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INTRODUCTION

The f o l lo w in g  d i s c u s s i o n  of1 th e  n u m e r i c a l  s o l u t i o n  

o f  l i n e a r  d i f f e r e n t i a l  sy s te m s  i s  h a s e d  on work done f o r  th e  

U .S . A ir  F o rce  u n d e r  c o n t r a c t  number AF 33 ( 0 3 8 ) - 1 6 9 .  T h e re ,  

t h e  m a jo r  p ro b lem  was t o  d e te rm in e  th e  r e s p o n s e  o f  an  a i r c r a f t  

to  g u s t  l o a d s .  F o r  t h e  p u rp o se  o f  show ing  th e  m o t i v a t i o n  f o r  

th e  dev e lo p m en t o f  su c h  a m e th o d , th e  g e n e r a l  e q u a t io n s  to  be  

s o lv e d  w i l l  be  deduced  i n  te rm s  o f  t h e  g u s t  problem *
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A. C o n s i d e r a t io n s  on th e  R ig id  Body S o l u t i o n

A . I .  Summary o f  L a p la c e  T ran sfo rm  M ethod f o r  S o lv in g

E q u a t io n s .

I n  th e  f o l l o w i n g  d i s c u s s i o n  a l l  p r o o f s  w i l l  be  

o m i t t e d ,  and  o n ly  r e s u l t s  w i l l  be s t a t e d  f o r  r e f e r e n c e .  A l l  

f u n c t i o n s  in v o lv e d  a r e  assum ed t o  have  th e  n e c e s s a r y  p r o p e r t i e s  

t h a t  p e r m i t  the  i n d i c a t e d  o p e r a t i o n s .  P ro o f s  and l i m i t a t i o n s  

may be  fo u n d  i n  an y  s t a n d a r d  book on th e  L a p la c e  t r a n s f o r m .

The L a p la c e  t r a n s f o r m  i s  a  m ethod f o r  e s t a b l i s h i n g  a 

c o r re sp o n d e n c e  b e tw een  a f u n c t i o n  and a new d e r i v e d  f u n c t i o n .

By i t s  u se  c e r t a i n  d i f f e r e n t i a l  and  i n t e g r a l  e q u a t io n s  a r e  

c o n v e r t e d  i n t o  a l g e b r a i c  e q u a t i o n s .

I f  we h ave  a g iv en  f u n c t i o n  f ( t ) ,  i t s  L a p la c e  t r a n s fo r m  

i s  d e f i n e d  a s
oo

e"®* f ( t )  d t ,  (1)
0

w here m i s  a  num ber, r e a l  o r  com plex . T hus, i n  o r d e r  t o  f i n d  

th e  L a p la c e  t r a n s f o r m  o f  a f u n c t i o n ,  i t  i s  m u l t i p l i e d  by  e~mk 

and  th e  p r o d u c t  i n t e g r a t e d  b e tw een  z e r o  an d  i n f i n i t y .  The 

l e t t e r  t ,  b e in g  a v a r i a b l e  o f  i n t e g r a t i o n ,  i s  e l i m i n a t e d  when 

th e  l i m i t s  o f  i n t e g r a t i o n s  a r e  s u b s t i t u t e d .  T h is  l e a v e s  a  new 

f u n c t i o n  o f  t h e  p a ra m e te r  m. A c o n v e n ie n t  n o t a t i o n  i s  th e  b a r  

o v e r  t h e  l e t t e r  t o  i n d i c a t e  t h a t  t h e  t r a n s f o r m  h a s  b e en  t a k e n .

We e m p h a s i z e , .h o w e v e r , t h a t  f ( t )  and  f(m ) a r e  c o m p le te ly  d i f ­

f e r e n t  f u n c t i o n s ,  so  t h a t  i t  i s  more t h a n  j u s t  th e  a rg u m en ts  

t h a t  h a v e  changed .

f  (m)
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A—2 2

F o r  ex am ple , t o  f i n d  th e  t ran s fo rm . o f  th e  f u n c t i o n

f ( t )  = 1 ,  we h a v e ,  by  d e f i n i t i o n
GO

f(m ) = L( 1) = \  1 • e"m t d t
0

oo
= -  I  (0 -  1) = -0 m v ' m

S i m i l a r l y ,  f o r  f ( t )  = e"*a ^ ,
oo

«mt - a t7(m) = \  e -m t e d tq m + a  *

T h a t  i s ,  t h e  L a p la c e  t r a n s f o r m  o f  e~a t  i s  ~ - " x •'  m +• a

T hus, by  d i r e c t  c o m p u ta t io n ,  an d  a l s o  b y  more a d v an ced

m e th o d s ,  t a b l e s  can be com piled  w hich  l i s t  t h e  f u n c t i o n  and i t s

c o r r e s p o n d in g  t r a n s f o r m .

The t r a n s f o r m  a l s o  h a s  th e  p r o p e r t y  o f  ch an g in g

d e r i v a t i v e s  and c e r t a i n  i n t e g r a l s  i n t o  a l g e b r a i c  e x p r e s s i o n s .
d fT hus, th e  t r a n s f o r m  o f  th e  d e r i v a t i v e  -?r i sd t

f-  oo
T / d f  \ _  \  a -mt d f
L(3 t>  ~  \  e H t •

/  o

An i n t e g r a t i o n  by  p a r t s  g iv e s
/ -  oo

L ( |§ )  = - f (0) + m \  e “mt f ( t )  d t ,
3 o

b u t  th e  l a s t  te rm  on th e  r i g h t  i s  s im p ly  th e  t r a n s f o r m  o f  th e  

f u n c t i o n  i t s e l f .  Hence,
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L ( | | )  = m L ^ f ( t ) ]  -  f ( 0 ) ,  

o r  i n  t h e  b a r  n o t a t i o n

|[§(m) = m f  (m) -  f  ( 0 ) .

The f o l lo w in g  t a b l e  c o n ta in s  a  b r i e f  l i s t  o f  f u n c t i o n s  

an d  t h e i r  c o r r e s p o n d in g  t r a n s f o r m s .

T ran sfo rm

1 .  f(m ) = L

2 .  m f(m ) -  f (0)

H-£e"m t f ( t ) d t

3* m®f(m) -  m f(0 )  - d f  (0) 
d t

4 .

5 .

6 .

7*

8.

1
m

m + a

m® + a®

m
m2 + a

9 .  f(m ) g(m) J

F u n c t io n  

f  ( t )

d f
d t

d * f
dt®

t*1" 1 
(n  -  1) I

1

- a te

s i n  a t

cos a t

r i
f ( t - s ) g ( s ) d s  = \  f ( s ) g ( t - s ) d s

0 jo
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I te m  9 ,  i n  th e  t a b l e  i s  v e ry  u s e f u l .  I t  i s  known a s  

th e  c o n v o lu t io n  o f  f ( t )  and. g ( t ) ,  and  i s  o f  u s e  when th e  t r a n s f o r m  

o f  a  f u n c t i o n  F(m) can  be  w r i t t e n  a s  t h e  p r o d u c t  o f  two t r a n s ­

fo rm s .  T h us , i n

f^m ) = f (m )  * g(m) 

t h e  i n v e r s e  t r a n s f o r m  F ( t )  may n o t  b e  known, b u t  th e  i n v e r s e  

t r a n s f o r m s  f ( t )  and g ( t )  a r e  known. Then th e  r e s u l t  can  b e  

w r i t t e n  down u s i n g  9 .  T h a t  i s ,  i f  a  f u n c t i o n  o f  m can be 

f a c t o r e d  i n t o  a p r o d u c t  o f  two f u n c t i o n s ,  e ac h  o f  w hich  h a s  a 

known t r a n s f o r m ,  th e n  th e  i n v e r s e  t r a n s fo r m  i s  known b y  9 ,  For 

exam ple i f  we have

F(m)
m® -  a*  *

we may w r i t e

F(m) = — - —  *

1Now th e  i n v e r s e  t r a n s f o r m  o f  ———-  i s  e , and t h e  i n v e r s e
If! *■ cl

X . o f
t r a n s fo r m  o f  ~ - y — i s  e , by  6 .  H ence, u s i n g  9 ,

F ( t )  = ea ( t _ s )  e ”a s  a s  = C  e a ( t - 2 a >
Jo )0

ds

/ - a t  a t ,  _  1 . , .(e -  e ) = — s i n h  a t .- 2 a  c ' a

The i n v e r s e  t r a n s f o r m  i n  t h e  c a se  o f  r a t i o n a l  f u n c t i o n s  

may be  fo u n d  by  th e  m ethod  o f  p a r t i a l  f r a c t i o n s .  T h u s , i f

7(m) = S i SD(m
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w here D(m) and N(m) a r e  p o ly n o m ia ls  i n  m, D toe ing  o f  h i g h e r  

d e g r e e ,  f ( t )  may be fo und  by e x p r e s s i n g  th e  r a t i o n a l  f u n c t i o n  

a s  a  sum o f  f u n c t i o n s  whose i n v e r s e  t r a n s f o r m s  a r e  t a b u l a t e d .  

The form  t h a t  th e  p a r t i a l  f r a c t i o n  e x p a n s io n  t a k e s  depends on 

th e  c h a r a c t e r  o f  th e  z e r o s  o f  D(m). Use o f  p a r t i a l  f r a c t i o n s  

i s  e x p la in e d  i n  m o s t  c a l c u l u s  b o o k s .

As an  exam ple , i f  D(m) h a s  r e a l ,  s im p le  z e r o s  th e  

e x p a n s io n  i s  v e r y  e a s y .

To f i n d  A we m u l t i p l y  t h r o u g h  b y  (m + 2) and  th e n  s e t  m = - 2 .

O the r  m ethods e x i s t  f o r  f i n d i n g  i n v e r s e  t r a n s f o r m s ;  

how ever ,  th e  ones d e s c r i b e d  w i l l  s u f f i c e  f o r  the  p u rp o s e  i n  h a n d .

We now g iv e  s e r v e r a l  exam ples i n  w h ich  th e  L a p la c e  

t r a n s f o r m  i s  u s e d  t o  s o lv e  d i f f e r e n t i a l  e q u a t i o n s .

Example 1•

L e t

Then

T hus , A = -  M u l t ip ly in g  th r o u g h  by (m -  1) and  th e n  s e t t i n g  

m = 1 g iv e s  B = ^ .  Then,

U sing  6 i n  th e  t a b l e ,  we h ave

_ -1  - 2 tF ( t )  = - £  e

x  + Ks x  = s i n  t ;  x (0 )  = 0 ,  x (0 )  = 1
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Now x and  x ,  a l t h o u g h  unknown a r e  b o th  f u n c t i o n s  o f  

t .  Tak ing  th e  L a p la c e  t ran s fo rm , o f  b o th  members, m ak ing  u s e  

o f  3*and  7 .  i n  th e  t a b l e  g iv e s
_  • __ I

m®x(m) -  mx(0) -  x (0 )  + K®x(m.) =  —r  •
m + 1

S o lv in g  f o r  x (m ), and  u s i n g  i n i t i a l  c o n d i t i o n s

s  ^  X ........
m® + K® (m® + K®)(m® + 1)

= I  K + 1 .  1__________ 1 .  1 K
K a 8 + Kz K® -  1 m® + 1  (K® -  1) K (m® + K®)

where th e  l a s t  two te rm s a r e  o b t a i n e d  by p a r t i a l  f r a c t i o n

e x p a n s io n .  U sing  7 , th e  i n v e r s e  t r a n s f o r m  i s  fo u n d  t o  be

x ( t )  = i  (I l -l -g..) Si n  Kt + —  -----  s i n  t .
K K® -  1 K® -  1

A lth o u g h  t h i s  s im p le  example co u ld  r e a d i l y  be  s o lv e d  

b y  u s u a l  m e th o d s ,  i t  i s  s u f f i c i e n t  t o  p a r t l y  show th e  power o f  

th e  t r a n s f o r m  m ethod .

I n  th e  u s u a l  m ethod  we m ust f i r s t  s o lv e  t h e  r e d u c e d  

e q u a t io n ,  th e n  d e te rm in e  a p a r t i c u l a r  s o l u t i o n ,  and  f i n a l l y  

e v a l u a t e  th e  c o n s t a n t s  o f  i n t e g r a t i o n .  On t h e  o t h e r  h a n d ,  th e  

t r a n s f o r m  m ethod g iv e s  t h e  f i n a l  s o l u t i o n  a t  once* The com­

p le m e n ta ry  and p a r t i c u l a r  s o l u t i o n s  a r e  o b t a i n e d  t o g e t h e r ,  and  

c o n s t a n t s  o f  i n t e g r a t i o n  a r e  a u t o m a t i c a l l y  i n t r o d u c e d  and

e v a l u a t e d  when th e  t r a n s fo r m  o f  th e  d e r i v a t i v e  i s  t a k e n .  T hese

a d v a n ta g e s  grow when a sy s tem  o f  e q u a t io n s  i s  c o n s i d e r e d .
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Example 2 .

x  + x = f ( t ) ;  x (0 )  = 0 ,  x (0 )  = 0*

Here we have  th e  c a se  o f  th e  r i g h t  member b e in g  a n  a r b i t r a r y  

f t m c t i o n ,  h a v in g ,  o f  c o u r s e ,  s u f f i c i e n t  p r o p e r t i e s  t o  p e rm i t  

o p e r a t i o n s  upon i t .  T h is  i n v o lv e s  c o n s i d e r a b le  d i f f i c u l t y  by  

o r d i n a r y  m e th o d s .  The c o n v o lu t io n  i n t e g r a l  o f f e r s  a s im p le  

s o l u t i o n  o f  the  p ro b lem .

T ak in g  t h e  t r a n s fo r m  o f  b o t h  s i d e s  g iv e s  

x sx(m) + x(m) = f  (m)

o r ,

x(m) = .S I B ) , = f  (m) . . .. .

m* + 1 m + 1

How th e  i n v e r s e  t r a n s f o r m  o f  f(m) i s  f ( t )  by d e f i n i t i o n ,  and

th e  i n v e r s e  t r a n s f o r m  o f  —  i s  s i n  t .  H ence, u s i n g  th e
m + 1

c o n v o lu t io n  i n t e g r a l  we have

- £
' t

x ( t )  = \  f ( s )  s i n ( t  -  s )  d s .
»0

The c o n v o lu t io n  i n t e g r a l  may a l s o  be  u s e d  i n  a  s l i g h t l y  

d i f f e r e n t  m anner t o  o b t a i n  th e  s o l u t i o n .  I t  w i l l  now be  shown 

t h a t  i f  a  s o l u t i o n  can  be o b t a i n e d  f o r  th e  c a se  . f ( t )  = 1 ,  t h e n  

th e  s o l u t i o n  f o r  an  a r b i t r a r y  f ( t )  can b e  o b ta in e d *

I n  th e  te rm in o lo g y  o f  m e c h a n ic s ,  f ( t )  i s  c a l l e d  a  

f o r c i n g  f u n c t i o n ,  and  t h e  s o l u t i o n  o f  th e  e q u a t i o n ,  t o g e t h e r  

w i th  t h e  i n i t i a l  c o n d i t i o n s ,  i s  c a l l e d  th e  r e s p o n s e .  We now 

f i r s t  f i n d  th e  r e s p o n s e  to  a u n i t  s t e p  f u n c t i o n .  I t  i s  c a l l e d
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t h i s  b e c a u se  i t  i s  d e f i n e d  to  h av e  th e  v a lu e  z e r o  f o r  t  <  0 ,  and

th e  v a lu e  1 f o r  t  >  0 .

Hence, we f i r s t  c o n s id e r  th e  e q u a t io n  
• • * 
x 0 + x 0 = l . j  x (0 )  = 0 ,  x (0 )  = 0

T ak in g  th e  t r a n s f o r m  o f  b o t h  s i d e s ,  and s o l v i n g  f o r  x 0 (m) g iv e s

t \ a  1 _________ 1 m
X° ‘ m(m* + 1) m " mB + 1

from  w hich

x 0 ( t )  = 1 -  cos t .

T h is  i s  th e  r e s p o n s e  t o  a  u n i t  s t e p  f u n c t i o n .

N ex t ,  t h e  o r i g i n a l  e q u a t io n  i s  
• • •
x  + x = f ( t ) ,  ; x (0 )  = 0 ,  x ( 0 )  = 0

an d  th e  t r a n s f o r m  i s ,  a s  b e f o r e ,

x(m) = .
m + 1

But x 0 (m) =
m(ms + 1 ) '

1 _  , x
so  t h a t  —s---------- m x Q(m ),

m + 1

and  th e n  we can w r i t e

x(m) = m 7(m) x 0 (m).

Now f(m ) and x 0 (m) a r e  f u n c t i o n s  whose i n v e r s e  t r a n s ­

fo rm s a r e  known. They a r e ,  r e s p e c t i v e l y ,  f ( t )  and  x Q( t )  w hich  

h a s  j u s t  been  f o u n d .  U s in g  th e  c o n v o lu t io n  i n t e g r a l ,  we h av e
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^ t  _  _
L j  \  f ( s ) x 0 ( t  -  s ) d s (  = f(m ) x 0 (m)

I t  i s  a l s o  known from  2 ,  o f  th e  t a b l e  t h a t

L jdR; x°^t  " S^d£*j| = P * Lj  ^0 " s ^ds^»

f o r  th e  f u n c t i o n ,  w h ich  i n  t h i s  c a se  i s  th e  i n t e g r a l ,  h a s  th e  

v a lu e  z e r o  a t  t  = 0 .  Now th e  L a p la c e  t r a n s f o r m  i n d i c a t e d  i n  

th e  above e q u a t io n  i s  e x a c t l y  f(m ) x 0 (m ). H ence ,

^  f ( s )  x 0 ( t  -  s ) d s ^  = m f(m ) x 0 (m);

ho w ever, th e  r i g h t  member o f  t h i s  e q u a t io n  i s  x (m ) .  Prom t h i s  

we e v a l u a t e  x ( t )  a s

x ( t )  = ^  f ( s ) x 0 ( t  -  s ) d s
0 

t
f ( s )  x 0 f ( t  -  s ) d s

0

t
f * ( s )  x 0 ( t  -  s ) d s

0

s i n c e  x 0 {0) = 0 i n  th e  p rob lem  b e in g  c o n s i d e r e d .

We have  fo u n d  t h a t  x 0 ( t )  = 1 -  cos t .  T h u s ,

t
x ( t )  = \  f ( s )  s i n ( t  -  s ) d s ,

0

th e  same s o l u t i o n  a s  b e f o r e .
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A lth o u g h  th e  f i r s t  p o i n t  o f  v iew  o f  u s i n g  th e  convo­

l u t i o n  i n t e g r a l  seems more d i r e c t ,  th e  seco n d  m ethod  was d i s ­

c u sse d  b e c a u se  o f  i t s  f r e q u e n t  u s e  i n  t h e  l i t e r a t u r e  o f  t h e  g u s t  

p ro b le m . I t  can b e  shown by p h y s i c a l  i n t e r p r e t a t i o n  t h a t  th e  

f i r s t  case  i s  e q u i v a l e n t  t o  i n i t i a l l y  com puting  th e  r e s p o n s e  

t o  a  u n i t  im p u lse  r a t h e r  th a n  a  u n i t  s t e p  f u n c t i o n .

A .2 .  R ig id  Body S o l u t i o n  f o r  a S harp  Edged G ust b y  

L a p la c e  T ran sfo rm  M ethod.

I n  t h e  s e c t i o n  th e  work o f  s e c t i o n  3 w i l l  be  somewhat 

d u p l i c a t e d .  However, a  d i f f e r e n t  a p p ro a c h  w i l l  be u s e d  t o g e t h e r  

w i t h  s e v e r a l  d i f f e r e n t  a p p ro x im a t io n s  f o r  t h e  K f u n c t i o n  o f  

t h a t  s e c t i o n .

The n o t a t i o n  o f  t h a t  s e c t i o n  w i l l  be  u s e d  e x c e p t  t h a t  

th e  p o s i t i v e  d i r e c t i o n  i s  chozen upward f o r  f o r c e s ,  d i s p l a c e ­

m en ts  an d  a c c e l e r a t i o n s .

The l i f t  a f t e r  e n t e r i n g  th e  g u s t  i s  e q u a l  t o  th e  w e ig h t  

p l u s  t h e  in c r e m e n t  i n  l i f t  c a u se d  by  th e  g u s t ,  t h e  m o tio n  o f  

th e  a i r p l a n e ,  and th e  a p p a r e n t  m ass .

The e q u a t io n  o f  m o tio n  I n  te rm s o f  t im e  i s  
• •

Mz = in c re m e n t  i n  l i f t ,

• • ij2 tt2
and  z = z tf *rg = 4 z u"C c

so  t h a t ,  i n  te rm s  o f  h a l f  ch o rd  d i s t a n c e s  s ,  th e  e q u a t io n  o f  

m o tio n  becomes
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4MU2 
O z " +  f ^ L a j^ c z "  = CLa ?SUV<p(s) -  £ s u 2 ^ SK ( s - s 1 ) z w( s 1 ) d s :

gTJt
w here  s = — ,  th e  d i s t a n c e  t r a v e l e d  by  th e  w ing i n  h a l f  ch o rd s  c
m ea su re d  to th e  l e a d i n g  edge o f  th e  w ing from  th e  g u s t  e n t r y  

a t  s = 0}

S = w ing a r e a ,  

and a l l  o t h e r  n o t a t i o n  th e  same a s  s e c t i o n  3 .

We s h a l l  i n t r o d u c e  t h e  n o t a t i o n

n = 8M
CLa P SC

■, th e  m ass p a ra m e te r?  p = z n/ c f

t h e  n o n -d im e n s io n a l  a c c e l e r a t i o n ;  and  B = P + 1 .  The e q u a t io n  

o f  m o tio n  th e n  becomes

S.B p ( s )  + 2 \  K(s -  O) p(CT)dO*= vq. <p(s) (1 )
0

T h is  i s  a  l i n e a r  i n t e g r a l  e q u a t i o n  to  b e  s o lv e d  f o r  p ( s ) .

T ak ing  t h e  L a p la c e  t r a n s f o r m  o f  b o th  s i d e s  g iv e s  

B p(m) + 2K(m) p(m) = vq <p(m)

i n  w h ich  th e  c o n v o lu t io n  i n t e g r a l  h a s  b e e n  u s e d  i n  t r a n s f o r m i n g  

th e  seco nd  te rm  i n  th e  l e f t  member.

T hus,
v G i ( m )

p < m)  =  B *  s t M  ( 2 )

F o r  t h e  d e f i c i e n c y  f u n c t i o n s  we s h a l l  u s e  th e  a p p r o x i ­

m a t io n s

<p(s) = 1  -  • 5e -  • 5e s

K (s) = 1 -  , 4 1 e " # 3 s ,
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and i t  w i l l  b e  shown t h a t  t h e  u s e  o f  o n ly  one e x p o n e n t i a l  i n  

th e  e x p r e s s io n  f o r  K ( s ) ,  r a t h e r  t h a n  two, l e a d s  to  t h e  s o l u t i o n  

o f  a  q u a d r a t i c  e q u a t io n  r a t h e r  th a n  a c u b ic  a s  i n  s e c t i o n  3 ,  

U s in g  t h e  e x p r e s s io n  f o r  K ( s ) ,  (2 ) becomes

p(m)   gTP- -------- = va mi(m) ------------ fe  £ ,« £)-------------
B +  m “ (m "+• , 3 7  + ^#3B + 1 *1 8 )m + »6

L e t  mx and  ms be  th e  z e r o s  o f

Bas + ( • 3B + 1 .18)m  + . 6 ,  

and  t h e n  we may w r i t e

p(m) = m<p(m)  --------k —-*  r- .°  (m -  fflx) (m -  ms )

C o n s id e r in g  t h e  r i g h t  member th e  p r o d u c t  o f  th e  two f u n c t i o n s

mi>(m) and  T - -vr  r(m -  mx) (m -  ms )

and  n o t i n g  t h a t  mtp(m) = mcp(m) -  <p(0), s i n c e  <p(0) = 0 ,  we have

two f u n c t i o n s  whose i n v e r s e  t r a n s f o r m s  a r e  e a s i l y  o b t a i n e d .

U sing  i te m  2 i n  th e  t a b l e  o f  t r a n s f o r m s ,  i t  i s  fo u n d  t h a t  th e

i n v e r s e  t r a n s fo r m  o f  m<p(m) (= m<p(m) -  <p(0)) i s  <p’ ( s )  w h i l e  th e

i n v e r s e  t r a n s fo r m  o f  th e  o t h e r  f u n c t i o n  can b e  fo u n d  b y  p a r t i a l

f r a c t i o n s  to  b e

mx + .5  mxs tug + mj3s 
"" mi  ” ms

How cpT ( s ) = .065  e ” *^3s  + .5 0 0  e “s ,  an d  u s i n g  t h e  

c o n v o lu t io n  i n t e g r a l  we have

P<a> -  B v !  -  a aT^ t - 0659' ,15(a~0'' + • s e - ( s -(ffj

J7mx + . 3 ) e m i°*s -  (m3 + . 3 ) e msĈ d C r
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T h u s , th e  g e n e r a l  s o l u t i o n  i s

»<s > = 1̂ T ° . „ .T  K < e miS " e ' * 3S) + C ^e” *3 -  e ' 3 ) +B(mx •- ms J

i

.0 6 5  (mx + .3 )
mx + . 1 3  J

• 5(ms + .3 )

0a ( e " 13s -  emsS) + C4 ( e ‘ s -  e” ®3 ) \

C a  . i5 (mi  + *3 ) r  _  »065(ma + >5)
3 m, + 1 » ° 3 ”  ms  + .1 3

C4 m3 + 1 *

and  mx, ms a r e  th e  r o o t s  o f  t h e  e q u a t io n

Em2 + ( .333 + 1 .18)m  + . 6  = 0*

A 2 .1 .  Example f o r  S harp  Edged Gust U s ing  one E x p o n e n t ia l  

T e rn  f o r  K ( s ) .

We s h a l l  c o n s id e r  th e  same exam ple  a s  t h a t  u s e d  i n  

s e c t i o n  3 ,  rem em bering  t h a t  th e  K f u n c t i o n  was h e r e  a p p ro x im a te d  

by  a  s i n g l e  e x p o n e n t i a l  t e rm .

For t h i s  assum ed a i r p l a n e ,  B = 2 3 4 .

To o b t a i n  th e  r o o t s  mi and  m21 th e  q u a d r a t i c  i s  s o l v e d  to  g iv e  

mx = - .2 9 6 5 2 ,  m3 = - .0 0 8 6 5 .  From t h i s ,  t h e  c o n s t a n t s  a r e  

Cx = - .0 0 1 3 5 8 ,  C3 = .0 0 2 4 7 3 , C3 = .1 5 6 0 6 1 , C4 = .1 4 6 9 4 1 ,  and  

th e  f i n a l  r e s u l t  f o r  t h e  n o n -d im e n s io n a l  a c c e l e r a t i o n  f o r  t h i s  

a i r p l a n e  i s

p ( s ) = j^ .0 1 6 5 e " * 2965s + 4 .4 9 8 e "* 00865s - 2 .3 3 7 e “ *13s - 2 .1 4 0 e ~ ® J l0 " 3 vG.
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A p l o t  o f  t h i s  s o l u t i o n  shows t h a t  p ( s )  i s  a  maximum 

a t  s = 1 8 . At t h a t  v a lu e  o f  s ,  p{18) = 3 .6 3  x  1 0 Vn* Com-
f U*

p a r i n g  t h i s  w i th  th e  s o l u t i o n  o f  s e c t i o n  3 ,  we f i n d  a  d i f f e r e n c e  

o f  o n ly  1*09 p e r c e n t .  T h is  i n d i c a t e s  t h a t  t h i s  a p p ro x im a t io n ,  

r e q u i r i n g  th e  s o l u t i o n  o f  a  q u a d r a t i c  r a t h e r  th a n  a  c u b ic  

e q u a t i o n ,  i s  s a t i s f a c t o r y .

