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INTRODUCTION

We consider essentially two problems: That of convefgence
almost everywhere of multiple Fourier series, and the strong summa-
bility of double Fourier series, power series and general orthogonal
developments.

We generalize to several variables a paper by f. Plessner
(25) on a sufficient condition on the Fourier coefficients for con-
vergence almost everywhere of the Foufier series. We succeed in ef-
fecting this generalization without adding more restrictive condi-
tions,

For the strong summability problem we found it necessary
to add a cross condition in each of the two variables in generalizing
the Hardy-Littlewood theorem (11). And then we prove only restricted
strong summability. This is to be expected however, as this strong
summability theorem is essentially a localization theorem and the locad-
ization property does not generalizé unmodifiedly to %wo variables. We
make similar modifications in generalizing analogous results of Fejér ()
for power series and Zygmund (37)(p. 2u40)for general orthogonal devel-
opments.,

I wish to éipress my sincere appreciation to Professor Otto
Szasz for his invaluable aid., He gave generously of both his time and
energy in indicating fruitful means of research, in pointing out the
most significant features of a problem and in constantly and insistent-
ly emphasizing the importance of accuracy in writing, of clarity and
completeness of discussion. I Hope this paper indicates I have profited

somewhat by his direction.
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CHAPTER I~ PRELIMINARIES

A. NOTATICHS

Ve denote by capital letters vectors in the k dimensional
space, so that X = (X1, Xpy eees X)), N = (03, Do, eeey 0));
NX = ny %7 v NpXp+ eee +Dy Xy . The x; (1 = 1,2, ..., k) are
integers. £(X) = £f{x;, X5, e.., %) is a real valued integrable
function of period 211‘ih each varlable,

We denote a k-tgdple summation
ml m2 mk M
E % cee % by E
Ny = 1 n, =1 nk =] N=1

We denote a k-iterated integral

2 2T 21
g S cen S Xm dX2 “oe d.xk by dax
o} o o

Q

The formal multiple Fourier series of F(X) is

g
f(X)N§ cy e =
N = = |
e o0 Qo

- . i(nl Xl see nkxk)
- : Z E Cnl soe nke

hﬁw, ns= -M""ﬂk = =P
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2.

where
0y -~ ay - iy, c = c
- N.
When we work in two variable no special notation will be em-
ployed.

Throughout this paper, unless otherwise specified, we take
the multiple sum in the sense Of,. Pringsheim (26). For example, in the

case of two variables g " converges to the sum S, or

= m n
mn = o

%e‘% Smn =3 in the Pringsheim sense, if there corresponds to every
i '

number € 2 © an integer Ngsuch that form 2 Ng , n 2 Np
’ Smn - S| €.
Integers in parenthesis (e.g.(15)) refer to the bibliography at

the end of this paper. Decimals in parenthesis (e.g. (2.21)) refer to the-

orems, etc, within the paper itself,

E. Auxiliary Theorems

Lemma 10 Fubinis Theorem Hobson, (1) p. 630.

If f(x,y) be any function, bounded or unbounded, that is
integrable L over the measurable and bounded set E , then

55 f(x,y) dx dy = j dng(x:y) dy = S dySf(x,;Y) dx

=

Lerma 11 . Hobson (15) p. 302.

Let g Sn(x)} s, a sequence of functions, summable
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3.

in a measurable set E, of finite or infinite measure, and of any
muber of dimensions, be such that S,(X) > O for all value of n
and all x in E. If, fior each value of X the sequence is monotome non-

diminishing and if

lim S S (X) dx
5w E

has a definite value, then S (X)—~> 8 p. p. in E.

Lemma 142 Young- Hausdorff inequality. Szasz (32)

If 1<p <2 and

fx) ~ > et VX
then P, _115,
| | < W (£)
and b | P
(5 £ )| o |
¥here

1 A 1 = l, and

p
P () - =\ | @) Fax
P (2m) q

If p = 2, equality holds. (Parseval's Theorem) .
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Lemma 1.3 Holders Inequality

h.
(13) p. 2k.

e L

! F
gf(X)g(X)dX< s @] ax [g(X)[PdX g
Q | | |

where

i+
P

o -
™~

Lemma 1.l Minkowski's Inequality (13) p. 30.

. ‘ 1
Y+ |7 < | Yo |5 ) (o )r] l

r:r>{

Lemma 1.5 Jensen's Inequality (13) p. 7.

If ¢( Xkl} is cofitimmous in the open interwval
(0,05 @, c¢ )

™)n w,
S Ger Kre e P¥er)
Y ey P 3
2 jk& }:; BKL

!

If we take ¢ (x) = ¥°

we get s T >/

(¥ re) <« ¢ Y

. -1
where ( = ~,{‘7"’Hﬁn )r {constant),
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CHAPTER II ¢ CONVERGENCE ALMOST EVERYWHERE

A. History of the Problem,

The problem of convergence almost everywhere of singlé
Fourier series has been developed from the extensive research into
the problem for general orthogonal developments.,

H., Weyl (33) first proved that if Z’_Q:n"“ <« then the
orthogonal saries Zfa,htpw(x) converges p. p (almost everywhere.)
in the interval of orthogonality of the (‘Pn (x).

Hobson generalized this result to 2 n‘:> a:— Lo, p>o for
the condition for convergence p. p. Then Flancherol (2L) obtained

2.
this same result with the less restrictive condition D A", (log n)3

<« , and Rademacher (27) and Menchoff (22) imporved on this by es~

: 2.
tablishing the weaker condition for convergence p. p. @ ZAH (log n)?

Menchoff further showed that this was the best result provided
the system {\kﬂ(\c)} was not specialized.

In the specialized case of Fourier series Flessner (25) n
showed that (log n)? can be replaced by (log n), making the condi-
tion for convergence p. p.of Fourier series z Ag logn <A & wii'
Whether or not this is the best result is an open question.

In extending Plessner's result to multiple Fourier series we
have employed essentially the method Plessner used in his paper.

It is perhaps pertinent to call to the reader's aﬁten’oion the
fact that the criteria for convergence p. p. are conditions on the
Fourier coefficients and not on the function itself, At‘tempts at find-

ing conditions on the function for convergence p. p. without proving

more than that have been unsuccessfule
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B. Convergence almost Everywhere t Coefficient Condition.

