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v

Introduction.

In Volume 22 of the Amerlcan Mathematlcal Soclety
‘Gelloquium Publications C. N. Moore [ﬁ]* established for
‘bounded, convergent double and multiple sequences necessary
aﬁd sufflcient condlitions for the existence of non-factor-
_able sequence to function transformations of a very general
nature, and he also established for convergent, double and
~multiple series, having bounded partial sums, necessery
égﬁ sufficlent conditions for the existence of g general
inﬁnvfactorable convergence factor transfofmation of type I
gggé'of type II.

| As early as 1922 T, Kojima [4} stated for unbounded
double sequences which‘converge in Pringsheim's sense
 §§§easary and sufficient conditions for the existence of
 £§§-factorab1e triangular matrix transformstions which pre-
sérve convergence, as well as transformations which preserve
jaiso the sum of the sequence. The conditions which he was
~ forced to impose upon the elements of hls matrix of trans-
‘férﬁation are of course very stringent,
In 1931 C, R. Adsms [1] showed that if the elements

0f the non-fgetorsble trisngular matrix of transformatiocn

| Qated by KoJimg satlsfy the Roblson-Kojima set of necessary

* Numbers in square brackets refer to bibllography.
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fgnﬁ;sufficient conditions that the transformation be regular
ror bounded sequences, then that transformation is also
1nggu1ar for a large class of unbounded sequences which he
‘inﬁroduces. In the same paper, he shows that i1f one assumes
~the transformation to be factorable, then it 1s regular if
‘thé transformed sequence is bounded.

 In 1032 R. P. Agnew [3] stated that a sufficient
condition for a factorable trianguler matrix transformation
which 1s regular for bounded convergent sequences to be
 réga1ar for unbounded convergent sequences is that the
7§#§h§formad sequences be ultimately bounded. The followlng
ﬁ;é;%, Co R. Adems [B] showed by means of an example that a
'nen-factorable triangular matrix transformation which is
,vegular for bounded sequences is not in general regular for
faenvargent unbounded sequences when the transformed sequence
Eis either bounded or only ultimately bounded.

| The present work degls in part with non~factorgble

, é@uare matrix trensformaetions which are regular for bounded,
 epnvergent sequences and which are of the type considered
755'0. N. Moore., There are stated conditions on the sequence
té function transformations which preserve the sum of the
;gigguence, as well as conditions which preserve only its
;;savargence. The corresponding theorems for convergence
factors of type I and of type II are also given; and the
 #haorems on double‘sequences~and on double serles are

_generalized to theorems on multiple sequences end multiple
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series, Finally, the work of C. R. Adams on double sequen=
:§egﬁis generalized to s more general type of non-factorable
7t§hns£ermation, the corresponding theorem for double series
is established, and both theorems are generglized to the
maltiple case.

| In conclusion, the writer 1s very happy to express
;?éﬁ% his deep gratitude to Professor Charles N. Moore,
!Director of Gradugte 8tudies in Mathemstlics at the University
:of Cincinnaﬁig for proposing thls problem and for offering
jmﬁﬁh‘encouragement and many valuable suggestions during its

investigation.

Kenneth Ce Sehraut,
‘University of Cincinnati,
April, 1940
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PART I.

Double Sequences and Series.
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 1. Sequence to function transformations for double

f uénceS of a certaln class (Z%:éf

We are given(a double sequence;
!iu>’ {Aﬁ} (1,5 = 0, 1, weo),
5§§§§erging to4 and a doubly infinite set of functions,
1(2) {5”,;,- ‘“)} (1,5 = 0, 1, «o4),

;ﬁéfined in a set of points E( «) in g space of any number of

mensions with coordinates real or complex.

Moore ! has shown that a necessary and sufficient con=

‘dition that the series

k Moore, C. N., Summable Series and Convergence Factors.
ols 22, American Mathematical Society Cclloquium

?ublications, 1638,
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‘ﬁhe're K(ex) is a positive function of o defined for each
' o( in E(2).

We wish to show that the condition (A" ), is sufficlent
for the convergence of 1(3) for sequences 1(1) which need
;‘1%';0*!; satisfy so narrow a restriction as 1(4) but which do
,sé;tisry two alternate conditions stated below.

We make the two following definitions:

DEFINITION 1.1, Set of functions of class (77 )& o

' The set of functions 1(2) is of eclass (/m) if the

trunctions of the set satisfy (A )‘_L

DEFIHITION 1.2. Seguences of a certain class (X )P

: The convergent sequence 1(1) is of class ( 0[)1_ rel-
a:kive to a given set of functions 1(2) of class (& )7_ if
the following two conditions are satisfleds:

(dn)L The sequence 1(1) is such that the series on the
right of

15) @(“(o() = Z (Z Ay cP‘.J.(u))

the“ right of

1:(6) | i;l)(u{) f (f 4-{!. ‘PL\J. (x))
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aenverges for esach & in E(® ) end for all q >q, .

k ~ Let us now show that the set of all sequences 1(1)
of class ( a/)L relative to a given set of functions 1(2)

4\ ef‘ class (.« ), includes all sequences satisfying 1(4) and
oﬁhers as woll., One must show that if 1(1) satisfies 1(4),
then conditions ( «,), and ( x,), are also satisfied for
.yi‘rﬁmctions 1(2) of class (M), « To show that 1(5) conver=-
;‘ges , we have but to show that for eny € >0 there is an

m D p,such that

Z(Z AIJCP (d)) 4 € (for all /u> m))

iem J*°

~ Assuming 1(4) and (A*)»L » we have for any & an m > p, such

| /‘Z;(JZ_OA A («))} Mgé(:/%lwl <M =6

: fm:' all M > m. Similarly, we may show that 1(6) converges
by;;:ﬁhowing that for any € >0 there is an A 770 such that

|2 (2%

We now exhibit a sequence 1(1) which does not sat=

¢ € (fér all V>h).

~1sfy 1(4) but which is of class (X ), relative to a glven
get of functions 1(2) of class (A )L
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We define
1(7) A‘:bz i ’*' 2 » (i = 0, l, Oo.),

A =0 , (all other 1, j).

CA
1 8 4 (o) = — (i = 1 2: 000) ¥
( ) ﬂo ) l'(‘-f-l)([‘\‘".) 1 4 2 )
? c(O‘) - =X ‘ ’ (5 = l’ 2’ 00-),

OJ J'(J'{-g)(J'f‘l)
fuid =,

90‘,.(0()4 i

S+ Ctqa)(C+ T2
d (LJ THK 1 ), (all other 1, j).

Condition (&, ), yields

BN (l) = oo Q*Z)d
 ,\; 1(9) ‘;{/’ %b (jz:o-% .J(*)) ;/5 (c -H}{u—.z) J

which 1s certainly a convergent series for p > 03 end

eondition ( X, )z._ yields

) c/w( 9z 2 ( ‘Z 4y ) =0, (1 9
2 e

(A

We now show that the series 1(3) converges for each

in BE({) for all sequences 1(1) of class (d)z relative
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"{jﬂ'ﬁg;zgygiven set of functions 1(2) of e¢lass (’%)9_ e If the
“,s:e‘guenea 1(1), converging to 4, 1s of class (0[):__ relative
to a given set of functions 1(2) of class (d)z , One can

clearly see that the sequence
- :—:_ S .. . =

18 éiso of class (0{)=L relative to the same given set of
"'fﬁnctions 1(2) of class (’ﬂ)a_’ and conversely.

To estgblish the convergence of 1(3) for sequences
: l(l) converging to-d and of class ( a>z, relative to a
given set of functions 1(2) of class (.£), , 1t suffices
te show that for any € >o there gre numbers p and g such

that for allm > p and all n > q the expresslon

n.q P, 0 M, h
:~:;5,,1(12) / Z +Z t Z quo (u)/zé

P*“O OJ?'P'/ P.,;l‘q.’./

~for all & in E(H).

Given any € >o , we choose numbers p, , and qa,, such
that for ell 1 > p, § > g
1018) 1S, ] < =
i ‘] 5Kix) ?
fo’whiéh choice 1s possible because the sequence 1(11) is

assumed to converge to zZeroce.

In view of the convergence of 1(5) for any é?o we

~ may choose a number p, such that for allm > p 2 p, and
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 for a1l A in E( o )

/z (7 syn| < £
o ,f+/ o
~ In view of the convergence of 1(6) for any € >0 s we may

choose a number of q, such that for alln >q 2 q"and

for all x in E(a )

’

1(29) / L (Z S {,‘“‘)) L &

JEiH L
~1(16) p>max (p,, P, B)3 a >max (q,, 9, g ).

We are now in a position to consider the first temm

ernthe right of 1(12)., We have

L S, CP (=)
17 S, / Z So / l
//v% / p4l,0 J Frign

;V;In §1ew of 1(14), 1(16), 1(13), and condition (A*)jL the

: §srm on the left of 1(17) is less than 25, Similarly,
 in view of 1(15), 1(16), and 1(13), end conditions (pﬁ")‘L

" ‘the second term on the left of 1(12) is in absolute value
less than 2£5° . Finally, the last term on the left of
1(12) can be shown to be less than <4 by en application of
} 1(15);'1(16), and condition (A*) We have thus established

' £ﬁh$LValidity of 1(12) for all p and q satisfying 1(16) and
émhave thereby proved
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Theorem 1.
, The series 1(3) will converge for esach & in E( X )
,:wﬁéhever the sequence 1(1) converges and is of class (CZ )1_

réiative to a given set of functions 1(2) of class (A )L.
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2. On the existence of convergence factors of type

I for convergent double seriesof a certain class (OZ)Z .

We are glven a convergent double series,

00,00

z a‘,./. >

‘= o J':o

Which converges to zero and a doubly infinite segquence of

ffunctions,
{f;/ (d)} : (I, J=0,1, ¢es),y

k:‘/‘c’i’é‘fined in a set of points E(« ) of the type considered in

“gectlion one.

. We define

& \ a2
2(3) —'d/m,l = a{l. 5
2(4) | A 7:/ (o) = 72 (=7, J )
Ao,/f‘./.(«} = zf, =7, jur () 5
oy 72/ «) = A (4, i (cc)) A, (4, 7“' [o(y
73("‘) f‘mj(“)' 75,‘/“( ) +71¢+/J /( )7

,(‘In view of (A*)‘a the series
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©a, oo

= Py
CFgey

f Gbnverges for each &« in E(a¢), so that we may define the

:ffﬁ@ptions 2(2) in terms . .of the functions 1(2), thus:
o o0, OO

> Fyed

“ ‘=g

ik A, )= &

In view of (A%é » the functions defined by 2(5) sat=-

Il

2( 5) ., (%)

,1isfy the condition

S | Aafe) <K (mE®)
(=0, 470

1 Since also in view of (A*% the series

> P
(=p

" Converges for egch j and the series

i P (4
=1 Y

*f;bgvgrges for each i, we have by virtue of 2(5)
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(=p ! ’ J=9

the convergence of the two seriss in 2(7) it follows

> the functions 2(2) satisfy the two further conditions

il

itl"(*D

)z"n/i;noa Aa,f?l‘/.(o‘);—o (j = O, l"’; E(OI) )0

G’w introduce the following two definitions:

.

 DEPINITION 2.1.  Set of functions of class (oc’)
 The set of functions 2(2) 1is of class ( a(.')z if the
~functions of the set sabisfy conditions (a), , (D,), , and

i}f{"DEFINITIOI\ 2424 Double series of a certaln class (()z)z,

The convergent double series 2(1) is of class (01)2_
relatlve to a given set of functions 2(2) of class (/ot")z if
the sequence M defined by 2(3) is of class (05)2 relative
Lf?ta the glven set of functions 2(6) of class (M) s as this

;?latter concept 1s defined in Definition 1,1,

Ve now ralse the questlon of the existence of a cone-

ergence factor theorem corresponding to the theorem of
~sectlon one; that 1s, we ask whether the series

A_ L : wa“

_2(8) > U 1o ()

(=0, j=o0 U Y

: converge for each X in E(o¢) whenever the series 2(1)
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I

convsrges and is of class (47() relative to a given set of

fffunctions 2(2) of class (An'%.

‘ We consider now the sequence of the partial sums of
:1the series 2(8), namely:

//417
.U/:a/("u E,.;w i Ty 1),

~ which we break up in the following way according to the Abel

,:Trénsformation for Double Serles:
: /ﬂ Y-l ‘/U~/
o )= 2 by o fle) + 2ty &, 1)+

/t (aJa \/ ”‘t/ ‘_—__a
V-1 |
+ o)
Za Luj S0, Lty Ly Y€
J:

If there is a convergence factor theorem corrGSpénding

; %6 thé theorem offsection one, the sequence defined by 2(9)

“‘hﬁuld tend to a finite limit asp, ¥/—»eo, However, we shall
‘Qw that one portion of the right hand side of 2(10) be-
iicéﬁes infinite aifliﬁ—ocw for at least one series of class
 (¢2§) relative to a glven set of functions 2(2) of class
;f)z, whereas the other portions of the right hand side

2{10) for that same series tend to a finite 1limit as
Y 00

ILet us first observe that for gll series 2(1) of

;fGlgSS,(C%}a relative to a given set of functions 2(2) of
: cléss bot’k the first and last terms on the right of 2(10)
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12,

~ tend to a finite limit as u,3/ »es. The first term on the
- right of 2(10) tends to a finite limit as &, »/ —> > by the

rem of sectlion one, for we have assumed that the sequence
1 defined by 2(3) is of class (OC )2 relative to a given

. of functions 2(6) of class ( ¢ )s

- From the definitions 2(4) and condition (A) s we have

 w)-f, e = ’/:% A, (0] = I/' " )I < K@) ;

' Il f/
el =[ S 2 A"f(aul < K()

£ @] < K(d)

If (x)_-/‘ (cdl-: ’ §I A

J=0 0/0'/

2t
,‘}[_;_fa(«) £ | =| E &, l Aufy

J o

It follows that

bl SIfOLs0] + Mo~ £g0] <RI

\be'~|-f;°(ol)| is certainly finite for each ol in E(e), we have
'fb?ﬁiat‘l/fay(d)lfor sach®1s bounded for all«,#, THence, if
iy O a-s/lj/-»os we have for each «in E(&) that

) —s 0 as «,2/—> 2.
"’d//“’//”y J /

We now construct an example which sagtisfies the
theses but which causes the second serles on the right

ofaZ(lo) to diverge and the third series to converge as

,2/—> oo

L ]

A particular set of functions of class (/ot.’)z is the
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l7r¢llowing:
201) fij.(,,,) : "ﬁ/ ) (153 = 1,2, «o0ds

= (1 =0o0r j=0)
We form ’Ci‘\' («) ,'(W) Dol f‘j{@ ;("",/3‘/‘.'*]*9
2(12) by fy ) ?