The r e s u l t  s u g g e s t s  th e  p o s s i b i l i t y  o f  u s i n g  a c o n s t a n t  

v a lu e  f o r  th e  f u n c t i o n  K ( s ) ,  f o r ,  a t  l e a s t  from  th e  p r e s e n t  

exam ple , th e  s o l u t i o n  seems l i t t l e  a f f e c t e d  b y  th e  shape  o f  th e  

K (s)  c u rv e .  To assume t h a t  K (s)  i s  a c o n s t a n t  i s  e q u i v a l e n t  

t o  a ssu m in g  damping p r o p o r t i o n a l  t o  th e  v e l o c i t y .  I n  t h e  n e x t  

s e c t i o n  t h i s  p o s s i b i l i t y  i s  c o n s i d e r e d .

4 * 2 .2 .  S o l u t i o n  f o r  a C o n s ta n t  V alue o f  K ( s ) .

L e t  K(s) = a ,  a  c o n s ta n t*  Then from  th e  g e n e r a l  

r e l a t i o n  a l r e a d y  d e r i v e d ,

v q  <j>(m)
p(m)

B + 2K(m)

S’ m ^ m) • “ 7  2a"m + -g-

U s in g  th e  c o n v o lu t io n  i n t e g r a l  we f i n d  t h a t ,  u s i n g  t h e  p r e s e n t  

s i m p l i f i c a t i o n ,  th e  n o n - d im e n s io n a l  a c c e l e r a t i o n  can  b e  w r i t t e n  

i n  c lo s e d  form  w i th o u t  th e  n e c e s s i t y  o f  s o l v i n g  e i t h e r  a  c u b ic  

o r  q u a d r a t i c  e q u a t io n .  The s o l u t i o n  i s  fo u n d  t o  be
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E v a l u a t i n g  t h i s  s o l u t i o n  f o r  B = 2 3 4 ,  a  = 1 ,  i t  i s  

fo u n d  t h a t  th e  maximum v a lu e  f o r  p i s

p = 3 .5 7  vG x 10 “3 , 

a n  e r r o r  o f  o n ly  3 ° /o  when compared, t o  th e  s o l u t i o n  by  th e  

i n t e g r a l  e q u a t io n .

I f  we choose an a v e ra g e  v a lu e  f o r  K (s) = a ,  we may 

e x p e c t  b e t t e r  r e s u l t s .

F o r  th e  same a i r p l a n e ,  B = 2 3 4 ,  w i th  a  = 0 . 7 ,  i t  i s  

found  t h a t  th e  maximum v a lu e  o f  p i s

p = 3 .7 1  vG x 10 “3 

an  e r r o r  o f  o n ly  1 . 9 ° / 0 when com pared w i th  t h e  o r i g i n a l  s o l u ­

t i o n ,  p b e in g  e v a l u a t e d  a t  s = 1 8 .

Not o n ly  i s  t h i s  s o l u t i o n  s a t i s f a c t o r y  f o r  su c h  a 

h i g h  m ass p a r a m e te r ,  B = 2 3 4 , b u t  i t  a l s o  g iv e s  good r e s u l t s  

f o r  s m a l l  v a lu e s  o f  B.

To compare th e  r e s u l t  w i t h  t h o s e  o f  s e c t i o n  3 ,  we 

choose  a n  ex trem e  c a se  o f  B = 50 . A ga in  u s i n g  a  = 0 . 7 ,  t h e  

c lo s e d  fo rm u la  y i e l d s

p = 1 3 .6  vG x  10“ 3 , 

t h e  maximum v a lu e  o c c u r r i n g  a t  s = 6 .
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The v a lu e  g iv e n  b y  s e c t i o n  3 f o r  t h i s  same m ass p a ra m e te r  i s

p = 1 3 .7  vQ x  10“3 .

The e r r o r  i s  se en  t o  b e  l e s s  th a n  l ° /o »

Based  on t h e s e  o b s e r v a t i o n s ,  i t  w ould  a p p e a r  p o s s i b l e  

t h a t  good r e s u l t s  c o u ld  l i k e w i s e  be o b t a i n e d  f o r  t h e  n o n - r i g i d

c ase  when K (s)  i s  a p p ro x im a te d  by a  c o n s t a n t .

I n  s e c t i o n  B, th e  n o n - r i g i d  s o l u t i o n  w i l l  b e  fo rm u ­

l a t e d  b o t h  f o r  K (s )  = c o n s t a n t  an d  f o r  K (s) e x p o n e n t i a l l y  

r e p r e s e n t e d .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B - l  17

B. The N on-R ig id  Body S o l u t i o n  w i th o u t  th e  u s e  o f  Normal Modes.

B . l  I n t r o d u c t i o n

The s o l u t i o n  f o r  th e  n o n - r i g i d  body h a s  b e e n  c o n s id e r e d  

by  t h e  m ethod o f  n o rm al m odes . As an  a l t e r n a t i v e  a p p ro a c h ,  th e  

w ing  may be  c o n s id e r e d  a s  a sy s te m  o f  c o n n e c te d  m asses*  The 

f o r c e d  r e s p o n s e  o f  t h i s  sy s te m  i s  th e n  computed d i r e c t l y  a s  a  

sy s tem  h a v in g  a f i n i t e  number o f  d e g re e s  o f  f re e d o m . T h is  

e l i m i n a t e s  the  n e c e s s i t y  f o r  th e  c o m p u ta t io n  o f  th e  n o m a l  m odes, 

and  a l t h o u g h  th e y  do n o t  a p p e a r  d i r e c t l y ,  th e  h i g h e r  modes t h a t  

a r e  p r e s e n t  i n  th e  m o t io n  a r e  a u t o m a t i c a l l y  t a k e n  i n t o  a c c o u n t .

A sy s te m  o f  e q u a t io n s  w i l l  b e  d e r i v e d ,  and t h e i r  

s o l u t i o n  w i l l  b e  c o n s id e r e d  by  a n u m e r ic a l  m a t r i x  m e th o d .

B .2  D e r i v a t i o n  o f  th e  B end ing  E q u a t io n s  o f  M otion

C o n s id e r  a c o n t in u o u s  c a n t i l e v e r  beam t h a t  h a s  v a r i a b l e  

s t i f f n e s s  and  m ass d i s t r i b u t i o n  a lo n g  i t s  l e n g t h ,  a s  r e p l a c e d  

b y  a  w e i g h t l e s s  e l a s t i c  b a r  c a r r y i n g  c o n c e n t r a t e d  m asses  a t  

s p e c i f i e d  s t a t i o n  p o i n t s .  The d i s t a n c e  b e tw een  s t a t i o n s  i s  

n o t  n e c e s s a r i l y  th e  same a l l  a lo n g  th e  beam. T h is  p e r m i t s  t h e  

s t a t i o n  p o i n t s  t o  be l o c a t e d  a t  p o i n t s  o f  h ig h  m ass c o n c e n t r a t i o n  

su c h  a s  e n g in e s .  The d i s t r i b u t e d  m ass and  any  o t h e r  p o i n t  m asse s  

o c c u r r i n g  i n  any  one s e c t i o n  be tw een  s t a t i o n s  a r e  r e l o c a t e d  a t  

th e  two s t a t i o n s  a t  e i t h e r  end o f  t h e  s e c t i o n  a s  i f  t h e  two 

s t a t i o n s  i n  q u e s t i o n  were th e  r e a c t i o n  p o i n t s  o f  a  s im p le  beam 

c a r r y i n g  th e  same m a s s .  T h u s ,  e a c h  i n t e r n a l  s t a t i o n  w i l l  r e c e i v e
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a  c o n t r i b u t i o n  from th e  two s e c t i o n s  im m e d ia te ly  a d j a c e n t  th e  

s t a t i o n ,  one on e i t h e r  s i d e .

The r e c i p r o c a l  o f  the  b e n d in g  s t i f f n e s s  c u rv e  i s  

a p p ro x im a te d  b y  a  s t r a i g h t  l i n e  be tw een  each  two a d j a c e n t  

s t a t i o n s ,  th e  v a lu e  a s s ig n e d  a t  each  s t a t i o n  b e in g  t a k e n  a s  

th e  t r u e  v a lu e .  T h is  l e a d s  to  a f l e x i b i l i t y  c u rv e  t h a t  has  th e  

t r u e  v a lu e  a t  e a c h  s t a t i o n  and  i s  a  p ie c e w is e  l i n e a r  f u n c t i o n  

a lo n g  th e  l e n g t h .  These c o n c e p ts  a r e  shown i n  th e  f o l lo w in g  

f i g u r e .

W eight
Loadin,
Curve

F l e x i b i l i t y
Curve

n+2 T ipn+1R oot

S t a t i o n s

Fig<> 1 - Reduction of Physical Wing to Dynamic Model.

U sin g  th e  w e ig h t  l o a d i n g  c u rv e  i n  k e e p in g  w i th  th e  

d i s c u s s i o n  and f i g .  1 ,  i t  i s  s e e n  t h a t ,  f o r  e x am p le , t h e  r e ­

l o c a t e d  l o a d  a c t i n g  a t  s t a t i o n  n  + 1 i s

( * £ £  + h _ - + ( j ’- i g t 1- ♦  s n p i
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The u s e  o f  t h e  segm en ted  f l e x i b i l i t y  c u rv e  i s  d i s ­

c u s s e d  i n  s e c t i o n  B .2 .2 .

B*2.1 n o t a t i o n

A c o o r d i n a t e  sy s tem  w i th  o r i g i n  a t  th e  r o o t  o f  t h e  

c a n t i l e v e r  beam i s  c h o sen .  The x  a x i s  i s  p o s i t i v e  t o  th e  r i g h t  

a lo n g  t h e  u n d e f l e c t e d  beam. The y a x i s  i s  p o s i t i v e  upw ard .

I t  may b e  n o te d  t h a t  when th e  c a n t i l e v e r  beam i s  th o u g h t  o f  a s  

a n  a i r p l a n e  sem i-w in g , th e  o r i g i n  o f  th e  c o o r d i n a te  sy s te m  moves 

w i t h  th e  w ing r o o t ,  and  i s ,  t h e r e f o r e ,  n o t  a  r e f e r e n c e  f ram e  

f i x e d  i n  s p a c e .

mj_ c o n c e n t r a t e d  m ass a c t i n g  a t  s t a t i o n  i

yj_ d e f l e c t i o n  o f  th e  i  t h  m a s s ,  m ea su re d  p o s i t i v e  upw ard

from  th e  x a x i s

z^ a p p l i e d  f o r c e  a t  s t a t i o n  i ,  e x t e r n a l  f o r c e  p l u s  i n e r t i a

f o r c e

v+^ s h e a r  i n  beam a t  a  p o s i t i o n  j u s t  t o  th e  r i g h t  o f  th e  

I  t h  mass

v_^ s h e a r  i n  beam a t  a  p o s i t i o n  j u s t  t o  th e  l e f t  o f  th e  I  t h  mass 

b e n d in g  moment a t  th e  I  t h  m ass 

B Y oung’ s m odulus o f  e l a s t i c i t y

1^ b e n d in g  moment o f  i n e r t i a  a t  s t a t i o n  i

Aj_ b e n d in g  f l e x i b i l i t y  a t  s t a t i o n  i ,  e q u a l  to  | ~ -

h^  l e n g t h  b e tw ee n  s t a t i o n  i  and  i  + 1

r  r u n n in g  c o o r d i n a t e ,  p o s i t i v e  i n  p o s i t i v e  x d i r e c t i o n  w i th

o r i g i n  a t  s t a t i o n  i ,  and  e x te n d in g  to  s t a t i o n  I  + 1 .
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The p o s i t i v e  d i r e c t i o n s  f o r  s h e a r ,  b e n d in g  moment, and  lo a d  

a r e  shown i n  f i g .  2

S h e a r  A

Moment

t  /
;JLoad

—  r  — p
V

' J  Moment

P i g ,  2 -  P o s i t i v e  S ig n  C o n v e n tio n s

B .2 .2  R e l a t i o n  be tw een  D isp la c e m e n t  and  B ending  Moment

P i g .  3 shows a  f r e e  body d iag ram  o f  two a d j a c e n t  

span s  o f  th e  beam.

-n+1
k  2.

v- U +1)=v+J ™ +(n+1,

'n+1

^ Zn+2K n

+(n+2)

P i g .  3 -  F re e  Body D iagram s o f  Two A d ja c e n t  S e c t io n s  o f  Beam 

L e t  r  b e  a  v a r i a b l e  o f  i n t e g r a t i o n  d e n o t in g  an  

a r b i t r a r y  p o s i t i o n  i n  any  one s e c t i o n ,  m e a su re d  from  th e  l e f t
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end o f  t h a t  s e c t i o n ,  and l e t  p r im e s  d e n o te  d i f f e r e n t i a t i o n  

w i th  r e s p e c t  t o  x o r  r .  S in ce  x -  c o n s t a n t  + r  f o r  an  a r b i t r a r y  

p o s i t i o n  on th e  beam, we h ave

v t» =
y dx® dr® ‘

T hus , a t  a n y  p o s i t i o n  r ,  th e  r e l a t i o n  b e tw een  d e f l e c t i o n  and 

b e n d in g  moment i s

y” ( r )  = A (r )  M (r ) ,  

i n  w h ich  t h e  e q u a t io n  i s  a p p l i e d  to  any one s e c t i o n  a t  a  t im e .  

T h a t  i s ,  r  r u n s  from  r  = 0 t o  r  = hn  i n  th e  n  t h  s e c t i o n *

Under th e  a s su m p t io n  t h a t  t h e  f l e x i b i l i t y  c u rv e  A (r )  

can  be  a p p ro x im a te d  by  a  s i n g l e  s t r a i g h t  l i n e  i n  a n y  one s e c t i o n ,  

we h av e  f o r  t h e  n  t h  s e c t i o n

A (r)  r  +• An,

w here  A a^ = A^+^ -  A^, and  from  th e  f r e e  body d iag ra m  i n  f i g *  3 ,

M (r) = v+n r  + Mn *

T h u s ,

7 tt( r )  = ( T r  + V  (v+n r  + Mn }
A k a

*n  V+n ' *n

„  __2 . / M l

I n t e g r a t i n g  tw ic e  g i v e s ,  s u c c e s s i v e l y ,

y.(r> -  y-n = A !s £  + £ i f i  ^  % T+n) 2d + An ^  r (!8)
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(3 )

y ( r )  -

w here  y 1 and  yn  a r e ,  r e s p e c t i v e l y ,  th e  s lo p e  and  d e f l e c t i o n  

a t  s t a t i o n  n .

Upon e v a l u a t i n g  (2 )  and (3) a t  r  = h ^  we h av e

a j, t 4 )

? V l  -  y ’n = K  v+n ¥  + \  + \  hn v+n) TT + ^  \  hn

and

y~n-M . ~ A h  « k 2n ,a , ^ . Mn hn
"X  ’  n  ^  +n m -  + ( n  “n + An hn  v+n) ~  ~ ~ S ~

An e q u a t io n  s i m i l a r  to  (5) can  b e  d e r i v e d  f o r  t h e  a d ja c e n

( n  + 1) s t  s e c t i o n .  By ch an g in g  th e  s u b s c r i p t  from  n  to  (n  +• 1)

i t  i s  s e e n  t q  b e

Zai£ .  Zs±i .  7 . =A a +1 , » V i
V kl *n+i  n+1 n+1 + n + 1 - i r

+ ^Si+1 \+ l  + ^+1 hn+l v+n+l' ~  + n̂+l *B+1 2

The s l o p e s  y»n and  j ’n+1 can  b e  e l i m i n a t e d  i n  t h e  f o l lo w in g  

manner* The s u b t r a c t i o n  o f  ( 6 ) from  (5 )  l e a d s  to  a te rm  

(y * n + i  “ ^ ’n^ w*13-0*1 can e l i m i n a t e d  b y  u s i n g  i t s  v a lu e  a s  

g iv e n  by  ( 4 ) .  F u r t h e r ,  v ^  and  can  be  e l i m i n a t e d ,  f o r

w i th  r e f e r e n c e  to  f i g .  3 i t  i s  s e e n  t h a t

vn+ l *V+1 “ Mn+e " “ n+1

vn *11 = V l  -  \  *
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Upon p e r f o r m in g  th e  i n d i c a t e d  m a n i p u l a t i o n  we have

th e  r e c u r r e n c e  r e l a t i o n

w hich  g iv e s  th e  r e l a t i o n  b e tv /een  d i s p la c e m e n t  and  moment f o r  

s e c t i o n s  a lo n g  th e  span* I f  t h e r e  a r e  K s e c t i o n s ,  th e  r e c u r ­

r e n c e  fo rm u la  (7) may be  a p p l i e d  once f o r  e v e ry  s t a t i o n ,  n  = 0 ,  

1 ,  2 ,  • • • ,  (k  -  2) g i v in g  (X -  1) e q u a t io n s *  The r e l a t i o n  (7) 

may n o t ,  how ever, be  a p p l i e d  t o  s t a t i o n  n  = (K -  1 ) ,  f o r  i n  th e  

d e r i v a t i o n  two a d j a c e n t  s e c t i o n s  w ere  r e q u i r e d  f o r  t h e  e l i m i n a ­

t i o n  o f  th e  s l o p e s .  T hus, we have  one l e s s  e q u a t io n  th a n  t h e  

number o f  unknown d i s p la c e m e n ts  y ^ .  An a d d i t i o n a l  e q u a t io n  may 

be  o b t a i n e d  by  c o n s i d e r a t i o n  o f  th e  f i r s t  s e c t i o n  o n ly  be tw een  

s t a t i o n s  0 and 1 .  S in ce  s t a t i o n  0 i s  t a k e n  a t  t h e  o r i g i n  o f  

c o o r d i n a t e s  a t  w h ich , f o r  a c a n t i l e v e r  beam, th e  d i s p la c e m e n t  

and  s lo p e  a r e  z e r o ,  th e  s lo p e  does  n o t  a p p e a r  when (5) i s  

a p p l i e d  f o r  n  = 0 .  E l i m in a t in g  th e  s h e a r ,  a s  b e f o r e ,  g iv e s  

t h e  a d d i t i o n a l  e q u a t io n  required. T h u s , from  (5)

~ (Aa0 + A0 ~q~) %  + (Aa0 ^2 + Aq "jfOMo (8 )
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B .2 .3  R e l a t i o n  b e tw ee n  A p p lie d  F o rce  and B end ing  Moment 

W ith r e f e r e n c e  t o  f i g .  3 ,  we may w r i t e

(9)

and  f o r  th e  n e x t  a d j a c e n t  sp a n ,

+ n+ l n +1 ( 10)

v+n+l "" vn  Zn+1

g iv e s

( 11)

a  r e c u r r e n c e  r e l a t i o n  wliich may be  a p p l i e d  a lo n g  th e  span  

a l l o w in g  n  t o  t a k e  a l l  v a lu e s  n e c e s s a r y  t o  a c c o u n t  f o r  a l l  t h e  

l o a d s  z ^ .  T hus, n  = 0 ,  1 ,  • • * ,  K -  1 ,  w h i le  M̂ . = = 0 .

Hence, e q u a t io n s  ( 7 ) ,  ( 8 ) ,  and  (11) y i e l d  a  sy s tem  

o f  e q u a t io n s  f o r  d e te r m in in g  t h e  f o r c e d  m o tio n  o f  a  c a n t i l e v e r  

beam w i th  r e f e r e n c e  to  a  f i x e d  r o o t  s e c t i o n .  However, when 

a p p l i e d  to  an a i r p l a n e  sem i-w in g , th e  r o o t  s e c t i o n ,  b e in g  f i x e d  

i n  t h e  f u s e l a g e ,  i s  n o t  a  f i x e d  fram e o f  r e f e r e n c e .  Hence i t  

i s  n e c e s s a r y  t o  e s t a b l i s h  a f i x e d  r e f e r e n c e  l i n e  from w hich  to  

m easu re  d e f l e c t i o n s .  We s h a l l  t a k e  t h i s  r e f e r e n c e  l i n e  to  be  

th e  p o s i t i o n  o f  th e  x a x i s  b e f o r e  th e  o n s e t  o f  th e  g u s t .  T h is  

i s  shown i n  f i g .  4 .  F u r t h e r ,  s i n c e  we a r e  c o n s i d e r i n g  sy m m e tr ic a l  

g u s t s ,  i t  i s  s u f f i c i e n t  t o  c o n s id e r  o n ly  h a l f  th e  a i r p l a n e  m a s s .
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x

Jo

O r i g i n a l  P o s i t i o n  o f  x  a x i s  b e f o r e  Gust

F ig*  4 -  C o o rd in a te  System  f o r  a n  A i r p la n e  i n  Gust

I t  may b e  s e e n  t h a t  y 0 i s  th e  c o o r d i n a te  r e p r e s e n t i n g  

th e  r i g i d  body d i s p la c e m e n t  o f  th e  a i r p l a n e ,  and t h a t  y0 i s  

m ea su re d  from  a f i x e d  r e f e r e n c e  l i n e  w h ile  y x , y s , yn  a r e  

m ea su re d  from  th e  i n s t a n t a n e o u s  p o s i t i o n  o f  th e  x a x i s .

B .2 .4  E q u a t io n  o f  M otion f o r  th e  R ig id  Body C o o rd in a te  f o r  

V e r t i c a l  T r a n s l a t i o n  O nly .

The i n t r o d u c t i o n  o f  y 0 r e q u i r e s  an  a d d i t i o n a l  e q u a ­

t i o n  o f  m o t io n .  We may o b t a i n  t h i s  b y  o b s e r v in g  t h a t  th e  s h e a r  

i n  t h e  w ing j u s t  t o  t h e  r i g h t  o f  th e  f u s e l a g e  i s  v+Q« Then, 

th e  a p p r o p r i a t e  f r e e  body d iag ra m  i s

6 "

v+0
from  w h ic h  we h av e  t h e  e q u a t io n

z 0 -  v+0 0
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Prom f i g *  3 ,

.  = Mi 2 a .
+0 ho h0 ’

so t h a t  t h e  e q u a t io n  o f  m o tio n  becomes

I n  fo rm in g  (12) i t  may be  n o t e d  t h a t  th e  w e ig h t  o f 

t h e  f u s e l a g e  was n e g le c te d *  T h is  f o l lo w s  from  th e  f a c t  t h a t  

t h e  wing w e ig h ts  w i l l  a l s o  be n e g l e c t e d  i n  fo rm in g  th e  z  f o r c e s  

t h a t  a p p e a r  i n  ( 1 1 ) .  T hese  two w e ig h t  f o r c e s  a r e  b a la n c e d  by  

th e  l i f t  b e f o r e  g u s t  e n t r y .  H ence, d u r in g  th e  g u s t  we need  

o n ly  c o n s i d e r  th e  in c r e m e n t  i n  th e  l i f t  f o r c e s  and  th e  i n e r t i a  

f o r c e s  when fo rm in g  th e  e q u a t io n s  o f  m o t io n .  Upon s o l v i n g  

t h e s e  e q u a t io n s  we o b t a i n  th e  dynamic b e n d in g  m om ents. Then 

th e  t o t a l  b e n d in g  moment, a c t i n g  a t  any  s t a t i o n ,  d u r in g  th e  

g u s t  i s  t h e  sum o f  th e  dynamic b e n d in g  moment and  th e  s t a t i c  

b e n d in g  moment. The l a t t e r  t a k e s  I n t o  a c c o u n t  th e  wing w e ig h t  

a n d  th e  s t a t i c  l i f t  b e f o r e  g u s t  e n t r y .

B*3 The E q u a t io n s  o f  M otion  f o r  R esponse  to  a  S ha rp  Edged 

G ust C o n s id e r in g  V e r t i c a l  T r a n s l a t i o n  and Wing B en d in g .

We s h a l l  a p p ly  e q u a t io n s  ( 7 ) ,  (8 ) ,  ( 1 1 ) ,  and  (12) to  

d e te rm in e  th e  e q u a t io n s  o f  m o t io n  f o r  t h i s  c a s e .  S in c e  we a r e  

considering only v ertica l motion and wing bending, th e  a i r p l a n e  

i s  r e p l a c e d  by a  dynamic m odel c o n s i s t i n g  o f  a c a n t i l e v e r  beam 

whose r o o t  i s  a t t a c h e d  to  a  r i g i d  m ass m oving th r o u g h  sp a c e  a s  

shown i n  f i g .  4 .
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Tiie w ing  i s  d iv id ed , i n t o  f i v e  s e c t i o n s ,  a n d  f o r  th e  

p u rp o s e  o f  a n a l y s i s  t h e  w ing i s  c o n s id e r e d  to  e x te n d  to  th e  

c e n t e r  l i n e .  The c o n c e n t r a t e d  m a sse s  a r e  m0 , a t  th e  c e n t e r  

l i n e ;  mx , ms , m3 , EI4 , p l a c e d  a lo n g  t h e  w in g ; and  mg a t  th e  t i p .

I n  a p p ly in g  e q u a t io n  (7) we w r i t e  i t ,  s u c c e s s i v e l y ,  

f o r  two s e c t i o n s  a t  a  t im e ;  t h a t  i s ,  f o r  s e c t i o n s  1 and  2 , 2 

and 3 , 3 an d  4 ,  4 an d  5 .  T h is  c o r re s p o n d s  t o  a l l o w in g  th e  in d e x  

n  to  r a n g e  f o r  n  = 0 ,  1 ,  2 ,  3 .  E q u a t io n  (8 ) i s  th e n  w r i t t e n .  

N ext (11 ) i s  a p p l i e d  f o r  n = 0 ,  1 ,  2 ,  3 ,  4 ,  and  f i n a l l y  th e  

n e c e s s a r y  number o f  e q u a t io n s  a r e  o b t a i n e d  b y  w r i t i n g  Eq. ( 1 2 ) .

As a p p l i e d  to  a  g iv e n  a i r p l a n e ,  th e  dynam ic model 

w ould  f i r s t  be c o n s t r u c t e d  a s  i n d i c a t e d  i n  s e c t i o n s  B .2  and  

B .2 .2 .  T h is  would y i e l d  th e  v a lu e s  t o  be u se d  f o r  t h e  c o n s t a n t s  

h ^ ,  A^, and  A A i, f o r  i  = 0 ,  1 ,  2 ,  3 ,  4 ,  an d  th e  t i p  m ass mg. 

