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Introduction

The following dissertation is an investigation of the
developments of real, positlve. numbers, according to
prescribed algorithms, into continued fractions having
positive integral elements. The principal problems that
present themselves are the ones relating to : (l)'convergence
and representation, if the development is infinite ,

(3) the uniqueness of the development , (32) the approximation
properties of the convergents to the continued fractions ,

(4) the developments of rational numbers , (5) periodic
developments, and (6) the irrationality of certain contimed
fractions. A total of five algorithms are studied
systematically with the above problems foremost in mind .
While some of the questions are not answered conclusively,

it 1is hoped that this research will provide a spring-board

for further investigations along the lines lndicated.

This thesis was first undertaken at the suggestion of

Dr. Otto Szész, Research Lecturer in Mathematics at the
University of Cincinnati, and it was carried on to its present
stage under his guidance. I am grateful to Dr. Szasz for his
help in the direction of the thesis, and for his encouragement
in cérrying out the work. I am indebted to Dr. Szész and to
the members of the Department of Mathematics at the University
of Cincinnati for the training in mathematical research and
exposition that I received , and also for the many pleasant

associations at the University of Cincinnati.
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Chapter 1

1.1 Appell Algorithm

*
Appell introduced the following algorithm :
Let K be a given positive integer, M 2/ , and suppose
that a real number ‘S‘: >0 1is given. The number ¢, is defined

VL
to be the greatest integer contained in $. .

o & EF < uny 5 G =[8%] 20,
‘ K
Then : eS 2 & < (<.t1)
X ( K"C’ X
Write /% = £, -, , then © < p < C, #1) . -
If/»,, <o , then %, =¢.” , and we do not continue. Otherwise,

/oo >0 , and we proceed by defining the number §‘, by the

- K _ X

relation g, = ("o*’} o
o w p
Thus, 5_, >/ and &, = C.o‘r - (to*/;— Co

The above procedure 1s repeated using §~ in place of E:

Thus, let ¢, be the greatest integer contained in £ /""
Y 4%
e, ¢ £ U< o )‘C‘,—‘[?,K]?/. Then ¢, * ¢ ;((C,-/—/)T_

14

Write A, = £ - o <P, < (e s )t - e ”

¥* References :

] ‘Appell, Paul : () " Sur une nouvedle mode de
develgoppement d'un nombre en fraction continue *. Bulletin
des Sciences Mathematique, 1914, 3™“series, t.328, part 1,pils.

(2) L'Intermediare des Mathematiclens. vol 20,
151%. Paris. pp. 167 - 171

Szasz, Otto & (1) Lectures on Continued Fractions ,
University of Cincinnati, 1940 - 41.
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If /3 =0 , then §7= CZK , and the development terminates.
= x (C'e *'I) " - <, g

Tnen S-U C° * C, L3

It >0 , then we continue as before, writing

[

L "
£.0= (e.#) - ¢ . €. >y , and 80 on.

If at any stage, /%,zo , then <, =c;k, and the devedop-
ment terminates. One obtains in this case the flnite

(terminating) contimued fraction with integral elements

« e k] #. “
e e et (e ) -
lolol §: = ° ’c,‘f * [} cC “ -
v
with ¢, 2 o, Cn =1 for | £ »n £ v-/

loreover, as £, >/ , it follows that c, 2 3. This leads to
an ambiguity in the number of terms of a finite development

(/.41) . For, as ¢,= 3 , is an integer, We may write :

“ _ )" . ~(c -1)" A
¢, = (c, 1)+ L_.J;L-ij Thus, there may be an even

or an odd nunber of terms in a development.
If at every stage /Q, >0 , the development does not

terminate, and one obtains the infinite continued fraction
hd " (< *'/}'r" ('.‘f/
/| e*

with positive integral elements ¢, 2o c, =/ for v/.

>

-

10103 0 A (‘0

If #«= 1 , the above coincldes with the regular

continued fraction development of a real positive number.

p Definition 1.1.1 The development of a real number§::>o

by the " Appell Algoritmm " 1nto a continued fraction (1.1.1)
or (1.1.3) 1is called a " development of type 1 "
A continued fraction

L4 14
K (carr) -t (c... #¢) - l, ..
1.1.7% C, i- ]+:,.'< ° / - *- ; = +

with posltive integral elements, and with c¢, >0, ¢ 2/ forvzy,
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and < a positive integer, A 2/ | 1s called a continued
fraction of type 1. If (1.1.%) is a terminating continued

fraction, the final partial denominator c¢.. 1s at least 2;¢, 22,

1.2 Convergence

We state first a lemma.

*-
Lemma 1.23.1 / @ .
Let K = 5, + /G; + /___»/ P

2

by>o (VE/) ,éo}-o.

2

have positive elements, &, > o0

, Aav
Then the convergents of even order B, increase monoton -

4\/*’
ically to a limit g , the convergents of odd order 7§fff
decrease monotonically to a limit G , and , 0 < g £ G
That 1s, 4% < ;’—ﬁ-— for v, s = o

Theorem 1.3.1

The infinite continued fraction of type 1

4 4 ¥ _ .
Lal et . G-l ()Tt ; ZM»[)
[ " I c.”

( with < and ¢, (v>/) positive integers )
converges, and if it is a development (1.1.3) of the number S,
then it represents f:

We give two proofs.

'
Proof: () As a short-hand notation, write Q,==(71v+0 'Qf
for v 2/ | b= ¢, . usa g0 that (1.1.2) becomes
' “Oa
1.8.3 §: v éo + 6_,1 A bt = b +[_£_‘L :
/b, ° bv ' ’

*'For the proof of this Lemma, see

Perron, 0. (1) " Die Lehre von den Kettenbruchen ", Satz 11
page 339. Leipzig, 1939.
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' " x
Clearly @, = (6. *) ' -¢., 22~/ 2/ and b, 2/, v/

»

are positive integers, so that the B, are all positive

integers (VZ/), For B,=t , B, = 6, = Y. and

B,= b B,., +a B..  forv>2. Then B, >4, A8, > B,

and as the B, are positive integers, it follows that B, oo .
By Lemms 1.21 , the convergents of even order g‘:’:‘ have

a limit g , also f&; i{—f:—,/ exists ¢ call it G , and

D¢ g £ G . The continued fraction (1.2.2) will converge if

. A .,
g=6, tat 1s, 1t S5 (52 - 4=) =0

B
We proceed to demonstrate this. We have
A : P :
1.2.4 -——-,9" - g:_ = (~1) @, a. 7 L ez
" o - B B a y B
Write «, = &, A, ' Gn Then %= = hahald = T g-.."'ahﬂ =t
B PBau-y " Unsr a4, B,,., Ze, Ba-,
[24
and’ —&—;3:‘, = / - C‘» * B"‘ 5 a1 _>_/
Romys Bous “® % i
AlSO, aS .éﬂ > “ ‘C:*, - > C’. £ C.,, _; ‘&L:”__~_ R
- > ————— T &
‘ . By G B ! Gomr, (C'-u +/) <,
and ¢, . > -t since ¢, = /.
(T, +1)7 -, " 2% -y 2 %
Thus _&» s — = 2 and
[P * —2*—/ 2%=-y
1.3.5 Uner . o2n-/ - £ 2
e < =F= N
v / e 2 ’ »
Write g = / - ‘2"';" ) Then ‘C”“-/ =, & = 6 75 :”':9'“/ .
ke ’ L4 L4
and Uan., < & . (Cor1)-co" (8<,). Hence U, =0
) C, al 2 ~P oa
that is ,;&*-_,“ R, 8. 2w =¢ , and 80 L (_4:_ - /451-:)-0
., 61.‘/ nPo- 8"" 8»7
and g = G. Hence the continued fraction (1.2.2) converges

for all integral values of < =/.
We show next that if (1.2.3) is the development (1.3.3)
of a number f: , then it represents £,

Let n be an arbitrary index, n 2 3. From the algorlithm

____a’/ o+~ _.é" / Ao + a'h/

we obtain : £.0= b ® /b / )
‘ /61. /£

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



72
where f:. >/ is the n~ complete quotient, and b, = ca‘ra Q,

al K
b, =c¢ 21, a,=(c_+1) - c,.
§: = ?: An-s + X 5, /4 n- 2 and
Then : s B.. . 4. A.. > n
f; - A’h‘/ - - d,, ( A, ., Ba., =~ '4»-2- Bw-/)
84'-’ 87'" ( f:‘l Bm‘/ * I“ 6”'")
From 5; = c',f s (G ri)t- " 5 £, >/ it follows that - f; >q”,
S‘-.-y. » - )
Also, /,4.., o Pas - Ao, B,-/} = On, Gp.y - &, .
Thus : '{§: - Au / & B Ru., v &y
B"'" B« Ba-.-/
. . - X, Gy ¢ 2 -
But from the preceeding page 4, 4%%&; = Ao 9 -
Hence ﬁi;; %%f = €. , and the development (1.2.3)
represents [ This proves Theorem 1.231 .
Proof : (b) By theorem 10, page 3%9, Perron (1), the

continued fraction /(= 6. * ];‘], , With positive elements
b, b, w

g 4

a, , b, is surely convergent when the seriesigéy/

v
is divergent. If we gpply this criterion to the contin-
ued fraction (1.3.2), then we have that (1.3.3) converges
Do ™ .
when Z “ < dlverges.

! (Cv *’)”‘Cyn
Now ¢,z 1l (vz,), and from the middle of page 4,

"

Cr > L > £ Hence Z V < w—
— - . i ,
e T ZVEEE L R L

‘ c-'ﬁr L4
But # 2/ , and Vﬁf 2 ) for ¥rz2o. Therefore szy-—~fhl—-
F B (C'..fl)"— (‘v‘r

diverges and (1.3.3) converges. It follows then that Z.. A

i S R 0 B-—.,
exists and is finite. Consequently, *~ ™
. ot
-@—m ( -_ ;_4_::,_’ = _,&4“_ [—/) a, 0,, e é" - o .
A =P oo 54-—1 M oo /31‘ B—" .

The remainder of the proof follows exactly as in (a).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



. - Uosasy

1.2 The Functions &= and o 7~ V7
- a,l @, | ,
Let (lo.’z-l) <-° bad 7—5—‘;’ + 7—6‘-:7( -+ !

be a continued fraction of type 1, with {,’—gf} as its

sequence of convergents. Write
A '4)|'/ - & a e ﬁ’
1.2.3 U = | & - = ;@ A and
” B B B, B..
“HH‘/ — .
1.%.2 v = @ d————-*"jé’(g"" , e E
e 7
Then :2) Un = Un (Co,C 00 )
va = a,*' (cl,(‘a."’ (ﬁ-ﬁl)

In the sequel, we shall consider the problems of determ-
_ B,
ining tihe maximum of Z»\ , the minimum of B.., » and also
the maximum and the minimum of &=~ , for = =/

We have, from (1.7.%), that

fn = &y, 8411*/ £ Xowvy B,,,..,
C:" 8»- * éh-ﬁ-/ 541'1 8» - a-,.,,., 84'-/
that is : P (C, L Cy et Ca, Cuws ) 2 Y (. cn <., /),

and equality holds only for C,.,, =/ . Therefore, we need

only consider the maximum of the function 7, 7c, ¢ -- ., /).

“ _ "
Now 8‘\-‘ * Ay, Bm—l S Bm-l * A 8"1"‘- * [ [("' +/) "G ]B""
= (C.,.H)"B,,-, + Q. Ba 2

h
s8¢ that Ay, B"’" = (C‘h */) T - Cs, ’ that 1s
844 Gy, /’B,.,., (ZM "/)‘r - ﬁ_-._,___é—:-_:.
B-u-l
. t
1.7.4 7. ( c,, o e C., /) = (c. ~7) r _ C,.
z. & (€ #1)" + Gn Baus
¢ v - Bﬁ-/
Write (/'3~5))'6/;: "‘:E:‘_'I , (vz/) ; AT
de = i Ce,, i e,) vy
Then (L.3.4) becomes :@ (;, 3, v a) Im (€ e 1) =M_:-(_L_
€ 1) s o,
~r z r-\, e~y
From (1.3.5), r» _  a,, Beot = (o, )"0
C‘V "/Sk":/ * Tdk’/g}"z C L4 - 4" -B
Thus : ’ ‘. v»?a,-b,q
(/-3:5. a—) 0/‘: = ) Zy ., _ (C' f_/)q_ c u
pn = v ¥ (VZ/)'
C‘P +d:’.., (y‘r ~ 0/‘:_ ’
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7.
P " «
(e - ¢ AN
as oo o forvz, |, dico, < (——(.12————— s(+d) -1
v

Hence, ¢ < o, < 2"+ | (v2,) with equality only if v=/, ¢ =7

Theorem 1.3.1

Iet n>3. The functions

4 . Ls
(e, , .o Coer | € /) < ((CZ, */ ) -, .
‘ Con #1077 » o, ’ ¥ .
R /,,;[C'“.-. Con-y (“‘)-: - 1_ (C",,‘ -r"/) —'(‘11
. I ) .5+ o
satisfy the relations - aiald
(1) 7., (c, o C,. ¢
R SN R Y I S A

(=) oa (< o G tﬁ.,) < (e, - (:,_,f),/) < 2"~y

for ¢,.,2/ and A = 2 , and for ¢_, =2 and A~ 23 .
(3) Msei ¥ (e ... - ;. 2
Can., ~P 20 e, G L /) /g
. _ ‘-
(#) c{&,‘:;” A (C‘,,w. (‘,,_,,/) = Zz /

In the set ¢, 21, v¢/, 3. n | the least upper bounds
/
of 2. and af are respectively /— ;= and <2 -7

The two functlons approach their upper bounds when ¢, =/

Cwa™/, Cay =/, .. and when a. , €., , ... are large.
&
Let 7v=/ [#n 22 Then X, (¢, 1) = (c.#) -c 5
7 ] P A— - ’1
So(c) = (erd e o 27, (¢ rr)”
’ 4 c,

with equallity in both when ¢,= 1.
Proof:

We need first the followlng lemmas.

Lemma 1.2%2.1

) r v :

Let %fx) = % + C, where £ 1is a positive
r's

integer, A2 2 and G 18 a constant, ©< < € 2 ~/ . Then

(1-7~6) C172/>C+/) > ) Cf/""") for %=/, 2. , A==
‘ for k= 2, 3 ... , 2 3.
y - a3 %

Moreover, if C < Fr , then the above

o/
P 3 +1
//

inequality holds for %k = =3,
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Proof of Lemma 1.3%.1

The inequality ?V/x+()>qg/)c) #x+2) 1s equivalent to
Zo‘? ¢/k+/) > Z"‘fr Ple) + Log Plxs2)
‘ 2

Thus, we need only prove _tha‘c, log 9’9/!6) 1s convex downwards
for the indicated values of x and K . v‘v‘e do thils.
Let y = log #/k) . Then 4 (x) < n—#c) {C(“' 1) - X/Z

L4
as C ¢ 2™ , the factor Clr-1) - x will be negative when :

&
(2%1) (#-1) - %7 <o . Consider the two cases.
1) K=2 Wwe nave (2-/)(#-1) -x" = 3-x".
This is negative for ¥ =2 . Then ? ”/X) <0 | and

accordingly, &7 %) is convex downwards for X =2
That 1is , 991/’5"'") > f/)cj . ?’/xf-.:_) 2
T 7

When x = 1, this inequality becomes (z +C) >(/f(’)(;3 +C),

47

7 L4 ¥
This will be true if : 4 -3 7> c (3" 2 f/

y -3 > (.2 ’/)(3 )

A Y
[3 -2 4y s for K Ta as 3< is convex upwards,

i.e. z”%(’lc/—:-)‘r > 2()(*/) j

and certainly if

Put =2 in the last inequality above. We obtain :
/6=-2 > 3(9-8+/) , Which is true, as 7 >6.
Hence, the inequality (1.3.8) is true for %>/ 2,... and K-=2.

Case 3. M =3,

Let X =3 . Then (_z'f*/)(lr-—/) - X y < 27 A — 3B .

The function j«/f)-‘ /% has & maximum at t = e, and is
decreasing for e Hence K"f < 3 % As 8’4< 34
we have K<(§~)« ang 2. <37, e 2%n -3T<o
Then (.z"~/)/ir—/) -x“ 20 for x2 2 gna M23 andz,'/'k)
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S.

is negative, % *7 . Therefore, ? ‘/Z’j 7% 1s convex downwards

and @ (xr) > Plx) Elxr2) for X% 2. TS
We prove next that this inequality holds for x = 3

namely that @) (3 T C) ’ ><2 *"‘C) (l”‘ ’T'L‘C) for; 23

This inequality'beoomes ( on multiplying out )

9%> &%+ C (#%-2 374 27)

As C £ =2 *—/, f/) will surely hold if : 7> FANE ”‘/)(‘/1'2'3#""19

or 97> 'Z(F/r‘é‘rf3‘r)’ 2 " and certainly, if

) 9> 2 (€7 -6"+3%)
The truth of () follows by induction. It 1s verified

that (3) is true when # =3 . Assume that (3) is true for

an arbitrary index K = 2 . Consider the difference

(3) 9.2(6;”—6*+?*) - ,2(4?**/_6*“_/, Blr-l-/)

This 1s equal to ' 2 [ & - 36 e 37] - 2 é‘r[('ag)** 4 é/’{)*]'

For w24Y, (311)*‘23 , and for # <3

DR VA

Therefore , tihe difference (3) is positive, #2273, i.e.

?..2.(?*‘6*" 3;,) S o (P}”/-é#’”-f 34,«)

By our assumption, 97> -‘2(9/‘-4 * 3 ) then

9%'s 4. 2 (86" +3%) and by the above, 9 > a2 (& s "l3%)
This is the inequality (3) with 4 replaced by #+/ . Hence

(2) 1is true for all integral /, o2
Therefore we have (,3 e ) > (2 "'C)(‘/ * C) and
(1.3.6) @ xer) > Px) Pxr2) for x=2, . k23,

/ ’

In particular, for x = 1, this becomes

(2*7‘C)1>(/*C)(3f+6)/ or 1/*—-3br> C(3‘r~2’r*l+/)
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10.

ot

lr
Then, as 3 —2 +/ >o0 ,(as already noted before) the

inequality (1.2.6) will hold for x = 1, » 23  when

] r_ 3 L3
C < 3 PPy . This proves Lemma 1.2.1
- 2 >/

" Lemma 1.3%.23

| (r)t -x" _ POxr) - Pl
The functions : (') =~ _"¥% _ - ) & x)
(2) ()T %" Prxe) - rx)
(x+1)%+C P +1)

( where @x)= x%+C, as defined in Lemma 1.2.1, ¢ < C < 2"/,

are both decreasing for increasing x, Xx=/. 2> <’

when « = 2 , and %X = = 3 - ‘ when « 2 2.
The value X = 1 will be included when 4 = 3

C <« yh-3"
3T~ 27 4y

}Srovided that

Pfoaf of Lemma 1.%.3

We wish to prove the two inequalities

(%) Plx +1) — Plx) > ?’/x./-z_) - qﬂ/y,‘Q . ¢
& x) Pl +r) PR

(4) qp/k"'/) -~ x) > 9”/x+;) - C//x,f-/)

‘ Zzr X+/) Cf,(x/—’—)

Both (2) and (4) are equivalent to ?01/)‘*/) > Px)Plxra),
Therefore, by Lemma 1.%.1 , (Z) and (4) are both true for
the indicated values of x and 4 . This proves the Lemua.

Theorem 1.2.1 now follows directly.

Let »>2 . From. (/3 7a) (c. #1)" &
. ( af,,,)( e, oy Cuuy O, t) o e )" e or
and from (/- 3. S & - 4
@.-, ""/) = Ca., Z ) 4
/’;-’ - C,h: "'0,‘::—1_‘ - /-

Suppose 4, =, . By Lemma 1.3.3

s

X (¢, e, oo 1) £ . (e, Coss 1 1) = 21
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11.

