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INTRODUCTION

The experimental observation of the separation in
the 28 and 2p levels of the Hydrogen atom1 has stirred
the interest of many physiclists, and meny proposals have
been made to account for the discrepancy with the exist-
ing theory.
| It 1s well known that the Dirac Hamiltonian for the
electron does not include terms corresponding to the
Interaction between the electron and its transverse elec=
tromagnetic field. Many attempts héve been and are belng
mede to introduce this radiative reaction term2 into the
Dirac theory. These attempts have been partislly success-
ful in that they do glve numericg; results agreeing with
experiment. These theories, however, fequire special
assumptions because of the occurence of divergent inte-
grals.

This paper will show that, on the basis of Podolsky's
Generallized Quantum Electrodynamics3, ne new asgsumptions

are necessary to account for the energy level shift.

1. W. E. Lamb and R. C. Retherford, Phys. Rev., 72,
241 (1947) '

2. H. A. Bethe, Phys. Rev., T2, 339 (1947); H. W. Lewis
Phys. Rev., 73, 173 (1948); F. J. Dyson, Phys. Rev., T3,
617 (1943)

3. B. Podolsky end P. Schwed, Rev. Mod. Phys., 20, 40
(1948)
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THEORY

Removal of Degeneracy

We shall show here how the degeneracy in the energy

levels dlsappears in this‘thecry. The wave equation for

the Podolegky electron is given by Gﬂ:’een’+ as:
(2 + U)¥= E'Y , (1.1)
where
H =-dg°*CPg - mec%e (1.2)
E' w E ¢+ e?/4s (1.3)

U :'%92'{(1 - $0g 0p) (1 = exp(~r/a))/r (1.4)

= (0 T/r) (o r/r)(1 = exp(-r/a))/r
- (exp(-r/a))/a}

In the above equations U 1ls the complete electro-
static and electromagnetic interaction. For the central
field problem we may neglect those terms in U which in-
volve the Dirac matrices, o and qb. This 18 Justifiled
because o%, which corresponds in the classical 1limit to
v/c for the nucleus is negligible. This assumption is,
of course, made in neglecting the vector potentlal term
in Dirac's theory. Our wave equatlion now becomes:

toge cDg = m 0B, = e2(1 - exp(-r/a))/r) ¥z E'H(1.5)
We see that our equatlon differe 1n two respects from
Dirac's; first, the potential is Coulombic only for
large radii, and, secondly, the energy contains an addi-

tional term, -e2/4a, whose slgnificance we shall discuss

4, A. E. S. Green, Phys. Rev., 72, 339 (1947)
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’later. We may, in fact, make our equation ldentieal to
that of Dirac's® by placing:

V' (r) = =e2(1 = exp(=-r/a))/r (1.6)
Eg. 1.5 then becomes:

fx-cp - mc%ﬂ + V’(r))%’: E'% (1.7)
which 1s Direc's equation for the electron with our primed
quantities replacing his unprimed quantitles,

For the sake of clarity, we shall 1llustrate the es~-
sentisl steps necessary in solving eq. 1.7. Introducing
explicit expressions for the 4 by 4 matrices « and A and
the four=component %symbol, we get from eq. 1.7 the

following simultaneous equations:

N(V' - m02)4i - cpz‘%3 - c(py = 1py)4h = E'4i
(V' - me2)¥, + op, ¥, = c(py + 1py)43 = E'%é (1.8)
CvARE S mc2)43 - ¢cp, %1 - c(py = 1py)4é = E'43 )
(v' + mcz)fh + cp, %é - c(p_+ 1py)¢i = E'%L

The egs. 1.8 have three constants of motlion, and the corres=-

ponding simultaneoﬁs eigen~f’s are

[ (3em)®rIa(3-3, n=3) )
(3-m)¥RIG(3-%, med)

(J-l-l-m)%RIIG(J'P‘%“, m=%)

(= (3414m)¥RTIG( 343, ned))

