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INTRODUCTION

i

We consider e s s e n t ia l ly  two problems: That o f convergence

alm ost everywhere o f m u ltip le  F ourier s e r ie s ,  and  th e  s tro n g  sumraa- 

b i l i t y  of double F ourier s e r ie s ,  power s e r ie s  and g en era l orthogonal 

developments.

We g eneralize  to  sev e ra l v a riab le s  a paper by A. P lessner 

(25) on a s u f f ic ie n t  condition  on the  F ourier c o e f f ic ie n ts  fo r  con­

vergence alm ost everywhere of the F ourier s e r ie s .  We succeed in  e f ­

fe c tin g  th i s  g e n e ra liz a tio n  w ithout adding more r e s t r i c t iv e  condi­

t io n s  .

For th e  s tro n g  summability problem we found i t  necessary  

to  add a cross condition  in  each of the two v a riab le s  in  genera liz ing  

the Hardy-Littlewood theorem ( l l ) .  And th en  we prove only  r e s t r i c te d  

s tro n g  summability. This i s  to  be expected however, as th is  s trong  

summability theorem i s  e s s e n tia l ly  a  lo c a l iz a t io n  theorem and the lo c a l­

iz a t io n  p ro p erty  does no t g en era lize  unm odifiedly to  two v a r ia b le s . We 

make s im ila r  m odifica tions in  genera liz ing  analogous r e s u l t s  of F e je r (5) 

fo r  power s e r ie s  and Zygmund (3 7 )(p - 2 i|0)for g en era l orthogonal devel­

opments.
I  wish to  express my s in ce re  ap p rec ia tio n  to  F rofessor Otto 

Szasz fo r h is  invaluab le  a id .  He gave generously of both  h is  tim e and 

energy in  in d ic a tin g  f r u i t f u l  means of re sea rch , in  p o in tin g  out th e  

most s ig n if ic a n t  fe a tu re s  of a problem and in  co n stan tly  and in s i s te n t ­

ly  emphasizing th e  importance of accuracy in  w ritin g , o f c l a r i ty  and 

completeness of d iscu ss io n . I  Hope th is  paper in d ic a te s  I  have p ro f i te d  

somewhat by h is  d ire c tio n .
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1 .

CHAPTER I-PRELIMINARIES

A. NOTATIONS

We denote by c a p ita l l e t t e r s  v ec to rs  in  the  k dim ensional 

space, so th a t  X = (xx, x2, kk ) ,  N * (n^, n2, % )j

NX = ^  x1 +- n2x2 +- . . .  -t-nk xk . The X± ( i  = 1 ,2 , . . . ,  k) a re  

in te g e rs .  f(X) = f(x]_, x 2, . . . ,  xk ) i s  a r e a l  valued in te g ra b le  

function  of period  2TTin each v a r ia b le .

We denote a k - tM p le  summation

Bh m0 mv M

by

n ^ s  l  ng » 1 n^ = l  N = 1

We denote a k - i te r a te d  in te g ra l  

„27T r 2W  ^2TT

dx-^ dx2 . . .  dxk by  \  dX

0 0 “  o

The formal m ultip le  F ourier s e r ie s  of f(X) i s

N = -P*

^  O0 nf>

i ( n i  x i  . . .  V k )
nl  nk C

n2= - (ofe-*nk = ~ kP
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2.
where

2CH 4 N "  1 bN '  G = Gw
~N N.

When we work in  two v a r ia b le  no sp e c ia l n o ta tio n  w i l l  be em­

ployed.

Throughout th is  paper, un less otherw ise sp e c if ie d , we take 

the m u ltip le  sum in  the  sense of Hringsheim (2 6 ). For example, in  th e

case of two v a r ia b le s  > u converges to  th e  sum S, or
J~    m nmqn -  o

lorn S m n « S in  the Eringsheim sense, i f  th e re  corresponds to  every 
“ l n

number £ ^ o  an in te g e r  N0such th a t  fo r  u  2  N0 , n =2 N0

®m n ~ S ] -  .

In teg e rs  in  p aren th esis  ( e .g .(15)')" r e fe r  to th e  b ib liography  a t  

the end of t h i s  paper. Decimals in  p a ren th esis  ( e .g .  (2 .2 1 )) r e f e r  to  th e ­

orems, e tc .  w ith in  th e  paper i t s e l f .

B. A uxiliary  Theorems

Lemma 10 Fubinis Theorem Hobson, (lit)  p . 630.

I f  f (x ,y )  be any fu n c tio n , bounded or unbounded, th a t  i s

in te g ra b le  L over the measurable and bounded s e t  E , then

f  (x ,y ) dx dy -  j  dx J  f  (x ,y ) dy = J  dy J  f  (x ,y ) dx

Lemma 11 . Hobson (15) p . 302.

Let ^  Sn ( x )^  , a sequence o f fu n c tio n s , summable
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3.
in  a measurable s e t  E, o f f i n i t e  or in f in i t e  measure, and of any 

nuniber o f dimensions, be such th a t  Sn (X) O fo r  a l l  value of n

and a l l  x in  E. I f ,  dor each value of X the  sequence i s  monotome non-

dim inishing and i f

lim  \  Sn (X) dx 
n — _/ E

has a d e f in ite  value, then Sn (X )-^  S p . p . in  E,

Lemma 1 .2  Young- Hausdorff in e q u a li ty . Szasz (32)

I f  1 < p ^  2 and

f  (X) -v  Y  Cn £

then

l i - n  | P ‘ ( O

i  N X

1

and
P

IShere
i  i  -  1) and

*
P P'"

J (f) a -i- ,
P (2  I f )MJ  : \  l f  M  1 d  x

p

Q

I f  p = 2, eq u a lity  h o ld s . (P a rse v a l 's  Theorem) .
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Lemma 1.3 Holders Inequality (13) p. 2k •

f  (X) g (X) d X < I f  ( I ) j  d X

1
¥ Pil

where
-  t -
P p"

Lemma I .I 4 Minkowski's In e q u a lity  (13) p . 30.

+  bn) (%* ) 3

1
F -t-

Lemma 1 .5  Jen sen 's  In e q u a lity  (13) p . TIL.

I f  (j>(̂  i s  continuous in  the  open in te rv a l

ffCJt Kx-t. \
( o ,0 |  <y> ) »i,*i

£ / « *

5 - 1

<
fcX

I f  we take (X) = Xr  we get , v /

y ,̂r\ \

I  * „ « . )  <  c

r  -  1
(c o n s ta n t) .
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CHAPTER I I  ! CONVERGENCE ALMOST EVERYWHERE
5

A* H istory o f  th e  Problem.

The problem o f convergence almost everywhere of s in g le  

F ourier s e r ie s  has been developed from the  ex tensive research  in to  

the problem f o r  general orthogonal developments.

H. Weyl (33) f i r s t  proved th a t i f  Y  ^  then  the  

orthogonal s e r ie s  X A.n (4>wA’)c) converges p . p (alm ost everywhere.) 

in  the in te rv a l of o rth o g o n a lity  of the  (p (X).
'1° i_  .Hobson genera lized  th i s  r e s u l t  to  Z _ n a >i -C & , p > o fo r  

the condition  fo r  convergence p . p . Then P lancherol (2U) obtained 

th i s  same r e s u l t  w ith  the le s s  r e s t r i c t iv e  cond ition  A n (log  n)^

< <sp f and Rademacher (27) and Menchoff (22) imporved on th is  by es­

ta b lish in g  th e  weaker condition  fo r  convergence p . p . : ^ A ^ t l o g  n )2

Menchoff fu r th e r  showed th a t  th i s  was the  b e s t  r e s u l t  provided 

the system j  J  was not sp e c ia liz e d .

In the sp e c ia liz e d  case o f F ourier s e r ie s  P lessner (25) 

showed th a t  (log  n)^ can be rep laced  by (log  n ) ,  making the condi­

t io n  fo r  convergence p . p .o f  F ourier s e r ie s  Y  log  n < : \

Whether or no t th is  i s  the b e s t r e s u l t  i s  an open q u estio n .