/—————’
([.,-J}((JJ‘(‘/)(LJJ.PQ)
L We construct a particular sequence 1(1):

| i %
, e (- .
- 2(13) AL G ) b (L =1, J=1,2, eee)

=z O
J (i#l,j=12, 000)6

The sequence 1(1) defined in 2(13) 1s of elass ( C[)
ralative to the given set of functions 2(6) defined in

2(12), which is of class ( A ) For, condition (&, )
~,satisfied:

Z(sz A"'J )‘O) (/”/))'

‘fkana condition (of, ) is also satisfied:

= () _g___,.-
J 7’ (2{; 4 A”f {0‘)) : Q*J)(3'+J)(?+J) )

~which certalnly converges for allq -~ O ,
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| For the sequence 2(13) relative to the functions
zykk(fs)f,defined by 2(12) the secona term on the right of 2(10)
[‘-Egeemes infinite as /U)';) 00 >
A ¢ og)’(_/)\)’)%d/:/ 9 Zx j%ooJ\)_—)‘x’,
5 ] 2_ /-’,:})A/o il / ’/0+v)79;1)) ¢+ MN2+3)|

(=0

On the other hand, for the sequence 2(13) relative
to the functions 2(6) defined by 2(12) the third term on

the right of 2(10) is zero for all 4 Y

)1 L« .0
o M= L T
/J% A / jei Gut a4

Thus, we have shown that there i1s a sequence 2(13),

: which may be considered as the sequence 2(3) of the partial
st’tms of a double series 2(1) of class ( 0‘[)7_ relative to
‘;’ ‘a given set of functions 2(11l) of class (/ﬂ’))_ for which
the series 2(8) will diverge in E( o ) . Hence, in general,
the:series 2(8) will not converge for each X in E(a ) when-
"“av‘ez‘ the series 2(1) converges and is of class ( Q)L
ré:iative to a glven set of functions 2(2) of class (,ﬂ’):L
| or, which is the same, whenever the sequence 2(3) of the
‘,‘p_,aﬂr‘tial sums of the:series 2(1) is of class (CZ):. relative

to a given set of functions 2(6) of class (.4 )z .
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$°5. Convergence factors of type I for convergent double

series of a certain class (Oﬁé.

VZCOnsidering the double sequence of functions 2(2) %o

: ’bé;: of class (/ac')t s, we make the following definition:

DWENITION 36l Double series of a certgin class (&f’ )2.

The convergent double series 2(1) is of class (é‘,’/)z
,?fffxfé:lative to a gilven set of functions 2(2) of class (/ﬂ/)z

"f-_’r“" ii‘j,the sequence 2(3) of the partial sums of 2(1) is of

ass ( ﬂ)z relative to the given set of functions 2(6)
~*,"‘;'of*c‘1ass ( 2 )z and if in addition the following two condi-

~tlons are satisfied:
‘ (1)

S, u,, A @)= Jf’ ) (1=0,1, ...; Bl) )3

J__) loy

Q)

Z ‘f (u)-t} (ot), s,

s )
: re ? (%) 1is g bounded function of & ;

/'»1. ud/ A (d)..? (ol) O, 1, «uu; El(a¢) )3
) /¢
/2 e Y d |
oo cz2) r2)
S few=¢ @
o J
J E(x),
(z)
‘;,yjkwf}‘r;ere z(d) is a bounded function of «.
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We wish to show that the series 2(8) will converge
 ££or'each ol in E(od) whenever the series 2(1) conﬁerges
 §§6‘13 of class L&@’&_ relative to a glven set of functions
'}2(2) of class (Az'%' .
S Before attempting to prove the statement just made,

_Qiﬁ would be well to determine the relationship which ex-

fﬁﬁéts between bounded sequences and sequences of class
'*(‘425 %_ relative to a given set of functions 2(2) of
L /

~class (), and also the relationship which exists be-

” ween éequences of class (&K)L relative to a glven set

fifuncﬁions 2(2) of class (AZ/L and sequences of class

,fkfﬁ’ ), relative to the same given set of functions of

class ('), . 1In the first section we showed that the

<§§et of sequences of class (& % relative to a given set

SEéf functions of class (L, ), contalns all bounded sequences

:2éﬁd others as well., 1In the present section we shall show
‘ﬁﬁhat the set of sequences which are partial sums of series
1;1;“,}§(;E":class (céfv)z relative to a glven set of functions 2(2)
~g§f c1ass Ldtﬁz contains all bounded sequences and others
‘ aS well and that the set of series of class ( 62:23 rel-
i §tive to a glven set of functions 2(2) of class ( )

2
féntvains the set of all series of class (ga )2 relative

o the same given set of functions 2(2) of class (/ac’)2
- and other series as well. |
' We first show that all bounded sequences are con=

"tained in the set of sequences which are partial sums of
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Nf#eries of class ( §Z¢)& relgtive to a given set of funce-
iﬁtioné 2(2) of class (,4132 e« In section one we showed
that 1(4) implies that (o) and (oq) are both satis-
ffied, and we now show that 1(4) also implies that (IG’L
‘ar;d (/G‘)z are satisfled: if we assume 1(4) and ( D, )z s
-Eﬁhén
J/."_",'” w{/-A,‘,zg- (c)=0, (1=0,1, ...; E(X),

k":which. is equivalent to ((Q’Z‘L ; and if we assume 1(4) and
'j(ljz)l , then

‘/_/-’m“ -b/d/"'jAo/fcr'(d) =0 | (j =0, 1, ...J'E(Qé)):,
- which is equivalent to ( 8, ) .+ Therefore, if the se-
ffqﬁence 2{(3) satisfles 1(4) 1t may be considered as the
zgggquence of the partial sums of a series of class ( éza}a
f;élative to a given set of functions 2(2) of class (/étlk'.

We now show that there are series of class ( éé;)z
3Efelative to a given set of functions 2(2) of class Lﬁtﬁz
7;ﬁﬁich are such that the sequences 2(3) of their partigl

sums do not satisfy 1{(4). Such a sequence 1is the

L following:
S “’d/l’=(é+2') ((.3/1 2; .,-...))
5(1) o |

.4L£/ = 0 (all ather 4€J).
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/9.

A simple computation shows that the sequence 2(3)
defiped in 3(1) is of class (%’) relative to the
j’fﬁnctions 2(2) of class (Let/ ), defined in 2(11).
| That the set of series of class ( éf/)a. relative
| ';1:.0 a glven set of functions 2(2) of class (M’)z_.',, includes
the set of series of class 3—)2 relative to the same

Y given set of functions 2(2) of class (/“,)a. is obvious
'tfi'om the definitions of these two concepts. By recalling
the‘example of section two’ one observes that there are |
':,j~‘;slfaries of class ( %)z relative to a given set of functions
2(2) of class ("), which are not series of class (&@)z
~ relative to the seme given set of functions 2(2) of class
We are now ready to prove that the series 2(8) will
converge for each &« in E( of ) whenever the seriles 2(1)
;fcvo”h’verges and is of class (cﬁ)ﬂ/)‘z relative to a given set
of functions 2(2) of class (/oc/) .

'k It suffices to show that the sequence defined in
 ;2(9) tEI’ldu to a limit as/b‘ P> oo, If, as 1in section

two, the serles on the right of 2(9) is broken up accord-

: :Lng to the Abel Transformation for Double Series, we

need only show that the terms on the right of 2(10)

~approach a limlt as J7/-"'°" . In section two we showed
: ﬁhat for series of class (/5)& relative to a glven set
1'6f functions of class (,pg',)‘z the first and last terms on

the right of 2{(10) tend to a limit as g 2/-» o2, Since
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seri.es of class ($) relative to a glven set of functions
ﬁ{z) of class (/ot) are alsoc of class (~%)Z relative to
j.;fthe same glven set cfkﬁmctions 2(2) of class (/o‘/)z s the
;first and last terms on bhe right of 2{10) will also tend
o a limit a/u Y—> oo for series of class (o(d,@) relative
: ', 5130 a given set of functions 2(2) of.‘ class (,oo )+ There
t;?'fremalns now only to show that the second and third terms
on the right of 2(10) tend to a finite limit a/u 2/ oo,

To show that the second term,

éwzs/’ (=)

- s0.CY
(=0

f::;hends tc a finite limit ay/,( 2/ 20 for each ¢ in E(et),
'vkii‘.it suffices to show that for any é’>0 there are numbers

"M and ¥ such that for al 1> M and for allg/> N we have

()

- 5(2) / 2,4/4.1,4/"() 2 'Iv )| < e,
}‘Given any é')a;, there are numbers p, g such that

s“‘” [ <srmmg ©>rPJ>9

y;ini“virtue of the agssumption at the beginning of sectilon

two that the sequence of the partial sums 2(3) converges

‘ to zero, Corresponding to the &>0 just chosen, there is

m;imber Dys such that
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[~

1)
Z {J;((GIJ < '_g' ) (all P > p'))

‘. (=Pt o
in virtue of the convergence of the series Z ‘-P (o)

s 3
“n /3, )a . We define

3(5) M = max (P 2).

Corresponding to the same € >2, there is a 4, guch that

k U &
- &(6) Ivd, A/ozfy( J-—P )| L Zomen) @11 2 > 7,).
¢

We define

 5(‘7) N = max (7, 7;))

and then we bresk up the left hand side of 3(2) to form

g e
10 Eude//;(d) +Zud/ o T @) — Z <p @
s (=0 =M+l iz 0
@) w
_.Z %[&)' Z (""d/ty /0 4}1(“) @ ()
L=M+| V=0
P oo ()
+'Z . A/aéé/)l-f- = SD.("‘)/
LM i=M+l '

In virtue of 3(6), 3(5), and 3(7) a consideratlion of the

first term on the right of 5(8) yields

Z[ud/ i u/"’) ? M) l & (ﬁk v >N);
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2.

' in virtue of 3(3) a consideration of the second term

- yields
W, (Z ("‘)I) <=
. (d)l < // Z <
z%| ooty 5K(~} %: = g

; )for/u >M, #>N; anda finally, a consideration of the
last term yilelds by 3(4)

)

S ] s
i=Mt]
'“'We have thus established the inequalilty 3(2) for all

/( >Mand all 2 >N,

: The third term on the right of 2(10) may be treated
in a manner wholly analogous to the treatment of the
second term. To show that the third term tends to a
‘,kzlimit as/li 2/ oo s we may thus show that for any € > o
;,:,‘.,yt:}dere are numbers M and N such that
I ./ (2)

-~ 5(9) i\/y‘/%&;(«) 55 («)/ <€ (/»‘ >M, ’b’\ﬂ
v ) i=0

\ In the gbove we have considered only series 2(1)
| v‘ééﬁverging to zero. Any convergent double series which
f‘",“‘does not converge to zero can be reduced to the case

",’~trsated above by alteration of the term 6(00 , and

,;,f!s'wince such an alteration does not affect the convergence

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



22

of the series 2(8), we have now completely established the

following

Theorem 2.

The series 2(8) will converge for each ol in E(ol)
for all seriles 2(1) converging to g and of class (éﬁikl

relative to a glven set of functions 2(2) of class (,Amﬁﬂz .
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4, VSequence to function transformgtions for

double sequences of a certaln class (JC)‘& .

We conslder in this section the case where each of
Nthe functions in the set 1(2) of section one apprcaches a
finite limit as ¢ —a/ not in E{&). Let us first make the

following two definitions:

DEFINITION 4.1, Set of functions of class (o€ )z

A set of functions 1(2) 1s of class (&), 1f it is
of class (o )a as this clsss was defined by Definition 1l.1l.
and if in addition the fﬁnctions of the set satisfy the
four following conditions:

oo, OO

lrm 70
"X‘ o =/ ;
(%), e %;—-—-o [J..(J
(E '\%)a “/Tq/a nga / {j [OUI =g, each 13
. &0

(& ?:*}z oé/::o(o ‘.20 ‘ %/ (a(J} =9 each j;
o0, 00

(2 ), Z }?gj("‘)l <K eachotin 5 0¢)
(=0, =9

/
where E (o¢) 1s a subset of E( ol ) having &, as a limit

point and containing all & of BE( & ) in a certaln
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neighborhood of o, .

DEFINITION 4.2.  Sequence of a certain class ( L), .

The convergent double sequeﬁce 1(1) is of class ( %)z
relative to a given set of functions 1(2) of class (,Z)a_ if
the sequence 1(1l) is of class (ﬂ)z relative to the given
set of functions 1(2) of class (,,,'T,)2 as this concept was
defined in Definition l.2. and if in addition the functions
of conditions ( o >2_ and (Ma_)z' are such that they satisfy

also the following two conditions:

B //m ) _

(o(, )2_ e, f’p(d) = 0, [f‘7P¢ 5
w2 /m * = J

(o(gg S Al %1 (d) / (?7 7.9'

It is the object of this section to show that the
limit of the series 1(Z) as x—> o, shall be & for every
sequence 1(1) converging to«4&and of class (j)z_ relative
to a gilven set 1(2) of class (&), »

It suffices to show that given an € >0, there is
o subset(C@) of E(e¢), having o¢, as s limit point and

containing all olof E(ee) in a certain neighborhood of o,

in which
©9, oo ' _

4(1) 4d... o) — ¢ E .
z%-.-o “/7?/ l <
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Since we have assumed that the double sequence
- 1(1) converges to &£ , for any €26 there are numbers p, q

s@ph that for all 1 > p, J > g

L €
ale =Rl £ =
@ / «0, [ 7K

_and also in view of (C ) R (El ), » end (g¥ ) for the numbers
p, q there is a set € @) which 1s a subset of E(e ) having
A, as a limlt point and containing all points of B( & )
in a certaln neighborhood of &,in which

g () -
o / Z_ i / 3 /4/
. ,/a-( J "_‘.,
Let us break up the left hand side of 4(1l) in the

fallowing manner:

o o0 v
,},:4‘13(’4‘) /,,Z; 4, cp (o) - ,4/ O)ZD: A‘Jqpl.j{os)/.,l—
3/);1 !«lzﬂ -a)[ 4 lu)/ + /F%;ﬂ.cﬂﬁm)/ +
= S P
/;ﬂdqcﬂ‘j‘“)/#‘ 3/.0] /’%#ICPLJ‘ /

For the conaideration of the first term on the

right of 4(4) it is convenient to define
| M = MaX Iﬂt"j{) ' (1 = 0,1,000,p5 J = 0,1,0003q)0

 In view of (8*), , (£%),, and the definition of M there
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1s @ set El(d) which 1s a subset of E(e ) having i, as
;};‘é‘"limit point and containing all polnts of E(lx) in a
certain neighborhood of &, in which

4 LAY L — = ’ eeeyPsy = phgessny .
Fsr each in |
o P9 2% ¢
' ‘ Z /Cf‘.ld)’ A =,
(o) Z lAlJcﬂJ(ot)J < M’)Zb 4 9
0,6

In view of (A%), and 4(2) we have for all  in E!(«)

= 3¢ & ¢

q—"

- £ o) & =

4 3 ) /(AL;J. A)CPI.J.AX)/ 4 ﬁ——z /CPLJ( )| 3
o fthd+ Pygt

' Considering the third term on the right of 4(4) we have in

view of (;, )L a subset E; (x) of E(ol) having o, as a limit
point and containing all points of E(cx ) in a certaln neigh-
bérh-ood of o, in which p > p,

@) ERCIEE

and thus for each « in 83 (x) the third term on the right
hand side of 4(4) 1is in gbsolute value less than é/q .
Tﬁe fourth term may be treated in g manner wholly analogous

to the treatment of the third term; so that in view of

~eondition ( KA,y )L there 1s a subset E;{,,() having of, as &
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limit point and containing all points of E(or) in a certain
_ meighborhood of o, for alle in which for q > ge

4(9) /é.qw(d)/< %J

. and thus for each« in £, (%) the fourth term on the right of
~ 4(4) 1s in gbsolute value less than é/i .
‘ Pinally, in view of 4(3) we have for each & in

vé"(' & ) that

. 00, 00 €
k - L
4(10) //4// Z_ p.. o) // 5 -
" In view of 4(6), 4(7), 4(8), 4(9), and 4(10) thers 1is a
- setbt e(d ) containing only points common to the sets
| E), € () , B (&), €,(0) and €, () and which is a
’,‘Asﬁbset of E( &) having 4, and contalning only points of E(X)
| in  9~ certain neighborhood of @,, in which 4(2) subsists,

Thus, we have proved the following:

 Theorem 3.
The series 1(3) as o« =, will tend to -4 for every
‘g‘eiéuence 1(1) convergling to ¢ and of class ( ¢4 ):. relative

i toa given set of functions 1(2) of elass ( A ).‘L°
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5. Convergence factors of type II for convergent

dou’ble series of a certain class (q‘g')z .