T hus , from  Eq. (7 )  f o r  n  = 0 ,  1 ,  2 ,  3 s u c c e s s i v e l y ,

a ox * a0 2 7s — b 00 M0 +■ box Mx + b os Ms

a l l 7x  + a X3 7s + a 13 7 s  = b x x Mx + b x s  Ms + b X3 Mg

a S3 7s  + a33 7s a 24 74 ~ b s s m2 4* t>23 M3 + b24  M4

a 33 7s  + a 34 74 -fr a 35 75  = “bgs Ma + b 34 M4

from  E q. ( 8 ) ,

a xJx ~ b 0M0 + b A  ( 1 4 )

from  Eq. (11) f o r  n  = 0 ,  1 ,  2 ,  3 ,  4 s u c c e s s i v e l y .
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2 x =  d 0 o Mq d 0 x Ml + d-o a Ms

z s  — d Xx Mx +  d x s  Mg + d x s  M3

z 3 ^  d S2 M2 + dgg Mg + d24 M4 (15)

z4 = -̂33 Mg + (3,34 M4

z 5 == d 44 M4 ,

and  from  Eq* ( 1 2 ) ,

z 0 = d 0 M0 + dx Mx* (16)

The c o n s t a n t s  ^ i j *  ^ i j *  11,0* 1° x * (3'0 ,  an^  d l  a r e  e a s i ^^
d e te rm in e d  from th e  e q u a t io n s  from  w hich  th e  above r e l a t i o n s  

were  w r i t t e n .  For exam ple , i n  Eq. (13) a S3 i s  c o e f f i c i e n t  o f  

yn+l  i n  r e c u r r e n c e  r e l a t i o n  (7 )  f o r  n  = 2 .  T h u s ,  r e f e r r i n g  t o  

( 7 ) ,  we have

* &
l i k e w i s e ,

a35 “  E£ •

The b^,. a r e  a l s o  fo u n d  from  ( 7 ) .  T hus,

v. -  A  a ~  + A —Dqo ~ *4iio 2.2 0 6 9

b g 4 = c o e f f i c i e n t  o f  M4 when n  = 2,

A Mg , A Mg 
=  IIA3 J g  A3 -%■ •

The c o e f f i c i e n t s  d . •  a r e  fo u n d  from  ( 1 1 ) .  F o r  exam p le , dxS!
1 J

th e  c o e f f i c i e n t  o f  M2 when n  = 1 i s

L  *  _L
^  Mx

1 1and  t h e  c o e f f i c i e n t s  d0 , d x a r e  d 0 = -  r-~; d x = rr-»
U.Q XlQ

d «  = -  < i £ + Er>*
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The above e q u a t io n s  c 

i n  m a t r i x  fo rm . ( I n  t h i s  conne 

w i t h  m a t r i x  o p e r a t i o n s  can cons- 

F r a z e r ,  Duncan, a n d  C o l l a r ,  Maci 

i s  a l s o  g iv e n  i n  s e c t i o n  0 . 2 .1  <

Com bining e q u a t io n s

we have

®>1 0 0 0 0 7i"
a01 a0 3 0 0 0 72
a l l a i 2 a 13 0 0 7s =
0 a S2 a S3 a 24 0 74
o 0 a 33 a 34 a 35 I 5-

z 0” do dx 0 0 C), *”

Z1 d 00 d 01 do 2 0 0
z s 0 d x i d x 2 di.3 0

z z 0 0 d s 2 d23 d g 4
z 4 0 0 0 d 33 cL34
zg 0 0 0 0 d 44

The f o r c e s  z^ c o n s i s t  

s t a t i o n  i  and  th e  in c re m e n t  i n  t  

I t  w i l l  be r e c a l l e d  t h a t  th e  s t a  

g u s t  e n t r y  a r e  n e g l e c t e d  i n  t h e s  

b e f o r e ,  th e y  a r e  ta k e n  c a re  o f  s 

s h e a r s  and  m om ents.

A t s t a t i o n  I  th e  I n e r t

b e  e x p r e s s e d  more c o n v e n i e n t l y  

on, th e  r e a d e r  n o t  f a m i l i a r  

;, " E le m e n ta ry  M a t r i c e s " ,  b y  

. la n ,  1947 . A b r i e f  d i s c u s s i o n  

t h i s  r e p o r t . )  

and  ( 1 4 ) ,  and  (15) and  ( 1 6 ) ,

Bo b x 0 0 0 to "

ooh

^01 t>03 0 0 Mx:
0 t n bx 2 b l 3 0 Ms
0 0 b22 b s  3 b 24 m3
0 0 0 b 33 b 34 m4

M0
Mx
Ms  (

M3
m4

if th e  i n e r t i a  f o r c e  a c t i n g  a t  

Le a i r f o r c e  a c t i n g  a t  s t a t i o n  i .  

; ic  w e ig h t  and  a i r f o r c e  b e f o r e  

i c o m p u ta t io n s ,  f o r ,  a s  m en tio n ed  

i p a r a t e l y  I n  com p u tin g  th e  f i n a l

,a f o r c e  i s
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•  •  •  •

*^1 dt® ( y ° + = “mi  y ° ~ mi  y i

s i n c e  y 0 + y^ i s  th e  d i s t a n c e  to  s t a t i o n  i  from  th e  f i x e d  

r e f e r e n c e  l i n e .

The in c re m e n t  i n  th e  a i r  fo i’ces  a r i s e  from th e  e f f e c t  

o f  th e  g u s t ,  th e  e f f e c t  o f  c h an g in g  a n g le  o f  a t t a c k  c a u se d  by  

t h e  upw ard sp e e d  o f  th e  a i r f o i l ,  an d  th e  a p p a r e n t  m ass e f f e c t .  

W ith  r e f e r e n c e  to  s e c t i o n  2 ,  t h e s e  a r e  s e e n  to  b e ,  f o r  a  s h a r p  

edged g u s t ,  in c re m e n t  i n  a i r f o r c e  a t  s t a t i o n  i  =

■tf;.
= c La |  S± u v f t s )  -  CLa ^  S1 TJ ^ o ] j l ( t i )  + y 0 ( t i ) j K ( s  -  3X) d t x + 

-  1T (y^ + y 0 ) ,  f o r  ( i  = 1 ,  2 , 3 ,  4 ,  5 ) .

where i s  th e  a r e a  o f  th e  w ing a s s o c i a t e d  w i th  s t a t i o n  i ,

i s  th e  wing ch o rd  a t  s t a t i o n  i ,  t x i s  a  v a r i a b l e  o f  I n t e g r a -  
2Ut i o n ,  and  S = —— C0 b e in g  th e  r o o t  ch o rd  o f  th e  w in g . A l l  

o t h e r  sym bols have  th e  same m ean in g  a s  t h a t  p r e v i o u s l y  u s e d .

Under th e  a s s u m p t io n  t h a t  th e  w ing e x te n d s  i n t o  the  

c e n t e r l i n e ,  t h e r e  w i l l  b e  a  l i f t  a c t i n g  a t  s t a t i o n  0 .  S in c e  

t h e  c o o r d in a te  y 0 i s  m easu red  from  a f i x e d  r e f e r e n c e ,  th e  

p r e v io u s  e q u a t io n  s i m p l i f i e s  to  

I n c re m e n t  i n  a i r f o r c e  a t  s t a t i o n  0 =

= CLa f  S<> UV+U) -  CLa §  S0 U -  s x) d t x +

c  *#
-  tr So J o ,

w here S0 i s  t h e  w in g  a r e a  a s s o c i a t e d  w i t h  s t a t i o n  0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B -15 31

The p r o p e r  v a lu e s  f o r  C0 , S0 , and  C^, a r e  shown

i n  f i g .  5 .

h x— ?

P ig *  5 -  P la n  Form o f  Wing Showing R e fe re n c e  L en g th s  and A re a s .

T hus, t h e  w ing  a r e a  i s  d iv id e d  i n t o  s e c t i o n s ,  e x te n d in g  

from  e a c h  s t a t i o n  t o  h a l f  th e  d i s t a n c e  t o  th e  a d j a c e n t  s t a t i o n  

( 2 ) .

We may change th e  in d e p e n d e n t  v a r i a b l e  from  t  t o  s 

by  u s i n g  t h e  d e f i n i t i o n  o f  s .  Thus

C0 ••
d t  = 2tj d s ,  y  = yo „ ” ____ „ 4UZ *• , .  n 2TJy d t  = y" j r -

C0
I n  te rm s  o f  s ,  t h e  l i f t  f o r c e  a t  s t a t i o n  i  i s

°La £  s ± UV'ft3 ) “ c La ^  s i  + y 0w(C7)jK(s -  CT)d(r +

-  t r f S i  G± E l -  ( y t,i  +  y 0 r t ) ,  ( i  =  i »  2 ,  3 ,  4 ,  5 )

and th e  l i f t  f o r c e  a t  s t a t i o n  0 i s  o b t a i n e d  by  s e t t i n g  ywd = 0 *
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Now i n  th e  d i s c u s s i o n  o f  t h e  r i g i d  body c a se  i t  was 

shown t h a t  good r e s u l t s  co u ld  be o b t a i n e d ,  f o r  a  l a r g e  ra n g e  

o f  m ass p a r a m e te r s ,  by  r e p l a c i n g  th e  d e f i c i e n c y  f u n c t i o n  K (s)  

by  th e  c o n s t a n t  K = 0 * 7 . T h is  am ounts t o  a ssu m in g  t h a t  th e  

ae ro d y n am ic  damping i s  p r o p o r t i o n a l  to  th e  s p e e d .  A lth o u g h  

s u c h  s i m p l i f i c a t i o n  i s  n o t  n e c e s s a r y  f o r  t h e  s o l u t i o n  o f  th e  

p ro b le m , th e  d e g re e  o f  u n c e r t a i n n e s s  i n  t h e  b a s i c  d a t a ,  t o g e t h e r  

w i t h  th e  good r e s u l t s  o b t a i n e d  f o r  th e  r i g i d  b ody  c a s e ,  seems 

t o  make su c h  an a s s u m p t io n  j u s t i f i e d .  F u r t h e r ,  from  th e  p o i n t  

o f  view  o f  c o m p u ta t io n ,  su c h  an  a s su m p t io n  c o n v e r t s  i n t e g r o -  

d i f f e r e n t i a l  e q u a t io n s  i n t o  d i f f e r e n t i a l  e q u a t i o n s .  T h is  s im ­

p l i f i c a t i o n ,  how ever, sh o u ld  r e c e i v e  f u r t h e r  s tu d y  i n  th e  l i g h t  

o f  t e s t  r e s u l t s .  F o r  t h e  more g e n e r a l  c ase  o f  c o u p le d  m o t io n ,  

we s h a l l  s e t  up t h e  e q u a t io n s  u s i n g  a n  e x p o n e n t i a l  d e f i c i e n c y  

f u n c t i o n .  T h is  i s  done i n  s e c t i o n s  B .5  an d  f o l l o w i n g .

The i n e r t i a  f o r c e  a c t i n g  a t  s t a t i o n  i  i s

-  + y 0 ) f  ( i  = 1 ,  2 ,  3 ,  4 ,  5)

o r  i n  te rm s  o f  s ,

- m ,  <71" + To").
X '-'0

U s in g  t h e  c o n s t a n t  v a lu e  K = 0 .7  f o r  t h e  d e f i c i e n c y  

f m o t i o n ,  a n d  n o t i n g  t h a t  y^ ’ (0 ) = y 0 1 ( 0 ) = 0 ,  we h av e  

z 0 = a0 y 0 n + po y 0 ’ -  r 0 > and

z ± = + a± y 0» + y i ” + y0 » + f a  y± * -  Y i f ( s ) ,  (19)

f o r  i  = 1 ,  2 ,  3 ,  4 ,  5 ,
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w here th e  c o n s t a n t s  <x4 ,  P4 ,  n #  1 = 0 ,  1 , 2 ,  3 ,  4 , 5 a r e  g iv e n

by

a < “  -  + h  ( 2 0 )u

Pi ( . 7  aLa £  Si  

£

( 21)

Y i  =  "  t u L a  t  * i  UVj ( 2 2 )

U sin g  ( 1 9 ) ,  th e  column m a t r i x  i n v o l v i n g  t h e  z ’s may

be w r i t t e n

z o w o * + P o7o ' - To I p U T
Z1 + W o " W x " + PiTo* + Px7x' -  Yx y ( s )
z s -f. w o " + W s " + Psy© 1 + P a y s '  -  Ys <J(s)
Z g + a 3y0 u + a ays" -F PsY o’ + p3y 3 ' “ Ts 4*(s )
z 4 + W o " + a4y 4 " + p4yo* + P4y 4 ‘ -  y4 *|Ks )

f 5 4* “ 5 7 0 ” -F w s " + P57o' 4* P5y 5 ! -  T5 f ( s )

(23)

n o t i n g  t h a t  e a c h  row i n  th e  r i g h t  hand  m a t r i x  i s  b u t  a  s i n g l e  

e le m e n t ,  th u s  g i v in g  a  (6 x  1 ) m a t r i x .

S in c e  l i k e  m a t r i c e s  may be a d d ed , e le m e n t  by  e le m e n t ,  

we may a p p ly  th e  co n ce p t  and  t h e  c o n ce p t  o f  m a t r i x  m u l t i p l i c a t i o n  

to  th e  r i g h t  member o f  (23) and  o b t a i n

V ao 0 0 0 0 0~~ y0'r Po 0 0 0 0 0 “ 7 o ~
2x ax ax 0 0 0 0 yx" Px Px 0 0 0 0 7x'
2s - as 0 a s 0 0 0 ys" + Ps 0 . Ps 0 0 0 ys1
z 0 a s 0 0 <Xg 0 0 7 3 " P3 0 0 P3 0 0 y3f
z4 a4 0 0 0 a 4 0 y4" P4 0 0 0 p4 0 y4f
2 5 <*5 0 0 0 0 a 5 T5" P5 0 0 0 0 P5 751
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To s f  
Yx ^(s) 
Ys ^(s)
r 3 ? ( s )  
Y4 Y (s) 
Y5 f ( s )

(24)

We s h a l l  now a d o p t  th e  f o l lo w in g  n o t a t i o n .

The (5  x  5) m a t r i x  o f  a ' s  d e n o te  b y  C O -  ( s e e  e q .  (1 7 ) )

The (5  x 5) m a t r i x  o f  t ' s  d e n o te  b y  ( s e e  e q .  (1 7 ) )

The (6 x  5) m a t r i x  o f  d ' s  d e n o te  by  jQd-I]* ( s e e  e q .  (1 8 ))

The (6 x  6 ) m a t r i x  o f  a f s d e n o te  by  C a Z3* ( s e e  ec*« (2 4 ))

The ( 6 x 6 ) m a t r i x  o f  p ' s  d e n o te  by  C O -  ( s e e  e q .  (2 4 ) )  

W ith  t h i s  (17) may b e  w r i t t e n

C a l i

7 x lo“
Y s Mx
Y z

= C O
Ms

y4 h3
75 m4

(25)

w h i l e  i f  th e  e x p r e s s io n  f o r  th e  m a t r i x  o f  z ' s  i n  (24) i s  s u b ­

s t i t u t e d  f o r  t h e  same e x p r e s s i o n  i n  (18) we h a v e ,

C
a  J

7o" 7or Yo ^(s) M0.
7x" 7x’ Yx fts ) Mx
7stV

+ C O
7 s 1 Ys %8)

= C O
Ms

7s" 7 s 1 ~ Ys P̂(s) m3
V 74* ^4 t y s ) M4
75W 75* 75 ■Vt8)

(26)
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The m a t r i x  e q u a t io n  o f  m o tio n  i s  o b t a i n e d  b y  s o l v i n g  

(25 ) f o r  t h e  m a t r i x  o f  M’ s and s u b s t i t u t i n g  i n  ( 2 6 ) .  T h is  i s  

done by  p r e m u l t i p l y i n g  b o th  s i d e s  o f  (25) by  th e  r e c i p r o c a l  

o f  T hus , a f t e r  r e a r r a n g i n g ,  t h e  e q u a t io n  i s

T o"" 7 o f y i~ h o  f ( ®  )“

y i " 7 i ' y 3 y x  y t s )

a l
IWMr

7 z 11

y s «
+  D U

y 3 f

y 3 f
-  D G E b T ^ C Ornmm m m  mm m m  Am* mi

y s

y 4
=

y 2 f ( s )  

y s  ^ ( s ) ;
('2 7 )

y 4 M 

l i 1

V
y 5 f

7 4  8 ) 
y 5  V ( s ) _ *

1
w here £jo 3 ” i s  th e  r e c i p r o c a l  o f  [ l b ] ] *

We n o te  t h a t  e v e ry  te rm  o f  th e  e q u a t io n  i s  a  (6 x 1 ) 

m a t r ix *  I n  p a r t i c u l a r ,  f o r  th e  t h i r d  te rm  on th e  l e f t ,  u s i n g  

th e  u s u a l  m a t r i x  n o t a t i o n  f o r  o r d e r ,

0 6  x  5) • (5  x  5 Q  • 0 5 x  5 ) * (5  x I Q  =

= ( 6 x 5 )  • ( 5 x l ) =  ( 6 x 1 ) .

I t  may a l s o  b e  o b s e r v e d  t h a t  y0 does n o t  a p p e a r  e x ­

p l i c i t l y  i n  ( 2 7 ) ;  however to  make th e  e q u a t io n s  m ore s y m m e t r ic a l ,  

and  f o r  e a s e  i n  su b s e q u e n t  n u m e r ic a l  s o l u t i o n ,  we may w r i t e  th e  

m a t r ix  i n v o l v i n g  th e  y ’ s i n  a  somewhat d i f f e r e n t  m anner*

L e t  th e  ( 6 x 5 )  m a t r i x  £ d  0  C k  0 "*1 C a  II w r i t t e n  

o a .  and  b o r d e r  t h e  O i l  m a t r i x  by a f i r s t  column o f  z e r o s ,  

t h u s ,
0 X X X X X

0 X X X X X

0 X X X X X

0 X X X X X

0 X X X X X

0 X X X X X

= mi], (28)
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u s i n g  t h e  n o t a t i o n  f o r  a p a r t i t i o n e d  ( 1 x 2 ) m a t r i x ,  

L e t

y i
7s
7s
74
7 5

and  f o m  th e  p a r t i t i o n e d  (2 x 1 ) m a t r i x

Vo
03

Then

0 ,  D O

so  t h a t  we may w r i t e

7o
D O

7 i yo~
7s 7 i
7  s 7s
74 = C r U 7 s
75 74

*5

where M  i s  th e  J .̂H 23 m a t r i x  b o r d e r e d  b y  a  f i r s t  column o f  

z e r o s  a s  i n d i c a t e d  i n  ( 2 8 ) .

T hus , th e  f i n a l  e q u a t i o n  o f  m o tio n  may b e  w r i t t e n
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0 3

I n  Eq* (29) i t  m u s t  b e  rem embered t h a t  w h i l e  y0 i s

m ea su re d  from  a f i x e d  r e f e r e n c e  l i n e ,  y Xt y s , y 3 ,  y ^ ,  and  yg

a r e  m ea su re d  r e l a t i v e  t o  th e  w ing r o o t .  T h us , th e  v e r t i c a l
*• • •

a c c e l e r a t i o n  a t  s t a t i o n  i ,  ( i  = 1 ,  2 ,  3 ,  4 ,  5 ) ,  i s  y0 + y ^ .

I t  i s  p o s s i b l e ,  o f  c o u r s e ,  t o  w r i t e  th e  e q u a t io n s  o f  m o tio n  i n  

t e r n s  o f  d i s p l a c e m e n t s ,  a l l  o f  w h ic h  a r e  m e a su re d  from  a  f i x e d  

r e f e r e n c e *

We s h a l l  n e x t  c o n s id e r  t h e  more g e n e r a l  c a s e  o f  w ing 

b e n d in g ,  t o r s i o n ,  r i g i d  body v e r t i c a l  t r a n s l a t i o n ,  and  p i t c h i n g  

b e f o r e  th e  s o l u t i o n  o f  (29) i s  d i s c u s s e d ,

B*4, D e r i v a t i o n  o f  th e  T o r s i o n a l  E q u a t io n s  o f  M otion

I n  d e r i v i n g  th e  e q u a t io n s  o f  m o t io n ,  we w i l l  f i r s t  

d e te rm in e  th e  r e l a t i o n  b e tw een  a p p l i e d  t w i s t i n g  moment and 

a n g u la r  d i s p la c e m e n t  f o r  a  c a n t i l e v e r  beam s u c h  a s  t h a t  shown 

i n  f i g .  5 .  I t  w i l l  be  assum ed t h a t  th e  a p p l i e d  t w i s t i n g  moment, 

l i k e  th e  no rm al f o r c e ,  a c t s  a t  c o n c e n t r a t e d  m ass p o i n t s  a lo n g  

th e  beam. I t  i s  n e c e s s a r y  t o  i n t r o d u c e  new sym bols and  s i g n  

c o n v e n t io n s  r e g a r d i n g  t o r s i o n .  W ith  r e f e r e n c e  to  f i g s ,  5 ,  6 , 

and  7 ,  we s h a l l  u s e  th e  fo l lo w in g *

yotfl J o ' y<T Yo m s )

y*" 7 x ' 7 z Yx $ s )

y3" y3 f 7 s Yx ' f ( s )
ys " + 0  3 7 a 9 - 0 3 7s

ss
Ys ^ ( s )

y4" 3̂ 4* *4 Y4  Y ( s )

T5* y 5 ’ ?5 Y5 t y s )
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B*4*l N o ta t io n

9^ a n g u l a r  d i s p la c e m e n t  o f  w ing  ch o rd  a t  s t a t i o n  i ,  m easu red  

r e l a t i v e  t o  th e  r o o t  ch o rd  a t  s t a t i o n  0 , p o s i t i v e  when 

l e a d i n g  edge i s  r a i s e d  r e l a t i v e  t o  t r a i l i n g  edge* 

a p p l i e d  t w i s t i n g  moment, i n c l u d i n g  i n e r t i a  moment, a b o u t  

e l a s t i c  a x i s ,  p o s i t i v e  i n  s e n s e  o f  p o s i t i v e  <p* 

to r q u e  i n  beam j u s t  t o  r i g h t  ( o u tb o a rd )  o f  s t a t i o n  i  

T ^  t o r q u e  in .b e a m  j u s t  t o  l e f t  ( in b o a r d )  o f  s t a t i o n  I  

l e n g t h  o f  beam b e tw een  s t a t i o n  i  and  i  + 1 

t o r s i o n a l  r i g i d i t y ,  v a r i a b l e  a lo n g  beam
"I

3  ̂ t o r s i o n a l  f l e x i b i l i t y  a t  s t a t i o n  i ;  = j j j r y

a v e ra g e  v a lu e  o f  C b e tw ee n  s t a t i o n  i  and  i  + 1 ;

77 c i  * Gi-H
Ci  ~  2

ru n n in g  c o o r d i n a t e ,  p o s i t i v e  i n  o u tb o a r d  d i r e c t i o n ,  w i t h  

o r i g i n  a t  s t a t i o n  i  and  r u n n in g  t o  s t a t i o n  i  + 1 *

The p o s i t i v e  s e n s e  f o r  a n g u la r  d i s p l a c e m e n t s  and

moments a r e  shown i n  f i g .  6 Edge View o f  R ig h t  Wing 
a s  Seen from  T a i l ,  L ook ing  
F orw ard

i+ 1 i +2

L.E

Wing R oot
- ( i + 2 )

T .E E l a s t i c  A xis

F ig *  6 .  P o s i t i v e  C o n v e n tio n s  F o r  T o r s io n .  

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B-23 39

B«4*2. R e l a t i o n  b e tw een  A p p l ie d  T w is t in g  Moment and  A n g u la r  

D isp la c e m e n t

Prom th e  u s u a l  s t r e n g t h  o f  m a t e r i a l s  fo rm u la  f o r  

t w i s t i n g  a b o u t  t h e  e l a s t i c  a x i s ,  we have

§§ = + C(r) • T ( r ) (30)

i n  w h ic h  th e  + s i g n  i s  u s e d  i n  k e e p in g  w i th  th e  s i g n  c o n v e n t io n  

a d o p ted *

S in c e  no to r q u e  i s  a p p l i e d  be tw een  s t a t i o n s ,  c o n s i d e r a ­

t i o n  o f  f i g *  6 shows t h a t  t h e  to r q u e  b e tw een  s t a t i o n s  i s  c o n s t a n t ,  

T h us , b e tw e e n  s t a t i o n s  n  an d  n + 1  th e  to r q u e  T i s

T = T+n = T „ (n+1j •

I f  i t  i s  assum ed t h a t  th e  t o r s i o n a l  f l e x i b i l i t y  c u rv e  

C (r )  can  b e  a p p ro x im a te d  b y  a s t r a i g h t  l i n e  be tw een  s t a t i o n s ,  

t h e n  be tw een  s t a t i o n s  n  and n + 1 ,

0 ( r , -  P  *  v

U sing  t h i s  r e l a t i o n  and  i n t e g r a t i n g  b e tw ee n  r  = 0 ,  and  r  = hn ,

c o r r e s p o n d in g  to  ip = <pn , and  <j> = <Pn+2_* g iv e s

_ ^n  + @n+l , m 
9n + l  " 9n  ~ 2 n  +n*

w h ich  we w i l l  w r i t e

*m-l - “’n = ° n  T+n> (31>
— Cri CtH-1

w here Cn  = — --g  -
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C o n s i d e r a t i o n  o f  a  f r e e  body d ia g ra m  of a  s e c t i o n  o f  

t h e  beam a t  s t a t i o n  n + 1 ,

n+1

% .+! T+ (n + l)

T- ( n + l )

f o r  dynam ic e q u i l i b r i u m ,  l e a d s  to  the  r e l a t i o n

% i+l + T+ (n + l)  “  T- ( n + l )  = 0 

However, = T+n, so  t h a t  we have

S i +1 = T+n " T+ (n + l)*

S h i f t i n g  th e  in d e x  i n  (31) g iv e s

f h +2 “ ^n+1 = ° n + l  h n + l  T+ (n + l)»  

w h ich  when s u b t r a c t e d  from (31) l e a d s  t o  th e  r e c u r r e n c e  r e l a t i o n

T - T  = -  -- -t- (— 1—  4.  jr..- .....) a  - ..... ^n+2 (53 )
+n +0*1) ^  on Cn+1 hn+1 ^+1 Bn+1 V l

Upon e l i m i n a t i n g  t h e  d i f f e r e n c e  i n  s e c t i o n  t o r q u e s  by  

th e  u s e  o f  ( 3 1 ) ,  t h e r e  r e s u l t s

^+n “ ^ + (n + l)  ~ % i+l ~ enn  ^n  + en ( n + l )  ^n+1 + en (n+ 2 ) ^n+2 * ^3 ^

where

en n  = c o e f f i c i e n t  o f  <pn  when n  = n

en ( n + l )  ~  coe^ i c i e n t  o f  <Pn+]_ when n  = n

en (n+2 ) = coe;f ^ i  c i e n t  o f  9n+2 when n = n .
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S in c e  th e  d e r i v a t i o n  o f  (34) r e q u i r e d  th e  c o n s i d e r a ­

t i o n  o f  two a d j a c e n t  s p a n s ,  i t  may n o t  be a p p l i e d  to  th e  l a s t  

span* T hus , f o r  t h e  c a se  i n  w hich  t h e  l a s t  sp an  i s  h ^ ,  (34) 

may be  a p p l i e d  o n ly  f o r  n  = 0 ,  1 , 2 ,  3 .  An a d d i t i o n a l  e q u a t io n  

i s  o b t a i n e d  by o b s e r v in g  t h a t  th e  b oun dary  c o n d i t i o n s  r e q u i r e  

t h a t  T+g = 0 .  H ence, from  ( 3 2 ) ,  u s i n g  n = 4 ,

%  ~  T+4

and  from  ( 3 1 ) ,  f o r  n  = 4 , we h ave

9.5 -  94 = C4 h 4 T+4,

so t h a t
94 95

0-5 C4 h 4 TJ4 h 4 * 

w hich  we s h a l l  w r i t e

^5 = e4 94 + ©5 95 > (35)

where

_ 1 _ l©4 — ""j ©5 *** niir""1    ■
C4 h 4 °  c 4 h 4

F o r  a  c a n t i l e v e r  beam d iv id e d  i n t o  f i v e  s e c t i o n s  a s  

shown i n  f i g .  5 ,  we may a p p ly  (34) f o r  n  = 0 ,  1 ,  2 ,  3 ,  ( r e ­

m em bering t h a t  9 = 0 a t  th e  r o o t ) ,  w hich  t o g e t h e r  w i th  (35) g iv e s

(36)

n = Os- Qi = e0X <Px eos 9s

n = I t Qs = 6 l l 9x + e13 9s 4* eX3 93

n. = 2 : = eSS 9s + ®S3 93 + e24 94

n =

and

3t & 9*
II ©33 93 + 834 94 4- e35 95

% = e4 94  ■b e5 9 5 .
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The c o e f f i c i e n t s  e . . a r e  o b t a i n e d  from  ( 3 3 ) .  F o r

exam ple ,

©S3 = c o e f f i c i e n t  o f  <p3 when n  = 2

= 4 - / 1  t 1 \t  \iaar— ■+- «»■..........)
Cs hg C3 h 3

and  6x i  = c o e f f i c i e n t  o f  cpx. when n — 1

_  _ 1 
Oi b.x

The c o e f f i c i e n t s  e 4 and eg h av e  been  d e f i n e d  by (35)*

We may w r i t e  (36) I n  m a t r i x  fo rm . T hus,

Qii ©01 ©OS 0 0 0 “ i i ~
0,3 e l l ©is e 13 0 0 <Pa
o3 0 ©S3 ©33 e24 0 $3
0*4 0 0 633 ©34 e35 <P4
% 0 0 0 e 4 e 5 ^5

B*5* D e te r m in a t io n  o f  t h e  A p p l ie d  T w is t in g  Moment and  Normal

F o rc e  a t  a  G iven S t a t i o n  f o r  B e n d in g -T o rs io n  C o u p l in g .

