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Convergence Factor Theorems for Double and Multiple 
Series, having Unbounded Partial Sums.
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In.tr oduc t i on.

In Volume 22 of the American Mathematical Society 
Colloquium Publications C. N. Moore JsJ established for 
bounded, convergent double and multiple sequences necessary 
and sufficient conditions for the existence of non-factor- 
able sequence to function transformations of a very general 
nature; and he also established for convergent, double and 
multiple series, having bounded partial sums, necessary 
and sufficient conditions for the existence of a general 
non-faetorable convergence factor transformation of type I 
and of type II*

As early as 1922 T. Kojima [i] stated for unbounded 
double sequences which converge In Pringsheim*s sense 
necessary and sufficient conditions for the existence of 
non-factorable triangular matrix transformations which pre­
serve convergence, as well as transformations which preserve 
also the sum of the sequence. The conditions which he was 
forced to impose upon the elements of his matrix of trans­
formation are of course very stringent*

In 1951 G0 R. Adams jl̂  showed that if the elements 
of the non-factorable triangular matrix of transformation 
treated by Ko;JIma satisfy the Roblson-Kojima set of necessary

Numbers in square brackets refer to bibliography.
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and sufficient conditions that the transformation he regular 
for bounded sequences, then that transformation is also 
regular for a large class of unbounded sequences which he 
introduces. In the same paper, he shows that if one assumes 
the transformation to be factorable, then it is regular if 
the transformed sequence is bounded.

In 1932 E. P. Agnew {3] stated that a sufficient 
condition for a factorable triangular matrix transformation 
which is regular for bounded convergent sequences to be 
regular for unbounded convergent sequences Is that the 
transformed sequences be ultimately bounded. The following 
year, C. R. Adams {2] showed by means of an example that a 
non-factorable triangular matrix transformation which is 
regular for bounded sequences is not in general regular for 
convergent unbounded sequences when the transformed sequence 
is either bounded or only ultimately bounded.

The present work deals in part with non-factorable 
square matrix transformations which are regular for bounded, 
convergent sequences and which are of the type considered 
by C. K. Moore. There are stated conditions on the sequence 
to function transformations which preserve the sum of the 
sequence, as well as conditions which preserve only its 
convergence. The corresponding theorems for convergence 
factors of type I and of type II are also given; and the 
theorems on double sequences and on double series are 
generalized to theorems on multiple sequences and multiple
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series. Finally, the work of C. R. Adams on double sequen­
ces is generalized to a more general type of non-factorable 
transformation, the corresponding theorem for double series 
is established, and both theorems are generalized to the 
multiple case.

In conclusion, the writer is very happy to express 
here his deep gratitude to Professor Charles N. Moore, 
Director of Graduate Studies in Mathematics at the University 
of Cincinnati,' for proposing this problem and for offering 
much encouragement and many valuable suggestions during its 
inve s t igat i on•

Kenneth C. Schraut*
University of Cincinnati,
April, 1940
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P A R T  I.

Double Sequences and Series.
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1. Sequence to function transformations for double 
sequences of a certain class (O L ) t

We are given a double sequence,

K l )  { ^ i j } (1,i = °' 1 ' ***)#

converging to and a doubly infinite set of functions,

1(8) [ fij ‘“j (1,J = 0, 1, ...),

defined in a set of points E( °0 in a space of any number of 
dimensions with coordinates real or complex.

Moore1 has shown that a necessary and sufficient con­
dition that the series

1(5) ] >

converge in E ( ) for all convergent sequences 1(1) which are 
such that

1(4) (all i,j)

is that the functions 1(2) satisfy

( * V  ^  I < K ^ j

1. Moore, C. N., Summable Series and Convergence factors. 
Vol. 22, American Mathematical Society Colloquium 
Publication^, 1938.
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where K( cx) is a positive function of of defined for each 
c< in E(<* } •

We wish to show that the condition (A is sufficient 
for the convergence of 1(3) for sequences 1(1) which need 
not satisfy so narrow a restriction as 1(4) hut which do 
satisfy two alternate conditions stated below*

We make the two following definitions:

DEFINITION 1.1. Set of functions of class ( ^  L  .- -•  •  ■ ■ - ■■ - -■ —- ■ - - | ■ T --  ■ -|-1    ■ -  T I I " ~
The set of functions 1(2) is of class (*&,) if the 

functions of the set satisfy (A ) •

DEFINITION 1*2. Sequences of a certain class ( QC )?_ •
The convergent sequence 1(1) is of class ( OC)^ rel­

ative to a given set of functions 1(2) of class ( )x if 
the following two conditions are satisfied:
(oCi)̂  The sequence 1(1) Is such that the series on the 
right of

-r (h \

1(6)
r j-° d ^

converges for each In E(o< ) and for all p 7 •

The sequence 1(1) is also such that the series on 
the right of

1(6, j S - o  = £ ( £
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converges for each. in E(p\ ) and for all q >qG •
het us now show that the set of all sequences 1(1)

others as well. One must show that if 1(1) satisfies 1(4), 
then conditions ( )̂  and ( ?o?e also satisfied for
functions 1(2) of class ( dt )^ • To show that 1(5) conver­
ges, we have but to show that for any S >0 there is an 
m ? p„ such that

for all JU. > Similarly, we may show that 1(6) converges 
by showing that for any & >6 there is an h >d such that

of class ( (X ) relative to a given set of functions 1(2) 
of class (/tt )x  includes all sequences satisfying 1(4) and

Assuming 1(4) and (A#) , we have for any {  an i > posuch
that

We now exhibit a sequence 1(1) which does not sat­
isfy 1(4) but which is of class ( (X )t relative to a given 
set of functions 1(2) of class ( AC ) •
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We define

1(7) A ib = i + 2 , (i = 0, 1, ...),

=* 0 , (all other i, j)*

1(8) cP. lot)  ----------
LO i'tH-dCL’**)

<fo . U )  ______________

c’P  (*) ^ ^
TOO J )

<j). . (ol) ^

c* , (j * 1, 2, ...),

J (c +j)(c-tj 4.;( c'+j+*)
, (all other 1, j).

Condition ( )  yields

K 9 ) $ / * >  * £  c  i  -3 T & j

which is certainly a convergent series for p J  0; and
condition (c<,) yields •*- i.

1 ( 10 ) " $  ( * )  £  ,2 -  1 %  j

We now show that the series 1(3) converges for eachc< 
in E(o() for all sequences 1(1) of class ( ( X ) relative
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to a given set of functions 1(2) of Glass • If the
sequence 1(1), converging to -4, is of class ( Ol)^. rel&bive 
to a given set of functions 1 (2) of class ( ) , one can
clearly see that the sequence

1(11) Stj}; (i,j«0,l,...),

is also of class ( a ). relative to the same given set of
jL

functions 1(2) of class and conversely.
To establish the convergence of 1(3) for sequences

1(1) converging to-̂ l and of class ( ay relative to a2.
given set of functions 1(2) of class ( /t )_ , it suffices 
to show that for any £ >o there are numbers p and q such 
that for all m > p and all n ^ q the expression

/*,</ h *  M , h  ~~j

1(12)

for all c* in E(^ ).
Given any £ >© , we choose numbers p, , and q , such 

that for all i > p; , J 2 q;

1(13)
j/ ~ H f u )  )

which choice is possible because -bh© sequence 1(11) is
assumed to converge to zero*

In view of the convergence of 1(5) for any £ >o , we 
may choose a number p such that for all m ? p £ p andX. 9-
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for all c< in E( <=* )

In view of the convergence of 1(6} for any g > o  » we ®ay 
choose a number of such that for all n q £ q^ and 
for all o( in E(o^ )

We may select

1(16) p p max (p# , p(, P: )} q ) max (qo, q ( , q ).

We are now in a position to consider the first term 
on the right of 1(12). We have

In view of 1(14), 1(16), 1(13), and condition (A*)^ the 
term on the left of 1(17) is less than 2 ̂ <5'' • Similarly,
in view of 1(15), 1(16), and 1(13), and conditions (A*)„-2_
the second term on the left of 1(12) Is In absolute value 
less than • Finally, the last term on the left of
1(12) can be shown to be less than by an application of 
1(13), 1(16), and condition (A*)^. We have thus established 
the validity of 1(12) for all p and q satisfying 1(16) and 
have thereby proved

1(15)
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Theorem 1.
The series 1(3) will converge for each c( in E( c< ) 

whenever the sequence 1(1) converges and is of class ( OC 
relative to a given set of functions 1(2) of class ( )
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2, On the existence of convergence factors of type 
I for convergent double series<of a certain class iOC)z .

We are given a convergent double series,
06,00

2(1) 2  U ij >
i=o,

which converges to zero and a doubly infinite sequence of 
functions,

2(2) (l, j ~ 0,1, »••),

defined in a set of points E(<* ) of the type considered in 
section one.

We define

2 !3) s  u i i  >
ot o

2(4) A j n w  ’i f

\  M  " £ > '  r“ ; ’

A , 1/'1(a) -  A ~  r A »' 'v A  B A « A .  4 ' M)

In view of (A%)̂  the series
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}* j sr
Converges for each od in E(oO> so that we may define the 
functions 2(2) in terms of the functions 1(2), thus:

<3>o J  CX>

2(5) 1 f(J W ,

2(6) f;j M  =  (*> ■

In view of (Aw)̂ , the functions def3.ned by 2(5) sat­
isfy the condition

< A  I E  | A  fv  fr)j <  / <  (cl) ( M  jET(<x))
i,0jj-o

Since also in view of (A**)g the series

oo

2  f y M
î f>

Converges for each j and the series

d) («j
'ifJ - 1

converges for each i, we have by virtue of 2(5)
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JG.
CxO

z a j  a „  f (<*) =  2  -  2 * cP r / a)-
' rl *■=/> 7 J=f

Prom the convergence of the two series in 2{1f) it follows
that the functions 2(2) satisfy the two further conditions 

(Di  ̂ a /(> £/«;=<? (i = o, i,...,s(oo b

»('-+** A 0 /  fmj (**) - °  ( J  =  o ,  1 , . . J  E t c - - )  ) .

We now introduce the following two definitions:

DEFINITION 2.!» Set of functions of class ( Oc‘)f .
The set of functions 2(2) is of class ( <X7)̂  if the

functions of the set satisfy conditions (a ) , (D,) , and.Z ' t
(D*^ .

DEFINITION 2«2. Double series of a certain class (Qt )^
The convergent double series 2(1) is of class ( Ot)^

relative to a given set of functions 2(2) of class { _  if•*
the sequence ■ §  defined by 2(3) is of class ( OC ) relative
to the given set of functions 2(6) of class i/vt) . as thisz
latter concept Is defined in Definition 1,1*

We now raise the question of the existence of a con­
vergence factor theorem corresponding to the theorem of 
section one; that; Is f we ash whether the series

2 (8) X  U U  %;(«)
l~Oj j - o  J J 

will converge for each <X. in E(oi.) whenever the series 2(1)
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//.

converges and is of class ( cX) relative to a given set of 
functions 2(2) of class (/ot'

We consider now the sequence of the partial sums of 
the series 2(8), namely:

3(9} - 5

which we break up in the following way according to the Abel 
Transformation for Double Series:

JU-/

„,lr , C T ^ C c O  - 2  ̂ +2 (10) J J c=0

V-t

j = o

If there is a convergence factor theorem corresponding 
to the theorem of'section one, the sequence defined by 2(9) 
should tend to a finite limit a s H o w e v e r ,  we shall 
show that one portion of the right hand side of 2(10) be­
comes infinite as/^j/— to** for at least one series of class

) relative to a given set of functions 2(2) of class 2
, whereas the other portions of the right hand side

of* S(io) for that same series tend to a finite limit as

y * ' °° .
Let us first observe that for all series 2(1) of

class k O l \  relative to a given set of functions 2(2) of
class \/Otf). the first and last terms on the right of 2(10)*
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tend to a finite limit aŝ tc, -jJ , ihe first term on the 
right of 2(10) tends to a finite limit asyU ̂ 0-7 by the 
theorem of section one, for we have assumed that the sequence 
KHI defined by 2(5) is of class {OC)x relative to a given 
set of functions 2(6) of class ( /oc ) .