We consgider in thls section the case where easch of
the functions 2(2) of section two approaches a limit as

01"" ol,, a limit point of E(o¢) not in E(X). In view

£ conditions (E[*)g and (Ez%)z and equation 2(6) there

~immediately follow the two conditions

(E,)2 D(.I_:noeo Z / All )43'(0() =0, (all 1)
o lin Z C )| =
- L7 A EE P

Similarly, condition (A,"")z and equation 2(6) imply

~'§~,¢n’dition

/ ,
”ékdﬂ < K in E'(¢),
:‘:y';»_‘,’ﬁhere'E’( o) contains all points of BE() lying in a cer-
tain neighborhood of o, and where K is a positive number.

Finally, (E/)a R (E“)k’ (¢*), , and 2(6) also imply

"lépndition
. )i
e g ) =
(C) , Q/——-bo(o 7‘5[ ) 1 (i,j = 0,1,2,01-)0

o /

g | | | 5
 DEFINITION 5.1. Set of functions of class (&), .
. The set of functlons 2(2) 1s of class ( & 2

if it
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ﬁiﬁ”of class ( /a/)a and if in addition the functions of the

get satisfy conditions (E,), , (B,), , (4,), , and (C), .

pu—

3ﬁEFINITION S5el0 Double series of g certain class («éﬁ )L.

The convergent double series 2(1) is of class (g)z
;rélative to a given set of functions 2(2) of class (/ZE/&'
'tif the sequence of the partial sums [l defined by 2(3) is

of class ( Cﬁiéa relative to the given set of functions
LQ{G) of class (2C), and if in addition the two following

;énﬁditions are satisfied:

)

(/Zij A 05/_':«% Jla=o
(‘6‘22? | A_’i”d iL ()= ‘0 i

We wish to show that the series 2(8) will converge
fiﬁ‘E(OL) and the function of o defined by it will tend to
fﬁhe same value as the convergent series 2(1) of class (A§Z%l
 ¥§1ative to a given set of functions 2(2)'of class (,525‘
:‘}t}v»g‘vhenever oL =, e
L If we assume that the serles 2(1l) converges to zero,
"&é'may use with advantage the results of section three, as
well és those of section one.’ We again form the

.~ Abel Transformation for Double Series, which 1is as follows:
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/J /{—/1/—
G =D gl = > T+

(=0 J=0 "0 J-‘-‘d
i -/ .
().
Z iy SO Z oy Oy L

i=o

;fé(l)

f;iii”:,view of section three we know that under our present
eonditions the limit as/dJ 2/ oo 0of the sequence defined by
""1"5(1) exists for each &in E(od); it thus suffices for our

E ;_pi‘esent purposés to show thét there 1ls a set 5( o) which is
a subset of E(oc) having o as a limit point and contalning
all ’points of E(ee) iIn a ce.rtain neighborhood of &/,in which

for a given € >0,

1/}0" /@;(d)l < €,
/u/-aoa

In view of Theorem 3 just proved, there 1s a set

s

| E;(d) which is a subset of E(«¢) having o,as a limit
:‘kfi:?»:bint and containing all points of E(o¢) in a certain neigh-

f}éorhood of X, in which
L _ o0, ©° ( e
2o I Z 2 ’/ l = Ay I <z

'7';3‘111'0‘9 we have shown in section three that the second term
L W)

H,,on the right of 5(1) converges to !_.P ) a.fs/aJ Vs oo , wWe
g{;n&ed. only observe that in view of , there is a subset

6 () of E(e¢) having ol es a limit point and containing
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all points of E(od) in a certain neighborhood of oy in which
5(4) , ‘1; (d)l < 7 ‘
V'V<Simllarly, gsince by section three the third term on the

D @)
;;right of 5(1) converges toi’@‘)a/u 2/ oo , we need only

,‘l'observe that in view of ((gz there is a subset (23 @) of
“:E(ol.) baving ol,as a limit point and contalning all polnts
Lo»f.E(oc) in a certain neighborhood of o, in which

(2)
8] I ‘P ;d)' ¢ -‘5—

In ‘section two we pointed out that the limit of the fourth

term on the right of 5(1) as/d,V"“ is zero for all &« in
~,'E(f.,°(). Thus, in view of 5(3), 5(4), and 5(5), there 1is

;,éyubset g?ot)of E(od) havingal,as a limit point and con-
Aa;'jﬁﬁining all points common to Z,'—(Ol) , ESZ(«), and 2_:(04)
in which the inequality 5(2) subsists.

o If the series 2(1) converges to ’vd'?"”, one may reduce
its treatment to the case of a series converging to zero
‘k“,/;}i;jﬁ':alteration of the first term &f,, , of series 2(1).

We have thus estgblished the following:

'.I‘he érem 4.

.y The series 2(8) will converge in E( o ) and the
ffunc‘cion of & defined by it will tend to the same value
‘,"«k,‘as the convergent series 2(1) of Class ($) relative to

a glven set of functions 2(2) of class Msi whenever oc—» 04,
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6. Ssquence to function transformations for double

‘,l~‘v::gféquences of a certain class (06' )z .

At the outset we make the followlng definition:

';,‘,“;V,I'}EFINITION 6ols Double seguence of a certaln class («C’ ),_ .

The convergent double sequence 1(1) is of class
_},(a[}') relative to the given set of functions 1(2) of class

: ,,fﬁ(m,) 1f the following two conditions are satisfied:

For each fixed j the simple sequence 1(1l) is such

"‘ffk‘bhat the series on the right of

/ 6( 1) ();. ’ )(ct) Z (oz )

e {fc,rbnverges for each j, and the function on the left of 6(1)

is defined for each ofin E(ed) and 1s alsoc such that
o . ()

. 8(2) % ’ () = 0 (each j);
: ’, d—-’ db J )

‘ (J ) For each fixed i the simple sequence 1(1) is such

i””fj,fg’that the series on the right of

s (2.)
6(3) );_ Zg 4 55 (ot)
, J=

Lﬁi,ff_c_o,hverges for each 1, and the function on the left of 6(3)

is defined for each & in T(od) and is also such that
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e /1t @)
6(4) ol . () = o, (egch 1).

t
‘We wish to show that given a double sequence 1(1)
i;u’k';;g;‘c;nverging to &and of class (f )2_ relative to a given
se-};of functions 1(2) of class (,31)2_ and corresponding
to any €>0, there is a number N and a set 6’(«),‘ contain~
ing all points of B(L) in a certain neighborhood of o, ,

such that for all olin E(e¢) and an/a, 2> N

oo J 7Y
: We ‘have
6 (6) Y |
£ s /‘1; 4
( %zovd,f/-fj(o()-—%‘: IOJZO Vd/f]'{'/(d)
x4
g
A/ /
qzo {;(‘X) +-LA,OZO Zj(d) — 4 ’

<

AL
% (g —d) {‘?/.éx) ‘ + |y

AP
> Z@(«)—Il

In view of the definition of f,(l) in section two,
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6('7) Z:/dj == Z {j [o() ,
9,0

- and hence for any € > O there is a number N, , such that
f‘cr all/uJ 2/ > N, and each ol in E( )

rd

/’
26@) f(o()

= |

_)fo(a)_ll

/

‘ s /
_In view of condition (C"“)‘e there is a set & (), contain-
1ng all points of E(o) In a certain neighborhood of of, ,
 in which
w-1] < ;
lf / -9’/;4[

i,';éand hence for al/ # >N end for each of in f’(a{)
: 6(9) , ﬁ_?__ ( )—

.fd'if',mus, it sufflices to show that given an €> 0, thers ls g

Gl T 2l

number N2N, and a set & %J, containing all points of E(el)

in a certain neighborhood of &, , in which for all/d, JON

Z (4, —ux){‘/?_(ou

Let us first observe that 1f the sequence 1(1) con-

€

am——

“ﬁ f;e('m) £

_yerges to L 0 and if it is of class (5 ), relative to
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: a ;g‘ix'ren set of functions 1(2) of class (o€ ) then the

2 ?
guence ,

:6(11) { S"} = {\A/ — 4
' J fj (1,j = 0:15 vesly

v‘i’s’k of class (OC’ )2 relative to the same given set of functions

2) of class (.,o¢ )l + For, we have

’Z ( c,d,g — ) %.(0() < z {9 () Z‘-'d/ % (o)

é‘wl?l{j.(«)(+ ;z‘: 55() )

__of which the first term on the right tends to zerc as

. o—> o, 1in virtue of (E¥), and of which the second term
: iténds to zZero as &(— o, in virtue of ( J_, )2 « Similarly,

- we may show that

Z (.,4, — ) é(e{))

J-O

e

nds Lo zero as o('—-»o{a in virtue of (E ,"é)‘2 and ( /l)z s

Thus, to arrive at our desired result, it suffices
to show that glven an e}vo, there is a number N and g
seté”@() , containing all points of E(a) in a certain
-‘Vnré\'ighborhood of &,, such‘t;hat for all/uJa} >N gnd all oL
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We bresk up the series 6(12) into four parts, as

 ;£611ows:

37

e Y LY p Y
- 6(13) S [a)( [ /Z + 'S + ] ¢ )
. 0,0 dJ ~rl, g+l S g+ ﬂlav

-where p, q are such that for any € >0, we have for all

,~6(l4) I“ALQI <"/éf/< )

We define

M hmax , l (i'—“—O,l,...,p;j -'-‘-O,l,.-o,Q)-

~In view of (B ,';‘L)l, (B 2")1, and the definition of N, there
is a seté:(oe),‘ contgining all points of E() in a cerbtain

 neighborhood of &, , in which

AR c N |
6(15) l?ﬂg(d)/ </6M//°*’)[7+’) (1 = 0,1,eee,p; J = 0,1,...]?),

~ Thus, for eached in (fj[o()

< v & e
Z o] M2l <k

J
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In view of (A *) we have for alletin 1‘*"(OQ)

/”“'6(1'7) / Z S,. 90;] ("‘)/ £ Z/C/] ] 4 /'

| Zu MK’”'Z“

';v:‘:CLo‘nsidering} the third term on the right of 6(13), we may

% 7 s, 7y 4 2|1 25 oo M JZ ]

?Given €>e , there 1s an N, , such that In view of 6(3) for
511 >y

|2l 1% 2 | Loty [0l
(

)2

"'ﬁ‘Ftwther, in view of 6(4) there is a set El(u) , contalning
,all points of E( & ) in a certain neighborhood of &, , in

WhiCh for 1 = O,l,ooo,p; j = O,l,ono,q

W e o, € |
l’: (9 < loory) ) / gﬂo‘d‘( )/ < /(.M//W,Y;u)

~ Thus, in éi(“) and for all 7)> N,

° € .. € = 3¢
6(18) /ng‘iﬂf)]r,x..-l-/é e
. ‘57%( —_—
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The fourth term on the right of 6(13) may be treated
ina manner analogous to the treatment of the third term,
. :éjﬁoWing that for any given €>0 there is a number N, and a
| sat 6_’3@() containing all points of E(o¢) in a certain

':f'_ﬁgf}.ghborhood of o¢ , in which for all/a > N,

(“)L_f—_ -é—:—:z'f".
‘”8+/é /6

lrﬂo 9 Y
Hence, in view of 6(16), 6(17), 6(18), and 6(19)

;QT.Jlf.’or any given € > o there ls g set
E) = E@p £ E@) &

. contalining all points of E(o¢) in a certain neighborhood

~of &, , in which for all

./,%7 N éMa%(M)/VZ)

i;he inequality 6(12) subsists. Thus, we have now
 established

Theorem S
Corresponding to every positive number & there

iSanwnber N and a set &(x)containing all points of E(ol)

' 1in a certain neighborhood ofaj in which the sequence

/1114/
\/Su#(ou 524.%@)

[:dJJ':-O (/ J
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; iffers from 4 in absolute value by less than € for all
}1)1’ > N end for every sequence 1(1) converging to 4 and of
; ;’szélass ( :Q )lrelative to a glven set of functions 1(2) of

: ~;§’1ass ( A )2_ .
It 1s of interest to note that Theorem 5 is a gen-
‘~,_‘~;’-e"i'\alization of a theorem established by C. R. Adamsl, for,
 to obtain Adems! result which he states as his theorem 2,
. we have merely to replace the point set E(&X) by the set

{4 7)) of all lattice points in the first quadrant, to

eplace of,by the point (0%00), to replace the function

& by ‘&J&J‘ ~and S;d(*) by S:q,)/q) or more simply

: by /‘.) , and finally to sum the series in (A*)Z.. ’

: A»j}{c'”)z.’ and (A ;*)& from (0,0) to (/,, 1)) and to sum the series

in (B *)y  from zero to7) and the series in (E ¥) from zero
e ! 2 A Z

L 2

W R M M M am @M Gm e MR WE am WR EE ma WR SE e A e Em we AR s W W we

Adems, C, R. Transformations of Double Sequences with
lication to Cesdro Summabllity of Double Series,
etin of the American Mathematical Socletys Vol. 37
1) pp. 741-748,
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7« On convergent double series of g certaln class

Ve make first the following definition:

pEFlNITION Tele Double series of a certain class (/ ) s
= The convergent double series 2(1) is of class (/ﬂ/)z

~/“i'elative to a glven set of functions 2(2) of class /ZZ/)

*:vvif the sequence of the partial sums 2(3) of the partial sums

ﬁf 2(1) is of class 00/ ) relatlve to the glven set of

;ur‘ictions 2(6) of class ( 7 )Z and if in addition the two

 following conditions are %atisfied'

//m g/d/ f)[ v o
I~)P. ,/-—’” ) /‘ (d) i"osl:"'~’E(°() );

Jyim @ | 1=0,1,0.4);
. osed, AVZERZ ( )3
“,;"(“gg;a t/f; G A, f(d) /\(o()(j Oy1yeeesBla) )

//m () — (j=0;1,...).
oy S\ =0

We wish to show that glven any positive number € ,

o here will exist a number N and a seté’(o!—) containing

lk: points of E(ol) in g certain neighborhood of &5 such

that for all & in(f(oc) and for all indlces/a #>n

L2
E f(d) < €
LOJ-
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H2.

for all series 2(1) converging to zero and of class (4}/)2'

f:ic":elative to a given set of functions 2(2) of class (.72 )2_ .

