the variables W; ") over Q. They do not involve m.
To obtain G;(z) on 2 or @j( ) on 2, we replace each W ) of G; with the

corresponding C’j(k)(z) from (15.1) or the corresponding Cj ( ) from (15.3).
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THEOREM 18.4. For 2 < i < m and the equations (15.1), G; is an isobaric
Cockle-semi-invariant of the first kind having weight i.

PRrROOF. For 2 < i < m, we use (18.8) and (18.7) to see that the coefficient
of W; in G; is 1 and therefore G; is not a constant. Since (18.7) shows that F,
is an isobaric polynomial of weight ¢ for ¢« > 0, we apply (18.8) to conclude, for
2 < i < m, that é’i is an isobaric polynomial of weight 3.

For 0 < ¢ < m and a transformation (15.2) of (15.1) into a corresponding
(15.3), we employ (18.8), (15.4), and the identity

OB e

0 obtaln ‘

(18.9) Gr(z) = jio (;) Fr (=) CI(2)
= ;O (;) Fr(2) kz]:_o (i) p“p(’j)( ) ()
LIRS EE S
£ (oo
- Z (;) Ch(2) Sin(2), on 0,

where o

(18.10) Su(z) = :0 (’V‘) p(pu() ()Z) Fr (2), on Q2 forpu>0

We note that (18.10), (18.7), and (17.1) yield Sp(z) = Fo(z) and

Si(2) = Fy(2) + p;l(z()z) = —Ci(2) + p;l() ()Z) = _C1(2) = Fi(2)

be an integer satisfying ¢ > 1 such that S, (z) = F 1(2). Then, we use (18.7),
=5,(2), Fi(2) = pW(z )/p( )+ F(z), and (18.10) to verify that
1(z

)= FV(2) + Fi(2) Fu(2)

o

et
u(2)
Fo.

= 502+ 28 5,0 4 Fr () S,

p(z)
— (u+1)( ) A . p(l)(z) . p(l)(z) )
Z< > v (2) o(2) Su(z) + o) S, (2)
" lu p(u)( *(1) P (2) P
+<§_:0 () p(2) +Z() o R >)

and, since the relation E-H = Fl-(l) + F1 Fl- in (18.7) is also valid for ¢ = 0,
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() 52 (1) 2D

pt1 (s
=5 () =, o

Thus, S,(z) = }?'/L(z) is valid on {2 for p > 0. We replace S;_(z) in (18.9) with
F;_;(z) and compare the result with (18.8) to see, for any (15.1) and (15.2), that

Fu(z) =

N =
ANl
[ —

v=0

Gi(z) = Z <;> Ci(2) Fi_i(2) = Gi(2), on 2 when 0 <i < m.
k=0
Hence, for 2 < i < m, (/}\'Z is an isobaric Cockle-semi-invariant of the first kind

having weight ¢. This completes the proof. [

This proof of Theorem 18.4 illustrates how the context of Section 18.1 can be
applied. To connect it with the argument in Subsection 18.3.2 as the only one
available for earlier researchers, we have the following result.

THEOREM 18.5. For an equation (15.1) on {2 having order m > 2, repeated as

@+ (V) a0

suppose that p1(z) Z0 is a romorphz'c function on a subregion Uy of (2 such that
the substitution y(z) = p1(2) t(z) transforms the restriction to Uy of (15.1) into
(18.11) ¢(m) ( ) 2) M= (2) =0, on Uy with di(z) = 0.

Then, for 1 <i<m, d; ( ) of (18.11) is given by d;(2) = Gi(z), on U.