From the definitions 2(4) and condition (A), , we have 
/ /

= I =  < K^-> s"̂ 0̂ 0 J

1 %  - /  <  k c - j  •,

< KW.
It follows that .

i L M - f M  ±1 < 2 K 6 * J

Since l £ . H  is certainly finite for each o5 in E(oc), we have 
that 1£<>'w lfor each^is bounded for Hence, if

o  olŝ j)yS- * w e  have for each ocin E(<X) that

o-=>

We now construct an example which satisfies the 
hypotheses but which causes the second series on the right 
of 2(10) to diverge and the third series to converge as 

■2/ —*  0 0  .

A particular set of functions of class i /^’)̂  is tl10
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following!
2(11) ' 7 ? ^ ’ (i*i = 1>2 > •••>*

Z C) ) (i ss o or j = 0)*
We form h,n5-.i*) <■ -—  ------i * s -— — ----

‘l ( ( ■ > ^ ^ ■ > 0  J 01 ‘J (i-> j'X (*]■>!)
, C /e.-\ - °< ----

2<12! ' J ' '

We construct a particular sequence 1(1):
/ l) J • 9̂-

2(13) ' J 3 (i = 1, j = 1,2 , ...)?

' ° J (i # 1, j = 1,2, ...)*
The sequence 1(1) defined in 2(13) is of class ( (X )i.

relative to the given set of functions 2(6) defined in
) • For, condition (<*. )2. V i2(12), which is of class ( &  \ • For, condition (<*, )a is

satisfied:
Oa

L~f> j 0
and condition (ex.) is also satisfied:j- ^

o O / & °  » J£? / .) J ; ^

£ V^V*5!̂  ̂
which certainly converges for all q •> 0 .
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/  V-

For the sequence 2(13) relative to the functions 
2 (6) defined by 2 (12) the second tern on the right of 2(10) 
becomes infinite as ̂ - 5) ->o° •

I x  Y /6 ^ 1  c  ^

On the other hand, for the sequence 2(13) relative 
to the functions 2 (6) defined by 2(12) the third term on 
the right of 2 (10) is zero for allJJ} j

1 i  ̂  ^ ' W =  £
j

Thus, we have shown that there is a sequence 2(13),* 
which may be considered as the sequence 2(3) of the partial 
sums of a double series 2 (1) of class ( Qt )3_ relative to 
a given set of functions 2 (11) of class for which
the series 2(8) will diverge in I( a. ) • Hence, in general, 
the series 2(8) will not converge for each in E (<*) when­
ever the series 2 (1) converges and is of class ( OC )^ 
relative to a given set of functions 2 (2) of class (4%')^ 
or, which is the same, whenever the sequence 2(3) of the 
partial sums of the series 2 (1) is of class ( (X ) relative 
to a given set of functions 2 (6) of class ( 4)C ) #

— i— —  / o -J-)00,
(H  i))( J
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3. Convergence factors of type I for convergent double
( < & Lseries of a certain class . - , ,

Considering the double sequence of functions 2(2) to 
/be of class {/t?C , we make the following definition:

5»1 Double series of a certain class (
The convergent double series 2(1) is of class ( 

relative to a given set of functions 2(2) of class )g

if the sequence 2(3) of the partial sums of 2(1) is of 
class ( OL ) relative to the given set of functions 2(6) 
of class { )t and if in addition the following two condi­
tions are satisfied;

4  CMJ> u - o, x. ...s *(* i )

100 T ' ' T  UJ
f  («j = ^  (cl),

where <p (ol) is a bounded function of ;

I =o 
oi

E(c*),

CZ)

( ( H  ‘j  »'v l J

r rz) -j. rz)2 M
J E(o4),

Ti(where a/ (pij is a bounded function of -
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We wish to show that the series 2(8) will converge 
for each o<r in E(©^ ) whenever the series 2(1) converges 
and is of class relative to a given set of functions
2(2) of class .

Before attempting to prove the statement just made, 
it would be well to determine the relationship which ex­
ists between bounded sequences and sequences of class 

) relative to a given set of functions 2(2) of 
class (/OC ) and also the relationship which exists be­
tween sequences of class ( relative to a given set
of functions 2(2) of class (,/tc') and sequences of class 
( ^  )£ relative to the same given set of functions of 
class ) . In the first section we showed that the
set of sequences of class ( &  ) relative to a given set 
of functions of class contains all bounded sequences
and others as well. In the present section we shall show 
that the set of sequences which are partial sums of series 
of class )& relative to a given set of functions 2(2)
of class contains all bounded sequences and others
as well and that the set of series of class ( rel­
ative to a given set of functions 2(2) of class ( /ec)M
contains the set of all series of class ( ) relativeX
to the same given set of functions 2(2} of class 
and other series as well.

We first show that all bounded sequences are con­
tained in the set of sequences which are partial sums of
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series of class ( afy)^ relative to a given set of func­
tions 2(2) of class (//°t')7L • In section one we showed,
that 1(4) implies that (oc.) and ( cx ) are both satis-X R
f ied, and we no?/ show that 1(4) also implies that ( jS/ ) 
and ( ̂ 3r) are satisfied: if we assume 1(4) and ( 2D/ )̂  ,! 

then

j ' Z ~  ' - * i/ ( i  = 0, 1, E(«)J,

which is equivalent to { jr ,) ; and if we assume 1(4) andr ' k.
( JDp ) * thenZ

= °  > (3 = ° » U  •” j*>(<*))»

which is equivalent to ( )̂  • Therefore, if the se­
quence 2(3) satisfies 1(4) it may be considered as the 
sequence of the partial sums of a series of class ( 
relative to a given set of functions 2(2) of class (

We now show that there are series of class ( 
relative to a given set of functions 2(2) of class {/0t ) 
which are such that the sequences 2(3) of their partial 
sums do not satisfy 1(4)* Such a sequence is the 
following:

■= 2.)
3(1) < im,‘ *■  h

(*/I o j/ier tjj).
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A simple computation shows that the sequence 2(3) 
defined in 3(1) is of class ( <o&' ) relative to the 
functions 2(2) of class ( ^ 0 t defined in 2(11).

That the set of series of class ( )K relative 
to a given set of functions 2(2) of class ( )^‘ includes
the set of series of class ( &£)* relative to the same

given set of functions 2(2) of class {/**■')̂  is obvious 
from the definitions of these two concepts. By recalling 
the example of section two^one observes that there are 
series of class ( ^  ) relative to a given set of functions 
2(2) of class (/̂*/)A which are not series of class (6^)£ 
relative to the same given set of functions 2(2) of class

We are now ready to prove that the series 2(8) will
converge for each oi in E( cxi ) whenever the series 2(1)
converges and is of class relative to a given set
of functions 2(2) of class ( •

It suffices to show that the sequence defined in
2(9), tends to a limit a s ^  ̂  ^  . If, as in section
two, the series on the right of 2(9) Is broken up accord­
ing to the Abel Transformation for Double Series, we 
need only show that the terms on the right of 2(10) 
approach a limit ^  , in section two we showed
that for series of class ( &  )K relative to a given set
of functions of class ( the first and last terms on
the right of 2(10) tend to a limit as // «*»• Since
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series of class { relative to a given set of functions
£(2) of class {yoc ) are also of class ( relative to& ^
the same given set of functions 2(2) of class * the
first and last terms on the right of 2.(10) will also tend 
to a limit as^/^y— for series of class ( relative
to a given set of functions 2(2) of class {yoef )̂  • There 
remains now only to show that the second and third terms
on the right of 2(10) tend to a finite limit

To show that the second term,

^  a  / / * )61/ /O Lp >
t-0

tends to a finite limit as^/,^-*°“° for each cL in E(od), 
it suffices to show that for any € >  O t there are numbers 
M and Ii such that for all^ > M and for all^/> H we have

3(2) I f ^
I 1-0 6=0 l

Given any there are numbers p, q such that

< 6.

in virtue of the assumption at the beginning of section 
two that the sequence of the partial sums 2(3) converges 
to zero. Corresponding to the & >0 just chosen, there is 
a number p, such that
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in virtue of the convergence of the series
in ( . We define

3(5) M  ~ (frJ*')-

Corresponding to the same € > 0 , there is a q(, such, that

3 (6 ) < j>m T U  (?u  * > >  %)■

We define

3(7) N ~  W a- X. C fj f,)j

and then we break up the left hand side of 3(2) to form

In virtue of 3(6), 3(5), and 3(7) a consideration of the 
first term on the right of 3(8) yields

-  (IJ
</> («J
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in virtue of 3(3} a consideration of the second term 
yields

f ovyu > M J N  ; and finally, a consideration of the
last term yields hy 3(4)

^  „ (0 

i-Mtl

< - T

Y/e have thus established the inequality 3(2) for all 
and all 3? > N  •

The third term on the right of 2(10) may he treated 
in a manner wholly analogous to the treatment of the 
second term. To show that the third term tends to a 
limit a s ^ j * oo , we may thus show that for any G > &

there are numbers M and N such that

I  ̂ r> *>e* ^  I f

3<9) J ~

In the above we have considered only series 2(1) 
converging to zero. Any convergent double series which 
does not converge to zero can be reduced to the case 
treated above by alteration of the term U 0o , and 
since such an alteration does not affect the convergence
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of the series 2(8), we have no?; completely established the 
following

Theorem 2•
The series 2(8) will converge for each oL in E(o^ ) 

for all series 2(1) converging to wt-and of class ( 
relative to a given set of functions 2(2) of class (
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4. Sequence to function transformations for 
double sequences of a certain class

Y/e consider in this section the case where each of 
the functions in the set 1(2) of section one approaches a 
finite limit as <*— not in E{ C£) • Let us first make the 
following two definitions:

DEFINITION 4,1. Set of functions of class ( ̂ Sc )3i .

A set of functions 1(2) Is of class (̂ 5? )a if it is 
of class (/i* )A as this class was defined by Definition 1.1. 
and if in addition the functions of the set satisfy the 
four following conditions:

where E (ot) is a subset of E( oC) having oC0 as a limit 
point and containing all oc of E( oi ) in a certain

each i

o i*o
each

<x>

each oi in E (***•)

/
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neighborhood of

DEFINITION 4.2. Sequence of a certain class (

The convergent double sequence 1(1) is of class ( )
relative to a given set of functions 1(2) of class (^ ) £ if
the sequence 1(1) is of class ( relative to the given
set of functions 1(2) of class {^SL) as this concept was
defined in Definition 1.2. and if in addition the functions
of conditions ( ) and ( ô ,) are such that they satisfya. a
also the following two conditions:

(u) //tn #' Z 'X-'+'Xo ' ( p p . / )

/ ,  i /,~t i, (cc)= a

It is the object of this section to show that the 
limit of the series 1(5) as o<!—* shall be for every 
sequence 1(1) converging to <^and of class ( & )  relative 
to a given set 1(2) of class ( Ŝc ) »

It suffices to show that given an € > o ,  there is 
a subset <5^J of E(©d), having od0 as a limit point and 
containing all cxLof E(«~) in a certain neighborhood of oLa 
In which

4(1)
o3, OQ I

J I
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Since we have assumed that the double sequence 
1(1) converges to , for any £?& there are numbers p, q
such that for all i > p, j y  q

4(2) * T K ~ J

and also in view of (C*) , (E*) , and (1̂ )̂ , for the numbersx~ II— x
p, q there is a set €,(ef) which is a subset of E(« ) having
c*o as a limit point and containing all points of E( « )
in a certain neighborhood of ofdin which

*(»> ( x  <pt i “ t - ' l  <  - f a r -

Let us break up the left hand side of 4(1) in the 
following manners

.... /JW-/'
ao

I j J '

For the consideration of the first term on the 
right of 4(4) it is convenient to define

/I/ ' to&X I (i * 0,1 ,...,p; j a 0,1,*« • jq) •

In view of (E*) , (E*)^, and the definition of M there
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is a set which is a subset of l(<x ) having cit as
a limit point and containing all points of E(o() in a 
certain neighborhood of o(0 in which

4(5) j &(«)! < tTTTT^ „ "7 , (i = 0,l,...,p;j “ 0,1,...,q).J

For each in

0,6 *

In view of (A^)^ and 4(2) we have for all <x in EM** )
00,00 OQOO

4 (7 ) 3 **l * h f  Z 1 ̂  * T  ■

Considering the third term on the right of 4(4) we have in 
view of (©<, )̂  a subset € u) of E{ ) having txft as a limit 
point and containing all points of E(<x ) in a certain neigh­
borhood of in which p > p„

l l p h  fj
and thus for each c* in S3 /*) the third term on the right
hand side of 4(4) is in absolute value less than
The fourth term may be treated in a manner wholly analogous 
to the treatment of the third term; so that in view of
condition ( c*x ) there is a subset £  u) having o( as a
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limit point and containing all points of E(oc) in a certain 
neighborhood of °(0 for all in which for q ?

