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I n t r o d u c t i o n

The f o l lo w in g  d i s s e r t a t i o n  i s  an  i n v e s t i g a t i o n  o f  th e  

d e v e lo p m e n ts  o f  r e a l ,  p o s i t i v e  num bers , a c c o rd in g  to  

p r e s c r i b e d  a lg o r i t h m s ,  i n t o  c o n t in u e d  f r a c t i o n s  h a v in g  

p o s i t i v e  i n t e g r a l  e le m e n ts .  The p r i n c i p a l  p ro b lem s t h a t  

p r e s e n t  th e m s e lv e s  a r e  t h e  ones  r e l a t i n g  t o  : (1 )  c o n v e rg en c e  

a n d  r e p r e s e n t a t i o n ,  i f  t h e  deve lop m en t i s  i n f i n i t e  ,

(3 )  t h e  u n iq u e n e s s  o f  t h e  d ev e lo p m en t , ( 3 ) t h e  a p p ro x im a t io n

p r o p e r t i e s  o f  t h e  c o n v e rg e n ts  t o  t h e  c o n t in u e d  f r a c t i o n s  ,

(4 )  t h e  dev e lo p m en ts  o f  r a t i o n a l  num bers , (5 )  p e r i o d i c  

d e v e lo p m e n ts ,  an d  (6) t h e  i r r a t i o n a l i t y  o f  c e r t a i n  c o n t in u e d  

f r a c t i o n s .  A t o t a l  o f  f i v e  a lg o r i t h m s  a r e  s t u d i e d

s y s t e m a t i c a l l y  w i th  t h e  above p ro b lem s fo re m o s t  i n  m |nd .

W hile  some o f  t h e  q u e s t i o n s  a r e  n o t  an sw e red  c o n c l u s i v e l y ,  

i t  i s  hoped  t h a t  t h i s  r e s e a r c h  w i l l  p ro v id e  a  s p r i n g - b o a r d  

f o r  f u r t h e r  i n v e s t i g a t i o n s  a lo n g  t h e  l i n e s  i n d i c a t e d .

T h is  t h e s i s  was f i r s t  u n d e r t a k e n  a t  t h e  s u g g e s t i o n  o f

D r. O t to  S z a s z ,  R e s e a rc h  L e c tu r e r  i n  M a th em atic s  a t  t h e

U n i v e r s i t y  o f  C i n c i n n a t i ,  and  i t  was c a r r i e d  on t o  i t s  p r e s e n t

s t a g e  u n d e r  h i s  g u id a n c e -  I  am g r a t e f u l  t o  D r. S z a sz  f o r  h i s

h e l p  i n  t h e  d i r e c t i o n  o f  t h e  t h e s i s ,  an d  f o r  h i s  en co uragem en t
/

i n  c a r r y i n g  o u t  t h e  w ork . I  am in d e b t e d  t o  D r. S z a sz  and  t o  

t h e  members o f  t h e  D epartm en t o f  M a th em atic s  a t  t h e  U n i v e r s i t y  

o f  C i n c i n n a t i  f o r  t h e  t r a i n i n g  i n  m a th e m a t ic a l  r e s e a r c h  and  

e x p o s i t i o n  t h a t  I  r e c e i v e d  , and  a l s o  f o r  t h e  many p l e a s a n t  

a s s o c i a t i o n s  a t  t h e  U n i v e r s i t y  o f  C i n c i n n a t i .

pi 0 Ag '43
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Chapter 1

1 . 1  A p p e l l  A lg o r i th m
M-

A p p e l l  i n t r o d u c e d  th e  f o l lo w in g  a l g o r i t h m  :

L e t  a- be a  g iv e n  p o s i t i v e  i n t e g e r ,  K  2- / , and  suppose  

t h a t  a  r e a l  number f l  >o i s  g i v e n .  The number ce i s  d e f in e d
'/k

t o  be t h e  g r e a t e s t  i n t e g e r  c o n ta in e d  i n

c„ ± CS* < <To + / ; = f K ’/K ]  ^ ° ■
Then : c *  h- < (<?<,+/)

/  f K
W rite  f o  - -  c *  , t h e n  o ^  < (c « +')

I f ^  =•£> , t h e n  f l  -  c *  , and  we do n o t  c o n t i n u e .  O th e rw is e ,

p  > o , and  we p ro c e e d  by d e f i n i n g  th e  number by th e
i * • . t~  = if* +>')*-  c a* .r e l a t i o n  • s / ------- -----------

f *  /  -> * ~ *>- ' *• (£'. + / I
Thus , sr~ 'r  ( p a *  f )  ~C > / a n d  - c  4- — — -=.

C
The above p r o c e d u re  i s  r e p e a t e d  u s i n g  i n  p l a c e  o f  Sfl

__
T hus, l e t  c, be  t h e  g r e a t e s t  i n t e g e r  c o n ta in e d  i n  

C, ^  * *  d; +i ■ c, - [  * ]  > / .  Then c, * £ (c ,  -bj)  K.

W r i te  f>, -  -  c *  ;  o  4 f> , < (c, + , ) *  - c, *

^ R e f e r e n c e s  :
A p p e l l ,  P a u l  : 0)  " Sur une nouvei'ist mode de

d e v e l to p p e m e n t  a 'u n  nombre en f r a c t i o n  c o n t in u e  . B u l l e t i n  
d e s  S c ie n c e s  M a th em a tiq u e , 1914, 2 ^ s e r i e s ,  t . 3 8 ,  p a r t  1 , p-118 •

(2 )  L ' I n t e r m e d i a r e  des  M a th e m a t i c i e n s . v o l  30,
I S I S .  P a r i s ,  pp . 167 -  171

Szasz, Otto 4/ (1) Lectures on Continued Fractions , 
U n i v e r s i t y  o f  C i n c i n n a t i ,  1940 -  41 .
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a .

I f  (*, - o  > th e n  ^7 “ c> > an<i th e  dev e lo p m en t t e r m i n a t e s .  

Then ^ «**■ . ( c .  i - , ) *  -  <?.K

I t  >0 , th e n  we c o n t in u e  a s  b e f o r e ,  w r i t i n g

= ( c> *t2—I *, > /  , and  so on.
r -

I f  a t  any s t a g e ,  ^  = 0  , t h e n  ~ <̂V > an d  t h e  d e v e l o p ­

m ent t e r m i n a t e s .  One o b t a i n s  i n  t h i s  c a se  t h e  f i n i t e  

( t e r m i n a t i n g )  c o n t in u e d  f r a c t i o n  w i th  i n t e g r a l  e le m e n ts
„ „ , .  ........  .  (c.. .  ~ r -  c„: l
1 . X. X  ̂O J c, * J 7TT ”

V

w ith  <ra > o ,  / f o r  1 * -h. * v-i  .

M oreover ,  a s  Z~v > 1 , i t  f o l lo w s  t h a t  c„ > 3. T h is  l e a d s  to

a n  a m b ig u i ty  i n  t h e  number o f  te rm s  o f  a  f i n i t e  deve lopm en t

( / . / • /< )  . F o r ,  a s  c„ >: 2 , i s  an  i n t e g e r ,  we may w r i t e  :

£ , '  - ( c ^ O ' r  c ' - ( c . ^ s J '  .

o r  an odd number o f  te rm s  i n  a  d e v e lo p m e n t .

I f  a t  e v e ry  s t a g e  ^  >0 , t h e  deve lo pm en t does  n o t

t e r m i n a t e ,  and  one o b t a i n s  t h e  i n f i n i t e  c o n t in u e d  f r a c t i o n
a- .  -r (c. w  ♦_ .

1 . 1 . 3  s ,  ^  * j —̂ -------- *

w i th  p o s i t i v e  I n t e g r a l  e le m e n ts  c„ > o c„ -  > f o r  * / ■

I f  K - 1 , t h e  above c o i n c i d e s  w i th  t h e  r e g u l a r

c o n t i n u e d  f r a c t i o n  dev elopm en t o f  a  r e a l  p o s i t i v e  num ber.

D e f i n i t i o n  1 .1 .1  The deve lop m en t o f  a  r e a l  num ber$T0 > 0

by th e  " A p p e l l  A lg o r i th m  " I n t o  a  c o n t in u e d  f r a c t i o n  ( l . l . l )  

o r  ( 1 . 1 . 2 )  i s  c a l l e d  a  " d ev e lo p m en t o f  ty p e  1 " .

. Thus, t h e r e  may be an  even

A c o n t in u e d  f r a c t i o n

1 . 1 . 3  £ /  -  l y i l - *>*/ -  -  — — *
/• ^  * /

* ^  ^  / + . . .  
~  < cv

w i t h  p o s i t i v e  i n t e g r a l  e le m e n t s ,  a n d  w i th  c 0 > O - /  f o r  y *
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a n d  k  a  p o s i t i v e  i n t e g e r ,  k  -  / , i s  c a l l e d  a  c o n t in u e d  

f r a c t i o n  o f  ty p e  1 . I f  ( 1 . 1 . 3 )  i s  a  t e r m i n a t i n g  c o n t in u e d  

f r a c t i o n ,  t h e  f i n a l  p a r t i a l  d e n o m in a to r  i s  a t  l e a s t  2 ; C ,* 2 ,

1 . 3  C onvergence

We s t a t e  f i r s t  a  lemma.

Lemma 1 . 3 . 1  a  / *  y .
L e t  K = i .  * T b T  7 i 7

h a v e  p o s i t i v e  e le m e n ts ,  ^2. > o , > o , C ^  ̂ )  , c*» i o .

Then t h e  c o n v e rg e n ts  o f  even o r d e r  i n c r e a s e  monoton -

i c a l l y  t o  a  l i m i t  g  , t h e  c o n v e r g e n ts  o f  odd o r d e r  ^ r ~ LL 

d e c r e a s e  m o n o to n ie a l ly  t o  a  l i m i t  Gr , and  , 0 -c g 4  G

T h a t  i s ,  ^ f o r  k, zc > ®.

Theorem 1 . 3 . 1

1 . 3 . 1  c /

The i n f i n i t e  c o n t in u e d  f r a c t i o n  o f  ty p e  1

*■ ~ C**\ + ( € , + ' ) * - C.* I    J A t  I
~ T 7 7 *  1

( w i th  K  an d  c ,  C v ^ O  p o s i t i v e  i n t e g e r s  ) 

c o n v e r g e s ,  an d  i f  i t  i s  a  dev e lo p m en t ( 1 . 1 . 2 )  o f  th e  number K  

t h e n  i t  r e p r e s e n t s  £"»

We g iv e  two p r o o f s .
/ f  ) ** *P r o o f :  (a )  As a  s h o r t - h a n d  n o t a t i o n ,  w r i t e  clv ~ k c*-,+'}

f o r  v t t i>y = * y \z±o  so  t h a t  ( 1 . 1 . 2 )  becomes

1 . 3 . 3  <>7 +■ L j- •••< = +■ [ ..1
l b ,  J.

For th e  p r o o f  o f  t h i s  Lemma, s e e
P e r r o n ,  Q. ( l )  " D ie L ehre  von den  K e t te n b ru c h e n  ", S a tz  11
page  339. L e ip z ig ,  1938.
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y.

r  * *
U le a r ly  “ C-, -  *2' - / ' -  1 , an d  t>y h / t y * /

a r e  p o s i t i v e  i n t e g e r s ,  so t h a t  t h e  B„ a r e  a l l  p o s i t i v e  

i n t e g e r s  ( r - ' ) .  F o r  =' > B, - b, = c, -  /* a nd

= bv "By-, +■ &r~*. t f o r  y  ^ x  , Then B v > S„. ,  ^  By-,

a n d  a s  t h e  B„ a r e  p o s i t i v e  i n t e g e r s ,  i t  f o l lo w s  t h a t  B„foo
A*y

By Lemma 1 .2 1  , t h e  c o n v e r g e n ts  o f  even o r d e r  have

a  l i m i t  g  , a l s o  ' ^ r - L! e x i s t s  : c a l l  i t  G , and

0 4 g 4 G . The c o n t in u e d  f r a c t i o n  ( 1 . 2 . 2 )  w i l l  c o n v erg e  i f

G- , t h a t  i s ,  i f

We p ro c e e d  t o  d e m o n s t r a te  t h i s .  We have

1 .2 .4  ~  4 ^ '  =  ( r t ) * " ........................ .1 1 .  ;
/3»-,

W rite  U-y, - Then ^  ^ ^
/3*-, *»*■' 3*., &

a n d  J £ i_  = /  * c„!, ;g_„ . ^
K  * 7    '

^ ^  . - fh l lh r  *• —  ^  ** Ay,, /3.-, «•*.*/
an d  _C,   > _j[_________________  s i n c e  € * , > / .

(c„ +0* - c * * - s  * *.
Thus u. >, x, f  + - J -—  -  ——— — an dJL

-G?T, * '  + * « - /  - 2 " - /
1 . 2 . 5  <: £ " - L  *  /  -  -^ /  , si*. ■> t .

(A--* .2
W ri te  = / -  . Them ■& = 9  * u m.t * -  - &■*-,

an d  (£■» + , < 9  • ro *  ̂ ( & < / ) .  Hence = <o
£  On

t h a t  i s  r ^ r  fli g y = o , an d  so (  -£2  _ //*-<)- 0
/a>~ /3* / L ^  /

a n d  g = G. Hence t h e  c o n t in u e d  f r a c t i o n  ( 1 . 2 . 2 )  c o n v e rg e s  

f o r  a l l  I n t e g r a l  v a lu e s  o f  K  -  / -

We show n e x t  t h a t  i f  ( 1 . 2 . 2 )  i s  th e  dev e lo p m en t ( 1 .2 .5 )  

o f  a  number r .  , th e n  i t  r e p r e s e n t s  £~°

L e t  n  be an  a r b i t r a r y  in d e x ,  n  > 2. From t h e  a lg o r i t h m  

we o b t a i n  : ~ + -t-M +>" + a -» I
t * .  / 6 .  >
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5 .

i r  £2- <r
w here  > > i s  th e  n c o m p le te  q u o t i e n t ,  and  b ,  = e„ ^  Ql>

b„ = c," * 1 , a ,  * (q^  + 1) K-  o ; ,  -

Then fo -  t r  — - — a  '* - *'  ---------  , and

^  -  ^ 2 l i '  = -  C A*.. S^ ..,  -  4 » -± £ y ,- ,)
*” ; T̂r - < By, -, /• By, - * y)

From fT =■ + ( f -  *•')* - <rv* g~ >/ I t  f o l lo w s  t h a t  / d  ><:1*Tt ' " i ..-. i.-.-i.ni-.-- \ > V / J ”
£~+,

A l s o ,  / Ay,., By..,. - A*.^ B „ . t \ = *-*-*'a * -* .-------  ^  •

Thus : I €1 -  I *  ^
1 By, B y ,.,

rt .  - a . ,  a * .  ■■■ & _
But from t h e  p r o c e e d in g  page 4 ,  ^  /3 ~̂~—  ” '

Hence ^  , and  t h e  dev e lo p m en t ( 1 .2 .3 )

r e p r e s e n t s  ^  . T h is  p ro v e s  Theorem 1 .2 1  .

P r o o f  : (b ) By th eo re m  I d ,  page 339, P e r r o n  ( l ) ,  t h e

c o n t i n u e d  f r a c t i o n  K  ~ ^  J , , w i th  p o s i t i v e  e le m e n ts

a  , b„ i s  s u r e l y  c o n v e rg e n t  when th e  s e r i e s £ / j r s r ~

i s  d i v e r g e n t .  I f  we a p p ly  t h i s  c r i t e r i o n  t o  th e  c o n t i n ­

u e d  f r a c t i o n  ( 1 . 3 . 3 ) ,  t h e n  we have  t h a t  ( 1 . 2 . 3 )  c o n v e rg es

when .2T ]/_L_£rnL___. d i v e r g e s .
' * / ; * - cv*

Now c„ >■ 1 ( vz t ) ,  and  from  t h e  m id d le  o f  page  4 ,

 1 ^  —J-—  > - Hence .ST <r"*‘ > ~47~2^/<Pr
(c, *-/)*- <V 2 * 2  ,' x/ ' (c* *")*- c9* -2 ^  *r* *+• •

go T~ —-------

B ut k  & / and  /<r" ^ / f o r  o • T h e r e fo r e  <ZT V>^—^ —  

d i v e r g e s  and  ( 1 . 3 . 3 )  c o n v e rg e s .  I t  f o l lo w s  th e n  t h a t  A*
& yy/ ’

e x i s t s  a n d  i s  f i n i t e .  C o n s e q u e n t ly ,  *

( A * -  -  ( - ' )
By. By..,

The r e m a in d e r  o f  th e  p r o o f  f o l lo w s  e x a c t l y  a s  i n  (a )
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_ s /1 . ?  The F u n c t io n s  a n d  2*, /“ ^

L e t  ( 1 . 3 . 1 )  C,* * '7~cf~« * TFT*

be  a  c o n t in u e d  f r a c t i o n  o f  ty p e  1 , w i th  {  j  a s  I t s

se q u e n c e  o f  c o n v e r g e n t s .  W ri te
, ,  = I - A jlls I = *.  a* - <?k1 .3 .a U-*. I I — —  -----  and

<0*, C5*, * /

-  u  *—y = <2**/ /9»w ->t > /,1 . 3 . 3  ^  ~ g

Then : J u.-* - ( c. , <r, , j
'  - Ttl (  £ I ! Cx. • • ■ C *, + / )

In  t h e  s e q u e l ,  we s h a l l  c o n s i d e r  th e  p rob le ras  o f  d e te rm -
s

i n l n g  t h e  maximum o f  2C , t h e  minimum o f  -jar- , and  a l s o- t

t h e  maximum and  th e  minimum o f  , f o r  -  A

We h a v e ,  from  ( 1 . 3 . 3 ) ,  t h a t  :
y  _  &■ h+1 8 M * / y  ~h *• / /5U, - /

~  c** ,  ^  * A ^ t

t h a t  i s  : 2C  ( c ,  , <r* , j  ^  If*, ( c , ,  c^ ... t )

a n d  e q u a l i t y  h o ld s  o n ly  f o r  d\, *, = /  . T h e r e f o r e ,  we need

o n ly  c o n s id e r  t h e  maximum o f  th e  f u n c t i o n  ^  f  c, ,  q  . . .  crt, / )  

Now ^ - /  - cj? 8 & * , - ■ > .  + f  ^ c-» ’"'J * ] 8
-  +,  ) *  8 * , - ,  * &  v. 0 - * -  »

so  t h a t  @- ■*+, ^ ~  1 —   j t h a t  i s
>« 7  'g*.-*-

1 , 7 , 4  c - , r »- , >) = fc* + ■ / ) * -  c j *
(C^ +> ) *  i- &*> 8*-*.

W rite  ( / .  ? . S )  J J l  - *?w ' b kz1 ( y z / )  </l - o B "~'

1 <T* - ; ■
Then ( 1 . 3 . 4 )  becomes : ( / .  3 . V a. ) K, f c> >) ~  *

&■»")*+From ( 1 . 3 . 5 ;  r  a  <g r  * H
> </* = = (cv +/) - c„

Thus C  '  ^ r r
=• ( ? * + , ) ' - « *

( / ■ 3 - f  «-)  f r ,
-  *f Si — 1 ^ Cr - ( y  > / )<?y +■ 0\,., -  <r r’

K r- c7 ►■ -  /
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?.
k

r  ^ S  _ T  y Lc« * ' )  '  C ** f j  + J- ) *- /As ©v > o f o r  k >  /  , do - o  , <=v---  ̂ — -^rn-------- -  v' cp )

H ence, O ̂  e?C ^  - z , C v - ' )  w i th  e q u a l i t y  o n ly  i f  v - t  f Cf =/.

Theorem 1 . 3 . 1
L e t  n >  3. The f u n c t i o n s

~  / ' f t

X » c * . ,~ -  * f c" +')___
£>(<?,,"- r„., tc*) - = (c- *v  - ^
s a t i s f y  t h e  r e l a t i o n s  C'~ r d Z - ,

t o  CO.. . . .  r . „ .  < A .  ( C . .  r . , . . .  , - y

M  cf^ (?, cM)  c  cfl ( c , t ^  ^  ^  ^

f o r  /  a n a  A" *■ a. , an d  f o r  c;., ^  2. and  K  — 3 .

1 1 )  aC C^.,  t / )
c^., ~?<=° * ' ' ' /

(¥l JL  Cc, , .... r „ . ,  , j )

In  t h e  s e t  cv * l ,  v * /, g ••■ *c } th e  l e a s t  u p p e r  bounds

o f  2C and  dZ a r e  r e s p e c t i v e l y  /  ~ a n d  -*• *~ /  ■

The two f u n c t i o n s  a p p ro a c h  t h e i r  u p p e r  bounds when Ch ^ /

C*'1 ~ s / ,  ' and  when A* t <%., , a r e  l a r g e .

L e t  ->!.»/ f  H * Then X, C?. >) = (*< + ')  * ~ ri  * + J--L

A  ( c j  -  > / c n

w i t h  e q u a l i t y  i n  b o th  when c, = 1 .

P r o o f :
We n e e d  f i r s t  t h e  f o l l o w i n g  lem m as.

Lemma 1 . 3 . 1  ^  _
L e t r f *■) - X ■*- C  j where t£ i s  a  p o s i t i v e

-  *f
i n t e g e r ,  n  *■ % and  c i s  a c o n s t a n t ,  o< G -  t . Then

c ? Y x + / )  > f o r  fc " / ,  , *  = *-
f o r  J:* J, 3 -  , K  £ 3 .

V * -  3  *
M oreover, i f  C *h 3 x**'-bi ’ ^ ie  a ^ ove

i n e q u a l i t y  h o ld s  f o r  1c -  /   ̂ A" -  3 ■
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8 .

P r o o f  o f  Lemma 1 .3 .1

The i n e q u a l i t y  C* +() > f f l t )  i s  e q u i v a l e n t  t o

£ 0^. > 4^  &*) + ^Hr

T hus, we n e ed  o n ly  p rove  t h a t  l o g  <4f t )  i s  convex  downwards 

f o r  t h e  i n d i c a t e d  v a lu e s  o f  x an d  K  . We do t h i s .

L e t  y = lo g  7 % ;  . Then 'fy /*■) ~ ^  ~x  }

As C <= *■ >s~l , th e  f a c t o r  C  (*-/) - X  w i l l  be n e g a t i v e  when :

( K~t) - X * * o . C o n s id e r  t h e  two c a s e s .

1 ) K d- we h ave  ( j - * - ' )  (*r~ ')  -  X * ~ 3  -  X  .

T h is  i s  n e g a t iv e  f o r  X ^  2- . Then ^  f  *■) X o ? an(f

a c c o r d i n g l y ,  i s  convex  downwards f o r  X ~ ^ ~  ■

T h a t  i s  , c f ’- f K + O  >  P fx : J  •

When x = 1 ,  t h i s  i n e q u a l i t y  becomes

T h is  w i l l  be  t r u e  i f  : V ~ 3 > C  ( $  -  -3 ^ J)
u  t  3 l f  >  (jz )  (  3  * ~ o -* *  )a n d  c e r t a i n l y  i f  : V 3 v. ■ '

r -,h * + > ^ ^[ J - - 2- u /  ><3 f o r  K - x  a s  i s  convex  upw ards ,

i . e .  K* + ( x  /- a-) 1 > *■ (  * * / )  * J

P u t  K — i n  th e  l a s t  i n e q u a l i t y  a b o v e . We o b t a i n  :

/ ' £ - < ? >  3 (<?-& /J f w hich  i s  t r u e ,  a s  7  > 6  ,

H ence, th e  i n e q u a l i t y  ( 1 . 3 . 6 )  i s  t r u e  f o r  X =■ /, a a n d / f ^ u .

Case 3. / f  -  3 <

L e t  fc ^ 5  . Then ( . * . * - ' ) ( ~ x * *  ^  * *  ~ 3 *
/

The f u n c t i o n  *9" h a s  a  maximum a t  t  = e ,  and  i s
, JL fL >/ o

d e c r e a s i n g  f o r  r  > e  . Hence / K M x  3  As 3 <r ^

we have  an d  -2 ' ^  ^  ■ 2 • K  - z  < °

Then ( j . *-> ) ( * - ' )  -  x K x  o  f o r  X z  3 and  K  > s , a n d ^ / / * ;
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9 .

i s  n e g a t i v e , 1c *3  . T h e r e f o r e ,  ^  ft*)  i s  convex  downwards 

a n d  f o r  3> / r ^ '

We p ro v e  n e x t  t h a t  t h i s  i n e q u a l i t y  h o ld s  f o r  x = 2 , 

nam ely t h a t  0) ($ *-)  > (■*■ JrjL’c)  (  9  f o r  h  * s

T h is  i n e q u a l i t y  becomes ( on m u l t i p l y i n g  o u t  )

+ C  C + *  * * *  •* " )

As C -  •* * - / ,  (') w i l l  s u r e l y  h o ld  i f  : 9*> & *+ C2- *’~/ ) ( ^  )

o r  > J. ( ?  - 6 i- 3 ) -  2. *  an(j  c e r t a i n l y ,  i f

(z) 9 *  > 2 ( ? "  - 6  * * 3 * )

The t r u t h  o t ' b )  f o l lo w s  by i n d u c t i o n .  I t  i s  v e r i f i e d  

t h a t  (3 ) i s  t r u e  when A * 3 . Assume t h a t  (3 )  i s  t r u e  f o r

a n  a r b i t r a r y  in d e x  A ^  3 . C o n s id e r  t h e  d i f f e r e n c e

(3) 9 -  * (  Z *  - 6  %  3 + )  _  ^  3 « + ' )

T h is  i s  e q u a l  t o  ' s- C  ?  * ~ 3 '  <£ /- &' 3 K ~] - 2 ■ & )  ~ 3 *  ^  ]  •

F o r  K  ^  9  j J  3  } an(i  f 0r  a  r  3 ,

C # y  -  a  ^  c a y  -  4 g  - *  > 0

T h e r e f o r e  , th e  d i f f e r e n c e  ( 3 J i s  p o s i t i v e ,  k ^ 3  , i . e .

<?. *. ( ? * - & * *  3 " )  > *  (  e * " -  & s " " J

By our a s s u m p t io n ,  > 2. (  £  -  £■ /  3 J  y t h e n

9  > 9 '  2 (&■ - 6 •*- 3 )  and  by t h e  a b o v e ,  ?  > z  ( P -<£ y-3 / ,

T h is  i s  t h e  i n e q u a l i t y  (3 )  w i th  a  r e p l a c e d  by a--// . Hence

(3) i s  t r u e  f o r  a l l  i n t e g r a l  A ,  H ^  3 .

T h e r e f o r e ; we have  ( 3 ^  )  > (j3- ^ )  C ^  ^  and

( 1 . 3 . 6 )  t p C y * * )  f o r  *  ~ \  , A>3.

I n  p a r t i c u l a r ,  f o r  x = 1, t h i s  becomes 

(2  V c )  * > ( /  9 - c )  ( 3  C )  o r  9  *- 3 * > C  (  *  **’+>)
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f  *+> / \
Then, a s  3 + < ~> ° , / a s  a l r e a d y  n o te d  b e fo r e , /  t h e

I n e q u a l i t y  ( 1 . 3 . 6 )  w i l l  h o l d  f o r  x = 1 , 3 when

c  -
If — 3 ^

1TT> T • T h is  p ro v e s  Lemma 1 .3 . 1
i- >

Lemma 1 . 3 .  3 a, a. * \ _
-----  ( * + / ) *  - X *  _

The f u n c t i o n s  : (>) ^  ^  " <¥Cx)
( z )  ( *  + ' ) * -

( * + / ) « + C  p / y + ' J
( where ( f{>o = y : H-bC , a s  d e f i n e d  i n  Lemma 1 . 3 . 1 ,  O < C  * n.*-/' ,

a r e  b o th  d e c r e a s i n g  f o r  i n c r e a s i n g  x ,  y . - / •

when A -  y~ , and  *• = ^  ' ' ’ when /r ^ 3 .

The v a lu e  x = 1 w i l l  be i n c l u d e d  when /r -  3

s* y V*-  p r o v i d e d  t h a t  ^  3* - 2 *+'+ /

P ro o f  o f  Lemma 1 . 3 . 3

We w ish  to  p ro v e  t h e  two i n e q u a l i t i e s  
^  -  c p fY * / )
u  1 <? 0 ^ 7 7 )

( 4 ) c f f * /-/ J -
c f C y - h / )

B oth  (3) and  (4) a r e  e q u i v a l e n t  t o  7 ^ V V /- / j  ^ >),

T h e r e f o r e ,  by Lemma 1 . 3 . 1  , (3 )  and  (4 )  a r e  b o th  t r u e  f o r

t h e  i n d i c a t e d  v a lu e s  o f  x and  K  . T h is  p ro v e s  t h e  Lemma.

Theorem 1 . 3 . 1  now f o l lo w s  d i r e c t l y .

L e t  sn. ^  -2- . Prom . (/■ 3 < V a~)  ; A. + . / )* -  r  *

r ~ C  c . .  -  t r / « ; ' .  ^ 7 “
a n d  from  /A  3. € * . )  , *• t

y> _ fc v .  ^ A  ^  - a - * - / .

Suppose  k  -  j-. - By Lemma 1 . 3 . 3  ,
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A ls o ,  I s  a  d e c r e a s i n g

f u n c t i o n  o f  e„_, , by th e  p r e e e e d in g  lemma; and  a s  c/Z~, > 0 ,

—— ^  ~ -------------------- -£: /  -  -77

(1 ) . c ^ . 0  ^ C%. t 1- - / , ^

a n a  /  ~ i s  an  up p e r  bound o f  . S i m i l a r l y ,  by th e
. 3. *- /

Lemma 1 . 3 . 3  , ( c>> v  " T T d l .7

a n d ,  a s  a b o v e ,  we o b t a i n

( a ;  << -  < v . c C  ( c . , ^  . . . / ;  ^ a < - /
*r J 'an d  2 - /  i s  an  u p p e r  bound o f  <7-* . In d e e d ,  -2 -  / i s

t h e  l e a s t  u p p e r  bound o f  t Q  . F o r a s  <£_, ( C,., J  i s  a  monoton­

i c  d e c r e a s i n g  f u n c t i o n  o f  C»~i , e x i s t s .  From

* ' ~  ~+ gC - > '  i t  i s  a p p a r e n t  t h a t  ^  -a?**, c7*-' ^ '
* \ 2.* - 1 

Then, from  e£, ,V d., a  • • • c*~,> 1 )  * —  > i t .  f o l lo w s  t h a t  :

a s  Tv-/ , cQ 1 A> 3-*- /  Hence, 2 *-/ i s  th e  l e a s t
x. *- J

u p p e r  bound o f  . S i m i l a r l y ,  from ^  ( c>. "  ' , f, *)  = ——-?r
.2 7 ■*■</*, -/

we have C?, , j ^  ^  ^  u. * <2̂  f»-/ <=*= ;

a n d  h e n c e ,  th e  l e a s t  u p p e r  bound o f  K  i s  / -  5 >

From th e  above  d i s c u s s i o n ,  and  from  th e  i n e q u a l i t i e s  

(1 )  and  ( 3 ) ,  we n o te  t h a t  2C an d  cfl  w i l l  a p p ro a c h  t h e i r

u p p e r  bounds when <?», * /  and  when <?C., i s  s m a l l .  A lso ,  i s

s m a l l  when <?*-, i s  l a r g e  an d  when i s  l a r g e .  By L em m a/.3 .i-

i s  l a r g e  when = /  and  ^ - 3  i s  s m a l l ,  a n d  so on.

Thus a n d  cf^ ( c, ] <?»,., e*)  a p p ro a c h  t h e i r

u p p e r  bounds when = t « / j and  when C„.,. t fL- ?,
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1 3 .

a r e  l a r g e .  C^~ *)  The f u n c t i o n s  and  a t t a i n  t h e i r

l e a s t  u p p e r  bounds i n  t h e  s p e c i a l  c a se  n = 1 an d  c, - / . For 
r,  =■ (_'.+•■>'- e , '  J_ - J .  _ , Ci r_ t

^ * - 7 a *  j  ~ \______1 ^ *r_  — * A
C,

w i t h  e q u a l i t y  i n  each  when C  - /•

The above  r e s u l t s  a r e  a l s o  t r u e  f o r  /r  ^ i  . L e t  /r £ 3 ,
r  V * -  s *Suppose  f i r s t  t h a t  <7. .̂, <£ _  ( T h is  w i l l  bey- /

t r u e  when <?*., -  3 , a s  ^  (c*.+< ) * - c* . t. ^  ^  +
_  .  _ _

By Lemma 1 .3 1 2  , ( c, ... c» / f ) ' ’'"'

a n d  K  (  4  , <1 ^  /, , )  ,  j £ - ^ r -  A l s o , / I  ( a  > +,) ^ ^  ^  j

Then 2f^ (  c. t C  r n..t / , / )  4 ^  (c, ■;(•>.//, ij) and  f i n a l l y ,

£  ( c . t <1 , <V, , c * ,  / )  4  X* ( C ,  0 ..-- C*.,+it / , / )  f o r

T h is  i n e q u a l i t y ,  i s  a l s o  t r u e  f o r  <?*., * d- . Suppose  t h a t  
P ¥  *- 3  *<7̂ .-, ^  — ----- 77;— Then C = / o r  3- . By Lemma 1 . 3 . 3  ,

3 -  A •»*•/
r~ ( e, ,  o .  - ■ - rf,.,, r*. / )  4  K  ( c . , o_, ••• a, /  J = *

3 * +- c/Z-,
As ^V, = 3 ,  ( * )  *  v 3 TL e t  =

3 *- a .* "  y /
A ls o ,  <£., ( 3)  <£ by t h e  Lemma 1 . 3 . 2  . Then

3 * -  a *  * I h ^ r -  <------- * ^ - L -----
3 * +  f * J  3 * 1 +cC-,  2.  * + <f l - ,  f l )

t h e  l a s t  i n e q u a l i t y  by t h e  lemma. Thus t h e  i n e q u a l i t y  

%*,(?, s i . , ,  ? + , / ) *  <V, +*, /, >J i s  t r u e  f o r  <rv, > 2 .  ̂ C tf > 3) ,

From t h i s  i n e q u a l i t y ,  a n d  from  ^  (<?,, (’x. ••• /. / )  -

i t  f o l lo w s  t h a t  ^  i s  l a r g e  when = / and

when c/l., i s  s m a l l .  T h e r e f o r e ,  by th e  a rgum en t on page 11, 

f o r  th e  c a s e  tr =■ x- , we have  ^  ( c ,t ■ ('■>,, / )  a p p ro a c h e s  

i t s  u p p e r  bound when C, - / ^ . x '  ^  a nd when c*., t

a r e  l a r g e -
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I t  i s  e v id e n t  t h a t  t h e  same c o n d i t i o n s  h o ld  f o r  <?C , 3 .

The r e m a in in g  r e s u l t s  r e g a r d i n g  th e  l e a s t  u p p e r  hounds o f 

an d  ^  f o l lo w  e x a c t l y  a s  i n  t h e  c a s e  / f  -  2. } page  11. 

T h is  p ro v e s  a l l  t h a t  was r e q u i r e d .

C o r o l l a r y  1 . 3 . 1  b ~ ^
 I -?i > s .)  t e n d s  t o  i t s  lo w e r  hound

£5** -/
when an d  when ••• •

8~,a r e  l a r g e .  The l e a s t  u p p e r  hound o f  ^  i s  1 , and  i t

i s  a t t a i n e d  when n = 1 a n d  = / )  an d  a l s o  i n  th e  l i m i t i n g

c a s e ,  when = / , an d  >

P ro o f  :
The c o r o l l a r y  f o l lo w s  im m e d ia te ly  from  Theorem 1 . 3 . 1

1 i i i j .  /3-v, — *̂» &■*, - a. _  ̂ + s/*1when we n o t e  t h a t  —  -  c '» —^ -----  " . *• 'M J

a n d  f o r  n  = 1 , -  <r,

We c o n s i d e r  n e x t  t h e  p ro b lem  o f  d e te r m in in g  th e  maximum

a n d  t h e  minimum o f  ^  »

By ( 1 . 3 . 3 )  , page  6 , ^  C c . t c, . ■.
> , ) ,  f i*  /3 ^ . ,

I n  th e  f o l lo w in g ,  we assum e t h a t  c 0 h a s  a  f i x e d  v a lu e .

T h is  i s  done b e c a u se  each  Uv t y ±-i i s  m u l t i p l i e d  by th e  
/  ) * -  *f a c t o r  - ( c 0 “ c ° , w h ich  i s  t h e  o n ly  te rm  c o n t a i n ­

i n g  C, . C l e a r l y ,  t h i s  i s  no r e s t r i c t i o n .

As 8 ^  -- B ^  . + a*  -  •

Then from  ( 1 . 3 . 3 )  U-* (? • , • ' •  e*>) -  7 ^  7 a  ~ (Co’"' r"->
J  -  >

f o r  -»* -  /  , an d  t h e r e  i s  e q u a l i t y  i f  r „  = /  . T h e r e f o r e ,  we

o n ly  c o n s id u e r  th e  maximum o f  t h e  f u n c t i o n  ^ 1)>
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Theorem 1 . 3 . 3
F o r  x  -  J, vx ^  , t h e  f u n c t i o n  (rej ct , - - c h. , , 0

'*■-!-)  i s  a  maximum when Cv - / ,  ■*, I n  t h i s  c a s e ,

max 66-y, -  ( Ca , /, /y / , / )  -  ^

w here f  }  i s  t h e  se q u en c e  o f  d e n o m in a to rs  o f  t h e  c o n v e rg -
-2r- /  /  ^  }

e n t s  t o  . t h e  c o n t in u e d  f r a c t i o n  /  + j —t - j —,—'

L e t  K  £ 6 ♦ Then ?***-*■ C?* o c c u r s  when

c , ' i ,  c-h-, - <3*.,. = /  • The v a lu e s  o f  c y ,(■* v 4, >>-*) f o r  

w h ich  i s  a  maximum w i l l  be  e i t h e r  1 o r  3 , d e p e n d in g  o n * . , ^ > r .