PrOOF. For the indicated transformation of (15.1) on U; into (18.11) on U,
we find that (15.4) and (18.7) yield

o 1)
p1 () +C1(z)=0 and Fy(z)=-C,(z) =2 (2)

>

(18.12) di(z) =

, onlU.

p1(z) p1(z)
We use (18.7) and (18.12) to see that the formula
(k)
o _pr (2)
18.13 Fi(z) = , on Ui,
( ) (2) p1(2) '

is true for k = 0 and k = 1. In terms of any positive integer k for which (18.13) is
valid, we observe that (18.7) and (18.13) yield

~ ~1 A
Fen(2) = V() + B (2) Fi(2)
k41 k 1 1 k k41
_ o) s @) s @ e ) _ e e)

pi(2) (p1(2))? pi(z) pi(z) pi(2)
Thus, (18.13) is true for k¥ > 0. Using (15.4), (18.13), and (18.8), we notice that
the substitution y(z) = p1(2)v(z) transforms the restriction to U of (15.1) into the
equation (18.11) on U; having

(i—j)( )

di(2) = ; ()2 Pee= Z_j (5)Fstar i) = Guto,

for 2 < i < m. This completes the proof. O
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18.3. Original introduction of G;(z), G(z), and G (z) = G,(2)

Let (15.1) be an equation of order m > 2 on {2 and let y(z) = p(z) v(z) be a
substitution as described for (15.2) that transforms (15.1) on {2 into (15.3) on {2.
Here, we are to ignore the content of Sections 18.1 and 18.2 in order to view the
way that Georges-Henri Halphen in [32] and Andrew Forsyth in [28] introduced the
Cockle-semi-invariants of the first kind that were essential for their constructions.

18.3.1. Halphen canonical form for (15.1). Let p;(z) be a meromorphic

function on a subregion Uy of 2 such that pgl)(z) + C1(2) p1(z) = 0 on Uy and
p1(z) £ 0. Then, we use (15.4) to see that the substitution y(z) = p1(2)t(2)
transforms the restriction to U of (15.1) into the equation on U; given by

(18.14) +Z< > )t D (2) =0, with Gi(z) =0

where explicit expressions for G2 ceey Gm(z are obtained by substituting
(1) (2) (1)
P (2) _ P (2) _ W P (%) (1) 2
:—C Z), = + ——C z) + C V4 s
ne -0 ") e+ (GE)
and
(k+1) (1)
i (2) _ 1 (2)
= + , fork>2,
p1(z) ( ) Pl (Z)
into (15.4) to obtain Gy (2) =0, Ga(2) = Ca(2) — (C1(2))°=CM(2), ... . But, the

coefficients of (18.14) are defined on all of {2 and they are uniquely specified by the
given (15.1). In this way, apart from the selection of the variable ¢, the equation
(15.1) on 2 uniquely determines (18.14) on (2 as its Halphen canonical form.

18.3.2. Deduction of G (z) = G;(z). Just as (15.1) on £ specifies (18.14)
on {2 as its Halphen canonical form, the equation (15.3) on 2 specifies

(18.15) () + 3 (T) Gr(z) ' D(2) =0, with Gi(z) =0,
=2

on {2 as its Halphen canonical form where G5(z) = C3(z) — (Cf(z))2 - Cf(l)(z),
and so on. For 1 <¢ <m, (A?;" (z) was regarded as obtained from él(z) by replacing
in G;(z) each C§k)(z) from (15.1) with the corresponding C’;(k)(z) from (15.3).
With reference to U; for the local transformation y(z) = p1(2)t(z) of (15.1)
on U into (18.14) on U, we observe that the substitution v(z) = (1/p(2))y(2)
transforms the restriction to U; of (15.3) into the restriction to U; of (15.1). Hence,
the substitution v(z) = (p1(2)/p(2))t(z) transforms the restriction to ¢ of (15.3)
into the restriction to U; of (18.14). Consequently, both (18 14) and (18.15) are
Halphen canonical forms for (15.3). This requires G*( ) = Gi(2), for 2 <i<m.
Since Georges-Henri Halphen in [32] of 1884, Andrew Forsyth in [28] of 1888,
and other researchers did not employ polynomials into which substitutions from
(15.1) or (15.3) or (15.6) could be performed, the function G;(z), for 2 < i < m,
was referred to as an isobaric semi-invariant of the first kind having weight i.
Sections 18.1 and 18.2 provide clarification. See Theorems 18.4 and 18.5.