Theorem 2.0 if
d’
E 2 k
= - ]

then the multifle Fourier series _
& £NX
(2.01) £(X) ~ Z CNE

- P

converges almost everywhere.,

PROOF &
Let us denote the partial sum of the serwxies (2,01)by

M -
(2.02) 8y () = Z Cn Ql

N= M

It follows from the Young-Hausdorff theorem (Lemmz 1.2)

that there exists a function ¢ (X) ¢ L2 whose Fourier coefficients

satisfy (2.00). The Fourier series of q(x) in the interval (o,27) is

k s i = Ly
(2.03) q(X) ~ E Q,M TT (Log(}my|+1)® glNX) q(¥) =

The Fourier coefficientsof q(X) are then

»

)

¥ C
(2.04) "1 |og (*‘h‘lﬂ +l) ] CN =

~3i NX
_;‘32_3 ax) 7 &
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Te
Substituting (2.0L) into (2,02) we get

M

\ ~iN (X - R)
Sy ™ = Z % ) a® : aR
- 9 W[log(ww x lﬁ
571
1 M ~in.(%3 = r; )
= x Q(R)Zﬁ—emandﬂ
1
| Q ~ 3= 1 [log(l nsg L+ l)j]:a
(2.05) = (R) ( )
. - R B X -R dR
B 4 Mo
Q
where we have set
Mk

~in (X; - rs)
(2.06) EyX-R) = e’ -

- MJ::L log (1M51+’1)] :

M k cos “J (Xj - I’j )
E 1 , z
-\)l, log (l"y‘j + l)
N=1
We let uy (Xj) (J ¥ 1,2, esey k) be measurable functions which

take only the values 1, 2, e.. my e We set U (X) = U, In (2.05) we re-
place the subscript M by U (X) and then integrate (2.05). Then, after

taking absolute values and using Fubinis' theorem (Lemma 1.0), we get
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dXx, | a(R) Efx -R) dR

= o
N

SU (X) ax

£
&£

1"
e

T a(R) Ey (X~R) | R
Q Q

Applying Holder's Inequality (Lemma 1.3)

¢ = * :
(2.07) s; ) ax| £ TE lq(R){ dr

Q Q
2 3

S EU(X-R)dx [ dR
Q Q

The first member of the right hand side of the inequality

is finite by hypothesis and by the Young - Hausdorff inequality (Lemma

1.2) applied to q (X). We need only consider the second member to get

a proper bound for (2.07).

i
2

- / / ‘
S SEU (x-7r) & | By(x'-m) o { ar
Q Q Q

i
=g ( gEU(X-R)Eﬁ@: Ryaxax’ b ar |
Q Q Q
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9.

and, upon interchaging orders of integration, we have

Wi

(2.08) . (; v By(X - RENX - R)arl ax Bx’
@ R “

However

(2.09) f; - By(X - R)Eé(x'— R)dR =
Q : (
i cos Wi (K4~ «A z‘ k cos 1{, (1&1 -z) R

.H EEEEEY - N =ae s

Because of the orthogonality of the trigonometric functions

® GN= 1

the integral of all terms will vanish except those which consist of a

product of sines or cosines (of the argument R) (2.09) becomes

1
cos ‘ljj (xj - X5 )
(X-R)E 2 (X -R) dR f:
gQ EU Y (‘ ) 1 log (‘Nj + 1)

/
= b ¥y = . 2, . -
where b, = b, (Xj, 3 j) = min (u,j’ uj,) (31,2, «. k) ;

: (bl’ b2, LEARS ] bk)

Setting

Bk
(2.010) x-x = B
E ) z ” log (’l‘tj‘-f- 1)

N=1 j=1
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10.
we get

Wi

(2.011) Sy(¥) ax 4 H (X-X) dX ax

Q g8 vQ

. /. 7
Since § g HB ((X = X") &X dX" is positive it would
@ -“Q

seem a relatively simple matter to integrate by simply reversing the
orders of summation and integration. However, since B is a function of
X, X/‘.';", we would be able to do this only if each term of the sum were
positive. (We could then replace the variable upper summation limit by
its maximum). This not being the case we shall express Hp (X - X’f) in
terms of the Pejer kernel. |

Toward this end we set:

K 1 Ly /
by = ] 2 % X )
‘M l .2.4— cos n (xj ‘xJ.)

i =1 n =1

Ve
k : sin (I’ﬂé + %) (X% - K‘l)
< 2 sin 3'2- 5
j=1

u K | ) o
T = E D = sin (iﬁj + 1) (?ii - 3{; )
M N ] ] x &
N=1 i=1 2 sin2< J j)
-2
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11,
2 =0

0o

, \
Dﬁ and wm are the Dirichlet and Fejer Kernels in K variables. We note

that both are product functions, i.e.

= " : y o= ’ ’ T .
j=1 . j=1
We new return to (2.010)

B k

(2.0.12) Eg (x - x') = Z 'ﬂ" cos,ny (x - x5)

log (n. + 1)
N=1 j=1 - J

| B k .
= Z 1 -0
N=1 j=1

log (ny*+ 1)

Setting

(2.0.13) AN Tn,

5 <rmj} - Ty, ) =1

A2 Tm,j = Aﬂm

\
and, due to the mulitplicativity of the Fejer and Dirichlet- kernels

k

TT Az@mj

j=1

) |
T A% By
j=1

29
(2.0.) AW

A"
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| ‘ 12,
Applying (2.0.13)and (2.0.1L) to (2.0.12) we have

B k D
n

B |
sy T AR A
J=1

log (nj + 1) N=1 j=1 log (n‘j*.{)

and we see that Hp (X - X*) is also multiplicative. We now have

(2.0.15) g g B (- XY axax? =
@ “Q

A
B (X) X"“)
2
k é T, i
BBy \ax g
log (ﬁj*'l}

N=1 Je1

where we have set ln = log n.

The mroblem ¢ finding an upper; bound for (2,0.10) has now been
resolved into finding one for (2.0.15). To do'this, we need only con-
sider the case of a single variable for k = 1, Then because of its pro-~
perty of multiplicativity, an upper bound for (2.15) in the case of k var-
iables will be (max Aj ¥ where A j denotes an upper bound for the single

variable Xj .
Hence, setting k = 1 in (2.15) and dropping the subscript one,

we have
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13.

B(X,X') T
H(X - X') dX X! = A2 °n dX &x
Q 4 Q -

N
o xfx') b
n-=1y31 1 - 1n4.1
B - b -2
- T T
- j n . — Tn
ln 1
1 n*2 o n""3
B -2
- % _ T 1 - 5 2 + 11 Tn
1 ny3 n+2 n+1l

1"
=T
TN

- (21, - 1y) T,

Where n®= 1 -1,.1 * 7 n log (n - 1)
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1h.
Because of the positiveness of g H(X - X“{ ) (dXdX~, we may

q
consider only the positive terms, Thus
, b -2 5
_ / 4 -
(2.0.16) g HX - X') axax® < > A Y3 ™o g
1
Q Q
T ’
e / Ao
+ - T —t 2 dXdX
1b+1 b -1 aX dX” + l'
Q b +~ 1
Q
- I + I + I
- 1 2 3

In evaluating I3 , I , I3 we need the following aids.

4 )
Lemna (2.0) If F(X, X%, t) = F(’, X, £), then

3 ; 7 7 ’
(2.0.17) , g F(X, x’{‘, b(x,x"') dXdx | £ 2 [ F(X,X"b(X) | aXdx"
Q Q
Proofs

Let the regions Qand §, be defined as

Ql = Q{b(}() < b(xf,D o X=2TT Q, = Q(b(X) P b(Xﬂ)
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15.

