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" INTRODUCTTION, .

The following Thesls offers a generalized treatment of

the extended forms of the so called Pythagorean numbers and
offers proof of the exlstence of integral solutions of such num-
“bers in the general quadratic realm of algebralc numbers, Invest-

igation has been made by Dr, Harris Hancock"regarding the solutions
2. .

- of the Diophantine equation 'é + 7 ‘= éke It will be shown in
the following that in the quudratic realm of rationality there

exist 1ntegral solutions of all forms of quadratic Diopﬁautine

equations in any arbitrary number of unknown quantities.

An algebralc integer in the quadratio realm of rational=
~1ty 1s defined as the root of an irreducible quadratic equation

of the form

‘ 2 '

(1) t+At+B =0, |

where A and B are rational integers and where the qopfflcient of
t 1s unity; The following 1nveétigutioub should therefore be

based upon éh«equation of form .(1). It will be seen however by

‘dnspection that the following two forms of the quadratic, viz:

S fo \ t 3
(2a) xﬁ~§x-a1= 0 o ‘with the roots f@la 4 k%gi:;;;
and '
(2b) x-2ax—a =0 with the roots  §,,~ @ 2/a+a,
'Integral‘SOIutiohs of the Equation in Iionville's

Journal page 327 ff,
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lead to the same results,and these results will not be effected in
any way whether we use the positive or the negative sign of the

root. For brevity we shall therefore base our investigations upoﬁ
quadratic equations of form (gb) ;nd use the positive sign of their
roots.

Before attempting to prove the existence of algebralc
1ﬁtegral solut%ons of Diophantine equations in the ‘quadratic réalﬁ
of rationality of the kind defined above it will be of interest to

first examine some of the integral solutions of Diophantine equa-

tions in the realm of rational numbers,

I.° To solve the equation xL+yz= zi‘ put _with Kronecker #

x=2pqt; ¥ = (p=g)t; z = (Prd)t;
where p and q are any two integers relatively prime to one another,
p >q>0, and t any :lnteger)O e.g: |
take p=5,q=3,t==1; it follows rSO ;y-16'z=34 and {l)+16=34

or p=7,q=4,t=1; 1t follows x=56;y=33;2=65,and 56+33=65,a.§,o,

II, Applying the previous method to the form

. 2. 3

X+y: = ZHV = w by putting

. 2 | - 1 _l )
. x = 2pqt;  y = (p=q)t; w = (ptq)t;:
z = 2mt; v = (m’-‘-nz)t; w= (m’%n“)t;
where p>.q>0; m>n>0; t>0; |

. o
we find the equation p+q = m+tn; e.g

# See Dickson: History of the Theory of Numbers
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1.

take 'p =8; q=1; ‘m=7; n=4; t=1; it foilows:
, uE ;
6; z = 112; v = 66 and 82+ 126 = 112+ 66 = : 16900,

Another method of determining numbers of the formx y=2z v
1s given by Diophantos (book IXX,22) where he shows how to obtain
four right triangles with equal hypothenuses; €.z

Let (3, 4, 56,) and (8, 15, 17,) be the sides of two right triangles

‘Multiplying the first group:by 17 and the second grdup by 6 we find
two-triangles with equal hypothenuses, viz:
' (61, 68, 85) and (40, 76, 86):

. 2 L %
and since 85 = 6,17 =9+2 = 7+86,

' 2. 2. 2 L N 2 2
we have 86 = (9 = 2)4+4,9.,2 = 77+ 72
1. 2.
and - 857= (7 - 6) 4.,7.6 = 13"+168.
) R % r 2 2. R L t % ’
Hence 77 +72 = 13+168 = 51468 = 40 + 75 = 85,

Numbers which satisfy the equation p5+qf= mﬁfﬁrare easlly proocured

: by'trial (with a table of squares); for every prime number of the

form p = 4nt+l=or more exactly (according to Gauss' theorem #)e

every prime number of the form
2 8 y
8— 2 oQopl Loocooopve,
where p,,,p,.,...,pv are factors of the form 4n+1 . with any arbltrary
exponents €€ yeesye,and where Q is a product of factors of.the

form 4n+3 with even exponents, may be represented as the sum of two

squares in one or more ways.