4(9, I f  j

and thus for each* in (°0 the fourth term on the right of 
4(4) is in absolute value less than

Finally, in view of 4(3) we have for each <*. in 
£j( ) that

In view of 4(6), 4(7), 4(8), 4(9), and 4(10) there is a 
set £( c?s ) containing only points common to the sets

$ E 1 ( *0 » £3(*),and 6U fa) and which is a 
subset of E(«0 having and containing only points of E(cx) 
in a certain neighborhood of <*<>, in which 4(2) subsists.

Thus, we have proved the following:

Theorem 3,
The series 1(3) as o < w i l l  tend to for every 

sequence 1(1) converging to and of class ( OC) relative
to a given set of functions 1(2) of class ( -4C ) .

X.
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5* Convergence factors of type II for convergent 
double series of a certain class

We consider in this section the case where each of 
the functions 2(2) of section two approaches a limit as 
ot-*oie, a limit point of E(o^) not in E('Ot)* In view 
of conditions (E/*) and (E^)£ and equation 2(6) there 
immediately follow the two conditions

CPO
h m  I y\ -zo

(e,)2 «-+<*. 1 " V I ' (al1 1)5J

«.) i r *  S I  4 M \ = ° >  <ai1 j> •« t-O

Similarly, condition (A,*) and equation 2(6) imply 
condition

2  I ^ / /  ^  i n E V ) ,

where E /(a') contains all points of E(od) lying in a cer­
tain neighborhood of &d0and where K is a positive number.

Finally, (E/X, , 811(1 also ^ P 1^
condition

/ > ; =  j(0)^ O''— *,, 't/ (1,3 = 0,1,2,...).

nEPIHITIOIi 5.1. Set of functions of class ( ̂oc-')-. •'-s.

The set of functions 2(2) is of class (^3c )Ji if it
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is of class ( and if in addition the functions of the
set satisfy conditions (E,) , (E,) , (A/) $ and (C) •& a. 2. £

DEFINITION 5.2, Double series of a certain class ( ) ,

The convergent double series 2(1) is of class ( 
relative to a given, set of functions 2(2) of class 
if the sequence of the partial sums defined by 2(3) is
of class ( a  ) relative to the given set of functions 
2(6) of class (sol and if in addition the two foil owing 
conditions are satisfied:

^  ir « . f >M=o ;

(fe) /f*yi < L U)Cu)= .

We wish to show that the series 2(8) will converge 
in E (Od) and the function of oC defined by it will tend to 
the same value as the convergent series 2(1) of class ( ■&)K 
relative to a given set of functions 2(2) of class 0-5? ) 
whenever cxf -* ol0 •

If we assume that the series 2(1) converges to zero, 
we may use with advantage the results of section three, as 
well as those of section one# We again form the 
Abel Transformation for Double Series, which is as follows:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In view of section three we know that under our present 
conditions the limit a s^ oo of the sequence defined by 
5(1) exists for each <*■ in E( od) j it thus suffices for our 
present purposes to show that there is a set <£(<X) which is 
a subset of B( (y.) having o', as a limit point and containing 
all points of E(oc) in a certain neighborhood ofo^in which 
for a given € > ° ,

« «  ^  1  e  ■

In view of Theorem 3 just proved, there is a set 
which is a subset of E(cO having as a limit 

point and containing all points of E(o<:) in a certain neigh­
borhood of oi0 in which

I ^ '

Since we have shown in section three that the second term
T v)on the right of 5(1) converges to 0=4) as//,*''-*** , we

need only observe that in view of ( there is a subset
£  C«) of E(o/ ) having o(as a limit point and containing 
JL 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



zx.

all points of E(o^) in a certain neighborhood of cy0 in which

5 (4 ) J Cot) J < -
Similarly, since by section three the third term on the

(&)
right of 5(1) converges to^^aS/W,^-* »*> , we need only 
observe that in view of (^  )̂ there is a subset of
E( o<.) having o^as a limit point and containing all points 
of E( o(.) in a certain neighborhood of Qlgin which

I y €
5(6)

In section two we pointed out that the limit of the fourth 
term dn the right of 5(1) ajy*',*''-*00 is zero for all °£ in 
E(OC). Thus, in view of 5(3), 5(4), and 5(5), there is 
a subset <£(#•)of E(o^) havingots as a limit point and con­
taining all points common to (<*) , CoL), and 
in which the inequality 5(2) subsists•

If the series 2(1) converges to one may reduce
its treatment to the case of a series converging to zero 
by alteration of the first term , of series 2(1).

We have thus established the following:

The orem 4•
The series 2(8} will converge in E( o O  and the 

function of oC defined by it will tend to the same value 
as the convergent series 2(1) of Class relative to
a given set of functions 2(2) of class {^00 )̂  whenever oc—* <xa.
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33.

6, Sequence to function transformations for double 
sequences of a certain class (

At the outset we make the following definition:

DEFINITION 6ol« Double sequence of a certain class ( Jj ^

The convergent double sequence 1(1) is of class 
)̂  relative to the given set of functions 1(2) of class 

( if the following t?/o conditions are satisfied:

( ) For each fixed j the simple sequence 1(1) is such
that the series on the right of

, 0)
6 (1 ) J. («) =  2 . ^ - j  <fL(«)

converges for each j, and the function on the left of 6(1) 
is defined for each ot in E(o£) and is also such that

( / )r6(2) j~ ftxj —  Q  (each j);

( $  ) For each fixed i the simple sequence 1(1) is such 

that the series on the right of

.U) “
^ .

o ~ °  j  tJ

converges for each i, and the function on the left of 6(3)

6(3) [ ~  (ci) =  y

is defined for each OC in E(o£) and is also such that
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3* .

6(4)
//rri r ~ (eJ/. (<*) = (each i).

We wish to show that given a double sequence 1(1) 
converging to «-4>and of class )iL relative to a given
set of functions 1(2) of class (yoi)^ and corresponding 
to any £>o, there is a number 11 and a set contain­
ing all points of E( in a certain neighborhood of oC0, 
such that for all in E(oO and all^/, >  N

6(5)

We have

6(6)
2E f i}
°jO <f J I £

2  +- ̂ 2

<

0j0 CJ O, O V

^ -fiX*.) + - 1^1 ̂  •# .(« ) -  I I
0.0 j  J ' 0,0 ‘1 I

In view of the definition of L e d )  In section two,
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z±.

6(7} f t o
OO

&Oj oo

0J ° '6J

and hence for any €  > O there is a number N, , such, that 
for all u , > N. and each oL in E(o£)■y'. 

6(81 4 \ ^ l

■j ~ ' I

*  >'
S''*

o. o
>

A .

In view of condition (G^)^ there is a set <f '(«)> contain­
ing all points of E( oc) in a certain neighborhood of a(0 , 
in which

1 * ° - '  I < lfc|
and hence for a l l ^ ^ ^ ^ l  and for each oi in £ ‘M

6(9)
r > - '

Thus, it suffices to show that given an £ > 0, there is a 
number W £ N ( and a set <£%), containing all points of E(oO 
in a certain neighborhood of o(0 , in which for a l l ^  N

s *  
- 26(10) <

Let us first observe that if the sequence 1(1) con­
verges to and if it is of class i £ ) .  relative to
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a given set of functions 1(2) of class {/oi. )̂_ , then the 
sequence,

6 (11)
—  y-Ay ■

V (i#0 = 6,1, ••*),

is of class («£ )£ relative to the same given set of functions 
1(2) of class (/®c ) • For, we have

i~o J ij

OO

~  I '-Ai,
L-o

< <50

i

+ OO

L=o lJ

oo

I -O

of which the first term on the right tends to zero as 
ot— > oia in virtue of (E*) and of which the second term 
tends to zero as oi— * oi0 in virtue of ( )& • Similarly,
we may show that

oo

J Cj

tends to zero as oi in virtue of (E f) and ( </,) „O ! £ K. 2
Thus, to arrive at our desired result, it suffices 

to show that given an e > O , there is a number N and a 
, containing all points of E(oi) in a certain 

neighborhood of o(0, such that for allJUfj^ * ̂  and all oL
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in £'(<*)

6
<12> ( ^  '

We break up the series 6(12) into four parts, as 

follows I

6(13)
o. o

z_
)°+b <r+i <3 <f+i pti,'iht &)

where p, q are such that for any € > o , we have for all

i>p, j > q

6(14)
1 ^ ‘j l <

We define

M  =  m * x  \ ^ h j  | (i = 0,1,...,p fJ — 0,1,...,q)

In view of (E *) , (E ̂  )̂  , and the definition of M, there 
is a set containing all points of E( °0 in a certain
neighborhood of od0., in which

6(15) ^/(olS/Mp+OCj+O (1 = 0,1,...,PJ j = 0,l,...j<|)

Thus, for eachoi in

■8(16)
r*i

Oj o i ■> i f * '

/if

4 m 2
Oj o t l

<  a
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3 ?.

In view of (A *) we have for all«*in E'(«=<)

t0*1!?*1 J *
Considering the third term on the right of 6(13), we may 
write ^

|/‘i ̂ 1 -  i  U -  T‘i  * i  ‘* l ^
Given £>° > there is an N ( , such that in view of 6(3) for 
all N ' ^

I ( -ir”«i - 1 1  w  « -  r - / < £ i  >
J*

J
Further, in view of 6(4) there is a set Ez(*) » containing 
all points of E( «< ) in a certain neighborhood of , In 
which for i = 0,1,...,p; j = 0,l,...,q

^  v / , € . ) „f) >~\l A 6.________

Thus, in Ê C°f) and for all l) > Hj

•<“ ) I f  + 7 t c  7 T -
1 °jjr H
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The fourth term on the right of 6(13) may be treated 
in a manner analogous to the treatment of the third term, 
showing that for any given €>o there is a number and a 
set <pe) containing all points of E(o<f) in a certain 
neighborhood of , in which for all

€  €  g -6(19) XI p+ito J v
/ -  ~ —  _

~  8 /6

Hence, in view of 6(16), 6(17), 6(18), and 6(19) 
for any given a > o there is a set

£"(<*) -  B m  dz(°<) j

containing all points of E(«:) in a certain neighborhood 
of , in which for all

V  ? N  =  (A(,,Nz )

the inequality 6(12) subsists. Thus, we have now 
established

Theorem 5.
Corresponding to every positive number G there 

is a number If and a set £(<*) containing all points of E(bd) 
in a certain neighborhood of o(g in which the sequence

y i y

S  <*> -  -4,
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differs from A, in absolute value by less than 6 for all 
A 1 ) >  N and for every sequence 1(1) converging to ̂  and of 
class ( ^relative to a given set of functions 1(2) of
class ( ) .

It is of interest to note that Theorem 5 is a gen­
eralization of a theorem established by C. R. Adams^ for, 
to obtain Adams1 result which he states as his theorem 2, 
we have merely to replace the point set E(*X) by the set 
(A ) of all lattice points in the first quadrant, to 
replace o(0by the point to replace the function

by fy<T)£j and by or more simply
by , and finally to sum the series in (A^)^ ,
(C#) , and (A *) from (0,0) to (/, ■)) and to sum the series

in (E *) from zero to l) and the series in (E *) from zero 
I SL A- A.

to /

1* Adams, C. R. Transformations of Double Sequences with 
Application to Cestro Summability of Double Series. 
Bulletin of the American Mathematical Society* Vol. 37 
(1931) pp. 741-748,
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Hi.

On convergent double series of a certain class

i * 7 ).

We make first the following definition:

DEFINITION 7.1. Double series of a certain class

The convergent double series 2(1) is of class (yZ^ )z 
relative to a given set of functions 2(2) of class (yifc'')̂  
if the sequence of the partial sums 2(3) of the partial sums 
of 2(1) is of class (c^r l relative to the given set ofA-
functions 2(6) of class ( yfc ) and if in addition the twoA
following conditions are satisfied:

\<0
//m A jJ}j M  - A .  (1=0,1, • .. ;E( f ) ) j

. (o<) =• 0^ (1=0 ,1 , „..) j

/"*■ o^/VA  );
J  ot ‘I ' V *

/srn
-*o/

//'/m 
a/ —> o/Q

V  

/\rx)A: M  =
We wish to show that given any positive number € 

there will exist a number N and a set(S(o^) containing 
all points of E(oL) in a certain neighborhood of such 
that for all Ot in £( <*- ) and for all indice

_  r,

a ^ ( c )  =  ^  < «7(1)
/*
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for all series 2(1) converging to zero and. of class 
relative to a given set of functions 2(2) of class (^2 ) ■

4* .