Then
in @ : b(%XY) = min (B(X), b(x}) = B(E)
in Q, ¢ b(5LXY) = min (b(x), b)) = pd)
and Ql + Qz - Q
g F(X, %%, b(x,xl)) axdxl = S F (X,%+ b(x)) axaxl 4+
Q ‘ @
JPS F(Z, X%, b(xh)) dxgu;_l
%
I Sz«‘(x,xl, b(‘X,Xl)> axax® £ g | F(x,xt, b(x)) } axaxt ¥
« Q '

N 8 } F(X, %, b(xh)) ] axaxt
Q

2

g I F(L,xL, b(X))/ XX ¥ S | PG, X, v(x) ’Xm dX
G | Q
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16,

< HF(X,X:L, b(x))’ + ( F(X, 3%, (X)) ) ] axaxt
Q

= 2 g | P(x, 1, b(%) 1 axax*

Q

The following relations will also be usedi

. - 1 1 >
(2:018) = Ahmye T Lol v 1) Tog (n12) <<m)“‘i5§‘2<“’1)

2
(2.0.19) A 1,5 F L - LR~
, log (n+1) log(n+ 2) 1log (n+3)

)
log 2 (n +1)° log (n+1)

To prove these set:

-1
: log (X)
/ .
-AY Lo = fn+1) - f(n +2) = -f(n+1l+ Bn), (o<« r, < 1)
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17.

1

= = 1
(X5 1)Toge(X+ 1) \ ¥= n+ly 1y

(n +1 +ry) log™(n +1+ ry)

é 1 < 1 <n = l)
(n +1) lOg2(n+l) (n+1) log 2

Azer_B = Aln-ri "Aln+3

1 - 1

i

(n+1+ry) log2 (nel +ry) (n+2 +q;) log? (n+2 +Qn)

/ "
f (n+lery) - £ (n+24-q,) ==(1+ g, -rp) £ (n+1+p,)

where n+ls+ry, £ n+lap, < n+2+q,

i.e. rn < Pp < l4q,

7
£ (%) = - [log2X+210gX—J - _( 1 N 2 ]

x? 10gh x X206 ¥ X2 log3 X
. 2 - -2 -2

-2 -
+ 2 (n»>1 +pn) log 3 (n+1 .ypn)]
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18.

) 5
- [1+qn"rn] [n-&l—»—pn) log (n+l+pn)[l +—-—-—-——-2—-—-—--
log(n +1+py,)

R rl e (v22)

(n+1)2 :Log2 (n+1)

We have now verified (2.0.18) and(2.0.19)

We proceed to evaluate (2.0.16).

0«1 = g

b -2 2
_ . 1
. Zl A1r1+3 I, d&dX* =

LT 2T

- =2, o oy X-x
z A h+3 sin(n+1) 7
0 2 sin? X - xl
5

axaxt

Since each term in this sum is positive, we can replace the
variable upper limit by its maximum, m - 2., Then, reversing orders of

integration and summation.

m =2 iy 2T
T < 2 - x1
- = JANE™ 3 sin®(n +1) )—{--2-—}E dxaxt
1 o Jo 2sin? X=X
2
m- 2 v
2 .
= 2 E A, 5 (a+l), as sin? nx =
3 ’ 5 dx = T/n
1 2 sin® X

o
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19.

) m = 2
< 22 (1 2 }:: (n+1)
log’ 2. .2
7 (n+1)%log®(n+1)
0
¢ 2 2 1
227 (1 A—p- Z :
_ logZ ) ] (n+1)log(n+1)
. Ly LT
pLl, = 1
» -Alb 1 T g XX
] o [¢]
W LT
2 < T, -1 aax’ | by (2.0.18)
b(x,x2)
[}
, R v K__':__K]L
log 2 b(X) 2 sin®? X=X
o (6] 2
2 2
21T b(X) ax = LT
= 10g 2 5 b (K) 1032
YT L, i
-_ < ‘ h
)3-3! = g LAl a@adt < S 1 .
0 o i1 ° log (b(X)+1)
o
g | sin(b(x) - 2)(X - xh | ax? dx
) \sin g—:é—x;—
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20.

But
- a1l
: 1 |
LsinGo(0) + Dol =, sin(a(X) +3 ) X
) X —Xl pes dX
A 2|sin . } 2 sin —
o 2
1 [§}
5(%) sin (b(X)+3) ¥ axt
- + . Xi
1 R
° b(X)
b(X) ™
1
< (b(X) * ﬁ“)x axt 1 !
X< T = =
o 2 =
b(X)
1 —_—
b(X) |
= 2 (x)+3) xt + Log B(X)
o 1
b(X)
- 2 b(X)+ 1 ~ T legT + Nl log b(X)
b (X)
2 5 — o
S 3 4 logi + Tlog b(X) < 37T log Bb(X)
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I n ] < 3 Tlog b(X) ax 2 3T log b(X)
log (b(X) +1) log(b(Xx) +1)

dx

< 127

Applying the bounds for I,I,, I, to (2,0.16)

3

2T 2T

(X - Xm) &zt < A, (constant)

Hence, for k variables we have

| ¢ q
Substituting (3.4) into 2.21) we ket
(2.0.21) 2
Su(x) a« £ o uw [a]
Q 2
2 2
weee M| (@)= la®|° ar
2 .
Q
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22,
Prom this essential inequality we proceed to establish the

convergence p. p. of the series (2.01)

Let
W,},, X) = suw S, (%)

VM (x) = Sup (-Sy (%))
Since

S, (X) =0 , Wy, v, 2o

From (2.0.21) we have

2
x) at| ¢ ¢' wu otz oca¥
g@ S 2[@)],

We can choose U(X) such that

: 1,2
S W, (%) ax écmz [q]
(2.0.22) 4

(; v, Ma | < Aoy’ [ q ]
| Ja :

Be definition Wy (x), Vi (X) are non-decreasing functions, and
thus applying (2.0.22) their limits exist.

Setting
W o= 1 W = 3
o M2 v M:%fny Vit

we have

W) ax | &t ou? [q ]
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23,

2
/g v(E) a| ¢ Mz [,q]

Q

from which we conclude that V, W are finite p. p.; and since W (X) =
sup Sy (X), V(x) = sup (~5y (X)), the sequence (5 (X)9is bounded p. p.
Now let |

| (X) = sup } Sy(%®) S (x) ) for all M, M-
then L(X) ¢ W tv

for
Sup ) Syt (-SM].) } < ( Sup Sy + Sup ("SMI))

IWM—\-VM’

"N~

Hence

Set

LM (X) = Sup I Sy (x) - SN'(X)l for all N, o> u

and let

1
k 2 LJX
g (K) ~ Z C; '[T (log (J; + 1)) e
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2k,

The finction LI‘F (X) is the corresponding to Ay (X), so

I g LM (x) ax
Q

But 1 [q ] o0 as M 7 © as it is less than the re~
2 M

2
<2ty ]
u’ o,

mainder of the convergent series (2,00) Hence

Lim g LM(X) dX [ = o
Q .