Also, /‘;-, = Jﬁ]_, ((1-,) >/’_, /(:,_’w)as,a’,:_, is a decreasing

function of ¢ » by the preceeding lemma; and as 0/,)‘-, >0

L. .
2 / < 2. / . < / - 2. ) 7.4

- o )
27+ A, 27 s dy ., (6., *1)

. o _
(1) 2 (€, 0 v, G 1) & Hu(e e G t7L 0, 1) < /- £

=t

and /";4« is an upper bound of %, . Similarly, by the

Vs

. 2"

Lem}a _1-0 3-8 ] 0{: [C'.I, S (."1-1 ) ("" ) é ‘7/‘:1 (C," o (,'-'l /} - / /.J“:~/

and, as above, we Obtain
] s

(2) o (a0 tny G )¢ LG o Cuyrr, 1) < 27
) . - N ‘ N # ’
and 2 —/ is an upper bound of O, . Indeed, 2 ~/ 18

the least upper bound of c’/: . For as 4, /(,'.-,) is a monoton-

ic decrea;i.ng f}inctq_ion /of Con-y ,C,;Z’:)m . exists. From

- - '
L = / o+ _('e”_t‘r__a_ /it is apoarent that ('-Z"‘;,m AL
Then, from o, (e o Cayil) = o”-, , it follows that :
as (.., ~7 e ,0f7 o 2"~/ Hence, 27~ 1is the least
upper bound of 0{: . Similarly, from Ju(C, " Cu. A‘
we have Y (€, Cee G, 1) 1t BT /-5F e (’,‘-,,—>oc,

A

and hence, the least upper bound of Z. is /- 3% -

From the above discussion, and from the inequalities
(1) and (2), we note tnat %, and 0Q will approach their
upper bounds when €« =/ and when aC-, is small. Also, /,:-, is

small when ¢.-, 18 large and when 4-1 1s large. By Lemma / 3.2

af,.;,_ is large when &,__ =/ and aﬁ,\-g' is small, and so on.
Thus 75 (C‘,,,.. Coa, /) and ., (e, Cay (;) approgch their
upper bounds when €, -/ &, =/, .- and when G, | G-y,
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13.

are large. (/%) The functions 7, and ¢, attain their

least upper bounds in the speclal case n = 1 and ¢ =/. For

= c, Tr_ L3
7, ( +/)‘r q, S - (¢.er)f o7
(C’,+/) . . x

/
£ - =+ x
£/ > ¥ £ 2 -/,

rd

with equality in each when ¢, = /-

The above results are also true for A4 23 | Let A2 3.
' 47 37 '
Suppose first that 04, < T T This will be
, _ *
true when Ci.., 2 3, as /,‘1’ < (21 )% - c #7%-3"%
ar 2
A | (0, 23).
By Lemma 1.3"‘2 ’ Z’” (C' :'2 'k"/c" [ /) hé f” ((‘I P ('L er ph.ll /‘ ’))
and 2{\«((;‘ Oy ren (‘a.-.; /) 1”*‘/ AlSO, /:’_l [{;-/ ,(./) 44-' [q.,)‘

Then 7. (€, ¢ 60, 14) 2 X lc 6.,
xn(cl;(;-,"' (’1.-/ ,(’u,/‘) < Z"((”;q"“ ("*"f/’/‘ /) rfOI’ ('“—/ =3

+/, /’) and finally,

This inequality 1s also true for ¢,, =2 . Suppose that

Y .
/,.:~, > Z z Then ¢.,., =/ or 2 . By Lemma 1.%X.3 ,

y oy h s
37~ 2 -+

Y. (¢, ¢, ... a., (',,,) £ 7. (C,, Co,cn Cyy, 2,/ )
Let ¢, = 2 As  Ca., #/ =3, du, (3) o4 y*37

rd

Also, /., (3) < 7i,(=) by the Lemma 1.2.2 . Then
3* -2, 372" ¢ _RT-r
/,: 37 Lo, (3) 27 405, (3)

the last inequality by the lemma. Thus the 1nequaiity

Zoe, o Gy, ) & 86 6,7,00) 18 true for o, 22 , (r23),
From this inequality, and from /- (e, e .. Co-r 7, /) 1—,,—7 4/—)1.,
it follows that 2., (¢.G.. Cu, /) (3 15 large when C. =/ and

When /,:,, is small. Therefore, by the argument on page 11,

for the case # =2 , we have 7 (f,, ' Ca, /) approaches
its upper bound wnen ¢, st Cay =7, and when .., , G.-;,
are large.
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It 1s evident that the same conditions hold for o , w23,
The remaining results regarding the least upper bounds of
J, and 7, follow exactly &s in the case 4 > 2 , page 1ll.

This proves all that was reqguired.

Corollary 1.3.1 gz

- (nz2) tends to its lower bound
n =/
when ¢, = /, Co-y = ;, and when ﬂ,,'_,' Cu- 3 e e
B
are large. The least upper bound of is 1, and it

i Bt}

is attained when n = 1 and &, =/ 3 and also in the limiting

case, when 22 , Cp =/ . and Cxn-., —> o=
Proof :

The corollary follows immedlately from Theorem 1.3.1

" ,
‘45, B,»— f
when we note that //33” = O * —8——3‘ = O, +0C-, ’
. b Xadld »n-s
(" 23)

and for n =1 , é?a = c‘,'r '

We consider next the problem of determining the maximum-

and the minimum of ¢ =

» - 4,6, ...
By (1.%.3) , page ¢, 4= = 4x(c., e ..., )= L£Gw-Pm
(” a/)‘ B‘h B—”-/

In the following, we assume that c, has a fixed value.
This 1s done because each &, , v2/ is multiplied by the
factor &, = (¢, )t - " , Which 1s the only term contain-
ing ¢. . Clearly, this is no restriction.

As Bm < ('-;,4~ B«-., @y Bﬂ!"‘- ; Bm < 8"’" Ay B

2

. ) a, a, .- & - S
Then from (1.3.3) , Ur (Cop oo Cn) £ > i = l(nﬁ', f'.-,,/).

for » =/ , and there is equality if ¢, =/ . Therefore, we

only consid.er the maximum of the function U (Co, € "'f'u-,,/)A
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Theorem 1.3.3

For =2 3 4 £ , the function «- (f’e, S Caey,, )
(m=2) ig a maximum when =7, v=s,2 +-»-/, In this case,
e, (27-/)™
max Um = U, (Co, )/ - 77) = “f'?ﬁ—/?;‘l
where {ﬂ f is the sequence of denominators of the converg-
27, / > -/}
ents to the contimed fraetion / * 7= , 7

Let K =2¢ . Then 7wx Un (¢, ¢, /) oOccurs when |
e, =1, C‘,,_‘, -¢,, =/ . The values of ¢, ,(2 < v< »-3) for
which 4. 1is a maximum will be either 1 or 2, depending on =, », /7.
U~ has a minimum when all the ¢, are large. In the
limiting case, ’&f;“ y e (c’.Q, e 0 oo Cm ) =0 , /értn.

& —>an v,

Proof
We need the following lemmas.

Lemma 1.3.73%

Let #x)=x"%(C as defined in Lemma 1.2.1,
/
Then the function é%(—) is convex upwards for X2/ and x2>.

(.L .7) X" ot > —————3,—;—‘ for x</,2 and K22,
f—C (x+2. )" +C (x+1)+C ‘

Proof of Lenma 1.32.3 / /
Writ Dy S e~ .M
/ kg dr e ? f{:{_ XTrC Then
— an ¥
7 (x*+ )™ ﬁ (')4"+C)3 [ﬂl () = C (h’—/)]

i
As 0¢< C £ 27-) |, the factor.¥ (’1'*/) - C(¥-) will be
. L4

positive when X (#+:) '(-7- ”/) (/"”) is positive.

Consider the two cases.
Case 1. K=

P | n . >
Then X (#+#/) -—(—1 “1)(r)= 3x=3. Thig 1s zero
when X = 1, and 1s positive for x >/ . Then ;-,;K)zo forx =/,
/

with equality when x = 1. Therefore,;, - 9;,;;) is convex upwards
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~Case 3. Let X =23
" G )b)
The factor % (#+) —(2 is positive when X ¥ >,
/
80 that ? ° Fx) 1s convex upwards for X =2-
~ When x = 1, the 1lnequality (1.%.7) becomes
! / } 2 ' P K i !
; +~C +3"’+c >.‘2‘f+-C or 6" +2"- 2.3 “C[a—"' *’]>°,.

¢ 4 L4 ir Li
This will be positive if 6 +2 - 2°3 “(ét’)[3 -2 ] >0 or

L3 4 y :
24’ 22%+/-3"50. Now 2.4"—2.2"+1-3 = 4"3 *ﬁ ) >0,

for w23 . Hence, the inequality (1.3.7) is true for x = 1,

and XA = 2 . This proves Lemma 1.Z.Z

Remark : From the inequalilty (1.3.7), we obtain

1.7 / A N Y A
- '8) x " +C (x++) 7+ (x++) T (x+2)7+C

/ Jor A=/, =
Hence, I GAs [ - p . / )
x 2/ X '+C (kf—/) +C /+C 2%+

Denote by a superscript a raising of the indices in a

given expression by the amount of the superscript. Thus,

{v) lv) /v)
zi/y Q. Zfi = (. /) V*/ ’ 2.
From Perron, Ov(l),f 5,p.14, formula (34), we obtain
/ /v <)
[1.3.8) B = B 8., + a. B, B,

This relation enables 10 express 5. in terms of C,

where v 1s an arbitrary index v ¢» . The right member of (/- 3. 9)

s : B, [ 5., wacBn ] [l w)"c, ‘1B 8.
-.:BV.,{[ ('r + ar BV' ]Bm -y ‘/‘[((yf‘/) ('V/ fland finally

Cr+i)
(1.3.10) B, = BV,{[(' s ) ) B s [ (o0 ] B0 }
for /Jfresmn , ( f, defined previously by (1.%2.5)
In (1.%2.10) let ¥=/ . Then ¢, =o  and
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{2)
ll) P
s "
BM = ¢, 8,,,-, +> [(('/ "'/) -C, _7]84-"!.
- X o ) ¥ (2
2 = 0 B,,,_a + [(C,—r/) —c,"j E?m_s
x #
We have : & ( Co, ¢ ,..C’”) = @, e, {[(',*/) ~-C, f
- ﬂ,.43 fe e, [~ /3—-. ~.5,,,_,
—_ 2 ra) oot r .4 [
ST B v 8 f{e R o) BT }
As c,x > / , and ¢, =2y , the denominator is a
(Cowr)¥ -, R
minimum when ¢, =¢ . Hence, «n (¢s, C, +v* Cu )X ».(z' Lo e )

(/‘f?—l) with equality if &, =/ .

k Lemma 1.2.4

let 7 =23 . Then
(a) U (Co,c, - Cn.,, ;) tn (., ¢ 0 01) Tor all K22,
.and ther‘e; is equality only when Cop-, =/ |
Let 2¢ 2 4 + Then

(D) Uw (Co,C +0 Cmes /1) 4 Un (T Gy ti)for all 42 a

and with equality 1f C'a-.~a.( = /.

Proof : .
(a) In’(l.z.lo) , let ¥=x»-/ . Then

B—h = 8, .. { (C'.hl,r, 7(.0:'_;)' B,,f"-l) ;- [(C'”_/%-l)*— ("': ]Bofh)j'

(n-1) /) #
As G, =7/, B, =2/ , also B, =/, Then B, = 8. {/(".-, 1) *4‘-;}
“ - ) ‘
Similarly, B.., = &, { Cu., +o(,',_,__} ' Thus, ‘
x
“o ( R v M A, S
Co, C, v7 wner 2l - 2
” o “ Boes {(C',,_, */)k*f»-z}{ ('7!: *”::‘-z } 1
The first factor a"i;;' LELTRR P independent of G,., . The
o / /
second factor is: ((’n-, #) 7 - c'., ) >

[(c',,,, *’) "‘0:—1-} {C"—,._., *0/;'1} C"»: #Ser -(C--,,"’)”,«-J;_x

Now 0 < o5,., < 2%/, (n=3) . Hence, by Lemma 1.3.%,
and the remark folliowing ( cp. page 15, (1.3.8) )
4 & / S,

/
—_—— - #
R (N 2) R EY7ANN AL 2"t Faea

with equality only if C,., =7 . Therefore,

_ - >
Uy (Co, Sy en, 1) 4 a,,(c,‘,--(-;'_zl,‘,)’ for 23 and #<3.
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Proof of (b) :
In (1.2.10) , put »v=7"-2 | Then
- B & (n-1) _
B‘h = g’h'J {‘((;r-‘:- + ) T: a)"z /G"'*/)WQC"-L]B’ }/ and
s P2 s
ENE { (el » of’.3 ) A, S [(@nei#) "= Cuis | B, ’ .}

In-a)

In these two expressions, =G. =/. Then B,
= (n=1) -,
=2 " B vbeccmes/f-/ , and 5, =,6,=/,

becomes ﬂ ; .
where, as before /g /gy ow (2") ﬁ , Vz:xé,'."“
M-y

In general, we remark that when ¢, = ¢, = =¢,,=/,f\becomes;/§

put <,

”{(a,, s )2t A (O s ) F

Then B, *

C Bos  (271) (07, ) v (o) oo ]
and B’h-: B—..a {(C'uz"") ff j, Thus ¢« ( c,, c, ot Gyas, /)/)_: :
— Qs Ba i Bur (2 "/)/ (C’I2+/) - C;.~; 4—}

/8" -3 {(('»x*/) +0/“h 3}{(‘2‘{-/)(""3'*/\3)‘*(()'3 '/‘;}
The first factor &, ' Q... (%)) is independent of ¢C,,...

8;—-3 .
by C, and write, as

If we replace G-, Dby X, and d}.,
x '+ C = ¢/><) , the second factor becomes :
(96"‘/) - ‘f = (/) *
1 (xs1 )7 < f { (x +/) ~C + (2%)(x**C)
The Lemma Will be proYed if we show that (1) is decreas-
(#22) 8o that
Plxsi) - Plx) _ H2r) -HA) I
Prrsi) { Plrss) +2 ") x) | Pl2.) [ &Gr2) +(a -/) ¢f/)_/
That is, if we show Plrer) — Prx) > Plxzr2) - Alxw)
¢/x¢/) [ Pl x %/) »(2%1) Sﬂfx) W)‘v"—) [W/xﬂ) f-(,l "-/)@/)m)}
P xezr) +(2 1) Pleri) S/

or (3) FOx+1) = Fx)  Prlxr2)
¢/x+:.) ~ Prx>1) Pl xr1) Plxsr) + (2 1) @rxs
I

before,

ing for x increasing, x = 1,3,

As ?Q/x) is an 1ncr‘easing function of x , tne third factor

The product of the factors Z and Z is

in (3) above is ~/

* (1) Plx+1) = Px)
P (x+1) {gﬁ/x,c/) + (2 —/) Q’/X)}
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Ax+s) Clusi) - Ple) Extz) = 5 4 P lxr1) -~ Hx) Hxr2)
Plxer) Plxs) - Pxss) : Plrr2) ( Fxrs) ~ &F % x2,)
‘and this will be greater than 1 1if #*/x#/) > &/x) -qﬂ/xﬂ),

By Lemma 1.7.1  ¢&*(x#) > Plx) ¢/x+z)} /«-_ K= ), 2 | paa

‘13 e, A23 .

Hence the product (2) is greater than 1 for # = 2, x=/, 2 ...
and A 23, ¥x=2, 3, ..-

Let 4 2 3. 1f ¢ 2(’xw) > @) P iers) for x =/,
then we need not continue, and the Lemma is prbved. Assume

that P Cx#)) < @) @lrs2), when %=/ . By (1.3.8)

&rx) Prxrr) " Py ) Brxes) = S

(z) C//k/‘/)'— G/ x) . ¢/k¢2—2 S / for K}‘ 2 XE/ A e
Clrars) - &fxrr) Kl x) )

The inequality (3) to be proved can be writteﬁ in the fernm
Plxt1) = Qx) | rxea) ) Pre) , Plxrz) +(2%1) Hrxt1) >/
Wixtr) - Plxs)) Wx) ) Plxw)  @lers) +(27) %)

By (7), the term in brackets is larger than 1. The remain-

ing factors, when multiplied out, become :

Fx) Prx+z) +(a r—/) Erx+) EX) ) + Zx) %/xfz—) - Qofx—f/)
Px+1) (27-1) Prxer) ?7x) Bxr) +(2%-1 ) FPlx+1) Qﬂ/x)

From our assumption, & /x+) < &/x) & xt2) . Then the

above is surely larger than 1 when X = 1. Therefore, the
inequality (2) is true for x#22 and %=/, %, ..-

This proves Lemma 1.%.4

Theorem 1.3.3 follows by induction. Let 722 5 , and
let v Dbe an arbitrary index , =22 ¥ < 773
We have seen that &ax (o, .. 6., /) is & maximum when ¢ =/

and G, = O, =/ ( Lemma 1.%.4) for »2 . That is:

‘7.

“1( C',’ lad ct G, , /) % @, (C’o, /, Co,ores c’»~3, /, /,/),
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Assume that 4, 1is a maximum wnen ¢,=¢,_, = -=¢ ,, =/- Then

' M-
Un (Co, € b, 1,0,.001) = Bu @i o @ug) (270)
| 5. B, - ~

Using (1.3.10) , the factor containing ¢ in &n (O, ¢ 0 7,7 7)

is found to be (L) 4~ ( e, ) =
= . fc, "") -y
{((l” 'L )ﬁmw '1-[((' *_/)‘f ('I'] ﬁm_y/j){(c +dl:—l)/f'h V/"//\
We wish to prove that M/‘(C ) > e )so that may -, ) x/’(’f
r"/‘/ .
and accordingly, «. (o, ¢, ++C0r, 4 1. )2 ("m"'c'y-, L), ), 24
In &w(c. ), replace ¢ by X, of., by €, 0<¢C« J_’.',) and f/

write x 7+ C = ‘?”/X)v Then «/(c.) takes the form
{/ﬁ,- Plr) +[ Frxr)-Prx) 7% ,,,} [ﬂ,, . Pl + [ Frerr) - qﬂfx)]ﬁ s f

Tne inequality wix) >W{x+) becomes
P x+2) -~ #rx) l[/@,_..Lfa/K)‘I) +[<//)c+:_) W/"*/)]/gm-r I} /ﬂ'n il & *’) *Z (ﬂ/x,q_) Cf/x*/)]gﬁ N
?’fkﬁ) ¢/X+/ /44. “r ‘?9/’0) # [W/xﬂ) Px) ] (9,, .«—J (gm’m ?”/k) +[¢/x¢)) {ﬂ/xjj/f,,, .