Let us choose an €><?, then since the series 2(1) 
converges to zero, there are numbers m and n such that for 
all i > m and all j > n

7(2)
y

<
<£/K

We form again the Abel Transformation for Double 
Series of 7(1), where^/ > m, jS >  n, as follows:

7(3) S-l ytf-/

=  2  f (« )  +  . ]>

y-/

Since the sequence 2(3) is of class ( -S' ^relative to the 
given set of functions 2(6) of class {/oo , we may in­
voke theorem 5 to show that for any 6 >0 there is a set 
(ft 0*) containing all points of E(oO in a certain neigh­
borhood of oL in which for all M. > m and all ^  >  n

7(4)
L-O.J-O
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We now break up the second term on the right of 7(3), as 
follows:

1*0
/o

m  j
2  +•fd— /o iy/ j
1 = 0 i=/nH

In view of condition ( ) ., for any given £ ->^there is
a number IT such that for all

<
/Zfin-h/)

<o
and also there is a set containing all points of
E( at) in a certain neighborhood of ot0 in which

A > |  < /Z (tn+l)

and also in view of (A/) in which2*
&& oo

°
Thus, for all

A H £ <■«>! < K .

y U  > ^ ^  > A/ =  ( N tj f t )

- (!) ,and for each oL in r\ 6*) we have
Z
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7 ( 5 )

^7 Jt'lj oo

6 X  h A *  t M  ~ A * m ( + g I  ̂  > I * *  $  M i
6 ~  0  *

/ & j €  , £L ___  C.
- 7 T  7 T  ^  6  j

The third term on the right of 7(3) may he treated
in a manner analogous to the treatment of the second term,’
showing that for any given €><? there is a number ML and a 

■ jc*set C  (°<) containing all points of E(<*.) in a certain
neighborhood of oL in which for all and all n

7(6)

1? - ^ ,  A  £.(<*) pi /'J «/J % ^ / " Y \ % ^ w \

/SL
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Ht.

Thus, in a set containing all points common to both
and we have the second and third terms

■/*»on the right of 7(3) each less in absolute value than —j- .
There remains now for consideration only the last term 

on the right hand side of 7(3), In view of (C)^ there is a 
subset t containing all points of E (oc) in a certain
neighborhood of o£-a , in which

Therefore, in a set

£ M  £ z <**) '£3 Coi)

containing all points of E(«L) in a certain neighborhood
of , we have for/A > and and N = max(M^ ,N̂ )
Dttm the inequality 7(1) subsisting.

If the series 2(1) under consideration converges
to , we may reduce it to the case just considered by
considering the series which converges to zero andt/
which is defined as follows
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oo l00 J

~ ^tf» (all other i,j)*
J J

We have now completely established 

Theorem 3®*
Corresponding to any positive number S  , there will 

be a number N and a set £6*), containing all points of 
E( °0 in a certain neighborhood of©4, , such that for all 
c< in and all indices^^ > H the inequality

subsists for all series 2 (1 ) converging toi^j/and of 
class {/ffi L relative to a given set of functions 2 (2 ) 
of class {/ft' )̂  •
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P A R T  II.

Multiple Sequences and Series.
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8 . Sequence to function transformations for multi­
ple sequences of a certain class ( tfC ) ,

We consider the n-fctftple sequence,

8 (1 ) { ^ w ] ;

which converges to and where CO denotes the subscripts 
(11 , • • •, i ̂ ), and î  " 0,1,#»«, for h 33 1,8,«««, n* We 
also consider a set of n-tuiply infinite functions,

8(2) { {iu = =

defined for each oi in a set E(o£ ) of the type specified in 
section one«

As with double series so also with multiple series, 
Moore’*' has shown that a necessary and sufficient condition 
that the series

GO ex3
8(3) 2 ---------------

Lj -0

converge in E(o() for all convergent sequences 8(1) which 

are such that

1. Moore, C.N, loc. cit.
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8(4) (i^ - 0;i,...; k = l,...,h)
U l

is that the functions 8(2) satisfy

*>» % .  - - Z  K / *\

Oo
(A'“ f| ^

i, V 9

for each ek in E(c*») and where K( *), as above, is a posi­
tive function of «x • fife wish here to establish for multiple 
sequences the analogs of [Theorem 1*

Let us now introduce the following two definitions;

DEFINITION 8.1. Set of functions of class ( )h «
The set of functions 8(2) is of class ( 4( )h if the 

functions of the set satisfy condition (A )^*

DEFINITION 8.2. Multiple sequences of certain class ( 0 L \
The convergent sequence 8(1) is of class ( OC )̂

relative to a given set of functions 8(2) of class ( M,)
ftif the following (2 -2) conditions are satisfied;

0)
n conditions ( ) of the typeJ n

(J)( ok . 1 The sequence 8(1) is such that there is a seti t)
of integers (p̂  , Ph_,) such that the series on the
right of

c ’ *  * k '
J y h-y
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converges for all (i « 1,#*., n-1) and for all ̂
in E(<A).

Y) (k) , U*)(2 - n - 2) conditions ( c< s ) of the type ( C* f ^

The sequence 8(1) is also such that there is a set of Integers
( p . p .  ) such that the series on the right of I rt-K

converges for all m - y p- (i * l,...,n-k) and for allv ^
In E ( «>0 , where k ranges from 2 to (n - 1) inclusive and
s from 1 to ( ^ ) for each k*

We wish to show in this section that the series 
8(3) converges for each * in E(<*) whenever the convergent 
sequence 8(1) is of class ( (X )h relative to a given set 
of functions 8(2) of class ( sdC )̂,

As in the first section, here also it can easily 
be shown that if the sequence 8(1), converging to is
of class ( OC )rt relative to a given set of functions 8(2)
of class (4C )̂  , then is also the sequence

8(7)  ̂̂  (̂ A? = O/l,.•. ;k=l,•.. ,n) ,

of class i ( X ) h relative to a given set of functions 8(2) of 
class ( 4K )^, and conversely* Thus^to establish our desired 
results, it suffices to show that for any there is
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determined a set of integers (p? ,••*,!>„), such that for all
r. ^ p. ( i  *  i , # « « , b )

8(8) j JL'-~2- 2 - *
^i6 <,£0

It is convenient now to define the following
notation

8(9) P0 Z O - } ?, £ / • Ph = X  O H Pi + '),(h**.\'-).
J l-Zb

If we perform the subtraction indicated by the
left hand side of 8 (8) and transform the resulting terms
in a manner analogous to a way in which the remainder 1(12)
was transformed and approximated, there will result Pn
terms, where Ph is defined in 8(9)«

Corresponding to any (r > o we can find numbers
(d Q)(k * 1,.., ,n) i such that for all i^ > pfc (k«l,.,,,n)

and for each <* in E(o< )

8 (1 0 ) I W  < ■

Similarly, corresponding to any €>o , we can find
(a>numbers p^ (k * 1,...,«), such that for all

P* > P^J hr> ■ (i * 1,...,/?)
heach of the 2 - 2 series defined in Definition 8(2) have
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remainders which for each ^ in E(«* ) can he made less than 
V/® in absolute value*

n

We select for i « 1

b p- foa*(h. P ^ J8(11) /* / i) * ) J i •

By use of the convergence of the 2 ^ - 1  series in Definition 
8*2*, condition (A )n , 8(10), and 8(11) one can easily show 
that each of the Fh terms resulting from the subtraction 
of the two terms on the left of 8(8) is in absolute value 
less than */f • We have thus established the validityh
of inequality 8(8) and have thereby proved 

Theorem 7.
The series 8(3) converges for each ex~ in E(<* ) 

whenever the sequence 8(1) converges to^d- and is of class 
( Ot )h relative to a given set of functions 8(2) of class 
( S0L ) ̂ •
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5“?.

9. Convergence factors of type I for convergent 
multiple series of a certain class Ml

Let us consider the multiple series

9(1)  ^2. If., ,
i ' o  i „ - - o  L J

which converges to zero and the multiple sequence of 
functions

9(2) { t . S * ) *  (ik = 0,1,--; k = l,..jjn),

defined in a set of points E(oc) of the type previously 
described. We introduce the following notations

i i I
(al  )  —

M• « ’ A  - f j W - 1 2  - J --
K̂ D K'*°

A f  U) =7 T--7  C->M. , ;

/\ ( « ) - f  ■..;lat) ;
to q I, I z** • -* i>\ J n

there are analogous conventions for the symbols ^  with 
zero subscripts in different positions. We shall represent
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by
/7-/r A:
 ̂o

a A  symbol having as subscripts (n-k) unities and k 
zeros.
Me now introduce the following definition;

/DSP I HIT I ON 9.1. Set of functions of class ( yoC )M .
/

A set of functions 9(2) to be of class (yoC )/7
if the functions of the set satisfy the following (2 * - 1 ) 
conditions;

0)
n conditions (D ) of the type 

/ / *o* • a  7r<k) = o
■'■CD / ) V *  'Lil (B {<*); all i, ,.. ̂  1 );

(2.*- H-z) <orte(//>0/7J CJD^) of ffe

(D <KJ ] h"  ^ " , K'o

(E (c* ); all i, , i ^ h ),

k ranging from 2 to (n - 1 ) inclusive, and s from 1 to 
/7( ) for each kj and finally the condition

^ ......
CyO

where K(od) is a positive function of <*; defined for each 
c*L in E(o2),
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S'S"

X y?As Moore * has shown, the (2 - 1) conditions
Just stated imply the validity of ( ) equations of theK
form

CK> GO
n K. h-K n

A  t  ^  T  I
''' Hj »-*, I*t] 1 [m3

where the symbol £i, n-k, mj , for k = 1 ,2 ,.. n stands 
for the set of indices i,,..., iK , m K4| »•**> m n •

It is now desirable to introduce another definition,
namely*

DEFINITION 9.2. Multiple series of a certain class (
A convergent series 9(1) is of class relative

to a given set of functions 9(2) of class if the
sequence of the partial sums of 9(1), defined by

m  - V , -  2  - - - 2 ,
i,=o t„-o

is of class relative to a given set of functions

9(6) M  = /\ ; (E {oL)
'[i~] //" ~ l

of class ( as these latter classes were defined by
definitions 8.2 and 8 .1 ., respectively; and if in addi­
tion the sequence defined in 9(5) satisfies the following

1. Moore, C.N. loc. cit.
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(2 - 2 ) conditions
OJ

n conditions ( ^  ) of the type cl i)

r ^  y\ f  (<=>0- ^  . Cot-)
{ ^^ti] /y" i ,  !*••-» Vi >

which is such that

/  * • . c<=tj *  (L o j

V *  V/=*
#?-/

and also such that there are (2 - 2 } pairs of uniformly
convergent series, namely;

w  (°
(n - 1) pairs of series ( /3, ) of the type 

u) oo rvlx W>n-i (I /J

' ' {,=o l̂ ° V?° I,'-"'1*-'

M h-, . \

of which the first series is uniformly convergent 
in the variables m a , •. *, mM_, , each on the range 
0 ,1 ,..., and the second series is uniformly con­
vergent in the variables m/T_/ » V  * each
on the range 0 ,1 ,,.., and

Yl'—) C// I
(2 ' - fn-l] -2 ) pairs of series ( ^8f of the
type

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



in ft) oo 00 , CL o  .
< >, 2  - 2  ( 5  z  f  c-jj) w

i*" ‘*7° ‘x-?° '

OO 00_ sjZk+l J71*-!^  * • *2̂ ĉ/ _ a  f  m )
f z  It * k l = ° L - o  M  //■■■!» W  Al/*° 2+1 ch-7

of which the first series is uniformly convergent
in the variables m* . ,..., m , each on the

M l  h-f
range 0 ,1 ,..., and the second series is uniformly 
convergent in the variables , ..., m^  ̂ , i^ ,
each on the range 0 ,1 ,..., wherej£ ranges from 2 
to (n - 2 } inclusive and t from 1 to ( ) for
each ^  •

OO
(2 r' -n - 2 ) conditions ( )  of the type 

/ J K\  /** A .  A  f  G O
r  5 "b-K

j (*>0 r^,h,

4 ' -  • <«>
n 3 jcn-k

which is such that

Jfg- -  < * * ,} ( K  / J

** j/ i * * • 1 / i J
C, ~o £„JiC0 ’

n - Kand also such that there are (2 -,2 ) pairs of uniformly
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5 %-

convergent series, namely:
(k) CO

(n - k) pairs of series ( ) of the type

1 i ~o V "  i».?° I,''"'**-* J

yrfz n \

^  ( 2  • • -2 ^ r. H
TT. L--0 t i e  [i,K-'nJ >A-4r

of which the first series is uniformly convergent 
in the variables , each on the
range 0 ,1 ,..., and the second series is uniformly 
convergent in the variables m2,..., m M_fc ,

»**•» * each on the range 0 ,1 ,.-..,
and

«-K n fa)
(2 - [n - kj -2 ) pairs of series ( /3f ) of
the type

' Ki ' *CO oo ftJ*" jLL”-k , ‘ . \
ckj «  T - - - Z  ' • 2  Co°  y

^  <>* kT® '-v* A  ^-K 7

C£)
. • -O i -0 *j

and

" V  " V *
_____A

of which the first series is uniformly convergent
in the variables m, ,..., ni ■ , each on the

0+1 ”~K
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range 0,1,«•., and the second series Is uniformly 
convergent in the variables ,
*■»,-*+! i •••> $ each on the range 0 ,1 ,...,
where Jl ranges from 2 to (k - 1) inclusive and t

/ n~K * /pfrom 1 to ( jp ) for each .
The number k ranges from 2 to (n -1) inclusive and s

converges for each in E(«l ) whenever the series 9(1)

We consider the sequence of the partial sums of the series 
9(7) namely:

which we break up according to the Generalization of the 
Abel Transformation to multiple series in the following 

way:

from 1 to (  ̂ ) for each k.

