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(1 * ) L e t u s  f i r s t  c o n s id e r  a  s in g le  tr ig o n o m e tr ic  s e r i e s  [Y] 

a  $
( 1 *1 ) ^  < i  ^6nCGS n x + V in  nx)«

n= l
!

The s e r i e s  c a l le d  c o n ju g a te  to  ( 1 .1 )  i s  th e  s e r i e s  

cO

(3*2) (a ns in  nx -  bncos nx) *
n=l

The s e r i e s  (1 * 1 ) and (1 * 2 ) a re  r e s p e c t iv e ly  th e  r e a l  and im ag in ary  

p a r t s  o f  a  power s e r i e s

$
( 1  “2 1 ) ^  ene^nx,  where e0 — —  , and ensr a^-  ib Q i f  n >  o*

n=o

The s e r i e s  (1*1) i s  th e  F o u r ie r  s e r i e s  o f  a  fu n c tio n  f ( x ) ,  i f  aR and 

bn a re  o f  th e  form

vir T
an»  ~  \  f ( t )  cos n t  d t ,  bn= —  \ f ( t )  s in  n t  d t*

- Y
The su m m ab ility  (A) o f  th e  c o n ju g a te  o f  th e  s in g le  C o u r ie r

s e r i e s  (1 * 2 ) h as  been  d is c u s se d  by Fatou  [2j , L ic h te n s te in  £33, P le s s n e r

P rasad  jji] ,  and M isra  3;f f o r  0 ^  rO-s v ( r» x )  — * -^ ^ (a n s in  n x -b ncos na

n - 1

and € s a re  s i n ( I - r ) ,  th e n  M isra  proved  th a t

♦Throughout t h i s  p a p e r , numbers in  b r a c k e ts  r e f e r  to  th e  b ib l io g ra p h y  

a t  th e  end o f  th e  paper*
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c o t t
1

€ =■ a r c  s in 1

p ro v id id  th a t

X ^ t)=d h r f X ( t> « « < n as * * « .
CT

where £  -/i >

} £ ( t ) = f ( x + t ) ~ f ( x - t ) ,  >*^( t ) =  -sYn- ^  t )  d t ,

and g e n e ra l ly
rt.

th e  i n t e g r a l s  b e in g  Cauchy in te g r a l s *

M isra  [V] has f u r th e r  shown t h a t  a  n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n  

f o r  th e  sum m ab ility  (A.) o f  th e  c o n ju g a te  s e r i e s  ( 1 *2 ) i s  t h a t  th e  

i n t e g r a l

e x i s t  (C ,n )  a c c o rd in g  to  th e  d e f in i t i o n  o f  Hardy and L ittle w o o d  

[ ? ,  p g . 2 14 ], w hich in t e g r a l  w i l l  th en  r e p r e s e n t  th e  sum o f  th e  

s e r i e s ,

p ro v id ed  o n ly  t h a t  

as t — 0
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- 3 ~

P le s s n e r ’ s and P ra s a d ’ s theorem s a re  r e s p e c t iv e ly  th e  

c a se s  n = 0 , 1 o f  M isra*s theorem s and M isra*s theorem  i s  th e  

m ost g e n e ra l  o f  th e  r e s u l t s  so f a r  o b ta in e d  in  t h i s  d i r e c t i o n  fb r  th e  

s in g le  s e r i e s .

This p ap e r conce rn s  i t s e l f  w ith  th e  an alogous problem  f o r  th e  

doub le  s e r ie s *  T h e re fo re , l e t  u s  now tu r n  to  a c o n s id e ra t io n  o f  th e  

double F o u r ie r  s e r i e s  L s )« L e t th e  double F o u r ie r  s e r i e s  a s s o c ia te d  

w ith  a  fh n e tio n  f(x » y ) w hich i s  in te g r a b le  (L ) in  th e  c e l l  Q(-V» 

and d e f in e d  o u ts id e  o f  Q by  p e r io d i c i t y  be

( 1 .3 )
E(i)+

f (u ,v )  Pj^9y?u,v) m  dv ,
/  J 

-TT - I f

where E( 2) i s  u sed  as in  th e  th e o ry  o f  numbers to  r e p r e s e n t  th e  l a r g e s t  

in t e g e r  c o n ta in e d  in  1 ,  and p£x,yjU*V) * ^ o s f (m ” l)(U  - 3 } (c ° s [ (  n - l ) ( V - y ) | ,

The co n ju g a te  o f  th e  double F o u r ie r  s e r i e s  i s

( 1 .4 )
)  j  v ) f e ,y s U a V )  ®  d y

- i r  - i r
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where Cjj^yjU* V)=: sin[(m -l)(U ~xj] s in  j (n - l ) (V -y ^

L e t us in tro d u c e  convergence f a c to r s  rms^  in  and th e re b y

d e f in e  th e  Abel sum A(xsy j r sf ) as

(1«5 ) l im i t

<T «fT

f(u»v)

^ - r

«rr

■ /r*
tJj

5T

f(U s V)

-tf-TT

's in  j(U ”x)

j r l

< n

£k s l

s in  k(V -y)

r-oQN £

/ \?  1
s in  ,i(U-x) s in  k(Y -y)

> a

dU dY

7
dU d¥s

where we have in te rc h a n g e d  summation and i n t e g r a t i o n  However,

t h i s  i s  p e rm is s ib le  s in c e  fo r  1 we bave u n ifo rm  and a b s o lu te  convert

gence <,
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Thus we can w rite

( lo 5 1 )  A(xsy ; r , f ) = L r  j  )f(U » ? ) K0 (r*U ~x) K0 ( f ,V -y )  dlJ dV,

-TT -*rr

1 oO

K0 ( r sU~x) = N r ^  s in  j(U -x )=
^  1 -2 r  ooaX U -x/fr2

where.;
0 * 1

oQ

^ 0( f ,T - y )  = \ f s i a  k ( ? - y ) =  .7
1 - 2  f  cos(V -y)+ £:V

L et u s  make th e  tr a n s fo rm a tio n  

U = x+-Y dU =dtf

V -y= cf 7=  y + £  dV= d&.

Then we have

T
( lo 5 2 )  A (x® y?r*f) -  JL

V /
f(u sv) K0 ( r 9TJ-x) K0 ( f s v -y )  dU d¥

- I f  -TT

*?P-x ‘T f-y

1

J
f (» * ,y + J )  K0( r s^) K0( f  dtf d$

-^IT-x -TT-y

5 r

Hr?
£(x+*sy+£) K0 ( r s-tf) ![<,(? ,* )  dtf d£

-TT - I K
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ainoe f  Mi* *o “ • P»r i»dio of psrl°d * * ' 

Pur-feer w® have 

(1 .5 3 )  A(xsy ; r 9p)

-  i f 7 ' i yr 6
ifCx-*9y*-S) K0(r,tf) KQ(f*£)

y

* r  i r

i V X , 3 M l r s i n «  \ /  f  s i _ni - J ) dy dg
= )  ^ ' ^ f c p g r s s a ^(J

O 0

*rr *pr

f (  i - 2f  Po o s g ^  d* S

00

0 0 

*T  TT
T C C w y r s l n f r  J  X Ai BfS-d  d# d£

\  f C x - ^ y + O ^ r g T O T ^ J ^ - 2?

0 o 

(TT Cfr
, » . » /  r sin# \ ( ___ $* 8in ^-J\ dtf dS
1 \  V f(x -«  . y -S ) (x -g r  cosS+r2/ ^ l - 2 f  oosS + py

o' 6 

*TT *T

1  \ j |^f(3M-^sly + s )“ f(x+y9y“,&)'”f ( x“ ^ y tS +̂'1̂ x ^ * y ” ^

o o

Z “"a*Xnr *

dtf d £

K0 ( r 4 ) K 0( f ^ ) ^  dS
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~  1 T 2 "

1.
o o

Kn^r ®^) K0( f ^ )  dtf dcS® th e re b y  d e f in in g  "XT
0 0 n o "O O

0  0
Th© n o t io n  o f  eon jugacy  f o r  th e  double s e r i e s  has a s l i g h t l y  

d i f f e r e n t  c h a r a c te r  than  in  th e  case  o f  th e  s in g le  se r ies®  This 

fo llo w s  from i?he f a c t 1 t h a t  a lth o u g h  e v e ry  s e r i e s  ( 1 *1 ) i s  th e  r e a l  

p a r t  o f  a (power s e r i e s  ( 1 *2 1 )® th e  s e r i e s  co n ju g a te  to  ( 1 »1 ) o r  ( 1 *2 ) 

be ing  d e f in e d  as th e  im ag inary  p a r t  o f  (1*21)® n o t e v e ry  s e r i e s  (1*3) 

i s  th e  r e a l  p a r t  o f  a power s e r i e s  o f  two v a r ia b le s ®

0  0

We s h a l l  say sim ply  t h a t  th e  i n t e g r a l  ( l * 6 ) e x i s t s  o r converges® 

i f  we have th e  l i m i t  o f  th e  in t e g r a l

e x i s t in g  a s€  and 7  te n d  to  0  in d e p e n d e n tly  in  th e  manner o f  th e  o rd in a ry  

double l im ito  On th e  o th e r  hand® fo llo w in g  th e  d e f i n i t i o n  f i r s t  g iv e n  by 

Go No Moore [ 9 ]  fo r  w hat he c a l le d  r e s t r i c t e d  convergence® we s h a l l  say  

t h a t  th e  in t e g r a l  ( l o 6 ) e x i s t s  in  th e  r e s t r i c t e d  sen se  i f  th e  l i m i t  o f  

th e  i n t e g r a l  ( l o 6 l )  e x i s t s  as  6  and 7  te n d  t o  0  in  such a way th a t  th e  

r a t i o s ^  and ^  rem ain boundedo

The problem  o f  convergence o f  th e  co n ju g a te  o f  th e  double 

F o u r ie r  s e r i e s  ( lo 4 )  r e s o lv e s  i t s e l f  in to  the  convergence o f  a

c e r t a in  r e l a t e d  in teg ra l®  nam ely th e  i n t e g r a l

n r nr

*tr i r

7  6
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Ka S okol-Sokolow ski [ l l ,  pg» 1 8 lj has  s t a t e d  w ith o u t p ro o f  th a t  

i f  f (x » y )  i s  in te g r a b le  (L ) ,  th e n  a t  a lm o s t e v e ry  p o in t  ( x t y ) p th e  

d if f e r e n c e  betw een th e  f i r s t  a r i th m e t ic  means o f  th e  s e r i e s  ( l « 4 )  and 

th e  i n t e g r a l  ( I 0 6 I )  te n d  t o  0 in  th e  r e s t r i c t e d  s e n s e » K# Sokol~ 

Sokolow ski [ l l ]  h as  shown t h a t  i f  f ( x ,y )  b e lo n g s  to  th e  c l a s s  I?  p > l#  

th e  i n t e g r a l  ( I 0 6 ) e x i s t s  f o r  a lm o s t e v e ry  ( x ,y ) a  In  t h i s  p ap e r we 

s h a l l  n o t be concerned  w ith  C o n d itio n s  f o r  th e  e x is te n c e  o f  ( l « 6 ) a t  

a lm o s t e v e ry  p o in t  ( x ,y )  b u t r a t h e r  a t  a p a r t i c u l a r  p o in t  ( x ,y ) a  In  

do ing  so# we s h a l l  a tte m p t to  g e n e ra l iz e s  in s o f a r  a s  p o ss ib le #  th e  

r e s u l t  o f  M isra  [ 6]  to  double s e r i e s  a

(2 o ) In  co n n ec tio n  w ith  th e  e x is te n c e  o f  an in te g ra l#  we make th e  

fo llo w in g  d e f in i t i o n a

( 2 a l )  D e f in it io n a  Suppose t h a t  Gr(tf#$) i s  in te g r a b le  (L ) in

V fo r  e v e ry  f ix e d  p a i r  (fs'V)#
0<V <£< b )  b a

* '? )= ]  f  G (Mand t h a t  H (e#^)=  G(tf#$) dtf d£ j

th e n  w© s h a l l  say  t h a t  th e  i n t e g r a l

b a

»S) dJT dS i s  Gesaro summable in  th e  r e s t r i c t e d  sen se  w ith  

in d ex  n» o r  more sim p ly  e x i s t s  (G?n#n) in  th e  r e s t r i c t e d  sense# i f

b a

f t
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'-2 -6 " -2 « n - l

5 i-2  % - Z /  / ^ - l
n » 7 n ) - 1 »-

te n d s  to  a l i m i t  as 6 a n d ^ te n d  to  0 in  th e  r e s t r i c t e d  s e n s e .

( 2 .2 )  N o ta tio n  and D e f in i t io n .  We d e f in e  th e  fb llo w in g  sym bolism . 

0 5 x » y js  s . t ) » f (x + s ,y * t)» f (x + s « ,y ~ t ) - f (x - - s J,y 4 t)4 -f(x “ S!)y - t )
o o

X i> * y ;s » s  )=  - i —
o l  s in  sJ

0
o o

3 S * . y j « r f ) = - i —  U k . y s D . S )  ®o 2  s in  sJ o  1
0

s

X > . y ; = . S f X * > y ; < J , J )
o J )  o 0 - 1

dU

t

^ , , y ! ! , t ) r - 4 T S X X*5r;,f' T) dV1 o 1 7 °  0

^X lx 9y ; s . t ) r ^ i  
1 1

t  s
r

sin s sin ti i i h r  ( X U y ^ . v )  au dv
J J o o

0 0
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^ x 9y ;U ,5 ) d.U

0e
s

i3 Q x „ y SS, S ) = ^ j p a - . ^ , s )  ®

^ X (x sy j s s t ) “ 1 1

2 2
s in  s s in  t

r

0 0

^ (X j.y jU jV )

^ ( x #y s s s g ) ~ ~ i —• I O C lxjyjU i.g) dU 
2 3 ° J  Z 2

P C ( x * ,y ; s ^ )  I sxn s

/

X * 'y * u*S) dn
2 j - 1

©

dU dV
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k i  s in  * h - l
(x*yslf>v) *v

0

t

X ( x» y 5 ^ t ) r - r r r T  \ 0 Q x * y s ^ v )
k 2 . S in 1 2

d¥

dV

0
t  sr

j u x » y s s # t ) r  ~ —  S'* '  s4n s
k k

s in  s s in  t
~^)(\x9j ^ sY)

-TW~l
dU dV

0 0

_  i

k  k+1
s in  s 7 ^ x ,y |U ,S )  dU

k k

G

n r ?  ^
dU <

We assume that each of the integrals involved in the definition 

o f  th© fu n c tio n s  above e x i s t s  in  th e  sense  o f  H arnack Lebesgue jlO  p p .657-662 

and# moreover# th a t  upon d is re g a rd in g  e x t e r i o r  d iv i s io n s  by th e  s in e  fu n ­

c tio n #  each  i t e r a t e d  in t e g r a l  converges u n ifo rm ly  w ith  r e s p e c t  to  th e  one

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



v a r i a b l e  as  the  o th e r  v a r i a b l e  ten d s  to  0* To be more e x p l i c i t ,  

i n  th e  case  o f  ^ ^ ( x s y j s ,  t ) ,  f o r  example, we r e q u i r e  t h a t  to  any- 

g iv e n  a r b i t r a r y  p o s i t i v e  number w , th e re  co rrespond  p o s i t i v e  

numbers such t h a t  f o r  0 < s < ^ ,

we have

x , y ; U 4 )  dU

u n ifo rm ly  f o r  a l l  $ on o < S < F - ®  where <£>> 0 i s  sm a l l  and f ix e d ,  and 

f o r  0 we have

&V) dV

u n ifo rm ly  f o r  a l l t f  on 0 ^ - ° L w h e r e  o  0 i s  f ix e d  and s m a l l .  This 

w i l l  In s u re  th e  e x i s t e n c e  and e q u a l i t y  o f  th e  r e p e a te d  i n t e g r a l s  

concerned  and moreover g iv e  th e  p ro p e r ty  t h a t

t  s

0 0

”X T  (x ,y ;U ,V ) dU dV->0 as <1 s~>0 u n ifo rm ly  on 0 < t < 1 T - ®  
1 k-1  '

t - ^ 0  u n i fo rm ly  on 0<, s <5^*
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( 3 . )  Lemma 1 .  I f  f ( x ,y )  i s  in te g r a b le  (L) in  Q ( - 4 T , a n d  

p e r io d ic  o f  p e r io d  211", th e n

A  t

d S ~ ^ 0  as*
/cot ^\/cot %\ [ r 
V  i  j q  L f t ( x ' T " ’t )  d *

A - ^ f f u n ifo rm ly  on 

T ^ f f u n i f o r m ly  on 0

f o r  any M. a n d J  w hereot  a n d <8 a re  p o s i t i v e ,  sm a ll and f ix e d .