‘I’he factor T is greater than 1 since ?ofx) is a_n increas-

ing function of x. The product of the first two factors 7,77
vs 2 Saee P2 ) (Plrss) ~LLx) )+ By [@lxr)- &r9)(@sr2)- Lrxss)]
B Prx) ( Prxrd)- ?’/xw)) /ﬁ.v-, [Crxs1) - @) @resa) - -@rxw)]

This will be at least as large as 1 when @ (k=) =&x) Hxr2)

By Lemma 1.%.1 , this is true when /¥=)> and x =1,3,.. .’,and
when x=3 , and x = 3,%, ... . Hence, for 4= 2

Pos WG) cwrls) o8RG Un(C0 CoyeriCn 1 G )) & U (o Gy 1),
with equality when ¢, =/, . This completes the induction for

=2, Hence ~zax Un ((cs, C (') Un (¢, 1,4, 4) TOr 4= >
There is equallity only if €. =/ , €=/, 2. =

Consider next the remaining case, # < 3. . From the

above,lf"fcv) >wle»1) for 4 = 2 3, and # =3
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g0 that 7ay w(c.) 1is either w/(/) or w(2) . When ¢, =/

2

the inequality (3) to be proved becomes

(4) 27/ ;éi, (2"+¢) + (3-1")/5,,-w, v (27%c) +(3—;),§“; >/
3o ﬁ,,,y (r1+#C )+ (2"%) (é,.,_, ﬂm .,,(/*()*(51*‘/)/3"-'1

The two factors containing the parameter ¢, 0<C %x "J are

both larger than 1. If € 1is increased to 2~/ , the

?
fractions will be decreased. Then (4) will certainly be true /

;‘) :2_____ ﬂh-r(z ""2"/)*(3 —-)")ﬂj__z_l Aﬂ"vl[z 2 "/) (3 -3 )ﬁ,yl
3. % %«v (1+2% )+ (2 -/)Emy/ ﬁ,,,,,_ (1+2%) +(2 —/)ﬂ,,, i

Multiply this out and collect terms, obtaining

6) Py Burn (8520(27) (37271 1)
* [ /f’""” ’ /”'-"/6""'"j((‘;‘r_llr)(z"r-,)z!rw
s s A (372 ) = @) (27L)N) >
From the recursion formula for />1/J' (2% /h_y-l _/f;,-v ﬁ.,_/.
Using this in (6), we obtain :
</§m1’%’hv~/—/g«v1)[3 _3')[3~'2 "‘/)
A (3Ra)(2t) e AL A P Frrei f (372 )a")
ﬂ’hr /gﬂ‘!“f‘/ [(37_3-*) (‘I‘lr) "(Q— ‘/}/2**/ l—j >0
and finally, /9:., (" 37-2%)( 2" -,)f . [3 7_2’9[‘{# :r)
_ﬁw v%"?* Ve q (3‘" ")(4"1’ 37+ 32.2%-2) - * ’)("‘”,)} >0,

Since 24y 2 2.3 we have wy-r-/) 2 2 and ﬁ»,»,-/;.N?-

4

>/

The last inequality above can be written as:

(7) [ Loz V' (5425 %) fi__ (352 (473 527)-
> ) ( )t (271) (270,)°)
Consider the quadr'atlc in _é___* v ) T (372 (v s zo

(2) f/wé—‘ (s L5

) —f «v))?/SI’ ")(‘/’ 3-/3)—2.) [.z*)(y‘"'}j'

?‘"—"‘ M_) , hamely , ’ (3” )‘r)[‘/ 3t
bt >
Cr-2)( w5 v a7 ) (27

h v/

The coefficlent of(‘
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is negative for # =3, ¥ , and is positive for /25 | In
addition, the discriminant of the quadratic (8) is negative
for /=5 , and is positive for K26 | pAs fro) Ao,
the quadratic (8]{ is positive definite for A=s- . Therefore
from the above, the inequality (6) 'page 30, 1s true for

n=3, %, S | Accordingly, 7esx (¢ ) = &~(i) Then
U (C"a; <, "'('r/, Co, //:"'/) £ Un [C"' IR Coer ) b 22

= 3, ’7‘, < ’
with equality if Cv»=/, « K ‘

This completes the induction for A =3, 4 € | Hence,
omas Un (€., 0, 0 Cn)= 4, (e, 7471) for #= > (already proved)
and for #r= 3,4, € | There is equality only if C.=/ ¢=:/,»

Clearly «n (Coy Vot .ci /) = a, (27-/)""’

/g’oﬂ'tw/
Let # =6, We have

o B < < [ fan co o f
/-4 %éf- < F:- < fz;\ an~y “ 3 ﬁ’

.This follows immediately as é—— are the convergents

to the continued fraction , » _-}___:,L_/. + "f’/,ﬁ
7 T

: +
oo, Gros fim o aT g anFgE

For the quadratic (8) , page 30 , we note that A72) < o,
and 7[(2*-1;)_40 for 4 =¢. Then 7£/.z) <o, Ala L ) 4o

v .
for all M 2¢ , since, when / < —é' <2 ) the dominant

(B
term in f(ﬁ,. ) is the coefficlent of é__;_ namely
h v-/ M-V -1
——{(3"—2")(‘/‘3 *32a ——_-a.) (,z"-/)/z”*/)}
Therefore, for 126 , the roots off( ‘lie

h-r-/j

"
between 1 and X . Indeed, these roots tend to 1 and

b
*ﬂi_: s 2% 27-,) ¢ J 4+ 2

hy !

2z T
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infinity as /> oe . This can be seen when, in the
equation //X) =0, # given by (8) page 230, we replace

X by %_‘/‘ and clear of fractions, ® obtaining

A Oy G G A

3 # '
In (9) , divide each term by 3 ¥ and let # oo . The
v l - . 2 _ .
quadratic (9) then takes the form % F = e
This equation has the roots ;=0, aﬂ"'/ . Therefore, the
roots of the quadratic (8)utend to 1 and infinity when A —es.

On the preceding pages, we have shown that

'2‘5% ‘ﬁ’— < e <é_*.":.' <#é‘-v_ < e 4%"4 = /22
and also that 7[/.1) < o/g)“ £l ﬁ“:,/) <0, for /T 2 ¢
Hence, 7[/—%::) will be negative for sufficiently large
values 0f K 2¢ , and for values of v, =25 Vv =7-3 nzs).
From this, it follows that the values of € , (—2 £ ) £ ’7"'3)
for which Un (€, C .o . ... Cus, 7) is a maximum, can not
‘a.ll be 1 . They will be either 1 or 3 depending on the
particular values of n, v and /T -

By use.of (1.%.10) p.15 , we have :

U = Q:gé,_/.s.- a - Q,QL,.,&:.Q"‘LI ..-4". U /('v) _Where
- . A [w = mga]
Fd (C’V "/) ‘(‘L* 7 ) 7v3 "] f)'*}
- Y 70 " re
[Ca™d, )8 [ cam a8 {(cHd )8 +[c+) 0 ]/B*f

Now (o (¢,) »w(c,rs) for ¢ =2 . The proof of this

w (c,)

inequality follows exactly as that given for M(Cy) > Wl #1)
p.19 , for we need only replace ﬂ,,-,l ﬁf»-y-/ in w(¢ ) by B,,{.P:
75,,,(.:)_, to obtain w{c). Then U.(C.,c .- ¢, . c,., , (;\)

2 Un (e, €, O A, rh) when € 23 (b:/3..n).

. r2 .
Erergiore—the—mintmun—valac—of £ ( 2/
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.Therefore, the minimum value of &, occurs when all the
Co, (<72 =) are large.
From the preceding expression for ¢/ (G ), upon dividing

I‘
numerator and denominator by a, , We obtain : w(c) =
AR ‘
[/ + c.,) =/

Y] ('v'h)
[ (/7‘ o”,, /) B tv) [.(// . Ff)‘r‘/]ﬁ:-::)} {C'., *d. )Bm s +[(C )" (Vtr] ?
Then clearly, ’Z:” e (¢, ) =o
v oo
Tnerefore, C,Z:;; Uy (Co, C . ,,.(,u) =0 .

This concludegs the proof of Theorem 1.3.23 .

,)lrl

1.4 Convergence Properties

* .
Definition 1.4.1 Unconditional Convergence (Pringsheim)

A convergent continued fraction

- ay Qo
1.4.1 a, A/ ... = 4 4 ——-] ith <, ¥o0,
K é /b éo va ' > W (V‘e/)

is said to be unconditionally convergent if all the continued
a °.
fractions K,‘ = é, + [zﬁ’] are convergent for st=og,/ 2, .
i
Otherwise, the convergence of (l.4.1) is conditional.

pefinition 1.4.2 convergence by Bounded Varistion +

The continued fraction (1.4.1) with convergents { 4”}

1s sald to be convergent by bounded var'latlon when the series

o

Axn
’Z / - - 'g:" converges , that is, when the sequence

[_é'_'_} is of bounded variation.
=,

4=

* Perron, 0. (1) loc. cit. Széasz, 0. (1) loc. cit.
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Criterion 1.4.1 = 1A A

-

The convergence of the series Z /E: 2.
=7

insures the convergence of the corresponding contlnued fraction (1.9.1).

Proof : < 1A A
- If = /—"' = /<o° , then tne remainders

oo ! (4
; 1—'4—:-- é__l_‘.'—’ J tend to zero as = —>oe . That 1s, given a
positive &£ , there exists an index 7t. such that
oo ‘
A ) - ,
Z /--! - /4*'( Z & when »n > 7, . et p be a positive
m o~ Bv Bv-i A A Z*F /4 /4
integer, >/ . T Lmp “ e | £ -——“—-——L'—’/Aé"
nteger, p =/ fhen /sﬂp Bm/ & /8“ Gial )
Hence, by the Cauchy criterion, 4i. A= exists. (7= 700,
n oo B

An examination of the Progf (a) of Theorem 1.3.1 , p.3
yields the following :
Theorem 1.4.1

The continued fraction of type 1,

)X i , r o L4
1.4.3 oo’ (cort) -] (c, +) e/

+ o
[c* /] G
1s unconditionally convergent.
Proof: w (e, )" c-,;_/ b
The contlnued fractions &, #* 7] o ~
forn=20,1,3,... , are all of type 1. Hence, by Theorem /.=2./

they are all convergent. Therefore, by Definition 1.4.1, the

continued fraction (1.4.3) is unconditionally convergent.

Theorem 1.4.23

The continued fraction of type 1, (1.4.3)

1s convergent by bounded variation .

Proof: 4 .., o
From (1.2.4) page 4, we have: Bf‘ - (’)__‘;"*B_ an
- _ﬁj i 4,,_,! - o0 a’ a‘ ,,.a” B v ' ne
and 'Z /31, Bos ,Z— —E:_é:“_, - .Z'_ LU,
Now from (1.3.5) page 4, M“m/ < ) -i% (»z1).
O k]

Hence, 2 U= converges, for it is majorised by the
!
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S0 ko /
Gonvergent geometric series ;Z-é? , a- /-5 </ Thus

by Definition 1.4.3, (1.4.3) is convergent by bounded variation.

1.5 Unlagueness of Representation

We have seen that a real number 5. >0 can be developed
uniquely by the Appell Algorithm into & contimued fraction
.’l. (Cv "'I) K- c')‘r) + (cl +,) ‘1—' C‘I ‘f/ Fa
, [e” )] o
where ~ = / is a prescribed imteger , and the ¢, are

‘T
1.1.23 Sf ~ C.

integers, Co 20 , C =/ ,(v=/ 2 )  and also that the

development converges and represents S, . We can wrlte then:

X v
f: — b 4 (c, +1) e ”
o

The question is now raised : Can two different continued

fractions of type 1 represent the same number -

Theorem 1.5.1

A real numbér f: > 0 can be represented in
one and only one way by a continued fracton'ofttype 1. That

is, f: is uniquely represented by its development of type 1.

Proof : Let the development of fi be (1.5.1) above.

Suppose that f: were represented by another continued
L4 L4
lr+(a’°-f/) - % ’1“”.
I "

fraction of type 1, namely: ¢, = 7,

By Theorem 1.4.1 , a contimied fraction of type 1 is

unconditionally convergent. The numbers f:,ﬂz, are defined by

f_v = C'y‘r a (0' =) 7- (.('r/ o
1.5.3 / a0 ZA’A e/, 2 ..
¥ ( yu ) ’
47V = Xy + 3;*’ - a’V - vt
] >
| X 2]

As the ¢, and ¥ are positive integers, ¢, >/ 2, 217

v v
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for v2y , it follows that S, > , e =7 {_"_"" 200 )

We can write from {1.5.3)’ that

g = o 4+ (ar)¥-c i .
1.5.3 Sovr S veasn
R AR (D LA £ = 7
ro
In pa‘r't,iculai", for :Z} g, = A (ii;—ff:—ﬁ ‘r)’ £ - ajt(m')tdsf
and as $ >/ , 7, >/ then "< £, < ler)* . 5o & <(3,0H),,_77'
Thus ¢, = %, = [ &, '/"] . Therefore, S, = 7,

o, (e+)"c "

Again, from (1.5.3) , for r =y we have £, = € * =
74)f - " ' i i}
2, = a’,** (——i—-)———-—a-:' and as 5:>’,’7‘>/, it follows as

2

s
above that ¢, -~ [ETZ'] ; 37-'[’)7,%] But 9, = <, . Hence
J = ¢C,, and 80 7, = S. . By repeating this procedure, we
obtain 2, =C, gsuccessively for ¥=o9, 7/, 2, ... . Hence
the representation of a real nunmber §: by a continuéd
fraction of type 1 1s unique. In particular, the,humber f:.
is uniquely represehted by its continued fraction

development of type 1.

Corollary 1.5.1

A real number f: can not be represented
simultaneously by a finite continued fraction of type 1 and

also by an infinlte one.

Proof: ,
Suppose, on the contrary, that f: were represented

by the two continued fractions oftype 1 :

E = o s (s )t e (Con )0l
. ° AR AL IS ((‘ —:z)
/ C"‘f / cs‘,\- ’ »
f: -‘-33*--/-(327/)"—’0*’4-
. a,n N 4 .
write :§~ - c ¥ +(('vf/) 7_4*/;'”” + (C"'" 7 ){‘_ ("'" / . Y& )2 9%y
I T g A
[ >
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1* (D: _/./)":_ %"r’.*,.;.

and S. = ¢ 2 2% | Also write: 7 © Yy. %7 Cv=).

As in Theorem 1.5.1, we have that & = for v =9, 7, -/

and 7, * S, vz o Then 7). = €. = c",,‘r |
But 7, = 7,."* (o) &t , and as 72, >/ g4 7,,*4 7 4(2:,+/)‘.r

‘7’14-1
ra
Thus,‘ ) can not be the A~  power of an integer. This

contradicts the above result that 7, = c.” . Hence Corollary

1.5.1 1s true.

1.6 Rational €. and the Appell Algorithm

-

Let %, , %, ©be two positive integers, '/’ko, "4,)=/,
and write €, = %"f‘ >0 . The integer /X 2 2 1s given. Wie
may assume that j’% >/ 5 for 1f %. <%, , we would set

g = "'7/,/';‘0 = E—Il_ with <, >/ , and we would begin with <,
instead of ¢, . |
As before, write ¢. = [(%)%] Then : ¢, ¢ :3;_3. <(co41)"
Write %o = Co %, + ((co+)”-c,") x. b
This relation defines the rational number %, , % 20. If ol

‘then ¥, = and the development terminates with the one

i
equation X, = €, X,
] f ™
Let X, >0. As —3%‘ - Co <(c.t1) ‘r—c',,") then %‘C—- < /.

Clearly %, need not be an integer; for if %, =/ ¥ % .0 Ty o

‘ . A7 .
write ¢ - % /, and ¢, = [5,. ”] £ /. The equation
N :
x, = ¢C, %, +[(C', #1)% -c, “] s , defines the rational number X; 2o,

It _X’i- = C, ”, then X%X,-0o , and the development ends with the

a

: ¥
two equations ! 2 k, = €, X, + Q, %a. .
. >
xr, = " Z.
w‘%a/\.z_ ; a4, = (c'.,-f-/)‘r—colr Aol c, ==

>
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From these, we obtain readlly the corresponding continued
Ko = (."r + __d_i_/.

fraction of type 1, namely : z. 7c "
A
Otherwise, %; >0, and wrilte <, < %, > !, as above.
>/,

%
In general, g, = %j‘l‘ >/, e, [ f:"] and X,,, 1s

0
defined by the equation: %, = & %, * dvpy Kesr (v2o)
T ol _ )
where we have written 4.., <7 [c, */) v > (" =l A
. §_ — 54»-. «
If at a certain stage, “~ = X,,, = €. ., the develop-

ment terminates, and we obtain the finite system of equations:

L g
%O = Cﬁ ?, * al j‘i.

¥ = ¢, x, + G. %,
1.8.1 .. i
’, . . * k4 ’ - .
y'h-/ = Cs-, xX. + 47\-‘/ j“"f’
¥w = C',,,r.r Knes
with 6 2/, (¥=o, /. cc,m=r) ¢, > 2, and the %,
rational (y: 2, 3 /;y’) Yo , %, are integers (3(., ,36,)=/.
~ K
AS f: - XV*I > / > (Vzo) 3 we have : y’o > j‘l > 142_ > > "n‘./ .‘
e g
If at every stage in the sequence of operations, 5‘: * c, |
we obtain the infinite system of equations
Yo = ¢, x, + a, .
. ¥, = < x, + 4. %
1.8.3 ‘ 3
L3
X, = Cy . AP *- ayn Xt
and ¥, > %, > X. > > X >%, > . The %, are rational r2 2
(%, %, ) =/, andthe ¢, are integers 6 ¢, 2/, (v=0/.).
Lo e 2.
From (1.8.1), we have : ., = ¢ 400
zl ‘f 0.; ‘ ‘/;:.Jw i X
A = C, o+ ’ s e e ; _l‘.l. _ r (; o - }
X x/’(’ ’ Koo gt - Con s P 2
. %o
and 80, Xo . %, al ... s Gnl_ , and =~ has
%, [e. ™ e '
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a Tinite development of type 1
Similarly, we obtain from {.6.23)

k= ¢ - al , al x
i rxh rer

Thus, with each system of equations we may assoclate a

corresponding continued fraction of type 1 which 1s the devel-

opment of the rational number %? by the Appell Algorithm.

Sup}?ose now. that we are given a system of equations
5 .

1.603 %v = CV jﬁV*l * d**’ Jé""" J ( =0,/ 2, ‘ )'
- & . ) . KXo u &, e
and the associated contimied fraction: 3= N &o # =4+
‘ ¥ u ‘ '
[ Go,, © (e, m1) - ¢, ] , with convergents { fgﬂ }.
In the recursion formulae
1.6.4 { Aw = €l Ay # A Aus
B‘h = A c«‘r B"v'l + &h Bm-’- ’ o~ = 2)

deflne /4-/ =/, B-/ = o in order that (1.6.4) be true for »=7/.

If we consider only a finite number, say the first v

equations, of the system (1.6.3), we obtain :

Ko ¥ a, | .. a X / v
. . L - P -+ . v Vi s >
1.8.5 %, C. e # ___—-—-—————-l ” ; ( /).

Then, from (1.6.4) and (1.8.5)

l.6.8 ‘%9-‘ = -——4—‘-’ = . Av', * a, X, ., 4"_1
' BV y" BV-/ - A, Xes, Bv-z

, (v=r2,..).

From the system (1.6.3), we see that %, and %, each
can be expressed as linear combinations of %, and X.,-, .
Indeed, in (1.6.8) there is equality of each corresponding

numerator and denominator , that 1is
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' *
ko = 2% A'{'/ * ny-/ a. /4‘,_‘—
106.7
%, = *y Bv-/ + Kew, Xy Br'z , ¥ =/, 3
We may solve the equation s (1.6.7) for x.,, X,+

in terms of %, and 7%, , as the determinant of the coeffic-

[ 4
tents 15 : @ (A Bex - Ava B, ) = &) &2 &, %o
!

Thus : Av-r %o
N M A By
: and
v ¥
1.6.8 %v#, = (“/) Zo iv-r - ’Jl—fa Av-l 5 sy

Theorem 1.8.1 L.

Let the rational number g, - %, >/ with

(jc,, ’14,):./) have an infinite development of type 1, i.e.

¥ e, a, | o
e R < S s [ a (@) e

Then in the equivalent system of equations

i
X, = C Xypy + Gy Yipa 5 (V‘oa/,","') ) lim X, = o.

"> oa
Proof': A&
—— s ;-v = Y 5 for y2o , We have
X vt
Yo > %, > XK, >0 >u, > X, >---. Hence J70—  X.. -exists.
Xo - -
From (1.6.8) %.,, = % Bu [z = 42 and as
Q., a,, L/ 2P .

’_’)_c__g_ _Au~)(</_/_9_5__4~-//= &, Gy.io Gy ’ o<%h+/<z—l—

x —“61:_" B.. B —————-————-—B = = > B..

v u |
Now B. =1 ; B=c 2/, ana B. = ¢ B.., + a, B ; (m20

2 ! >
B, > 8., , and as the B. are integers, it follows that

lim B, = + e Therefore, 1lm %, = O
~Poo A P.oa

* perron, o, (1) § 5, p.13, formula 232, loc. cit.
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Theorem 1.6.8

R 73
Let the rational number S- ~ %, >~/
with @ca, ’!é.) =/, have a finite development of type 1, i.e.
KXo = A ___J * « BGanl . )
x, <o Je. 7 /e > CwE R

Then in the equivalent system of equations

¥
yo = Co 94/ + a, Xa
. %l = C, “ k‘_ /- d;_ ’k_;
‘L’e“' l .ot ¢ . . .
. , . .
%4,_, = c-u-/ x.,‘ + 0.. M"'*'
Y = € Komas

the rational number X.,.,

1s the reciprocal of an integer;
/

Yme, = “Zg and q is the greatest common divisor of
X ”
4", Bm N 2 = (14'n, 5«) where _g_:'. = Co + [%]I .
Proof: % “
From (1.6.1), X.., 1s an integer C.. . Then
[f
n-1 — ’(—v\ :
%—;—:’— Sl ST @, is also an integer. By repeated
« applications of this result, it follows that ——— and ;[;":,
are both integers.
b .
/ P
Let Xas = ;—-—- 5 (P;;):/ Then %2 and 1‘;';_2

are integers. Hence p divides %o } and 14,} . But

(%0, JL,) =/, so that there exist integers s , t

such that
S ko —Z‘;k, = /., Then p divides 7(5‘1{,-{1,):7_
Hence p =1, and Yornsry = ‘;/—' ; ?_ > /.