We wish to show that the series

9(7)

converges and is of class ( relative to a given set
of functions 9(2) of class (strt! ) *
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Go.

9(9)
m,

mr! » H~i

£mO I**0

+
4-

2 ' - J U . -. 4 ,-/»£•-, • • M  +

A ,  6x1-4---

+  f. , 6*0 •*W  Lmj
where the large brackets enclosing an expression indicate 
the sum of the whole group of terms of similar form, 
obtained by permutation of indices.

To arrive at our desired result, it suffices to
show that each term on the right 9(9) tends to a limit as
m, ..... m each becomes infinite./ ' * #7

In virtue of Theorem 7 just proved, the first
term on the right of 9(9) tends to a finite limit as
m m. each becomes infinite, for the sequence of
the partial sums defined by 9(5) is of class ( )•if
relative to a given set of functions 9(6) of class ( /ot. )
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To show that a representative term selected from 
terms of the form of the expression in the first large 
bracket on the right of 9(9) tends to a finite limit as 
each of m becomes infinite, it suffices to
show that for any £><?there are numbers M„ ,
such that for all (m, > M ( ,•••, > M^) we have

9(10) - - 2  ^ U i . < £

Since the sequence defined by 9(5) converges to 
zero, for any €■><> there are numbers M;/, , such
that

9(11) W < (Zr’-'S)KOx

to
Since the first series in ( ̂ 5f ) converges for 

any € >o there are numbers M >•••> M , such thatV ""'j ̂

9(12)
oo T

X  Coi)
A *— /

' 2 W-<5-

> M U.(J ;
o j oj

Since the (n - 1) pairs of series ( are uniformly

convergent, there are (n - 1 ) numbers > * * * * ^ h-/,j *

such that we have (n - 1 ) pairs of inequalities iof the form
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r̂—- \ / ~ U/ -1 //•••/** rv / ml /I ^ —h9(13) ^ = M,3+J V/=<? I 2 - O

for all m />M/̂  + 2 , and all (m^ >*••* ) each on the
range 0 ,1 ,...; and

wi.-y . m *  rn„-,
9(14)

"*,~l , >»>* m„-, T ('j O
>  f  2 : * • * 2  4' <w)V *,-<? / = <? i -3 c '
*/=/Vf 4~l ' *'1 t)3

Z n' ^

for all m , >  M/3 +2, all ra^,..., mM_; each on the
range 0 ,1 ,...#

t
n -1 U)

2 -(n~l) - 2j pairs of series (^  )
are -uniformly convergent, there are (n - 1 ) numbers
HI.* M ,, , such that we have ( n - 1) pairs ofh** ' ' h-i,H
inequalities of the form

fJ2J
1

9(15) C x — ^  i <*>)
, E M ,  (»>, ■■■ ,

and all } * • • • > my, each on the range 0 ,1 ,,..; and

9(16)
^  3c.' /  "w ' </,0 x

¥  f-j)
i,=M„t+' ‘y M  j-i i,-r° —
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Gl

E  ( « ) ,  (*» , >■̂ +* ,  ■~ >  M S/S Z ) and all

m
£+1

each on the range 0 ,l,i...
We define

say) m .  -  M i j )

(0In vie?/ of the limit (  ̂ ), we have for any £>0 an
, such that M,*'

9(18) <

K= /
E( <*) and all ** >  Mn *

We define

9(19) JVlh= m a y :  (  , M M 7, ) .

...» After substituting in 9(10) the series for which(fjU
is the sum and after computing the difference 

indicated on the left of 9(10), the following expression 
results:
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9 ( 2 0 )

Jrft Wjn-t r

C , yyTl ̂ //-'-/O ̂ T, , m -) 4- * ' *
__irM,+l in~r° *• ' ~l 'J

'%Z! ^  ^  M*.-' 7)

>*,♦/ b-Mj+i ̂ 7 °  in-r° L*>''mJ LljlimJ Q
~h

tvr,-j tn*,-rl' n  \ ~^L ™ h~' T a;J)

3 m^  '■mJ A "' ■''° v a 4 v  % > - ,  4 * }

rjs> sjyb w,-i T(vx ,i
- 2  C 2 - - 2  f; . ^ ) \L i, =M,h  ii*o i*-r° L>5 ***■’ »-> J

^ / M & h  ™n-> -rC/jO 71 o& oo (,,)

2 - 2 ( X - 'Z  f. -w ^-Z -Z  P ...
i,~M,+i (n^Mg+i ten ° ih~r° ct J  tt̂ M,+i ^ ~ r M n- V ^  J

M ,  My,-,

2
ir°

+

~" m-l , M a I M n_p j
2  ( Z " 2 ^ ; .  nA„ ,.f ^)]L---- +

cC °  £n-r° /J[ T

. c«; 
•«-/
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u c

l [

tV,~! ^ c / ^  M«t/ r \
__ • %  O *  * ‘ - X  {,,
<>*,./ ie-Mfi u.70 i*-,-° ‘ 1 L“  J 7_

^/-/ ^VfiS« A n - i o fv,,ri(* }\ +
l̂ ° t«-r° c>’” ' *V/ J

2 / " S i  ( 2  • • • 2  ?,,...u (oiJJ  r
£~Mg+l <4+r° Lft-r° l' ’ ’ '-j I

T cv;
T . c°^^ = M t H  - M h„, c, » • • - ? V#

“h

where the large brackets enclosing an expression indicate 
the sum of the whole group of terms of similar form, 
obtained by permutation of indices.
By virtue of 9(18) the first term on the right of 9(20)
is less than ^  ■ - • By virtue of 9(13), 9(17), and 9(19) X  — ■'O
the (n - 1) expressions indicated within the square brackets
around the second term are each less than — ^— - , and by

£  —o
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virtue of 9(15), 9(17), and 9(19) the -(n-1) -2^
expressions indicated within the square brackets enclos-

eing the next term written are each less than
The fourth term written is less than hy virtue of
9(11), 9(17), 9(19), and 9(1), and condition (A)„ . The 
fifth term written indicates (n - 1) terms each of which 
are less than — —■— —; by virtue of 9(16), 9(17), and 9(19);

^ f~ M-/ ~l
and the following term indicates 12 -(n-1) - 2J express*
ions each of which are less than— — -by virtue of 9(16), 
9(17), and 9(19). Finally, the last term is less than

" by virtue of 9(12), 9(17), and 9(19)* Thus, we 
have established 9(10) and ipso facto have shown that a 
representative term 0  selected from expressions of the 
form of the term enclosed in the first large bracket on 
the right of 9(9) tends to a limit as m ;,*.*, mw 
become infinite*

To show that a representative tern selected from 
expressions of the form of the term in the second large 
bracket tends to a finite limit as m,,..., m^ become 
infinite, it suffices to show that for any Q.>o there are 
numbers N ( , •.., Nw such that for all (m. > N, , • • •,

we have

<7(21)
fvr/ , .

h*>ml ''■■■'"■••"fan,"I 1 (
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I*7.

The establishing of 9(21) is wholly analogous to the 
procedure used for 9(10); here we show that each term
of the computed difference of the left hand side of 9(21)

€  * **is less than -^n- K+i "by using the condition ( {3 y ) and
A  *

the (2 - 2) pairs of uniformly convergent series

listed under ( / ) •
Finally, we consider the last term. Recalling 

that we are considering numbers m ,••#, m^ each sufficiently 
large, we have for an numbers p( , p̂  such that

f (22)

M o o r e h a s  shown that for each ol in E(cd ),
(at) remains bounded for all [̂ nQ • Hence, the last 

term on the right of 9(9) tends to zero as the m fs become 
infinite, provided the sequence defined by 9(5) tends to 
zero under the same conditions.

Thus, for any 6 > 0  there is determined a number 
N such that for all (m̂  >  N)

< €

Since any convergent series may be reduced to 
the case just considered, that is, to a series converging 
to zero by alteration of the term we have now
established completely the following;

1, Moore, C.N. loc. cit.
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Theorem 8.
The seriesS(7) converges for each E (od̂ )

whenever the series 9(1) converges and is of class ( 
relative to a given set of functions 9(2) of class (
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1 0 .  Sequence to function transformations for multiple
sequences of a certain class ( OC .

We consider in this section the case where each 
of the functions 8(2) of section eight approaches a limit 
as o(-— , not in S(od)f and we make the two following 
definitions;

DEFINITION 10.1. Set of functions Of clas3 )* ,

The set of functions 8(2) is of class (̂ ** )̂  if it 
is of class (soc)^ as the concept was defined by defini­
tion 8*1. and in addition the functions of the set satisfy 
the following (n + 2 ) conditions;

go go
(A > %  (each oc in E / ( oc ) ),

v °  ■*

where E ^oc) contains all points of E(°0 lying in a 
certain neighborhood of o£g , and K is a positive constant;

oo

where S ranges from 1 to n inclusive.
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DEFINITION 10>2. Sequence of a certain class ( CZ )n•
The convergent sequence 8(1) is of class ((% )̂  

relative to a given set of functions 8(2) of class ( ̂  ) 
if the sequence 8(1) is of class (QC )̂  relative to the 
given set of functions 8(2) of class as this con­
cept was defined by definition 8*2, and if in addition

(k)
the functions of conditions ( ) satisfy the following

S nn(2 -2) additional conditions!
n conditions (  ̂ ) of the type

( A  1 , ^ ^  M  °i (m > p ) •

u — th-k)(2 - n - 2) conditions ( ok „ ) of the type* n

_  t*-K) ,

(■■<* , ). £  J  ) P; J i * l,...,k),

where k ranges from 2 to (n-1) Inclusive and S from 1 to 
( £ ) for each k*

It is the object of this section to show that the 
limit of the series

o«o Do

I, CO V 6
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shall be 4 as c* -j*«© for every sequence 8(1) converging to &  
and of class ( OC )n relative to a given set of functions 
8 (2) of class (JL )h •

It suffices to show that given an there is
a set <f(** ) , containing all points of E( °0 in a certain 
neighborhood of in which

10(2) / Z —
L,'6 Ch c o

Since we have assumed that the sequence 8(1) con­
verges to-d^ for any 67° there are numbers p )# . p^, such 
that for all (i^ > , k = 1,..., n)

10(5)

and also in view of * the conditions (E*)̂  , and the
choice of numbers p /# » there is a set €0(°d con­
taining all points of E(pO in a certain neighborhood of 
°(q in which

io(4) /  2 -  < ( p + a ) U / *
h y > + i  ih '-a+i

We break up the left hand side of 10(2) into the 
following (2 ^ + 1) partsi
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10(5)

where the large square brackets enclosing an expression 
indicate the sum of the whole group of terms of similar 
form obtained by permutation of the indices, where k ranges 
from 2 to (n-1) inclusive, and where p( , p^ are the
numbers defined in 10(3)#

We define
M z  hna-x/^ujlj (i K = 0,1,..^jk - l,...,n). 