P ro o f o f  Lemma 1 .  We w i l l  e x p re s s

■ o i M '

in  a form so th a t  th e  e x is te n c e  o f  the  concluded  l i m i t s  w i l l  be 

a p p a re n t .  We w i l l  in t e g r a te  by p a r t s  u n t i l  th e  ind ices--^ , o r  j  become 

O . We s h a l l  n o t g iv e  a form al m a th em atica l in d u c tio n  p ro o f  o f  each  

o f  th e  r e l a t i o n s  w hich fo llo w , b u t in  each  c a s e , th e  f a c t  t h a t  such 

an argum ent co u ld  be made w i l l  be a p p a re n t .

W ithout lo s s  o f  g e n e r a l i ty ,  we can assume b re a k

up  th e  domain o f  in t e g r a t i o n  as fo llo w s :

r  a

(3 .0 1 ) ( x ,y ; t f ,£ )  d*  d£

s)  d* d£
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( 3 .1 )

Our p ro ced u re  i s  a co n tin u e d  in t e g r a t i o n  by p a r t s .  We have 

t  a.

d* dS

sin'X log tan £

r*- \  X (**y$W  log tanjdif
^ 5- J
4  T  s

dS

if ) do dS

d* d&

= (log tan^*)
t

s) dV d&
-4.-N

x» y J** S) ( s ins) I i0g tan
t a n ^ -

► d&

^ C (x ,y ;Jf,S ) [ log---- ~  | dtf
t a n ^

J
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( x , y j 8 ,S )  dtf d£

tan It

(sln< 3l)(106 t a n *

^  . f  \ \  I  ^an
p C ^ x * y jJ r* s ) (3 f)U o g

(x ,y ;tf ,£  ) d* dg

jr >■ d$

J

•4*

T JK

(log ta n ^ )  J f A  (x ,y j* ,S  ) cLJT dS 

T ^
(log  t a n ^ ) 3 f  r  ^ C ( x ,y ;# * S )  dY d$ 4 . , .  .

3 l ^  J 4  JT3

T'  /L 1

^ ( I ’ yi!t’s ) ( ^ 3 I A 108'

|x*y;lT ,6 ) d¥  d |

I

0

t a n ^  1
dtf d g .
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L e t us co n tin u e  to  in t e g r a te  th e  l a s t  term  o f  ( 3 .1 )  above 

by p a r t s .  We have 

r  a .

(3
ta n  X

t a n '
d *  dS

t
- \ \ m  vlog

,y s tf ,£ ) lo g  t a n £  d£

— log tan 3

o

M
dtf dS

/>
ta n  1C

R
lo g

X A

+  J  f o h 5r,‘ , s )  f e ® ) !

t f  p  A

=  log t « i  J  ( ^ g j )  L

tan
lo g    I dtf dS

t a n ^ y  \  ta n  4:

. A.ta n a .

tan t
dfl d£

r
+

c

log
t a n ^

tan-jfc-

ta n  a: 

ta n - j^ ,

J
- X ^ . y ; 5 . s )

A  /
t ^ r * 1

dy

3trx
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vM+ili) (log tan̂ a x» y s2 r,s )( io g  
•I y  t a n - | f ,

+

$ 4

ta n  *  \

dtf d&

dS dS

ta n

SE .-a . A-

{log —-----  | dtf d£
an4 /

J -4 .

+

t
( T O )  (l 0 S  t e n # )  L ? ^ " '

/■£

(R+5i.

/  ta n  5
S) ( l o g    I dtf dS

tan-§->

- ^ ( x , y ;y ,£  ) ( s in  S)(l£)(log
ta n  a '

ta n  

A
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log  tan?£

°  *

*
i - 1

■V ( lo g  ta n

1
i ' A ^  r  f  f  t a n ^ '

^ ( x » y 5 j f sg ) ( lo g    r  \ dtf dS
ta n - |-

4- ( - £ )  (log  ta n  | )  J  ( ( 1 ^  ( l0 S

£ & * ”  W> ̂ ( f U (

t a n ^

tanS£

J-A + '

r\

+

ta n  £
4 JI log  - ------- 1 >

ta n  £

lo g
taafj

ta n { ^

d t  dS

> d&

t a n # ^ + i
d*

ta n

2 E
a .
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(3 .2 1 )

Thus we have 
T  A

(5^ 57)1
s  *

log
ta n 4 ^ ' 

t a n £ (

j-Jl
dtf d9

( l o g t a n i )  J
t a n - i "

J 4
lo g

t a n ?
d)f dS

■V* (nj“)  (log  t a n £ )
t a n ^ 1

J - A '

x ,y j« * s ) JF W I\l0S^ l
ta n  ^ J - l

d<r dS

a  -  5ir

+

+

+

*

lo g  ta n
:-A*> (

J ~t "~ ^  1 4y d

lo g  ta n

•  ft O

( x » y s ^ $ )  (X ^ L o g
t a n ^  

ta n  | - i

ta n  ^ *
l o g   | dtf d$

t a n i .

Z ) C ( x * y ' > w  ( - f r ) ( i o g  ' - ^ N|  ( ^ r ) ( i o g  d Y d g
6 O - V O J / V  t a n ?  t a n ? /t a « 4 . tan -§7,

dft dS

djf d £

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



-2 0

For anym \ and cn <«:
2- r

( 3 .3 )  ( j t ^  ( log  ta n  f )  J ta n  37 \
|lo g  — ------ \ dtf dS

ta n  £  /
A>,

=  (fnfl  C1lo g  ta n

ta n
j-4+^rtd

r,!'Ti }f

ta n  I* -. ^ ‘" n F P ^ l108

| l0g ^ ) ( o 6 t a n ? /  J  f  X - U

d %

,dS

y

loe ta n

y;V*g ) dtf dg

© o ~v
u ^ rm + a

tf*£) s in # / lo g
tan -

ta n  ̂  j

■ fo /p f ,  v y / C  STfflr ~N

= (*i)(;°e 4“i) 2 ; fe^OT (los tan*) dif dS

<0 i V  /  taU \J
+  ( 4 ° s t a n i H  I ^qx,ysW)(yj l o g £ | )  a » d S .

J0 <jt
2.
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( 3 .4 )

Sim ilarly®  we f in d  fo r  anynn and

t a n  2

d̂ f d£

(jyir̂ î 06 tan̂ ) ta"4 j  ) dir dS

1 I
rtfl

og tan^n

*
r t.
• W " * ta”5) 7 lv#jSirt'’t) dT dS

+r a r tai
*f - f  , I t a n i* N

d ! f d S '/
m  6a.
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By u se  o f  th e  r e l a t i o n s  (3 .1 )»  (3 * 2 1 ), (3 * 3 ) , ( 3 .4 )  and ( 3 .0 l ) j  

we can f i n a l l y  e x p re ss  f  ^

j  l*,t) d*d£

as  fo llo w s :

( 3 . 1) d#dS =  J j^ Q (x ,y jjr ,S ) dtfdj

t a n ^ / j j x ( x , y ; ^  ) d y d C + J j ^ ( x » y ; < , s )  ( t y j | l o g
t a n ^

r  £
( ^ ° g  ta n l )  J  d^dg-t-J J p Q x . y j y , ?  ) ^ ^ j j^ lo g

*  P
2 *  Jt r

f l o g  tan\  \ ^ ) $ . o $ t a n §

¥ •

tan 3̂  

ta n | .y

4

+  lo g  ta n  j X (
tan J

log  .....-j-  j dtfdS
ta n

•(i)(loe tanl̂  y(jf)(los tanl) J dydS
h \

+ (a X l0 & ta n H f  J p C ,(x* y 5*»s ) ( | log
t a n ^:\«

ta n ^ -
dV df

/

•  •  •

d*dS

d#d£
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£  f  
A  (  r

4 - {{f̂ Plo g  ta n $
ar

U  t  r
dtfdf

+  (log tani ) ^ ( | J T ^ g ! ) ( loS tana )

&  «
?  A

+(log tan^J j^ X (x ,y } tf ,f )  ( jp j^ lo g

(x»ysfo£) d*df
f T > *

ta n  ^  

ta n  j[.
d#d£

+- (*5} (log tan

J n

( ^ M (ir)(los£ l ) dYdS

lo g  ta n

®r *r

$  J j x ' r
'  o ' * 1 =“••'

og tan M  j 1 ^ (x .y i^ » S )  dtf-lS

+  ( § H [ ) ( l 0 E t a n f ^  J ( X ( x ^ y s y , i ( ^ ) L  ■ « «tan ̂

+ (*r) (log ta n  5) (3 V ) ( l o S ta n  4"}J  J p C ( x *y>t*S ) d# d J
5 o
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H o ^ (los tant)" +l <^fe)(los tanf̂
-4+i , w  ^ +1/ .

" ^ '( x J)yjirj,g) d*dS

+ f a k # ° *  ^  / j p ^ (; ’ y ! 9 *s % ) ( l o s  S i J d<dS
ftt o ‘

{(T ^ X 102 ^  ^

r  3F
d fd f

+̂ )*WN J JiT /V  t a n i /

, f  0
?  3r

’ I / v+ 6r*>iy)̂ los tan^  fe*) ^°s tan^) J d*dS
* ^  5  x  4

+  //T “ m K 1oS t a n ^ )  / | Y * ( X»y:V»l)  f l V )  P-0® ------T*] d Jd ^
ta n  | . /

(  A 
j  m Axsy$\Js8) [*-— og j dtdS.

U !<
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(3

We have th e  fo llo w in g  ty p e s  o f  t e r n s  ap p ea rin g  in  ( 3 .7 )

above j

( 3 « 7 i)  ( ^ ) ( l o g  t a n 4 ^ ( - iy - ) ( lo g  ta n g 1̂  J f y Z ( x »Yi*>&) d*d^
j-'no o

(3 .7 2 )  ( ^ ) ( W  t a n ^ f  I ( a ( J x , y ; y ,£ ) f - f r l f 10®  -  | dfrdSJ  U. / \  t a n * /

r

( 3 *7 3 ) 6 » r ) ( l o s  t a n ^ )  J  ] X ( x»y itf*s) (■ ^ r )^ ° s

5 -  °  J

ta n

t a n ^  y
dtfdg

ta n  4 1- \>J.

■74> /
$  5

ta n
o g  -----1 d tf dg

ta n h

We w i l l  show t h a t ,  when each  o f  th e  ty p e s  o f  term s l i s t e d  above 

i s  d iv id e d  by ( 2 * t a n ^  (■2’*:ari£ ) »  ^he r e s u l t  te n d s  to  O

( t ]  - * r

as  < ^ ^ T u n i f o r m ly  on o < 9 < r  <rir 

\r-* 1 T u n ifo rm ly  on 0  <°<. < -4. <^T~
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Por te rm s o f  th e  type  (3 .7 1 )  in  th e  r e l a t i o n  ( 3 .7 )  above.

we have

m % ¥

( 3 .7 6 )  )  ( lo g  t a n # )  (t^t) ( lo g  t a n £ )  I j d *d &
 ____________________ '__ _____________6 (/ft '*1 i - *

^O.tan 4 t )  ( a t a n ^ 1)

( i l - w

—̂ O  as -> tfun ifo rm ly  on o < ®  < t  <<rr 

T -* ^ u n ifo rm ly  on & <<* < ^  <4fr

s in c e

I  J
X ( x* y ; M )  d* d * i s  a  c o n s ta n t ,/  f n ^ (x*

0 o  '* ~̂*'n 

( ^ ( W  t a n a )  

( a  t a n £ )

( ^ i ) ( lo g  t a n Q  

(2 . t a n g

o  as *4->TT and i s  bounded on O < °C < ^  ̂

—^  O as r-»T T  and i s  bounded on o < fi <  "CX ^T ,
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Por te rras o f  th e  ty p e  (3 ,7 2 )  in  th e  r e l a t i o n  (3» '

have by the second mean value theorem

¥

(3*77) ( lo g  t a n j )  J  J^X (i,ynr.S) (4y)^
^  t « n 4 \

105 7 " i i
^  ■ ta n *J

2̂. tan 4 j  (ita n i)

_ f  *

( r n f )  (log tan^) ^p-j(log tan^) J  J^])^(x,y;&,$)

( i t a n ^  (ktan-^  

where ^  <4* ^ ^ 4 . ^  TT

[ f r r
— as </d->TTuniformly on o < <8 ̂  T <

rC-tfTuniformly on o < < < ^ <  ^

since

j £

^C(x»yjtf»S) difd&is bounded,
© y  -ftwn o

(7̂ r)(l°s tani)
^ O as T“*fT and is  bounded on

2̂. tan z i )

l

( j r )  ( i °s ta n ^ T
\J

—̂  O as A**Tr and is  bounded on 

( 2 .tan

, we

dtfd£

ab'dS

o < z

o < °c  <a4.<r,
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For te rm s o f  th e  type  (3*73) i n  th e  r e l a t i o n  (3 * 7 ) , by an 

argum ent analogous to  t h a t  o f  (3 * 7 7 ), we have

m  f  (  t a n f ^
(3 * 7 8 ) f c l ) ( l o 6 tan  £ )  J  - — 1 J  ^

( i t a n - ^ ( l t a n E )

ft)**'
" ^ 0  a s  s  4-*fT u n ifo rm ly  on © < © < t  < tTT

u n ifo rm ly  on a <<K

For th e  term  (3 .7 4 )  in  th e  r e l a t i o n  ( 3 .7 ) ,  we have by th e  

second mean v a lu e  theorem  . _

J , . J

(Z  t a n l )  (p. t a n f 1)  ^

b r X lo e  t a n ^  6 f r )  Clo g  ta n  dlfdf
^ '3- ^   __

(p tan̂ *) (2. tan5)

r ^ <  < ^ < tt

t j E  < t : <
w here . _  __<1r

'O  as ̂  4-^fT'uniformly on © <  ©  C  "C <  TT

r-^fT u n ifo rm ly  on t  <  •< < A
V
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s in c e

%  _3- a.

r

'A <  x»yjtf#£) d ^ d ^ is  bounded,

( ^ ( l o g  t a n ^ )  

( i t a n ^
—^ 0  as-d-^TT and i s  bounded on o < o ( < ^ '< T i “)

( ^ ( l o g  ta n  £•)

(SLtanfc)

A
—> 0  a s t- ^ T T a n d  i s  bounded on 6 <  (8 < TTOT

Hence i t  fo llo w s  from ( 3 .7 )  and from ( 3 .7 6 ) ,  ( 3 .7 7 ) ,  (3*78), 

(3 .7 9 )  t h a t

T  A.

.(x .y j t f .S )  d#d$
r

( 2  t a n - ^  (  2 . t a n ^ )

f ]  ^

—^  0  as  ^  vd-Mf u n ifo rm ly  on o <  G? < "C O rr, 

t-^TT u n ifo rm ly  on o < * < i r

T his p roves th e  lemma*
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( 4 . )  Lemma 2 .  I f

A ( r ,V )  = \ - 2 r  eosft +  r a ,

K ( r ,8 ) s  r  s in *  KJ(r,ft) -  s in  # dK fr.ft)
A(r.«) '  ~f r  '*

and g e n e r a l ly

K j[ r ,f t ) _ s in *  d K j r .y )

dV '

th en

(
O ( s i n t f )  f o r  y > £ > o  f o r  a l l  r  on O g r ^ i  

CXi*) as y -> o  w ith  fts  a rc  s in  (t - r )

OID  in  ft on o f  ft4  1T w ith  © 4  r <  |

m oreover

Km( r , o ) =  Km( r , i r ) a O  f o r  © 4  r  <  | .