In extending P le s sn e r 's  r e s u l t  to  m u ltip le  F ourier s e r ie s  we 

have employed e s s e n t ia l ly  the method P lessner used in  h is  paper.

I t  i s  perhaps p e r tin e n t to  c a l l  to  th e  re a d e r’s a t te n t io n  the 

f a c t  th a t  the  c r i te r i a  fo r  convergence p . p . a re  conditions on the 

F ourier c o e f f ic ie n ts  and no t on the  fu n c tio n  i t s e l f .  Attempts a t  f in d ­

in g  cond itions on the  function  fa r  convergence p . p . w ithout proving 

more than th a t  have been u n su ccessfu l.
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6,
B. Convergence almost Everywhere s C o effic ien t Condition. 

Theorem 2.0 i f
<3°

2 k(2.00* / ___  I CN \ j j  log  ( | ^  | +  1)

H = —  K

then th e  m u lt if le  Fourier s e r ie s

iNX
(2.oi) f ( x ) ~  2 _ C(Ne.

- nP

converges alm ost everywhere.

PROOF:

Let u s  denote th e  p a r t i a l  sum of the se rk ie s  (2 .0 l)b y
M

iNX
(2.02) SM (X) = Cn e ,

N = -M

I t  follow s from th e  Young-Hausdorff theorem (Lemma 1 .2 ) 

th a t  th e re  e x is ts  a function  q (X) & whose F ourier c o e f f ic ie n ts

s a t i s f y  ( 2 . 00 ) .  The Fourier s e r ie s  of ^(x) in  the  in te rv a l  ( of2JT) i s

(2.03) q(X) ~  Y T T  W W u l U 1®  )

j ~l

The Fourier c o e ff ic ie n tso f  q(X) a re  then

(2.ou) nrrfiog ( 3 ^ 4 + i)  1  cN

' \ -n o t\ q(x) <2 . ds
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7
S u b s titu tin g  (2.0U) in to  (2 .02) we ge t

(X)

M
-iN (X -  R)

TT
dR

-  M
k

TT log ( -V- 1)

T
q(R)

k ^ - i n ^ x i  -  )

TT dR

s  1 jjLog( | n j I b l  ) j

(2 .05) q(R) Em (X -  R) dR

where we have s e t

M k

(2 .06) EyCX -  R) =
-in .(X .: -  r^ )

e .  J

J=1 f lo g  ( t ^ - h l ) ]

k cos Titj (Xj -  r j  )

Kl-
j-i log  (p ij +- 1 )

We l e t  u . (X.) ( j  = 1 ,2 , . . . ,  k) be measurable functions which J J
take only th e  values 1 , 2, . . .  .  We s e t  U (X) *E U. In (2 .05) we r e ­

p lace  the su b sc rip t M by U (X) and then in te g ra te  (2 .0 5 ) . Then, a f t e r  

tak ing  ab so lu te  values and using  Fubini'sv theorem (Lemma 1 .0 ) ,  we ge t
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Applying Holder^ Inequality (Lemma 1.3)

(2 .07) Sy (X) dX
1

-  TTk

2
q(R) /  dE

Ey (X -  E) dX
2 1 ir

dR

The f i r s t  member of the  r ig h t  hand s ide  o f  the in e q u a lity  

i s  f i n i t e  by hypothesis and by the Young -  Hausdorff in e q u a lity  (Lemma

1 .2 ) ap p lied  to  q (X). We need only consider th e  second member to  get 

a proper bound fo r  ( 2 . 07 ) .

a
Ey (X -  R) dX

Ey (X -  R) dX E / (x '~  R) dX/ i  dR 1 2

Ey(X -  R)Ey'§£'- R)dXdx' (  dR

Q JQ

A2
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and, upon in terehag ing  o rders of in te g ra tio n , we have
9 .

(2 .08) EyCX -  lO E y 'd '-  R)drV dX Sk

However

(2 .09) ( Bu(X -  R t a x ' -  R)dR =

Q

u f  ̂  i  *
COS n j f r . j -  r . j ) j  j k  c o s J t ^  - ? )

l |  'I) < V  1 ) 1 P £ i  1 _ f
i  - i

\dR
lo g

Because of the o rth o g o n a lity  o f  the trigonom etric  functions 

the in te g ra l  o f  a l l  terms w i l l  vanish except those which c o n s is t  o f a 

product o f s in es  or cosines (o f the  argument R) (2 .09) becomes

Ey (X -  R) E /  -  R) dR =

A
k  c o s  f r j j  ( % j  -  &  ~j )

I log  (11 -F 1 )
N =1 1 J

where b . = b . (X.,  X “) -  t A „ , >>3 3 3 j  min uy  U  -  1 , 2, . . . , k )

— (b^, bg, •••> k^.)

S e ttin g

(2 .010) (X -  X ) =
B

N = 1 3 = 1

k c o s H ,  (X. )
...J ... — ,,J ......» - tJl i .■in.

lo g  CN.. +  1 )
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we get
1 0 .

( 2 . 011) ( Sn (X) dX <

Q

H (X -  X ) dX dXJ

Since  ̂ ^ Hg ((X -  X } dX dXJ i s  p o s itiv e  i t  would.

seem a r e la t iv e ly  simple m atter to  in te g ra te  by simply rev e rs in g  the

orders of summation and in te g ra tio n . However, s ince  B i s  a function  of 
A

X , X  , we would be ab le  to  do th i s  only i f  each, term of the sum were

p o s i t iv e .  (We could then rep lace  the v a r iab le  upper summation l im i t  by 

i t s  maximum). This n o t being the case we s h a ll  express Hg (X -  X: ) in
N

term s of the ffejer k e rn e l.

Toward th i s  end we se ts

*  5 IT
X

1  4- /  cos n (X .-  X '.)
2 /  0 /

j =1 n =1

k

1 7
3 =  1

s in  (Mj 4- | )  (Xj -  X.j )
2 s in

2

T.
M

N = 1

K

D =
N

s in  £ (Mj +■ 1 ) (Xj ~ Xj )

3 = 1 2 s in
2 * 3-4
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and UL a re  the  D ir ic h le t and F ejer Kernels in  K v a r ia b le s .  We note

th a t  both are  product fu n c tio n s , i . e .  

fi
I ®n_ -

J
j  = 1

v  % = - f r  v ,
j = i

We 8@W re tu rn  to  (2.010)

B k
(2 .0 .12) H g ( x - x ' )  = " | y

H = 1 j  = 1

cos*nj  (x j  ~ Xj> 
log  (n . + 1 )

B k

= r  t  v w
M = 1 j = l  log  (n^+- j )

S e ttin g

(2 .0 .1 3 ) / \ S  = ( V  -  t m ) = 0 ^
— 0 o 0-1  o

/ \  2 “ ^* Bmo

and, due to  th e  r a u l i tp l ic a t iv i ty  of th e  F ejer and D ir ic h le t  kernels

( 2 . 0 . lit.)

k

T ,
3 -  1

a_2 = TT ^2 %

k

= TT A;
d = i

2
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Applying (2 .0 .13)and  (2 .0 .1 k )  to  (2 .0 .1 2 ) we have
1 2 .

B
Hb (x  -  x1 ) A D

11 .:

B
A2 T

n-;

and we see th a t  (X -  X'1) i s  a lso  m u lt ip l ic a tiv e .  We now have

(2 .0 .15 ) H„ (X -  X*) dX dX4

B (X ; XJ )

N = 1

A

j  ft 1

k

2  rp

... ~.2a—  \a x  ax"
log ( « i + - l )

A.2 Tnj i a-u . ... _ I dx ^

■n +- /

where we have s e t  1 = log  n .