Mo

Since i L . (X)} is a non~increasing sequence

g Lin L, a = o
Q

and so 1lim L-M(X) -

o o for almost every (X) which means that SM (x)

converges P. Pe

C. Convergence Almost Everywhere: Consideration of Function Condition.

The problem of finding convergence p. p. conditions on the
function without actually having more than convergence p. p. has not
been solved, even for the case of the single variable, A rather trivial
result -~ trivial in the sense that convergence p. p. is proved by show-
ing that the convergence p. p. condition on the function is equivalent
to the condition (2.00) on the coefficients - has been obtained by Pléssner

£25), and this result we generalize to several variables.
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Theorem (2.1) If the finction

o+
[
=
L]
=
L]
£

is integrable then

~f

2 k
z | | WElog((ﬁj |+ l)]<¢)n_m= C,
NS = j=1

and conversely, where

k | | .
Wz, 1) = W [ £ QX+ LZVRNE S 0 € B t}j)]-z £(X)
j=1

and we define the symbolical product operation by

k
W BXyre) 2 f0G 4, X v By e K+ ty).
i=1
Proof
~
iNK
(X)) ~ Gy &
N =-
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It is well known that

4
k
X ~ E H iNX

=1 j=1

Applying Parseval's theorem (Lemma 1.2) to the function

Q(x,T), we have

P (1)

m

g;[m&wwzdx

2 k
K
g c Z n 2
(hTT) N f sin ny tj
N=131

J=1

Ve set

- y |
?M(T? = (WM E Cy 2 }"{”‘ sinzgj by

N=1 3=
We see that
2 (7).
<><(§f'_ " Q%(ﬂ n > oo
3 - X ’ j - j j = 1,2,00ok)
W T ” 5
j=1 i=1
@;m) .
CRees o — is a positive non-decreaseing sequence,
k
TT t;
=1l
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Since

e P d @
N7 Kn_ ¢ .%T_ .
J=1

3=1

we have, using the Lebesque theory of integration

1im ¢ (T) @(?

-t ar =

ey X | — dt
¢l % T Y
j=1 J=1

provided either side exists. But, by hypothesis, the right side is fin-
ibég; the left hand side is also finide.

Thus we can write

EE (T) M 2 x_ 2
M g1 = (m)E > c T sin” 3.t 41

Qk_”— tj 1 =1 tj

=1 Q
2 sin2 n.t
= amk )y S R
1 Q j=1 tj
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Since
2 5
sin“n t dt = O(logn)
t
4]
k 2
'3 . k
j—[r; = 3_ dar = O« 'ﬂ_ log @j )
- . : i =1
Q ts J
and thus
lim -SE.M (T)
Y- ” 4T L P
I ty
j=1
~ P
k
if 2 _— .
z Cy !‘ log (ﬁj +1) < ~F
N=1 j=1

Retracing our proof, we have the converse.

Hardy and Littlewood (11) employeds method of "generating" a
theorem concerning Fourier series from a known theorem by replacing sums
by integrals, functions be oocefficients, the summation index by the var-
iable, etc., thus obtaining a "new" theorem which they dalled the "trans-
form" of the original one. The geﬁesis of this principle is to be found
in the theory of "Fourier Transforms,"

Using this method we obtain a "transform"™ theorem - one which
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we have been unalbe to prove. Our conjecture is the transform of theorem

(2.0)

Con ecture

j { @ (t), 10:)' —-[\; dT = O (1) then

¢ o

the Fourier series

4
Z(an cosnX + b, sinpX >
0

converpes p. p. where

Q) = @ ()T £ (X 4t) + £x-t) -2 f (X).
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CHAFPTER ITI

A. Definition and Auxiliary Lemma.

A sequence (Sp,) is said to be strongly summable of order B >©

and index Y > © +to a number S i# a number S exists so that

mn (B -~ 1) 1/k

S a

kKl = o

—> oasm, n—2~

(m +1)(n +1)

where ( = Z (kl o)
mn [¢] o’“ = 38
(m+1) (n+1)
We designate this by (S, B, K), B an integer.
We note that (S, 1, X) is
m,n K 1/k
O ]
o)

(m41} (n+1)

Henceforth, unless otherwise specified, when we speak of strong
sunmability we will mean of order one.

A sequence (Smn) is said to be restrictedly strongly summable

(Moore (23) p. 79) if, under the above condition, m, n in such a man-

ner that Cm< n< 6 ~‘mi, C a constant; i. e. the m and n become infin-

ite "together."
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Lemma (3.0):
1
N K z

50 -]
A 5. -8 = k,1 = o
3 [ i ] | me1) (e1)

is a monotonic

increasing function of K > ©

Proofs
Let b be an arbitrary number o< b <« K. Applying Holders

Inequality (Lemma 1.3) we have

m,n b

5 o

[<m+1><n+1):/%>

< 1
) <
D) e D) (m+1) (n+1)
L
Z Sa -5 |
)
where }1; + %, T 1 and bp? = K > b.

- 1 1
m,n b | P 1-P [ mn ¢ Jop”
}t S -8 { op bp

0 < (m+1)(n+l)] ; tskl ‘Sl _

e T
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l-p 1 -

as bp* =K, “bp = 5 - K. Since K >-b our

it

lemna is prdved.
B. History of the problem.

The notion of strong summability was first introduced by Hardy
and Littlewood in 1913 (10). In this paper it was proved that if £(X)
¢ L o in a neighborhood of X, and if

b

2
g {Q(u)} du = o (t)

o)

then

e 2
Z]Sm—31 = o (n).

Hardy and Littlewood say of this theorem: WTrhe classical
theorem of Fbﬁer and its generalization by Lebesgue show that in these cir-
cumstances

n

2{: (8, = 8) = ofn).

o
The interest of our theorem is that it shows (for example) that, when
the Fourier series of a continuous function is divergent, its summabili-
ty is not merely a consequence of the cancelling of the various devia-
tions summed up in Fé&er's mean, but rather of the comparative smallness
of the devaitions."
With the‘same assumptions Fé}er (5) has given a rather ingen-

ious and simple proof of the Hardy - Littlewocod theorem by proving Abel-
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Poisson summability of power series and hence for the associated Fourier
séries.
The results of Hardy and Littlewood were extended by Carleman
(1), Sutton (30) and Hardy and Littlewood themsel;es(ll). The culmina-
tion of their combined effarts resulted in the proof of strong summa-

bility of index K > o under the assumptions.

t P

g {Q(u)/ aw = @) P>1
t

g Q (u) du = o (t)
[s)

We make a generalization to two variables of this final result.
With the addition of several single variable assumptions on the  func-
tion we succeed in proving restricted strong summability. This "restric-
tion" is to be expencted however as we are concerned with a localization
propérty'which does not generalize to several variables without such a
restriction on the type of summability employed.