P ro o f  o f  Lemma 2 ,  By d e f in i t i o n  K0 ( r* f t)= r  s i n ft
M r , l T

where ^ ( r , f t )  -  j -  2. r  cos ft +  r a » Hence we can w r i te
(4 .1 1 )  K0 a  1 d ^  l K a r J L M  .

• ' . I T  d 'ft ‘ d  d y

Upon ta k in g  th e  d e r iv a t iv e ,  we have

(4 .1 2 )  a  <yu s  t i .  /  +  Ju ^
dft a 3- ^  *  *  d f t*

dA ft, 
* dft d
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/2-K.cLA d*A \
L e t W (r» y )= :(  j — 3 x - (  1-t r ^ o o s y  .

\  2 .V  J  I - 2 r  cos y+ r 3*

Then from ( 4 .1 3 ) ,  we have

( 4 .1 6 )  s in *  dK0 — -K.W 
d Y ~

and from (4 .1 5 )  we have

(4 .1 7 )  s i n y  dW „  .
ay  “
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Prom th e  d e f i n i t i o n  o f  K ^ r . y )  f o r  m = o» l » 2 ,3 ,V ,.f , 4, 

upon ta k in g  th e  d e r iv a t iv e s  in v o lv e d  and ap p ly in g  (4 .1 6 )  and (4 .1 7 ] 

have

K0= !«,= H ,H .( r ,* )

K, -  ( - l ) K bW= ( - /  )K„H, ( r , l  )

Ka= ( - » f -K 0 (aW 3-  l } = ( - l f  K,Hx ( r , * )

( 4 .1 8 )  K3 -  ( - 1 f K0 -5w ] = (-1  f  K, H3 ( r ,*  )

K ^r ( - 1 ?  K0 5 } = ( - l ) V ^ ( r , * )

Ks r ( - | ) S Kt> | l 20W?-  rjtfW, 4-4| w ] -  ( - | f  K >I^.(r,#)

*( ,-  ^20W *-/320W H 4 2. W*- t l j  r  ( - ) f  K ^ r , * )

th e re b y  d e f in in g  I ^ ( r , y )  f o r  /n = 0 » |,2  

We n o te  t h a t

f  V f o r  r  = 1 w ith  o <  Y 

-  cosy f o r  r  -  o w ith  6 & V i* n -  

i f o r  y = IT w ith  O f r ' f i l .

^ o ( l )

We w i l l  show by m a th em a tica l in d u c tio n  th a t

(4 .1 9 )  W ( r , y ^ i r - d f r  r ^ c o s / -  
\ - l r  cos Jf ■+ r a

*   -  -  \* n (r »*) = ' ( - l )  Ko (r »&)Hm( r , * ) a l l  m = 0 ,1 ,2 ,  v  • * f

( 4 .2 0 )  \ where r , y )  i s  a  po lynom ial in  W o f  d eg ree  W, th e

sum o f  whose c o e f f i c i e n t s  i s  e q u a l to  I .
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from (4

(4 .2 2 )

(4 .2 3 )

-33”

The e a se s  m=o» o f  th e  p ro p e r ty  (4 .2 0 )  fo llo w

.1 8 ) .

L et u s  assume th a t

Ur.»)=(-lfK. k * .  f
*  u  • - + « T + «  + w  t a *

where

ao + ai +■ aA+ a3 ^  *  1 .

By th e  use o f  (4 .1 6 )  and (4 .1 7 )  we o b ta in  

K , ( r > 0 -  sinSdK ai
% i  H r

+ •  • • + v j r + - * r + * r ,- v r

/  4*1 **-5" \
8*̂  W + 8j h t

+ 4 »0 W ' ' f t *  ‘-» )«, * * + '(  J < W -  *)

* •  • • ■ * » / + < V S * « * . 1 ,S

t(l4-s)a, W^(tt -*0a4/-(4 -t)» 3 ^
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a i + i

■ H j X

L^+lJ a6W 

+  ) a r  ( a * ) ^  W ^ " 1

+ [(:4 -3 )a i -  (iA'2)a]j W ^ '3

+ [ ( a 4 - 5 ) a j -  (4A -7)ar| W
-  [ 2 A-4  )a s W:

a/fc-5

<}> o « «

0 * 4 - 5 ‘ 5 ^

4 - ? V ' | J wJ 

+ [  a* ' 1 % ]w

y

z j k * 1
H )  * 3 ^ * * ) .

Thus o u r  p r o p o s i t io n  (4 .2 0 )  i s  t r u e  f o r  2-A+l i f  i t  i s  t r u e  fo r  

tlJk  • We c o n tin u e  w ith  o u r in d u c tio n  to  th e  n e x t s ta g e *  We have
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/  ( 2 &M )^ >Wa+ +aj(i4 .i ) a , - 2 | a ^  

j  j (^ -3  )a £  (2#-* ) a j  (M-V ) Ŵ ' V

aJUa- 
( “ I ) K0

- [ a J K ] a-WM-fc

0 9 *

J

+7% .f+ Ls % ‘ % y

+ ^ - 3 ) « i  ( 4 - i ) a J  ( 4 - 3 ) w + 3|» 4 - f ) ^ - c u ! - ' ( ) ^  p4 - s )ŵ

- | ( l / U ) a ^  (34-7

-  [ ( 2 4 * 0 , 3  (4* +l )* *  [ ( 4 - i  ) » , - 4 » t]  (4 -1  J i t 1 * " 1

-  [ ( 4 - J  )«j- ( 4 - 1  )aj] ( 4 -3  j w ^ ^ - r j y  ( 4 - t  )a^ ( 4 - 3 ) *  

■|' | ( 4 - t ) a3 ] (4 -7 )w 1^ *

V  E’ v / ’ s - ^ - l v 5- ^
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L-A-t-a.

s A

)+ C 3A + 0(aA + /| a j  

4 |  [u4-i )4w -1 )(a4-/ 3 a, - [Ui+' )&4-H )+(a4l)(a*)] â  w 

[ ( ^ 3 ) H * A - 3 ) ( * 4 - 3  ) ] v  )(«*-< ) f ( a * - 4 ) ( a £ * j  a)

|U-A-£)+■ (a4 -tf) -.*>")] a y  ) M - J ) + ( ? 4 - ^ ) M - l0 ]  a

-  ' | 2i - a ) - M - a ) M - * . j a J

— E M - 5 - ) ( a ^ S  ) ( i f a ) } a s

-  JjM-V M ^ - * O M - ¥ ) J a a  

+ ^  -  0 ^ 'A  )-C stf-* )(a4 -£ jjJ  a ^ W

•  ' — I . / '

+  [ ' s 3 i . r v / W J%

-  L v a * ]

•  (-1) K H (r,y).
6 «4fo.
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Thus o u r p ro p o s i t io n  (4 .2 0 )  i s  t ru e  fo r  1 and +2 i f  i t  

i s  t r u e  forSL^ » Hence* i t  i s  t r u e  f o r  a l l ^  and hence f o r  a l l  

. .* we have

/ ' rn ^
/ % ( r / < ) - ( “ 0  ^ ( r , * )  where

( 4 . 4 ) ^  ( r , « )  i s  a po lynom ial in  W o f  degreem ,

I th e  sum o f  whose c o e f f i c i e n t s  e q u a ls  I .  >

Hence i t  fo llo w s  from (4 .1 9 )  t h a t  

( 4 .4 1 )  I ^ ( F / 0 * 1  fo r  $< Y 4tY T  and ^ ( r , g  ) s Q ( l )  w ith  j  q  ^ y  A f r ’

Now

i 0 ( s i n # )  f o r  1 f> S > o fo r a l l  r  o n o £ r * |  

a * >  as y= a rc  s in ( | - r ) —> o  

.Od) in  <f on C> 6V* TTwith 0 Yr <  |
and

Ke (r ,G )=  K0(r,* ir)s 0 w ith  0£  r < ) .

Hence* by (4 .4 )*  (4 .4 1 )  and (4 .5 )*  i t  fo llo w s  th a t

f Q (s in U )  fo r  O  f o r  a l l  r  on o £ r £ j  

O H )  as Y* a rc  s in ( |  - r ) ~ ^  O 

0 ( 1 )  in  Yon w ith

and

^ ( r » o ) z  ^ , ( r / l t ) =  0  f o r  a l l  ,jl* . . . .

This p roves th e  lemma*
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( 5 . )  Lemma 3 a

dM p 5  =
d Y \(\ - r  f j

fo r  0 s f ,  as  € = arc sin(| ™r)-> O

P ro o f  o f  Lemma 3« From the r e l a t i o n s  (4 .1 1 )  and ( 4 .1 3 )  o f  Lemma P. . 

we have

( 5 .1 )  dK-.Kfl/rl

a w

2K«d4 _d*A 
-  dtf d

i tY -1 1 fiK6 d^_ d fA . 
W t a j  L dU dY *

Vdify

A d%~7
I a L d» ~dVaJ

  1 r ^ K ^ . d ^ n
— (,(1 ~r)^/ \^(| ~r)a4 ^ r  airPjjjJ L  d"Y dtf^J .

-jr( I - r ) '

By ( 4 .1 9 ) 9 we have

( 5 . 2 )  fo K. dA d ^ A l - Q f l ^  f o r  0<Y
L dY dY ^

as £ j  arc sin(| - r ) -^ O i

Moreover

( 5 .3 )  - - U l - r f - - 0 ( 1 )  fo rO < cY ^£  as £ s a rc  sin( I - r ) - > 0  ,
( i - r ) a+ y r s irf8̂

Hence

( 5 .4 )  dK0_(
dlS

for <o< as £ a arc sin( I -r)-^0  ,
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Prom th e  r e l a t i o n  (4 .4 )  in  th e  p ro o f  o f  Lemma 2 , we have

(5 .5 )  y r , * ) =  K0(r»tf) ( H f  Hm(r»tf), 

where

(5 .6 )  H ( r ,Y ) - 0 ( 1) fo r  O < Y i £ as £= a rc  s in (  I - r )  ■

Upon ta k in g  th e  d e r iv a t iv e  o f  K ^(r, fr), we have

(5 .7 )  d ^ ( r , i r )  dK6( r , y )  ( - l f f i j r . y )  + % ( r ,  *) ■ ( - | f  d H j r , * )
T f —  = a-?-------  *  I T   -

By (5 .4 )  and (5 .6 ) ,  we have

(5 .7 1 )  dKg(rV5) ( - 1 f y  r ,Y )* q ( _ ± ^ \  f o r o < y  < g as g. s  a rc  s in ( | - r )  -+ o
c r?  1(1- r H

By Lemma 2 r e l a t i o n  ( 4 .4 ) ,  dEL(r,Y ) i s  a po lynom ial in
d ir

d\b-K-d^ dj6_l w hich by ( 4 .1 5 )  i s  e q u a l to
K  a ?  d * a J

d Y

- S * f -  ^  - d f - h )
T   r _  -  ----   — 0 (s]!n & J f ° r  Y £  € ( as € s  a rc  s in (l - r ) - ^ t f t

dT

Hence we have

(6 .7*) «

6 -  a rc  s in  (I - r ) - >  0 „

Hence, by ( 5 .7 ) ,  ( 5 .7 1 ) ,  (5 .72 )^w e have 

^5pLr i.g ) = fo r  0 <  Y 4  ^  as 6  = a rc  s in ( \  ~ r ) -» 0  ,

T h is p roves th e  lemma.
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( 6 . )  Lemma 4 .  I f

q0( r , ^ ) ~  ( l _ - r f  c o t £
a  A ( r ,* )

<1, (r»y? - sintt dp k ( r ,y  j) ,

-  s in y  df<^ ( r ,S ) l  ;

th e n
r Q ( s i n i f )  f o r '8 '> J > D  fo r  a l l  r  on o £  r £

q * ( r » * ) r <  a

J T T F  ( O W  as <j'= a re  s in  (I ~ r ) 4 0

f C ^ - r  )a (sinJjj) f o r  and o £  r  £

'I - r )  ) as a rc , s in ( | - r

0 ( i ) a s  # -  arc s in (l - r ) - > 0V

P ro o f  o f  Lemma 4 .

By Lemma 5 and Lemma 6, w hich a re  proved independen tly !, we have

( 6 .1 )  4 * U ) -  ^ ( r . V ) ,

( 6 .2 )  J ( y ) -  ( - i f  c o t f  .  | ( - )  f  o o t g ]

=  ( ( - | f  | V ?] [ ( ! j j l 1J =<3 ( 'C ^ r f )  a . if--arc . l n ( t - r ) - * > .

By Lemma 2 , we have

( 6 .3 ) ( r , « = o ( t > o ^ ) o ^ ) = o f e g ' )  -  v- a rc  s in ( | -r)->0»
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Hence we have from (6 * 1 ) , ( 6 .2 ) ,  (6 .3 )^

(6 .4 )  <3U(r »*') -  O f r 5) &S ^ = arc s i n 0  - r ) ~ ^ a ,
( l - r ) *  1

( 6 .5 )  q J r .V )  06rJ as y=arc s in ( | - r  ) - ^ 0  ,

From ( 4 .4 )  in  th e  p ro o f  o f  Lemma 2, we have

^ ( r , H )  = ( - l f  K0 (r ,tf )H  ( r , * )  where ^ ( r . t f )  i s  a po lynom ial

( 6 .6 )  *sof d e g r e e s  in  W (r»tf)^ o r~ ( co sy  ., » th e  sum o f  whose f t
/ t - i r  cos75+ r a

\ c o e f f i c i e n t s  e q u a ls  I 

whence from Lemma 5 and Lemma 6 ,we have

(6.7) qJr,V)= Jm(r,y)  -  **(r,j)

= ( " i f  [ j AU )  " ^ ( r . T O ^ W j )
-  ( O  ‘  ^ . ( r . y ) +  Kft( r ,V )  |1

-  (**»f [  V r , * ) [ |  )j} .

By th e  f a c to r  theorem  o f  a lg e b ra  i f  g<fr » we have from (6 .6 )

t h a t

(6 .7 1 )  J/ -H ( r , t f  )}r (/ -W)R _ (r,tf)  s  f ( l  -r)*
) -J2r  cos y+ r

w here R ( r » j )  i s  a po lynom ial in  W (r,tf) o f  d e g re e m -  I and m-1
f & Ihence bounded fo r  <   *(ys 4  y*TT

From th e  d e f i n i t i o n  o f  q ( r » 8 ) s we have

(6 .7 2 )  q6( r , * ) s  ( l - r )  / J , ( t f )
I - j r  c o s ?

— v
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Hen ce from ( 6 .7 ) ,  ( 6 .7 1 ) ,  ( 6 .7 2 ) ,  we have

(6 .7 3 )  q ^ ( r ,y ) =  ( l - r f  j  ( - i f  ( tf)-f-Kq ( r ,  8 ) ( | 4 c o sS  )R .(r»?_)J
1 | -  a  r  cos y + r  J

Since

A> (y ) K0 ( r , y ) / ( l 4 o o s y  ) ^ r , V ) T
/  i f  7 s in g  s in lf L -*

j | - a r  co sy +  r 3,

i s  bounded fo r  fo  4

■are have ^  r ;  v
J0 (y )  Kt,(r ,2) f |- f  costf j  E .((r,2t

(6 .7 5 )  q ( r , y ) ____ __ (  | s in  If L
( | - r ) * s i n i f  l - 2 . r  oosY +  r 2,

r
bounded fo r  •

r o  < 5  <  *  <TT
;

( ,0 *  r £ /

whence ( 6 .4 ) ,  ( 6 .5 )  and (6 .7 5 )  e s t a b l i s h  th e  lemma. 

