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INTRODUCTION

The following discusslion of the numerical solution
of linear differential systems is based on work done for the
UeSe Alr Force under contract number AF 33 (038)-169. There,
the ma jor problem was to determine the fesponse of an aircraft
to gust loads. For the purpose of showing the‘motivation for
the development of such a method, the general equations to be

solved will be deduced in terms of the gust probleme
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A=1 1

A. Considerations on the Rigld Body Solution

A.l, Summary of Laplace Transform Method for Solving
Equations.

In the following discussion all proofs will be
omitted, and only results will be stated for reference., All
functions involved are assumed to have the necessary properties
that permit the indicated operations. Proofs and limitations
may be found in any standard book on the Laplace transform.

The Laplace transform 1s a method for establishing a
correspondence between a function and a new derived function.
By its use certain differential and integral equations are
converted into algebralic equationse.

If we have a given function f(t), its Laplace transform

is defined as
le's)
et (1) at, (1)

flm) = L {f(t)}
0

where m 1s a number, real or complex. Thus, in order to find
the Laplace transform of a function, it is multiplied by e'mt
and the product integrated between zero and infinity. The
letter t, being a variable of integration, i1s eliminated when
the limits of integrations are substituted. Thlis leaves a new
function of the parameter me A convenient notation is the bar
over the letter to indlicate that the transform has been takene.
We emphasize, however, that f£(t) and T(m) are completely dif=-

ferent functions, so that 1t is more than just the arguments

that have changed.
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A-2

For example, to find the transform of the function

£f(t) = 1, we have, by definition

00
F(m) = L(1) = 1. 0™ at
0
® 1
T L _1
=@ ® 0 T (0 -1) =32
Similarly, for £(t) = ¢~2F%,
00
= -mt ~-at - 1
T(m) = Sk) e e dt = —3F— .
That is, the Laplace transform of et 15 ﬁ*%—g-.

Thus, by direct computation, and also by more advanced
methods, tables can be compiled which list the function and 1ts

corresponding transforme.

The transform also has the property of changing
derivatives and certaln integrals into algebralic expressions.

Thus, the transform of the derivative %% is

o0
afy _ -mt 4df
L(a':E) = e TE dte
0

An integration by parts gives
0

LEE) = -£(0) +m g o™t (%) at,
0

but the last term on the right 1s simply the transform of the

function itself. Hence,
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A=3 3

L&) =m Lif(t)} - £(0),
or in the bvar notation
L) =nu Tm) - £(0).

The following table contains a brief 1list of functions

and their corresponding transforms.

Transform Function
le f(m) = L&f(t)} = S et f(t)dt £(t)
0
— ar
2. m f(m) = £(0) i
— ar (o acr
3e m*f(m) - mf(0) - '—5;—2- PP
ne-l
4. — i
m (n - l)o
1
5. ,51" l
1 e--at
Ge ——
7 a sin at
¢ m? + a?
8. ""—“—a'm cos at
m*® + a
t t
9 T(m) Z(m) Sof(t—s)g(s)ds = SOf(s)g(t-s)ds
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Ttem 9, in the table is very useful. It is known as
the convolution of f(t) and g(t), and is of use when the transform
of a function F(m) can be written as the product of two trans-
forms., Thus, in

F(m) = T(m) + glm)

the inverse transform F(t) may not be known, but the inverse
transforms f(t) and g(t) are known. Then the result can be
written down using 9. That is, if a function of m can be
factored into a product of two functions, each of which has a
known transform, then the inverse transform is known by ¢. PFor

example if we have

F(m) = ............l_........

m? - g? °
we may write
- 1 . 1
Fm) =g *5F% *
Now the inverse transform of is eat, and the inverse

m - a

is e‘at, by 6. Hence, using 9,

sfo
tran m°fm+a

t t
F(t) = S Q2(t-8) _-as . _ g oa(t=28) 4
o 0

_ 1

—— (e—at _,eat)

= % sinh ate.
The inverse transform in the case of rational functions
may be found by the method of partial fractions. Thus, if

-f(m) = g(z D)
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where D(m) and N(m) are polynomials in m, D being of higher
degree, f£(t) may be found by expressing the rational function
as a sum of functions whose inverse transforms are tabulated.
The form that the partial fraction expansion takes depends on
the character of the zeros of D(m). Use of partial fractions
is explained in most calculus books.

As an example, if D(m) has real, simple zeros the

expansion 1s very easy.

Let F(m) =
m

Then

1 = A . _B
m+2)(m-1) m+2 m~1

F(m) =

To find A we multiply through by (m + 2) and then set m = -2.

Thus, A = - i, Multiplying through by (m - 1) and then setting

«»

m=1glves B = %. Then,

: = _ 11 1 1
Fm) = -ga+z¥+3a-T"

Using 6 in the table, we have

-1 -2t+_1__et=%(et_e-2t)

F(t) = z © %

Other methods exist for finding inverse transforms;
however, the ones described will suffice for the purpose in hand.

We now give serveral examples in which the Laplace
transform 1s used to solve differential equations.

BExample 1.

% + K®x = sin t; x(0) =0, x(0) =1
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e
Now x and x, although unknown are both functions of

ts Taking the Laplace transform of both members, making use

of 3.and 7. in the table glves

n®x(m) - mx(0) - x(0) + K*%x(m) = ....2.._}___ .
m* + 1
Solving for X(m), and using initial conditions

1 1

— .
#m) = et T T ) 1)

1 X 1 1 1 1 K

= + . - .

Rm? + K° KfP -1 m2+1 (K% -1) X (m® + K?)

where the last two terms are obtained by partial fraction
expansion. Using 7, the inverse transform is found to be
x(t) = 1 (§f~:¥§J sin Kt + 1 sin t.
K g2 - 1 K* -1

Although this simple example could readily be solved
by usual methods, it 1s sufficient to partly show the power of
the transform method.

In the usual method we must first solve the reduced
equation, then determine a particular solution, and finally
evaluate the constants of integration. On the other hand, the
transform method gives the final solution at once. The com=-
plementary and particular solutions are obtained together, and
constants of integration are automatically introduced and

evaluated when the transform of the derivative 1s taken. These

advantages grow when a system of equations 18 considered.
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Example 2.
oo N
x +x=f(t); x(0) =0, =x(0) = 0.
Here we have the case of the right member being an arbitrary
function, having, of course, sufficient properties to permit
operations upon it. This involves conslderable difficulty by
ordinary methods. The convolution integral offers a simple
solution of the problem.
Taking the transform of both sides gives
x%x(m) + X(n) = F(m)

or,

F(m) = £0m) T(m) o g

m® + 1 m* + 1
Now the inverse transform of T(m) is f(t) by definition, and

1

the inverse transform of =
o+

m
convolution integral we have

is sin t. Hence, using the

t
x(t) = g' f(s) sin(t - s) dse.
0

The convolution integral may also be used in a slightly
different manner to obtain the solution. It will now be shown
;. that if a solution can be obtained for the case f£(t) = 1, then
| the solution for an arbitrary f£(t) can be obtained.
In the terminology of mechanics, f(t) is called a

forecing functlion, and the solutlon of the equation, together
with the Initial conditions, 1s called the response. We now

first find the response to a unit step function., It is called
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’this because 1t is defined to have the value zero for t <« 0, and
the value 1 for t 2> O.
Hence, we first consider the equation
.x.o + X0 = 1o x(0) = 0, ;:(O) =0
Taking the transform of both sides, and solving for x,(m) gives

m
m® + 1

——

x (m) ::.---—._...:!'..
° n(m?® + 1)

L.
m
from which
Xo(t) = 1 - cos t.
This is the response to & unit step function.
Next, the original equation is
.

x +x=7£(t), ; x(0) =0, =x(0)=0

and the transform is, as before,

=y = _ £(m
- 1
But Xo (M) = e
° m(m® + 1)°
8o that - m Xg(m)
—F 11 olm),

and then we can write
X(m) =m T(m) Xo(m).
Now F(m) and X,(m) are functions whose inverse trans-
forms are known. They are, respectively, f£(t) and x,(t) which

has just been found. Using the convolution integral, we have
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t
L o £(s) xo(t = 8)ds{ = T(m) Xo(m)

It is also known from 2., of the table that

a t t
Lisg o £(s) xo(t - s8)as{ =p°* L SO f(s) xo(t - s)asg,

for the function, which in this case is the integral, has the
value zero at t = 0. Now the Laplace transform indicated in

the above equation is exactly T(m) Xo(m). Hence,

t
L aét- S f(s) xo{t = s)ds% =m f(m) Xo(m);
0

however, the right member of this equation is ;;(m). From this

we evaluate x(t) as

i

a t
x(t) I SO f(s) xo(t = s)ds

t
S f(s) xo'(t - s)ds
0O

il

t
S £1(s) xo(t - s)ds
0

since xo(0) = 0 in the problem being considered.

We have found that x,(t) = 1 - cos te Thus,

t
x(t) = SO f(s) sin(t - s)ds,

the same solution as before.
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A-10 10

Although the first point of view of using the convo-
lution integral seems more direct, the second method was dis-
cussed because of its frequent use in the literature of the gust
problem. It can be shown by physical interpretation that the
first case is equivalent to inltially computing the response
to a unit impulse rather than a unit step function.

A2, Rigid Body Solution for a Sharp Edged Gust by
Laplace Transform Method.

In the section the work of section 3 will be somewhat
duplicateds However, a different approach will be used together
with several different approximations for the X function of
that section.

The notation of that section will be used except that
the positive direction is chozen upward for forces, displace-
mehts and accelerations,

The lift after entering the gust is equal to the welght
plus the increment in 1ift caused by the gust, the motion of
the airplane, and the apparent mass.

The egquation of motion in terms of time is
M:z. = increment in 1lift,

X} 2 2
and z = gV %g = 42" %g

s0 that, in terms of half chord distances s, the equation of

motion becomes
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A-11 11

4Mu® U® 8
—33“2" +‘€§CLQ ggcz" = CI@ g%UVQ(S) - CIu CEUZ S K(s=s8,)z"(s,)ds,
6]

where s = 2%33 the distance traveled by the wing In half chords

measured to the leading edge of the wing from the gust entry
at s = 03

S = wing area,
and all other notation the same as section 3.

We shall introduce the notation

P = 3-§M§~, the mass parameter; p = z"/c,
Ly €5°
a

the non~dimensional acceleration; and B = P + 1., The equation
of motion then becomes
B p(s) +"ZS: K(s = ) p(0)dao-= vg o(s) (1)
This is a linear integral equation to be solved for p(s)e.
Taking the Laplace transform of both sides gives
B p(n) + 2K(m) p(m) = vg ¢(m)
in which the convolutlon integral has been used in transforming

the second term in the left member.

. Thus,
p(m) = g{% (2)
For the deficiency functions we shall use the approxl-~
mations
o(s) =1 - ,Be™* 198 L 5578
K(s) = 1 = .4le™*°9,
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A-12 12

and it will be shown that the use of only one exponential in

the expression for K(s), rather than two, leads to the solution

of a quadratic equation rather than a cubic as in section Se

Using the expression for K(s), (2) becomes
vg 9(m)

E(m) = " 55 =VVG m'q;(m) (m + e3)

B'i*ﬁ—m Bn® + (3B + 1.18)m + o6

Tet mi and my; be the zeros of
Bu® + (.3B + 1.18)m + .6,
and then we may write

(m + 03)
(m = my)(m =~ mg) °

B(m) = 5 mg(n)

Considering the right member the product of the two functions

m+ .5

me(m) and CREETR I R

’and noting that me(m) = me(m) - ¢(0), since ¢(0) = O, we have
two functions whose inverse transforms are easily obtained.
Using item 2 in the table of transforms, it is found that the
inverse transform of mo(m) (= me(m) = ¢(0)) is ¢'(8) while the
inverse transform of the other function can be found by partial

Fractions to be

My + &3 My + o3
1 . em;,_s _ M= . emzs
may = Mg Ny = Mg

"0133 3

Now ¢@'(s) = .065 e + 500 e~ °, and using the

convolution integral we have

_ _ Vg St mo13(8=0) { .o =(S=07
p(S) - B(ml i mQ)SOEOGSQ + ¢5e ]

Eml + 05)em10‘2 - (mz + .S)szﬁdo"
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A-13 13

Thus, the general solution 1s

, v
= G myS. =38 my s -
p(8) = gmr —may ﬂ?l(e P . 670%) + Ca(e2T - 677) +

03(6-133 - émgs) + 04(3-3 - émgs)g

where

C, = ‘065(11'11 + 03) C, = .5(m1 + .5) - 0065('&3 + 03)

ml + 015 ’ ml + l ’ Cs - mz + .15

c - 05(m3 + .5)
4 My -+ L :

and my, mg are the roots of the equation
Bu® + (3B + 1.18)m + .6 = O.
~AZ.1l. Example for Sharp Edged Gust Using one Exponential
Term for K(s).

We shall consider the same example as that used in
section 3, remembering that the K function was here approximated
by a single exponential term.

For this assumed airplane, B = 234.

To obtain the roots m, and my, the quadratic is solved to glve
my, = =.29652, mpy = =-.,00865. From this, the constants are

Ci = =.001388, Cz; = 002473, Cz; = 156061, C4 = 146941, and
the final result for the non-dimensional acceleration for this

airplane 1is

-, 29658 -+,008658 ~-e 138

p(s) = {}.01656 + 4,498 -2.537e -2.1403‘%]10'5‘VG.
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A-14 14

A plot of this solution shows that p(s) is a maximum
at s = 18. At that value of s, p(18) = 3.63 x 10™9 Vge Com-
paring this with the solution of section 3, we find a difference
of only 1.09 percent. This indicates that this approximation,
requiring the solution of a quadratic rather than a cublec
equation, is satisfactory.

The result suggests the possibllity of using a constant
value for the function K(s), for, at least from the present
example, the solution seems little affected by the shape of the
K(g) curve. To assume that K(s) is a constant is equivalent
to assuming damping proportional to the velocity. In the next
section this possibility is considered.