In view of condition (E*)^ and the definition of M, there 
is a set 6, /<*) containing all points of E(o() In a certain 
neighborhood of o^in which
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10(6) I < (p  + 9 - ; ? (i =
* j''> J

For eaehp< in £>(*0 ^

if--Ta 4 t«)\iM i--"T-1 qS d H < f n '
1 0(7 ) I J—  / - * m vu r ' \  £T0 ihc> *

E*( <*)

L , ^ o  L ' - o

In view of (At), and 10(S) we have for all cn In• n

lots) 7~"'ZKt~Al'l*ta*l*ez+j«£,''&l4ia ̂
M l  M i

Thus, the first two terms of 10(5) are each by 10(7) and 
10(8) in absolute value less than In a sufficiently

small neighborhood of <%o • The n terms indicated by the first 
set of large brackets in 10(5) may be treated in a manner 
wholly analogous to the following treatment of a representa­
tive terms

In view of conditions ( and condition (A*)^
Gi-i;

there is a set <*) having «'<, as a limit point and
containing all points of E(«<) in a certain neighborhood of 
oi0 in which each of the n terms indicated within the first
set of large square brackets is in absolute value less than
C S  c  ̂  )# Under the same conditions there is also a set iot)
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/°y having ̂  as a limit point and containing all points 
of E(eO in a certain neighborhood of ** in which each of the 
( k ) terms indicated within the second set of large square 
brackets is less than

which is a set for all points o< of which each of the 
(2^ + 1} terms of 10(5),' except the first two and the last 
two, is in absolute value less than /̂ph+^*

There remains now only to show that the difference 
of the last.two terms of 10(5) is in absolute value less 
than k/p +1 in a set %(*) containing all points of E( )h
in a certain neighborhood of oC** An application of 10(4) 
yields the desired result immediately*

Thus, in a set

£  (ec) = Eo C * £, 1 ^  l̂ j

which contains all points of E(o<) in a certain neighbor­
hood of o(*, we have shown that 10(2) subsists and have 
thereby at last completely established

Theorem 9.
The series 10(1) as d  will tend to for 

every sequence 8(1) converging to 4 , and of class ( OC )̂  
relative to a given set of functions 8(2) of class ( )h •
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11. Convergence factors of type II for convergent multi-

We consider in this section the case where each of 
the functions 9(2) approaches a limit as oi—* oCa , not in 
E(o-c). It is convenient now to make the following two 
definitions:

DEFINITION 11.1. Set of functions of c l a s s ( ^ /)M .

The set of functions 9(2) Is of class ( if it 
is of class ( ̂ 01/) and if in addition the functions ofn
the set satisfy the following (n + 2) conditions:

In a certain neighborhood o f , and where K is a positive 
number j
n conditions (E 4 ) of the following type:

pie series of a certain class (
ft

(all [l] )j

where E (od), as above, contains all points of E (od.) lying

h*n 
od—» c*0 -Oj Ur°,
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DEFINITION 11,2. Series of a certain class (

The convergent multiple series 9(1) is of class
( &  )n relative to a given set of functions 9(2) of class 
/ —  / \(sot.)" if the sequence of the partial sums of 9(1), defined
by 9(5) is of class ( ) relative to the given set of
functions 9(6) of class (^  )n and if in addition the

iions i 
V  (tjy

(.2W - 2) conditions are satisfied:

n conditions (^  s the type

S'”* < b (/j/Js )
o

H 7T (*J(2 - n - 2) conditions ( o  j )■ of the type
(k) j . -r* C Kj /)

V V .  j " . f

We wish to show that the series 9(7) will converge 
in E(od.) and have the same value as the convergent series 
9(1) of class (<S>^ relative to a given set of functions 
9(2) of class (/Vt) whenever oC —♦ OCa »

If we assume that the series 9(1) converges to zero, 
we may use the results of section nine, as well as those 
of section eight.

We form again the Abel Transformation for multiple 
series, which is the expression 9(9)* In view of section 
nine we know that under the conditions which we have imposed, 
the limit as m K—*ex» , k = 1,,.., n of the sequence defined
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by 9(9) exists; it thus suffices for our purposes to show 
that there is a set £ C ol) which contains all points of 
E {oc) in a certain neighborhood of c>Cg and in which for any 
given > o

l i d )  I C 7 f ~ ( * > \ < e .I nrt, -* o o  9 ... j oo *- J 1

In view of theorem nine just proved there is a 
set £ f &*) , containing all points of "EioL) in a certain 
neighborhood of oi- in which

do
11(2) o<lr M  = \ $  <

> til L J ' Lr °  L"=° W  W  1lr° frJ

Since the n terms indicated by the first of the
large square brackets of 9(9) each by section nine con-

Tverge in E(od) to functions of the form as the
m*s each become Infinite, we need only observe that there
is a subset £  (<*) containing all points of E(o£) in a
certain neighborhood of in which there are n inequalities 

Tm (h3)involving Cp (o/) of the following form

11(3) 1 t 1 p  n
CL i)

*)\ < - p r —  >
O)

,T, (C0 I

which is true in view of condition </* !■ >„
Similarly in view of section nine and conditions

7T<k) iT
(-P J ) ̂  there is a set 0 , ( ^ 1  containing all points of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



E(c£) in a certain neighborhood of <x-0 in which the (2 -n - 2) 
terms indicated by the second of the large square brackets 
of 9(9) are each less than •£* , fbr there are' (2 -n - 2)

TT Jinequalities involving I &-) and subsisting for each 
in £  (<*) * Tlley are of the following form

11(41 | £  <j*)J < ~p~-
In section nine it was pointed out that the limit of 

the last term on the right of 9(9) is zero for all in 
E(ot) as m; »•••» m^ each become infinite. Thus, in view 
of 11(2), 11(3), and 11(4) there is a set (£g*j  containing 
all points of E(od) in a certain neighborhood of o6a , which 
may be defined

£ ( - o  =  6, (*) -£z m  ■ 4  {ce)>

In which the inequality 11(1) subsists.
If the series 9(1) converges tou4>^, one may reduce 

the treatment of that case to the above treatment of the 
case where the series 9(1) converges to zero by alteration 

of the term U.O...O .
We have now established

Theorem 10,
The series 9(7) will converge in E(od) and have the

same value as the convergent series 9(1) of class )n
~  7\relative to a given set of functions of class (strt- when­

ever .O
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12* Sequence to function transformations for multiple 
sequences of a certain class

Given a set of functions 8(2) of class , we

make the following definition;

DEFINITION 12.1, Sequence of a certain class {cC

The convergent sequence 8(1) is of class («C> )̂

relative to a given set of functions 8(2) of class (^  ^
rtif the following (2 - 2) conditions are satisfied;

—  a)
n conditions ( o ^ )n of the type 

—  oi n
( }( f )n The sequence 8(1) is such that the series on
the right of

(lt O  00

12(1 ) r  ’ ^ < - 4 - . 4 : ^
t',-o Lt] LtJ

converges for each i2 , i^ j and the function on the 
left of 12(1) is defined for each oC of E(o£) and is also 
such that

h n r~ (>,°12(2) I ) —  O (each i-,,.., i^ )
oS-~*

yi —  (K)(2 - n - 2) conditions ( X c ) of the type
TT <*)( o f ) The sequence 8(1) is such that the series on 

the right of
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12(3} r < X J

' W " ’4*
M

converges for each iK̂  ,..., in ; and the function on 
the left of 12(3) is defined for each oL in E(o£) and is 
also such that

(K.l)

12(4)

k ranging from 2 to (n - 1) inclusive and S from 1 to 
, n .( k ) for each k«

We wish to show that given a multiple sequence 8(1) 
converging toi^dand of class (c C  )n relative to a given 
set of functions 8(2) of class (pSL)n and corresponding 
to any €.>0 there is a number N and a set containing
all points of E(oc) in a certain neighborhood of ota , 
such that for allod in <£&*) and all m u >. H, k = l,...,n

12(5)

We have

12(6)

m, m r

L.-O
■— <d- c P  ( o i )  —  i-d/J < £.

i'h'O &J M

JOl «1n „

J S  ' • - 2  n £., 6 - ) - ^  
£<] 7ro

rx,
4> («)- 

h twLr° L*r°
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m, m, hi,

(71 t„=» L J ''=° V »  W•■Jl

*7nrrm  | w,2* *2 (̂ u,—^ d s ) (<*)+ \̂ ds • n?*"*2 4?,^" i 
v *  [0 7W  1 ^  £ T , 7 M

In view of the definition of ~fo0,mme> (o< ) in section
nine, we have

®<J (J*
1 2 <7 > =

and hence for any € > O  there is a number H/ , such that 
for all m k > S,, k » 1,,,., n and each o£ in E(o^ )

hi, *L»
f- ^ I12(8)

1 t>~e w  1

«,«« i>ro

In view of(C there is a subset containing all
points of E( 06 ) in a certain neighborhood of o£s0 in which

I <  4  \ ^ \ 1

and hence for all m R >  I,,’ k » 1 , . n and each oc
in £ '  (*)
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5s' f V  £ — ^7•i2(9) 2-"'A I ~ 4 M l  v / M  xu-l
I, m  v *

Thus, it suffices to show that given an 6?0 there is a 
number N £ N{ and a set f  ̂  containing all points of
E(cx) in a certain neighborhood of <sK6 in which for all

*5̂  H , k = 1,..., n

i $2i to* 1 4

12(10) I 2 " X  (A ia / < Z

Let us first observe that if the sequence 8(1) converges
to 4L±o and if it is of class ( j C  ). relative to a given ■** n

set of functions of class ( XX* ) , then the sequence

12(11) £  SUJ J. £  £  A xtl

is also of class C JZ relative to the same given set of 
functions %(*) of class (XX. ) . For, we have n re­
lations of the type

I f ( ( a ) l “ K  Au^ û \
i,-. o '''*

of which the first term tends to zero as in virtue
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( !)
of ( t , ) and of which the second term tende to zeroi n
aS oc-*o£o in virtue the conditions (1 .

ffWe also have (2 - n - 2) relations of the type

2  - . 2
<

CVS> <90

Y,=o i=o ft]yTw j 1 ^  C ] ’

of which the first term tends to zero as o£—* 04, in virtue
IK)

( o , )„ , and of which the second term tends to zero as* n
od—> od0 in virtue of (Ej#)m •

ihus, to arrive at our desired result, it suffices 
to show that given € > 0  , there is a number N and a set 
cS N(<*) containing all points in a certain neighborhood of 
&£0 such that for all m K > N, k = 1,*.., n and all oc in

£  V )

12(12)
vn, My,

-nS tP <pO
IQ V I1=0 1.0

<

We break up the series 12(12) into 2 parts, as 
f o l l o w s ;

12(13)
r, !°nIn m, ry*n

\ X (el) +Llj LfJ i r t "  he 1ft?1 ft] W
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■ I—  ♦ • •

where the large square brackets enclosing an expression
Indicate the sum of the whole group of terms of similar
form obtained 'by permutation of the indices, where k
ranges from 2 to (n - 1) inclusive and where p( PK
are such that for any €>o we have for all 1. > p i* > p' I  n h

In view of condition (E f ) and the definition of M, there•n
is a set <5/ containing all points of E(o6) in a certain 
neighborhood of o£e in which

12(14) S < 
10

We define

M  = m a x H 0 l

12(15)

J-l
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For each of in ^  (»0

i i ' v , A  * ■
< >  Lv> *

12(16)

In view of (A *) and 12(14) we have for all-in H ( °0 } h

12 l<r* J , £ J ? h I

( 1 7 ) I -  t -  lcP^ \P**1 2. A  i, :/)■+) ^ ^

Thus, the first two terms of 12(13) are each by 12(16) and
12(17) in absolute value less than ,— ^rr • f̂ e n

I.**1
terms indicated by the first set of large brackets in 
12(13) may be treated in a manner wholly analogous to the 
following treatment of a representative terra:

In view of the n conditions (E _,s-) and the limit
r  ('• s h

in condition ( u f )̂  , there is a subset (*) con­
taining all points of E(0f ) in a certain neighborhood of 
d\o in which for i = 0,1,..., p ; k = 1,..., n

l<Pr .A°-)\< __------------ JL— / ,
III I ? . 2 * +'Af TTl b : * ' )' J

and also in which for i =0,1,..., p
/

? * r  m  7n/j+i)
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(!) 0) Given € > 0  , there is an U, such that for all m ( > N( in
_  OJview of ( C ) for e ach ol in 1 (c£ )

• n

I E  s  $  t o l —
i', -o W  W  I «£**••> in

"h r—  <7, I)
cp (oi) —  r  (ol)

t p b  tO TW  4
J**2.