Let us choose an €>9, then since the series 2(1)
"%converges to zero, there are numbers m and n such that for

~.{all i>mand all j O n

*11?7"(2) | . €
- 4y - K

We form again the Abel Transformation for Double

;f‘5‘f‘fvsiéries of 7(1), where & > m, # > n, as follows:

e .%}(d) i%g;"ijA”/“) -+ Z A, ”/[o()
S AL+ s, L

ffSince the sequence 2(3) is of class (ac—:)zrelative to the
'v~‘~»j,‘gjiven set of functions 2(6) of class (,55 )2.’ we magy ine
i}oke theorem 5 to show that for any €>9 there 1s a set
é’(oz) containing all points of E() in a certain neigh=-

",:iborhood of oL in which for al]/a >m and all > n

e A, 7”(0() £
5.0 ‘
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We now break up the second term on the right of 7(3), as

~ follows:

r;»_/,—/ M /a—/ ,

‘ ’ Z ‘/d/g/ A/a{::[d) = Zo gd;.y Aﬁ l',,(d) + ' l%;’/d/li/ A/aé( )
e (= -

In ;:view of condition ( g/ )?. .y for any gilven € >0dthere is

& mumber N, such that for all #/>W,

‘ (1)
, ' £
i S 7:';/("0 - /\‘- =) I <7z o +/)

| 7,
~and also there is a set 62. («¢) containing all points of

E(aé) in a certain neighborhood of o, in which

| e <

JR (m+1)
a,nd also in view of (A’)z_ in which

o oo

-~

> |a,fw <K,

o, 0

glhus s for all
> 7/>/\{2 = ’”“7(//\//4}7)

e (/)
© and for each o in é; (o¢) we have
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M m | A
ORI FAD TR AT - 20
” o 27w _é__/H‘N
_ A L @)
23 a e Nw]+ 2 IN| 8T 2 1A
7(5)  ¢7¢ » i ‘

The third term on the right of 7(3) may be treated
; in a manner analogous to the treatment of the second term,
,‘,'.séhowing that for any given € >7 there is a number M, and a
set (f'aa)(o() containing all points of E(et) in a certain
“nelghborhood of  in which for all 4> M, and all #>n

o
| $s a2l s agele] Evat )
n (2) oo, ¥-/

<ZI/€J /fl/(d) /\ («)l"l"z I/\ (“){"' e/z I //g(),

e J=° 74

<7z + T T 3

T /R /2
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’Eh‘as s In a set é:(“’) containing all points common to both

é‘z () and 5:2)(00 we have the second and third terms
on the right of 7(3) each less in absolute velue than —%— .
| There remains now for consideration only the last term
on the right hand side of 7(3). In view of (C)?_ there 1is g
,ﬁ;snbset é' (¢) , containing all points of E(&) in a certain

[

neighborhood of o , in which
If /d}—’( < K-l (all &, #),

f}fmhus, for/>m and 27 >n

s for| = Iw ) = Sy + | £

1o ) e -
s ]| 1] £ (K1) + 55 = £

Therefore, in g set

Elw) = E ) Een &)

f;i,ﬁbntaining all points of E( ) in a certain neighborhood
of«; s, we have for‘/u >M, and 2> Nz and N = max(M ’Ni)
‘h the inequality 7(1) subsisting.

If the series 2(1) under consideration converges

to A#0 4 we may reduce 1t to the case just considered by

g_»sﬂidering the éeries Z%j’ which éonVe’rges to zero and

“which is defined as follows
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é{(),/ = 4{/, (all other 1,j).

We have now completely established

The orem &,
o Corresponding to any positive number & , there will

‘;{be g number N gnd a set (f@l) , containing all points of

‘ Ef( 9() in a certain neighborhood ofolo , such that for all
- in (_é/cv} and all Indlces ¢ 2/> N the inequality

I/,,,{a) "d’l <€

. subsists for all series 2(1) converging toud/and of

01&88 (Aﬂ/ )2_ relative to a given set of functions 2(2)

,"riféf' class (/;Z/)Z_ R
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PART IT.

Multiple Sequences and Series.
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H7

8. Sequence to function transformations for multi-

. ple sequences of a certain class ( 42f)”.

We consider the n-ttlple sequence,

o | {V‘,Lm} :

5@ ﬁhich converges to g and where [(] denotes'the subscripts

(1 3 eeesy i,), and 1 = 0,1,y for k = 1,2,..., n. We
‘ ! h k

fﬂ a1so consider a set of n~tuwiply infinite functions,

8(2) { 4[‘] (ol)} (ik = O,l,coo;k = 1,.;.;11),"
‘deflned for each e in a set E(o¢ ) of the type specified in
‘;section one . |

As with double series so also with multiple series,

1 .

,gfﬁﬁéré has shown that a necessary and sufficlent condition

'  t£aﬁ the series

S L =0 =

/

, ébnverge in B{« ) for all convergent sequences 8(1l) which

 ave such that

1. Moore, C.N, loc. cit.
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8(4) /AIL:(/ < /V’) (ik = 0,1y0003 ¥ = 1lyeeeyn)

‘18 that the functions 8(2) satisfy

7 ol 109

i, 7o tpzo

o » &%
a9y,
fgr esch A in E(A ) and where K( X), as above, is a posi=
tive function of & . We wish here to establish for multiple
~ sequences the analoge of Theorem l.

Let us now Introduce the following two definitlons:

fDEF‘INITION 8.l Set of functions of class (A )y «
The set of functions 8(2) is of class (A ), if the
| «ftmctions of the set satisfy condition (A" )pe

’,‘~’DEFIHITIQN 8.2, Multiple sequences of certain class (Q’)n

The convergent sequence 8(1l) is of class (Q/))7
rrelative to a given set of functions 8(2) of class (M)n;
” 1£ the following (2 -2) conditions are satisfied:

0
~ n conditions ( &5 ), of the type
®
__'(,:‘,0( | ),’ The sequence 8(1) is suech that there is a set

of integers (pl s veey pn_,) such that the series on the

right of

@— ) ) Z (ZA‘] Id)

t '
ml}”j)h’ (" ) h-t m~
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onverges for all m > p, (1 =1,000, n=1) and for all &

(2“ -n - 2) conditions ( ik))hof the type ( X , ),

The sequence 8(1) is also such that there is s set of integers

(p“; peeey pm_k ) such that the series on the right of

Lo (k, 1) o & Z > |
b = .. b, 19
_8(6) f (x) = ) - J ( Z L 131
Myysss My LM, b E M by 50
' ~'¢onverges for all m,> P, (1 = 1,000 n=k) and for all &

"in BE( ), where k ranges from 2 to (n - 1) inclusive and

s from 1 to ( ) for each k.

We wish to show in this section that the serles

, 8(““;5) converges for each«in E(KA ) whenever the convergent
"‘,;s:je'quence 8(1) is of class ( ﬂ)h relative to‘a given set
;gi,‘g‘fafi‘functions 8(2) of class ( A ) |

As in the first section, here also it can easily
' be shown that if the sequence 8(1), converging to &, is

~ of class ( (¥), relative to a given set of functions 8(2)

'Gf‘élass (% ), » then is also the sequence

3(7) {4&1 ”/JEE 5},1? 5 (1p = O5lyeessk=lyeee,n)y

of clgss (a’)h relative to a given set of functlions 8(2) of
~ class (A )h » and converselys Thus to establish our desired

"ifé"sults s 1t suffices to show that for any €>0there is
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_-L;{;{e;t‘ermined a set of integers (5' sesesb,), such that for all
P, > P (1 =1,e00yh)

P, P,

: N Iy h
s | L L St L2 S1r P <€.
S { 26 {<o Lzo L zo

It is convenient now to define the following

SR h-i
  8(9) P 20 /? = /)‘ F;), E% (?)(/?"9)(/7:*’93,"‘).

, If we perform the subtractlion indicated by the
Uiéft hand side of 8(8) and transform the resulting terms
' 1n a manner analogous to a way in which the remainder 1(12)
was transformed and approximated, there will result P n
, ter'ms, where [, 1s defined in 8(9).
| Corresponding to any ¢ >0 we can find numbers

W
Py

. o
(k = l’.'i,n)’: such th&t f()r all ik > P’: (k=1,oo.,n)

/SIL:Z/ < =

~ 8’(10) }; Kt *

Similerly, corresponding to any €>0 , we can find
mmbers p:) (k = 1,4.0,n), such that for all
5y > ‘k'p‘?“> m; (1 = 1,000,h)
 esch of the 2 = 2 series defined in Definition 8(2) have
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51-2

ytgﬁginders which for each o in E(et) can be made less than

fwef?; in absolute value.
’ We select for 1 = l,eeeyh

R @)
- 8(11) Fi” max (fy, Py P,

'fBj;use of the convergence of the 2" = 1 sertes in Definition

:'842;, condition (A%L,, 8(10), and 8(11l) one can easily show
ﬁhat each of the P, terms resulting from the subtraction
“cf the two terms on the left of 8(8) is in absolute value

ess than %% . We have thus established the valldity

‘7ef,inequality 8(8) and have thereby proved

angérem 7e

: " The series 8(3) converges for each < in E(x )
'ﬁhenever the sequence 8(1) converges tozdfand is of class
( Of)h relative to a glven set of functions 8(2) of class

(), .
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53,

9. Convergence factors of type I for conVergent

Cmultiple series of a certain class (éﬁf;L7 .

Let us consider the multiple serles

s 2T Uy
s 4,0 4”_0

'fWhich converges to zero and the multiple sequence of

~functions

9(2) : { f[[](d )} (1, = 0,1,..5 k = 1,.. ;)n) ,

f«défined'in a set of points E(o¢) of the type previously

; H§scribed. e introduce the following notations

o)A /m(“) zz Z[ Dy 1) iE o

: k-0 K°0
{£ °  S : _ &)
A,I“’ 7% 1) d) Zo% lZo( / ( /) ey ‘/:"' - zta‘v-i"Kn-u"h)
- — () -
Ao B L= [y 0

 there are analogous conventions for the symbols A\ with

3%@ Subscripts in different positions. We shall represent
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n-K, K

A//a

| : aA symbol having as subscripts (n=k) unities and k

. Zeros.

We now introduce the following definition:

3 DEFIIIIWTO]\J 9.1, Set of functions of class (_e€ L,¢

A set of functions 9(2) to be of class (M )

if the functions of the set ~'~*a’c1sf’y the following (2 - 1)

;;f:conditions-

e )
’n conditions (D P ) of the type
g, m £ &=0
(D 1) w4 0[] (B ()5 all 1, ,00p, 1, );
A (k). £
2 )PI z) condsoons /.D ) o //e 7‘9 e
(lr

e n A om0

e o . - —
th-k...,' o, Jtn—’ co

(B (¢); all i, cedy 1, )

' ffk;ranging from 2 to (n - 1) inclusive, and s from 1 to

(K ) for each k; and finally the condition
"""'EE A (=) (X
z ' l “---y 7{;] l"/" /( J
¢ o 4,=0 L.

:wﬁere K(x) is a positive functlon of o¢ defined forleach
| ¢ in E(e).
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As Moorel' has shown, the (2” - 1) conditions
;:juét stated imply the vglidity of ( : ) equations of the

form

, K, n-K

n - - - - = A ‘ f )
L T

fﬁWhere the symbol [i, n-k, %] , for k = 1,2,..{)n stands

- for the set of indices 1,,.e., i, M oseses My oo

It is now desirable to introduce another definition,

__;namely:

- DEFINITION 9.2. Multiple series of a certain class (&57),.

A convergent serles 9(1) is of class (&), relative

n
;;*to;a given set of functions 2(2) of class (Aﬂ;l1 if the

. sequence of the partisl sums of 9(1), defined by

- 9(5) o
L Dm] ;ZEE 643] /

['—0

s of class ( 6{)” relative to a glven set of functions

H"---q

=t ¢

kfféf class (fVC)n as these lgtter classes were defined by
;f;definitions 8.2 and 8,1l., respectively; and if in agddi-

 ‘tion the sequence defined in 9(5) satisfies the following

1, Noore, C.N. 1loc. cit.
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s
2 - 2) conditions

e w
‘1 conditions ( f&s) of the type 1)

o rom = . (o)
?:f"’)) L.”{wo Vd’u]A Ve s0 72,](4) \]}‘})“’) ;)

~ which is such that

) 1)
120 z ‘;[) et n(;x) q} (oc))

;7 n-1
Jjand'also such that there are (2 - 2} pairs of uniformly

onvergent series, namely

{n - 1) pairs of series (/6 ) of the type

w W = e Py (1)
= - () a
(67 Z(&E & )

hinid 477, .,
Z (Z T .Zeow[i] A,,...,q 7&) (a()))

of which the first series is uniformly convergent

in the variables m, ;eee, m , each on the range

n-1|

O0,1,e4s, and the second series is uniformly con-

vergent 1ln the variables m,,eep m

7

ney » 1, s cach

on the range 0,l,..9 and
n-1 w 2
(2 - {p-i) -2) palrs of series (/6’ L_ of the

type
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Y)
~N

w (B oo oo uw My, _(L1)
A7 53 E 4 @) ana
(=0 é:n fgﬁ=0 51_’-“-0 ¢t oty

of which the first series ls uniformly convergent

t. b L . s 0
in the variables zyq/ » » 7,

range O,1,..., and the second series is unlformly

s each on the

convergent in the varigbles m s in s

Tew 2 0t By

each on the range 0,1,..., where Z ranges from 2
-/

to (n - 2) inclusive and t from 1 to ( ) for

each / .