'7L(J,k=3+%,m) = (1.9)

5. ©See any book on Quantum Mechanics. With minor changes
the notatlion used here 1s that of Rojansky's " Introductory
Quantum Mechanics."
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and

[ (3+1-m)¥RIG(J+#, m=3))

Ly kamg-t,m) = —(j+l+f)%RIG(J4%’ mt) (1.10)
, (3+#m)ZRIIg(3~%, m-%)

. | (3-m)%RIG(j~, m+s) |

where the radial functions R are unrelated in (1.9) and

(1.10). Either of the functions (1.9) and (1.10) may
be substituted into eq.(1.8). In both cases, it is
found that the substitutlion gives only two 1lndependent
equations. After some manipulations of the equsations
so obtained, the tesgseral functions, G, cancel odt and
yield the following radlesl equations: 1
| (E'=V'(r)4mc?) (Rg/ch) = dRp/dr - (k+1)(Rp/r)  (1.11)
(E'*V'(r)-ch)(Rb/cﬁ) + dRg/dr - (k-i)(Ra/r) (1.12)
where
R, = R, Rp = 1((k-#)/(x-#))® RIT (1.13)
and the quantum number k has the velues:
K = $1, 42, 3, ... =-n. (1.14)
We may further simplify egs. (1.11l) and (1.12) by
the substitutions:
Xy = rRg, Xp = TRy (1.15)

-

and
A= {mc® 4 E'), B = (mc2 «E'), o=z edcn (L.16)
Substituting these quantities and reintroducing the explicit

expression for V'(r) we obtain the X equations:
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AX, + odXg/r = exp(*-r/a)xq&“ X}, = kXp/r = 0 (1.17)

BXy = Xp,/r + d.exp(ﬂr/a)XUQr X, * kxa/r = 0 (1.18)
where X' means dX/dr. The above equatlions are the game as
Dirac's except for the exponential term. We note that, ex~
cept for small raedli, the exponential term may be neglected?
We are therefore justified 1n assumling the same series solu-

tions for (1.17) and 11.18) as in the Dirac theory:

X, = 7% Ja, , rtm, m=0,1, 2,... (1.19)
Xy, = e"CPébt*mr“’m, m=0,1. 2,... (1.20)

Substituting these into eqs. (1.17) and (1.18), we obtain

two new equatlons which may be satiflied only 1f the coeffl-
cients of like powers of r are equal to zero. Hence, we ob=-
tain a sequence of eguations from which we can solve for the
a's, b's and t. Our sequence of equations is, of course,
more complicated than the corresponding one's in Dirac's
theory due to our non=Coulombic potential. Fortunately, how=
ever, we can draw many conclugsions from the first pair of
equations; this palr of equations gilve a relationship between
t, the exvonent of the first term of the geries solution,

and the quantumvnumber k. These equations are:

Here Dirac's Case
tby + kby = O olay = (t + x)by =0
tay - kay = O o(bt + (t= k) ay = 0 (L.21)

6. The magnitude of a is of the order of nuclear dimen=
slons; thus, 1t 1s difficult to detect, through experiment,
the deviation of our potential from Coulomb's law.
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The eqs. (1.21) have the following solutions:

Here _ Dirac's Case
t = =k 8,20
Tt b 2 (kB=o)? (1.21)
t = k, bt.= 0

Recalling that k takes on positive and negative integral
values, we éee that our first pair in (1.21) holds for
negatlive values of k and the second pair for positive vale
ues of k; otherwise, the solutions will not be well be~-
haved at the origin. That is to say, the radisl functions
wlll diverge at the origin unless t is positive.

Starting with the values for t as given by (1.21), we
may proceed to solve for the energy levels Enk which ren=
der the functions R, and R, bounded at r s infinity. 1In
Dirac's theory Enk is chosen in such a way that the power
series in (1.19) and (1.20) terminate with a finite number
of terme. There is one solution for E, corresponding to
both positive and negative values of k. Notlce, however,
that 1n our case we have two separate energy levels corres=-
ponding to positive and negative values of k; thus, we
have removed the degenerate energy levels.