U-* h a s  a  minimum when a l l  t h e  Cy a r e  l a r g e .  In  th e  

l i m i t i n g  c a s e ,  T ^ 'T ' ^  ■>, (<?»,<?, <f >•< ~ o ■ > -  «- » •Cy. — * * *
P ro o f  :

We n e e d  t h e  f o l l o w in g  lemmas.

Lemma 1 . 3 . 3
L e t  <?{*)-y. + C  a s  d e f i n e d  i n  Lemma 1 . 3 . 1 ,  

/

fr y )
/

Then th e  f u n c t i o n  i s  convex upw ards f o r  % £ /  and k  ■

> ( l h j v c

P ro o f  o f  Lemma 1 . 3 . 3  j  /

vr *  -  W r l t e  9  =  ' T h en
*  ' = a n a  ^  '  =  ^ ^  ^ }J

^  ^
As O <• C ^  *2- , t h e  f a c t o r  (*+ 0 -  £(*->') w i l l  be

p o s i t i v e  when X  ( ^ ~ 0  i s  p o s i t i v e .

C o n s id e r  t h e  two c a s e s .

Case 1 . ~ a .

Then x  * (K+>) -  Ql -  / ^ - v )  - 3 *  3 -  T h is  i s  z e ro
n

when x = 1 , and  i s  p o s i t i v e  f o r  X > /  . Then (k) ^ o f o r  x  ^ } 

w i t h  e q u a l i t y  when x = 1 . T h e r e f o r e 18 convex upw ards
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Case 3 . L e t  K  ^  3 ■

The f a c t o r  - («z i s  p o s i t i v e  when X > ^ ,

so  t h a t  - <pri:) i s  convex upw ards f o r  X  ^  -a -

When x = 1 , t h e  i n e q u a l i t y  ( 1 . 5 . 7 )  becomes

/  -h c  f  T v  > .2 o r  ^  h - 3 *  -  c  I 3 * - *
, H * . * /  >r 1 f-, * **1-1

T h is  w i l l  be p o s i t i v e  i f  » + 3  - "03 ~'JL3 _-2 J  > o j or

3  - J- * + /  - 3  * > o .  Now s. ■ */ * -  X • -2 H+ ‘ - Z = y  *-3 *+ (3 - ' )  > a,

f o r  . Hence, t h e  i n e q u a l i t y  ( 1 . 3 .7 )  i s  t r u e  f o r  x = 1,

a n d  A ^  3 . T h is  p ro v e s  Lemma 1 . 3 . 3

Remark : From th e  i n e q u a l i t y  ( 1 . 3 . 7 ) ,  we o b t a i n
/  . >1 /  _  /  V /  _  /
( 1 . 3 - a ;  ( x

H ence, /  - - —  - ------- —— / — /—  _  1 _
k ^ /  L X ri~C (X+-l) i -c  J /  +C. JZ^+C

D enote  by a  s u p e r s c r i p t  a  r a i s i n g  o f  t h e  i n d i c e s  i n  a

g iv e n  e x p r e s s io n  by th e  amount o f  t h e  s u p e r s c r i p t .  Thus,

a , ' " - ® .  S . M  = ,  , ' ( < r / ) "  = c * tt , i X z .

From P e r r o n ,  0 ( l ) , /  5 , p . 14, fo rm u la  (2 4 ) ,  we o b t a i n

(  1 . 3 - S j  3 ,  ^ ©V ^ ,-K  + * -* / S --/

T h is  r e l a t i o n  e n a b le s  t o  e x p re s s  Su, i n  te rm s  o f  c ^

w here v" i s  an  a r b i t r a r y  in d e x  The r i g h t  member of (A 3.

i s  : Bk., + t fr 23y-3. ]  + [(?*. +■*)

B *'' -I JP*-r-ij an d  f i n a l l y

(jf.-3 . 1 0  J  ^  (  c , *  + < £ . , )  s>,- \  + [  C fy+t)*-*,  / .

f o r  / ^ k ^ . ( <7̂  d e f i n e d  p r e v i o u s ly  by ( 1 . 3 . 5 )

In  ( 1 .3 .1 0 )  l e t  v - f  . Then c C  ~ o  and
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* [  (C< * ~ C> ' J
= C, Y + [  (  C , t , )  * ~ C ,  - J  W -3

We have  : U- ^ C c 0, c t ■-■ c ^ , )  = 9- • a * " ‘ & ̂  { ( c , * Q  ~ c> j
__ ^  '  '  '  '  ^  7 i  ^  .' / * S » j  — /

^ 7 ^ 7 -  • <  * < C ’K ' . * ‘C  a ? ,  I
As  c*  > —'— , and  <? 3; / , t h e  d e n o m in a to r  i s  a

( c t *■f) * —Ct * JJ*'-/
minimum when c ,  * /  . H ence, u.» (c*, c, ••• <3* )  £ u  * ( c ° ,  >, tx ’-c*,)

^ t r > x )  w i th  e q u a l i t y  i f  <3, = /  .

Lemma 1 . 3 . 4
L e t  -7l > 3  • Then

( a )  Uy, (Co, c, " •  , i )  £  t/*, (c..  c ” f o r  a l l  X > a ,

. a n d  t h e r e  i s  e q u a l i t y  o n ly  when £ • „ _ ,* / .  - ■

L e t  ->*. ^  y  - Then

(b )  Uv,  ( C o  , c t C - H - ^  i . t ) *  u „  ( c . . - " S i . ^ / , t / ) t o r  a l l  /r * a. ,

an d  w i th  e q u a l i t y  i f  - / ■

P r o o f  :
( a )  In  ( 1 .3 .1 0 )  , l e t  k * * - /  . Then

-  e ^ {  c c * . ,  + ^ y e ! . ' " ,) + [ (ch. ,+ > ) * - c*., b ! >}} ,

As C  ̂ / t *3, - /  , a l s o  Ba - / ,  Then #*, -  /A v ,

S i m i l a r l y ,  &*-, * f  Thus,

r  -r & .  a - * - •• a » . , \  f a , + 0 « -  C - j
u * .  ( C „  ft . . . .  < v ,  , / )  ^  C , ’ , < C ,  f  1

The f i r s t  f a c t o r  _ a" 'J i s  in d e p e n d e n t  o f  <3„., . The
- 2. 4*  ̂ !

se c o n d  f a c t o r  i s : _________ .t'-2—l ,  A : /
{ ( c*.,+/)K t-c/l-,.} (  c j l ,  +</l-*}

Now o ^ j z * - / , ('* ~3)  * Hence, by Lemma 1 . 3 . 3 ,

a n d  th e  rem a rk  f o l lo w in g  ( cp . page  15 , ( 1 .3 - 8 )  )
/  _ ' <, / _ —L--------- ,

w i t h  e q u a l i t y  o n ly  i f  <3„„ = /  * T h e r e f o r e ,

<V,  , ( )  4  ( C o ,  1 . 0 ,  f o r  and * >3 ,
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P r o o f  o f  (b )  : In (1. ?. 10) , put v ~ y>-3. . Then

.  B ,., { (V,-' and

{  O h  * C 3 )  " I *  -  r - * - l
In  t h e s e  two e x p r e s s i o n s ,  p u t  c „ = c, =/ . Then & '*  x)

$  — jQ S) fa*/?
becomes fo- ~ 2  becomes 3, - / , an d  o a = p a = /,

w h e re , a s  b e f o r e  , * / 'C - ,  + (*■ *-/) \r 2 -*• • ttkl})
&»-y -

In  g e n e r a l ,  we rem a rk  t h a t  when = r*_, ^ ^ ^ ^ e c o r a e s A , . , .

Then 3 . ,  = "[ C <?>,.„ +-</*,.*. ) 2 * * (^V* + <)  ft.-*. }

ft-*-* £ (2 *- / )  (  <?„-i ■'-<£-*) *■ j

an d  €*_ = Thus ^  C/ —  ^ /J )  =

^  ^  ~ ^ '  A  •/  (Cy,-j ^ ~ ,
W<^ 3  "’W r „

The f i r s t  f a c t o r  ^ ,̂-x r >*•/) i s  in d e p e n d e n t  o f
^  j .

I f  we r e p l a c e  <Vz by x ,  and  <7>,.j by C, and  w r i t e ,  a s

b e f o r e ,  Y~ -t- C -  , t h e  seco n d  f a c t o r  becomes :

_________  ( * + / )  * ~ x    =. *
/  (x+i ) * + '<?r}  {  (y  ■*'t )  k +" (<z * s  )  f  x  c  )

The Lemma w i l l  be p r o f e d  i f  we show t h a t  (1 )  i s  d e c r e a s ­

i n g  f o r  x i n c r e a s i n g ,  x = 1 , 2 , . . .  so t h a t

f  < ? ( * + , ) - <Pfx) -  - 9 f > ;  _  .

l ^  }  &*■) {  * - ')  <Pf>)}

T h a t  i s ,  i f  we show f(* + 0  ~ & * )  > _____________ -<&*»)
<?fx+0 {  <pf* +,) + (2 *->) <?r*) f  <Pf*+x)  >-(* )(pr»,)}

or (3) f rx* 0  -  W*)  . <Pfx+*) , + ( 2. - ' ) & * + / )  > j
<?fy.+>.) -  <?Yxl/) <?rx+0 < ?/*+ ,) + {> *- / )

x  j r  jzzzt
As <fr*) i s  an  i n c r e a s i n g  f u n c t i o n  of x , t h e  t h i r d  f a c t o r  

i n  (3 )  above i s  >  i  . The p r o d u c t  o f  t h e  f a c t o r s  X  and  2Z i s

+ + (•* - 0
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-  <pfx) -  j  ± V * / / J  -  &*■) <P fx  + ±)
f r x ^ )  <?sx+,) -  ^ v ^ / ;  ”  -  <?¥*+*)

a n d  t h i s  w i l l  be  g r e a t e r  th a n  1 i f  > q?/x) • <&K+i) ,

By Lemma. 1 .3 . 1  , > <Pfx) <?/*+*) I  ^  ' '  '  * m3-' ( /f 2- 1 ■> u, *

Hence t h e  p r o d u c t  (3 ) i s  g r e a t e r  th a n  1 f o r  t r -  X - ' ,  

a n d  /T ^  3 , X *• a-, 3. ' "  •

t h e n  we n e e d  n o t  c o n t i n u e ,  and  t h e  Lemma i s  p ro v e d .  Assume

The i n e q u a l i t y  (3) t o  be p ro v e d  can  be w r i t t e n  In  th e  form  
} < f f * + i )  -  q ? rx ) <Pfx+j.) j  <?fY) t Q ^ x + x )  - t - ( x . * - t )  < ? fx + i)  > .
I c f f y + x )  -$>{■* + , )  ’ x ffy )  J  f f x n )  * C **-*)

By ( 3 ) ,  t h e  te rm  in  b r a c k e t s  i s  l a r g e r  th a n  1. The r e m a in ­

i n g  f a c t o r s ,  when m u l t i p l i e d  o u t ,  become :

<?fx) (pfyL+x} + (x  r- / )  <¥>fx<PXy)  _  y j .  fflx) fflx+i-) -  X-t-t) —  
<Pi'Cx + 0  -f- fa  * -,)  cpfX+,) <? V x v-0 + (a  *-/ )< P fx+ 0 & *

From o u r  a s s u m p t io n ,  <?Vx+/) x  qPfxj x / x )  . Then th e  

abo ve  i s , s u r e l y  l a r g e r  th a n  1 when x = 1 . T h e r e f o r e ,  th e  

i n e q u a l i t y  (2) i s  t r u e  f o r  k ^ x .  and  X *• /, a-, . , .  •

T h is  p ro v e s  Lemma 1 .3 . 4

Theorem 1 . 3 . 3  f o l lo w s  by i n d u c t i o n .  L e t  *>i ^ s~ , and  

l e t  v be an  a r b i t r a r y  in d e x  , ■*- -  ^  ~ 3 '

We have  s e e n  t h a t  i s  a  maximum when <?,-/

a n d  (\,.t = c»-,. m / t ( Lemma 1 . 3 . 4 )  f o r  x  > x. . T hat i s :

X z, 3, . •• , /r s  i  .

L e t  X  ^  3. I f  ^  (  x+t~) > <?/kj ffix tx )  f o r  X -  1 ,

t h a t  c? Zf x + j ' )  x & f v j c p f ) w h e n  X  = /  . By ( 1 . 3 . 8 )

c f f  X i^s) -  Q?/~x J
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Assume t h a t  ll» i s  a  maximum when - ••= c„^, */■ Then

U. to £  <?o , > / ' " <?r, ^  ' &x. #t-+t C a. _____
-  /

U sin g  ( 1 -3 -1 0 )  , t h e  f a c t o r  c o n t a i n i n g  i n  U* (  e, "-c*., /,*■■■/) 

i s  fo u n d  to  be ( 1 ) ^  ^  ^ ”

( ( c ,  H A (& .,)  ( S ^  + [  ( c v * / }  *-  C  } { C c v V )>

We w ish  t o  p rov e  t h a t  u /~Cc„') >c<r(c^ )So t h a t  ^ 7^, , V»t
~

a n d  a c c o r d i n g l y ,  U * ( £ 0 / c,  " --kV, / )  4 J
"  ̂ * *( > 

In  UrCc*)  , r e p l a c e  by x , by C, c? ^ <f * .2 ^  and  t /

w r i t e  3T V  <f = 9^ x 7  . Then A/7<r„) t a k e s  t h e  form

(2) urn) = ,•--------------~ ^—■
{ & - „  <?'*) + t ( ^ - , ‘P/ x)  + £&*+*)-<&*)]£-*->}

Tne Inequality ur(k') ûrn+i) becomes
r}1 f & * * * )  -& * .)  y g ~ ~ f r * f O  I / A- , - ,  0 * « )  * r <&*»■) - J

m-n  J.‘ /V, <?/*; . - < f ( * & i >  4-l‘prnO-l’M lp*.-*- J * / .
n :  n r  77T.

The f a c t o r  ITT  i s  g r e a t e r  t h a n  1 s i n c e  ffyy) i s  an i n c r e a s ­

i n g  f u n c t i o n  o f  x .  The p r o d u c t  o f  t h e  f i r s t  two f a c t o r s  1 } 7T
ls . /£-, &*+,)( <?n+>)-<fn)) l&r*+i)'&*)X<e(***)r<?nHy7

&-V <Pft) (  - <?fy+0)  -h I - <Pn) ) ( - &*+))]
T h is  w i l l  be  a t  l e a s t  a s  l a r g e  a s  1 when cf x(*-+') ^  & x )

By Lemma 1 . 3 . 1  , t h i s  i s  t r u e  when H-3~ and  x = 1 , 2 , . .  . ,a n d

when A  -  B , an d  x = 3 ,3 ,  . . .  . Hence, f o r  *-

/frusw urfc*') = u r O J  , and  (<?•> ?> > "  ' <U, / / , >’- / )  4  C l ^ f r0, -• C„-,, /, • • • / / /  

w i th  e q u a l i t y  when = / , . T h is  c o m p le te s  t h e  i n d u c t i o n  f o r

K - 2 , Hence U *  {<?», C, <•■ r„ ^ (ca> / j )  f o r  K= *-

T h ere  i s  e q u a l i t y  o n ly  i f  Ci  = /  j c •2v "  ' '

C o n s id e r  n e x t  th e  r e m a in in g  c a s e ,  X  ^  3■ . From th e

a b o v e , t^rCc^) •> ^ 4 Cy. )  f o r  ® ^  3 , , and  K ^  3
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so  t h a t  Tm*? urCc„~) i s  e i t h e r  a rO )  o r  6 tr ( *-) . When C „ ~ , 

t h e  i n e q u a l i t y  (3 )  to  be p ro v ed  becomes

( 4 ) ' f * -*  C 2 * + c )  * ( 3  -J. , p ^ - r - , ( * ' t+ c)  -*(b - a  y ^ A - i  > /
* /S.V,-V (  > -l-C )  + [ I ' - / )  ^  -yr-, C'+C) *- fc*-/)

S') ^  Jr~'-*> it3*-s «

The two f a c t o r s  c o n t a i n i n g  t h e  p a ra m e te r  C, 0 *■ C ar e  

b o t h  l a r g e r  th a n  1. I f  C i s  i n c r e a s e d  t o  -2. ? th e

f r a c t i o n s  w i l l  be d e c r e a s e d .  Then (4 )  w i l l  c e r t a i n l y  be t r u e  j / •'

jA * .  ( / - * ■ * * - , ) + ( *  ¥- t )  p~-v~, ( j + X * - / )

M u l t ip ly  t h i s  o u t  and  c o l l e c t  t e r m s ,  o b t a i n i n g

p ;  f a . . . ,  ' )

+ {  / C ,  v ( ! „ . . < ) ( r - x * ) c ^ - i y
-  { ( 3 * - *  * ) V *  -  f r ' - ' J  { * * ' - ' ) * }  > 0 ‘
From t h e  r e c u r s i o n  fo rm u la  f o r  j

U sin g  t h i s  i n  ( 6 ) ,  we o b t a i n  :

) ( 3 r - »
( 3 *-* v * { , c  - p u  s

-  / 3 U  /■p p  (V  ♦) -  ( 1  ' - / " 7  >  o
a n d  f i n a l l y ;  ^  f  3 * ) ( A t . , )  f  3 *•_*. t ,  p

-  / S * - r {  (}*-> “O f * * -  S ' - H - l . * - * . )  - p  > « .
S in c e  ^  M  . ^ . 3   ̂ we have  > a. and  ^  > ^ > 0 ,

The l a s t  i n e q u a l i t y  above can  be w r i t t e n  a s :

(V) fjL ^x- V  M . , * J  -  /  ) ( ( 3 * - * * )  ( y ‘r- } ‘r+

S' /$  + (3  *-*-*) ( y  'r-}*) >&>
C o n s id e r  t h e  q u a d r a t i c  i n  /  A T  ~  /  -

(8  ) / /  > ( 4 ^  )  V s  ^ J  >
J  } r  Y ~ '  (¥*-  -  C ^ d C 3 * " ') '}

The c o e f f i c i e n t  » namely ,

( ,  *- n y  < v _ ,■ %  i  £  t . , ;  f  *  ” L . )  -
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i s  n e g a t iv e  f o r  ¥  , and  i s  p o s i t i v e  f o r  Jf * . i n

a d d i t i o n ,  t h e  d i s c r i m i n a n t  o f  t h e  q u a d r a t i c  (b) i s  n e g a t iv e  

f o r  K  -  S' , and  i s  p o s i t i v e  f o r  hr ^  & . A s  fa fo )  ^  °  > 

t h e  q u a d r a t i c  f a )  i s  p o s i t i v e  d e f i n i t e  f o r  . T h e r e f o r e

from  t h e  a b o v e ,  th e  i n e q u a l i t y  (6 )  page 30, i s  t r u e  f o r  

ff -  3, y ,  s“ , A c c o rd in g ly ,  = fo-C t)  Then

(„ C n , £) " '  O' y CV, t ^ <-° > j

w i th  e q u a l i t y  i f  £V -= /,  C ^  3 ‘ ¥■ ,<:)

T h is  c o m p le te s  th e  i n d u c t i o n  f o r  /T ^ 3, ¥■, «r . Hence,

o^eL^t. u * ( c » ,  e, f * )  - tt* Cr> , £ o r  / r -  a- ( a l r e a d y  p ro v ed )

a n d  f o r  hr-  ■?, V, <" . T here  i s  e q u a l i t y  o n ly  i f  cc. = t - - / ,* -

C l e a r ly  C / )  -  &> ( -3 t ~/ )
,

L et We have

/ ^  £ / 4 -  ^  ■!- A i  ^  <:
'  *  / S r  ^

T h is  f o l lo w s  im m e d ia te ly  a s  f a i l a r e  t h e  c o n v e rg e n ts

f a \  i  * /t o  th e  c o n t in u e d  f r a c t i o n  /  +- J- - /  L y ...

A l s o ,  - f -  -  .2. T ■, . .  - 2 - ^  ■■■/£■ •

F o r  t h e  q u a d r a t i c  (8) , page  20 , we n o te  t h a t

a n d  / ( a * ' - * ) f o r  Then f a * - )  *■ °  > / V - a  * ~-sS) + o

f o r  a l l  K  ^  C , s i n c e ,  when J ^  ^  dom inant
-f J

t e rm  i n  f a (  f a *  ^  i s  t h e  c o e f f i c i e n t  o f  fa *  - namely

T h e r e fo r e ,  f o r  hr^-G , t h e  r o o t s  o f  / ’Cf a ' f a  

b e tw ee n  1 and  .2 . In d e e d ,  t h e s e  r o o t s  t e n d  t o  1 and

*  f a t -  = '  + * /  *  *
f a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(*>CCy

2 2 .

i n f i n i t y  a s  / f - ^ ^  . T h is  can  be se e n  when, i n  th e

e q u a t io n  ~  ° } g iv e n  by (8) page 20, we r e p l a c e

x by and  c l e a r  o f  f r a c t i o n s ,  to o b t a i n i n g

(9 )  w i ’ - * y ( * ' - * ?  -
+  (3 H)  (  2 * =  o ■

I n  (9 )  , d i v i d e  each  te rm  by 3  ■ V an d  l e t  ^ " ?oo . The

q u a d r a t i c  (9 ) th e n  t a k e s  t h e  form  r ~ 9 -  = °

T h is  e q u a t io n  h a s  th e  r o o t s  (f~^ * ’ ^ i e r e *'o r e > ^ le

r o o t s  o f  th e  q u a d r a t i c  (8 .}utend to  1 and  I n f i n i t y  when

On th e  p r e c e d in g  p a g e s ,  we have  shown t h a t

a n d  a l s o  t h a t  -c o ? / * (  ^  o  j  ?or  />r ^  6

H ence, w i l l  be n e g a t i v e  f o r  s u f f i c i e n t l y  l a r g e

v a lu e s  6 f  A” > 6 , a n a  f o r  v a lu e s  o f  r , 3- -  K -  ^"-3 }

From t h i s ,  i t  f o l lo w s  t h a t  t h e  v a lu e s  o f  C* , ( j -  6 y  ± >7- 1 )

f o r  w h ich  C^o, <2, , . .  <rv,  ̂ / J  i s  a  maximum, can  n o t

a l l  be 1 . They w i l l  be e i t h e r  1 o r  2 d e p e n d in g  on th e

p a r t i c u l a r  v a lu e s  o f  n ,  k  and  ^  •

By u se  o f ( 1 .3 .1 0 )  p . 15 , we have  :

= —»? ' a  * » ■■ a *  . .where
^ ^

Now U) ( Cv } > u o (c v t i )  f o r  Cr > 2. . The p r o o f  o f  t h i s

i n e q u a l i t y  f o l lo w s  e x a c t l y  a s  t h a t  g iv e n  f o r  IaT 'C cv)  > l*/~(

p . 19 , f o r  we n e e d  o n ly  r e p l a c e  f t* - ,t ’L n lV fC , )  by & %. v 
fv)

to  o b t a i n  £0 CcY)  . Then U * (  C»t c, ... r„, .• - r*., , C*)

^  C t c , , " ’ ' ■/ ' d’v, ) when cy > -x. (lsz /, 2 . • )
* ( X ± x ) .  'T liu ru fu ru ,  th e  minimum v a l u e  o f  .. o m u b
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.T h e r e f o r e ,  th e  minimum v a lu e  of' U.^ o c c u rs  when a l l  th e  

C i  } ( c - / , * -  --- '» - )  a r e  l a r g e .

From t h e  p r e c e d in g  e x p r e s s io n  f o r  UJ C c ^  , upon d i v i d i n g  

n u m e ra to r  an d  d e n o m in a to r  by Cv , we o b t a i n  : U) c c„)  =■

_____________________ f  /  + c t )  * ~~S___________________________________

Then c l e a r l y ,  ^  f c ^ .  )  ~ o
Cr

T h e r e f o r e ,  tc* C c*t Ct i . "  a ,  " = °  •
C v ^  <oo

T h is  c o n c lu d e a s  t h e  p r o o f  o f  Theorem 1 . 3 . 2  .

1 .4  C onvergence  P r o p e r t i e s
¥■

D e f i n i t i o n  1 . 4 . 1  U n c o n d i t io n a l  C onvergence (P r in g sh e im )

A c o n v e rg e n t  c o n t in u e d  f r a c t i o n

1 *4 *1 K 0 = k  - + = 6 o + L ~ z r )  > W ith  a * * ° ‘> C> 1 ' &3- -*I V £ / )

i s  s a i d  t o  be u n c o n d i t i o n a l l y  c o n v e rg e n t  i f  a l l  t h e  c o n t in u e d  

f r a c t i o n s  - A , + [  4~" 1 a r e  c o n v e rg e n t  f o r  -n.* o, t,L* C'A J it+t
O th e rw is e ,  th e  c o n v erg en ce  o f  ( 1 . 4 . 1 )  i s  c o n d i t i o n a l .

D e f i n i t i o n  1 . 4 . 3  C onvergence  by Bounded V a r i a t i o n  +

The c o n t in u e d  f r a c t i o n  ( 1 . 4 . 1 )  w i th  c o n v e r g e n ts  £

i s  s a i d  t o  be c o n v e rg e n t  by bounded v a r i a t i o n  when th e  s e r i e s  
y :  \ A*l _ A / ., I converges , that xs, wnen tne sequence
^  j- i s  o f  bounded v a r i a t i o n .

*  P e r r o n ,  0 . (1 ) l o c .  c i t .  *  S z a s z ,  0. (1 )  l o c .  c i t .
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34.

C r i t e r i o n  1 . 4 . 1  "  I A  ,  A*-, I
The convergence of the series Z  / «  ~ «

i n s u r e s  t h e  c o n v e rg en c e  o f  t h e  c o r r e s p o n d in g  c o n t in u e d  f r a c t io n / ' / .V -0 -

l rQQf : $ -  1/4. /},-/ K
I f  I ~  -ja~i j < <oo , t h e n  t h e  r e m a in d e r s

I t e n d  t o  z e ro  a s  -■*--* o© . T h a t I s ,  g iv e n  a>7 * t ẐV-/
p o s i t i v e  <£ , th e ire  e x i s t s  an  in d e x  'Tt* su c h  t h a t

I 4  v a  I
I r ± ~ 4 r -^ \  ^  ^  when ^  >  07a . L et p be a  p o s i t i v e

D y B y -‘—'v o y -i » 1
i n t e g e r ,  p * / . Then I 2 ^  ~-Qr- / ^  ^  i 4 fc " 4 ^ '  / ^  ^

' Bn+p Bm  j Oi + i V /3 r - i '
Hence, by t h e  Cauchy c r i t e r i o n ,  ilh. A z.  e x i s t s .  c ̂

-* ^00

An e x a m in a t io n  o f  t h e  P ro o f  ( a )  o f  Theorem 1 . 3 . 1  , p .S  

y i e l d s  t h e  f o l lo w in g  :

Theorem 1 . 4 . 1
The c o n t in u e d  f r a c t i o n  o f ty p e  1 ,

1.4.3 e .r * i S s l L s L K  (S  ^  1' S l L  . . . . .
I C." I «

i s  u n c o n d i t i o n a l l y  c o n v e r g e n t .

P r o o f : * (c^+ 0  K- r j I  . .
The c o n t in u e d  f r a c t i o n s  «

f o r  n = 0 , 1 , 3 , . . .  , a r e  a l l  o f  ty p e  1 . Hence, by Theorem j . s - i

t h e y  a r e  a l l  c o n v e r g e n t .  T h e r e f o r e ,  by D e f i n i t i o n  1 . 4 . 1 ,  t h e  

c o n t in u e d  f r a c t i o n  ( 1 . 4 . 3 )  i s  u n c o n d i t i o n a l l y  c o n v e r g e n t .

Theorem 1 . 4 . 3
The c o n t in u e d  f r a c t i o n  o f  ty p e  1 , ( 1 . 4 . 3 )  

i s  c o n v e rg e n t  by bounded v a r i a t i o n  .

From ( 1 . 3 . 4 )  page 4 ,  we h a v e :  ~j5^ ~ a,(A — —
<*=> a ,  c?v ■. a ,and Z T  I - g *  - ~  2  = Z T  ^

, (3^ J3-*-, , /S^. S .* .,  ,

Now from  ( 1 . 3 . 5 )  page  4 ,  ( * , * / ) .
^  u "Q«g

H ence, 2  c o n v e rg e s ,  f o r  i t  i s  m ajo r  i s  ed by th e
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3 5 .

•Oo
S o n v e rg e n t  g e o m e tr ic  s e r i e s  z &  , 0 -  f ~jL* ^  Thus

by D e f i n i t i o n  1 . 4 . 3 ,  ( 1 . 4 . 3 )  i s  c o n v e rg e n t  by bounded, v a r i a t i o n .

1 . 5  U n iqueness  o f  R e p r e s e n t a t i o n

We have  se e n  t h a t  a  r e a l  number >o c an  be d e v e lo p e d  

u n iq u e ly  by th e  A p p e l l  A lg o r i th m  i n t o  a  c o n t in u e d  f r a c t i o n

^ . 3  r . ~  e : ■■■■
w here a  ^  / i s  a  p r e s c r i b e d  i n t e g e r  , and  t h e  Cv a r e

i n t e g e r s ,  c 0 > o , c v ± >, •=-, - •  )  } an<^ a i so t h a t  t h e
£—

d ev e lo p m en t c o n v e rg e s  a n d  r e p r e s e n t s  . We c an  w r i t e  th e n :

1 . 5 . 1  r .  =  C .' + * . . . .

The q u e s t io n  i s  now r a i s e d  : Can two d i f f e r e n t  c o n t in u e d  

f r a c t i o n s  o f  ty p e  1 r e p r e s e n t  t h e  same num ber?

Theorem 1 . 5 . 1  . ^
A r e a l  number $0 > o can  be r e p r e s e n t e d  in

one and  o n ly  one way by a  c o n t in u e d  f r a c t o n  of*:,type 1 .  T hat

i s , ^  i s  u n iq u e ly  r e p r e s e n t e d  by i t s  deve lopm en t o f ty p e  1.

P r o o f  : Let t h e  d ev e lo p m en t o f  ^  be  ( 1 . 5 . 1 )  abo ve .

Suppose  t h a t  were r e p r e s e n t e d  by a n o th e r  c o n t in u e d
■*- * ( K  + 0 * -  K *I f r a c t i o n  o f  ty p e  1, nam ely : s 0 -  ^------ + "  '

By Theorem 1 . 4 . 1  , a  c o n t in u e d  f r a c t i o n  o f  ty p e  1 i s  

u n c o n d i t i o n a l l y  c o n v e rg e n t .  The num bers t '7JY a r e  d e f i n e d  by

r , = c? + (c'+ o * -
1 . 5 . 3 7 "  '  CrZ k» /, * ... ,

'7 7 - 2C ^ H - Y  *) -h- ' '  ■ *
1 k : .

As t h e  Cy and  Y  a r e  p o s i t i v e  i n t e g e r s ,  Cv > ) t Yv b. ) t
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3 6

f o r  v -  /  , i t  f o l lo w s  t h a t  C  > > , 'Vy ^  ; ( v * t *  *>•■•)

We can w r i te ,  from  ( 1 . 5 .3 ) ^  t h a t

i . 5 . 3  { r . . .  , ■
k '  + ( n + o - -  y«, r .  *  K

^  r f a " ) * -  4 *  ^In  p a r t i c u l a r , f o r  y * o £l - C* .+ ——r r --  ̂ f a = Y> * ^  ~ *
1 y>a n d  a s  ^  > /  , y ,  > 4 th e n  c ?  < f 9 <c (C.+t)* ; r /  < T. <(*.+,) v.

Thus, C0 - 7Tt - [  f l  y*]  ■ T h e r e f o r e ,  ~ 'V  '
*f ((ft ^ f) (* ̂

A g a in ,  from  { 1 .5 .3 }  , f o r  y = / we have - c, + — -

<yjt •=■ TT,* + ^ ^  , a n d  a s  ^7 > J t y *  > /  i t  f o l lo w s  a s
t /

a b o v e  t h a t  C, - [  * ]  j K  '  ['>},'*] But y, e €~, • Hence

Y, - C, , and  so <y^ ■»■ £2  • r e p e a t i n g  t h i s  p r o c e d u r e ,  we

o b t a i n  Yy ~ Cv s u c c e s s i v e l y  f o r  v=o,  j t x ,  ... , Hence

t h e  r e p r e s e n t a t i o n  o f  a  r e a l  number t a by a  c o n t in u e d

f r a c t i o n  o f  ty p e  1 i s  u n iq u e .  In  p a r t i c u l a r ,  t h e  number £7 

i s  u n iq u e ly  r e p r e s e n t e d  by i t s  c o n t in u e d  f r a c t i o n  

d ev e lo p m e n t o f  ty p e  1 .

t
C o r o l l a r y  1 . 5 . 1  .

A r e a l  number ^7 can  n o t  be r e p r e s e n t e d  

s im u l t a n e o u s ly  by a  f i n i t e  c o n t in u e d  f r a c t i o n  o f  ty p e  1 and  

a l s o  by an  i n f i n i t e  one.

Proof:
Suppose , on t h e  c o n t r a r y ,  t h a t  fZ were r e p r e s e n t e d

by th e  two c o n t in u e d  f r a c t i o n s  o f t y p e  1 :
#T * c . *  .  „   * (g „ . + > ) ' - ? . :  / , r ,  .

1 *.« > 
fl = r6 * .+ (r. *■/)* -*:*/  + . . .  .

W rite  : ' .  fc... ~ j>»- <-JjJ L
>v , h ) e  * /  J
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37.

H * (K *j) ‘r- Y  H I + , . ,

a n d  = <?„ ^ ^  * . A lso  w r i t e :  ^  = ^  ~) 7??, ( r >0 -

As in  Theorem 1 . 5 . 1 ,  we have  t h a t  #  = O  f o r  k " "  'w_/ ,

a n d  * S  > Y " ' -  * '**- • Then ^  ^  »  <f„*
♦ (V */,? H - Y  *

But ^  -  K  * — ■— -----------   , and, a s  ^  > /  j  y j  *
/*\+* îZ.

T h u s , can  n o t  be t h e  K  ~~ power o f  an  i n t e g e r . T h is

c o n t r a d i c t s  th e  above  r e s u l t  t h a t  %  * c j*  . Hence C o r o l l a r y

1 . 5 . 1  i s  t r u e .

1 . 6  R a t i o n a l  C  and  t h e  A p p e l l  A lg o r i th m

L e t  Xo , V-, be two p o s i t i v e  i n t e g e r s ,  / ^ 0 , j  s / 

a n d  w r i t e  £<> = > o  . The i n t e g e r  / (  i  x  i s  g iv e n .  We

may assum e t h a t  ' >  } *, f o r  i f  -c dr, , we w ould  s e t
r  ' —  e—>o * " r  w i th  s ,  > /  , and  we w ould b e g in  w i th  §~.S/Cq '

i n s t e a d  o f

As b e f o r e ,  w r i t e  C* = T h e n ;  c *  £  ^

W ri te  X0 -  f . ’ i ,  *  (Co**)*- c * * )  y *  •

T h is  r e l a t i o n  d e f i n e s  t h e  r a t i o n a l  number . £  >o . I f  ^  - cJ 'Jc,
t h e n  y ^  = o an d  t h e  developm ent, t e r m i n a t e s  w i th  t h e  one

_ <r
e q u a t io n  : £  <> ~ Co % t

- ^ r  ~ Ct, \y *T' j  ~<-o , l in e n

•r

L et y iL>o .  As f  a < (ct + i)*  - Co* t th e n  ^  ^

C l e a r l y  -jia need  n o t  be an  i n t e g e r ;  f o r  i f  y , = / =¥ c„‘rj c * */. 

Write > / and C, = [  d- /. The equation
•Ji, = C, +](<?,+0 H *3  , d e f i n e s  t h e  r a t i o n a l  number

I f  - c, H, t h e n  ^ 3 - 0  , and  t h e  deve lop m en t ends w i th  t h eX x
f ^two e q u a t io n s  J = <r0 2 , + a ,
t  *6, -

y-z&Ajz- : & ,  =  ( Co + i )  k -  Co k a - ~ - c L  ^  ■uo
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From t h e s e ,  we o b t a i n  r e a d i l y  t h e  c o r r e s p o n d in g  c o n t in u e d
_ X° -  s  * j- ‘ ff r a c t i o n  o f  ty p e  1, nam ely  ' ~ * / c «

£- X-x.
O th e rw is e ,  £ 3 > o ,  and  w r i t e  > I,  a s  ab o ve .

I n  g e n e r a l ,  C  = > 1 > <?r * [  *] - /* an d  i sA \< + t
d e f i n e d  by th e  e q u a t io n :  V v  * ¥-v+> * > Cy ^ q)

where we have  w r i t t e n  > ~ ( c * +' ^  Cy ° ■
f  X ->i _ *

I f  a t  a  c e r t a i n  s t a g e ,  -̂v, -  x*,,, ~ , t h e  d e v e lo p ­

m ent t e r m i n a t e s ,  and  we o b t a i n  t h e  f i n i t e  sy s tem  o f  e q u a t io n s  •' 

%0 -  c / ? ; ,  + a ,  ^a.
%, * c , "  Xx. /  ^  x 3

1 . 6.1

V*,., = c>., X* +

w i t h  Cy ± l  , Cy =o, t. > .2. , a n d th e

r a t i o n a l ,  ( y = *■> 3, ¥o , %, a r e  i n t e g e r s ^  ( X* ,% ,)* /*

As €~v ~ ~X^, >   ̂ > ( v * o )  ; we have  : X a > V, > V*. >" • > V»

I f  a t  e v e ry  s t a g e  i n  t h e  se q u en c e  o f  o p e r a t i o n s ,  c *  t

we o b t a i n  t h e  i n f i n i t e  sy s tem  o f  e q u a t io n s

" y.o « c,* x ,  +■ a., x
^ / =  c , "  y.x + a* x 3

1 . 6 . 3

% Y °  £v / +' Q.v+, 'k.y+X.

a n d  y*  > x , > X-i. > ■ ■ • > Xv > x>+, . The y  v a r e  r a t i o n a l , v * a

f iTo , V, ) - / , and  th e  c v a r e  i n t e g e r s  , c v > ; , (y* o,

X-D ^ ^  1
From ( 1 . 6 . 1 ) ,  we h av e  : r -3- = c„ * j. ^ / *■ ^X i. _ -  * £2. x -v v J “ — v

^  Cl *  * / * ,  >   • -  *»  J k - .   >
a n d  s o ,  X 0 ^ c  * + a> I + .. . + #*, / > a n d  h as

X, ~ " ! c , "  1 c * '
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a  f i n i t e  deve lop m en t o f  ty p e  1 .