The problem cf fin d in g  an upper bound fo r  (2 .0 .1 0 ) has now been 

reso lved  in to  fin d in g  one fo r (2 ,0 .1 5 ) . To do t h i s ,  we need only con­

s id e r  the case of a s in g le  v a r ia b le  fo r k = 1 . Then because o f i t s  pro­

p e rty  of m u lt ip l ic a t iv i ty ,  an upper bound fo r ( 2 .15) in  th e  case o f k v a r­

ia b le s  w i l l  be (max A.: )k where A. denotes an upper bound fo r  th e  s in g le
J J

v a ria b le  X. .
*J

Hence, s e tt in g  k = 1 in  (2 .15) and dropping th e  su b sc rip t one,

we have
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13.
B(XJL»)

H(X -X») dX dX' * \ V “ A  2 xn &  ax*
1.aQ n a  X

i
Ln +-1

Now
H(X - X') =

b(X,X')
A L

n = 1 An v l

T 2>T .  +-T .  «n — & n — X p — c

B4-1

B B -  1
f.p
n +-1

-  2 kn

n 2

b -  2

+
n 4-3

1  -  2

—  + JL
n+-3 J,n-*-2 lp + 1 n

1 - 1
b V l  J b - x A * !

/ \ 2V 3 * b _ i +  h V i  / \ \

-  (212 -  1 , )  V

Ihere • n̂ = I p  ” Ip  - 1 “ log n log (n - 1)
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l l u

Because of the  p o s itiv en ess  o f \  H(X -  X^) xdXdX , we may
Q

consider only the p o s itiv e  term s, Thus

(2 .0 .16) H(X -  X*} dXdX" ^
b -  2

A  f-3 dx dx*

i .  T dX dX +
b + 1 b -  1

A  b dXdX

Q
Q

b 4- 1

In evaluating  Ij_ , l£  , I 3 we need the follow ing a id s . 

Lemma (2 .0) I f  F(X, X^, t )  = F(X? , X, « ) , then

(2 .0 .1 7 ) F(X, T  , b(X,X") dXdX* < 2  F(X,X1 b(X) dXdX

Q

Proof:

L et th e  reg io n s Q- ând 0̂ , be d e fin ed  as  

= Q(b(X) < b(X*)) o  < X £ 2TT • Q2 = Q(b(X) >  b(X*)_)
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15.
Then

in  Q-l : bCXjX1) i  min (B(X), bCX1 ))

in  Qg : b(X,X^) 5 min (b(x) ,  bCX1 ))

b(X)

b(xl)

and ^  Q 2 Q

PCX,!1, bCX,!1 )) dXdX3 (X, ! 1 b(X)) dXHX1 +

Q

+ I FCX,!1, b d 1)) did! 1 

2̂

i‘(X,X1, bCX,!1)) dXdX1 < \ j PCX,!1, b(X)) j dXdX1 +

+
PCX,!1 , bCX1)) dXdX1

%

PCX,!1 , b(X)) dXdX1 4- ] FCX1 , ! ,  b(X)J dX1 dX
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16

The follow ing r e la t io n s  w i l l  a lso  be used:

(2 .0 .1 8 ) - ^ l n + 2

2
(2 .0 .1 9 ) A  l n 4 3  =

 2

log  2 J  (n +1)2 lQg (n + 1)

To prove th ese  s e t :

f  (X) »   * (lo g  X)"1
log (X)

y !  r = f ( n  -Hi)  -  f ( n  + -2 ) = - f ( n + 1 + l$ n ) , ( o  <  rn <  i )

 1— — — 1   y   1______
l°g (n  + 1 ) log  (n + 2 ) (n-*-l) log 2^

1 + 1
log  ( n + 1 ) log (n  •+ 2) log  (n-F3 )
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S ____  1 j s i
(X -v l l lo g ^ C i + 1 ) I x« n 4-1+- r n (n 4-1 + r n ) lo g 2(n +1-* r  )

<
(n 4-1 ) log2(n + l )  ( n 4- l )  log  2

i-  (a 2 l)

A -̂n + 2. A * 3

(n +1  + rn ) lo g 2 (n + -l+ -rn ) (nn-2 -(-qn ) lo g 2 ( n +-2 +qn)

/  / h f (n+-lA-rn) -  f ( n + - 2  +  q n )  = -(!+ -qn f  ( n + - l + p n )

■where n-v-l-v-rn <  n -+-l + pn n-f-2 +qj•n

i.e. rn < pn <  14-q.■n

f  / (X )  = -  f  l p g2 X 4- 2 log  X ~| = _

X2 lo g 14 X
1 , 4-. 2

X2io g2 X X2 log3 i

r ,-2  -2
Cn4-l+-pn ) i 0g (n4_ 1 -v-ph)

4- 2 (n-v-1 4-pn ) " 2 log  3 (n -F l* tpn ) J
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1 +- qn r n [n -+ 1+ Pn j log *■ (n + 1  +• pn ) 1 +
log (n  -vH-pn )

r  9 -
1 j  2 .... 1

-  log 2 _ ( n + 1 ) 2 lo g 2 ( n +1)
(n  >~l)

We have now v e r i f ie d  (2 .0 .1 8 ) and(2.0 .19) 

We pro ceed to  evaluate  (2 .0 .1 6 ) .

b -  2
O - i ,  ^

2 1
2 1  A t * . j  t „  -ad s1

j-TT

r*" v - 2 2 x - xi
 ̂ J 2 .  A W  s in 2( n + l )  — 7 7
0 0 1 2 s in 2 x -  Xl

2

Since each te rn  in  th is  sum i s  p o s it iv e , we can rep lace  the 

v a r ia b le  upper l im i t  by i t s  maximum, m -  2 . Then, rev e rs in g  orders of 

in te g ra tio n  and summation.

m -  2 *iTT

— 1 ~ 2 A T *  3 ( ( sin2(n-t-l) — dXdX1

1 \- I- ' 2sin2"' J L ^ ' '10 J O

m -  2

= 2 A \  3 ( n + l ) ,  as  f  s i n2^ ^ ^ * , - ^
2 sin^~X

o
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-  2 tt2 (1 +- - J L --log'2.

m - 2
(n +-1)

X V (n-+-l)2log2(n + l )

-  2Tf2 ( 1 + s k  >

CO

z
(n 4 -l)lo g 2(n -F l)

>'T

P <  1
- A W  Tb .  i dXdX

T, -  1 b
b(x ,x^)

dXdX j by (2 .0 .18 )

2TT
log 2

dx
) b(X) J  \ 2 s in  
o o

di X — X̂~
s lit2 b ( x )  2 

2 X -  X1
d X \  by (2,

J  ii
2 i r
lo g  2

b(X) 
b (X)

dX = k \
log

^  vrr

L A j & J :  dXdX1 1
>Q J  1o b4 1

j-M

log  (b(X)+l)

sin(b(X ) 1 - |) (X  -  X1 ^
sm X -  XJ

d ra dX
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Bat

ITT

sin(b(X ) + IK X -X 1 ) ! 
x  _X1 "I

s in
dX = 2 \  ^ 1

2 s in  —

1
b (x )

-h
1
b(X) J

s in  (b(X) + i-) X
x ism  -----
2

dX1

0>_
b(X)

< 6?(x) *  j):
_ r
2

dX 4 'TT'

1
b(X)

X
dX"

2 (b(X) + | )  X1

1
b(X)

+- log  b(X)

1
b(X)

2 b(X) i~ 1 || log  II -t-lTlog b(X)
b (X)

— t  +• lo g  h -h IpLog b(X) <  3 ') log  b(X)
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1 , t  2 3 T T log  b(X) dX 
log  (b(X) +-1)

■ 2 |7  21 

2 \  3 TTlog b(X)

log(b(X) +-1)

<  12 I T

Applying th e  bounds fo r to  (2*0.16)

2T . 2 1

J*r)(X -  X̂ 1) dX dX  ̂ <1 A t (constan t)

o o

Hence, fo r  k v a r ia b le s  we have

(2 .0 .20) H fX -X 1 ) dX dX1 < (max A .)k * Ak 
J3 V

Q Q

S u b s titu tin g  (3.U) in to  2.21) we feet

(2.0 .21)

Q
S ^ ( X )  dX £  G Ak M [ l ]

wheee [ (q ) ] . | q(R)l  d R
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2 2 .