-n - 2) conditions (/6J ) of the type

n
£

ﬁ Q ( oM

S
( ) F (a)=
(‘" RN O S P R T e
(K, l) o LB
¢ 3" ¥n-x - -

"ﬁhich is such that

oo o= CK 1) )
Z e Z (=) ()
: : / e,/ 2
¢, =0 4,4=9 b2 "1l

o K
. and also such that there are (2 —=2) pairs cf uniformly
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ivergent series, namely:

w (U
(n = %) pairs of series ( } % of the type
() () . o s 74y (K, 1)
CA S(==Z ¢ .C"‘J) and
(=0 &% Tl LTk

o0 mz mn—k

2" '2 w A//.../o...of. (=)
z% (i;o gro Ll irm] 7

of which the first series is uniformly convergent
in the variables m,,e.s, M, , , each on the
range O,1,..s, and the second serles 1s uniformly

convergent in the variables my,eee, M,

geeey 1 s, each on the range O,l,e0.,

iﬂ~k*l n

and

n-K (ks (o)

(2 - [n - k] ~-2) pairs of series ( /6, )'t of

the type

" e oo . My o (1)
@ S (g"z ‘l't.,,,,, L(d))
4

=0 =
L lyn™?

k)
' 4 =0 579 an

(g, )

of which the first series is uniformly convergent

in the variebles m, = ,eee, m o each on the

2+1
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range O,l,ss., and the second series is uniformly

convergent in the variables m m

j, seeey v.».”;K. s

i cosy in s each on the range '0,1;.’..,

n-k+i ’
where ¢ ranges from 2 to (k - 1) inclusive and t
—K
from 1 to ( ':Z ) for each £ .
The mmber k ranges from 2 to (n -1) inclusive and s

‘fi"‘;from 1to (4 ) for each k.

We wlsh to show that the series
e ()
- 9(7) Z Z ”[5] 71[:]
4=0  Ly=o

“-c‘énverges for each « in E(e¢ )} whenever the series 9(1)
,jfii(ﬁ‘mverges: and is of class ($,)” relative to a given set

‘f.“@f”i‘unctions 9(2) of class (/o—t,/)” .

: We consider the sequence of the partial sums of the series

g 9(7) namely:

S SR Z Z [t f &,

t';",,which we break up according to the Generallzatlon of the

]

;‘Abel Treansformation to multiple series in the following

,f_way:
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@0.

) G =2 > “[z]f (=)

(=0 £”=o

(]

@)
+ lq o

where the large brackets enclosing an expression indicate
i;he sum of the whole group of terms of similar form,
' Vfgplbtained by permutation of indices.
e To arrive at our desired result, it suffices to
‘~;-ffs‘imw that each term on the right 9(9) tends to a limit as
m, seses m, each becomes infinite.

In virtue of Theorem 7 just proved, the first |

term on the right of 9(9) tends to a finite limit as

m, ,+.., M, each becomes infinite, for the sequence of

ﬁf'ﬁhe partial sums defined by 9(5) is of class (% w

,,,nglgtive to a glven set of functions 9(6) of class ( /00),, .
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To\show that a representative term selected from

z'ms of the form of the expression in the first large
%a;bzracket on the right of 9(9) tends to a finite limlt as
;,'.e,iach Of M y0es, ﬁn becomes infinite, it suffices to
Show that for any €>0there are numbers M, ,..., M, ,

}i;’f:;_‘guch that for all (m, > M, ,..., m, > M, ) we have

Since the seguence defined by 9(5) converges to

‘<‘;\*:ze’ro, for any € >0 there are numbers N ,, geses M s such

~ that

€ ‘>M L >M )
'-911 “dy, (< (4>Myps-es en> V.

w
Since the filrst series in ([d/ ) converges for

a.ny € >o there are numbers M{.a yeeey Mﬂl g » such that
€1,1) ’
2 €
3«,9(12) ::E: :ES ﬂ?. .0“) <Sw ’
AL AT s 40, R-S
h-1 n-
(m, >/@%l yeee, > M, 2 JEZR{).
@) )

ce the (n - 1) palrs of series ( (51 Yk are uniformly
: convergent, there are (n - 1) numbers M,; secey M”_,J ’
: pg £

‘such that we have (n - 1) pairs of inequ.alitiesffof the form
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w,—] m"l-l

(Z Z m]AII-u/a 7‘;) ,’m]

=M, +1 =0 4.

&
s’
E(),

_ﬁ;?_f,br all mpM, . + 2, and all (mz seses M, ) each on the

9(13)

: ‘Qkffﬂ';;::f'a‘.nfge Oylyees; and

m, -} mz M-y ‘ / €
117_;;191(14) ' Z Zja. " =0 ‘P':---,J@U)) <2n < » £,

for allm, > M3+ 2, all my,ess, m, ~ each on the

range 0,1,.., . .
‘ (1

n
Since the [2 -(n-l) = 2:' pairs of series ((6’ )'

“y"kgk.,~e;re uniformly convergent, there are (n = 1) numbers

: M[/l sesey Mh-/,‘/’ , such that we have ( n - 1) pairs of

~kl7_*rinequalities of the form

}, s », -/ -1
o 9(15) 2 e e i’ . )
o = + =M ( =0 ¢ [t ) m] ”"'/o{-‘ /, m(“)
. | ‘,M44/ é— A ,}'l ol J
€

E_("‘), (m >M s e, m >lV]

-5

‘ffland all m gesey M each on the range O,l,eee} and
L 2+ n

(/ 1)

L,oo-,‘ -1
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(alj) (”7,>l\”44+2,...,’t7e>%4+2) and all

ml*' seees M, each on the range O,l,...,

We define

{

(i = l,aoo, n - l).

)
In view of the limit ( /G/ )y we have for any ¢s2an

“;ML’": 2? such that

9( 18) (4&] A//. Ry /7

7[‘ &) — LIJ “ (¢

e €
; . n n-1
- [‘J L' Rl )lnol (2' —\r) '??:(A/l" +‘) )
g(o() and all %, > Mn 2"
We define

‘;‘,‘(’}9'(’19) Mh = max ( M"’,l ) Mn,z ) ’

L) After substituting in 9(10) the seriss for which
o (o) is the sum and after computing the difference
“indicated on the left of 9(10), the following expression

results:
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w[." I, m] /1--=10 ]E-i: I, m] (q) +

=0 bn-/~

[t M M

ZZ . . A//-“lof;';m] )+ ---+

“LL-.—M’-\'—/ 4'2=0 Ly =0 Le.1,m] [

“»1,—/ Mev M,
}ﬁ(j ZM/ A,,...,of. ]("‘g'f'

Lil,m
:L-."f’M/*' a=My+1 %o Lt

/vl, M 1)

L
(Z-i [(,Im]A/l /0 ‘Ue, ,,,{) ‘, 'Z @ (o)

llst/ ‘/I—I-M +l =0 (”_laza / 7[})-

[z (524

=M+ (=0 I R RILTTI

(iZ’ ‘P @c)] {/‘{'U )
=M+ z,,_;- ‘

i s | == oo t -,
‘,’M["” Q’M£+' .‘?H o l” o ‘[7 LY Mn‘ *rép,

n—l

Z Z( [‘/'"J VAW [’ ()-'(k Cd))

4= 40 >0 2l

| IM |
”: =M &0 2 tz;cm]Aﬂwwé;,,mf“) ]t* +
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Mires p
g‘e=a‘ . 5’%, L—‘dJ[l;l,m]Au-..,o [in m](o(»] +

s ml-l m"_—,

ZZ s, A 7 (ot)l+

" 1 ’ l' .. /0
N =M G =M, [i,m]) =/ [,,m]

f . M""c[/ c«)])

t=M+l Q%0 o TG oy,

'+l Mh—~l (,1
(i > ¢

Mn"'l {e M2+l _eH =0 ¢ 7"'7‘;,_,

hind 1)

, )
[’::M-f'l [”-JBM"_' "’c o.,tn_ .

Whére the large brackets enbclosing; an expression indicate
jffitihe sum of the whole group of terms of similar form,
f“j.ﬁb’b"bained by permutation of indices.

By x}if,-tue of 9(18) the first term on the right of 9(20)

is less than 2-,,,65 « By virtue of 9(13), 9(175, and 9(19)

~~’k"bh6 (n - 1) expressions indicated within the square brackets

“ound the second term are each less than ——  , and by

5
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~virtue of 9(15), 9(17), and 9(19) the {% -(n=-1) -é]

ipressions indicated within the square brackets enclos-

 ing the next term written are each less than ,f 5"
~gThB fourth term written is less than E;ft;r by virtue of
- 9(11), 9(17), 9(12), and 9(%#), and condition (A), . The

‘ffifth term written indicates (n - 1) terms each of which

by virtue of 9(16), 9(17), and 9(19);

a_are less than
i RN-35 el
f;and the following term indicates {% -(n-1) =~ é] eXPpressm

_lons each of which are 1ess‘than by virtue of 9(16),

- 9(17), and 9(19). Finally, the last term 1is less than

*ﬁ?§i§f‘by virtue of 9(12), 9(17), and 9(1¢). Thus, we

5ihava established 9(10) and ipso facto have shown that a
;;representative term @@ selected from exnressions of the

formﬁof the term enclosed in the first large bracket on

i,thé right of 9(9) tends to a limlt as m,,eee, m,
2?become infinite.

’ Nﬁ To show that a representative term selected from
 ;éxpressions of the form of the term In the second large
ﬂﬁbracket tends to a finite limit as 1M,,eee, m, become
xiinfinite, 1t suffices to show that for any €>0 there are

;;nnmbers N, 5 ¢os; N, such that for all (m' > Nijees,

3 m, > N, ) we have

-1 P

g(21) e
'? N 0 = [tKlﬁ]zC& lesryo-0 )

’ -
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e establishing of 9(21) is wholly analogous to the
pf‘écedure used for 9(10): here we show that each term
of the computed difference of the left hand side of 9(21)
13 less than z—mg——w_by using the condition ( {6,(”) and
0 b

the (2 - 2) palrs of unlformly convergent series

,“_’;é_isted under ( (e
1"inall:y”, we consider the last term. Recalling
| »that we are consider:mg numbers m,,es., m, each sufflclently

“;la,rge, we have for an &€>¢ numbers P, ss+es B, such that

q(e2) e
' C/J/D”J l (m, > p' yeey m"_ > pn Yo

o Moorel® has shown that for each o in E(at),

fﬁ"‘] (2¢) remains bounded for all [m] Hence, the last
ff}.term on the right of 9(9) tends to zero ss the m's become
; flp;iynfinite, provided the sequence defined by 9(5) tends to

~zero under the same conditions.

Thus, for any € >0 there is determined a number

N such that for all m, ;N... ny > N)

0—@‘)‘ < &

Since any convergent series may be reduced to
the case just considered, that is, to a series converging
" to zero by alteration of the term %o.;.o, we have now

esteblished completely the following: -
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Theorem 8.
The series9(7) converges for each oin E(ol)
whenever the series 9(1) converges and is of class ( %J)”

Zﬂ’xf‘eylaﬂ::‘Lve to a glven set of functions 9(2) of class (,az’)ﬂ.
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10. Sequence to function transformations for multiple

sequences of a certain class ( AL ),

n

We consider in thils section the case where each
‘jaf the functions €(2) of section elght approaches a limit
.;as oL —oc,, not in E(6¢), and we make the two following

~ definitions:

":’iDEFINITION 10.1, Set of functions of class (_oC )uw

o  The set of functions 8(2) is of class (#2), if it
18 bf class (,ac)” as the concept was defined by defini-
%°t§¢n 8.1. and in addition the functlons of the set satisfy

the following (n + 2 ) conditions: |

i ’

,.;‘ZJCA ,"')n % E 1(70 (ol)l( K (each ¢in ® " () ),
. , <o 4 =0

;rwhere E oc) contains all points of T(«) lying in o

~certain neighborhood of of, , and ¥ is a positive constant;

;1':’ k o0 4

e Lo :EE :EE

( &5y, o(;ma(, = ., ‘/Et =13
: /= 4

‘v;f‘n conditions (EJ*)" of the type

ek, b 2.,.- 12, (a)'} (1= 01,0000,

—)do l=

where S ranges from 1 to n inclusive.
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ifﬂEFINITION 10.2. Sequence of a certain class ( (X ),

The convergent sequence 8(1) is of class (X )y

relative to a given set of functions 8(2) of class (.4 )h
~if the sequence 8(1) is of class (X Lj relative to the
, givén set of functions 8(2) of class (,ﬁi)ﬂ,'as this cone
~eept was defined by definition 8.2, and if in addition
iﬁtha functions of conditions (0(;))n satisfy the following
"(2 =2) additional cjnditions:

h-t

- ¢
n conditions ( « S ) of the type

(h-1 )

&, tom §, 90, (m, > 7))

! n o<y A, i i)

, h —(h-k)
(87 = n - 2) conditions ( & | )h of the type

S (’)-k,:)

: (h-k)
(o( y ) /CVW\ Im lo():o) (mL" pi; 1 = 1,ee0,k),

h X =y X, ,'“'/mk

‘where k ranges from 2 to (n-l) inclusive and S from 1 to

'(;: ) for each k.

| It 1s the object of this section to show that the
1imit of the series

10(1) ..
e ;Z: Z£~ “dIQ'qg{{(%>
o 1 -0
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all be £ as « %, for every sequence 8(1l) converging to 4

anOf cless ( A )5 relatlive to a given set of functions

; 8 (2) of class (&), .

o It suffices to show that given an € >¢ there is
aset £(4) , containing ell points of E() in a certain
, ‘i"'g;lg:.g‘hborhood of A5 in which

10(2) /ZZ Ay Ya ("O"d( <€

(o )

Since we have assumed that the sequence 8(1) con-
ijfgfg;‘:fg}es to-d) for any €70 there are numbers P,s seey P,» such

~ that for a1l (1, B, , k= 1,00, n)

| - é —
B e YR

), s end the

- choice of numbers P,y sess D, there is a set &, (%) con=

- and also in view of (C¥), , the conditions (Ej

ﬁé;ining all points of E(X ) in a certain neighborhood of
°{o in which

- 1lo(4) Z_, ) ‘-L I / ([" ,c-;z)/xl/

' Lzptl L, =7 h

= v " 'h h

We bregk up the left hand side of 10(2) into the

o h
following (2 + 1) parts:
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T + BT (g g

[,56 L £é zl//"f) /’-}"

F Fn |
2] _ (09 P
Z : Z_ /leICP[L]

L, 70

LI’/’;‘H Lk':/OK.H Lkﬁ

L & /
Lt

Y2l L= frt!