From (1.6.7) page 20, we obtain for Vv =

o 2™

2" = 1"4« '4%-/ + 75-».4-/ Q‘h 4‘h~2. and as k‘" = C""rk‘!"' bl
we have Ko = k,., ("wq"’»-/ * & '4"") = Ko, 4» = A
Loey B, = Ba

——

j,

Similarly, x, =
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Thus q divides A. and B. . But (x. . % ) =/

Hence q 1s the greatest common divisor of A.. s B., 5
‘ 2 = (4;1, Bn) f
Corollary 1.6.3

The g.c.6 of A=, B.. namely q is

m . A - B
odd. Also 7 . T
Proof : =
- As /4’)1 B‘lh’l - 4"" Bm = (—/) a, Q” e Q"
: Y .
and &, = (6., #/) —<c._, ; (vr2) 1ig odd, it follows that
every divisor of A and B nust divide a.a, - 4.,
and hence nust be odd.
) , An . B
The second statement tnat j = ., 200 follows

immnediately from the relations given above.

In the preceding, we showed that the development of type

1 of a rational number S, = %? > (%, %)=/, can be
!

agsociated with a system of linear equations, and that the

development and the system are either both finite or both

infinite. Thus, the system (1.6.3) %, * €¢k#v g A, ki,

Yoee" v, + a, ks, where ,fv:' = £ >/ 4 (vzo);
and the contin ued fraction development
L &,
1.6.2 a 0= o /‘?—'é- +/4‘~/ [ roox
A (9N [dv °<C".,-, *1) -6 ]

are equivaléni.
In the system (1.6.3), the rational numbers %, (vr=u21)
need not be imegers. In general, they are not. For, by

Theorem 1.68.1 , lin %, = ¢ and as the sequence {ﬁa,} is

"Poo

a strictly decreasing one, it follows that from some index,

3

say ut %, is a fraction less than one , (™ ?/“)'
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However, we can obtain a system of e linear equations equiv-

alent to the continued fraction (1.6.3 a ) above, and in

which all the quantities are integers. This is indicated in

the next paragreph.

Define &, = /. . From (1.6.8),

d.a, @, ana K= ) (vB,., =~ 1, A.) so that 2.2 - -a, x,.,

is an integer, Vv=o-

Write . = e ;.= &, ¥ = %, , @t

g,,,,,: X, X, Xy Kvyr .
The g,., are all integers, (vzo¢)-

Multiply the equations of the system (1.6.23) by &., 4.a,
GoQ,@, | +ioe in that order respectively, obtaining
o = c." 4. o+ g
1.6.9 { &4 = & g. *
4,'?1, = C;‘réw/ ' + Frra

In this system, the v are positive integers, ;y 2 /.

’ — X, - dz 2’ .
Also, from g, = .., 3‘#/"" >/ it follows
B 4 ¥ ¥
that ¢, < | ——?—‘;M') "] >/, and that 22 < (c+)’c, = a.,
i.e. &, = @__g_?__ > ). This implies that the system
v ‘

(1.6.9) can be obtained independently by the Appell Algorithm.

For, let ¢o [? ] Z(#‘) ] The integer ; is

defined by the relation doz.o = Ca 7 y
a
~In general, g, = -L%" >/, o -',Z <, *]él, and the integer

) L4
?y“ is defined b)r the equation ! &, (51, = C, ?H, + ?HL
From (1.6.8) , we have

1.8.10 ?kw - (.-/)yw (?o B,., -'3, Ay-:) , (V—>D)
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1.7 Examples of the Development of Rational Numbers by the

Appell Algorithm.

Example 1. S, = § | K= 2
We have .2=[_§_.‘] so that S = =2 * & -
: = 2, 51 s/

Thus : $ 2 +/2, * 53— ¢

Let /_gl‘- } be the sequence of convergents. Clearly, as

,4-, =/ ) 4° = _7_2.~ B, =/ 5,: ,’22‘ and as AV ’ EV obey the

2 2

same recursion formulas, we have 5, = Ao, J ~ 20
Then /4,‘ = 4 A-,.-, + 5’»4'»-:. = 4 /3,,., + 5 8., , and
A‘h = 5 B’h - Z“th -5 8, 5 I 2o
Also R 841 - < Ben—/ = 4 8'»-/ +» 5 8-,,-3_ - 5 B—»—/
. N . "
= - (B, ~58,,)=0)(8-58,)t)"
2 /
Hence A, = s8, - (-/) , and / g-f -5 / = “"‘54_'
! z
As B, [ oo , it follows that each convergent & is
closer to & = 5  than the preceding one. '143:'_" . Also,
as An -5 8B, = £ , the numerators and the denomin-
ators of each convergent are relatively prime, (4?- ,B,‘)=/.
Example 3. S = 2 s K=
_ = . _ - 2 _3.._
§: = 2 = /1 # 3 5 é-, = 3 / * 34
3 a , _ - > S
e TR R L T
A A S P = N
2 3
Thus we have : . ./
_ > 3/ 2/ 4 3] . S/, 3/ 30,
(a) 2=/ *//* / 7 /2 / 7? VAV A

() mcgrofein proncod
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5.

2 3_/_ +.._‘§_Z. + 5/ *'—:?—/ * / + é/
(b) 3 = / + 7/ / a* e //: /—-——-""/ //}_ -+
2 s/ 3/ 2/ .
= < AL . el A o ,__,__—
(c) © T T T J > /.1 //*

The rational numbers 2, 3, 8, 24 and >4 each have

purely periodic developments with 5 term periods.
Corresponding to the continued fraction development for

%T, = 2, we have the system\ of equations : & yv = Cv&;—w/ *5‘”*

(vzes with the initial conditions, yo = 2, <, =!. Thus
A AN |

7 /
/= /7 o+ A
3./ = /’-2 ~
22 = AR -
5.7 = /‘..2 » 3
G) e a —— GuaZime () W,@s
3.3 = /% 3 #¢
3.3 = /2, 6 + =
36 = 23 +6
53 T /e « G

(3) 3'.é’ '.- ./‘., 9 - ? — W &) WWZZ;&W‘&;_:?

As the development for g, = o is periodic, the ¢, are

bounded. Indeed, <&, £ 2

£ . However , Fvrs = 3 ;v , vz
and therefore, the BXBXKEN sequence )} ?v} is unbounded.
For, ;vv‘S"n = 3 s $(2-)) = Bﬁ?v 3 (r=.).
The same holds for the developments of %, 6, 3 and 34
Conslder the convergents A to .
. 3/ 3/ . 2/ . 2l . S/,
.= 6 = -2"'7/ Ve 77 e, /s a* /
A _ A - - _ A, |. -4
Here—éj—ﬁ‘,g = 97 and /§:,-—-:-/-2_)/§Z§I-=3)
so that A 1is closer to & than A
° 3,
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T2 = / ? * 3"7/ = _-3-__/_ = é— = >
Also, B, D) Z v
As o 727 + 39 = & _ ¢ AL | _ 3 VA4 ). 6
B, /- + 3. _'7—'—6*;,8.13&1 /i -:/-‘/;')/ﬁé;/—7
Thus ,—gi* is closer to ft = ¢ than f’_s_
> 3
AS‘ = 5-3? = 'y -é . __é’_‘_/_ = L/_{— T = é - 2
NOW 5: 77 6 ?‘7 p Ey /? /? 2
_€ 3. A
and, as 2; < 79 2 E_f.' is closer to . =6 than Ay
s gﬂ

i - A
The behavior of the error-sequence {674, } ; «9,, < /§; Ef /
is determined by the following method. This method is applic-

able to all rational numbers having periodic developments of

type 1.
As above , S. = 6 has a purely periodic develop-
ment, with ¢,.,.. = ¢, . From the corresponding sustem of

equations, &, y = C, ﬁ,,, -+ 3;«-/-1. 3 (?,, =6 ?, =/)

we have 1 Hrrssr = T Fres , vzo . By a previous
formula, (1.8.10) G = )" [? B.-, "G /‘7;?»-./) ,(vrze)
where g: are the convergents to the develqpment of ;f = _§:‘
Then : };o By 9 Avey / = 3 /9%5:” -9 4"’/
and, as §, - —&-,— - £ s Jem6. gu=t we have :
1.7.1 [ €. Bu,, - A = 3|5 8., -4 ] 7, (v=e).
In general, | &, By, =~ Acnea |- 3/% Beowiyss = Astaaral | 2o
178 £ Buusy - Aol = 3716 By SMs |, pefris
write £, = /& B, - ,4,\/ ;=) € A€ -3 Then,
1.7.3  Bsmys = | £ - ’A;sma / -
We have : T Benas

£‘/ = /§:8_, ‘4~,/ =/
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£E, = 15;80’/40/‘—'/6—’7‘/ = 2 E/Q/EB,-ﬂ'/=/é—q/;3
E, - | € B -4 = | 6:+4-21] = =
Es = |8 By -A)] = 167- 48] = 6
~1°  Compare ﬁs,,-, , 575,, (nz/r) Table, 5. =¢
» ' ’ ‘ Cqy = =
95-,,_, = 3 f-/__ = 30' cs € -
/SS-»-/ 85’1-/ svr 26 =/
s . c$v+a. = . =/
95'-,, = 3 £o - 3’" 2. Cs,-v,_a = C, = /
Sen B Csvry = Cyp =/
( These are obtained from (1.7.%)
Now, Be, = co.

r

857,-, + (2e,,., +/)85h~=.
> 61 85‘»-/
Hence , (9”_,

> o 3r»-/ , (71. 2/)
> Bes. a2
2° Cmnpafe 55-,, with Q:—,,,‘,
95» 3% =2 3 g:n;., = :%.:L_:l— = 3.3
Bs Beonrs Bsnr,
yow (= Bs n, z 8., = 2/ Bes * 3‘/9;,,-,]- 3 Bsn
' = so0 Bs,, Ben = 19 Bes., -[’%B;,,., *55“-;]
6 Bsy, - 3B,
Thus, ( 2 Bs,,, 32 Bewn ) = 3 (2Bsn-, - Bsna) >o0
a8 Bsun-, -Bexn-,

>0, mz/ Hence gg-,,

> 673'7: L > (ME/)
3° Compare s, .,

. »
Bsn,, = 37 3 , E¢,,, = 37 & _ 33
/S:,y £ 6:;.4.,, Bs»;;

Clearly, as Bearn,y > Bey., we have |, @:n,«/ > 9:,”;

4° Compare 675,,+L with 95'».;3
> >
é]5‘71+>. = 34” __3_ ; Qy;,.;; = i_'__{.}__ = i_’__g——- Y
BS’H*L BS""B 8:».;3
Now B$»+3 = 85‘» - o

+ 3 BS"},,,
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and B:,,_,3 - 2 8;;,,,2_ = 3 BS'),},/ "Ba’»wﬁ;_
| T 8 Bswe, - [ Ben., T 38sx ]
= 2 Bsa.,, -~ 3 Bes.
From 8°, aB¢,, -3 B, >o. Then Bs,,; > 2 Boy.a,

s (m >_/)

and therefore , QS»-;; > QS»-}B

50 Compal"e 95‘1;./.3 with 95‘»*—‘/ = 95(97,'-/) -7
o, k!
95"‘1 +3 = 3’»' 4 5 95‘;,4.,/ = 3 I'I = 3
Bsnsis Be oy Bsnty

Clearly , = 3:»“/ > Be,,a , 50 that sunss > Gsnsv,
From our preceding results, &, = 2, &, = =z, ZA “ 2, 93.7_5;
The‘ apbove results then can be summarized as follows :
For €, = § , the error-sequence Zf@v] , &, - /s - Ay

is strictly decreasing ( to zero ) for v23 | When v< 32

we nave &, < &, , &, >0, |, &, <6,

/

’

In addition, we have the following .

1. e ) £ B, - A4, ) = + oo ¢ & =¢)
"—p o=
For, from the equation (1.7.3), p.386,
/ § B{"f-,\ - "4S'h+,\} = 3’” EA > %Z//‘ '*/.4}‘3‘
and as ) £ £y £ 6, the above is evident.
3. A N 85‘)'
— /45‘1;\ 3’h£ 317 P
For | £ Ben / - B - B,
a g - ﬂsn . —_ R
O R

Similar results may be obtalned fro:m the developments

for §, = 2 and <$.- 3 . We state them below.
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(a) &, =2 | [5}
The error - sequence | Ov 1s strictly

decreasing ( to zero ) for Y*a . That is, &, > O.,, ,(r2>)

(b) f; = 3 . 9\/ > O, %ﬂﬁ, v 20 .

Example 2. S =7 n=2
2 s , = 5 - 2
f;__ = _2. - -+ S , 5- = JO = 3)- # ?
> - e E - 7
{? = g‘o = 7
Hence the development of 3— = 7 is purely periodic, and :
P 2, 5/, 3/; > 51 o 2/ L S/
/7% / = / 3 /ar /)

Similarly, 5': = /o0 has a periodic development with a

period of 4 terms.

The corresponding system of equations for §: =7,

arg. - & G+ Gurs (v2e)  is
o) 7= =2 '3-/+ 2 .

S/ = /%3 + 2

3.3 = 2% 2 #+/

5.2 = 3%, +/
(20 7./ = 2./ 4 3 —> Joe 2- eZeca ticr 1),
Here we note that ﬁ"*‘f = ?v , ¥20. Also, as the c.

are bounded, &%v Zv -(zc;_,*/);, is also bounded for all v=2/.

We now apply the method given in Example 3 to obtain
further information on the behavior of the error - sequence
{Q,, } for Sc: = 7 . From the above system, $.-7 3 50‘7, ;/
and 5:,,«., = 9,, , Y=o By formula (1.6.10), p. 33,

?V*l = /?o 8v-, - ?/ 4»—, / = /§: By-, "Av-// 5
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Then, /5.: B,.s - sz / = /§: Brva - z4vv / 5 and, 1n general

" 20
1.7.4 )g_o 84‘”*2 ‘A’f'hfﬂ}} = /?o B,\ '/4,\} 5 ZZM’{ 0 £ )\ £23 .
As before, write £, = /5. B, - 4, / Then
* E 2
1.7.5  Bun = )5 - HAeea) o £ a2
M / 84»-}/\ ) 3,‘”,‘,\ o <2 A < 3.
Table - §_; = 7
c = > 2. A -, =/ B’/ =0
c i / Ao = 4 Bo = /
Hvty - C: =
- , = 4
c“/r-ﬁ:\- = Ca— = 2 A' 7 8
= 4& B =
c‘rv-fa = 5'3 = 3 » ’4:" > 7 y
E, = 3 , £ = 2 , £a = 7 EyoE, 70
1° Compare &, with Gums, ; - Fo
é‘f‘n = > ’ ZRTIV /§;:+/
Eyn 5
Clearly, 3. .8,,,, > 2 Bow Hence ‘9»'% (> ”";*’
9q 20

674714-:.- >

/

3°  Compare &,,.  with

— 2 - e
@‘f-n-»/" 5‘/”*/ , e‘r‘nd-;_ B-/»,L
g (= Z20)
and, evidently, .M.‘é}?"’" */ > Gounin
30 Compa.Pe @!p‘n + with Q ¥ 743
/
/ _ .
fg*"h«“_ = B,/ ) g*"*b - B“n*.!
LE %

Q‘,‘”f:’ > 94‘)1»‘-3

and again, as in 23° ,

4° Compare qu 2 with Etn 4 &

9‘/’; #3 = L ) 9‘?"n+4 = i—
8“"*3 B‘l‘hﬁ“l

2

Now Buyey > Ceupw Bmes

Cnyy =2 ; &nd surely,

3 . Hence 96‘"«-3 > 96‘»+y , 7 < o.

Bi/"*" > 9+ 3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



41

() We have then, for $. =7 that the errop - sequence
Zgu} decreases steadily ( to zero ) for * =0, 5711 > Gas,
(b) Also, the sequence '[ /& B, - A /} 1s bounded.

For, by (1.7.4), /& B, -A. / £ oy £, and £, 4 3.
y= (052 s53)
Flua ! 5, B8, —Aw/é 3 (=n20)

(C) As )§—o B»,,,;) —,4‘,,'44 ): /’ for A = 2, 3,

it follows that T Bunss = Aymiy = L1,

&nd ( AV;},«A R 8‘1’4)7*) ) = / 5 fC)I‘ - 20 and ):’- 2-'3
Example 4.

The development of type 1 of fo = & is not
purely periodic , it has a mixed period, with the period

beginning after 17 terms.

.= & = _2"_/_ s/ 4 3/7,_ 7/ + 3/ 3/* _3_14_
Ay MYV E S
-3 .3, 3 43 . S L g 7/
/> /1> E /™ J 4> /3% /=
+ 3 L 32 . 5/ L 3 ~ s/ . S/ 4
/72 /=2 /> /2 /D= /o>

Example 5.

This 1s an example to illustrate Theorem 1.6.23

p.Z1 , on the greatest common divisor of 4. &, .

EXS ] _ _
Consider ?: = T J L, = 22, ., =/,
' /3
We have : Xy = 32 =/ 77 +» 3 3
= E s = _ 2, e
mosp At g2 s s mepe 7D
/ 2 y
= - - 2, 4 3, L. , - </ - .
za .3 / o2/ i —2/ > jéy °2'/‘ 2 =z,
p :
¥s = S ; X, = O,
Here, Xgs =2./ 1s the reciprocal of an integer, Jf— -2, and
/ s
Mo Za. _ S 3/ - s/ " ___4 ~ 3 '
L2 s 2= = /7 £ z z[ ;
x, / /= / 3 />
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Ao‘:/; 3“‘:/ S /4'=7) 5/;-‘9/)

= 3
and a simple calculation yields, A+ =672 , s 27
Now 672 = <=/ 3= H 5399 = =2/ /7

and as (32, /9 ) =/, wehave =2/= (672, 299),
e £ - (4, B,)

X<

1.8 Rational §. and Periodic Developments of Type 1 (KW=z)’

In this sectlon, we consider the problem : "What

rational numbers have periodic developments of type 1 *

We restrict ourselves first to pufely periodic developments.

Theorem 1.8.1

The only rational nuaber having a purely

periodic development with a period of one term 1is §: = 5.

Proof :

We can assume that $, is larger than 1 . For if

0 < § </,  we would have C°=.[_§d"i]=o; g::”"’fz?:/

/ ‘

—

/ ; -7
where §, = & >, Then ¢ -[&§%>, g=== ¥
; .