S i m i l a r l y ,  we o b t a i n  from  ( . 6 . 2 )

^  C." + * d .  .  I t l  *  • • • •
'X, I c , "  I

T hus, w i th  each  sy s tem  o f  e q u a t io n s  we may a s s o c i a t e  a 

c o r r e s p o n d in g  c o n t in u e d  f r a c t i o n  o f  ty p e  1 w hich  i s  t h e  d e v e l  

opment o f  t h e  r a t i o n a l  number by t h e  A p p e l l  A lg o r i th m .X* i

Supjpose now th a t  we are  g iv e n  a system  o f  eq u a tio n s
H

1 . 6 . 3  t y  ~  K v t * .  j C V  * O,  I,  X.  .

and th e  a s s o c ia t e d  co n tin u ed  f r a c t io n :  ^rf2 ^x  i / c ,  *

[ + , f t)* -  <?v ] J w ith  con vergen t a •{ J ,

In  th e  r e c u r s io n  form ulae

1 . 6 . 4  J A *  ~ c ~ A*-, * A*-*.
L ^  c j 1 e* .,  + a „ a . . .  ; ^  2

d e f in e  A -, ~ 1 , 13., - o  in  order th a t  ( 1 . 6 . 4 )  be tru e  fo r  >i

I f  we c o n sid er  o n ly  a f i n i t e  number, say  th e  f i r s t  V

e q u a t io n s , o f  th e  system  ( 1 . 6 . 3 ) ,  we o b ta in  :

1 . 6 . 5  4—- = C *  *■ - ^ lL  + . . . .  + a .  X x + ' L  . ( r * / )
x ' I i ^  '

Then, from ( 1 . 6 . 4 )  and ( 1 . 6 . 5 )

1 . 6 . 6  - J h  =  1t>y Ay-, + %y+,-k, f - ---------------------------------------------------------------- , ( J'-/', .
^  K  By-, *■ a v B y - *

From th e  system  ( 1 . 6 . 3 ) ,  we s e e  th a t  and %,  each

can be ' e x p r essed  as l in e a r  com b in ation s o f y ,v and DCy,., . 

In deed , in  ( 1 . 6 . 6 )  th e r e  i s  e q u a l i ty  o f  each corresp on d in g

num erator and denom inator , th a t  i s  :
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30.

% o  —  ' j t y  A v - J  Y \ r t ,  <2- V

l-<3-7 ^ ®
% ,  = K v  ° y -/ -f  '£*+> t ^ Y - x  } V

We may s o lv e  t h e  e q u a t io n  s ( 1 . 6 . 7 )  f o r  X y , Tty*, 

i n  te rm s  o f  y 0 and  ^-r , a s  th e  d e te r m in a n t  o f  t h e  c o e f f i c ­

i e n t s  iS ! 0-v (  Ay-> &v-x -  A y-i- &v-, )  — (r') =4= o .

Thus : %y+, = C~']
^  v~'< Xc
a . ,  * t

/

At a„ —
and

1 . 6 . 8  %y+, = —  S v ' ‘------- ; v  ^ /.a ., a*. . • * ■ a*.

Theorem 1 . 6 . 1  £ o
L e t  th e  r a t i o n a l  number >o - >/ w i th

(%•, % ')= : / have  an  i n f i n i t e  deve lop m en t o f  ty p e  1 , i . e .

^  C '  + -H F ±  * T 7 y  * i
Then i n  t h e  e q u i v a l e n t  sy s tem  o f  e q u a t io n s  

« .

~ Ityr,  v- /Y y+%. ; (is*o, t  *,'■■ ) j l im  ® •
—> Oo

P r o o f : ^  /j/ „
As r ,  -  > / f o r  i/ ^ o , we h avev**/

# .  •
y . c > x ,  > Dt*. > v.Y > o&y+, ± - Hence e x i s t s .

From (1.6.8) ■%*+, - x> j x, and a s

I -  y N  / < I p* - I = * .  ■?„ . a ^  < - 2 l -  .
* .  « . . .  I ff. I s .  8 . - ,  J S ~

Now "S,, = i j 8, - c  > /  ̂ and  S., ® ^  * <*?*> Sw-». ; ('h - A

"B-* > 8 , . ,  and  a s  t h e  6U a r e  i n t e g e r s ,  i t  f o l lo w s  t h a t

l im  S  = + oo T h e r e f o r e ,  l im  ^ ^  = o

& P e r r o n ,  o , (1) $  5 , p . 13, fo rm u la  32, l o c .  c i t .
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31.

1 . 6 - 1

Theorem 1 . 6 . 3  e_ _ jco_
L et t h e  r a t i o n a l  number ** ~ 'k, '

w i t h  (tea, -  I , have a  f i n i t e  deve lop m en t o f  ty p e  1 , i . e .
•v ^  'r  <Z, j , . , , j .  &-+i /J z s . — £  a  ■LJ~ i c  "> 2- •

■ ' I C . «  ! >

Then i n  t h e  e q u i v a l e n t  sy s tem  o f  e q u a t io n s

= Co" X,  + &, *».
* C, * 3s,. /• 1s 4

• * * * , , -

14*-, = * a^, **>*•
" Cy,  ̂/

t h e  r a t i o n a l  number i s  t h e  r e c i p r o c a l  o f  an  i n t e g e r ;

%■»+, * and  q i s  t h e  g r e a t e s t  common d i v i s o r  o f

A * , 8 ~  ; 6 =■ (T/4*, w here  ^  = c j  + [  ^  .

P r o o f :  v
From ( 1 . 6 . 1 )  ,----^ -----  i s  an  i n t e g e r  (T„ . Then» /v ->» J. I*r 'h +i

~ c^-' yTZ*, * a  I s  a l s o  an  i n t e g e r .  By r e p e a t e d
y&o *)£ Ia p p l i c a t i o n s  o f  t h i s  r e s u l t ,  i t  f o l l o w s  t h a t  ——  and  ——

a r e  b o th  i n t e g e r s .

L e t  %■*+, ~ cj[~  ̂ ^  ^  ~ • Then and

a r e  i n t e g e r s .  Hence p d i v i d e s  %° ^  an d  ^  ^  • But

(%0, % ,) — I , so  . t h a t  t h e r e  e x i s t  i n t e g e r s  s , t  su ch  t h a t

f  %a -  £  %, ~ /  . Then p d i v i d e s

Hence p = 1 , and  V-^+, ~

From ( 1 . 6 . 7 )  page  60 , we o b t a i n  f o r  V -  •>*- ,

= A-*-, +■ %„+, <?„ A * - x  and  a s  fc.* = cj? ic ^ ,  }

we have (<?■»* A * .,  +- a H A * . * )  ■= = A *

S i m i l a r l y ,  % , *■ = j§n. ^
>
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32.

Thus q d i v i d e s  A ^  and  . But ( y.a , Y, )  -  J.

Hence q i s  t h e  g r e a t e s t  common d i v i s o r  o f  A*  , j
^  = C4»,  &+A) .

C o r o l l a r y  1 . 6 . 8
The g . c . d  o f  A**, nam ely  q i s

A-* -  8 .. i so  y  =

P r o o f  :

o dd . A lso  ^  ~

--------------- AS  / ? „  - A ,  S »  -  C-O * .  «> ■■■ « .

a n d  ^  = (- +■*) ~ <?*-, ,• ( v * ' )  i s  odd , i t  f o l lo w s  t h a t

e v e ry  d i v i s o r  o f  A *  an(  ̂ 8 „  must d i v i d e  <£/<?». ■■■ 

a n d  h en ce  m ust be odd.
8,The se co n d  s t a t e m e n t  t h a t  ^  = - ^ 1> ” ——- f o l lo w s

im m e d ia te ly  from  th e  r e l a t i o n s  g iv e n  a b o v e .

I n  t h e  p r e c e d in g ,  we showed t h a t  t h e  d ev e lo pm en t o f  ty p e  

1 o f  a  r a t i o n a l  number ~  > / (*„, * , )  = ./, can  be

a s s o c i a t e d  w i th  a  sy s te m  o f  l i n e a r  e q u a t io n s ,  a n d  t h a t  t h e  

d ev e lo p m en t and  t h e  sy s tem  a r e  e i t h e r  b o th  f i n i t e  o r  b o th  

i n f i n i t e .  T hus, th e  sy s te m  ( 1 . 6 . 2 )  = C**

c , * U-> where Ar^- ~ > /  ;JC* \S+ I *

a n d  t h e  c o n t i n  ued  f r a c t i o n  deve lopm en t

1 . 6 . 2  a  ® c A  + + ~a% L  + ..........
1 c ' /  G, * r  ~ r )r " 1I * v +‘)  -c,., J,

are equivalent.
I n  t h e  sy s tem  ( 1 . 6 . 3 ) ,  t h e  r a t i o n a l  num bers %v x)

n e e d  n o t  be i n t e g e r s .  I n  g e n e r a l ,  t h e y  a r e  n o t .  F o r ,  by 

Theorem 1 . 6 . 1  , l im  y.^  =■ a , a n d  a s  t h e  se q u en c e  / Oĉ  J i s

a  s t r i c t l y  d e c r e a s i n g  o n e , i t  f o l lo w s  t h a t  from some in d e x ,  

sa y  ^  , X* i s  a  f r a c t i o n  l e s s  t h a n  one 3 ( ^  *;# -)  ■
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However, we can o b t a i n  a  sys tem  o f  e l i n e a r  e q u a t io n s  e q u iv ­

a l e n t  t o  th e  c o n t in u e d  f r a c t i o n  ( 1 . 6 . 3  a  ) a b o v e ,  and  i n  

w h ich  a l l  t h e  q u a n t i t i e s  a r e  i n t e g e r s .  T h is  i s  i n d i c a t e d  in  

t h e  n e x t  p a r a g r a p h .

D e f in e  -  / ■ . From ( 1 . 6 . 8 ) ,
• l'its \

dcQ., &/) ( t  &v-, ~ Y , A>-> ) t so t h a t  #-o '■ ■a.y'k*+,

i s  an  i n t e g e r ,  v ± o -

W rite  f t *  = ; iz, = a .  V, - %, ,
v -- a , a, ■■■a* .

The a r e  a l l  i n t e g e r s ,  Cy^-o) ■

M u l t ip ly  t h e  e q u a t io n s  o f  t h e  sy s tem  ( 1 . 6 . 2 )  by ^-o, 

d 0 a , a  ........ i n  t h a t  o r d e r  r e s p e c t i v e l y ,  o b t a i n i n g

/ -  c - '

1 . 6 . 9  •y*: - e- ' & ' *• f t 3

*r .Cy/ /y**' -h ^  y-t- x

In  t h i s  sy s te m , th e  ^ *■ a r e  p o s i t i v e  i n t e g e r s ,  ^  -  / •
<r~ _ 'k v  _ CL v

A ls o ,  from  1 i t  f o l lo w s

t h a t  CY = I ( A* 1 ^  and  t h a t  <; (c*+') ~c¥ =

i . e .  -  €.r*' > )•  T h is  im p l i e s  t h a t  t h e  sy s tem

( 1 . 6 . 9 )  can  be o b ta in e d  in d e p e n d e n t ly  by th e  A p p e l l  A lg o r i th m .  

F o r ,  l e t  Co -  [  * ]  -  /  ( ^ c j^ O . The I n t e g e r  i s

d e f i n e d  by tn e  r e l a t i o n  a ° f t *  = Co f t '  *

I n  g e n e r a l ,  C  ^ 1 > c * " I  ^  * ] - / > a n a  t h e  i n t e g e r
f f v * '  >  ■

i s  d e f i n e d  by t h e  e q u a t io n  : cl¥ ^ j r  = c r f t* * 1 * ft***’

From ( 1 . 6 . 8 )  , we have

1 .6 .1 0  ~ ^  By ' ^ V
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34.

1 . 7  Examples o f  t h e  D evelopm ent o f  R a t i o n a l  Numbers by th e  

A p p e l l  A lg o r i th m .

Example 1 . A l  = S" k  = 2. .

s~
We have

Thus : 5" = -2 i  *■ y t 4 7 t  *I s  / 3
L et J j  he  t h e  seq u en ce  o f  c o n v e r g e n t s .  C l e a r l y ,  a s  I j

A-/ “  ̂ = z. ^  23, } £>, ~ s  and  a s  A  * > obey t h e

same r e c u r s i o n  fo r m u la s ,  we have 8 ^  = A t . - .  j  -  °  •

Then A *  = ¥  At,-, +■ s '  A t ,-^  ^  5-   ̂ an <i

= 5" ^  -  i  B t, -  s  & t,;  ]  , ^  * o .

A lS O   ̂ A ,  -  S ' S * . . ,  »  V y 5- ^ . a -  S ' <S*-,

= -  (  8 - . ,  -  s S „ _ ^ )  -  ( - . ) ' ( 8 . - s S . J

Hence A -  = S  -  ( - / ) "  and  / -  £~ I -I * O'*

f  At,
A s B *  I ° °  , i t  f o l l o w s  t h a t  e a c h  c o n v e r g e n t  ~b Z_ 1 s

cr  A-»-ic l o s e r  t o  >o — £~ t h a n  t h e  p r e c e d in g  one . • A lso ,

a s  A  *. ~ S ' ~ -  /  , t h e  n u m e ra to r s  and  t h e  denomin­

a t o r s  o f  eac h  c o n v e rg e n t  a r e  r e l a t i v e l y  p r im e ,  f a .  , £ > ' ■

Example 3. 0^ 11 / r  -  ^  '

-  -z. , _3_ 
'  *  3 ; r ,  - s  -  s ' *  i t

. -a- a
'  i ; r ,  * < - —  f .

h  -  %. - / *  >• fs- = 17 = * /V  -A. ;
t * A. 3

Thus we have  : «

(a )  -2
. *■ 3 i 3  /  * 3  J + S ’ J + 3j_

7 f a , - /  /  *■ /  J  *■ /  ✓ * /  /  *
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The r a t i o n a l  num bers 2 , 3, 6, an d  s?^m e ach  have

p u r e l y  p e r i o d i c  d e v e lo p m e n ts  w i th  5 te rm  p e r i o d s .

C o r re s p o n d in g  to  t h e  c o n t in u e d  f r a c t i o n  d ev e lo p m en t f o r  

■ C l =  a- , we have  t h e  sy s tem  o f  e q u a t io n s  : Y “ c v

(vz-o) w i th  t h e  i n i t i a l  c o n d i t i o n s ,  = .2 , £l, = > . Thus •'

■JL *• /  - / /- /
3 - j  = /*• / y- 2-

3 - /  =■ / a. 2. y- /

3 - 2 .  * a*-/ y- 3L

5"- / = / t  a y- 3

3 - X  -  / . * •  3 ■/ 3 ------------^

3 - 3 = /*-. 3 y- 6

3 - 3 - /

? 6 “ .2 * J y- 6

jr. 3 =■ / \  c> + f

As t h e  deve lopm en t f o r  =■ a_ i s  p e r i o d i c ,  t h e  c v a r e  

bounded . In d e e d ,  Cv ^  2. . H ow ever, = 3 ' „ * * >

a n d  t h e r e f o r e ,  t h e  sjcsfcs® seq u en ce  {  fy*}  I s unbounded .

F o r ,  s (»-.-) -

The same h o ld s  f o r  t h e  d e v e lo p m e n ts  o f  3 , 6 , f /_  and

C o n s id e r  t h e  c o n v e rg e n ts  ^2x t o

Here s ,  ^ a ^  ^ and l i r  I s > 1^o~4:1~3j
so  t h a t  A s  i s  c l o s e r  t o  ^  t h a n  A± •

-So /3,
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3 6 .

A l a o , A .  -  ./ •>  + 1 *  -  *>
/•/ W 3'/ ^ ^

A s -  -  / ■* /  + 3 - 9 - / .  6 , I - 4*. I - j* . i?~ - 4s l~ £7 6 f } an d  I ^ , /?- ^  ?/  • y  * 3  • /

Thus ^  i s  c l o s e r  t o  -  £ th a n  ,

__ :T<P£ ^ * * -£ . 4 V ^ ILL = ^  ^  ,
Now g j "  — 6 f 7  > ^  / ?  ' ?

A - —=L_ /-!S' C~ /*4 v
a n d ,  a s  f 7 ' 9  J ^  i s  c l o s e r  to  *>• - 6  t h a n  -~-

'- sr  o  *,

The b e h a v io r  o f  t h e  e r r o r - s e q u e n c e  { & •  }  ; A . '  / S -  £ / ,  

i s  d e te rm in e d  by th e  f o l lo w in g  m ethod . T h is  m ethod i s  a p p l i c ­

a b l e  t o  a l l  r a t i o n a l  num bers h a v in g  p e r i o d i c  d e v e lo p m e n ts  o f 

ty p e  1 .

As above  , £ " 0  =  6  h a s  a  p u r e ly  p e r i o d i c  d e v e lo p ­

m en t, w i th  C*+.s- ~ - From t h e  c o r r e s p o n d in g  su s tem  o f

(  A . -  6 Ox , E ^e q u a t i o n s ,  f fv  ~ cv fyv + > + f t ' '* ' -  ; *■ £-• a 6 - ^

we have  : f f *+s -  + i = 3  f r * * '  , ^  ~ 0 - By a  p r e v io u s

f o rm u la ,  (1 . 6 . 1 0 ) = ( - ' ) * * ' ( ft* &v- ,  ,(***)
A <£* _

where -£— a r e  t h e  c o n v e r g e n ts  t o  th e  d eve lop m en t o f  *'
1 ' I

Then ; / J/<> ̂ ' Av+ * / = 3 / ^ «  ,8 ).-, -  4*-, /

a n d ,  a s  - -j^2-  = ~f~ ■> e? , ^ / we have  :

i .? - i  / r .  e» . ,  - /?. .»I = » / k e.-. - »e j .

I n  g e n e r a l ,  | f„  | » 3 /•? . Bs(>.,) n  -  A d t w v j ,

1 - 7 . 3  | f .  8 , „ . ,  -  = 3 ~ / r .  B x - A ,  I , X < 3

W rite  £ ,  = ) r .  8 ^  -  A x )  ■ x < -3.  Then,'

1 . 7 . 3  U  S'-y, y-^ — /  -  - I  s h j  __ 3  A » a o
®r», yi / "*

7/e have  : ”
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3 7 .

Bo = I & / 3 .  -■ /? . / = / 6 - * / -  a- j  £ / * ) 01 8 ,  - / J t j  — 16  «7 / =-3

- / To 83  - 1 - / 6> • V - ^- / /  - 3

^  3 = /T o f?3 -  4 s  / - / 6 - 7 - vcf y = 6

1° Compare f 7? 2 /^) T a b le , = £

A >-y  = 3 * ^ - ,  _ 3 ^ CS7 * h0 = 
/#

3-

'Ss'W-,/ /
Ŝ\T-h3 * hu = /

^  - 3 ^ .  _ 3 '*■ h. ^ SVV- 3 -  = /
8s>l ■/■ *“ ~ C>, ~ /

( These a r e  o b t a in e d from  ( 1 .7 . 3 )

Mow, = ^ ( z c n ., - r / )  S ’ *-,.

> V & s „., >  jz  , ( * ■ * / ) '
H e n c e  , > 0 > I

2° Compare w i th  0  $-■*+,

#s*  « 3 ' .  a.
£3's t, Bs»+/ 6sr*+,

NOW (  z .  3 S ^ ,  -  3  e s ^  )  = 2. [  *  S - B s h . t ]  -  3  B s ^

= / o  8 S *,., - / 5 f ,  ■- / o  3 c » - t - [ *j8r „., + 5 8 rt%.

6 8 S t , „ ,  _  2 8 s* -  a .

Thus . (  3- 8  & , — 3 ■>, )  = 3 C ->>-/ ~ 8  s*,- 3. )  o

a s  8 s -* ,- ,  - B S y,.x > o ; rn> j  Hence 0 ^  > 6?*^, +, (*>*;

3° Compare w i t h

, =  3 ^ 3 ; -  3
/Sf5l /, &SH+3 'S jh * !

C l e a r l y ,  a s  S c *,^x we have  , > @*>, + 3

4°  Compare @s»+3_ w i th  @s--*,+3
/Q 3  ^  3 Z} = 3 '  •^"3 a. 3 • CV-s-i, + 3  -___ 3 _: —- ; br S-*-* 3  ----------- — —-----

& s B&„ +

Nov. S s „ ^  =  3 ^ . ^  ^  3  8
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3 8 .

a n d  /3s- j, — a •S;r»y.a_ - 3 ^  s*?+

* 3 /S r»  + / - I  + , *- * J

-  2. B s - ^ r/ -  J  Ss-y, ■

From 3° , a S ? * * ,  - 3 > < 5 .  Then

an d  t h e r e f o r e  , > Qs*,-,-* , C - ^ - - ' )

5°  Compare @s-* + 3 w i t h  &*■■»<.« - 0*(??+,) - /

^ r * i* 3 - 3 **. •£ . <^V>,vy = ^  /̂ ~-'r
*>? »*■/ _  ->7 * /

&s>i + 3 ^sx-t-v &s-*+ y

C l e a r ly  , -2- 3<?„ + y > 3 s *, + 3 , so  t h a t  <9sy,i.3 ,

From ou r  p r e c e d in g  r e s u l t s ,  0 e =- a.  ̂ * 3 , >

The ahove  r e s u l t s  th e n  can  be sum m arized  a s  f o l lo w s  :

F o r  Cl -  <£ , t h e  e r r  o r - s e q u e n c e  { @ v ]  ^  = /  Cl " —  /1 6\/ '
i s  s t r i c t l y  d e c r e a s i n g  ( t o  z e ro  ) f o r  v * 3 . When v 3,  

we have  &<, , & , > & * -  , &x. *■ @3.

In  a d d i t i o n ,  we h av e  t h e  f o l lo w in g

x £ < ^ - j  17 j s  -  ,4 * j  =  * o» ^*y\ —̂  <9®

F o r ,  from  th e  e q u a t io n  ( 1 . 7 . 3 ) ,  p . 36 ,

I B  g-y, + A -  A s x *  ^ )  =  3  £ " >   ̂ / > ! — / ^  ^  ^  ^ 3 ,

and  a s  ) ^  -Jz A 4 6 t h e  above i s  e v i d e n t .
"K.

*•

■r, I S~ /-? r  v, ) 3  "** JE 3 ■ U-For j f l  - --- —------/ = " -7=-------

a n d  ] CT -  _^£h j ^  0 a ^ . ^  ^  •

S i m i l a r  r e s u l t s  may be o b t a i n e d  f r o m  t h e  d ev e lo p m en ts  

f or' Cl = ,2- and  d  = 3  .W e  s t a t e  them be low .
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(a ) IT - x  J  £) 1
The e r r o r  -  seq uence  | Cv /  i s  s t r i c t l y

d e c r e a s i n g  ( t o  z e ro  ) f o r  Y -  a- . T ha t  i s ,  > <9^/ 6^

(b )  £ 7 = 3 - > + > v - ° ■

Example 3

5$ '  ' 3 %

r »- * £  * J "  ^  _ £ .  ; S -  '  ^  * 3 * ^  - f -/c? 7
r ,  = r .  -  7  .-

Hence t h e  d eve lopm en t o f  f l  = 7  i s  p u r e ly  p e r i o d i c ,  and  ■’

7 - x V  _£/. * _j2JL * * J L L  *- +
'  /  /*■ l a . * -  1 3 * -  / a * -  J

S i m i l a r l y ,  57 =• / o  Has a  p e r i o d i c  deve lop m en t w i th  a  

p e r i o d  o f  4 t e r m s .

The c o r r e s p o n d in g  sy s tem  o f  e q u a t io n s  f o r  =
* .

y = c v ^ y +t  +■ , ( K- 0  i s  •'

"> 7 =  3 %  3
& . j  = /*-.  3 / 2 -  
3 • 3 = -2 * - i  £  /
S'- x  = 3 *. / * /

7 . / ~ .2 < / -/ 3 ^

Here we n o t e  t h a t  7 A ls o ,  a s  t h e

a r e  hounded , %y T^ * ^ - 7 i s  a l s o  hounded  f o r  a l l  v^*/.

We now a p p ly  tiie metiiod given in Example 3 to obtain
f u r t h e r  in f o r m a t io n  on t h e  b e h a v io r  o f  t h e  e r r o r  -  sequence

j  J f o r  C  -  7 • From th e  ahove  sy s te m , ^ ! 7 ; ft**? '

a n d  (J*'*'* ~ <^v * v ^  o . By fo rm u la  ( 1 . 6 . 1 0 ) ,  p .  33,

'fy*'*' = ! (j-* ®y-i ~ (J > ^y-> I  ~ / *̂ 3,.-, ~ / }
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4 0 .

Then, 1^1 &*■+% ~ J - ~ 4 v -t  J 3 an d , i n  g e n e r a l

1 . 7 . 4  } 0 + 3 ~ I = I ^o ~ A *  J j  { o * X £ 3

As b e f o r e ,  w r i t e  = ) f l  'B* - A *  j  •' Then

• 5 0  f  -n 4- ,) =  ) T .  -

T ab le  ■'

* ^  = C* *
— c. • /

C>4f * X- - ^  3- =  X

C - £^ V r + l  -  3 - 3

0r>IIQ £ 4  =

1 °  Compare

0 * »
3

&**
C l e a r l y ,  3* >

2° Compare 0**+,

0  ¥ •» *1 —
2-

£>«»+,

a 0
73 ¥■>, + A O A - 3 ■

r «  -  7 .
A - ,  = 1  S . ,  " °
A O - v  So  — /

A , • <1 8 , = *

4, - ^  = 7
*  , 4" a = /  i " E  -' = / ‘

w i t h  + ,
.2-

I

a . &*■* ; Hence ^v-*, ^  0*»+>
( ->x o)

With <̂ V:*y-x.

.S ‘<f « * a.
/ J  . /3 — O )

a n d ,  e ? i d e n t l y ,  „ > *■

3 ° Compare 0#*,+*. w i th  ^  ***•*»

&**+>. * . 0 * »  + * =

a n d  a g a i n ,  a s  i n  2 ° , 70**,+^ > & ** + 3

4 °  Compare TP*** 3 w i th   ̂ *

V ~ 7 •>? * V /Q

Now > £V *,v /  r* * ,  = *  ; and  s u r e l y ,

> 3  2̂ 3 . Hence >  & *«+ *  , *> * ®-
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4 1

(a )  We have th e n ,  f o r  f l  -  7  t h a t  th e  e r r o r  -  seq u en ce

j_ Q * }  d e c r e a s e s  s t e a d i l y  ( t o  z e ro  ) f o r  ^  -  0 ; > &■* + . ■

(b) A ls o ,  th e  se q u en c e  { / £  8 ^  - A », / J  i s  bounded.

F o r ,  by ( 1 . 7 . 4 ) ,  / F- fi* - A *  / ^  A and  ^  ^
 - , ff li  J S i /

•* ) >̂0 &*, -  A  *  /  £  3 ^ 2°)
to )  as j r .  j>  / ,  f o r  ■* = 3 -

I t  f o l l o w s  t h a t  7  73 «■» ** - A  i * -  ±  I >

a n d  ( A * » + k )  S ¥ h k k )  = /  , f o r  °  and  > = * . 3

Example 4 .

The d ev e lo pm en t o f  ty p e  1 o f  f t = ?  i s  n o t  

p u r e l y  p e r i o d i c  , i t  h a s  a  m ixed p e r i o d ,  w i th  t h e  p e r i o d  

b e g in n in g  a f t e r  17 te rm s .

f i  = 8  -  2 ,A S  ) y- 3 ) 4- 7 J ■A 5 /  * 3 /  ^ 3 /

/ / " J r - /  / ” / / * -  / / ^ /  / "

. 5 '  + 3) 4- 3  L y 3 / y- 3 /  j- 5 . ^ V
/  / ■*■ / t * / ' » / / ” J / 3 *
3 !  + 3 / 4~ A 31 j~ 3" /  ^ / /. —

/ /:* /  2* //*- /  -2 “ /^■* / J 1
Exsunple 5 .

T h is  i s  an  exam ple t o  i l l u s t r a t e  Theorem 1 . 6 . 3  

p . 61 , on t h e  g r e a t e s t  common d i v i s o r  o f  A-*, .
j  =  3  ^

?  *- 5  ' TT"

3 1  '  ^

C o n s id e r ?T -
31
y f

We have : = 3 2- -  / •

= /  ?  -  .2 a- 3
s - . - h3

* * J
3 ~ y «?- y y- 3 -

/
~~ y ' *3 = c?,

z . >  -ifL _ ^  -Z ,
-2 / > A /  31/

H e re ,  jfcg- = i s  t h e  r e c i p r o c a l  o f  an  i n t e g e r ,  ~  = -2/^ and

_ 3 ^  _  y 5V  —^  ^  ;
X, " ' 9  ~ /  3 " J /  / > '
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4 2 .

A* = '  , 3 a = /  • ^  ^  -  y .

a n d  a  s im p le  c a l c u l a t i o n  y i e l d s ,  /4V  ̂ 6 7 ^  , / S /  3<? ? -

Now 6 7  a. - -2 /-  ^  ^  * * - / ■ /  9

a n d  a s  f  •? •?, = / j  we have  «2./ - ^ <£7-2-, 3  9 ? ) ;

~ ( d " .  )t ' ^ e .  - 7

1 .8  R a t i o n a l  f l  a n d  P e r i o d i c  D evelopm ents o f  Type 1 ( k  = *■ ■) .

In  t h i s  s e c t i o n ,  we c o n s i d e r  t h e  p rob lem  : "What

r a t i o n a l  num bers h ave  p e r i o d i c  d ev e lo p m en ts  o f  ty p e  1 ?

We r e s t r i c t  o u r s e l v e s  f i r s t  t o  p u r e l y  p e r i o d i c  d ev e lo p m en ts .

Theorem 1 . 8 .1
The o n ly  r a t i o n a l  number h a v in g  a  p u r e ly  

p e r i o d i c  d eve lopm en t w i th  a  p e r i o d  o f  one te rm  i s

P r o o f  :
We can assum e t h a t  ?”<, i s  l a r g e r  th a n  1 . For i f

ZCV ¥■/

w here $7 '  '7 1 .  Then C, «■ [

f t V  c *  +■ * £ - ± 1   ̂ > 1 ^  i  a n d  s o

£  =

r,

> L ^ jlc. + *!
/ <?,•■ J

We would th e n  c o n s id e r  t h e  c o n t in u e d  f r a c t i o n  :
 L— _  -  1 , A c ,*  I /  ,£ r -  ~  C ,  +  ------- — -------- - A — - - '

*7 /  '

The c a s e  ^ 7  =  /  can  e v i d e n t l y  be d i s m is s e d .  Hence

we can  assum e t h a t  ^  > /■

L et t h e  r a t i o n a l  number £7 be g r e a t e r  t h a n  one, an d

l e t  i t  h ave  a  p u r e ly  p e r i o d i c  d ev e lo pm en t w i th  a  one -  te rm

p e r i o d  , t h a t  i s  ; l e t  : ^  ^ ~2<r’° *— *■ z<r° * ' ! *■  .
/ h 1 /  o ,1-
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4 3 .

e -  -  1 ^  C°9 0 s a t i s f i e s  th e  r e l a t i o n  : ^  ~ y’ ^

T h a t  i s , £  s a t i s f i e s  th e  q u a d r a t i c  e q u a t io n

-  (  j . c 9 *-*) -  o  .

T h is  q u a d r a t i c  th e n  m ust h ave  r a t i o n a l  r o o t s .  H ence, i t s

d i s c r i m i n a n t  must be t h e  s q u a re  o f  an  i n t e g e r ,  nam ely ,

~  iTt ( •  + ' )  — a t ?

w here ct,  i s  an  i n t e g e r ,  at ,  -  /  - Then

* £  * -  ( c S )  = V C z c * * - ' )  .

In  o r d e r  t h a t  ^  -  (ce i’)  be d i v i s i b l e  by 4 ,  c 0 and  d ,

m ust be e i t h e r  b o th  odd o r  b o th  ev en . I f  C0 a n d  ct, a r e

b o th  odd , t h e n  d , %~ (c ? )  i s  d i v i s i b l e  by 8 . For t h e n ,  

d ,  * <?° '  a n d  &C, * ~ ~ # ( £  + '**+ ')(& '* ')•

As one o f  th e  two f a c t o r s  ;  i s  ev en ,

~ (d1/.)  i s  d i v i s i b l e  by 8 . But 4 ( * - C 0 +/ )  i s  a t  

m ost d i v i s i b l e  by 4 ,  a s  (z. c 0 +-f ^  i s  odd. Hence c„ and  at,

m ust be b o th  ev en . Then c 0 > 2  •  ̂ ^

Fcgm y . 1 = ( c S )  * * y  ( 3 -e - , * ■ '  > ( c . " )  ;  ^  ■

Then d ,  ^  -  (c*  + 2- )

Now a t, -  (do*') + V 'C ?’ +■ V  -  V ( Co -  z c 0 + t  - / )  an d

1.8.1 d ,  — (yCo +■2- ' ?  — V { ( j - o -/0 ~ / )

A s £ .  > 2.  ̂ (c 0 - / )  - /  ^  o . t t e ^  a t, 2 . )  3

; (c a +2. )  4  <£, 4  ( c . *-2)  . Hence a t ,  * ~ +- ^  •

From t h e  above r e l a t i o n  ( 1 .8 - 1 )  d ,  = (<̂ > y- a.,)

when and  o n ly  when ( c a - / )  -  /  = 0   ̂ t h a t  i s ,  when £% = a  ■
f i -  i- S~ /  <~J

Then £  -  -2 ^ / J T "  ^
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4 4 .

i s  t h e  o n ly  p u r e ly  p e r i o d i c  c o n t in u e d  f r a c t i o n  o f  ty p e  1 

h a v in g  a  p e r i o d  o f  one te rm , an d  which, r e p r e s e n t s  a  r a t i o n a l  

n u m b er . C l e a r ly  ■

L e t  t h e  r e a l  number >  /  have  a  f i n i t e  d e v e lo p ­

ment o f  ty p e  1. (*'•*>?-) > = c x+. * c* "_ l  , , . ,  + 3. c„.t -hi I
t  C *  ~ f ----------

w here  ^  i s  t h e  s q u a re  o f  a n  in te g e r ^  ^  „ . As C , > / J c»

We re m a rk e d  p r e v i o u s l y  t h a t  we can  w r i t e  
2. /• "\ C /£* - j )*~=• c„  -  - / )  /■ j :  h r    ̂ and  so  t h e r e  i s  an

a m b ig u i ty  i n  t h e  number o f  te rm s  i n  t h e  f i n i t e  deve lop m en t o f 

f o  • We a v o id  t h i s  by a s su m in g ,  from  t h i s  p o i n t  on , t h a t  

t h e  l a s t  p a r t i a l  d e n o m in a to r  i n  su c h  a  f i n i t e  deve lo pm en t o f  

t y p e  1 i s  a t  l e a s t  4 , nam ely , £ a . .

Theorem 1 . 0 . 3
The o n ly  r a t i o n a l  num bers h a v in g  p u r e l y  

p e r i o d i c  d ev e lo p m en ts  o f  ty p e  1 and  w i th  a  p e r i o d  o f  two

te rm s  a r e (>) r . _ ? 
8

(*) = a v  ; and  we have  :

ii to.
/ 3 / * <2 L 

J / *■
“f- oV  ̂ ,

y
« i

y  - y- <2 /  . + 3 J <?/ * * *
/ / - /  ^ y y -

P r o o f  :
L e t th e r a t i o n a l number >  / have  a  p u r e ly

p e r i o d i c  deve lopm en t w i t h  a  two -  te rm  p e r i o d  , 

i . e . 3 £7 =  < - x +. 1  C1_ " J  + + ± £ z + d  +
> e,*- /  <7/ /  *

Then ^  *■ ^  z  c . + /  I +  z l c , + / /  so t h a t
/ o ’- /  r .

^T" — ^7 ^ , y- C -? c, * t ) ^  o
C - S ,  ^  S ,
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Then s a t i s f i e s  t h e  q u a d r a t i c  e q u a t io n

1 . 8 . 3  -8, -  % ( A , -  ( ? € , + / ) £ , \ )  -  ( * C ,  + ,’) / $ .  = 0 .

T h is  e q u a t io n  must h av e  r a t i o n a l  r o o t s .  H ence, i t s  d i s  -

c r i m in a n t  must be th e  s q u a re  o f  an i n t e g e r ,  nam ely ,

A. -  [ A ,  - C*c, + , ) & . ) ] * -  y  ( x c ,+ > ) A * - 8 ,  = d *  > o

w here  d * . i s  an  i n t e g e r  , d * . > °  • C l e a r l y ,

oL x = I A ,  /  (z c,  +/) S 0 ]  -  ¥  (■*-£> + ')  ( A ,  S„ -  Ac 3 , )  }

a n d  r e p l a c i n g  t h e  A  d  and  3  ^  by t h e i r  r e s p e c t i v e  

v a l u e s ,  we o b t a i n  ,

1 . 8 . 4  d S  = [  %C, a c . + f )  + &<=> + ' ) ]  ~ ¥ ( * ? . + ' )  C*c, +,)
=  ~  ¥  C 2-Ce + - ,) (  3.C, + / ) '

where we have  w r i t t e n  =  c d  c , *" y- y-/ 1 + (*-c' + 0

As ^  — d ^ . * ¥  C *-co +/ )  e, +■/") , u x> d*. must

b o t h  be ev en , by t h e  a rg u m en t i n  Theorem 1 . 8 . 1 .  As

= c, c, y- -2 ( Co y- c, + /  ")  ̂ Co'C, m ust be e v e n , C0 c, k  ^  ,
X x

From ( 1 . 8 . 4 )  , d % < U x and  d x < . Hence,

d ^  -  ■2. , a nd d - t  <■ - * - )  *"
x  z

We h a v e  : d x = ^  + t) ( _ z c ,  + /)   ̂ and  from t h i s ,

1 .8 .5  d l  «  V '[ (* .c 9 + , ) ( 2 . Cf + , )  + /  -

A ls o ,  *•)  = . Then

v /" - 3  -  ( z  Cc+O + 0  - f

-  y / ” - s . -  ( ^ 0

-  ¥  L 3- c * + ( a c . + O  + ( s - c . + j )  + ^ r c c,~
~ H [  -2 c ,  c ,  (  c« C ,  -  JL)  +  (a .  <?.*-/ )  (  Z.C-, -  3 ^

t h e  l a s t  two l i n e s  o b t a i n e d  by u s i n g  th e  r e l a t i o n
^ 3- = C* C, x (f.2 v- £ z  e, ■*■/ ) ,
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4 6 .