\\/\%
Nx

where the large square brackets enclosing an expression
;"indicate the sum of the whole group of terms of similer
fom obtalned by permutation of the indicas, where k ranges
,”kfrf’om 2 to (n-1) inclusive, and where p , «s., D, are the

numbers defined in 10(3).

We define
In view of condition (E,*)h and the definition of M, there

° *13.' k,a set E, l°9 containing all points of E(X ) in a certain
neighborhood of o,in which
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, ¢é

.;,m‘“ /cgq Lo«)/ it -ﬁ—(/”) > (1 =0,1,...,0 5 k=l,.4.,n).
J

’For eachof in E (ox) P Pn / )

ﬁ Sl < .

10(7) /Z Z’-’, “, g “, 1 Jo+ &

{zo ¢, =0

‘ In view of (A”:)b and 10(3) we have for all « in
,E'(°<)

/ Z ZI !°9/4,_—-«.

o T Laga

Pl Pyt

~Thus, the first two terms of 10(5) are each by 10(7) and
10(8) in absolute value less than é//g,&l in a sufficilently

- #mgll neighborhood of %o, The n terms indicated by the first

. séiﬁ of large brackets in 10(5) may be treated in a manner

V whélly analogous to the followlng treatment of a representa-
“,tive term:

; In view of conditions (& ),, and condition (A”"')h
rthere is o set 6 .(’)o<) having o, as a limit point and

| eontaining all points of E(x) in a certaln neighborhood of

" 0(,,3.13, which each of the n terms indicated within the first

-aef: of large square brackets is in absolute value less theu?
L /\'}

:VTP'+1 + Under the same conditions there is also a set E
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(k)
83 1o having «, &8s a limit point and contalning all points

@f E(A) in a certain neighborhood of &, in which each of the
".( £ ) terms 1ndiéated within the second set of large square

’brac’kets is less than é//f,n—.

We may define
(1<)

E(rx\- 7—5 “’9

; Kej
 which is a set for all points X of which each of the
| ,(2‘:’,'4- 1) terms of 10(5), except the first two and the last
two, 1s in absolute value less than é/g,«i.
‘ l There remains now only to show that the dlfference
ofthe lest two terms of 10(5) is in absolute value less
| then e/f‘,’,-}i in a set f’;lu) containing all points of E(e& )
in "a’cerbain neighborhood of o, An application of 10(4)
t yields the desired result immedistely.

Thus, in a set

Ew)z € (- F () € (9,

~_which contains all points of E(xX) in a certain neighbor-
h@ed of &, , we have shown that 10(2) subsists end have
. thereby at last completely established

' tt';;ecrem 9.
- The series 10(1) as o 5o will tend to 4 for
’ ‘egvary sequence 8(1) converging to ¢ and of class d’- )h
,_',,z?{élati’ve to a given set of functions 8(2) of class ( A4 ),
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':?11‘ - Convergence factors of type II for convergent multi-

'J;}‘yffi?le series of a certain class ( 3»)

‘ We consider in this section the cgse where sach of
fthe functions 9(2) approaches g limit as oz— o, , not in

' E(oz). It is convenient now to make the following two

.;df‘afinitions :

 DEFINITION 11,1. Set of functions of class(.&e ), »

The set of functions 9(2) is of class (,o"c‘.’)" if it

 is of class (.ee’) and if in addition the functions of

the set satisfy the followlng (n + 2) conditions:

. % Jis - |
e fw‘”’ LR Ok
<A, ) 2 | 2., f . oK (& 7(0 ),

. where E (o), as above, contains all points of E(e¢) lying
1n a certain neighborhood ofo(,o , and where K is g positive
number,

iﬁ,]conditions (B ), of the following type:

R b R | SRR

] 0("* XY
lz-ﬂ
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INITION 11.2. Series of a certain class (%»)n. 3

The convergent multiple series 9(1) is of class
(za )n relative to a given set of functioﬁs 9(2) of class
(,a’)n if the sequence of the partial sums of 9(1), defined
by 9(5) 1is of class ( ﬂ-Z)” relative to the gi\}en set of
f‘f'fly‘unctions 9(6) of class (.# ), and If in addition the
(2" - 2) conditlons are satlsfieds |

n conditions (/6 < )" of the type

_, ) A (1,7)

?:,ﬁfi(*(e ' o, ‘P (x) =0,
n Y

t(a -n - 2) conditions ( (Q_g )” of the type

(K /im (K;U
(ﬂ ' )n ? (o() =0,

A —»cx,,

| We wish to show that the series 9(7) will converge
1n E(ol) and have the same Vaiue as the convergent series
,9‘(1) of class (,,‘Z)n relative to a given set of functions
9(2) of class (/'67:')” whenever o{—s O, , '

: If we assume that the series 9(1) converges to zero,
ﬁﬁé may use the results of section nine, as well as those
of :k‘section eight. _
 We form agaln the Abel Transformation for multiple
':v'sa'ries, which is the expression 9(9). In view of section
fﬁine we know that under the conditions which we have imposed,

the limit as m —so0, k¥ = 1,..., n of the sequence deflned ‘
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by 9(9) exists; it thus suffices for our purposes to show
that there is g set( (0¢) which contains all points of
E(o¢) in a certain neighborhood of 64, and in which for any
given €>0

11(1) ( l1m ] @c)l <€,

: m
ml-.”,... ,m”-"m [

’ In view of theorem nine just proved there is a '
set é: é¢) , containing all points of El{oe) in a certain
‘neighborhood of o, in which

=0  (yTo

11(2) }---2(,4, A”“ ,)f](a)lsizm_ L,Aa.qP_(d)\ <-2§,7.

Since the n i:erfms indicated by the first of the
:1arge square brackets '‘of 9(9) each by section nine con=-
'verge in E(oe) to functions of the form q)(l 24) as the
fm's each become infinite, we need only observe that there
18 a subset g(&) coritaining all points of Bl(ed) in g
éfcartain neighborhood of &/, :’Ln which there are n inequalities

( )
,involving (¢) of the following form

. (1)
13(8) ‘ G 7 )| < ;,, s

. o
which is true in view of condition (/3 ; )n .

Similarly in view of sectlon nine and conditions
— (k) o
s )n there is g set (5‘3(0(.) containing all points of
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 B(ot) in a certatn neighborhood ofo¢, in which the (2 -n - 2)
térms indicated by the second of the large square brackets

ﬁg)'f‘ 9(2) are each less than -f,—, » for there are (2" -n - 2)

; r'iifeQualities involving \f( @() and subsisting for each
o&in é: (o) . They are of the following form
S ) ,

“},‘{.(4) l Y o )q) < }%‘“

3 | In section nine i1t was pointed out that the limit of
the last term on the right of 9(9) is zero for allod in
E(N) as m, ,4.., m, each become infinite.‘ Thus, in view

"kof' 11(2), 11(3), and 11(4) there is a set Z@d oont’ainiﬁg
“,',’é‘i?lf‘points of E(a¢) in a certain neighborhood of «f, , which
may be defined

é’[,() {o£.) f () (‘: (d)

m which the inequality 11(1) subsists.

: If the series 9(1) converges toudF9, one may reduce
““'th‘e,treatment of that case to the above treatment of the
caae where the series 9(1) converges to zero by alteration
»‘;,;f‘er the term Uyp...o o |

We have now established

~ Theorem 10,
. The serles 9(7) will converge in E(e¢) and have the

same va,lue as the convergent series 9(1) of class ($)

e élative to a glven set of functions of class (o€ )” whene
evar d'-—’dﬂ °
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12‘ Sequence to function transformations for multiple

,';kféﬁe“quences of a certain class (o7 ),
Given a2 Set of functions 8(2) of class (7 )” , We

make the following definitlon:-

I TION 12,1.  Sequence of a certaln class (oC/ Ine
- The convergent seguence 8(1) is of class (eU ),,
,,relative to a given set of functions 8(2) of class ( 2 )

~<1if the following (2 - 2) conditions are satisfied:

G =)
~n conditions ( b/ )” of the type
FSa. {l}
(¥ , )n The sequence 8(1l) is such that the series on
'bhe ‘right of
(1)
o [V =3 gy
i3 3én [t] (]

;;nénverges for each 1, ,e40, i,, 3 and the function on the

1eft of 12(1) is defined for esach of of Elol) and is also

such that
/ . (1,7)
12(2) (o‘) = (each i YRRy in )J‘
Yo ol olo ‘2’"."”' R .
" | (k)
= n - 2) conditions ( Y s )n of the type

= (K)
7 , )n The sequence 8(1) is such that the series on

_the right of
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_ (x,1) Z Z [d)
12(3) o) = ;
wo [ =2 2y fa

-eonverges for each i,m seeey 1 and the function on
‘the left of 12(3) is defined for each o in E(es) and is

aiao such that

. i _ |
12(4) O(T-:o( Ij' ~(°L)"‘0, (each iKﬂ seves 1p Y3
~ °

k ranging from 2 to (n - 1) inclusive and 8 from 1 to

on
{ k) for each k.

We wlish to show that given a multiple sequence 8(1)
‘;éénverging tocd and of class (cé;) relative to a given
:sat of functions 8(2) of class (4 ), and corresponding
V_t:o any €>0 there 1s a mumber N and a set £&J containing
8ll points of E(e ) in a certain neighborhood of o, ,

>N’k=l’.00"n

‘such that for alle¢in £ (of) and all m

‘_“1’2(5) 2 z g_,d, (el) - b@l < E.

o (=0 (p=09 [‘J

We _have

=0 =0 [£] [ {=o (=0

12(6) z Z (t)— 4 ’ = ‘ 2 ’ "Z [,:]c,ic](d -
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M

ﬁ ng )+ a3 sz
=..

\ Z ud/)f (o()|+ Iw\ lZ ](d)__\l
e . | To ( .
In view of the definition of fo.. .o (0¢) in section

nine, we have

-‘«,‘:’12(*7) 7 (oc)-z Z% (<),

1—0

| : end hence for any € > O there is a number N, , such that

for allm, > N, , k= 1,.0s, n and eachold in E(el )

al])

Z |.,4J| > "Z_a---ga?ﬁ](oc) —7‘5’“"{4)' >

"1.2(8)

2 %](o()—-l,—-l ’“o(o()-—l‘

l,"o ‘ =0

In view of (¢ *), there 1s a subset ¢ (%) containing all
points of E(ol) in a certain neighborhood of of, in which

&
(o()-—l‘ & ———
,/:o...o 4“’&\ J
smi hence for all m > N, k=1, ...,' n and each ™o

o in €' ()
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€ € €
+’——-.—' : ¢
Z“fzf(“) / 72l el 2l

’_n{fi‘hus, it suffices to show that given an €>0 there is a

12(9)
| {20

riignumber N 2 N, and a set & e containing all points of
';‘E(O\') in a certain neighborhood of &, in which for ail

k> N, k-l,...,n

12(10) / Z Z (/4 12~ Y (“)/ 2

6 Z6 ‘h"
Let us first observe that if the sequence 8{1l) converges

~toA#0 and if it is of class ( £, ), relative to a given

'\ﬁ aet of functions of class::( A )h , then the sequence

12 (11) { SIL] {

',is also of class -E) relative to the same given set of
functions Y(l) of class /CX A)b . For, we have n re-

.lations of the type

[ ‘. f( o ) CPIJJ (=) / [Z /a’z ¢ («)/ + 14/ Z/ («)))

‘, Z0 "d

k * which the first term tends to zero as K94, in virtue
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%3.

; . I‘; ‘, & — (l)
cof ( 't ; )n and of which the second term tends to zero

as oc—0L in virtue the conditions (E f)n .

*We also have (2" -n = 2) relations= of the type

122 o
§ fw gﬁ(d)/+|w Z Zo“fm@‘)\

- of which the first term tends to zero asot—>%4 in virtue of
£ (F ,“a)” s and of‘which the second term tends to zero as
ol.--> olp in virtue of (]’z)\,-'”')y| . .
Thus, to arrive at our desired result, 1t suffices
ta show that glven €>0 s there is g number N and g set
CS (x¢) containing all polnts in a certain ne* ghborhood of

d,such that for allm, > N, k = 1,,.., n and alla¢ in
6(04_)

m, :
[ =0 [J [t]

12( 12) ), < = .

n
We break up the series 12(12) into 2 parts, as

;;t‘ivollows s

5

12(13) y () + (o)
' G=0 lz"o 914 JIZ/:H %ﬂst]cg‘ ol
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d[,‘fﬂ“]‘)‘ T

F—-?,‘F/f’ﬂ 1230‘ 4,,-—0

"' m, M et /”n
| == S - m %](a].k

"whera the large square brackets enclosing an expression
| iﬂdicate the sum of the whole group of terms of similar
’:;‘;’;ferm obtalned by permutation of the indices, where k

';;f"ranges from 2 to (n - 1) inclusive and where D seess B

‘are such that for any €>o0 we have for all 1 > p' seeey 1.2 pn

12(14)

s €
[ | < 27K
We define

=ma2’IS ,
M ] (1, = OylspeesR 3 k =1,., n),

~ In view of condition (E [*) and the definition of M, there
“'i‘:i;iﬁeighborhood of oL, in which

,/b ; K= lyooey )

mon | | <
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or each of in & (=)

e r, Ph A ¢

12(16) "a I [ o 6,,:0

, : !