A.2.2. Solution for a Constant Value of K(s).

Let K(s) = a, a constant, Then from the general

relation already derived,

Ve )
B + 2K(m)

p(m) =

_ v 1
- Bn ) - —L
nTg

Using the convolution integral we find that, using the present
simplification, the non-dimensional acceleration can be written

in closed form without the necessity of solving either a cubic

or quadratic equation. The solution is found to be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A-15

e 1@ «065 + %5 e""ds - « 065 -o1l38 - O e"s
ps) =gl -a*T-q 13-4 ° T-a°

where d = EE.

EBvaluating this solution for B = 234, a = 1, it 1is
found that the maximum value for p is
p = 3.57 vg x 1075,
an error of only 3°/, when compared to the solution by the

integral equation.

]

If we choose an average value for K(s) a, we may
expect better results.

For the same airplane, B = 234, with a = 0.7, 1t is
found that the maximum value of p 1s

p = 3.71 vg x 1072
an error of only l.9°/; when compared with the original solu-
tion, p being evaluated at s = 18,

Not only is this solution satisfactory for such a
high mass parameter, B = 234, but it also gives good results
for small values of B.

To compare the result with those of section 3, we
choose an extreme case of B = 50. Again using a = 0.7, the
closed formula yields

p = 13.6 vg x 10-3,

the maximum value occurring at s = 6.
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A-16 16

The value given by section 3 for this same mass parameter is
p = 15.7 vy x 1070,
The error is seen to be less than 1°/,.

Based on these observations, it would appear possible
that good results could likewise be obtained for the non-rigid
case when K(s) is approximated by a constant.

In section B, the non-rigid solution will be formu-

lated both for K(s) = constant and for K(s) exponentially

represented.
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Be The Non=Rigid Body Solution without the use of Normal Modes.

Bel Introduction

The solution for the non-rigid body has been considered
by the method of normal modes. As an alternative approach, the
wing may be considered as a system of connected masses. The
forced response of this system is then computed directly as a
system having a finite number of degrees of freedom. This
eliminates the necessity for the computation of the normal modes,
and although they do not appear directly, the higher modes that
are present in the motion are automatically taken into account.

A system of equations will be derived, and their
solution will be considered by a numerical matrix method.
Be? Derivation of the Bending Equations of Motion

Consider a continuous cantilever beam that has variable
stiffness and mass distribution along its length, as replaced
by a weightless elastic bar carrying concentrated masses at
specified station points. The distance between stations is
not necessarily the same all along the beam. This permits the
station points to be located at points of high mass concentration
such as engines. The distributed mass and any other point masses
occurring in any one section between statlons are relocated at
the two stations at either end of the section as if the two
stations in question were the reaction points of a simple beam

carrying the same masse Thus, each internal station wlll receive

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B=2 18

a contribution from the ﬁwo sections immediately adjacent the
station, one on either side.

The reciprocal of the bending stiffness curve is
approximated by a straight line between each two adjacent
stations, the value assigned at each statiocn being taken as
the true value. This leads to a flexibility curve that has the
true value at each station and is a plecewlse linear function
along the length. These concepts are shown in the following

figure.

Weight
Loading
Curve

Plexibllity
Curve

1

We——

B

Y
™

Root n+l n+2 Tip

Stations
Fige 1 = Reductlon of Physical Wing to Dynamic Model.
Using the welght loading curve in keeping with the
discussion and fig. 1, it is seen that, for example, the re-

located load acting at station n + 1 is

(Ca h‘n+l+ Co -

cohn Cy = Cohn c
2 1 2 2 5 3 hn'l"l) .

( = + z ) +
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The use of the segmented flexibility curve is dis~

cussed in section B.2.2,

Be2el Notation

A coordinate system with origin at the root of the

cantilever beam is chosene The x axis is positive to the right

along the undeflected beam. The y axls is positive upward.

It may be noted that when the cantilever beam is thoughtof as

an ailrplane semi-wing, the origin of the coordinate system moves

wlth the wing root, and is, therefore, not a reference frame

fixed in space.

my
I3

concentrated mass acting at station i
deflection of the 1 th mass, measured positive upward
from the x axis

applied force at station i1, external force plus inertia
force

shesr in beam at a position just to the right of the

1 th mass

shear 1n beam at a position just to the left of the 1 th mass
bending moment at the 1 th mass

Young?!s modulus of elasticity

bending moment of inertia at station 1

bending flexibility at station i, equal to .f‘Z—I]?

length between station 1 and 1 + 1

running coordinate, positive in positive x direction with

origln at station 1, and extending to station i + 1.
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The positive directions for shear, bending moment, and load

are shown in fig. 2

Shear ,ILoad
| l

Mcmen’c( l Sep— l/ ") Moment

Shear

Fige 2 =~ Positive Sign Conventions
Be2e2 Relation between Displacement and Bending Moment

Fige 3 shows a free body dlagram of two adjacent

spans of Tthe beam.

zn Zn+l Zn+2
v ' ‘
(1 -nT'l "n . Pl |17
Mn I i i' i Mn+2
|
| : v+(n+2)
l |
1, ¢ f| T
— r — Y
V+n v--n+l
A Zn +1
v — MV -
=0+ =Vey Ve (ne1)

Fige. 3 = Free Body Diagrams of Two Adjacent Sections of Beam
Tet r be a variable of integration denoting an

arbitrary position in any one section, measured from the left
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B-4 el

end of that section, and let primes denote differentiation
with respect to x or r. Since x = constant + r for an arbitrary

position on the beam, we have

yt = &% = 4y
dx® dr®

Thus, at any position r, the relation between deflection and
bending moment is
¥ (r) = A(r) M(r),
in which the equation is applied to any one section at a time.
That is, r runs from r = 0 o r = hn in the n th section.
Under the assumption that the flexibility curve A(r)
can be approximated by a single stralght line 1in any one section,

we have for the n th section

A(r) ='4—-AI€ r + Ay,

where AAn = An+l - An, and from the free body diagram in fige 3,

M(I’) = V+n r +ano

Thus,

y(r) = (ég-ﬁ r+AN(v, v+ M)

o e B ey O

Integrating twice glves, successively,
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(3)
Aﬁn rt An r® r?
- n' ——— . i - Q.
V) =¥y =¥ T = +nTZ+‘hnMn+Anv+n)_6'+AnMn-§'
where y'n and ¥, are, respectively, the slope and deflection
at station ne.

Upon evaluating (2) and (3) at r = hn we have

4
hn (4)

Vg = Tp =y v BB e o v n v B
and ‘

(5)
Intl In - bn | Mn hn
-—-—-—-hn - hn - y! n AA V+n ...é__ + (AA M + An hn v+n) < + An 5

An equation similar to (5) can be derived for the adjacen
(n + 1) st section. By changing the subscript from n to (n + 1)
it is seen tq be

Jn+2  Tn+l A h2
- -y 1 . = A v n+l
hn+l hn+l n+l n+l “+n+l 1o

hn+l - bhp4a
L=+
+ (AAn+1 Mpe1 * Ans1 Boen Vapsn) Al Mpyy = (6)

The slopes y'n and y'n+l can be eliminated in the following
mannere The subtraction of (6) from (5) leads to a term
(y'n+l - y'n) which can be eliminated by using its value as

glven by (4). Further, Vi 8nd V.. can be eliminated, for

with reference to fige 3 1t is seen that

ntl Povr T Ypie - Mo

H

v h

n n Yo = My e
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Upon performing the indlcated manipulation we have

the recurrence relation

In+2 1 1 hn4y hn+y
A S SR n - 4a + A 2
hn+1 hn+l hn yn+l hn n+l 12 n+l 8

@Am-l e *AAn z " A T3 n+l T 44 5] Mpey *

hp hy
+@*n'f§”n'é‘ *n

which gives the relation between displacement and moment for

sections along the span. f there are K sections, the recur-

M
n

+2

(7)

rence formula (7) may be applied once for every station, n =

e

0,

1, 2, eee, (k = 2) giving (X - 1) equations., The relation (7)

may not, however, be applied to station n = (K - 1), for in the
derivation two adjacent sections were required for the elimina-
tion of the slopes. Thus, we have one less equatlion than the

numnber of unknown displacements Tye An additional equation may

be obtained by consideration of the first section only between

stations O and 1. OSince station O is taken at the origin of

coordinates at which, for a cantilever beam, the displacement

and slope are zero, the slope does not appear when (5) is

applied for n = O. ZEliminating the shear, as before, gives

the additional equation required. Thus, from (5)

h h h h
L= Qo 8+ 20 ) 1+ Dag 73+ 1 P,
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Be2e3 Relation between Applied Force and Bending Moment

With reference to fig. 3, we may write

M:n+l - Mﬁ = Vi hn’ (9)
and for the next adjacent span,
vz = Myea T Vane1 Bpea (10)
Subtracting (9) from (10) and using the relation
Vin+l = Vn T Zp+l
gives
1 M
S S 2 - (11)

R boa hn) Yol TR, T Fnvl
a recurrence relation which may be applied along the span
allowing n to take all values necessary to account for all the
loads z;. Thus, n =0, 1, ***, K - 1, while M =M. =0

Hence, equations (7), (8), and (11) yield a system
of equations for determining the forced motion of a cantilever
beam with reference to a fixed root section. However, when
applied to an airplane seml-wing, the root section, being fixed
in the fuselage, is not a fixed frame of reference. Hence it
is necessary to establish a fixed reference line from which to
measure deflections. We shall take this reference line to be

the position of the x axis before the onset of the gust. This
is shown in flge. 4. Further, since we are consldering symmetrical

gusts, it is sufficient to consider only half the airplane mass.
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Yo Yo

A4

Original Position of x axis before Gust

Pige 4 - Coordinate System for an Alrplane in Gust
It may be Seen that y, is the coordinate representing

the rigid body displacement of the airplane, and that y, 1is
measured from a fixed reference line while y,, yz, °**° ¥, are
measured from the instantaneous position of the x axis.
Be.2+4 Equation of Motion for the Riglid Body Coordinate for
Vertical Translation Only.
The introduction of y, requires an additional equa-

tion of motion. We may obtain this by observing that the shear

in the wing just to the right of the fuselage is Vi0* Then,
the appropriate free body diagram is

ZCD

Vo

from which we have the equation

Zg = V4o = 0
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From fige 3,

v =1 M
+0  hy by °

8o that the equation of motion becomes

My Mo
h " o Zg (12)

In forming (12) it may be noted that the weight of
the fuselage was neglecteds This follows from the fact that
the wing welghts will also be neglected in forming the z forces
that appear in (11). These two weight forces are balanced by
the 1ift before gust entry. Hence, during the gust we need
only consider the increment in the 1ift forces and the inertia
forces when forming the equations of motion. Upon solving
these equations we obtaln the dynamic bending moments. Then
the total bending moment, acting at any station, during the
gust is the sum of the dynamic bending moment and the statiec
bending momént. The latter takes into account the wing weight
and the statlic 1ift before gust entry.

Bed The Equations of Motion for Response to a Sharp Edged
Gust Considering Vertical Translatlon and Wing Bendinge

We shall apply equations (7), (8), (11), and (12) to
determine the equations of motlon for thls case, Since we aré
congldering only vertical motion and wing bending, the alrplane
is replaced by a dynamic model consisting of a cantilever beam
whose root 1s attached to a rigid mass moving through space as

shown in fig. 4.
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The wing is divided into five sections, and for the
purpose of analysis the wing is considered to extend to the
center line. The concentrated masses are my, at the center
line; my, mg, mz, My, placed along the wing; and mg at the tip.

In applying equation (7) we write 1t, successively,
for two sections at a time; that is, for sections 1 and 2, 2
and 3, 3 and 4, 4 and 5. This corresponds to allowing the index
n to range for n = 0, 1, 2, 3. Equation (8) is then written.
Next (11) is applied for n =0, 1, 2, 3, 4, and finally the
necessary number of equations are obtained by writing Ege. (12).

As applied to a given alrplane, the dynamic model
would first be constructed as indicated in sections Be.2 and
Be2+2s This would yield the values to be used for the constants
L hy, Ay, and AA;}_, for
Thus, from Eq. (7) for n

| %add

=0, 1, 2, 3, 4, and the tip mass mg.

0, 1, 2, 3 successively,

81 * 852 Ve boo Mo + boy My + bps Mp

81 Yo t 815 Y2 t 813 ¥z = bay My + byp My + bys Mp

82z Y2 * 825 Yo * 85y V4 = baz Ma + bes Ms + D2g My e
853 Yo +* 834 Y4 * 835 ¥5 = Do Ms + b3g Ny
from Eq. (8),

8351 = boMp + bily (14)

from Eqge (11) for n =0, 1, 2, 3, 4 successively.
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Zy = doo Mo + doa My + doo Me

Zg = dyg My + dae Mz + dys My

25 = dge Mz + dasz Mz * d2g M4v (18)
24 = dgp Mg + dzg My

= dgq Mg,

N
(34
l

and from Eg. (12),

Zo = do Mg + dy Mye (18)
The constants aij’ bij’ dij’ bos b1y, do, 8nd d; are easily
determined from the equations from which the above relations
were written. For example, in Bq. (13) asz is coefficient of
Vot in recurrence relation (7) for n =2, Thus, referring to

(7), we have

oo (el
8pz = - (ha +h2)
Iikewlse,
1
%5 = By *

The bij are also found from (7). Thus,

bog = coefficient of My when n = 2,

h h
=AA3'1§+A5'€5"0

The coefficients dij are found from (11). PFor example, di-,

the coefficient of Mz when n = 1 is

= 1,1
dyg = = (ha "‘hl)’
and the coefficients dy, 4y are dqo = "ﬁ;; d, = ﬁL,
o o
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The above equations can be expressed more conveniently
in matrix form. (In this connection, the reader not familiar
with matrix operations can consult, "Elementary Matrices", by
Prazer, Duncan, and Collar, Macmillan, 1947. A brief discussion
is also given in section C.2.1 of this reporte)

Combining equations (13) and (14), and (15) and (16),

we have

8, O 0 0 0 " 1[v.i] b, by O 0 0 T [Mo]

8p1 89z O 0 0 V= boo bo1 bo=z O 0 My |

831 812 &35 O 0 Y| = [0 bia Dbiz  baz O Mg | (17)
O Qoo 8o 3.24 0 ] y4 0 0 bzg bzz, b24 M3

0 0 8z3 834 835 Y5J 0 0 0 bzs b3_4_1 M4_’|

zo] [do 42 O 0 O] @Io"

23 doo do1 doz O 0 My

Zg 0 diy diz daz O [y 18
Za O O d22 dza d24 L{a )
2 0 0O 0] O da

The forces Zg consist of the inertia force acting at
station 1 and the increment in the airforce acting at station i.
It will be recalled that the static weight and airforce before
gust entry are neglected in these computations, for, as mentioned
before, they are taken care of separately in computing the final
shears and moments.