W ith  r e f e r e n c e  to  f i g .  7 we s h a l l  u se  th e  f o l l o w i n g  n o t a t i o n .  

E d e n o te s  e l a s t i c  a x i s  p o s i t i o n  on w ing s e c t i o n

G d e n o te s  c e n t e r  o f  g r a v i t y  p o s i t i o n  on w ing s e c t i o n

a  d i s t a n c e  from e l a s t i c  a x i s  t o  c e n t e r  o f  g r a v i t y ,  p o s i t i v e

when G i s  a f t  E .

L t o t a l  a p p l i e d  f o r c e  a t  a g iv e n  s t a t i o n ,  I n c l u d i n g  a i r  and

I n e r t i a  e f f e c t s ,  p o s i t i v e  upw ard

a p p l i e d  f o r c e  a t  a g iv e n  s t a t i o n ,  c a u se d  b y  a i r  f o r c e s ,  

p o s i t i v e  upward
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Q t o t a l  a p p l i e d  t w i s t i n g  moment a b o u t  S , a t  a  g iv e n  s t a t i o n ,  

p o s i t i v e  when i t  t e n d s  to  r a i s e  l e a d i n g  edge* 

a p p l i e d  t w i s t i n g  moment a b o u t  E, a t  a g iv e n  s t a t i o n ,  

p o s i t i v e  when i t  t e n d s  to  r a i s e  l e a d i n g  e d g e ,  c a u se d  by  

a i r  f o r c e s

Zq v e r t i c a l  d i s t a n c e  from  f i x e d  r e f e r e n c e  t o  G, p o s i t i v e  upward 

2 -  y  + yo v e r t i c a l  d i s t a n c e  from  f i x e d  r e f e r e n c e  t o  E, 

p o s i t i v e  upward 

m m ass c o n c e n t r a t e d  a t  p a r t i c u l a r  s t a t i o n  a t  G*

0 a n g le  m ea su re d  from f i x e d  r e f e r e n c e  l i n e  t o  w ing ch o rd  

Kq r a d i u s  o f  g y r a t i o n  o f  w ing m ass a s s o c i a t e d  w i th  a  g iv e n  

s t a t i o n ,  a b o u t  G.

K r a d i u s  o f  g y r a t i o n  o f  w ing m a s s ,  a s s o c i a t e d  w i th  a g iv e n

s t a t i o n ,  a b o u t  E .

T.B

  l a n e  o f  Wing R oot
Moving w i t h  AlYpl«aa«

Reference Line Fixed

i n  Space

Fig*  7* S e c t i o n  o f  Wing a t  a  Given S t a t i o n  Showing A p p l ie d  

F o r c e s ,  A p p l ie d  Moments, and  D is ta n c e s *
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B . 5 . I .  D e te r m in a t io n  o f  th e  A p p l ie d  T w is t in g  Moment and 

Normal F o rc e  Caused b y  A i r  Loads on Wing

I n  a c c o rd  w i th  tw o -d im e n s io n a l  t h e o r y  a s  d i s c u s s e d  

i n  s e c t i o n  2 ,  th e  a i r  f o r c e s  and  c o u p le s  a c t  a s  shown i n  f i g .  8 .

( P o s i t i v e  D i r e c t i o n s  Shown)

T .E

F i g .  8 .  View o f  Wing S e c t io n  Showing A ir  L o ad s .

The l o a d i n g  shown i n  f i g .  8 .  and  th e  f o l lo w in g  e x p r e s ­

s i o n s  a r e  t a k e n  from s e c t i o n  2 .  B e fo re  w r i t i n g  down t h e s e  

e x p r e s s i o n s ,  h o w ev er ,  i t  m u st  be rem em bered t h a t  and  y^

( i  = 1 ,  2 ,  3 ,  4 ,  5 j  s e e  f i g s .  5 and 7) a r e  n o t  m e a su re d  r e l a t i v e  

t o  a  f i x e d  r e f e r e n c e  l i n e ,  b u t  a r e  m e a su re d ,  i n s t e a d ,  r e l a t i v e  

to  th e  r o o t  cho rd  w hich  i s  a t t a c h e d  to  t h e  m oving a i r p l a n e .

I n  th e  e x p r e s s io n s  f o r  t h e  a i r  f o r c e s  and  moments, th e  t r u e  

v e l o c i t i e s  and  a c c e l e r a t i o n s  a r e  n e e d e d .

L e t  y0 b e  th e  d i s t a n c e ,  from  a f i x e d  r e f e r e n c e  l i n e ,  

to the e la s tic  axis position a t the wing root; and le t  q>0 be 

th e  a n g u la r  d i s p l a c e m e n t ,  from  a  f i x e d  r e f e r e n c e  l i n e ,  t o  t h e  

w ing r o o t ,  b o th  a s  shown i n  f i g .  7 .
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T hen , f o r  an y  w ing  s t a t i o n ,  1 ,  2 ,  3 , 4 ,  5 ( s e e  f i g .  5 ) ,  th e  t r u e  

v e l o c i t y  and a c c e l e r a t i o n ,  o f  th e  e l a s t i c  a x i s  p o i n t  E, a r e  

r e s p e c t i v e l y ,
• • •• •#
y + 7 o ’> 7  + yor

and  th e  t r u e  a n g u la r  v e l o c i t y  and  a c c e l e r a t i o n  a r e ,  r e s p e c t i v e l y ,
•  •  •  •  •  •

9 + <p0 S 9 + <Po

We now d e f i n e

z = y + y0 (4°)
0 = <p + cp0 , (41)

f o r  s t a t i o n s  1 , 2 ,  3 ,  4 , 5; z and  6 b e in g  m e a su re d  from  f i x e d

r e f e r e n c e s  a s  shown i n  f i g .  7 .

At th e  r o o t  s t a t i o n  0 ,

z o = yo

e 0 =.<p0 (42)

U sin g  e x p re s s io n s  ( 4 0 ) ,  ( 4 1 ) ,  and  ( 4 2 ) ,  t h e  e x p r e s s io n s  

o f  s e c t i o n  2 ,  w hich  a r e  w r i t t e n  f o r  f o r c e  and moment p e r  u n i t  

l e n g t h ,  may be w r i t t e n  f o r  an  a r e a  S a s s o c i a t e d  w i th  each  

s t a t i o n  a s  shown i n  f i g .  5 .

%  = CLa i  SUV f ( s )  (4 3 )

a = °La ^  ^  V E Z'' + I  e 'j] K U  '  a ,d 0 ‘ +

s
+ CLa Jr SU* \  e» k ( s  -  cr)dcr. (4 4 )
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(45)

(46)

(47)

I n  t h e  above e q u a t io n s ,  ( s e e  f i g .  5)

S = w ing a r e a  a s s o c i a t e d  w i th  g iv e n  s t a t i o n  

0 = w ing ch o rd  a t  g iv e n  s t a t i o n  

Q0 = w ing ch o rd  a t  r o o t  ( s t a t i o n  z e r o ) ,

and th e  L*s and  M's' a r e  in c r e m e n ts  i n  l i f t  and  moment, r e s ­

p e c t i v e l y ,  t h a t  a c t  a t  a p a r t i c u l a r  s t a t i o n .  The p r im e s  r e f e r  

to  d i f f e r e n t i a t i o n  w i th  r e s p e c t  to  s ,  and  th e  change i n  i n d e ­

p e n d e n t  v a r i a b l e  from  t  to  s i s  made by  th e  s u b s t i t u t i o n s

Upon t a k i n g  moments a b o u t  th e  e l a s t i c  a x i s ,  w i th  

r e f e r e n c e  to  f i g .  8 ,  we have

_ 2Ut 
3 ~

6 =  6 *
2U
C0 (48)

z = z
•  •

6

“  ( a “ ^ )  Ls + (a  -  -^) Lq -  (ry -  a )  Lx Mx + Ms . (49)
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I t  w i l l  b e  c o n v e n ie n t  t o  e x p re s s  Ls i n  a  d i f f e r e n t  

form# I n t e g r a t i n g  b y  p a r t s  g iv e s

3UST rr H /O
1,3 Lav C -z» + |  0 t”j K(0) + [ - z  + |  e j  K* (0) +

0
£ z  + ~  e j  Kif ( s -  (T)dcr

+  c L a f ^  § E ( 0 > *  ^ o
0 K1( z -  0 )d 0

w here  K*(s -  Oi =-~ — KH(s -  (Tj = — — -----------
d ( s  -  a l  d ( s  -  O’)

so  t h a t  K* (s  -  Kn (s  -  (T) 3aK 
acr® #

The p r im e s  a p p e a r in g  on z and  0 r e f e r  to  d i f f e r e n t i a t i o n  w i th  

r e s p e c t  to  s .

I n t r o d u c i n g  th e  n o t a t i o n ,  6 = C-̂  SUs , and  a p p r o x i ­

m a t in g  th e  K f u n c t i o n  by

K (s) = 1 - A e " a s  (51)

we h av e

LG S’ VG W-®)> v, . V 
G U (51)

“ ( 1  -  A ) Z »  +  — • ( !  ~  A) I  e* -  — ( a ^ z  + ~ (a> 0  |  6  +

+ | ( i  - » e  + y 2 e - a (s -c r)dCr + 6 a-^   ̂ 6e -a(s-CT) dcr +
'0
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£ 2 ^  .  °  C g g - a f s - c r ) ^  ( 5 2 )

G° 4 ) 0

=  -  S n r * e "

0

s

o'

* rtSt
M2 = -  e» ,  (55)

w here  th e  t h e o r e t i c a l  s l o p e  o f  th e  l i f t  c u rv e ,  2'tr, h a s  been  

r e p l a c e d  by  i n  (54) and (55)*

B . 5 . 2 ,  D e te r m in a t io n  o f  I n e r t i a  F o rc e s  and  Moments A c t in g  on 

Wing S e c t io n

F i g .  7 shows a p p l i e d  f o r c e s  and moments a c t i n g  on a  

w ing s e c t i o n .  As i s  u s u a l  i n  p la n e  m o tio n  p ro b le m s ,  th e  i n e r t i a  

e f f e c t s  h ave  been  p l a c e d  a t  t h e  c e n t e r  o f  g r a v i t y *  I t  w i l l  be  

more c o n v e n ie n t ,  how ever, t o  e x p r e s s  th e  moments a b o u t  th e  

e l a s t i c  a x i s  E. T hus,

Zq -  z -  e 0 ,  ( s i n  & ZZZ.B) (56)

so  t h a t
• • • • • •

z e0 *

H ence, th e  no rm al i n e r t i a  f o r c e  i s
* • • • • •

-  mzg, = -  mz hf me0,

w h ich , i n  te rm s  o f  s i s ,  u s i n g  ( 4 8 ) ,

•• 4u2 in '8
-  mzG = -  mz" +  —  mee" ( 5 7 )

° o  Oq
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Taking moments about S gives, using (56), (48), and

cos 0 £ 3 1 ,

emzr -  mK2p0 = em(z" -  e 8 n ) -  mKs P©tt,  ti « S lx 'Uq '-'Q

o r  upon u s i n g  th e  moment o f  i n e r t i a  t r a n s f e r  th e o re m , 

mKs G = iaKs -  me2 ,

** -  4IJe || 4US , , 0 vemzn -  mK „0- = — s emz" -  — m mK 0 ” , (58)G Or Co« Gq

w here m i s  th e  c o n c e n t r a t e d  m ass a c t i n g  a t  t h e  g iv e n  s t a t i o n *  

B*5*3* The R e s u l t a n t  F o rc e  and  Moment A c t in g  on Wing S e c t i o n

By com b in in g  (57) w i t h  ( 5 1 ) ,  ( 5 2 ) ,  an d  (53) we o b t a i n

th e  t o t a l  a p p l i e d  f o r c e ,  a c t i n g  a t  th e  e l a s t i c  a x i s  o f  t h e  

w ing s e c t io n *  T h u s ,

L = L -  J £ f  mz« + me©". (59)
a  G02 C0

By com bin ing  (58) w i th  (49) we o b t a i n  th e  t o t a l  a p p l i e d  moment, 

a c t i n g  a b o u t  th e  e l a s t i c  a x i s ,  o f  th e  w ing  s e c t io n * ,  T hus,

m 4- .SL. J2L . ( 60)
a c02 c0®

W r i t t e n  o u t  i n  f u l l ,  (59) and (60) become

z^ * + a ®i ^1 * ®4j_

*  e7 i  j  ^ z 1e " a £ s " (̂ d c r +  c 8 i  ^  e i e~ a ( s “cr)dCr -  e9 l  ¥ ( s )  (61)
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^  z . ” + s 2 i  e .»  + o3i z±» + 64 i  e i » + b5 l  *± + o6l  e± +

(62)

+ 6 ^  \ z ± e -a( s-0")
f S

dcr+ 68 i  \  0i  e"a ( s " ^ d c r -  s9 i  ^ ( s ) ,  
)  0

where th e  6*s and  e ’ s a r e  c o n s t a n t s ,  and th e  s u b s c r i p t  i  h a s  

been  added  t o  em phasize  t h a t  L, Q,, and  5 ’ s ,  th e  e * s ,  z ,  6 ,  and 

t h e i r  d e r i v a t i v e s  a r e  d i f f e r e n t  a t  each  s t a t i o n .  T hese  f o rm u la s ,  

(61) an d  ( 6 2 ) ,  a p p ly  to  th e  wing s t a t i o n s ,  and  f o r  th e  number 

o f  s t a t i o n s  b e in g  c o n s id e r e d  h e r e ,  th ey  a p p ly  f o r  i  = 1 , 2 , 3 , 4 , 5 .  

I n  th e  n e x t  s e c t i o n  th e y  w i l l  be I n t e r p r e t e d  to  a p p ly  t o  s t a t i o n  

z e ro  a l s o .

The c o n s t a n t s  a r e  g iv e n  by

, 4Ua ei?n , J5_ Ch
* “ C0 2

+ ( 4Ugem^

/ f i d  - A h
"  C0

:4 i
+ (M i  - 7 0 c , ( s g J
+ { 4C0 } +

( $ & )
^0
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' 6 i
+ f5a_C, f 5 ( l -  A)

40 } { °

« 7 i

' 8 i

z 9± “

* ( £ g a ,
^0

/ 6a® On . / 5aA\ <— J c f  + ( -v p )

(63)

-Ji

<5> Vr

where  t h e  s u b s c r i p t  i  h a s  b e e n  added to  emphas ize  t h a t  t h e  

q u a n t i t i e s  may be d i f f e r e n t  a t  e a c h  s t a t i o n .  T h a t  i s ,  when 

1 = 1 ,  f o r  exam ple ,  t h e  c o n s t a n t s  a r e  t o  be e v a l u a t e d  u s i n g  

d a t a  a t  s t a t i o n  1 .

L i k e w i s e ,  f o r  t h e  6 ^ ,

4U2 em + (£  «. a ) SC
C0; 2C0 S

So. 4U£mKs  5C;
r  s  °o 64Gf

53i

(64)

64. r . ( £  .  a) S2_ -  - £ £ -  +  ( a  -  £ )  eu -7-)0 
a )  3 5 7  T S 5 7  +  ( a  3 '  3 5 7
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65 i

56 l

■c- (a  -  § )  |S2S

* -  0 *  -

’71

08*

= J (a  -  

= j l a  -

Cx 5a 
4 C

Ch / 5aA 6a*AC 
“ 4C7"

(64)

a
09 i  -  £  ( a  -  § ) ( §  vQ)

1
S 'w h e re ,  f o r  r e f e r e n c e ,  6 = (Cx,a SU computed a t  e ach  s t a t i o n ,  

f o r  Cj^ and  S may v a r y  f rom s t a t i o n  to  s t a t i o n .

B .6 .  The E q u a t io n s  o f  M o t io n  f o r  t h e  R i g id  Body C o o r d i n a t e s  

f o r  V e r t i c a l  T r a n s l a t i o n  Combined w i t h  P i t c h i n g  M ot ion .

'oa

•oa

• • +0
■GF

----A

GF GF

F i x e d  R e f e r e n c e

F i g .  9 F r e e  Body Diagram o f  F u s e l a g e ,  Wing Removed

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B-37 53

With r e f e r e n c e  t o  P i g .  9 we s h a l l  u s e  t h e  a d d i t i o n a l  

D e f i n i t i o n s

L a p p l i e d  f o r c e  on f u s e l a g e  ( s t a t i o n  0 ) ,  c a u s e d  b y  a i r f o r c e s ,  

a p p l i e d  moment on f u s e l a g e  ( s t a t i o n  0 ) ,  c a u s e d  b y  a i r f o r c e s .
08.

z 0 d i s t a n c e  t o  e l a s t i c  a x i s  p o s i t i o n  from f i x e d  r e f e r e n c e ,  

d i s t a n c e  t o  c e n t e r  o f  g r a v i t y  o f  f u s e l a g e  f rom  f i x e d  

r e f e r e n c e .

t  one h a l f  a i r f o r c e  on t a i l ,  assumed t o  a c t  a t  t a i l  q u a r t e r  

c h o rd  p o i n t .

Mf one h a l f  m ass  o f  f u s e l a g e .  The word f u s e l a g e  i s  i n t e n d e d  

t o  mean t h e  e n t i r e  a i r p l a n e  l e s s  wings and  o b j e c t s  t h e r e o n  

a t t a c h e d ,  a s  r e p r e s e n t e d  by t h e  dynamic model  d i s c u s s e d  

i n  s e c t i o n  B . l .

I q_P mass moment o f  i n e r t i a  o f  one h a l f  f u s e l a g e  a b o u t  an  a x i s  

t h r o u g h  G0 p e r p e n d i c u l a r  to  p l a n e  o f  symmetry .  

z^  d i s t a n c e  t o  l / 4  ch o rd  p o s i t i o n  on t a i l  f rom  f i x e d  r e f e r e n c e

1 d i s t a n c e  from e l a s t i c  a x i s  p o s i t i o n  on f u s e l a g e  t o  l / 4

c h o rd  p o s i t i o n  on t a i l .

T+q and v+Q a r e ,  r e s p e c t i v e l y ,  t h e  t w i s t i n g  moment 

and  s h e a r  i n  t h e  wing j u s t  to  t h e  r i g h t  of  s t a t i o n  0 .  T h a t  i s ,  

i n  t h e  p r e s e n t  f r e e  body  d ia g ra m ,  t h e y  a r e  th e  t w i s t i n g  moment 

and  s h e a r  t r a n s f e r r e d  f rom  t h e  wing  t o  th e  f u s e l a g e *  On P i g .  9 

a l l  a p p l i e d  f o r c e s  and moments a r e  shown i n  t h e  p o s i t i v e  d i r e c t i o n  

and s e n s e .  The r e a c t i o n s ,  T+Q a n d  v+q a r e  shown i n  t h e i r  p o s i t i v e
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s e n s e  and  d i r e c t i o n  i n  k e e p i n g  w i t h  t h e  s i g n  c o n v e n t io n s  a d o p te d  

f o r  i n t e r n a l  t o r q u e  and s h e a r .

With r e f e r e n c e  t o  P i g .  9 ,  a  summation o f  v e r t i c a l  

f o r c e s  g i v e s

-  T+o -  “ f  ZGF + Loa + * = 0 ( 6 5 >

But

so t h a t

Z(vgi ~  zo  — ©o ®o» ( s i n  0 q ^ s0 < ) )

•  •

I f  Zo« Ml _ e 0 e 0” M s '
o0 o0

where (48) h a s  b e e n  u s e d  i n  w r i t i n g  t h e  l a s t  l i n e  a b o v e .  

U s in g  t h i s ,  (65) becomes

Loa '  Mf  z °"  + Mf  e“ + t  = v+0 (66)

Upon t a k i n g  moments a b o u t  E,

T+0 + Qoa “ I GP *  > t l  + Mf  ; ; p  e 0 =  0 ,  (67)

b u t  I Qp = Mf  K2Gp = Mf  Koa -  e 0e Mf ,

where Kq i s  t h e  r a d i u s  o f  g y r a t i o n  o f  Mj, a b o u t  E.

U s in g  t h i s  r e s u l t  i n  (67) g i v e s  

4Ua _ ' _ „ 4U
% *  + ^ e o M f  z 0 " -  ^  Mf  K02 e0» -  t l  = -  T+q (68)
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We o b s e r v e  t h a t  t h e  e x p r e s s i o n s  i n  b r a c k e t s  i n  ( 66 ) 

and  (68 ) hav e  e x a c t l y  th e  same form as (59)  and  (60)*  Hence,  

we may r e f e r  t o  t h e  b r a c k e t e d  e x p r e s s i o n s  a s  L0 a nd  % ,  r e s p e c ­

t i v e l y ,  and w r i t e

L0 + t  = e 10 z 0u + e so 0O° + s 30 z 0 ’ + 640 ©o' + e 50 z o + e 60 +

(69)^ s s
+ <e70 \  z 0e “a ( s _ 0 ^dCr + e 80 \  60e _ a ( s ’ (T̂ dcr -  egQ H>(s) + t  = V+0

where  t h e  e *s may be  computed by (63) f o r  i  = 0 ,  n o t i n g  t h a t  

m0 = and S0 i s  t h e  w ing  a r e a  a s  shown i n  f i g .  5 .

I n  t h e  same manner we may w r i t e  ( 68 ) a s  

“  t l  = &ioz on + S30z 0 1 + 6^q©o* + S^qZ0 "t QqqQq +

r a .  f a <70>
+ e7 0 \  z0e_a(3"cr)acr+ e80 \  e0e 'a(s_cr>acr- 6go y<s) -  t l  = -t+0

where  t h e  5 ’ s may b e  computed by  (64)  f o r  i  = Q.

D e t e r m i n a t i o n  of  t h e  F o r c e  on t h e  T a i l  

S in c e  t h e  s t a t i c  w e ig h t  i s  b a l a n c e d  b y  t h e  s t a t i c  

l i f t  and t a i l  f o r c e  we n e ed  o n l y  c o n s i d e r  t h e  i n c r e m e n t  i n  

l i f t  on t h e  t a i l  c au se d  by  t h e  m o t i o n  o f  th e  a i r p l a n e  and  t h e  

g u s t .  Thus,  we may compute t h e  l i f t  on t h e  t a i l  from t h e  

u n s t e a d y  l i f t  f o r m u la s  ( 5 1 ) ,  ( 5 2 ) ,  and ( 5 3 ) .  I n  computing  

t a i l  moments we w i l l  n e g l e c t  th e  a e ro dy n am ic  c o u p le s  on t h e  

t a i l  a s  s m a l l  compared w i t h  t h e  te rm  t l .

C o n s i d e r i n g  t h e  f u s e l a g e  a s  a  r i g i d  body  t h e  a p p r o ­

p r i a t e  v a l u e s  o f  d i s p l a c e m e n t ,  v e l o c i t y  and  a c c e l e r a t i o n  to  be
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u s e d  a r e  t h o s e  c o r r e s p o n d i n g  t o  t h e  1 / 4  ch o rd  p o s i t i o n  on th e  

t a i l *  Thus,  w i t h  r e f e r e n c e  to  f i g .  9 ,

-  16,

= z 0 » -  i e 0 *

Z t” = z o" -

and w i t h  t h e  s u b s t i t u t i o n  o f  t h e s e  v a l u e s  i n  (52)  an d  ( 5 3 ) ,  

c o l l e c t i n g  l i k e  t e r m s ,  and u s i n g  (51) we have

F-—1L 2Co*ii •

z 0M + 150

+ p M i -7^) + sc + 6(1 -7MC1 e t + f-  £223
L  c 0 4 c 0 J  e ° L

m ,  \ l - -
f l5 >
L ° o
15>a . 5a7(g . 6 (1  -M M W M  *|*

4C0
a ( s - 0 i d c r +

r  1 5 a s X  (_ 6aA.
IT " S T "  "s— 4 c i : t   ̂ e 0 e “ a ( s “ ^ d c r - i -

.1 -
(7 1 )dt ) • H(s - dt ),

where th e  s u b s c r i p t  t  on t h e  b r a c k e t e d  c o e f f i c i e n t s  i n d i c a t e s  

t h a t  t h e s e  c o e f f i c i e n t s  a r e  t o  be  computed f o r  t h e  t a i l .  I n  

p a r t i c u l a r ,  t h e  v a lu e  o f  6 t o  b e  u s e d  i n  6 = 0 ^ 1 ° SU*% where  S 

i s  one h a l f  the  h o r i z o n t a l  t a i l  a r e a ,  and C^a i s  t h e  s l o p e  o f  

t h e  t a i l  l i f t  c u r v e .  The v a lu e  o f  0 i s  t h e  mean c h o rd  o f  t h e  

t a i l ,  b u t  C0 i s  t h e  r o o t  ch o rd  o f  t h e  wing a s  b e f o r e .  T h is
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f o l l o w s  from, t h e  f a c t  t h a t  C0 i s  o n l y  an a r b i t r a r y  d im e n s io n  

u s e d  t o  change from t h e  i n d e p e n d e n t  v a r i a b l e  t  t o  s .