As C. C, h 2- j, Ca -be, > 3 j and  -2. ( Ca - t-c ,+ > )  ^  <P.

T h u s , ~ (^x . ~ V )  ^  V  / "  ^  " 3 ]  > o and  x >(&*.-■*/J

> ^ a .  -  V  . Then <^x -  ~ ^  >  Q c ^ -  ^ .)

B u t ,  from  page  45 , ^  ( ^ ^ -~  2-') . Hence

y f i  * = (2^^ ~ ^  )  , and  from ( 1 . 8 . 5 ) ,  we m ust have

1 - 8 . 6  ( z c .  + /  )  (  z  c,  + t )  + /  -  °

The s o l u t i o n s  <£« , C, o f  t h i s  d l o p h a n t l n e  e q u a t io n  

a r e  t h e  o n ly  a d m i s s ib l e  v a lu e s  y i e l d i n g  a  p e r i o d i c  d e v e lo p  -  

m ent f o r  . E q u a t io n  ( 1 . 8 . 6 )  may be w r i t t e n  a s

(-2 <ra + / )  9- ( a e ,  * / )  y- ¥ c e c ,  - /  C ^C ,*  *- (p- c* y / )  + (* c f y  / ) ]  = o J

o r  C0 c, ( CB c t -  y  J  =  O . Hence, t h e  s o l u t i o n s  a r e  :

ro Co -  / ,  c, -- y  , ^  ^  •
The o t h e r  p o s s i b i l i t y ,  ~ y  g i v e s  t h e  p r e c e d in g

c a s e ,  Theorem 181-

L e t be t h e  c o n t in u e d  f r a c t i o n  c o r r e s p o n d in g  to

cQ = / y c t = ¥  J and  l e t  0 be t h a t  one c o r r e s p o n d in g

t o  Ca c y  d, = /  • Then,
y  = /  *■ y- 3J— y *9 /  -h -JL-L

/  V  /  /*• /  ¥*■

<?. « y  -  ^  V-L y * i_  ^  _ f Z  ^  ,
/  ^  / / -

From ( 1 .8 .6 )  ^  = / I ,  -  ( 3-c, / / j g ,  -* / 'A .
J ^  /S’,

( We ch oose  t h e  p o s i t i v e  r o o t  o f  b e c a u se  t h e  c o n t i n

u e d  f r a c t i o n  ( 1 .8 - 2 )  i s  t h e  p o s i t i v e  s o l u t i o n  o f  t h e  

q u a d r a t i c  e q u a t io n  ( 1 . 8 . 3 )  )

As T>o. = 8 ^  -  -  -2- } /  and  from ( 1 .8 * 6 ) ,  we have

*  £  V ,  ‘ ^
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4 7 .

si" _ / 6  * 9  ^>7 / 6 7 1 v
T hus, *• -  “ T i r "  ~e~ )  7  — 7-------

a n d  an d  3- y  a r e  t h e  o n ly  r a t i o n a l  numbers h a v in g

p u r e l y  p e r i o d i c  dev e lo p m en ts  o f  ty p e  1 w i th  a  two -  terra  

p e r i o d .  T h is  p ro v e s  Theorem 1 . 8 . 3  .

Theorem 1 .8  -3
T here  a r e  no r a t i o n a l  numbers > / h a v in g  

p e r i o d i c  d ev e lo p m en ts  o f  ty p e  1 w i th  a  p e r i o d  o f  t h r e e  te r ra s .

P ro d f  :
We r e s t r i c t  o u r s e l v e s  t o  p u r e l y  p e r i o d i c  c o n t in u e d  

f r a c t i o n s ,  f o r ,  i f  no r a t i o n a l  number h as  a  p u r e l y  p e r i o d i c  

d e v e lo p m e n t w i th  a  t h r e e  -  te rm  p e r i o d ,  t h e n  s u r e l y  no r a t i o n ­

a l  number can  have  a  m ixed p e r i o d i c  d eve lopm en t w i th  t h e  same

number o f  te rm s  i n  t h e  p e r i o d .  T h is  i s  so b e c a u s e ,  i f  th e
n~

p e r i o d  b e g in s  w i th  t h e  V p a r t i a l  d e n o m in a to r ,  t h e n

— Y  y  V- 1 + C 2 + t )  A  \r- an<3__ . — ^
Ytr 8 ^  - !  V- ^  ► - a.

(-j Y  C + t ) ( j c ,  + 0 t *■*•+')
S r ~> 8*-, [  f r B B r - 1 .  ]

Then, a s  i s  n o t  r a t i o n a l ,  c an  n o t  be r a t i o n a l .

Suppose  th e n  t h a t  th e  r a t i o n a l  number >  / had  a  

p u r e l y  p e r i o d i c  d eve lopm en t w i th  a  t h r e e  -  te rm  p e r i o d ,  nam ely

y- ± E l ± L l  y- y ^  + A  y Z-C0 + ,J
'  ^  / c v '  /  c -.4- T c -

Then Y l  -  +  z - f * * - ' !  +. a  c , + /  (  ^  J .
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£_ _ f l  A  -X -h (*? +t )  Ay  
an d  so ~ f T ' s T  *, ) 5 7

0~ s a t i s f i e s  th e  q u a d r a t i c  e q u a t io n

1 . 8 . 7  B x  -  % [  A x  ~ C z-c*. +/) B , 7  - ( 2 - ^ + A A , = °

T h is  e q u a t io n  h a s  one p o s i t i v e  and  one n e g a t i v e  r o o t ,

a n d  a s  '5~* > c e / } 01 i s  th e  p o s i t i v e  r o o t .

I f  ( 1 . 8 . 7 )  i s  t o  have  r a t i o n a l  r o o t s ,  t h e  d i s c r i m i n a n t

^3  must he t h e  s q u a re  o f  an  i n t e g e r  , T h a t  i s

T>% = (  A x  -  + ')  8 ,  )  * +■ ¥  C * c x +i )  A , -  <¥3 > °  j

w here  <A3 i s  an  i n t e g e r  , s > o  - C l e a r l y ,

=  (  A x  + ( 3 .c ,+ ')  B t )  -  ¥  (J-C x  + /)  (A * . B , -  A ,  B x )

— (  A  X  + (a. C, ¥-J )  S ,  )  -t- ¥  (  -l-Cx ¥■/) A3.C, J-s) 0  -2- C, *■/) ,

W rite  U. a -  A x .  + ( / / )  B ,  . Then

1 -8 .8  -  U 3 ~ + ¥■ ( * -  e. +-/) <03.<r, + ,)  ( A c* , + /)  -
r

As i n  Theorem 1 . 8 . 1  , ^ 3  a n d  <¥3 m ust he b o th  ev en .

Now , = A x  * -(z-c* + /)  8 ,  - Cx (  c A c A  * -3 .c 0 * - ,)
-h (3. ct + /)  c A  +. +/) c. 1

a n d  U-i ~ Ca cA<?x * ( a-c'+ / ')  + c, x(  z.Cx + 0  + ^ A (^ -C 0 + /).

E v i d e n t l y ,  ^ 3  i s  a  c y c l i c  f u n c t i o n  o f  Ce>} C, _ Cx ■ t h a t

i s  , (¥.3 C Ca , C, , Ĉ  ~) — ¥-i { C, , <?*-, Co =r CC 3 0  Cxt Ca, c, J  ■
i

H ence, i s  a l s o  a  c y c l i c  f u n c t i o n  o f  c 0j c, , .

Ĉ-3 - C Co , C t t C x ) .
X  3l

Prom ( 1 . 8 . 8 )  , d-3 > ^ 3  > &l3 and  a s
J X

a n d  U.s a r e  b o th  ev en , g£3 > U.3 y- 2. a t A  ^  (A s * ^  )  ■

We have  =  u *  +- ¥  y- V -  V [  U* + /  -
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4 9 .

f d3 — (d* *2. ) — Y ^̂ 3

L US's =  ct 3 y-/ -  .(^2 c . y/^) / / j

Now ( ^ $  + V )  »* { & 3 & j . ) x = s/ ( & 3 + 3 )  , so t h a t

( fc j  ^ J 1  “ ^ 3  = ^  I  Zti-z -f-V -  (p- c « + j) f3 _ c ,  7 t- /) fa  c* +0 ]

A ls o ,  ~ -2 Co C, C> y- -Z Co1 (* .c ,+ /)  y •a '̂, ( -2C,.
+ ~2 C^C^Co +t)

a n d  (z.Co +1)  ( z c ,  +-/) ( z.< \ + /)  = S 'C 'C .c ^  y- 2.<?„ ( z. £ , + 0

x x + 2.C, (  2-C .̂ +/') + 3_Ĉ  (xC0 + t')th
Thus (u  z /- V )  -  d t -  *f [  * c°c, <?>. (  c, c, c ^ - ¥ )  +- i c ,  £V. -/J) (xc,+,y

+ *■ C> Cc, ->) ( 2  Cx +, ) f i C ,  Cc» - /,) f*-C.+,) + * ]

I f  <?o «, *•» -  ^ i  t h e n  a s  Cv ~> j  t

(u .3 + * ) '  -  cl*' > o

C o n s id e r  i h a  n e x t  t h e  c* su c h  t h a t  c a c, c x 4 ?•

We r u l e  o u t  C „ -  c, ~ c  ̂  = /  by Theorem 1 . 8 . 1 .  The o n ly

p o s s i b l e  c o m b in a t io n s  a r e  th e  two t r i p l e s  («■)

a n d  ^  (  /J ,  3 )  . As 6C3 an d  d 3 a r e  c y c l i c ,  we

can  t a k e  (a )  <?«,= / ,  c, ~ ^  c *- " '2~ - Then

( u ,  + v ) x - < y , ‘  -  v c j )  <■ y -  i /  3 7  ? *

(To) Let = /  , c. = /  , C^ = 3  . Then
(/Xj y V j 1 - =» f  6  ( - / )  y 6 - 2 - 3  + 3 J  >  0 *

Hence (u . 3 -f V )  * > d ^  £or  a l l  . dV su c h  t h a t

<?„ b /  , <?, > /  j c?z. * 2 . Then ^ 3  + V  > d 3 > and  a s  U j

and d 3 are both even, Ic^  -2 ^  d 3 and 3 /.ij >
A» p / . t

But from  th e  p r e c e d in g  , d 3 ^  ( u 3 + * )  - Hence ,

an d  from  ( 1 .8 . 9 )  we m ust have  <, ~ d e f i n e d  by ( 1 .8 .  8)J„

We p ro v e  n e x t  t h a t  t h e  d i o p h a n t i n e  e q u a t io n  ^  =  o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 0 .

h a s  no i n t e g r a l  s o l u t i o n s  <h>, c, y cx . T h is  w i l l  p ro v e  th e  

th eo re m .

We may w r i t e  ur* =• 0C3 +/ - ( 2  c0 f a  C/ +, )  f i e *  +/)

i n  t h e  f o l lo w in g  fo rm s :

1 . 8 .1 0  a  £¥; = c 0c, ci. C c° c>c* ~ s )  + c° ( c » - ^ ( a c ,  +*)

c> C c, (■* <?,.-*■*) + c \  (c^  - 3.)  <fh c a * 0

1 . 8 .1 0  b ur*  = c oC, c i  (  c . c . c ^  -  # )  i- ( c a - j l )  "/■ ( c . - a.)"

a.) 1 f  A f a - z ^ c  + 3. Cc.-O C l +2.(e*-')

E v id e n t l y ,  ^ 5  i s  a l s o  a  c y c l i c  f u n c t i o n  o f  <r0 / c, j c 

a s  6C3 and  (z  c a +/) (3  c, + / )  (*  + /) have  t h a t  p r o p e r t y .

Now &c 3 = Cae.*c> + c t  (*c, +0 +- c. V ^ r ,  + ,) + c j fa c .* - / )  

m ust be even . Then c / c / c / f  c , * /■ c v 1 /- <r„ m ust be

ev en , an d  t h e r e f o r e  d* ^  ^  <r„ *~c, +~c->. must be

ev en . Then, ( l )  cr„ , c, , c ^  may a l l  be odd o r  a l l  even .

(3 )  Any two o f  <?,,*!. may be odd, ythe o t h e r  one ev en .

We can n o t  have  two <?✓ eyerx a n d  t h e  o t h e r  one odd .

C o n s id e r  t h e  f o l l o w i n g  c a s e s .

( * )
Two o f  t h e  cy a r e  e q u a l  t o  1 .

We can  t a k e  c0 = /  C, = /  Then from  ( 1 .8 - 1 0  a )

Y *  =  C-* C - * )  -  [ 3  - 2 . c ^  -t-J -  3 Cl { e » -  3.) ]
= ¥  cl" -/(S C , -  y  -  ¥ [ ( c ^ < r j

Thus i s  n e v e r  z e ro  f o r  i n t e g r a l  Cl_ a n d  w i th  cc =• r,

( ^ J  d l  = / ,  = 3

U sin g  ( 1 .8 .1 0  a ) ,  we o b t a i n  ,

V .
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5 1 .

^  = 3  Cl. (  3C^ - <P)  - 7  + 3  Cl C Cl. -  a.) = / Z  Cl. 1 -  2  Vc i  - */

^ % = / *  [ ( c ^ - f X ]  - / 6 '

T h is  q u a n t i t y  i s  n e v e r  z e ro  f o r  i n t e g r a l  . T hus, u / \  % o

f o r  Co ~ / J c, = 3 an d  <̂ x -  /

( r  ) L et C o  = 3 } c, -  / Then

* 3 Ci. ( 3  Ci . -&)  +■ ?  -  C a c i  ■h/') *-7 Ci. C c ^ - i )

~ /<£ cxx -  wo  c± -+- P

^  = P (  - J q 1 -  ^cr*  + / )  .
Now -S -C ^ y- /  <  o  f o r  C=- -

-i ^  + !  >  o f o r  = 3

Hence UP} c an  n o t  v a n i s h  f o r  c  0 =■ 3 ,  c .  =■ / ,  c ^  > /

( / )  I f  <C0 ^  a.j c , ^ ;a., c ^ ^ - s . ,  t h e n  e v i d e n t l y ,  from  ( 1 .8 .1 0 a )

> o u n l e s s  C 0  -  c ,  -  <z^ -  a  •

The p r e c e d in g  d i s c u s s i o n ,  <f<), ( f t)  ( ? )  and  <t/) d i s p o s e s

o f  t h o s e  c a s e s  where c„ c, Ĉ _ ^  8  , and  a l s o  o f  t h o s e

where' <r. c , 9  , w i th  two o f  t h e  £*„ e q u a l  t o  one ,

a n d  t h e  t h i r d  Cv > f  . Then th e  o n ly  r e m a in in g  c a s e s  a r e

t h o s e  where £*«. c , c \  > •=? and  where a t  l e a s t  two o f  th e

C y .  a r e  g r e a t e r  t h a n  o r  e q u a l  t o  tw o. But ( 1 .8 .1 0  b )

shows t h a t  u r % >  +. ,  + y  _  . /JL  > 0

Hence UcP} = o h a s  no i n t e g r a l  s o l u t i o n s  o t h e r  th a n  <re = c , ~ c ^ - z . } 

T h is  e s t a b l i s h e s  t h e  th eo rem  f o r  p u r e l y  p e r i o d i c  d e v e lo p m e n ts ,  

a n d  t h e r e f o r e ,  from  t h e  re m a rk s  a t  t h e  b e g in n in g  o f  t h e  p r o o f ,

f o r  a l l  p e r i o d i c  d ev e lo p m en ts  h a v in g  a t h r e e  « te rm  p e r i o d .

T h is  p ro v e s  Theorem 1 .8 - 3  .
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D e f i n i t i o n  1 .8 - 1  „
A f u n c t i o n  o f  n  v a r i a b l e s  , j  r x , , X.

i s  s a i d  t o  be  c y c l i c  when i t  i s  unchanged  by e v e ry  c y c l i c

p e r m u ta t io n  o f  t h e  v a r i a b l e s  - 'X.-*. -e

T hus, i f  i s  c y c l i c  , t h e n  , .//dr, , ^ , • • - y ^ )  '

/ / * * .  , ^  ^  ) « • • • • *  k »-')- 

Lemma 1 . 8 . 1
A s u f f i c i e n t  c o n d i t i o n  t h a t  a  f u n c t i o n

/ f x ,  , K be c y c l i c  i s  t h a t  / /* : , ,  )  - 'ffx*. ■■■ k ,  x . ) .

P r o o f  : /
By h y p o t h e s i s ,  , **■, ■■■ *■■») r e m a in s  unchanged

when t h e  v a r i a b l e s  %, . • •• a r e  p e rm u te d  c y c l i c -

l y  t o  x ^ t . . .  ^ , T h a t  i s ,

/ / * ■ , ,  V., P = / / d r „ ,  TC,)

I n  t h i s  r e l a t i o n ,  r e p l a c e  V-, by V*, by and

Y-y, by . On th e  r i g h t  s i d e  we o b t a i n  / / * , ,  x,,

The l e f t  member / / x, , i s  u n c h an g ed , by t h i s

c y c l i c  p e rm u ta t io n  o f  t h e  v a r i a b l e s .  Hence , / / x ,  , 'X,, ) =

r / " / x x ,  . . .  y  > )  ~ x-./, <• - '  x * , "V,, x * ) .

I n  t h i s  m anner, i t  can  be shown t h a t  / ^ x ,  , dr.., ^ -

-  v . , -  ' Xx -^ .y* - . )  f o r  A= * i, ■■■■ *  ■

H ence, by D e f i n i t i o n  1 . 8 . 1 ,  i s  a  c y c l i c  f u n c t i o n .

«>— + &■' /  <2̂- /  l-
L e t  < 7 = ^ 0 ^   ̂ ’ '

be a  c o n t in u e d  f r a c t i o n  o f  ty p e  1 , w i t h  co n v e rg  -

e n t s  {  /  , From P e r r o n ,  0 ( l ) ,  " K e t te n b ru c h e  " & S'
L J > s

f o rm u la  37, page  15 , we have  ;
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J 8 *  = A„
i - 8 . i l  j .  J  ' *> m , .

I  A y  -  C a A \ , - i  7*~ &■ • ^ v /  •>

( , )  f x >

By th e  f i r s t  r e l a t i o n ,  ^ y - ,  = A y-*  an d  so , th e

se c o n d  r e l a t i o n  becomes
<3-) si 7

l . a . i i  a A y  =- c 0 A * - ,  +  A * - * .  > ( A - i - ' J .

Theorem 1 . 8 . 4
L e t  t h e  r e a l  number sT > / have  a  p u r e ly  

p e r i o d i c  deve lo pm en t w i th  a p e r i o d  o f  ( sn+>  )  te rm s  :

i~o -  Ca* 4- S-d- 4- ■ • •  ̂ A ̂  ! + &■*+' / ,*• <<» / + , . ,
/ O w /<*„'r /  cra " /<?.«■

a n d  w i t h  c o n v e rg e n ts  ~ ( c* + >̂

Then t h e  f u n c t i o n  : U * .+, ( Ca, c, ’ >><?*') * /h ,  +

i s  c y c l i c ,  ^7 > o (  .■= 0 )  ,

P ro o f  :
We have a l r e a d y  se e n  t h a t  f o r  K  -  a. ,

-  A y + a „ ,  B y - ,  i s  c y c l i c  f o r  k - » ,  / ,  * •

I n  t h e  g e n e r a l  e a s e ,  k  ^  / i t  i s  e v id e n t  t h a t  <£0 * c . H,

Us, = c ? c . * t*- a., 7- , o r  u . ,  - <=•<, V ’ * ^  r-<?9 ‘r+(c,4-i) r-c, *

a r e  c y c l i c  - f u n c t io n s  o f  t h e i r  v a r i a b l e s .

L e t  n  be an a r b i t r a r y  in d e x ,  ^  /  . We have  :

^  ^ ^ , - t  -  C-*t Ay,-, ■*■ Ay, - *. dy i ,  Q t,- , »

I n  Cty, 4 , , r e p l a c e  d* by <?, , c, by d \  — • - and

Cy, by <ro , o b t a i n i n g  h'Z.*, • T hus, u s i n g  ( 1 .8 .1 1 )
—---  * fO (/J ft)

U » + > = <?0 A * ,.,  /• ^
*r st ~ A <T?

~  C a  A y . ,  ~f~ & ■ ,  A  * - x  1<- C t  y  , A y - *  ~  A  -yi +  & ■ * + ,  C ^ s y - I

a n d  {/£■ »»•/-/ ~ ^  , ' ' '   ̂ Co') — ^  * +, (  Ca' c, t ^ _

Hence, by Lemma 1 . 8 . 1 ,  = /4-^ 'ha^ , 8  i s  a  c y c l i c  f u n c t i o n .
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L e t  t h e  r e a l  number 01 > /  have  a  p u r e l y  p e r i o d i c  

d ev e lo p m e n t o f ty p e  1 and  w i th  a  p e r i o d  o f  n  *  1 t e r m s ,  ( k * -O

1 . 8 . 1 3  01 = /  ± £ i ±LL  y . . . * *  *-// A /  ,
/< ? ,*  t ~ ? ; —  7 ~ ^

Then ^  •>*- (z. <r̂  +/) A *-/ and
Ci<h, , t /  ̂ X3-* -/

s a t i s f i e s  t h e  q u a d r a t i c  e q u a t io n  /

8 ^  -  % [ d *  ~ +/) 8* . ,  ] - ( * < : »  + / )  4*- ,  =■ o

W rite  ^ (-2<£V, *-t)

The d i s c r i m i n a n t  o f  t h i s  q u a d r a t i c  i s  :
2. **-

~ L  A  -*t ~ fee* ^  C* + !) 4* -, 8 ^ ,  -  ^>}*l ^ 0

I f  ct-**, i s  r a t i o n a l ,  and  h e n c e  an  i n t e g e r ,  t h e n  € l  i s

r a t i o n a l .  O th e rw is e ,  ^7 i s  a  q u a d r a t i c  i r r a t i o n a l i t y .
3 -

We may w r i t e  (£^+, a s  f o l lo w s  , :
X  * '

= [ A - t ,  + (* .? ,,+ /)& + ,-,]  -  )  ( 4 ^  8 ^ _ , - /4»-> %*)
2_ ^  / Vw 

gt-,, — cc-h^ t ~ £ / )  ■ y  77 C ■*■/)

L e t  n  be odd , n = 3m + 1 , m ^  o . Then
9*

.  ^  X h t + I

a n d  < t f ^ A l s o ,

1 . 8 .1 4  a  - a . ; " *  </[ + ( - ') * -  / f7 * c „ + o ] ,

In  1 .8 * 1 3  l e t  n  be  even , a . = ^  ^  °
*- 1 ■*-** . .

Then „ + « 7 T ( a - c „ n )  , and  A lso ,

1 .8  • 14 b />/ ,  . i 1 ^  1 y , . i>M ^ ^  ~)

Lemina 1 . 8 . 3  ^
L e t  th e  r e a l  number f l  > / have  a  p u r e ly

p e r i o d i c  deve lopm en t ( 1 .8 .1 3 )  w i th  a  (n+1) te rm  p e r i o d .  Then 

i f  Cv * a- v = «». * • we w i l1  h ave  :
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1 . 8 . 1 5  U-H + , -t- ( - ' )  -  7 T Y  ^  ^  * - 0  , ^  > O
6

w i th  e q u a l i t y  o n ly  i f  = a.  ̂ y  -

( Here = /!-* + +-') )

P r o o f  :
F o r '*1=0  ( 1 . 8 . 1 5 )  becomes c a y-/ >  -e c . * /  •

T h is  i s  o b v io u s ly  t r u e  for* c 6 > s. , a n d  w i t h  e q u a l i t y  o n ly

i f  c 0 -  z , F o r  n = 1 , ( 1 .8 .1 5 )  becomes.- (*-c. *-')CAC*i'0

o r  C* c Y  ■*-{2-c>*'/)  + (z -c ,+ /) - /  > (ic„  + /) -h ¥c„ c , + 3-c ,

o r  c» c, { c 0 c, - * / ) . >  o T h is  p ro v e s  th e  Lemma f o r  - /,

The Lemma i s  t r u e  f o r  ->i = x  . F o r ,  i n  Theorem 1 . 8 . 5  , we

saw t h a t  u r 3 ~ + /  -  ( z.c . + / )  C*c,  +-/ )  C3-?*- )

c o u ld  be w r i t t e n  i n  t h e  form  ( l .B i l O  a  ) ,

= c ,  c, c^ ( c a c , c ^ - & )  + c .(c , - x )  ( z c ,  +t)
+ c, C c t - Ju) C 3.C*. + ! )  + C* ( c x ~ 3.) Ca-C.-t-O •

C l e a r l y ,  th e n  > o i f  c y > a- , and  t h e r e  i s

e q u a l i t y  o n ly  i f  c a - c,  - C->_ = JL T ha t  i s ,

U_ j / - /  > Q zc .+ /)O l c,+/')(xc3.+,')j w h ich  i s  ( 1 .8 .1 5 )  f o r  >?* a. -

Assume t h a t  t h e  Lemma i s  t r u e  f o r  two a r b i t r a r y

s u c c e s s i v e  i n d i c e s ,  f t - / ,  ^  T h a t  i s ,
** ***

U„ + , + (-') >  7J~( 2-c*. *■/) h o ld s  f o r  £ - /  , '■*-£■

Now {/-*+?_ =■ 84, , and  by Theorem /-&■ V

i s  a  c y c l i c  f u n c t i o n  o f  Co, c. •• • . As ~7T
o

i s  a l s o  c y c l i c ,  we can  assum e t h a t  i s  t h e  l e a s t  o f  th e

c  ^  , i . e .  A. * CA +, 4  Cv t f o r  4  We do t h i s .

Now « ( c ^ t + * ) * * - > )

+ (  + ' )  f  ** 8*_, + (* * * .,

u .a i+ 3 . = jl/ (  Y i * + Ql * O  B j, + (2 <% + 0  [Am-,

+ &*-> L CY  C2 c^ iO  -  ( z c *  + O l  

* ( z c « - t * -0  8+-* [ U c M„ i - O -  (z-e* " ) ]
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and : * C * c* . + ' ) U k

+ (Cfe '  &4t-, £  £/* + , + <?* + °- C*. ■*' c* ]
^ -a. (  ^ '  ĉ , J C •%■ c ^,/ *■ / J  8 £  -x ,

By assu m p tion , U ±  + , > T T  f i c y s / )  - ( - , ) *  > o
o

so  t h a t  .- u t*  > T ^ V 5 c„ ) - ( - ') * ' '  > °

> c* + , [  f t C i C r * , ' )  - ( - / ) * ]  t  "1d -/ o
~C *^) -f C/tt -2. ^te~]

* * -  f  c * „  - * * ;  £ *<?*.„ * / ;   ̂ * « & * •''
u L * + ^  >  ~TT (  s.cy + 0 [  Cm„  +sj -  & ) * * '(  +>7C* * <)
where we have w r it te n :  +-(c± - ?** / )

cC* + i  -  &#-/ C * , * ("/e * ^ cAi ") -  s. ( z  +j)  S m - a-

, %- 
I f  a l l  th e  £ ^ eq u a l 3 , th en  e v id e n t ly  CA+, ■+ /  =•

and <T* - so  th a t  <̂ U>aa = /  i T -?C * / /  -o
O th erw ise , a t  l e a s t  one c  ^  3  Now e i t h e r  - a,

or ^  \  ^  , In th e  f i r s t  c a s e , C* - ^  a. j

we have ^  ^ 3 fo r  a t  l e a s t  one in d ex  , v ± Jk , and so

t t+z > T t  ( s . c*. + / )  -  & /)  *  ' , A lso0
fa /T~ >• *■ fa&t y— ^ ~~1

11* , .»  7 7  f -2 crv //,) /  + , ]  -  &/)  /  a c m *-/ -  c * y# /

I f  ^  r = ■*- t h e n  > 7T~ ( * C r * - t )  - £ / ) * * 'o
I f  <* -  4 t „  ^-3 th en  ( e A „  - / ) * *  V  ,

o r  <^C* * /  > ( *cM+, + / )  + 3  , and
>  77* ^  -  ( ~ j ) k *' +- 3 7 T  f a c Y *■/) - ( s )  (Z.eH - C * ) .

0 o

Tiaen, as = c M ^ 3  j  ( ^  o, ^  . ■ ■ 4  • s J
4 3_

and c l e a r l y .  5 T T  C +■>) > Ot, ~ z  f  we have

r e a d i ly  th a t  U .^  ^  >  ' 7 7 ~ { - * C r + ' )  -  C - O * * '
O

The o n ly  rem ain in g  c a se  i s  th a t  where  ̂ ca-*j > ^
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Then _ c^ / "> / , an d  ~ 3 ' ilave l n  t h i s  c a se  :

* ■TTC iCr+O  [  c ^ t + / ]  - £ / ) a * ' - [ - / ) *  ' ^ C/z - cM\ t)  + ,

w here  = C * .t + C M i - 4 C * . ,  cM)  -  .

As 2; t h e n  ^ , , 4 - ,  >  •* 4*_, > *<*-!’ 4*-* ^ 4

t h a t  i s ,  C n ,  8 * . ,  *> *. ^  ( *Z C j , . A lso ,

(* *  r / )  > * .8 * - , .  / > C „ .  ^ V '  Thus ;

B*-< (c*+ , + C* - 0  + 0 ;  ^ >0 ' I n d e e d >

>  & 4 ~ , (  /  / -  )  > o  •
j- r  x-

Now > <r^  ̂ a s  ^  z  , an d  c l e a r l y  <%*.,. > -2. ^ <r*.,

F u r th e rm o re ,  a s  ^  ^  ^  =»-,

<& + *- ^ .2*^ * > J s. - Cm.** I
9-

a n d  £/k +, + t  ^  ^  c*n-, ^  f  . Thus
* x v s y M. + /

Ot*,+ a. > I T  (  2 .C r + ') ~ £ ' )  .o
The Lemma 1 . 8 . 3  i s  t h e n  t r u e  f o r  t h e  n e x t  h i g h e r  in d e x .  

H ence, i t  i s  t r u e  f o r  a l l  i n d i c e s  ^  -  0 ■

Theorem 1 . 8 . 5 ___________________________ __
I f  t h e  r e a l  number fZ  > / h a s  a  p u r e ly

p e r i o d i c  deve lo pm en t w i t h  a  p e r i o d  o f  ( n+1 ) t e r m s ,  ( 1 .8 - 1 3 )

a n d  i f  C„ ^  3- , (  v -  o , /, *-. ■ • ■ w i th  a t  l e a s t  one

< 2 ^ 3  , t h e n  ^ 7  i s  a  q u a d r a t l o n i r r a t t o n a l i t y .

P ro o f  : _
Suppose on t h e  c o n t r a r y ,  t h a t  >a w ere  r a t i o n a l .

Then from  page  54 , t h e  d i s c r i m i n a n t  must be  th e  sq u a rei-
o f  an  i n t e g e r ,  TX, + , “ d  , where d »  + i i s  an  i n t e g e r .

From ( 1 .8 .1 3 )  , d*,*., ~ — (rO  * V T  ■

I f  n i s  odd, d-»+, *3 hr»*, an d  a s  a n d  tt*+, a r e  b o th
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ev en  , 2. ■ But from  ( 1 .8 . 1 4  a )  ,

-  ( u „ ,  * C - ,y  ,

a n d  t h e  q u a n t i t y  i n  b r a c k e t s  I s  p o s i t i v e  by Lemma 1 - 8 .3  .

Then > U *,*, - x  ■ T h is  c o n t r a d i c t s  t h e  r e s u l t  d h4., ^  x -
x. “a-

I f  n i s  even , > 6C»+, d ■»+, > ^ and  d ^ ^  , + 2 ,

a s  d-»+, and  a r e  b o th  even . But from  ( 1 .8 . 1 4  b )

( a „ . ,  + < t Z ,  =  * [  “ *+, * y r f z . C r * - , ) !

The q u a n t i t y  i n  b r a c k e t s  CCx-, +- (-/) -  JT ( x c „ + , )0
i s  p o s i t i v e  by Lemma 1 . 8 . 2 .  Then d-*+, ^  + , + x . •

T h is  c o n t r a d i c t s  t h e  p r e v io u s  r e s u l t  t h a t  <d»*, ^  u »+> -

H ence, i s  i r r a t i o n a l .

Suppose  t h a t  t h e  r e a l  number ^ 7  >  / h a s  a  m ixed
. !Xr

p e r i o d i c  d e v e lo p m e n t,  t h e  p e r i o d  b e g in n in g  w i th  th e  y

p a r t i a l  d e n o m in a to r  , // ^  /  . From page  47 ,

f -  _  A+-> + /L / j K C a - C ^ + y f s L C r . ^ + f ) " -  (a.C.-ht) ,
S y r  ,  [  r v  & V - ,  + -  + ' )  S y - a .  7

w here  h a s  a  p u r e ly  p e r i o d i c  d e v e lo p m e n t.  C l e a r ly  ,

i f  y  i s  I r r a t i o n a l ,  17 i s  a l s o  i r r a t i o n a l .  T h is

y i e l d s  t h e  C o r o l l a r y .

C o r o l l a r y  1 . 8 . 5  .
~  I f  t h e  r e a l  number > / h a s  a

m ixed  p e r i o d i c  d e v e lo p m e n t ,  w i t h  a  p e r i o d  o f  n +1 te rm s  ,
n-

b e g in n in g  w i th  t h e  v' p a r t i a l  d e n o m in a to r ,  V -  / , and

i f  C- > x  t (c  - Xi>,....... )  w i th  a t  l e a s t  one ct- ^  3

t h e n  f l  i s  a  q u a d r a t i c  i r r a t i o n a l i t y .
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Rem arks :
From 0. S z a sz  , 11 L e c tu r e s  on C o n t in u e d  

F r a c t i o n s  a n d  A l l i e d  T o p ic s  " , U n i v e r s i t y  o f  C i n c i n n a t i  

( 1 9 4 0 -4 1 ) ,  s e c t i o n  on I r r a t i o n a l i t y  C r i t e r i a  , t h e

c o n t in u e d  f r a c t i o n  /<  -  + A j-L + +■■■
/A  /^>>

w i t h  p o s i t i v e  i n t e g r a l  e le m e n ts  A  , c o n v e rg e s  and

i t s  v a lu e  i s  i r r a t i o n a l  i f  t h e r e  e x i s t  a  seq u en ce  o f  p o s i t i v e  

i n c r e a s i n g  i n t e g e r s  < 'W*. ...............' su c h  t h a t

j T  6  >  I T  a . ,  , ,y ■> f o r  te ~ * •lj

Apply t h i s  t o  t h e  c o n t in u e d  f r a c t i o n  ( 1 .8 .1 3  ) o f  t h e  

p r e c e d i n g  Theorem 1 . 8 . 5  , page  57 . Take '?i, =• o , 'n*. = 

a n d ,  i n  g e n e r a l ,  = (& / )  - Then

•yf* ' /  _  1 a-
'  ' C° C  and

7 i  a r -  r / )  ( z c ,  + , )  ■■■■ C a . c „ t - i ) %
r + 7,̂

C l e a r l y ,  i f  Cr ^ 3   ̂ = <?, /, *  th e n  7 /  c / > 7 FOic^ i-j)

a n d  IT i s  i r r a t i o n a l  by th e  above c r i t e r i o n .

Theorem 1 . 8 . 5  shows th a t  in  th e  p e r io d ic  c a s e , on ly

one o f th e  c „ need be g r e a te r  or eq u a l to  3 , w h ile  a l l  

th e  o th er  Cy b  3. in  ord er  th a t  th e  p a r t ic u la r  co n tin u ed

f r a c t io n  ( 1 .8 .1 3 )  r e p r e se n t  an i r r a t io n a l  number •

I r r a t i o n a l i t y  C r ite r io n  1 . 8 . 1

A r e a l  number IT > o i s  i r r a t io n a l  i f  th e r e  e x i s t  

two seq u en ces o f  in t e g e r s  ( A n ]  such  th a t  e i t h e r

(a )  I fo  8 ^  -  A t, J i s  bounded from above and ta k e s  on 

i n f i n i t e l y  many d i s t i n c t  v a lu e s  d i f f e r e n t  from z e r o , or
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6 0 .

(b )  I f .  A n  I + 0  an d  ^ r ~

P r o o f  : ^
( a )  Suppose th a t .  So w ere  r a t i o n a l ,  >«

p and  q i n t e g e r s .  Then / d  3 ^ ,  ~ A-* /  ~ /  P ^  ~ 3 I ■

As ) £1 3 ^  -  A -k | i s  bounded , t h e  n u m e ra to r  j p & ^ -  j  /?* j

i s  a l s o  bounded . But t h i s  q u a n t i t y  i s  an i n t e g e r  f o r  a.

a n d  t h e r e f o r e ,  i t  can  t a k e  on b u t  a  f i n i t e  number o f  d i f f e r e n t

v a l u e s .  T h is  c o n t r a d i c t s  t h e  h y p o t h e s i s  ( a ) .  Hence i s

i r r a t i o n a l .

(b )  Assume t h a t  T  i s  r a t i o n a l ,  ^

Then / £2 13^ A » / -  /_£%-' A — J  o  .

As th e  n u m e ra to r  i s  an  i n t e g e r  °  , t h e  f r a c t i o n

I p> - / 4» /  can  ^gQQjjjg i e s s  th a n  T  . T h is

*  3c o n t r a d i c t s  th e  h y p o th e s i s  (b )  t h a t  J - A-* ( = o .

Hence To i s  i r r a t i o n a l .