At station 1 the inertia force is
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& [ ] L ]

d
-ty 357 (Yo +7y) = -my Yo - my ¥y
since yo *+ Vi is the distance to station 1 from the fixed

reference line.

The increment in the air forces arise from the effect
of the gust, the effect of changing angle of attadt caused by
the upward speed of the airfoil, and the apparent mass éffect.
With reference to section 2, these‘are seen to be, for a sharp

edged gust, increment in alrforce at station i =

t X ) L
= CLa g Sy ovis) - %La .gesi v go[yi(tl) + Yo(t:.)]K(S - 8;)dt, +

Ci o en

where S is the area of the wing associated with station 1,
Ci is the wing chord at station i, t; is a variable of integra-
tion, and 3 = %g t, C, being the root chord of the wing. All
other symbols have the same meaning as that previously used.
Under the assumption that the wing extends into the
centerline, there will be a 1lift acting at station 0. Since
the coordinate y, is measured from a fixed reference, the
previous equation simplifies to

increment in airforce at gstation O =

£ —
= cLa g So leP(s) - CLa g S U SOE;‘,,(t,_)JK(s - 8,)dt, +

L

C
- S ‘f‘Yo:

where So is the wing area associated with station O.
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The proper values for Co, So, and Gy, Sy are shown

in fig. 5.

/

¥ /1L

R
BN
RS

Q.
]

\ ,\‘r‘““‘“r“‘\[\%ﬁ_ﬁ T
|
|
|
|
I

o ‘ |
h hp | hy |
F 529 2 S S I o B o
<—— ho—>c—— hr—€— he Ng —Hpe— hy —%

Fige 5 = Plan Form of Wing Showing Reference Lengths and Areas.
Thus, the wing area is divided into sections, extending
from each station to half the distance to the adjacent station
(2)e |
We may change the independent variable from t to s

by using the definition of s, Thus

CO oo_ 4—0-2 X 2U
dt =z5 ds, vy =y" racT y at = y" &=

In terms of s, the 1lift force at station i is

s
CLa 'faesi UvHs) - Crq '(% S1 UzgoEY"’i(m + ‘.Yo"(O')]K(s - do +

=
-mPsy o T— (v +yo"), (1=1,2,3, 4, 5)

and the 1lift force at station O 1s obtained by setting y"4 = O.
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Now in the discussion of the rigid body case 1t was

shown that good results could be obtailned, for a large range

- of mass parameters, by replacing the deficiency function K(s)
by the constant K = 0.7 This amounts to assuming that the
serodynamic damping is proportional to the speeds Although
such sinmplification is not necessary for the solution of the
problem, the degree of uncertainness in the basic data, together
wilith the good results obtained for the rigid body case, seems
to make such an assumption justified. Further, from the point
of view of computation, such an assumption converts integro-
differential equations into differential equations. This sim=-
plification, however, should receive further study in the light
of test results. For the more general case of coupled motion,
we shall set up the equations using an exponential deficiency
functiones This is done in sections B.5 and following.

The inertia force acting at station 1 is

. LA J
-my (73 * ¥ols (L =1, 2, 3, 4, 5)
or in terms of s,
4% n n
- MWy Coﬂ ('.Yj_' + Yo‘ )e

Using the constant value K = 0.7 for the deficlency
function, and noting that y;'(0) = y,'(0) = O, we have
2o = Op Yo' * Bo Yo' - Yo‘y(s): and
zg =+ a3 vo!' + ag yi'" + By yo! + By V' "Yi‘V(S)’ (19)

fOI’ i = l’ 2, 3’ 4’ 5'
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where the constants ag, By, vy £ =0, 1, 2, 5, 4, 5 are given

by
| _ 4 U= ,,
a = - (E—; m, * PS8, Cy -é'"-z-) (20)
-0 ‘ 0
- Lo 2 |
B1 = = (o7 Cp, o s, U®) (21)
vi = - (o, €8 vV) (22)

Using (19), the column matrix involving the z's may

be written

Zo | F ao¥o" + BoYo! - Yo Y(sT]

121 +oagyo" + @aya" + Ba¥o'! * Bava' - va P(s)

Zg _|F aryo" * azyz" + Ba¥o'! * BaVa' - Yz ‘{’(S) (23)
zg| I+ az¥o" + azyas" + BaVo! * Bs¥as' - Ys \P(S)

24 [+ agyo™ *+ agyg" * Ba¥o! * Ba¥y' - vg Y(s)

25 |+ asve" *+ agys" * Bsvo' * Bs¥s' - ¥5 f(s)] ,

'noting that each row in the right hand matrix is but a single
element, thus giving a (6 x 1) matrix.
Since llke matrices may be added, element by element,

we may apply the concept and the concept of matrix multiplication
to the right member of (23) and obtain

[Be] JGo 0 0 0 0 075" [fo © ©0 0 0 07]{7o"]
Zy g @ 0 O O O [[ya" Bx B O O O O ||ya?
Zz| = |82 O az O O O ||y2" + [Pz O B2 O O O ||y
Zg ag 0 O azg O O [lys" Pz O O Bz O O [1ya!
Zg Q4 0 0 0 ag O y4" 54 0 0 64 0 y4'
%5] %8 0 © 0 ag|[y87] [P5 © 0 ©  Psj|¥s!]
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The (5
The (5
The (6
The (6
The (6

We shall

x 5) matrix

X 5) matrix

x 5) matrix

x.6) matrix

Yo
Ya
1¥=
Ya
Y4

Y(syT
Y(s) |
Y(s)

Y(s)| ?

Y(s)
vs (s)]

now adopt the following notation.

of a's denote by [[a_J. (see

of t's denote by [b_]. (see

of d's denote by [d]. (see

of a's denote by [a_]. (see

x 6) matrix of p!'s denote by [ p_]. (see

With this (17) may be written

Lal

gute

5]

Ja mom
N M,
¥a Mg

T4 = [p] Mg

My

Qe
€Qe
€Qe
€Q e

Q.

B-18

(17))
(17))
(18))
(24))
(24))

(24)

(25)

while if the expression for the matrix of z's in (24) is sub-

gtituted for the sams expresslon in (18) we have,

Lol
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'.Z.S.To ]
v
Vo n
vy4¥l:‘

¥ t
L5_J

+ [e]

g

Yo !
Va!
Va!
Va!
V4!
ys'

L

-'?o Y(s)]
Ya MS)
vz Ws)
Yz W(S)
Y4 Y(s)

vs Ys)

——

Mo

My

= [a7] M,

L4

(26)

34



The matrix equation of motion is obtained by solving
(25) for the matrix of M's and substituting in (26). This is
done by premultiplying both sides of (25) by the reciprocal

of [b7]. Thus, after rearranging, the equation is

P{To"m , E’o '-T | ﬁf J] ﬁ’.o :i;(s)—i

ya" va! y va Y(s)
req [+ 001 | - CaTroEag o] = o 29 o

[va" Ya' Ya vs Yis)]

vl {7 | ¥s 74 Y(s)

LG [¥s'] L1 s Y],

where [ ]~ is the reciprocal of [ b ].
| | We note that every term of the equation is a (6 x 1)
matrix. In particular, for the third tem on the left, using
the usﬁal matrix notation for order,
6 x5) » (5x58)] « 05x5) « (5x1f] =
=(6x5) « (5x1)=(6x1). |
It may also be observed that y, does not appear ex-
plicitly in (27); however to make the equations more symmetrical,
and for ease in subsequent numerical solution, we may write the
matrix involving the y's in a somewhat different manner.
Let the (6 x 5) matrix [aJ[b ]~ [a] be written
EH], and border‘ the [H_] matrix by a first column of zeros,

thus,

= [o, = ﬂ, (28)

MoM oM M MM
Mo M M MM
SR VINVIVEVINe
PHOX M MM N

lo o 0o o o ol
3 T - S S T 4}
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using the notation for a partitioned (1 x 2) matrix.

Let

EYj = Vs
T4
i

and form the partitioned (2 x 1) matrix

Jo
5

E, EH]] : [E’;j] - [L:H:J : I:Y:J],.

80 that we may write

Then

pace  seig uns o

Ju Jo
Tz Ja
Ia J=.
Crl e fvaj= LRI vs!
I5 {Y4
. 75 ]

where ER] is the EHj matrix bordered by a first column of

zZeros as indicatéd in (28).

Thus, the final eguation of motion may be written
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E’OW E’o '»] ?o_] ?o WS)—.
v V! Y Y 4KS)
v Ve! I Ya ‘-l’(s)
Eaj va" * EB] 193! - ERj Ta = Y3 l.P(s) (29)
{7a" Y4 (Y4 vq Y(s)
55", 75" 75 [rs Wo,

In Eqe (29) it must be remembered that while y, is
measured from a fixed reference line, yi, Y2, ¥ss Ygs and Vs
are measured relative to the wing root. Thus, the vertical
acceleration at station i, (1 = 1, 2, 3, 4, 5), is .y.o + }’i
It is possible, of course, to write the equations of motion in
terms of displacements, all of which are measured from a fixed
references

We shall next consider the more general case of Wing
bending, torsion, rigid body vertical translation, and pitching
before the solution of (29) 1s discussed.

Be4, Derivation of the Torsional Equations of Motion

In derliving the equations of motion, we will first
determine the relation between appllied twisting moment and
angular displacement for a cantilever beam such as that shown
in fig. 5« It will be assumed that the applied twisting moment,
like the normal force, acts at concentrated mass points along
the team. It 1s necessary to introduce new symbols and sign

-conventions regarding torsion. With reference to figse. 5, 6,

and 7, we shall use the followinge
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Be4el Notation

9;  angular displacement of wing chord at station i, measured
relative to the root chord at station O, positive when
leading edge is raised relative to trailing edgee

Qi applied twisting moment, including inertia moment, about
elastic axis, positive in sense of positive g.

T,s torque in beam just to right (outboard) of station i

T-i torque in beam just to left (inboard) of station 1

hy length of beam between station 1 and 1 + 1

JG torsional rigidity, variable along beam

Ci torsional flexibility at station i; Ci = 75%7

5& average value of C between station 1 and 1 + 1;

5 =21 *0n
i 2

r running coordinate, positive in outboard direction, with

origin at station i and running to station i + 1.
The positive sense for angular displacements and
moments are shown in fig. 6. Bdge View of Right Wing
as Seen from Tail, Looking
Forward
i i+l i+42
P re o FX,T

LeEe

*+¢

t
| !
| |
| |
I
L )
/ $ﬁ€> Wing Root

Elastic Axis

Fige 6¢ Positive Conventions For Torsione.
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Be4de2s Relation between Applied Twisting Moment and Angular
Displacement
From the usual strength of materials formula for

twisting about the elastic axis, we have

%% =+ G(r) o T(7) (30)

in which the + sign 13 used in keeping with the sign convention
adoptede

Since no torque is applied between stations, considera-
tion of fig. 6 shéws that the tordque between stations is constant.
Thus, between stations n and n + 1 the torque T is

T=7T, = T (n+1)

If it is assumed that the torsional flexibility curve
¢{r) can be approximated by a straight line between stations,
thén between stations n and n + 1,

Cn+l = Cn r + C
By n*

Using this relation and integrating between r = 0, and » = h

C(r) =

n’
corresponding to ¢ = P and ¢ = P10 glves
Cpn + Cn+l
n+l T n T 2 by Tono
which we will write
P+l = % T En hy Tanos (31)

- Cn * Cn+1
where Cn e
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Consideration of a free body diagram of a section of

the beam at station n + 1,
n+l
» )
T4wuy*:§ #/_67

U+ Ta(nt1)

+x

v

for dynamic equilibrium, leads to the relation

U1 T Tonrr) = Toqner) = 0O

However, T—(n+l) = T,,» S0 that we have

i1

Qn”’l = T+n - T+(n+l)o (32)

Shifting the index in (31) gives

P+ = 9p+1 T Cpey B

n+1 T

+(n+l)?
which when subtracted from (3l) leads to the recurrence relation

On + ( 1 1 P42

- T = e ol )‘P -
+ +(n+ © T *1
no"Hntl) U n 0 G, hy, Cpey bpa YT By

T

(33)

Upon eliminating the difference in section torques by

the use of (31), there results

where
en = coefficient of ¢p when n = n
®n(n+l) coefficient of ¢, ,, When n = n
en(n+2) = coefflcient of 9 4p When n = n,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Since the derivation of (34) required the considera-
tion of two adjacent spans, it may not be applied to the last
spane Thus, for the case in which the last span is hys (34)
may be applied only for n = 0, 1, 2, 3. An additional equation
is obtained by observing that the boundary conditions require
that T, o = O. Hence, from (32), using n = 4,

W = Toy
and from (31), for n = 4, we have

@5 - Qg4 = 64 hy T+4:

so that
94 @5
Qg = = = + s
i Cs hg Ty hyg
which we shall write
Qs = e4 94 * e5 ¢g, (35)
where
- 1 - 1
&g = == » €5 T mm———
Cy hy Cq hy

For a cantllever beam divided into five sections as

shown in fig. 5, we may apply (34) forn =0, 1, 2, 3, (re-

membering that ¢ = O at the root), which together with (35) gives

n=0: Qi = ep1 91 * €02 P2
n=1 Qz = ey1 ¢ * €12 ¢z * €15 95

) (386)
n=2: Qp = ezgz ¢z +* €z 95 + €34 94

n = 3s Q4 = ez3z ¢z t 354;‘94 + ez5 95,

€4 94 + e5 P5e

&
1}
il
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The
example,

€25
and €11

The coefficlents ey4 and ez have been defined by (35)

We may write (36) in matrix form.