176 18. SUITABLE CONTEXT FOR OLDER NOTATION

18.4. Results of Forsyth in the context for Sections 18.1 and 18.2

Andrew Forsyth employed infinitesimal transformations in [28, pages 398—401]
of 1888 to derive a necessary structure for Laguerre-Halphen relative invariants
of weights s = 3, 4, 5, 6, 7 for equations (15.1) of order m > s. The deduction for
the weight s = 3 in [28, page 398, (14)] corresponds to the notation

(18.16)  Os5(z) = Gs(2) — (3/2) CAv'él)(z), for equations (15.1) of order m > 3.

The right member of (18.16) is equal to the right member of (17.4) and was known
to Georges-Henri Halphen in [32] of 1884. That it does not involve m was noted on
page 169. In that regard, the notation of Sections 18.1 and 18.2 yields the identity

(18.17) 6;=Gs— (3/2)GY = Hs,
where H3 is given by (18.4).

With respect to the notation of Section 18.1 on page 171, we use (18.8) to see
that the polynomials of interest that correspond to the formulas for ©4(z), O5(z),
Os(2), and O7(z) in [28, pages 399-401, (15), (16),(17),(18)] are given by

3bm+T 4 2
— (G
5(m+1) (G2)",
for equations (15.1) of order m > 4,

(18.18)  O,=Gs—2GY" +(6/5) G5 —

10(Tm +13) » -

— G926
7(m+ 1) 2 3,

for equations (15.1) of order m > 5,

~ o 5am 1542 ba
(18.19) @5 =G5 — §G§f) + 7G§2) - ?Gf’) -

(18.20) Os =G — 3G +(10/3)GY — (5/3)GLY + (5/14) GLY
30(7m? + 28m + 25) 5(7Tm + 8) (@(1))2

7(m +1)2 4(m+1)\"?

Im+7 ~ [/~ ~(1) 2(14m + 31) ~(2)
m+ 1 GQ(G“ 2G5+ 7(3m +7) G )

for equations (15.1) of order m > 6,

(Ga)" +

-5

and
& T 105 5@ 35 4 35 50 T AG)
G, — -G —GY_ g 2w _ L@
T35 T &s T 338 44 2
76, | 3/2)01m+ 31)(26:5 - 5@511))

S 11(m+1)

(1821) 6 @+

+5(15m + 41) G — 15(2m + 5) G

7(3m+4)

C11(m+1)

21(55m? + 288m + 329)
11(m +1)2

568 (Gs + G - 560G

o~ 2 ~
(GZ) @37
for equations (15.1) of order m > 7,
except that: the denominator 11(m + 1)? appearing in the last fraction of (18.21)
is a correction for the denominator 22(m + 1)? that [28, page 401, (18)] would give.

For details about that misprint, see [19, page 79].
The restriction to infinitesimal transformations is removed in Theorem 18.7.
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18.4.1. Deduction for C:‘Z(-k). For any polynomial Pin R,,1 of page 171 and
the derivation ’ for R, |, we write PO =p pO) = (13(0))/, P = (13(1))/, .
Thus, for any k > 0, we use the notation P® for the polynomial in R, ; obtained
from P by repeatedly applying & times the derivation ’ defined for R, ;.

We recall that ﬁ(z) designates the function on 2 obtained from p by replacing
each VVi(j ) in P with the corresponding Ci(j )(z) from (15.1). However, due to
we see that the function (f’(k))(z) on {2
that is obtained from P®*) by replacing each W/;(j ) in P® with the corresponding
C’i(j) (2) from (15.1) is equal to the kth derivative with respect to z of P(z). Similarly,
the function (ﬁ(k))*(z) on {2 obtained from P®*) by replacing each VVi(j) in P*)
with the corresponding C; & )(z) from (15.3) is equal to the kth derivative with
respect to z of the function P*(z) obtained from P by replacing each VVi(j )in P
with the corresponding C;(z) from (15.3).

properties of the derivation ’ for R,

PROPOSITION 18.6. For2 <i<m andk > 0, égk) is an isobaric Cockle-semi-
imwvariant of the first kind having weight i + k.