{'=’ et s 2 ! Ff;_>/)ﬂﬁ,' andSO
, ¢ /§_’:’ )/

e oL ol TTae s, ‘
° /< VR

We would then consider the continued fraction :

g::——-’—-:: clz,a "Zc‘o*‘// A e e
& /) <t ’
The case S. =/ can evidently be dismissed. Hence

we can assume that S >/

Let the rational number £ be greater than one, and

let 1t have a purely periodic development with a one - term

perioa , that is ; let : & = & 20! o 20w
/ C* /o™

-
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. 2C, »/
5: satisfies the relation : X = € * T

That is, f: satisfies the quadratic equation
x* - ' - (2c.+1) =0
This quadratic then must have rational roots. Hence, 1its

discriminant must be the square of an integer, namely ,
D, = (c‘,‘)l-a* d(2c,+1) = A,
where A, is an integer, <, =/ . Then
L - (e) = Hleec ).
In order that d, s (c'o *)L be divisible by 4, ¢. and &
must be either both odd or both even. If ¢, and . are
both odd , then ‘z— (607; is divisible by 8 . For then,
A, = 2R/, Co 22/, and &L, "(C'a})l = 4(’é"”’*’)6é"")-
As one of the two factors @*M#/)‘ , (é - 'm) is even,
2,5 - @o*)t is divisible by 8 . But #(2¢, #/) is at
most divisible by 4, as (2 Co +/) is odd. Hence ¢. and &,
must be both even. Then €. 2 2 - o, N
F‘%J\m 5(,1= (C’,L)z”‘ 74{'.26,/-/)) A, >(C,")/‘ dl>4'
Then o, = co‘+2; R L7 > (C',,lf-:z)z
Now A, = (c‘,’)‘ A YR b (C -2, 1 =1) and

1.8.1 d,L = (C’,laﬂ-_‘z_):- -~ ¥ (/(C'o _/>2_/)

as o z22 (o D=/ 2, . Hew &, 205 n 2), et
o ! (cda/-z)l-é 6(,1 :.‘(C.,;L;z),: Hence d/z =(c',1+2.)1.
From the above relation (1.8.1) &, = (@ +a) "
when and only when (co-1) Y., =0 , that is, when C.=2.
s, 5/, &/

Then fc. = -2 7"'/ N > /—;;' 7{- P
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is the only purely periodic continued fraction of type 1
having a period of one term, and which represents a rational

number . (Clearly §, =5

Let the real number S. >/ have a finite develop-
ment of type 1. ‘( M=a) g = Cs * E_C_t:__[,‘ s 2Cy., #1|
< ! £,

2

where S; is the square of an integer, f; =C,.. A8 §;>/) c, 22,
We remarked previously that we can write

2 * C‘nz' (C',, —/)L .
£ = e = (e, -1) * = and 80 there is an

ambigulty in the number of terms in the finite development of
f} . We avoid this by assunming, from this point on, that
the last partigl denominator in such a finite development of

2

type 1 1s at least 4 , namely, &» 2= 4 € = 2

Theorem 1.8.3

The only rational numbers having purely

periodic devélopments of type 1 and with a period of two

- 9
terms are ) f: - 2? , () §: = 24 ;, and we have :
Z - >, 3/ . 9L o+ ZLL
5 - 74 e J ¥
//* /S l /)
Proof :

Let the rational number S, > /  have a purely

periodic development with a two - term period ,

1.8.3 & = a>p el o, o204/ | 20,
/ c / c* /o
Then f’: = C'd;* R, s 1 + .zc,+// 80 that
/< / &
f.: = f:ﬂl > (-2(‘,+/) /40

5;"5’, * (2cer,) B,
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satisfies the quadratic equation

- z('ﬂ,— (f?c‘,/-/)éi)-— (2e, #) A

Hence, its dis

g,
x” B

This equation must have rational roots
criminant Dz must be the square of an integer, namely,

Dg. [/’,— (2c, +,)8.)]J——- /7/(.2(‘,,4-/),40'8, = dlz >0

where . is an integer , ., >o . Clearly, '
[A + e, «)B,] = 4 (26,4)(A B -4.3)

by their respective

Then

~2-

and replacing the 4’ and B

values, we obtain ,
Z C, C’ ,..(_?( f-/) +(26 +/)] - ‘/(-26’ f/)(—ec 7‘/)

= w - g (26 #)20c +1).
where we have written 4 ., = o ¢~ » (2c.#) » (2¢ *7)
S (2corr )(2¢ +/) , a A, must

1.8.4 ;(;

2, LS
As u, — 4. -

both be even, by the argument in Theorem 1.8.1. As
e,t+ 2(e, + < +/)) C.’c, must be even, C.°C, 2.

u, = ¢, ¢,
From (1.8.4) , /1,14 “«,  and A, < X, . Hence,
A, <« w, - 2, and (éf;'l)L
and from this,

We have : &, = w, - #(2c.+)(z¢ ),
’ (#n-2) = #(2e. 1) (2e,0) »1 - 2]

1.8.5 .

Also, (/ém‘-&),- = 6’(:.“/)1-* 4 (4 -3) . Then

6’[,1— ( «, - - ‘/[%2_3 _fzc'a-f/)(zc,w) -/ ‘/‘“]
~(rco m )l 2w ) —v ]

= 4["2- c°15,1 #* (-26‘97"/) > (zc,.;./) wf-‘/(:c',-a_]
4 [ 2¢.c, (C.o -2) + (= c‘,,a/)(.z.c',-/,) 3]

= L"Z.r 2 &L,

the last two lines obtained by using the relation
Uy = g",*c.’ll A (.z_c, %/) .,a-(zc, -/-/),
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As c.c¢, >2 . €,+cC, 2 3,

o and =2 (c. +c,+/)_>.<P,
Thue, . - («. ) s 4 2-3] >0  and L. >(ua-v)"
Ay > s -4, Then A = &2 ~2, L > (k.-2)7

But, from page 45, 4. < (“’- -2)7, Hence

2 2
. = (. -2 ) , end from (1.8.5), we must have

1.8.6 (.Zc,f/)[.zc.', 7"/) »A / - #L, = O

The solutions ¢C. , C, of thls dlophantine equation

are the only admissible values yielding'a periodic develop -
ment for g . Equation (1.8.6) may be written as
(-2‘3 *’) ~ (2c, */) * ¥, o, - [ c-'azc',2 f-(zcaﬁ) +(2<',+/)] =0,

or Cc d, (C‘e cl - ‘7’) = o . Herlce, the SOlutions are :
[/) Co = / c = A/ (2) C'o = f?(.’ Ve = / .

/7
p] 4 2
The other possibility, <. =&, = 2, glves the precéding
case, Theorem 1lgl.

Let S: be the contimied fraction corresponding to

C =/, €%, andlet 7, be that one corresponding

to Coc‘/, ¢, = /. Then,
& = /7 3/ . 9/ + 3/ 4 -
(-4 /4‘-\- //;- / y‘\-
Do = H#T 2L 4, 3/ . 2/ pos
/0 Ve
From (1.8.3) . = A - (2c /)8, » JD.
, ? 2 B,

( We choose the positive root of D, because the contin -

ued fraction (1.8.3) is the positive solution of the

quadratic equation (1.8.3) )

As D, = ,a’;&= (4(1 —:L)t and from (1.8.8), we have
¥ = a“ot o~ 20
c 2

rd
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» - /6 + 2 - 9 , = 1678 - o4
Thus, 5 6 & D 7

and Z? and 2% are the only rational numbers having
purely periodic developments of type 1 with a two - term
period. This proves Theorem 1.8.2 .

Theorem 1.8.7%

There are no rational numbers S. >/ having
periedic developments of type 1 with a period of three terms.
Proaf : , ‘
We restrict ourselves to purely periodic continued
fraetions, for, 1if no rational number has a purely periodic
development with a three - term period, then surely ne ration-
al number can have a mixed periodic development with the same
number of terms in the period. This is so because, if the

ri.
perigd begins with the VY — partial denominator, then

§: = §_\f AV—/ + [ 2¢,., +1 ) /4\"" 2 and.
?: Bv—, Ean (‘z <, -, +/) 3?'1 ’
& o A, )" (R r0)(ac., #1) << L RC#1)
8"'/ By-/ [ f.; 8,,_/ L ad (‘zcv-i +/) BV"' ]
Then, as E: is not rational, f: can not be rational.

Suppose then that the rational number S. >/ had g

purely perlodlic development with a three - term period, namely

a / . .
S = e REmD o, ze, #f , 26+ . RCors/
/[ > / o * / c:,oa_ 7 o .
N . kg z
Then f: = O # 26 +1/ . 2c, 21/ - aci+r) i & se,
' /o * /ot / £
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f__ §:/42. -+ (2C=—+/)’4/
and so ° S: B, + (-1(‘,_ +/) =3

S: satisfies the quadratic equation

v B, — x [4; = (2c, #) ,9,] _(2ea )4, =0

1.8.7
This equation has one positive and one negative root,
and as  S. > <. =2 /, f:‘ is the positive root.
If (1.8.7) 1is to have rational roots, the discriminant
D, must be the square of an lnteger , That is
D, = (,4;-(1&’*/)3,)%4- /%(zcz+/)'4,8,=d: >0,
where , is an integer , £, > o . Clearly,
&(31 = (As +(2¢,+) B,))l-. S (ae,rr) (AB, - A Bs)
= (/4:_ +(.L<_“,-/—/') z?,)l,t- s 2e, +/)/.zc,+/)(-”-('¢f-/),
Write 43 < A + (2e )8, . Theﬁ
1.8.8 4(3& = 4(32 r w2, ) 2c wr) (2ctr)

As in Theorem 1.8.1 U, and 4—’3 must be both even.

' 2
Ay #c. #2/) B, = & (c’c” »ra2c,+)
+ (2 c, rr)et ~ (—7-6‘;. +/)c', )

= c‘:c’,*c’: * C'al(-?fn‘/) + ¢ (2cs #1) *C:(zc.,+/).
is a cyelic function of <o, ¢, <. ; that

iS, “3 (('o, C’, ,C; ) = é‘a (cla C‘-; CG') = ‘(3 ((’;_' Ca, C,)

1s also a cyclic function of <.,

=

Now U,

and «,
Evidently, Us

A

4

Hence, dsl
dsz = J{(C,, <, . C’_‘),

N 2
From (1.8.8) , 4, > ¢,

U, are both even, &, > «, » 2

We have A2, = ar: - Ylty + S~ [l - (zc‘,f-/)(.zc,w)(z(;f/)],

(;(3 > a: a,nd. a.S az3

and 4(32 > &(3"'3‘),:

’
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%3;:' ({{3 7‘1)’- - %Wj
108'9

“i o= s #+s - (2crr) (26 /) (260 £1)
Now (“s*‘/)x““=‘{éz;"”“-’-)z= s (U, » 2) p so that
(s +4) = 4l za, ey - G@ecors )20, 4,)(2c, +/)]
Also, 24, = 2 C'.,‘LC',’C',2 * .zc,‘[.ac',w)f -26‘,1/.26“&/)

+ 2¢. (2, #1)
and (Zc’o +/)[2c‘, 7‘-/)(/-1('1 %/) = &ce 0, » 2¢, (= c, +7)

kel 'ZC/ (-2-63. +/> 4 <y (ZC',J-/)"/'
2 /:_ _ _
Thus (Lég # 9’) - A T 5‘[—2 Coc,en (¢, ¢, Co=4) * 2c, (Co-1) (2¢,41)

* 'ZC' CCI '—/) (2 (2% +/) + 2C, Cfa-"/) (&C‘o?‘/) >3
If < C’ < = L’/) then as CIV >/
(e, #%)° - o, > o
Consider k& next the ¢ such that ¢.¢ ¢, £ 3.

We rule out ¢€o.=¢ =C. =/ Dby Theorem 1.8.1. The only

pogsible combinations are tine two triples &) (00, 2 )

and ¢) (47, 2) . As &3 and s are cyclic, we
can take (a) c¢.=/, € =7, € = 2 Then
() +a)" —ot,™ = 4 4(2) » o % 37#3] >0

(b) Let Co=/, € =/ <, = 3 Then

w, +4)*_ &, = 4/ 6cs) » 6-2-3 »3] >0 -
Hence (4.43 7*1/)2> 4; for all = &  such that

Ca2/, & 2/ & 22 Then 3 +% >&s , andas &,
. y 2 *
and s are both even, &, 32 = 4, ana (2, +2) > &, |
2 kS
4(3 =(5(5"3')
and from (1.8.9) we must have %’agf(wﬂgdefined by (1.8.9))_

% >
But from the preceding , Ads > (A(; *2) . Hence

]

We prove next that the diopnantine equation @, =o
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has no iategral solutions ¢, ¢ ,¢. This will prove the
theoren.
We may write w3 = &3 #/ - (2G#,) /20 2:)(26 #7)
in the following forms
1.8.10 & ws = Coc e, (GCa-8) *» Co(Co-2)(2¢,++)
¢ (¢ -.2.)'(26; +1) # Ca (ca -2) (2ca#71)
1.8.10 b ‘

. 2 ) kS
Wi = Ceca(c.cc-8)r (com2) +C-2)
- 2, 2
#(es-2)>, 4 (co-p)c + 2(c-De. +2(G-1)Co =12
Evidently, ¢s is also a cyclic function of <¢.,c | c.
as (L, and (2c. #7) (26',7‘-/)(2@1\,4/) have that property.
Now c, = &'¢ o + ¢ (2 /) + N (2a #) + &l l2080)
must be even. Then c.'¢, . % c.> v’ #Cy must be
even, and therefore C.C ¢ +# &, ¢, ~Cx must be
even. Then, (1) <. , € , Ca may all be odd or all even.
(3) Any two of C., ¢, ¢, may be odd, ,the other one even.

We can not have two &, egen and the other one odd.

Consider the following cases.

()
Two of the ¢, are equal to 1

We can take Co = /0 C =/ Then fron (1.8.10 a)
’_ff/'s-’—' c;(6’3~<§«‘)—;,[3—_2_6',_4—/—3(;(6';-2)]
= H#aT —J6C, -4 ’/[(c;—’;_)"—s-]

Thus w_;‘ is never zero for integral ¢ and with ¢ =c¢ =/.

(8 o=/, ¢, =3

Using (1.8.10 a), we obtain ,

Y
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@i = F¢ (3c,-#)"7 * Bala-2) = /ic -adc s
Wi = 43 [(C’,, -/)‘/ - /6
This quantity 1s never zero for integral <C. . Thus, «3 ¥ o

for Co=< /, €, =3 and C. =/

7 /

() Let ¢, = 3, ¢ =/ Then
W = 3e.(3¢,-8) +» 9 -(26 #1) +7¢ (€-3)
= Jbec, - #oc, *+€F
Ly = o ( 2c* —sc, +/).
Now 2Ca —5e, 4/ < o for Ca =2, Cp=/
2 ¢ - SCy +) > 0 for ¢, = 3

4

Hence ¢¢/; can not vanish for c¢.= %, ¢, =/, G 2/

(/) If ¢, >2 ¢ >a, <, 22, then evidently, from (1.8.10a)

4

b(/; > 0 unless cC, = C = Cc, = 2.

The preceding discussion, <), 03) (?') and (0/} disposes
of those cases where c¢.,c¢, ¢, £ & , and also of those

where c.c¢, ¢, 2 F , with two of the <, equal to one,

and the third ¢, =2 . Then the only remalning cases are
those where C. C, ¢, > 9 and where at least two of the

C o are greater than or equal to two. But (1.8.10 Db)
snows't.hat_ w, 2 G 4/ £ Y — /2 Do

Hence ¢¢} =0 has no integral solutions other than <, = e - -2,
This establishes the theorem for purely periodic developments,
and therefore, from the remarks at the beglinning of the proof,
for all periodic developments having a three = term period.

This proves Theorem 1.8.3
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Definition 1.8.1

A function of n variables ,jKY%,,@g-~‘um)

is sgld to be cyclic when 1t is unchanged by every cyclic

permutation of the variables %, ,6 %, , -+ K.
Thus, if J[ is cyclic , then , 744k,,4a,..~ Xa) =
//9(1 L Ky, ., , o :kh'k) = )[//x” 2,‘/ '“k,” x,. 7(.;) s e & j[[a(_”‘ 1‘-“,,. k”_,)‘

Lemma 1.8.1

A sufficient condition that a function
7[/)(; B 7‘;‘ . ﬂ(«n) be Cyclic 18 th.at ‘7(/"1, /kz,/ o k’\) = 7['/%,' ks"“ J"l., 7‘1);

Proof : 7[

Ry hypothesis, Ak{,i&,"' k«) remains unchanged
when the variables %, ,6 %. .... Xk, are permuted cyclic-
1y to %x., %, ... x. %, That 1is,

7[/%1, k., , . ’,34-4) = '7[(/)(”’ 343; ro 75.,” %/)

In this relation, replace %, by ¥., ¥%. by % , ...  and

¥, by %, . On the right side we obtain //x,, Ky, 0 Eu, X, %)

The left member 74@&, Ye, +0 En) is unchanged, by this

cyclic permutation of the variakles. Hence , 7[kx,,uk,~-”kﬁ) =
Sk, wy o wm, ¥ ) = A K, K w, %, )

In this manner, it can be shown that 7£/x,, K, o ?kﬂ) =

= AUy, Knu o K, U, Kaw, Yau)  £OP A= 3, 5 e ]

Hence, by Definition 1.8.1, f@y,,“. 1, ) 1s a c¢yclic function.

“ 2,/ ‘. ..
Let .= ¢~ ~"/C,/"‘

be a comntinued fraction of type 1 , (#20) with converg -

ents {‘égl.} ., From Perron, 0 (1), " Kettenbruche " § s,

formula 237, page 15, we have ;
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“)

Bv = 4
1.8.11 X o “)
8 4\/ = C,“r Au—r/) - &, BV’I ) 2/

177 c3)

By the first relation, B,., =4,.. and so, the
second relation becomes

“w () )
l.3.11 a ,4V = ¢, A.., *+ a, A, y2 (Aer=t).

Theorem 1.8.4

Let the real number ?: >/ have a purely

periodic development with a period of (/n +1 ) terms :

£ = el L., anl ara | o @) ..,
(< 7 /o, ” /< T /<
and with convergents 734;"’ 5 2., = (a+1)" e’
Then the function : (¢, (¢, ¢ - Cn) = A, +a., B,.,
is cyclic, » 2 0 ¢ B, -'=a) . |
Proof :
We have already seen that for X =2 ,
Uvg, = A+ a,,, B.. is cyclic for +=¢, /, 2
In the general case, + =27 it is evident that «. = <. ",
w, = c,lrc, " . &, +a,vl or L&, T <o ot L (c. f'/)teo ”*(C"*’) et

are cyclic ‘functions of their variables.

Let n be an arbitrary index, -~ 2/ . We have :
b
“‘hf-: - /4-» + an{-/ 54,-/ = O, ’4'n-1 * &, ’47'*2~ 7 B B»-/ 4
In s, , replace ¢, by ¢, , ¢ Dby C. e and
ol by ¢ , obtaining ., . Thus, using (1.8.11)
. « 7} ) ) )
“na-/ = Cos /4,,_/ >~ 4,”,_, /4.,'_,_ -~ . , B-;,-,
’) 7w} ()
= Co" ﬂ,.(., * &, A),-, Ll SR /4;‘-,_ = A'n + a"..«-/ 8,,,_,
and Z{—"'f—/ = “‘hf-/ (CI«' (‘-1 T c““, CO) = “34-/ (C'O, c/,"' C'-n).

Hence, by Lemma 1.8.1, 4C,,,, = 4., *0«,,5’” 1s a cyclic function.
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L.et the real number f: >/ have a purely periodic

development of type 1 and with a period of n « 1 terms. (u=2)

2
108-18 ;: = co 7" ﬂ"_::-/.—/ * v e s o+~ —ZC‘),-, *“// + —2(',, ‘f"// e
: / C, VA e
Then §: = s. 4, - (2 e, +/) A n-s , andé

S, Ba + @c. #7) B
satisfles the quadratic equation

x* B, - x [ A (26, #) B0, ] = 26+ ) A, =0

Write la,, = A, * (2o, +) B.-.
The discriminant of this quadratic 1is :
2 2.
Do, = [ An- Cer)Ba] v+ s 20.01) Ary B = Aney >0

1f Ao, is rational, and hence an lnteper, then f: is
rational. Otherwise, §: is a quadratic irrationality.

We may write 'd»m as follows ,:

x

‘ d’l*l = [A* * (‘zc'h */) 5’.‘"/7 - 4/('2("' */ )(’4" 81--/ —/4"" 8")
1.8.173 . -
4»#/ = bC,,*, - 6/)" . 17/ 77—['2('0' "'/)
Let n beodd , n=23m+ 1 ,m =20 . Then

3 >

25 #7

&sz*L S Uapy, -« 7T (-ZC'v*/), and d,.,”*L < U.,, . ALls0,
o

108.14 & > > - i~ Lt l Qbyrs
d:.m + 2 - (é{p.»,.;.z ‘2‘) - %Z “11"*; +("/) - 77-(_2(;-/-/)
| In 1.8.17% let n be even , 7=2m , m=o
X > 2 2-m
Then A,,, = U, . *++77 (26 ) , and sy, Unmy, - AL8O,

: 2 =
1.8.14 b (a—z-»,*, » 2:”),,'-')4;,"*_, - 4[“1"(*, *(_/)J-m‘ 7,-7;:(2('.,7"/)
0

Lemma 1.8.3

Let the real number &, >/ have a purely
periodic development (1.8.13) with a (n+l) term period. Then
it ¢, 2 2 v =0, /, a- we will have :

2
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>
1.8.15 Umy, # () > TT (2, 4/) 2 o

]

with equality only if C,6 = 2 =0, /1, 2, 3

2 /

( Here Une, = /4.,' + (2("' f—/) .8_,'__/ )

Proof : .
For ==o (1.8.15) Dbecomes C, »/ = 2Ca*/ -
This is obviously true for ¢, = 2 » and with equality only
it ¢, = 2. For n = 1 , (1.8.15) becomes: «, -/ = (¢ #)(ac)

EN

or e, c',L +<—2€. f’) *(ZC, +/) -/ 2 (:zca}/) + ¥, Cc, * ac,
or c.c, (¢, c, -'7’) > ¢ This proves the Lemma for 2 =/,
The Lemma is true for »=2 ., For, in Theorem 1.8.3

saw that &5 = wy; +7 - ( zc. +:)( 2c, f—/)(zgw)

, We

could be written in the form (1.8.10 a ) ,

wh, = Coc o (Coc - &) » colc,-2)(2c, #0)
+ ¢ (¢c,-2) (2c, #1) + C, (€~ 2) (acars) -
Clearly, then 4/, 2o it ¢, 2 2o , and there is
equality only if ¢, = <€ = ¢, =Z That 1is,
wy, s > (zc.#)(ac+)(ac+), which 1s (1.8.15) for 7=a -
Assune ﬁhat the Lemma 1is true for two arbitrary
successive indlces, #-/, & , (/f=22) That is,
U, +Er)" > {7"/26, #1) nolds for aw= A-;, 7=k,

Now Ue,. = ’4'é4-/ * ('2(:(-,”*/) Bé , and by Theorem /& ¥

A 41
Up,, 1s a cyclic function of &., ¢ - Cg,, . AS 77 (2¢.+41)
is also cyclic, We can assume that 1s the least of the
cl, ,1.e. 2 %c¢, £¢, for y=o , a,.. 4 We do this.