From th is  e s s e n tia l  in e q u a lity  we proceed to  e s ta b lis h  the 

convergence p . p . of the s e r ie s  (2 .01)

Let
WM (X) = Sup Sw (X)N

(0 -M)

V (X) = Sup (x ))
M

Since
S_ (x) -  0 , WM, VH 2  O

From (2 .0 .2 1 ) we have

\  S (X) dX
.  . 2^  C M ' (q) ~

u 2
JL _ „ »k C = 0 A

We can choose U(X) such th a t

(2 .0 .22)
YsL (X) dX I * ]

I i 2 r  q
V„ (X) dX 1  O'1 M q J 

M L J

Be d e f in it io n  (x ), (X) a re  non-decreasing fu n c tio n s , and

thus applying (2 .0 .2 2 ) th e i r  l im its  e x is t .  S e ttin g

W = lim  W

we have

q

W (X) dX

V = lirn Y 
ra

<  C1
2

2 [ < ]
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from which we conclude th a t  V, W a re  f i n i t e  p . p . $ and aince W (X) -  

sup Sjj (X), Y(X) = sup (-SM (X )), th e  sequence (Sjj(X)^is bounded p

Now l e t

then

fo r

L (X) = Sup j SM(S) +Sm1 (X) j fo r  a l l  If, #  

j_(X) -  W +  V

Sup I S|| + (~Sjjl) — I Sup Sjj + Sup ("Sjp,)

M

Hence

Q

L  (X) d X

Ty 4 - v

(X) dX +-
Q

V(X) dX

Q

Set

L „  (X) = Sup j SN (X) -  SN.(X) | fo r  a l l  N, N1 >

and l e t

q (X) —
M

J « I M i
cj  7T (los (Ja + ^

LJX
<2.

n -  1
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The function  L (X) i s  the  corresponding to  q.. (X), so
M “

L. (X) dX ^ 2 c1 M [ qJ

But M a3
O as i t  i s  le s s  than  th e  r e ­

mainder of th e  convergent s e r ie s  (2 .00) Hence

lim
M-?cr

L (X) dX
M

Since L  „  (X) t i s  a non-increasing  sequence
M

lira dX * o

and so lim  ^~m(X)
Ms><f = o fo r  alm ost every (X) -which means th a t  S (X)

M
converges p . p,

C. Convergence Almost Everywhere: C onsideration of Function Condition.

The problem of fin d in g  convergence p . p . cond itions on the  

fu n c tio n  w ithout a c tu a lly  having more than convergence p . p. has no t 

been so lved , even fo r th e  case o f the s in g le  v a r ia b le . A ra th e r  t r i v i a l  

r e s u l t  -  t r i v i a l  in  th e  sense th a t  convergence p . p . i s  proved by shew­

ing th a t  the convergence p. p . cond ition  on th e  function  i s  equ ivalen t 

to  th e  condition  (2 .00) on the c o e f f ic ie n ts  -  has been obtained  by Plfessner 

and th is  r e s u l t  we g en era lize  to  sev era l v a r ia b le s .
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Theorem (2 .1 ) i f  th e  fdnction

I T  t -1 j 3 
3 = 1

(T) k 1
~  T ■ J dX

J - 1 J

i s  in te g ra b le  then

2 k

K

N s  - « p

TT
j  ■ i

log  ( | Hj ■( 1 \ < ^ , D  = C; _H n

and conversely, where

, T) =
j  = 1

£  f  (X.. -h t j )  -1- f(X$ V ^ ) J - 2 k f(X)

and we define  the  symbolical product operation  by

f(X j t- t  ) = £{3^ +- %  , X2 ^  *2* \  ^  V '

j  = 1

Proof

f(x)

'V
iKX

°H <S'
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I t  I s  w e ll  known t h a t

rP

$(X, T) ^  V { -

N = 1 V i s3 s 1
Sin a J * J  ) %  «

iNX

A pply ing  P a rs e v a l* s  theorem  

f (X ,T ) ,  we have

1*2) to  th e  fu n c t io n

$ ( T )  = dX

= U T )  > C.M | I ~  ^

N = 1 3 = 1

We s e t

- (tm1
1 = 1

■'H
k  2
7 7  . i n  8 j t 3

J ^

We se e  t h a t

0  < *C

J = 1

$  (T)

k
T  *j

3 = 1

, iBj > m‘j(3  « 1 , 2 , « . .k)

$X B (1) /
i«©« v1 —  ----- L i s  a  p o s i t i v e  n o n -d ec rea sex n g  sequence.

k
M t j

i  = i  * - J
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Since

lim 9  (f *J-M
k
T T  t 3

3 = 1 1

$  ( T )

3 = 1

we have, using the Lebesque theory of integration

lim   ̂ ^  (T) df = ( ^ ( T )
\ k df

a 1/ *3- ^ ] - t 3
j  = i  ^  j  = i

provided either side exists. Bat, by hypothesis, the right side i£ 
ifce$: the left hand side is also finite.

Thus we can write 

^  ( I )  , ( If 2 k ,  2 .

e - 41 * ( iT)  \  2 1  %  TT *
f l V . ,  J8 i *3

= «nr)k f *  cn 2 (  %  °lng V J  «
1 \ Q 3 = 1  »3
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Since

s in 2 n t  d t  = O  (log  n) 
t

k

.TT ± L i i l  dT = o ( k7T l o g s , )
9  0 t j

and thus

lim
M -*rf \ -  ; dT <_ rd*

‘ J 
j  = 1

cfi

i f  2 L  cl  ] \ log (rij -+-1)
N -  1 . -1 * 1

R etracing  our p roof, we have the  converse.

Hardy and L ittlew ood ( l l )  employeda method of "generating” a 

theorem concerning F ourier s e r ie s  from a known theorem by rep lac in g  sums 

by in te g ra ls ,  functions be c o e f f ic ie n ts ,  th e  summation index by the v a r­

ia b le ,  e t c . ,  thus ob tain ing  a "new" theorem which they d a lle d  the  " tra n s ­

form" of the o r ig in a l  one. The genesis of t h i s  p r in c ip le  i s  to  be found 

in  th e  th eo ry  of "Fourier Transform s."

Using th is  method we ob ta in  a "transform " theorem -  one which
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we have been unalbe to  prove. Our con jectu re  i s  the transform  o f  theorem 

( 2 . 0 )*

Conjecture , tt
r  2

I f  | $  ( t )  I log i  d T = 0  (1)
J t  e  o

the  F ourier s e r ie s

I k  cos n l  f  bjj s in  n. X 3  
0

converges p . p . where

€p ( t )  5  <f}% ( t )  = f  (X + t )  +- f (x  -  t )  -  2 :

then

(X) .
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CHAPTER III
3 0 .

A. D efin itio n  and A ux ilia ry  Lemma.

A sequence ( S ^ )  i s  sa id  to  be s tro n g ly  summable o f order B > °  

and index K o to  a number S i |  a number S e x is ts  so th a t

r m n

k l = o

(B -  1) IK
-  S

where r
mn

(m + - l) (n  4-1) 

(B -  1)

1/k

o as m, n —=?

m.n
.  t i

(B -2)
< nk l

(m + l )  (n -v l)
mn ~ ^mn

We designate  th is  by (S, B, K), B an in te g e r . 

We note th a t  (S, 1, K) i s

m,n K
Sk l "  SI

( m + 15 (n 4- 1)

1 /k

 ^  o as m, n ~=a? ^

H enceforth, un less otherw ise sp e c if ie d , when we speak of strong  

summability we w il l  mean of order one.

A sequence (Srnn) i s  sa id  to  be r e s t r ic te d ly  s tro n g ly  summable 

(Moore (23) p. 79) if#  under th e  above cond ition , m, n in  such a man­

ner th a t  G m < n <  6 C a co n stan t; i .  e . the m and n become in f in ­

i t e  '’to g e th e r .1'
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Lemma ( 3 , 0 ) t

Ag; sk i - s

m.n

k , l  = o
sk i - s

K

(m -kl) (n + l )  

in c reas in g  function  of K >  ©

1
K

i s  a  monotonic

Proof:

Let b be an a rb i tr a ry  number 0 <  b < K. Applying Holders 

In eq u a lity  (Lemma 1 .3 ) we have

m.n

r
b

S -  S 
k l

< [
(m+-l) (n + 1 ) (m 4-1) (n -i-l)

(m 4 l)(n -» -l)  ~j p

\ l

bp4

where 1 , 1 =4- —# = 1 and bp*
P F

K >  b.

m,nr s, n -  sk l

(m-Fl) (n -^ l)
<

JP m.n

<

m.n

(m 4-i)(n +-l) g

bp
*. bp

K
1
K

sk i " s
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1 -  p _ 1 -  -
as bp ' = K, ~ b j ~ ~  "  “FpT  "  " K# Since K > 0 our

lemma i s  proved.

