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; : . . *
(1.) Let us first consider = single trigonometric series [_“l]

o)
- 2, . o
(1.1) o+ (8pc0s nxd-bysin nx).
v »

The series called conjugate to (1.1) is the series
e’ ’

(1.2) 2 (apsin nx - bcos nx),
. ooy

The series (1.1) and (1.2) are respectively the real and imeginary

parts'of a power series
‘ o0

Y a, , ‘ o
(1.21) é e o™ ¥, where o = -é-?- s and ep=a - ib if ndo,

n=9
The series (1.1) is the Fourier series of a funétion £(x), if a  end

b, are of the form
]

211 .
a2 ‘%\75 £(t) cos nt dt, b= % | £(t) sin nt dt.
4r '

The summability (A) of the conjugate of the single Fourier

series (1.2) has been discussed by Fatou [2), Lichtengtein [3], Plessner [4],

H

Prasad (5], end Misra [6]. 1If for 0% rdl, V(r,x)= =) (a,sin nx-byeos nx)r”

ntl

and € = arc sin(l-r), then Misra proved that

*Throughout this paper; numbers in brackets refer %o the bi'blimgi'éphy

at the end of the paper.
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%
, cot
1 ) PR
1imit I‘:ygr,x) & K (e) —r=Jas=o,

€ zare sin(l-r)

provided thet

o
X.,.ﬁt)";}%—gj?g(t) dt=o(1l) as t 0,
0 _ "

where o gk

X0y =2(xrt)-£(x-t), X (0)= 5h | 2 8) ato

end generally

t |
X (+)= o X(+) at,

el

the integrals being Cauchy integrals.
4 Misra [6] has further shown that & necessary and sufficient condition
' for the summability (A) of the conjugete series (1.2) is that the

iﬁ’cegral

" t
1 cot P}
-— HTJX( £) 5 dt
4]

exist (C,n) according to the definition of Hardy and Littlewood

[7, PEo 214], which integral will then represent the sum of the

series,
provided only that
K&f): o(1) as +>0 )
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Plessner's and Prasad's theorems are respectivély the
cases n=0, 1 of Misra's theorem, and Misra's theorem is the
most general of the results so far obtained in this dir;ection for the
single series.

This paper concerns itself with the analogous problem for the
double se?ies. Therefore, let us now turn to a consideration of the
double Foﬁrier series [_8-.)0 Let the double Foiii-‘ier series associated

with a function £(x,y) which is integrable (L) in the cell Q(-T;-W:W,™)

end defined outside of Q by periodicity be

- )
© qr
(1.3) 1 -l—g If(U,V) P(x, 73U, V) dU av],
mzl = -
nzl

where E(2) is used as in the theory of numbers to represent the largest

ihﬁeger contained in %, and E‘lx,y;U,V)=éos[(ma1)(u’mxj)<cos[( n=1)(véyi».

The conjugate of the double Fourisr series is

0 .
) \ T qr
_ 3 1 ‘
(1.4) LT ELY P4 £(U,V) Q(x,y3U,V) a0 4V |
et 2E(;5)+E(~£) o 3goysUs V) &
m=1 AU g
iy o
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Q0
o0
= >z ) [tow oy @ ey,
=2 -
=2

where %&xgygmv):‘:’ sin[(mwl)(U»xj] sih[(nw}.)(\?wy‘ﬂ o

Let us introduce convergence factors rmgﬁl in (1.4), and thereby

define the Abel sum A(x,ysr,f) es

(1.8) Al(=x,¥73 ’!“af’)— 111111"3 }[f(U V)[é sin j(U-x) ﬁé(s:m k(V-y)l aU dv

k=l

fff(U V) A sin j(U=-x) %‘ gin k(wa) au 4v,

whers we have interchanged summation and integration. However,
this is permissible since for {?éi we have uniform and absolutbte sonver-

gence .
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Thus we can write

ar
(1051) A(Xngrsf):;lfz: Jf(UgV) Ko(rgng) KO(?gV"“y) au d’Vs
7

o0

Ky(rsU=x) 221‘3 sin j{U-x)= .~ sin(U-x) c\

1=27 cos(U-x Hr
where

fks in k( V-y)= § sin(V-y)

K (FsV=y) = T2 cos(r7 7 )

.kz
Let us meke the transformation
U-x=8 U=x4¥ dU=d¥
V-y=4& V= y+§ dv= daf.

Then we have

ar

(1.52) A(x,y3 rgf)._ == 2(UsV) K (r.U=-x) K (P, V-y) au dv
-
R\ i _.y

%} 20, 7+8) Ko(r0%) Kol§o5) a¥ 46

AT=x M=y
™

"1"-"% *‘f £(x4% 5748 ) Ko(rsﬁ) Ko(F:8) a¥ d§
I
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since f and K, are pericdic of period 2o

Further we have

jf j!'ji p(xe,yes) K (rs¥) K o(§:8) 4y 4§

(1.53) Axsy3108)

o1 r sin¥ \ fsind
14 S(”"ﬁs)(l 2r cos&+r2}<1w2f eoss-rjb) a¥ a
0 O
ar ar
1 [ £ S
q?’fj gf(ﬁ-\'sy%) lrzrlgosx-}r>(1»2f c§§2+?) af d3
o 0
aT 97
1\ | pree in¥ ) '
“nZ g (= ‘9Y+$)(W(i—:z-?ﬁ(ié?é% a¥ 48
0 0
T qr
1 (4 in§
tig2 g Hx3o7- 6)(ivzilzosl{-i-rz)(1~2§’fc§s§+?) a¥ a$
O 0 ‘
T
= [[f(x—rzf,y+5)wf(xwaymﬁ)‘”f(x%b‘gyfs )+'f(x»vyy~?si) Ky (oY B (§6)4¥ a8
60 "
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T

, ar
:é%glfi[;x;(ng;ggg) Ko(rga) K, (P:8) d¥ d&, thereby defining;;(;b
00 ‘

The notion of conjugasy for the double series has a slightly
di fferent character than in the case of the single series. This
follows from the fact that slthough every series (1.1) is the real
part of aJpower series (1.21), the series conjugate to (l.1) or (1l.2)
being defined as the imaginary part of (1.21), not every series (1.3)
is the real part of a power series of two variables.

The problem of convergence of the conjugate of the double
Fourier series (l.4) resolves itself into the convergence of a

certain related integral, namely the integral

woar : y 5
cot = cob
(1.6) %gjj’)((m;m) L 2 af as.
! o'e
: 00 :

We shall say simply that the integral (1.6) exists or converges,

if we have the limit of the integral

T
cot cot &
(1.81) #jygxgy;ma) zg y Z ay 4$
¢

existing as€ andﬂl tend to O independently in the manner of the ordinary

double limit. On the other hand, following the definition first given by
Co N. Moore [9] for what he called restricted convergence, we shall say
that the integral (1.6) exists in the restrieted sense if the limit of
the integral (l.6l1) exists as &€ and "2 tend to 0 in such a way that the

ra%ios«% and “2’ remain bounded.
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Ko Sokol-Sokolowski [11, Pge 181} hes staeted without proof that
i P(x,y) is integrable (L), then at almost every point (x,y), the
difference between the first aritimetic meens of the series (1.4) end
the integral (1.61) tend to 0 in the restricted sense. K. Sokol-
Sokolowski [11] has shown that if #(x,y) belongs to the class LP p>1,
the integral (1.8) exists for almost every (x,y). In this paper we
shall not be concerned with conditions for the existenee of (1.8) at
slmost every point (x,y) but rather at a particular point (x,y)e In
doing so, we shall attempt to generalize; insofar as possible, the
result of Misra [6] to double series.
(2¢) In connection with the existence of an integral, we meke the
Pollowing definition.
(2.1) Definition. Suppose that G(¥,§) is integrable (L) in

0<§<Z<a}
for every fixed pair (§,V),
{ 0d VL& b ) b a
end thet H(E,%)= meS) d¥ dfs
7€

then we shall say thet the integral

b a

¢(€,5) 4¥ dS is Cesaro summable in the restricted sense with

index n, or more simply exists (c;ngﬁ) in the restricted sense, if
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O

fe“"z 4 &y

Y ]g H(E . Tn) 460", d€1 10T, 1 o » 08B 2dTpd€q I

€

e") /61% °°_2~;n_

tends to a limit asé€ and"'z tend to O in the restricted sense.

(2.2) Notation and Definition. We define the following symbolism.

‘,%x,y; 8y t) = F(xa8, yrt)=f(xa8, y=t) £ x5, y4 t)+( x-5,y-t)

g
Kx:7358.8 )= -Ljnx,y;U’S) du
al s8in s jJo o
0

8

mxgy,U,S) du

xxsy,SoS)..

o
N 0

o

S

]((x,y,s,,; )= e )C(x»y,v §) au

sin s

¢

)sty,v,t)________. )ngy;K,V) av
1 in tJ3 o

6]

11

t s
. - 1
ﬂxé’YBsst)-.mE‘%—?f oxgx,gy;U.qV) du d4dv
00
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=10
s

{
an;,y;s,,S)t:_ si:; = 'Iﬂlxgngs) du
2

° /
0

° 3
° r

1 / .
Pg(xgysssas):sin ~ %’;’Yﬂ’s’s) du

t

1 A
)Gx»y‘sb’st)::m K(xy5¥,7) av
2o s

0

t
_ 1 | )
%XpYﬁKpt)—mJ%Xy}"gng) dv

X(XsYsSst)— s i JJ (%o y5U,V) AU av

8
| 1
)((xpy;ss.S): T Sfpg(xw;ms) du
23 .
. 0

X(XDYS%S)—""?""’“ :X(XsYsUaS) du
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(g

1
v3ds )T — y3¥,V) av
kﬂ-ﬁ 4= o kﬂ)gﬁf’ V)

0
% 8
X(x,y°s,t): 1. 1 X(x,y;UsV) au 4v
? sin s sin % -7 1
k¥ k
0
X(x,y,s,g)o TS (Nx,y 3U,9) dU
k k4l
. s

X(x'gy;s,gg): 1 Xsy‘-Ugg) dUo
3 sin s k>3<-(1 g
8]

We assume that each of the integrals i.mrolvéd in the definition
of the functions above exists in the sense of Harnack Lebesgue [10 pp°657=66%
and, moreover, that upon disregarding exterior divisions by the sine fun-

ction, each iterated integral converges uniformly with respeect to the one
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wl G

variable as the other variable tends to O« To be more explicit,
in the case of k_')%(xgy;s, t), for exsmple, we require that to any
given arbitrary positive number w, there correspond positive
numbersquz such that for 0 <s<ﬁ,

we have

8
S w| ¢

uniformly for all§on 0<S<IT-B vhere B>0 is small and fixed, and

for O(t(%, we have

%
\ L_%_&Xsy;&m de(uu
0

uniformly for a11¥ on 0L YAV -Kwhere XD 0 is fixed end smell. This
will insure the existence and equality of the repeated integrals

concerned and moreover give the property that

8
t}-a» 0
s0 unifornly on 0 {+<MW -@

t s
j Ik‘ Xk:agx,y;u,v) dU dV-=0 as
0 0

t0 uniformly on 04 s < =X
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13~

(3.) Lemma 1. If f(x,y) is integrable (L) in Q( AT, -Ar ) and

periodic of period 2, then

. for
cot £ \ecot ¥
p) 51 kX.('st;UaS) a¥ d5§~>0 as{ 4= uniformly on 0 ¢ BTN
J
o

T>Muniformly on 0 <X< <
for anyaﬁ andj whereol end @ are positive, small and fixed.

Proof of Lemme l. We will express

T s '
ff {x,738,6) a¥ df
J
0 &

in a form so thet the existence of the concluded limits will be
apparent. We will integrate by parts until the indicesR or J become
0. We shall not give a formal mathematical induction proof of each
of the relations which follow, but in each case, the fact that such

an argument could be made will be apparent.

Without loss of generality, we can assume ﬂ(j » We bresk

up the domain of integration as follows:

T 4
. XsV3¥s a¥
(301)112%( ¥3%58) ag
[+
¥ t§ Ta ( ;
s 5‘:8)‘1 as
A0 JE L e
(°° °§¥ €° %3

(-]
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.