•ft.

-s <#., (<*>
(,=o 6] ' W

<

Thus
M O

3 - z nt'TT(/°r,J

, in £  Col) and for all m, >  I,10

12(18)
*22* Jjl JP*L I

Z t r Z  i= LfO £ ^ 0

J°n n I | Ps. fn f Mi _ t|

< e  _4_ g | __
-  ^  2 nH 3 -a.**' 3 -zn+l z <-»+/

The (2 - n - 2) terras Indicated by the second set
of large brackets in 12(13) may be treated in a manner
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wholly analogous to the following treatment of a represent­
ative term which holds for k = 2, ..., (n-1) :

In view of the n conditions (1- ) and the limit in
v n r \conditions ( 4T ) , there is a subset C a t°y

• fj o

of E (a£ ) h a v i n g a s  a limit point and containing all points 
of E(oi ) in a certain neighborhood of in which for
k = 1,

12(19)

, nj ±K » 0,1,..., pK

< 3 r ; z "” m  j f o j + i )
j x»

and also in which for i. 0,1,..., p • j J = 1,..., k, the J
following (2 - 1) inequalities subsist:
k inequalities (*7 ) of the type

r - a o  
I. . <eo <

3  K 2 nHf [ ( ^ )  ’

J"*
K  (*n)(2 - k - 1) inequalities ( ^ of the type

fm) J—  (*•;>)
I • .c«)
**+!> *•* iL» ' ^ K ^ ’ f r c h + o  ’

where m ranges from 2 to k inclusive and s from 1 to (m  )
for each m, where each P symbol has at least the indices
1 ,..., i and where R, is defined by 10(11).K4| n
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We break up the term In the second of the large 
brackets of 12(13), as followss

/  2. (20)

where the large brackets enclosing an expression indicate 
the sum of the whole group of terms of similar form, 
obtained by permutation of the indices of sums within the
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parentheses,
We wish to show that there is a number N f K J

( • < >sufficiently large, such that for all > N
f K /)(i = 1,*.., k) and all «■ in <?, ** (<=*■) the term on the

left hand side of 12(20) is less than — Brrr_  (*) X '
In view

*j . f (it) .of condition ( o f and inequality ( f )k there
/#c Iis a number N. , such that for all m . >>J o'. I

CK*J
1 1 *«• |lc)

and allol in £  the first term on the right of 12(20),'

12(21)
-5 cP (oL) 

c,o [c]TU

W °

3l

(I
lK,t)

I)

< +-

J zrK+l 

€
H+l 3 k : z

— (K~^ (k-i)
In view of conditions ( o - ), and inequalities (>? „ )^ II I « K£ K) £ 1̂1there is a number H. , such that for all > N,1.1 i» l

£.<***> K(i = 1,..., k) and all od In C 3 fas) each of the ( |f_J ) terms
indicated by the first of the large square brackets on the
right of 12(20) is lessthan [~2. £ 7?k 2  3 * Hence,
the second term on the right of 12(20) for all > N, (
and for alloc in £^°(oc) is less than t e R : 7 - 3 R ° K 2 " * ' ] .

r * m \Similarly in view of conditions ( 0s )h and inequalities
■to CK)

( V  e ) there is a number N , * > such that for all
* 1 f*. O

(i = l,...,k) and all ol In (51 each of theN (K)
b*
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K( I ) terms indicated by the second of the large square
brackets on the right of 12(20) is less than [2G/3R*2 1
Hence, the next to the last term On the right of 12(20)

Os)for all m.- > N, . and for all ol in C, (*) is less thanI Ijt *

£26 7^/6? 7^2, view of 12(19) and the defin­
ition M, the last term on the right of 12(20),

” '»> r ; I V w H 4 *
jr>, c ^ n  for each o£ in C 3 (cl) .

If we define
N l«) (X)

S. /V/t , (t = 0,l,...,k-l),

jC  (H‘ °we have shown that for each oL in (oc) and for all
m, > N • (i = l,...,k) the expression on the left of« I
12(20) is less than

z e + R K+ nn+f 1  73 O -1 Mt/ I ' ' K ' ' * 'k ' ' I ~  n M+l

n "Thus, there is a set C  (<*) » containing all points common 
to the sets (clj , E ' (oc), and *Co£J [k ranging
from 2 to (n-1) inclusive and s from 1 to {£ ) for each k̂ J
in which each of the 2* terms of 12(13) is in absolute

^ , / . value less than — **7" for all m • > N (i = l,...,n),
where —
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Hence, for each <X in € % J  12(13) is less than for all

^  =  1 >* * * •

We have completely established:

Theorem 11.
Corresponding to every positive number € there is 

a number N and a set containing all points of E(oc )
in a certain neighborhood o f ^ i n  which the sequence

differs fronted in absolute value by less than £ for all 
m > N, k = l , . . . , n  and for every sequence 8(1) conver-

functions 8(2) of class (
If in the above, one sets n » 2, theorem 11 reduces

to theorem 5. Since the theorem of Adams referred to 
above is a special case of theorem 5, it is all the more 
a special case of theorem 11, just proved.

1* Adams, C. R. Lot. cit.

s5 » *** i i, = o

ging to 4 and of class relative to a given set of

1.
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u

13. On convergent multiple series of a certain
class

Given a multiply infinite set of functions 9(2) of 
class (̂ *</) , as this concept was defined by Definition

I f

1 1 . we make the following definition:

DBFINITIOH 15.1. Multiple series of a certain class 
The convergent multiple series 9(1) is of class 

) relative to a given set of functions 9(2) of class 
( if the sequence of the partial sums of 9(2) as de­
fined by 9(5) is of class relative to the given set
of functions 9(6) of class )rt and if in addition the 
following (2 -2) conditions are satisfied:

O)
n sets of conditions ( X ) of the typev n

- oi

< S . X, 'H

aJJ>*>>vr\.
o£-+<*9 - -c

/ \  . (el) a s O
(all i, )j

—
(£ ) sets of conditions ( ̂  ) of the type
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/ * >1 (/' 7rr. a (each i,, i*) J

(2) r/jij
( j ) pairs of conditions (b ( )M 1

< o r »*0 ̂  //o--f[i,n-Z ,mj

- A .  Co°<? » > *** >m /i‘2 ' WJ >
fTJa)

-fa) r'>2)
( jv i yn

/<»yi 
o£-*oc’/1 M* 1 f-.WL.

//m A (cx)*=0

(s ach i^ p xtij f * • • t m n ) j

=  / l ^  < * ,

(each i. , m,, ..., mft)j

-  (K)
( ” ) sets of conditions (J ^ )fl of the type

(S
—  (K) /im £•••o >r. («)

^**7* &>-*.•«] ii~'°-a &;»-*,*•>]

= A  . ,i.*'**i 7

h m
<*-* of. / i ;  > - *

(each i. , ..., 1K) ,
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K ~ (*} ^J,rJ( , ) sets of conditions (£ ; of the type
(Hi ( (j U

, >» I /V. .. . f  _C-»II f to"• o "̂c • I[c s-k,™! " ' t '

~ /\ <®0 ,

/ / w  /| Cot) =•  O,
OL-**X0

(each 1^, • ••* $ m ^+l » **** #

K - C K ) ^ j rJ
(Jg ) sets of conditions ( a ; ) ■■ of the type

( £ (K>)(€j ° ^  ‘ * 5> A  f  CoL>
® 1 1 iTo tsn-KjKn]

= A c  / *,

c/7f,...} I,
]1 «, A . (o()̂0

0 1 * ” * f* » "Vh >"*>*** ^

(each i^^ , m K+i ,'*•, *
wherejK ranges from 2 to (k-1) inclusive for each k and k
from 5 to (n-1) Inclusive^ r ranging from 1 to ( ̂  ) for
eachJ& and s from 1 to ( |J ) for each k.

We wish to show that given a positive number € ,

there will exist a number N0 and a setcf£9 containing all
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points of E(oc) in a certain neighborhood o£ty£0 such that 
for all indices ,> , k = 1,..., n and for allO£ in
Cf(oc)

13(1)
Mi Aj»» n ,

i,=o 1^0
<

for all series 9(1) converging to zero and of class U ? ' )
relative to a given set of functions 9(2) of class {stfC*)*

Given any €><?, then since 9(1) converges to zero,1 
there are numbers m, , ..., m such that for all ik > m k, 
k = 1,..., n

13(2) K . JW  I K
where the sequence is defined by 9(5) and the

number T" is defined 
n

13(3) t - / .
On the sequence 13(1) we perform the generalization 

to multiple series of the Abel Transformation, as follows:
M.-i M*-/
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where the large brackets enclosing an expression indicate 
the sum of the whole group of terms of similar form, 
obtained by permutation of the indices, and where k ranges 
from 2 to (n-1) inclusive, and where , s = 1,•.., n.

Since the sequence 9(5) is of class ( relative
to the given set of functions 9(6) of class ( )  , we 
may invoke theorem 8 to show that for any €>o there is a 
set <?, &) containing all points of E («. ) in a certain 
neighborhood of oi0 in which for all M i&j, s * l,...,n.

13(5)
irfri M*-i I

t.^O 1 ^ 0  LlJ *■ -* I ^

Each of the n terms indicated by the first set of 
large square brackets on the right of 13(4) may be treated 
in a manner wholly analogous to the following treatment of 
a representative termj

O' <0
In view of condition ( <3  ̂ )̂  for a given €>o there 

re.jare numbers M , k = 2,..., n, such that for allK
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(Z)L > M„ , k = 2 , . . . , n»\ r\

A (°  \ €  ■_ A  f  -(<*) — f\ .(<=*){ <  n -r~ , 77

_ £/)and also there is a set C_ containing all points of 
E(o^) in a certain neighborhood of o£0 in which

A C,JA (d) <

and also in view of (A , ) in which
' h

fhus, for all

M ,  > H , M „  > M *  s m « x  (fw“ X )

(/, /;
and for each ot in A  ^ ) we have

13(6)
M,-l

A ,  W

*»• ~
f°0 I 4-

M,~i
^  X  A  f
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For each of the n expressions indicated by the first 
of the sets of the large square brackets there is a set
r, Cl) P eC--, Coe) in which the expression is less than -==- •
£ I ft

Thus, there is a subset in which all of the n
expressions indicated by the first of the sets of large

26square brackets are less than
7ZH

Each of the ( £ ) terms indicated by the second set 
of large square brackets may be treated in a manner wholly
analogous to the treatment of the following term which we

T  2.&break up into -1£- parts which are each less than in a
2. 7«

sufficiently small neighborhood of oC0 containing points
of E (ot);

M r I Mfl

■15(7) -j Afl]̂
t,*o ik*o [ijrt-K.MJ ' I1*”

The expression 15(7) is broken up in the same manner as 
12(12) was broken upj and by appealing to Condition 
( a ) and its subconditions, one can see by use of thev i rt
method employed in dealing with,13(6) that there is a set 
£ ° } t o  , containing all points of E(o6) in a certainw  K+l
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neighborhood of & 0 in which 13(7) is in absolute value
T" e jC*less than — — —  » The set C, C&-) , containing all points 
"Tit K+l

common to the ( K ) sets <5 ê C<x) $ is a set in which all
the ( K ) expressions indicated by the second set of large 
square brackets are each in absolute value less than Tk£

There remains now for consideration only the last 
term on the right of 13(4). In view of (C)M there Is a 
subset (**) containing all points of E (o£) in a certain
neighborhood of oc0 in which

13(8) * (all M K , k = l,,..,n).

Thus, for all**, in and all MK, k = 1,..,, n

£M3 £M3 I I Cm ] [m ] [m ] [m ]

< ^  If 1 IN  I'm  j  1 ^  i

Hence, in a set
hrt

£  i«> -  7 7 £ i

containing all points of E(oO in a certain neighborhood
of oL0 , we have that
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(T ^  ( * * )
I M ]  J j

for all M( , !„ > .