Now U,, = (C.‘,;, Ae * (2¢, +) 4/9-,)
Tl tie, ) [6) 5y Haen, 8]
U+ = (’;H (24* * @y #1) Bb-/) + (2¢, *’)[’4‘*"/ *(—Z%-,*/)B‘é"y

+ Bg-, [C’/: (26, , n)‘ - c,;, (.2&,e +/)7
o ('ZC'P' “1) By, [(:zc,e_, )~ (204 *’).7
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2

and “‘%4—2 = G‘,ef_’ LC;(,*( -+ ('ZCQ.'/-/)A{/Q
* (Co~ Cer)) Boor L Couy * Ce * 2Cku C'/e]
* 2 (Cp,, ‘CQ)C-ZC,E./ f/) Be.y .

. 2 4
By assumption., ( P 2 77 (2¢ ») -(/)
50 that . T Uy 2 7' [26 ) - (”)é

a -

Ute r 2 2 C',eHZ //'[.ZC 1) —(/)]7« (z ¢, +/)[7éf-//—2r,,+/)-(-/)k7

* (C/Q _f&y) Bk-l [ Chv, # Cre * 2 Cre v Cle]

+2_(C&+:"Ck)('2'c’tl*/)8kl’ Gl
U+ 2 = 77 (e ) [el., +/] -C2) #*(2c, +17 Ch */) v
where we have written: +(Co- Crss) oﬁ,,_

0//;4»2.'= 8/?/ ( Qf-/ *C'k ’L'ZC»Q*/CA)—Q.(QCk_I+/)E;¢-1

2

If all the ¢, equal 3, then evidently (., +/ = 2¢,,, */

s

ané R Cp = C/:,‘,, 80 that Hera = '2-;!7-24"/) - )
Otherwise, at least one ¢ =2 3 Now elther ¢ < ¢ ,, =22

O C,, > Cg,, Ié 2. In the first case, Ce - Chv, =2

we have ¢, > 3 for at least one index , r 2 4 , and so

U > %:%'(.2 e, 1) - (:/)kf/, : Also

Uk ra > 7/?’(.24,*/_)[6'@:., f/] - /) /NI[@C)Q /" C'/e:, ]
If ¢, °= Chov, = & then U4,, > 707'/-2(',',;‘—/) —(—/)4,‘/
IT £y = Coyr 23 then (<., -/)%> ¥,

or (',;,, 2/ 2 (2¢., +1)*3 and

R F1 ) fad L+ n
Ukra > 77 (2c +1) -[—/)é* s 377 (2c, #1) -() [.zc'k—(',e),
o - ]

Then, as €, > Cqo,, = Co 23 , (Vv=o /.. #-,)
4 .
and clearly, 3 {7 (2¢, #1) > . -2¢ ¢ we have

b * !

readily that L,,, > 77 f2a+7) - )%
o

The only remaining case is that where C, > e, 22
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Then ¢, - Ceu, =1, and ¢, 23. We have ln this case :
&< _ 2 fe #r R+ 2
U +2 > ZT(-ZC‘,,H) / .. +/_7 ‘f/) ‘(./-/) (ZC& ‘C/e/-/) 7‘4,&1.
where 021—::._ = B/@—/ (C:em * Cp #2C,,, C&) - 2—/3/9-3_ (-2‘,'@-, "’/~

2
As c'e*." = -2'1 C'/?-/é 2) then C’lz*/ 56-’ 2 25/?'/ > 'ZC/‘é-/ B'é"- 3'284’-:.(2(:@0)

that 1s, Co,, Be., > 2 Be-. (2¢..,) . Also,

-

5., /C,ef, * e T ) >2 8., (z2¢,, ,c/)) ardl 0,5*1)0. Indeed,

Jora > Be., 7+ 2¢., Ce ) >0
2 >
Now 5., s ., as g 2 a , and clearly a£+;r> 2LC ., .

2

Furthermore, as C,,, = 2t €, = 2,
2- 2.
0@%:. > 2C e + Cf,, > |/ 2Ce -~ c,,_,._,/

B

and Ces *+/ 2 2C.,., */ Thus
Ry ot/
Uwr+ 2 > 77 (‘26;« ’L’) - [-/j .
The Lemma l.3.3 is then true for the next higher index.

Hence, it is true for all indices 7 2o

Theorem 1.8.5

If the real number §. >/ has a purely

periodic development with a period of ( n+l ) terms, (1.8.123)

and if ¢, =2 2 R (VV= O, 4y A s ) with at least one
c = 3 , then f: is a quadraticairrationality.
Proof :

Suppose on the contrary, that <. were rational.
Then from page 54, the discriminant D,., nmust be the square
of an integer, L., - d,,: , where A n»+, 1s an integer.
From {1.8.13) , 0(,,:, = &(:,.., - (~/)4H'/: 4 ﬁ(QCv 1) .

If n 1is o0dd, . < U,., , and as d,,;., and a4, are both
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even , Znsi & Unsy — 2. But from (1.8.14 a) ,
= ‘ 2 2 "
Hower ~ (“1,4., -2 ) = L/[ Un.e, + 1) - '{7'(3,4, +/)] ,

and the quantity in brackets is positive by Lemma 1.8.2 .
Then HAawsi > Us., -2 - This contradicts the result &, < ., -2
If n 1is even, 6(:,», > K:f/ Ly > Uy, and By 2 Uy, +2,
as dn». and é‘”{‘ are both even. But from (1.8.14 b )
(Q,M, +2_)1-. Loner = 1/[%;,,., + (.:”)t '7;7‘~(9~C'.,7‘—/)7
The quantity in brackets Ui + (7)7 - Z;‘(}ac,+/)
is positive by Lemma 1.8.3. Then Zuw, < Un., *2

This contradicts the previous result that dw., = Hns 72 -

Hence, §: is irrational.

Suppose that the real number <> / has a mixed

7
periodic development, the period beginning with the V

pai'tial denominator, v=17 . From page 47 ,
S = A, - N (_,)" (.26‘,,., f-/)/.lc‘..-,_ #) 00 (26, ~1)
° Bv‘; Bv'/ [ E‘: By-/ + (2( - ’L/) 5#-2— ]

where f: has a purely periocdic development. Clearly ,
if f: is irrational, f: is also irrational. Thie

yields the Corollary.

Corollary 1.8.5

If the real number $. >/  has a
mixed periodic development, with a period of n+l terms ,
beginning with the Vﬁ partial denominator, V=7, and
it ¢, =2 2 (L' = Py, th,wu) with at least one ¢ = 3,

then f: 1s a quadratic irrationality.
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Remarks :
From O. Szasz , " Lectures on Continued

Fractions and Allied Topies " , University of Cincinnati
(1940-41), section on Irrationality Criteria , the
continued fraction A = 4, + 2l , &/,

with positive integral elements &,, é%, converges and

its value is irrational if there exist a sequence of positive

increasing integers 72, < 727, < ... S such that
744, ___7—77/”" ‘ ;
77— év 2 / & o=/ a
1/.‘_/#97}v V=/+77,? / fOI’ ’ 4

Apply this to the continued fraction (1.8.13 ) of the
preceding Theorem 1.8.5 , page 57 . Take 7, =0 , 727. = %1+/,

and, in general, 7, < Cé‘//)(57*/) . Then
Y ger
= 2 z' 2
/+Zf: o o < o and
284,
/! a, = (zcohd (267HQ e (2C,+9)
‘U,

Clearly, if C, 2 3 | (?: o, s, 2 ...») then TTe,” > 71ze, +1)
and gf' is irrational by the above criterion.

Theorem 1.8.5 shows that in the periodic case, only
one of the C, need be greater or equal to 3% , while all
the other &, 2> 2 in order that the particular continued

fraction (1.8.13) represent an irrational number -

Irrationality Criterion 1.8.1

A real number f: > o is irrational 1if there exist
two sequences of integers {/ﬂ1} ){éihf such that either
() 15, B8, - 4. ] is bounded from above and takes on

infinitely many distinct values different from zero, or
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(b) /;;(B,,,"A’r/ =?:O and fLmv /f: B,,,‘A"h/=

Proof :
(a) Suppose that i-o were rationa.l,'{ = P/?

p and ¢ integers. Then /<. 5,,,,*/4-,./1' /Pgm‘j/]*'l.

As |5 B.. - A | is bounded, the numerator [p8. - 3 /4;.{
is also bounded. But this quantity is an integer for 7 -o,7.2 -
and therefore, it can take on but a finite number of different
values. This contradiects the hypothesis (a). Hence <o isg
irrational.

(b) Assume that $. is rational, $. ° %
Then [ Ba- An| = |Bp - 3A] L oo

7

As the numerator is an integer =¥ O , the fraction

1B, p- A» 3 / can not become less than 5"‘ . This
contriiicts the hypothesis (b) that ;é_.;; /&8, - 4., /=0,
Hence g, is irrational.

Theorem 1.8.6

If a real number f: >/ has a continued

* oo
fraction development of - type 1 , (»x=2), <. = ¢ g [—f:—] )
: _ 2,
such that &, = 3 for v =2 A (A & positive

J

integer A = 0 ) , then f: is irrational.

Proof : 4
We can assume that A = O , for as
£ = Aa (;/)Ad, & @A )
5)" (i\ BA"I + A, 8,\-2.) B -
it 5 irrational. then so is < _ . Then we have :
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g‘_ = §;'+’ 4“4 + d‘ln ~ 41'"/
o

el.

s and
g_:._;., /3,,, + d’;,,, B—»-/
= Qe ) S.B - A ]
)& B - An] = Lm |SB.
2.
- Now g_—"t—’ = £ -c > o, for otherwise, %o
would have a finite development . Thus :

/g-a- B,“-ﬂa} X }584\-, _/4&-, l

Also, from the gbove recursion relation for / . B..-
we obtain , )&, B.-A.] = @xnln - 4 a,
§:‘*1 f; cr §:— f/-
2 [ a4 < ’g' < */ = —Z=
As §—v > <, we have _Tf e, * <
Thus S22 < %Z for + = o and
f:#:

| £ 8. - 4.1 < (%qu
Then L /§:B,‘/4h/ = o

n —D oo

Hence,' by the Criterion 1.8.1 |, §o is irrational.
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Chapter 3

2.1 Seml - Regular Analogue of the Appell Algorithm

In the development of the preceding chapter, we
took ihe greatest integer ¢, contalned in the KLZ root of a
given positive number §: , Co =[ i_//"]. One o'btains an
analagous development in taking £he least integer 'containing
the #% root. (K a positive integer, # 27/ )

Thus, let 4/ be & given positive integer, kA =2/, and let
§: > o Dbe a prescribed real number. The integer ¢. 1s defin-
ed to be the least integer containing fbgr Then
Co 2 gl/k > Co =/ 5 Co =/, and C'o‘ré g >(C'r*’)«-
if §. is the A7 power of an integer, S, =c,7, the

%
development ends. Otherwise, Co-~ [ g ] +/ =171

% &
Write 5. = ¢ - /ﬂo : then © £ /4, < c, T (ec.-1)
, , r
If /ﬂo + o0 , the number € 1s defined by : <, = ‘:17_(’{_"’_1_’)
' & e, = (co-1)" ¢
Thus €, > /, and 5. = & - ?_( ),

One can apply to §,- the same sequence of operations
L 4
as applied to $. obtaining : § = ¢ - f/ with
s i ¥
0£ f <c -@-). 1£ %< ¢, then A = and the

development terminates. One obtains for P

%
§_o = C",‘r o C'or '(C’., '/) .
c, ' AS§>/,C,?-3'
%
Otherwise, /4 > o  and ¢, = [f,. k] +/ 2 2 . We proceed as
. ¥ , r
above to define f-,, . i = ¢ -(c.-s) ; §;>/) and so on.

/4/

Appell, P (1) and (3) , loc. cit. page 1.
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%
If at any stage 1n the sequence of operations s is

v

“an integer (., then (%1==o , and the development terminates.
‘ One obtains in this case the finite development
3.1.1 £ = o - &' <(ea-1)"_ o tle-) e e
- - = - T e R T e

If at every stage /% = 0 , the development does not

terminate, and one obtains the infinite continued fraction

3.1.2 £~ ¢ - et - (-~ o)t ..
I e " / P

In the developments (2.1.1) and (3.1.3), we have

Co 2!, C,22 for = =/

Definition 2.1.1

The development of a real number 5. >0 by
the algorithm of section 3.1 into s continued fraction (32.1.1)

or (2.1.2) is called the development of type 3 of 5,

L

L Cv., - ((:"/ _,) 4 e n
A continued fraction & *-[‘ = ,with K a
v 1

positive integer, A2 ! and where the ¢, are integers, ¢ 2/,

e, = 2 for v2) , is called a continued fraction of type 2.

For =/ , see P. Epstein , "Uber HMobius Kettenbrichs

und Elementar - Kettenbruche " , Mathematlsche Zeitschrift, 2, 19/

As an illustration of the above algorithm, let §:= 3, M=
v 3
Then one obtalns, co= [ V3 ] +/ = 2 g = =2 3

2 3/ _ 3/ _...
/23. /;2-

Clearly, = 3= 5, Hence 3 ~~ 2

3.3 Convergence

We prove convergence for a special case.
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Theorem 3.3.1

The development of type & of the number

L .
i: =2~/ , (x¥>1) is convergent and represents 5.

Proof : £ # 51
We have: C’.,=[(-2’r"’)k] + / =1‘3§:"“2'““—§~1 .
Evidently, &, = 27/-5. It follows that
e ~ 27 =2M-// _ =2%2,)_ .. { Vf.
/2T, _Tan S e
L4 _ — Oy — o
vty [-aT T S g
Now:Ao = 2t = 54 = -/ and
o ™/ 2 _ 2 §~. 3—
(5,e/)A, ~ & = £ 1+ £ -85 -/ -5 "+ _ 5§ -/
§—°. -/ g-o—/
In general, assume that 4. = == =1 gana 4., - 5~/
5 & -/
are true for an arbitrary index v 2/ . Then
e/ |
Av*/ = ‘2”/4" _(-2 ’_/)'4"" (g— +/)(§-— ) ;(;
= / r+3 42 5.
g-../ (f‘: * §:—V - §—¢ - / - {"l.,‘. r)
Aver = £y
L '
Hence, A, = .5_:_;__’:_:1 is true for v = °-
- =/ €r)
From (1.8.11) p.52, B,= 4., and as the develop-
ment 1is purely periodic with a one term perlod, clearly
?
/4v—/ = A, Thus B, =4, , (r2o We have then
o LS 22
2.28.1 /41/—' = 3‘, = §: - = (..2 ‘r_,) -/
§ - 2% - a
Thus AP - El’*l—/ N §~ y - g: l—f‘:._/
3\« £, -/ §:v;~f_/ %‘:v*'_,
and —g’——”— - %, = o~/ S o .
v ov'l _/
¥
Ay £ - =1 .4, E-2%/>3
Then O 24 5‘, - Sc: < &:y*'_ S—‘, ?:V_/ '
we have ;&_;: g: - 5 = o. Hence the development of type

2 of f: = 2"y converges and represents s (K >0
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Suppose now that we wish to develop a positive number .

into a continued fractmion of type & with A >/ | and that
4
the number $. were such that / < S. < 2 -~/ . Then,
Co = / * Z-§4] = 2 , and <§:= .2"—‘ .2*‘/ [}
g,
s : ¥ !
i = =< -/ . = 2 =/
Thus, =2 '- 5. =, 5T =5z
s ‘ « ¥ &
From our asswaptions on ~- , We have: 2 -/ > 2 ~-s, >/,
/ / 2"/ ¥
and accordingly v, “ 278 < /e )< ) < -

, ,
Then / < §_, < 2 -/, and §,- has the same property as g,
It follows by induction that all the ?V_ have the same

lr
property, V=©, namely, / < 5, < 2 -/. Hence, e =a,(veo)

- _) @o
and ;"-’ .2*4‘[" 2—_1—7]' ’

21y

5 o
But =2 # [' ‘3‘::] =2t/ by Theorem 3.3.1, and £ xa.

We have then the theorem.

Theorem 2.3.23

The development of type 3 of any number $o >/
¥’
(with X >/ )} , and such that /< €. < 2=/, is the same

for all the f; , and 1t represents the number 2 *—~/ .

It follows readily that, if in the development of type 2
of a number f: > ! , we obtain a complete quotient 5y
such that / < &, < =2 -, then the developmént.
will be periodic from this point on; and also, the continued

fraction development of £, converges but does not represent ..

In connection with tiane result of Theorem 2.23.2, we point

out that i1if /< o< 2%y ) then the sequence {5:} is
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" 4
strictly decreasing, < b, <000 & ;‘: - For, /< f', < 2 -/‘,
and § - §. ~ 5,"‘-?""25_/ = § - 278, + 2"

‘ ' <,
& -5, = [ & (2%)] (-1 « o .
D
Then ¥, < &, . Similarly, €, < §,., for v=/ . Also, as

2

g, > for vzo it follows that Vé-‘;:; f: exists and
L4 . ' ‘
that -2 -/ >4 5, 2/ . From the relation

E"‘ _ 2"' - -2"—// e - _2"—// ,
° / a” ) &5 )
¥ (r =7/
- ~/ 4
where | < & < 2%/ /<5 <7 >

? — (2 -/)Bv;. g'— Ayl
v v=r < vﬂ)
)Vf'/
From equation (8.8.1), A 67, ('Z 7 -/ (¥2°). Then
-/
Cz"-,)_@_r::_ - (;7—/)42**/{ -/ L (.2 —/)k N AW)
_ B, -, (2"-1)" =1 (2 ") -1
- AP'I ’
Thus ! £ f: < - 5 2. 2 . As £ < 27~ ,

. LR g:—ll M A = 57, ,
by Theorem 3.3.3 . Then ;@;: (S, —-ﬁ%ﬁl) = - (:_"—/)‘3”’ ’
80 that /) < Lot & < . Hence /Z--- f / -

Pos - v Pero

We consider next the general continued fraction of type 23 ¢

, * ol —le- )" . e (=) _ At ~(c-/)]
..... — C.D — 0“ (] urin, 7] ya —— . ('
g.2.2 M AP e, Wil

/411f

with K and integer, =2 and C- 2/, C = 2 . lf,s“ .
& K - ¥ i,

Thnen 80 =/ » Bl = ,73 2 > and 5,‘ = C, ‘84--1 [C',,-, -.(Cﬁ-,*’) ]5,,-3

Let n be an arbitrary index, 22 , We have

B=la'-€-0"]Bu, = ()8, -[6,) 6,-)78.. ana

g.2.8 B, ~[a-@.-078., 2 B, -[a] -(a, -)"]8,..
with equality if &, = =2. 1}39, WW pfolecs Lonv. 2/(2 2.2)
Ba - [e," -€n 1) ]3,,_, > B -[e"-(c-)]B = (c,-,) =

maiw  Ba o2 o+ L= (6) ] B , = za2

(W««‘CZ &M‘/ c, = 2 f:n b= s, 02, ... 9;}
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Write &,., = e - (¢, ~r) o (—2'2 ) beconmes

B 2 )+ 2oy B, By repeated applications of this

§
inequality, B, 2 /# Quu, #+ Gus, Gn * @nss dly, Gy #oo # @y, €,

with equality only if <, =2, ¥r=2/_ a2, ... ». Hence, for =« = 2
B, 2/ + (2 -r) # C?-*"/)l% o+ (;4,_/)4,-/’2,,
3 . - & »
3 .. = / F (.z "-/:’ *(-l‘r") Ao * (—zt/)ﬁ, /—(-7— '/)
e “

As B, = ¢ = 2 This formula 1s true = =/ . Thus

4 e X4

3.2.5 B, > (27177 -4 , 2y

2% - 2

with equality if c, T o=

The expression (2:2.5)Was obtained before , p. &7, (2'2'/)
4
in the case 5. = =2 ~/
We can state the above result as a minimum problem

Theorem =22 -%  ,
Let {—”} be the sequence of convergents to the

continued fraction of type 2

¥ - (<., -/) e -
2.2.2 K=C° 7‘[- ( ] , e =2
Then in the domain ¢, 22, the function B, = &, (e, cy)
B, > (@%=/)7-1 (rz1)

satisfies the relation - = Py J
and 84. attains its minimum value at the point ¢, =2 (v=r,--2),

0—— »n+/
This minimum value is ("-)""-s

2% - 2

The inequality (2-2- ) B. 2 s1e/a" -G, ")75.-,
is also true for ==/, for eviciently B =c’ > /s e, ~(c-,)"

Then, surely, B, > [ C.,, - (C';-«/) ] B.., ; (»z,). Hence

226  B. > T(e @) > (a'-/)"
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Theorem Z2.3.4

The continued fraction of type 2

z.2.2 M= ¢+ [ (cz,-/)/ {g:]

is convergent for all integral values of n 22 and
C'o‘f > K > Co”‘ c"”r" (C"’—/)‘r » 0.