We also generalize Fejér‘s result to two variables, proving re-
stricted strong summability for power series. We note that in two varia-
bles the real and imaginary parts of the power series are not the general
Fourier series and its conjugate as they are for the single variable
case.

For general orthogonal developments Zygmund ( 37) p2L0 gave a

nice proof of strong summability of index two under the assumptions of
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(C,1) summability plus the convergence of the sum of the squares of

the éoefficients of the orthogonal development. We are unable to gen-
difalize this tc two variables without replaéeimg the hypothesis of (C,1)
summability by another triangular type double summability method which
we call R-summability (ref. Ch. III, Sec. E.)}). For R summability of
"product” double series (i.e 2 ap by) we need more than (C,1) summa-
bility. However, there are double series whose sequences are un~
bounded and yet B, summable. Exactly how this R. summability method

‘cemparies with (C,1) summability we have been unable to ascertain.

C. Strong Summability of Power Series.

Theorem 3.0: if f£( 21, 22) is regular in[zll<L 1, IZQI <1

and contimious at the point (1,1) and if

T
(3.0.1) g lf(zli 22)l p' de, — o ( 1 )
o - = TN o

(11,
for all 29| <1
T p'
(3.0.2) |2z, 3| - a8, = o 1
. ’ 2 (1 - rz)p' ~1
for all ' |s,| < |
then
M1
(3.0.3) San = Z Cyy

4]
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is restrictedly strongly summable of index p .be S where

1 -
- + 1 and
P

o

-4
m n
(3.0.14) £( Zl, 22 ) = ocmn zl 22 ) f(l,l) = S.

Remark:s We need only prove the theorem for an even index p = 2K (K>0)
since Ay (S -~ S) is a monotonic increasing function of K (Lemma (3.0)).

We note that conditions (3.0.1) and 3.0.2) imply

N T
(300.5) g g ] f( 21’ 22§ )p d 6, d @2 -
, (o] o .
0 1

(1-r)h - r@pf -1

Proof:
" Consider the uniformly convergent series
< |2,) <1
(3.0.6) 1 - = Z zm zlo for
(1 -2,L)(1 - 25) toe [2p] <1
o
Since f(‘l,zz) is regular in (zlj", ‘ le < |
the series
=)
(3.0.7) n n
Con zl %2 ’\Zl l < )\2.2\ < | “
o)

is also uniformly convergent. Hence the product series is uniformly con-
vergent and representsthe product function for-\zl\ <, |z2\ < |, After

formal multiplication of (3.0.6) and (3.0.7) we have
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‘ ~
(3.0.8) £(z1, 25 ) = ZE: s z? z:
(1 - 21) (1 -2y ) Fe)
B! where S, is defined by (3.0.3)
Subtracting
&
S - Z m n
= Sz P (where S = £ (1,1) )
a- z4) (1 - 3,) 5 1 2 ’ _
from (3.0.8) we obtain
Flzy, 3p) = 12 20) = Z(s - S) 2, 5,

(1- zl)(l - 22)

Applying the Young - Hausdorff inequality (Lemma (1.2) ) to
F (il, z,) we have

. 2K 2wk 2 nK
- lemn‘sl o or,
(2]

IN

™ | 2K (2K - 1)
<] 1 £(27,%0) -8 K -1 5 '
\W %(1-31)(1-52)/ 46, 47

which, after rewriting as an integral from o toT7is

a

-1 |, g grlf(zl’ 2p) - 8 [ v | £, 22) s(2b
uT ) ) 1@ -sa - 52)] i
3 [f(zl,ZZ) -8 l + [f(i‘l, 2,) -S, d&l a0, Y

[(1 -3z - zzizb
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where we have written 2b =  —p~— 2b - 1% 3o —1=2K-—l
T ™
l L
2b - 1 ~ — 486, de
I = Lf? g G t 2
o 0
! gb ' T -n-- ;\_ 0} —ﬂ-—
= + §+ g + = deq d(92
) o o " $ o A
2b -~ 1

We estimate ILL

T
L

§ S G

For the denominator G of the integrand we have

) \ 2b
~ L9, (B,
6 - ) 1 - rle , -4 { 1 - I‘2 [P >

| 82 2 b
> [ljé ry rp _____1____%_‘__?__
i g

2y

fior
("B) 2 L‘Su 2
\1—1‘16 l>ll-r1€ l 2

= (1 - rqy cos &1)2 r sinzgp =

2

= 1*—11 -—2r1 cosg\=(1—rl)2 +—2r1(1-cos S, )
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G.09) 2§ i f 2
2 ry 2 sin 2 2"
Al
Similarly
co, |° (2
1-r,e 2 ; 7wy, -:ﬁ?zm

: 2K
Using (3.0.5) we have (p~ = p -1 2(-1 :

(2.0.10) T "
.0,10 = 1
& g L a6y e, o [(l_rl) o
[o) (o) )

Combining the estimates for 6 and (3.0.10) we get

T = 0 1 as r4, r, — 1
[ ’J ’ - 1> "

We now consider I1

Because of the continuity of £( 7, ) at the point(l,1l)we

have

SI S\__
I = L g0 a0 <

o 0
N 1

d & d
Ol @2
< & 7 —

Lt = ) 11-—1‘26 L/

0 ~p
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T o
(3.0.11) < eg d9; d 9, b
b
A g [(l--—rl)2 ry 6.2 (1 - r,) brgf?__z,
2 Tre
assin‘)-{<; foT D < x ¢
2 r
Now let
e - 1-n , O = 1-r2
1 (7 C€1 2 3 (—02
We have
. P
IIL&g (1-r1) (1 - ro) dy, {5‘
s r1r2 [(1 - rl)(l - ra)f [(l{» b%.-)(l h ]

P o
@ o

£~[(1,-r1;~'(1-r2 Uzb-l g gé“f{u&, (1. sz

B&

[1 - rl)(l - rQSJZb -t

where B is a bound (the better the clabser ry, T, are to 1) for the above

integral. Or we can write

(3.0.12) I, =60 = gsr. ,r, 21
- 1?72
{(l - rl) (1 - rzﬂzb 1
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We estimate I2 .

