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I N T R O D U C T I O  N.

The following Thesis offers a generalized treatment of 
the extended forms of the so called Pythagorean numbers and 
offers proof of the existence of Integral solutions of such num­
bers In the general quadratic realm of algebraic numbers* Invest­
igation has been made by Dr.Harris Hancock * regarding the solutions

r  2. 2.
of the Dlophantine equation c + V - S * It will be shown In

i

the' following that In the quadratic realm of rationality there 
exist Integral solutions of all forms of quadratic Dlophantine

equations in any arbitrary number of unknown quantities.
An algebraic Integer In the quadratic realm of rational­

ity Is defined as the root of an Irreducible quadratic equation
of the form
, v a.
CD t + At + B = 0 ,
where A and B are rational Integers and where the coefficient of

t is unity. The following Investigations should therefore be 
based upon an equation of form (1). It will be seen however by 
inspection that the following two forms of the quadratic, viz:

(2a) x~- ax - a,= 0 with the roots , =,4 Z

and
(2b) x^-aax-asO with the roots f, <*</f JL »

*Integral Solutions of the Equation In Dlonville's

Journal page 327 ff.
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lead to the same results,and these results will not he effected In
any way whether we use the positive or the negative sign of the
root. For brevity we shall therefore base our investigations upon 
quadratic equations of form (2b) and use the positive sign of their 
roots.

Before attempting to prove the existence of algebraic

Integral solutions of Dlophantine equations In the quadratic realm 
of rationality of the kind defined above It will be of interest to 
first examine some of the Integral solutions of Dlophantine equa­
tions In the realm of rational numbers.

I? To solve the equation x*+yZ = z^ put with Kronecker * 
x = 2pqt j y = (p'-qH; z = (p’tqH;

where p and q are any two Integers relatively, prime to one another,

P><1>0, 8114 t any integer>0; e.gt
x l.  2.

take p=5,q=3,t=lj It follows x=30 jy=16;z=34,and 30*16=34
2- 7. X.

or p=7,q=4,t=lj It follows x=56 jy=33;z=65,and 66*33=65,a.s.o.
o

II. Applying the previous method to the form
•u a - x. %. 2.x+y = z*v = w by putting

x = 2pqtj y = (p-q)t j w = (p’+qH;;
z = 2mntj v = (m-n)tj w = (m+n)tj

where p >. q > 0 ; m > n > 0 j t > 0 •
X X 0- 1~we find the equation p + q = m + n; e.g:

i
* See Dickson* History of the Theory of Numbers
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take, p = 8; q = 1; 'm = 7; n = 4; t = 1; it follows:
Z a- l. z.x = 32} y = 126; z = 112; v = 66 and 32+126 = 112+66 = 16900.

Another method of determining numbers of the form x y = z y< »
is given by Diophantos (book III,22) where he shows how to obtain

four right triangles with equal hypothenuses; e.g:
Let (3, 4, 5, ) and (8, 15, 17,) be the sides of two right triangles
Multiplying the first group, by 17 and the second group by 5 we find 
two triangles with equal hypothenuses, viz:

(51, 68, 85) and’ (40 , 75, 85): 
and since 85 = 5,17 = 9 + 2~- 7*+ 6,
we have SS'= (9~- 2) + 4,9^2*= 77*+ 72*
and 85**= (7X- Ô) 4 . 7 ^  = 131+168j'
Hence 77*+72*= 131+1681= 51+68^= 40*+75^= 85.
Numbers which satisfy the equation p̂ - q1" = m*+ n” are easily procured 
by trial (with a table of squares); for every prime number of the
form p = 4n+l-or more exactly (according to Gauss' theorem *):

every prime number of the form
va = 2 •Q.,^pL • • • • • *p̂  e, 

where prf >PX>»*»>PV are factors of the form 4n+l with any arbitrary 
exponents ê  ,ex ,,.,,e^and where Q is a product of factors of the 
form 4n+3 with even exponents, may be represented as the sum of two
squares in one or more ways.

* cf, Disquis, arith. V, 182, note.