( 7 . )  Lemma 5 .  I f

(3 )~  ~k c o t ^  ,

J t (* ) = s in *  dj0 QQ

d V

JmO O = sintf d*.,(fc)
T T ~

th e n

m
„ m =  r- i<T\

P ro o f o f  Lemma 5: The r e l a t i o n s  fo llo w  upon ta k in g  su c c e s s iv e  d e r i v a t i v e s .

^ 0 0 = ( - 1 ) ^ e o t |  , Cl = 0 , 1 , 2 , *
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( 8») Lemma 6«

K)( r ^ ) r  J ^ ( '3 ) -  q^(r„*)_ , 0 , 1  s i s 0 •

P ro o f  o f  Lemma 6«

Kh (r ,Y )  -  J  (tf) = r  s i n t  _ s in *
\ - 2. r  oost-f r x ~ 2 ( l -  co s*  )

/  i ( l - r f  o o t | -  \
-  ( | - r f + 4 r «ina4  / = - q»(r,V)

Subsequent r e l a t i o n s  fo llo w  from  th e  d e f in i t i o n s  o f  th e  

fu n c tio n s  concerned  as  g iv e n  in  Lemmas 2„ 4S 5 .

(9 « )  Lemma 7«

* ), < r * f l W U ) = i 1< * K >( S ) -  f q j r , i f ) ^ ( r . ; ) t  < k < r .* )K jf> S )+

P ro o f  o f  Lemma 7«

By Lemma 6„ q^( r #* )~  ^  (* ) -  K ^(r»Y ),

Hence

{ , ! » , ( ! )  - f  q J n V ) q „ i( r . J )  +  q/ri( r . a ) y f , f ) 4

= K„(f.S)]'p/r, ( l f ) -? l,(r»l ))[ lSn(f,S)J

^ ( 5 0 ^ ( f , S ) + i ( S ) K j r , i | ) + K j r » l l ) I S „ ( f 4 ) - ^ M K „ ( f , S ) - J „ ( S ) l S „ ( r , a )
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( 1 0 .)  Lemma 8 : I f  f*(x»y) i s  in te g r a b le  (L ) in  Q ( j ) T « > T )  and

p e r io d ic  o f  p e r io d  a n d ^ ^ ( x » y |U J)Y)» JTjj(IJ) ,  J £ ( l )  a re  as d e f in e d ,

0 ,1 ,3 , ° * 'Z " 4' ,  th en  / ( X U * y j U ,V )  J0 (U) J 0 (V) dU dV

s= s in  6  s in

'T

+ s i n e  J  [_J0 (e )  JC [x t y j6 ,V )  J , ( v ) + *  * * + ) w2 C (x»yJ6*v )« J4 v )J dV

?  r  ■

+  s in  7  J j j ,  (7 ) ^ ( x . y ^ J ,  (U )+  • * * + J ^ ty )  dU

<rr .p-

+  X ^ y ^ U . V ^ U ^ V )  dtl dY A
✓WH m-H

each  o f  th e  i n t e g r a l s  above e x i s t in g  fo r  f ix e d  p o s i t iv e  £  a n d ^  and 

f o r  any g iv en  /n=0 ,l ,Ql» * * • ,

P ro o f  o f  Lemma 8 .  We u se  m a th em a tica l in d u c t io n .  We f i r s t  d ev e lo p  a 

r e c u r re n c e  r e l a t i o n  by an in t e g r a t i o n  by p a r t s .  C onsider th e  in t e g r a t io n s

( 1 0 . 0 1 ) j  dU dV

^  * r _ ^

=  U iO O
r  s i n  u

i P 2 * * 3rsU*v) i * f u) du

dY

,rA

— s in  A  Jjg U )
r

y ;« * v ) , y v )  dV ^

?
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. . 1 11' ^  fc+ I
J ^

(x»y;U,V) s in  V ¥ V,1

dU

~  L J ( . ( x ' y tV ,V )  Jff (V) dV 
y^+i &+1 ' t in

~  s in  S ^ f e )  a i n ^ ^ ^ U y j e . - p )

+ air>6 J ^ te )  W C O j .7 ! « .V )  ^ ( V )  dT

" I a

+  » i n ^  /V > Q x ,j r ; a ,f t ) )  J^(U) dU

r  ̂ £

^  5 -P C (X9ySU,V) ^ / V) dU dV

+• s in  4 . ( 4 ,) s in  t  J,

-  s in A, <^( 4) s in  ^

s in e -  Jj^(gr) s in  -t J* (-t) 3 CT (x » y j6 »-fc)
11

s in  4. J» (4 ) l x i w m  ,V) J  (V) dV
y4+i 4 +i * +'

_  s in  t  (*t) 4 - f U^ dU.
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For th e  e a s e ^ - o *  a l l  th e  i n t e g r a l s  above e x is t*  and 

th e  l a s t  f iv e  term s d is a p p e a r  as  A  and f  a re  re p la c e d  by TT 

s in c e  p C ( x syjU ,T ) i s  in te g ra b le  (L ) by  h y p o th e s is  and fjjf 

Thus our lemma i s  t r u e  fo r -$ = o  * and we have

«r fr
(1 0 .0 2 )  j "  J ^ C ( x » y SU*7) Ja (U) J*(V ) dU dV

*1 & cft-

=  s in fc  Je (6 ) s in  7  J6 ( 7 ) (X (( x *yS6 ^ ) +  s in e  J6 (g ) I (X ( x 9y 5£» V)J, (V)dV 

< r  j r r r  ?

4 s i n ^  j &(7 ) f x / ^ y ^ ? ) J , ( u ) du + y  J X (( x , y jU*v K  <u ) M v )  m  dY - 

i 7 £ ' '

Suppose th e  lemma i s  t r u e  f o r ^ . In  p a r t ic u la r *  suppose t h a t  

f r

■i) /  j X ( x*y?u *v ) JA (u ) J 0 (v ) dIJ dv'o o 
rtf €

=  sxn

<rr
e s i n 7  £«J0 (6  )J 0 ( 7 ) |X ( x * y j€ * ^ )  •+ y  *€»?)]

-f* s i n ^  J ^ X ^ Xsy3*sY) (e )J , (y )+ot," + ^ ( x * y j e * V ) ^ ((6 - ) ^  (Y )] dV

V
+  s in  \ ^ ( x * y s ^ * 7 ) d , O O V '? ) * " *  ^ ( x . y ; u , f l p ) ^ ( u ) ^ ( 7 ) J  du

*T fr e

4-J O f (ac*ysU.Y) J^ (U )J(V ) du dV, 

<7 €

w ith  each  o f  th e  i n t e g r a l s  e x i s t i n g .
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W© w i l l  show th a t  th en

J  i t

( 1 0 . 1 1 ) J J  j £ ( x , y |U s V) J^(U ) J^(V ) dH d¥

^  6

.= s in  S Binsy J |U . )  ^ (^ ) ^ X ^ ( x » y i f i* 7 )

+  s i n t  I x ( x » y ? ^ v ) ( O  4  ( v ) dv

+' * l n m * & i w u , ? )  * 4 B) i * ? ’  *

+ / j ^ r 7 * , T ) * J B ) & T> OTdv<
6

each  one o f  th e  i n t e g r a l s  e x i s t i n g  w hich w i l l  th e n  prove th e  lemma*

To do t h i s 9 we r e f e r  to  th e  re c u r re n c e  r e l a t i o n  (1 0 .0 1 )  and show 

t h a t  each  o f  th e  in t e g r a l s

( 1 0 . 2 0 ) s i n g  J ^ (£ )  s in  ^

(1 0 .3 0 )  s i n f r J ^ ( s )  /  d X j w > v )  f r f v )  «*,

(1 0 .4 0 )  S in  y  J j i y )  J ^ ] j ( x , y j U , ^ )  ^ ( U )  W ,

€

e x i s t  as and t h a t  each  o f  th e  in te g r a ls

(1 0 .5 0 )  sin-A  J ^ (4 ) s i n e  J ^ ( r ) ^ * j j ( x , y i A t )
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(1 0 .6 0 )  — sir? A  J g (4 )  s in  X ^(x »yj>«f 7 ),
i

( 1 0 «T0 ) -  s i n e  « ^ (e )  s in C  ^ ( O

r

(10.80) -  sin  a i 4 v ) dv-»

(1 0 .9 0 )  _  s i n r  J ^ ( r ) J ^ ^ x , y ; U , t )  J ^ U )  dU,

6

te n d  t o o  as ^ ]-^ T T »  and hence th a t  th e  a s s e r te d  r e l a t i o n  ( 1 0 . 1 1 ) i s
a *■'

tru e*  th u s  p ro v in g  th e  lemma.

S ince  j^ ^ f ^ a r e  f ix e d  th ro u g h o u t th e  lemma, th e  i n t e g r a l  (1 0 .2 0 )  

a l re a d y  e x i s t s  as

For th e  e x is te n c e  o f  th e  i n t e g r a l

(1 0 .3 0 )  s i n e  J ^ ( e )  J j $ £ x , Y ie ,Y ) J^fV ) dV

= -  s in e  c o tf ;  J  ^ X ^ x , y j e , v )  oo_tj- dV, 

f o r  f ix e d  as  t - ^ T r  ,  we ag a in  in t e g r a te  by p a r t s  a s  fo llo w s  :
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(1 0 .3 1 )  — s in g  c o t 5 : ( ^XT(x,y;g-,V) o o t ’̂ T  dY
-2- J &4-I 21

?

—  s in  € c o t  Jr
f  s in  V c o t - ^ J

W h
r e

COt £  co t' — 2 - x

(x,y;c-*V ) c o t  £  dY

(x ,y ;U ,Y ) dO dY

o o t- f  c o t  
a .  2 .

O <?
IT

U»V) dU dY

s i n e  c o t j :  f 1X ( x , y ; 6 , f )  c o t j :  dY
a- a.

* • •

c o t |  c o t £  
SU H.

o o t ^  c o t  
2. 2-

x»y jU ,V )-f * * * •+<p ^ ( x ,y jU ,v j ]  dU dV

£x»yju,v) + ■

»in e  ootjc* ( JC(x,Yl  »V) c o t ^  dY ,
2- J o &+\ aT

and we have

r e

(1 0 .3 2 )  c o t  ^  c o t ^ f * J U ( x»y;U*V) +  . . • + j ^ ( x #yjU ,V )J dU dY

o ©

- > 0  as T u n ifo rm ly  on 0 < <£<tCby Lemma 1 ,
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(1 0 .3 3 )  -  e o t f  c o tp ~  + ••*4- iP ^ [ x»ysV*v )J du dv

r, (c> «<e<rr
e x i s t in g  fo r  f i x e d ^  sueh th a t )  6 <(g<,^<+rby th e  d e f i n i t i o n  g iven

i n  (2 .2)^ w h ile

rr
(1 0 .3 4 )  — s i n e  eo t-£ - I JGx»yjfej>V) c o t  d¥

" 2 ^ -  J o  ^4-1 — aT

?  f r

—> — s in  fc c o t £- ~X’(x Py ^ x,V) c o t  ^  dY
■~1 l  J  o 4 + i 2 -

?

as C4TT s in c e  ,Js^(x,ysU» Y) i s  in te g r a b le  ( L ) , and hence th e

i

in te g ra n d  in  (1 0 .3 4 ) above i s  i n t e g r a b l e  i n  ¥  a l l  the  way up to T T  

f o r  f ix e d  , whence from (1 0 .3 1 ) ,  ( 1 0 .3 2 ) ,  ( 1 0 .3 3 ) ,  (1 0 .3 4 )  th e

in tl^ p c a l (1 0 .3 0 )  e x i s t s  as C-+*fTfor f ix e d  .

S im ila r ly ,  th e  i n t e g r a l  ( l0 .4 0 )  e x i s t s  as  A.-Z’fT f o r  f i x e d ^ ^ Q .  

We now p roceed  to  show t h a t  the  i n t e g r a l s  ( 1 0 .5 0 ) ,  ( 1 0 .6 0 ) ,

(1 0 .7 0 ) ,  ( 1 0 .8 0 ) ,  (1 0 .9 0 )  a l l  ten d  to  0  a s  c J ^ T T fo r  f ix e d  «
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Tfe have

(10«50) s i n >0. «L (•&) s i n ' f  ( € )  . y C ( x » y p d » t )

"S' A

I T
(x ,ysU ,V ) dU dV r

o  o

A'r. ^ r r

„   -........ , . — —} 0  as /-4 -^ fT u n ifo rm ly  on o < ^ S C < f r
( l t m ± )  (ztan£) j

t-^fTuniformly on d "

fey Lemma 1*

( IG06O) — s i n A  J^C-d) s in  ^  ^)Cj^x»V»A»y)

$  +
(x»y;U,V) du d?

—- ->o ass A~>fr uniformly on 0 < <5*<
^ 2 ta n ^ i)  ^ 2 t a » | r  

by Lemma 1,̂

(10*70) ~ s i n e  s^(fe) s in  t  ^ (£ * )  ^X^(x»y?6»Tr)

J  €

f ^ ) g x ,y j U ,V )  dU dY

 _____  - -    0  a s  t r^  7T-uniformly on 6  <*<<€ <7T
( 2 . t a n | y  (2,t a n  ̂ j

by  Lemma 1«
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( 1.0 *81 )

(10*82)

(1 0 .8 3 )

For (1 0 .8 0 )  dn i n t e g r a t i o n  by p a r t s  e x a c t ly  l i k e  (1 0 .3 1 )  

o th e  r e l a t i o n

r
-  s i n  yd. J ^ )  f X ( x » y i ^ V )  J ^ V )  dY 

•=sin<4. c o t^ *  I X ( x » y |  , 7 )  c o t  S ’ dV
*-h  — ^

~  -  e o t ^  oo t f . ^ ) ^ ( x s y; i rs Y) + •»* +■ 3^ x » y » tf» V )J  dU dY

■f. co t  aT eot3£- |^ ^ ( x , y ? U s7 )+  <><>« dIJ dv

•f s in  4. eq tJK  J  j l ^ ( x sy ;4 ,V ) co t  j  dV,

7  S

From Lemma 1* w© have

r

dtJ dY-  o o t f  e o t jr  J" j ^ £ ( x » y ; U * V )  + • • •  ( x Bj i U t Y ) J

—£> 0  as  ̂ u n ifo rm ly  on o 4  < 9 ^ T <  fT  r 

I *t*^TTuniformly on 6

Also* by Lemma 1* we have

.  . . r r
CO- o t x  e o t j r J  J  £ p Q x , y t V , V )  + " * i Q x , y s V . Y ) J  dU dY

o  as kl- j .f ru n ifo rm ly  on 0  C 6  <  <  fl"*
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We w i l l  f a r t h e r  i n t e g r a t e  the  l a s t  term  o f  th e  r i g h t  

member o f  (10*81) above by p a r t s  as fa  1 lows j

dY

r- *

jU»V) e o t  •# dU dV 

co t #  cflj d?