Theorem 1 . 8 . 6  ^
I f  a  r e a l  number s7  > / h a s  a  c o n t in u e d

f r a c t i o n  dev elopm en t of ty p e  1 > ( * ' * ? ■ ) ,  T a = + [  -3^r~l

su c h  t h a t  CY — •? f o r  ^ ^  A  ̂ ( X  a, p o s i t i v e

i n t e g e r  } A ^  o )  t h e n  T  i s  i r r a t i o n a l .

P r o o f  :  ̂ ^
We can  assum e t h a t  X  = o ? f o r  a s  *

02 =  A * -  / + {- / )  * a.. ** - - - _____
B >-< iSU-O

i f  i r r a t i o n a l ,  t h e n  so  i s  ^  . Then we have  :
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6 1 .

=  A t t  +  A t ,  A y , - !  a n Ao - - — j aliU

1 1. e _  - I = 1 S ' S . - .  '  A " '  I ■> >% * /
Now ^ l±l -  ^  > o j  f o r  o t h e r w i s e ,

> »-i -♦- *

w ould  have a  f i n i t e  dev elopm en t . Thus :

/  £  4 +  I  *  j r .  B t , - ,  -  A , . ,  I .

A ls o ,  from  t h e  above r e c u r s i o n  r e l a t i o n  f o r  I To - A-* ) i 

we o b t a i n  , j f 0 &„ - A t, /  = ■ dL <3/ ^  0 ,
C . ,  C  • ' ■ r _  C

e -  1 a*  + ' * 'iS^JL L  = -^=" +
As we have  <?„*- Cr * /

Thus <~ A L < f o r  v *  o , and
5 ^ i  '

I r. b „ -  a * I < ( ? Y .
Then J r ,  '  A  * /  ~  ® '

H ence, by t h e  C r i t e r i o n  1 . 8 . 1  , i s  i r r a t i o n a l .
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Chapter 2

2 .1  Semi -  R e g u la r  A nalogue  o f  t h e  A p p e l l  A lg o r i th m

I n  t h e  d ev e lo p m en t o f  t h e  p r e c e d in g  c h a p t e r ,  we
/?-

to o k  t h e  g r e a t e s t  i n t e g e r  c o n ta in e d  in  t h e  r o o t  o f  a

g i v e n  p o s i t i v e  number IT , c 0 - /  K  * J  . One o b t a i n s  an  

a n a la g o u s  deve lopm en t i n  t a k i n g  th e  l e a s t  i n t e g e r  c o n t a i n i n g  

t h e  K '  r o o t ,  ( f t  a  p o s i t i v e  i n t e g e r ,  K  -  / )■

Thus, l e t  K  be  a  g iv e n  p o s i t i v e  i n t e g e r ,  t, an d  l e t

> o  be a  p r e s c r i b e d  r e a l  num ber. The i n t e g e r  c . i s  d e f l n -  

ed  to  be th e  l e a s t  i n t e g e r  c o n t a i n i n g  S, . Then 

C0 k I ;  * > C0 ~ /  j, cr. > / ,  a n a  c 0 ^  IT > ■

I t  IT i s  t h e  H  ^  power o f  an  i n t e g e r ,  §T -  c0* , t h e  

dev e lo p m en t e n d s .  O th e rw is e ,  * J  + / ^  ■

W ri te  T. ~ C.* ~ ;  t h e n  o * < c .* -  Cc. - / ) *

I f  P 0 =|: d , t h e  number $7 i s  d e f i n e d  by ; ^7 -
!*- c- ^ ( c . - O *  ^Thus 17 > f f and  >1 =   -

One can a p p ly  t o  17 t h e  same seq u en ce  o f  o p e r a t i o n s
■ H

a s  a p p l i e d  t o  f l  o b t a i n i n g  : *7 - c> (*• w i th

0 4 < c. - f c - 0  • I f  T, -  C, j t h e n  = o  and  t h e

deve lop m en t t e r m i n a t e s . One o b t a i n s  f o r  IT

f. - g / -Cc.- / ) ' .
C,* As $7 ^

O th e rw is e ,  ^  > °  > a n ^ c > '  ^  ^7 * ]  +> ~ ^  * We p ro c e e d  a s  

above  t o  d e f i n e  S"7 .• 17 - ~ (c ‘ ~j )  *. f 7_ ■> /  an d  so  on.
r

A p p e l l ,  P (1) and  (2) , l o c .  c i t .  page 1.
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63.

I f  a t  any  s t a g e  In  t h e  seq u en ce  o f  o p e r a t i o n s  C" i s  

a n  i n t e g e r  Cr > th e n  -  o , a n d  th e  d eve lop m en t t e r m i n a t e s .

One o b t a i n s  i n  t h i s  c a se  t h e  f i n i t e  deve lopm en t :

3 . 1 .1  f  =  C." ~ Co* ^  V _____  _ - (C .r O l
f  j *  *f  J U J - J r  *HVI  CV * I d ,

I f  a t  e v e ry  s t a g e  >  o , t h e  deve lopm en t does  n o t  

t e r m i n a t e ,  and  one o b t a i n s  t h e  i n f i n i t e  c o n t in u e d  f r a c t i o n

2 .1 . 3  T. ~  e .' -  c ' - ‘‘‘■■-'111 - <?1- ce,-d V ------
\ C , H I ^  H

In  th e  d ev e lo p m en ts  ( 3 . 1 . 1 )  and  ( 3 . 1 . 3 ) ,  we have  

C0 > 2 f o r

D e f i n i t i o n  2 . 1 . 1
The deve lop m en t o f  a  r e a l  number > o by 

t h e  a lg o r i t h m  o f  s e c t i o n  3 .1  i n t o  a  c o n t in u e d  f r a c t i o n  ( 2 . 1 . 1 )

o r  ( 3 . 1 . 3 )  i s  c a l l e d  t h e  deve lopm en t o f  ty p e  2 o f  To
* r  cY.J *7~A c o n t in u e d  f r a c t i o n  C» + [ ~ ----- — -------- J, , w i th  K a

* _ ^  t

p o s i t i v e  i n t e g e r ,  K  ^ / a n d  where t h e  c w a r e  i n t e g e r s ,  -  /,

i  f o r  v £■) , i s  c a l l e d  a  c o n t in u e d  f r a c t i o n  o f  ty p e  3.

F or K -  I , s e e  P. E p s t e i n  , "Uber Mobius K e t te n b ru c h b  

u n d  E le m e n ta l  -  K e t te n b ru e h e  " , M a th em a tisc h e  Z e i t s c h r i f t ,  *■>

As an  i l l u s t r a t i o n  o f  t h e  above a lg o r i t h m ,  l e t  3 , >r'“ *2'
/—  -j * * 3

Then one o b t a i n s , <?» = L  J  +■ / -  ^  J 3 '  a  "  3 -

C l e a r l y ,  - 3  = Hence 3  ^  2. , / JL-
i  3 }  _ 3 /? ~ ^ « nsuuc  —> -  -

3 .3  C onvergence

We p ro v e  c o n v e rg en c e  f o r  a  s p e c i a l  c a s e .
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Theorem 2 . 3 . 1
The deve lop m en t o f  ty p e  2 o f  t h e  number

tf __
^7 = -2 “ /   ̂ i s  c o n v e rg e n t  and  r e p r e s e n t s

P r o o f  : r  , £ ? . ~  _ * j t i
We h av e : <f0 -  [  [2 ~>)  /  ^  7 =  a . ; - .2 - .

E v id e n t l y ,  ^7 * 5 - / - - ^ ,  i t  f o l lo w s  t h a t  

51 ~
~  + +  f - ^ - 7

Now- ' / l .  = * '  -  r . * /  -  £ 1 ^  and

/j, -- (r. */ M. - r. = tr + 't * - r, -/ - r. '*■ g =. .
r._ - / s*« - /

/J  c"** ^ ^ f  jA ^
In  g e n e r a l ,  assum e t h a t  ^-------  and A * ., - T. ~L

*• €1 - /
a r e  t r u e  f o r  an  a r b i t r a r y  In d e x  v ^  / . Then
4.,, - -(x'-t)**-. - (r. +,)( z  W‘-Z) - g/ f . /)

j r : ,  ( £ ■ " ’ + r " “ -  r .  - /  -  £ " % , * * :  2  r °

/4 = f~l — !
n

H ence, =• C '** -A i s  t r u e  f o r  v ^  ° '
r -

From ( 1 .8 .1 1 )  p .  B r = Av-, and  a s  t h e  d e v e lo p ­

ment i s  p u r e l y  p e r i o d i c  w i th  a  one te rm  p e r i o d ,  c l e a r l y
- ( / )  y *

= Hv-t Thus = A y-, j (v2 o We have th e n

3 . 3 . 1  A y-, ‘ B y =• f L l l z /  -  (-2 * - / )   ̂ ~y
T  -  > z  H -

Thus ~^r~ ~ —-----—  * y ~  - S ------ 1£_
^  n  - / TT*'-/ T T * ' - /

a n d  -  f7 = - S —— > o  ,

Then O ,  #  -  / <  ^  '  f ^ - r  ' ^  ^5* ■ -  F . <*

A .  F “we have 7^7  ~ >e> ~ °* Hence t h e  d eve lop m en t o f  ty p e

3 o f  fo = -2 * - /  c o n v e rg e s  and  r e p r e s e n t s  i \  . > -O .
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6 5 .

Suppose now t h a t  we w ish  t o  d e v e lo p  a  p o s i t i v e  number 

i n t o  a  c o n t in u e d  f r a c t a i o n  o f  ty p e  2 w i th  *  > ) , an d  t h a t

t h e  number w ere  su c h  t h a t  > ^  < 2. . Then,

( .  ■ / ' h V  , and  17 -  a  ’  -  •

T hus, r .  = S ^ L  ; f7  -  f ^  .

*r & t -
From o u r  a s s u m p t io n s  on ° , we have.' 2. -  /  > z- - ,

C /  ~  * a * - /a n d  a c c o r d i n g l y  2.*- f l

Then > < ^  ^  2* > and  C  h a s  th e  same p r o p e r t y  a s

I t  f o l lo w s  by i n d u c t i o n  t h a t  a l l  t h e  have  th e  same

v < 2. - / .  H ence , <£V -  z. , ( r  * o)
t -  + , r  2 * - /  7a n d  So 2  + L ~ " J

But <2 * -h [ -  ^ ~ r ] ,  = 2  " / -> ^  Theorem 3 . 3 . 1 ,  and  T*

We have th e n  t h e  theo rem .

Theorem 2 . 3 . 2
The d ev elopm en t o f  ty p e  2 o f  any number C  > /

r &
« ^ -a- > i s  t h e  same

f o r  a l l  th e  f l  , and  i t  r e p r e s e n t s  th e  number 2.*  -  J •

I t  f o l lo w s  r e a d i l y  t h a t ,  i f  i n  th e  dev e lo pm en t o f  ty p e  2

o f  a  number f~0 > / , we o b t a i n  a  c o m p le te  q u o t i e n t  ^

s u c h  t h a t  ) < ^  ^ -2- “  f  j t h e n  t h e  deve lopm en t

will be periodic from this point on* and also, the continued
f r a c t i o n  deve lopm en t o f  c o n v e rg e s  b u t  does  n o t  r e p r e s e n t  ^  .

In  c o n n e c t io n  w i th  t h e  r e s u l t  o f  Theorem 2 . 3 . 2 ,  we p o i n t

o u t  t h a t  i f  I 4 4 a . * - /  , t h e n  th e  se q u en ce  { K } i s
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s t r i c t l y  d e c r e a s i n g ,  K  < £1-, ^  • F o r ,  l < T, <£ a .* -/  t

a n d  r -  n  -  *  -  * * *  * r r  = r > - ~  * a V  -
ST - r. - f  sr -a ' - , ) ]  ( r . - , )  <. * ^

T,
Then T] ^ f .  • S i m i l a r l y ,  ^  < #7-, f o r  y ^ / . A ls o ,  a s

f~v > / f o r  V * oJ i t  f o l lo w s  t h a t  ^  e x i s t s  an d

t h a t  -2.*- /  > C  -  / • Fro® t h e  r e l a t i o n

r. . ' a 4 - -ilh . - -■ - ^
/  -i * J Fv

s~ ^  n . *-/ L r ± t ). i ^  C  ^  Jw here  / < f ,  ^ ^  ; ■"

we h av e :  £7 -  ^  ^v-/ ~ C2 -/ ^ v"_a- an(  ̂ / h  ~ ')§zZ ,
f7 S„., - ( 2 V- , ) S ^  } ^

v e , - i  /

From e q u a t io n  ( 3 . 3 . 1 )  , Z'’- 6 25V = ^ Z l i ---- —  /» " * • ) .  Then

( 2 r - / )  J L z± -  - ( * ' - * )  f  ~0z * - p r  - £  V  ,  /.
1 x j r ^ T y ^ r ^  ( a * - , ) *  - I

Thus i 2. $1 <f ^  _  , a s  r r  * .2. *- )  , ,

by Theorem 3 . 3 . 3  . Then (f §7 - - ^ O  -  -  C a .1' - t ’)  * °

so  t h a t  J ^  £i~~. f l  < / .  Hence ^  =. / .
^ -=>o- •- ——

We c o n s id e r  n e x t  th e  g e n e r a l  c o n t in u e d  f r a c t i o n  o f  ty p e  3 '

/ <  -  -  * > ('.->2 1 !  -  * * -  fe-^ j /  -  . .  c t A  s £
/  C *  I C* *

3 . 3 . 2
/  C

w i th  K and  i n t e g e r ,  A ^  2. and  c ° — /  > c * -  ^  ; ^H sZ

Then S 0 = /  , 8 ,  =■ c, a  * and  =■ c » B ^ . ,  ~ I  c-»-> ~ f)*J 8+,.

Let n toe an arbitrary index, ^ ̂  , We have
a . - r  - , ) * ] e.. . - f e . j ^ ^

3 . 3 . «  - s „  - / > , / - < & , a  a , . ,  - /■ £ ’. .?  -(<">.,- o ' ] a , . ,

w i th  e q u a l i t y  i f  <?„, - 2  . i 4? ̂ ,  ^ ( z  ■ 2

- [ Cy, H - £%, -/j H]  & „., ^ B ,  - [ C ,  V- -')*]& » *  (c , - , )  /

, v ^ > /+ / '<?■» ' " ( * *<  ~ ^  J  &■*■* ‘ ^a . a • v -o —
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W r i t e '  ~ * ~ ( f y - / ) *  j becomes

& ^ B**-/ By r e p e a t e d  a p p l i c a t i o n s  o f  t h i s

i n e q u a l i t y ,  ^  c, y

w i t h  e q u a l i t y  o n ly  i f  <?„ -  ^  "  -»*-■ Hence, f o r  a *•

/5U £ /  v- (%*-/)'+■ (a * ~ 0  /• " "  ^  (k- ¥- t )  * ' 2. *

/S ^  >  / * (* .* - '')  + W 1- ' ) ' '  " '  ^ ( - 2 * - ' ) * '  + ( * * - ' )

& *
As /8 , ■=• c', -  ^  , T h is  fo rm u la  i s  t r u e  <7? = /  . Thus

/  *r \ •»*■/ ,
3 . 2 . 5  ^  >  (-3__- O _____ zJ— ^  ,

i  * - a '  '

w i th  e q u a l i t y  i f  <iV = -2 -

The e x p r e s s io n  -.r) was o b t a i n e d  b e fo r e  , p -  6 ^  , ( 2 -2 - / )

i n  th e  c a s e  f l  ' -  ^  1 ■

We can  s t a t e  t h e  above r e s u l t  a s  a  minimum p rob lem

Theorem <2 '3 ' 3 , ^
L et {-ep j  be t h e  se q u en c e  o f  c o n v e r g e n ts  t o  th e

c o n t in u e d  f r a c t i o n  o f  ty p e  2

K  = £*  + ~ — 1  /  *  -  i3. - 2 -  3- rX L CY * J>

Then i n  t h e  domain c Y ^ a, t h e  f u n c t i o n  3 ^  = 8+, (<?,, c*. • ■ ■ c* )  

s a t i s f i e s  th e  r e l a t i o n  / ~/) —------ -  •> (^ -  -  ' )
a * -  a.

a n d  3  a t t a i n s  i t s  minimum v a lu e  a t  th e  p o i n t  CY - a C -*).

T h is  minimum v a lu e  :Ls
2. * -  2_

The i n e q u a l i t y  (2 - 2 - V )  ^  -  /  +■ f c* * ~ (<?* - ') * ] 3 ^ . ,

i s  a l s o  t r u e  f o r  '»=/J f o r  e v i d e n t l y , 3 ,  = c . H > /  *■ c p  ~ (c, - ; )  t

Then, s u r e l y ,  S h  ^  /  c j*  -  &  - / )  * ]  3 ^ , . ,  ; f**/')- Hence

*■*■6 > T T ( e," - (c, - / )  ' J  > ( a . * - / ) " .
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Theorem 2 .3 .4
The c o n t in u e d  f r a c t i o n  o f  ty p e  2

•Z ■ 3. • 2.
J  t

i s  c o n v e rg e n t  f o r  a l l  i n t e g r a l  v a lu e s  o f  and

C o "  > / - f  > o ' " -  V O.
.2 -3L

P ro o f :  * /  , ;> ,
W ri te  ~ J  /

We h a v e :  ^  ~ -  ( - / ) ■ ( - / / * '  a ^ c
e *-' 8 ,  S»- ,

.  .  * & u  -  _ - 7 T  a.
*

/3r <Qr-/

T hus, AL±- - A±.zl. < o A x  .< AL-j /  Hence

_ 2 \ • > A x . > . ,  . > 4  w  ^ > , , .  > o
■%: > J3, /3„ 1 3 7 2

f  A  * iT h is  p r o p e r t y  o f  t h e  se q u en ce  \  g ~ j  i s  s u f f i c i e n t  t o  i n s u r e  

t h e  e x i s t e n c e  o f  a  u n iq u e  l i m i t .  We u se  a n o th e r  p ro o f  to  

o b t a i n  a d d i t i o n a l  p r o p e r t i e s  o f  c o n v e rg e n c e .

T T  a  „
From (-2 '*■ 7 ) an d  (? • *  • f) ,  ̂&Y ~ J " ^

8 v 8 v - t O  *-/)'' 
°° J

As K  > > , (-2 ~y)  -  5 . The s e r i e s ^  ( A A ) ' '  c o n v e rg e s ,  

and  i t s  v a lu e  i s  ---- --------- - Then
•2 *-

A »  _ Av-i  ) ^  e ,  * -  (<?. - /  )
/3 r  f3>-, < a *  -  j.

The s e r i e s  27 - A u j  co n v erg e  a s ,  an d  by th e

C r i t e r i o n  >-• V. /  /? . i V  — - e x i s t s .  The C r i t e r i o n
7 '  ' •x-^oo 0 „ '

1 . 4 . 1  a p p l i e s  t o  c o n t in u e d  f r a c t i o n s  w i t h  p o s i t i v e  o r  n e g a t iv e  

e le m e n ts .^ )

A ls o ,  from  z - 7 )  and  (2 ■ 2 ■ f )

A x .  = ^  I 4 ?  ~ I*= s r  1 1 &Y J- 2 3 S<
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so  t h a t  ^ ^  ^  a * - ^ Z '

T h is  e s t a b l i s h e s  Theorem 3 .2 . 4

C o r o l l a r y  -2** v  o i  _  2 .
The c o n t in u e d  f r a c t i o n  of ty p e  3 , (2'Z--2)  i s

c o n v e rg e n t  by bounded v a r i a t i o n *

T h is  f o l lo w s  by v i r t u e  o f (*■ * f )  above a n d  D e f i n i t i o n  1 . 4 . 2

C o r o l l a r y  2 .2 . 4  d>.
The c o n t in u e d  f r a c t i o n  o f  ty p e  2 , C ■*- *•

i s  u n c o n d i t i o n a l l y  c o n v e r g e n t .

T h is  i s  e v id e n t  a s  th e  c o n t in u e d  f r a c t i o n s

/T-*. ~ + [ ~  - J r i r l  a r e  a l l  o f  ty p e  2 , w i th  c„ * * ,c jt -u- >»•*<
f o r  ^  = / .  * , “ • j  an d  by D e f i n i t i o n  1 . 4 . 1  Z 3 ■

We s t a t e  a  th eo rem  on r e p r e s e n t a t i o n .

Theorem 2 .2 .5
L e t  t h e  r e a l  number "fl > o have th e

dev e lo p m en t of ty p e  z  ,

Z -  2  ' O  ^  c » + L ----------------------------- J ,

Then a  n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t i o n  t h a t  (*•■*■-*

r e p r e s e n t  r .  i s  t h a t  ^  ̂ - 2 - /  f o r  ^  a  / , w here

i s  th e  ~  c o m p le te  q u o t i e n t  i n  t h e  dev e lo p m en t o f  ty p e  1 

o f

P r o o f ;  The c o n d i t i o n  i s  n e c e s s a r y .

F o r ,  i f  C  i s  r e p r e s e n t e d  by (p - t h e n  7 ^  51

We can th e n  w r i t e  =■ c 0 * + f  -  ~ fc-' * 7
*■ * * *  J.

a i b o ,  c .
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(a. ■ 2. ■ n  ) ^  C'T H u s . ' '* /
'  _  . . . . .

f  O, > *;

I t  f o l lo w s  t h a t  t h e  m in im a l  p o s s i b l e  v a lu e  o f  i s

F o r ,  i f  / ^ t h e n ,  t h e  d ev e lo p m en t o f  ty p e  3 o f

w ould  c o n v erg e  an d  r e p r e s e n t  t h e  number a. -/■  F *

T h is  c o n t r a d i c t s  th e  r e l a t i o n  ( s .  2 .  l l j a b o v e .  Hence ^  -  a-
( % * / )

The c o n d i t i o n  i s  a l s o  s u f f i c i e n t .
c»— f~ a  -  r  c  * - ('c  - / )  *1 ^  j-We h a v e :  s i  -  *----------------i------ir '— i_ iz____±------------------- *

C  & * ., -  [  C -!  -Cc*.,  ~ o Hl

“ d  r .  -  K  )

From t h e  i n e q u a l i t y  <o£.y ^  /> .& 6 ,

T hus, f e . 2 . / z  )  j  < ,  1

_ Fo
/S.-,

B y ( 2 . 3 . a) “  > > " '  > > 0  so t h a t

^  e x i s t s  a n d  i s  u n iq u e .  By h y p o t h e s i s ,  ^  ~
Tv /S '*

Now we p ro v e  t h a t  ^s-2" = ^ °
/? Fo •

S u p p o se , t o  t h e  c o n t r a r y ,  t h a t  'S I.

I t  f o l lo w s  th e n ,  from  ( 3 . 3 . 1 2 )  t h a t
(  4£=± ~ )  *= /  ,

'
a n d  t h e r e f o r e ,  t h a t  -  / .  T h is  c o n t r a d i c t s  th e

h y p o t h e s i s  t h a t  fZ > a * -/  f o r  a l l  ">» ; f o r  >» = a

T h e r e f o r e ,  ■= £ Z . T h is  p ro v e s  Theorem 3 .3 .5
->» *̂ -eo
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C h a p te r  3 

3 . i A p p ro x im a t io n  Theorems

L e t  t h e  r e a l  number f l  >o have  t h e  dev e lo p m en t o f  

ty p e  1 ,  namely

w here  CLV = *-/J C . ,  > ( r  ~ ° )  an d  ^  I 0

a  p o s i t i v e  i n t e g e r ,  Note t h a t  depends on k  when H  ^  a  .

When K - t ,  we have  <#„ = /, t h a t  I s ,  we have th e  r e g u l a r  c o n t in u e d  

f r a c t i o n  d e v e lo p m e n t.

Prom t h e  A p p e l l  A lg o r i th m , we o b t a i n  th e  r e l a t i o n  

3./. a. f .  -  * ■■■■ * ~ r ^ r -  ' { v - , )

w here  i s  th e  v ~ c o m p le te  q u o t i e n t ,  '> *> an d  w i th
<r

CY +^  c *  * -^ 1 4 —  +7~crwf Y+ !
By Theorem 1 . 3 . 1 , (On C onvergence  and  r e p r e s e n t a t i o n  ) , we

c an  w r i t e  : (3 . / .  3 )  C  =  C * ' + *

L e t  be an  a r b i t r a r y  in d e x ,  Then from  ( 3 . j . 2-^

■^O ' '  + I ^  •*> *  ^  * *■ t 0 ^ .

*• / 7*- £2-1, y-| - '

C L ,  C C S , -  / t . )  = -  ~ - 4 - - )  ■

D e f i n i t i o n  3 . 1 . 1 .

We s h a l l  w r i t e  $  = / • € '  ^  /  f o r  -* = o,- /, -  • 

a n d  c a l l  t h e  e r r o r  se q u en ce  c o r r e s p o n d in g  t o  t h e

dev e lo p m en t ( 3  . /• /  )  -

3 .  / .  V , ^  I  f 0 - I ; »  ? /
1 T s . . .  I  B —  1
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Theorem 3 . 1 . 1  /  7 r .  ,
Oj The e r r o r - s e q u e n c e s  j  j  j  6?^+, f  b o th

d e c r e a s e  s t e a d i l y  to  zerow

lb) Of two s u c c e s s iv e  c o n v e r g e n ts  t o  th e

dev e lo p m en t o f  ty p e  1 of  > 0  ̂ a t  l e a s t  one o f  th e /*  f a s

p r o p e r t y  t h a t  th e  e r r o r  = I <r~ - I <XS I -3  ----------—-— ------------

P r o o f : fAj We h a v e ,  from  Lemma 1 . 2 . 1 ,  f  ̂  3 )  .

(r)  <4-Z ^  ^

A ls o ,  j  ^  ~ dL*.*j I y  j ^ * -f1 -  ^ * 1, I ~ ^
/3 -* ‘ / ^  I ~ J

a n d  =

by (/■*■?).  Then U* + , <r & & f) ' j a n d 4 ; ^ ©.Hence 

A a -  <£>„ -  o  , and  from  7>J a b o v e , I  0 } + , I  o .

(b) We have  / ^  ^  .  f„ i- f .  - ^  I

Then j 1% -  / + / £  ~ I = —11,1'
'3~ -  ' s „  5 , , ,

o r  <5 w  * * ^  = -  ' *»■ "  ' , (01 a o '
e „

We can  n o t  have ^  *1'.. *>- • - <g»*/ ,
Q >, /

/h . jl <3-i a ,  ,.. a*,*, y  _z_ &,&*.-•• <?,
? a  —5 -------=  . H ence, one o f  them i s  -  a- ^

“*•>1 rO-» + i '*’

Now ^ ^  so t h a t  s u r e l y ,  o f  two s u c c e s s i v e  e r r o r s
y 7 / “) _ , /  ^  t ; A >, y /
C ^ ,  £/», one o f  them i s  l e s s  t h a n  *_  ^ ------------  ’

>

H-flinark — The or era St It ! -  • i&mti oxt.enalon Of Theorem

«■>»/
/
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Remark Theorem 3 .1 * 1  (ty l a  an  e x te n s io n  o f
n " n

Theorem 14 , p . 4 8 , P e r r o n ,  0 , <l) K e t te n b ru e h e  

w h ich  i s  t h e  c a s e  A"=/- T h is  I s  due t o  V ah len ,

Uiber N a h e ru n g s e v e r te  und  I  £î UL
." t /r  / /ST (  v <f“ ̂  O  % ■

C o r o l l a r y  3 . 1 . 1  ^
Of two s u c c e s s i v e  e r r o r s ,  &-»,

a t  l e a s t  one o f  them i s  l e s s  th a n  ^  - ( * % - ) '  i * .  ■

(b)  I f  f o r  a  c e r t a i n  in d e x  *? > ', £ t,+.,X >j£?^

@-*i - / j &  -»■*-*. ^ ^  *

P ro o f  : (a.) T h is  i s  im m ed ia te  from  Theorem -5- /• /  t e l  ■,

a n d  t h e  p r e v io u s  r e s u l t  (/■ z  ■s)J ( r e p e a t e d  i n  t h e  P ro o f

o f  Theorem 3 . 1 . 1 , )  t h a t  Cc^ i' 1 '  ^  a - "  < ( ± h l
I 3 ^ , ( ± h) ' H

(b) From Theorem 3 . 1 . 1  j j°. 7*.j > G^} we o b t a i n  r e a d i l y

t h a t ^  > Hence ^  0„_, } a ^ L
j  __-y-..

T h is  c o r o l l a r y  3 , / . /  i> shows t h a t  t h e r e  can  n o t  be

two c o n s e c u t iv e  e r r o r s ^ , ,  , e a c h  g r e a t e r  th a n  th e

p r e c e d i n g  one . T h a t i s ,  we can  n o t  have  'b o th  /  @ „
-h > d?-*

Theorem 3 . 1 . 3 .
Of t h r e e  s u c c e s s iv e  c o n v e r g e n ts  t o  th e  

c o n t i n u e d  f r a c t i o n  d eve lopm en t o f  a  number ^7 a t  l e a s t

one h a s  th e  p r o p e r t y  t h a t  th e  e r r o r  &*, * J K  - j  < ~  a>- " ' a

I n  p a r t i c u l a r ,  f o r  t h o s e  h a v in g  i n f i n i t e  d e v e lo p m e n ts  

o f  ty p e  1 , t h e r e  a r e  I n f i n i t e l y  many c o n v e rg e n ts  h a v in g  th e  

t h e  above p r o p e r t y .
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P r o o f  ; From th e  fo rm u la  ^  ^

C -  ^ _*>-■__" ■** , -*< ( s ’,A  )
B v., +■ Bv-->-

we o b t a i n /9  = < a , . / ?  = _^V-/   — \ ‘OV CV-/ „  !
W- /

The th eo rem  w i l l  be p ro v e d  i f  we can  show t h a t  o f  t h r e e  

s u c c e s s iv e  i n d i c e s ,  t h e r e  i s  a t  l e a s t  one su ch  t h a t  

Cy *  A ' ..jB + Z±. > / P ^
/i3 V  -  t r

W rite  9 ^  ® )  ;  B - t = o .r^v -t
I t  r e m a in s  t o  be shown t h a t  f o r  e v e ry  p o s i t i v e  i n t e g e r  A  J 

a t  l e a s t  one o f  t h e  numbers

( Z C )  ? l  + i *A + X *%*>.

i s  g r e a t e r  th a n  *** -3
* *Mow f o r  v  * o f •>„ =• cv + __jz±l , an &

~ 8 * 7  = C* H ^ 7 7 "  ”  Cv ^  '
T h a t  i s  • . *r „ ^v,

f 2 T )  <^77 =  ^  Y '  '

T hus,
r v * -=— - *v , <->-7W/ * \r -h /

( z x )  r ,  + « ,  ■?? = ^

Assume, on th e  c o n t r a r y ,  t h a t  th e  t h r e e  num bers (HT)  

a r e  a l l  n o t  g r e a t e r  th a n  / r A 'F j . Then we can  w r i t e

^  a a A <f* = ^  + ] / Z V7TZ
€ 7 ,

3

> A -* A ? A +  A

7 a 4 a ^  9 ^ A + i ^  Â-3 1 -  ^  } /7 7 >

7 1  *  ?*+*> A+ A 3

<r + i
- 3
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By a d d i t i o n ,  we o b t a i n  from  dJL

S C  I  T > -
**+ju

A +■ i -  3

As a„+, -  f a + t ) ' r - c ,r ' r ±  J2.*-/ , °

we have  :

■ &
^  ^  + fa  f~l )  <?*+, + -1—  £  3  _2

^ A  i 1* /  / •  /

-  ^ ^ - / -  *  ( * * - ' )  k *> + - < £ -  <■Ĉ“ <A *-3-V ,A »

Now i t  can  be  shown t h a t ,  o f  two s u c c e s s iv e  i n d i c e s ,  

th e r e -  i s  a t  l e a s t  one f o r  w hich
-a_

F o r ,  i f  t h e  c o n t r a r y  w ere  t r u e ,  t h e n

#  i  ^  - /  ;  ^  . / S ^ 7  - /

75&t»-- s r -  ^  - , 7 = = = —  = 3
r>^/ Kjfr+*--3 - /    —--1

 y . / T ^ T Z  T
&  + • _

Now(2 -  3 y) i s  an  odd num ber, and (2 -3  )  = ¥  { *  *->) + '-

As e v e ry  odd s q u a re  m ust be o f  th e  form  5? 'V ^ 1, and  a s

e2 i s  odd, i t  i s  a p p a r e n t  t h a t  -2 - 3 c an  n e v e r  be  t h e
C3̂  -  S .  - /  /■ -1

s q u a r e  o f  an  i n t e g e r .  A ls o ,  a s  ——  i s  r a t i o n a l ,  (y  *■ e>J

we m ust have  s t r i c t  i n e q u a l i t y  i n  t h e  l a s t  e x p r e s s io n
. yyu . a _  „ . . / , /T T Z

¥- & ;

h * - / ------------------------------"     -
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T hu s; / a  >'* x -  ^  / I * * * - 3 - /
-a.

o r  £ l ! ! i - 3  * '  > - I
3- a_

Hence, ^  ^ / . T h is  i s  i m p o s s i b l e .  T h e r e f o r e  o u r  a s su m p t io n

i s  f a l s e  , an d  o f  two s u c c e s s iv e  i n d i c e s ,  a t  l e a s t  one i s  su c h  

<■ < j ^ r ,  3 - 7 .t h a t

W ri te  <5̂  <  - / — i/ j .***- T* , where <•’ i s  one o f'"»•»*< J2 j r “ 3 "" /.2^-/ ;   ,5-
/  i /  - i  * r +  •*-

t h e  num bers 1 , 3 . Now 3 - /  =    < /
- 2  /  „  i /  - t *r *•*■ ~2 - V ^  — 3 -h/

so  t h a t  s a t i s f i e s  t h e  r e l a t i o n

f T^ZZ. j  i-' ^  _ 3 y- /

The f u n c t i o n  / / x ;  = (■z'r- ' ) x  + ^  i s  d e c r e a s i n g  i n  th e

i n t e r v a l  o < x  < z ~  , a s  i t s  d e r i v a t i v e  i s  n e g a t iv e  t h e n .

 z.  .  ^ _____ = -— ^—
As f j i  _ 3 y-/ /'.a ^  ~ / a  ♦ _ /- v

.  _Z_
we have from  :EZT t h a t  <72̂ ^ e' ^  * Zr T ^  ^T/ /^■*r - /

H ence, from  th e  rem a rk  above c o n c e r n in g  t h e  f u n c t i o n  

(■2*-/) y  + } we h a v e :

f-1  r - 0  -  / -  > ( * t~ , )  ( S 3 " " - *  - ' )  ^  f l

/
rzzz: f-2 *-/ J 9 ^,- * > / ' _ H y *

a  - 3
4r

From j x  , aS ^  7 : •* t / ^
•Ŝ y. c ’ y- i

a n d ,  u s i n g  T77~ * >3

•2 * - /
<  / T T^ - 3  -  r t  =
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T h a t  i s ,  f \  + t' s a t i s f i e s  t h e  r e l a t i o n s

~7~>T 3 /s- - /

The f u n c t i o n  ^ /> 0  = ^  * rz~?Z~ i s  i n c r e a s i n g  f o r  

X > / j . * - 7  j  a s  i t s  d e r i v a t i v e  i s  t h e n  p o s i t i v e .

Z-T-l

From t j t  . > / \ z  _ 3 +/ / j z **3-i ** A ■#- c.  —____ ? ____________

a n d > / s ^ r .

Henoe, f j , , . •& s . * - ,  > A ~ ^  . /  ^ ( ^ O i ^ T T
* 2 '  •  3-

*1
■ *  ' -  - 2 - h -  > K

A dding  VT7T an d  ŜT we ° h t a i n

<- J -  >

As i ^ z  t h e  r e l a t i o n  j u s t  o b t a i n e d  c o n t r a d i c t s  2Z

Z5*- ^  Hence, ou r  o r i g i n a l  a s s u m p t io n  i s  f a l s e .  T h e r e f o r e ,

o f  t h e  t h r e e  num bers .• f \  y a \  , f\+ , + a *+' ^

a t  l e a s t  one o f  them i s  g r e a t e r  th a n  v * . * * x_ 3  

T h is  p ro v e s  Theorem 5  - / ■ =L-

Remark : Theorem 3-/-* i s  an  e x t e n s i o n  o f  Theorem 15, p .  4 9 ,

(i) P e r ro n  {)■, K e t te n b r u c h e ,w h ic h  i s  t h e  c a s e  t f - i .  F o r  *■*>, t h e
«■* "th eo rem  was f i r s t  re m a rk e d  by B a r e l , g  ? C o n t r i b u t i o n s

1 /7 ' '  " '£k s -  a n a l y s e  a r i t h m e t i q u e  du c o n t in u  ; J o u r n a l  de M athem atique  

p u r e s  e t  a p p l i q u e e s  (  f 9, f ^ ° 3 y ^
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See a l s o  ; H u rw ltz ,  A  ; Uher d i e  a n g e n a h e r t e
t 11

D h r s t e l l u n g  d e r  I r r a t i o n a l i z a h l e n  d u rc h  r a t i o n a l e  Bruche 

M a th -A n n a l le n ,  3 9  * 9 -

Lemma 3 . 1 . 3 .  -t _ 1
I f ,  i n  t h e  d ev e lo p m en t >o ~ c *> ^  I J

we have e i t h e r  jzc^  , o r  ^  -  (/+- ) * - J , *•C, -y, *+
c e r t a i n  in d e x  'h > / t h e n  ^ 7 ^  <r }

P r o o f :

F i r s t  we show t h a t  t h e  two c o n d i t i o n s  a r e

e q u i v a l e n t .  F o r ,  a s  II, = cj? + t i f  f l ,  z - e j *   ̂ t h e n

and  ^  £?,»»*/- .

C o n v e r s e ly ,  i f  -C,*, ^ j t h e n  ^  ^  jz V

From ^ 3 .1 .4 ^  page 71 > we have (•) ‘ ' ^ h~ ‘

As 8 ^  t h a t  i s ;  < —£* > and by h y p o th e s i s
/S’

7= ~  ^  hi,,.  ̂ , we o b t a i n  &»+-/ . <g*,-/ ^  / , Hence &M_t
>■» -h! ' <>%,

f o r  t h a t  p a r t i c u l a r  in d e x  n .