# cf, Disquis, arith, V, 182, note.

Sommer: Vorlesungen tiber Zahlentheorie pag, 124,
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If the product k = (e+1)-(esl), .+.(etl) 1s an even number there are

k/2 ways of solutions; if k is odd the number of solutions is |

(x-1)/2, - For example the integer 1105 = 5,13,17 can be decomposed -

in 1/2(1+1)(1+1)(;l+1) = 4 different ways, viz:}w Exmﬁ& (-“}
. . . ‘ r 1 ag 69.
3344 = 82+9 =.31+12 = 24+ 23, pag 6]

- . . 2%* 1.

But the integer 4225 = 5,13 can be decomposed in (k-1)/2 ways,

63+ 16 = 36+ 25 =

h k= (241)(2+1) = 9,1,e,1in 4 wa 1z: v +
where .(+)( ) si.e.1n wys,vz§56p+33.=52+39:_

III. The solutions of an equation of the form

- 2 2 . L
xA+x1+!..+......—(- X = Ve ~

& -

the sum of the left hand side contalning any number of.' squares, can
always be determined. One method is this :# ,
: b
-az,'+ a:}a;‘-f. oo .#a: ’ where(a:'+ a:+ eoent a: )= v,

Let x
and x = 2a',ar(r = 2, 8, 4,‘ coson);

£henzx:‘ 1=1, 2, 3, ....n)“wii.ll satisfy 'v?

hence we have 1to assign any arbitrary values to the a's and calecu-
late the x;,,xL,xs,....x,‘.r-‘e.g:

‘ T 2 Lo 2.
To s0lve X +X,+X+X +X = V, |

let a=2, a=5, a = 1, 8 = 4, a= 63 .:l.t follows
x==-4 5 1 4 6="74 )

x = 2,2,5=2; x=2,2.1=4; x= 2,2,4 = 16; x = 2,2,6 =2%,
2 3 Yy s

and it is

-,

b P T 7. N . 2 L 1_.1_ L&_
74+20+4416+24 = 82[= v = (2+t5+1+4+8)

#gee: Dickson: History of the Theory of Numbers, II,318,
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Note that thls method may also successfully be applied in order to

find numbers whose squares may be decomposed into the sum of three

(or more) squares in one (or more) ways. e.g:

14348 = 31447 = 74 =

Usling the previous method we find for

a=1, a=23, a=8  x=%2 x=6, x.= 16

1 ’» T2 ? 73 1 2, 3
and for
a = 3, a = 4, a3= 7e x, = 56,x’_= 24, x,= 42,

and 1t follows _ _ . ..
2 1~ 2. (N 2 1 2.
= 72+6+16 = 56 +24+42 = 74, : '
Again, take

1 v 1 L YO VR & 2 )
14+424+4+4+18 = 1+t3+6412 = 4+5+7 +10 = 190 = v .

, Here we obtain for

-and 1t follows
-~ . (R
= 188+4+8+26 =
= 188+6+12+24=
2
158*4D+56+80 = 190,

An other method of solving the previoa form would be:

’ T 2 1 7. !
.‘{ To solve: xX+Yy+2z = v, write x+y = w; then: ~w+ z = A 2 1
| Let 'x =.2pqt . and: w = 2mnt;
= (pL-(bt; zZ = ’(mtﬁ')t;
2, h -
w = (ptq)t; v = (min)t;

4
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1 2 .
it follows that p+ q = Rmn, where p>q; m>n; t>0 and p-and q

‘both even or both odd.,~ e.g:

Take P=6;qg=2;m=06;n=4; t = 2;

48; y = 64; z = 18; v = 82;

N 2..
and 1t 18 seen that 48 +64+ 18 = = G724,

1t follows that x

IV. Both the preceeding methods may be applied to the form

e L.