2 7T- 2

Proof: T L3 >
Write av = C'V'/ - (C"" =/ ) ’ v=

A, A, YOV, Gy ... Qv
. bt LA aal A — —f ) (= ’ 2
We have: =3 =2 G12:(~7) , Aok
v

v B,
&L _ 4‘”/ - - /7-da
2 02.7.;'.“1 sv ., - —/-51:—/5:7

Thus, _gv - A < O Ar < *_4__*'-/ )Cy.-?/). Hence
/

| 4 Bv-/

'4" ‘j:- A /4 > 0
o o B2 > > P > — e, > - =
. -A—e—- > =3 . _._.% > =

A
This property of the sequence {g‘"/ 1s sufficient to insure
the exlstence of a unique limit. We use another proof to

obtain additional properties of convergence.

From (2-2-7) and (z-26) /gf’ -gfv_‘;’/ 77”62* ¢ a,

878'/ (.z’f/)

L)
5 - __ /. )
As K 2>, [.2 ~/) = 3, The series,Z. (2 1/)' converges,
-
2 7- 2

2. 2.9 E/—'g“"fi‘y‘l/ < e -e)T

2% - 2

and its value is Theh

4“ / converge:ss, and by the

Criterion /- 4. /) /0 2‘% Z/»’. —’4-"—' exists. (The Criterion

? 2 T oo

1.4.1 applies to continued fractions with positive or negative

elements.)
Also, from @.2.7) and (z-2-2)
' )
o - de - Fl g 4]
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. A f_ DM
so that &7 > L B > (G

3 ~F oo

"This establishes Theorem 8.2.4
Corollary 22 Y e ol : !
The continued fraction “of type 3, (2.2.2) 1g
convergént by bounded va:riation.
This follows by virtue of(2-27)above and Definition 1.4.2, . 23
Corollary 3.3.4 5. )
The continued fraction of type 3, (?' 2. =
is unconditionally convergent.
This 1s evident as the continued fractions

" o '
Mo = e+ |- cf.,*z\ are all of type 2, with ¢, 22, (rzn)

= M

for ==/, 2 - ; and by Definition 1l.4.1 p.23-
We state a theorem on representatiori.

Theorem 2. 8.5

Let the real number %. >o have the
development of type =< , (fr =z 2

¥ " <o
‘f o ., —'(('v-z -_/)
2.2 /0 £ ~ o s [ ) c, ]'

Then a necessary and sufficient condition that (2-2./¢)

#
represent f: is that S. 227/ for =m = / , Where <.

is the /n& complete quotient in the development 61‘ type 3
Of f-o

Proof: The condition is necessary.

. /4»
For, 1if <. is represented by (= -2 /°) then Lo = 5.

Voo

4
We can then write S, = e, 4 [ 6. - (a. -,)]
Also ! : oo Y
‘ f-: = & - S‘f____(i’._,.z_—l - e CA_T _((,;“_/)‘r/
| e
N
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' " et e o)
g . Sa = G T ‘“A_'_‘,( % -
Thus ! (22 . . I L),

( Ca=2).
It follows that the minimal possible value of £, 1s 2.
For, if /< 5::‘4"-/, then, the development of type 3 of N

#
would converge and represent the number = ~/- x &,

.

/

Thls contradicts the relation/B.B 11)above. Hence f; 22
(x2/)

The conditlion is also suffj_cient,,
We have: f: = §: Ao, - [ C, S ((' -1 ) ]'451 2
f:,, 84. -7 - [ C‘h-—l/r —((' ‘/) ] 81.-3.

v £ al el (gh R )

- 8‘»~4 Y
Bh - -
From the inequality (-2 <2.4 ), - p&e,
8»-1 > [ca,: '"(C,z.-,"l)”] 81,—1 ™ =2
n-s - S
. < 4

Thus, (3.2.02 ) ] < =7
4‘)'-/ §'°
Ad. . A 4 o
By(2.3.8) 5= > Z~ > > Z¥s. >o 80 that

A

n P oe 51.
Now we prove that

¥
exists and 1s unique. By hypothesis, £, = =2~/ >/;
_/.4_"— = §'-o

e Bl '
' 7/ An & 5
Suppose, to the contrary, that o= @8,

It follows then, from (3.2.12) that

L Ak&%-;—)

and therefore, that ,&,_, g, =/. This contradicts the

A Do

‘hypothesis that ¥, 2> 27, for all = ; c¢-@e for n=/ 2"

Therefore, Lo An _ £, . This proves Theorem B8.3.5
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Chapter 3

3. ) Approximation Theorems

Let the real number §:, >0 have the development of

type 1, namely

a a'/ é’:—/ « e e N {___"4.—7).
310 Se = St Tgow T jam T ‘ Bﬁf
L4
where Q,,=(c;q wr) ¥ <., (Vzo) and < 1is

a posltive integer, #n=2. Note that &, depends on A when +r2>a.
When x=/, we have &4,=/, that 1s, we have the regulsr continued
fraction development.

From the Appell Algorithm, we obtain the relation

kAl . . 4 _al (v=y)
3./ 2 g:“ Co *'/C-'," /§_y ,I

where %: is the yﬂ' coniplet.e quotient, f: >/, and with

Zpur |
T

o
g o~ o, + +

By Theorem l. 3. 1, (On Convergence and representation) s, We

¥ &y,
can write (3./.3) §7 = C * Lewy [

Let -2 be an arbitrary index, »=/. Then from (3. /- 2-)

§; = §:+, A. * a@n., /d""' s
i“:"'/ 8‘»- > 2oy B‘h" v ’
%
5:)»‘-1 ( §: E‘., = A") = - é’nd-/ (?"—B'»-, - Ah*’) ) Areht

Definition 3.1.1.

We shall write &, - |5 - 22 [  for » -0, /-

and call {@,.} the error sequence corresponding to the

development (2 ./.7 ).

3

* By g —’4"/ = &
B. B

* !

___.____.*'B’”" /i"éﬁ:—l / )
A

r

L)
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Theorem 3.1.1 :
‘ (a) The error-sequences /9»] , /Qx,,,,} both
decrease steadlly to zero.

() Of two successive convergents to the

development of type 1 of §: >o at least one of them Aas the

property that the error &.. - /5:-_127_5_/ < £ 2.4, - -4,.,

ES
'5’-,‘ o

Proof: (a) We have, from Lemma l.2.1, (. 3).

(/) i‘l < /42- < e - e < '4.:‘__?' <v'l‘{§: < . ’42""‘/ < '</4I
=l , 5’ /S"" Bz)--u '
Hence, /i'%—*—f/ < /i‘ig—’/ , mE,
Also, / f: - Aa / 2 /,4,,_,, ~ A / = 4,4,_.,. Zs .,
3, .. SZ e 41 =,,. 2. B J
and « ) = &, G o Boayar 2 , | -
ne - < ( Z2% (41 /)
- A\ a,
by (/"2'\5)1 Then “),*/ < (’2’.2,‘_/) 'CT@;_ ) andﬁ-"_ d,”:'oHence
les,. &. = o , and from (/) above, 4., ,[ o oy, \[ o .
*Poo ‘
(5 We have ) %‘i - / 4;”-/ _ §‘ + §. A /
Then | & - Haxt | + / ;- L 1 P
B, / : B.. / 8 B...,
or 9"14' o+ é?ﬁ = a , ,. a'h*l N (012 03'
81‘ 8),*)
We can not have 6’1“, > _.’-f L B dus Ok
81‘ Ba—, [alld
R, @, e Brps ] Z _414&"’ Pu
éw:-sa’?f ?j:i . Hence, pne of them is < £ B Baer B”/M

Now B, ., > &, , so that surely, of two successive errors

. d, ﬁ‘\_ e o d d <
o, ., ) é., one of them is less than = =T .

-

vyl Q‘ %J % 2
% A T i ) O S A M i

3

. .
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Remark Theorem 3.1.1 (4 1s an extension of
Theorem 14, p.48, Perron, {, () Kettenbruche C

which is 't.he cage ~K=/- This is due to /% Vahlen,

Uher Naherungseverte und /elles o4 o Sfeeesion
SRl Ul 19——»—?,74«'—1»»4:&#1 M 2tk (1F£95) Y8

Corollary 3.1.1

A Of two successive errors, (9’,,, v
at least one of them 1s less than 3 ( é—:‘—;/‘) " fi‘(

&) " If for a certain index ) Bt 26,
Hom Ga < G-, ) Enra < & . )
Proof: (@) This is immedilate from Theorem 3.,/ (6

and the previous result (/. 2 ~5))- (repeated in the Proof

: : *
of Theorem 3.1.1) that Lmes = £ B o Awvs oy (="), LI
i B Boawr (2%)> o~
(6) From _Theorem 3.1.1 /9 %é’h,pﬁ we obtain readily
tl’lat ﬁ-/ >§"+/ >€ >gh+& Hence 9 1, / M 9‘»-*2. 4‘ Ht/ .
J . «"m? 4 : v e . .

This corollary 3././ & shows that there can not be
two consecutlve errors 53, &»+1 , each greater than the

preceding one. That is, we can not have both / &. > &, .

94\ +; > 911
Theorem 3.l.3.

Of three successive convergents to the

continued fraction development of a number 5: at least
.._4_1/< A, 0, i Pwa

Vl )(4)-3 8"1

In particular, for those g having infinite developments

one has the property that the error 69,, =) £

of type 1, there are infinitely many convergents having the

the above property.
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Proof From the formula A p
— -, -
§: _ §: A, -, -~ #, A2 , v = (8-/30

f_:—: E\r" o+ av BV'Z.

a,a, .. & Za... A '
we obtain d-, = 2 2y sor 51_', = : = - '

Br (£ By van By B (S0 + 2o )
..,

The theorem will be proved if we can show that of three

successive indices, there is at least one such that
f; -~ Zr 8_ bk}

=, > Y2y
write % = o=, (vesaen ) o B ee.
.y
It remains to be shown that for every positive integer A ,
at least one of the numbers
() €, + Qi DB, Sau, F s, Pres 3 Saua? Pas Psa

is greater than V-? -3

’

4
Now for v 2o S = ¢ *2v

» and
—-‘L_ﬂ_ _ 8 s ’r
%-ﬁl ‘ B, = Cy‘r * a;ng; = & 7+ a. % .
That is : . o
(_'Z_.Z—) &},_:_7 = C'v * av % (VZ /) .
, Thus,
£ 0w - 4 G s Ber s
v $o
(l_LT) S+ a, A = Lres :

Assume, on the contrary, that the three numbers (I )
are all not greater than {/a*’l; Then we can write

f: + A, Cﬁ\ = ‘d""" - / £ 2#*1_3
s, Pre)
(ﬁ‘) Et\f/ + a.-l*, ¢,\*; = _62,“,. > ,_/ ;_4-}2.
?'\—"‘2 ‘70)‘4-2. =3
£asa

+ 63‘,\-_,, ¢A+1 = a-\-l-; /

% A+ a

+ = - -3
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By addition, we obtain from IF

§;\.'-H * - ——-——-4“'/ 4 oy %f—/ + W—/_- < QW
7 S Al |
avs ¢ Zarr 4 Ay B s o og T
Saes 2
As =, = (c", /) - C > 27-y , vZ o,
we have
- T re pH
Savr o+ 20, Cz-,)g"“, + L. £ 3)a";
ﬂ fz\ 0 ?j*_/
s h
5—,\4_; *~ .,1"—_/___ e (—2 “/) 9%/\“ *~ —é—- L QA2 "_*3
>~
Now 1t can be shown that, of two successive indices,
/ ' »
there is at least one for which % < s, 2" -3 -/
2
For, 1f the contrary were true, then
¢ A 275 -~ / o
7, = P 3 / ; &, > 57 L V27 5 /
4 o= ~/ =
o :  —S— & (21y) . = - SRR
S P
o™ ¢/ é 2 T 3 -/
vy o

Now<3 WL—B) is an odd number, and(B”“——g) = 1//2 ’f_/) +/.

As eirery odd square must be of the fornm gN*/, and as
. LX)
2 "—/, is odd, it is apparent that 2 -3 can never be the
B, .,

squaré of an integer. Also, as SO = 1s rational, (Va c)

v

we must have strict Inequality in the last expression

m%-m—ue@s % that 1s q';'{— <L l/-Z "“-3 */

. —_
) ' L
Fron [Zf) P77, %-5-’—— = o o~ A
Vv
%,’ aw yy > lkay . 2”#2-3 — ] N /;L lr+:._3 iy
/ Y =
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Thus, 277 -3 */ > / > C'V‘r./ V2 r7* 3 -7
2 v, 2
/ N — ~
or .2‘r¢3 -3 + / > (r " /'2”*’—"3 -
=2 2
& .
Hence, ¢, </ . This is impossible. Therefore our assumption
1s false, and of two successive indices, at least one 1s such
—l e -
that # < s, V2T - 3 ’
-t
p .
Write & . < T Y27 5 - ) where ¢ 1s one of
e BN
r+ a - =2
the numbers 1,3. Now &~ V27 s L = e </
/ 2. 2 -3

80 that %,,' gsatisfies the i‘elation

> 2—-
(wzz ) Pree < VZFFE o3 s

The function f/x) = (2 ) x + 4 1is decreasing in the

/

interval o< x< a8 1its derivative 1s negative then.

"J-"-/
2 = - -
As ey < V2 T, z7_,
2 < L
we have from 777 that 7%“' < 2,,“—:—3% iy 27—y

Hence, from the remark above concerning the function

(27~/) x + 5:/ , We have:
r'd e e
¥ / 2 ~s (/2 o -/
N (’z_ __/) %7“. " % . > ( ) 2 )+ 5/”_#»:3 v
5 Ate ‘(2 ) . a E—
o
¥ ) ¢ . —L- > L A"EN
vz (2 7-1) P+ AL Va2,
FI‘Om l:z’ ) as d,.],«./ > 2 lf_ /" 2 t/ P ﬂ,;;.c'
. f;—,‘" é—}.»"‘
and, using 77 £ Yowei g _&L
Are
.
__/ e T
2 < & **1—3 _ !/2‘7»1_3 7“/ - 2‘1*;‘_3- -/
Se)-uw' =2, 2
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/ / . .z‘ffi—-; _ a

< =
- f—r\-f-tl (2 ‘r-/ ) = ot 2

That 1s, 5,,. satisfies the relations
2

o
T3 . 2T -/ = (-‘2 - e
= S = i,
27 S e
The function ?/X)= X+ = 18 increasing for = = oo -/

x>/V2"-/ , as its derivative is then positive.

From E , ‘:-;*‘; > V_z‘f*l _3“1 5 l/‘z‘r.,‘z. —‘/_
2 2
o
and Sane > /=27, . ;
T v /Tr““ )
Hence, Sin - =277 S /2 -3 o~/ +[2 Q23 -,
5‘:*‘. 2 (J‘r_/) . o
V™
= PRAY Vo
E;\/-L" * > =2 -3

Shec

Adding vy and X we obtaln | |

‘ /
Eo o+ 21 . (T ) R > 2 /a7,
5"’\*“ A7

*c

As ¢(=/ 2 the relation just obtained contradicts ¥Z

/”3 75 Hence, our original assumption is false. Therefore,
of the three numbers . 5: + a, % Son, * P ?f,‘,) TN PPN %“,
at least one of them is greater than /2 “"7°_

This proves Theorem 2. /.2

Remark Theorem 3./-21g an extension of Theorem 15, p. 49,
(1) Perron ,0: "Kettenbruche:which is the case #=/. For i=/, the
theorem wWas first remarked by Barel, & | " Contributions
a\' Y4 /analyse a.rithme%.ique du continu'}: Journal de Mathe;natique

pures et appliquees (s) 4, /%02 Vi
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See also :  Hurwitz, A ; Uher dle angenaherte

"

parstellung der Irrationalizahlen durch rationale Bruche

Math-Anngllen, V-39 (/45/) p w9

el

Lemme 3.1.3. : _ « Ae.
If, in the development S, < *
u Q».w
we have either £ < 2c, , or $,,, = = (r+ -«L) '~/ /n o

certain index = >, then &7 -

Proof:

FPirst we show that the two conditions are

¥
equivalent., For, as £ - c',,‘f»« fii’)if $.. <€ ac, then

3

ey T & .
p i o >~ R ns
S.a.;*/ S C"n a.nd. MLy = C"’;‘:
4‘14-1 ul
Conversely, if f;w 2 " then £, £ 20, ./3
- & . -
From(ﬁ.l.t}) page 73, we have (/) 97. N é:' a. L. G
‘r e
As B, > e, /3,-., that is;%—i < d——fr—-, and by hypothesis
i:_“" < C:) , We obtaln  Bwnss _%w__/ < / . Hence 9,,‘9;,—/
»n +7 e f:. ~ =
for that particular index n.
Theorem 3.1.3 a v ] Ay 7
If, in the development S$,= C. # [ e~ [, we

¢

/
have ¢, * )% _  for a certain index », then &, < 4,.,
/,
then <4— 227, and((’ Ve
ad

>

Proof : Ift ¢, 2 —/——m,
——— .24'-__/

LA s &
That 18, {(Cn*7) < 2, Mow , . < f: < (o, ,4./) ,

¥ .
so that f; < 2, \  Hence, by Lemma 3.1.3 é. <§h-/

Theorem 3,1.3 &) .
If ., in the development f‘ & [ - We have Cn,., = *

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79.

for a certain index «, then 52,,, < @,,,, for that index.

Proof: J o\ !
From Lemma 3.1.3, (9,,<(§Z if f:*, 2 (’ 7 c?:) -/
LN ¥ 4 i
Now,max (/ + )=/ = 2-/. If ¢, > a, then &, 217
& 4
Ao X, 2 cC.. surely, .., >(’+;L) -~/ . Hence &, <&,
Remark The above Theorems 3.1.% « and (%)

enables one to compare the errors (Q, 6,’,_, without a knowledge
of the complete quotients f:, , §;,\,)- instead, one need know

only the elements of the continued fraction.

Remarks and Examples 2.1.1

I
1. We polnt out that the condition 5. € 2¢.  in
Lemma 2.1.7 is a sufficient one but not a necessary one

that' 94\ < 911-, . For example, in seection 1.7 , Example

3, pages %4, %5, in the development %« of S. =g

we obtained €c, = 6, f., = 4, fTevea =2,

Esvra = 3, Sevey = 3/3, > for rzo.
Now §:“V+/ 5/__L > zc;;*, = 2 ; yet we saw there (p.328)
that Gc . <« Sev for v = y , but not for v=o-
Similarly for &£_,,3 = 3 > .')_c“.j_—,_& = 2.