Our procedure is a continued integration by parts. We have

T A
(3.1) )((x,y;x,s) da¥ 4§
K

i

T
J [5(::,37;8,8) sin¥ log tanfg
— J
Q

- %X.(ix,y;ﬂ,‘&) log tan¥ d¥
3

J
A
tan Q
(x:73%58) {log da¥ 4§
Jet tani

+
T

anQJ f (x,y3¥¢,8) d¥ d&
J=1
©

= (1og t
h
(

X (%, 7:%,8)(sing)(<l) { 10e
5-!’ ' )(a.) 8

+ .
t
/ )(.(xsy;K,S)(l) 1og~j-r:-—- a¥
‘VQ REER tan:_
ot /
™ a
a
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£

= (103 tané‘)é’ %X(ers‘ss) a¥ d%

_\_<1os tahﬁj’f (x,y‘,K §) d¥ d%

X

tan

J
L
p-
= (log tan-ﬁ)j f (x,73¥s5) a¥ 4a§
-
]

o
a2 2.
_\_Slog tan'&! s g (xsy3¥8,8) a¥ d

2\(_§X»y;m )(‘3JT) (108

=2

log tan—- 5 'g (x,y,x,s) 4d¥ d§ + s e
3] 4 3
flog tanﬁ j fg%xsy,b'ﬁ) da¥ d%

-k

A
tan
+ (»;K,St‘—ﬁel-——— dy 4§.
((?%xy \G-m ey ¥ d$

T
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Let us continue to integrate the last term of (3.1) above

by parts. We have
iR

tan’_—?"_
(342) 1iﬁ(xgy,b’,g) 1og-——-—i da¥ ds

A

af

f [&x,y,b’ 5) sin$ log tan %l
| )( tan
|

- m 10 e
’can§
%x,y,)f,S) log tané ad
T

% o
Jﬂ& < tan ) ¢
= log tanX (x,y,)},s) 1og—---—- a¥ a8
(J /&)
o]
J

T &
tant tan;
-+ (x,y;4,8) —J—‘ log 1og-———— a¥ 48
55&?& (‘) “")I tan
T

tana
-1 a XsV3¥s —e % af
og tan & fl)gt ¥3¥58) ( &) (-‘Log tanl) d

R A+
t
T X(X9V ¥.8) smU( \ }1og - l)
Gog i‘i‘j &3 ‘&'\‘» tan
+ \ ’can‘?_’ J—&H <
f (x,y, s&) C::m‘) log a¥
4 tan¥

as

tan

iy
2.
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“17=

A

2 o R
teng
= (1og tang_)o uﬂ?&(x,y;?{,s) (-(m) (h)g tan%) 4% af
‘ \ tany
+LU‘W) (1og ’Gan‘i‘) j[k)%"xsv,b’,?’) log —;;;—g) 48 4%
T . o b . E'\
[ nw arn
+J &- (Xsys‘ﬂsS) (G‘_/—&:m‘) GOgm) log _:.—;i} a¥ af
n A J”&
tan:_
= (log ten¥ (xs73¥58) ' ) 10g wmemem= | 4¥ a§
)| [ g (o0 25
° ¥

t ¥

J‘k*l tan %
(C_—ST) (Log tana_ )%(x,y,?{,s) log — d¥ 4§
g-1 an

tan 75:'

. oo g}% L@iix’y;”") e wé% g
) (J‘*‘\'H;!) éog tan§ -fc ) tan T 2
x,y,l $) (2_ log 2 ag
ig«ﬁ-z ( tan-&)
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18w

| A
= log & T‘fj)(( B’S)( )(1 o a¥ a$
— an XsY3¥s o
g 3 ] g -~

% _
J &"'\ tang'
+ (Uriﬁ) (log ten A) f ﬂ}%my»hﬂ(log tané_\ db’ dS
) ‘ anﬂj-&“
+ (—-—-) (‘.Log tan 1) fi& (x y3¥, S) (m\ (log -E;—;-) af a8

JaRt

[ =2 [«%“‘(m)(%)

+ 13
tan é)"‘&ﬂ‘
zu:/
z -

as

i&f:?ﬁ‘»;) (CT—‘\‘Q)\ <10g -t—;;——
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=19

Thus we have

i-&

(3.21) f ) tand- |
9 .9 ] U
J

| : tan%
= 1°g ’Gan:. )C&J&y,ns) log a¥ da§
| an¥ |

E) J tan‘ﬁ" .
1 S

(og tan -QC(_' v3¥s S) &H log tan{- d as

J-
ta; -‘9'-
(10g 'bani) }?X(X9Yy\698) )(log n ) dxds
‘ tan{
’*“H tenk
(J- \)\) (1og tanzs < (x»y,“(gS) log tan§ ay a$

og —-—j af 4%
tan
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w2

For anyem and m

Py
’ J=htm -
(303) \(1 5 X( 3. s) 31 tonst ax as
o 0g tan 2. Xsy,s (FT—S og ~ d
o *anl
AN
j,%-\-m* ;
tan{%
- {ﬁygxss) sin ¥ (m log ‘;:Tft
Qog tan yd §
tan “% J-,#-HM*H
Y508 1 e | (]
(X V3 O\ F o) Mmb‘) vy L
/

(X»Vs‘d S) ay a

)\é JMI
= ((3‘4*"“*‘“ log tan ( og tan) Jf-m
m N

i

(x5y3¥58) sind

-t}

+ (3)Goe sand)

/

o o o

A

J—ilog tan,_ fg

0 ar
2.

- aﬁ’;ﬁ’;"“h‘m)(

m R ’k\'
(m-l-!)(tog tan&) 4 W) <1og ’canf) ff

u\-,m\

- +ﬂf|+2
tanrj

tan

2

tan i‘J%

10g e | 3%
£

tan

./m..

(xsy,XsS) ay dS}

tan

%xm\r»s) T )(Mg E%) dd af
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2]

Similarly, we find for any/m and rv\

M
)= 4@*'/"! 'taﬁlpf
(3.4) (‘(H:W‘)(log tan ‘,’f) /[_”\)C&(x,y,v,g) (—L\ (1og tan%:) a¥ a§

...@—ry)(log tan%)"’&"m(m-‘_ (1og ’canzi.fy’f 7((,(93“ ,6) a¥ a§
JAM

( &og tan-%) -\-;)-tog tan%::)ﬂ/ )( x,y,J,S) dy 4§

(’H o~ og teng é@l&ﬂbg tanE) f [ >(£c,y,5 »§) a¥ 4§
£+M tanf

((J MX% tang j f (mYJ»S) ‘)(lOg-;;;) ay 4§
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By use of the relations (3.1), (3.21), (3.3), (3.4) and (3.01),

Ta
} %(x,y;{,s) d¥as
é J

we can finally express

as follows:

(3'7) ffg(,(x:}’,xé) dBdS IJ;X’Y:VoS) d¥d$
TL)@ . f et ' tané’; J
( og anﬁ X(x,y,x,s ) d¥dé< (X,y,‘daS) (j!)(log Tz d¥d$ |

.

%(]Lﬁog ’can} [f?((x,vﬂfs ) d¥dS+ jf)((x,y,r.s) )(lo :ani dyds
+ log tenk ( og tang Jf (xsy,K,S) asds
4+ log tan 2 f(xa}h‘af) ( <l-og b §> d¥as
0 J- ‘R' _;
+(~)(1cg tanﬁ‘) é(j'-)(log tanE-) fj&‘ (x,73¥,5) a¥as
ne
+(-L (1og tan@ ]ﬁ((x,y,ms) (f—)éog -—.&) da¥as

*00.
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22 Ben

<+ (——L:'-J (1og tan% é@-‘- og tana_) j Nx,y,‘{,s) a¥d§
tan 'g
Q m¥1c:g ‘can%) f)% ) agas
+@og tan{')% 4_“ )(log ’can,_) Ifﬁ(x,y,x,g) d¥4aé
+(1°s tanq})};( Rco(xay,vas) ( T <10g EEE) da¥ds
% A rlt
+ (‘i}(l"g ‘cang é(@_‘&“*m og ’canm} j?((x.y,':i) dvas

tan
(.L.) (1og tana f}((xfy,? :) ';'l\" (hg:;n—i) ayas

5+2 -2
- (QJ-YTX].og tanE é@ﬁ.‘ﬂf‘)g tan & rf\ a(:sy,‘dsS) a¥as
J
( @og tanE} jJX(x,y,Y,S) log —-3-) ay¥ds
tanE
ﬁ‘) (Log tang) (—L— Qog tan*)ff)((x,y,r,s) ddd§
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(£5) Gog tanE) fj Kmvits) (1 Qog ffif-) atas
J=A+ %% +
+((J._'*Hh(1og tang) é(@-i—,ﬁ)@og tan’f) j Kfﬁy;m) dbas
+ £
( (log tan%) ff)%(x,y,ms)@— <1og tan ) afds
((fm )G tanzY”‘*aé(@ ) os ) f Kiggons) as
an ‘A
((J g A+-jj Pg(_i,y,m e r) ot
((J )‘ (10g tanﬁ‘) (:EL G.Og ‘can§ [j)g(x,y,x,s) d¥d§
'ban-t 'ﬁ
( Y <1og; tanf JIX(XWJ:S) (IL[‘) <log -t:r:-) avas
(108 tané))f‘f‘?((x,y,ms) Tr) Qog -::—-:—?j\ agdas
jj?gxsy,%n%‘») Q"g tan}) ( |)(1og tané‘) a¥dSe
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We have the following types of terms appearing in (3.7)

above:

(3.71) <,—;‘,rb(lag tanaém(m 1og mn?‘:yz f[X(x,y,X,g) dyas

H-m J-m
4

\
tan 2-

‘ A
(3.72) (%T)éog tanﬁ)m J l&?m(gx,y $%S) (‘:,IT' log o—r afdas
(3.73) (m'.,-)(log tan-ﬁ? J j)((x,y,z,s) (i—)é.og fi?i dydsg

tan

A
tan 5 tanE
(3.74) jgf?{éx,y,x,s) ﬁch tan.h’-) )(10g g a¥ as

We will show that, when each of the types of terms listed above
is divided by (pjsan&) (2tan§), the result tends to ©
1=
as { =T uniformly on 0<B<T <M

3T uniformly on 6<x< A<M
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For terms of the type (3.71) in the relation (3.7) above,

we have
m
(3476) (,;,,17) (log tan%—) (-,;,!,-) (log tan ) X(x,y,x, ) 4¥d$
Bm j-m
( 2tan %) <Q~ban§)
t 3 allt

—>0 as {43Muniformly on 0<® <¥ <

T->NWuniformly on XTCE T

since
)((x,y,t,s) d¥ d¢ is a constant,
k—m J=m
m
cm"l'])(log tanb%)
—=> 0 a8 2T and is bounded on 0<% < A’<ﬂ:
(2 tang)
(Y]
(;nl-b@.og tanE)
~—> 0 as T>T and is b T
(ztanlg_-) s and is bounded on o0 <8 <
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For terms of the type (3.72) in the relation (307), we

have by the second méan value theorem

i ' . 3
(377) (ml) (1og; tan;;\) /[X(x;y,‘{,&) (“)QOg t ni‘) 25ds

tan f
(2 tan-‘% (ztang-)

. T >
(Flr) (log tan ) ('l)(log tan%)d J X(x,y;gsg) dgad
) o ig‘&"" ° A '

(ztan-}) <2 ’Ga;n-gf)
where L { AL a (T

Il
—>0 as A"’Wuniformlj on 0<& BLTLT
T-Tuniformly on @ ¢ % ¢ AL TT"

since

X(xsy,b’, ) d¥d§is bounded,

A

(log tani) :
—> 0 as T and is bounded on 0 < ® < t(.ﬂ-
(2. tan -E)
(TLI_) <1og ’ceun@J
: —> 0 asA™>W and is bounded on O <& X <4<l
(itan &‘)
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For terms of the type (3.73) in the relation (3.7), by an

argument analogous to that of (3.77), we have

(3.78) (y)(tog tan £) Jj)((xsy,zsss) f)(log

(2tan4)(2tan E)

%}-» L

20 as {42Tuniformly on 0L B TLAT

tan
d¥as

T uniformly on 6 <X <4 <,

For the term (3.74) in the relation (3.7), we have by the

second mean value theorem

- f ' tané 'tan'az:-‘ ”
3.79 (xsy38s8) |~ ) ( log ——— | a¥
(3.79) O)Co 7 (J ! )Q tan £ A tan &
2

(-Z tanf) (2 tan %_‘-')
(-ﬁ-)(log tan%) @T’ <1og ’cani') jl}(b( X, ¥3¥,8 ) dv¥d§
(i tan *) (l tanE)

(FLALALT
T (T «tel™

where
Flo o

—>0 ag{4»Muniformly on 0 <« @ & T 4T

[>Muniformly on 8 { & & & &AT
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—>0 854> end is bounded on 0 &KX L 4L,

(ﬁ(log tan E)&

—> 06 asT?>Mand is bounded on 6 &« @< T,

(2 tan E) -

Hence it follows from (3.7) snd from (3.76), (3.77), (3.78),

T & }
fj (x,¥5¥,6) ddds 21>
o J _

(2 ta.n%) (2 tang) Tt uniformly on o ¢ {<&<T

This proves the lemmas

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

(4.) Lemma 2., If
| A(r,¥)=\ ~2r cos¥ + r?,
r,B)~ r sin¥ (rs:¥) o sin ¥ dK{r, ¥)
Krd)= Lhes, e Hred,
and generally

E(r,¥) - sin¥ dK (r,¥)
| a¥

’

then -
O(sind) for ¥> 50 for all r on Ofrg|
K (rs¥)2d OF) as y>o0 with yzare sin (1 -r) N

Q@) in¥ on og¥e T with ogre |

moreover

K (rs0)= K (rsr)=0 for o & v,

Proof of Lemma 2. By definition K,(r,%¥)=r sin¥
A(ra*)

4

where A(r,¥) = | - ar cos¥+ r?. Hence we cen write

(4.11) K, = 32“%‘%‘ , Q.Kcri-%%

Upon taking‘the derivative, we havs

w0 1o () 5 80

e
(4~13)g;.é.dd =6—1-'5 4?)[‘5‘ dx d‘c‘]"x Y}Kun -.l
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2 a
(4.14) dIQ"K g? g?l} - d[ ZL'(%% - %"?3‘)
ay ayY