B. H istory  of th e  problem.

The notion  o f strong  summability was f i r s t  in troduced  by Hardy 

and L ittlew ood in  1913 (1 0 ). In  th i s  paper i t  was proved th a t  i f  f(X)

6- ^  X- in  a neighborhood of XQ and i f

^  ^  Q(u) j  du = o ( t )
o

then

^  |Sm -  S | = o (n ) .

o

Hardy and L ittlew ood say of th i s  theorem: nThe c la s s ic a l

theorem of F e jer and i t s  g en e ra liza tio n  by Lebesgue d im  th a t  in  th ese  c i r ­

cumstances

^ P  (Sm -  S) = ° ( n ) .

o

The in te r e s t  o f  our theorem i s  th a t  i t  shows ( fo r  example) th a t ,  when 

the  F ourier s e r ie s  o f a continuous function  i s  d ivergen t, i t s  summabili­

ty  i s  not m erely a consequence of the can cellin g  o f the  various dev ia- 

t io n s  summed up in  F e je r 's  mean, b u t r a th e r  o f th e  comparative sm allness 

o f the d e v a it io n s .tt

With th e  same assumptions Feyer (5) has given a r a th e r  ingen­

ious and simple proof o f  th e  Hardy -  L ittlew ood theorem by proving Abel-
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ifbisson summability o f power s e r ie s  and hence fo r  the  a sso c ia ted  F ourier 

s e r ie s .

The r e s u l t s  o f Hardy and L ittlew ood were extended by Carleman 

( l ) ,  Sutton (30) and Hardy and L ittlew ood th e m se lv e s ( ll) . The culmina­

t io n  of th e ir  combined e f fo r ts  r e s u l te d  in  th e  proof of s trong  summa­

b i l i t y  o f index K > o under the  assumptions

t  p
j Q (u )j du = & ( t )  P ?  1

o 

t
Q (u) du -  o ( t )  

o

We make a g en e ra liza tio n  to  two v a r ia b le s  of th i s  f in a l  r e s u l t .

With th e  ad d itio n  of sev e ra l s in g le  v a riab le  assumptions on the  func­

t io n  we succeed in  proving r e s t r i c te d  s trong  sum m ability. This " r e s t r i c ­

tio n "  i s  to  be expencted however as we a re  concerned w ith  a lo c a l iz a t io n  

p roperty  which does n o t g en era lize  to  sev era l v a r ia b le s  w ithout such a 

r e s t r i c t io n  on th e  type of summability employed.

We a lso  g en era lize  F e je r 's  r e s u l t  to  two v a r ia b le s , proving r e ­

s t r i c te d  s trong  summability fo r  power s e r ie s .  We note th a t  in  two v a r ia ­

b les  the  r e a l  and im aginary p a r ts  o f th e  power s e r ie s  a re  no t th e  general

F ourier s e r ie s  and i t s  conjugate as they  are  fo r  the s in g le  v a r iab le  

case .

For general orthogonal developments Zygmund (37) P2l*0 gave a 

n ice  proof o f s trong  summability of index two under th e  assum ptions o f
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(C,l) summability plus the convergence of the sum of the squares of 
the coefficients of the orthogonal development. We are unable to gen- 
ifalize this to two variables without replaceing the hypothesis of (G,l) 
summability by another triangular type double summability method which 
we call R-sutomability (ref. Oh* III, Sec. IS .). For R summability of 
’•product" double series (i.e 'T  am bn) we need more than (C,l) summa­
bility. However, there are double series whose sequences are un­
bounded and yet R. summable. Exactly how this R. summability method 
eamparies with (G,l) summability we have been unable to ascertain.

C. Strong Summability of Power Series.

Theorem 3.0: if f( z^, z,,) is regular in (â j 1, |zg | < 1
and continuous at the point (l,l) and if

(3.0.1)

for all | *i| < I

for all

then

o
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i s  r e s t r i c te d ly  s tro n g ly  summable of index p to  S -where

1 , 1  = ,— r" —i 1 and
P P

m n
(3.0 .U ) f(  z l t  z 2 ) .  /L-Pinn \  z2 , f ( l , l )  = S.

Remark: ffe need only prove th e  theorem fo r  an even index p -  2K (K>o)

since  A  ̂ ( S ^  -  S) i s  a monotonic in creasin g  function  of K (Lemma (3 .0 )) . 

We note th a t  conditions (3 .0 .1 )  and 3 .0 .2 )  imply

(3 .0 .5 )
/

P
z i> *2 I / d Q , d 0 2 :

f ( l  “  r l ) 5l  -  r 2 |P * -1

Proof:

Consider th e  uniform ly convergent s e r ie s
cfi

I Z11 < 1
(3*0.6) 1     s  )  z m  Z11 :z m z fo r

(1 -s,3L)(l - z2 ) ^  1 2  I M  < 1

Since f ( ? l ,  z 2  ̂ i s  in  ( z \  i  ̂ > I z2  ̂ ^  *

th e  se rie s tOO
(3 .0 .7 )  \  „ z m _n

Gmn *1 22 * 1*1.1 < l ^  ' 2
o

i s  a lso  uniform ly convergent. Hence the  product s e r ie s  i s  uniform ly con­

v ergen t and rep re sen ts th e  product fu n c tio n  fo r  ,W J <  I } |z | I , A fter
1 2

form al m u ltip lic a tio n  of (3 .0 .6 )  and (3 .0 .7 )  we have
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(3 .0 .8 )  -..£l.?It g £ ~ i
(l - zx)(i - z2 ) I

mS z mn 1
n

S2

where is defined by (3.0.3)

Subtracting

S
(1 - .* ! ) .  (1 -  z2) 

from (3.0.8) tie obtain

S z^ z g (where S = f (l,l) )

F(«lf z2) = S-
(1 -  2 x K l ~ z 2^

Applying the Young - Hausdorff inequality (Lemma (1.2) ) to
F (Ŝ , z2) we have

I  £ S - S mn
2K 2mK 2 nK

< 1
It IT

-T T  -TT

Tr  2K

( l  -  Z]_) ( l  -  z 2)

|(2K -  1)
2K -  1 d(?1 d«s2

which, after rewriting as an integral from o to vis

T2b - 1
I  <

2b j2b
f(«l, *2) - S +■ f(zx, z2)- S

o o [ ( 1  -  ax ) ( l  -  z )

+-

,2b
f(*l,*2) - S j +-

f

f (z-j y Z?) —S |

" (1  - Z j )  (1  - > 2 f

2

2b
d i ® 2
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where we have w ritte n  2 h - 2K 2 b  - 1  = ^
2K -  1

-  1 =  —
2K #  1 2K

/ r r

2b -  1 1
Utt2

—  d 6 . d S ?

o o

■h

o o

L_

G

2b -  1
^  +  i 2 -t- i 3 +• i t

estim ate  I.

, - r
L.

G
d ^ i  d © 2

For th e  denominator G of th e  in teg rand  we have

G = 1 -  r^<2
tie, 2b

2 ,2 2 

■ l « n r 2 A i _ >

1 -  r 2 ^  

b

2

2b
>

tr

1 -  r x e
ie, ) 2

>
1 -  r l e ( l  -  r-  ̂ cos r 2 s in ^  1 i

z  H - 4 _ 2 -  2 ^  cos S', *■ ( l  — r ^ 2 +- 2 ^ ( 1  -  cos S i )
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Similarly
C & o

1 -  r „ e  2 J >  b r 2 I "

i P
Using (3 .0 .> ) we have (p =

2K =  2  b )
p -  1 2K -  1

(3 .0 .10)
/IT , T

L  d d &■ -  o
[ ( l - r l )  (1 ~ r 2)]

2b -  1

Gombining th e  estim ates fo r  G and (3 .0 .10) we get

have

(l~--"r1) ( l  -  r 2lj 

We now consider 1^.