4- d o t v^ x ,y ;U *  Y) c o t  #  dU dY

,w C°s . ^  f  J  ^ ^ x *y»u *v ) GOt^  ®  dv

7

+ oe t  si /  c o t  #
2 _ /  " x ~

Uj,Y) s i n  U log  fan
-<L

€
"dY

^C(x»ysU» V) log  ta n  ,2  dU
0 -ft

jUi, V) 0 0 1  X  dU dY

? 0  r  *

-f- o o t 4  lo g  ta n  ̂ ^ / j ^ ^ C w s U . V )  Go t  j dUdV

-4- g Q t . f  j (x»ysU,Y) ^ lo g  - —— ea t  #  <U dY
tart

^  oot -s«r/  /  ^ x*y |tJ*v  ̂ c£ ^ i .  dU dY
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Bach of th© terms in (10»84) aboves which are of the fora

m
(1 0 .8 5 )  eotjh  (log tan ^  J  j X (x * y jU ,V ) eot -g , dU dV

2 -  V   y J  6 &~«n “ ~ 2 - ^

- > 0  as  A-->ctTu n ifo rm ly  with respect to f  on <tsH Tf o r  f i x e d ^

since

eot 4? d og  ta n  40 —£• O as A->Tr and
• II l llll   I »» II ■!! ■ <!■ >|||]||l Ml

2 - /m l
jar

y j  DC(x» y * ^ * 001 jr dU dV exists fo r  »

o  m

For the last term in (10•84) above, we have by the second mean 

value theorem

-C A,

( 1 0 . 8 6 ) c o t # 1 J j X ( x*yitf»v ) f 4 t  I I lo g  ———  I c o t ^  dn dv
0 \ < l J \  t a  n ^ J  S T

s  s t

-  ( l o g ^ n ^ ^ J ^ j ( . ( rx9j;Vi s,Y) oo i i j  dJ iV',.

w t e r e | C ^ < ^  # r ,

—^  O as <4.”£7r"uniform ly w ith  r e s p e c t  t o  f  o n  4*Tr for fixed^^ £,*>
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s in c e

co t  ^  (log  , - > 0  as A.+ 1T and J  J^^>C ( x ,y ;U 9¥ ) c o t_ £  dU dV

I f " "

i s  bounded f o r  fixed.

I t  fo llo w s  from (1 0 .8 1 ) ,  ( 1 0 .8 2 ) ,  ( 1 0 .8 3 ) ,  (1 0 .8 4 , ( 1 0 .8 5 ) ,

( t \ ~ *  t t

( 1 0 . 8 6 ) t h a t  (1 0 .8 0 )  —> 6  as \  4,-tVr u n ifo rm ly  on o < © < r  < IT ,

v-tF^T* .U niform ly on & <«< <•*!*< TT 

A s im i la r  r e s u l t  fo llo w s  f o r  (1 0 .9 0 )  by ana logy  w ith  ( 1 0 .8 0 ) .

This p roves th e  lemma®

( 1 1 . )  Lemma 9 .  I f  £ ( x ,y )  i s  in te g r a b le  ( l )  in  Q(«.TTa ~*i[°fri,ir) and

p e r io d ic  o f  p e r i o d ^  s and i f  JjXjjj>f yjY ,S)» K ^ (r , '« ) , ^ ( f  ,S )

a re  as d e f in e d , •$-<>,/ s%, •">* s m, , / r \ t | ,  

th en  

•w* <fr

( p t ( . x » Y ’y * l )  K0 ( r / * )  K j f , S )  d* dS 

? r f

^ ( x . y s ^ S )  K, ( r , * )  K( Cf ̂  ) d r  d f
0  „ „  _«p“

, o o e

©
nr tr

v  L F & W ’ V  u f - s > a ird *  f »r  [ K h
o o each  one o f  th e  i n t e g r a l s  e x i s t in g .
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P ro o f  o f  Lemma 9 * The. p ro o f  i s  e n t i r e l y  analogous to  th e  p ro o f  o f  Lemma 

8 « The in t e g r a t i o n  p r o p e r t ie s  o f  ) a re  e x a c t ly  l i k e  th o s e  o f  C® )

fo r  o < fX 'tf ^ 'H'* <> Thus we have im m ed ia te ly  from Lemma 9 fo r  any on = 0 ,1  »2.» <>.»

<r fr

(11*1) I I j  (x»ysU*V) K (r»U) \  (?,V) dU dV
©

- s in € - s i n 7  C K0 ( r ^ ) K0(? » ? )  ° D,,+ Km( r , * ) ! ^ ( f , ? ) ^ ^ x , y j

n r

It-s i n  € J  jke ( r , € )  pC,(x,y;e,V)K, ( f ,V ) +  +  ) j^ x ,y ; e ,V ) K ^ f ,V )J  dV

I
+ s in  ^  J  [ K j f ,7 ) ; X , ( x ,y $ U .7 ) K ( ( r sU )+  ° - °+ * ? K X ( ^ » y i ^ 7 ) K ^ r su ) }  dU

<w fr

+ ■ 'Y{x9yiU,¥)K (r,U)K ( f ,V )  dU dV .
/vrt-1 mti nn-i

We w i l l  show th a t  

; H . 2 ) s in  € s in  7  E^Crye ) i ^ ( j  Pj )  ™ o( 1 )
-&h

7 ‘ v *

f r O
fo r  as  < 6 -> o  u n ifo rm ly  on o <, <TT ,

7  o  u n ifo rm ly  on o  <. 6 ■cW*
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TT

7

f o r t e ' .  ast e
L e->o u n i  forimly on 0  < < 1T*

V '

( 1 1 .4 )  s i n ^ ( r , U )  d0 ~ ft( l )

f o r  I f  <1 a s  *
I ^ -» o  u n ifo rm ly  on 0 < & < TT

w hich  w i l l  th en  prove th e  lemma <,

Since Kg(r»o ) -  = ^(r,-rr)= ^ ( f , i r ) « o  *

% (r» y )  -  Q l ) »  K ^ (f .y )  -  g i )  by Lemma 2S 

c o t £  eo t ^

* e  Z'f]-* °
and J  J^p^.XeyiUgV)  dU dV= o ( l )  as  j  £ * o u n ifo rm ly  on

u n ifo rm ly  on 6 <fi <• r r - *

by th e  d e f i n i t i o n  g iv e n 1 in  (2*2)* we have*, u s in g  Lemma 1

( 1 1 . 2 ) s i n e  s in /»  K .(l* .e) K1 ( r . ? ) i,‘X l* ,y jU ,V )  dU dV 
( ■* ■* jfri f a

7 e  f f } - »

= I^ ( r ,f e )  ^  (f  *7) I I ^ T ( x syjU9 V) dU dV -  o ( l )  as < £  u n ifo rm ly  on

0 ° [/% -> oun ifo rm ly  on $ < €  < f 7
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For (ll< .3)j, wb in te g r a te  by p a r t s  as fb llo w ss  

Z

( U .3 1 )  s i n e  K g(r*e) I j C l x , y s e , V )  K ( f , v )  dV
./ foi '&+-t -m-i

s  s i n  £ l ^ ( r 9e )

| ^ ( x , y } f c s V) s in  V K^(f ,V ) ^

“ J X i x 9 y |  ,V ) y f . V )  dV 
J A  A t l  *

= s in  €  K ^(r,fe) »V) s in  v £ < r .  v H

f t e y , s ' T) ' in  T t f - n f
-  s i n e  % ( r 9e )  {  £-

V , ? - v )  dT

=  s in  6

^ Q v ^ y s e sV) s in  V ^ ( f SV) - ^ ( x 9y j£ 9Y )s in  V j j ? * 7")

vA

?
4+» r

+ ( - l )  s i n e  K ^ (r ,$ )  J  P J * * y J 6 »V) K (J*,V) dV

?  0
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C€

K * « ,t> J T ^  x»ysU*V) du dv 

"V  e
-  K ^ (r ,« )  E f l tf ,? )  \  f ^ X ( x sy;U s V) dU <

r 6
\ ( r *e) ^  (X»tr) J <sj d?

• o o o

A  
+ ( - ! )

f  f
r K ^ (r ,e )  K Cfst )  j j  X (x ,y ;T J,.V ) dU dV

J 0 0

l-K (r,«) K (S.f) f f ~(r.«) K (T,f) I ) " } O x s y » E » v )  d u  d v  
o 6 o  A

r  *
Jk+l f  f  

+  ( - i )  J  I X ( x » y j u s y )  k  ( f , v )  d o  d v  .
7  0

The te rm s in  th e  e x p re s s io n  (1 1 .3 1 )  above a re  o f  th e  fo llo w in g  form s:

r  6

(1 1 .3 2 )  K .( r ,€ )  y j % t )  j  J ’T ( ^ y ^ sV) du dv,
0 6 ^  A

(1 1 .3 5 )  K ^(r*e) K ^(fa7 ) / j "  O jx ,y ;U ,V )  dU dV,

r  e

(1 1 .3 8 )  ^ ( r , 6 ) / [ • »  x ,y ;U ,V ) Ko ( f ,  V) dCJ dV ,
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By th e  d e f in i t i o n  .given in  ( 2 O2 ) 0 Lemma 1 and Lemma 20

w© have

f  e
( l lo 3 2 )  K g ( r ^ )  Km( f , € )  c o t f  /  I X ^ x ^ I u ^ r) « J  d¥

*  c o t £ "  ^  0 o * -  
a

^ r  '♦TTuniformly on 0  <  fe <.Tr 

a s  < £ - » 0  u n ifo rm ly  on O < E ■>

o im l ta n e o u s ly  and in d e p e n d e n tly

M f . ? ) a a  dv

as  / 6 u n ifo rm ly  on 0  <*rr ,

[ ^  -»e u n ifo rm ly  on 4 i f

and s in c e  ^ C (*oy?  U8 V) i s  in te g r a b le  (L ) i n  V on oc V <TTe i t  a ls o
6 O

fo llo w s  th a t

v r,e)/jC^:(lloS9) ! ^ ( r86 ) J  I K U'oV) dV

<5 0

e x i s t s  and te n d s  to  6  a s  £  ■#$.»%<-

(1 1  o3) fo llo w s  from ( l l o S l ) ,  (11<,35)S ( l l o 3 8 ) P ( l l o 3 9 ) ,  

(llo4) follows by analogy with (11»3)o 

This p roves  th e  lemma©
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(12 .) Lemma 10. I f  f(x ,y ) i s  integrable (L) in Q(-T*-T/TVT) and 

periodic q f period # then

the existence in the restricted  sense o f  Cesaro (2 .1 ) o f  any

one o f the integrals

‘JT rr

rrfW | X ( x»y»!f‘S) oot-l dJdS (Oj^m)
s  J* 6 a_ au

0 o 
fT n

j ' pCj(x9yjy*S) o o t j  cot j  d'gdg (Q;m-1 , 0-1 ) .
o  «>

(12.01) 1

it1 / I X(*»ysYpg) c o t£  o o t | dydS (c gi »l ) .
/  //0““< M«*| «u a»

0  0

eo t j  dtfd$ (Ojo»c)#
n o

to the order indicated implies that o f the remainder* and further that 

the integrals are a l l  summable in the order indicated to the same value. 

Proof o f  Lemma 10. As a consequence o f Lemma 8* we can le t

T v r
(12.11) J ( f e * y )r ^  j^ p ^ (x*y |V *S ) oo t]f  cot jj. dlfdS,

^ S r  tt
(12.12) K(€,y)= /y Q x * y |^ * S )  c o t |  co t #  dYdS,

1

) = «1T
•c

(12.13) ,J, (t*7jA*r) r ^ i l  I J(U,V) dtf dv.
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Tfe t a k e a n d  proceed to integrate (12.13) above

by parts.

r

(12.13) (J ( € ^ SA,T)a fa
*fr

f
m  J  J f r  ®
V  r  - *

J
<

) cot jE co t#  dlfdSj 

_  A

d y d y

c o t j  o o t #  d SJ  «  J

€  1

We continue with an integration by parts as follows*

(12.13) ^  (fc,^i*,T) 

T  IT

-  ^  - i r a» .^ ^ (x * y ;y * S ) c o t#  oo t#  d/d£ I dY

- ± \

•x
-b

•4
^C(x*yitf*£) cot^  oot-j» dtfdS I dY

^ X*yjU * ^  oo t  ^  ootj -  d̂ )j dU dY

dU dY
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■f d?

' f t *

V, obtjF  o o tjfc  d jf j

^  f  ' '

' T  /  f rT
y  L ^ t ^ y i y * / )  ° ° i i  ° ° t £  d * s .

^ ")

r  J K L  - N 1 ?

+“ ^ ( U °-2^
1 ,

* )  4 ^ f #ysu#v) ° ^ y p dv

dV

/
^ 2,

dU,

V.

(12.18) j , ( e . ^ r )

*Tfr
s  T f j i J  oo t l  o o t /  dfdS

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



“65”

4- &.} I ~X(xey$y»V) ^ o o t^  oo t^^  dtfdV

r €
*rr fe

* f  f ^ . r ^  ° # )  (v eot dO dV•H4-

r a.

*F r
(x #y | Yef)  c o t *  o o t j  dtfdS
-/

rr
j ( ^C(x*ys¥»$) o o a  o o t |  dVdS 

*^ 7 M-I 4-1 a. a.

(x»yj'(®S') co t3£  c o t  ̂  dtfdS
I *- l

J  TT

■ ^ /  >y)( ^ x v ■2*1.) d"dy
T  ^  

t r  e

Â j 4 ? ^ r ,y5U#J)( u ĉ ) ( ĉ f )  ^ d**
r ^
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In  re fe re n c e  to  th e  r i g h t  member o f  ( 1 2 .1 3 ) ,  we w i l l  

show t h a t  each  o f  th e  fo llo w in g  i n t e g r a l s  te n d  to  O as -> o »

(1 2 .1 4 )

(1 2 .1 5 )

(1 2 .1 6 )

(1 2 .1 7 )

(1 2 .1 8 )

dM S}.

,yjy»S) cot j - co tS  dJfdŜ

7

-AT
f R

f r  r

/  c o t ^  o o t £  d tfd ^

-rri- 
tr-A

-t t  e  
/*

X  

J
XT*

^ 3 C ( x»ysU .g) oo t  ^ o o t | ^  d u d s '.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



•=67“

We have by the second mean v a lu e  theo rem

«rrtr
(12.14) o o tj- co t#  dlfdS

-C €

v  tt ir«T̂

, « r r .
•* i

t  £ V  6
^  3 j£  (* » y tf i> 0  °o t #  oo dirdS

V V

4 r  eot J  I I JC (x0y;YtS) oot# dtfdS
-  ~z r  J  J4r>l-\ a-

£  *

«rr rr

f - I L v ( x t y i X S )  oo t^ - co t ^  dKd&

-v e

•where
f  0 <  fi-CTT
1 * ar < "v* <-v < Tr

I t  follow s from the d efin ition  given in (2 .2 ) and Lemma 8 that

^3£(x»yjf»S) eo t#  i s  integrable with respect to ( U )

f O < 6 < V < f T

f o r

and we ean choose V s o  sm a ll that
-V*(

(12.15) gtoo t g  J /  ^  (x«y|Y»i) eo t#  dtfdS beeomes as small as you please.

nr a C &
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i T f r

The i n t e g r a l ^ (x,yjY*J) ootjf oo t^  difdS ex ists  for given^
-V £

and Vby Lemma 8.

Henoe (12.14) tends to o as ^ d »

By a similar discussion, i t  fallows that (12.15) tends to 6 

»  £ ]■ * » .

Consider that, by the second mean value theorem

(12.16) oofr^ difdS

~ % J )  ) * J  J + J  J * J  f  °°-£ airdS
t  ^  C V  f  j  

i t *  f r

-  <&r co t J^Y X x ,y iy ,r )  oo^jf dyd?

4jf oo t #  j / T ( x ,y j / , f )  eot j  d /df 
+  4 -I T T

6

+  4 C  n i l  " W  L . X ( x,yiT#S) dVdS-
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ir

+ -^r J  e£ |Z  c2 |£

where
fO < -4. < £ * <  J*. <fT )

o < z  c v ^ < « v < - r r f

© <  e  <  £  <  <7rf

o < r < ^ < v - v < ‘r r J

Mow eaoh o f  the in te g ra n d s  in  (12*16) above rem ains 

in te g r a b le  a s  i f } * 0 *7  o u r d e f i n i t i o n  o f  i n t e g r a b i 1 i t y  in  ( 2 *2 ) and

f?
Lemma 8 * Moreover^ we can choose v -y  so sm a ll th a t

/  L  X ( x»ys*»s) d*4S
/ A 1 *■-'

becomes as sm a ll as  you p le a s e * Hence (12*16) te n d s  to O a s  '^’3'^°' 

C onsider that* by th e  second mean va lu e  theorem  

V  T

( 12*17) jjf i j  ^ ( x » y |^ , V )  |c o t_ ^ j  o o t dtfdV

V) ^  ^  ^  dWV
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r ? \

A  d o t#  )  9C (x8yi^ V ) (v q o tV ) dtfdV
• f r a  2.  /  / £ - ,  4 - 1  ^

Z- ,4.