W,

coefficients eij

i

il

il

il

]

coefficient of ¢z when n

+ (Hl

coefficient of ¢4 when n

[e

1

+

Cz he

1

Cy hy

e

F'o oo

0l

b N

€oz

0

T, hg

)s

o.

0
€04
€34
€4

—

0

0

0
©35
5

i

il

are obtained from (33),

1]
P2 !
Pa
P4

195 |

Thus,

B=2G 42

For

(37)

Be5e Determination of the Applied Twisting Moment and Normal

Force at a Given Station for Bending-Torsion Coupling.

With reference to fig. 7 we shall use the following notation.

B denotes elastic axis position on wing section

denotes center of gravity position on wing section

a distance from elastic axis to center of gravity, posltive

when G 1s aft BE.

L total applied force at a glven statlon, including air and

inertia effects, positive upward

Lg applied force at a given station, caused by air forces,

positive upward
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Q@  total applied twisting moment about B, at a given station,
positive when it tends to raise leading edge.
applied twisting moment about E, at a gliven station,
positive when 1t tends to raise leading edge, caused by
alr forces
zZy vertical distance from fixed reference to G, positive upward
zZ =y + y, vertical distance from fixed reference to E,

positive upward

m mass concentrated at particular station at Ge

w

angle measured from fixed reference line to wing chord
Kz radius of gyration of wing mass associated with a given
station, about G.

X radius of gyration of wing mass, associated with a given

station, about E.

Tele

,;f T — — _Line of Wing Root

Moving with ATTplewme
YoFZo Zq

Reference Line Mixed
in Space

Fige 7e Section of VWing at a Given Station Showing Applied

Forces, Applied Moments, and Distances.
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BeS5els Determination of the Applied Twisting Moment and
Normal Force Caused by Alr Loads on Wing
In accord with two-dimensional theory as discussed

in section 2, the air forces and couples act as shown in fig. 8.

Fige 8. View of Wing Section Showing Air Loads.

The loading shown in fig. 8. and the following expres-
sions are taken from section 2. Before writing down these
expressions, however, it must be remembered that 2 and T3
(i =1, 2, 3, 4, 5; see figs, 5 and 7) are not measured relative
to a fixed reference line, but are measured,'instead, relative
to the root chord which is attached to the moving airplane.

In the expressions for the air forces and moments, the true
velocities and accelerations are neseded.

Let yo be the distance, from a fixed reference line,
to the elastic axis position at the wing root; and let ¢, be
the angular displacement, from a fixed reference line, to the

wing root, both as shown in fig. 7.
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Then, for any wing station, 1, 2, 3, 4, 5 (see fig. 5), the true
velocity and acceleration, of the clastic axis point E, are

respectively,

L] L ] o L2 J

Yyt Yos T * Yoo
and the true angular veloclty and acceleration are, respectively,
9+ 903 ¢+ o
We now define
Z =y + Y, | (40)
6 = ¢ + go, | ©(41)

for stations 1, 2, 3, 4, 5;'2 and © being measured from fixed
references as shown in fige 7o
At the root station O,
Zg ¥ Jo
8o = ¢o , (42)
Using expressions (40), (41), and (42), the expfessions
of section 2, which are written for force and moment per unit
length, may be wriltten for an area S assoclated with each

station as shown in fig. 5.

;S . )
- - f_on + & o -
Lz = Cpq Co SU SOEZ + 7 6] K(s = O)d0 +
s .

+ Crq gsuz goef K(s - 074d0% (44)
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. 201 4
Ly = 0,0 § stfg— - £ 2n) (45)
o Co
5 2
iy = - 130 =5 o (46)
>
’ = =
Mz:..llfssc g.....gl (47)

In the above equations, (see fig. 5)

S = wing area aséociated with given statlion

Q
it

wing chord at given station

(9]
o
I

= wing chord at root (station zero),

and the L's and M's are increments in 1ift and moment, res-
pectively, that act at a particular station. The primes refer
to differentiation with respect to s, and the change in inde-

pendent variable from t to s is made by the substitutions

c
s = g%f’ S at = §% ds
L J L]
Z=z'?c-€—~, 9=9'%-g- (48)
°* 4U2 o 1w 4u*
z = 2" =g b =60 .
COB’ 002

Upon taking moments about the elastic axls, with

reference to fig. 8, we have

Qaz(a-'%)l:z'*‘(&-%)L(}-(g--a)Ll—l-Ml—!—Mz. (49)
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It will be convenient to express Lp 1n a different

forme Integrating by parts glives

Ly = cLa(>§%§ {IEZ' + 3 e{} K(0) + [}z + 32 é] K1(0) +

s _
lez + & gl xt(s - | +
+ So[z+463K(s O‘)do]+

S
2 .
+ cmf’%— E?K(o) + Soe*zi'(z - O)dO], (50)
dK 4K
where K'(s - O = —2 .. K" s - -
d(s ~ 0y’ 7 a(s - »*=’
d -
that K! - = - n - -
so tha (s - O -5%’ K"(s - O) 3%

The primes appearing on z and © refer to differentiation with
respect to s |

Introducing the notation, & = Cp/ SU®, and approxi-
mating the K function by

K(s) =1 ~Ne™®° (51)
we have
LG- ='§"VG ‘P(S); VG =¥f (51)

Le = = 5o(1 =)zt + g2 - o1 - laAz + gan Fo +

3

]
+ g-(l - N6 + 8a” Ze-a(s-o")do._,, 5 oA ee-a(s-mdo,_l_
‘A " Co 0 - 2 0
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., 8
2
- fatA L ¢ S e (5T g0 (52)
Co 4 ),
=L C g1 B "
Ly 5 7 © 5.7 5 Z (53)
= 6__C% n | :
_ 5 ¢*
Ve = = T5 Co er , : (55)

where the theoretical slope of the 1lift cﬁrve, 27, has been
replaced by CLa in (54) and (55).
Be5s2es Determination of Inertia PForces and Moments Acting on
Wiﬁg Section
Fig. 7 shows applied forces and moments acting on a
wing section. As is usual in plane motion problems, the inertia
effects‘have been placed at the centef of gravity. It will be
more convenient, however, to express the moments about the
elastic axis E. Thus,
Zg =z - 8, (sin 6 ==86) (56)
so that
A
Hence, the normal ineftia force is
o .o o

- Mz, = = mz + med,

which, in terms of s 1s, using (48),

* _ _ 4U® 4u*=
- mIG = - g mz" + = pept (57)
o o
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Taking moments about I gives, using (56), (48), and
cos 21,
e 2 % 4U7 " ' 2 ot
emz, = mK~.,0 = —— em(z" - e8") = —— mK<.6",
0 0
or upon using the moment of inertia transfer theorem,

mK?g =mk® - me®,

LY ) Y] 4:U2 4:U2 2
emz,, = mK*.0 = =— emz" - —— mKZe" (58
G G 002 Coﬂ ’ )

where m 1s the concentrated mass acting at the given station.
Be5e3s The Resultant Force and Moment Acting on Wing Section

By combining (57) with (51), (52), and (53) we obtain
the total applied force, acting at the elastic axis of the

wing section. Thus,

2 2
L =L, -2 ma" +§E-2-me8". | (59)
CO [+

By combining (58) with (49) we obtain the total applied moment,

acting about the elastic axis, of the wing sectione. Thus,

2 =2 '
Q=q + -—41]-5 emz" - f‘—q;?- mK*e". (60)
cc CO

Written out in full, (59) and (60) become
- : L . [} " 1 s
Li €14 Zy + £2i 91 + €34 Zy + €44 ei + 355_ zi + 561 ei +

s s
+ ey, 5 Ozie'“(’s°o')d0'+ g4 & eie"a(s'o‘)dﬂ‘ - g3 Y(s) ‘3(61)
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Qi = 51i Zi" +‘52i 91" + 531 Zil + 541 eit + 054 z, + 561 Bi +

(62)

8 8

+ 6y z, o"¢(5°T g+ 5g 6, o %5 Dgo_ 59, Ws),
i 1 i

0
where the 08's and e!'s are constants, and the subscript 1 has
been added to emphasize that L, Q, and 8's, the e's, z, 6, and
thelr derivatives are different at each statione. These formulas,
(61) and (62), apply to the wing statlions, and for the number
of stations being considered here, they apply for i = 1,2,3,4,5.
In the next sectlion they will be interpreted to apply to station
zero also, '

The constants are given by

r 4U%em 5
= |. (e | (8 G
1 i- ( Go? ) (Co 2{}1

H
)
I

€23 T i+ ("‘""""'4U2:m)J
L Co 5
€54 = [ (Mﬁ(lc-x))]
0
- 1
- ) (63)
Ty < F (6(14007\)6) + (5

6512{:(5(1]
L % s
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= da C O(L -
fai"[ (o) + ( A)]
i
r—
€7i +

SaRA
(“5;~{}
-

€81 = |- (655 G) + (6(17\)]

e

~<5)v]
[.’2‘ Gi .

where the subscript i1 has been added to emphasize that the

1
(63)

i

Il

:89 1

quantities may be different at each station. That is, when -
i =1, for example, the constants are to be evaluated using
data at station 1.

Likewise, for the 5ji’

co 2Co % N

5.. = [ 4U%nK=®  8c° |
23 T4~ ,
+ Co® 64C,% .

5mi

- (64)
555_= -(a_%).éi}_é;;_&]
- 1
o0 = |- (§ - 2) §5; - 1 + (0 - D) Al )C]
1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B=56 52

B Cy BN
'R bl Ul P

o
(op
H]

i

r 5 -5
8¢y = |(a - %)(48?0 - )\)]1

»l &
— Cy Ha"A
o7y = |(& - 2) =,

i (64)

— » 2
ooy = [(a - PEP 20|

s

bo; = |- (a - D3 VG):]i

where, for reference, 8 = (Cyq SU’Q)i computed at each station,
for CLa and S may vary from station to station.
Be6e The Equations of Motion for the Rigld Body Coordinates

for Vertical Translation Combined with Pitching lMotion.

1
€o Q‘O&
. T Airplene
At Top © i \"+0 — s
G "\ o
\’/j\/‘/[
\/V+o
Z Z rra M, *°
t GF v T Zap Zo
Blxed Reference

Fige 9 Free Body Diagram of Fuselage, Wing Removed
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With reference to Fige. 9 we shall use the additional

Definlitions
L,q @pplied force on fuselage (station 0), caused by ailrforces,.
Q%a applied moment on fuselage (station 0), caused by airforces.

Zo distance to elastic axis position from fixed reference.

Zop distance to center of gravity of fuselage from fixed
reference.

t one half airforce on tail, assumed to act at tall quarter
chord point.

Mp one half mass of fuselage. The word fuselage 1s intended
to mean the entire airplane less wings and objects thereon
attached, as represented by the dynamic model discussed
in section B.l.

IGF mass moment of inertia of one half fuselage about an axis
through Gy perpendicular to plane of symmetry. IGF = Mf KzGF

Zy distance to 1/4 chord position on tail from fixed reference

1 distance from elastic axis position on fuselage to 1/4
chord position on tail.

T and Vo 8re, respectively, the twisting moment

+0
and shear in the wing just to the right of station O. That is,
in the present free body diagram, they are the twlsting momentv
and shear transferred from the wing to the fuselage. On Fig. 9
all applied forces and moments are shown in the posiﬁive direction

and sense. The reactions, T+O and Vo are shown in their positive
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gsense and direction in keeping with the sign conventions adopted

for internal torgque and sheare.

With reference to Fig. 9, a summation of vertical

forces gives

e
“ Vo = Mp 2op t L, tE=0 (85)
But
ZG‘F = Zo - eo So, (Sin 90’::.':90)
so that
(2 ] L X ] L ] J
Mf ZG‘F = :Mf Zo had Mf eo eo
- 4U% n 4U%

Mo 2" - e B
T 002 Mf Coz ’
where (48) has been used in writing the last line above.

Using this, (65) becomes

4U* 4y L
E:foa - Mf c = Zo + Mf eo "é""'g + t — V+O ‘ (66)
0 0

Upon taklng moments about E,
oo L X

but Iom = Mo Kfon = M, Ko® = eo® M,

GF f
where K, 1s the radius of gyration of Mf about E.

Using this result in (67) gives

N 4U% w  4U% ]
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\

We observe that the expressions in brackets in (66)
and (68) have exactly the same form as (59) and (60). Hence,
we may refer to the bracketed expressions as L, and Qp, respec-
tively, and write

Lo + £ = 235 20" + €50 6" + €50 2o + €40 85! + €50 2o + €50 6o *

S S (69)
- - - el
+ "ﬁVOSOZ"e (s me“-F £g50 goeoe a(s O-)dO“- €50 Ys) +t = V40
where the £'s may be computed by (63) for i = 0, noting that
My = Mf and S, is the wing area as shown in fige Se
In the same manner we may write (68) as
Qo = t1 = 81020" + Ba0Bo™ * DaoZo' * By’ + BgoZo * Bggo *
s s ) (70)
| -a(s=0) =a(s=0" - =
+ 67OSOz°e ao + 58()goeoe A0™ = Dgq Y(s) tl Tio

where the 8's may be computed by (64) for i = Q.

Determination of the Force on the Tall

Since the static weight is balanced by the static
lift and tail force we need only consider the increment in
1lift on the tall caused by the motion of the airplane and the
guste Thus, we may compute the 1lift on the tall from the
unsteady 1ift formulas (51), (52), and (53). In computing
tall moments we will neglect the aerodynamic couples on the
tall as small compared with the term tl.