I t  s h o u l d  be n o t e d ,  a l s o ,  t h a t  when t h e  w ing  l e a d i n g  

edge f i r s t  s t r i k e s  th e  g u s t ,  t h e  t a i l  h a s  n o t  y e t  r e a c h e d  t h e  

g u s t  b o u n d a ry .  Hence, t h e  te ra .  ^  d o e s  n o t  e n t e r  th e  e q u a t i o n  

u n t i l  t h e  l e a d i n g  edge o f  t h e  t a i l  f i r s t  p e n e t r a t e s  t h e  g u s t .  

F u r t h e r ,  a f t e r  p e n e t r a t i o n  o f  t h e  t a i l ,  t h e  d e f i c i e n c y  f u n c t i o n  

d epends  on t h e  d i s t a n c e  o f  p e n e t r a t i o n  from g u s t  b o u n d a ry  t o  

t h e  l e a d i n g  edge o f  t h e  t a i l .  T h is  d i s t a n c e  i s ,  o f  c o u r s e ,  

n o t  s ,  f o r  s m e a s u r e s  t h e  p e n e t r a t i o n  o f  t h e  wing  l e a d i n g  e d g e .  

The d i s t a n c e  t h a t  t h e  t a i l  h a s  e n t e r e d  t h e  g u s t  i s  ( s  -  d t ) ,  

where  d .̂ i s  t h e  d i s t a n c e ,  e x p r e s s e d  a s  a  n o n - d i m e n s i o n a l  d i s t a n c e  

i n  h a l f - c h o r d s ,  t h a t  t h e  l e a d i n g  edge o f  t h e  t a i l  i s  b e h in d

t h e  l e a d i n g  edge o f  t h e  w in g .

B o th  t h e s e  i d e a s  a r e  e x p r e s s e d  by  t h e  f u n c t i o n  

f ( s  -  d t ) .  H(s -  d t ) ,

where  ( s  -  d^) i s  th e  a rgum en t  o f  and  H, and H i s  t h e  u n i t  

s t e p  f u n c t i o n  d e f i n e d  by

H(s) = 0 ,  s < 0

H(s)  = 1 ,  s >  0 ,

so  t h a t  H(s -  d^.) h a s  t h e  v a l u e  0 ( z e r o )  f o r  s <  d^ and t h e  

v a lu e  1 (one)  f o r  s >  d ^ .

The moment c au se d  by  t h e  t a i l  f o r c e  i s  fou n d  by 

m u l t i p l y i n g  e q u a t i o n  (71) t h r o u g h o u t  by 1 .
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R e tu r n i n g  now t o  E q s .  (69) and (70) we s e e  t h a t  th e  

c o e f f i c i e n t s  i n  (71) can be  combined w i th  t h e  e ’ s and  5 ’ s so 

t h a t  t h e  f i n a l  e q u a t i o n s  f o r  th e  r i g i d  body c o o r d i n a t e s  may be 

w r i t t e n

L0 + t  XxZq" + x a80 w + x s z 0 f + x 46 0 * + x 5z 0 + Xg80 +

- a  ( s - d ) . “(X ( s “0")+ x« \ z 0e 'd c r  + x8  ̂ 60e w d0“ -  g i ( s )  = v ^ q ,  (72)
0

and

-  t l  = UxZo" + u s e 0w + u s z 0 ! + 1146 0 f + u 5z 0 + u Re 0 +

4* u^ \  z 0 e~a  ̂ Uq ^ e 0e “a ( s “Cr)dO—  g * ( s )  = (73)

where  t h e  c o n s t a n t  u ^ ,  x ^ ,  and  t h e  f u n c t i o n s  gx’Cs) and  gs ( s )  

a r e  g i v e n  b y  t h e  c o m b in a t io n s  of  (71) and  ( 6 9 ) ,  and  (71)  x 1 

and  ( 7 0 ) .  Thus,

21 = 610 + Xs = 620 *
- a t  i  -  x n
- c0 J t *

x 4 = *40 +

x e  *60  +

15(1  -  A) + 50 + 5 ( 1  -  A)Cj  .
40/ X K =  S r - n  +

» 5 A c l

1 5 7 ^  , 5aX: 6(
—  +

t  5 " *50 L c 0 J t ;

(74)

x 7 e70 +

8 80

g l ( s )  = 4- €go 4>(s) + v j j  V ( s  -  d t ) * H(s -  d t ),
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VLX  =  6 10 u 2 = e I s C  "1 . 
2C0sJ t '

~ ^so “  1

U r 50

-  5C] .
. S O o 'd t '

^  - 1 * 5 2 ^ = 2 ^ ]

M sL ° o  J t - U6 660 ** 1 E5^a 5cc C 5 ( 1  r 2 l
C0 4C0 2 w

u  = 5 -  i  IS a S l • u = 5 - 1  f -  M o^V  5a/V, Sa^iC
7 70 1 LCo J t ’ 8 SO L c o ^  4C0 _

g s ( s )  = + 5Q0 ^ s )  -  1 v j ]  ¥ ( s  -  d t ) • H(s -  d t )
Lm |J  +•

I t  now r e m a in s  t o  e v a l u a t e  and  T+q a p p e a r i n g  I n

(72) and  (73) i n  t e rm s  o f  known q u a n t i t i e s .

R e t u r n i n g  to  f i g .  3 ,  o f  s e c t i o n  B .2 . 2  i t  i s  s e e n  t h a t

Mj_ Mq 
v+0 ho ho

w h i l e  f rom  Bq. (31) o f  s e c t i o n  B . 4 . 2 ,  i t  i s  s e e n  t h a t

(76)

(77)
+0 C0 h 0

rem em ber ing  t h a t  <p = 0 a t  the  w ing  r o o t  ( s t a t i o n  z e r o ) ,

B ,7 .  The E q u a t io n s  o f  M ot ion  f o r  Response  t o  a  Sharp  Edged Oust  

C o n s i d e r i n g  l i n g  B en d ing ,  Wing T o r s i o n ,  R i g i d  Body 

V e r t i c a l  T r a n s l a t i o n ,  and  R ig id  Body P i t c h i n g ,

The v a r i o u s  e q u a t i o n s  t h a t  have  b een  d e r i v e d  w i l l  

now be  c o l l e c t e d  and  e x p r e s s e d  i n  m a t r i x  form so  t h a t  t h e y  may 

be s o l v e d  by t h e  m ethods  p r e s e n t e d  i n  s e c t i o n  C,
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I n  t h e  f o l l o w i n g  d i s c u s s i o n  r e f e r e n c e  w i l l  be made 

t o  c e r t a i n  need ed  e q u a t i o n s  by number .  I t  w i l l  b e  u n d e r s t o o d  

t h a t  a l l  e q u a t i o n  numbers r e f e r  t o  e q u a t i o n s  o f  s e c t i o n  B. 

R e f e r e n c e  sh o u ld  be made t o  t h e  s t a t e d  r e f e r e n c e  e q u a t i o n  f o r  

t h e  d e f i n i t i o n  and m ean ing  o f  t h e  symbols u s e d .

We s h a l l  form t h e  e q u a t i o n s  on t h e  b a s i s  o f  a  dynamic 

model whose sem i-w in g  i s  d i v i d e d  i n t o  s i x  s t a t i o n s ,  0 ,  1 ,  2 ,  3 ,  

4 ,  5 .  I f  i t  i s  d e s i r e d  t o  w r i t e  t h e  e q u a t i o n s  f o r  more wing 

s t a t i o n s ,  i t  may e a s i l y  be done by  a p p l y i n g  t h e  b a s i c  r e c u r r e n c e  

r e l a t i o n s  d e r i v e d  f o r  b e n d in g  and t o r s i o n .  A b b r e v i a t e d  n o t a t i o n  

w i l l  be u s e d  f o r  t h e  m a t r i c e s .  The com p le te  form w i l l  be  p r e ­

s e n t e d  a t  th e  end  o f  t h i s  s e c t i o n .

F o r  t h e  b e n d in g  e q u a t i o n s ,  Eqs.  (17) and  (18)  a r e  

r e w r i t t e n  w i t h  t h e  change t h a t  t h e  z»s  o f  t h o s e  e q u a t i o n s  a r e  

c a l l e d  L f s t o  conform w i t h  t h e  n o t a t i o n  u s e d  i n  t h e  g e n e r a l  

case*  Thus ,

7x to"
Ys Ma.=

y 3 = D > 3
m2 ;
m3

J 5-
m4 :

(78)

Lm —1 mm

La +C V
Lx Mi
1»8 = £ d n Ms !

m3
l4 m4

— .

(79)
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F o r  t h e  t o r s i o n  e q u a t i o n s  we combine Eq. (37)  w i t h  

th e  r i g i d  body p i t c h i n g  e q u a t i o n  (68) and Eq, (77) t o  g i v e

Q o - t l
Qi 9a.

9s

Qs = C O 9s
Q. 94
O'C ^5

P r e m u l t i p l y  (78) by  £[b t o  s o l v e  f o r  th e  column 

o f  M’s ,  and s u b s t i t u t e  t h i s  r e s u l t  i n  (79) t o  g iv e

L0+t~ Yo
L i j i Yx
La
Lg

Inn. MM* a n  Bin* "" ̂  (m b  a n r i

= C O C O  C O
Ys
Yz = C O  :

Y s

Ys

l 5

y 4
r§:

y 4
Y&

where the  £ r  j [ m a t r i x  i s  t h a t  d i s c u s s e d  i n  c o n n e c t i o n  w i t h  

E q s .  (28) and  ( 2 9 ) .

The D O  m a t r i x  i n  (80) w i t h  t h e  a i d  o f  E qs .  (62) 

and  (73) may be w r i t t e n  o u t  i n  f u l l .  Thus ,
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U sin g  t h e  p r o p e r t i e s  o f  m a t r i c e s  a s  d i s c u s s e d  i n  

s e c t i o n  C o f  t h i s  r e p o r t  (82) may he  w r i t t e n

+ D Q ^ e ^ ^ a c r -  Ga ( s ) ,  

where  |^Q. j |#  and  G3 ( s )  a r e  column m a t r i c e s ,  and D.

(83)

( i • ,  8) a r e  sq u a r e  m a t r i c e s ,  th e  e x te n d e d  form of

t h e s e  symbols to  he g i v e n  p r e s e n t l y .

I n  a  s i m i l a r  m an n e r ,  t h e  m a t r i x  i n  (81) w i t h

th e  a i d  o f  E q s .  (61)  and (72) can he w r i t t e n  o u t  i n  f u l l  c o r ­

r e s p o n d i n g  t o  Eq. (82) from which  i t  can t h e n  be con d en sed  i n t o  

th e  form

C l I 3 = E iZ ” + Bae'* + E3Z* + E4e» + E5z + E6e + E7 ^ Ze"a ( s "^d(r +• 

+ Ep C Se e ”a ( s "°^dcr  -  Gx ( s ) , (84)

where  E^ a r e  s q u a r e  m a t r i c e s ,  and  ^  and Gx ( s )  a r e  column 

m a t r i c e s .  Z and 6 a r e  t h e  same m a t r i c e s  a s  i n  ( 8 3 ) .

We now w ish  to  e l i m i n a t e  th e  m a t r i x  o f  <p’ s and  th e  

m a t r i x  o f  y ' s  I n  (80) and ( 8 1 ) .  To do t h i s ,  we u s e  E q s .  ( 4 0 ) ,  

( 4 1 ) ,  and  (42) t o  g i v e

9 i ©i,

9a e a ■ eo

9s S S ®3 . -  ' 6 0 :

94 ®4 ©0
9g e5 ©o ,

(85)
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and

7o z 0" o “

Yx Z X z 0
Ys z s Z o

Ys Z 3 z o

y 4 z 4 z o

Y5 f s . z o

( 8 6 )

We may now w r i t e  (85) and (86) i n  a  more u s e f u l  fo rm .  

We s h a l l  i l l u s t r a t e  w i t h  t h e  ( 8 5 ) .

Now t h e  r i g h t  member o f  (80) was o b t a i n e d  f rom (37)

C O

m m  mm

9x
9a
9s SS

<f>4
9 5

1

and (77) W r i t t e n o u t i n  f u l l

0 0 0 0
— —

eox eos 0 0 0 9 x

e n ©is © 1 3 0 0 9s

0 © 3 3 © 3 3 ®24 0 9s 9

0 0 0 e34 ©35 94

0 0 0 e 4 ©5 95

(87)

C n  h r

from. ( 7 7 ) ,  and a l l  o t h e r s  a r e  p r e v i o u s l y

d e f i n e d .

U s in g  (85) i t  can b e  s e e n  by  m a t r i x  m u l t i p l i c a t i o n  

t h a t  (87) i s  e q u a l  t o

C M

© J

m m  «■*

9x
9s
9s SS:

94
95

mm mm

P ( e x) ©i 0 0 0 0 e 0“

“ ( © O l^ o s )  * ®01 e os 0 0 0 ©i
“ ( e lX+ e13+ e13 * ®X1 e i s ®13 0 0 ©3
- ( e s s +e23+e24 I

0
0 ©S3 ©S3 e24 0 ©3

“ ( ®33+e34+©35* 0 0 e 33 ©34 ©35 •sH
CD

- ( e 4+e5) t 0 0 0 e 4 ©5 „

( 8 8 )
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f o r  u p o n  m u l t i p l y i n g  o u t  t h e  r i g h t  m e m b e r  o f  ( 8 8 ) w e  h a v e

Q2®2
- e x©o + ©i®i
- ( e 01  +  e 0 S ) 6 o +  e 016 x +  e

“ ( e l l  +  © 1 2  +  e 1 3 ) 0 o +  6 3 . 1 6 !  +  © I S ^ S  +  © 1 3 ® 3

“ ( © 2 2  +  ©23 +  © 2 4 ^ ® 0  +  ©22®2 +  ©23®3 +  ©24® 4

- ( e 33  +  e 3 4  +  6 3 5 ) ® 0 +  e 33e s  +  ©346.3 +  03565

~ ( e 4  +  0 5 ) 6 0  +  e 4 & 4  +  © 5 6 5

e x 0 0 0

©01 ©0 2 0 0
©11 ©12 ©13 0  
0 
0 
0

0
0 
0

©2 2 e 2 3  ©24 0 
0 ©33 e 34 ©35

0  04  e t L

6 x ®o
®2 6 0

® 3 ®o
e 4 ®0
e 5 e o

w h i c h  i s  e x a c t l y  ( 8 7 )  w h e n  t h e  s u b s t i t u t i o n  ( 8 5 )  i s  m a d e  i n  ( 8 7 ) .

P r o m  t h i s ,  i t  i s  s e e n  t h a t  ( 8 0 )  a n d  ( 8 1 )  c a n  b e  

r e p l a c e d  b y

e«

n o  -  d o

6 l
® 2 
63
e 4

(89)

a n d

n o  = c o
Z2 
'  3

Z4
z 5

(90 )
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where  t h e  d o  i s  d e r i v e d  from t h e  £  e ^  m a t r i x  by  b o r d e r i n g  

t h e  £  e m a t r i x  by  a f i r s t  column. Each e le m e n t  i n  t h i s  f i r s t  

column i s  t h e  n e g a t i v e  sum o f  a l l  e le m e n t s  i n  t h e  c o r r e s p o n d i n g  

row of  t h e  £ e ] [ ]  m a t r i x .  T h is  i s  c l e a r l y  i l l u s t r a t e d  b y  comparing  

(87)  an d  ( 8 8 ) .  The same r u l e  a p p l i e s  to  t h e  ^  m a t r i x ,  e x c e p t

t h a t  th e  DO m a t r i x  a l r e a d y  h a s  a  b o r d e r i n g  column o f  z e r o s .  

These a r e  r e p l a c e d  by th e  new e le m e n t s  formed a c c o r d i n g  to  th e  

above r u l e .

We may now s u b s t i t u t e  th e  e x p r e s s i o n s  f o r  £ § [ 3  and 

D O  g i v e n  by (89)  and (90) i n t o  (83) and (84) and  o b t a i n  

DXZW

and 

EXZ0

way.

Then

AXWM

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

+ Ds e ” + d3z » + D4e» + d 5z + (d6 ~ D O ) ®  * 

+  D? ^  Ze-a(s-COdcr  + Dq ^  e e “a ( s ’“Ĉ d O ' =  Gs ( s ) (91)

+ Es e n + e 3z » + E4e» + (e 5 -  P Q ) Z + % e  +

+ Er

S  a  g

^  Ze~a ^3""(̂ d C r  + SQV e e " a ( s " ° ^ d c r =  G1 ( s ) (92)

We may n e x t  combine (91) and  (92)  i n  t h e  f o l l o w i n g

D e f in e  t h e  p a r t i t i o n e d  m a t r i c e s

w = \ r  u  p(s)
m *

Q'sC s )"l
( s )J (93)

u s i n g  p r o p e r t i e s  s e t  f o r t h  i n  s e c t i o n  C we may w r i t e
r~3

+ ASW» + AaW + A4  \  We“<x̂ s “CĴ dCr= P ( s ) .
J O

(94)
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We may now s o l v e  t h i s  e q u a t i o n  b y  th e  m ethod  g iv e n  i n  

s e c t i o n  C, a f t e r  m u l t i p l y i n g  th r o u g h  by  A"1 .

A l t e r n a t e l y ,  we co u ld  i n t r o d u c e  a n o t h e r  p a r t i t i o n e d  

m a t r i x  and r e d u c e  (94) t o  a  f i r s t  o r d e r  s y s t e m .  To do t h i s  

i n t r o d u c e  t h e  new d ep en d e n t  v a r i a b l e  d e f i n e d  by

X = W* (95)

S u b s t i t u t i n g  i n  (95) we form th e  new sys tem

■ s
AxX* + ASX + ASX + A4 C  We"a ( s "Ĉ d C r =  P ( s )

) o

W» -  X = 0

Then l e t  Y = [53- and th e n  (96)  becomes

(96)

ax oipen Jas A3”irx-( (o f] r r x i  Ki(8-o) „ m a n
o i]lw«l t i o J L w J  lo oj ) 0 L w Je d0 L oJ»

(97)

w h ic h ,  a s  a f i r s t  o r d e r  sy s tem ,  i s

CXY» + CSY + C3 \  Ye"*0 dCT = P ( s ) ,
) o

(98)

where  P ( s )  = and d ' s a r e  -̂e ^ nec  ̂ ^y  c o r r e s p o n d e n c e

w i t h  Eq .  ( 9 7 ) .

Methods f o r  s o l v i n g  (98) a r e  p r e s e n t e d  i n  s e c t i o n  C.

We s h a l l  now g iv e  e x p l i c i t  s t a t e m e n t s  f o r  t h e  f o r m a t i o n  

o f  t h e  m a t r i c e s  t h a t  l e a d  up t o  Eq. ( 9 4 ) .
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33,7.1. Definitions and Formulation of the Matrices that are

Needed,

Eq. (94)s

A

z

Dx D3 
Bx E^_ A-, D5 (d6 -  [ V ]  

i s 5 -  J  E$1E3 E4J *

F(s) defined by Eq. (93). W defined by Eq. (93) 

Eqs. (91) and (92) j

A4

Z0“ p o l
zx ® X
zs e«.
z 3 ; e = ©3
z 4 ®4
z 5 f 5.

&2 C S)

S a ( s )

»'(s)
figi ,V(s)
.92
?93
?94
395

f(s )
^ ' ( s )
' ^ s )

Gx(s) =

|E>Y D o

IE7 Ea.

£ 9 1  "(s)
\Kb).  
1>(s) 
' ;(s) 
V / ( S )

s92 
e93 
e9 4
'95;

ux 0 0 0 0 0  1 0 0 0 0  0
0 5xx Q; 0 0 0 0 ®2X 0 0 0  0
0 0 5x2 Q 0 0 0 0 522 0 0  0
0 0 0 5x3 0 0 J f*2 ~ 0 q; 0 523 0  0
0 0 0 0 ° 1 4 0 0 0 0 0 O24 0
0 0 0 0 °15 0

mm

0 0 0 0 026

for i

the aid of (82) we may

0 0 0 0 0
0 1 6 i x 0 0 Q 0
0 0 fii S 0 0 0
0 0 0  s 0 i , 0 0
0 0 0 0  3 0 i4 Q)
0 0 0 0 0 6 1

5, 6 , 7, 8 ) •
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By comparing  (60) w i t h  (61) and (72) w i t h  (73) we see

t h a t

%

0
0

0
0

0
0
0o S i*  o 

0 0 0 
0 0 0 s 0
0 0 0 0 « i 5

0
0
0
0

C ® 3 >  D U  d e f i n e d  by d i s c u s s i o n  f o l l o w i n g  Eq* (90)*  

g x ( s )  d e f i n e d  by  Eq. (74)

g 2 ( s )  d e f i n e d  by  Eq. (75)

Xs d e f i n e d  by  (74)

d e f i n e d  by  (75)

5,

Si j

' L a '  SU*d e f i n e d  by ( 6 4 ) ,  6

d e f i n e d  by (63)

B*7*2, S t r e s s e s  Caused by  t h e  Dynamic Loads .

A f t e r  th e  m a t r i x  e q u a t i o n  h a s  b e e n  s o l v e d  n u m e r i c a l l y  

a s  o u t l i n e d  i n  s e c t i o n  C, t h e  d e t e r m i n a t i o n  o f  t h e  i n t e r n a l  wing 

b e n d in g  moments,  s h e a r s ,  and t o r q u e s  i s  a s i m p le  m an n e r .

M a t r ix  e q u a t i o n s  hav e  b e e n  d e v e lo p e d  which  d e t e r m i n e  

t h e  . t o rq u e s  and b e n d in g  moments i n  te rm s  o f  th e  d i s p l a c e m e n t s  

and  y ^ .  These  a r e  e a s i l y  computed,  once  t h e  a nd  v a l u e s  have  

b e e n  o b t a i n e d  from t h e  s o l u t i o n  o f  t h e  m a t r i x  e q u a t i o n ,  by  t h e  

s im p le  r e l a t i o n s

$ i  — ©^ ~ 00

* i zi  ~ z o
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The s h e a r s  tnay t h e n  be computed w i t h  t h e  knowledge o f  th e  

b e n d in g  moments,  f o r  we h av e  d e v e lo p e d  t h e  r e l a t i o n

% + 1  ~ %
\  •

With t h e  knowledge o f  t h e  b e n d in g  moments ,  s h e a r s ,  

and  t o r q u e s ,  th e  s t r e s s e s  c an  be computed by t h e  a p p r o p r i a t e  

s t r e n g t h - o f - m a t e r i a l s  f o r m u la .
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C. The S o l u t i o n  o f  a  System o f  L i n e a r  I n t e g r o - D i f f e r e n t i a l  

E q u a t io n s  h a v in g  C o n s ta n t  C o e f f i c i e n t s .

C . l*  I n t r o d u c t i o n

A l l  t h e  e q u a t i o n s  t h u s  f a r  d e r i v e d  a r e  e i t h e r  a sy s te m  

o f  d i f f e r e n t i a l  e q u a t i o n s  o r  a  sys tem  o f  i n t e g r o - d i f f e r e n t i a l  

e q u a t i o n s .  I n  t h e  g u s t  p r o b le m ,  we have  s e e n  t h a t  t h e  fo rm er  

r e s u l t  when t h e  d e f i c i e n c y  f u n c t i o n  K(s)  i s  t a k e n  e q u a l  to  a 

c o n s t a n t ,  and t h a t  t h e  l a t t e r  o c c u r  when K(s) i s  a  f u n c t i o n  o f  

s .  The s o l u t i o n  o f  b o t h  t h e s e  c a se s  w i l l  he c o n s i d e r e d .

The m ost  o bv ious  s o l u t i o n  i s  d i r e c t  a p p l i c a t i o n  o f  

t h e  L a p la c e  t r a n s f o r m .  T h i s  a n a l y t i c a l  s o l u t i o n  h a s  s e v e r a l  d i s ­

a d v a n t a g e s .  While  s u p e r i o r  t o  t h e  c l a s s i c a l  method i n  t h a t  a 

p a r t i c u l a r  s o l u t i o n  need  n o t  be  f o u n d ,  and a l s o  t h a t  a r b i t r a r y  

c o n s t a n t s  o f  I n t e g r a t i o n  n e ed  n o t  be e v a l u a t e d ,  i t  i s  s t i l l  

n e c e s s a r y  t o  s o lv e  a sys tem  o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  co n ­

t a i n i n g  a  l i t e r a l  p a r a m e t e r .  The l e n g t h  o f  t im e  r e q u i r e d  t o  

s o l v e  su c h  a  sy s tem  r a p i d l y  I n c r e a s e s  w i t h  t h e  number o f  d e g r e e s  

o f  f reedom  of  t h e  o r i g i n a l  dynamic p ro b le m .  A f t e r  t h e  a l g e b r a i c  

e q u a t i o n s  a r e  s o l v e d  f o r  each  o f  t h e  v a r i a b l e s  i n  te rm s  o f  th e  

p a r a m e t e r ,  i t  i s  n e c e s s a r y  t o  d e t e r m i n e  t h e  r o o t s  o f  a n  a l g e b r a i c  

e q u a t i o n  i n  o r d e r  t o  f i n d  th e  i n v e r s e  t r a n s f o r m .  The l a b o r ,  

a g a i n ,  i n c r e a s e s  r a p i d l y  w i t h  i n c r e a s e  i n  d e g r e e s  o f  f reedom .  

A no the r  c o m p u t a t i o n a l  p rob lem  a r i s e s  when n u m e r i c a l  v a l u e s  f o r  

t h e  d e p e n d e n t  v a r i a b l e s  a r e  v /an ted .  Thus,  a c t u a l l y  e v a l u a t i n g
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t h e  a n a l y t i c a l  s o l u t i o n  f o r  a  s e q u e n c e  o f  v a l u e s  o f  t h e  i n d e ­

p e n d e n t  v a r i a b l e  l i k e w i s e  I s  v e r y  t i m e  c o n s u m i n g  f o r  a  s y s t e m  

o f  m a n y  d e g r e e s  o f  f r e e d o m .

I n  o r d e r  t o  o b v i a t e  s o m e  o f  t h e s e  d i f f i c u l t i e s ,  a  

s o l u t i o n  m a y  b e  o b t a i n e d  b y  n u m e r i c a l  m e t h o d s .  T h e s e ,  t o o ,  

r e q u i r e  m u c h  c o m p u t a t i o n .  T h e y  d o ,  h o w e v e r ,  h a v e  t h e  o b v i o u s  

a d v a n t a g e  d i r e c t l y  f r o m  t h e  s o l u t i o n ,  s o  t h a t  i t  i s  n o t  n e c e s ­

s a r y  t o  e v a l u a t e  a  c o m p l i c a t e d  a n a l y t i c a l  e x p r e s s i o n  f o r  e v e r y  

v a l u e  o f  t h e  d e p e n d e n t  v a r i a b l e  t h a t  I s  d e s i r e d .