TR L (G, Ba B, a O,

1-rl€ {‘Il—r,za (

2 -~b S) 1
[ S S
_WZ 1 -—rle
o
Ny
L (0O
g (94, & 2 ) ¢ 92 4 6
1
0
as in (3.09).
T
. - 1
Since g L(@l’ (92)d92 =0 (l_r)2b~1>for81191
o 2
5
armd
a4 01 =
5T 0 L= =1 as in (3.0.11)
1 -re '1 1
o
we obtdin

- 1 1
;2 O((l_rl)f:fb—l> o( (1-r2) 20 = 1 >
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Similarly, for 13we have

I - 1 : 0 1
3 O<(l_r1)2b-—l> <(1_r2) 2b - 1 >

Combining estimates for I, 12, I3, I

2b -1 1 1 ;
I = o o 2n - 1 +O 2b -1
[(l - rl)(l - 1"2):{ (l - I’l)

1

. O — +
1 1

® O/ ——

‘ 2b - 1 2b - 1

1-r) Ql Y

Now, if we restrict rys To in such a manner that rys r2—=? ]

l -7 -
while C < 2 < C 1 (C constant) i.e. Ty, r2 —> 1 W"together®
-r
1
we get
2b ~ 1 2b -1 .
[(1 - rl)(l-rz)] I = o(1,1)
or
(F
K omk  2nk = o(1,1)
(3.013) @ -r)Q ) Jls -s| n

But this is restricted strong summability of (smn - S), for,

as we proceed to show (3.0.13) is equivaleht to
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(3.0.14) f l S4 = 8 I - = o(m,n)

E,1 = 0 -
#i, n—=> ~ where (nC<m<n . C )

Setting
1
I‘l—l-—m
1
Tp=l-g
- 1l - -1
where C<2 <cc™d forc < 2. ¢ G
n 1-r
1

Substituting into (3.0.13) we obtain

il 2K | |
t 2k K 12 1K
2 lsk]_"s‘ (1-= (1 -3 = o (mn)
)
1.m
Since (1 —a) ~ C we have
:>: {skl-s( = o (mn)
)
my,n —7 P
c <2 LC-l

i.e. restricted strong summability.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L3.
D, Strong Summability of Fourier Series.

Theorem (3.1) If f(x,y)e L, for some r>1 and K is any

positive‘number, then at every point (x,y) where

o(s) uniformly in v.

o) P @ 2 ("W am| .

0

1]

o{t) uniformly in u.

e t
(3.1.1) @r(t)-:- g \(()(u,v){rdu

(o]

5 sin m u du = . .
(3.1.2) % (p (u,v) T %an T u U 0(s) uniformly in v and

0

fOI‘ m= 1, 2, 3, LN ]

4 .
sin n v v = 0(t) uniformly in u and
(3.1.3) @ (u,v) 2tan 5 v
)

for n= 1, 2, 3, eos
the Fourier series of f (x,y) is restrictedly strongly summable to

f (x,y), i.e.

m+1

m,n ‘ K ‘
N .

as myn —» <~ 1in such a manner that -

Cn L m < ¢t n C constant
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Remarks: We note that conditions (3.1.0) and 3.1.1) imply

(3.1.5) gs gt @ @w |7 @ @ = ools)
) | |

o

Proofs
We first observe that if (3.1L) is true for a certain K, it

is a fortiori true for any smaller K; for Ay (Syq ~ £) is a non-decreas-

ing function of K. (Lemma 3.0).

It is sufficient to prove (3.1.4) for K= r! = ——  for
5. 0 | 2 T
ir (5) T . @
e is a non decreasing function of r, and so if % r(s)

8t

= o(s) for a specific value of r it remains true for any smaller r.
Taking r sufficiently close to one we obtain K as large as we please.

We shall prove (3.1.L) using the modified partion sums

T W
* 1 .
S1q (x,y) = T';z S S £ (x+s, y+t) sin ks sin 1t ds dt,
. 2tan% 2 tan % t

-~ ~1

for

| 1 (x,3) —f(x,y)lks [\S;-f\ + lskl-s;l}]k , k>b

Applying Jensen's inequality (Lemma (1.5) ).

|8 - 2| "< [(5:1—-‘;’\_]{*— lskl-szll]g . Beonstant
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S -
and ,kl"s

‘ £k ¢
kl‘ —2o0 uniformly to o for {g <1 —m}

(Hobson (15)) p. 700.

We write -
\} ¥
sy sin ks sin 1t
Skl (x,y) - £(x,y) = -1-_!'7 g flx.+ 8,5y +t) > L 2 It ds dat
\ tan tan
. w T

. -

Ri)
- f%“y%—g S Q (s,t5 x,5) D, (s,t) ds dt
6 o |

gin ks sin 1t
2 tan 3s 2 tan %t

where D, (s,t) =

and @ (st) = Q4s,t; s,y) =

& f(x+s, y+t) +£(x - 8, y +t) +f(x 48,y =t) £(x - 8,y ~t)-Lf(,y)

Thus
*
Skl (x:y) - £(x,y) =
v 1 T
1 | (&(2 (2 n
= B\1 \n + + q (s,t) D, (s,t) ds at
"0 o n m m n
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Applying Minkowski's inequality (Lemma 1.4) we get

1 - f
m+1 n+ Z!Skl ’ “m+—1n+—1 zlakl)

1
1 K
11 2 K| K 1 1 =0 ‘
4| b 2 c +
+ mln-&-lZ(kl‘ + m+l n+1 lkll
) o '
1
K
| = | %
m+l n+l
O

To establish the proof we must show each of fhese!four terms

approach zero as m and n become infinite.

We setb:
sin kS sin 1t
= T t) =
Dy (o) 2 tan s ’ Dl( ) 2 tan % %
so that
D Kl (s,t) = Dy (s) Dy (t)

We note that

Dk(s) < kfor 0<¢s & T
(3.1.6) Dy (t) & lfor 0 <t =T _
s O(t-—l
Dy (s;t) ¢ 11 for 0«8t
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We first consider a,y @

Using (3.1.6) and (3.1.5) we abtain

1 = T
{ak1]<%2 n B, Goiv a ?‘(1‘15 D

= Kkl o .
(E T) = Nkl = 0
Hence 1
: m,n —
- : <& K R-c 1 1 X} K
Ga17) | w¥ 1 wFT Z za‘kl ! - | m+l n+1 k1 o
° )
m,n“‘?(ﬁ
For by
L
b = m
H o)
1
a m
i B ) (s,t) D (5) ds | dt
1
n 0
Taking absolute values, and applying (3.1.2) we get
()
l bkll f 0 (gﬁ-) g ) D]. (t)) dat é 1_‘0(1)
1 it}
n
m,n . i K . 1
1 < -
Sl o dn S odo
° o]
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Hence
K z 1'\'l
1 <7 . R; oF n- K n (1)
(18)—-—-]-'-—“-—-——* !bkl‘ - L .Lém"'%"
0
0 gl)
& T = 0
C mK
For Ckl‘
Similarly we find that
1
MmN K K ( ) ( )
1 1 Z C 4 m 01) . ¢ _0(1)
0 nk n K
For 8, -t
k1l T -
dkl = @ (S,t) sin ks sin 1t ds dt
1 1 2 tan %5 2 tan £ ¢
m n

We observe that the duv are the Pourier Coefficients of the

function F (s,t) defined in the following manner

. L¢s e T
F(s,t) = @(s,t)%co’c 35 S cot 5t m
Lo ¢ <«
n - .
F(s,t) T 0 T £ oo 2
e t <t
n