Difficulty in solving for Eyx 8&rises 1n our theory
because we cannot simply terminate the power series as is
done in Diracs theory. This is due to the appearance of
the transcendental exponential function in the modified

potential function.
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It may at first glance appear that we have assumed a
wrong solution since Dirac's energy levels are found.

by choosling E,, so that the power serles (1.19) and
(1.20) terminate, while in our case we cannot let the
same series terminate. It 1is evident, however, that,

if our series does not terminste, there must be & con-
dltlon on the ratio of the coefficlentes of successive
powers of r. Such & condltion would be necessary, for
example in (1.19), so that as r approaches infinity the
factor exp(=Cr) converges to zero more "powerfully" than
the divergent infinite serles g;at+mrt*m. Such a condi-
tion would then permit us to solve for Epk. The solution
at best 1s very cumbersome to obtain. We, therefore, re-
sort to the standard perturbation method to obtaln an
approximate value of the separation in the 2s and 2p

levels.

Perturbation Calculation

We rewrite our wave equation (1.5) as follows:
(H + V,)¥ = (E + e2/4a)¥ (2.0)

where

Vo = egexp(~r/a)/r (2.1)
In eq. (2.0) H is the Dirac Hamiltonien, V, the perturb=
ing potential, and E the perturbed energy levels. The
term 92/43 represents the electrodynamic self=-energy of

the electron., This term may be dropped from our wave
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equation (2.0) for our present calculation because, in
taking the difference of the energles of the 28 and 2p
states, the self=-energy will cancel. Thus, (2.0) becomes

(H+V,)¥=EY (2.2)
In this form we can apply the standard perturbation method
with Dirac'e wave equation representing the unperturbed
system. The linear energy correction, which 1s sufflecient-
ly accurate for our purposes, 1s glven by the formula:

W u_/?g v, ¥, av (2.3)
where ﬁ% is the Dirac ¢function and %g its complex con=-
Jugate.

Strictly speaking, the correction (2.3) holde only
for non~degenerate states, but we may use it here becauss
our perturbing potential VO 1s a function of radius only.
Had V0 contained angdlar variables it would be necessary
to use methods pertalning to degenerate states.

In order to evaluate wes and.wap we need expliéit ex-
pressions for the ‘#functions, ¢és and op° In the Dirac
theory the quantum numbers corresponding to different sta-

tionary states 1s given in the table below:

Quantum No, States
2 2 2 2 2 2 2
13% es% 21@% 3°8; 33% 3°P 3°D
J % % % % % 3/2 3/2
k -l -1 1 -1 1 ~2 2
L 0 0 1 0 1 1 2
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The angular factors for the 2s state are given by
(1.10) with the appropriate guantum numbers taken from
the preceeding table. It remains for us to find the ra-
diel functions R, and R,. We substitute k = ~1 into (1.17)

and (1.18) and drop the exponential terms: This gives

AX, + < X,/r - X+ X,/r = 0 (2.4)

BX, - & X,/r - X! - Xg/r = O * (2.5)
and the series solution (1.19) and (1.20) here become

X, = exp(=Cr) (atrt + at+lrt+l) (2.6)

Xy = exp(-Cr) (btrt + bt+lrt+l) (2.7)

where the constants are related as follows:

E bet m3289 g = (%’ * %(1 - 0(2))%’ 1 282 -1

28 1 N
¢ = (me/n)(1 - g2)%, t =(1 - dz)% x = 2g(l - g2)%

Substituting (2.6) and (2.7) into {(2.4) and (2.5), we get
two equationg in powers of r. These two equations can be

gatisfied only 1f the coefficlents of each power of r are
t=-1

equal to zero. Hence we get for the coefficients of r ’
rt, rt+1, respectively, the following eguations:
Xa, = (t -1)b, =0
t ¢ (2.8)
X by *+ (t + 1)&t =0