Sommer: Vorlesungen uber Zahlentheorie pag. 124.
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If the product k = (e+1)-(e+1)....(e+1) is an even number there are1 * y
k/2 ways of solutions; if k is odd the numbert.of solutions is
(k-l)/2. - For example the integer 1105 = 5,13.17 can he decomposed.
in l/2(l+l)(l-H)(l+l) = 4 different ways, viz:| oet ̂ ioujû U [xi]

. a i. i- i. ». >- t- i f hdtf 6(j.33+4 = 32+9 = 31 + 12 = 24+ 23. J ' * '
i

But the integer 4225 =5.13 can he decomposed in (k-l)/2 ways,
63+ 16~ = 36*+ 25*" =( 63where k = (2-fl)(2+l) = 9,1. e.in 4 ways,viz :i

I 56 +

III. The solutions of an equation of the form

33l'= 52*+ 39 ̂

& +*2+*a.+.»..? • *«•+ *,1 = y* 
the sum of the left hand side containing any number of squares,can 
always he determined. One method is this :*
Let x = -â "+aJ>a]+..,.+aJ' , where(aj"+ a%-...,+ a£ ) ‘, i =  v,
and x = 2alaf.(r = 2, 3, 4, ....n);
then ̂ x^T (i = 1, 2, 3, ....n) will satisfy vt
hence we have to assign any arbitrary values to the a*s and calcu­
late the x,,xr,x3,....x?t.- e.gi

1m 2. Z, ' V  - ^To solve Xj+Xj+Xj+x^+x ŝ v,

let a = 2, a = 5, a = 1. a a 4, a a 6i it follows-f f i . 9 - b f t sr

X = -4 5 1 4 6 =  74 -4

JL
and it is

X = 2.2.5 = 20; x^= 2.2.1 = 4; x^= 2.2.4 = 16; x^= 2.2.6 = -2y;

i— t_ i~ i~ »- »■ , ^74+20 +4+16+24 = 82/= v = (2+5+1+4+6) J

*See: Dickson: History of the Theory of Numbers, 11,318.
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Note that this method may also successfully be applied in order to

find numbers whose squares may be decomposed into the sum of three 
(or more) squares in one (or more) ways, e.g:

X. L- Z- t. X-1+318 a 314+7 = 74 = v.
Using the previous method we find for

a = 1, a = 3, a = 8: x = 72, x = 6, x = 16I “ J T O
and for

3' a3= 7r 56*xtf 24> xj= 42>
and it follows

2. Z  -U *- I- J- 1- J.V = 72+6 +16 = 56 + 24+42 = 74,
Again,take

t -  %. T- I.1 + 2 + 4 + 1 3 =  1 + 3+ 6 + 1 2 =  4 + 5+ 7 + 1 0 =  190 = V- *

Here we obtain for
a^= 1, a^= 2, a^= 4,av = 13: x̂ = 188, xt= 4, x̂  = 8, xy= 2<?)

a = 1, at= 3, a5= 6,â  = 12: x, = 188, x^= 6, x^= 12,x^= 2V-}

a4= 4, at= 5, a3= 7,&v= 10: x, = 158, x^= 40,x3 = 56,x^= 8 0 )

and it follows
X  1. T.
v = 188 + 4 + 8 + 26 =
= 188*+61 + 12V+24U=
= 158^ 40l+ 56*+ 80 = 190.

An other method of solving the previos form would be:
7. -l. 1~. t. l~ »- . I- . *-To solve: x + y+z = ▼, write x + y = wj then: = v;

Let x =. 2pqt : and . w = 2mntj

y = (p-q)t j z = (m-n)tj
w = (p+f)tj v = (m+n)tj
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X XIt follows that p + q = Sum, where p> q; m>n; t>0 and p and q 
/both even or both odd,- e.g:

Take p = 6; q = 2; m = 5; n = 4; t = 2;

It follows that x = 48; y = 64; z = 18; v = 82;
X  X  X  Xand It Is seen that 48+64-+18 = 82 = 6724,

IV. Both the preceedlng methods may be applied to the form 

x%yl+z*'=: v + u.- By writing v*+ u = wthe form reduces to that of

III and I. - figain by writing x+ y = w; and v+ u = wwe have the relations
p1* q = 2kl
X x- 1, xm 1 n = k + 1

X X  x x~
x = 2pqt; z = (k-l)t; u = (m-n)t; 