PROOF. For 2 < ¢ < m and k > 0, we use (18.8) to see that the coefficient
of m(k) in ng) is 1 and GZ(-k) is an isobaric polynomial of weight i+k. Theorem 18.4
on page 173 yields G} (z) = G;(z), on 2, from which we deduce

k k

AV Ly = & Gy = B A Ly = (G0
We compare (18.22) with (18.6) of Definition 18.1 on page 172 to complete the
proof. (I

18.4.2. Properties of ég, @4, é5, ég, and é7. ‘We know that ég in (18.17)
is a Laguerre-Halphen relative invariant for equations (15.1) of order m > 3 because
Hj in (18.4) on page 172 has that property with respect to Definition 18.3.

THEOREM 18.7. For3<s<7, (:)S 1s a Laguerre-Halphen relative invariant of
weight s for the equations (15.1) of order m > s.

PROOF. Let s satisfy 3 < s < 7. We use (18.17)—(18.21) to see that the
coefficient of Wy in és is equal to the coefficient 1 of W in @s. Since Definition 18.1
on page 172 shows that a nonzero sum of Cockle-semi-invariants of the first kind
is a Cockle-semi-invariant of the first kind, we apply Proposition 18.6 to conclude
that @, is an isobaric Cockle-semi-invariant of the first kind having weight s.

We establish in Section 18.5 that: when an equation (15.1) on 2 is transformed

by z = f({) of (15.5) into a corresponding equation (15.6) on §2**, the identity
(18.23) () — (£(0) 05 (f(¢)) =0, on 2** for3<s <7,

is valid, where o, () on £2 and é;‘*(g) on {2** are obtained by replacing each VVi(j)
in @, with the corresponding Ci(j) (2) from (15.1) and Ci**(j) (¢) from (15.6). In view
of (18.23) and Definitions 18.2-18.3, we conclude that O, is a Laguerre-Halphen
relative invariant of weight s. (I
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18.5. Computer-algebra verification of (18.23)

After selecting a version of Mathematica from [55, 56, 57, 58, 59| as the
system, we recall from page 167 that the evaluations of

Ce[m_,0][z_]1 :=1
alphal0,j_][zeta_] := 1

alphali_,j_][zeta_] := ( Sum[alphali-1,k]’[zeta]
-(i-1+k) (£’ [zeta] /£’ [zeta] ) *
alphali-1,k] [zetal,{k,1,j}] ) /; i >=1

betalm_,r_,s_] [zeta_] :=(Product [(m-s-k+1) ,{k,1,r}]/
Product [(s+k) ,{k,1,r}]) *alphalr,s] [zeta]

CeSS[m_,i_][zeta_] := Sum[betalm,i-j,m-i] [zeta]*
(f’ [zetal) " j*Ce[m, j][f[zetall,{j,0,i}]

provide representations for the coefficients C57*(¢), C3*(¢), ... of (15.6). We use
(18.7) and (18.8) to see that the evaluations of

Fl0][z_] := 1

F[1][z_] := - Ce[m,1][Z]

Fli_1[z_] := F[i-11’ [2]+F[1] [z]*F[i-1][z] /; i >= 2
G[i_1[z_] := Sum[Binomialli,jl*F[i-j][z]*Cel[m,j]l[z],{j,0,i}]

FSS[0] [zeta_]

1

FSS[1] [zeta_] - CeSS[m,1] [zetal

FSS[i_] [zeta_] :=
FSS[i-1]’ [zetal+FSS[1] [zeta]l *FSS[i-1] [zeta] /; i >= 2

GSS[i_]l[zeta_] :=
Sum[Binomiall[i, j]1*FSS[i-j] [zeta]l*CeSS[m,j] [zetal,{j,0,i}]

provide representations for the function G;(z) on €2 and G7*(¢) on £2** obtained
from G, by replacing each W; in G; with the corresponding C;(z) from (15.1) or
C3*(¢) from (15.6). In view of (18.17)-(18.21), we observe that the evaluations of