- Ai _)3 +AdA g*ﬁ"+ (}_%_
: 4 2
w0 () oo 2] | V() 268 %-097]

av

2.
= —|laK,do . d%). 1].
[(odz d_% Y

‘ . 2K, 44 _ a%A
Let W(ry3)=| —9¥ _ d¥3 | — ar-(i+ ™)oosy .
r | - 2r cos¥+ r>

Then from (4.13), we have
(4.18) sind dKp— K, W
T

and from (4.15) we have

(4.17) sinzrdw -1l
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From the definition of K (r,¥) for m=0,1,2,3,4,5,¢,
upon taking the derivatives involved and applying (4.16) and (4.17), we

have

K= %= KB, (r:¥)
K= (=1)X W= (=1)K,H (r,¥)
Kas (1 x, { ™ t}=(~\f K, (rs8)
(4.18) Ky= (-1} K, {ew’-sw}= (-17 B E (1)
K= (-\) K, {zqw"~zxw’+ 5)= (-1} K,H, (r ¥)
K5=(—|)$K,, {lzows- lxowsa-n w} = (- )5 K.H;(rgl)
K= (-Iibx,, {ﬂaowb-rszowwc 2w - 6!] = (=} )b K, Hb(r,’%)

thereby defining I;n(r,u) for m=0,152,25%:8s6 ¢
We note that
") for r=| with 0 Y &M
- cos¥ for r=0 witho& ¥V 4T

(4.19) Wro¥)zar-(14 r)cosy
\ -2r cos¥+ r2 | for ¥=1T with 0 &A$S!,

o(1) as ¥= arc sin (| =r)> 2

We will show by mathematical induction that

”l .
K,,\(r,r)l:‘(-w) Ko(r,ij)Hm(r,D’) for a11m=o,l,2,_.o‘ e,

(4.20) where H (r,¥) is a polynomial in W of degree m, the

sum of whose coefficients is equal to | .
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The cases m=0, 1,2,3,4,5,b of the property (4.20) follow
from (4018)»

Let us assume that

, aowq*'alwz&- a:.w "' ayW ,4. *
(4.22) KJ"Sr:B)':(“lg‘Ko bW a
2k teoe °+33-?+§ﬁ—a+%€¥+a*
:(-\)KOHM(I',U),
where

Byt 8+ Byt Byt o o ot By t gt gt o =1,
By the use of (4.16) and (4.17) we obtain

(4.23) szgr,u ) = sin¥ d_g%g_

[ o 1A, WA o WA a A \

Wq' W W3+aw
ERE AR S g

+24 8, W"{ﬂ(% ~2)a, w?ﬁd (24 ~'f)aawg-£-ia*- é) a3WM*5

n&+| o

=(~)

(

SRERC AR EETN g

=\ 33 -8 -
ok, P20, TR Gk ) ey PR g

g 3
-~ o s o 'b%ﬂ ""'I%.;W "“2&&_‘7
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Y

L?wk-l'l] aDWMH

et )a- @a)a) WA

+ [(%-3 Yeg~ (2k-2 )a] W&&-g

| +[(s.lé-5)a3— @h-4)e,y WM-S , = (ml)z%;%hgrax) '
=(-17 K, _ [244]ay w24
+c o e
+7 91
+[5543 beggJr®
*[333-7"%.;)"’3

+[ ap 2g]w

Thus our proposition (4.20) is true for 2A+1 if it is true for

2,Q « We continue with our induction to the next stage. We have

4.31) K (r,¥)= sin¥ df,(r,¥
(4031) (1 )= sind df,(r,¥)

ay
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(244 )abwaf*ﬁw. o, a vt

[(2#-3)e5 (2-2)a ] w”‘f@g- 5)or @hey Yo WA

- 24-¢) agw’4'5

LRRREILY S EE=CW
+[aga e r's Ya}&-ﬂ ﬂw’
(ko] R PRI [(3h-1)s, -2ha] @het iR
%- (24-3)2; (ﬂ«-z)ea (24-3 )wzf-‘z\?_z&-s*)eg— (28-1)5] k-5 oA

= (=1 %;04 - [(34"6 )a% @4-7 )wd‘l'

reoo *“"a&-“é’?*[“%:f%]w('

PPoreg I (2o

- [(ahs13s) b1 [(2he1)a,-shay] ket ym s,

- [h0)eg aha)e] e ko) oo ot
| # ekt )eg (k-7 )RS

R
\' [‘i %52 ?&-;Wz‘ im'zea:l]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




-3 6 |
/ ([(M“)‘*’(’&“)(MH:} } A2
[(2-& 1 )4@ k-1 ) (2h- )) ]‘_(m“ Y2 bt )4124)(%)] } w2 \

[(zA-a»M—s)M-.a )Jog [(ahe1)(@he1 yr(2h-2)(24-2] e,

w2R-2
— [oh- ch)uh) -,
K ) (ah=5) G5 g [0-3 ) 3 Yo (k) e T] o
wih=Y
- -2 eh-2)ed-2 ) o,
= [(24-5 -51+ (24 a
[(24-5) 2 h-9p+ (ab-4 ) bt )] hes
- (_ﬁm}{:" - [eh-1 - @h-1)ah-4)] aq | %

; i = [th-4 )- k-3 Yakos ) a_g}w"‘"
+ o .4-5;?‘;.‘;?

"
"'Poa _7;1& w

c[oar ]
)
+ B 2-135_+i12 %_;]W

-Loan] )

% L
(-]) xa (rs%),
1 ,“ﬁa ¥)

st
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Thus our propesition (4.20) is true for 2h+1 and 2h+21f it
is true forad . Hence, it is true for all»& and hence for all

30154, - o, we have

(Kn(rs%)= (=] K, (rs%) whore
(4.4) qm(},a) is a polynomial in W of degreem,
the sum of whose cosefficients equalsl.
Hence it follows from (4.19) thet

ogAg )

(4.41) HM(|7,'\6)=1 for 0 (xﬁ‘"' and };n(rsx)=0(1) With{og.ygﬂ-"

Now
O(sin¥) for ¥>E>ofor all r onogre |
(405) K _(r53)= {OX¥) as v= arc sin(| -r)—> 0
O(1) in¥ on 0 ér£Mmwithogr< |

end
Ko(r,o_): K (rom)zowith 0€ r< /.
Hence, by (4.4), (4.41) and (4.5), it follows that
(O(sin®) for¥>§ >0 for all r on o r |
(4:8) K (r:%)=dQO$) as ¥ aro sin(l =r)-> o
O(1) in Yon 04y &1 with 6k < |
and |

KM(I"O): K,‘(I';m'): O for all MI0s] shso o o

This proves the lemma.
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(5.) Lemma 3.

d (ra K (r,¥) - O( for 0 £ Y £€, as € = arc sin(| ~r)=>0.
..,r)s) _

Proof of Lemma 3. From the relations (4.11) and (4.13) of Lemma 2,

we have

Y i% a¥?

je ¥

(5.1) dkp. __L)Emoda ~d2A

d A
- [a3) ! [QKQGL/; &,
—\24/|dA 4% av¥2

—_— =l K da_da
- db‘ Ty

- ~r) EQKo

- ((l w:")? (ﬁrT yr sin{) av” dZS“-
By (4.19), we have

(542) 4[?_K°Q_A_,__ cf'é] .:Ql) for 0¥€ €& asg= are sin(l -r)->o,
- 4¥  ar% :
Moreover

(5e3) -4 (] —-r) O(l) foro<¥4e as g=arc sin(|-r)>0,
(1=r)24pyr si f

Hence

(5+4) dK (r,z) O( ) forod ¥g¢e as ga arc sin(l-r)-ab ,
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From the relation (4.4_) in the proof of Lemme 2, we have

(8.8) K (r,¥)=K,(r,¥) (~|f"Hm(r,b'),
where |
(5.6‘) H (r,Y) :O(l) for o<YZ¢ as €=are sin(1-r) >°.

Upon taeking the derivative of K (r,¥), we have

(5.7) 4K, (rsy)_ dK(rsy) (- -1y H(r,zr)+ (rs%) (=1 dm, (ry)
| Ki; = 1y B TF—

By (5.4) and (5.6),we have

| ‘(.5071). dI;!(r,U) (-|»)MI‘;"(r,X)= O((ﬁ) forgg j'gé as ¢ = arc sin(- -r)=>e

By Lemma 2 relation (4.4), df (r,¥) is & polynomial in
da¥

algK da _ g_'z_] which by (4.15) is equal o
BETARTE |

¥
sz da d_%) l,’ ] . S
» sma forod¥& € ,as5€ = arc s:m(l ~r)»o0,

db’

Hence we have

(5.7‘2} K (rs ) dH sm)[o s:mb:)_] O(é—) C/ s fgrocc‘e as

€=arc sin (I =r)->0

Hence, by (5.7), (5.71), (6.72), we have

d%(r,z) OH) for 0¥ 4 € as € =arc sin(l -r)=>0,

This proves the lemma.
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(6.) Lomma 4. If

q,(rs8) = (I -11 cotE

q,(rs¥) = sin¥ d!q,(r,x ),
g
q4,(rsy) = sin¥ 4] g (rs3),
d

L4

°

*

qm(r,} )= sin d‘qm‘s r,‘&)’,

then
aulrs 8) = Qsin?}) for¥>5>0 for all r on 6£ r&|
(r-r)* O(‘%’é)as ¥=arc sin(l-r)->0 !

% -r)a(sinxy for >8>0 and oLr£|

qnl( rsY) = O((‘ ;‘)7) as ¥=arc sin( -r) -9?
O(“J‘T)as §= are sin(l -r3—>o

Proof of Lemma 4.

By Lemme 5 and Lemma 6, which are proved independently, we have

(6.1) g (rs¥)= I, (¥)- K, (r,Y),

(6:2) ()= (-1 eetk [ et C_r)][
__[ n" 2{30_’6_}][| r):l[ -—r] O(Q%f‘) as ¥=arc sin((-r)>0.

By Lemma 2, we have

(643) K (.Y ):‘O(*-): OE(‘?":;_:)O ':(r ") =0 (L%‘) as Y= arc sin(] -r)30.
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Hence we have from (6.1), (6.2), (6.3)

(8+4) q,(rs¥) - '7 as J=arc sin(\ ~-r)—>o,
w0 - f33)

(845) qm(r,K) =O<§l -1;29)_—_ d’g‘) as Yrarc sin() "?)-90 .

From (4.4) in the proof of Lemma 2, we have

KM(r,Z)::(~|f1Kb(r,x)§£(r,ﬁ) where H, (r,¥) is a polynomial

(6.6) 4of degree m in W(r,¥ )= ar=(i4r?) cos¥ , the sum of whose )s

] =2r cosP+r2
coefficients equals |

whence from Lemma 5 and Lemme 6,we have

(6.7) qm(rsb'): Jm (rsy) = Km(r’ 3)

(=" [ 3, (8) - K (r,0)8,(r,8 )

(-1)‘"{% (¥) - K (rs¥) + Ko(r2¥) -E—wr,xﬂ}
= (-\5"{ gy (7o) K, (e[ ~Hm(r,u§)},

By the factor theorem of algebra if 0¥ £9T , we have from (6.6)

that
(8.71) [l_ -H (r,‘dz): (I—W)R (r,?{) {(l —r) _i@_s_I,____]} (r,b’)
-Jr cos ¥+ r3

where R (rs¥) is a polynomial in W(r,3) of degreem- | and
-1

oér€ |
hence bounded for (o,‘.aé'rr‘, .

From the definition of qo(r,a), we have

(6. 72) @ (r.%) (-1)[3,(¥) .
U -ir coSYy + T
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Hence from (6.7), (6.71), (6.72), we have

(6473) qm(r‘,zf): (I-r)"' (_.,)m‘&b(u)+Ko(r,6)(l+'¢‘osz )I}n_’(r,zf )]}
’ . J=2r cos¥ 4 r=
Sincg

J, (%) 'Ko(r,b') (1+cos ) I;'_gr,’d‘)]
(- i

{-2r cosf+r*

is bounded for {°<§<X<7T ,

osril .

we have

v {,(b’) Ky(rs3) (|+cosd) B (rs¥
(6:7) g () _ o sin¥ * sin3

(- r)* sin¥

<
bounded for {o <E<¥ ,

og s

f~2r cos¥+ r&

whence (6.4), (6.5) and (6.75) establish the lemma.

(7.) Lemma 5. If
5 (3)= 4 cot ¥,

J, (¥) = sin¥ daJ, (¥)

ﬁ-—;

o
o

.

Jn(¥) = sin¥ dJ_ (¥)

v’
then
" X
3, ()= (~1) 4 eotT » mz=0,1,2, ° ° °,

Proof of Lemma 5: The relations follow upon taking successive derivatives.
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(80) Lemma 6,
Km(r9%)= J,,,(%)-qm(rs\‘), M= 0yl 20 © o,
Proof of Lemma 6,

K (rs¥)-Jd (¥) = r sin¥ _ sin¥
1=2r cos¥+ r* 2(l-cos¥ )

[ _ZC- rY ot
- ( (1-r¥+4 r sin?f >;_qb(r9)!)

Subsequent relations follow from the definitions of the
functions concerned as given in Lemmas 2, 4, 5,

(9.) Lemma 7.