Applying the Young-Hausdorff inequality (Lemma 1.2)

to the function F (s,t) we have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 _
m,n K K 1 g
3.1.10 £
( ‘ Z | 4a | b
0 m
T oW
1
S 2 S g ‘)(p(S,t)J
1 1 S e T
m n
r
where K = rﬁ’ = r - 1

now integrate the right hand member by parts (6).

i 1
& @(sye) | T asas |
o l2 ténds 2 tan %t! r
1
T
ds dt
Setting
= ’ CP(S’t)’ i
t r & - 5
= g | 0Gt) |7 ab 29 (x)
- gsw(s’t), Tos = %(s)
o}
8 b r
S S |@ (5,0 ) "ds ¢
(¢] o]
= & (0
ds dbt -

v T oy
98 0
9 v - _ L QU
7T Tt s CL
Al = —rg T ou
o5 T 9
2 —r-l ap-
r.i(}z = 257" trl .
We have
- 0l N
(3.1.11) S »}Co(s,tﬂ
(st)¥

=8 ko
s

LL9.
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tr,m)

! @ i —

= (st)* p(85%) 4+ re S CErQS,t)
11 1 . ds dt +
(m’ n) (St)r 1

=1 o

2 [ P w o
+ rg EX—Dr (%) 4 abe r P .(s)

=r .. dt
1 )1 a" Tl 1 1 Trrel
o n m n

Considering each part separately, and applying (3.1.5), (3.1.0)

and (3.1.1)
- (M) :
1 g_:_) (s,t) a'nf o (l. .l) = of(mf~ 1pr ~ 1)
(st)T T 11 ™ n ‘
20
™ AT § (o 0) : T
2 ris,t = 2 oy
r ds dt = r s B o = r-1 r -1
g}_&l T 1 . 1g1 o(s™Tt ) ds dt o(m n )
m n =

1)
"
C//—\
"t
o
:LE
e
5
"
-
L/‘\:1
L/\\
4
b
)
AR
&
e
e
&
o
=t

1
o
o~
g
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And similarly

T
Q;Q (s) .
T ——F—r dsdt = & (mF ~ InT - l)
N
m n

Collecting these estimates for(B.l.ll) and substituting into
(3.1.10) we get

1 1
m,n X i K
(3.1.12) |F=TIreT | %l [ = (F57 5T
(o]

Jo(1)

We find the estimates (3.1.7)(3.1.8)(3.1.9) and (3.1.12) give
us our desired rdsults:

1
m,n K o
1 1 \s* _ oy — .
m+1 n+l ; kl myn —5 ~
(8]
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E. Strong Summability of Orthogonal Developments.
Definition: Corresponding to the definitions of summabi-
lity for a single series we have the following definitions (Robison,
(29) ) ‘for giving a value to a divergent double series. Let the given

series be represented as follows:
E u
Pa
p,a =1

then the double sequence Sy, for this series is given by

m,n
S = ' 1
mm S Pq

psq =1

We define a new sequence by the relation

- ' 8npq S
mn pq Pq
p,q =1
We shall call this transformation and its matrix At (agppg). a triangular
type transformation. Here p ¢m, q £ n. '
it is a well known fact that if a simple serlies converges the
corresponding sequence is bounded. This is not true for a double ser-

ies. For exsmple, consider the double series defined by

8n = 1
&pn So0,m>2

This series converges to zerc and yet the partial sums S, are not

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



53.
bounded.. Thus, convergent double series can be divided into two
classes according to whether the corresponding partial sequences are
bounded or not. We will now define regularity of a transformation
with regard to a convergent bounded double segquence. Hence, even if

‘& transformation is regular it need not give to . an unb;:»unded convergent
double. sequence the value to which it converges.

REGULARITY

1f, whenever 5, is a bounded convergent double sequence,
Tron conVerges,. to the same value, then the transformation is daid to
be boundedly regulars

'Robison (29) has proved the following theorem:

Lemma 3.2. A necessary and sufficient condition that any triangular type
transformation T be boundedly regular is:

(a) m,%i_-‘gd 8mpq =  © for each p and g

m,n
b 1linm 4 -
() e Z Supq =
p,q =1
n
lin - ,
(c) 2,00 E l funpq ] o for each q.
p=1
n
lim - .
(a) el E | 2mnpq ] o for each p
a=1
e ' L
E \ amnpq \ = A s A constant.
Psq =1 :

DEFINITION: R Summability.
, , <0

?he series E Ung is R Summable if

p:;a=1
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m,n

Pq =1

Lemma 3.3 R summability is a regular triangular type double summability

method.
PROCF :
Applying the Abel transformation for doutle series to Ry, We:
get
m,n
) = - 24
Byn g @ -E o,
p,ga =1 : “
m,n
= Q-Bys -s -8 +8
— m) ¢ pe  p-l,q P9l p-1,9q- l)
P,a= 1 - , . )
- 1 - Bg - - +1 q . I
Z G m) Sq 7 } (1 an o pa
Psqa =1 p,q= 1
myn-1 plq+1) m=1,n-1
8 (p +1)(q+1
- E (1‘ - pq + E 1o eel) ) g )
mn
P,a= 1 Pyq= 1
Thus
( ) m=-1 N n-1 m-l,n~1
3.2.0 1 Z 1 -
’ = San T = qu - Spq
p=l q=1 P,q =1
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n,n
= 5‘: . 5
mnpq Pq

pPsa= 1

whers the amnpq are defined by

‘%ﬁ p4m, g<n
1 <
“ _ - p<my, q=h
"‘mnpq =
& p =1 g<n
o otherwise

But these are, by definition, the coefficients of a double
triangular type transformation. The transformation is also regular for,
as one can readily werify, the coéfficients ampq satisfy the regularity
conditions (Lemma 3.3).

-2l

Lemma 3.} If the double series Z- Unq is boundedly convergent then
pP,q= 1 q
m,n
> o = et
Pyq=1
PROCF ¢
Since Rpy is regular we have
m,n m,n
S __-R = - - S - 0
lmnmn[ Z"pq ZClmn)upq ?

P,q=1 Pyq*= 1
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m,n
=7 m m > o
- myn -5~
P,q=1
mn
P,q=1

Having defined a double summability method, R, it is natural
to attempt to compare it with other summability methods. For example,
let us consider the double Cesaro summability method of order one and
attempt a comparison, #.e. is R summability more or less general than
(C,1) summability, or do the methods overlap? We gain some insight
into this problem but do not succeed .in pr‘ovirding. a complete description
of their comparison.