Because o f the co n tin u ity  of f (

2F~- 1 I as Tl ’ r 2 ' 9 1

i=- d©, d ©  <
C7 ' 2

2) a t  th e  p o in t( l , l )w e

d &  d ©
 1  2_

£ 6 ,  i T~
l  -  r 2 e

t o .  I 2
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TT

(3. 0 . 11) ^ e

o Jo

as X X

2 i r

Now l e t

©  -  1 ~ r ii  -  i-= -

We have

d

3?

00d _ » r _ _ ^ -
A b [ d  - r2>2 **2 f l1f2 ^ ir2̂

< K £: tr

= 1 ’ r2 //?2 4 r2 ^ 2

h
f r j r ^  (1 -  rx ) ( I  -  ( l^  . 4 ^ , J ( l x g y r

•CP

[ d - a m - T n f  " 1 J  J  i F P
g L ..

o o (1-

(1 -  ^>(1 -  r2)f:b -  1

where B is a bound (the better the closer r̂ , r^ are to l) for the above 

integral. Or we can write

(3 .0 .1 2 ) I i  = 0
j j l  -  r j H l  -  r 2)

i T T I

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



We estim ate I 0 .C
a r I— ( & i ,  0  2) d Q ] d 9

- V V C&, i&2

3 X 1 -  r-^ <S- ' 1 -  r 2e
0 Sr9

T t

<

1 ” r i e
c 1

L_ ( 0 1* 0 2 ) d 0
£

as in  (3 .0 9 ) .

Since ( _ ( < ? ! .  f ? 2 ) d 0 2 = 0 / — - V b ^ T - W a 1 1  0 -(1 -  r 9) ‘

and.

4 a  t*-b
1 -  e, I

(-
^ ( 1  -  r i ) ‘ as in  (3 .0 .1 1 )

we ob tain

2 j  ( " l  -  ~  1 (1 -  r 2) "2b" '- ' T
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Similarly, for lyre have

(1 -  r-i)2b - 1
0 2b - 1

Combining estim ates  fo r  I-j_, I 2 , I j ,  1^

2b -  1
-  o

1 \ ( 1
2B~= 1)4- O ,

,(1 -  r x)(1 -  r ^ t l  -  r 2)J
2b -  1

o
(1 -  r ? ) 2b -  1

\
v( l  -  r^ )

2b -  1 0

J ( l - r P) * > - 1

Now, i f  we r e s t r i c t  r^ ,  r^  in  such a manner th a t  r-^, r 2 I

1 — p ^
w hile  C < --------  <. C (C constan t) i . e .  r-^, r  —=>> 1 ’’to g e th e r”

1 -  r-,
we g e t

2b -  1 2b -  1

(1 -  r-^H l-rg ) o ( l , l )

or
<F

(3 .0 .1 3 ) (1 -  r - ^ d  - r 2) S -  Sinn

2K 2 mK 2 nk = o (1 ,1 ) 
r l  r 2

r-L, r 2 1

But th is  i s  r e s t r i c t e d  s tro n g  summability of (Sm  -  S ), fo r ,  

as we proceed to show (3 .0 .13 ) i s  eq u iva len t to
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t , l  =  0
M, n -=? where (nC<ia *—n

S e ttin g

r  = 1 —r l  ®

r 0 ** 1 -  —
£ n

where C < §  < C _1 fo r  C <  —~~!L cn   ^

S u b s titu tin g  in to  (3 .0 .1 3 ) we ob ta in

2K

Sk l “ s
a 2k K 1 2  IK'

( l - ~ )  ( ! - “ )

1 m
Since ( l  -~) ^  C3- we have

m,n 2K
S -  Sk l

o (m n)

m,n

s m , „ -1c < K C c

i . e .  r e s t r i c te d  s tro n g  summability.

-1
• C )

-1

(m n)
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ii3.

D. Strong Summability o f  F ourier S e r ie s .

Theorem ( 3 .1 ) I f  f (x ,y )e -  L  , fo r  some r > l  and K i s  any 

p o s i t iv e  number, then a t  every  p o in t (x ,y ) where

( 3 .1 .0 )  ( s )  = (^ \($) (u ,v )  | du = o ( s )  un iform ly  in  v .

o

t
( 3 .1 .1 )  $ ^ ( t )  s  (  |(£ ) (u ,v )  | dv = o ( t )  uniform ly in  u .

( 3 .1 .2 )  V (j) (u ,v )  2 tan  J  u
.R. E... du = 0 ( s )  un iform ly  in  v  and

fo r  M = 1 , 2 , 3) . . .

( 3 .1 .3 )
s in  n v  

({) (u>v) 2 tan  |  v”
dv = 0 ( t )  un iform ly in  u and

fo r  n = 1 , 2 , 3 ,  . . .  

th e  Fourier s e r ie s  o f f  ( x ,y )  i s  r e s t r i c t e d ly  s tr o n g ly  summable to  

f  ( x ,y ) ,  i . e .

m,n K

( 3 . 1 . U) rn .fl n f l Sk l 0

as m,n -F? &  in  such a manner th a t  

C n m <. G- ^ n C con stant
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W*.

Remarks: We note that conditions (3.1.0) and 3.1.1) imply

(3.1.5) ( \ | ̂  (u»v) (r du av = o  (s,t)
Jo  Jo

Proof:
We first observe that if (3«ll*) is true for a certain K, it 

is a fortiori tmxe for any smaller Kj for Ajj. (S^ - f) is a non-decreas­

ing function of K. (lemma 3.0).
It is sufficient to prove (3.1.1*) for K = r'

$ r  (•> I 7

r  -  1 for

s t is a non decreasing function of r» and so if $  r(s)

= o(s) for a specific value of r it remains true for any smaller r. 
faking r sufficiently close to one we obtain K as large as we please. 

We shall prove (3.1.1*) using the modified partion sums

%L

for

TT4
-x

f (x +■ s t y-t-t) sin ks sin It
2 tan \ 2 tan | t

i * i r  r k
lski - f I ^ Skl “ k >b

J

Applying Jensen1 s inequality (lemma (1.5) ).

Sr i  - f t £ B
■* i K . * ill Boonstant

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



and Skl “ Skl tmiformly to o for o ̂ k £m ) 
o t l  inJ

1*5.

(Hobson (15)) p. 700.

We write
r ” 11■v . . t ( V . ✓ . ̂ sin ks sin It h

Skl M  - * M  = ~ 2  \ ) * ( * 2  tai'k 2 tan J t
** J-rr '•t

-  t S i i d .
"TT

■ir

,tj x,y) Dkl (s,t) ds dt
d o

sin ks sin Itwhere ty, (s.t) * 7 T ~ x  T~1 iZkl * 2 tan f s  2 tan

and (st) = ($ $s,tj s,y) s

ft f(xfs, y-F1) 4-f(x - s, y+-t) +f(x+s,y -t)+-f(x - s,y -t)-lif (*f,y)

Thus

Sk l  “  f ( x ' y )

tr
i  ( a  Am

1
n

tr -tr

+ u  > A in m n
(s,t) ^(s,t) ds dt

*kl+ **kl ^ ckl + %
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ij.6.
Applying Minkowski * s inequality (Lemma l . h )  we get

m.n

m f  1 n +- 1
S k i - f l  U 1 1

m,n K j

m +-1 n +-1 /L~ ' k l
o

4-
1 1

m 4-1 n +-1
K

k l
K
4-

m,n

m 4-1 n 4- 1
Jk l

K
+-

&-
m.n

L'
m 4-1 n 4-1 dk l

<1K

To e s ta b lis h  the  proof we must show each of th e s e tf dob terms 

approach zero as  m and. n become in f i n i t e .