G 08 )= 3 (00,5)= {9 (52009, (50D 4, (0K, (P8 B (r0)q €5)

Proof of Lemms 7.
By Lemme 6, qm(r’g‘a): I, (¥)- K (rs¥)

Hence
3, (03,(5) ~f 4 (5009, (126) 4.3 ()5, (B0)4 B (1), 626}
= 3,004,® - [0 -5, ][5 6 5@ B -5 ) [56.5)
“[g,eon)] [5,66)- 5,525, 4, (5)- 5, (r1)5, (638 = g, (N3, (6)
4 DK o8)+ 9, (5K, (rod)+ K (r¥)E (£:5)- 4 (MK (£.3 )~ (§)E, (o)
+E (rX)E ($55)

:Kﬂ(r’p\‘)&(YQS).v
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(10.) “Lemms 8: If f(x,y) is integrable (L) in Q{47 {r.) end
periodic of period 277 andﬂ(x,ng,V), JA(U), J4(V) are as defined,
4=0,1,2,° ° * M4 then /r?g)(x,y,u,v) J, (U) 4, (V) au av
7 €
= sine sina3,(€)5, (7) F(myiesp)t * = ¥4, ()0 (), X (Eysesm)]

+8ine /[Jo(e) 'X.(x,y;e,v) J N+ RN )MP.CM(&,y;e,V)JMﬁ(V)] av
7 & _
+sin g f[J (), K(x:330,m)d, (U)+ ° +yg n(7) RC(x,y;U,"Z)J (U)-] du
~ €
] m+X(x,y;U V)J J (U)d,(V) dU av ,

each of the integrals above existing for fixed positiiree andm and
for sny given m=0Q,l 52,° * ¢
Proof of Lemma 8. We use mathematical induction. We first develop a

recurrence relation by an integration by parts. Consider the integration:

(10.01) j?%x.y;v.v) gk(U) g*‘(v) au av
?

)
L?q::,y;U,V) sin U J&(U):L

= J"\( V) ,<L dv

_—!‘&(3\(, v3U, V) J',“.'l" U) au

T
)Q(x,y,g,v) sin V J,;Q(V)__LZ

£ A+

€

"

- :‘_sinAJ’&(A)

[
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<
(x5y3€,V) 8in V g (V)
&P% vie T ’;

ﬁ‘* (x, YanV) (V) av

1

: h)

—_ sifxe J&(é)

& du

(.:;:aysu V) /g (V) av

£+

l? .

=  sine §(6) sinm g (7) )i(xay;e,fp)
+ sine g (e) /9%(:&3',5»") V) av

+sin'7 g (M) gy (:.:,y;U,'?) A+(:U) du

/j)i(myﬂ V) 4 (U) Z(V) du dv

+ sin 4 J& (4) sin % %("5) &“7%6"83'54"75)

- sin & 4 (4) sinn ‘1‘;('7) &Rg.(ﬁv'ym’@)

- sine e}&(e) sin t %(t) %ﬁ:ﬁ,y;e,f)

T

- s5in 4 J&(A) X(Xsy 4,V) J (V) av
£ é+
£

= sin £ (%) (xpy3Us%) i (U) av,
R4 H
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For the ease,ggo, all the integrals above exist, and

the last five terms disappear asd and T are replaced by Tr

since Qf(x,y sU,V) is integrable (L) by hypothesis and {,.2 %o

Thus our lsmma is true for%:o s and we have

ar 9 ‘
(10.02) [[)(o(x,y;ll,v) J, (U) J,(V) au av
7 € ar-
= sine J, (¢) sing J, ('7) 'I,(xgy;ey?)-q, sine J, (¢) ,x‘(XQy;EQV)J‘(V)dV

"

+ sinm J, (v)jx‘(xsy;m?) J, (U) dU+/[)('(x,y;U9V)J, (v)d, (V) 4au av,
9 €'

Suppose the lemma is true for,€ . In particular, suppose that

Lil
(1¢.1) /{Xéx,y;[],v) J (V) J,(V) dU av
" é

= siné sing [J, (€)3o (7) K (xoys€om) ¥ 204 d € )%_("p)&)gxsy;e,r?)]
qT‘

+ sing f[)((xsv,esv) § (€3 (koo X(oysenT)g @)% ()] av

+sin f)((x»y, 0) 3, (O3, * T3 (O )] @

Maq €

[[ (x,y3U,7V) J‘&(U)i(v) du 4v,

with each of the integrals existing.
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We will show that then

(10.11) //x(x,y;u,v) 1p(0) 3y (V) @ av
= sin € singy J&(e) (Q))@X(x,y,e,?)
+ sine [?((x,y,e,V) I €) g (V) av
-Fsin'? jiw(f’yw’?) 3.(0) 4 @) @

Jfasznsoun oo

each one of the integrals existing which will then prove the lemma.
To do this, we refer to the recurrence relaﬂon (10.01) and show

that each of the integrals
(10.20) sine %(e) sin 0 %(f?)&?'(*(:lc,y;e,rp),

(10.30) sine J ‘ (G) [@X Xsy365V) 4, (V) dav,

+)

(10440) sin ¢ J‘&('?) fd ]i'(xpy,ﬁ ) %_gu) au,

oxist es }” and that each of the integrals

(10.50) sina J&(a) sinC JA(r)‘eji(x,y.A,r)
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+i

(10.60) — sina J/Eféi) sin ) Jﬂ(ﬂg)ﬂ Xk(j:,y;ufy),

(10470) - sine J(e) sinT g (T) &ﬂﬁny;e,t)f

r
(10.80) — sina J‘A(A'))JZ ‘X (::,y;d,’v‘) gk‘_('v) av,

. A .
10.90) — 8inT 4, (r x,y3U,t) 4, (U) dU
(10.90) A0 [ gyt g0 @,
€
tend to 0 as #}971’, and hence that the asserted relation (10.11) is

true, thus proving the lemma.

o _
Since {;:0 are fixed throughout the lemmas, the integral (10.20)

already exists as t’a'} >,

For the existence of the integral

ar
(10.30) sine€ %(e) [M}f,y;e,V) %AV) av
q ' .

= - sine¢ cots (x,v3€,V) cot av
_ra- f;l Hﬂh 2 V) .
4

for fixed {qéz:fas T>T, we ugain integrate by parts as follows:
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(1 31 — n % Jr i
Os ine co Xo Vi€ V) cot™Z 4V
) 8 ' ___% ﬂj(:( ® » ) ..—_I-——

1 R
s <
= X(%y3;6 V) 8in V cotzj
:—Bin@ c-g-tf;%- ‘4"'&4" /7
+fr (%7365 V) cot L dv
?/4— -H’ 2T ) =

re
=0t § cozi, Jﬂ)%x,y;u,v) U av

» €
__ootﬁz cot:}// )( (%,y3U,V) dU 4av
2. 2
-

97
- 8ing cot ﬁ‘;f (x,y3€,V) Qo_:cjf av
7 .&jiu 2

€
—~ cotE cobla XoyiUs V) f o o o 4 x,y3U, V)| dU dv
%%QW ’ o)
é _
__co;? cof;-'z"g ﬁ[ﬂ)%x,y;u,v)w o e +° (x,y,-U,v)] dv av
5

— sin€ cots )i(xg V) cot L v
___iz,i " sV3 »V) 9-,3, ’

and we have

Te
(10.32) cot & cot}o[f( )i(x;y;U,V)-}-o . .+)£(x,ygu,v)] au 4av
| 25734 J LA 2

>0 ag T uniformly on 0<% <E<r by Lemma 1,
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=
it 3
(10.33) - cot £ cotd- j}é&xay; LT+ M@d)%(x,ygtj,v)] dU dav
S0

A - foexcesT »
existing for fixed{,,z suech that o(@*ﬁﬁ%‘.’fhy the definition given

in (2.2) while
(ko 34) —sine cotf?— f)%x!,yge,, ) LO‘&% av

-y —siné& cot& X(x,y,épv) c.zo’s av
s .
Y

as T2 since ,)g(x,y;mv) is integrable (L), and hence the
P
integrand in (10.34) ebove is integrable in V all the way up toTr

for fixed{ #o,when@a from (10 31), (10.32), (10.33), (10.34) the

7

- €0
int%x-al (10630) exists as C=>T for fix@d({?*m

Similarly, the integral (10.40) exists as 2= for fixad@ﬁg.
We now procesd to show that the integrals (10.50), (10.60),

. p A & Eo
(10.70)s, (10.80), (10.90) all tend to O as c}"frfor fixed {,,?,:o o
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Wo have

(1050} sin .4 %(.@) ginT }’g(ﬁ) AER TR
- sl Sl

T i

f.«&e

jj j[;;§;(x9ygﬂgv) au av 43>
o0

- - 8 1 LT
o o - 30 a8 { A3 uniformly on ¢ < &
(2 tan QJ (:L tang )

t»fluniformly on 8 4% <4< T

by Lemma 1,
(10.60) — sina %(4) sin 2 %(/w 'X(xg,y;,dw?)

#er fer
N 4
jlﬁ xey3U, V) dU 4V
b
(Etma ”-?ﬁ) ( 2ten %}

-»0 a8 45T uniformly on 0 < BL7P <

by Lemma Ly

(10.70) = sine %(é) gin © %g(t") ){é(xgygegt)

Sy
T e ,
f/f [ x, 73U, V) dU dv
e 86 ~p ¢ &8 U Muniformly on 0 <XLELTT

( Qh’c;am%) (:;z,,%mﬁ %‘?}

by Lemma l.
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For (10.80) an integration by parts exaetly like (10.31)

leads to the relation

(10681) ~ sin.a %(A.)/)&(x,,y,,@v) q&(v) av

=sina cot& (x,55 »V) cot & AV
2Y5 s )

i#

z Jz 1
- c:; _1;2_ f [ (xoysUs V) dece D%x,y U,V)j du 4v
+ oot % G?j%%- ff rgi(xoysﬂs’\f)-#‘ co0 du (x,y;U,V)] au 4v
é

+sin¢co__?f (x,y,A,V) cot % av,

From Lemma 1, we have

T
(10.82) - cot-ﬁ , cg#ff[ }( (%py73Us V) + 000 +°>£(x9y;U,V)j du 4av
[#]

FI>T
-3 0 a3 ZAWunifamly on 0 & BLTLIT,

t»fTuniformly on & <K& LT

Also, by Lemma 1, we have

y 2
(10,83) cot & cot %‘f[[ X (xoysUsV)dooo g (x,ygU,V)] du 4av
= 2. o
©

~»o as 4> uniformly on 0 < B ML T,
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We will further integrate the last term of the right

member of {10.81) sbove by parts as followss

(10.84) sin 2 cotg f)g(x,ysﬂ,V) cot &4 4V

£

a__j /[X(X.VQU V) cat:l% dau 4av

- cwot%fﬁ?%(x,y U, V) QQ;Z-_{ du 4av

+ ¢o 00 % g)ix,y,u,,v) eeiﬂﬁa du 4v

cot a4y

[ }j {%ov3U, V) sin U log tan-&]l_
+ eotﬁ“a sot ;_L av
f)%xﬂy ;U,V) log tand au

g;;—;/![ (%730, V) mtlf. au 4v
-
%@Qtf‘ log tam—i—[ é(x,v U,V) cot dudv
2

tban i

L oot %’f 7& Xsy3U, V) (fmg r) c‘@t L U 4v
tan

= oot Ij{)i(x,y,ll 2 V) cot % au 4av

{i
Q
d-
@\—\
Dk'ﬂ
%5
<
&
=
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B

té log tan %, viU, V) cot X au av
+ cot& log 4 f?ﬁgo”y”) 2

T

' tan
{ )i(x,y},U,V)sin U (Q_ log —

‘ P

tang_
Y
4
3 tan £\2
(x,73Us ‘V’) ) 1og-——ﬂ- au
( -2 ’ 2 tany,
T

- c&%/ ﬁ&(x,y;U,V) cot % av

& XpY3Us ¢ du 4av
_'_cgjé 1ogtn%/r[ (x,y35U5V) g_é
.}.ecl_f (Log tan%?/'/%(x,yﬂ] o V) co‘t% dg av

_‘,_o olo

4 e%g- gﬁfgqjs_?_l;lﬁ//x&ayﬂ V) cot du dv
( tané’ 1@
Y3 1 U av
co__%[[)((vaV)(‘#’) og:;:%-_
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Bach of the terms in (10.84) ebove, which are of the form

z

m
{10.85) gpj_:__'gf_ (Llog tanﬁ‘y_) X(xﬁy;U V) cot ¥ dU 4v
2. /m ! (? -y B

~¥ O 88 A>Tuniformly with respect to r on O P<CEMfor fixed ) %O,

ginee

m
cot A (E@g ’ban%'—&o s A2 and
2‘ ﬂhj )

o
/ K%, 750, 7) @Gti dU dV exists rr?;&o o
4 0 K- 2.

7

For the last term in (10.84) above, we have by the second mean

value theorsm

£
(10.86) ;»,,.s-»f P )( ) 2) e r
10.88) co Xay UV lo cot dU 4v
%ﬁ & ‘%an.g— -
- n@ g {log tan%‘? /!/((x,,ygﬂ o V) @u&ﬁ du d4v,

Whe:z“ag & 4 "’:“”4' £1T,

—3 O 88 3T uniformly with respsct toT on © <"\"’(<,“C “I for fixedm¥E O,
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since

Ve
e@*bi (log tan-%- ~»0 a3 4> and ]f)((xng V) ::mt-y du av
2 ]
yy T
is bounded for Pfixed '7:;‘:0,

It follows from (10.81), (10.82), (10.83), {1084, (10.85),
tp
(10.86) that (10.80) —>06 as { 4-W uniformly on o< BT LT,
| o9 tnd formly on 6 4% &AL

A similer result follows for (10.90) by analogy with (10.80).
This proves the lemma.