We define a product double series 1o be a double series which

is a product of two simple series. We denote its partial sum by
S =8 Sy = Z b = & - >
mn ; n aP q % P bq
1l

By definition, the Cesaro means of the first order of the pro-
duct double series Za o bq ares

m,n

1
- m— S S!
d/n;n mn q
pPyq= 1
1 Zm R (a (%
- S\, | & s =
- - p n Z qé> m n
p=1 q =l
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From 3.2.0) we have for the B means:

1 m=1,n-1 n-1 mpl
(3.2.2} Ron = "mn {‘ 21’_ sps(; Zs' r:l sp]

Subtracting (3.2.2) from 3.2.1) we get

(m'lng( n-12 [2(\ 1(} ..S'n (:n_]]—*— sm S’n

-l m n -1

(3.2.3) € Ran *
Which becomes, after substituting

Arm:(m-gn-l ’ A(}!{:(;;'g-l

! _ t L
sm - mAE;l-'P(;l-l ’ Sn - hACn + (n-l

(3.2.4) (5 (E_D_(P__l_l [ m..ll.\e’+ lAr] N Smsﬁ

It is well known that a necessary and sufficient condition

for (C,1) sumability of a single series is that Sy = o (n). Hence, if
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the double producé series is (C,1) summable then S, = o(m), S = o(n)y
From (3.2.3) we now observe that if, in addition to the assumption of

(C,1) summability to zero, the partial sums are bounded. then all of the
terms on the right hand side of (3.2.3) become zerc as m,n >~ and we
have proved Theorem (3.2.0).

If a product double series with bounded partial sums i§ (C,1)
sumnable to zero, then the series is also R summable to zero.

From (3.2.4) we observe that the assumptions of (C,1) summa-
bility plus the additional conditions that ‘

A(\m=0(%) , A = o @

imply restricted R summability. We can only conclude restricted R summa-

bility under these assumptions for, applying our assumptions to (3.2.}) we

have

o = D 6 o) NGO, o G ot

- _@§%> o)) € 4 ”(jfﬂﬁ o1) g + o(1)

——> o provided m,n->< "together", i.e. in such a manner that

1
cn < nm < ¢ Re

We have thus proved the theorem:

Theorem (3.2.1). If the double product series is (C,1) summable and if

Dy =0 (), Arg = 0(%) then the series is restrictedly summable R.
It may appear from this discussion that we need more than (C,1)
summability to get R. summability, i.e. that (C,1) summability is the more

general method. That this is not the case, at least with respect to genemid
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double series is illustrated by the following exagple of a divergent
double series which is R summable but not (€,1) summable. Consider

the series whose imbounded partial sums aré defined ast

5. 0o , m#n

5;m s loglogn, n >l

We have
m-l n=-1 m-1,npl ‘
- 1 1 , - f
,Rmn“'iizspn*n Zsmq"mn 5pq »
p* 1l q=l
p,q=1
hence, form>n ,
log log n 1 a-1
: = - log lo
R 5 w2 el s
q=

(3.2.0) L. (nlog1l 2= 1 og log q)
3.2 = = n log log n - Z og log g

q=2
n-l
We now estimate Z log log q
q=2

We have

SRS
0<-S log log x dx + log log q

q-1
a 1o lo

- g log =23 g4y < 105 €9
el log x log(g-1)
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1

+ -
log (1" q-1) < 1 = 00 1 >
log (g-1) (g=1)1log(g-1) q log q

Now, summing over q from 3 to n we get

n n n 1 >
- = 1o
©< 52 tog log xd.x+§1¢g log p = G?(% plog p> Olog n,)v

and, integrating the first term by parts

n
g log log x dx = x log log x
2

! n

- nleglogn-2loglog2-8 dx
' 2

log x

Estimating the last term, we get

Z log logp -nloglogn = ofn)
3 .

n
(3.2.1) Z loglogp = nloglogn + oln)
3 - I
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Substituting this into (3.2.0) we have

1
———— - 8
B - (nloglogn -~ nlog logn + é(n) )

=..—o-g-§l.——>o m,n%fga
mn

We thus have R summability.

The series is mot (C,1) summable for

1 m,n
rmn = “mn -S_ log log q

p,9=2

n
E logloggq —> -~

q=2 nyn-> &

1]

R

Hence, R. and (C,1) summabilities are overlapping methods. To
what extent they overlap s an extremely interesting but open question.
Are there double series whose partial sums are bounded that are R. summa-~
ble but not (C,1) summable? We intend to consider this method much more
fully at some future date. | Our intareaf in R. summability is centered in
this papér in the following theorem:

Theoren §3.222’

~ ~p
Ir E Ggq <<  and if the series 2 c g éx,y)
psqel p,gma P P

o#. ) with partial sums Smn(x,y)‘ is summable R in a set E, |E|>0, to a

function S(x,y), where {%q (x,y)} is an orthonormal system, then
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(3.2.2) ;nL lf lqu(x,y) -S(x,y)\ —> o

myn-> <

Py9=1

for almost every (x,y) < E.

We shall need the following lemma.
Lemma 3.6
if Z @2 <o , the series
pP,g =1 P4

(3.2.3) Z [Spq(x’y) - Hpq(x’y)J 2
Psq= 1 pq |

converges for almost every (x,y) in the interval (o,1).
PROOF: |

Since all the temms in the series (3.2.2)are positive it is
sufficient to show convergence of the sum of‘the iﬁtegrals of the terms

of the series (Lemma 1.1), i.e. we must show

(3.2.4) Z SES L_S___m(x,y) -Rrﬁ(x,y)j 2

< AP
rys= 1 s dx dy
We have
Son = Bun = i “m Am (x,3)
rys= 1 ‘

where
AI'S (X,y) = GI'S Wrg(x’y)

Substituting into (3.2.1) we get

Z gg@rs(x’y) - Rrg (x,3) ] ’ ax dy

r,8% 1 &

rs
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~ rs 2
1 P9 1
= Z = S rs pq dx dy
551

r,s
R w
- s ( p2q2 c@
rys=l p,qel ) P4Q

because of the orthogonality property of the s (xy7)e

< P
A
- 242

P,q=l rys=p,q
. 0
Y=
1 ) i <~ '
2 2 e = C by byp.
< Z P8 Gy 3 pya®1 O
p,q=1
Hence »
P .
] - R
(3.2.5) Z ( 1:'8(3{"1")1‘:‘J rg(x,y)] <  Pepe in E.
r,s=l
Applying (lemma 3.k4) to (3.2.5) we get
6) myn 2
- ' Z [Srs(x,y)-Rrs(x,y)] = o (mn)

r,851

for almost every (x,y) ¢ E.

We now can prove our theorem easily. We set

Sps(xy) = 8(x,7) = (Sy5= Rpg)+(Ryg =5)

63
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s

m,

[Srs(x,y)-s(x,y)I "‘""‘ Z l(ars"Brs) + (Rrs"s) ,

L
mn r’sz}_ -

&

r,s

and, apply ing Min&owski's inequality (Lemma 1.4)

[ r’g.ll Srs(x,y)-s(x,y j P (SH-B“ r;;ll | ]

ry8=

The first term is o(l) by (3.2.6) and the second term is
o(l) by hypothesis.
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