(mc/h)[(l + glag - (1 = gz)%bt] + OBy 1= thyyy = O

(me/n) [(g-1)b, - (1-52)%%] * oDy, - (t42)ag = o(2°9)
and |

(1 + g)agey = (1~ 82)%byy

C )b, = (1 - D) -
(8 = 1)byyq (l g<) 8y = O

13
(@]

(2.10)
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It can be readily shown that the determinants of
eqs. (2.8) snd (2.10) vanish. We can therefore solve for
the a's in terms of the b's and eliminate two of the four
unknowns in (2.9). The resulting determinant of (2.9) is

also found to vanlsh; hence we can solve for all the con=

stants in terms of one of them, say, bt' We have,
b,y = = (me/n) ((1-g2)%/(2g-1)) b,
) at.1 = (me/n) ((1-g)/(2g=1)) b, (2.11)

ay = ((82-1)/e(1-g2)%) v,

Using the above constants, we obtain at once the X's and,

recalling that Xg = rR, and Xb = er, we flnally obtaln the

radial functions:
| -gr 2,3 . (2g°-2) (2g2-1)

R ze V {'~ 1-z2)% r + mc(l=g) r'<8 }

a g ﬁT§§=%}
2 % 2
R = -Cr{ (2g2=2) (1-z2)% p(2g2-1) }
= e r % me r

Rb h(2g=l)

where we have, for convenience, retained only the constants

C'and g. The ncrmalizing constants have been omitted in

(2.12).
From eq. (1.13) we get for the 2s state,
I .
R = Ry, R = ~1(3)5Rb (2.13)

Substituting these into (1.10) we get

[ 2% R, 6’1
“ Ry G»g
‘/(J--?,ka-l,m:-%) = o (2.14)
L-13J§ Rb G 8 )
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We are now ready to use the perturbation formula (2.3)
and calculate the shift of the 2s level; thus:

LW /¢’* VO‘/’ dav (2.15)
where the Yfunction is that glven by (2.14). The ortho=
normelity in the angular function G allows us to simplify

(2.15) into the following:

- _2J[°° 2 24..2 _
Wog = N y Vo(Ra + Rb)r dr (2.16)
where
l/N2 = J/kRS + Rg)rgdr (2.17)

The integrals in (216) and (2.17) may be evaluated in a
straight forward manner (see Appendix), and we get

Woo = (eaﬂﬁ)e(mcd/h)3 (2.18)
where we have neglected terms of higher order than o2 by
the use of the following approximetiions,

g2 =1 - d2/4, (1 - 52)% = /2

L , (2.19)
g€ =1-o/8, 20 = (2me/n)(1 - g2)® = (meoy/n)

p
above work, and we need only outline it briefly. The radial

The calculation for Wy amounts to & repetition of the

functions for thls case are

2 2
=-Cr 2g=2 2g<-1
R, = e { 1 re8€Te me r }
& (1'82)% h(2g-1)

Ry, = e=Cr { r282-2 + mc(l+ )% 3 r282~1}
'hieg“l;Zl*g)

It is noted that these functions differ from those of the

(2.20)

28 state only in the coefficients of r.
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with these radial functions, the integrations in (2.16)

and (2.17) may be repeated to give

wop = (eaiR)?(meo/n)>(0/16), (2.21)
that 1is, | |
Wop = Wpg (4°/16) (2.22)

* Thus we see that the shift in the 2p sgtate 1s negliglible,
and we get to a good approximation
§ 2
w' = wog = Wop = (eaf2) (mcot/'h)3 = eeaQ/Eag (2.23)
where a, i1s the Bohr radius.
Expressed 1in weve numbers, the separation of the

28 and 2p levels has been determined experimentally by
7 5

Lamb and Retherford as

vt - L0355 cmilt (2.24)
Therefore, .

w'/he = e%a®/2nca? = .0355 (2.25)