(11.) TLemma 8. If f{x,y) is integrable (L) in Q(-T,~T;Ma) and
periodic of period2T , and if Nﬁc»y;‘(gﬂg K&(T‘ﬂ)s K&(LS)

are s defined, ‘*3:09’9299”0 s M , M+,

9
then
a e

/(;(;)(b(x»ym?) K (1) K (§:8) a¥ d§
o

1
*’“"’fjj(‘(xaymﬁ K, (rs¥) K (f£) a¥ af

Zowo f[X(x,,y,v,s) Enlrss ) K,(Fs8) a¥ af

/[X(xé,v;g,,g) K (r'gﬁ) K ()1"’»3’) d¥ 4§ for {;f’!’

each one of the integrals existing.
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T
Proof of Lemma 8. The proof is entirely enalogous to the proof of Lemma

8¢ The integration properties of K (r,¥) are exectly like those of J, (¥)

for o ${Y¥{M™ . Thus we have immediately from Lemma 9 for anym= O,l ,2,cee
oy

{11.1) ]j;)(o(x,y;U,V) Ko(er) K (§,V) du av
M

=sine sinm [Ko(r,,e)Ko(f»'?) ;)(,(xay;e»?)%- coet Km(xu,a)Igﬂ(f‘,'z)mz(h&:fﬁ;ﬁgoé%

v

i sine Ecé(r-,,e) X (x5 736, V)E (£, V)F 200t K (roe )M%(*n;cgy;e,v)lg"ﬁﬂ)] v

mit Mt

o .
+sin M j{x,m»z) (395057 )K, (rsU) + o oot K (F47) gxaygﬂ,7)1§n+§rgvﬂ au
@ : i

ar

+/ . | .
/m&%ﬁayst]p v)%+$ I“pU)lg!'#(’f’”v} 4y av
é‘ .

We will show that

(11.2) sine sing Kﬁ(mé)%(?»?%Xéﬁsﬂéwg}::: o 1)
I

,,%}'M

€->0 uniformly aon o4 m 4T,

rid
for £y 88

>0 uniformly on o (&< T

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(11.3)

(11-';4:)

ar ‘
sin e jlfé(rge )‘Qﬂffgy;egV) %ﬁ?sv) dv= (1)
7
€
for{?z'l as {?}’)o N
¢>ouniformly on 0<% &I
| T
sin'rz [K&(fgp)&XLf,ygU,)?) I‘{i‘sr”U) dU= (1)
€

for {T¢) s {%?—N ’

<1
f 7 ->o uniformly on 0 ek

which will then prove the lemmae

Since Igz(rab)= %690)3 &(r,ﬂ‘): &(fﬂr)"‘o s

K(r2) - A1), Kg(£:8) = (X1) by Lemma 2,

1

2z
e
and [ (x,y30,V) dU V= o(l) as ¢ »ounifornly on 0&HLT-&
o 0 ,

%o uniformly on 0<€< r-«

by the definition given'. in (2.2), ‘we have, using Lemma 1

(11.2)

| .
= Ky (rse) {za(m)ff (xoy3UsV) AU &V = o(1) as
00

sin€ sinm Kk(;'»e) KA(M)%RCA:;,y;U,v) au 4av
(510
€ youniformly on 0< P41,

m->ouniformly on 04€ <%
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For (11.3), we integrate by parts as follows:

(4
(1131) sine lsg(r,,e)f&zg&c‘gy;egv) %sfgv) av
7

[ﬂj»y;@v) sin V K&(j’,,v)\‘]:

= Xsys oV) K fsv) dav
7 &D—gﬂ Y —K(

-
= sine Kg(rae)[,g%ﬁ’,‘”y“’v) sin V fz(f» V)].7

L]

sin € &(1’“96)

z
[%(x,y;e,v) sin Vv 2 ®©.|
+ ~t
- sine K&(r,,e) r

?Cﬁ(f,»y;e» V) {(B_(,?sv) av

1)
-4
°
o

[
M+Jfby§egV) sin V ﬁ(faV) “K‘::py;EQV)Bin v %"(?QV)

= sine¢ Ifa(r,e)

4 ooe 4 (_|)&,§(‘;§,y;e9v’) sin V Ko(fs:v) ,7

A+ g
+(-1) sine &(r»é)[ﬁ(ﬁﬁ%ﬂ) K' (£ov) av
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Cé
K&(rﬂe) K_&(?st) OJ;[‘& (Ks'y;UQV) dau 4v

7 e .
- }E&(rye) Ka(£579) 50[“)%(1(937;[}9‘7) du av
Te

lgk(r»e) !i-(fst)o 0&7'( %,73U, V) a0 dv

Il

[
-k (rs¢) (fs’?)[j x, 73U, V) dU d
5& %-u 5 Ki%%» J ) v

+° o -3

T ¢
ng(rse) Ko(fgf)jfo)&(x,y;ugv) S

- (r,€) X (S‘g'p)ff)a(xgy;ugv) du 4v

o6 ©

T e
yes
+(=1) %(r,,e,)?ffo)%xgy;mv) Ig ($-v) au av .
& ,

+(-1)

The terms in the expression (11.31) above are of the following forms:

[ A
(11.32) I&(rge) Ix;m(fgt)ofom (x,33U,V) dU 4v,

?E
(11.35) ng(rge) Psm(fg'y)!ofm’)i(xgy;mv) au av,

T e
(11.38) ll(rge) ffoji(xgy;mv) Ko(fp V) dU dv,
7 ° |
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By the definition given in (2.2), Lemma 1 end Lemme 2,

we havs

(11.32) Iig(rgg) ((55T) eotz /[ (x,y3U, V) 4U dv
. Ot m

¢

'C+Wuniformly og 0L edqr
as { €90 uniformly on O < T KTl »

C-:?.} simltaneously and independently .

S ‘,35) &(rge) K (£5%) jj)i(xs‘yw»v) v av

Fl=o
a8 { €20 uniformly on © Lm <,

70 uniformly on ¢ < € <1
and since oxo(xgy; UQV) is integrable (L) 4n V on o< V<, it also

follows that

e ,
(11,39) &(r,e)[[oz"a(xoygegv) K (fpoV) av

:i'
exists and tends to 6 as e-)o.,:i

(1105) follows from (11031)9 (11055)9 (11038)9 (11039)0

(11.4) follows by analogy with (11.3).

This proves the lemmao
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(12.) Lemma 10. If £(x,y) is integrable (L) in Q(~M, =TT, T) and
periodic f period 2T, then
the existence in the restricted sense of Cesaro {2.1) of eny

one of the integrals

T
'_L;/[X(xOY,UoS) cot ¥ °___‘§.°t d¥df (Czmom) ,
s > =
w9 .
=~ j Ix,(xs}’ﬁoS) cgg coi;- a¥d § (Czm=1,m=) )4
- '
(12.01) .
ar qr o
L
'ﬂ"f 7o ( nYo'b’oS) 9_“71{ 01:_;&_ avds (C3) sl ),

o o
-
n |
Py fmx'}x»ym:) og;} eo_g_é a¥ds (Cs0s0),
o ¢ .

to the order indiecated hnplies thet of the remainder, and further thet
the integrals are all summable in the order indicated to the same value.

Proof of Lemme 10. As a consequence of Lemma 8, we can let
(12,11) J(E,'?)_ ﬂJ; (x,y, Y$) c_o_;:E eoti d‘(ds;

[

(12012) K(G.’?) w%fﬁxay)b&S) _°_t¥ 00_22_ d’(dS
Y, e

(12.15) J, (€:M34,T) = Waf(J(U,V) av av,
T A \
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slda e

We take{ o<t em and proceed to integrate (12.13) above

by partse.
’ €

¢
: qa
(12.13) ‘J\ (E,?;A,t)r.# j}‘ﬁ [ERXALYD) c_g_t_:_% cot® d¥dS} dU av
u v =
T 4

1
f/ r g
[U( ﬂ &)%’x,y;i.ﬂ sot og:j dm)]e |
. |
+ . X H co n [+] "
IU(/‘Z"F (.."Y’U’S) -;_3‘ 9_‘;‘-} dS) du

'C . A

=5| <

We continue with an integration by parts as followss

(12.13) | J, (€s%:4:T)

'{, €T 1
z! q'.

‘ﬂ% U R (j»y;x.S) 09_:} cgjg dXdS} av
4

T 44 ar |
+ii : %y73U.8) oo oot
:j U(ﬁ‘r (‘l 7its) ‘ta.g “::“ ds)} v
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14

[( f’ x,y;'b’,s) agﬁ ect& d?!dé]
4—: -
+J (f:)%‘x.y,%‘f) o_é:_g_-} co__’l* ) av

K¢
[ ge]
j([r)gsx.y.%v) ca%x oot 3 d‘() av

M o gt )]

V X (%oy35U,V) oot av
At d

+."‘_ U cot

A

(12.13) la‘l (e,'ymr)

e

. & , |

‘#fjfw _(‘x.y;foi) og cotd drds
’? e
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/f" (x,y;X,v)(ootI)(v tV dgav

'!T‘e
af i)
-nzj[-’ (x,y;U,V) U coﬁt_—:) (V cot N) du dv

T
arz| ,Pg(x’y;b’d) cotL cotz d¥ds
')A A = =

C .
7,?
_-ﬁgj’rf ')((x,ymf) c?_} oot§ daYd§
’?A

qr v
+%§-f EXNANY) cot ¥ cc_o:cé dayas
A3 4 - 2
T
; 2L
n_ﬁ_ (x, 3 +V)/ oot )(v ot.Y.) a¥av
: T o

m e
"‘"‘jfﬁ-u ("x,ygn,g) U cot ><cot¥) a as.
T «
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In refsrence to the right member of (12.13), we will

show that each of the following integrals tend to O as ‘g‘}*ﬁ .

(12»14)-%} X(x,y,m) cot{ cot 2 dvds,

<t 4

(12.15) _—'fo (x,y,X, $) co‘bl cot§ ayas,
L=

(12.16) £ jy )Sx,y,Y,S) ccﬂ:;r ooi a¥ds,
'-)

° 2y n
(12.17) £ [7[ (x Y30 V) coﬁé)@ cg_?) a¥dv,

T e
(12018),,—;% 4)&(:(&;0‘.3)@ cﬁ) pr_‘_oé) du a$,
) AR~ 2 <.

<) A=)

TA
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We have by the second mean value theorem

o
(12.14) & &Dg(x.yshs) cot¥ ootd aves
Te
v T
2:7: +JJ &)E(x.ymc) oot ¥ co_g aras
t e ¥ e -, -] -

v
&E"Qﬁf /L ‘(\x,yg‘(,f) ogé} a¥as
€

== =
T T

a-

(x, 39:) 0013" co d¥dé,
} ﬁ—: oy "é

0¢ &I '
vhere | o etV (T

Tt follows from the definition given in (2.2) end Lemma 8 that

Ag(x.y;\’,s) og‘tﬁ' is integrable with respect to (¥,§)
=P NI T

‘ o0¢ceaY L )
for {o LS VR VLT

and we can choose "V so small that
—V*

(12.16) €TootE [
' [N

S r e

A (%y73¥:5) oot{ 84S becomss as small as you ploase.
e} W)
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The integral/[ (x,y,*l,s‘) cq_} cot i- d¥d$ exists for giveng

and Vby Lemma 8.

Henoe (12,14) tends to ¢ as ’é’} >0,

By a similar discussion, it follows that (12.15) tends to 6
a8 f} -> o,
Consider that, by the sesond mean value theorem

(12.16) 2= #& X(x,y,‘(,s) cﬁ cot® d¥d$

T vg

3 j//[ // f’[ (x,y;k,#) og_} cot dvds
¥t

%M_;i/ ﬁ%(an?%‘) og_;} aya ¥
{ f

31

(

4r oot (%y;¥% §) cot® dXa¥
+ o —z-.g z-?‘:t-. o
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77‘
X(xoy3%§) cot cots d¥d§,
/&—: A~ n _EE =

where
0<2 ¢ £7¢C £ ¢
04T L¥¥vem
OldLy LT
OCTLP L VLT

Now each of the integrands in (12.16) above remains
4 {50 k
integrable as by our definition of integrability in (2.2) and
Lemme 8., Moreover, we can choose {g'v so small that

(=)
1Q)( (xy37»§) A¥dS

becomes as small as you pleass. Hence (12,16) tends t0 O as 'i‘.-},;o_

Consider that, by the second mean wvalue theorem

(12.17) //4%3,,3,17) co_’c_%)( co’cg) d¥dy
T4
K3
=4
fr2 / )g‘(xwzb’sv)(oot (v cot1-> d¥dv
tdyf
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=70

7 5
% Y
__.#éeot t[f‘)((xyxv) (Vc_oﬁg)dd‘v

m 9
"’fi[[‘ \)% YQ(9V)<M‘)(V cot IV) adav,
i

*
where 0 4 < 57< 54T
Eech of the integrands in (12.17) above remains integrable
’lf}—)b by the definition given in (2.2) end Lemma 8, and we can

choose 370 so small that

* .
3
)
3420 ‘oot ¥
L‘l Elx yv3ds V) (V GOta_ ) a¥av
T A :

béoomea as small as you please. Hence (12.17) tends to O as 'g‘-}é °,
(12.18) tends to © a8 g}—m by enalogy with (12.17),

Each of the remaining integrals in (12.13) above has its
integrand remaining integrable a&s 2’}—)0 s by the definition given in

(2.2) end Lemma 8. Hence we can write

(12.18) li:Anito % (€op34sT) = 1 (€57),
T

thereby defining ,J, (ég'z) as followss
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76
(12.18) ,'J' (e,r?) = #’/[w (\xaym»g) cotzz cot d)’ds} du dv
=i i \
e o ‘