Pr
+ M  L p C ( * - y s t . v ) ( ° ° ^ ) ( ' L 2 s * J L )  ****.

A J

where 0 <  A <  £ * <  S- <1T.

Each o f  th e  in te g ra n d s  in  (12»17) above rem ain s  in te g r a b le  

a s  t ] + '  by th e  d e f i n i t i o n  g iv e n  in  ( 2 02) and Lemma 8 S and we can 

choose so sm all t h a t

s *

~ y ( \  xBy UfaV) ( V  o o t dtfdV

f

becomes a s  sm a ll a s  you  p le a s e „ Hence (12#17) te n d s  to  O as  °»

(12»18) -tends to  o  a s  ^ 3 " * °  by an a lo g y  w ith  (12«>17).

Each o f  th e  rem ain in g  i n t e g r a l s  in  (12<>13) above h a s  i t s  

in te g ra n d  rem a in in g  in te g r a b le  a s  by th e  d e f i n i t i o n  g iv e n  in

( 2 02) and Lemma 8 * Hence we can w r i te

(1 2 e l8 )  l i m i t  ,J, ( € , ^ 1 ) ^  ^  (e „ y )B
£ y °

th e re b y  d e f in in g  ,J, (€*^) as fo llo w s?
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(12.19) ’ iji (e
, ? ) i l  W ^ y , M )  ° ô  ^

AtdSj <30 dY

ir
I ^ ( x * y ; y # S )  00  eo dtfdS

■■ -

T
jj  oot dlfdV

] 4 ??-T '5r,0' s) ( u- ^ )  ( 7^ ) ;  
^  °

do d$

^[Q  ootjj (v eotJ  ̂ do dY

6  e>

Lot us now eonsider K(€*«?) as defined by (12.12) and integrate by 

parts* We have, making use o f  Lemma 1,

(12*20) K(€j,y) oo^J oo dlfdf
Vb £

7
oot£ J J ^ £ ( x tyrt,S ) sin e so jf d £
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< rr IT
(x„yjtf®£) s in  Y c o t  £

J
7

c o t
fT

■+•

■TT

ifpS ) o o * i  dY 
2.

_  s i n €  co t 4- I ~7C(x0y | 6 *S) s in  S' c s c aJ^ d T
“  T F5 *- ( # 4  “ i n

“4* '(x9y jY» J) sin£ 080^  d$T

d £

( l 2 o20) K(£»y)-  s in g  cotw :
r I F  *

* jr

(x0yiepf) sinS oot j

sin  6 cot§^ x9 y j 6 9£ )  co t ^  d £

« f r

Y
?

/

cot
2 .

(x9y jfo /)  sin S' ootjf j

y h -? $ -  XpyiJCsS) oot j  d J

d^T
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S8| n  e  ? o tJ L

*ir

4- §iQ-eeff-i.

*pr

, s i n rr) o o t-2 - I „-X (xsly |y J)<w) e o tX  d tf
+  ~ w 3~i y  1  4 -« ~ a

6

T i r

+ ffa/  I a y i ( x » y M  ) o o t^  e o t j  dVdS 
/  I «-i >*-i a. a.

°? € !

Thus wb ©an w r i te  ( 1 2 o20) as  fo llow s*

( l 2 o20) K »y) — ^ c o t  ̂  c o t  J U  x8 y?tf,£ ) dtf d£

■TT

4- o o t
2 .1J-*-

(x ,y fY »S) eo t l  dVdS

4. eotj -  cot j '  dtfdS

O G

e 0 t ~̂ d^ d S ,

°? ^  ^ r

w hich  we s h a l l  compare w ith  ,J, (* ®^) from  (12«19) ^
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W® have

( 12*21)

(12. 22)

f r

ootj^ cot I- dtfd& 
2. a .

+ i f (v °# -)d dT
o  £

“7T ,

p 0 jx»yjU ® 0  ^  c o t ^  / c o t  dUoLiT 

/>? o 2‘

V oot #  i  dH dV.

Upon oombining (12.20) w ith  (1 2 .2 1 ) ,  we obtain

Kfe*y) - A  (£>y)

^ o o t£  oo tC g-J y ^ ^ C ( x * y j y , ^ )  d tfd j
2 . 

^  *

0  o

-  f i ^ )  (< rr*)f f j  > ^ ( *#y,u' v) (u ®££±] ( v  cot I j  du dv 
0  6
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y  ®

+ J  drd*
7  o

-($ $ //^ .‘i*yiU>f) (u ̂  (^) * d£
*? ©

+ f e £  ( ^ / & r yiS*£>
X O f

'  (7) ^ / ^ - r ,y!̂ 'v) (°4̂ ) (v ^ dWT- 
© 6

Now, (1 2 ,2 2 )  ean be r e w r i t t e n  as fo llo w s!

(1 2 .2 3 )  K (£/y) =  tJ| (£ ty )
6  ^

e

f  *  47

7 °

-  • £  °o t 4 ? 5 . ? 3r,' , ' i )  ^  “ 4 i
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( * $ * / / ( '  d>dV „4* v -i /v y
O 6

(  0 i U  < f r <  |p*
No w 9 | -  IDt o o t £  o o t y  i s  monotone in c re a s in g  on <

v a £&*▼ <?<•■£

| JJ c o t ^  i s  monotone in c r e a s in g  on O i  U < 6  < ^  ,
2.

/ — ^  o o i s  monotone in c re a s in g  on 6 £  V ;

Hence* upon ap p ly in g  th e  second mean v a lu e  theorem s (1 2 .2 3 )  above

becomes

(1 2 .2 4 )  K ( e ,7 ) j t J t (€ „ ? )

e

o o t -2 - **** 
6 O

+ w * ( 4  ~  ° o t ^  f
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I )  got I  dYdg 

\ * €  ^

7 <f r

J f c £ w , , ' n  oo tjf  dYd£ 

?  aTT

-  oot 0Qt^  df a £ ,

Hb can rewrite (12.24 ) above as follows*

(12.24) K ^ ^ J ,  ( f ^ )

f  J -
‘ffT4

H oot2r _4 )f/I * J h J ) $ r U )  iU:.

4̂ oot ̂  JJ^^C£x»yil{>£) oot I  d^d$J

|®ot ^  - C s  *# y i ¥• S) ootjF d^d/1
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Tfe have,by th e  second mean v a lu e  theorem

(1 2 ,2 5 )  K (€ - ,7 )_ ,J, (6 , 7 ) „

14tr( ( o o t £ - r r * ) )  r " ’ “ ‘

+i i s

Qf&

( o o t | ~ f ) /  I I +"

ra r

4--L
* T

6 V 6

W  t e r

k<3c*ys>^i')
-i

g S) c o t |  dYdS

^ool |  I + I j ^pf(x,ys^»5) difd£ /

y * M

x»ysM ) dYdfj

r- «T © ^

(°o t i - ^ )  ( s j t y d WJ
• *  #v

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



where 6  < * < £ * < £ < " •

( "

i n t e g r a b le  as 

o f

Each o f  th e  in te g ra n d s  in  th e  r i g h t  member o f  (1 2 .2 5 )  rem ains

t by th e  d e f i n i t i o n  g iven  in  (2*2 ) and Lemma 8 S and each

^ o o t  f  c o t  J

t  rem ains bounded(1 2 .2 6 )  { (oot

as ^  i f  th e  r a t i o s  JL a n d -2 - rem ain  bounded.
7 J  y  &

H ence, each  o f  th e  te rm s in  th e  r i g h t  member o f  (1 2 .2 5 )  above te n d s  

to  O by th e  d e f i n i t i o n  g iv en  in  ( 2 .2 )  and Lemma 8  a s  ^  ^ - p o  in  th e

r e s t r i c t e d  sen se .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



-80“

Hens©* i f  we u se  r e s t r i c t e d  convergence

as ? }■

i n  th e  r e s t r i c t e d  s e n s e :  o r  we can  w r i te

(1 2 .3 0 )  K (e ;» )} ^ , J , { e 9y )  ( 0 ( i )

**1

a s  Z  *-n r e s t r i c t e d  s e n s e .
6 -
?

We n o te  t h a t ,  by (1 2 .1 9 )  we have

y  e' r r  tw <jr

u

(1 2 .3 1 )  ,J. fe .-y ) _  -L  < i /  /  Y ( x , y r f , s )  o o t £  o o t M d f a J  ®  d V ,

Hence* i f  we c o n s id e r  r e s t r i c t e d  C esaro surom ability  i n  th e  sen se  

d e f in e d  by ( 2 . 1 ) ,  we can  show th e  e q u iv a le n c e  o f  th e  I n t e g r a l s  ( 1 2 . 0 1 ) 

by  ta k in g  th e  a p p ro p r ia te  number o f  i n t e g r a l  means o f  b o th  s id e s  o f

(1 2 .3 0 )  f o r  g iv en  v a lu e s  o f  /£ •
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For 4=> 0 upon ta k in g  m-I  i n t e g r a l  means ©f b o th  s id e s  

o f  ( 1 2 .3 0 ) ,  w© have th e  e q u iv a le n c e  in  th e  r e s t r i c t e d  sense  o f

k( 6 # 7 ) - > a  ( C i  (7 1 -1  g (VI-I )

i J i ( G| /W-* 9 « - / ) ,
•

o r  from (10<>31)

f l ( g » ? )  -S' A (C | m-/ s /v) -/ )

( J(pp'p) A (C|

o r  th e  e q u iv a le n c e  in  th e  r e s t r i c t e d  se n se  o f

<r

ir y  J i 4 C ( x ay$Xs>$)  cotji eo t-l. dlTd? (Cg m-l , /n- l  )
o o '  3 - 2 -

T  TT

j'^ p C i.’X-gy^sS) o o ir f  co t-£  d#d£ (C|<»ip>n)
- a -  i

V 0 o

For ,4 = 2. » upon ta k in g  //i-a . i n t e g r a l  means o f  (1 2 « 3 0 )s we have 

by means o f  ( l2 o 3 1 )a th e  e q u iv a le n c e  in  th e  r e s t r i c t e d  sen se  o f

'«r

<riy yjfoS) 0 0 oot  j- d*d£ ( C ^ - s 9a.-j  )

o o
-TT <jj-

f7 *a  |  I p C {* » y i i» $  ) ootjE c o t  I  dtfdS (C | m- |  a *- j  ) t

\  O '
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C on tin u in g  in  t h i s  way* we f i n a l l y  o b ta in  f o r  ^ =/v? 9 

upon ta k in g  th e  l i m i t  o f  (1 2 .3 0 )  i n  th e  r e s t r i c t e d  sen se  j u s t  a s  i t  s tan d s^  

th e  e q u iv a le n c e  in  th e  r e s t r i c t e d  sen se  o f

( C | 0 , 0 )

(Cj) »j ) .

T his p ro v es  th e  lemma.

t M  J X ( * .y i * » S )  o o b | c o t l  d<fd§ J J/n *

X ( x »y»y »^) c o t ^  dYdS.1 /*>-! ®
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( 1 3 .)  Lemma 11 . I f

' ' o ( l )  as  z } - ^ °

] X ( x ,y s 4 9t )  =
flVM

i as>4->0 u n ifo rm ly  on o  < £■ <■ fT"

°  as  u n ifo rm ly  on o < ^

th e n  fo r  f ix e d  £  such t h a t  o < £  < TT̂

(13.1) j -)(Ji.y»r.«K^r.!Oa)fr Q l )  a s ] £ s a r ° Sin (1‘ r) t - » .

( l - f ) [ y  r  a r c  s in  ( | -  £  ) 

f o r  O < ’V < £ < 7 T  ,

(1 3 .2 )
6*. a r e  s in  (l — r)

(1 3 .5 )

(> -? )

and f o r  f ix e d  "V such  th a t  ^  <. "V' ^

r
p i ^ , r . s ) K j r . a  O d) as f

Y=aro s in  ( i-£  ) 

f o r  6 < V < £ < f r ,

-><3

£ * a r c  s in  ( I — r  )

(1 3 .6 )

( i - r >

<1 (r« tf)  
"m-

a rc  s in  ( i - f  ) 

f o r  0< £.< V  <1T,

( l -  r  f~

7
'X j ix»Y lV>tyl  ( f » J )  d£ -  0 ( 1 )  as

rtl+l f**\ '*+1

a rc  s in  ( | ~ r  )

J
1

y= a r c  s in  ( /  - j» ) 

f o r  O <, S> .
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P ro o f  o f  Lemma 11» In  c o n s id e ra t io n  o f  (13«1)» we bay® 

% ^ b%) ~  Q ( 15 a s ^  = a r c  sin(t-j>  )-* o  fo r  6 < V <  £ < fT" 

by Lemirm 4 ,

a i n £  yi(xs>yi'ife$) =. o ( l )  as  u n ifo rm ly  on o  <  £ < fr
*liW

by hypothesis®

&s6 =  are s in  (l- r)-*o u n ifo rm ly  on 0<  V<£^fT from  whioh 

(1 3 o l)  fo llo w s*

by Lemma 3® and henoe 

(13*12) q ( f . J )  /  K ' ( r . O  d tfM*' : £  9 m+l

\B in s  I X ( x°ys*>r)  8*n *  d^ ( ^ )  d V '
T T f T A n V  j  ^ +1 T r ~
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In c o n s id e r a t io n  o f  (13 .2 )s we hatte

^ ^C (x 0y |Y 9 $)=  o ( l )  a s  'y-»o u n ifo rm ly  on 4  TT

by h y p o th e s ise

q (Jp S ) _ Q i )  as  oj>a a re  s in  ( l -  f  ) ~?o f o r  0 < , ? <  J <TTM+l___________  ( «*
( l-f)*sing

and q ( r s / )  a O fO- r ) aj  as  V s a r c  s in  ( \ -  r) 0

by Lemma 4a and hence given any a rb itra ry  w > o  » there ex is ts  

a c o rre sp o n d in g  < 3> o  such t h a t

(1 3 .2 2 ) 4 (f.S) Y ( > , y i w h  <r,y) dY
( l - f )  '

k >

q J f . S )  \  ( s in £  ) X ( * t y t f r O < l  ( r »v) dtf 
j— —r - v  1 tf+i ( » - J ) 's i n S J

L. 0 -  r f  vj

i
\%

w henever
f 0 £  6c. a r c  s in  ( | -  r ) <  h < A 

6 < y c  a rc  s in  ( | - j ) < h < A

u n ifo rm ly  on Q <  "V < J  <TT .

Henc®a (1 5 .2 )  fo l lo w s .  (1 3 .5 )  and (1 3 .6 )  fo llo w  by a n a lo g y  w ith

(1 3 .1 )  and ( 1 3 .2 ) .

T h is proves th e  lemma.
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(14« ) Lemma 12« I f

X ( x» y * 4 » t)«
«H| <*(+1

then

« r

o (l)  as £]-><>

o ^  as a->© uniformly on C< C<f i r * 

 ̂ o as 6 uniformly on o < ^

( U . l )  /  X (x»yjy^ )K  (r.T ) ^  r  o ( l)  as f
y<»)+i *ui f m+i I _

g. a are sin  ( l - r )  

are sin  (i -  j*) J
o

*rr
I  _  fe = are sin  ( f -r )

(14.2) X(*»3r*&*)3 (*•?) dtf -  o ( l)  as * 0 »
1 f *+i arc sin  ( l-$ )

6

■ _ r g a* are sin
(14*3) |  J (fay tlton ) o o tj  dY « o (]$  as] >-> *  >

/  *1+1 ' 3- I

<*r
/  (e-'Oro sin ( t - r ) l

(14*4) X (**yi€»?)K  (f„S) d ^ r  0(1) as^ A-^d >
J*i+i *+i l^ = aro sin (l“/)J

«r
(€&aro sin '(»-r)"

(14*8) I X C ^ yJ6*^)^ (f»§) 4? =3o(l) as j
J *i+i *»+i ^+-i fy *aro sin (i- f ) „

?