Considering the fuselage as a rigid body the appro-

priate values of displacement, velocity and acceleration to be
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used are those corresponding to the 1/4 chord position on the
talle Thus, with reference to fig. @,

z, = 2o - 18, (sin ©,76,)
Zt'z Zo! = 184!
zg" = 2" = 18,",
and with the substitution of these values in (52) and (53),

collecting like terms, and using (51) we have

= 1o 6C n 156C i - 5(1 - A
¢ {: 2]1;20 +{;C ]1;90 +[ Co g Zo' ¥

200 o

L 151 - | 8C + 802 -7\-)(3 0,1 + [_ 5&23 2y +
LG 4G, Co g
Tope , ca2c , 6(1 = A) ’ S ~a(s-0)
. oq, 6(1l - da -0 (S=-
+ =G + 4% + 5 ]t €o + -E—E‘—-]t Sozoe S a0-+

1802, 8aA  Ba”Al 8
* [‘""@‘ - o\ 606”5 Ngg s

0 4Co

+ E_g VG]t Ws - a,) * H(s - d,), (71)
where the subscript t on the bracketed coeffid ents indicates
that these coefficients are to be computed for the tail. In
particular, the value of & to be used in 5 = GLa(’SUz, where S
18 one half the horizontal tail area, and cLa is the slope of
the tail 1ift curvees The value of C is the mean chord of the

tail, but C, is the root chord of the wing as before. This
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follows from the fact that C, is only an arbitrary dimension
used to change from the independent variable t t0o s

It should be noted, also, that when the wing leading
edge first strikes the gust, the tall has not yet reached the
gust boundary. Hence, the term Y does not enter the equation
until the leading edge of the tall first penetrates the gust.
Further, after penetration of the tall, the deficlency function
Wdepends on the distance of penetration from gust boundary to
the leading edge of the tail. This distance is, of course,
not s, for s measures the penetration of the wing leading edge.
The distance that the tail has entered the gust is (s = dt)’
is thé distance, expressed as a non-dimensional distance

t
in half-chords, %9_, that the leading edge of the tail is behind

where d

the leading edge of the winge
Both these ldeas are expressed by the function
) Y(s = ay) o Hs = ap),
where (s - dt) Z'L'S the argument of Y and H, and H is the unit
step function defined by
H(s) = 0O, s <0
H(s) = 1, s >0,
g0 that H(s = dt) has the value O (zero) for s £ d, and the
value 1 (one) for s > dye |
The moment caused by the tall force is found by

multiplying equation (71) throughout by 1.
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Returning now to Egs. (69) and (70) we see that the
coefficients in (71) can be combined with the e's and 6's so
that the final equations for the rigid body coordinates may be
written

Lo + t x320" + 200" + ZpZo! + x400" + XgZo + xgbo *+

s s
+ Xy Sozoe'a(s"mdcr’-% Xg Soeoe'a(s'mdo‘w gi(s) = v 4, (72)
and
Qo = tL = uzzo" + ugBe" + ugkio! * Ugbo! *+ ugzo t ugbe +
s | s
. -0 (5= ‘ -6 (s~ _
+ u, gOZoe (3-0Vg0-+ ug Soﬁoe (5P aomo gols) = =1, (73)

where the constant U; s X3, and the functions g,(s) and go(s)

are given by the combinations of (71) and (69), and (71) x 1

and (70). Thus,

- - A1
C;e]‘ 5 Xg = €50 F [6(1 RJ
0 -+t

=8C 1s
X1=810+[§"é‘;'2 ;Xa'-'ﬁz@"‘{;c

t Co t,
[A6(1 -A) . 6C + 6(1 = )\)c] E—a&]
= g + + H =€ + ‘
*4 7 %20 T [T G aCo S 75 50 Co i3
(74)
_ - [loag . BoAs o B(1 -] . - . da”A] .
X6 = fgo * TG, T 4G, T3 R B CI e A
_ [T 160®A |, BaA 50*AC
Xg = ®g0 *‘[} e TTZ - 404]

ga(s) = + egg Ws) + [=2 ve] Yls - ap) o+ (s - ap).
- t
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Uy ~ ﬁlO - 1 E 5(2}] 3 Upg = 520 - 1 Esozj H (75)
Co'd Co'™dyg
_ =5(1 =-AJ] . - [15(1 = A) . 8C + B8(1 =A)C] .
u.a - 520 - l [ Co ]t, u4 - 540 1 L Co + 460 :t,

-6 -1 |=2d] ., =5 -1 [10Ac  BaC | (1-22
LG Jy* 6 760 G, T T4c, *

_ BaFA] . _ [L 18a®A . saA_ 80°AS
Uy = Opg = 1 73’“8‘580'1_ Co T2 - 7T,

ga(s) = + Og, ?Ks) -1 [é? vé]t Yis - a,) » H(s - a,)

It now remains to evaluate V40 and T+O appearing in
(72) and (73) in terms of known gquantities.
Returning to fig. 3, of section B.2.2 it is seen that

My M
0 =%, " o (76)

while from Eqge (31) of section B.4.2, 1t 18 seen that

_ %2
T = =
0 Co hyo (77)

femembering that ¢ = 0 at the wing rodt (station Zero).

Be7e The Equatiocns of Motion for Response to a Sharp Edged Gust
Considering Wing Bending, Wing Torsion, Rigid Body
Vertical Translation, and Rigid Body Pitchinge

The various equations that have been derived will

now be collected and expressed in matrix form so that they may

be solved by the methods presented in section C.
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In the following discussion reference will be made
to certain needed equations by number. It will be understood
that all equation numbers refer to equations of section Be
Reference should be made to the stated reference equation for
the definition and meaning of the symbols used.

file shall form the equations oh the basis of a dynamic
model whose Ssemi-wing 1s divided into six stations, 0, 1, 2, 3,
4, 5o If it is desired to write the equations for more wing
stations, 1t may easily be done by applying the basic recurrence
relations derived for bending and torsion. Abbreviated notation
will be used for the matrices. The complete form will be pre-

sentéd at the end of this section.

For the bending equations, Egqs. (17) and (18) are
rewritten with the change that the z's of those equations are
called L's to conform with the notation used in the general

cases Thus,

NN Mg

V2 My ‘
Cad{¥s| = [p] {M (78)

T4 Mg

M

iysu-i 1—4-1

T+t T, |

L, 1M,

Le | = [[a7] |M (79)

Lga Mz

Ly My

L L. ]

%
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For the torsion equations we combine Eqe (37) with

the rigid body pitching equation (68) and Eq. (77) to give

[(Qo=tT] 7]

Qq ‘ P

Qg |9=

Qg = [e] |oa (80)
Q

Qy (p:

q ,

|0 _

1
Premultiply (78) by [ b ]~ to solve for the column

of M's, and substitute this result in (79) to glve

[Eot] n 5]
Ly e Ya
L -3 e T2
1, {= Ledlrd [adlvel= ORI IS | (81)
Ly §4> {74
S
_]5)5 - L 75 ]

where the [[R_] matrix is that discussed in connection with
Bgs. (28) and (29).
The [ Q] matrix in (80) with the aid of Egs. (62)

and (73) may be written out in full. Thus,
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Using the properties of matrices as discussed in

section C of this report (82) may be written

s
EQ‘] = D, Z" + Dy6" + DLzt + Dy6! + DgZ + Dgb + D,7 goze-or.(s-c‘)do,_'_

» |
+ Dy Soee‘“(s‘mdv— Ga(s), (83)

where [[Q7], Z, 6, and Gg(s) are column matrices, and D,
(1 =1, e+, 8) are square matrices, the exfended form of
these symbols to be given presently.

In a similar manner, the EL] matrix in (81) with
the aid of Egs. (61) and (72) can be written out in full cor-

responding to Bg. (82) from which 1t can then be condensed into

the form
| , 5, ~a(s=0)
L] = Ba2" + Ba0" + Egl! + EyB' + Egi + Egb + B, \ Ze ao +
0
S aea) ,
+ Eg \ Oe a0" = G.(s), (84)
0

where E; are square matrices, and [L7] and Gi(s) are column
matrices. Z and € are the same matrices as in (83).

We now wish to eliminate the matrix of ¢'s and the
matrix of y's in (80) and (8l). To do this, we use Egs. (40),
(41), and (42) to give

[ex] [Ba] [Bo]

9a O 6o

¢z = |95 = [Bo] » (85)
9y b4 190

SUSR § L el b J
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and
Yol [20] [07]
Va Z3 2o
Y= _ Zg Z¢ (86
Ys| 123 T 1z, )
Y4 24 {%o
2 P4

We may now write (85) and (86) in a more useful form,
We shall illustrste with the (85).
Now the right member of (80) was obtained from (37)

combined with (68) and (77). Written out in full, we have

T ?,l 0} Q O o ] f._
Pa 601 G0z O O 0 %2
¥z €11 €12 €1z O 0 P2
2 0 0 0 ez ezs||?4
95 o o0 o0 e, e {195
. J L LR |
where e = = — 1 from (77), and all others are previously
Co ho

defined. ‘
Using (85) it can be seen by matrix multiplication
that (87) is equal to

-:p- P:(el) : €4, 0 0 0 0 ] -éo-

Ql -(eo1teoz) s €01 €20 O O O2

g1 hd

~(ey1+e15FC€1:e © e o} 0 1]
Eej 95| = a1terz ::.a’ 11 €1= ®i5 z" (88)

o ‘(922+€25+@24: O egz €35 €24 O O3

@4 -(esstezatesse O O ezs e34 e35)(64

5 .
L°]  [~(egtes) 0 0 0 ey4 e5 ]85
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for upon multiplying out the right member of (88) we have

—

(=610, + ©,6;

-(eo1 + €02)8p * €016 * €020

~(e11 + €1z + ©33)60 + €318 + €130, + €158;
~(eze *+ 625 * 624)00 * ez2ba t+ easbs t eg4f,
-(egz + €z4 * 835)90 + eazz05 * e3zgfy t+ e3505
‘:(64 + 65)90 + 9464 + es5fg ]

e 0 O 0 0 ]/ F‘él‘ ,’50"’

€01 €0z O 0 0 0, 8,

€11 €12 €15 0 O < Os 6o
=+ 10 €zz €=z3 €24 0 +"e4 - 90 s

{0 O ezz ezq €35 o5 B,

_(-) o O 84 e5“ \ ] ]

which is exactly (87) when the substitution (85) is made in (87).
Prom this, it is seen that (80) and (81l) can be

replaced by

[ed= E?]»aa, (89)

and

Ced=[rdl, | (0)
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where the [[® ] is derived from the [ e ] matrix by bordering
the [e] matrix by a first column. Each element in this first
column ia the negative sum of all elements in the corresponding
row of the ]:e] matrix. This is clearly illustrated by comparing
(87) and (88). The same rule applies to the [ R_]| matrix, except
that the [ R_] matrix already has a bordering column of zeros.
These are replaced by the new elements formed according to the
above rule.

We may now substitute the expressions for EQ] and
[:L:] given by (89) and (90) into (83) and (84) and obtain
DyZ" + Dpo" + DyZ! + Dy8'! + DgZ + (Dg - [T_])6 +

s s

+ D, \ 2675 Dgo+ p_ | 675N go-= o, (s) (91)
7 8 2

0 0

and

E1Zo + Ep8" + EZ! + B! + (Bg - [R])2 + Ego +
S

S |
+ By SOZe"“(s'me'+ EBSan'“(S'mdo’= G1(s) (92)

We may next combine (91) and (92) in the following
WaYTe

Define the partitioned matrices

W= [g], F(s) = Eiggg (93)

Then using properties set forth in section C we may write

3
AW+ AWY + AW + Ag SOWe‘“(S'mdc'= F(s)e ‘ (94)
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We may now solve this equaﬁion by the method gilven in
section C, after multiplying through by A .

Alternately, we could introduce another partitioned
matrix and reduce (94) to a first order system. To do this
introduce the new dependent variable defined by

X =W (95)
Substituting in (95) we form the new system
s
AX! + AgX + A X + Ay S e~ (8- Mo = 7(s)
° (¢6)
Wt - X=20

Then let Y = [%], and then (96) becomes

@1 <I>] W:"f ff éi[‘%] B g SZ[%]G%(S“O)CIO% {‘:E'((s))],

(97)
which, as a first order system, is
S e (s=09
C Y' + CpY + Cp S Ye do" = P(s), (98)
0

where P(s) = E‘(S,)], and the C's are defined by correspondence

with Bg. (97).
Methods for solving (98) are presented in section C.

We shall now give explicit statements for the formation

of the matrices that lead up to Eq. (94).
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Be7s1le Definitions and Formulation of the Matrices that are
Needede
Ege. (24):
Al = g:l Eﬂ; AB = Eﬂ% Eﬂ; AZ) = [5 (D6 E'Bj 3 A4 = 27 gé;
: : (Es - [F] = 7
F(s) defined by Eqe. (93). W defined by Eqe (93)
Bas. (91) and (92):
Eom ’éo- J_gz(s -] -81(3) -1
Zy 04 bg1 Y(s) g1 Y(s)
Zg Oz ! 8g2 V() | €92 (s)
z2 = |zgz|3 © = |65]3 Ga(s) = 593 (s) |3 Ga(s) = €93 (s) ]
24 84 1204 1% foa Gis)
Z ’ 8 £ S
_ﬁJ LQJ .~95 J _95 L
m, O 0 O 0 0 ] W, O 0 O 0 O
076,50 0 0 o0 0 83,0 0 0 O
O« O 5‘12 O O O 0 O 622 O O 0
Dy, = |]O O 0 015 O 0 s D = |0 O 0 Oa3 O 0 »
0 0 0 0 05,0 0O 0 0 O 0240
0 0 0 O 0%05 0 0 0 0 0 O0g5
and in general, with the ald of (82) we may write

0 0 0O 0 0
61, O 0 o 0
0" 8_0 0 O

‘OOOQqu

Di = (9] 0 ﬁi 0 0]
O 0o 0o°° b1y O
0O 0 0 07 54

| 5
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By comparing (60) with (61) and (72) with (73) we see

that
x, o 0 0 0 0~
0" € 0 0 0 0 |
o o0"te,0 0 0
By Jo 0 07 e 0 0O
0 0 0 07°e,0 |
0 o o o 0% ey

E"é' ], I:'R_j defined by discussion following Eq. (90).

g1(s) defined by Ege. (74)

g2(s) defined by Eq. (75)

% defined by (74)

uy defined by (75)

4515 defined by (64), & = Cra (OSUz
13 defined by (63)

Be7e2e Stresses Caused by the Dynamic Loads.