-
= €7
ﬁ’;.f; 5&&:{;7. 5) cg_tzg eg‘%ﬁ_ ards

| 4—% E %E_l)ggx»yzx.v)(cﬁ}) (v oot I"V) avav
0 e o
+’%ﬁ ’)g(a,:.ysu,s) (wig%) (oot§) au a§ t
7° - ?
¢

|

Tf’ﬁ" (,mm,v) CU 0ot )(v gg#) a dv"[

|

Let us now consider K€ »%) asfdafix;wa by (12.12) and integrate by

parts. Wo,havo,;making use of I.emne: 1,

e
|
(12.20) K(€, ):‘- ffr (%o y38:8) cotL oot drds

Fﬂ:f‘
= ar2
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=72

[" (xy73958) sin¥ cot ]

f (xoys 0§ ) cotL ¥

é
sine o____-_ﬁ; fj{(x,ygepﬁ sin § g;ag_é as

+#—a(§gg paﬂj,y;?f.ﬂ sin§ oscz/ 2% aft aY,
€ l4

(12.20) K(é»'?)'siné 0017:. [{)i(x,,y;e,{) sin§ cot S:r

(1%

a§

\l

A=
o
-1
ot

»\

sine co‘c% xoy;épS) cgi:_-g as
Z

ar
[“ ((x,75%8) sin§ cotf’l
R & 2

4. {eot I;
+ 2
| *DS(x»y;b'a ) cot§ d$
e N
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i, L

. 8in € ;.gmfgig.seiﬁ'?? ( i%% (Xoy3657)

a

sin€ cot X{x,y3€ cot a$
+ e 3 ,ﬁ?,ck #¥3€s§) ‘—a:é

n

4+ 8 f_»z eot_f?. X(xsy,?f,n?) eot* ay

(x,,y,?{,,s) eot" cot-s d¥as
=

Thus we can write (12.20) as followss

(12.20) K(e,'?)_(eotﬁ cot Z / )S(x,y‘,?{,,g) aydf
Yars

+ 9232‘3 [{)S(xnyms) cot¥  d¥as

cot %7385 ) cotI  d¥as
roud ﬁ?& ) e
)

nxoy;YQS) eot{ cot dgds,
A1 %= — = 7

which we shall compare with J, (€,7) from (12.19),

=7
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We have

A
(12.21) A (é,ﬂ);_ #m_?i'gx,y;hs) og};’i cg% dyds
é')?‘ ’

/f’ (x.y.J.V)(cgt_%_) (v oot z") d av
-l 2. 2

+1;2 K)ij.y;U.S) U coté[) (0339_{) wag

Upon combining (12.20) with (12.21), we obtain

(12.82) K(F 9'7) —IJ[ (é,:z
€1

+ (@jj;_ 00’62—)( e / )C(x.yms) d¥a §

R-1 $-1

_(é,? 7'7[5.// (x,y;U V) (U eotl})(v cot ;’-) U 4v
-] 2. 2.
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+ é"-‘%ﬁ-‘) (&L‘)fxf’}g _(ix.ysa'.s) cg:_f} aras
m)ff&'x-fx.y,u.g) U cot ) (og_}i) & aS

8 4 ot
- ;%‘)(w"i)f L,‘?&S'xay:z,v) (@_;:}) 6;92%3) a¥av
o € |

Now, (12.22) can be rewritten as follows:

€7

+(“L%ootz 00#2' )// (anBYoS) agdf
-l

D

% 67)f[ - 27 et § et X) X(anBUo'V) U av
A=t ke
+ zvr °°*£ %)/f)i(x-w%:) cot$ avas

(%[[(l 3 °°*"z . (xnyw.S) cot § du a$
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+(_L cety—— ;,7)/ ngpy,hS) cotX d¥ds

4.(9_ ‘ijff" eov..r) X(x,ymv) oot.‘g aydv .

v
Now, |~ UY cot g cot  is monotone increasing on {
1 eV P<E

0LTU <‘¢'-< T

|~ 3 eot»-g_- is monotone increasing on 0£U<Ke <Y
> .

4

| - ¥ eotg is monotone increasing on 0§ V<% < ‘E P

. Hence, ,,ﬁ;pon epplying the second mean value theorem, (12.23) above

becomes

(12.24) K (€s%) =,d, (e,:z)

-I—J#‘ (cotz cot-'z ifﬂ" (x,73¥,5) aras
L
-Lw;(é-?-? - cot§ cotz) /74!)%?:3”538) a¥as
, . Mé@
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a7

. & .
-+ E#Xootg‘—- E%)fl)g(x»ysfd) cot§ dyds
' , -1 &) 2-

7 o

2.

-
+ ( 2—#,)6:01: Z —5,?‘)] ﬁ_?g—('x.yzb‘.S) cot¥ dya§

4-(1;," %—ootg)'fq (x3%:8) _} axas,

HaE s ;)?f E?S‘.’."“‘"’ .
e

h O(G(' O(éo(l.
where o<¢<, O(¢.<l :

Wo can rewrite (12.24 ) above as follows:

(12.24) KEsP) = J, (€9)
| €7

’7 oo”o o o¢ -l

+%;L°ot§ e)/[ﬂ)%(x,y,z{ §) 03:_:§ drds]
+,,.I:(oo~ez 7)}? )imysx,n«aggi‘ deS]

- br0e 7 0¢ B,
+ q#a (ooti oot - i) J}i f f + f Q (xys¥,5) ala

|
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We have,by the second mean value theorem

(12.25) K(E€,9) _J, €7) -

| €7
766, oc op
;",L,r{(co'hi oot%*g?_ {jof’r”?o J-Djef]l Sf,ygl,f) db’dS:)
el [ogren s o]
4375 A%

{""“% ){ f f f} (zeys2e5) aot:n’ db'd] ’
-W[(eotgeotg _‘L{ f' f j f f}e., _— m] .

’4_,%‘/{(30'6 %_1-% c%g)fﬁ_?gf:sy;ﬁS) .de{]

”{Qoté'_z_ f&_)&x,y;ns) cot d!(ds]
4_.L[(cot1 _% (ﬁgg f_')((_:'c,y,m) m;]
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+ 4 eot f[ (%y3%:§) 02_} a¥as |,
‘l

where 6<é4 §*<£ <=rr'
) ’~'7 Lv*e < T

Each of the integrands in the right member of (12.25) remains

integrable as %}-}O’ by the definition given in (2.2) and Lemma 8, and each

of

(12.26) < (cot%_' - %_)(egt % r remains bounded

MR as %}70 if the ratios £ and—ez remain bounded.

Hense, sach of the terms in the right member of (12°25) above tends
to O by the definition given in (2.2) and Lemma 8 as € }7‘0 in the

rostricted sensse.
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Hence, if we use restricted convergence

K(é;{’,?)"JléenEZ) —>o 88 V%}—>°

in the restricted sense; or we can write
(12.30) K(e/mi=J,(€s7) 4+ of1)
as ,;}—90 in the restricted sense.

We note that, by (12.19) we have

. E
. _
(12.31) 3, (esm) - L L (xoy3%os) cotd cot$fatas av av,
“'2;7'2) en| | |™ .%(4,, 6) T = (
. o “‘y

§

Hencse, if we eonsidei' restricted Cesaro summebility in the sense
defined by (2.1), we can show the equivalence of the integrals (12.01)
by teking the appropriate number of integral means of both sides of

(12,30) for given values of £.
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For «K:I » upon taking m-i integral means of both sides

of {12.30), we have the equivalence in the restricted sense of

K(en‘y) —>A (Cs m=1 g m-1)
1J) (€0m) > A (csm-t ,m=1),
~—ex

or from (10.31)
{K(éa’?) > A (G m-1 ym~-1)
J(Esm) 5 A (C3mom)s

or the equivalence in the restricted sense of

]

- o
7z | ,(x,y;y,,s) eo:{ eoﬁ% drds (Cs m-t gm-1)
o0

ar qr
€
qrz/(X(xgygb’,,S) cot¥ cot dadds (Cgmom)
"% = -z
o o

For 4@:1 » upon taking m-2 integral means of (12.30), we have

by means of (12.31), the equivalence in the restricted sense of

ar
L
| Wﬁ)&(xayﬂog) @_‘g____)é:_ eotﬁ d¥d§ (Csm-aom-2)

2

m ar
L )( . z
72 ' ,(x,,ysxgg) co;a-z eoté‘ d¥d$ (Csm-t gm=1 ),
o
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Continuing in this way, we finally obtain for *rf# »

upon teking the limit of (12.30} in the restricted sense just as it stands,

the equivalence in the restricted sense of

’ T
e I)C(xsys?f,s) ocotf oo
m m 2.
0

ct
N

a¥as (C;0,0)

d

<

ar o
A < s .
ey X(x:y5%58) cotL cot§ d¥a (Csist).
k m=1 Mm=| 2.
o o

This proves the lemme.
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(13.)

Lemma 11, If
o(1) as %}‘90

X(Xaﬂds‘f) ={ofL ) asA->0uniformly on o< T & »
mtd

(13.1)

- (13.2)

(13.5)

(13.6)

s8inT,
e - 5 ¢ 4 ¢ T
o (sin‘;) as U0 uniformly on ©

then for fixed § such that o< & <,

i
q,,,Q’»S) )Gx,y,‘(,;)x fr NaYs= O(l) as {E=arc sin (|- r)}—Qo

(l-f)ﬁ iy m) 9 =arc sin (l-f)
€ mro(V<54T,.
i
' e¢=arc sin (j—r)
q (£55) (%y73%5)9 (r¥) d¥= O(1) { }.,
(Tm:?)_; m?cnm M as pearo ot ("f) 6
é for 0LV S (ﬂ',

and for fizxed V¥ such that e¢ V<« ‘TT;

9,0V )Gx»y,x. X (£,5) a5 = O(1) as {e’”" ein (1- r’}_,o
e i %= are sin (1-¢ )

(l r)*
for 0K LY LT,

e~ arc sin (|- g
1.(re¥) | Xlmyitsda (£,5) aS = O1) as { pre i dl )}9 o
e »= arc sin (1-p )

(- r)"

7 for 04 £ <1,
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Proof 6f Lemma 1lo In consideration of (13,1), we have

(;“*{fss) =({1) es M= arc sin(i-¢ Yo for 6 <V ST
G —presmg |
by Lemmg,

8in$§ X(xoy37§) = o(1) as ¥ ¢ uniformly on 0 < § < 1T
Mbl mi|

by hypothesis,

dK, (ro¥) _ {'\/ ) as €= arc sin (- r)de for o<Y s ¢
by I@_m‘x'na 3, and hence%

ATy

by Lemme 3, and hence

(13.‘13) 9 (faS) m;_?g(ﬂ’-ay’%'oS) Ifn&r’v\() d‘(
gy

= [ 4.55:9) )sinsfi%ngrnyzb’ag) siny d§d(r,g) aY
0

G0 =g) sin

=0 — Ja¥ )= o(1)

(- r)*,

as¢ = are sin (- r)> ¢ uniformly on 6 < ¥< < from which

(13.1) followse
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In consideration of (13.2), we have

sin§ m?\gﬂg;‘cpy;‘(,s)r. o{(1) as Y>0 uniformly on 64§ &4

by hypothesis,

9($53) Q1) es m= are sin (1= ¢) S0 for 0LV LT
\-¢)4sing

end q (rs7) = O (L:%;;:) as ¥z arc sin (1-r) - ©

by Lemme 4, end hence given any arbitrary w)» o », there exists

a corresponding 4> o such that
i‘,

(13.22) |q (S’,,S) QC(xpyms)q (r,,v) ay
| (c f)

(555 (st (x0573%s » - w,
q (£:5) ns)?( ysb's)q(rv)dts’ ( r)w%g {

\~$) sin§
é 3

’

{O( ézaro sin (I-r) h <4
whenever  f :
6 m=are sin (j-¢)¢(h<A

uniformly on ¢ (v ¢ § LT,
Henoe, (13.2) follows. (13.5) and (13.6) follow by analogy with
(13.1) end (13.2).