We s e t :

Dk (s )  =
sm ks

2 tan  -|s D l ( t )  .
s in  I t  

2 ta n  i -  t

so th a t

D k l = Dfc <B> D1 Ct)

We note th a t

i \

(3 .1 .6 )  D-i ( t )  <  1 fo r  0 M; ±T T

D,- ( s , t )  ± k l  fo r  °  ^  s  '  "  >Tel
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We f i r s t  consider s^v * 

Using (3 .1 .6 )  and (3 .1 .5 )  we O btain

4*cl I < P  K (I, 5) £ TTIT k l

KU c ( |  1  ) Nk l - ^ 0

Hence

(3 .17)
1 1

m + 1 n T T I a 'k l
K K

m,n

El 4-1 n  4-1

K

k l 

m,n-^?<P

1 
K 

->o

For b kl*

-TT

k l
ll
n

.1
m

Cp  ( s , t )  ^(s^t) ds dt

T̂T

I
n

r
\  ( t )

• m
( s , t )  Dĵ  (S) dS d t

Taking abso lu te  va lues, and applying (3 .1 .2 )  we get 
JT

\ l
1
n

Dl ( t ) d t <- 1 0 (1 )-  m

m.n

jk i
n

-  0 <510 1 1 1
K K+1 1 

-  n °  ( ^  )
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U8.

(3 . 1 . 8)

Hence 

1 1
m v l  n-t-1

m.n K
bk l

0 j,l)

(n  4 .1 )1  (m +1)1?

0

S 0(1)m ■ 1 '
m r

For Ckl*

(3 .1 .9 )

S im ila rly  we f in d  th a t

.Km.n 
1 N I C

m + 1 n -+-1 k l

1
K

•6. S
n

0(1) 

n r
c 0 (1 ) 0

n K

For 8k l :
X

1
m

-TT

1
n

(p ( s , t )  s in  ks s in  I t
2 ta n  |-s 2 tan  \  t

ds d t

We observe th a t th e  dUT a re  the F ourier C o effic ien ts  o f the 

fu n c tio n  F ( s , t )  defined in  the  follow ing manner

F ( s , t )  *  (p ( s , t )  |  cot | s  |  cot t  

F ( s , t )  = 0

Applying th e  Young-Hausdorff in e q u a lity  (Lemma 1 .2 ) 

to  th e  fu n c tio n  F ( s , t )  we have

1 <
m I < II

1 * 
n ■fc < Tr

' - X <c 5 *  im

- X •tr ^ i
n
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k 9 .

(3.1.10)
m,n

I k ,

K
1 
K

r

*n

TV

i  I
m n

I

1 $  (6» t) I
sr  t  r

l<$(s,t) j ds dt
n  1 

r

* 2 t6n-|s 2 ta n  f t ! Vm n

ds d t
■ U

t f  1
where K = r- = r  -  1

V

We now in te g ra te  the r ig h t  hand member by p a r ts  (6 ) .  S e ttin g

y -- r  - r
l i t u

' T S ^ t Cp ( s , t ) |

2 v  
7 t = - r t

- r—1 - r
3>U
c ^ r

(> ( s , t )  | d t - i  (t)

o>y
7 s

- r -1  - rZ - r s  t c)u

c) s^b

9 - r -1  - r -1
-  r^ s  t U -

s ^.t
( s , t )  ) <}s d-t

? „  ( » , t )

Yfe have

(3 .1 .1 1 )

,'TT

c
)

1 \
m n

)<P(a.t)| r
( s t ) r

ds d t
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So

+ r

X |fr>n)
)r f  r (B,t>

((2 2) * 'mi n/

f r <t)
J l Ji *rtV

m n

4- r c
"'I r%

'1 J l
ib n

ds dt -h r\

$  r < s , t )
r ds dt +

r 1

' 7r ~̂IT

Jl >
m

(st)

5 r (s)

T I F 1
ds dt

Considering each part separately, and applying (3*1* 5>), (3*1*0) 
and (3*1*1)

— i—  fj? (s,t) 
(st)r r

’nr o (A A) r o(mr“ ^nr “ ■*■) %  n /

/t  /r
B̂r ( s ,t )

j r  -r-
,  I , v £ n r - f  ds dt = 1,2 \ o(s‘rf r) ds dtI J i  (st) 1 J i j i

ffi n

« o(mr“  ̂ nr ~^)

5 .  r  (t)
i  J i  3r + 1trn n

ds dt =

r  '  \  1i  J 2  * t J I j lm n m n
©(a”1”1, t1 _r) ds dt

Z o(mrnr  ~2) s  2  o(mr“ 1nr “ ^ .  r -  1 r  -  h  B  ^  n  -  oya n ) as ”  < C
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51.
And similarly

, ( s )
/n \ -] „r , r  +-1' 1 ) 1  s t

r '~ ' ds d t = <* (mr  ~ 1nr  “ 1 )

m n

C ollec ting  th ese  estim ates f o r ( 3 .1 .1 l )  and s u b s ti tu tin g  in to  

(3 .1 .1 0 ) we get

(3-1 .12)
1 1 

m + -T  n  + -1 '

m,n K

1
1

1
K

< , _ i _____1
m4 - 1  n +-1

■ t o ( m  r
r - 1  r - 1

n r  ) o ( l )

as K = r '  =
r - 1

We f in d  th e  e s tim ates  (3 .1 .7 )(3 « 1 .8 )(3 .1 .9 )  and (3 .1 .1 2 ) give 

us our d esired  r d s u l t :

m,n

m 4- 1  n +-1

K

k l

1
K

0.
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$2.

E. Strong Summability of Orthogonal Developments.
Definition: Corresponding to the definitions of summabi-

lity for a single series we have the following definitions (Robison, 
(29) ) for giving a value to a divergent double series. Let the given 
series be represented as follows:

u pq
P,q = 1

then the double sequence smn for this series is given by

m,n
smn * \ u.pq

p,q * 1

We define a new sequence by the relation

m,n

Tmn * / _ "Vnpq Spq
p>q = 1

We shall call this transformation and its matrix A: (amnpq). a triangular 
type transformation. Here p ii, qia.

It is a well known fact that if a simple series converges the 
corresponding sequence is bounded. This is not true for a double ser­
ies. For example, consider the double series defined by

aln * 1
a2n = **1
amn S < W 2

This series converges to aero and yet the partial sums are not
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53.

bounded. Thus, convergent double series can be divided into two 
classes according to whether the corresponding partial sequences are 
bounded or not. We will now define regularity of a transformation 
with regard to a convergent bounded double sequence. Hence, even if 
a transformation is regular it need not give to an unbounded convergent 
double sequence the value to which it converges.
REGULARITY

If, whenever ^mn is a bounded convergent double sequence,
Tjbb converges to the same value, then the transformation is daid to 
be boundedly regular.

Robison (29) has proved the following theorems 
Lemma 3*2. A necessary and sufficient condition that any triangular type 
transformation T be boundedly regular is:

(a\ lim a s' 7 m,n-?«' aranpq

(t3) lim
L

o for each p and q. 

-  1

m
, s. l im V
' ° 7 m,n^r^ —  

P = 1
n

(d) li3»'  7 a , n s ^ q = 1

a.mnpq s o for each q.

| I o for each p.

(•)
m,n
n

p,q = 1
mnpq -  A ,  A c o n stan t.

DEFINITION: R Summability.
«_F '

The series ~ Upq is R Summable if
p,q = 1
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A .

m,n

Lemma 3*3 R summability is a regular triangular type double summability 
method.
PROOF:

Applying the Abel transformation for double series to we
get

ra^n

2 1  ■ -« § - )  v
p,q = 1

m,n

p>q= i
"V” ( i - E £ ) ( s  -  s , -S +- s , „)Z _  ranM  pq p-l,q p,q-l p - 1, q - 1

®*n ra~l,n r  \

T -  <‘ - s >  v ,  -  E  ( ' ■ s^ 9 ' -  s .
P»q -  1 pjqs  1

- £ * ■  /  p ( q . l )  g__ , s1 _ _ _  J p q

p,q* 1 p*q= 1 \
ran  ' ^

Thus
m-1 n-1 m-l,n-l

(3. 2.0) i  + i y ~ s . i .  r  sRmn ■* ra /  bmn n ,/_ °mq ran
P - l  5 -1  p ,q  .  1

pq
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m.nXU.li

S i
p»q= i

a Smnpq pq

wheratfco are defined i>y

Tnnpq —

p < m, q < n 

p < a, q - %

p « m, q < n 

otherwise

But these are, by definition, the coefficients of a double 
triangular type transformation. The transformation is also regular for, 
as one can readily verify, the coefficients a ^ ^  satisfy the regularity 
conditions (Lemma 3*3)«
Lemma 3 If the double series ZZ_ Uqq is boundedly convergent thenp,qa 1 ^

m,n
£

p»q-i
pqnpq = o (m,n)

PROOFt

S -R ran mn

Since R ^  is regular we have 

m.nm,n 

p,q=l

i - B a  U
mn Pq

o

p»q* i
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2  S  —
p,qsi

i-® p q Upq * 0 <®>
p,q*l

Having defined a double summability method, R, it is natural 
to attempt to compare it -with other summability methods. For example, 
le.t us consider the double Cesaro summability method of order one and 
attempt a comparison, i*e. is R summability more or less general than 
(C,l) summability, or do the methods overlap? We gain some insight 
into this problem but do not succeed in providing a complete description 
of their comparison.