After the matrix eduation has been solved numerically
as outlined in section C, the determination of the internal wing
bending moments, shears, and torques is a simple manners

Matrix equations have been developed Whiéh determine
the tordues andvbendinyg moments in tefms of the displacements 9y
and yi.‘/These are easily computed, once the‘zi and ei values have
}beeﬁ obtained from the solution of the matrix equation, by the

simple relations

il

Py 9:1 - 0o

Y T 23 < 2o
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The shears may then be computed with the knowledge of the

bending moments, for we have developed the relation

V+n = hn .
With the knowledge of the bending moments, shears,

and torques, the stresses can be computed by the appropriate

strength-of-materials formula.
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Ce The Solution of a System of Linear Integro=-Differential

Bguations having Constant Coefficients,

Cele Introduction

All the equations thus far derived are elther a system
of differential equations or a system of integro-differential
equations.e In the gust proﬁlem, we have seen that the former
result when the deficiency function K(s) is taken equal to a
constant, and that the latter occur when K(s) is a function of
S« The solution of both these cases will be considered.

The most obvious solution is direct application of
the Laplace transform. This analytical solution has several dis-
advantages. While superior to the classical method in that a
particular solution need not be found, and also that arbitrary
constants of integration need not be evaluated, 1t is still
necessary to solve a system of linear algebraic equations con-
taining a literal parameter. The length of time reguired to
solve such a system rapidly increases with the number of degrees
of freédom of the original dynamic problém. After the algebraic
equations are sclved for each of the variables in terms of the
parameter, it 1s necessary to determine the roots of an algebraic
equation in order to find the inverse transform. The labor,
again, increases rapidly with increase in degrees of freedom.
Another computational problem arises when numerical values for

the dependent variables are wanted. Thus, actually evaluating
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the analytical solution for a sequence of values of the inde-
pendent variable likewise is very time consuming for a system
of many degrees of freedom.

In order to obviate some of these difficulties, a
solution may be obtained by numerical methods. These, too,
require much computation. They do, however, have the obvious
advantage directly from the solution, so that it is not neces-
sary to evaluate a complicated analytical expression for every
value of the dependent variable that is deslred.

There are many methods for the numerical solution of
differential equations. Two good references for these are!
"Numerical Mathematical Analysis" by Scarborough, Johns Hopkins
University Press, 1949. The usual methods described, however,
apply egqually well to linear and non-linear equations and are
usually discuseed in terms of a system of low order.

In the following pages method will be developed which
are designed especially for linear systems having constant
coefficients; and by the use of matrix algebra, a system of very
high order can easily be solved. OF coufse, as the number of
degrees of freedom increéses, the setting up of the equations
takes a correspondingly longer time; but in the actual mmerical
solution, the labor Iincregses only slightly as degrees of freedom

are addede
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The methods given here are applicable to many linear
systems having constant coefficients, and, as such, are ap-
plicable to many problems arising in alrcraft dynawvics. It is
only incidental that they are considered here in connection
with the gust problem.

Ce2. Derivation of the Methods.
Ce2s1le Introduction
The integro-differential system that has been developed

for the gust problem may be written in either of two forms

S
Y' +aY + b e 5 M y(ao = gls), (1)
0
: 8
Z% + JZ' + UL+ N S o5 z(ac = »(s), - (1a)
0

where Z, Y, g, and r are columnn matrices and a, b, J, M, and
N are square matrices. a, s, 0O, and e are'scalars. We shall
consider methods for solving both these equations.

In the numerlcal methods presented, use will be made
of certain elementary properties of matrix algebra, and for the
beneflit of the reader not familiar wlth these, a short discussion
bf those properties that are needed will be glven.

Ce2.2+ [fundamental Concepts of Matrix Algebra.

We shall lntroduce the 1dea of a matrix by means of a
gystem of linear algebraic equatlons, and in so doing attempt
to show the motivation for the definitions that are given and
the operations that are used. For brevity, the remarks will

be confined to two eguations.
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Consider the system of algebraic equations
813Xy +t 833Xp = da
(2)
821Xy * 8zpXs = dp
in which aij’ and di are constants, and Xy are to be found.
Rather than solve the system in the usual algebraic
manner, it is possible to conslder the coefficients and the
unknowns separately. Although this is certainly unnecessary for
a second order system, 1t becomes very convenlent for systems
of high order. Tirst, however, we will define a matrix.
A matrix 1s a rectangular array of numbers, or, more

generally, a rectangular array of elements, taken in a definite

order, arranged in rows and columns. Thus

is a set of four numbers taken in the order a,;, a2,z in the
first row, and ag,, azp in the second row. Alternately, aq.,
254 appear in the first column while a,5, azz appear in the
second column. Thus, the set being considered has two rows and
two columns. The uppermost row is referred to a the first row,
and the colwunn fartherest to the left is called the first column.
When literal numbers are used it is convenient to let the
subscripts indicate the positicn of the element with respect to
the rows and columns. That is, a,, is the number appearing in
the first row, second columne. For an array of m rows and n

columns the element in the 1 th row and jth coluan would be
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designated a, ., the irst subscript referring to the row, the

13
second subscript referring to the column.

A set or array of elements arranged in m rows and n
columns is called a matrix of order m by n, and the order is
indicated by the symbol, (m x n).

1t is conventional to enclose the array of numbers

so arranged in brackets, so that the matrix of the four numbers

indicated above would be written

E:-;i‘ 2;2]‘ = Etij] = A, where Eiﬂ and
A are merely shorthand symbols to indicate the more extended
form on the left.
It must be emphasized that a matrix is not the same as a

determinate; for while the determinate

#all 812

8g3 @&gsa

has a definite numberical (scalar) value so that 1t represents,
when expanded, a single number, the matrix is not a single
number, but a collection of numbers that are, for convenience,
beigg consldered all at one time. Hence, an expression such as,
"IThe value or expansion of a matrix", has no meaning. A matrix
may be thought of as an operator that acquires a meaning when
applied to some. operation in much the same way that the symbol

g has in itself no meaning, but when we write

Sf(x)dx
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we know that the function f(x) is to be operated upon by a
process called integration from which a new function is derived.
Similarly, the symbol + has a meaning only as an operator, but
if we write a + b, the plus sign is interpreted to mean a
process called addition in which a is added to be to give a
new number.

Thus, a matrix is a separate entity that obeys certain
laws of manipulation.

We shall make several definitions and see that these
definitions are not arbitrarily nade, but are designed to be
of use in linear systems, and so that most of the algebra of
numbers is retained in form when appllied to matrices.

Definitions

Bquallty of Matrices

Two matrices are sald to be equal if every élement in
one is equal to the corresponding element in the other. Thus,

if A = B, then aij = for every 1 and every Jje« From this,

b, .
1J
it follows that only matrices of the same order can be equal.

The idea of corresponding elements is important, for while

el bk

even though both matrices have the same elemenis.

Addition of Matrices.

wa matrices of the same order are added by adding the

elements of the first to the corresponding elements of the second
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to produce & new matrix of the same order. Thus, given A and
B, we obtaein the sum C, C = A + B.
In symbols
» ¥ = a, + . bl + '3
Coal = Badd * Bodl - Beg * oadd

for all 1 and j. The word sdditicn means algebraic addition

and therefore includes subtraction. As an example,
. _ 1 0] _ 2 6

G“E,% 3:*@ g:.:[g ?J’
HEHEH,

Since corresponding scelar elements are added, and the commu=-

Il

I DO CA

tative and assoclative laws hold for numbers, the commutative
and associative laws hold for matrix addition. Thus,
A+B=B+A, and (A+ B) + C =4+ (B + C)e

Multiplication by a Scalar

To multiply a matrix by a number means>to multiply

every element of the matrix by that number. In symbols

B - Bl ~E e

2 1 5
a3 2] =19 6]
lo -1 0 -3

For example
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Multiplication of a Matrix by Another Matrix

Given a matrix A of order (m x n) and a matrix B of
order (n x p) the product AB is a matrix of order (m x p)
whose element in the ifh.row and jth column is formed by
multiplying the elements of the 1th row of A into the cor-
responding elements of the Jth column of B, and summing the
prodﬁcts thus obtained. If C = {?ii] is the product matrix,
C = AB, or : :
Pl = EdlBedl
The above rule may be Writtén, for each element of C,

Cij = Eii aijﬂbkj

where k is the summation index.
Thus, matrix multiplication is defined only for matrices in
which the number of columns in the first is equal to the number
of rows of the second. Ffrom this, it follows that although
the product AB exists, the producf EA nay not existe.

Now suppose A is of order (m x n) and B is of order
(nvx m)e Then, in‘symbols, for AR we have (m x n)(n x m),
80 the resulting product is an (m xm) matrix. While for BA,
we have (n x m)(m x n); the result is an (n x n) matrix.
Hence AB # BA, since the order of the two is not even thé same.

In the case that both matrices are square of order
(n x n), then AB exlists and is of order (n x n)s Likewlse BA

exists and is of order (n x n). DBven in this case, however,
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the general rule is that AB F BA, for

and
n .
ds 4 “’% Piy By

For equality, C,. = d,, for all 1 and j. For arbitrary elements,

1] 13
however, the above rule shows that this is not true. In special
cases, of course, it could be true,

The general situation 18 summarized by saying that

matrix multiplication is non=commutative, or AB % BA. Thus,

a distinction between pre-multiplication and post-multiplication

must be made. TFor example, let

A= 8131 832 ‘B _ biz Dbaz
= - ,
8z1 8zz ’ bza bz

then
AR = 831011 + a15bs1) (a11b32 + a32baz) .
(2z1b11 + @z5baa) (agibiz + a5zbz2)
Let
— 1 O _ {2 1 N 1
c=[3 ¢ »=f 3 ==[3]
then

CD

1 - |1 5
N
- 1]

and CD F DC.
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While ED corresponds to (2 x 1) * (2 x 2); since there is one
column in first and two rows in second, ED 1s undefined.

Although non=-commutative, matrices can be shown to
cbey the agsociative and distributative laws of multiplication.
That is

A(BC)

il

(AB)C,

]

and A(B + C) = AB + AC,
noting that the order of the products is maintained.

We shall now consider matrices in which the elements
are not ordinary numbers, but are themselves matrices. Such

matrices are said to be partitioned.

Consider the matrix

i 2 &
A= ]o 1 5/,
6 2 0

and draw horizontal and vertical lines between the rows and
columns in any manner. For example, consider the partitioning,

indicated by dotted lines,

1 ¢ 2 4
A=1]0 ¢ 1 5
6 e« 2 0

and it is seen that the given matrix 1s divided into matrices.

1 2 4
Iet B = [O-], and let C = [l 5], then A may be written

6 2 0
A=[B ¢],

-

a (1 x 2) matrix. Iuch use is made of thls concepte
With certain restrictions, two partitioned matrices

may be added or multiplied by the usual rules.
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For addition, it 1s necessary that the two original matrices
be of the same order, and that the partition lines be drawn
in a corresponding manner in each. Thus,

A, 8]+ [c,0]=[a+c, B+ o],
the commas being inserted for clarity. Obviously, A and C,
and B and D must be of the same order.

For multiplication, the original two matrices must
have a product, and in addition, the indicated products of the
submatrices must exist. In the product

IR

C DjLFJ°
the first requirement is met, for consldering submatrlces as
elements, we have (2 x 2)(2 x 1), a possible producte. Carrying
out the indicated multiplication gives

EAF‘ + BE‘)]

CE + DF)

a (2 x 1) matrix. Of course, for this to exist the individual
products AE, BF, CE, and DF must exist. In terms of the
original two matrides, this corresponds to the requirement that
for every partitioning line between columns of the matrix on
the left, there must be a partitioning line between the cor-

responding rows of the matrix on the right. As an example,

2 21 714
R=01o 1] = (2 1
1 1 2] 3 5 9

consider
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Let the (3 x 3) matrix have a partitioning line bebtween the
second and third columns so that the (3 x 2) matrix on the

left must have a partitioning line between the second and third

POWS «

‘ = = 3 - |1 2
et AzE ﬂ, Bb{.g} C‘E l]’ PR
Then
OH%:ZL = [& ¢
2 ":'L""l’?'] = & A [D']

R= [@C + BD], @ (1 x 1) matrix in terms of submatrices. Note

ey
]
lmool
e

pedpoe

that since AC and BD are connected by an addiftion s gn,
(AC + BD) consists of but one element in terms of submatrices.

From the definitions of A, B, C, D, we have

1 4 5
e D]
3 3 9
BD=[0]@ 5:1=E> o],
2 2 6

and, therefore, using matrix addition,

7 14
R=[AC+ BD] = [2 1],
' 5 9

the same result as ’bef‘ore-
Matrices may be partitioned in many ways, but when
multiplication is contemplated, the horizontal lines on the

right must correspond to the vertical lines on the left.
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The Reciprocal Matrix

If a determinate is formed from the elements of a
square matrix, ftaken in the same order, the resulting deter-
minate is a scalar number elther zero or not zero. If zero,

the parent matrix_is said to be gingular. If the determinate

is not zero, the parent matrix is non-singular.

It can be shown that any non-singular square matrix
has a reciprocal. The reciprocal 1s not defined for a non=-
square matrix.