In view of (4 ,*)h and 12(14) we have for allein E (&)

:12 17 (=) €
sein |95 3 g 2 £ 2T g ol e
S fe Z, LEFH) 4y ot
: Thus, the first two terms of 12(13) are each by 12(16) and
;@lQ(l?) in absolute value less than 51?%7’ e« The n

}:terms indicated by the first set of large brackets in
'k12(15)»may be treated in a manner wholly analogous to the
f:fﬁllowing treatment of a representative term:

*y and the limit

S A

In view of ?%e n conditions (E
» there 1is a subset é; ﬁQCOn-

—

in condition ( D, )

'fﬁéining all points of E(&.) in a certain neighborhood of
Ao inwhich for 1 =0,l,.e., b 3k =1,..., n

' ¢ -
/CPI[K( )/ < ;;-;HMZ?,—//Z*’)

5&#”& also in which for 1, = 0,100, b,

(«)/ < ¢
IH'IM 7T(/"+)
J =2

L)

i

llJ

a ~ -

)i,,
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Given € >0 , there is an N,) such that for all m, > N' in
e ~ ()
view of (& ; )” for each o in E(og )

}' (1,1)
4 E S ™ )"' PR

9 )ln

(I, 1) P
() — ()] < N+
‘ 250 i <33

9 3n 7’7‘ /o,-/)
J=2
: (/ 1)
I 3 =o [] 50} 3 ‘R ! Tr(/ﬂ*l) + ,2,...,¢,, .
v ) |
-Thus, in é; (ct) and for allm, > N

n, P, Pn
1208) | 2 jz Sy T )‘

L]:r;fl izso ‘ =0

[\ Pn Pz
520,402 SRt

l', =0 ;zzo

€ € __._€__,
£A3 ntl + n+l+3_2n+u‘“ PYY

The (2" = n - 2) terms indicated by the second set

of large brackets in 12(13) may be treated in a manner
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32

mglly analogous to the following tregtment of a represent-

-

~ ative term which holds for k = 2, .., (n - 1) 3

~ In view of the n conditions (E,) and the limit in
G -5 (K] (k,1)
~conditions (Y | )” » there 1s a subset 5 ()

of’ E(a¢ ) having o, as a limit point and containing all polnts
_of E(ot) in a certain neighborhood of &<, in which for

k a l’ esey N3 1K = Otl’...’ pK s

-12(19) ’ il éae)[ < ”f'; ®

{ ° ‘”’

- . J=t

and slso in which for iJ' = Oylyensy, pJ- s =100, k, the
following (2K - 1) inequalities subsist:

'k inequalities (7 S )'< of the type

« ’ ~(1,1)

, t.z’...',""

< €
IR Tep)
J=2

(2% -k - 1) tnequaltties (77 7)) of the
2 - - nequa es ’7 s % of the type

: - .
(’7 ) )K ' r— e (o)

byniy? 223 ln

2

-3R Em‘ﬁ(’a-f-l)

Jﬂn-H

i2 ere m ranges from 2 to k inelusive and s from 1 to (m )

r each m, where each I~ symbol has abt least the indices

‘and where R P 1s defined by 10(11).
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We break up the term in the second of the large

‘brackets of 12(13), as follows:
/2(20)

Vif“;"Z'-'Z(Z Z[]ﬁ] )I

f‘= P.-q-, :Pﬂ ‘k =0

|22¢ Eti:

‘(.(-) D > 222 S ) [+

\PZ .Z(_,, z { mcpm(a)})]

Z"Z T ﬁd(d)l

ffeffthe large brackets enclosing an expression indicate
e sum of the whole group of terms of similar form,

obtained by permutation of the indlces of sums within the
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: ‘rentheses R ‘ -

We Wlsh to show that there 1s a number N(K,

'"sufficiently large, such that for all m; > N""

: J
-_(1 = lyeea, k) and gll o in 6'3(K1( o¢) the term on the

left hand side of 12(20) is less than 25,;, ‘'« In view
~
KJ

¢

‘;lﬁpf,condition (¥ ; )n and inequ,allty ( 7 k there
"“yf»};i;“sra number N'm; , such that for all m, > N(m (L = 1,404,k)
L P /f R
‘and alleL in & ¢l the first term on the right of 12(20),

A

M

K B s/ B
=z 7?:1(“’{ )

o 12 (21) [;(+;—‘O "h=o ¢}=a
%’ PZ"(' < + lK,:)(d) )
. v ® . Py i -
- 2 aElERE T s
s ‘ J=rH
c . € - 2€ __ .

< - = ° ‘

- \3;?:2”*’ +.—3 RKZH-H 3RK2H+|
— (K-U-.- | Ck~1)
In view of conditions ( S ), and inequalities (% = )

(K)

mthere is a number N such that for all n; > N

|| ’
(1 =1,.0., k) and alloec¢ in 6 {.z) each of the ( _ ) terms

;’:"indicatad by the first of the large square brackets on the
right of 12(20) is lessthan [2€/3R.2 ). Hence,
fkf;"t‘:he second term on the right of 12(20) for all m; > N,
'}:;;'andv for allol in 6 % ’(ot) is less than [_Ze ‘RK '/3 RS 2""]

, = )
darly in view of conditions (5 )h and inequslities

o

(K)

K
7 )K there is a number N ¢ » such that for all
(x, 1)
N;(:) i= 1:'--:1{) and 31102«1116 (@¢) each of the
2
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( K ) terms indicated by the second of the large squarse

i n+l
f;ggbrackets on the right of 12(20) is less than [ze /3R%2™],
] jj.Hence, the next to the last term on the right of 12(20)

for allm; > N and for alle in &, ') is less than
G £

[ZGR;/_?R,:Q "”J « In view of 12(19) and the defin-

" ition M, the last term on the right of 12(20),

o Lo

1z ° 2 s P 0] ¢ R I\/IZ ILP ()] < Foge
12(22) RK y=o [l]f\..-.‘ G=0 T ta

(s L (1]

for eachotin &, fa) o

If we define \

; (K) (k)

12(25) N = max ,,t 9 (t = O,l,occ,k"'l),

!
1)
'ﬁ‘fkwe have shown that for each ol in cS (ot) and for all

mt > Nl‘k)- (i = 1,4.0,k) the expression on the left of
12(20) is less than
€

€ 2e CL il _€
3-27 +3Rzz“*’ Ryt +R +ll= raa

o
Thus, there 1s a set é. (o), containing all points common

, (1,5) .
to the sets é;(cu s E / (o¢), and , lcf_; " ot) [k ranging

ofrom 2 to (nel) inclusive and s from 1 to (: )} for each k] R
- in which each of the 2 terms of 12(13) is in absolute

value less than "{v%‘i‘ for all m ;> N (1L =1,.0.,n),

4

ro- -

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(k)

N max NJ s Ec= lyeees(n=l); 8 = 1yaue, ( :J .

/

‘Hence, for each & in < '/ol) 12(13) is less than -% for all
mé' > N" (i = 1,0.0’11)0

~ We have completely established:

Theorem 11.
: Corresponding to every poslitive number € there is
g number N and a set () containing all points of E(o¢ )

1na certain neighborhood of &, in which the sequence

\Sm,...,m‘—az z [] [t]

! (=0

f&iffers fromed in absolute value by less than € for all
mK > N, kl= 1,...,’7n and for every sequence 8(1) convere
g.’mg to & and of class (oéj)n relative to a given set of
fﬁnctions 8(2) of class (L&), »

- If in the above, one sets n = 2, theorem 1l reduces
to theorem 5., Since the theorem of Adamsl. referred to

;if;_’gfb,bve 1s a speclal case of theorem 5, it is all the more

@ speclal case of theorem 11, just proved.

- Adams, €. R. Lo, cit,
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13, On convergent multiple series of g certaln

class (/f)

Given amultiply infinite set of functions 9(2) of
slass (&",, as this concept was defined by Definition
11-.1;,.vwe make the following definitlon:

a—

DEFINITION 13,1. Multiple series of a certain class (,Z)”.

- The convergent multiple series 9(1) is of élass
¢ (i)” relative to a given set of functions 9(2) of class
(,;z') " if the sequence of the partiasl sums of 9(2) as de-
f,,j,f‘inea by 9(5) is of class (9(‘;'-)" relative to the given set
of functions 9(6) of class (& ), and if in addition the
'ﬁ,i;i:"dllowing (2" -2) conditions are satisfiedé

B =
n sets of conditions- ( SJ ), of the type
k, . ()
( SI )h m, > o= ,...’m‘,—bu L",""’, m] -0 [‘ n-4, m] )
(ol) =
o(—uol /\
(all 1)
(2)
(3) sets of conditions (5 of the type
, . : (1,2)
we (2) 4
S frm jA”a 0 ("J‘)= ()
e _ n-z2,m ..
L R Eachar Rt it Rt [znzm [" i)bs J
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e, /\ (“} =d (each 1,, 1;)3
(21 n,t)
( | ) pairs of conditions (S n ¢l
(1,2)
A
iZ’mé’“"mh
. (7,2)
[im b (o:) =0
XN, T N aMyy ey,
SO (1,2) (each iz,ms,‘...,mn),
: ) ,\
(S ! )’1 : ‘22 [¢,n-2 m]A”a'“ [¢,n-2,m]
)

- (G )
A" ’m3, '0'7'77”

@)=0 (each 1)) Mgy oo, My )s

(1,2)
vy /\

v [I.‘) 9= My,

- (k)
(:) sets of conditions (§ s )n of the type

e [im | ' (o)
( : ) . \/d/ A vee .
S0y e ey iy At B}

=/

(/J 2,“0 ’K)

(o) ,'

L'Q "')LK

Ion (/,2,‘...,!;))

a ) =0
- .
“ do l,,olc,'tk

(Sach 1‘ F ] L AL AL K ] ik) "‘
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( ,) sets of conditions (S n _ of the type
(k) {IJ ’
( S 2 o
A/[n:-/olica f- c )

G =0 [L n-x,m] ¢, n-x,m]

(7 2 K)

| | = N ) |

Lz,...,‘x’mk-’.".. ’mn

. (.': 2,'", K)
,//m /\ (L) =0,
oL=s0L, " Tip1 a1

(eaCh iz, ey iK’ mk+| s 09y mn),

(o) sets of conditions ( S, ), of the type
(g (x)(el) E'fvd’ £ (o)
‘.‘=° .‘:ego L‘:)n-k) W\.] /0 ‘0 [‘ n-’(’m]

(I, Z,..., £ 2+, ...,K)

N

3 ' (“)a
2*”...,Lk’mk“,.‘.,mn

I  (LE B 4y K)

I /

0 m A . . (o() ==0)

ol ~» 0L
0 7 Ml s eeey b Mgy 300 My

(each %24-1 seeeslyes My 20000 my,),

f'{f‘Wh»erer ranges from 2 to (k-l) inclusive for each k and k

< from 3 to (n-l) inclusive) r ranging from 1 to ( g ) for

o ' n
ach £ and s from 1 to ( g ) for each ke

We wish to show that given a positive number € ,

Tf',j there will exist a number N, and a set £&) containing all
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ints of E(oc) In a certein neighborhood ofos, such that

- for all indices M, > N,, k =1,..., n and for allos in

El)

o ' L
_ 2 @) < €,
15(1) ‘ G[M] (04)‘ = Z (.nzoc{l.‘d]g]

: ",f',oi* all series 9(1) converging to zero and of class (A% )n

~ relative to a glven set of functions 9(2) of class (gZ'),

Given any €>0, then since 9(1) converges to zero,

f:,“.‘th‘ere are numbers m,, e.., m, such that for all ik> mK,"'

k = 1,.0., n

i;where the seguence {._,d, } 18 defined by 9(5) and the

':,’:-fnumberT is defined
Cwe S‘Z, (7)_];_‘ +n, T =l
‘ (= .

On the sequence 13(1l) we perform the generalization
to multiple series of the Abel Transformation, as follows:

M, Mn"l »

Ty & "'Z

c,=0 [‘—]

VAN
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'l"[%' 4 A/D-..of M [“)] -\" bl

TR DL Mm] [¢, n-1,

Mr' Mk'l

+ 2 2 wﬁt}n—K, M A”""”"‘oéén—‘s"'ﬂ(a} o

“"0 ‘K'zo

+ o F (),

[m] [M]
ﬁhére the large brackets enclosing an expression indicate
~the sum of the whole group of terms of similar form,
"'fc;)"bif‘;'ained by permutation of the indices, and where k ranges
i}i:‘ram 2 to (n-1) inclusive, and where My > m , 8 = l,e.., n.
_ Siiice the sequence 9(5) is of class (5 )n relative
ﬁo the glven set of functions 9(6) of class (.3 ), » we
"‘nkxay invoke theorem 8 to show that for any €>0 there 1is g

kis‘etc‘fé()'containing all points of E(p, ) in a certain

)

s > m\c, 8 = 1,0.0,11.

"nn'ei‘lg,hborhood} of of, in which for all M
Gl é
: M‘,Q-I Mnil <
13(5) > > A,,,..,Ja]‘@‘) ==
e (=0 {p=0 [‘-] h
Bach of the n terms indicated by the first set of-
1arg;e square brackets on the right of 13(4) may be treated

-In a manner wholly analogous to the following tregtment of

& representative term:

, L

In view of condition (5 ' )" for a given €50 there
e 2) :
are numbers M (k s K= 2540., n, such that for all
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A (2) .
M > M ’k=2’tol,n

u)

F

( @)
[, n-1,M] =)= /\

l"d’n ny ] Broeeeo \ 2 Trm +1)

kﬁ',ké;hd‘also there 1s a set (f':)[a) containing all points of

 E(oe) in a certain neighborhood of oc, in which
()

N\ e <
t'

',‘f'Af,and also in view of (A ) )" in which

€
2T, (m+1)

== | A ,[Lc)|<|<
o Thus, for all
@) ()
M >~M' ) M >M Ema 1{ “M

| €,
and for each O in 6 (c¢) we have

= ,000’ n),

 1s(e) . <
it % [c,n-1 MJ '°7Z‘»”"'aM] (d)‘ -
E A f (a)l +
. [_1, n-1 M] J0+--0 [c,n—l, M]
@y &
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g ,’7%

W
o ‘ [L e M A,a_,,ji et M](oc)-—/\‘. )
M-l oo
I /\ (ot)l Z z . ‘A ,_“17{]( 1{
g l:’f? ¢ =m) £=M, (=M

€ —
+7:1~—T,:,

For each of the n expressions indicated by the first

TR, Ttz

_of the sets of the large square brackets there is a set

‘ )
: 63 (o¢) in which the expression 1s less than —,g]—_.é- .
, ‘ »
‘Thus, there is a subset ¢ (&) in which all of the n
“expressions indicated by the first of the sets of large
it | e
T

Each of the ( i ) terms indicated by the second set

square brackets are less than

y,é;fi large square brackets may be treated 1n a manner wholly

,v‘analogous to the treatment of the following term which we

ifbr'e,ak up into'l;'s. parts which are each less than £E in a
i n
,f;sﬁfficiently small neighborhood of ofy containing points
‘ofiyfz(ac);

M -1 M'<

’15('7) Z Zud/ A, 0.0l (<),

: 4,50 = L,n-K M] [+#2f02220 [L,V)—-K,M]

‘The expression 13(7) is broken up in the same manner as

12(12) was broken upj; and by appealing to Condition

LK) _,
5') )n and its subconditions, one can see by use of the
thod employed in dealing with 13(6) that there is a set
1

? (¢t) , containing all points of E(ol) in a certain
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- 4q,

_ neighborhood of o4, in which 13(7) is in absolute value

fﬁbsS than'T%f o The set Ci+40%) , containing all points
: n
~common to the (,':) sets (Sk:;”[a) s, 1s a set in which gll

the ( : ) expressions indicated by the second set of large
A ; T.e
Th

There remains now for consideration only the last

: square brackets are each in absolute value less than

tem on the right of 13(4). 1In view of (C), there is a
~subset (£, (o) containing all points of E(al) in a certain
neighborhood of 0L, in which

k = l,...,n).