Theorem 3 . 1 . 3  a. ^  + f  a* ~i °°
I f ,  i n  t h e  d eve lopm en t = ca * £ Cr~ J  j we

have  h* f o r  a  c e r t a i n  in d e x  ^  t h e n  ^

P ro o f  •• I f  <r„ 5“ - 5 -^ — , th e n  4 3 . '* - , ,  and  / g»„ + / )•2 — / h, V /
T h a t  i s ,  , <Jr„ c  -? < r /  / Vow , <r„ ^  ,

so t h a t  H, ^ \  H ence, by Lemma 3 . 1 , 3 ^  ^  ^

Theorem 3 . 1 . 3  ^  * / " ^
I f  ., i n  th e  d eve lo pm en t j ;  = hi 4 jc~ 7 I we have ■ w*- / 5r
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f o r  a  c e r t a i n  in d e x  •*., th e n  A .  ^  f o r  t h a t  in d e x .

P r o o f :  s  /  \ *
From Lemma 3 . 1 . 3 ,  i f  ^  ^ ^  ) /•

Now^max ( /  + < r )  - /  = - 2 - / .  I f  > sl, t h e n  4 ^ ,  ^  ^  *

6 U  Tm„  > c J l ,  s u r e l y ,  C . ,  • Hence < <£_
}

Remark The above Theorems 3 . 1 . 3  «. and  (■&)

e n a b le s  one to  compare t h e  e r r o r s  w i th o u t  a  know ledge

o f  th e  c o m p le te  q u o t i e n t s  H, , + i n s t e a d ,  one n e ed  know

o n ly  t h e  e le m e n ts  o f  t h e  c o n t in u e d  f r a c t i o n .

Remarks an d  Examples 3 . 1 . 1

1 . We p o i n t  o u t  t h a t  th e  c o n d i t i o n  -  -2C%, in  

Lemma 3 . 1 .3  i s  a  s u f f i c i e n t  one b u t  n o t  a  n e c e s s a r y  one 

t h a t  $>, ^ . For exam ple , i n  s e c t i o n  1.7. , Example

2 ,  pages  3 4 ,  35 , i n  t h e  dev e lo p m en t x o f  ^  — g

we o b t a i n e d  ^

3. = 3 j = > f o r

Now S g - ^ ,  ^  ^ = h  j y e t  we saw t h e r e  ( p . 38)

t h a t  &$-* + , <f f o r  y ^  /  > b u t  n o t  f o r  w ■=- •
3 -

S i m i l a r l y  f o r  = j? > a  = ^  '

2 .  As a n  i l l u s t r a t i o n  o f  t h e  Lemma 3 . 1 . 3  , we g i v e  t h e  

f o l lo w in g  : (*<-*).(&) §Z = ^  V  = ^  ~§^~

= f  a /  * ~ i r  ; ^ V *  ^

T hus, = .2. V = -g- f o r  - ko
a n a  ^  * .. <7 /  y. _3  / -  ^

/ / -  / y ‘
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As £LV = , ^aw- = ^  , we have  ^

S i m i l a r l y ,  /g  * ■*-c*<'+-> ~ 2- f o r

T h e r e f o r e ,  by th e  Lemma 3 . 1 . ?  , we have

f o r  <h ^  J f o r  t h e  above c o n t in u e d  f r a c t i o n .

(b) Prom s e c t i o n  1 .7 ,  Example 3 , pge 39, we 

o b t a i n e d  t h e  developm ent :
F  = 'v - _ * . + -^-L- + JL -l * - 1 L  + £ ! + ' • '

7  J /*■ /  *  * /  3 *• / J x 1- / ' * "

w i t h  ~̂t ~ J "3T J ^  ^  ^  We have th e n :

= z7 <■ '2 <hv  ̂ — <p fv r + 3 .  B  ^  J  = ^

r * r *, -  ^  ^  -  >- • r ^ # .  / c  *

H ence, by Lemma 3 .1 . 3  , &  *  ^  ( -» > ,)  f o r  th e

above  c o n t in u e d  f r a c t i o n  d ev e lo p m en t.

,  -  - _ f ,  + J ) * - /3. We nave ———  -   p- ~  ̂ " /
Cr>

and ( '  + ̂ r ) ' ->  *  2 ’ - / ;  It
t h e n  s u r e l y  ^-v, 2 , by Lemma 3 .1 . 3

F o r  t h e  p a r t i c u l a r  v a lu e  *  =■ a- ? t h i s  c o n d i t i o n  becomes:

I f  f o r  an  in d e x  n , C * , ^ 3  ; th e n

We n o te  t h a t  f o r  * > 7 - 5 "  # ^ 7 = f 7  = s _ )

a n d  =• -  ■* * /~7^~ ^ "  ' Then, a s  C  >

A  (V w , a . . . .  )  by th e  above r e s u l t .  T h is

v e r i f i e s  t h e  r e s u l t s  i n  Example 1, ( 1 .7 )  page  34 .

. . X
4. L et *  -  a  > We have  -2c?„ -(£*+■') *■ ,

a n d  (c*, - ' )  -  2. >  O  i f  ^  > 3  . T hus, i f  ^

t h e n  £<:■>, >  (c„  >■-/) . Now, a s  ^ < { ^ 4. , )  j
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we s h a l l  a lw ays have  f*, < 2. i f  <f„ ^  3,

Hence , i f  > 3  ̂ + £■»-, by Lemma 3 . 1 . 3  .

T h e r e f o r e ,  we n e e d  isniy i n v e x s t i g a t e  on ly  t h o s e  ( & » - , )  

w here  ^  2  >

I f  Ĉ , ■= /  an d  / ^ ^  ^  5 o r  I f

a n d  V ^ 4  3  t h e n  by

Lemma 3 .1 . 3  . Thus, t h e r e  a r e  o n ly  two i n s t a n c e s  where we 

can  n o t  t e l l  r e a d i l y  th e  b e h a v io r  o f  two s u c c e s s iv e  e r r o r s

, nam ely , w here 9  > ^ »  > ^  , and  9  > s ;  > * .  

As an  example o f  t h i s ,  l e t  u s  examine th e  c o n t in u e d  

f r a c t i o n  developm en t o f  ty p e  1 o f  Tl  -  , Example 8 , p . 35
X£“ _  /  -  2  ~ + -*5~ * 3 -- V- 3  /  /  „.3-^ V- 3-/_ -A _5LZ A ' ■ '>0  <=> /  /*- /  / >- 1 I /  2 *. y f-x.

H ere , 2  1 r*-*/-/ = •$> , = ^

1  - 3  J C S~\r+-3. -  /  > = 5  '=_ ^

f~s-r + v = %; ; = /•

C l e a r l y ,  ^  j? '  £" < 2  a na
-’ .SV  *■* c  ,  -“j; v A a .  _  ^ s v / a .  >

<T * -j r *  30 t h a t ,  by Lemma 3 - 1 .3  , &s-r < $ s y ->S s r v + f  <  c s - v + y  j  1 j  > .*

, an d  ^ f o r  " * 0 ' However,

a s  v  > > .2. and- ^  ^ fs-Yt-3 ^ j  Lemma 3 .1 .3

g iv e s  no i n f o r m a t i o n  a b o u t  th e  b e h a v io r  o f  t h e  se q u en c es  

{  &$■**-,' & sy }  and  {  $ cy+3. , ^ s-y *%J

A c r i t e r i o n .  Theorem 3 .1 . 4  , w i l l  be g iv e n  l a t e r  on p. ? ;z- 

w n ich  w i l l  e n a b le  u s  t o  g e t  th e  a d d i t i o n a l  in f o r m a t io n  a b o u t  

t h e  b e h a v io r  o f  t h e s e  e r r o r  -  s e q u e n c e s  .

5 .  C o n s id e r  t h e  c o n t in u e d  f r a c t i o n  deve lopm en t o f ty p e  1

?r = / a //3  . f  „ =r / *■ A JLL A -Al s - - -
01  _  ,  / / X  / ' * -
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H e re ,  > “ £~v '  /  3 , and  } ( y — 0

Then, a s  ^  ^  i/7 J _ + 3  , f l  > a. c *  .

Lemma 3 .1 .3  g iv e s  no I n f o r m a t io n  a b o u t  {  9 ^  }

In  t h i s  exam ple , we have t h a t  = / 4 ^ - t f ^ z o )

f o r  t h e  above c o n t in u e d  f r a c t i o n  . A lso ,  from  ( 3 . 1 . 4 ) , p . 71 , 

n am ely , - a * + > §3l iL (9^-> , we o b t a i n  :
r „ ,  ^

jf) 3 ^
” ^  • When n = 1 , t h i s  r e l a t i o n

becomes •' 9 , = 0 «  * But c 3 . Hence 9 , > &•

In  g e n e r a l ,  from  9*,-i , we w i l l  have

^  <£ when ~^r <z . As ^ /-3 > =-

^  A lso  A ,  J an d  A  .  ,  ,, ^

F i n a l l y ,  A ^ .  > > _3_ ^  > A ,
<®--' ~ K  J

T h e r e f o r e ,  A) ,  a  >

Theorem 3 .1 .4
i f , f o r  t h e  c o n t in u e d  f r a c t i o n  developm ent

o f  ty p e  1 of. f .  ; n ,  ~ +■ f  C^H ], •>

we have A .  ^  A - ,  f o r  a  c e r t a i n  in d e x  ^  , and  i n

a d d i t i o n  , _ _  , .  J L -  ^  ,
( S . 1 . 5  ) - - " I

P r o o f  : f r  _  ^  + h
We have ,* * a. , orj

3 - 1 .6  —_ * _________
+ /  _ *iL±A— _ -  ^

*■/

I n  (3 -1 *5 )  ? p u t  c . ,  = o b t a i n i n g :
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* !•» +» .. -  ^  4 T h a t  I s ,  .
c . .  i - e j : ,  '  ^<3 _ . . *

“ -2 C>, ,. » ^  ^  h + x.T hus , ( 3 - 1 .6 )  becomes .* <f“ y? *■

3*1*7 CZ+ 3 ̂ _______________ 3______ —
o *  * _ * - . *

€*+■! /■ £h*.,
We have .• <$„ = | ^ _/?*v . [ j . ; . v  ,  -  7 s ]

$ >5?
a n d ,  a s  Q* * Q- b y  h y p o t h e s i s ,  we o b t a i n  -?■*' ~  < /

■* si.-/ '3„ '
o r  •> g **-' &■»->. . P u t  t h i s  i n  ( 3 . 1 . 7 ) ,  o b t a i n i n g :

3* 1 .8  **» ^  3 ________ —— *=■ ^  v *  ̂ **-/
O x  *- ...***»------- — - ^ y »

C*,*, >■ &■ *+, <&*-/

But /3  , . Hence, by ( 3 .1 . 8 )----------   . C7 > ,f  /
C5„v»,

<̂ ?7 ^ 2.  X (^ ->7 y / , T h is  p ro v e s  Theorem 3 .1 .4

A p p l i c a t i o n s  o f Theorem 3 - 1 .4

1. I n  th e  Example 4 ,  (p ag es  80, 81 ) we c o n s i d e r e d  t h e

c o n t in u e d  f r a c t i o n  deve lo pm en t o f  ty p e  1 o f  0Z ~  ^  , x -  ■=-, 
f  » £ -  a *  ̂ + -XL + -UL * -2i- * _£V . .
io  to //*■ //» •  //»• / / *  /  j -1- / /* -

r  f s>  = c , w ^   ̂ * * - ,  ^ s > * r 3
w l t h J  c.€v „ ^  C&+. -  ) =/

(. f~s-^+ y = j C r w »  ® /

a n d  we c o u ld  g e t  no i n f o r m a t i o n  f r o m ' Lemma 3 . 1 . 3  r e g a r d i n g  

t h e  b e h a v io r  o f  th e  e r r o r  -  s e q u e n c e s  {&£■„+, , }  and

^  $ r\,+  i $*■*+>} £ ° r  i/ -  > • • The above th eo rem  3 . 1 . 4  a l lo w s
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u s  to  compare t h e s e  e r r o r s .  We know t h a t  < $r*+ 3 f o r

( by Lemma 3 .1 .3  ) , i . e .

Now *— - i k  _ _£7 _ = /
<*■**/ ^  *

H ence, by Theorem 3 .1 . 4  , @ rh +, ^  f o r  *>? £ '

We can  now a p p ly  t h i s  r e s u l t  t o  compare ( ^ r ^ j  and  6>

We have ; \ z ± - -  —J’~ — = 3 -  =l = / .tr x ftS">? y* j  *- S '*  +>

Hence , &  s--*, <9s--»+*. f o r  ->,2 /*

The b e h a v io r  o f  th e  e r r o r  -  seq u en ce  {  }  f o r  £ V

i s  sum m arized h e re  : (9, > @* > > &■>-

a n d  f o r  ^  ^ >? -/

3. In  t h e  Example 5 , p . 81 , 83 , we c o n s id e r e d  th e

c o n t in u e d  f r a c t i o n  deve lopm en t o f  ty p e  1 o f  fZ  * '  + /7 b
a

*=- _  /  y- ■?_/ 3  7_ ŷ  . ^  L  .
^ °  / /  / y /  /  /

f  «  <f" L ± - J 2 E  j <% -  = / •
Here , >0 ^  2-  J

The c r i t e r i o n ,  Lemma 3 . 1 . 3  , d i d  n o t  g iv e  any  r e s u l t s  

c o n c e r n in g  th e  e r r o r  -  seq u en ce  {& »  }  . The Theorem 3 .1 .4  

g i v e s  some i n f o r m a t i o n .  We saw i n  Example 5 t h a t  O, > 

a n d  c o n s e q u e n t ly ,  i^a * 0 ,  , ( by C o r o l l a r y  3 . 1 . 1  b , p . 73 

and  a l s o  , ^  <^a •

Now ^-h+t -  ■ ••-■ = c> , ^  “ ° '

Hence ^  ^  O  (?}-*■ #)  by th eo rem  3 . 1 . 4  .
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Lemma 3 . 1 . 5
G o rre sp o n d i  ng t o  a  g iv e n  in d e x  A ^ *- 

how ever l a r g e ,  t h e r e  e x i s t s  a  number > / whose

c o n t in u e d  f r a c t i o n  deve lopm en t o f  ty p e  1 , nam ely ,
. _ “I O s

>o ~ + I t t V  /  i s  su c h  t h a t  +, > @x ■
^  V  J  I

P r o o f  : ^
The p r o o f  c o n s i s t s  i n  e x h i b i t i n g  a  number

w i th  t h e  above p r o p e r t y .

L e t  t h e  number be d e f i n e d  by th e  c o n t in u e d

f r a c t i o n  o f  ty p e  1 ,
*- ♦ a, ) . #>- L + ^ .....**.!— *■ a ^ tL l
C  -  Cc j y y  / c y  / c ^  /  ^

w here  t h e  and  /C a r e  p o s i t i v e  i n t e g e r s ,  k >?-,

Cv — * j C-w+i * (Cv +"f) — Cv j and  $~H+,

L e t  th e  Cy be f i x e d ,  o 4 v - A -A  Then f 7  ~ Cc*, 

W ri te  ; €7** >

Prom ( 3 . 1 . 4 )  , p age  7 / ,  Q *  + , = £L±± ± ,-^ A ~  ^
s ')  /  t r  \  ^  A ~+’ J- ^  /

( i )  i y .  .  ( r ^ , -  ■
X &x + >

The prob lem  i s  to  d e te rm in e  Cx and  / , and

t h e r e f o r e  , so t h a t  & \  ft  > ■

f t  _  c , j . , + *2* + /------------- . ( ;
We have / —  ̂ g A S A. X

^  <?A + / f  + / . &JK-'
a n d  /«?- ^  e-

/ t ? . \  C A + / J  >  > A + t  -  C A + t

(  CAi., +■ )
£Com paring t h i s  w i th  th e  e q u a t io n  ( l )  abo ve , we s e e  t h a t  —

<=— * _ ^  
when (2 )  r A +, > ^  ^ “ *tJ.

> / .

or

*LL > /
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T h is  i n e q u a l i t y  w i l l  he s a t i s f i e d  when "> -x and

^  ci ^ v> F o r  t h e n ,  we w i l l  have  :
+ .A i±J- j£ +  ( *A + '  )  r~ C,?  = ^  + ( j  +  J . ' ) * -  J

* / + & ) « ■
T hus, choose A an d  ^ / su c h  t h a t  3  > f e )

Then by th e  above re m a rk ,  > .

T h e r e f o r e ,  t h e  c o n t in u e d  f r a c t i o n  o f  ty p e  1 ,

3 1 S  r o * c** +- £ d L  + ' • ■ ■ *■ ^ < jL  * -3 ~ * —
/<?," / j  * /  r :» A■*■/

where <2 ^ 1 j  h a s  th e  p r o p e r t y  t h a t

i . e . 1 r .  -  A g _ )  >  1 4 ^ 1  ■

By Theorem 1 . 5 . 1 ,  page  25, t h e  number 51 d e f i n e d  by 

t h e  c o n t in u e d  f r a c t i o n  o f  ty p e  1 , ( 3 . 1 . 9 )  i s  u n iq u e ly

r e p r e s e n t e d  by i t s  c o n t in u e d  f r a c t i o n  d evelopm en t o f  ty p e  1 . 

Hence , t h e  c o n t in u e d  f r a c t i o n  ( 3 - 1 .9 )  i s  i d e n t i c a l  w i th  t h e  

c o n t in u e d  f r a c t i o n  developm en t o f  ty p e  1 o f  fT . T h is  

e s t a b l i s h e s  th e  e x i s t e n c e  o f  th e  number > 0  ,

a n d  th e  Lemma 3 . 1 . 5  i s  p ro v ed .

Remark .
The p r e c e d in g  Lemma 3 . 1 . 5  shows t h a t  th e  

b e h a v io r  o f  th e  e r r o r  -  seq u en ce  j  } f o r  ?? 4  X  h a s

no e f f e c t  on t h e  u l t i m a t e  b e h a v io r  o f  {  Oyy } f o r  *77 ^  A •

F o r ,  a s  t h e  c v 3 0  4 v 4  A - /  , were a r b i t r a r i l y

c h o se n  i n  th e  Lemma, we c o u ld  v e ry  w e l l  have ch osen  them so 

t h a t  Cv -  ' 2̂ ^ - 7 J 0 4 V^  'K~/ ' Then, by Theorem 3 . 1 .3  t 

page  78 , t o r  o  4 r  *  ‘
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C o r o l l a r y  3 - 1 .5
T here  e x i s t s  a  number ^  o  whose 

c o n t in u e d  f r a c t i o n  dev e lo pm en t o f  ty p e  1 i s  su c h  t h a t

f o r  i n f i n i t e l y  many i n d i c e s  n .

: c-  c- / ( sr \
By Lemma 3 . 1 . 5  , t h e r e  e x i s t s  a  number s 8 = ?o c

su c h  t h a t  > 9 x  , and  w here  t h e  v a r i a b l e  r a n g e s

o v e r  t h e  i n t e r v a l  -2 ^7*, +1 • Then ~ ^ >

an d  we have : + , ~  /  ^ —~ ^  *

/  ■< ZA + i. * ( * ■ * - ' ) & ) *  < 2 - * - /  ,
Thus ■ and

s -  JL*-/
W rite  >a + *. “ /  *  ̂ 3 ' From th e  p r e c e d in g

^ jT ^

i n e q u a l i t y ,  y~  * and  > £4^  > / .

As ^ 7 * 3 i s  a t  ou r  d i s p o s i t i o n ,  s u b j e c t  t o  th e  i n e q u a l i t i e s

a b o v e ,  w e  choose  ^a +3 s o  t h a t  ^  + 3 -  -2- and
.2 * > (<?a +3 + / ) r-  cA: 3 > { * _ } » + ,    ^  /

*  A  +  3 ~  A -*3

Choose J  + 3 = Then 2 . > J ! — ~> (o r) ’h / '
<- 3 * >  r A^ s > - a

^  A+ *
A ls o ,  a s  *i,v-v , we have from  t h e  p r e c e d in g

•>**3 ~ SH+i
i n e q u a l i t y  t h a t  .2 * > f A ^ y > ( i )  + 1 ■ Tiien ca* y

an d  by Lemma 3 . 1 . 5  , + v > ' T h e r e f o r e ,  th e

number C  ~ £1 ( C u * j  J d e f i n e d  by t h e  c o n t in u e d  f r a c t i o n  

3 . 1 .1 0  f l  = c j*  *-k - / j. ,.. ^ _^lL y ± * 1 ± J L J / a ¥- / f  y' >0 0
/  <?, *■ / a * / / /  /

/  _z
■/ / K

a  V
f  + *

k
w here -2 > C * .  > a ■ r * / ; a n a * * > f l  *, >

i s  su ch  t h a t <2w / > and > <^7^3

r+-J
/
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I t  f o l lo w s  by r e p e a t e d  a p p l i c a t i o n s  o f  t h e  above p ro c e d ­

u r e  t h a t  t h e r e  e x i s t s  a  number K  > o  whose c o n t in u e d

f r a c t i o n  deve lopm en t o f  ty p e  1 i s  su c h  t h a t  

f o r  i n f i n i t e l y  many i n d i c e s  n .

Rem ark. ' ,
As j * = )  can  talce on

i n f i n i t e l y  many v a lu e s  i n  i t  f o l lo w s  t h a t

t h e r e  a r e  i n f i n i t e l y  many num bers h a v in g  t h e  p r o p e r t y

d e s c r i b e d  i n  C o r o l l a r y  3 - 1 .5  .

Example 1 - { To i l l u s t r a t e  C o r o l l a r y  3 . 1 .5  )

L e t  f ;  -  ^  + £ 5— ( t r * * . ) '  I t  i s  e a s i l y3  '
v e r i f i e d  t h a t  t h e  c o n t in u e d  f r a c t i o n  deve lopm en t o f  ty p e  1

f r  -  *  +
3

p e r i o d ,  namely :

o f  ' 5 .  “ ^  i s  p u r e ly  p e r i o d i c  w i th  a  t h r e e - t e r m

7 1. i  y  /  3 7 _ /  + 3 .1— y ~iLZ.  ̂ 7 Z ■+ - p L /- __£/ +.6 . 1 .1    - f  r  /  j  /X  / / a . / 5 ,

A ls o ,  we h av e  :

r , w< - r ,  -  - ^ 5 7  , ^

- s- /■ / 7 J I  *•- ..........
As = ^  ~ ~ L± y ^2 ^ ^   ̂and  a s  ^

Then dz>, by Theorem 3 . 1 . 3  b , p . 78 . S i m i l a r l y ,

I t  can he shown t h a t  , l o r  ^  ^ -

Now =■ ^Ll±LL . ■*>-• $ 3-*., > C'*1 s  1 ^
^ 3 h  ̂/ ^8 3 >,

and  ^   ̂ »- ^ ^  ŷ 3~7 A lso
°   ——

< C's, /  <?•* ^  -  ^ r -  ■ T h a t  18 ’
Sh
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>  f i ± y p ) »  -%■ -  > 7 5 - > '■T hus, *  \ — y — /  ~ /£> / 6  ( /G
(-'3hri

a n d  2 /) • Hence, t h e r e  a r e  I n f i n i t e l y  many

I n d i c e s  A su ch  t h a t  @1 > &* + , , nam ely , A - •

T h is  i l l u s t r a t e s  th e  v a l i d i t y  o f  C o r o l l a r y  3 .1 . 5  .

Example 3.
The above c o n t in u e d  f r a c t i o n  ( 3 .1 .1 1  ) o f f e r s  an

i l l u s t r a t i o n  where th e  sequ en ce  /  -M21-  } does n o t  have a-/ J
u n iq u e  l i m i t ,  b u t  , i n s t e a d ,  has  t h r e e  d i s t i n c t  l i m i t - p o i n t s . 

I t  i s  o f  i n t e r e s t  b e c a u se  one l i m i t - p o i n t  i s  g r e a t e r  t h a n  1.

Theorem 3 . 1 .5
' L e t  t h e  r e a l  number s i  > /  have  th e

e— * r  £?v 7  
i n f i n i t e  developm en t o f  ty p e  1 , >° '  /  /  ~ cf^J ,  w i th

c o n v e r g e n t s  { ]" , a n d  l e t  6 > o  b e  a  g i v e n

num ber, however s m a l l .  Them, c o r r e s p o n d in g  t o  t h e  number

t h e r e  e x i s t s  a  number fT a n d  an  in d e x  ^ a su c h  t h a t

/ F. - £ ’ / * *  ■■ and < & L  < 6

( Here { ■ & -  j  i s  t h e  seq u en ce  o f  c o n v e r g e n ts  t o  t h e  
” / 

c o n t in u e d  f r a c t i o n  deve lopm en t o f  ty p e  1 o f  C  )

P r o o f  :  1 , 1  , I A > ^  -  I *
The seq uence  ( tc* f  where /

a. ^
~ ^  j  d e c r e a s e s  s t e a d i l y  t o  z e r o  a s  n i n c r e a s e s ,

b y  ( 1 . 3 . 5 )  p a g e  4  ; f o r  ^  ^ ~ ^  ^  1 * a n d  .00* + , <  u >

Hence, t h e r e  e x i s t s  an  in d e x  m su c h  t h a t  j i < 6
3 ^  G * . ,  1

f o r  '07 ^  On , L e t  A  be any i n t e g e r  s a t i s f y i n g  ; A > 0*1 + 1,

By Lemma 3 .1 .5  , paige 85 , we know t h a t  c o r r e s p o n d in g  t o  th e
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i n t e g e r  A , t h e r e  e x i s t s  a  number K  whose c o n t in u e d  

f r a c t i o n  deve lopm en t i  o f  ty p e  1 i s  su ch  t h a t  

a n d  t h a t  ^7 h as  t h e  dev e lo p m en t :

-= <* ' r  +- G r ' /  +- . . . .  y- &A ! + 3 - 3 .  /
/ c 7̂  / a -  /  r A; ,

w here  -2 > > } z- /  . ^he e le m e n ts  c*

a r e  a r b i t r a r y  f o r  o  4 y  ^  A -? , ( see  th e  p r o o f  o f  th e

Lemma 3 . 1 .5  ) ,  we can  cho ose  <?/ = <?„ ^  ^ A- / .

Then we s h a l l  have  " ‘̂ Js > 6 ^  V ^  ‘ •

As A ^  , t h a t  i s ,  A - /  ^  J i t  f o l lo w s  t h a t

f A *+± _ Ax.  1 ^ 1  ^A-> _ ^A-i. I
1 & L . 1 1 B A ,

, I
A ls o ,  s in c e  l i e s  be tw een

A &-> M\ ■>
i . e .  , be tw een  ^  and  , an d  t h e  same i s

t r u e  o f  r o } we have  /  fh  ~ C  / ^  ^
/ yj ' 7

I n  a d d i t i o n ,  17 l i e s  be tw een  — 4 ^  and  ~ s 4 -  ■
/ ' /I ' “ a*'

Hence ^ , “ /  §7 —1—• J «£ 6  . A ls o ,  a s

, we have  &Al, < ^

T h is  p ro v e s  a l l  t h a t  i s  r e q u i r e d , .

/ A *-, A * * 1 * 61 b a.. 1

a L and a U
0*-. &\-x

I t  can  be r e a d i l y  shown, a s  i n  C o r o l la r y  3 . 1 . 5  , t h a t  

i n  any i n t e r v a l  / 17 ~ ^  ^ t h e r e  e x i s t  i n f i n i t e l y
I

rnapy numbers <>7 whose c o n t in u e d  f r a c t i o n  d e v e lo p  -

m ents  o f  &jt ty p e  1 a r e  su ch  t h a t  &->,+, < &

f o r  i n f i n i t e l y  many i n d i c e s  n
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Chapter 4

y. t A lg o r i th m :
Q. Szasz. i n t r o d u c e d  th e  f o l l o w i n g  a lg o r i t h m  :

( s e e  r e f e r e n c e s  below  ^

A se q u en c e  o f  a r b i t r a r y  p o s i t i v e  i n t e g e r s

v = . an d  a  r e a l  numbejv C  >o a r e  g iv e n .  I f  h>, T* i s

an  i n t e g e r ,  t h e  i n t e g e r  a ,  i s  d e f i n e d  by a ,  =[£>, £7

I f  A C  I s  n o t  an  I n t e g e r ,  a ,  i s  d e f i n e d  a s  ; <a, • [ £>t £  *■ / .

E v id e n t l y  t h e n ,  i n  e i t h e r  c a s e ,
<r ^

W ri te  f 7 -  j : , d e f i n i n g  th e  number 77  .

C l e a r l y ,  > Qj w i t h  e q u a l i t y  i f  £>, 77 i s  an  i n t e g e r .  

I n  t h i s  c a s e ,  ^~=o, and  t h e  d ev e lo p m en t t e r m i n a t e s  w i th  th e  

e q u a t io n  . =77 - -~7~~ • O th e rw ise  .77 > ° , and

we c o n t in u e  w i th  77 a s  w i th  17 by w r i t i n g :  3 ^ ^  6^ T, i f  ^  §7 

i s  an i n t e g e r ,  a n d ,  i f  n o t ,  by w r i t i n g  <2*  ̂ ^  £T ~J + /

Then, a s  b e f o r e ,  77 ^  ^ A- C  ^ /  s 77 "  ^ ^  "

T h e re  i s  e q u a l i t y  i n  t h e s e  r e l a t i o n s  o n ly  i f  *4. K  i s  an  i n t e g e r .  

I f  77 -  o th e n  f7  " T ^ - and  we o b t a i n  f o r  §7 th e  f i n i t e  

c o n t in u e d  f r a c t i o n  d e v e lo p m e n t ,  > 7  -  A  ^

O th e rw is e ,  > 0  ( and  we r e p e a t  th e  above o p e r a t i o n s  w i th

17. i n  p l a c e  o f  Tt .. In  t h i s  m anner, we d e f i n e  s u c c e s s i v e l y

t h e  r e a l ,  n o n - n e g a t iv e  num bers 7^17" ' and  t h e  p o s i t i v e

0 . S z a s z : Q) L e c tu r e s  on C o n t in u e d  F r a c t i o n s  U n i v e r s i t y  o f  
C i n c i n n a t i ,  1 9 4 0 -4 1 , L e c tu r e  13 , A lg o r i th m  1 3 . 2 . 3 .
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i n t e g e r s  , by t h e  r e l a t i o n s

// / . / . /  y  r j *

C  - ---— - ^ r ~  '  = °  Y  ^
l>„, * ; * s;+, > 0

K ~ 7 , 2 v - • 1
Then ^7 ^  +’/ J w i t h  e q u a l i t y

i f  4 * , ^  18 an  i n t e g e r .

I f ,  f o r  some p a r t i c u l a r  in d e x  a  i s  an  i n t e g e r ,

a n d  c o n s e q u e n t ly  ~ ° > we s h a l l  say  t h a t  t h e  d e v e lo p -
/  \ ■ — & * + /

m ent t e r m i n a t e s .  Then, from  ( 4 . 1 . 1  ) } > r  ~ T T 7  J

a n d ,  we o b t a i n ,  i n  t h i s  c a s e ,  t h e  f i n i t e  c o n t in u e d  f r a c t i o n  

dev e lo p m en t o f
a ,  /  . J— + ■ ■ ■ ' +

“My-/

I f  a t  e v e ry  s t a g e  4^. i s  wot an i n t e g e r ,  th e  

d e v e lb p m e n t does n o t  t e r m i n a t e .  One o b t a i n s  t h e n  t h e  i n f i n i t e  

c o n t in u e d  f r a c t i o n  d eve lop m en t o f  fZ

z r  _ cl, /  <̂ a. /  j. . , , , >
i . , . 3  ^  ^  t T 7  ~ 7 Z 7

D e f i n i t i o n  4 . 1 . 1
The c o n t in u e d  f r a c t i o n  d ev e lo p m en t o f  a  r e a l  

number f[" > o a c c o r d in g  t o  t h e  a lg o r i t h m  ¥. /  (^and c o r r e s p o n d in g  

t o  the given sequence /  4  j  o t  positive integers^) will be 

c a l l e d  t h e  dev e lo p m en t o f  ty p e  3 o f  th e  number <>[". C  i s  s a i d  

t o  g e n e r a t e  th e  d e v e lo p m e n t.
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Theorem 4 . 1 . 1
A f i n i t e  dev e lo p m en t o f  ty p e  3 i s  t h e  r a t i o n a l  

number 17 w hich  g e n e r a t e d  i t .

P ro o f ;  The th eo rem  f o l lo w s  im m e d ia te ly  from  e q u a t io n

( 4 . I . 3 }. F o r ,  c l e a r l y ,  t h e r e  i s  e q u a l i t y ,  and  a s  a  f i n i t e  

c o n t in u e d  f r a c t i o n  w i t h  i n t e g r a l  e le m e n ts  c e r t a i n l y  r e p r e s e n t s  

a  r a t i o n a l  num ber, i s  r a t i o n a l  -

The c o n v e rs e  Of Theorem 4 . 1 . 1  i s  a l s o  t r u e  ;  nam ely , 

t h a t  t h e  dev e lo p m en t o f  ty p e  3 o f  a  r a t i o n a l  n u m b e r ^  i s  f i n i t e .

Theorem 4 , 1 . 3
The d ev e lo p m en t o f  ty p e  3 o f  a  r a t i o n a l  number 

17 > <» c o r r e s p o n d in g  t o  th e  g iv e n  seq u en ce  o f  p o s i t i v e  

i n t e g e r s  { 4 }  i s  t e r m i n a t i n g .

P ro o f ;  L e t  ^  , w here  aX'e p o s i t i v e  i n t e g e r s ,

> / ^ a >/. By th e  a lg o r i t h m  4 . 1 ,  we h a v e  : <2.,= 6 , ^

i f ^ ^  i s  an i n t e g e r ;  o r  <2, = £  3>, T  ]   ̂ ^  = /~ £>t p ,  1 ^  f
^ 0 *o t h e r w i s e .  Then, in  e i t h e r  c a s e ,  A  a  , „  ,

and  so ,• ' " 0 3 °

c

From f l  ~ -4=r- — j -  0 . we have

C  =: *3 o — ° >  o  >
f r i t e s J ~

-  A , A , >  ^
Then f~  -  P, > o •

' %• . -
I f  £>, > 0 i s  an  i n t e g e r ,  t h e r e  i s  e q u a l i t y

i n  th e  p r e c e d in g  r e l a t i o n s ,  and i n (4 .1 .4 ^
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T h a t  i s

a n d  •f’l = -4 * -  -  -?fa- . T hus, t h e  d eve lo pm en t

t e r m i n a t e s .

i s  n o t  an  i n t e g e r ,  t h e n  ^~>®, and j? , - & , -  h , £>a >o 

F r o m ( 4 .1 .4 j  , O  ^  f a ,  +  •

As p ,  i s  an i n t e g e r ,  /fc> > / .  A ls o ,  ^ , = fa» -  / -

We c o n t in u e  w i th  ^  - J-L a s  w i th  , w r i t i n g

7 7^  ^  * L b ». C J + > - [  £>x -fa— J *■ I J o th e r w i s e  -
3 '

I n  e i t h e r  c a s e ,  A  ^  ^  ^  fa  f t ,  ^  /

r  -  - 3 -  -  ez ± —  s-
From >, <5 y A . ^ J ~ °  > We have

d  =  a"’- ^  > ~ ft* ft, — /*x. . ->• o
/==»' ^  x 

w h ere  we w r i t e ,  a s  b e f o r e :  r ^ >  -  <2 ^  -  f t  /> -  d

1 j .  -  A '  *  '  •

i f  4  f7 i s  an  i n t e g e r ,  t h e r e  i s  e q u a l i t y  i n  ( 4 . 1 . 5 )  

a n d  i n  t h e  s u b s e q u e n t  r e l a t i o n s .  T h a t  i s ,  <2>-<2 ‘ ~ ~ fa*- ~ °>

a n d  - ^ - 3z~ . The d ev e lo p m en t th e n  t e r m i n a t e s  y i e l d i n g  a

f i n i t e  c o n t in u e d  f r a c t i o n  dev e lo p m en t of ty p e  3 f o r  nam ely ,

r . =
O ,

f t ,  *- a*
b  *.

I f / 4  % I s  n o t  an  I n t e g e r ,  th e n  51 >o and ft, > o .

From ( 4 .1 .5 )  we h av e :  0  ^  f a  * ^  *- • As

a n  i n t e g e r , ^  ^  /  . A ls o ,  ^  -  /  . Now ^  - />, from

t h e  p r e c e d in g  . ; . i   ̂ T hus, O <: ^  fa>a
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e r  p
I n  g e n e r a l ,  i t  f o l lo w s  a s  a b o v e ,  t h a t  = -  o

k > ?  V

A "  ^  A - ~  A  A - -  ~ °  j / ‘- ' A -
(■ o  4  />„ <

W rite  A  -  . < £ . / > , <  -  A - * ,

-Ẑ <£-iA€. •' C y -  O
f > a > /> x  >   > „ >  "  '

/ > /  > />  > / » ,  > ^  > / > _  > ' " -  '

The i n t e g e r s  ^ . y a r e  s t r i c t l y  d e c r e a s i n g  f o r  >> * © 

a n d  th e y  a r e  n o n - n e g a t iv e .  Hence t h e r e  e x i s t s  an  in d e x  ?? st / 

su c h  t h a t  =  o  } A  - A  ” ~ / A  A - '  ”  °
*7Then =  o  C - ,  * = ~  -

a "  d®-
T h e r e f o r e ,  t h e  dev e lo p m en t o f  t e r m i n a t e s ,  and we o b t a i n

t h e  f i n i t e  c o n t in u e d  f r a c t i o n  dev e lo p m en t o f  ty p e  3 
jr~ _  a , /  , + a  „ y

T h is  p ro v e s  Theorem 4 . 1 . 3 .