Thetal[3]1[z_] := ( G[31[z]-(3/2)G[2]’[z] )
ThetaSS[3] [zeta_] := ( GSS[3] [zetal-(3/2)GSS[2]’ [zeta] )

Thetal4][z_]1 := ( G[4][z]1-2G[3]’ [z]+(6/5)G[2] "’ [z]
-(3/8) ((bm+7) / (m+1))G[2] [z] "2 )
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ThetaSS[4] [zeta_] := ( GSS[4] [zeta]-2GSS[3]’ [zetal
+(6/5)GSS[2] ’’ [zetal -(3/5) ((5m+7) / (m+1) )GSS[2] [zetal "2 )

Thetal[5][z_] := ( G[5][z]-(5/2)G[4]’ [z]+(15/7)G[3] " [z]
-(5/7)G[2]°°° [2]-(10/7) ((Tm+13)/ (m+1))G[2] [z] *Theta[3] [z] )

ThetaSS[5] [zeta_] := ( GSS[5] [zetal-(5/2)GSS[4]’ [zeta]
+(15/7)GSS[3]’’ [zeta]l-(5/7)GSS[2] "’ [zeta]
-(10/7) ((Tm+13) / (m+1) )GSS[2] [zeta] *ThetaSS[3] [zeta] )

Thetal[6][z_] := ( G[6][z]-3G[5]’[z]+(10/3)G[4]’’ [z]
-(5/3)G[3]1°’’ [z]+(5/14)G[2] >’ [z]
+(30/7)G[2] [z] ~3*((7m~2+28m+25) / (m+1) ~2)
+(5/14) ((Tm+8) / (m+1))G[2]’ [z] "2
-5((3m+7)/ (m+1))G[2] [z] *

(G[4] [2z]-2G[3]’ [z]+(2/7) ((14m+31)/ (3m+7))G[2] >’ [z]) )

ThetaSS[6] [zeta_] := ( GSS[6] [zeta]l-3GSS[5]’ [zetal
+(10/3)GSS[4]°’ [zetal-(5/3)GSS[3] "’’’ [zetal
+(5/14)GSS[2] 7’ [zeta]
+(30/7)GSS[2] [zeta] "3*((7Tm~2+28m+25) / (m+1) ~2)
+(5/14) ((7Tm+8) / (m+1))GSS[2] ’ [zeta] "2
-5((3m+7)/(m+1))GSS[2] [zetal *(GSS[4] [zetal

-2GSS[3]’ [zetal +(2/7) ((14m+31) / (3m+7))GSS[2] ** [zetal) )

Thetal[7]1[z_] := ( G[7]1[=z]-(7/2)G[6]’ [z]+(105/22)G[5] "’ [z]
-(35/11)G[4]1°°° [z]+(35/33)G[3] "’’’ [2]-(7/44)G[2] ’ "’’’ [z]
=(7/11) (G[2] [z] / (m+1))*( (3/2) (11m+31) (2G[5] [z]-5G[4]° [z])

+5(15m+41)G[3] "’ [z]-15(2m+5)G[2] 7’ [z] )
=(7/11) ((Bm+4) /(m+1))*( 3G[2]’’ [z] ( G[3][z]+G[2]’[z] )
- 5G[2]° [z]*G[3]1°[z] )
+G[2] [z] "2*Theta[3] [z]*((1155m~2+6048m+6909) /(11 (m+1)~2)) )

ThetaSS[7] [zeta_] := ( GSS[7] [zetal-(7/2)GSS[6]’ [zetal
+(105/22)GSS[5]°’ [zetal-(35/11)GSS[4] "’’’ [zeta]
+(35/33)GSS[3] "’’’ [zetal-(7/44)GSS[2] >’’’ [zeta]