This proves the lemma.
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(14e)  Lomme 12, If
o(1) s $}»0
X(xoyxoat)— o (-J- ) es 4> 0 uniformly on o0& U< ,
mi) A+l sinC
4 : R (o
o (sin»‘) as T 6 un‘ifomly on O &
then

| (1401) JX(::»V:Y.?)K (roY) a¥ = o(1) as

(14.2) L?Aﬁy%y)gﬂﬂrw) ay¥ = o(1) as{
€

€= BY0
(14.5) X(xwﬂw? sot¥ d¥ = o(i) as{ =
Ml [ U . q?= are
€ = 8are
(14e4) X(x.y:e. S)K (S‘ §) 4§ = o(1) as{
mep Me = Are
K
ar
€= are
(1448) X(x»yzemq (m) 4§ = o(1) as{
”hﬂ mie| '?garo
| (Mui) [)C(x,ygc-,g} oot-§- d$ = o(1) “{e:gro
et Ml i vE are

zare sin (iI-r)

(2
7= ere sin (i1-¢)

| €= are sin (/-r)

%< ere sin () -j’)

}—90,

sin {t-») }‘) o,
stnifi-pY.

sin (t—r)}
>0 »
sin (1-F)

ain (1- r)} >0,

sin (-¢) J

-

sin (i1-¢ )

aln“‘(il- r)
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Proof of Lemma 12, In consideration of (14.1), we have
dE, (re¥) _ O L.\ asc= aro sin (t-r) »o for ocy ¢
ay (- r)’

by Lemma 3,

| } ¥ ‘
mﬂ)(,gnyn’as)- o(1) as ,?}wby hypothesis,

and henoe

€ € | o

(14.11) f_)qfoyib’a?)Km’srnI) dy =/2((an’af7)sin“( dK“(r,Y) av
myy ¥ me| ."—-—"'d Y
o é
e
. €a in (1~
o dt_tyafbzo1)es) = r)}-)b.
(-r)* s are ain (=p)

We have further

ginY m?(m(:,y;xw) s o(1) as f?-jbo uniformly on 0L Y&
by hypothesis, snd for arbiﬁrary fixed X suoh -that o< X <,
r;n;gr,\r):__ O(l). for 0¢ (< ¥ for all_r_ on ﬂérf}

sin¥
by Lemms a;. ‘and hence
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ar | " ‘-
(14.12) /‘?C(x,y;x,,?)%(nr) ay < X(x,y;z(,?) sinb’Kﬁra)’) ay’
m+ : M ARl
& o ainb’

;:ﬁ o(l) as m = ere sin (-9) >0 regardless of Y on Sk S|,

Now, given any arbitrary small positive number w o ,

we can first choose I>0 less than W and so smell that

(010) | [ Hlnarromx (o) o] < 4 by (aa)
' Myl en )

with 0<%z arc sin (1-f)§‘i,
and then we oan find £\ 1less than Z_ and so small that we have
simul taneously “
I
.(1.4-‘15) ﬁX(an£Vn’?)§.+ﬂTnV) a7 < "'f% by (14.12)

) M|

2

provided only that 07 = are sin (1-p) <4 < £ »
and
&€
| (14'.16) ﬂ X (xoy oK ( (m’) av | % vy (14.11)

LEG A
(]

{ olg=are sin (|- r){ &4 <L
whenever

O¢p=8ro sin (-e)< AKLE
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end henoé qr

(14417) X(xsysb’»?)K (roY) ¥
i M
é
X a e _
Py P o7) d <%‘+3‘—+M‘=w
f [ j; “)g(:‘c ¥3¥sP)K (1,7)
] 3, o ’

océ=ars sin(i— r)Z A - -
provided thet , » thereby establishing (14.1),
Ocyzare ain(l-f) YA

- In consideration of (14.2), we have

‘ ¥
m?%’f’y“’?)" o{(1l) as ” }*D by hypotrfeais,

|
q {r,¢) = ({(l-r a) as ¥= arc sin (f+4 r)> 0 by Lemma 4,
i ' 73 ‘ :

i
|
{

end hence, given any arbitrary W, , there exists a

corresponding A,>O s such that

Y3
€

oce=arc sin (1=r)< h< 4,

(14.21) fggﬂ(:aynf.?)gm(_fd) ay f-_: (-r)*w|ar
&

whenever e
a¢m=sare sin (- )¢ h< .AW
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We have further

sinY jC(x,,y‘;?fg'y)z. o(1) as m = arc sin (i-r)> ©
, MA M+

uniformly on ¢ LY <f by hypothesis, and for arbitrary

fixed & such that o0 (X<,

q (r:¥) _ (1) ase = arc sin (I-r) >0 with 6« X L ¥ <
DB smememe™
sin¥ (\-r)*

by Lemme 44 and hence for given &K o

ar m

(14.22) [)C(xoy:b’ofp)q (rs¥) dV= (!-r)af)((xsy:a'-'?) sinb’q (rov) a¥
: b Mt mtt
% X v i)

» 1,)_-; . ¢= arc sin (1-r) ‘}1} 0.
f?:.arc sin (\-f) |

Theraifore, we can first ghooss 4. DO less than (U so small that

‘/ (xaysb’»'?)q (r‘»‘o’) dV\ 4 by (14.21)
m+ .

I ’nH
~~with{°<e = are sin (I-r) £ &
| 0<m= zare sin (-f) £ £
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end then we can find A> o less than & aend so small thet

/X(xnym'y)q (rsY) a¥ | “ vy (14-82)

- fo((—-arosin(\ r)<A<$
enever ¥
a(?;are sin (1-£) & < g

end hence

X(x»ym?)q (re¥) da’f g +g=sw

[ mel mt
e 6{ e ars sin (l-r)<d
whenever » thereby establishing (14.2).
o m = are sin (I-f)(d o

Since q (r,¥)=J (%) — %(?,‘bf)by Lemma 6 ,
M+ mel s \?.' - .

(14.3) follows fram (14.1) end (14.2)s (14.4), (14.5), (14.6) follow
by aneology with (14.1), {14.2) and (14.3),
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(16.) Theorem 1. ILet f{x,y) be integrable ¢L) in Q(-7, -1, M) and
¢

defined outside Q by periocdicity.
| If A(x,y3rsf) is the Abel sum for the conjugete of the double

‘Fourier series, then

Limit | A(x,y3rop)= #—J[ Ki0yites) cosk ootd dmg}: °
m m 2 )

provided thet _
C:(l) as ‘,_4'} »>°

- ' o -.
(f'aywr):ﬁ °(§E—?) as 4 >0 uniformly on 0< T<T -
el M ‘

| k’(s!nl) as T->0 uniformly on oL L1

Proof of Theorem 1.
From (1.53), we have for the Abel sum,

A(x,y;r,f)=°ﬁ§_/[)<°(xny3¥n5)fg(rnif)Ko(ftf) dyds,
°
©o o

By Lemma 8, we have
ar qr

(16.01) A(x,ygr‘f )='I_1’l3 jX(xs}’SxoS)Kb(rvU)&(f'S) dyds
0 o

- cow - wﬁ [)((xgyzb’sg)lsq(roz)l( (rhg) da’dJ

.,ra?} x»ymg)x (=¥%)K (Po8) dvas .
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By Lemme 7, we have

K (K (£.5)= 4,00 4,(5)- 4 (r2)a (£16)- K (mt)q (£ )= 9 (RN (5),

‘ Thus we oan write

(15.03) ' A.(xp}’ﬂo £)= 'PJI:“ X(x»yms )K (I‘ﬂ)K (foS) CWdS

mil M+
& % Te are -
_#{ J+fj+ ["'/ }}Cﬂ(xoyaa'»s)xp,x)x*(r,s) d¥d§
[-4 | Pat - My M)
| °€ Mo wé

| 4 7T e | : :
A [-]] [Phtermonsmo v

(—X(xsymS) g (r¥)a (£:6)+ Mmmf.s)f %Jr;o‘)ﬁ“ﬁu&)_‘( aas

0oyl Mt

+h ff?((xaym )3 (‘J)J (§) a¥ag

Consider tha‘h, upon 1ntegrating by parts, we have

(1,5005) W’[fX(stBUng) (K)J (s) ayds

T 7€ -
[X(anSXof) sin¥ J (‘()‘]
=¥, (5) ar as
(%575¥:5) sinY¥ (%) a¥
My d
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sine J (e)/;C(xoyseaS) J,(§) aé

qr

‘ .[X(x,ysns) sing 4,‘(5)_]

‘..q#unv dJ, (¥)
ay

ay

1 Mt

lX(x,ygné) sin§ di, ( ) dg

$.

=808 3, (€) {(?g(xlmm) sing (S)jr [X(x.y;é.g) sin§ m; ) a5

T e T

E@ Im) Nx,y;é{,q) sin¥ % \ g)

*Jﬂ (x¥3¥55) sin¥ dd, (¥) stn§ a,(8)  da¥a§,
- '.om S av aé ‘

'?&

whenee we have

. |
(18.04) #/Zr X(xoyites) 3 (03, (6) abas

.
in€ J (¢ J dsdsi g (V) af
~ . oin a ) M?(j:wz%? () ng ) M?g&uyxm) )
< sine oA (e) sin®) 1 () )((xaygwp)-rmff)((x.yw.s)st () (s) dvag.
T gt e
7€ |
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Upon substituting (16.04) for the last term of the right

member of (16.,02) and making use of (16.01), we have

(16408) M(x,ysr,p) = %L/W‘")C”Sxayz%g)Km(rp?)Km(faS) avas

e

g

‘J"j X(xoysz(»s) (m‘)q (S‘»S‘H K (roa’)q (M) +aq (raK)K (f»S)] aras

z T
fy X(xﬂm?foS)K (rﬂ)K (fag) d¥ds

mil

m———

- ain ;-z,‘ (¢} I‘%an;) J (6’) @ S sinz 4, _’2)‘ )C(xaﬂn?) %H(V) GY

- eine J () sinf? g (")2»2((%2‘/569?) _LffDC(mms) ()9, (5 ) dves.

o ey um tw sath of tne Antegrale

(1501) q;l'zjk X(ﬁo}"SUoS )K} (rs)K (555 ) dXdS »
L mi st '

()

(18:2) -—J—ff (% ¥3%5)E, &ms’)gh{;ﬁm&) deS,',}

(15-.3) ][ X(xayxb’as )K {rs¥ )K (faS) da¥dsé ,
7 (&)
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T
(16.4) ) /X(-xawtog)q (ro¥)g (Pog) d¥ds,
/e M e m4 i

- T
(1645) ,,,./r X(xayab’as)K (rmq (Po5) d¥as,

mi M) mi)

9 €
-
(15.6) ,—’Tsfm‘)gg.::oyxx»S)gw(rJ)§+,(f,g) avas,
. G )

(15.7) sine J (e)[)((x»ys'éaS)J SS) asg ,
s

(1648) :Z J (Q)fgC(xsym ) 57) ar’,

(16.9) sine () siny %(“z>,,.2§§3‘f”e’?)
e

, E= arc sin (1-7)
tends to O as ~>0,
M= arc sin (-f)

and henoe from (16406) that

s

{A(x..ysrof) -;}-J [" )Cm(xo'ys‘(nS)e;,, ()4, (§) dfd; |

€= ars sin (I-r)
tends %o O as { —> o .
m =8ro sin (L-s)
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We proceed to consider them one by one.

Yo haves

Hom
o p J
€

4
(1641) / X(M}'ﬂlnﬁ)x (r,“()K (YoS) d{d%

[ (%ey3%:8) sin¥ dK,(r, sm?a (£,8) ayas
| ;#f X 2 D sind (L) |

4] M ‘

)jf‘(gda’ds« W €= are sin (-r)
o(1l
(n- r)7 ('-S) i * {'7, ere sin (|- §)

since

' ,"K&’-‘OH%S):O(U as ;{;};o byf"jlz;ypo‘aheais,

aK. (r,v) _ __'___ for 6¢{¥%€as ¢= arc sin (|-r)>0 by Lemma 3.
;"'Y RSy, »

We %ave
(15‘2) frxqs’fﬁyf‘(v”ﬁh(faﬂﬁ"(‘ro” d¥d s
| X |
< J » 4 K ?,
__:# N_D‘Cm(:: Y305 )K, (r Y) d} sin § qx fifs” as

{e—: are sin {-r)

{( S d&‘}- o(1) es{

T~ ,
ﬁ?((xp}'f&ﬁ) K+(r98) d‘(\:o[l)as
by ey mH 5
é f

}“")o@ since
m = ere sin (i-p) .

{e-.-am sin (-r)

20 Le 12
$=arc sin,(\-’f)} by Eama 12
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axK, (£,8) - I )f@r 64 S <m8as v = arc sin (I-f)P 0 by Lemma 3.
gs“ "O((:—f’)z (G

are sin (/- r)}
>0,

arc sin (I- £)

By analogy with (15.2), we have (15.3)~»© as {

_— We have

(1604) -‘—//X(xoymg)q (rs¥)q (§.5) a¥as

Loy

;;T% I{r ﬁ X(xalﬁ‘(of)q (rab’)q (qu) arag,
.- 7 € - +1 Mb|

We will consider separately each of the :lntégrals

(16441) q“;’fi X(xyrs§)a (rof)a (5,5) d¥as,
1+ M) mH mel
a s .
(15.44) #‘JL?%TW;%SM §r»Y§q (55%) db’dS
ve | ,

q'r
(15047) #&f I(Xpyﬂfﬁ )q (2“9‘()@ (?vS) avd s .