 ̂where v
y = (p-q)t; v = 2mnt;

e.gi take m = 11; n = 8; k = 13; 1 » 4; p = 10; q = 2; t = 1;
it follows that

x = 40; y=96; z = 153; v = 176; u = 57;
and that Is

40% 96%153""= 176%-571" = 185*“= 34225.
V, We may finally consider the forms

X  X - X  X  *X , X  X  x - X  1-' . 1_x4.y + z+v = r+s and x + y+ z = Tf r Is,
wh(ich may be solved by putting

x x u '■ , x z x.xfy = r and x+y = v̂
x , X  X  X  Xz +■ v = s r + s = z.

For example take x = 5; y = 12; r = 13; z = 40; v = 9; s = 41;
it follows that 5-Fl2 + 40-f9 = 13 + 41 = 1850 •
Again take x = 33; y = 56; v = 65; r = 3; s = 4; z = 5;
it follows that 33% 56% 5 %  65% 3% 4 = 4250 •
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We shall now proceed to prove the existence of Integral 

solutions of equations of the forms 5 = S * ’

In the quadratic realm of rationality. We shall first treat the 

following seven cases:
1. * 2- f + y =

VI/ —s * *
2. i + ^
3. £ -* <- =- (°

4* c c
s y

V t- ^ >- 2-$ = c P

5. t L L/
i + *)

6. * L. ^? -f J ^ 5 ^  ?". ^  < r ''

7. f b  L*S ^ 1̂  U  to
£ = 7 -F -#6"

The general existence of such algebraic integers will first be

demonstrated by three different methods and the results obtained

thereby will then be applied to the general case in the universal 
quadratic realm of rationality.
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&r? CfyOCAŝ f'ctcs? £E»c<̂  &CCt/f 2~C<L̂ £*2 - ytr-Cr& &L£ 3 <Socc*_£

&4 z2i fA< C&si€, 4-< AO/V-t Co-YY^O/6 do ddu. G$Cc aft'tO oi

dO/ ft-) CL«J? £l) ftlt fAy-ec t-ndadl &t*4 ~ :

d ft)  ° ^ a / 71 -f- z d , y 2 ^,J/S, y4. W"<•?<*, y ^ y  2<,j/c /'-tc t. Z<d, *~*<dc'f2</(j £ ^

( a )  ± Q , \ a t  + 2  d, \. 4  y- 2 c , Si cL - JZ<d,

d f l )  + ^ t/d , y ^  y- <f / ^ i. * C « ' , ^ y i

W  / f i 7 T . « l f c Z  6Lc<J- /c , *V c, » f r /c c T d ^ ,

ftdoy< /?? < * W ” <2̂ c d*ro y-tfSdt o tt-aed jc y. csys ~,

df" ̂ th& C rinr ^ Y D U i f t 3- J  

/ / f j  f  #,-? f̂ Stt J  j/a, 41 ~ ^^/~~ct h j/<d, y^t , .

^ /6  J  <ft y ^  fa - d f ~ 0  ft O-Y' td, ~ $  /*r -*■ <?f /i

£oc~

•

^ / < J « * » £  ferz>-<L&4A <2*o c*t /A * /6y&w'ox<*4 Cglsoc de&sC&r <*e>
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<2*« *-fyc*.a~jt~e'(n«. /Aror^A en̂ c a^.oAAcV'■ -/Ac^’k o-A f-co4*£&- vAAitA <£4~c.

A<2s3 *A^un* AAc aec^u; jAo^ c.u Aa- A  -Cp^oOAf'c^cS Osy-t (AAc^Ad'cA-A 

4̂ cZ~A AAtrit, o^f /At jA'rvA

/  ° ^  %  y  *«• j~ L-& c L
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{ * 6 J  - + c , t i  ~  = r  ^

&^L~Ls<S~

/ ~4r &1. ~/~ ^  » ?  - / •  ^ C ,  ^ t Cf h  -f- o^Cf y  -f- Cx, —  ^  0  —

-  - ez =■ ^  ̂  ,
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/J t j 2 # , S -f- s *

&̂6do-v-t /î rzTxcjtecsyt u&-*r /azj$.< ft £/<-< //ic*'

4̂ -̂coff't'oH. /&<. •’

/ °: Cf dt̂ cJ'cx /k €jC/)'kx>4£4}' J/*j( hd//< o h <l/ I cfĉ r

’ ■?»,»,/), £,r, S
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* ,  ^ / C v <  -  ^  * / y ^ v T V t  i 4 ^

   __________

*? 4<t, * J//?^/e^L * <: ,

/yy */'" ^  ■*■ 5
4  * &<*, + ̂ .