If a square matrix is denoted by A, its reciprocal
1s denoted by A™", and is defined by the equation

AN =1 o= A7,
where I 18 the unit matrix, all of whose elements are zero
except those along the principal diagonal where they are all

onees For example, for the third order

1 0 O
- 10 0 1

Consider the equation

Ax = B,
where A, X, and B are matrices, Premultiply both sides of
the equation by A‘i, which, by definition, gives

A™'ax = A7'B,

but A”TA = I, and using the rules of matrix multiplication it
is seen that IX = X. Hence, we have

X = A"'B,

the solution of the matrix equation.
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The classical definition of the reciprocal matrix
(not given here) is of little value in the actual computation
of the reciprocal of a numerical matrix, That is, a matrix
whose elements are number, rather than literal letters. For
computational purposes, 1t is best thought of as a square
matrix, which, when multiplied into a glven matrix of the same
order, produces the unit matrix.

Variocus methods for the computation of the reciprocal
matrix exlist and are discussed at length in the book by Frazer,
Duncan, and Collar, "Elementary Matrices". All these require
a fair amount of explanation, and will not be discussed, except
to remark that in the gust problem many of the matrix elements
are zero, thus making the task of inverslon much easier than
usuale.

An HExample in the Use of Matrices

Returning to Eq. (2), we may first write the set of
equations in matrix form using the definition of equality of

matrices, Thus,

811Xy T 81pXa| _ dq (3)
8z1X) * 8p2Xg {eP &

each a (2 x 1) matrix. Note that on the left, there is but

one matrix element in each row. Next using the definition of

matrix multiplication, (3) may be written

811 8z |Xa] _ |4
8oy 8pp Xg] T {da2f?
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where, on the left, we have a (2 x 2)(2 x 1) = (2 x 1) matrix.
Thus, matrix multiplication and equality have been defined
such that the coefficients appearing in (2) can be written in

detached form. Then, using the concept of the reciprocal

B - o

Carrying out the indicated multiplication on the right produces

matrix,

a (2 x2) e« (2 x1)=(2 x 1) matrix, say

] o -

Finally, again using matrix equallty, we have
X1 ¥ Pas and Xz = Pze

A Second Example in the Use of Matrices.

In this example we shall introduce and define the
concepts of integration and differentiation of a matrix of
funetions, and show how they are used in reducing a system of
differential eguations to matrix form. For brevity, a system
of two equations will be usede.

Conslder the system of equations,

81171 * 8122¥2"' * D1a¥i + bae¥e = fa(s)

831F1! * 8ge¥e' * baaVa * boaye = fz(s)
where aij’ bij are constants and y! = %%.
Let the initial conditions be y, = y(0), ys = y=(0) at s = 0.

Integrate both equations from s = 0 to s = s, using the initial

conditions to glve
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, s s s
813152-82172(0)+2,272~812Y2(0)+by SOY:LdS"’b:Lz gOdeS = Soflds

(8)
s

s s
81Y1-821Y1(0)*ag2Ya=82272(0) 402y SO.VJ.dS'*‘bzz SOdeS =Sof1ds

Now let us write (4) in matrix form using the pro-
perties of matrix equality and matrix multiplication, as

already explained, to give

811 81z]|Ta" N 11 DYis][v: _ £, (6)
821 8za{|¥a! Doy baa|lVa fz1°

Let the matrix of a's be denoted by A, the matrix of b's by B,

= 1J2 = {ya! f
Y = ‘ Yt = o= o4
B O = A

We now define the derivative of a matrix to be equal to the

and let

matrix of the derivatives, so that

!
Yt = gl:] = gj = (Y)! =Y.
2

Hence, (6), and therefore (4), becomes
AY' + BY = F (7)
Now integrate (7) formally as if all the quantities

were ordinary scalars, constants for A and B and wvariables

for Y', Y, and F, to give

s s
AY - AY(0O) + BS Y ds = S F ds (8)
0 0
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We now define the integral of a matrix to be equal to the

matrix of the integrals, so that by definition,

s
"\ _Yads
s 0]

5
Y ds = [?{]ds = 8

h J2 yads
0 0! (e

Write (8) in extended matrix form,
_ (10)

S (2] ,
l21a 81z (V2 a3y 812]]y2(0) +}rb11 biz NEY ds = Jf15d
81 8221f{¥2] = 1221 2z22{]y=(0) Doy bga 0 RE:] s = 0 Ta s
which, upon using the definition (9), glves

— — -
‘ s | s

4

411 8a12/]|{V1 - 811 81z]]¥2(0) + byr bis goylds S‘Ofl 8

nq oo Va2 8454 8gp yz(o) b%l b22 5 ]

s , ,
f.ds |

Veds S =
S.O ] 0 .

Carrying out the indicated matrix multiplication, and using

I

s

the definition of equality of matrices, we see that (11) is
exactly equivalent to (5).

Thus, using the definitions of matrix mulitiplication
and equality, and the definitions of integration and differentia-
tion of a matrix, we see that we may treat the matrix equation
?W) formally as if- the matrices were scalars, and arrive at
the correct result. This is of far reaching importance in the
numerical solution of high order linear systems.

Ce2e3s Method I for the Solution of the First Order System

Returning now to Eq. (1) of section CeZ2.l., we shall

derive a numerical method of solution that depends upon
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eliminating the integral term containing the independent variable s.

For convenience, (1) is repeated

Yt + a¥ + b Sse-a(s-O') Y()aor = gls). (1)
0

Differentlate (1) with respect to s, and divide the result by a.

Thus,
s
1 - - !
Lo+2y oy g e"(570) y(oyao + 2y = &2, (e
0
and upon adding (12) and (12), we have
v + (a + aI)Y! + (aa + b)Y = ag(s) + g'(s), (13)

where I is the unit matrix of order (n x n)e.

We now reduce (13) to a first order system by the
introduction of the new dependent variable defined by u = Y!',
so that u' = Y", and the new system may be written

u! + Au + BY = G(s)

' (14)

Yt - u =0,
where A = (a + aI), B= (ga + b), &ls) = agl(s) + g'(s).

Write this system in matrix form, using partitioned matrices,
T J][ET A Bl w7 o [B(s) |
o dd - L alled- 90 (19

and introduce single letter notations for the partitioned

matrices in (15). Thus,

- [c _[a B
=il o= ) o=t o)
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'
so that EU{'{] = [%] = w'!, and (15) may be written

wl + cw = T, (16)

We wish to determine w for equally spaced values of
the independent variable s. This will be done by applying the
idea of numerical integration.

Let W be the value of w at s = S Then, integrating

(16) gives

wo-w, +oe w ds = f ds. (17)
Sn °n
The integral on the right contains known functions
of a2 and may be integrated. Calling this result h(s), and

applying Simpson's rule to the integral on the left, taking

the upper limit s = S 4o T8, * 2K, yields the recurrence
o ] - K = -
relation W ,o = W, + ¥ c(wn + 4Wn+l + Wn+2) h(sn+2) h(sn).

(18)
Collecting like terms,

K , 4 K _
(3'0 + 1) Woap ¥ E 0 Wy F (ghc - 1) n T h(sn+2) - h(sn)’

(19)
which may be written

Wﬁ+2 =pd, taw ., trw, (n =0, 1, 2, eeess), (20)

where d = his - h(sn), and p, 4, and r are square matrices

n+2 )

obtained by multiplying, in (19), the coefficients of dps Wo4qs

and W, by the reciprocal matrix

K -1
(_SC+I) .
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Thus, 1f w, and w, are known, wg can be found by btaking n = 03
Next, taking n = 1, wy can be found by using wqy ahd wg just
found. Continuing in this way, & set of values, wg, Vg, Wys
seres, W, *fccc can be found from the recurrence relation (20).
The wvalue wy is obtained from the inltial conditions
of The problem. However, w;, as is usual in most numerical
methods, requires speclal attention. Since w_q is not known,

the recurrence is needed. Returning to (16) and integrating

from &8 =0 to s = :-’é:-'-'- :-éK. s We have
KX/2 K/2
Wy = Wy + C w ds = f ds ‘ (21)
® 0 0

By methods given in Milne's, "Numerical Calculus",
Princeton Unliversity Press, varlous integration formula can

be constructeds Ior the purpose in hand, we shall use the

approximation
K/2
, 2
w ds =-j-_%- [:GWO +%I—§wo' +%—Wo';], (22)
0

where the primes indicate the values of the first and second

derivatives of w with respect to s, evaluated at s = 0, and
Wy 18 the value of w at s = g3 =v%, the middle point of the

2 2
first standard interval. The RBg. (22) when substituted in (21)

permits the calculation of wy. The values wy' and wo" are
P
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obtained by differentiation of (16), followed by evaluation
at s = 0. Thus,
. K/2
w_% - Wy + ¢ '1% Eiwo +§§ Wo ! + %—- Woﬂ = f(s)as, (23)
0
from WbiCh.W% 1s determined.
Bq. (18) i1s now integrated from s = 0 to s = K,
making use of the wvalue W% just computed, with the aid of the

formula

X
g w ds = -i% E-IZWO + 24:W% - 6K.Wo' - I{EWotE], (24)

we glve

K
Wy = Wo + C TI% ElZWO + 24:W_% - 6Kwy! - szo”] = gof(s)ds, (25)

from which wy 1s determinecd,

Knowing wy and w, the solution may be continued by
the recurrence relation (20).

It would seem that an equation like (23) could be
applied to obtain w, directly without the intermediate step
(25)s However, in order to keep the accuracy of (23) comparable
to Simpson's rule, it 1s necessary to use only half an interval
to start the solution, and when that is done, the starting
formulas (23) and (25) are, in fact, more accﬁrate than Simpson's
rule.

In any step-by=-step numerical soluticn, small errors
tend to accumulate so that 1t is necessary to take the interval

K small enough to insure the correctness of a specified decimal
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place in the result, for the range of independent wvariable
beling considered.

Although the recurrence relation (20) has been based
on Simpson's rule, 1t is possible to use a recurrence relation
based on integration formulas of much greater accuracy; however,
increasing the number of terms leads to longer computations.

It is felt that (20) represents a good compromise. For checking
pﬁrposes, however, it 1s well to have a more accurate formula.
Instead of integrating (16) by 3impson's rule, a three ordinate
rule, we shall indicate the integration by a seven ordinate

rules Thus,

W - W +Cc e
n

]

K p
+6 s [%lwn + 216Wn+l + 27Wn+2 + 272wn+ +

Sn+6
+ 27w . + 2lew o+ 41wn+€;] = £ ds (26)

°n

In order to use (26), take seven adjacent values,
already computed, and substitute them into the left member.
This should equal the integral on the right, except for the
allowable error in a specifiedydecimal place. If equality is
not attained (in the sense used above), the interval K should
be chosen smaller.

It will be recalled that the independent variable s
was defincd by the equation

2Ut
Sz——é—;,
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for the gust problem, where U 1s the forward speed of the
airplane in feet per second, t is the time in seconds, and cq
is a reference chord length in feet. HRvidently the higher the
frequency of wing vibration, the smaller the increment K need
be chosen in order to follow the wing movement., In terms of

increments, we have

x = &s = 20 At
Co

It is felt that if Jdt 1s chosen to be between g%-and g%-of

the period of the fundamental mode of the wing, the corresponding
.ZSS = K will be satisfactory for obtaining the first seven values.
These should be checked by Eq. (26), decreasing K if necessary,
and increasing XK, if possible. That is, if the check 1is
satisfactory, the interval could possibly be lengthened.

Cele4e Method II for the Solution of the First Order System.

In this section we shall consider a method for solving Ege. (1)
without first differentliating, thus raising the orders

8

Multiply (1) through by e®® and integrate from sy

to s to give
8 s rr 8 (27)

oyt (aor+ a\ ¥ (Mac + b eVy(mdoar = \ *%g(s)

Sn Sn sn 0 Sn

Upon integrating the first integral by parts and collecting

like terms, we have
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s
o Y(8) = e*°n Y(sn) + (a - Ia) eao_Y(O')dO'-t-
s
n
8 r s
+ b e y(Maordar = 6?7 (M ac; (28)
Sn 0O sn

the function e*° Y(s) appearing in every term on the lefte
Introduce the new variable defined by
X(s) = ™ ¥(s), | (29)
whi ch, e being a scalar, is a matrix of the same order as
Y(s)e
Before a recurrence relation can be obtained from
(28), it is necessary to eliminate the lower 1limit O (zero) in

the double integral. To do this, we consider the integral

Sp+2 T
I(n, n + 2) = S g X(3) a0 ar.

8 0
TLet g}((O’)dO‘ = ¢(0), so that
r
X(0) = 9" (0), and S X(0Ya0 = ¢(r). - ¢(0). (30)
0
Then,
Sn+2 Sn+2
I(n, n + 2) = [¢(r) - ¢(0)]ar = rt[o(r) - g(o)]ar
°n °n
Sn+2 Snt
= ro(r) - ¢(0)] - r ¢!'(r)dr
I8n s,
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]

' n+2
= 8 40 [#(s 45) = (0] = s [9(s)) = (0] = T X(r)dr
‘ n
Sp+2 *n Sn+2
= 8 .0 X dr - S X dr - r X dr, (31)
0 0 Sy

where Ede (30) has been used in the last line aboves

Now s .o = 2K + s,» SO that (31) may be written (32)
sn+2 sn Sn+2 Sn+2
I(n, n +2) = s, X dr + 2K X dr + 2K Xdr = r X dr
8 0 8 8
n n n
S 44 (T
Now define I(n +2, n + 4) = X(oyac,
8,42 0
and following the same steps as before glves
‘ Sn+4 Sn+2 n+2 Sn+2
I(ntR, n+d) = s, X dr + 2K X dr + 2K X dr - r X dr =
S 42 0 Sh 8L
(33)
S, s, ‘ s s s
n+4 n n+2 n+2 nt2
= 840 X dr + 2K X dr + 2K X dr + 2K X dr = r X dr.
Sn+2 0 ®n Sn Sn
From this,
I(n + 2, n+ 4) - I(n, n +2) =
Sn+q Sn+2 Sn+e Sn+4 Sn+2
= 8,40 X dr = S, X dr + 2K X dr = rX dr + r X dr,
Sn+2 Sn Sn+2 Sn+2 Sn

or combining terms
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Sn+4 Spte

I(nt, nt4) - I(n, nt2) = (Sn+4 -r)X dr - (sn - r)X dr.
s
n+2 ‘ Sy

Now evaluate (28) for s = 8 .03 evaluate the same equation
again, but for s = S, 4 using S, 4p 28 lower 1limit, and subtract,

with the aid of (34), to give

| Sn+d Sn+2
Xn+4 - 2Xn+2 +'Xh + (a = Ta) X X do =~ . X dof| +
n+e n
Snt+4 Sn+2 |
+ b (8,44 = OIX dO" = (s, = OX a0 =
sn+2 Sn
Snt+d Sh+e
— a0 aQ
= e~ g(0)dao =~ e - g(0)ao (35)
sn+2 Sn

Evaluating the integrals by Simpson's rule, and collecting

terms gives the recurrence relation,

A4Xn+4 + ASXn+5 + A2Xn+2 +'A1Xn+l + AgXy = H(sn, Sn+4)’

where the A's are constant matrices gilven by

— K 4 4K=
4, =1 +% (a = Ia); Ay = 2 (0 - 1a) + 2ER
_ 4K®p _ 4K®p 4K
Ag = === = 21 Ay = — -5 (a = Ia)
_ K
Ap =I == (a - Ia), and
Sntd Spte
‘ o :
H(Sn$ SI1+4:) = 8(]. g(m - eCLO' g(O’)dO’.
Sh+2 Sn

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C=27 o7

To obtain the final form of (36), the reciprocal
A4'1 is found, and then pre-multiplied through the entire
equatione

To use (34) for n = 0 to find X4s the four previous
values Xz, Xz, X315, Xo are needsd.
Xo 18 given by the initial conditions, and X,, Xz, and Xz are
found by applying various integration formula to (28), with
the aid of equations of the type (32).