-(7/11) (GSS[2] [zetal / (m+1))*( (3/2) (11m+31) (2GSS[5] [zetal
-5GSS[4]° [zeta] )+5(15m+41)GSS[3] ’’ [zeta]
-15(2m+5)GSS[2] >’ [zeta] )
- (7/11) ((3m+4) / (m+1)) ( 3GSS[2]’’ [zeta]l*
(GSS[3] [zetal +GSS[2] > [zeta] ) -5GSS[2] ’ [zeta] *GSS[3] ’ [zetal)
+GSS[2] [zeta] "2*ThetaSS[3] [zeta] *
(21(55m~2+288m+329) /(11 (m+1) ~"2)) )

represent the functions o, () on £2 and é:*(@) on 2** for 3 < s < 7, that appear
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in (18.23) on page 177. Since the evaluation for each of

FullSimplify[ ThetaSS[3][zeta] - f’[zeta] "3xThetal[3] [f[zetal] ]

FullSimplify[ ThetaSS[4] [zetal - f’[zeta] "4*Thetal4] [f[zetal] ]

FullSimplify[ ThetaSS[5] [zeta] - £’ [zeta] "5xThetal[5] [f[zetal] ]

FullSimplify[ ThetaSS[6] [zeta] - f’[zeta] “6xThetal6] [f[zetal] ]

FullSimplify[ ThetaSS[7] [zeta]l - f’[zeta] “7*Thetal[7] [f[zetal] ]

is zero, we conclude that (18.23) is valid. A Mathematica notebook containing the

preceding evaluations can be downloaded from
http://homepages.uc.edu/~chalklr/Chapter-18.html

with the Google browser Chrome. It illustrates well the technique of Chapter 17.

18.6. Several observations

A different argument to verify Theorem 18.7 was employed for [19, page 79).
There, after finding explicit formulas for all of the basic relative invariants of the
equations (15.9), we used computer algebra with the substitution wl(]) =(7) VVi(])
in the basic relative invariants Z,, 1.3, ..., Lym,1,7 to verify that

(18.24) Tis = (m) és, for3<s<7andm > s,
s

where @3, cee 6, are given by (18.17)—(18.21). The properties of O, asa Laguerre-
Halphen relative invariant for the equations (15.1) then follow from properties of
T.n1; s as a relative invariant for the equations (15.9).

The formulas for ég(z)7 é4(z), ég,(Z), Og(z), and é7(z) in [28, pages 398-401]
and their rewritten versions appearing in [8, page 235] did not lead to general results.
Francesc Brioschi introduced errors when he rewrote é7(z) for [8, page 235] of 1891

and those errors were copied in the expression for @;(z) that Ludwig Schlesinger
included in [47, page 196] of 1897.

18.7. Computer-algebra verification of (18.24)

We continue with the Mathematica notebook that was begun on page 178 and
includes the sixteen commands of page 178, the seven commands of page 179,
and the five commands above. At this point, the evaluations of Thetal[3] [z],
Theta[4] [z], Theta[5] [z], Thetal[6] [z], Thetal[7] [z] are representations for
the functions O3(z), O4(z), O5(2), Og(z), and B7(z) on 2 that are obtained by
replacing each VVj(k) in @3, O4, @5, B¢, and @7 of (18.17)—(18.21) with C’j(k)(z)
from (15.1). Next, we evaluate

Celm_,i_1[z_]1 = W[il[=z]

and recognize that the evaluations of Thetal[3] [z], Theta[4A] [zl, Tlieta£5] [z],
Theta[6] [z], Theta[7] [z] now represent the polynomials @3, @4, @5, Og, and
©; of (18.17)—(18.21) in the variables VVj(k) over Q.
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With respect to the equations (15.9) on page 158, in order for the evaluations
of basicInv[m,1,3][z], basicInv[m,1,4][z], basicInv[m,1,5][z] as well as
basicInv([m,1,6][z] and basicInv[m,1,7][z] to represent the basic relative
invariants L, 1,3, Zm. 1.4, Zm,1;5, Lm,1;6, and Iy, 1,7 as polynomials over Q in the