T h e r e  a r e  m a n y  m e t h o d s  f o r  t h e  n u m e r i c a l  s o l u t i o n  o f  

d i f f e r e n t i a l  e q u a t i o n s .  Two  g o o d  r e f e r e n c e s  f o r  t h e s e  a r e :

” N u m e r i c a l  M a t h e m a t i c a l  A n a l y s i s ” b y  S c a r b o r o u g h ,  J o h n s  H o p k i n s  

U n i v e r s i t y  P r e s s ,  1 9 4 9 .  T h e  u s u a l  m e t h o d s  d e s c r i b e d ,  h o w e v e r ,  

a p p l y  e q u a l l y  w e l l  t o  l i n e a r  a n d  n o n - l i n e a r  e q u a t i o n s  a n d  a r e  

u s u a l l y  d i s c u s s e d  i n  t e r m s  o f  a  s y s t e m  o f  l o w  o r d e r .

I n  t h e  f o l l o w i n g  p a g e s  m e t h o d  w i l l  b e  d e v e l o p e d  w h i c h  

a r e  d e s i g n e d  e s p e c i a l l y  f o r  l i n e a r  s y s t e m s  h a v i n g  c o n s t a n t  

c o e f f i c i e n t s ;  a n d  b y  t h e  u s e  o f  m a t r i x  a l g e b r a ,  a  s y s t e m  o f  v e r y  

h i g h  o r d e r  c a n  e a s i l y  b e  s o l v e d .  O f  c o u r s e ,  a s  t h e  n u m b e r  o f  

d e g r e e s  o f  f r e e d o m  I n c r e a s e s ,  t h e  s e t t i n g  u p  o f  t h e  e q u a t i o n s  

t a k e s  a  c o r r e s p o n d i n g l y  l o n g e r  t i m e ;  b u t  i n  t h e  a c t u a l  n u m e r i c a l  

s o l u t i o n ,  t h e  l a b o r  I n c r e a s e s  o n l y  s l i g h t l y  a s  d e g r e e s  o f  f r e e d o m  

a r e  a d d e d .
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T h e  m e t h o d s  g i v e n  h e r e  a r e  a p p l i  c a b l e  t o  m a n y  l i n e a r  

s y s t e m s  h a v i n g  c o n s t a n t  c o e f f i c i e n t s ,  a n d ,  a s  s u c h ,  a r e  a p ­

p l i c a b l e  t o  m a n y  p r o b l e m s  a r i s i n g  i n  a i r c r a f t  d y n a m i c s .  I t  i s  

o n l y  i n c i d e n t a l  t h a t  t h e y  a r e  c o n s i d e r e d  h e r e  i n  c o n n e c t i o n  

w i t h  t h e  g u s t  p r o b l e m .

G . 2 .  D e r i v a t i o n  o f  t h e  M e t h o d s .

C . 2 . 1 .  I n t r o d u c t i o n

T h e  I n t e g r o - d i f f e r e n t i a l  s y s t e m  t h a t  h a s  b e e n  d e v e l o p e d  

f o r  t h e  g u s t  p r o b l e m  m a y  b e  w r i t t e n  i n  e i t h e r  o f  t w o  f o r m s

Y» + a Y  +  b  \  e - a ( s - O l  Y(cr) dcr=  g ( a ) ( l )

J o
r  s

Z" +  J Z *  +  MZ +  N \  e - a ( s - ^  z (cr)dcr= r ( s ) ,  ' ( l a )
J O

w h e r e  Z ,  Y ,  g ,  a n d  r  a r e  c o l u m n ' m a t r i c e s  a n d  a ,  b ,  J ,  M, a n d  

H a r e  s q u a r e  m a t r i c e s ,  a ,  s ,  O', a n d  e  a r e  s c a l a r s ,  h e  s h a l l  

c o n s i d e r  m e t h o d s  f o r  s o l v i n g  b o t h  t h e s e  e q u a t i o n s .

I n  t h e  n u m e r i c a l  m e t h o d s  p r e s e n t e d ,  u s e  w i l l  b e  m a d e  

o f  c e r t a i n  e l e m e n t a r y  p r o p e r t i e s  o f  m a t r i x  a l g e b r a ,  a n d  f o r  t h e  

b e n e f i t  o f  t h e  r e a d e r  n o t  f a m i l i a r  w i t h  t h e s e ,  a  s h o r t  d i s c u s s i o n  

o f  t h o s e  p r o p e r t i e s  t h a t  a r e  n e e d e d  w i l l  b e  g i v e n .

C . 2 . 2 .  F u n d a m e n t a l  C o n c e p t s  o f  M a t r i x  A l g e b r a .

We s h a l l  I n t r o d u c e  t h e  i d e a  o f  a  m a t r i x  b y  m e a n s  o f  a  

s y s t e m  o f  l i n e a r  a l g e b r a i c  e q u a t i o n s ,  a n d  i n  s o  d o i n g  a t t e m p t  

t o  s h o w  t h e  m o t i v a t i o n  f o r  t h e  d e f i n i t i o n s  t h a t  a r e  g i v e n  a n d  

t h e  o p e r a t i o n s  t h a t  a r e  u s e d .  F o r  b r e v i t y ,  t h e  r e m a r k s  w i l l  

b e  c o n f i n e d  t o  t w o  e q u a t i o n s .
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C o n s id e r  t h e  sy s te m  o f  a l g e b r a i c  e q u a t i o n s  

a n x i  + a i a x s  =
( 2 )

a0 l x l  + a 3 3x3 = &3

i n  w h ich  a n d d^ a r e  c o n s t a n t s ,  and x^ a r e  to  be f o u n d .

R a th e r  t h a n  s o l v e  t h e  sys tem  i n  t h e  u s u a l  a l g e b r a i c  

m anner ,  i t  i s  p o s s i b l e  t o  c o n s i d e r  th e  c o e f f i c i e n t s  a n d  the  

unknowns s e p a r a t e l y .  A l th o u g h  t h i s  i s  c e r t a i n l y  u n n e c e s s a r y  f o r  

a  secon d  o r d e r  sy s te m ,  i t  becomes v e r y  c o n v e n ie n t  f o r  sy s tem s  

o f  h i g h  o r d e r .  F i r s t ,  h o w ev er ,  we w i l l  d e f i n e  a  m a t r i x .

A m a t r i x  i s  a r e c t a n g u l a r  a r r a y  o f  num bers ,  o r ,  more 

g e n e r a l l y ,  a r e c t a n g u l a r  a r r a y  o f  e l e m e n t s ,  t a k e n  i n  a  d e f i n i t e  

o r d e r ,  a r r a n g e d  i n  rows and  columns.  Thus

a n  a i s

a 31 a33

i s  a  s e t  o f  f o u r  numbers t a k e n  i n  t h e  o r d e r  a 11# a 13 i n  t h e  

f i r s t  row, and a 21 , a 23 i n  th e  s e co n d  row. A l t e r n a t e l y ,  a i x , 

a 31 a p p e a r  i n  t h e  f i r s t  column w h i l e  a i s , a 33 a p p e a r  i n  t h e  

second  column. T h us ,  t h e  s e t  b e i n g  c o n s i d e r e d  h a s  two rows and 

two co lum ns .  The up pe rm o s t  row i s  r e f e r r e d  t o  a t h e  f i r s t  row, 

and t h e  column f a r t h e r e s t  t o  t h e  l e f t  i s  c a l l e d  th e  f i r s t  column. 

When l i t e r a l  numbers a r e  u s e d  i t  i s  c o n v e n i e n t  to  l e t  th e  

subscripts indicate t h e  position o f  t h e  element w i t h  respect t o  

t h e  rows and co lum ns.  T h a t  i s ,  a 13 i s  t h e  number a p p e a r i n g  i n  

th e  f i r s t  row, second  column. F o r  an  a r r a y  o f  m rows and  n 

columns t h e  e le m e n t  i n  t h e  i  t h  row and  j  t h  column would be
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d e s i g n a t e d  a . t h e  f i r s t  s u b s c r i p t  r e f e r r i n g  t o  t h e  row, th e
J- J

seco nd  s u b s c r i p t  r e f e r r i n g  t o  th e  column.

A s e t  o r  a r r a y  o f  e le m e n t s  a r r a n g e d  i n  m rows and n 

columns i s  c a l l e d  a  m a t r i x  o f  o r d e r  m b y  n ,  and t h e  o r d e r  i s  

i n d i c a t e d  by t h e  symbol,  (m x n ) .

I t  i s  c o n v e n t i o n a l  t o  e n c l o s e  t h e  a r r a y  o f  numbers 

so a r r a n g e d  i n  b r a c k e t s ,  so t h a t  t h e  m a t r i x  o f  th e  f o u r  numbers 

i n d i c a t e d  above would b e  w r i t t e n

I I I  a ” ]  = g i £ I  = A> and

A a r e  m e r e l y  s h o r t h a n d  symbols  t o  i n d i c a t e  t h e  more e x te n d e d  

form on t h e  l e f t .

I t  m us t  be  em phas ized  t h a t  a m a t r i x  i s  n o t  th e  same a s  a 

d e t e r m i n a t e ;  f o r  w h i l e  t h e  d e t e r m i n a t e

a n  a u
a a i  a 23

h a s  a  d e f i n i t e  n u m b e r i c a l  ( s c a l a r )  v a l u e  so t h a t  i t  r e p r e s e n t s ,

when expanded ,  a  s i n g l e  number, th e  m a t r i x  i s  n o t  a s i n g l e

number, b u t  a  c o l l e c t i o n  o f  numbers t h a t  a r e ,  f o r  c o n v e n ie n c e ,
\

b e i n g  c o n s i d e r e d  a l l  a t  one t i m e .  Hence, an  e x p r e s s i o n  su ch  a s ,  

’’The v a l u e  o r  e x p a n s i o n  o f  a m a t r i x 1’ , h a s  no m ea n in g .  A m a t r i x  

may be t h o u g h t  o f  a s  an  o p e r a t o r  t h a t  a c q u i r e s  a m eaning  when 

a p p l i e d  t o  some o p e r a t i o n  i n  much t h e  same way t h a t  t h e  symbol 

^  h a s  i n  I t s e l f  no m ean in g ,  b u t  when we w r i t e

^  f ( x ) d x
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we know t h a t  t h e  f u n c t i o n  f ( x )  i s  t o  be o p e r a t e d  upon b y  a 

p r o c e s s  c a l l e d  i n t e g r a t i o n  from which  a new f u n c t i o n  i s  d e r i v e d .  

S i m i l a r l y ,  t h e  symbol + h a s  a m ean ing  o n l y  a s  a n  o p e r a t o r ,  b u t  

i f  we w r i t e  a  + b ,  t h e  p l u s  s i g n  i s  i n t e r p r e t e d  t o  mean a 

p r o c e s s  c a l l e d  a d d i t i o n  i n  w h ich  a i s  added  t o  be  t o  g i v e  a 

new number .

Thus,  a  m a t r i x  i s  a s e p a r a t e  e n t i t y  t h a t  obeys c e r t a i n  

laws o f  m a n i p u l a t i o n .

We s h a l l  make s e v e r a l  d e f i n i t i o n s  and s e e  t h a t  t h e s e  

d e f i n i t i o n s  a r e  n o t  a r b i t r a r i l y  made, b u t  a r e  d e s i g n e d  t o  be  

o f  u s e  i n  l i n e a r  s y s t e m s ,  and  so  t h a t  m os t  o f  t h e  a l g e b r a  o f  

numbers i s  r e t a i n e d  i n  form when a p p l i e d  t o  m a t r i c e s *

D e f i n i t i o n s

E q u a l i t y  o f  M a t r i c e s

Two m a t r i c e s  a r e  s a i d  to  be  e q u a l  i f  e v e r y  e le m e n t  i n  

one i s  e q u a l  t o  th e  c o r r e s p o n d i n g  e le m e n t  i n  t h e  o t h e r .  Thus,  

i f  A = B, t h e n  a .  . = b. , f o r  e v e r y  i  and e v e r y  j .  Prom t h i s ,
X J  X j

i t  f o l l o w s  t h a t  o n l y  m a t r i c e s  o f  th e  same o r d e r  c a n  b e  e q u a l .

The i d e a  o f  c o r r e s p o n d i n g  e le m e n t s  i s  i m p o r t a n t ,  f o r  w h i l e

1 2 1 2 1 2 I 2 1

5 6 5 6 I 5 6 T 5 6
mm M  «•

even t h o u g h  b o th  m a t r i c e s  hav e  th e  same e l e m e n t s .

A d d i t i o n  o f  M a t r i c e s .

Two m a t r i c e s  o f  t h e  same o r d e r  a r e  added  b y  a d d in g  th e  

e l e m e n t s  o f  th e  f i r s t  t o  th e  c o r r e s p o n d i n g  e le m e n t s  o f  t h e  se co n d
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t o  p r o d u c e  a new m a t r i x  o f  t h e  same o r d e r .  Thus,  g i v e n  A and

B, we o b t a i n  th e  sum C, C = A + B.

I n  symbols

M  = l h £ I + M  " I f i j + h £ I
f o r  a l l  i  and j .  The word a d d i t i o n  means a l g e b r a i c  a d d i t i o n

and  t h e r e f o r e  i n c l u d e s  s u b t r a c t i o n .  As an  exam ple ,

i f A

G

1 0
2-1  5>-

1 0
*1 2

B =

1  6*1 
7 5J

\5 6
6 3

“ 2 “ P5 1 “ 3 “
and 1 1 = 2 •

3 - 0  J 3

S in c e  c o r r e s p o n d i n g  s c a l a r  e l e m e n t s  a r e  a d d e d ,  a n d  t h e  commu­

t a t i v e  a n d  a s s o c i a t i v e  l a w s  h o l d  f o r  n u m b e r s ,  t h e  c o m m u t a t i v e  

a n d  a s s o c i a t i v e  laws h o l d  f o r  m a t r i x  a d d i t i o n .  T h u s ,

A + B = B + A, a n d  (A + B) + C = A + ( B + C ) .

M u l t i p l i c a t i o n  by a  S c a l a r

To m u l t i p l y  a m a t r i x  by a number means t o  m u l t i p l y  

e v e r y  e lem en t  o f  t h e  m a t r i x  by  t h a t  number. I n  symbols
E M  MW M  M  M

i£j = M

F o r  example

2 1* 6 3~|
3 2 rr 9 6
0 -1 0 —3̂
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M u l t i p l i c a t i o n  o f  a  M a t r i x  b y  A n o t h e r  M a t r i x

G i v e n  a  m a t r i x  A o f  o r d e r  (m x  n )  a n d  a  m a t r i x  B o f  

o r d e r  ( n  x  p )  t h e  p r o d u c t  AB i s  a  m a t r i x  o f  o r d e r  (m x  p )  

w h o s e  e l e m e n t  i n  t h e  i  t h  r o w  a n d  j  t h  c o l u m n  i s  f o r m e d  b y  

m u l t i p l y i n g  t h e  e l e m e n t s  o f  t h e  i  t h  r o w  o f  A i n t o  t h e  c o r ­

r e s p o n d i n g  e l e m e n t s  o f  t h e  j  t h  c o l u m n  o f  B ,  a n d  s u m m i n g  t h e  

p r o d u c t s  t h u s  o b t a i n e d .  I f  C =  i s  t h e  p r o d u c t  m a t r i x ,

C =  A B ,  o r

M = M M -la*  tw  Mmft Imm V ar

T h e  a b o v e  r u l e  m a y  b e  w r i t t e n ,  f o r  e a c h  e l e m e n t  o f  G ,

C, ,  =  2 .  a ,  . b ,  ,
1c32!

w h e r e  k  i s  t h e  s u m m a t i o n  i n d e x .

T h u s ,  m a t r i x  m u l t i p l i c a t i o n  i s  d e f i n e d  o n l y  f o r  m a t r i c e s  i n  

w h i c h  t h e  n u m b e r  o f  c o l u m n s  i n  t h e  f i r s t  i s  e q u a l  t o  t h e  n u m b e r  

o f  r o w s  o f  t h e  s e c o n d .  P r o m  t h i s ,  i t  f o l l o w s  t h a t  a l t h o u g h

t h e  p r o d u c t  AB e x i s t s ,  t h e  p r o d u c t  BA m a y  n o t  e x i s t .

N ow  s u p p o s e  A i s  o f  o r d e r  (m x  n )  a n d  B i s  o f  o r d e r  

( n  x  m ) .  T h e n ,  i n  s y m b o l s ,  f o r  AB w e  h a v e  (m x, n )  ( n  x  m ) ,  

s o  t h e  r e s u l t i n g  p r o d u c t  i s  a n  (m x  m )  m a t r i x .  Y / h i l e  f o r  BA,  

w e  h a v e  ( n  x  m ) ( m  x  n ) ,  t h e  r e s u l t  i s  a n  ( n  x  n )  m a t r i x .

H e n c e  AB 4  BA,  s i n c e  t h e  o r d e r  o f  t h e  t w o  i s  n o t  e v e n  t h e  s a m e .

I n  t h e  c a s e  t h a t  b o t h  m a t r i c e s  a r e  s q u a r e  o f  o r d e r  

( n  x  n ) ,  t h e n  AB e x i s t s  a n d  i s  o f  o r d e r  ( n  x  n ) .  L i k e w i s e  BA 

e x i s t s  a n d  i s  o f  o r d e r  ( n  x  n ) .  E v e n  i n  t h i s  c a s e ,  h o w e v e r ,
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t h e  g e n e r a l  r u l e  i s  t h a t  AB 4  B A,  f o r

Gi j  = a iic \ y

a n d

di j  ~ b i k  a k j*

F o r  e q u a l i t y ,  C . . =  d , . f o r  a l l  i  a n d  j .  F o r  a r b i t r a r y  e l e m e n t s ,
i3 o

h o w e v e r ,  t h e  a b o v e  r u l e  s h o w s  t h a t  t h i s  i s  n o t  t r u e *  I n  s p e c i a l  

c a s e s ,  o f  c o u r s e ,  I t  c o u l d  b e  t r u e .

T h e  g e n e r a l  s i t u a t i o n  i s  s u m m a r i z e d  b y  s a y i n g  t h a t  

m a t r i x  m u l t i p l i c a t i o n  i s  n o n - c o m m u t a t i v e ,  o r  AB 4  B A .  T h u s ,  

a  d i s t i n c t i o n  b e t w e e n  o r e  - m u l  t i p l i  c a t i o n  a n d  p o s t - m u l  t i p l i c a t i o n
n  --  ...................... -r ---------------------- -l—------- .   .J. . . -----------

m u s t  b e  m a d e .  F o r  e x a m p l e ,  l e t

a xx a X 3 bxx bxs
, B *

bsx b a smma 2 X a 2 2

t h e n

AB
+  a 1 3 ^ 2 l )  +  a 13^ 2 2 )

(a 2 x b n  + a s s b 31) (a s xb xs + a a3b23 )

L e t

1 0 
-1  5 D 2 r  

1 o0 - - D ]

t h e n

a n d  CD 4  D C .

CD

DE

2 1 
3 -1

4
1

DC
1 5 
1 0
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w h i l e  ED c o r r e s p o n d s  to  (2 x  1) • ( 2 x 2 ) ;  s i n c e  t h e r e  i s  one 

column i n  f i r s t  and two rows i n  se c o n d ,  ED i s  u n d e f i n e d .

A l th o u g h  n o n -co m m u ta t iv e ,  m a t r i c e s  can  h e  shown to  

obey th e  a s s o c i a t i v e  and d i s t r i b u t a t i v e  laws o f  m u l t i p l i c a t i o n .  

T h a t  i s

A(BC) = (AB)G, 

and  A(B + C) = AB + AC,

n o t i n g  t h a t  t h e  o r d e r  o f  th e  p r o d u c t s  i s  m a i n t a i n e d .

We s h a l l  now c o n s i d e r  m a t r i c e s  i n  w h ich  th e  e le m e n t s  

a r e  n o t  o r d i n a r y  num bers ,  b u t  a r e  th e m s e lv e s  m a t r i c e s .  Such 

m a t r i c e s  a r e  s a i d  to  be p a r t i t i o n e d .

C o n s id e r  t h e  m a t r i x

A =
1 2  4
0 1 5
6 2 0

and draw h o r i z o n t a l  and v e r t i c a l  l i n e s  b e tw e e n  t h e  rows and 

columns i n  any  m ann e r .  Fo r  exam ple ,  c o n s i d e r  t h e  p a r t i t i o n i n g ,  

i n d i c a t e d  by d o t t e d  l i n e s ,

A *

and  i t  i s  s e e n  t h a t  t h e  g i v e n  m a t r i x  i s  d i v i d e d  i n t o  m a t r i c e s ,

1 •
• 2 4

0 #• 1 5
6 •• 2 0

L e t  B =
1 " " 2 4 “
0 , and  l e t  C = 1 5
6 2 0 _

a -  Cb 3 .

,  t h e n  A may be  w r i t t e n

a ( 1 x 2 )  m a t r i x .  Much u s e  i s  made o f  t h i s  c o n c e p t .

With c e r t a i n  r e s t r i c t i o n s ,  two p a r t i t i o n e d  m a t r i c e s  

may be ad d ed  o r  m u l t i p l i e d  by t h e  u s u a l  r u l e s .
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F o r  a d d i t i o n ,  i t  i s  n e c e s s a r y  t h a t  t h e  two o r i g i n a l  m a t r i c e s  

be o f  th e  same o r d e r ,  and t h a t  th e  p a r t i t i o n  l i n e s  be  drawn 

i n  a  c o r r e s p o n d i n g  manner i n  e a c h .  Thus ,

{A, B] + j c ,  rO = H  + C, B + D],  

t h e  commas b e i n g  i n s e r t e d  f o r  c l a r i t y .  O b v io u s ly ,  A and  C, 

and B and D must  be  o f  t h e  same o r d e r .

Fo r  m u l t i p l i c a t i o n ,  t h e  o r i g i n a l  two m a t r i c e s  must  

h av e  a p r o d u c t ,  and  i n  a d d i t i o n ,  th e  i n d i c a t e d  p r o d u c t s  o f  th e  

s u b m a t r i c e s  m us t  e x i s t .  I n  t h e  p r o d u c t

A B “ E “

C D_ __F 9

t h e  f i r s t  r e q u i r e m e n t  i s  m e t ,  f o r  c o n s i d e r i n g  s u b m a t r i c e s  as  

e l e m e n t s ,  we have  (2 x 2 ) ( 2  x 1 ) ,  a p o s s i b l e  p r o d u c t .  C a r r y in g  

o u t  t h e  I n d i c a t e d  m u l t i p l i c a t i o n  g i v e s

7  ATS + B F f
J C B  + DF)J '

a  (2 x 1) m a t r i x .  Of c o u r s e ,  f o r  t h i s  t o  e x i s t  t h e  I n d i v i d u a l  

p r o d u c t s  AE, BF, €E, and DF m u s t  e x i s t .  I n  t e rm s  o f  t h e  

o r i g i n a l  two m a t r i c e s ,  t h i s  c o r r e s p o n d s  t o  t h e  r e q u i r e m e n t  t h a t  

f o r  e v e r y  p a r t i t i o n i n g  l i n e  b e tw ee n  columns o f  t h e  m a t r i x  on 

th e  l e f t ,  t h e r e  m ust  be a p a r t i t i o n i n g  l i n e  b e tw e e n  th e  c o r ­

r e s p o n d i n g  rows o f  th e  m a t r i x  on t h e  r i g h t .  As an  exam ple ,  

consider

2 1 5 “ 1 2” 7 14
R = 0 1 0 2 1 St 2 1

1 1 2 1 3 5 9
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L e t  t h e  ( 3 x 3 )  m a t r i x  h a v e  a  p a r t i t i o n i n g  l i n e  b e tw ee n  t h e  

seco nd  and t h i r d  columns so t h a t  t h e  ( 3 x 2 )  m a t r i x  on t h e  

l e f t  m u s t  have  a p a r t i t i o n i n g  l i n e  b e tw een  t h e  second  and  t h i r d  

ro w s .

2  1” “"3 “
L e t  A — 0 1 , B = . 0 , C =

1 1 2

Then

R *
"5 1 .: sr " 1  2 ”
0 1 .* 0 2 1
i 1 * 2. **1 S~

a (1 x 1) m a t r i x  i n

1  21
2 1JJ

= S .  S  [ g ]

D a  a

t h a t  s i n c e  AC and BD a r e  c o n n e c te d  by an a d d i t i o n  s i g n ,

(AC + BD) c o n s i s t s  o f  b u t  one e le m e n t  i n  t e r m s  o f  s u b m a t r i c e s .  

Prom t h e  d e f i n i t i o n s  o f  A, B, 0 ,  D, we have

I  T fi p"l 4 5“
a c  = ;0 1 IX  ̂ i —.|p -| 1 2 1

1 1 XJ 3 3

BD “ 3 ~
Cl €  =

3 9“
0 0 0
2 2 6

a n d ,  t h e r e f o r e ,  u s i n g  m a t r i x  a d d i t i o n ,  

R. = {AC + BDj =
7 14 
2 1 
5 9

the same result  as before.

life t r i c e s  may be  p a r t i t i o n e d  i n  many ways ,  b u t  when 

m u l t i p l i c a t i o n  i s  c o n te m p l a t e d ,  th e  h o r i z o n t a l  l i n e s  on th e  

r i g h t  m u s t  c o r r e s p o n d  t o  t h e  v e r t i c a l  l i n e s  on t h e  l e f t .
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Hie R e c i p r o c a l  M a t r ix

I f  a d e t e r m i n a t e  i s  formed from t h e  e l e m e n t s  o f  a 

sq u a r e  m a t r i x ,  t a k e n  i n  the  same o r d e r ,  t h e  r e s u l t i n g  d e t e r ­

m i n a t e  i s  a  s c a l a r  number e i t h e r  z e r o  o r  n o t  z e r o .  I f  z e r o ,  

t h e  p a r e n t  m a t r i x  i s  s a i d  to  be  s i n g u l a r . I f  t h e  d e t e r m i n a t e  

i s  n o t  z e r o ,  the  p a r e n t  m a t r i x  i s  n o n - s i n g u l a r .

I t  can  b e  shown t h a t  any n o n - s i n g u l a r  s q u a r e  m a t r i x  

h a s  a r e c i p r o c a l .  The r e c i p r o c a l  i s  n o t  d e f i n e d  f o r  a  n o n ­

s q u a r e  m a t r i x .

I f  a  s q u a r e  m a t r i x  i s  d e n o te d  by  A, i t s  r e c i p r o c a l  
— 1i s  d e n o te d  by  A , and  i s  d e f i n e d  by t h e  e q u a t i o n  

AA"1 = I  = A- 1 A, 

where  I  i s  t h e  u n i t  m a t r i x ,  a l l  o f  whose e l e m e n t s  a r e  z e r o  

e x c e p t  t h o s e  a l o n g  t h e  p r i n c i p a l  d i a g o n a l  where  t h e y  a r e  a l l  

o n e .  F o r  exam ple ,  f o r  t h e  t h i r d  o r d e r

I  0 0"
0 1 0  
0 0 1

G o n s id e r  th e  e q u a t i o n  

Ax = B,

where A, X, and  B a r e  m a t r i c e s .  P r e m u l t i p l y  b o t h  s i d e s  o f  

th e  e q u a t i o n  by A- 1 , w h ic h ,  by d e f i n i t i o n ,  g iv e s

A_1AX = A_1B,

b u t  A" A = I ,  and  u s i n g  t h e  r u l e s  o f  m a t r i x  m u l t i p l i c a t i o n  i t  

i s  s e en  t h a t  IX  = X. Hence,  we hav e

X = A- 1 B,

t h e  s o l u t i o n  o f  t h e  m a t r i x  e q u a t i o n .
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The c l a s s i c a l  d e f i n i t i o n  o f  t h e  r e c i p r o c a l  m a t r i x  

(n o t  g i v e n  h e r e )  i s  o f  l i t t l e  v a l u e  i n  t h e  a c t u a l  c o m p u ta t io n  

o f  t h e  r e c i p r o c a l  o f  a n u m e r i c a l  m a t r i x .  T h a t  i s ,  a  m a t r i x  

whose e le m e n t s  a r e  number ,  r a t h e r  t h a n  l i t e r a l  l e t t e r s .  F o r  

c o m p u t a t i o n a l  p u r p o s e s ,  i t  i s  b e s t  t h o u g h t  o f  a s  a  sq u a r e  

m a t r i x ,  w h ich ,  when m u l t i p l i e d  i n t o  a g iv e n  m a t r i x  o f  t h e  same 

o r d e r ,  p ro d u c e s  t h e  u n i t  m a t r i x .