15(8) 1EMﬂ0%1-| <R- (221 M

w 7

Thus, for allain é;ﬂ_l[o(j and all M k= 1l,ee0, n

K?

: l"% 7tgva (“" N ' “Ani f[M] @—W[’V‘] Y I |

1 2 ﬂ‘ il

€ e _ _ _€
< === (K-1) + = .
T K 7, K T,
’;ﬁjjifliénce , in a set
. bt
6 (et) -—-j’/ é; Cot)

itaining all points of E(et) in a certain neighborhood

_of oL, y we have that
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T (o() L é)

far all M, s eeey M, > N, .

| - If the series 9(1) under consideration converges to
‘.,d/ #0 , we may reduce 1t to the case Just consldered by
,;;fi:i:itroducing the series Z“é ] converging to zero and
defined as follows:

. /{, _ g

. OO ¢ ee O oa'”a
u! . =U,.
[] [] (all 1.+ 0,k=1,000, 1)

Thus, we have complsetely established

"T,’?’TheOrem 12:

| Corresponding to a positive number € , there will
SXiSt a number N, and a set &(¢) containing all points of
E(o&) in a certaln neighborhood ofgs such that for all
~%'f::‘:zji?a~i°95 M, 2 N,y k=1,00s, n and for all & in& (¢)

Ml Mh L )
= ..> 4(&] {C][ol)—vd. < €

l} =0 [;1 =0

-f,"forf all series 9(1l) converging to s and of class (,//)"

relative to a given set of functions 9(2) of class (), «
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GLOSSARY

Since in the body of the text many sequences, series,
eonditions, and definitions are referred to frequently by
ffﬁﬁmber or by letter, the writer has thought it wise to
'collect many of them below for the convenience of the reader.
kiTo those definitions of classes and to those conditions
."[,which are complicated and which require a relatively large
famount of space to state,references are given to that

~fpgge of the text where they are introduced,

IJ. Double Series and Sequences
1(1) {de.} (L, J = 0,1,e.4), converging to's.
AT ,

 ;1(2) | { %%(&7?’ (1,5 = 0,1,...), defined in E(ot ),
| :"1’(3) 2 vd’{/ %J (),

(A%) E ,%(0‘){ <K (<), positive function of ¢ »

  DWFINITION 1.1

2

;fmne sot 1(2) as of class (or) if (A *). 1s satisfied.

>
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 DEFINITION 1.2.

‘,_éQQuence 1(1) is of class ( a );_ relative to s given set

1(2) of class ( &« ), if

¢ 0(, )2 for all p D> p, the series
1(s) SE (“) Z [‘}Z Ay "9 My
  ‘ -75 =

converges for each o¢ in E(et )3

: (’:o(,‘):- and if for gll q > q, the series

e . ) Z cp M)
1(6) i‘f()?_] 7(£ 64 )

~converges for each x in E(X).

’" = ;o/:-oo """""""""""""""""
2(1) U, converges to zero,
2(2) Ef‘-’jio()}) (1,7 = 0,1,004), defined in E(ox ).
2(3) A, = L U, ,
" ;M ” 4‘91:0 0
2(5) f,, g (o) = Z_ ‘P: e
ge l//’) 7

d

AII flJ (d) = cpl ‘x) .
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Z 'Au f/("‘)‘ < K(oc) (m Et)).

10J~0

lm AN f (ct) =0

(130,1’000’ E(“) )0

o N> oo w'in Y
O AL e = e B ),

;}fDEFINITION 2.1,

The set 2(2) 1s of class (.a’), if (4), 5 (D, ), » end

U_f(D& )2. are satisfied.

| The series 2(1) is of class (ﬂ()ﬁ relative to a given

Tﬂ}g@t 2(2) of class (.z’), if 2(3) is of class (L), relative

;‘,vf‘to the given set 2(6) of ¢lass (/pc)

e > [l

‘:-on-_-a J
29 T () =_= U filedd

ff?hmmm:con 3.1
. geries 2(1) is of class (a% Y2 relative to a given

et 2(2) of class ('), if 2(3) is of class ( Z), relative

to the glven set 2(6) of class (o2 ), and if the following

o conditions are satisfied

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

/63.



- 0% |

(1 = 0’1’000; E(do) ) H

; fim Yy
1y oo ‘J f(d) z‘“)J ’

o9 u) ()
= ‘R- (o) = <{/ (¢), E tx),
=0

o
: ié".P(d) 1s bounded in absolute va,lues

e , (2) i
,“,(‘(sfl)l z/;”:o Aolz;(d) SP (d) (3 =0,1,0005 Eae)s

c2) @)

s? w=9 @),  EFeu,
o 2)
- Y @)is bounded in absolute value.

f)EFINITION 4.1

. The set 1(2) is of class (.7€ ), if it is of class

(m ) 5 and if the four following conditions are satisfiled:

o9, o9

»_ ,(0*)2_ c({::, ‘_aZJ lj(d) = | ’

(B ;"‘ . oc/:-':‘oé, Z l Cfi‘l[d)l =0 (each i)
e /- oo
(E F:)’__ Qﬁ—fbmoc.o %— I(f(." (d‘)’ :0) (each ‘:93

(“)I < K , In a suffi ciently small
ne:lghborhood E (o) of o(/ .
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- DEFINITION 4.2.
‘ The sequence 1{1) is of class (/l')2 relative to

",,,,;é;;givekn set of functions 1(2) of class ( & s, 1f 1t 1s

%

of class (/) relative to the seme set 1(2) end if

 ~ .,>(’¢¥,,)2 o{—/-::(a §°l () =0 , (e.ach q)s

- DEFINITION 5.1,

A set 2(2) is of class (,62’), if 1t is of class

(o), end if

o /im ==

(EI )2. ol->ad, ,J% AII é}(d) =2, (all 1)
« : o9

(E,) Jovm VAY 77-("‘)\= 25 (a1l J) ;

oo , 00

(a,), —~ IA )f,(ou{<K (in '(az) )3

tz0, (=0 "J ’

(c)i’. //”7 /{’ (ct) = / 3 (1, = 0,1,..4)0
- K->, f/ |
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%”?aEFINITION 5.2,

The series 2(1) is of class (ﬁ)a relative to a

ﬁgven set of functions 2(2) of class (/52'32 if 2(3) is of

%;,;zf;ij‘class (ﬂC ), relative to the given set 2(6) of class (.2%)
.iand if
o ()
( _—) (P (x)= 0 ;
7 72 a(—’oé

DEFINITION 6,14

The sequence 1(1) is of class (oC)

relative to
glven set 1(2) of class (o2 ), 1

)‘3 The series on the right of

. v)

MR

,.,A/Jgp(a)

converges‘for each J,
  ‘ 6’;’(2) o{f—”’?ob I‘_I— (x) = O ,'(each j).

(Yz )Z The serles on the right of

e (2) 22
- 8(3) (o) = :>_— 5 4’./ (ot) converges for each 1,
: ‘ (=0

o0 Byl weo ey

E, !Q.OQ...‘......OOO&OOQ‘QQ‘C.C.CC..I0."0600.0.’.‘.0...0...
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’rfgf(fs? | aa"deﬁ(d) | <€, u?>N, 1 Ec).
;ieéz(flq.) | S,J = {Vd/{j—w} (L, 3 = ‘0,1,...)-.'

:},;:DﬁFINITION 7.1, .
The series 2(1) is of class (,17/) ' relative to

a given set 2(2) of class (. )3 if 2(3) 1s of class (f)

kﬁrelative to the given set 2(6) of class (M) and 1if

€S, )‘2 J/””aog/d/ A f@) /\ (oc) (1 = 0,1,40.3E() )3
1m (ot) = 0O, (1 = 0,1,004)3
o>, ‘ ' ’
i | (2)
(&, lim g A )= /\ (o), (1=0,1,0..3B( ) )3
2 (~>00 ¢
)
= = 0,1 ses/o
d_)d /\ (et) =0 (J seee)
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II. Multiple Series and Sequences

v 8(1) ;Alflz) (1,=0,1,e005 k=1,...,n) converging to 4,

8(2) ’ {%L}(d)} (iK= O’l,ooc; k = l,...,n)o

8(3) Z lZo 13 %g @,

= )
B i o

,"(A*)n Z/(:o’ Lg‘j (a)lz % a positive function of & ,
L,zo h -~

DEFINITION 8.l.
i o sot of 8(2) s of class (A ), if (™),

fsatisfied.

The sequence 8(1) is of class (a),, relative to a

ﬁgiven set 8(2) of class (AX.) 1f (27-R) conditions of the

,tﬂ’e ( "‘3 ) are satisfied.

| 5’( ' If for allm; >p; (1 = 1,...,h-1) the series

h
, U,') oo o0 oo
o e £ E (F ot
8(5) ?!g'”:,"y'"»*l ") z ‘;Zm i,,.L,"",..,(‘h"’ L7 13

converges for each & in E(of ).

( o(, ), and if for allm, v p; (1 = 1,...n-k) the series
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€
z
%

‘converges for each X in E(4),

_E e
‘ = ‘ ' //7: .
8(9) 635855 @‘226}4 % 23.--),

oo 00

9(1) Z Z 4([‘] , converging to zero.
R lco l Y

9(2) ; ILI(OL)E (iks 0’1’000; k = 1,0.., n)t

. DEFINITION 9.1.

The set 9(2) is of class ( .a"), if the following

‘;"(2 n =1) conditions are satisfied:

L ( 2 K(O'-)
( Z Z [Ba... u)/ s a positive function of X
('-0 0}1/0

~ n conditions (P ¢ ) of the type

(M

(D' ) L’V‘DII lohél.x() )(E(“), alli g wvey 1)7 )3
: b\)DO
~,_h (k)
(8 -n - 2) conditions (D §5 ) of the type
. AFONL ) zo

(E(D(); 8.11 (1, ges0y 1h’k )"

e ‘ h
Xk ranging from 2 to (n-1) inclusive, and s from 1 to ( & )
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mim'rxow 0.2,
The series ©(1) i1s of class (ag/)b relative to a

.gj.fren set 9(2) of class (/m’),, if the sequence of the par-

‘tlal sums of 9(1), defined by
e o

1 ¢ zo [h ‘o

is of class ( 0[),,, relative to a given set
e By A hat, (B(a) )y

,@f“’class (,ot),7 and if the (2” -2) conditions of pages
55~ 57 are satisfied.

e B
o(7) Ayl Urg f&;r(“)'

 DEFINITION 10.1.
o The set 8(2) is of class (-4 ), if it is of class

“},‘.,‘a,nd if the following (n#2) conditions are also

éfied.:

oo po
. Z’” ‘.- < I
fk(fﬁ«?)h ( [,,Z—-o/ Céq (09/ l J (egch&xin E' (4) )
S o Fd zo0 -

”;E"ﬁ‘; () contains all X in a certaln neighborhood of o, , and
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Kis a positive constant;

) oo 0o
o, o 2L Hgd

h x> L, 2o (=0

- n conditions (E S.) of the type

{El’:)h ﬂ‘m‘ [ Z-/qu-(ld)l.‘z: (1, = 0,1,..4)y

d"')“o [‘.50 L Z0

where 8 ranges from 1 to n inclusive,

jfnsmmmoz« 10.2.
The sequence 8(1) is of class (a )p relative to

e given set 8(2) of class (.& ), if 8(1) 1is of class ((X ),

; relative to a given set 8(2) of class (& ),, and if the
'_i‘ollowing (" -2) conditions are satisfied:

m conditions ( al ) of the type

(h-
fﬁ {h..Q N (){'i) P 0 .
(d 1 )'7 AHA, m, ? (m 12 P‘).)'
.n - — (h-¥)
'{(‘2’__-,11 - 2) conditions ( & ¢ ), of the type
| (h-x1) ‘
) Lo f ()20
a ’ )h 0(“50(0 \ k 4 (ml:> pb. H i= l,...’,k-)}

k ranges from 2 to (n - 1) inclusive and s from

1to ( /) for each k.
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DE?INITI ON 11.1.

The set 9(2) is of class ('), if it is of class

( '), end if the following (n + 2) conditions are
satisfled:

(c) Lo Jf () /’5 (a1l Ji] )3

h A ety ]
), Z“Z [BureryFg I 4 & ") ),
A ¢ zo bpze '

’whe"re E'( ) contains all polnts of E(&) a certain neigh-
. borhood of i, and where K is a positive number; n conditions

 (£s ), of the following type:

# 0y Lo {55 ki 9] 2o
o X -~y

lyzo

(1' = 0,‘1,1‘..)0

£ DEFINITION 11.26

The series 9 (1) 18 of class (a@'),, relative to a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.

given set 9(2) of class (gz’)n if the sequence 9(5) is of

,v‘;é?_aas (ﬂ[)” relative to the given set 9(6) of class (/52)”
~end if the following (2" -2) conditions are satisfied:

—_ )
n conditions ((6 < )n of the type
7)) /i (1, 1)
I —n.
" oc-»oe, (e2)=0;
o —_ (k)
}’(2 -n~2) conditions (/6 s )}7 of the type
A {«) ; (k,1)
L fim D ) =0,
] n o>,

,'-;"~;w,here k ranges from 2 to (n=1) inclusive and s from 1 to

(2 ) for each k.

' anFINITION 12.1.

The sequence 8(1) is of class (oC' )p relative to

& given set 8(2) of class (), if the following (2" -2)

\fv'idf'o’nditions are sagtisfied:
S — )
n conditions ( Y s )n of the type

=)
¢ ¥ ) ) The series

n
('J’) (d)

‘2,...

nvarges for each 1, sesey 1, 3 and the function on the

: left is such that
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: o In 1)
m ’ ) = N,
2(2) u-’&a '—l:;’loc, ‘h(“) o (eac}l -12,000, in),
o 'kn -~ (k)
(2" +n-2) conditions ( 4 - )\n of the type
o __(K) : ‘
| j )n The series
o () (
= ; »
o , .0.
K+l

i_;;enverges for each 1K“ ,‘...‘,i"; and the functlion on the

’ Jeft 1s such that

/1m (k. 1)
12 <4) \ °(_"M” ,_i:(-u ? "')l:n(d) —a’ (oach ik“ T ,i") ’

.k ranging from 2 to (n-l) inclusive and s from 1 to ( : )

for each k.

mo fe)=fym

ffBEPINITION 13,1,
¢ "The series 9(1) is of class (,,}') relative to a

v;"—fg”iy.ven set 9(2) of class (gt )'7 if the sequence 9(5) 1s of

,_'U".ficéiass '(06) relative to the given set 9(6) of class (¢ ),
and 1f the (2 —2) conditions of pages 927«18f are satisfied.

wm T = Z" (?) 7’§ +n, T = [,
' ¢ (= -t :
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