- r,/ [s* aro sin
X ( 3e*yJ<"»f) eo t  * 4 ? =  o ( l )  as<

*«+• : o . + s  arc sin
7

G-j W
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Proof o f  Lemma 12«, In consideration o f  (14*1)# we have

dJL(r»Jf) o ( - l  \  as g= are sin  ( t~r) ftir c< y ±€
~ d ? ---------- U [(i-  r f )

by Lemma 3»

X(*»yS^»S)= o ( l)  as VU o by hypothesis,
ti «+* 7 3Ottl W+J

and henee

€

1
X<x*yi?»^)K^r0r) dir = J^(x*yiY*y)alnT  d̂ ( r 8 if) dr

a  ' ,rrr / ...........   d ro  «

^ ' ffi* arc sin  ( | - r )

~ °  t o - * ) 4
r d /  > = 0 ( 1 5 as

7? - are sin  (bf )

We have further

Sin* j((x*yiXi>w) ~ 0 ( 1 ) as *?-*o uniformly on 0< y< TT 
/w+i *»n ( '

by hypothesis* end for arbitrary fixed «t suoh -that 0<<<^*i>

K ^ r .y )^  0 ( 1 )  o < « « y < fr  for a l l  r on fig r g l  
sin  i f ~

by Lemma 2* and hence
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(14.12) /  T (x ,y jy <>̂ )K (r A ) & * =  ’X .(x » 7 l& ,}>) s in ^
/ n t f  mtl ' m"  ] n H + - ( 1..."7*

«  a i n ^

o ( l)  as ^  = aro sin  ( i - f ) -^ o  regardless o f  r  on

Now. given any arbitrary sm a ll positive number ^ > o  « 

we oan f ir s t  ohoose J f> o  less  th a n  w  and so small that

(14*14)
a i r

<  ^  by (14.11)

(14*16)

with 0<^e. a r 0  sin  ( l- / ) £ ' £  ,

and then we oan find ^  l e s s  than JL and so small that we have 

simultaneously

[  X  (**yiJfe^)K  ( r„ T )  dy j <  ^  by  (14.12)

£

provided only that 0 <*? =■ a ro  s i n  ( | - j » ) < ^ < J I J, 

and

£

(14.16) ^ (x .y iV ’.'^K (r.yO dlf <  ^  by (14.11)

whenever {
0 <.6 =aro sin (|-r)< C ^ ^ «5-  

0 (^=arc sin

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



»89«

and hence qr 
(H*17) /  X ( * » y j* W ) K ( r# ^J«\+\ **M (  ff*\

* <r i

+ 1  ' IP  *

provided that

'  X < x,y,,f*?)L f r'y)
IT1 + 1 m+I

'o<tsare sin(t— r) 2^

0<^saro sin(j-j»)

In consideration o f (1 4 .2 ) 9  we have

• thereby establishing (14.

^ P 0 tx#yj>fi^)n o ( l)  as by hypothesis,

q (r ,y ) s
<*i+r

as Vjs arc sin (f-» r)-> o  by Lemma 4,

and hence, given any arbitrary , there e x is ts  a

corresponding » such that

(14.21)

h 1
- h

r
j X(x,yi^,^>)q (r,^ ) dW £

J f M \ /ni+j f <*>+■! 1 

£  1

0 - r f w U r
J  *3 
£

whenever
o<§- arc sin ( |-r)< h<*4, 

0 <Op=.are sin (l-js )< h < A ^ j
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(14*22)

Wa have fu rth er

sin  Y ) = °(1) as 'O -  are sin (l- r)-> O
A1+| ' '

uniformly on o<.y<1T hy hypothesis* and for arbitrary 

fixed e< such that e < < TTJ

q j r . * )  , a i )  as  e = a r e  s in  ( l - r ) - ^ O  w ith  £  <  <  Y < “TT

sin* 0 - r f

by Lemma 4* and hence f o r  g iv e n  •<. r

CTT

X ^ y  **•'!?)* (* •* )  dT= 0 - r f  | X ( x» y J ^ )  s i n ^ q  ( r air) d T  
Jw h*>+i < /Mf> W i/m +i c -? ¥{ r r — 3-

e£ 4  s T b r C l - r )

r f r  a re  s in  ( \-  r )  . 
s  o ( l )  a s  .? -*  ® *

^ s arc s in  J 1

Therefore, we ©an f i r s t  choose jL.^0 less  thanCt/so small that

a

,fn+\ *>+\
by (14-21)

1 i t h f 0<6 * aro SIn (l~ r ) <  s- ,
( 0 <y -  arc sin  (v-f ) ^ £
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and then •m oan find o  less  than and so small that

DC(x*yjy»7)q (r„1f) d t f l<  ^  by (14*82)
I m i < 1//*+! rt»+|

f  o< arc Sin ( | - r )  < £  < f
whonever f  *

( O < ^ c aro sin  0 - / X  A < 1

and henee

3 C  ( x o y s f o v H  ( r »Y) 
w i *+< c

<  ^  a u *

f o < 6  aro sin  ( t - r ) < ^  
whenever | « thereby establishing (14*2),

I 0  4 *1 * are sin (l-J °)< ^

Sinee q (r*y)« J  ( t )  — icCrjW by Lemma 6  ,
MH <*>41 -h+lr'y.

(14 .3) follows from (14.1) and (1 4 .2 ) . (14 .4 ), (14 .5 ), (14.6) follow

by anaology with (14 .1 ), (14.2) and (1 4 .3 ) ,
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( 1 5 . )  Theorem 1 .  L e t  f ( x ,y )  be  in te g y a b le  (4i) i n  Q(-'7/'» -7 T '|i ro1T') and 

R efin ed  o u ts id e  Q by p e r i o d i c i t y .

I f  A ( x ,y j r , f )  i s  th e  Abel sum f o r  th e  conjugate o f  th e  double 

Fourier ser ies, th e n

: ' i r

lim it |A (x ,y s r ,p ) -^ W  /X (x ,y * tf ,£ )  c o t j  oot j  di'dij— 0,
*«arc sin  (1 - r ) |  '  /  *  *
<2 * are sin  ( | - f ) j  ? 6

provided that

o ( l )  as r ’} * °

 ̂ a s d - > 0  unifbrmly on o < r < #fT *_ ■ i n i n r j  •
<n+i

^ fsH T y  as f - > 0  uniformly on o  <-d < <TT

P ro o f o f  Theorem 1*

Prom ( 1 .5 3 ) ,  we have f o r  th e  A bel sum, 

<r *rr

A (x,yjr ,f) =  ̂ j  h ( l x , 7M»S)K (r,*)Ke (? ,£ ) dtfdS.
o

0  0

By Lemma 9 , we have

<?r

(1 6 .0 1 )  A ( x , y i r ^ ) = ^ r i /  /  ( r ^ ) » o ( ? 4 )  d^dS
' s o  o
0 o <rr

-  * 7  /  ( r » s )  d jd ^
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9y Lemma 7® we have

K < r ,m ( ? .S ) =  £„(*) -J « ) -  q (r ,y )q  ( f . * ) - I  (r#*)q (T.S ) - q (r,Y)K (f.g  ) ,*+> m+> wi /w+, „,+l (w+i ' '  avvi '*'«

Thus we oan w r i te

(16.02) *(*,yjr,f)=4»l I K X w t M  jK ^r.ir^ r .S )  dKdS
/w+i **+1

v®  ©

3 e <* *rr ir €■

drdS

"XCxsyi^Sjf q (r#Y)q (M )  + KJ(r*tf)q (f#$)+ q (r^  )K ( f 4  )1 S ' d S  «l+|/*+» L M+| *»+l M+l <*+! SMI J

(x#yrtf*g) J (Y)tJf (?) d m
**+< *i+i

Consider that® upon integrating by parts# we have 

*f1T 

(15*03) ifM I X(.x#yj*#£) I  (Y)j (g) d mJ  j  r *

=  5f*

<

<rr  7 € ^ r

[ X j j ’ y M )  s in Y  ^ ( Y ) J

< " c  e

d | c y

dS

(xsyjYsg) sinY <*4̂ (5) dY]
*i+i
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am *  1 ( g )  j„ (g )  dS

-L
" V 4

<rr* 
r  ?

[ » ? & ’ y ,ir* i )  s ln f  *- < *> 1  j
•in  v d j„ (y )J  r  > air

d1f ' " I  M * » y i Y » S )  a i n $  d 4 n ( S )  d&
//n+i /w+i

d S

-  a m *  <?„(€) 
t r *

X (  **?!** I) sin^ i  (O  “  /X(**y*®*£) sin I <34*, Ĉ ) dfei
0*1 or>+.| "> J  k * M f i  ---------

-to /  d l  i
7  ?

s in *  <%(#) dtf 
d Y

+ , 7 f ^ y a ‘ 
^  *■

’#5) s i n *  d 4  (g )  s in  S dJ„ (g ) d f a l ,  
dY  d ^

whence w® have

(16

*jr*r

•pd) j f * J  m
J  J*+tX(*>YiX»S) J OOJ ,(0 dtfdS' (*v+| rttH *+'

w ~

<n*' 
? ; T

>. s in €  &( e )  sin<| & to) X ( ^ n t e y ) *  * : /  I  X (*»yj«*S H  (*)£ (s )
' *rra * * '  ^ 6  ^
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Upon s u b s t i t u t i n g  (15*04) fo r  th e  l a s t  tern o f  the r i g h t  

member o f  (15*02) an4 making us® o f  (1 6 * 0 1 )*  we have

sr w

(15.05) A(%yjr*f) 4= dtfdS
o o

= ? m ) f f  f *  f f  ***
v.p P  0 6  *1 0
W I T

I .?C(x*rtfpf)fi.favjq (?*£)+ K (r»r)q (f*J) +q (r. )̂K &Y&$
J  J '*’+'1 L m+l M+l **'H

7  ?

- « * » *  4 ( * >  |  X ( x* n e»Z:) % U )  4 S - * t * y  & i f )  j  { „ (* )  dyr
"T t  J «41**| /»+' —■■ t

W  <w

~  8 to l6  8 in 7  ^  i  « ■ > „ » >  i f * t

'  '  ? *  , . '

•• % '« r iU ;  5 h f»  .tM * *&«& ** t *» lw to jg r^ t ' ■

(15 .1) f trz j  X (**y^ aS )K  (r.*)K ( fr f )  dtfdS,
✓ **»+> m 

o  </

< « •*>  d5af'
0 P
* r  6

(15 .3) j jk  I 'X(x*y$rgS)K (r.»)K  (J tf)  dJd*,
/  J ^  *'*1 M+<

7 ^
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T  ir
( 1 6 * 4 )  « r 3 j  I  ~X^(xBy r f 0$ ) q  ( r s t f )q  ( f  „ $ )  dlTdlS^

/  J fr*i\ M+l 'yl‘H m+i
7 6

jt t t

(16.5) s t s /  (r*r)q 0%S) <***£.
^  /  /M W  M + | * » *  M4-I '

7T7T

(15 .6 )  ( X ( * „ n t f 8i ) q  ( r ^ ) K  ( f ,£ )  dVd$,
/  /*>+' **̂ 1 *'+l 'Y’+l

^  G

* r

(16 .7) sind Jm(e) f  X(x*yte*£)J (S) d& ,
 j j ^ C  J  «+) Mh M*<

f
7(18 .6) « in 7  j . (7 ) **>

** e

(16.9) s in  6 ̂  ((S-) sin*? ( ^ )  X (*»ySS*'j?)

°fr«- /

fG- aro sin ( i - r ) ' )  
tonds to o as | ,

= are sin (i - f )  J

and henoe from (15.05) that

T  *

'A(**yir»/) f  X U .y iY .J H , (V)^ (?) dtfd$
y  6

(€ -  aro sin (l~r)" 
tends to O as < 

(/^raro sin  ( v - f ) .
—>  o
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Wa p ro ceed  to  c o n s id e r  them on® by o n e . 

Tfe haves

(1 6 4 )  jrX
0 3 
6

^ X ^ (x * y ? ^ )K  (r #r)K ( f 8§) fid i
tnb\ "lf|

3: ^  f X ( * . y s W )  sin *  d ^ (r ,Y) s in *  d lL (f^ ) dYd& 
V  r 41 A'+‘ T ?  d j
6 o

✓V )
3  o

t e -  a r c  ain (t-r)") 
Y £dY dW |; o ( l )  as< V-

j  a r c  sin (|-j*)J

since

^ y J ^ S) , o ( X )  as  b y 'h y p o th e s is *

1T ^ -c(n Loa fo r  6 < V & e a s  6 = _ a ro  s in  ( i - r ) - ^ O  by Lemma 3 .

We have

(15 • 2 ) J i f f " X ( x , y j r , $ ) K ( r 9Y ) K  ( n s )  m s  , 
/  J ^ 4‘* '" H

( x * y iW ) K  ( r ,Y )  d ^
M+|

s i n ?  dK { f , $ ) d £

SS"0

d S

/'g-jr a ro  s in  ( | -  r )  

a ro  s in  ( l - f  )
= o ( l )  a s  ^ |  •^ > 0 , s in c e

(6 « a re  s in  ( l - r ) ' ' )
(x*yjY *S) K ( r , d )  d tp  ofi) as  j  V by Lemma 12*

\ *+' - LS = a rc  s in
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d J L (f .S )  -  C)f  - 1 \ f o r  o< § -V  as on a a r c  s in  by Lemma 3 .
r r ^ ~ n ( i - r ) 7  ~ (  {

{are s in  ( / -  r )
o ,

arc sin (/- f ).

We have

TT

(18 .4) - i j /  j  X < * » y « iS ) q  ( ^ ) q  ( r . s )  d^d?