V a r io u s  methods f o r  the  c o m p u ta t io n  o f  t h e  r e c i p r o c a l  

m a t r i x  e x i s t  and a r e  d i s c u s s e d  a t  l e n g t h  i n  th e  book by F r a z e r ,  

Duncan,  and C o l l a r ,  '’E le m e n ta r y  M a t r i c e s ” . A l l  t h e s e  r e q u i r e  

a  f a i r  amount o f  e x p l a n a t i o n ,  and  w i l l  n o t  be d i s c u s s e d ,  e x c e p t  

t o  rem ark  t h a t  i n  th e  g u s t  p ro b lem  many o f  t h e  m a t r i x  e le m e n ts  

a r e  z e r o ,  t h u s  making th e  t a s k  o f  i n v e r s i o n  much e a s i e r  th a n  

u s u a l .

An Example i n  t h e  Use o f  M a t r i c e s

R e t u r n i n g  to  Eq. ( 2 ) ,  we may f i r s t  w r i t e  t h e  s e t  o f  

e q u a t i o n s  i n  m a t r i x  form u s i n g  t h e  d e f i n i t i o n  o f  e q u a l i t y  of  

m a t r i c e s ,  Thus ,

a l l x l + a 1 3 X S ^•1

a 2 1 ^ 1 a S 2 X 8 <3-3

each  a  ( 2 x 1 )  m a t r i x .  Note  t h a t  on t h e  l e f t ,  t h e r e  i s  b u t  

one matrix element in each row. Next using the definition of 
m a t r i x  m u l t i p l i c a t i o n ,  (3)  may be  w r i t t e n

a l l a 1 2 X X" dx“

a 2 1 a 2 2_ £-S_
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w h e re ,  on th e  l e f t ,  we h av e  a  (2 x 2 ) ( 2  x 1) = (2 x 1) m a t r i x .  

Thus,  m a t r i x  m u l t i p l i c a t i o n  and e q u a l i t y  have  b e e n  d e f i n e d  

su c h  t h a t  th e  c o e f f i c i e n t s  a p p e a r i n g  i n  (2)  can be  w r i t t e n  i n  

d e t a c h e d  fo rm .  Then,  u s i n g  t h e  c o n ce p t  o f  t h e  r e c i p r o c a l  

m a t r i x ,

X l “ a X l a i s "
_ 1

*3-1

a S l a S 3 b- s _

C a r r y i n g  o u t  t h e  i n d i c a t e d  m u l t i p l i c a t i o n  on t h e  r i g h t  p r o d u c e s  

a  (2 x 2) • (2 x 1) = (2 x 1) m a t r i x ,  say

P i
Ps so  t h a t

x x"
m m  mm

P i
x s Pa

F i n a l l y ,  a g a i n  u s i n g  m a t r i x  e q u a l i t y ,  we hav e

X i P i ; and x 5 P2 «

A Second Example i n  t h e Use o f  M a t r i c e s •

I n  t h i s  example  we s h a l l  i n t r o d u c e  and d e f i n e  th e  

c o n c e p t s  o f  i n t e g r a t i o n  a n d  d i f f e r e n t i a t i o n  o f  a  m a t r i x  o f  

f u n c t i o n s ,  and show how t h e y  a r e  u s e d  i n  r e d u c i n g  a sys tem  of 

d i f f e r e n t i a l  e q u a t i o n s  to  m a t r i x  form.. F o r  b r e v i t y ,  a  sys tem  

o f  two e q u a t i o n s  w i l l  be  u s e d .

C o n s id e r  t h e  sys tem  o f  e q u a t i o n s ,

a i i . y i t + a i s y s '  + b ^ y x  + b xays = f x ( s )  ' 

a a i y i *  + a 38y s » + b s l y x + b s s ya = f s ( s )

where  a .  b .  . a r e  c o n s t a n t s  and  y* =i j *  i j  J ds
L e t  th e  i n i t i a l  c o n d i t i o n s  be y x = y ( 0 ) ,  y2 = y s ( 0 )  a t  s = 0 .  

I n t e g r a t e  b o t h  e q u a t i o n s  from s = 0 t o  s = s ,  u s i n g  t h e  i n i t i a l  

c o n d i t i o n s  t o  g i v e

(4)
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a x i 7 i - a l x y 1 ( 0 ) + a 12y s - a l s y s (0 )+ b 11 C y xda+b12 C y 3ds = \
Jo- ) o  J

f xds

a2iyi-asxyi(0)+aasys-aS3y2(0)+b2X ̂ Yxds+b23 ̂ y 3ds

0

s
(5)

f  xds

Now l e t  u s  w r i t e  (4) i n  m a t r i x  form u s i n g  t h e  p r o ­

p e r t i e s  o f  m a t r i x  e q u a l i t y  and  m a t r i x  m u l t i p l i c a t i o n ,  a s  

a l r e a d y  e x p l a i n e d ,  to  g iv e

b .  .  b . J I H r . T  r ?  "
( 6 )

L e t  t h e  m a t r i x  o f  a f s be d e n o te d  by  A, t h e  m a t r i x  o f  b ' s  by  B, 

and  l e t

axx a X 3 Yxr x̂x H.n

7 x

f s i a 3 S _ I a'_
+

bax k s 2 _ Ya_ £®.

Y = Yx~> Y1 = Yxr » P =■ ■?r
I s.

9
f a

yi = Yx’” Yx"
Ia’_ 1 % .

We now d e f i n e  t h e  d e r i v a t i v e  o f  a  m a t r i x  t o  be e q u a l  t o  t h e  

m a t r i x  o f  t h e  d e r i v a t i v e s ,  so t h a t

= (Y) » = Y» .

Hence, ( 6 ) ,  an d  t h e r e f o r e  ( 4 ) ,  becomes

AY* + BY = P (7)

Now i n t e g r a t e  (7) f o r m a l l y  a s  i f  a l l  t h e  q u a n t i t i e s  

were o r d i n a r y  s c a l a r s ,  c o n s t a n t s  f o r  A and B a n d  v a r i a b l e s  

f o r  Y ’ , Y, and P,  t o  g iv e

AY -  AY(O) + B \  Y ds
0\oYds= S

P ds (8 )
0
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We now d e f i n e  th e  i n t e g r a l  o f  a m a t r i x  t o  be  e q u a l  to  th e  

m a t r i x  o f  t h e  i n t e g r a l s ,  so  t h a t  by d e f i n i t i o n ,

c  c 8\  Y ds = \  

/0  /0

y i
y 3

ds  =

y xds

y 3ds

W r i t e  (8)  i n  e x t e n d e d  m a t r i x  fo rm ,

■*s
a ix  a 13 yx“ a xx a xs y x ( o f

+
bxx dxs \ 7x

3a  X a3 3_ I 2. a sx a 3 3_ y s ( ° )_ J?2X )o I 2- ds

w h ic h ,  upon u s i n g  t h e  d e f i n i t i o n  ( 9 ) ,  g i v e s

a xx a X 3 yx~ axx a X 3 y x ( o f 1 d n

a 3 1 a s s a 3 X a S 3
*r

d s i

b-
b £

C yxds 
) 0

Jy 3ds
0

f x d s

fo d s

G a r r y in g  o u t  t h e  i n d i c a t e d  m a t r i x  m u l t i p l i c a t i o n ,  and  u s i n g  

t h e  d e f i n i t i o n  o f  e q u a l i t y  o f  m a t r i c e s ,  we s e e  t h a t  (11) i s  

e x a c t l y  e q u i v a l e n t  t o  ( 5 ) .

Thus,  u s i n g  t h e  d e f i n i t i o n s  o f  m a t r i x  m u l t i p l i c a t i o n  

and e q u a l i t y ,  and  t h e  d e f i n i t i o n s  o f  i n t e g r a t i o n  and d i f f e r e n t i a ­

t i o n  o f  a m a t r i x ,  we see  t h a t  we may t r e a t  t h e  m a t r i x  e q u a t i o n  

f ? )  f o r m a l l y  a s  i f * t h e  m a t r i c e s  were  s c a l a r s ,  and  a r r i v e  a t  

t h e  c o r r e c t  r e s u l t .  T h i s  i s  o f  f a r  r e a c h i n g  i m p o r t a n c e  i n  t h e  

n u m e r i c a l  s o l u t i o n  o f  h i g h  o r d e r  l i n e a r  s y s t e m s .

0 * 2 . 3 .  Method I  f o r  t h e  S o l u t i o n  o f  the  F i r s t  O rde r  System

R e t u r n i n g  now t o  Eq. (1)  o f  s e c t i o n  C . 2 . I . ,  we s h a l l

d e r i v e  a  n u m e r i c a l  m ethod  o f  s o l u t i o n  t h a t  depends  upon
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e l i m i n a t i n g  t h e  i n t e g r a l  t e rm  c o n t a i n i n g  t h e  i n d e p e n d e n t  v a r i a b l e  s, 

F o r  c o n v e n ie n c e ,  (1)  13 r e p e a t e d

Y* + aY + b r V a ( s - C T )  Y« y )d<r = g ( s ) # 
) °

( 1)

D i f f e r e n t i a t e  (1)  w i t h  r e s p e c t  t o  s ,  and  d i v i d e  th e  r e s u l t  by  a .  

T hus ,

f  e - a ( s - 0 )  y ^0 ) d0 + ^  Y = ,  (12)

)o

(13)

and  upon a d d in g  (12) and ( 1 2 ) ,  we hav e

y w + (a  + a I ) Y J + ( a a  + b )Y  = a g ( s )  + g ’ ( s ) ,  

where  1 i s  t h e  u n i t  m a t r i x  o f  o r d e r  (n  x n ) .

We now re d u c e  (13) to  a  f i r s t  o r d e r  sy s te m  by t h e

i n t r o d u c t i o n  o f  t h e  new d e p e n d e n t  v a r i a b l e  d e f i n e d  by  u  = Y1,

so t h a t  u T = Y” , and  t h e  new sy s te m  may be  \ i r r i t t e n  

u» + Au + BI = G(s)
(14)

Y» -  u  = 0 ,

where  A = (a  + a l ) ,  B = ( a a  + b ) ,  Q(s) = a g ( s )  -f- g ’ ( s ) .

Ysfrite t h i s  sys tem  i n  m a t r i x  fo rm ,  u s i n g  p a r t i t i o n e d  m a t r i c e s ,

I o" [u»
0 \Y'_ [-1 o ][

U

Y
■ ( s ' ) (15)

and i n t r o d u c e  s i n g l e  l e t t e r  n o t a t i o n s  f o r  t h e  p a r t i t i o n e d  

matrices i n  ( 1 5 ) .  Thus,

- D f j .  - - [ i l l .w u
Y
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so that u*~ "u ”

J L _Y_ w and (1 5 ) may be written

w’ + cw = f .  (1 6 )

We wish to determine w for equally spaced values of 

the independent variable s. This will be done by applying the 

idea of numerical integration.

Let wn be the value of w at  s = s • Then, integrating

(1 6 ) gives

w W + c w ds f  ds. (1 7 )

n  } ~n

The i n t e g r a l  on t h e  r i g h t  c o n t a i n s  known f u n c t i o n s  

o f  a  and may be i n t e g r a t e d .  C a l l i n g  t h i s  r e s u l t  h ( s ) ,  and  

a p p l y i n g  S im pson’ s r u l e  to  t h e  i n t e g r a l  on th e  l e f t ,  t a k i n g  

th e  u p p e r  l i m i t  s = s n+g = + 2K, y i e l d s  t h e  r e c u r r e n c e

r e l a t i o n  wn+2 -  wn  + §  c(wn  + 4wn+1 + wn+2) = h ( s n + 2 ) -  U t a J .

(18)
C o l l e c t i n g  l i k e  t e r m s ,

= h ( s n+2) -  h ( s n ) ,  

( 1 9 )

w hich  may be w r i t t e n

wn+2 = pdn + qwn+1 + rwn , (n  = 0 ,  1 ,  2 ,  ........... ) .  (20)

where  cl = h ( s  o) -  h ( s  ) ,  and p ,  q, and r  a r e  s q u a r e  m a t r i c e s  xi xi * xi

o b t a i n e d  by  m u l t i p l y i n g ,  i n  ( 1 9 ) ,  th e  c o e f f i c i e n t s  o f  d^ ,  wq+- ,̂ 

and  by t h e  r e c i p r o c a l  m a t r i x

( I  c + I ) ~ X.

<1 0 + wn+2 + TT 0 wn + l + (f  0 -  w:
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Thus,  i f  w0 and wx a r e  known, w2 can be  fo u n d  by t a k i n g  n  = 0 ;  

N ex t ,  t a k i n g  n = 1 ,  w3 can be fo u n d  by u s i n g  wx and ws j u s t  

f o u n d ,  C o n t in u in g  i n  t h i s  way, a s e t  o f  v a l u e s ,  ws , w3 , w^, 

• • • • • ,  w ,  • • • • •  can be  fou n d  f rom t h e  r e c u r r e n c e  r e l a t i o n  ( 2 0 ) .

The v a lu e  w0 i s  o b t a i n e d  from, t h e  i n i t i a l  c o n d i t i o n s  

o f  t h e  p ro b lem .  However, wx , a s  i s  u s u a l  i n  m o s t  n u m e r i c a l  

m e th o d s ,  r e q u i r e s  s p e c i a l  a t t e n t i o n .  S in c e  w_x i s  n o t  known, 

th e  r e c u r r e n c e  i s  n e e d e d .  R e t u r n i n g  t o  (16) and i n t e g r a t i n g  

f rom  s = 0 to  s = ~  = 5  t we have

K/2

wi  “ wo + c w ds = \  f  ds (21)

By methods  g iv en  i n  M i l n e ’ s ,  ’'N u m e r ic a l  C a l c u l u s " ,  

P r i n c e t o n  U n i v e r s i t y  P r e s s ,  v a r i o u s  i n t e g r a t i o n  f o r m u la  can 

be  c o n s t r u c t e d .  For  t h e  p u r p o s e  i n  h a n d ,  we s h a l l  u se  t h e  

a p p r o x i m a t i o n  

K/2

w ds = |6w0 + w0 ’ + w0*M, (22)
0

where t h e  p r im e s  i n d i c a t e  th e  v a l u e s  o f  t h e  f i r s t  and second

d e r i v a t i v e s  o f  w w i t h  r e s p e c t  t o  s ,  e v a l u a t e d  a t  s = 0 ,  and
KWx  i s  the v a lu e  o f  w a t  s = s., = the middle point of the

3  3

f i r s t  s t a n d a r d  i n t e r v a l .  The Eq. (22)  when s u b s t i t u t e d  i n  (21) 

p e r m i t s  t h e  c a l c u l a t i o n  o f  w^. The v a l u e s  w0 ' and w0" a r e
3
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o b t a i n e d  by d i f f e r e n t i a t i o n  of  ( 1 6 ) ,  f o l l o w e d  by e v a l u a t i o n  

a t  s = 0 .  Thus ,

K/2
4. 3K . , Ks w „

oViJq  +  W q * +  w 0 f ( s ) d s ,  (23) 
0

f rom w h ic h  i s  d e t e r m i n e d .
2

Eq. (16) i s  now i n t e g r a t e d  from s = 0 t o  s = K,

m aking u s e  of  t h e  v a lu e  Wi j u s t  computed,  w i t h  t h e  a i d  o f  t h e■S’
f o rm u la

K
i  ds  = w

0
- 1 2 w0 + 24w_^ -  6Kw0 ’ -  K2w0 " (24)

we gxve

K
W j  -  WQ +  C •Jg -

r  k
j-1 2 w 0 + 24w_ii -  6Kw0 ’ -  K2w0” j = \  f ( s ) d s ,  (25 )
l~ a J  j  0

f ro m  w h ich  wx i s  d e te rm in e d *

Knowing w0 and wx t h e  s o l u t i o n  may be c o n t i n u e d  by 

t h e  r e c u r r e n c e  r e l a t i o n  ( 2 0 ) .

I t  would  seem t h a t  an e q u a t i o n  l i k e  (23) c o u ld  be  

a p p l i e d  t o  o b t a i n  wx d i r e c t l y  w i t h o u t  th e  i n t e r m e d i a t e  s t e p  

( 2 5 ) .  However, I n  o r d e r  t o  keep  t h e  a c c u r a c y  o f  (23) com parab le  

t o  Simpson*s r u l e ,  i t  i s  n e c e s s a r y  t o  u s e  o n l y  h a l f  a n  i n t e r v a l  

to  s t a r t  t h e  s o l u t i o n ,  and when t h a t  i s  done,  t h e  s t a r t i n g  

f o r m u la s  (23) and (25) a r e ,  i n  f a c t ,  more a c c u r a t e  t h a n  S im pson’ s 

r u l e .

I n  a n y  s t e p - b y - s t e p  n u m e r i c a l  s o l u t i o n ,  s m a l l  e r r o r s  

t e n d  t o . a c c u m u la te  so t h a t  i t  i s  n e c e s s a r y  to  t a k e  t h e  I n t e r v a l  

K s m a l l  enough to  i n s u r e  t h e  c o r r e c t n e s s  o f  a  s p e c i f i e d  d e c im a l
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p l a c e  i n  t h e  r e s u l t ,  f o r  t h e  ra n g e  o f  i n d e p e n d e n t  v a r i a b l e  

b e i n g  c o n s i d e r e d .

A l th o u g h  t h e  r e c u r r e n c e  r e l a t i o n  (20) h a s  b e en  b a s e d  

on S im pson’ s r u l e ,  i t  i s  p o s s i b l e  to  u s e  a  r e c u r r e n c e  r e l a t i o n  

b a s e d  on i n t e g r a t i o n  f o rm u la s  o f  much g r e a t e r  a c c u r a c y ;  however ,  

i n c r e a s i n g  t h e  number o f  t e rm s  l e a d s  to  l o n g e r  c o m p u t a t i o n s .

I t  i s  f e l t  t h a t  (20) r e p r e s e n t s  a good compromise.  F o r  c h e c k in g  

p u r p o s e s ,  however ,  i t  i s  w e l l  t o  have  a more a c c u r a t e  f o r m u la .  

I n s t e a d  o f  i n t e g r a t i n g  (16) by S im pson’s r u l e ,  a  t h r e e  o r d i n a t e  

r u l e ,  we s h a l l  I n d i c a t e  t h e  i n t e g r a t i o n  by a se v e n  o r d i n a t e  

r u l e *  Thus,

6Kw . - •  w + c • QAri n+6 n  840 41w + 216w , ,  + 27w 0 + 272w +n  n+1 n+2 n+3

Sn+6
+ S7wn+4 + S1Swn+5 + ^ n + e j  =  \  f  da <26)

s n

I n  o r d e r  t o  u s e  ( 2 6 ) ,  t a k e  s e v e n  a d j a c e n t  v a l u e s ,  

a l r e a d y  computed ,  and  s u b s t i t u t e  them I n t o  t h e  l e f t  member. 

T h is  s h o u l d  e q u a l  t h e  i n t e g r a l  on th e  r i g h t ,  e x c e p t  f o r  t h e  

a l l o w a b l e  e r r o r  i n  a  s p e c i f i e d  d e c im a l  p l a c e .  I f  e q u a l i t y  i s  

n o t  a t t a i n e d  ( i n  t h e  s e n s e  u s e d  a b o v e ) ,  t h e  i n t e r v a l  K s h o u l d  

b e  chosen  s m a l l e r .

I t  w i l l  be r e c a l l e d  t h a t  t h e  i n d e p e n d e n t  v a r i a b l e  s 

was d e f i n e d  by t h e  e q u a t i o n

2Uts =
Co *
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f o r  t h e  g u s t  p ro b lem ,  where  U i s  t h e  f o r w a r d  sp e e d  o f  th e  

a i r p l a n e  i n  f e e t  p e r  s e co n d ,  t  i s  th e  t ime i n  s e c o n d s ,  and  c0 

i s  a  r e f e r e n c e  c h o rd  l e n g t h  i n  f e e t .  E v i d e n t l y  t h e  h i g h e r  t h e  

f r e q u e n c y  o f  wing v i b r a t i o n ,  th e  s m a l l e r  t h e  i n c r e m e n t  K n eed  

b e  cho sen  i n  o r d e r  t o  f o l l o w  t h e  wing movement. I n  te rm s  o f  

i n c r e m e n t s ,  we have

K = A s  = A t .c 0

I t  i s  f e l t  t h a t  i f  A t  i s  chosen  t o  be  b e tw een  •gjy and o f

t h e  p e r i o d  o f  t h e  fu n d a m e n ta l  mode o f  th e  w in g ,  t h e  c o r r e s p o n d i n g

A s  = K w i l l  be s a t i s f a c t o r y  f o r  o b t a i n i n g  t h e  f i r s t  s e v e n  v a l u e s .

These  s h o u l d  be checked  by  Eq. ( 2 6 ) ,  d e c r e a s i n g  K I f  n e c e s s a r y ,

and  i n c r e a s i n g  K, i f  p o s s i b l e .  T ha t  i s ,  i f  t h e  check  i s

s a t i s f a c t o r y ,  t h e  i n t e r v a l  co u ld  p o s s i b l y  be l e n g t h e n e d .

C .2 .4*  Method I I  f o r  t h e  S o l u t i o n  o f  t h e  U r s t  O rd e r  Sys tem .

I n  t h i s  s e c t i o n  we s h a l l  c o n s i d e r  a m ethod  f o r  s o l v i n g  Eq. (1)

w i t h o u t  f i r s t  d i f f e r e n t i a t i n g ,  th u s  r a i s i n g  t h e  o r d e r .
CLSM u l t i p l y  (1) t h r o u g h  by e and i n t e g r a t e  f rom  sn

to  s t o  g iv e
(27)/- s /- s r r  p s  ' '

e aCY» (0*)d<r+ a \  e a0Y(0-)dCT + b \  \  e aOY ( C 0 d O a r  =  \  ea s g ( s )
n  / s n  J s n / °  J sn

Upon i n t e g r a t i n g  t h e  f i r s t  i n t e g r a l  by p a r t s  and c o l l e c t i n g  

l i k e  t e r m s ,  we have
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■ s
e a s  Y(s)  -  e aSn Y(s ) + (a  -  l a )  \  e aCrY(CT)dCr +

s n

+  b \  \  e aCrY(cr)dCrdr = \  ea C r g(<70dO; (28)

t h e  f u n c t i o n  e as  Y (s )  a p p e a r i n g  i n  e v e r y  t e r m  on t h e  l e f t #  

I n t r o d u c e  t h e  new v a r i a b l e  d e f i n e d  b y

X(s)  = ea s  Y ( s ) ,  (29)
cxsw h ic h ,  e b e in g  a  s c a l a r ,  i s  a  m a t r i x  o f  t h e  same o r d e r  a s  

Y ( s ) .

B e fo re  a r e c u r r e n c e  r e l a t i o n  can  be o b t a i n e d  from

( 2 8 ) ,  i t  i s  n e c e s s a r y  to  e l i m i n a t e  t h e  lo w e r  l i m i t  0 ( z e r o )  i n  

th e  d o u b le  i n t e g r a l .  To do t h i s ,  we c o n s i d e r  t h e  i n t e g r a l

s n+2 r rr s n+2 r  

)a  )<
l ( n ,  n  + 2) = \  \  X(CT)dCr d r .

iO

L e t  ^X((T)dCr= cp(CT), so  t h a t

X(01 = cp! (CD, and \  X((T)dcr = <p(r) -  <p(0)• (30)
)0

Then ,
sf  n+2 r Sn+2

\  0 >(r) -  cp(oQ dr = \ r * jjf ( r ) -  (p (o Q d r
K  ) sn

X(n, n + 2) =

) s n

s n+2

= r g > ( r )  -  <p(00
s n+2

r  (f)*(r)dr
n  } s n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C-25 95

Sn+2 5 ( s n + 2 ) “ ^ ( 0 0  ~ s n 5 ( s J  “ ~ \  ** X ( r ) d rn “  n '

r  n+2

K

c

n+2

an+S ) 0 x  d r  -  sn  x  d r

n n+2 
r  X d r ,

3:n
(31);

where  Eq. (30) h a s  b e e n  u se d  i n  t h e  l a s t  l i n e  above* 

Now sn+2 = 2K + s ^ ,  so  t h a t  (31) may be  w r i t t e n

n+2

I ( n ,  n  + 2)  = a \  X d r  + 2K \  X d r  + 2K \  X d r
s„ J O  Is J 3n  n  '  nK

n r-n« rV* * - )
s

(32) 
n+2 

r  X d r

s n+4 ^ r
Now d e f i n e  I ( n  +  2 ,  n + 4 ) X(<7)dcr,

n+2

and  f o l l o w i n g  th e  same s t e p s  a s  b e f o r e  g i v e s

f/ £5n+4 f  “n+2 r ° n + 2  r  un +2
I  (n+2,  n+4) = s n+2 \ X d r  + 2K \  X d r  + 2K \  X d r  -  \  r  X d r

>s

n+2

.a

0 n s n 
(33) 

s

n+2

h+4 / ' “n  r  “n+2 /~ “n+2 / " “n+2
X d r  + 2K \  X d r  + 2 K \  X d r  + 2 K \  X d r  -  \  r  X d r .

n+2 '0 Is.n s.n n

Prom t h i s ,

I(n + 2 , n + 4 ) - I(n , n + 2 )

.Sn+4 n+2 n+4
= sn+2 \ X d r  -  sn  \  X d r  + 2K \  X d r  -

f "  Sn+4

rX d r  +

3n+2 ' ~n

o r  com bin ing  te rm s

Isn+2

r  n+2

s n+2

r  X d r ,

n
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n+4 n+2
I ( n + 2 ,  n+4) -  I ( n ,  n+2) = ( s n +4 -  r ) X  d r  -  \ ( s n  -  r )X d r .

3 n+2 n

How e v a l u a t e  (28) f o r  s = sn +2 » e v a l u a t e  th e  same e q u a t i o n  

a g a i n ,  b u t  f o r  s = s n+4 u s i n g  s n+g a s  lo w e r  l i m i t ,  and s u b t r a c t ,  

w i t h  th e  a i d  o f  ( 3 4 ) ,  to  g iv e

V 4  “ 2Xn+2 + \  + (a  -  I a )

n+4 
X dO -  

n+2

n+2 
X dO 

'ns.