We define a product double series to be a double series which 
is a product of two simple series. We denote its partial sum by

t s - 1 ^
1 1 1

By definition, the Gesaro means of the first order of the pro­
duct double series 7  a„ b are:p q
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-  l
m-1 n-1
Z  r s* +- s«q m

Hence,

(3.2.1) ^ m n = i T
m -^n-1 a-1  m-1

)  S S» +-S y  S» -HS* y  S +-S S Z—  p q  a/L, <1 n p m

From 3*2.0) we Have for the fi means:

(3. 2. 2) = mn
m-1,n-1 n-1 a-1

L 1
t .  W ”8* ! 3’* - i Z  sp

Subtracting (3.2.2) from 3*2.1) we get

~ (a-l)(n-l)
(3 . 2. 3) = ■*» 2 C-lC-l"3* fn-l ■S 'n C l +  ■

Sja S* 
icon

■Which becomes, after substituting

A  Q  = Q  -  Q - l ,  A  (T | = C  " Cn a - 1

(3 .2 .W  Q , 4- M L
mn

ft is well known that a necessary and sufficient condition 
for (C,l) summability of a single series is that Sm = o (m)- Hence, if
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the double product series is (C,l) summable then sm = o(m), = o(n)#
From (3.2.3) we now observe that if, in addition to the assumption of 
(C,l) summability to zero, the partial sums are bounded then all of the 
terms on the right hand side of (3.2.0) become zero as »,n and we
have proved Theorem (3.2.0).

If a product double series with bounded partial sums ii (0,1)
summable to zero, then the series is also E summable to zero.

From (3»2.1*) we observe that the assumptions of (C,l) summa­
bility plus the additional conditions that

& r *> = o <5) , a n  = « (fc

imply restricted E summability. We can only conclude restricted R summa­
bility under these assumptions for, applying our assumptions to (3.2.1*) we 
have

 ^ o provided "together", i.e. in such a manner that
_ tc n <- m < c n.

We have thus proved the theorems
theorem (3.2.1). If the double product series is (G,l) summable and if 
^  ̂ m " 0 (is) , A<T^ * o(i) then the series is restrictedly summable E.

It may appear from this discussion that we need more than (C,l) 
summability to get R. summability, i.e. that (C,l) summability is the more 
general method, that this is not the case, at least with respect to genez&l
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doable series is illustrated by the following example of a dirergent 
double series which is 1 summable but not (G,l) summable. Consider 
the series whose Unbounded partial sums are defined as:

S = o . m ^  n mn *

s  log log n , n >1

We have
m—1 i  n-1 i m-1,  n»lp - 1 . « 1 o . J L  ±*1*“- a

nmn I / _  pn +" n 2_ mq “ mn / pq »
p-1 q-i .p>q-  i

hence, for m >n ,

p s — l°fL£ - J L  log log qian m mn '
q= 2

(3-2*0) - -i- (n log log n - log log q)mn x__
q*2

n-1
We now estimate log log q

q=2

We hare

qO < - l log log x  dx +- log log q
q-1

log ^ S J t d* <  log i°£JL„ log X * log(q-1)q-1
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log (1* q-1) <log (q-l) (q-l)log(q-l) Q / - 1  
I q log

Hour, suraming over q from 3 to n we get

f  nO < -J log log Xds+^T log log p - o  JJL 1
plog p

and, Integrating the first term by parts 
n a ,nr "  n r( log log x dx “ x log log x «. V

-'o o )

dx
log x

- n log log n - 2 log log 2 -
a dx 

log x

Estimating the last term, we get

a dx
2 log x L

a

fis
dx

log x J l +  I 2

! l <

I 2 <

(Ff o(n)
l o g ^

J2  = o (a)
lo g JF

Hence
n

/L log log p - a log log a 
3

z  ° ( n)

n
(3.2.1) log log p * a log log n +- o(n) 

3

60.

©(log n)
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Substituting th is into (3 .2 .0 ) we have

R ■ -i- (n log log n - n log log n +- 0(n) )ran mn » »

■slsl ->  o »,n ^mn

We thus have R summability.
The series is not (C,l) summable for

(T 1 ®*5ran = p  log log q
p,q=2

n
= 1 y  log log q —

a q3̂  m,n -=» **=

Hence, R. and (C,l) summabilities are overlapping methods. To 
what extent they overlap is an extremely interesting but open question. 
Are there double series whose partial suras are bounded that are R. summa­
ble but not (C,l) summable? We intend to consider this method much more 
fully at some future date. Our interest in R. summability is centered in 
this paper in the following theorems 
Tteprera (3.22)

If Z_  c£, <<*=> and if the series /  C (x>7)pq   pq ' pq
P>q"l P ,q-1

v*; i with partial sums Siari(x,y) is summable R in a set E, I E|? o, to a
function S(x,y), where j ^q (x,y)̂  is an orthonorraal system, then
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62nun
(3. 2. 2) J L  |spq(x,y) -S(x,y)l — =? o

mn / — ' m,n-=?^
p»q=i

for almost every (x,y) *■ E.
PROOFt

We shall need the follovdng lemma.
Lemma 3.6

If G^ < ^  i the seriesp,q = 1 pq

(3-2.3) [Spq(x,y) - B ^ y ) ]  2
p»q= 1 pq

converges for almost every (x,y) in the interval (o,l).
PROOF:

Since all the terms in the series (3.2.2)are positive it is 
sufficient to show convergence of the sum of the integrals of the terms 
of the series (Lemma l.l), i.e. we must show

(3.2. U) \  \  Lsrs(x,y) -Rrs(x,y)]2 ^ ^
r,s* 1 E rg" ^  dy

We have
m.nS - R -  ' f ' -2S.' A (x,y)mn mn - mn rsr,s- 1

Ars (*>y) s Crs lf>rs<x,y) 

Substituting into (3.2.1) we get

X  ^ ( S s ^ y )  - ^ s  <x >y> J
r.s* 1 c rs

dx dy
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Ir,s=l

rs
£

p^q^i

m
r s pq dx dy

/

r,s*l p,q-i
Pgqg c2 
r 2s 2

because of the orthogonality property of the (x.y).rs
tp

Z I
p,q~L r,s^p,q

-  Z  % cpq p2̂ "
p,q=l

1
P P

*50

T _  C2 < ~

p,q*l pq

(3.2.5)

Hence

Y_  [ s r .U ,y >  -  » , , ( * , r ) ]  ,  „  p .p . t a  i

r,s=l rs

Applying (lemma 3.1*) to (3.2.5) we get

(3. 2.6 )
m.n
Z  j^s r s ̂ x »y) ~®rs = 0 ^

r,sJ=l

for almost every (x,y) E.
We now can prove our theorem easily. We set

Srs(x,y) - S(x,y) « <srs“ W ^ ^ s

by Ijyp.
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and, apply tog Min&owski's inequality (Lemma 1.1*)

1_
am

m.nUii ;
Srs(x,y)-S(x,y)|

r,s=l

m.n
-I m>n J>r \
i _  m

rJiPCL

H -S rs

The first term is o(l) by (3.2.6) and the second term is 
o(l) by hypothesis.
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