7 6

' - - “•I I I T M  + I 1 I X l* * y rr.f)q (r.flq  (r tf)  dfa?.
|ot+) /*+■! rtW*lV7 6 "V 6  ^  £

We w ill  c o n s id e r  s e p a r a te ly  each  o f the integrals

f ;
(16.41) d i j  J X (x .y ? r« ? )q  (?»£) d*d£,

/  yW-' *>+» 'n4‘l /kh

T
i r  x

(15.44) <rr*J f ,X ( x „ y |^ J ) q  (r» /Jq  ( f 0Sr) dtfdS ,
/  ./'KtI <W+>| *>+1

- /  £

(15.47) A j  [ X ( ^ y ? ^ S ) q J r l>Y)q ( ? , f )  dTdS .
^  /  ,//»* *rH A* *+l

*  *

Let any a r b i t r a r y  p o s i t i v e  number \jJ be assignsdo In  c o n s id e ra t io n  o f
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(1 6 .4 1 ) ,  vm h aw

f  Cesar© sin (l- r)'')
/ X(**yi**S K  (r,fc) dYs o ( l)  as) by

Jm+i «vn ot4-i ^ .-are sin ( t - f )  J
e

<1 c r .s )=  O f ( i - f )  / as $ - are sin {l-y)-»o  by Lamina 4,
<*+» VT*/

and hence w® ©an choose o  so small that

Lemma 12,

(16.42)

9T

j X (*»y^^)q  (r.y)q (* ,$ ) dtfdS"±
/H-t-l /M+-I (1 - f )  u / |4 j .

with

< u y ,

©<£ are sin ( l - r ) ^ ^ d /
0

o<^*aro sin  (l-j*) < ^ ,

In consideration o f  (16 .44), we haw

q (? # £ )  X ^ x*y s ^ 5 ) q  ( * »  d)( =  0 ( 1 )
" l̂'1j'JST" ^  /W*‘I

fast aro. sin  (t-Y)' 

,^ -a ro  »in (I- 5  ^

with fixed 5- such that 0<. by Lemma 11,
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and hence f o r  g i i » n | |  » we can choose > 0  so  sm a ll t h a t

r  £

(18*45) f  X ( * . y ^ 5 ) q  (r ,*)q  (j%£) d^dS 
/  V/n-H <*1+1 mn /vi+i

■v e

( r » v  d4 iS- g £  m+l J

p ro v id ed  o n ly  th a t
0 <fi=ar© s in  (I - r )  <  ^ a .

o<<̂  s. a r c  s in

I :

In  c o n s id e r a t io n  o f  (15*47)® f o r  gi'ven * we have

r?] I ( r» tf )q  (?» £ ) c8TdS e x i s t i n g  by L0mmas 8  and 9* Now
J  J m  <w /"ti <wti

v t

q (r*Y ) c o n ta in s  a  f a c t o r  o f  ( |-  r ' f '  n o t  in v o lv in g  If ftrom th e  d e f i n i t i o n  ©f
*+i

r ? ^ o
q u  g iv e n  in  Lemma 4» and hence f o r  g iv e n

q i r
f f  y^(x>ytV»$r)<l(rgY) q i f e S )  d)fdS e x i s t s  f o r  a l l  (j such  t h a t ! 6 * *  = ̂

J J r f * * !  L ”  h i t  f i t  I
"V%

whence f o r  s> w© can choose A j > o  so sm a ll t h a t

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



■101“

(16*48)

°rr

z k l  /  X ^ y ^ S h  CT) q  ( f £ )  dfaS 
*fy  /m+' ***1 **+• '**<

v l
<jr

U - r f o - j ) '  f [ X U . y i ^ n U n O q J f , ; )  drd5
/yrf-l /»+-( «*»----- -x <J5±l

<TTa -v ( « -r f  <»-*)»
<

provided only that ^
I  1

f  0 <£= aro sin  (I- r) < ^ 3  

0 <^>- aro sin  ( i - f ) < 4 j  

Therefore,, in consideration o f  (15»4)# we can f ir s t  o h o o sev > o  

so snail that

J s f  | X C ’w W *  ( r» v )q  ( r » s )  d i r#
j a m  *1+1 'ri+t *ih

^ 6

f  0 <€ a aro sin  (i- Ty y  
< W with f  b y ( l5 .4 2 )

|.0 < ^ i  aro sin  (l-^XV

and then we can find A>o  less  than “V  and so small that we 

aisfQltaneously

irr
fr3!*1 [  'X(*»yi*p$H (*vif)q (f®£) dtfds

J  1 ,*1+1
<  &

V *

provided only that {  by (16,46),
0 <e* arc sin  (|-r)<<d

fl<^ c aro sin
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<r»>^  * 2C(x»ystfi>$5q ( r BH)q ( f v S )  dMS
41 m+i /n+i *)+i < f

0 < f* a r@  s in  ( l -  r ) < d  
p ro v id ed  o n ly  t h a t  / by (1 5 .4 8 )

,0 4 r£ = a ro  s i n ( l - ? ) < Z k  *

and heno©

'IT

fk) [ X ( x j»y|TiS-)q (r„TQq (£0$) dflfdS
/  >nhl m+i *+.) <■ *

-  UJ

C>^£ - a r e  s in  ( l * r )  < 
p ro v id ed  o n ly  t h a t  |  t

0 < y  z. a r c  s in

Wfcepo© (1 6 .4 )- > 0  as 

We have

S aar©  s in  ( | - r )  

<^= a r c  s i n  0 - T ) } '0

(18.8) -L. / X ( x*ynr»S)K> * * H  (/•S') V  J  J * 4 \ t«¥\ **' «*•>
^  6

dVdS'

i r i fT ir s

v s  £

X ( x»yi^S)K fr ,# )q  ( / ,£ )  dJfdV
•H M+l *+i
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We w ill  consider separately each o f  the Integrals 

■y If

(1 6 .5 1 ) J i f f  X(x*  yjT*S)K (r,#)q (frf) dfd$
'i'W-1 m+i

T «

(16.64) -L ) fX (* * y t f* S )K (r»Y)q (? ,$) dtfdSr, 
f r y  /ftw m+i ^<-i

(16.57) jfe j j 2C(x»yjY*S)X (r»^)q' (?•£) dKd .
/  Jff\41 /M-l /H l 'W-H

v s

Let any arbitrary positive number W be assigned* Innbdlist-di#8®[lh' 

of (16.61), we have

f  }G*»yiM)K (^»V)dY=o(l) as
/M+l M+f 

6
iVlfl

g - a r o  sin ( \ - r )  

<̂ »aro sin (l-y)-
O by Lemma 12#

as J s, arc sin ( i - f )-» 0  by Lemma 4,

and henee we can choose A \> o so small that

(16.52) j
rr

[ X ( x«yiy*?-)K ( r , 9 ) q  ( f , %)  d S 'd J t
J / * + |  <Vi+| <*4/

* £

fO<€-~ arc sin  0 -  r ) £  A/ 
with/

( 0 <,<̂  a. aro sin
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In consideration  o f  (16«54)a we have

< y r .S ) / <«' = 0 ( i )
3jT J ri>+l ,"HI

a s
^ ^ are  sin  ( i - f )  

and h

T i

- > 0  fo r  o < V < ^ f f  with fixed such that d < ?T 

{ *
by Lemma 11* and hems© f o r  g iv e n ^  *  * we can choose ^ > 0  8 9  small that

(15.86) * / j l x i(x»yi^®S)K ( r» y )q  (Ts>f) dJTdS
I /«+*! m VI

J O - i f  U \ ( « )  X ( * - y s Y - m j r - r W
" t F  n i f t f j s  I ' ' * '" * 1 ■V

sdS < *

provided only that
s  arc sin (l—r)

O = a r c  sin  U»£) <  A a
" i * oIn consideration o f (1 6 .5 7 )  for given .77 * w  have

"DC(*#yiV*J)K (r*V)q (f#S) cDTdJ ex istin g  by Lemmas 8  and 9 . Now
ifl /»+•) *>+i CWM'

q^TsS) oontains a factor o f  (j -j*) not involving $ from the defin ition  o f
■f

q given in Lemma 4 and K (r*V) -  0 ( s i n t ) fbr O < JC<N<l*Tifor a l l  r on

d | r i |  by  Lemma 2«
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Henees f o r  g iven

d ifd fe x is ts  f o r  a l l  su eh  t h a t  ^ t y ^ i  *
f ' m+' ( - f ) *

whence f o r  g iv en  s> we can choose ^ 3 > o  so sm a ll t h a t

(15.68)
i r i r

- k
* Vv % 
jrr it

r  f r

f  X C w & S Jk ( r ey )q  ( W )  dTd&J/n+l «h-i <'»+! mt-i

c - r ) a

p ro v id ed  o n ly  t h a t  -
a i S s  a r c  s in  (1- r )

, Oi/^z.  a r c  s in  ( | - j * ) < ^ j j  

T h « re fo re s in  c o n s id e r a t io n  o f  (1 6 .5 )*  we oan f i r s t  choose * V > o  

so small t h a t

J s  (  X ( x > Y r f > $ ) i ( n i ) < i  (?*&) m $  ™ J + 1 "l + l *4-1

0 < 6 *  a ro  s in  (l -  r )  4 “V
w ith  < by (1 5 .5 2 )

z  a re  s in  ( l» J ,) < ’V ’

and th e n  w® oan f in d  Z ^ 6  leas th an "V  and so small that we have
s im u lta n e o u s ly

-rr £
, / J  f  p cIt T U|T(A 

i /  ^

_ U p y iy .J )K  ( r s* )q  ( f ^ ) d ^ d j
A| + | '•Vt-l
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o < 6 -a r©  s in  ( l - r ) ^ A  
p ro v id ed  o n ly  th a t  f  ' by (1 5 .5 5 )

b<i£ st a r e  s in  ( f - ^ ) < A

and

■-7TTT

M  l  X ( W M ) K  (r*y)q (?*S) dTdS 
*r*y m+' ^+-i
•V S

r< X  e = a r e  s in  (l — r ) <  ^  
p ro v id ed  o n ly  t h a t  j by (1 5 .5 8 )  7

(_6<^ s  a re  s in  ( |- j» )

and hence

(  ’X i x ' T n t o S ) *  (r.Y)q ( f . $ )  dYd* J  /w+i *>+/ ,Vlf| *1+1

p ro v id ed  o n ly  th a t f 6 < £ rf tre  sin ( l - r ) < < 4

0<y a. aro s in  ( | - ^ ) < ^

6 = arc s in  ( l - r )
whence ( i 5 .5 ) - > 0  as  j  ^  ^  •

I'y-z. a ro  s in  (i - j»)
ffc-a a re  s in  ( l - r ) "  

8y an a lo g y  w ith  ( I 5 . 5 ) a we have ( 1 5 .6 ) -> 0  a s  J
— a rc  s in  ( t- f )* .

r e =  a ro  s i n ( |-  r ) ' ')  (
(15*7) and (1 5 .8 )  te n d  t o o  a s j  . > by Lemma 12. w h ile

( ^ - a r e  s i n ( | - ^ ) J  -

( 1 5 ,9 )  te n d s  t o  Q a s .,(€  r  a r e  s in  ( | -  r)"l 
l ^ - a r o  s in  ( | - £ ) J

^ 6  from o u r  h y p o th e s is .

T his p roves  th e  th eo rem .

• * 0 ,
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(1 6 * ) Theorem 2 . L e t f(x » y ) be in te g r a b le  (L ) In  Q(**1T „ -7T $7Te7T) 

and d e f in e d  o u ts id e  Q by p e r io d ic i ty *

Thenfl a t  any p o in t  where

a necessary and s u f f i c i e n t  c o n d i t io n  fo r  th e  summability (A) o f  th e  co n ju g a te  
*

o f  the doub le  F o u r ie r  s e r i e s  i s  t h a t  th e  in t e g r a l

0  ©

oonverge which w ill  th e n  r e p r e s e n t  th e  sum o f  the series*

H®re* is  any in te g e r  I < 2.-3* ••• ,

Proof o f Theorem 2*

Necessity! Suppose th e  c o n ju g a te  o f  the double F o u r ie r  s e r i e s  

i s  suxnmahle (A)S then A(x0yjrcf») te n d s  to  a  lim it as » and hence if

i? C (3 c # y ^ tr )=  < ° ( ^ z )

° ( s i n i )

asA -vo  u n ifo rm ly  on 6 <  t  <*n*r

as  C-> © u p ifo rm ly  on

NT fT

dtfdS

we relate

A (x*yjr,f) -  Xxey i ^ ) c o t£  ootj- d#d&VQ a^
l^ e a ro  s i n  ( I - J ° ) ,,

i a i r o  s in  (| -  r ) "
. - ^ 0

by Theorem 1»
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and hence th e  i n t e g r a l

«rrr

j k j j ' ) C ( x * y } 1f0$)  o o t ?  oo * i  d*d $ e x i s t s  and e q u a ls  th e  l i m i t  o f  

0 0 *

A ( x .y j r „ f ) as  £ } “»• .

S u f f ic ie n c y  s Suppose th e  in t e g r a l  

f i r

(16*5) L X |x o y 2*0S) eot% oofef . d^djconverges^,
0 0

*fT TT

th e n  « jr t j  ) o o t j :  eo t 4  dftdS te n d s  to  a  l i m i t  asif I  a. a. /

(6* f r  a ro  s in  ( | - r )
and i f  we r e l a t e ^  t o ^ «  by j  „ th e n

(n ? s a re  s in

f v

yrt>$)  C0J ?  ©©t^ a fd S

7 * *

'6 - are sin (l- r)
^ 0  by Theorem l c and henoe 4(x*yjr*f ) te n d s  t o  a

^  - aro sin (l ■

- r ) }

lim it as p w hich i s  th e  i n t e g r a l  ( l6 o 5 )  above* Therefore, th e  s e r i e s

i s  summabie ( a ) and summabi© (A) to  th e  v a lu e  o f: th e  i n t e g r a l  (16*5) aboveo
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(17 .) Theorem 3o L e t f(x 9y) be integrable (L) in Q(-1T» -TTjTTi, TT) and

defined outside Q by p e r io d ic ity * .

Then® a t  any p o in t  where

^ X ( x fly ^ „ t 5  ~  -) as  a->o uniformly ĉ \ 0<t<efTj
.1 /vmA.1 '

o (sijjjS.') a s  V uniformly 6 <i -4 < ^*

o ( l )  as ®

being a p o s i t iv e  in t e g e r  o r  o „ a  necessary and su ffic ien t c o n d i t io n  f o r  

the summabil i t y  (A) o f  th e  c o n ju g a te  o f  the double Fourier s e r i e s  in  th e  

restricted  sen se  i s  t h a t  th e  i n t e g r a l

e x is t  (Cs'»s*») in  th e  r e s t r i c t e d  s e n se , which integral w il l  th e n  r e p r e s e n t  

the sum o f  th e  se rie s* .

Proof o f Theorem So

Necessity? Suppose the conjugate o f  the double Fourier series  

i s  summabie (A) in the restricted  sense. Then A(x*yjr,f) tends to a

V  rr
C  / I

i
lim it as i

“ £ o aro sin  (/- r) 

=arc sin (<-f )

->l in the restricted  sense*

,  th e n  by Theorem 1

« m r

- j j s .E d?fd£-»o

7 €

in the r e s t r i c t e d  ®en®e9

R eproduced  with permission of the  copyright owner. Further reproduction prohibited without permission.



-1 1 0 -

and henee

«rr or
, „ .g )  oo t $  eofc-j dtfdS e x i s t s  in  th e  r e s t r i c t e d  sense® o r  we

6

oan say  t h a t  i t  e x i s t s  (C$0»o) in  th e  r e s t r i c t e d  se n se  and r e p r e s e n ts  th e  

sum o f  th e  s e r ie s o

Therefore®  by  Lemma IC®

fT

c o t \  oo tJ_  dlfd.^ e x i s t s  (0|/»?#on) in  th e  r e s t r i c t e d  sen se

and r e p r e s e n ts  th e  sum o f  th e  s e r i e s e 

S u f f ic ie n c y  s Suppose 

’ tf7T fT

( 1 7 .8 )  ^ ^ ^ J j )C (x ® y iy ® S )  e o t j  po t 's  dTdS e x i s t s  (Oje*«i) in  th e  r e s t r i c t e d  

s e n s e .  Then® by Lemma 10®

I fz k  I "K (x# y$Yi>£) m t £  o o t |  d M ^  e x i s t s  (G|tf)®<n) in  th e  R e s t r i c te d  sense
J  J/n “S ’ —s r
0 °

end e q u a ls  (17«,5) above .
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But this means th a t  

IT IT

Xt,y%Yi>$) ootjf oot 4  d*fdS tends to  a l i m i t  as  ^  j| “A 0

y *

in th® r e s t r i c t e d  sense® and i f  w© r e l a t e ^  to  ^  by th e

['6= arc sin  ( t - r )  
gelation < ® then® by Theorem 1

L y  » aro sin  (i-j*)

TTfT
. (  r  f e s a r e  s in  ( l— r*) i

A(x»yjivf) -  = k \  j X(x®yjtf® £) ootjfc o o t£  dtfdS-»0 as j V*°
^  ( . ^ a r e  s in  ( l - / )  J

in th e  r e s t r i c t e d  sense® and henee A(xBy$ref )  te n d s  to  a l i m i t  as 

^ | w hich i s

y r v

J -  \ o o t ?  o o t j  dJTdS,
I J *. *> a. a-  I J  ^

0  0

There f e r e  j, th e  s e r i e s  i s  summabie ( A )  in  th e  r e s t r i c t e d  sen se  to

i t  ft

I ) e o t |  o o tS  djf̂ LSr (Cj6®6) and henee® by Lemma 10® to
*  J  J ™  * *  ~

0  0

JC ixsY tV sZ )  Qo t l  o o t f  djdfc (C |*® *|).
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