Solving for a we get
a z 10.67 r, - (2.26)
where r, is the classical electronic radi;s (roz(ez/ﬁoce)).
The above value for a agrees with that found by

Kikuch18 (his calculation was made in nbh-relativistic

9

approximation and was based on Pasternack's” hypothetical

shift of .03 cm. 1)

7. Latest value quoted by Lamb in a paper presented
before Am. Phys. Soc. (April 30, 1948) 8See ref. 1

8. ¢C. Kikuchi, Phys. Rev., 69, 125 (1946)

9. 8. Pasternack, Phys. Rev., 54, 1113 (1938)
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As a partlal check on our théory we must ascertain
that the normael state is shifted a negligible amount by
the perturbing potential. This requirement 1s of great
importance since the separation between the normal state
and the next higher state (2p state) has been determined
to great accuracy by spectroscopists and found to check
with existing theory. The function for the normel state
1s glven in many texts and we need only state the result

of the perturbation calculation. We find

1

LA (16/3) wl = .190 em." (2.27)

28 =
which is a negliglible shift since the 1ls = 2p separation
1s of the order of 82,000 cm. *

In order to find the level shift for other hydrogen=-
like atoms (ionized He, etc.) we need to go back in our
calculations and replace e? by 762 where Z is the atomié
number, Thus, for example, for ionlzed helium we find

whe = 2%(.0355) = .567 cm't (2.28)
This value differs greatly from that found by Beth92 in
his classical approach to the problem;‘he finds

“ .46 cm’t (2.29)

Wos
We, therefore, have a basis of comparison of the merits
of the two theorles pending further experiment. Such an
experiment does seem possible in the lmmediate future
because the frequency required of the microwave=-oscillator

1s not too high (around 15,000 m.c.).
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Conclusions

We have shown that on the basls of the Generalized
Quantum Electrodynamics the degeneracy in Dirac's theory
disappesrs. It was shown that in the new theory the
central field problem reduces to a study of Dirac's wave
equation for a modified Coulomb potentisal. The important
thing to bear in mind is that the new potential function
arose naturally from a simple basic asgumptiong that the
Lagrangian contains the second as well as the usual first
derivative of the generalized field coordinates.

If one does not accept the method of approach in the
Generalized fleld theory, 1t ls necessary to assume & cut-
-off frequency for high energles in order to avoid 1infinite
1ntegrals. Such an assumption was necessary, for example,
in the calculation made by Bethe. Podolsky's theory does
actually make the same assumption in a more general way;
the constant of length & appearing in the theory 1is in-
timately connected with the cut~off energy for radiation
and is to be determined experlmentally as we have done in
this paper. Once thls constant has been determined, there
will be no necessity for special assumptions in dealing
with "high-energy" problemes. Thus, the arbitrariness
in the theory has been removed, and one may check the merits

of the theory by solving other probleme which involve high

energies (such as the electron scattering problem.)
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10 one finds

In the usu2l quantum electrodynsmlcs
it necessary to assume a cut-off energy limit for high
frequency radiation. In the generallzed theory we have
seen that such an asgumption i1s not necessary, but it
is not difficult to visualize that the universal constant
of length 2 is intimately connected with the cut-off
limit.

We assume that the constant a 1s equivalent to the
critical wavelength or cut-off wavelength:

a =\ (3.0)
On this sssumption we find for the critical energy:

E, = hC/,\c = 80m002 (3.1)
Heitlerlo quotes 137m02 as the order of magnitude of the
critical energy limit, and our value appears to be com~-
patible.