+ b
n+4 n+2

( s n+4 -  01X dCT- \  ( s n  -  CT)X dCT

n+2

n+4 

e a0 g ( 0 ) d 0

n

n+2 

e a0 g(0)dO (55)

n+2 ' ”n

E v a l u a t i n g  t h e  i n t e g r a l s  b y  S i m p s o n ^  r u l e ,  and  c o l l e c t i n g  

te rm s  g i v e s  th e  r e c u r r e n c e  r e l a t i o n ,

A4Xn+4 + A3Xn+3 + * * * * *  + Al Xn+l  + A°X<= = H‘ V  W  '

where th e  A fs a r e  c o n s t a n t  m a t r i c e s  g i v e n  b y  

TC
A4 = I  + f  (a  -  l a ) j

4K*b

As .  i f  {a _ I a )  + 4K*b

A: 2 1 ;

5

4K®b 4K

3

(a  -  l a )

A0 = I  -  ^  ( a  -  l a ) ,  and
■ s.

H ( V  W

n+4

a c re g(CT) -  

!n+2

s n+2 

e a(r g(CT)d(J.

n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0 -2 7  97

To o b t a i n  th e  f i n a l  form o f  ( 3 6 ) ,  t h e  r e c i p r o c a l  

A^  i s  fo u n d ,  and t h e n  p r e - m u l t i p l i e d  t h r o u g h  t h e  e n t i r e  

e q u a t i o n .

To u s e  (34) f o r  n  = 0 t o  f i n d  X^, t h e  f o u r  p r e v i o u s  

v a l u e s  X3 , Xs , X1# X0 a r e  n e e d e d .

X0 i s  g i v e n  by t h e  i n i t i a l  c o n d i t i o n s ,  and Xx, X2 , an d  X3 a r e

fo u n d  by  a p p l y i n g  v a r i o u s  i n t e g r a t i o n  f o r m u la  t o  ( 2 8 ) ,  w i t h  

t h e  a i d  o f  e q u a t i o n s  o f  t h e  ty p e  ( 3 2 ) .

I n  (28) choose s = 0 ,  u s i n g  ( 2 9 ) ,  to  g iv e
(37)

c s n r  T a c rX -  X0 + ( a  -  l a )  \  X((T)d0* + b \  \  X ^ d C T d r  = \  e u g(CT)dCr.
)0  )0  )0  j o

U s in g  (32) w i t h  s n  =■ 0 ,  s n+g s e t  e q u a l  t o  s ,  we o b t a i n  
r s  / - r  s
\  \  X( ( J )dCT d r  = \  ( s  -  CT) X(CT)dO; (38)
jo )o ) o

w h ic h  when s u b s t i t u t e d  i n  (37) g i v e s
p s  p s  p s

X -  X0 + (a  -  l a )  \ X(CT)d(r+ b \  ( s  -  (7) X (a )d (T =  \  ea0 g(0ldCT
JO  J o  j (

f*'we

0

-  v/KvF i r s t  o b t a i n  an  i n t e r m e d i a t e  v a l u e ,  XA = X(^) by
2

u s i n g  (2 2 ) .  Thus, mri t h  s = s ^  = K/2 ,

XA -  X0 + (a  -  l a )  ■—
3

6X0 + X0 * + V ’]  +
.(40)

s  “i r ^ 2
bK f e ( |  x 0 ) + §£(§ x0 * -  x0 ) + ~ ( |  x0" -  2x0 «f j  = \  eaag(cr)dcr,

where  X0 1 and X0!* a r e  fo u n d  by s u c c e s s i v e  d i f f e r e n t i a t i o n  of  

( 3 9 ) ,  e v a l u a t e d  a t  s = 0 ,  o r  f rom t h e  o r i g i n a l  Eq, ( 1 ) .
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The v a lu e  X, i s  fo u n d  from (39) w i t h  t h e  a i d  o f  (2 4 ) .  Thus ,

Xx -  X0 + (a  -  l a )  |3 l2 X 0 + 24XjL -  6Kx0 » -  K2x 0 ’Q +

+■ b K.-12KX0 + 24 ~  -  6K(KX0 * -  X0 ) -  K*(KX0 W -  2X0 * )J

(41)

>]-
e a 0 g( OldCT.

0

Having Xx f rom ( 3 9 ) ,  Xa i s  fou nd  b y  a p p l y i n g  S im p so n ’ s r u l e  t o  

(39) t o  g i v e

X£
If

X0 + (a  -  l a )  t X0 + 4Xx + X* bK
T 2KX0 + 4KXx

2K

10
eaC7" g(0jdCT (42)

I n  s o l v i n g  (42) f o r  Xs , i t  i s  n o t e d  t h a t  t h e  c o e f f i c i e n t  o f
E

X s? l  S I  -t (a -  l a )  i | j .  The r e c i p r o c a l  of  t h i s  m a t r i x  m u s t  be

f o u n d .  I t ,  however ,  i s  needed  l a t e r  i n  t h e  r e c u r r e n c e  r e l a t i o n

( 3 6 ) ,  f o r  I t  i s  t h e r e  d e f i n e d .

X3 i s  n e x t  found  from (39) b y  i n t e g r a t i n g  f rom 0 to

s = s 3 = 3K. I t  w ou ld ,  a t  f i r s t ,  a p p e a r  l o g i c a l  t o  do t h i s  by 
3t h e  common g- r u l e  o f  S im pson.  F o r  . r e f e r e n c e ,  t h i s  r u l e  I s

3K
p ( x ) d x  = ^  ( p 0 + 3px + 3ps + p 3 )

0

I f  (39) I s  i n t e g r a t e d  by t h i s  r u l e ,  i t  w i l l  b e  s e en  

upon i n s p e c t i o n  t h a t ,  i n  o r d e r  t o  s o l v e  f o r  X3 , i t  I s  n e c e s s a r y
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t o  i n v e r t  th e  m a t r i x  [J  + <a -  I a )  t h e  c o e f f i c i e n t  of  X3 .

T h i s  i s  a new m a t r i x ,  and i t s  r e c i p r o c a l  i s  n e ed e d  o n l y  o n c e .

Hence, i t  would be b e t t e r  t o  a v o id  t h e  u s e  o f  a f o r m u la  r e q u i r i n g

t h i s .  I n s t e a d ,  we u s e  an open end f o r m u la ,  s o  t h a t  Xa does

n o t  a p p e a r  i n  t h e  e v a l u a t i o n  o f  t h e  i n t e g r a l .  A fo rm u la  whose

a c c u r a c y  i s  o f  th e  same o r d e r  a s  t h o s e  a l r e a d y  u s e d  i s  
3K

p ( x ) d x  = j3 9 p 0 -  36px + 45ps + 18hp0 * ,  (4 3 )
0

where  p 0 ’ = ^  e v a l u a t e d  a t  x = 0 ,  and  i t  i s  s e e n  t h a t  p 3 

does  n o t  a p p e a r  i n  ( 4 3 ) .  A p p ly in g  (43) to  (39) g i v e s

X3 -  X0 + (a  -  l a ) 39X0 -  36Xx + 45XS + 1SEX0 » j +

b |39(3KX0 ) -  36(2KXx) + 45(KXS) + 18K(3EX0 * -  X0 f J
3K

e a c r g ( 0 ld a 5  (44)
0

from  w hich  X3 can  be  d e t e r m i n e d  w i t h o u t  t h e  n e c e s s i t y  o f  f o rm in g  

t h e  r e c i p r o c a l  m a t r i x .  T h i s  c o n c lu d e s  t h e  c a l c u l a t i o n  o f  t h e  

i n d i v i d u a l  v a l u e s  X^ from s e p a r a t e  f o r m u l a s .  Prom h e r e  onward, 

Xg, * * • ,  th e  r e c u r r e n c e  r e l a t i o n  (36) can be  u s e d .  A f t e r

th e  m a t r i c e s  a r e  computed,  t h e  m a t r i c e s  can  be d e te r m in e d  

f rom th e  e q u a t i o n  ( 2 9 ) .  Thus ,

Yi  = Xi e " a S i  Ci- = 2 » • • * * ) .  (45)

I n  method I I ,  we have  c o n s i d e r e d  a  s o l u t i o n  o f  t h e  

o r i g i n a l  p ro b lem  which  i n v o l v e s  t h e  u s e  o f  s m a l l e r  m a t r i c e s j
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h ow ever ,  l e s s  i n f o r m a t i o n  i s  a t t a i n e d  t h a n  i n  m ethod  I  u s i n g  

t h e  w m a t r i x .  F u r t h e r ,  t h e  r e c u r r e n c e  r e l a t i o n  depend s  upon 

f o u r  p r e v i o u s  v a l u e s ,  w h i l e  (20) depends  o n l y  upon  two.

Method I I  h a s  b e e n  g iv e n  f o r  r e f e r e n c e  o n l y ,  a s  th e  

i d e a  b e h in d  i t s  d e r i v a t i o n  may b e  u s e f u l ;  h o w ev er ,  i t  i s  t h e  

w r i t e r ' s  o p i n i o n  t h a t  m ethod  I  i s  s u p e r i o r  f o r  c o m p u t a t i o n a l  

p u r p o s e s .  I t  h a s  a l r e a d y  b e e n  p o i n t e d  ou t  t h a t  th e  m a t r i c e s ,  

a l t h o u g h  o f  h i g h  o r d e r ,  c o n t a i n  many z e r o s  and  o n e s ,  a  f a c t  

which  l e a d s  I t s e l f  t o  e a s y  i n v e r s i o n  and s u b s e q u e n t  c o m p u t a t i o n .  

0 * 2 . 5 .  A Method f o r  t h e  S o l u t i o n  o f  t h e  Second O rder  System

Eq. ( l a ) ,  r e p e a t e d  h e r e  f o r  r e f e r e n c e ,
»*s

Z” + JZ» + MZ + N \  e “a ( s ~°^ Z(<T)d(T= r ( s )  ( l a )
}0

i s  t h e  e q u a t i o n  t h a t  a r i s e s  n a t u r a l l y  i n  th e  g u s t  p rob lem  

r a t h e r  t h a n  the  f i r s t  o r d e r  e q u a t i o n  ( 1 ) .  T h rou g ho u t  p a r t  C 

o f  t h i s  r e p o r t ,  t h e  e q u a t i o n s  were  c o n s i d e r e d  o n l y  f rom  t h e  

p o i n t  o f  view o f  s o l v i n g  them, r a t h e r  t h a n  t h e i r  p h y s i c a l  

i n t e r p r e t a t i o n .  The p r e s e n t  s e c t i o n  w i l l  c o n t i n u e  t h i s  p l a n ,  

th e  p h y s i c a l  i n t e r p r e t a t i o n  b e i n g  d i s c u s s e d  i n  a  s e p a r a t e  s e c t i o n .

To s o l v e  Eq. ( l a )  we may e i t h e r  f i r s t  d i f f e r e n t i a t e  

a s  i n  0 . 2 . 3 . ,  o r  we may f i r s t  i n t e g r a t e  a s  i n  0 . 2 . 4 .  I t  w i l l  

b e  recalled that t h e  fo rm e r  method  l e a d  to  h i g h e r  o r d e r  m a t r i c e s ,  

b u t  t h a t  t h e  r e s u l t i n g  r e c u r r e n c e  r e l a t i o n  was s h o r t e r  and  

e a s i e r  t o  a p p l y .  The c o r r e s p o n d i n g  s i t u a t i o n  i s  a l s o  t r u e  w i t h
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Eq* ( l a ) *  Only th e  method o f  f i r s t  d i f f e r e n t i a t i n g  ( l a )  w i l l  

h e  d i s c u s s e d  i n  t h i s  r e p o r t ,  a s  i t  i s  f e l t  t h a t  t h i s  method 

l e a d s  to  an  e a s i e r  and  q u i c k e r  s o l u t i o n .  The i n t e r e s t e d  r e a d e r  

w i l l  h a v e  no d i f f i c u l t y  i n  f o r m u l a t i n g  th e  o t h e r  m ethod  hy 

a p p l y i n g  t h e  same i d e a s  a s  t h o s e  i n  s e c t i o n  C .2 .4*

Upon d i f f e r e n t i a t i n g  ( l a )  w i t h  r e s p e c t  t o  s ,  we have

f S
z*  + JZ'1 + MZ1 -  Na \  e “a ( s “°") 2(CT)d(r+  NZ = r » ( s ) ,

)o
(46)

w h ic h ,  when d i v i d e d  by t h e  s c a l a r  a  and added  to  ( l a ) ,  g i v e s

Z* + ( J  + I a ) Z "  + (M + Ja)Z» + (N + Ma)Z = a r  + r » ( s ) .  (47)

T h is  may b e  r e d u c e d  to  a f i r s t  o r d e r  sys tem  by  t h e  i n t r o d u c t i o n  

o f  t h e  new v a r i a b l e s  d e f i n e d  by

Z ’ = v ,  v f = p ,  (48)

so  t h a t  p  = Z” .

Combining (4-8) a n d  (47) t h e  sy s tem  i s

p« + ( J  + I a ) p  + (M + J a ) v  + (N + Ma)Z = R

v* -  p = 0 (49)

Z* -  v  = 0 .

I n  m a t r i x  forra t h e  sys tem  becomes ,  u s i n g  p a r t i t i o n e d

m a t r i c e s ,

7 J + I a )  
- I

o

D e f in e  th e  new m a t r i c e s

1 0  0 P r
o i o V * +
O O I

(M+Ja) (N+Maf P R
0 0 V sr 0

- I 0 __Z ^ 0
(50)

~P ” “ r ”
u  = V

1! 0
_Z _ 0

and l e t (5 1 )
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E be  t h e  sq u a r e  m a t r i x  t h a t  p r e m u l t l p l i e s  u  i n  ( 5 0 ) .  S i n c e ,  

by d e f i n i t i o n ,  th e  d e r i v a t i v e  o f  t h e  m a t r i x  i s  t h e  m a t r i x  o f  

t h e  d e r i v a t i v e s ,  (50) may be w r i t t e n  a s  t h e  f i r s t  o r d e r  s y s te m ,  

u» + Eu = F ,  (52)

w h ich ,  i n  fo rm ,  i s  i d e n t i c a l  w i t h  ( 1 6 ) ,  and may be  s o l v e d  by  

t h e  same f o rm u la s  w i t h  o n ly  a  change i n  n o t a t i o n .

0 . 2 , 6 .  P h y s i c a l  I n t e r p r e t a t i o n  o f  t h e  S o l u t i o n s  and  A d d i t i o n a l  

Comments.

I t  r e m a in s  t o  compare t h e  two m ethods  o f  e l i m i n a t i o n  

o f  t h e  i n t e g r a l  te rm  by d i f f e r e n t i a t i o n  a s  i l l u s t r a t e d  i n  

s e c t i o n s  C .2 .5  and C . 2 . 3 .

As m e n t io n e d  b e f o r e ,  (1 )  I s  o b t a i n e d  from ( l a ) ,  t h e  

d i f f e r e n c e  b e in g  t h e  e l i m i n a t i o n  o f  t h e  I n t e g r a l  t e rm  e i t h e r  

b e f o r e  o r  a f t e r  t h e  r e d u c t i o n  t o  a f i r s t  o r d e r  s y s te m .  I n  

t h e  c a se  d i s c u s s e d  i n  s e c t i o n  C . 2 . 3 ,  i t  may be  s e e n  t h a t  t h e  

o r d e r  o f  t h e  m a t r i c e s  i n v o l v e d  i s  f o u r  t im e s  t h e  number o f  

d e g r e e s  o f  f reedom  i n  t h e  s y s t e m .  P h y s i c a l l y ,  t h e  m a t r i c e s  

c o n t a i n  the  d i s p l a c e m e n t ,  t h e  v e l o c i t y  t w i c e ,  and  t h e  a c c e l e r a ­

t i o n .  The method o f  s e c t i o n  C . 2 . 5 ,  on th e  o t h e r  h a n d ,  l e a d s  

to  a  m a t r i x  o f  o r d e r  t h r e e  t im e s  th e  number o f  d e g r e e s  o f  

f r e e d o m .  T h is  c o r r e s p o n d s  to  m a t r i x  e le m e n t s  f o r  t h e  d i s p l a c e ­

m e n t ,  t h e  v e l o c i t y ,  and t h e  a c c e l e r a t i o n .  The f o r m e r  method 

has  t h e  a d v a n ta g e  t h a t  I t  l e a d s  to  s q u a r e  m a t r i c e s  o f  o r d e r  2m.
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f h i s  symmetry i s  o f  some s l i g h t  a d v a n ta g e  a n d  p r o v i d e s  f o r  a 

check  on th e  v e l o c i t y  t e r r a s .

The i n t e g r a t i o n  was c a r r i e d  o u t  by means o f  S im pso n ’ s 

r u l e .  T h i s ,  a s  was shown r e q u i r e d  t h e  i n v e r s i o n  o f  a  m a t r i x .

I t  i s  p o s s i b l e  t o  a v o id  t h i s  b y  u s i n g  open i n t e g r a t i o n  f o r m u l a .  

T h ese ,  o f  c o u r s e ,  a r e  l e s s  a c c u r a t e  f o r  t h e  same number o f  

o r d i n a t e s  c o n s i d e r e d ,  and i t  i s  f e l t  t h a t  t h i s  d i s a d v a n t a g e  

i s  g r e a t  enough t o  a v o id  t h e i r  u s e  i n  t h e  r e c u r r e n c e  r e l a t i o n s .

C . 2 . 7 .  A Worked Example

Hie i d e a s  d i s c u s s e d  i n  t h i s  s e c t i o n  w i l l  now be  a p p l i e d  

t o  a  sample  p rob lem .  A s im p le  example I s  chosen  f o r  e a s y

r e f e r e n c e ;  how ever ,  a l l  s t e p s  n e c e s s a r y  f o r  t h e  s o l u t i o n  o f

th e  g u s t  e q u a t i o n s  a r e  c o n t a i n e d  i n  t h i s  p r o b le m .

The p rob lem  t o  be so lv e d  i s  

x xn + x s = 1

X s"  + Xx = 0

t o g e t h e r  w i t h  t h e  i n i t i a l  c o n d i t i o n s ,  x x (0) = x s (0) = Xx'(O) = 

x s 1 (0) = 0 .

I n  m a t r i x  form we have

1 0 * 1 " ] 0 1 Xx” “ 1  “

0 1 Xg
+ 1 0 Xg_ 0  '

D e f in e  t h e  m a t r i x  X = Xx
x 3

, and use the fact that the derivative

o f  a  m a t r i x  i s  t h e  m a t r i x  of  t h e  d e r i v a t i v e s ,  t o  o b t a i n  

Xn + AX = B,
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where B “ l " A- — 0 f
_ °  -

$ ik — 1 0.

To r e d u c e  t h i s  t o  a  f i r s t  o r d e r  sy s te m  we l e t  

Y = X*

so t h a t  th e  seco n d  o r d e r  sy s te m  becomes

Y» + AX = B 

X* -  Y = 0

A ga in ,  d e f i n e  a  new m a t r i x  W

II 0
Jo I

o r

Y
X and we have

v " ” o A”
x«_ - I 0_

Y
X

? ] •

]  = Co 3 *

W» + CW = D, 

t h e  s t a n d a r d  form f o r  t h e  f i r s t  o r d e r  s y s te m .

When ’w r i t t e n  o u t  i n  e x te n d e d  form we hav e

W Y *" X»~
X•mm tmi X __

x i r
x s *

x x "
x x
Xs

f  s _

0 0 A

“ o 0 0 1 ” 0 0 0 f
0 0 1 0 0 0 1 o:

-1 0 0 0 £2 -1 0 0 0
_o -1 0 0_ -1 0 Cr

D
1
0
0
0

104
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I n t e g r a t i n g  t h e  s t a n d a r d  e q u a t i o n  from, th e  o r i g i n

g i v e s

S.W - W0 + C \  W ds  = Ds, 
10

and. by u s e  o f  t h e  i n i t i a l  c o n d i t i o n s ,  W0 = 0*

To s t a r t  the  s o l u t i o n ,  i n t e g r a t i o n  i s  c a r r i e d  o u t  to
Kt h e  m id  p o i n t  o f  t h e  f i r s t  i n t e r v a l .  T hus ,  w i t h  s = g-

WA + c
3 ■*-

”  r2 x r  tt- 3  “

aw + i/ii i + — w i*O'li'o “  ^ 5“  *»0 1' 0 =  D

Nov/ from t h e  m a t r i x  e q u a t i o n ,

W> =  D -  CW,

so t h a t ,  

From f h i  s ,

and

T hus ,

W" = -0  1' .

Wo 1 =  D -  CWr D (W0 =  0 )

W0 "  =  -CWo ’ = -C D .

*rrS2 l"*
g- D — CD3K

w i t h  E = 0 . 1 ,  we have

Wa

X l 1 "*05" 0 0 0 ( .0 0 83 3 )“
0 0 0 (.00:833) 0
0 ( - .0 0 8 3 3 ) 0 0 0

WlH MMJk
0 0 ( - .0 0 8 3 3 ) 0 0

.1 5
0

0 .0 0 2 5
Q:

“ .05
- .0 0 0 0 2

.00120
0
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We n e x t  compute wx » U s in g  t h e  f o r m u la  t h a t  was 

d i s c u s s e d  i n  t h e  p r e v i o u s  s e c t i o n ,  we have

-12W0 + 24W^ -  6KW0 * -  K*U0 "J  = DK,
PTC

Wi + %

o r

W, =

PTC

DK + I ? -24Wj. + 61© -  KSCD

f c l ' l . 1 0 - . 1
0 "1" - .0 0 0 1 5 - .0 0 0 1 5

Xl 0 .005 .005
x s 0 0 0

CKwhere t h e  p r e v i o u s  e x p r e s s i o n  f o r  ^  b e en  used*

How h a v in g  Wx (and  W0 ) t h e  r e c u r r e n c e  r e l a t i o n  d e r i v e d  

from S im p so n 's  r u l e  may b e  u s e d .

I n t e g r a t i n g  th e  f i r s t  o r d e r  sy s te m  and  a p p l y i n g

S im p son ’s r u l e ,  we o b t a i n

IV 1Jr J.W , o — I/If + *-*•- n+2 n  3 ■
o r

WL + 4W . .  + W . 0 n  n+1 n+2 D 2K

W. ( ^  + I ) - 1 D2K -  + I)"*1 W„ n + j ) - 1 '(OK _ I )w^
n+2 "  ‘ ^  " VT  " x /  “ 3~" " n - l  -  VT  r VT

u s i n g  K = . 1 ,  and  comput ing  th e  m a t r i c e s ,  we o b t a i n

n

”  .2  *" Xi» Xi*

n+2 “
- .0 0 0 2 2

.00666
- .0 0 0 0 1

-  P x 2 ! 

Xs ,
-  S XS f

Xi .
Xs ._ — n - 1 L_ _

where
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0
.00444

-.13333
.00015

.00444
0

.00015
- .1 3 3 3 3

- .0 0 0 1 5
.13333
0

.00444

.13333 
- . 0 0 0 1 5  

.00444  
0

.00222
■*06666
.00007

.00222  
• 1
.00007

-.06666

- .0 0 0 0 7  
.06666 

-  1
.00222

.06666 
- .0 0 0 0 7  

.0 0 2 2 2  
-  1

I t  i s  t o  b e  n o t e d  t h a t  i n  a p p l y i n g  th e  r e c u r r e n c e  

r e l a t i o n ,  th e  P and  t h e  S m a t r i c e s  a r e  c o n s t a n t s .  Hence, t h e  

o n ly  l a b o r  o f  s u c c e s s i v e  c o m p u ta t io n  i s  m u l t i p l y i n g  a  column 

m a t r i x  by  a s q u a r e  m a t r i x ,  an  o p e r a t i o n  which  may b e  done v e r y  

r a p i d l y .  S e t t i n g  n  = 0 ,  1 ,  2 ,  • • • ,  we o b t a i n  W2 ,  W3, * * *.
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D. Summary

I n  s e c t i o n  A t h e  r i g i d  body case  i s  b r i e f l y  con­

s i d e r e d ,  and i t  i s  shown t h a t  good r e s u l t s  can be  o b t a i n e d  by 

t a k i n g  W agner1s d e f i c i e n c y  f u n c t i o n  e q u a l  t o  a  c o n s t a n t .

F o l lo w in g  t h i s  i d e a  i n  s e c t i o n  B, t h e  e q u a t i o n s  o f  

m o t i o n  a r e  d e v e lo p e d  f o r  t h e  case  o f  wing b e n d in g  and v e r t i c a l  

t r a n s l a t i o n  f o r  a  c o n s t a n t  d e f i c i e n c y  f u n c t i o n *  The e q u a t i o n s  

o f  m o t io n  a r e  d e r i v e d  by c o n s i d e r i n g  th e  sy s te m  t o  b e  d i s c r e t e  

m asse s  h a v in g  e l a s t i c  c o n n e c t i o n s .  No a p p e a l  i s  made to  t h e  

u s e  o f  no rm al  modes*

The more g e n e r a l  c a s e  o f  w ing  b e n d in g ,  w ing  t o r s i o n ,  

and  r i g i d  body p i t c h i n g  and t r a n s l a t i o n  I s  n e x t  c o n s i d e r e d .

The dynamic  model i s  a g a i n  a  sys tem  o f  c o n n e c te d  m a s s e s ,  and 

g e n e r a l  r e c u r r e n c e  r e l a t i o n s  a r e  d e v e l o p e d  w h ic h  p e r m i t  th e  

d i v i s i o n  o f  t h e  wing i n t o  any  c o n v e n i e n t  number o f  s t a t i o n s .

The e q u a t i o n s  i n  t h i s  p a r t  e x p r e s s  t h e  d e f i c i e n c y  f u n c t i o n  a s  

an  e x p o n e n t i a l  a s  i s  t h e  u s u a l  r e p r e s e n t a t i o n .  The r e s u l t i n g  

e q u a t i o n s  t h e n  become i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s .  These  

a r e  e x p r e s s e d  i n  m a t r i x  form and e v e n t u a l l y  r e d u c e d  t o  a f i r s t  

o r d e r  sy s te m .

I n  s e c t i o n  C a d e t a i l e d  s t u d y  I s  made o f  t h e  m a t r i x  

e q u a t i o n s ,  and I t  i s  shown how to  o b t a i n  t h e  s o l u t i o n  I n  s e v e r a l  

d i f f e r e n t  ways,  a l l  b e i n g  v a r i a t i o n s  o f  n u m e r i c a l  i n t e g r a t i o n  

m e th o d s .
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While  t h i s  r e p o r t  was b e i n g  w r i t t e n  t h e r e  a p p e a r e d  

John  C. H o u b o l t ’ s NACA TN 2060 ,  WA R e c u r r e n c e .M a t r ix  S o l u t i o n  

f o r  t h e  Dynamic Response  o f  A i r c r a f t  i n  G u s ts '1. A l th o u g h  t h e r e  

a r e  some v a r i a t i o n s  i n  d e r i v a t i o n ,  a  m a t r i x  p r e s e n t a t i o n  i s  

u s e d  n o t  too  d i f f e r e n t  f rom t h e  f o r m u l a t i o n  i n  t h e  p r e s e n t  

t e x t .  The method o f  s o l u t i o n  i s ,  how ever ,  q u i t e  d i f f e r e n t ,  

b e i n g  b a se d  on p o ly n o m ia l  r e p r e s e n t a t i o n  o f  t h e  d e r i v a t i v e s .
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