Ej ), for 1 <i<m and j > 0, we evaluate the input commands

alm_,1]1[z_] := (1/Binomial [m+1,3]) ( w[2] [z]
-((m-1)/2)w[1]’ [z]-((w-1)/(Cm))w[1] [2] "2 )

variables w

dlm_,1]1[z_] := (1/(m(m-1)))w[1] [z]
Klm_,1,i_,j_1[z_] :=0 /; i <= -1
K[m_,1,0,j_1[z_] =1

Klm_,1,i_,j_1[z_] :=
( Sum[( D[K[m,1,i-1,k][=z],z=]
-(m-1)*d[m,1] [z]*K[m,1,i-1,k] [z]
+(m+2-i-k) (2-i-k)a[m,1] [z] *
Klm,1,i-2,k][z]),{k,j+1,m}] ) /; i >= 1

wl0][z_] = 1; X[k_]1[z_] := wlk][z]

Llm_,1,i_1[z_] :=
Sum[ K[m,1,i-j,j][z]*X[j1[z], {j, O, i}]

Mm_,1,el_,i J[z_] :=
FunctionExpand[Binomial [m-i,e1-i]]*
Product[(el-r), {r,1,e1-i}]1*L[m,1,i][z]

Alel_,i_] -1/(el+i-1) /; i >=1

Blel_,i_]

(e1-i)/(el+i-2) /; i >= 1

inv[m_,1,e1_,0][z_] 0

inv[im_,1,el_,1][z_] 0
inv[m_,1,el_,i_J[z_] := ( M[m,1,el,i] [z]
+Alel,i-1]*D[ inv[m,1,el,i-1]1[z], z]

+Blel,i-1]*a[m,1] [z]*
inv[m,1,e1,i-21[z] ) /; i >= 2

basicInv[m_,1,el1_J[z_] := inv[m,1,el,el] [z]
from pages 53-54 of Section 6.1. For the relation wék) = (3”) W;k), we evaluate

binomial[m_,i_] := Product[m-k,{k,0,i-1}]1/i!

wli_][z_] := binomial[m,i]*W[i] [z]
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where the first of these two input commands enables (') to be evaluated for any

nonnegative integer ¢ even when m is merely a symbol. Since the evaluations for
each of the input commands

FullSimplify[ basicInv[m,1,3][z] - binomial[m,3]*Thetal[3][z] ]
FullSimplify[ basicInv[m,1,4][z] - binomial[m,4]*Thetal4] [z] ]

FullSimplify[ basicInv[m,1,5][z] - binomial[m,5]*Thetal[5] [z] ]

FullSimplify[ basicInv[m,1,6] [z] binomial [m,6]*Thetal[6] [z] ]

FullSimplify[ basicInv[m,1,7][z] - binomial[m,7]*Thetal7] [z] ]

is zero, we conclude that (18.24) on page 180 is valid. The Mathematica notebook

that is downloadable from
http://homepages.uc.edu/~chalklr/Chapter-18.html

with the Google browser Chrome contains evaluations for the input statements of

this chapter.

18.8. Brief summary

The subject needed a simpler notation, precise definitions, explicit formulas of
a general character for the coefficients of equations resulting from a change of the
independent variable, and a symmetrical development with respect to the two types
of semi-invariants. Instead, after the research of Andrew Forsyth in [28] of 1888,
the subject was identified with the performance of infinitesimal transformations.
For example, see [7] of 1899 and [53] of 1906. Biographies of Georges-Henri Halphen
reveal the attitudes that prevailed by incorrectly implying the subject of invariants
for differential equations was merely a detail in the theory of continuous groups.
Also, since Halphen’s research about invariants did not fit into that context, it
should have been praised rather than claimed by biographers to be “no longer in
the mainstream.” Thus, because the subject had become so thoroughly muddled,
it needed the complete redevelopment that we began in 1989.

There are numerous areas of mathematics where considerable effort would be
required for a neophyte to understand the contributions made by experts or to fit
those contributions into an interesting historical perspective.

In contrast, the subject of relative invariants has a long history. Moreover, it
should now be intelligible to anyone knowledgeable about the differential calculus
and the concept of a polynomial in algebra.

We are pleased to have advanced this remarkable area of mathematics.
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