L e t  > o be r a t i o n a l ^  t l = ^ -  , W r i te  ^  t , By

Theorem 4 . 1 . 3  , t h e  d eve lop m en t o f  t y p e  3 o f  fZ  i s  f i n i t e  • 

t h e r e  e x i s t s  t h e n  an  in d e x  s u c h  t h a t  ^ Z , = o .  Prom t h e

a l g o r i t h m  4 . 1  a n d ( 4 . 1 . 6) }we o b t a i n  th e  r e l a t i o n s

^  & j  ^>y = <2. y ~ /̂ K fir-t  ^  O )

/  ^  A  ^ J"-'  j 2 *  = ^ _/ ~ * ( i , "- *- ' )
A  = <2 * A  A - /  = *  v = A - /  •

As f e - t  , we t h e  r e c u r s i o n  fo rm u la  f o r  t h e  ^  :
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* - *• ^  ~ / ' A "  ' 1-J
0  -  Ay, A--* -  Z „ A . - /

T h is  can  he w r i t t e n  a s  t h e  sy s tem  o f  e q u a t io n s  •' 
r <3-, f c ,  = 6 , /? 0 + /? ,  us^-S*. ;

1 a *  / > ,  = A  A  * A  / / z ,  > / ?  > A  > '
/• 7 - , ' ' < f?o > > />y > "'

A *  =■ A *  */>*•-' -a  =  ® , ii'WL

A -  " A -  - 9 a  A

We can a s s o c i a t e  t h e  sy s tem  4 . 1 . 7  w i t h  a  c o n t in u e d  

f r a c t i o n , (c’--a w i t h  t h e  c o n t in u e d  f r a c t i o n  d eve lo pm en t o f  

t y p e  3 o f  $2 = _ A  . F o r ,  i f i /  i s  any in d e x ,  Y±> t h e n  .,
Z3"

*■ £>v fty-> -+■ /> r  j

A  A  / ^ v  -»*-A -
A-_i£_ =  ^  >■■_______   *. = / 3. /
ZV-j. y- ■*

w h i l e  f o r  >7 /=V-/ x_ <£„
A - x  A ,

The l a s t  two fo rm u la e  y i e l d  •' A  = ^  ^ f i  ^
/?-/ ^ ^  7 A

w h ic h  i s  t h e  d eve lop m en t o f  ty p e  3 o f  t h e  r a t i o n a l  number ^  =- A
/

From t h e  s y s te m (4 .1 .7 ,) ,  we se e  t h a t  e v e ry  common d i v i s o r  

o f  p 6 and  f z t =■ i s  ,a d i v i s o r  o f  Jfy, } a n d  c o n s e q u e n t ly  o f  

e v e ry  f?„ , ( v  */, x» ■>>*/) • Then e v e ry  common d i v i s o r  o f  p c 

a n d  p i, d i v i d e s  A-* a n d . However, i t  do es  n o t  f o l lo w  t h a t  

d i v i d e s  fZ-y. o r  any  o f  t h e  p r e c e d in g  A  , o r  even  t h a t  

_t -  A #,p o )>  and  s i m i l a r l y  f o r  A - *  y (? -* )  t t h a t  A  a. n e e d
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n o t  d i v i d e ^ . ,  o r  t h a t  A . A l l  t h a t  can  be s a i d  i s  t h a t  

t h e  ̂ -c-cCot and  j>e d i v i d e s  an d  y A - '

The f o l lo w in g  exam ples w i l l  i l l u s t r a t e  t h e s e  r e m a rk s .

Example 4 , 1 . 1 .
L e t

fc- 3  7 
> . ”  /  3 / A

;•
= 5 7 
~ / 3

a n d  l e t  ~ -2 y Then A  ,

* ,  = m  j  ^ ~ 6> < ' f ' > 3 7  >
p ,  = a , 2 -  -  6 , /> .  ^  7S - - 7  V  ’ y .

o r ,  = - f -

r *  = a *  
2 - Z6*, ^

. /  **. = '
'  <■ - v

L3)  r  3 -  ^  
j *

= _ i L  - -2. 
-2 / z J  - J a -

z
hc

^ A , . 
A

iT
J2. '

* / • '  
W y  -  *

^5- -  / O  . 7~^ut-v^

a . r5- y

f~S" =■ ■ o  ,

/  <9 - j p — 2 S-, (-1—' 1 ^ ^ .

r*  * A /  =*"
a n d  t h e  d eve lo pm en t t e r m i n a t e s .  H ere , 'y? ~ 5 -f ^  ^

a n d  n e i t h e r A  d i v id e  e a c h  o t h e r ,  n o r  i s  e i t h e r  t h e  g . c . d .  

o f  13 an d  37 .

Example 4 . 1 . 3  ^ s ~  . A  -  ? •r £  = /V ,
L et >„ -  /  J O

and  l e t  A  -  c? r C * > / )■
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Then 6 , = 3 ; a., = [  3  ■ ~ f  /  + /  = &

2  , = f a o  = 3  5- j f > ,  -  * ,  J *  ~ ~  7 '

^~/ ~ ~ jr^ r  ^ A  -  & > * x * ^ ~ X ;

^  ^  = f> t = 7  j  /> * - ® a  ■ 3  s ' - £  • 7 = ^ c P
.  e_ £ -  a /A  _ j3_£ =  ¥

- 7
Thus i s  an  i n t e g e r ,  and  s u r e l y  4  l s  an i n t e g e r .  Hence, 

t h e  dev e lo p m en t t e r m i n a t e s ,  f]  -  o .  I n  t h i s  c a s e ,  ^ = i  and  

fa - *  =■ fa, - 7 d i v i d e s  2  »  *■ f a . h •  fax . A ls o ,

= 7  ^  / * * -  ^ . C - a t .  y  / > 0 *

Example 4 . 1 . 3 .  »_ 7 j- ,
--------------------------  L e t  S i = V T  j  A  = A  ;

o ^ l  M ^ C  A  = -2 ^ - /  . , k  i  / .

T- » /~ J  + /  = 2 ,
J /  = A  , A  “  -  >-2 = / a -

" T T  = 0 t  -

A  = a   ̂ a .  = JL£ =• 3 , ■
$  *- /*/ ^ ^

T h e n ^ C  i s  a l s 0  aIi i n t e g e r  and  th e  dev e lo pm en t

t e r m i n a t e s .

H ere , 'h  = 3_, f a ^ . x  * fa  =• /a  d i v i d e s  3  A  A - /  * A  , b u t  

^ i s  n o t  t h e ^  o f  72 and 42 f>0 a-r-et )  ,

Example 4 . 1 . 4 .  ' f t  \
T h is  i s  an  example t o  show t h a t  i f  (fa  t % J th e n

t h e  s u c c e s s iv e  j>v n e ed  n o t  be r e l a t i v e l y  p r im e .

L e t  T.  = -3#  , A  * / *  , 9= '  *"A  -  / f  - /

( /  «, S ' )  =  /
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a n d  l e t  £ v -  /  ; v * / ■ Then b>, ~ /  ,

« ,  = [  j g ]  + /  -  *  , -  A  -  ^
A  y -  5" -  / P  = a. •

And we see  t h a t  p ,  - -2- , ^ , = » -  /  &

a r e  n o t  r e l a t i v e l y  p rim e  ̂ ; ^  J ~ *2- '

V . -2, N o n -T e rm in a t in g  C o n t in u e d  F r a c t i o n
D evelopm ents  o f  Type 3

I f  j*  0 >o i s  a  r a t i o n a l  num ber, i t s  c o n t in u e d  f r a c t i o n  

d ev e lo p m e n t of ty p e  3, c o r r e s p o n d in g  to  a  g iv e n  se q u en c e  o f  

p o s i t i v e  i n t e g e r s ^ ]  i s  o b t a i n e d  from  t h e  sy s tem  o f  e q u a t io n s

A  = 'y. *•/ ' s. + f ^
w here  t h e  a r e  g iv e n  p o s i t i v e  i n t e g e r s ,  and t h e  and

a r e  d e f i n e d  s u c c e s s i v e l y  by J = P>v i f  4  A ,  i s  an
p r -o  t

i n t e g e r ,  and  o th e r w i s e ,  by

A  I 6 ' ? * : 1  * '
f Y:* ~ J T ^ T r  *

As we have a l r e a d y  se e n  (^Theorem 4 .1 .2 , )  t h e  sys tem  

( 4 . 2 .  l )  t e r m i n a t e s  w hen4 . ^  18 an  in teger/t '- .# . when i s  r a t i o n a l .  

I f  t h e  n u m b e r^  i s  i r r a t i o n a l ,  we can  e v i d e n t l y  a p p ly  t o  

it the same seq u en ce  o f  o p e r a t i o n s  a s  a b o v e ,  t h a t  i s ,  d e v e l o p ^  

into a continued fraction according to tne Algorithm 4.1, and 
o b t a i n  a  sy s tem  o f  e q u a t io n s  s i m i l a r  t o ( 4 . 2 .  l j  a b o v e .  However, 

i n  t h i s  c a s e ,  th e  seq u en ce  o f  o p e r a t i o n s ,  and  t h e r e f o r e ,  t h e  

sy s te m  o f  e q u a t io n s  do n o t  t e r m i n a t e ,  b u t  c o n t in u e  on
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i n d e f i n i t e l y .  F o r ,  a s ^  i s  i r r a t i o n a l ,  i t  f o l lo w s  t h a t ^ -  ~  ~ 

i s  a l s o  i r r a t i o n a l ,  a n d  s i m i l a r l y ,  a l l  t h e ^  a r e  i r r a t i o n a l ,  

y> o , an d  ^  can  n o t  be an  i n t e g e r .  T hus, t h e  o p e r a t i o n s  

c o n t in u e  i n d e f i n i t e l y ,  and th e  c o r r e s p o n d in g  sy s te m  o f  e q u a t io n s
/> — & i'

r "  ^
i s  n o n - t e r m i n a t i n g .

Theorem 4 . 3 . 1 .
The dev e lo p m en t o f  ty p e  3 o f  a  r e a l  n u m b e r >Q 

c o n v e rg e s  an d  r e p r e s e n t s  ^ 0 ■

P r o o f : We. assum e t h a t ^  i s  i r r a t i o n a l .

The c a s e  a  r a t i o n a l  number i s  t r i v i a l  by Theorems 

4 . 1 . 1  and  4 . 1 . 2 t a s  t h e  deve lo pm en t i s  a  t e r m i n a t i n g  o n e .

L e t  ̂>0 be i r r a t i o n a l . "  Then t h e  c o n t in u e d  f r a c t i o n  

dev e lo p m en t o f ty p e  3, a c c o r d i n g  t o  a lg o r i t h m  4 . 1  i s  non­

t e r m i n a t i n g .  F r o m ^ .  2 . 2 j  we have

'  [ K  A '  1  *  '

As L * f  ^  A /> 1 , w i th  s t r i c t  i n e q u a l i t y ,

t h e n  (i) o < '  * A lso  f t - * / 0* - an d

t h u s  ( 4 .2 .3 , )  •• o ^  4. /

From ( 4 . 2 . 2)  we o b t a i n /
&._L +  ^  n — >( y - f )

V. -a- v  ~ /  6>, / I *  SJ’ r *-/°-

D enote  b y / ^ / t h e  seq u en ce  o f  e o n v e rg e n ts  t o  th e
^ r <2 x. ~j

c o n t i n u e d  f r a c t i o n  /  Ĵ
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8* - *,  a,  - 4  > , ^
& v - + a y e y_^  >  B v _, ,  y > *.

As th e  By a r e  p o s i t i v e  I n t e g e r s ,  we have  S y ^ ,

F rom ( 4 . 2 . 4 ^  we o b t a i n  t h e  w e ll-kno w n  r e l a t i o n  •'

^  „ J- Z^r )  A V-, <2y A

+ f y  /3 y - ,  +  S y . x

r ° = 8 i ’ " *  i -  'f?y & y., -f &y

Then ^ 0 & y„ -  A  = ' A ,  ( p  Q - ,  -  A * -  ) ,  f i n a l l y

^  ^  ^  B > - * *  1 -  f *  t f . & - s  - A . - ,  I

ThUS \ f > 8 y - A y \  -  f Y ”  B
By (4 . 2*3 ) A  A - > <- /  j  v - / 2 - .  C e r t a i n l y  t h e n , j j ^  ^ v' * 1

1 ‘ U p , S r -A»\<f>.
a n d ,  i n  e i t h e r  c a s e ,  ! '  Av j  < j  j ^  ^  /  tV^q. #

A *  _ ^
g ,  ~ r °

As B v f  °<> a s  i t  f o l lo w s  t h a t  4 t

T hus, th e  c o n t in u e d  f r a c t i o n  deve lo pm en t o f  p e c o n v e rg e s  

a n d  i t s  v a lu e  i 0^ , -  T h is  p ro v e s  Theorem 4 . 2 . 1 .

Remarks From th e  r e l a t i o n s  j ^ d $ V- A r l  - ^

Y  r *  o , an d  < /  t a  = / .  - ■

i t  f o l lo w s  t h a t  l lm  J 7 3 y - A y  j -  o  ■

For, l e t  6 >o be a  g iv e n  number a r b i t r a r l y  s m a l l .  As < 1

t h e r e  e x i s t s  an in d e x  o?0 >o j  ^ 0= ^0{6) su c h  t h a t

( ( f ’-.-T. ^ , - i J 'i-, >̂0 <" 6 ->7 5 ;
j  8  y> —A  y j  <c <£ ^  ~

1f ‘ 8 > ' A  k =  ° '
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T h is  y i e l d s  a n o th e r  p r o o f  o f  Theorem 4 . 3 . 1 ,  f o r  we 

h av e  j f .  13y - A v (*  6 f o r  ??,; and  s u r e l y  t h e n ,  J - A x .  j  * 6 

H ence, - />* ■V ^  oo !
The above r e s u l t ,  nam ely  11m j^ 0 B y - A y  j -  o  shows

t h a t  j# ' i s  i r r a t i o n a l .  F o r ,  a s  th e  s e q u e n c e s  { & * }  , { ^ y}

c o n s i s t  o f  i n t e g e r s ,  we have  by th e  I r r a t i o n a l i t y  C r i t e r i o n
!■ 8  • / (i>) , p  t>0  ̂ rLaX  Co .

i f .  3  A p p ro x im a tio n  P r o p e r t i e s

Lety^, > o  bo i r r a t i o n a l  o r  r a t i o n a l ,  and l e t  t h e

dev e lo p m en t o f  ty p e  3 o f ^  be ; (^ c o rre sp o n d in g  to  th e  g iv e n  

se q u e n c e  o f  p o s i t i v e  i n t e g e r s  £>v

¥■ 3, / x?. = _ a _ J - 4- /  * . . .  -■ Qyl—
(  /  ^  - /  6> /  ̂

/  -t-j /  J=>̂+ ^

I f  i s  r a t i o n a l ,  t h e  d e v e lo p m e n t( 4 . 3 . l )  i s  a  f i n i t e  

o n e .  T h ere  e x i s t s  an  in d e x  su c h  t h a t  ■=■ o . A l s o >0 

f o r  o  ^  ^  - 'H* ■

O t h e r w i s e , ^  i s  i r r a t i o n a l ,  a n d ( 4 ,3 .^ )  do es  n o t  t e r ­

m in a t e .  Then >o f o r  v > o ■

From (*/■ 3 , / )
/ o  -  ^ / ? J / ^  -/ /  A » - > -  _ f r / t * - ,  ~A / ! v

'  C, ,  / 0 r -  + * '  / ? •  ^ - /  + 3 *

I />. 8. - A. I  «  f>y i f .  B... - j  .

,  f en \ 0  -  d * .  1 -  / ± 3 ^  j  , (?*. )■
( ¥ - 3 . * - )  I f *  f 3 y  I  B y  ‘  ‘ B * - ,  (
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As , ( r* 'J  , o f  e v e ry  two s u c c e s s iv e  i n d i c e s

L> c * /) t h e r e  i s  a t  l e a s t  one , say  v ( * z <- •*.<■'+>') su ch

t h a t  / .  I f  £  /  , t h e n  s u r e l y

-  r k r  /  "  > r -  -  4 ? ,  I  ■ a s  •

T h is  o c c u r s  a t - l e a s t  once f o r  e v e ry  two s u c c e s s iv e  i n d i c e s .

I f  >  I , we can  n o t  say  t h a t  dv ~ j ~  J <
From ( 4 . 3 . 3 ) ,  nam ely , = /° v  8 v >  ,

I fS'v
we o b t a i n  a  s u f f i c i e n t  c o n d i t i o n  t h a t  ^  ^  •

Theorem 4 . 3 . 1
L e t  1 ^ ,  w i th  e o n v e r g e n ts  1 % } .

/  — »

a n d  d e n o te  by 6 »  * 1 ~ J  , t h e  e r r o r  -  se q u en ce

c o r r e s p o n d in g  t o  t h e  d eve lopm en t o f  ty p e  3 o f  

Then, a  s u f f i c i e n t  c o n d i t i o n  t h a t  0 Y * 

f o r  a  p a r t i c u l a r  in d e x  i s  t h a t

4 . 3 . 3  <4. 6 „ t ,  >  < ? „ ,  .

P r o o f  :
From ( 4 . 3 . 3 )  page  , a s

^  4  j ^ L L  , ( o' )
/

Then z. &*-> ^  a »+'_

o r  < j r ' ' L ,~  -  /  j "by h y p o t h e s i s .ZSy (C? y y J

B u t ,  from  ( 4 . 3 . 3 )  , ^».v . Hence +

Theorem 4 . 3 . 3  L e t  P. >o have  th e  dev e lo p m en t o f  ty p e  3

/o — <g- 1 + <? '- /  . . . .  . • / • ^ ZL~ ^ •~ 7T7 + Tkt  * 1 ** f  ■
A s u f f i c i e n t  c o n d i t i o n  t h a t  ^  f o r  a c e r t a i n  in d e x  1/

i s  t h a t  >  -s
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P r o o f  : ,
and

/

/ £ - .  > S . - 7 ]  *  / “J - - /  ^ K - l

Now 6  ^  ^ . * '  ( f r o ® ^  , p .  /* *-7 p * "  < K «; t p y * . ,  ■+■/ j  -= r ' ' (

so  t h a t  ' />>, /3 y-, <____   /g^-y_______________/ f i  _________ _
*• (&  y ~ y )  yg*. - / ^  A

Then, a s  ^  a   ̂ a y ~ / ^ f ,  and  so /£* *•- / ^  /  .
/3V

H ence, from  th e  r e l a t i o n  @r ~ , we have/3y

Example 4 . 3 . 1
   The f o l lo w in g  i s  an example o f  a  d eve lop m en t

o f  ty p e  3 o f  a  number > o f o r  w hich  t h e r e  a r e

i n f i n i t e l y  many i n d i c e s  ✓ su c h  t h a t  > /  •

L et ^  / ^ 5 r~ , an d  l e t  '  •> K ’ 4

I t  i s  e a s i l y  v e r i f i e d  t h a t  th e  deve lopm en t o f  ty p e  3 o f

i s  p u r e ly  p e r i o d i c  w i th  a  two -  te rm  p e r i o d .  We have 
X? _ W  + /  l-  -t- J £ -L  + •■■■ + /

f °  ~ "  '  ’ ' '  /£ > „  Y -

With = V <2 a t' " / y' Ck >/x)

 ̂ = y' ^ /iT~ > ^

Y *-* -' -- / ' s r ’ -  -e ^  /

We have  : / /* •  ‘ ^ 7 7  / " I /* '  "

an d  ®2>- ~ ’A • Then 25a* -

( e q u a l i t y  i f  k=  / ) - A ls o ,  / * **_ & **-> > g  = -J- > ' •
xgk x- a  y©»*-' •*■

T h e r e f o r e  , / A  -  4 ^  I * } P* ~ d*-* I f o r  ^ » . - • '
' ' / / / g „  '
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Chapter

5 .1  A lg o r  i t  ilia
L e t  > o be a  g iv e n  num ber, and

l e t  { <V }  be a g iv e n  se q u en c e  o f  p o s i t i v e  i n t e g e r s .

W ri te  6>o -  [  7 -  o  I f  £7 i s  an  i n t e g e r ,

^  / , t h e n  <£». *■ §~. , and  we say  t h a t  t h e  d e v e lo p ­

m ent t e r m i n a t e s .  O th e rw is e ,  we d e f i n e  by t h e  r e l a t i o n  :

~ . Then o < < /  ■

The i n t e g e r  £>, i s  d e f i n e d  to  be th e  l a r g e s t  i n t e g e r  x 

su c h  t h a t  [  ' X J  = Y  = /  1  • Hence [(6,

and  b>, > C, The i n t e g e r  b ,  i s  u n iq u e  a s  o < f •

I t  f o l lo w s  th e n  t h a t  [  (  k>, ■ * ■ > ) ]  =■ / + [  b , ^ 0 J  .

W rite  CL, = / + f  b . f *  ]  =• [(b>, > /  •

and  d e f i n e  by t h e  r e l a t i o n  : =• ■i '
Then ^  > CL, a s  o + /  . I f  (&t + / ) p ,

i s  an  i n t e g e r ,  th e n  from  t h e  a b o v e , d ,  ~ ( b , + / ) ^ , and  

~^J~ = b, + /  - But %  -  ^  . Hence CJ - b ,  +■ t .

a n d  $ 7  i s  a n  i n t e g e r .  The deve lopm en t th e n  t e r m i n a t e s ,  and  

we have  : ^ 7  -  b a + , +'z  /
O th e rw is e ,  (b>, + ' ) i s  n o t  an  i n t e g e r ,  and  

c o n s e q u e n t ly ,  <£>, - [  €~, J  . T h is  can  be se e n  a s  f o l lo w s  :

From a., = [  k, ]  f- t -  I  ( b , i - t ) ^ .  7 ,

^  <  (£>, + /)  1* o , 6>, < ^

Hence b, ~ [  p b  J  -  [  ^  ~] , a s  ^

A ls o ,  from  th e  r e l a t i o n  b>, ■* / > - p f -  , a s  o < c ^  ^  /

we o b t a i n  6>, > a . ,
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We c o n t in u e  a s  b e f o r e  w i t h  ? 7  > w r i t i n g  - 4  + ̂ ,

w i t h  o < < / D e f in e  4  t o  be th e  l a r g e s t

i n t e g e r  x su ch  t h a t  /  X ^ ,  J  - [  (°> 7 ■

Hence [  f > ]  > I 7 , and  4  -  Cx ■ I t  f o l l o w s ,

a s  O ^ * 1 t t h a t  [ (b>-+0 ^ >  ]  = + ■

W rite  <2. *. = f  + J ~  s  I , and  d e f i n e  ^

by £L -  ~  j  >  4 *  • I f  ( 6 ^ + 0  i s  an

i n t e g e r ,  th e n  &*. * ( 4  + 0 ^ '  > = 4 .  * '  >

a n d  = 4  + f i s  an  i n t e g e r .  A c c o rd in g ly  th e  d e v e lo p ­

m ent t e r m i n a t e s .  A lso ,  a s  ^ 1 = 4 . ^ /  > £ x  } 4  > -

We o b t a i n ,  i n  th e  above c a s e ,  t h e  c o n t in u e d  f r a c t i o n

r .  -  t .  * - f y - 1 * M , with i , s
f /£>*.+>

O th e rw is e ,  ( " 4 - M  i s  n o t  an  i n t e g e r ,  and  i t  f o l lo w s  

t h a t  4 .  = t  1  F o r ,  from  s [  4 / ^ 7   ̂ = L

4 ^ ,  < 4  < f 4  + / ' ) f ,  , a n a  4  c  < 4  * /

o r  4  ^ 4  < 4  ’V  . Hence 4  = /" 4 .  J  •

A ls o ,  4  > 4  > <?x , and  _ 4  > <2 * *

W ri te  4  = 4  y • Then from  th e  p r e c e d in g ,  , ^  ^ /  '

We c o n t in u e  th e  seq u en ce  o f  o p e r a t i o n s  d e f i n e d  above 

w i t h  ^au. r e p l a c i n g  , and  <̂ 3 r e p l a c i n g  ^  *- *

I n  g e n e r a l ,  <2 ^  ^   ̂ and  4  + / i s  t**16 l a r g e s t

I n t e g e r  x  su ch  t h a t  [  %^  ]  = L c * + ' 7  ; 4 * /  ~ e * + '

Then [ ( 4 . ,  + ') / 4  ]= -* + I  4 ~ A  ]  . W ri te  -- '  ^  [ K * , A
vr  <r = *•»«'and  d e f i n e  5 „ , . ,  by •’ ^

I f  6 4 , ,  +1 ' ) i s  an  i n t e g e r ,  th e n  &>, + , - (ht,+, + i ) ^ it and  i t  

f o l l o w s  t h a t  4 ,  y, -  ("4,^, * 1)  an  i n t e g e r .  The
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d e v e lo p m e n t t e r m i n a t e s .  We n o te  t h a t  a s  o ^  /  ,

£ T * ,  > &» + , and  from IT*, — + it we o b t a i n  ^  a «*> •

The number I* th e n  h as  t h e  dev elopm en t
r- i  S T "  _  /  , < * , /  ,  t Z i . 1  . . .  # » - * >  /5.1.1 So = r—j—  ̂ , . ■—  ̂ 7 7

w i t h  ^<^2^ j k = /-  a x ' ■ • ' '

O th e r w is e , (^L.., + t ) ^  i s  n o t  an  i n t e g e r ,  and  i t  f o l lo w s  

t h a t  *4,*, ^ ^T,*/ 4,v, and  ~ L ^»+t ] ^ *, -

Then w r i t e  = , an d  d?

a n d  c o n t in u e  a s  b e f o r e .

We n o te  once more t h a t ,  a s  and  °  ^  C *"' ^  *’

we have  ^T > • A ls o ,  a s  = / ” IT 7 , ^  ^   ̂ ^  ^  V "  J

( T h is  l a s t  i n e q u a l i t y  h o ld s  when IT I s  an  i n t e g e r ,  f o r  i n  

t h i s  c a s e ,  IT  =- ^ /  , and  a s  ^  ^  •

I f  a t  e v e ry  s t a g e ,  ) ^ Y i s  n o t  an i n t e g e r ,  th e

d ev e lopm en t does n o t  t e r m i n a t e ,  and  one o b t a i n s  an  i n f i n i t e  

c o n t in u e d  f r a c t i o n  deve lo pm en t f o r  IT :

5.1.3 IT 6 .  + + - £ j L  + - • ' '
/  C>, /  /5>o-

/  A
w i th  v v >: <2.y , ( V - ' )  > an d  w i t h ^ i n t e g r a l  e le m e n ts  ^V, 6 Y ■

As a  s p e c i a l  c a s e  o f  t h e  above a lg o r i th m ,  we n o te  t h a t

i f  C Y -  /  t (y  - / . ' - ' )  t h e n  <zv * t- c * /**-> 1 + '  ~ / '

a s  a ^  * 1 , and  we o b t a i n  th e  r e g u l a r  c o n t in u e d

f r a c t i o n  deve lopm en t o f  IT .
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D e f i n i t i o n  5 . 1 . 1
1. The d eve lop m en t o f  a  r e a l  number 

t l  > o a c c o r d in g  to  th e  a lg o r i th m  5 .1  , and  c o r r e s p o n d in g  

t o  t h e  g iv e n  seq u en ce  o f  p o s i t i v e  i n t e g e r s  { c* }  i s  c a l l e d  

t h e  d eve lo pm en t of ty p e  4 of t h e  number . f*. i s  s a i d

t o  g e n e r a t e  th e  d e v e lo p m e n t.
/  A , /

2. A c o n t im e d  f r a c t i o n  p~£- 71 , t e r m i n a t i n g

o r  n o t ,  w i t h  p o s i t i v e  i n t e g r a l  e le m e n ts  su ch  t h a t

> <Zv i (?=/,*■■■•■) w i l l  be c a l l e d  a  c o n t in u e d  f r a c t i o n  o f  

t y p e  4 .  I n  th e  t e r m i n a t i n g  c a s e ,  t h e  f i n a l  > <£-*, .

Theorem 5 . 1 . 1
A f i n i t e  deve lo pm en t o f  ty p e  4 i s  th e  

r a t i o n a l  number w h ich  g e n e r a t e d  i t .

P ro o f  :
The p r o o f  i s  im m edia te  from  th e  a lg o r i t h m  5 .1  and  

t h e  r e l a t i o n  ( 5 . 1 . 1 ) .  F o r  t h e r e  i s  e q u a l i t y ,  an d  a s  t h e  f i n i t e  

c o n t in u e d  f r a c t i o n  ( 5 . 1 .1 )  h a s  i n t e g r a l  e le m e n ts ,  I i t  

r e p r e s e n t s  a  r a t i o n a l  num ber.

The c o n v e rse  o f  t h i s  th eo rem  i s  a l s o  t r u e .

Theorem 5 . 1 . 3
The d eve lop m en t o f  ty p e  4 o f  a  r a t i o n a l

number ^7 , ( c o r r e s p o n d in g  to  t h e  g iv e n  se q u en ce  f  C, }

o f  positive integers ) i s  terminating.
P r o o f  :

L e t  go be r a t i o n a l .  By th e  a lg o r i t h m  5 . 1 ,  we

h av e  - 4  5 /" C ]  , f 7  = + jP, . I f  ^ 7  i s  an  i n t e g e r ,

-  o , a n d  th e  d ev e lo pm en t t e r m i n a t e s  w i th  th e  e q u a t io n
£7 -  6 0
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O th e rw is e  , o * f a a ^  ~ fa  i s  r a t i o n a l ,  and  we

w r i t e  = ^ a t w here / 4  , ^  . a r e  p o s i t i v e  i n t e g e r s ,

A  *  / , * '  • As *  / ,  '  ^  A  *  / *

W ri te  fa, -  ^ °  ■ N ext, w r i t e  :

(1 )  -  f  + f c< f a ]  -  / + [ fa  f a . ]  j where b , i s  t h e

l a r g e s t  i n t e g e r  x su c h  t h a t  [  y.fa0 J  =■ fa C, fa. ]  . Then

(2 )  A ,. - fa (* > .+ ']  f a . ]  - / +  fa fa f a , ]
er OL <r 1  A/-a n d  we w r i t e  5 ,  ~ . Thus ^ '

a n d  f~, = . From (1) and  (2) above

& , fao  ^  ^  ^  '

T h e re  i s  e q u a l i t y  i n  t h i s  r e l a t i o n  i f  (fa * /) ^ o i s  an

I n t e g e r .  Then &, - (fa+ O fa, an d  fa  ~ = fa  ^ / '

T hus, r  i s  an  i n t e g e r  and  t h e  developm en t e n d s . O th e rw ise  

(j>t + fafa?0 i s  n o t  an  i n t e g e r ,  an d  i t  f o l lo w s  t h a t

6>, < ~  -c /  , an d  so = /  fa  J

W rite  A  ~ fa  ~ fa ; o <. fa t ^ '  .> 80 t h a t  ^  ^  * A

Now A  = ^  J .  -  fa  t ° = jfa*
r  F *  2 '

w here  we w r i t e  • fa , =• A  ^  - 6 , ^ .  ; ^  , ^ , 0

As o fa>, * f .  j  ±  p t c  ^  ^  /  4  f a  ^  fa a ,

A lso ,  from  b e f o r e ,  /  ■£ fa e f a /  ■ Thus,

/  4. fa, < fa . *  fa . j We have t h e n  :

r. - i .  * ■ 4.. - r  t .  7

* ,  -  r r ,  7  ; C  r  •  ^  V '  j "  V '  * '
A W . f , '  - A '

We c o n t in u e  w i th  a s  wi t h  , t o  d e f i n e

<2* by means o f  th e  seq u en ce  £ <?v j   ̂ and  so  on.
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I n  g e n e r a l ,  we have •' _____

5 . 1 . 3  f ~  '  f l  ' - A  ’
- *  -  A -  *  '  '

/  ^  ^  ^  ;  «-*■ t  & f a  «*/>■»-' , S'***,

From ( 5 . 1 . 3 ) ,  i t  f o l lo w s  t h a t  A ;  > A  > A  > " ‘ >/ A > " - / ' 

As th e  A  a r e  p o s i t i v e  i n t e g e r s  and  a r e  s t r i c t l y  d e c r e a s ­

i n g  , i t  f o l lo w s  t h a t  e i t h e r  ,

(a )  t h e r e  e x i s t s  an in d e x  >. su ch  t h a t  A ,  - a  and

A  + 1 ^ fa - t  ~ 4 / )  a i s  an i n t e g e r ,  o r

(b) t h e r e  e x i s t s  an  in d e x  su c h  t h a t  ~ J *

In  t h e  c a se  ( a ) ,  A  + 0 f a - ,  an i n t e g e r ,  th e n ,  a s

^■a ~ (6*  + ') ^ a-> , we have  A  '  ^  an  I n t e g e r .

Hence t h e  deve lopm en t t e r m i n a t e s ,  a n d  th e  th eo rem  i s  p ro v ed .

O th e rw is e ,  (b )  = /  j an d  -  j A ,  -

Then, from  A  = > and  th e  a b o v e ,  -  a  «>
0  ^  f a - *  f a  >  Z " '  '

T hus, f - .. i s  an  i n t e g e r ,  a n d  th e  developm ent t e r m i n a t e s .

T n is  p ro v e s  Theorem 5 . 1 . 3

5 . 3  Non -  T e rm in a t in g  C o n t in u e d  F r a c t i o n s  o f  Type 4

I f  17 i s  r a t i o n a l ,  i t s  c o n t in u e d  f r a c t i o n  

d ev e lo p m en t o f  ty p e  4 i s  t e r m i n a t i n g ,  by Theorem 5 . 1 . 3  . We

saw t h e r e  t h a t  th e  developm en t ended  when i s  an i n t e g e r .

I f  now t h e  number ^ 7  i s  i r r a t i o n a l ,  i t  f o l lo w s  t h a t  a l l  t h e

. c o m p le te  q u o t i e n t s  17 a r e  a l s o  i r r a t i o n a l .  F o r ,  from
=• A' L 4- • • • • +- /  + _a *J-

/&>, /

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



111.

we h a v e ,  a s  b e f o r e ,  t h a t  i f  ^  i s  i r r a t i o n a l ,  so i s  -C, 

a n d  c o n v e r s e ly .  T h e r e f o r e ,  t h e  d ev e lopm en t o f  an  i r r a t i o n a l  

number K  > o  i s  non -  t e r m i n a t i n g .

From t h e  a lg o r i th m  5 .1  a p p l i e d  t o  t h e  i r r a t i o n a l  

number ^7 , we o b t a in

5 . 3 . 1  'k ' ^  h  f  a  — +■ ■ ■ ■ ■ ■
>0 /  h ,

w ith  t h e  a d d i t i o n a l  r e l a t i o n s  

^  a
5 . 2 . 2

^ /

Theorem 5 . 3 . 1
(a )  The d ev elopm en t o f  ty p e  4 o f  an  i r r a t i o n ­

a l  number ~>° c o n v e rg e s  an d  r e p r e s e n t s  '

(b ) C o n v e rse ly ,  a n  i n f i n i t e  c o n t in u e d  f r a c t i o n  o f  ty p e  4 

c o n v e rg e s  and  r e p r e s e n t s  an  i r r a t i o n a l  num ber.

P ro o f  : __ ^ ,
L e t  ( 5 . 3 .1 )  ; f 7 0  ^    - f .  * -  *

/  6>,

From t h e  a lg o r i th m  5 .1  , ■* JI2J -
/4>» /  f l

a n d  f l  = ?  /q ' " '  *  , Then
- / 7*" & M - x

J - /*?*-/ I __ • * •_ <______  ̂ . 2  ' ,
1 ($Z /X-. * &»-.

As fT-  > 1  we have

5 . 3 . a I £  -  I ^  *
/3L-. I

A ls o ,  a s  (Jv f o r  ^ = /. a, we have  :
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3 V ~ y- a* 3 ^ -  x ^  S y ,. ,  ( e q u a l i ty  on ly  i f  v - / )  .

and th u s , de^-, ■ - ■ * d*., .

As th e  e lem en ts are  p o s i t iv e  in t e g e r s ,  we

have : > ' '  ' > ^ a .  > - Hence /o* .

T h er e fo r e , i r .  -  4  —  J ^  77"~ and X —
-'V - /

Hence, th e  developm ent ( 5 . 3 . 1 )  con verges and r e p r e s e n ts  ■>! ,

We can th en  w r ite  e q u a lity  in  ( 5 . 2 . 1 )  , namely ,

f ;  =  l .  +- lL  + y. . . . .

(b) Let  ( 5 . 2 . 3  ) + j l i 1  y
/  Jb, /  J?>.

be an i n f i n i t e  co n tin u ed  f r a c t io n  o f  type 4 . As ( 5 . 2 . 3 )

has p o s i t i v e  e le m en ts , we need  on ly  prove th a t

2 ^ 2 2 , j  - ^ 2L ~ j  *  o in  order th a t  ( 5 . 3 . 3 )  co n v erg es.
"** /3-»

Now /  A*. -  /4*-/ /   ̂ a , # ! . . - -  ana. a s  2̂  >
/ 0 * . ,

i t  fo l lo w s  a s above th a t  2f^ > a ,  4*. " •  j and

S y f  a s v . Thus / ^  -  /̂ zL /   ̂ 8^~t ‘

and c le a r l y ,  ^2*" / - ^  - i  -  o  . T h ere fo re ,i ^ /
( 5 . 2 . 3 )  c o n v erg es . C a ll i t s  v a lu e  §1 . That i s ,  w r ite  :

r . -  k  + [ .  We prove n ex t th a t  §1 i s  i r r a t io n a l .

/  4  \-+t I ,
The co n tin u ed  f r a c t io n s  * 7/  ■+■. . . *  are' '

a l l  o f ty p e  4 ? ( A  = t  a, <• ■ ^ , and by th e  p r e c e d in g , they  

a r e  a l l  co n v erg en t. We w r ite  th en  : K  -  ^  + 1 4 * 7
/  v   ̂ y u ‘

Then, C  =  ̂ ^ - /  y. . . . .  y- L
7 6 ,  /  ?-x

and | r  _  f \  A , ( X ^ / ) ,

r A « A. ,  * *->
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I t  f o l l o w s  th e n  t h a t  (a )  /  f l  B*-, - d* ., )  ~ ^  ) $1 8 x->.~ | y

a n d  (b) j £  B x „  - A x . ,  J =■ * •  °J L . j f o r  * = / .  a.
C  f l  - • ■• tx

A lso ,  a s  > a  * , we h ave  / H  ®a-/ ~ ^ a - /  1 * 1 ,

a n d  (c )  I T * - 4  a-, I *  j  f l  S x.5 - /, f o r  *, 3, •

Hence, by t h e  I r r a t i o n a l i t y  C r i t e r i o n  1 . 8 . 1  a  , page  -5"?, ^O j

we have  t h a t  i s  i r r a t i o n a l .