If the series 9(1) under consideration converges to 
, we may reduce it to the case just considered by 

introducing the series converging to zero and

defined as follows:

JJ' =  U  —•00 . ..o 00’~ o

“ in = (all î -4 0,k=l,..«, n) •

Thus, we have completely established

Theorem 12:
Corresponding to a positive number €. , there will 

exist a number and a set containing all points of
E(o^ ) in a certain neighborhood of0^£ such that for all 
indices k = 1,..,, n and for all ot- in £(<*)

M«

1^0
3 >  4 ri
-f^o GO W

< €

for all series 9(1) converging to s and of class u A ,
, /relative to a given set of functions 9(2) of class •
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GLOSSARY

Since in the body of the text many sequences, series, 
conditions, and definitions are referred to frequently by 
number or by letter, the writer has thought it wise to 
collect many of them below for the convenience of the reader 
To those definitions of classes and to those conditions 
which are complicated and which require a relatively large 
amount of space to state,references are given to that 
page of the text where they are introduced.

I. Double Series and Sequences

1(1) (i# 3 ** 0,1,...), converging to s,

1(2) ), defined in E (oC- )

OO , p°
1(3)

positive function of oC

DEFINITION 1.1

The set 1(2) as of class if (A #L is satisfied. ■-  • -a. £
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/(>Z.

DEFINITION 1,2.
The sequence 1(1) is of class { (X L relative to a given set 

1(2) of class ( stC )JL if

for all p > Pg, the series
Cry oo . go *

1(5) $ < * 2  Z ( l
r U p  j-«

converges for each o< in E(*< )?

(o(,)4 and if for all q >  the series*- JL
©O po

1(6)

converges for each p< in E( <X ).

2(1) %  u i< converges to zero_

2(2)
f f . n

(i,j « 0,1,,..), defined in E(Of )•
h*j h

2(3) J} ̂  sm  n Z .  u c< .
tfOjOO

2(5)
(0() ' 2 -

L* * M
2(6) a  „ L ( « y - cpr . (*) 4

<J
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Ito

<a )2
CfO.oO

~2.
6=0,

(D-t h m
n~*o°

' V * hm
)T\—>ex3

/ \ /0rin c*) (i = 0 ,1 ,..., e(<* ) ).

A  f  . (<*) =  C7, (j = 0,1,..., E(ot) ).el h7j /

DEFINITION 2.1.
The set 2(2) Is of class Ks9t,)A if (A) , (D,) , and

(D„) are satisfied. < 2.

DEFINITION 2.2.
The series 2(1) is of class ( m L  )g relative to a given

get 2(2) of class {^t/)z if 2(3) Is of class ( C L ) relative

to the given set 2(6) of c/a*s C'{*■)-*

cx>. o° n

2(8) d (.L(<*).
i*ej—  J J

2(9) C7-V r«;
y

DEFINITION 3.1
Series 2(1) is of class ( i L  )g relative to a given 

set 2(2) of class i.^)^ if 2(3) Is of class ( relative

to the given set 2(6) of class (yet )̂  and if the following 
two conditions an© satisfied
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( ( i  = o*1 ,.--; Btot) ) ;

r  W  T ^
T- w  *  a E  (<*),

i=o

CJpM is bounded in absolute value-
r  (Zi

lf * \  I T ^ j ^ ' T ^ ‘ %  M J (3 = 0,1,...; Mot.);

ja (2.) T CZ)
2 .  $ . M  =  $  , E M ,
J — O J

■r-12)
^V&JIs bounded in absolute value.

DEFINITION 4.1
The set 1(2) Is of class (Eoc )SL if it Is of class

{sot. )̂  and if the four following conditions are satisfied:

( o %  J r « .  =

(i ? u  J z ^  %  I I (9ach *
\i ^

(E I V  ^  l£j  ̂  =  °J (eaoh

(A *) I ^  < K  , in a sufficiently small
' *- ^ ' ✓

neighborhood E (o') ofo<^«

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



DEFINITION 4«2.
The sequence 1(1) Is of class ( relative to

a given set of functions 1(2) of class (^  )̂  , if it is

of class < * ) , relative to the same set 1(2) and if

<<*< >4
Urn

Cx?r-*0£o
X°'y  tpL) j (each q);

f!M
cX-vc*

t-12.; x. ̂ \
(s,)t

0 -*• f»
(each pj.

DEFINITION 5.1.
A set 2(2) is of class ( if it is of class
and if

J

//*fl

*-*<*<, 7^0 A//4 ^ l ” ui1 J) ?

(a ,) |a  (in E /( ) )?
. I // */ 1 J>

^^2. "j* fix) =: j j (i#j ~ 0,!,».,)«
u
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DEFINITION 5.2.
The series 2(1) Is of class ( relative to a

given set of functions 2(2) of class if 2(5) is of
class ( relative to the given set 2(6) of class 
and If

I J l  /,m fy 5

(/ ^  J Z c ,

DEFINITION 6 «1*
The sequence 1(1) is of class ( <£) relative to 

a given set 1(2) of class ( ) If
The series on the right Of

6(1)
i— (0

F w -
converges for each j,"

6(2) Jim
oL-*oLo

r-0)
l ~  ( « ) -  o , (each jj.

< 7 *>* The series on the right of

6(5)

-“
I

S
- in

oo

= 2 l  f- • ̂
jTo lJ 7V

converges for each i,

6(4) h m
oL->ol0

r—  (2)
h Cot) = O, (bach sj.
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6(5) I < € > y e/y > N, 1*. £(<*).

6(11) ~  (i, j = 0,1,...),

DEFINITION 7.1.
The series 2(1) is of elass {ff ) '? relative to

a given set 2(2) of class (/flC )2 if 2(3) is of class u C l  —      ■■ ■ ■ -        2
relative to the given set 2(6) of class ( /vt )z and if

  l/J

( %, ) I'”  £ K > = / \  (be; (i - 0,1,*.. ;E(od.) )
2 «/-«*> v /0 v i

him J\ (oL) =  £  , (i « 0,1,...)j

~  A (Z)
( S z ) (3=0, )  )

* 2 L-*>o° tf 01 f/ 1 { *

/ain
o/->oCn

CJ  01V

A ™

J

J

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



/of

II. Multiple Series and Sequences 

8(1) \ (i K = 0,1,...j k ■ l,...,n) converging to ̂2-,

8 (2) £ (1* “ * * 1* • • • »n) •
Co OO

8(3)

■r - T(A ) ,Z- .2~ ' I tj ' 'a positive function of ® ,
h £,io

DEFINITION 8.1.
The set of 8(2) is of class ( -0C )>, if (A#)_ is 

satisfied.

DEFINITION 8.2.
The sequence 8(1) is of class (0L)h relative to a

given set 8(2) of class ( ) „  if (2w-0) conditions of the 
6r)type ( of s )^are satisfied:

Ci)
( ^  i )*, If for all m ■> p- (i = l,...,ft-l) the seriesfl u I

Lh ')
2

8(5)
^  (<>>) o* _2f / <2? . ,)
J til' '

converges for each ct in E(of ).
( C< ) and if for all m- y p.- (i = 1,...h-k) the series

f n I t
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/o?

8(«> <L *• Vo'-'-) h-fc lh.£t»h+ uH-**i

converges for each (X in E(̂ ( ),
h~l

ph * Z  O M ' h8(9) P * * l j ?  « { j  'A ' 7,<,

oo 00
9(1) /  - r  ĵrtj , converging to zero.

7. c-o

9(2) (i|<s 0,l,...j k = n)

DEFINITION 9.1.
The set 9(2) is of class ( *41')̂  if the following

(2 -1) conditions are satisfied?
se oo . .

~\,Z ill ^ $ a positive function of j
" f,=» 5̂*0

* •)n conditions <* 5 ) of the type

(») C
(D I ) ^ //-' fo  ̂ >> (E ( 0< ) | all i j • • • $ i^ . ) f

V + ~  '
h ^(S -n - 2) conditions (D ^ ) of* the type

(E(c<)j all (ii »•»•»
h

k ranging from 2 to (n-1) inclusive/ and s from 1 to ( ^ )
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for each k.

DEFINITION 9.2.
  . . . . <P ., ... aThe series 9(1) is of class ( & ) h relative to

given set 9(2) of class {/CL()h if the sequence of the par­

tial sums of 9(1), defined by
J?*

9(5) ~  r "  'h* U u iJ i ̂ 0 lh'<>

is of class ( OL)^ relative to a given set

9(6) i (E(«) ),'

of class ( ̂  )fj and If the (2^-2) conditions of pages 
5 are satisfied.

00 Oo

9(7) 2 - ~  jL
C,c.o i>h-o

DEFINITION 10,1,
The set 8(2) is of class ( ̂ Ct )h if it is of class

(yOC )^and if the following (n4-2) conditions are also
satisfied:»

OO CO

y ' * - ?  / ̂  c<x)l< i*(A#) J (each^in E' (<*)" * h (t -co Lh
E* ( ô.) contains all ^ i n  a certain neighborhood of ctQ , and
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^ is a positive constantj
Oc> Oo

(o’) *'
"> °*o t-h''®

&n conditions (E ̂  of the type
oo oo

(EX  J & J (i' -

where s ranges from 1 to n inclusive*

DEFINITION 10*2,
The sequence 8(1) is of class ( a  )„ relative to 

a given set 8(2) of class ( six )̂  if 8(1) is of class ((X* )̂
relative to a given set 8 (2) of class {M  )hf and if the 
following (2 -2) conditions are satisfied:wife-

amn conditions ( )h of the type

< * 7 \  hr*J
n (h~n)(2 - n - 2) conditions ( os ^ ) °f the type

T  (h'«, 0
—  Jliv* Jp (ol)zo

( P< , )h oL̂ ,*0 J (tni > p̂  I i * l,*..i
where k ranges from 2 to (n - 1) inclusive sued s from 
1 to ( k ) for each k*
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10(1} £ ' '
l, <~0 ch

DEFINITION 11.1.
o/o^ 4 « -f* a1 Mfle (The set 9(2) is of class (^t/)h if it is of class

( )h and if the following (n + 2) conditions are 
satisfied:

(C) £., ' j  (all Jl] };
h Oi^)0{c

< V „  <b '(«) ),
l, co }ht*

where E*(c<) contains all points of E(«) a certain neigh­
borhood of and where K is a positive number j n conditions 
(■̂ fj )yf of the following type:

(E } )h f  £  " ' £  ' °)
ck -yo{0 ( l^co î 0

(i, = Op.,1.,.).

DEFINITION 11.2,
The series 9(1} Is of class {£y)h relative to a

U x
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given set 9(2) of class {yet') if the sequence 9(5) is of
v- . ft

class ) relative to the given set 9(6) of class (^*)
/? ^

and if the following (2W -2) conditions are satisfied:
—  0)

n conditions (̂ 3 ^ )yf of the type

( —  0) / • r 0> 
i *  ' \
n —  (K>(2 -n~2) conditions (^  ^ of the type

—  fKJ /;*« T* (**0 .I >„ JZi. $ M - 0’
where k ranges from 2 to (n~l) inclusive and s from 1 to 
( H ) for each k«

DEFINITION 12.1.
The sequence 8(1) is of class ( «cr )n relative to

na given set 8(2) of class (^t )n if the following (2 -2)

conditions are satisfied:
7 - Mn conditions ( 0 ^ ) of the type

7  f0( 0 , )̂  The series; yi

m i )  r 0j°

converges for each 1,, •.., iw j and the function on the 
left is such that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



//m r - " ' ,J
12(2) (oe) = 0  (eachi,,..., ijj

9 9 h*/-+ota

m —  *K)(2 -n-2) conditions ( ̂  ^ )v̂  of the type
—

( 6 . ) The series1 H

‘k+i* * * *k**

converges for each iK+l ,...,i^j and the function on the 
left is such that

j . uym ^
12(4) ac—ny I; ^  (each i ,...,±n);

° K+i 1 *
k ranging from 2 to (n-1) inclusive and s from 1 to ( J| ) 
for each k,

ie(ii) h o l - K r ^ l

DEFINITION 15.1.
The series 9(1) is of class relative to a

given set 9(2) of class {^i')n if the sequence 9(5) is of
class (c£? )n relative to the given set 9(6) of class )n

and if the (2 -2) conditions of pages 97-99 are satisfied,

ists) t ’*  2  ( V  7 ~  ■ + • n  > X s  / .*» .—  v 7 n~L 7 o •
Is/
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