(Lee*/*

fr V J  a , <2t -  V Y d  v  </*. )

&sc<*/~ s U c ^ o J * i £ c  i>&Ze*^4~Y^dya^td' -fit d,Lycs2/)* Jrisz*, / 
{YfJ JZa, S t- dt *  y '-oSl y S *■

^laAriy Y  szfC'ajliu &  a ^ S  -e^ASi'.^ ya^'m^U
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(2earf f/c< ô££o'tsy'<̂ j t-xr-V-*£\' yxsQ /

I  ~ / / O  -f. 2 r {  s /j}2, f  Z o J /ftJ  p  - YJLZ y  ro /Z ry

3YG’^^roj/7:J  r~ 22 ■+ r ̂  ft

erf Crf

£ ^  V  r 1 ~ 3 6 f p e < t  +  v -ji z - o o  - f t 2'

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



)rCA 1L( fzcJt'c (rz-̂r &* ’/'AjU f>1~tt/1 trc<̂  .

< 5 & S
f£ 6 J  . ^  «  / « 7  f  •;?

p  - ft Z -t <£.

$• - r-T -*. 5

)} -- /£ TV //, 40*V<- to, h) 2" ^  ^  KaTtbutU <'ccfc.j?cn-
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ALAt/j ccjf (rz^cx Uo<ry-c epec « u /t 'etc /o  /A. &-i< & -/*-/* ^  A/a  y-cifi o~c< '̂

COACfi fy t'/ ••
f \ ___ _

6 < ) $  *■— 2 S — *■ ° //?'// /Ac 7-v-er/ 6" - ■+ /Jr+Ji. ,

/rC c/eyz'tz-c c A o  /ay-tw  Au

//An'(% A i/A f ̂ iro-cf a^A/ /A. re< c â o €ss •' ||
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â <y y/yj fa>y yn) w  y/6 j

4,*V; << = -/; *, = /</ <  = - f.

\Y7lC. yzrtr̂t’f f-CAtesYfa 1

% * + 3.r = ff $ s /<?+ S' = 2. r

y *'-/ *2tS = $ r.' - /
i

(xaa ĵ a ’
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JL V *~  General Solution of the Equation

In the Quadratic Realm of Rationality

An algebraic Integer of a quadratic realm as previously
defined in the root of an Irreducible equation of the form

2-

(1) t + At -*• B = 0,
the coefficient of t* being lland the coefficient A and the absolute 

term B being rational integers* The special results obtained here­

to fore regarding the properties of such algebraic integers allow 
us to extend our Investigations to the general solution of the pro­
blem by proving the
Theorem: In every quadratic realm of rationality there exists

an infinite number of integral solutions of the equa-
, c l .  *_ st,tiori;! § -+•? •* a £ -?•<•-*---

Any algebraic integer o( of a quadratic realm R(V̂ t ) -

t being any (positive or negative) rational Integer not containing
0

a squared factor - may be represented in two forms
a - f t(ii) a( =* a-t-b/t' and = a+b

where a and b are rational Integers and where 
t S 2(mod* 4) or 2 3 (mod. 4)

and
t 5 l(mod,4) respectively.
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All algebraic Integers may further he written In the linear form 

<* = x.l -f y. co

where 1, co form a basis of the realm and x and y are rational 
Integers* In the first of the two case's. (11) W s / T  9 In the

, /+/Fsecond co - — -—X
It is evident that the second of the above two cases, 

viz:^ co~ Is involved In the first o n e co~ ft) j for

It is therefore sufficient to confine the following investigations 

to the first case only, viz:

I ” /  *3-t ft>
where g, g^t are rational integers, t not containing any squared

C '  A M-factor and where t is a root of the equation x - 2ax - a = 0.J /f 2.
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