T h is  c o m p le te s  t h e  p r o o f  o f  Theorem 5 . 2 . 1

Theorem 5 . 3 . 2  / f
Each c o n v e rg e n t  t o  th e  c o n t in u e d  f r a c t ­

i o n  deve lopm en t o f  ty p e  4 o f  > o

5 . 2 . ?  f l  =■ -f a +- ( t e r m i n a t i n g  o r  n o t )/ b / / o  >
i s  a  c l o s e r  a p p ro x im a t io n  t o  'T’o t h a n  t h e  p r e c e d in g  c o n v e r g e n t .

P ro o f  : _  /  . u = /  a ...
  W r i te  C  - + /  s  ~  '

Then ^  = £>» -h J L lI  + . ■ ■ + _f7yA  an d , a s  on page 113,

we have  : ^  ^  ^ ^  j and

">"1 y-/. 8to * & to+i S-to-,

ie~  r . -  4 . 1  - ^  ) s.-. r. - ■
As r:., « tove: /8.f.-4./W A,S-^/;
o r  / f - 0 -  ^ iL . j  ^  B ^ J  I /  and  c e r t a i n l y ,  a s

S3-*-, /5L -/
«  ' ^  _  we h ave  f i n a l l y ,

i r , .  g . ( < I ?.  - j  ^

T h is  p ro v e s  Theorem 5 . 2 . 3
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Chapter 6

6 .1  A lg o r i th m  *
The f o l lo w in g  was s u g g e s te d  by D r . f . C. T a y l o r .

L e t  t l  > o be a  g iv e n  r e a l  num ber, and  su ppose  t h a t  

i s  a  g iv e n  seq u en ce  of s t r i c t l y  m on o ton ic  i n c r e a s ­

i n g  f u n c t i o n s ,  f o r  -*. = o, /, a, - . The i n t e g e r  C0 i s

d e f i n e d  u n iq u e ly  by : / .C c *  )  h  f l  * •/» { c 9 + 0

I f  / .  h )  has  an  i n v e r s e  / . " M  ,  e .  i s  d e f i n e d  a s  :

c Q = [  -£  C l e a r l y ,  t h i s  i s  e q u i v a l e n t  t o  th e  p r e c e d in g

d e f i n i t i o n .  For th e n  c » £ /  C §1 j  C0 + 1

a n d  th u s  /»  ( c 0 ) - ^  /  C + >) '

I f  r .  -  - f .c c .- )  , t h e  deve lopm en t t e r m i n a t e s  . O th e rw ise

/ ( c a) ^  - f 0 C c o + * )  , an(i we c o n t in u e  by w r i t i n g  :

r .  = cc . ■) * s i c • * ')  -  * l e -± .
> /

T h is  d e f i n e s  t h e  number ^  . E v id e n t l y ,  f~, > I . We 

c o n t in u e  w i th  ^  a s  w i th  b e f o r e ,  r e p l a c i n g  / . { * )

by /  f y . )  . Thus, th e  i n t e g e r  c ,  i s  d e f i n e d  by th e

r e l a t i o n s  • / , C c , )  £ ^  ■/•,.(£,+*)■

I f  = /, ( c> )  ̂ t h e  deve lopm en t t e r m i n a t e s ,  and  we have  :

^  =  /  Cc ) y- ^  CCt+l  ̂ ~ S - ( CAT . l c . ) + ---------

O th e rw ise  f e e . )  < r .  •<" /  ( c , + ') , and  we c o n t in u e  by

w r i t i n g ,  a s  b e f o r e  , f~t = C c  )  +■ ^  ^ c‘ )  ~ ^  C c,)
■ £ 1

it- , , .
See 0. S zasz  (1) " L e c tu r e s  on C o n t in u e d  F r a c t i o n s " ,

U n i v e r s i t y  o f  C i n c i n n a t i ,  1 9 4 0 .-  41 , L e c tu r e  13.
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C l e a r l y ,  f l .  > /  , an d  so  on, w i th  K . and  fC fx .)

r e p l a c i n g  T, and  7̂  f x ) r e s p e c t i v e l y .  I f ,  f o r  a

c e r t a i n  in d e x  j 4 ^  an  i n t e g e r ,  t h e

d ev e lopm en t e n d s .  We o b t a i n  i n  t h i s  c a se  t h e  f i n i t e  c o n t in u e d

f r a c t i o n  deve lopm en t o f 41
G t <£~ J?fS' \ . ( C° +/)  ~ 4e») /  + ' ■ ■ -f (*-*>-, *' )  i6 . 1 . 1  ^  7o(c0J + . _ - - j  -  -

/  V, fc , ) J tL  )

I f  f o r  e v e ry  in d e x  y} ( <?r )  £~v ; where ^  i s

an  i n t e g e r ,  th e  developm ent does n o t  t e r m i n a t e ,  and  one 

o b t a i n s  an  i n f i n i t e  deve lopm en t f o r  ~̂o , nam ely ,

6 . 1 . 3  <C ~  /  C c.) + S - < '•+ ')  - S - M l  . . . ■
I -f, ( C,)

We n o te  t h a t  f o r  ^  fx) — ^   ̂ ^  / "

t h e  above y i e l d s  t h e  r e g u l a h  c o n t in u e d  f r a c t i o n  developm en t 

o f  f .  , w h i le  f o r  ?£ <''* J -  i c *  > ^  -  o, / j > , - • *

K  an  i n t e g e r  , we o b t a i n  t h e  A p p e l l  developm ent ( ty p e  1 )o f  41

6 .3  D evelopm ents  C o r re s p o n d in g  to  L in e a r  F u n c t io n s

In  t h i s  s e c t i o n  , we c o n s i d e r  th e  d ev e lo p m en ts

o b t a i n e d  f o r  a  r e a l  number 42 > o when th e  l i n e a r  f u n c t i o n

/ / * )  =r a  y   ̂ a. >o J i s  t a k e n  a s  t h e  se q u en c e  of

f u n c t i o n s  ^  ( x )  }  i n  th e  A lg o r i th m  6 .1  . T hat i s ,

'KM * a y ^ 6 tov v- .......
The a s su m p t io n  A > o i s  made i n  o r d e r  t h a t  = a y -a &

be s t r i c t l y  i n c r e a s i n g .  In  th e  f o l lo w in g ,  we s h a l l  show t h a t

i n  s tu d y in g  t h e s e  d e v e lo p m e n ts ,  we n e e d  o n ly  c o n s id e r  th e

c l a s s  o f  f u n c t i o n s  ■/■/*) = A x + &  s a t i s f y i n g

6 . 3 . 1  o  ^  CL + 6  / •
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F i r s t ,  we p ro v e  two lemmas .

Lemma 6 .3 .1
Two l i n e a r  f u n c t i o n s

yC (* ) •  a  * + b  ;  A  f y )  = A *  + ( # - > 0 )

y i e l d  t h e  same developm ent o f a  number > °  ( c o r r e s p o n d in g  

t o  th e  a lg o r i t h m  6 .1  ) i f  and  o n ly  i f  AlZ-J? i s  an<2L
i n t e g e r  - h  ~ K  -

P ro o f  :
From th e  a lg o r i th m  6 .1  , t h e  d ev e lopm en t of f l

c o r r e s p o n d in g  t o  / ,  f x )  / f l  ,l«v / ,  (c n ~) + Y. + ..
/  J .C c ,)

o r , a s  / /  f x ) -  &->. + b

6 . 2 . 2  H  ^  a c a + 6  * ^)dc,+i> J &c*.+L

where t h e  c* a r e  i n t e g e r s  f r  * o, •

S i m i l a r l y ,  th e  d ev elopm en t o f  r . c o r r e s p o n d in g  to  

A  <6c) ~ <2 X J- /) iS  J

e.a.s f l  ~  r ^ —T. * , A ' ~r , ^ ' '  '/ a  r,+ Y  f a  *1

where th e  Yv a r e  i n t e g e r s  , r  * °> '  *

I f  t h e  dev e lo p m en ts  ( 6 . 3 . 3 )  and  ( 6 - 3 .7 )  a r e  th e  same,

t h e n  we m ust have  : G- 7 y b  - G- c v + <■" /, -  ■

Then G (  7* - G„) -  b  - b '  and  K  - <?* -* Al z A  ,
l  A *

k s  Y y a r e  i n t e g e r s ^  -  — m ust be  an  i n t e g e r .

C o n v e rs e ly ,  assume t h a t  b -  b ' i s  an i n t e g e r .  From th e<££-
a lg o r i t h m  6 .1  , we have  : J  f l  ■= + 6 )  +

w i t h  > /  • The i n t e g e r s  , 2C0 a r e  d e f i n e d  by

<•. - f / . " r r . ) ]  ; * [  Y ^ ) ]  ■
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now /  -- £  ( * - & )  > { * )  - £ ( * - & )

so  t h a t  : c * ~ L J  j  X - [  ~ ^ ' J

W rite .-  * Co + ^,o . o * ^  ■ Tiien

-  r u - ,*. ^  - 4 ' ~ 6 - 6 '  ^ /?*- a - *- ° ~ d T ~  * f  '
Hence K  =  <r„ v- 6 - 6 '  and  so  a. r0 + 6 '  = a  Ca + £ .au >
Prom ( 1 ) ,  p .  116, we have §7 -- £7 . I t  f o l lo w s  by

co m p le te  i n d u c t i o n  t h a t  *3 "K + 6 '*  a. <rY + 6  , ( v -  o, t. a . •• ) .

Hence th e  d ev e lo p m en ts  ( 6 . 3 . 3 )  and  (6 -3 .? .)  a r e  i d e n t i c a l .

T h is  p ro v e s  th e  Lemma 6 1 3 .1  .

We c a l l  / ,  (-k) a n d  /j -k )  e q u i v a l e n t ,  -/^ 6v)

i f  / /■ * )  = 7C / w  - a . , an d  / ,  - A  _ a- , an  i n t e g e r .

Lemma 6 .2 . 3  ^
L et y v * ;  = a *  +-6 where ^  ^  6  > /  ■

J

Then a l l  th e  numbers £7 / -̂  §~ < 6  j have  t h e  same d e v e lo p ­

m en t,  nam ely  : f l  ^  (  -  a. + 6  )  * ^   ̂ ■ /-.— - / -

P ro o f  : _
--------------  L e t  r .  > o be su c h  t h a t  / ^  < t>

We have  ca =• [  /  ' { T* ) ]  = [  J  ~ ;

a s  o > t l  ~ 6  > -  6  > _ /  Then y7v«J = -  ol + A  £ o
<a_ Ct- '  ^

a n d  C  -  a. + A )  + > / .

Now f j  =- ...A  - —   ̂ and  a s  C a > / f ;  * —5 __  J
>Z + &. - 6  ‘ /  + a  —6

17 ~ ^ <' — ~ —  -  A  - <3<-~ A — a. 6 -j- 6
1 -t-a.- 6

~ A * (  A - 6 )  A  / -  AJ < o a s

T hus, / ^  ^  a 6> an<i  ^  ^ a s  t*16 same p r o p e r t i e s  a s

I t  f o l lo w s  by in d u c t i o n  t h a t  a l l  ^7, ^ ^ / have th e
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s a m e - p r o p e r t i e s , namely : /  ^  ">1 ^  ^  f 0r  y= ^
<25- /

H ence, ^  ( - * ■ + & )  + /_  A *

C l e a r l y ,  by th e  a b o v e ,  a l l  ">~, f  ^  ^ , nave t h e

same deve lopm en t c o r r e s p o n d in g  t o  t h e  f u n c t i o n  -£/■*')* a .'x -t'& j

a. > > /  T h is  p ro v e s  Lemma 6 - 3 .2  .

In  view  o f  t h i s  Lemma, we s h a l l  e x c lu d e  th e  dev e lopm en t 

c o r r e s p o n d in g  to  a  l i n e a r  f u n c t i o n  / / x ;  = /£? X -y>~ & 

w i th  -  £> > /  • Hence, we assum e t h a t  e i t h e r  a, * 

o r  b> ^  /  o r  b o th .

Theorem 6 . 3 .1
C o rre s p o n d in g  t o  t h e  l i n e a r  f u n c t i o n

/ / x  ;  = A x  + b  , ( a. > o') and  where a. 6  i f  b  > > ,

u s e d  i n  th e  deve lo pm en t o f  a  r e a l  number > °  a c c o r d in g  

t o  th e  a lg o r i t h m  6 .1  , t h e r e  e x i s t s  a  l i n e a r  f u n c t i o n  

■?f f x ) — & ~x. s- b  w i th  o  ^  ^  s? /

an d  su c h  t h a t  £  f~x.) ^  fy ,)  ; i . e .  t h e  two f u n c t i o n s  

y i e l d  th e  same developm ent o f  •

P r o o f  :
The p r o o f  i s  d i v id e d  i n t o  t h r e e  p a r t s .

1 °  . C o n s id e r  t h e  case  where / / X  ) -  a  x -t- 6  ' an d  A- = ■

Then by t h e  a s su m p tio n  above t h e  th eo rem , a ^  ^  '

The function /* ) = x  j  <i - c? i s  the d e s i r e d  one.

F o r ,  a s  6> = o , — - — ~ 1 - and  by Lemma 6 - 2 .1 ,

yV x/ / . f x ) -  A lso ,  a s  <sl x  ' -  a- ' we have

$  +■ x  /  ■
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3° C o n s id e r  n e x t  th e  c a s e  w here , i n  t h e  f u n c t i o n  

~ a  >c > ^  , we h ave  £> > c*. > o .

L e t  m be  th e  l a r g e s t  i n t e g e r  r  su c h  t h a t  6> 4  (  *aj)  a.

Then on  ^  t > and  o^, ■ ex. l  ^  (?* a j ) CL ■

W rite  6  A - {?*^a / ) c l - Then ^L zA  '  =■ + i , i s  an i n t e g e r .

We show n e x t  t h a t  o  <r cl. a 6  ' l. / .

From t h e  d e f i n i t i o n  o f  ra : C l  b  -  + a. .

( a )  Suppose now t h a t  cl ^  ■ Then O a, C /

But cl +- 6> ' -  &- + h  - bn  + / )  c. -  £> - incx. Hence o l  a  a 6  ' c  ;,

(b )  Suppose t h a t  cl > /•  Then e i t h e r  ix - ?>n a. > /

o r  k> - ?>7 ex. ^  J - Assume t h a t  6> - >» ex > /  and  w r i t e  

A " 6  - >y?-co . Then cl > 6 , > / ■ A lso  = ^

i s  an  i n t e g e r ,  so t h a t  th e  d ev e lo p m en ts  o f  c o r r e s p o n d in g

t o  t h e f u n c t i o n s  A/>0 - C x  a- £ a n d  ^ C x )  -  ex x  a  

a r e  t h e  same. But from Lemma 6 . 3 . 2  , and  th e  rem ark  on p . 118,

t h i s  c a s e ,  nam ely , cl > , > /  i s  e x c lu d e d .  T h e r e f o r e ,  we

m ust have  o  < £>- ^  / .  A c c o rd in g ly ,  o  c  a  a 6 ' +  /

a n d  t h e  f u n c t i o n  ^ C x ) - c l ' x a >̂ i s  t h e  d e s i r e d  one .

3° C o n s id e r  th e  c a s e  w here  ex. > A j  (a. >0) ,  The c a s e  

6> > /  i s  r u l e d  o u t .  T h ere  re m a in s  th e n  t h e  c a s e s  t o  c o n s id e r  

w here  (a )  o l  C /  a n d  (b )  £> ^  O ■

(a.) W ri te  A ' = 6> -  cl . C l e a r l y ,  A l A  i s  an
(S 3 -

i n t e g e r ,  so  t h a t  Lemma 6 .3 .1  i s  s a t i s f i e d .  A IS 9 , cl a  6  -  6> 

a n d  c l e a r l y ,  o < a  a 6  ' ^  / .  The f u n c t i o n  f ,  f ^ )  = ax. / i  . 

w i t h  A A - cl i s  t h e n  t h e  r e q u i r e d  one .
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C o n s id e r  n e x t  t h e  p o s s i b i l i t y  (b) £> c  0 , a. ^  o.

F i r s t ,  l e t  cl. > /  We n eed  c o n s i d e r  o n ly  t h o s e  b

f o r  w hich  o > b  > / -  a. t and  b  c -  c. • F o r ,  o t h e r  -

w is e ,  -  cl < 4 / -  a. and  so  o < ->*- b  A J ,

a n d  we w ould  w ould  choose  b  = b  ■

L e t  t h e n , : CL > /  c  > b  > / -  cl •

T h is  i s  th e  e x c e p t i o n a l  c a s e .  F o r ,  by w r i t i n g  b , - cl + 6  ,

we have ^ ' cb  ^  = /  ' A ls o ,  a s  o  ^ b  > / - * .  ,

we have  cl > cl + b  > / , so t h a t  cl 't b ,  > / ,

w h ich  i s  t h e  e x c e p t i o n a l  c a s e .

Next c o n s i d e r  cl > /   ̂ b  4 -  cl. We can  n o t  have 

e q u a l i t y ,  f o r  i f  b  * -  cl <c~ /  , th e n  by w r i t i n g

b , = b  + -Z. c- -  Cl  ̂ we w ould  have c .  - b ,  > c J

b> ~ J *  -  2. and  t h i s  i s  t h e  e x c e p t i o n a l  c a s e .  Thus, we
CL. ■>

m ust have  b  < -  cl {&>>). L et m be  t h e  l e a s t  I n t e g e r  2C

su c h  t h a t  £> +- Col > a . . Then A + > a  > b  A .

an d  c l e a r l y ,  a s  6 < — >  3 . W ri te  b ,  -  b  + 7̂ 0.

Then a s  -  = on  I s  an  i n t e g e r  , t h e  d eve lopm en t o f
CL

c o r r e s p o n d in g  to  b e y . )  =■ ^  * y- £  and  ~ ^  * b ,

a r e  th e  same. Now b , > cl > ) ,  a n d  by 2° (b) , t h e r e
/ - A A 'e x i s t s  a  number 6  su c h  t h a t  Q  ~ — I s  an i n t e g e r

a n d  o c. cl c- b  ' c  /  . jfre f u n c t i o n  ■/, C x )  = a  x ¥■ b

i s  th e  d e s i r e d  one.

The o n ly  r e m a in in g  c a se  t o  c o n s id e r  i s  t h a t  where b  ~ o

a n d  O < cl £ j . j f  - cl l. b  A o t h e n  o c  cl s- b  A a. A b
J

a n d  th e  c h o ic e  o f  b  ' - b> w ould  s u f f i c e .  Assume th e n  t h a t
6  A -  cl c o
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L et in be t h e  l e a s t  i n t e g e r  ¥  su c h  t h a t  

6  ( & ' + / ) &.  > O . Then a. cl ^  & * ( - ^ ~ / ) a .

a n d  we have o  < 6  + b*,-*/) «■ ^  a. W ri te  6  = ^

Then o < &- + 6  ' £ <2 and  ^  /V>_ i s  an

i n t e g e r .  The r e q u i r e d  f u n c t i o n  i s  th e n  Z < x )  -  ^  x  + 6  .

T h is  c o m p le te s  th e  p r o o f  o f  Theorem 6 .2 .1

Remarks :
In  s t u d y in g  th e  d e v e lo p m e n ts  o f  & r e a l  numbers 

K  (  ^~>0) > by ‘tlle  a lg o r i th m  6 .1  , and  c o r r e s p o n d in g  t o  t h e  

l i n e a r  f u n c t i o n  Z /x  )  - a. x +- A } we can  r e s t r i c t  our  -  

s e l v e s  t o  t h e  c l a s s  o f l i n e a r  f u n c t i o n s  -Z/’-kJ ~ 2 x. A 

w here a  > o and  o <2- J , by Theorem 6 . 2 .1  .

D e f i n i t i o n  6 .3 .1
The dev e lo p m en t o f  a  number <f7 > © i n t o  

a  c o n t in u e d  f r a c t i o n  by t h e  a lg o r i t h m  6 .1  , and  c o r re s p o n d  -

i n g  t o  t h e  l i n e a r  f u n c t i o n  Z 'x )  -  a x  +- A w here 2  >0  ,

0  C. cl -a  A £  /  , w i l l  be c a l l e d  t h e  dev elopm en t o f  ty p e  5 o f  f ,  ,

L e t  n  > 0  and  l e t  )  = c? x  +■ A .

I f  we d e v e lo p  Zo i n t o  a  c o n t in u e d  f r a c t i o n  by th e

a lg o r i t h m  6 .1  , we have  : c» = [  /  A f2  ) * [  .
S  a -

Then C„ may be p o s i t i v e ,  z e r o ,  o r  n e g a t i v e .  A lso ,

r 0 = (a .? . +■ & ) +■ ,  r ; > / .  a s  f ,  * / J > a .*  a ^

a n d  — > / . H ence, we h a v e :  o'/ “■ I  /  f  ) ] = [  \

a n d  by t h e  asme a rg u m e n t,  we have  <?Y ^  /  f o r  y =■/.*,■■ ■ 

C o n s e q u e n t ly , y^Acv )  - a  c Y +-A A a. + A > 0 , so t h a t  t h e  

c o n t in u e d  f r a c t i o n  d eve lo pm en t o f  ty p e  5 o f  r .  , nam ely :
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/> / / a  !
6 . 3 . 4  T* ^  + 6  <• 7 ^ 7 1  *

lia s  p o s i t i v e  e le m e n ts .  c ^  may be —

D e f i n i t i o n  6 . 3 . 3
A- c o n t in u e d  f r a c t i o n

6 .2 .5  <LC0 + & y  — -----  + —JiT ---- - y- . . . . ■
/  a c, + b  /  a. k>

t e r m i n a t i n g  o r  n o t ,  su c h  t h a t  t h e  a r e  p o s i t i v e  i n t e g e r s ,  

cy > / f o r  v ~ / .  j, - • • w h i le  c „ may be a  n e g a t iv e

i n t e g e r  o r  z e r o ,  and  , i n  a d d i t i o n ,  a > o  ̂ o ^  -  J

w i l l  be c a l e d  a  c o n t in u e d  f r a c t i o n  ± o f  t y p e  5 . I f  ( 6 - 3 .5 )  

i s  t e r m i n a t i n g ,  and  n i s  t h e  f i n a l  in d e x ,  t h e n  cr„ > z -

Theorem 6 - 3 .3  . . .  „ „ . .  „ .
---------------------------- A .co n tin u ed  t r a c t i o n  o f  ty p e  5 ( 6 . 3 .5 )

converges ,,  and  i f  i t  i s  a  d ev e lopm en t ( 6 . 3 . 4 )  o f  th e

number 71  > th e n  i t  r e p r e s e n t s  7  '

P ro o f  : ^  .
D enote  by j J th e  sequ en ce  o f  c o n v e rg e n ts

t o  ( 6 . 3 . 5 ) .  E v id e n t l y ,  we n e ed  o n ly  c o n s id e r  t h e  c a s e  where

( 6 . 2 . 5 )  i s  non -  t e r m in a t in g *  As ( 6 . 2 . 5 )  h a s  p o s i t i v e

e le m e n t s ,  i t  i s  s u f f i c i e n t  t o  show t h a t  j /=  o  •

i n  o r d e r  t o  p ro v e  c o n v e rg e n c e .
,  y>

We have  I ~ I  -  — ------  ( L e t  ■* 2 *.)
I /  GL JSL.,

W rite  u  „ = ———  . Then *-?.*— - &■»->

Prom =- ( , -t- ^  1 we o b t a i n  :

'Bt ~ -  = /  * +*>.) > /  + (*■
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s i n c e  8 ^  ^  )  8 ^ ,.,  *■ *- > (&-

Thus : ^  ■L/ V /  + (# -* -& )  and

&- S> -fr, - / /?
/9 -’ 6- + 6 )  X

W ri te  / i  -  /  -  ^  ^ ^Z!— . Then we have
A. /  ^5r

^  •» ■■*/ =. d*. ->.-' <f ^  •<£ /  f o r  ^ -
^  *  & -K + ' ^  a.

a n d  s o ,  &.->,+, <c / i , * ' '  U  *. ;  U„ + , *  A  - •

C l e a r l y ,  a s  o * A  + 8  = h> . T h a t I s ,V

I ^  ■- — < J _  A_____ _ ■= O
<* ->*» /S^. jS., -. /  — . /S^

Hence t h e  c o n t in u e d  f r a c t i o n  ( 6 . 3 . 5 )  c o n v e rg e s .

I f  ( 6 . 3 . 5 )  i s  th e  d ev e lopm en t o f  t h e  number IT  t h e n ,

from  t h e  a lg o r i t h m ,  we have  : = (a  ca ^/  a  c.

**  >  t  < In d e e d  , J  - ^  r -  ^  ^  '

We have : d?A±8 :  A  ̂ a n d
^ a, /9->, -1 >t

1 I -  <a * * _________<c --------- —-------   •
'  ° /S ’*''

I n  t h e  p r e c e d in g  p a r a g r a p h ,  we showed t h a t  & -A  -A .—  - o -
•*• -*>■=*> o \ .  /3 » - ,

Hence ^ T :~ ~ , a n d  th e  c o n t in u e d  f r a c t i o n

d ev e lo p m en t ( 6 . 3 . 4 )  r e p r e s e n t s  81  ,  s" ‘sf '

In  th e  f o l lo w in g  p a r a g r a p h s ,  we s p e c i a l i z e  t h e  c l a s s  

o f  l i n e a r  f u n c t i o n s  u se d  i n  th e  a lg o r i th m  6 .1  .

C o n s id e r  t h o s e  l i n e a r  f u n c t i o n s  = A ^  ^  ^

w i t h  & > o , o  ■£ a. + k  - /  , an d  su c h  t h a t  a * * ^

t a k e s  on each  o f  t h e  i n t e g r a l  v a lu e s  1 ,  3, 3 ,  . . . .  f o r

i n t e g r a l  v a lu e s  o f  x . T h is  i s  t h e  c l a s s  o f  f u n c t i o n s
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/  f v )  = ZZZ where > * I s  a  p o s i t i v e  I n t e g e r .

T h is  can  be v e r i f i e d  a s  f o l lo w s  :

The s lo p e  o f  a  l i n e  b e lo n g in g  to  th e  c l a s s  d e s c r i b e d  

above m ust be , m a  p o s i t i v e  in te g e r , -  /***- -  /•

W ri te  ^ / y )  * ^  ^  ^  ^  ' Then, by sis su m p tio n ,

°  ^  ZZZ, ^  ^  ~ 1 T h a t  i s ,  - / f t )  ~ ^  ^  ~ 1 '

Then, o f  t h e  m v a lu e s  1 , 3 ,  . . .  m , t h e r e  i s  e x a c t l y  one 

sa y  p , f o r  w hich  ■/(/>) = / i  ) ^  f? ^  ^  ■ T h a t  i s ,

-h h  — /  and  so 6> = /  -  ■=

Thus, / / * )  “ Z7Z
s _ J_\

Now - /b  , i s  an  i n t e g e r ,  ‘ ^

Hence, by Lemma 6 . 3 . 3 ,  t h e  f u n c t i o n s  - / - /y )  = ^  % ^

^ y )  ~ sy* ^  a r e  e q u i v a l e n t  .

Theorem 6 . 3 . 2
The developm ent o f  typ e 5 o f  a r a t io n a l  

number 4 7  corresp on d in g  to  th e  sequence o f  fu n c t io n s

( - / y 7 / ' y ) }   ̂ 7C  = ~£77 where th e  <2-» a re  p o s i t iv e

in t e g e r s  fo r  y > / ,  i s  te r m in a tin g .

P roo f : A a
L et s i  = j  1 r ° , r> are p o s i t i v e  in te g e r s

f>e > /   ̂f c  > /  )  . We n o te  f i r s t  th a t  £  A J  = .

By th e  a lg o r ith m  6 .1  , we have : c * = Z” 7" ~ A ^, 7

I f  =• A   ̂ f> c -£%/ }*<>)  th e  developm ent ends, and

we have 4 7  ~  ^ ~  *

O th erw ise , ^ < <?„/- /  , and
/=*/
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/r fta <? • y- -*■17
“  ̂ ~ft, ” ^7

i c  > >)

f  _  <£« ~ r ft, f t ,
Then £ '  ~ .  . /=*' ■ -  an d  r / " * 7 > . -<*7 7 /  7 T

w here  we have  w r i t t e n  A  a- ” A  ~ /> ,

C l e a r l y  from  (1) ( bo tto m  o f  p .  124 ) j£>, > /?*- > °  '

a n d  a g a i n  we have f 7  > 1 '

As b e f o r e ,  w r i t e  c , ~ E  Z, )  J  = t  • C l e a r ly

<- '  “ ‘ I f  c > = ^  ~ = t h e  d e v e lo p -

ment t e r m i n a t e s  w i th  th e  e q u a t io n  , ~ ~^T ~ ~£T,

A ls o ,  a s  f~, > /  , C, >  G ., >
O

O th e rw is e ,  we have  : C , < a  ■ + J , and  so
/ a .

(2 ) ^  a ,  /?, -  c ., c  A  . _yi_
«- A  _ ^  . i r  + - a ' • 

We c o n t in u e  by w r i t i n g  : 4 ,  -  ~ ' *■> ^
/^L P

C  / .  Then A  - ^ ^  a C —  . w i th<a .^A - A

From ( 2 ) ,  i t  f o l lo w s  t h a t  
A/ ? » > A *  > o  , and  so  A . ~ > /  •

We c o n t in u e  th e n  w i th  €L  i n  p l a c e  o f  ^  3 and

'  A "  ^  l n  P la c e  o f  E, f x )  •
e -  - A - /  

> /  . >*■-/In  g e n e r a l ,  f o r  an a r b i t r a r y  In d ex  k -  '  s /=>,

(3) f*Y+t ~ A * '  " ^  ^  '

and  i f  A v * / ^  0  ̂ ^ E  1  ^  <1 a n d  = A L  >

We have th e n  t h a t  : A  > A '  > A *  ^  >*■ ■ 0

The I n t e g e r s  jt>Y a r e  non -  n e g a t i v e  and  a r e  c o n s t a n t l y  

d e c r e a s i n g .  Hence, t h e r e  e x i s t s  an in d e x  '>? -  0  su c h  t h a t  

ft̂ > *■ ~ & *, ^  ~~ ẑ 3 •— *■ t — o
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Then ,  [ A . ' f a ) ]  = Y Y C )

a n d  th e  d ev elopm en t t e r m i n a t e s .  We o b t a i n  f o r  K  t h e  f i n i t e

d ev e lo p m en t ,

,>2  7 r  * -£z. = f  - * Y^-t- * t-^-L *  *  - J E L /  .
r * /=• h A  ! f c'  / £ • * .

w i th  f o r  / a  ^  ^7 - / and  <r%, > <£?„ ,

T h is  p ro v e s  Theorem 6 . 3 . 3

W ith  t h e  c o n t in u e d  f r a c t i o n  d eve lopm en t ( 6 . 3 . ? ) ,  we 

can  a s s o c i a t e  t h e  sy s tem  o f  e q u a t io n s  ( from  (6 )  page  135 )

( d o  ̂ o  = do -y- y^x

6 . 3 . 8 .  \ a;  ^ Y . ^ '

L a . / p ^  ■ f - / ’. . ,  A » -

w here  t h e   ̂ } a r e  p o s i t i v e  i n t e g e r s ,  /^V - /'J

a n d  <?„ =■ /" 1  ^  + v  + ->)-> and  cf„ > 4 » •

From ( 6 . 2 . 8 )  , we o b t a i n  im m e d ia te ly  t h a t  :

6 . 3 . 9  ° fio  _ c  o ^ ■ /. y- ^  /_ + , . * , +■ a  * L •
F> ~ /  c • /  1 ^

One can  o b t a i n  t h i s  d i r e c t l y  from  ( 6 .3 .7 )  by an 

e q u iv a le n c e  t r a n s f o r m a t i o n ,  nam ely :
^  r . * . - * . !  y. . . . .  *  ^  ^  /

^  ^  '  I K  ■ -Cjl. /  »" ’
A ’ ' K 3*v

w here we choose 2̂  - <sv f o r  y^-o ,  s.  *■ „ - ^ .

We have  a l r e a d y  n o te d  t h a t  t h e  d y t d  v a r e  p o s i t i v e  

i n t e g e r s ,  and  a l s o  t h a t  C  ^  <d , (  y ^  #, , <-» >dh

I t  f o l lo w s  t h a t  t h e  c o n t i r u e d  f r a c t i o n  ( 6 . 3 .9 )  i s  o f  ty p e  4 .
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I n d e e d ,  ( 6 . 2 .9 )  i s  e x a c t l y  L e i g h t o n ' s  " P ro p e r  C o n t in u e d

F r a c t i o n  Developm ent " o f  t h e  number -  —-±—r  •
c o r r e s p o n d in g  to  th e  g iv e n  se q u en c e  o f  p o s i t i v e  i n t e g e r s  i # ? }  

Thus we se e  t h a t  t h e  developm en t o f  ty p e  5 o f  a  number > ° 

c o r r e s p o n d in g  to  th e  g iv e n  seq uence  o f  f u n c t i o n s  "f X ,  Sx. ) }

^   ̂ " a *  ^  where -  j  a r e  p o s i t i v e  i n t e g e r s ,

i s  ( e x c e p t  f o r  an  e q u iv a le n c e  t r a n s f o r m a t i o n  ) th e  p r o p e r  

c o n t in u e d  f r a c t i o n  deve lopm en t o f  t h e  number c o r r e s p o n d ­

i n g  t o  t h e  g iv e n  seq u en ce  o f  p o s i t i v e  i n t e g e r s

L e t  th e  g iv e n  seq u en ce  o f  l i n e a r  f u n c t i o n s  be :

X  - jT  ^  ' C'* * ° )  w i th  q a  p o s i t i v e

i n t e g e r ,  $  -  /  - Then, by Theorem 6 . 2 . 2  , t h e  developm ent 

o f  a  r a t i o n a l  number c o r r e s p o n d in g  t o  t h i s  p a r t i c u l a r

s e q u e n c e  o f  f u n c t i o n s  i s  t e r m i n a t i n g .  However, i f  we t a k e  

XL f x  )  = ~zr~ * , f  > c )  , where ^  o and  £>

a r e  i n t e g e r s  su ch  t h a t  o ^   ̂ >

i t  does n o t  f o l lo w  t h a t  a  r a t i o n a l  number ^~0 w i l l  

n e c e s s a r i l y  have  a  t e r m i n a t i n g  deve lopm en t c o r r e s p o n d in g  to

X = J  * + r  '

I n  t h i s  c o n n e c t io n ,  we p ro v e  t h e  th eo rem  :

4 L e ig h to n ,  ff . A m erican M a th e m a t ic a l  M onth ly , May 1940, 
v o l . 47 , n o . 5, page 374.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 3 8 .

Theorem 6 .3 . 3  „ _L /  _L /
I f  / / * ;  = |  ^ 7 ° *  f  -  f,

^  > o j and  p a r e  I n t e g e r s ,  and  i f ,  i n  a d d i t i o n ,  PjLw here
r

i s  an  i n t e g e r ,  t h e n  t h e  d ev e lo pm en t o f  ty p e  5 o f  f~a -  / / > /

c o r r e s p o n d in g  t o  * + jp  i s  p e r i o d i c  w i th  a

one  -  te rm  p e r i o d .  I t  i s  p u r e ly  p e r i o d i c  i f  p i s  p o s i t i v e ,

an d  th e  p e r i o d  b e g in s  a f t e r  t h e  f i r s t  te rm  i f  p i s  n e g a t i v e .

P r o o f  : /
Assume f i r s t  t h a t  •' ( a )  ■ p i s  p o s i t i v e  , r  > °

Then a s  ^  ^  / , and  o  ^  ^  ^  f> we must have  £> * a .

We h ave  / ' / ? ■ )  = % C~x - ~p )  and  s o ,  c 0 = /  /  V 17 ) J

<?. P i ( p - - ^ ) 1  = j p + [ - p ]  ■

Now a s  3 -J —!- i s  an  i n t e g e r ,  i t  f o l lo w s  t h a t
O -i /

T hus, c Q - > an d  s 0 > tiie  a lg o r i t h m ,

f .  -  /  -  f  < n -  p r l  + f  * _ £

f- ; IT = P  =

or

an d r:
H ence, t h e  dev e lo pm en t o f  > » i s  p u r e l y  p e r i o d i c

w i t h  a  one -  te rm  p e r i o d .

(b) Assume n e x t  t h a t  p  i s  n e g a t i v e .  = I p !  ■
/ j, /  ̂ ,

Then a s  : o ^  -r- -  7 j we m ust have

] I > c? Thus, ^  ± J L can be an integer o n ly  if
^  -h j = -  p> . Assume th e n  t h a t  +L = - /  . As ?7 '  T*/5/, 

we have <?. = /•  /  " ( f„ ) ]  j r ) ]  '  f  ” - | 7 -

a n d  a s  ~ ~ * . ~ _ i  = ^  ^  ~p J
P  P  r
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„ s -  _ j£  ^  / {  P  < o )
a n d  f i n a l l y  °  f* } '

Thus d  Q ~ ^  I  p i  j and  so  *>7 = I J° I -

I p l  '  (  1  !P> ■ f  - f ) '  V^7

= / f>\ *  - f  + | V ( a n a

c  -- -  = l E L  > / •
7 *

Then <d, = [  % (  ~ ^ ) ]  ~ [  I p i  ~ ^  ]  } an d  a s  o * '  JL < ^

d ,  = / p / *  ^

I t  f o l lo w s  t h a t  ^7 “ =

c  = - _ £  - L tL
I  ?

—  jT P /
Thus Ssu. |  ' and  t h e  developm en t

o f  ty p e  5 o f  IT - I p l  I s  p e r i o d i c  from  t h i s  p o i n t  on, 

an d  w i th  a  One -  te rm  p e r i o d .

T h is  p ro v e s  th e  Theorem 6 .3 . 3
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