2 “ % . % %
X+4y+2 = v+u,= By writing v+u = wthe form reduces to that of

%

' b ta L - R \
III and I.~- ﬂgain by writing x+y = w,and' v+u = W we have the relations

L L %
mtn = k+1

v 1 : - A e
ptq = 2kl } . x = 2pqt; z=(k-1)t; u-= (m-n)t;
where _

A P }
y=(p-~q)t; v = 2mt;

e.gt take m=11; n =83 k= 13; 1 = 4; p = °q=2;
it follows that |
‘ x=40; y = 96; z = 163; v = 176; u = b7;
~and that is
. - - Ll S .
40'+ 96 + 163 = 176 + 67 = 185 = 34225,
Ve VWe may finally consider the forns
- - v 1 -, 2 - v - - 1
gc‘-hw,‘v‘ +Z+V =r+8 and X+ty+z =vtr+s,
wh,ich may be solved by putting B
1. . L2 »
x+y and ' xX+y = v
1 = 1. 2.
z - +v =8 r+s = 2z,
Foréxampletake x=5;y=12; r=13; z = 403 v = 9; 8
L 7 + 1 - .
it follows that 6+12-+40+9 = 13+41 = 18560,
Agalin take = 33; y = 66; v = 65; r = 3; =43 z
b % L > 1 k2 T 1.
it follows that 83+56+5 = 656+3 +4 = 42560,
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‘

We shall now proceed to prove the existence of integral

IR (A ;L -« .
solutions of equations of the forms f:—fq ERTEE +C t -~

in the quadratic realm of rationality, We shall first treat the

following seven casest
1, §%p= $x T
2, §% p e "= T
3, §Yrp e +T =
4, éb-f. 1]"-¢.ZL= '(“'flo
B fhepte 3T TP RO
6. Fupte3Ta T PTAC
7o feptests TP 4O

The general existence of éuch algebralc 1nteiers will first be

demonstrated by three different methods and the results obtained

thereby will then be applied to the general case in the universal
quadratic realm of rationality.
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v

1V,~ - General Solution of the Equation ?-(-7 $oee 2 G Ot

in the Quadratic Realm of Rationality

An algebraic integer of a quadratic realm as previously

defined in the root of an 1rreducib1e equation of the form
. o

(1) t +At+B =0,

2 .
the coefficient of t being 1. and the coefficient A and the absolute

term B being rational integers, The special results obtained here-

to fore regarding the properties of such algebraic integers allow
us to extend our investigations to the general solution of the pro--
blem by proving the N | |
Theorem: In every quadratic realm of rationality there exists

an infinite number of integral solutions of the equaa

L N L v
tiony} §+7 R O R G

Any algebraic integer o of a quadratic realm R(VE ) -

t being any (positive or negative) rational integer not containing

a squared factor = may be represented in two forms - -
(11) « = a+bft and X = a-(-'b/—g—/-—r

where a and b are rational integers and where
t = 2(mod.4) or = 3(mod.4).
and

t = 1(mod.4) respectively.
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All algebraic integers may further be written in the linear form
X = X lty,w

where 1, «w form a basis of the realm and x and y are rational

integers. In the first of the two cascs. (11) w=)t , in the

1+/€
2

gecond tw= -

It is evident that the second of the above two cases,

viz:ﬁ w= % t) is involved in the first one//, w = /Fi‘—).; for
«= g9, /-f//— .ijj,+j,/‘— /—-

— = j +j,
It is therefore suff‘icient to confine the following investigations

to the first case only, viz:

§ = 7+2 V¢,

where g, gt are rational integers, t mnot contalning any squared

’ . 4 2 .
factor and where § is a root of the equation x -~ 29': -a = 0.
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