Hom+t

Let any arbitrary positive number L/ be assigned. In consideration of
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(16+41), we have

g=ars sin (-~ r)

X xsysv0§ Y (ro4) a¥= o(1) aa{ }-n by Lemme 12,
-

bl M) "
€

7= 8rc sin (1-¢)

C Ak

q (foS):‘zﬂl‘ OQL—:Z? as &= are sin (1-§)>06 by Lemma 4,
33

and hence we can choose A,>O so small that

4 gr ‘ g, |
(18.42) | L) | D (xoy3¥%S)a (ro¥)a (£,8) a%as| 2| (1-p)* wias | < W
L{) ' & me N M X
e
7 0<¢e are sin ()- r)’ZAl
with g
{04'7::&?0 sin (I-S> )<A‘

In donsideration of (15.44), we have

qlg‘;) M%slx.ymS)gmgrd) 4 = O(l)

esare sin ()] |
a8 {w&lrp #in ( 'r)}‘ﬂi for o ¢ VLS <
mzare sin (- )

with fixed £ such that 0< £<IT by Lemma 11,
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end hence for giwn;{é s WO oan eh’oosa 4;)0 so small that

mi

(15445) a%j:f;+;§;£faysvos)q (rs¥)a (£,$) a¥aé
v e

Xlzeys05)a (ro) a¥1a§| <«

"1 A el

ogezaro sin (I-r) <4 Q2

provided only that .
o¢y = ere sin (t-g) <A,_

In consideration of (15.47), for given {j':: s We have

5

X(%YﬂaS)q (rof)q (S5,5) &dS existing b}' Lémmas 8 and 9, Now
me mi M+ _ '
v3 AR

q (r»Y) conteins a factor of (j- r}* not involving ¥ from the definition of
Y _ ‘ |

+

oép £
&

/[ (xo'.ﬂb’ns')q (ro¥) q (S’og) d¥d§ exists for all {; such that{ o’
-7 ~F - 68

whence for {§$ A ‘ %

; given Vg0 ° Ve cen choose £,7>0 8o small that
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qr
(16448) ;"L‘I X(xnyn’og)q (rﬂ)q (faS) a¥as

Ml me)

(l-r) ('-:)f[X(xoymS)q (rs¥)q (£55) deS} 4 Wn*‘
o7 (-s)

{ O<E=are sin (I-r)< djz
provided only that < , .
0<P=are sin (- £)<4;

Thorefore, in aonsideration of (15.4), we can first choose V>0

80 small tha.t

gy Vv ‘
‘ 0¢e zare sin (1- rXv
az ¢

<q=8ro sin (I- P Xy

and thon we ocan find 4> o less tho.n’V and so small that we have
tmxumsuny

e o
2 ’ wl
qr‘]r/“:Ps}fOYIUDS )%Afa“)&}l £:8) dxd5/< 3
ve

- ' 0 €= arc sin (I~r)¢d
provided only that by (15.46),
6<np = are sin (-p)<4 ‘
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and

X(xy3855)a (ro¥)a (S,5) a¥as | < ‘3‘
H M4 m¥) m#) ‘

o¢ €z are sin (I- r)cé4
provided only thet by (15.48)
oy = are sin (I-e)ca ’

and hence

<§J-+r“‘+"§ =

mi

B
th X(stm)q (rmq (5,%) d¥as

OL€&=are sin (I-r) ¢ 4
provided only that § ‘ 4
: 04m = arc sin (-p) <4

| ¢=zarc sin (|-r)
whenoe (15.4)—> 0 as{ >0,
7= ere sin (/-5)

o . We have
15,5) fmgg(:.ygva)K (!’a)’)q (J‘»Sr) ans—
g TS o |
= ;rg{ﬁ:/ [+ 5 i }H L Citss )5 ()3 (£25) abas,
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We will consider separately each of the integrels

(15051) ”,//X(x»ys‘o’nS)K (Fag)q (S’a"g) d‘de
M+

|

M)

(16.464) .Lf )C(x,yms)x (rmq (s,5) a¥as,
L1 ) e
Ve

(18467) #ffx(xoYSYDS)K (rs¥)q (S$8) d¥a e,
ngﬂ Prode) M+ o]

Let any erbitrery positive number W be: aaaﬁgmd, In *uamiduﬁ”ﬁﬁn

of (16.61), we have

-> 0 by Lemma 12;

f;C(xo:nm)K (rs¥)d¥=o(1) es

el M)

gzarc sin (1-r)
{7,9.:-0 gin (i1-¢

= ey - -
%&{0;) = O(Qé)_) as § = arc sin (1~¢)> 0 by Lemme 4,

and hence we can choose 4, ¢ so small that

A o A

. | L 2 PRLS Y

(18452) ,,.af ﬁ Loy nee )X (row)a (£45) &g | (1-5) wf%

é f

7 | G
: {0(@‘; arc sin (= r) L 4,
with .

O(’}? = arc sin (I-¢) {4,
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In oconsideration of (16.54), we have

9,8+5) Iy )E (roy) oF = Qv
-(r:;)-n_‘ [aGd sl

 (e=eare sin (I-r)
as 20 for 6 {VLSLMwith fixed 7 such that 0< g LT

m =are sin (I-f)
hy Lem 11; end hence for g’iven{ i s> We can choose &y »0o so small that

(16.56) ¢“[[X(x»yzUoS)K (ra‘f)q (Yof) db’dS/

| e

(i f) sfaS) )C(xaya‘(nS')K (raT)dX nﬂS {w
(l ?) | me) . ‘

°<6" are sin (l-—r) { Ay
provided only that ’
o(nz = arc sin (by)(Aa

.

In mns:ldore.‘t::len of (15+87) for given ;vg:; s We have

{[(mms)x (mr)q (f,s‘) &d§ existing by Lommas 8 end 9, Now

0’.5) oontains a factor of (1~ f) not involving § from the definition of

%' given in Lemma 4 and %Faw) = O(sin‘() for © < £¥<{fMeor all r on

oé!‘él by Lomma 2.
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o
Hence, for given { L%i:o

£)C(x,y§x,$)K Sr,?!)q (£,5) d¥dfexists for all{f such that 2:5_“
- (- r)"

whenos for given{,V;: » Wo can choose ;70 so small that

(16468) j[ )C(xoyswps)x (r,,z)q (?»S) dvds

< w

(' £
o{€é=aro sin (1-r) L Ly

(_;2 f[?((mys?fpsm (ro¥)q (S,5) avas

provided only that {
osm=sare sin (1-¢) <Ay

Therefore, in consideration of (15.5), we can first choose '1/>o-

so small that

)} NT
, a | ¢
,‘#ﬁm“)g(fl ysb’»;)%}fn)’)ﬁﬁ(i’ﬁ) dyds
me

0L €= arc sin (1-r)<V
with by (1562)
04~ = are sin (1-@)KV
and then we can find A>o lefss‘ than*V and so small that we have

simltaneously

T &
T ﬁaqf'oyspr)ltgﬂ’(‘rab’)%}.ﬁg)d‘m: £ 3
Vv E
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‘ ‘ o<ezars sin (I-r)c A
provided only that ' by (15.55)
: o ¢<m = are sin (l~9)<4A -

and

(td

o+

L ."af X(’WWS)K (r’sz’)q (S’os) drd$

o o€z are sin (1-r)4d 4 o
provided only that , . by (16.88) ,
: . 6¢m = 8re sin (-e)<a - :

end hence

ﬂ H)(ixays%S)K (rp‘()q (!»S) deS! <+ 5‘ + W- e
m+)
e

: Odtzare sin (|~r)d 4
provided only that , , 3
6iy =are sin (|-£)<LA

€ = arc sin (I~r) ) |
whence (15.5)->0 as ‘ -0,
7= arc sin (1-¢)

By analogy with (15.5), we have (15.,6)-%0 as 20,

e= are sin (I-r)")
é,z—.—. arc sin (I-9)

€= arc sin(- r)
(1847) and (15.8) tend too as 90 by Lemma 12, while
')7— are sin() —g) :

'(15.9) tends to ¢ ag{€=8rc sin (I-r) —»¢ from our hypothesis.
- zérs sin (1-¢) ‘ .

This proves the theorem.
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(164) Theorem 2. Let f(x,y) be integrable (L) in Q(-W , -7 ;T ,™T)
and defined ocutside Q by periodicity.

Then, at any peint where

(0(1) as ‘f’}—ﬂ’

X(x,yfw,t):l o(;i';;r) as4>0 uniformly on 6<TKT,
ot me

kO(__r—s'nA‘) ag T © unifomly on O <4 < L1

& necessary and sufficient condition for the summebility (A) of the conjugats
- : ‘
of the double Fourier series is that the integral

T
2
#[ﬁ)g(‘x,y;y,s) ot o_o_;g:g_ d¥ds
6 é

converge which will then represent the sum of the series.
Here, melis any integer | 2,3y °°e ,
Proof of Theorem Bo |
» Neoessi‘b‘ys Suppose the eonjugate of the double Foufier series
‘18 mble (A); then A(xpygr,,f) tends to a limit as ;}9] » and hence if

f e € = arc sin (I-r) ’
we relate {f to {"( by{’7= arc sin (1-p) » then

i ..
A(x,y;r.f)-'#/j:);(xaymﬁ 39;_{ e_q_;j-d!d&u a
7€ D

by Theoren 1,
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and hence the integral

aT
#fj)((x,y;ﬁS) oot—g]}' cot2 dY¥dS exists snd equals the limit of
J - =% |

AMx,y3r,p) es )f}-)l‘

Sufficiencys Suppose the integral

T , .
(1645) #aiﬁ" )g(xpys‘doS) c:gg; Gfsg‘, dxdgconvergey.

w

then q;‘z'? ()g(xpyﬂ,'i) cog—% cg;g_% d¥d§ tends to a limit as %39°;
(3

¢zare sin (|-r)

and if we relato{% to{; byg » then
y=aro sin (1-P)

a n
Msyire?) “.,,"\.;{MDQ(%V:K»S) oo_:} oot dya$ -»0
‘ ‘ Je

as

(€x arec sin (I-r)
2 ©¢ by Theorem 1, and hence A(x,ysr,f) tends to a

m = 8ro sin (1-¢)
limit as ;}-)l » which is t}%a integral (16.6) above, Therefore, the series

»

is summable (A) and summable (A) to the value of the integral (16.5) above.
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(17.) Theorem 3, Let f(x,,j} be integrable (L) in Q(-T%H -M;M,T) and
defined outside Q by periodicity.
Then, at any peint where
o(1) es ¢]»0

Xi('_xay%at) = o(gﬁﬁ.) a8 4>0 uniformly ow 64T <9
4 At

o 51n%) es T26 uniformly om0 <4<
m being a positive integer or © , a necessary and sufficient condition for
the summebility (A) of the conjugate of the double Fourier series in the

restricted sense is that the integral
aqr

4;‘-1 ﬁf(xw,yu V- E(x-Y o548 )~ £ %43, 3-8 )+f(x~‘o’,y—$;)] cot¥ cotd a¥as
2. 2
é

exiast (C3mym) in the restricted sense, which integral will then represent

the sum of the series.
Proof of Theorem 3.

Necessitys Suppose the conjugate of the double Fourier series
is summable (A) in the restricted sense, Then A(x,yjr,f) tends to a

r ' ; r €
linit as F}-), in the restricted sense. If we r.ela'he[f 1;0{,7 by
¢zaro 8in (I-r) »

» then by Theorem 1

m=are sin (1-9)

A_(x.y;rcf)-—q-r‘;}{Xn(xoygx,,g)ew_g eﬁé_ a¥ds§->0 es
: m . 2
/76

in the restricted sense,

€=arc sin (I-r)
>0
{'9: arc sin (1-¢)
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and henece

ar qr
L [ K. (%y3%55) cotg @o!;i d¥4$ exists in the restricted sense, or we
mwa a

[

oen say thet it exists (C30,0) in the resiricted sense and represents the
sum of the series.

There fore, by Lemme 10,

ar
S \ Y ‘
#i./ ojCo(x,ygxps) eoté- eoj_:é_ d%d § exists ‘( Cgampm) ;n the restricted sense
. 15} :

end represents the sum of the series,

Buffieisneyz Suppose

(17.5) q-‘,'-LE. aﬁ)g(xay;)’,s) co'l:;{a ogiz_% d¥d§ exists (O3mpm) in the restricted
2 2 :
sens®. Then, by Lemma 10,

P
#:‘;]f)qx,ygn?) 031_:_23 emt,_.s d¥d§ exists (O3m,m) in the restricted sense
m 2 =
o [

and equals (17.5) above.
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But this meens that
‘"_; f)((x,y,b’gs) co :cg @Ié d¥dS tends to a limit as ,72" 0

in the restricted sense, end if we relato{g"z to {.Sf by the

¢=are sin (/—r)
rela'b:lon{ s then, by Theorem 1
7 = &ro sin (1-p)

e=zarc sin (|- r)

AMxysrof) - n-aff)((x"y"” §) 0_9# @0__1& a¥as>o as{»};garc sin (1-¢)

in the restricted sense, and hence A(x,yjr,p) tends to a limit as

;}-9] which is

I(xpyugs) o@‘t; ogg_-i dyds,

Therefore, the series is summable (A) in the restricted sense to

j 'X(x,ygyps) 'k caib_g. dydy (C36,¢6) and hence, by Lemma 10, to
> =

szf )((x»yzmS) cotz 0@9—_% a¥aG (Csmom)e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(1)

(2)

(3)

(4)

()

(8)

(7

(8)

=112=

BIBLIOGRAFHY

A, ZYGMUND, Trigonometrical SBeries, Monografie Matematyczne t. 5,
Warszawaanéwp 1935, |

P. FATOU, Séries trigdn@métriques et séries de Taylor, Acte
Methematica, vole. 30 (1906), pp. 335=400.

L. LICHTENSTEIN, Uber dss Poissonsche Integral und Wber die
partiellen Ableitungen Miter Ordnung des logaritimischen
Potentials, Journal fur die reine und sngewandte Mathematik,

vole. 141 (1912)9 PPe 1242,

“Ae PLESSNER, 2Zur Theorie der konjugierten trigonometrischen Reihen,

Mitteilungen der methematischen Seminars der Universitaet Giessen,
volos 10 (1923), ppe 1-36.
B. N. Prasad, Contribution ¥ 1’ tude de la série conjugée d’une serie

de Fourier, Journal de Mathématiques Pures et Appliquées (9), vols

11 (1932), ppeo 153=205.

M. L.'MISRA, The summability (A) of the c‘:mjuga’ce series of a

Fourier series, Duke Mathematical Journal, vole. 14 (1947), pp. 855-883.
G. Ho HARIY and J. E. LITTLEWOOD, The allied series of a Fourier
series, Proceedings of the London Mathematical Society (2), vole 24
(1926), pp. 211-246.

L. TONELLI, Serie Trigonometriche, Bologna, (18628), Ghap. IX.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=113=

BIBLIOGRAPHY

(9) C. N. MOORE, On the Summability of the Double Fourier's Series of
Discontinuous Functions, Sonderabdruck aus Mathemetische Annalen.
IXXIV. Bando 4. Heft. Druck und Verlag von B. G. Teubner in
leipzig. (1913).

(10) Bo Wo HOBSON, The Theory of Functions of a Real Variable and
the Theory of Fourier's Series, vol. 1, Harren Press, (1950).

(11) K. SO;[(ngSOKOZDWSKI, On trigonometric series conjugate to |

Fourier series of two variables, Fund. Math. 34 (1947), pp. 166-182.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