In (28) choose s = 0, using (29), to glve

S 8 r S (37)
X =X, + (a -~ Ta)\ X()do+ b x(Mdodr = \ ¢™g(c)aos

0 oo 0
Using (32) with s =0, s_,, set equal to s, we obtain

8 r 3
X(Paode = \ (s - 0 X(0)ao3 (38)
Jo Yo 0 | |

which when substituted in (37) glves

38 . ] S (59)
X =X + (a -~ Ia) g X(0)ao"+ b\ (s - 0 X(O)a0 = eao-g(mdd'

o o 0

We first obtain an intermedlate value, X = X(gﬁ by
=
using (22). Thus, with s = sy = K/2,
=2
XJ_-XO+(a~Ia)i%—EXO+%I§XO'+%—Xo":{+ oy
2 40
2 K/2
_ , 3 ‘ N
+ 28 16(5 %) + 555 %ot - Ko) + E-(F X" - 2x°')] =\ (a0,
. 0

where Xo' and X" are found by successive differentiation of

(39); evaluated at s = 0, or from the original Ege. (1).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C-28 98

The value X, is found from (39) with the aid of (24). Thus,

Xy = Xo + (a = Ia) 'i%' [Fiexe + 24Xg - 6Kxo! - K?x, "] +

+ D 'i% E-lZKX.o +24 g Xy - GK(Kip' - Xo) - KP(IXo" = 2xo')] =
K

= \ % (0rac (41)
0

Having X, from (39), Xz is found by applylng Simpson'!s rule to
(39) to give

Xg"Xo"’(a-Ia)%E(o""éxl"*‘x.a]'*'b-g—K[2}0(0""41@(1]:
2K

eao.g((ﬂdO' (42)
0

In solving (42) fOTvXQ, it is noted that the coefficient of
X is [% + (a = Ia) gi. The reciprocal of this matrix must be
founde It, however, 1s needed later in the recurrence relation
(36), for it is A4'1 there defined.

- Xz 18 next found from (39) by integrating from O to
8 = 85 = 3Ke It would, at first, appear logical to do this by

2

the common § rule of Simpson. Por .reference, this rule 1s

3K 3K | ,
go p(x)dx = = (po + 3py + 3pa + P3)e

If (39) is integrated by this rule, i1t will be seen

upon inspection that, in order to solve for Xz, it is necessary
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to invert the matrix [% + (a - Ia) %? s the coefficient of Xz

This is a new matrix, and its reclprocal is needed only once.
Hence, 1t would be better to avoid the use of a formula requiring
thise. Instead, we use an open end formula, so that X does

not appear in the evaluation of the integral. A formula whose

accuracy is of the same order as those already used is
3K

p(x)dx = f% I%9po - 36py + 48ps *+ l8hpo{], (43)
0

-

where po! =:%§ evaluated at x = 0, and it is seen that pj

does not appear in (43). Applying (43) to (39) gives

X5 - Xo + (a bt ICC) 'i% [SQXO - 36X1 + 45X2 + lBKX.o'] +

3K '
=\ &% g(o¥aoy (44)
0

ffom which X5 can be determined without the necessity of forming
the reciprocal matrix. This\concludes the calculation of the
individual values Xi from separate formulas. From here onward,
Xys Xgs °*°, the recurrence relation (26) can be useds After
the matrices Xi are computed, the Yi matrices can be determined
from the equation (29). Thus,
Y, = Xie"asi'(i~= 1, 2, *oe9), (45)
In method II, we have considered a solution of the

original problem which involves the use of smaller matrices;
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however, less information is attained than in method I using
the w matrix. Further, the recurrence relation depends upon
four previous values, while (20) depends only upcn two.

Method I1 has been given for reference only, as the
idea behind its derivation may be useful; however, i1t is the
writer's opinion that method T is superior for computational
purposes. It has already been pointed out that the matrices,
although of high order, contain many zeros and ones, a fact
which leads itself to easy inversion and subsequent computation.
Ce2e5¢ A NMethod for the 3olution of the Second Order System

Tge (la), repeated here for reference,
8

g% 4+ J20 4+ MZ + N S g (s=0) 7(C)ao = r(s) (12)
| 0

is the equation that arises naturally in the gust problem

rather than the first order equation (l). Throughout part C

of this report, the equations were considered only from the

point of view of solving them, rather than thelir physical

interpretation. The present section will continue this plan,

the physical interpretation being discussed in a separate section.
To solve Bg. (la) we may either first differentiate

as in Ce2.3., or we may first integrate as in C.2.4. It will

be recalled that the former method lead to higher order matrices,

but that the resulting recurrence relation was shorter and

easier to apply. The corresponding situation is also true with
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Ege (la)e Only the method of first differentiating (la) will
be discussed in this report, as it i3 felt that this method
leads to an easier and qulcker solution. The interested reader
will have no difficulty in formulating the other method by
applying the same ideas as those in section C.2.4.

Upon differentiating (la) with respect to s, we have
s

z® 4+ JZU + ¥Z' - Na S 6-6(8“07 Z(0)a0 + Nz = r'(s), (486)
0

which, when divided by the scalar a and added to (la), glves
ZM™ 4+ (J + Ta)z" + (M + Ja)Z!' + (N + Ma)Z = ar + r'(s).  (47)
This may be reduced to a first order system by the introduction

of the new variables defined by
' = v, v! = p, ' (48)

so that p = 2",
Combining (48) and (47) the system is

pt + (T + Ia)p + (M + Ja)v + (N + Ma)Z =

vt «p =0 (49)

2! = v = 0.

In ﬁatrix form the system becomes, using partiﬁioned

matrices,

J+Ia) (M*Ja) N+Ma)
e Lokl HHEHEE
0O 0 I

Define the new matrices

| P R
u = v |, F = 0O |, and let (51)
Z 0]
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E be the square matrix that premultiplies u in (50). Since,

by definition, the derivative of the matrix is the matrix of

the derivatives, (50) may be written as the first order system,
u! + Bu = F, (52)

which, in form, is identical with (16), and may be solved by

the same formulas with only a change in notation.

Ce2e6+s Physical Interpretation of the Solutions and Additional

Comments.

It remains to compare the two methods of elimination
of the integral term by differentiation as illustrated in
sections C.2.5 and C.2.3.

As mentioned before, (1) is obtained from (la), the
difference being the elimination of the integral term either
before or &after the reduction to a first order system. In
the case discussed in section C.2.3, it may be seen that the
order of the matrices involved is four times the number of
degrees of freedom in the system. Physically, the matrices
contain the displacement, the velocity twice, and the accelera-
tione The method of section C.2.5, on the other hand, leads
to a matrix of order three times the number of degrees of
freedoms. This corresponds to matrix elements for the displace-
ment, the velocity, and the acceleration. The former method

has the advantage that 1t leads to square matrices of order 2m.
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This symmetry is of some slight advantage and provides for a
check on the velocity terms.

The integration was carried out by means of Simpson's
rulees This, as was shown requlired the inversion of a matrix.
It is possible to avoid this by using open integration formula.
These, of course, are less accurate.for the same number of
ordinates considered, and it is felt that this disadvantage
is great enough'to avoid their use in the recurrence rélations.
Cels7« A Worked Example

The ideas discussed in this section will now be applied
to a sample problem. A simple example 18 chosen for easy
reference; however, all steps neoessary'for the solutioh of
the gust equations are contained in this problem.

The problem to be solved is

M Fxp, =1

xx" + %, =0
together with the initial conditions, x,(0) = x5(0) = x;'(0) =
x21(0) = O,

In matrix form we have

1l 0O 'Xl‘ 0 1 Xl‘ 1
o 1 Xg" + 1l O KXo - 0 *
Define the matrix X = EC:‘], and use the fact that the derivative
%o

of a matrix is the matrix of the derivatives, to obtain

X" + AX = B,
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| _ I _P i
where B = [O]’ A = E_ .

To reduce this to a first order system we let
Y = {1
so That the second order system becomes
Yt + AX =3B

X! = Y =0

Again, define a new matriz W = [}%], and we have
I Opjj¥'l . O A Y |} _ | B
0 IJIXv -I OjLX o4’

W' + CW = D,

or

the standard form for the first order system,

When written out in extended form we have

. Xl’ Xl,
b S v T %y b

W=
_Xz )

0 0 s 0 1 o 0 o T

G O A — .Qqno?..:..:}..g - O O l O

)

!
1
o
L
f
OOOK

*
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f
Integrating the standard equation from the origin

¥}
[

ives

s
W =Wy +C S W ds = Ds,
0

and by use of the initial conditions, Wy = O.
To start the solution, integration is carried out to

the mid point of the first interval. Thus, with s = 5

. - e -
Wy +© 'i%' E’Wo + P v & WO"J =D

Now from the matrix equation,

Wi =D - CW,

il

so that, Wt o= Q.

From this,

il

Wo! D = Ci, =D (Wo = 0)
and
Wo" = «CWo! = ~CD.,

Thus, :
2

w K.. __l}'g)_.'i_{_ oK
W% =D 5 C 75 {;3 D v Ch

with X = 0.1, we have

Xq T (405 [ o 0 0 (,00833)
Xg! 0 0 0 (»00833) 0
w% = X, = | 0 ] = |(=.00833) 0 0 0
Xa 0 0 (=.00833) ¢ 0
= e
2
.15 .05
O — —;OOOOS
0.0025] ~ | 00120
O 0
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We next compute wi. Using the formula that was

discussed in the previous section, we have

Wy + 97 E&?Wo + 24ly - 610" - I{"aWﬂIO”] = DK,
or

W, = DK + g E—24=Wl + 6KD - chn{}

£

Xl’ ol : 0 » v ol
W - XQ' - O + “000015 - “000015
1 X , 0 +005 «005
‘Xg O O O

where the previous expression for has been usedes

% [

Now having Wi (and W,) the recurrence relation derived
from Simpson's rule may be usedes
Integrating the first order system and applying

Simpson's rule, we obtain

r CK . -
Wn+2 - W +-—3-,E&n + 4Wn+1 + Nn+é] = D 2K
or ’

. _. (CK -1 c -1 4CK . CK -1 .C
Wy = (5 +I)° DK - (T§ + 1)t =W 4 - (7? + T) gig - I)W,

using X = 41, and computing the matrices, we obtaln

o2 X1r7 xtl
W - ‘000022 - P ng‘ -8 Xz’
n+2 «00666 Axa Xy
-.00001 X5 J Xn _J
nel n

where
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0 200444 -.00015 ¢ 13333
—~ | 00444 0 « 13333 -.00015
- |-.13333 .00015 0 «00444
| 200015  =,13333 00444 0
=1 .00222 -+ 00007 06666
_ | «00222 -1 +06666 =+ 00007
T |=e06666 «00007 -1 00222
| .00007 -.066686 .00222 -1

It is to be noted that 1n applying the recurrence

relation, the P and the S matrices are constants. Hence, the

only labor of successive computation is multiplying a column

matrix by a square matrix, an operation which may be done very

l"apidl'y. Setting n = O’ 1’ 2, ..oo, we Obtain Wz’ WE’ Vvé, 00..
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De Sumary

In section A the rigld body case is briefly con-
sidered, and it is shown that good results can be cobtained by
taking Wagner's deficlency function equal to a constant.

Following this idea in section B, the equations of
motion are developed for the case of wing bending and vertical
translation for a constant deficiency functiones The equations
of motion are derived by considering the system to be discrete
masses having elastic connections. No appeal is made to the
use of normal modese.

The more general case of wing bénding, wing torsion,
and rigid body pitching and translation is next considered.
The dynamic model 1s again a system of connected masses; and
general recurrence relations are déveloped which permit the
division of the wing into any convénient number of stations.
The egquations in this part express the deficiency functlon as
an exponential as is the usual representatione. The resulting
equations then become integro-~differential equationse. These
are expressed in matrix form and eventually reduced to a first
order system.

In section C a detailed study is made of the matrix
equations, and it is shown how to obtain the solution in several
different ways, all being variations of numerical integration

me thods.
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While this report was being written there appeared
John Ce Houbolt's NACA TN 2060, "A Recurrence Matrix Solution
for the Dynamic Response of Alrcraft in Gusts". Although there
are some variabtions in derivation, a matrix presentation is
used not too different from the formulation in the present
texts The method of solution is, however, quite different,

being based on polynomial representation of the derivatives.

*
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