On the baslis of the generallzed theory, particles
may interact in the ordinary manner with the real or
virtual photons or in an extraordinéry manner with the
real or virtualhlow mass mesong, The mass of the low

mass meson assoclated with the extraordinary field 1is:

m =z h/ac = 12.82m, (3.2)
Finally we may evaluate the electromegnetic selfwenergy
2 ‘moct
of the electron as given by GreenB:“f% =T A2.6 (3.3)

10. W. Heitler, "Quantum Theory of Radilation," Oxford,
1936.
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The relativistic energy momentum relstion gives us

(E + 2/42)2 5 c®p® 4 n2c* (3.4)
or for p = O,

E = myc? - e2/ha = Mc? (3.5)

M=m - e2/4ac® (3.6)

where M 1s the experimental mass, m, the mechanical mass,

and the last term, the electromagnetlc mass.
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APPENDIX
The integrals in the text are all of the same type
and may be evaluated readily 1n terms of the gamma func-
tion. We shall show here the details of the perturbation
calculatlion for the 2s state. We have for the energy due

to the perturbation,

o~ ]
wés - Najf(exp(-r/a)/r)(Rgr2 + R%rz)dr (AL)
where |
oo

- 2.2 2.2

< g[(Rar + REr Yar (A2)
Consider the flrst term:

2,
2 o exp(=-20r) { (1~§22 pig 2 (a3)

e 2
- 20(1~5; rieel o «2(1~% ), re
g(2g=1 l+g 25~1)
The second term leads to expressions differing dnly in

the coefficients; thus, the integrals are of the type

Sexo(-20r) ((1-g2)/82)r*e%2ar (a%)
" Now, let
2¢r = s, or r » /20, and dr = ds/2C (A5)

then, (A4) becomes:
- CholCal Ve
I, = )48 1 J/. 9148 1)=1 ds (A6)
20

Thus, we see that the definite integral is simply the

definition of the gamma function; hence,
2 , 4g2-1

I, = 1:22 2= [“}452_1) (A7)
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Slmllarly, all other terms may be transformed into
gamme function. They have different arguments in the
gamma function, but they may be expressed in terms of a
common argument by the use of the relstlons,

Mp-1) = p M(p)y, [(p) = (p=1) [(p~1) (48)
One gets for the perturbatlon energy, finally,

wh = e {(352-2)(2c+1/a) -20 - 2m2c2<eg-1)(g-1)}
g2(4g2-2) g(2g-1) h-(2g-1)(2C-1/a)
' )482‘1

l-g-2g°: 2g°(2g+1) -1 20
x{ : +(—15—)TE_+3 25'—"1)} X (“20 + 1/a (a9)

Approximation

The exact linear energy correction (A9) may be simplifi~-

ed by neglecting all but the largest terms, assuming that

a2 1s of the order of magnitude 10~120m. Then, we have

whe = e2a® (mco )3 - g% a;3 (A10)
2 h 2

where o 1is the fine structure constant and a, is the Bohr

‘radius. The terms neglected are roughly 10"4 times the

slze of the above term and are certainly negliglible until

experimental preeision is greatly improved.
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ADDITIONAL THEORY

On the completion of this thesis, it was called to
the attention of this writer that there was experimental
datumﬁ%for the 3g=3p separation of ionized helium. Here,
we give the added calculation. It can be readily shown
that, to the approximation we deslire, the Schroedinger
functions are adequate for the perturbation calculation.

Using the Schroedinger function, we get for the 3s
energy level Shift,

wéé = (8/27)(24e2a2/cha2) (in wave numbers) (B1)

= (8/27) z*(.0355) em.”l (B2)

Therefore, for helium, we get

wig = (8/27)(16)(.0355) = .168 cm.”L (B3)
The experimental value is

wio = .16 (£.02) cm.”t (B4)
The velue given by Bethe (here corrected for latest value
of the hydrogen 2s shift) is

wie = .140 em. "t (B5)

The experimental value given in (B4) was determined
spectroscopically by Mack and Austern¥*, In making the
optimistic statement concerning the possibility of measur-
ing the 28 separation of ionized helium, 1t did not occur
-to the writer that, in the microwave method, there would be

difficulties in detecting excited states of ionized helium.

* J. E. Mack and N. Austern, Phys. Rev., 72, 972 (1947)
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