3. As an illustration of the Lemms 3.1.7% we give the

following : (ir= 3-),(&) . =24y = W . _;__..
S§<Z2 -/ 2 . Fa.a2d-%
Thus, gv = a4 f;y ., = g for v =9o /. 2
/
and _ > g/ , =2/ + 2 >
£, = 77 YAV A / o+~ VeV
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A

As $., = =24 , Ca, <=4, we have Sar < 2 Cay
. > *
Similarly, Save, /g < G, =2 for v 2o
Therefore, by the Lemma 2.1.% , we have 9-,, < 5.,
for = 27 for the above continued fraction.
(b) From section 1.7, Example % , pge 39, we
Oobtained the development :
S = - 2 s/ 2/ . =/ L 7/ 4 _'_5___/ #
o 7 < #* L / a* ;3 S / o~ ] 7 2
= £ $. = Z 5, = £, =)0
with & = 5 - = . rT70, Py 7 ' We have then:
g, * 9 < ac,.,. =
tv = 7 < 2 C'My = & h g_‘l"'f'l- = a vrie T &
v = = ) > . , ' 2
§-‘r */ /3 <, 2 C'“V*/ & o iw‘-s = Jo < 2 cb‘y*! = /&

Hence, by Lemma 3.1.3 , O. < éw-/ (= 2,) for the

above continued fraction development.

3. We have <X = . +/7_;;—¢; " - (77 ":/) "
» e, Cn

and (/*f)*‘/ £ 27-/; e $.., > 2%y,
then surely 9,, < Q,,,-, , by Lemma X.1.% . |
For the particular value # = * , bhis condition beconmes:
If for an index n , s‘;*, > 3 R then b.. < 6.,

We note that for <, = s , Sy = §.°5,
and $o = ¥ < "1"/—;1 "’/%—-:/ Ao : Then, as 5 > %,

2
8. <« &, L (v~ra ) by the above result. This

verifies the results in Example 1, (1.7) page 24.

2 2 x
4. Let #w =2 . We have 2C, ~(Cw#7) ‘("h") 2,
b S
and (c»-/) -2 > o if ¢, 23. Thus, if ¢, 2 3,
2 a 2
then 2 c’—: > (c‘,, 1‘-/) . Now, as Cy = §: <(<‘u4/> ,
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2-

we shall always have ;.. < 2.0, if &, =2 3.
Hence , if €, 2 3 . < &,._, by Lemma 3.1.3
Therefore, we need ®RXY 1lnverstigate only those (53., /73.-,/
where C., & 2.

If ¢, =/ and /4 5. € 2 or if Cn=a
and 4 < . £ & then &, < .., by
Lemma 2.1.3 . Thus, there are only two instances where we
can not tell readily the behavior of two successive errors
@,,, 8... , namely, where 4> $, > 2  ana 7> 5. > &,

As an example of this, let us examine the continued

fraction development of type 1 of g, =6 , Example 2,p.35

2 S) 4 3/ =2 3/ 3/ S/ .
= = * + =L 4+ =L - =L+ 7
o 2 = /™ /> e I sar >
Here, §;‘v =‘ ) CS'V = =2 J E-S'VI'/ = 5/;‘ » C'sy,.., = /
Sever = 2, Covsa = / p Scves = 3 , Csvsz =/
f-.s-y,«-v = 3{ ; Cer gy = /. , f—oﬁ.kéo.

Clearly, ¢_ < =2 c'_,-:

2 1 T
g;_yw < 2 Cepey , B9 that, by Lemms 3.1.3 , By <& Cey-,

; §:‘y+a- £ =2 C'S'lrfz. ’ anq
stz < Be,,., ,and (9,.,“, < e, for v 2o0. However,
as # > 5., > a and 4 > €,.,3 >3, Lemma 2.1.3
gives no information about the behavior of the sequences
{ (95»,..,) gsy} and { ﬁrvu ) gf”lf
A criterion, Theorem 3.1.4 , will be given later on p. F=
which will enéble us to get the additional information about

the behavior of these error - sequences

5. Consider the continued fraction development of type 1
= (+ V73 . £, = /* 3/ 4, 3/ ,...
of 2 =3 / £ /7 ae
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Here, 3. = §‘V=4_ti___/3 )
Then, as 2 < 1'_*_1__”3 < 3

<, =/

v

and

§:>ch1'

Lemma 2.1.3 gives no information about {:9,, }

In thls example, we have that

for the above continued fraction

Also.

B, =

o]

41,../
(2.1.4),p.71 ,

/97?-0)

from

namely, é%, = f?;iL f?:l &.._, , we obtain :
é; = ?%‘ ' f%ﬁ:' & -, When n = 1 , this relation
becomes ! &, = —5-_3-:" &, . But E <3. Hence & > 6.

In general, from 69L = é?-' f?*" é&-,) we will have
bG. <« &, ., when -"-: < _g;__/_ ) IN As &, - /4:{’—-3_— > >
_5._?- < 2 Also_,g_;_ =*,”+/j3; , and %-/42 > 3
Finally, /fa:-/, > ;;_13__ S ; ) mal';
Therefore, O, < G-, L = oa

e

Theorem %.1.4

if, for the continued fraction development

r - o
of type 1 of $. ; g, = Ca +[¢,~_Z s
we have 97, < 577,-/ for a certain index = , and in
addition S .o Snes &/
( 3.1.5 ) = T Tw
C"p&-'a. C'."*'
then &,n *a < é'h-f'
Proof : " B avs
We have i*ﬂ Corn * 3 P or
n3
?- = Dn + 3 = @ yss
7”43 §. 0 o= =
mea = Cpps “n‘n_ - (___z.’l&__? - -?.C'h‘;)
Mgy CH*I
In (2.1.5) put 5:“_ = @y osa obtaining:
$ow, =l
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/ é’ o
y . (g— LY ; é. / ~ é:nt-/ = §:‘+/ 7 C',”_/ ,
it i T c‘h#/ C‘H‘i/ (’:,,
o4
% «
or, nry 2C, L £ =z Cos or,
(S{— - e # g P 2
oy w;,)(i,,-f- Crw
e - Zpune < 2 C»i ' That is,
f:'*' "C»‘:, {:r: +C'.,,‘:, > é)
 @oex . ¥ .
Thus, (%.1.8) becones ! — o 2c,,, £ hea
e S &
L ) L2
2.1.7 §:+3 S Cnya
e - Gnusa
e“\’:/ 7 é"’#/
We have : éa, = aﬂy@u-/ ' (9”-/ [‘3'/'7 5 /' 73]
& . 8,
a - 8 -
and, as &, < 8, by hypothesis, we obtain —"*7_,
g ;4*/ /3,, 2
or &, > 2»=8.. . Put this in (3.1.7), obtaining:
=
3.1.8 §:v+: > Any 3 = L op + 3 B..,«-/
‘ C»:;, e Lhnra - =2
C,,:: > 4?'{-/ 8&:"
=
Hence, by (3.1.8)

But 5"43_ = Qays £3h+, ., 6‘”*/ .
g:yv-a f-a'n*ﬁw
This proves Theorem 3.1.4

9"!*’- < é?‘»u«/ ,

we considered the

Applicatiohs of Theorem X.1.4
§: = 6 , M=

In the Example 4, (pages 80, 81 )

1.
continued fraction development of type 1 of
& = ¢ = :22-4.,775_';/.-»/_./-35. 4—/_%+/-if 4-/::/’ 4_/6'/"{ o s
g;v = 6 , Esvr, = A , Sevra = =, §;"‘fg=
with €, = 2 Covr, = ) Covis =/ 5 Crews =/
Cspvry =/

?—rvfy = 3/2_ 5
regarding

and we could get no information from Lemma 2.1.3
and

the behavior of the error - sequences [Q:H/ ) (9:»}
The above theorem *.1l.4 allows

VR

l/ (9(;4 3' 94’1/4-)} for
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us to compare these errors. We know that é)‘wo/ < b?rH; for =20

( by Lemma 3.1.3 ) , i.e. Oscy ., < By -a , (4,2/)

Now Seaer - Fem . s . 6 = .
ec.f&'{., C’r” =2 ¢
Hence, by Theorem 3.1.4 , 67:,,+, < s for > =2/

We can now apply this result to compare (970,,«3 and Feuss

&

We have —————5-‘";*’- Tz = S-=2 =/,
cs‘hv-; C'S‘n+>

Hence @r,,‘,; a2 < 5:>,+ 2 for > =/

The behavior of the error - sequence { & ] for $.=¢
is summarized here : &, > &, , &» < &, , 06, >

and for »n2 4 , 4. < &,

2. In the Example 5, p. 81, 83 , we considered the

continued fraction development of type 1 of $. = / #//2 . 4-03)
e 1
_ 3/ . Bl . 2L . ...
S = /7 /7 /7 VY
= gc-_; _ )+~ V'3 o = =/
Here , S 2 7

The criterion, Lemma Z.1.%2 , did not give any results
concerning the error - sequence /@.} . The Theorem 2.1.4
gives some lrnformation. We saw in Example 5 that 67, > &,
and consequently, &, < &, , ( by Corollary 3.1.1 b, p.7% )
and also , &, < &

; -0,
NOW g:;t-;'-/ - E; - = o] ) .
ch:/ C,”'
Hence by Theorem 3%.1.4
4, < @ s (nZz# /,
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Lemma X.1.5

Corresponding to a given index A 22
however large, there exists a number o > whose

continued fraction development of type 1, namely,

o T O
f: = & + z *E.%"‘: is such that 93,«., > ga

!

Proof :

The proof consists in exhiblting a number f-,

with the above property.

Let the number $. be defined by the continued

fraction of type 1 ,

5- ¥ a,l * @/ g dak/ * Airr]
s T & ¥ /" /c T /¢, 4 3 m
where the <, and K are positive integers, ~n =2,
e ~
c, =/ ) Xpps = (Cv 7“/) T <, ) and §:+/ >/

Let the ¢, be fixed, 04 v £ A~/. Then %, = 5 (€4, San).

Write §:\-I»/ = c"*’ # —é%—' / f:*; Z /.
>*r2a
From (3.1.4) , page 74, Bav, = Gass, Ba &, , or
A+ a2 8)*/
(1) Gawr - (f‘ c‘r) B
- Al = A$fs .
TA 1 + BA+/
The problem 1s to determine ¢, and §:;/ , and

therefore f: , 80 that @‘,\ P &> .

' ; éLiL. ) C‘As‘-/ * 4"*/ ;()\Z}-)
“’e have ‘ /BA Y CA il *~ da 8‘\_;
< C‘/\v}-/ + a-d-f/ . 8’\_'

and B ( ‘ "
FA-H - Ca\-ﬁr ) > S.A-/-/ = ca +4

[<JN
Comparing this with the equation (1) above, we see that ézﬁf >/
P A
when (2) £.v) > 2., * @{_/
C'f\
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This inequality will be satisfied when ¢, = 2 and
« =) . . u
2" > 55, > (3?) */ 5 Su*- For then, we will have :
L4
2 Cay, # Radi = 2 ,a.(cfl"/)’r" C’,\* ='Z*(/+C_/-)*—/
C'J" C'.*"'—- 5

> "
> /e (2)"

, ¢y = 5 n thai 2)"
Taus, choose ¢4, = 2 and A+/ Such that o 7> §:+,:>6§) /.

Then by the above remark, Erer > G
Therefore, tiite continued fraction of type 1 ,
2.1.9 S, = col o+ Ll o4 oo+ Ral 3"/
/e /3" ! &5,

‘ 4 f . : |
where 2 > S,,, >é§) +/ ,; ,has the property that 5%~ > &)

i.e. }i-%j.‘_:_:_/>/§:-é:/.

/

By Theorem 1.5.1, page 25, the number S. defined by
the continued fraction of type 1, (3.1.9) 1is uniquely
represented by its continued fraction development of type 1.
Hence , the continued fraction (3.1.8) is identical with the
continued fraction development of type 1’of §: . This
establishes the existence of the number 5.> ©
and the Lemma X.1.5 1s proved.

Remark .

- The preceding Lemma 3.1.5 shows that the
behavior of the error - sequence { é. } for » < A has
no effect on the ultimate behavior of '{5; }) for = ¥ A.

For, as the ¢, © £ v £ -/ , were arbitrarily

2

chosen in the Lemma, we could very well have chosen them so

that ¢&, = ;‘L“q,_, ) O 4 Vé&X/. Then, by Theorem %.1.% a,
page 78 , 9V < - for © 4 V& A~/
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Corollary 3.1.5

There exists a number S. > O whose
continued fraction development of type 1 1s suech that
bory > ‘(9‘- for infinitely many indices n

Proof : |
By Lemma ®.1.5 , there exists a number $.= . [5“)

such that &+, > &) , and where the variable €res ranges

f
’ =
over the interval 2 > Sxa., >(IB‘) */. Then Cax, =7

_ 2=/ r
and we have : $.,, = / * SN > (‘f) >/
' t 27 #
<L & < (.z —// ———-) < 227=/
Thus / At (3 > and Cara®/
27/ ,
Write Sa+a = 7/ * s . From the preceding
- _ r
inequality, $i+3 > 2T/ , and s‘,\_,a > (—i—) >/.

=, ) ()7 -

As §;+5 is at our disposition, subJect to the inequalitles

above, we choose Siss so that Crva 2 2 and
2> (Cavs #1) 7= c4ls > (—_f-)"+/
[
§:\+3 - CA-J-_;
4 r_ 4 i
Choose{ ez =2 Then 2 > -—3--—'3-—“ >(‘>3“) +/
37, ﬂ*;>2‘r ’ §j\+s"2

f— _ = P

Also, as Avy = % , we have from the preceding
§;+9 -CA-I-) \

inequality that 2% s f:\,«« > (3_3—) + /. Then Cy.., =/,
and by Lemma 3.1.5 , 9,“_, > 57,,+3 . Therefore, the

numnber { - ﬁ:({\,‘,,)J defined by the continued fraction

. _ * r_

3.1.10 & = ot 2 L. L 2Ly sr2t) , 2,
Lo~ /ar /1 /1
2%~// 4 it_‘._?_‘.'
/ _2“' /E-A*‘/

i . 3\ F%s

where 2 > §+4 >(I‘> +/ , and .2*> Sie, > (:) */,

is such that &,, 2 &, and ‘9A+¢ > Ehus
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It follows by repeated applications of the above proced-

ure that there exists a number $. >o  whose continued

fraction development of type 1 is such that é&,, 3><§L

for infinitely many indices n .

Remark.

As §;,é ) (k=10 #, ) can take on

¥ r
infinitely many values in ('2 2 éé')’+’/), it follows that
there are infinitely many numbers $o having the property

described in Corollary 3.1.5 .

Example 1. ( To illustrate Corollary 3.1.5 )
Let E; = éiffé—fiz 5 (br=2 ) It is easily

verified that the continued fraction development of type 1
of g, - iiiELéil is purely periodic with a three-term

period, namely

TN > 3/ 2/ 7/ 3/ 3/, .
z.1.1 £, = 4+V37 4+ 2L 4 + + S
' 3 /! / 3> VAV VAR
- - YA V37 =
Also, we have @ §: = S — 3, /7,
$,.., = 5, = —JLZ;;LEZ Csnr, =0, and
é-;‘h 2 S 7/ 37-: 5'31-4,,:3/@01“ Co T A -) '
p Y
As 5, =% - TLAVET Ly and 8s Gy, </, $3ms, < 2Ca,,,
Then &,,,, < s - by Theorem 3.1.2 b , p.78 . Similarly,
1t can be shown that 53,,*, < élg,,,g, for m»m = 9.
How 93% = ;_3»4/ , i;a,—/ éQ}»-/ 5 (')7 Z/)
324y 3%
and  Zsay o g _ L _ oy V37, Also
S5 s dro T3
_332'- £ 6'3: A “3n /A Z = Z6 . That 1is, _____8;,,./ >/-Z-
Bib~/ ('3:_, 7 6 53" .
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| Orn 5 (1245 ). % = (V77 EVANYS
Thus, <93 i 76 /6 / ) /6
3Hrs

and éysw > 693,_,J(»24)[ Hence, there are infinltely many
indices 2 such that 9) > Bas, , namely, A~ &%

This illustrates the validity of Corollary Z2.1.5

Example 2.

The above continued fraction (%.1.11 ) offers an

illustration where the sequence { doeg not have a

Eoy 1
unique limit, but , instead, has tihree distinect limit-points.

It is of interest because one limit-point is greater than 1.

Theorem 3.1.5

Let the real number $. > / have the
infinite develOpment of type 1, S. - A /bzf%&-, - with
convergents { } , and let & >o be a given
number, however small. Them, corresponding to the number &

/ .
there exists & number §: and an index 2 2 a such that

/5;_5,/46, and (9)'= /1;:'— ’42;/4 §A:/<é
' X

( Here {1g%“} is the sequence of convergents to the
%

/
continued fraction development of type 1 of g, )

"Proof :
The sequence { U, f where

ty < A2 - —éi-/

6-)\ BA-I
&, 8y ... 4y
5. B , decreases steadlily to zero as n increases,
h o~

. 4 , ”
by (1.3.5) page 4 ; for %Z“" < /- 3% </, and  Uny, <(/-.-§, K, -

»

Hence, there exists an index m such that }111 - éﬁ:ﬁ/ < &
5’1 Bh’l
for 7 = 7n . Let A be any integer satisfying : A D %4/,

By Lemma 3.1.5 , bage 85, we know that corresponding to the
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/
integer A . there exists a number S5, whose continued

fraction development £ of type 1 1is such that 54,,, > 94' i

/

and that §: has tine development
§:’= C'al'r"' i’__/_z_ R o 441/ * 3*‘-7-*/
e XA

% 3237 ’
where 2 > §;+ > (J) #/ As the elements <,

are arbitrary for 0 € ¥ £ A-/ , ( see the proof of the

Lemma 3.1.5 ), we can choose <, = ¢, | 0 £ v £ A-y,
Then we shall have —gi—"— = A , O % b £ A~y
1 4 By
As X\ =2 9 +/ that is, A-/ 2 2 it follows that
’ ) ! ? )

/ /44+/ _ /4‘\ / <& / AA-/ - ’4'/\-3_/ = / ’4)\-/ _ /4)«-1-/ < &
AIJ/ : 84' BA'~/ Br\" BA-; B,.. ,
Also, since S, lies between Adw and a2

. _’f}_'.t.’ o I G- Ba-s
l.e. , between 2, and —5\—:— , and the same is
true of g. , We have /s, - & / < €&
In addition, £, lies between *2—“* and —'gj\-

’ A~
) '
Hence i, ° /& - —’;—’“—’ / < & Also, as
/ ’ . A Vi /
é. > 6, , We have e <« 8,, < € .

This pfoves all that is required.

It can be readily shown, as in Corollary Z%.1.5 , that
in any interval 185, - £ )<« ¢ there exist infinitely
[}
many numbers <, whose contimied fraction develop -
/

ments of Xg type 1 are such that 5,,’ < (9,,+, < &

for infinitely many indices n
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Chapter 4

4. ¢ Algorithm: ,
0. Szasz introduced the following algorithm

(see references below ')
A sequence of arbitrary positive integers {Avf , Ar 2/,
v=/,2,... and a real number- $, o are given. If é, §— is
an integer, 4, &, > /, the integer a, is defined by a, =[h, s‘:]-é, 5.
1t b & | 1s not an integer, a, 1s defined as : q, »[5, $ ] 1. |

Evidently then, in either case,

. &z
b, . ¢ a, < b & +1 L en £ F
Write S, = b—’d,"‘g'- , deflning the number S, .

Clearly, € 2 o, with equality ir b, &, i1s an integer.

In this case, < <o, and the development terminates with the
<, ‘

equation %: = —Z—— . Otherwise %_,' > o and

!

we continue WwithS as with &, by writing: @, <4, £ if A, s

i1s an integer, and, if not, by writing &, - [A, {7 >/
as

Then, as before, b,<$ «a, <b <, +/ 5 & "'6——:—5— 5 €. 2o
There is equality in these relations only ifé $ 1s an integer.

4;, : >
Ir ?,_ = ¢, then ?7 = 5 and we obtain for ?., the flnite

, a,
contlnued fraction development, f: T h s G .

2.

Otherwise, 5: >0, and we repeat the above operations with
5; in place of f,- In this manner, we define successively

the real, non-negative numbers f:)?; and the positive

'0.8zasz:( Lectures on Continued Fractions University of
Cincinnatl, 1940-41, Lecture 13, Algorithm 12.2.3.
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integers 4, @, ...~ , by the relations ,
d vty = év‘,,, §=:: \ y éy-l-/ fs: (/.,1, X &»/leézwl ‘
/7/;/. / Qv = [éym Ev] £/ , MW
f_ = dk-ﬂ-/ , /% 7/[',,,
y = - 2 Oy |
ék*, ” f:*/ §-+/ 7 O "72‘/“"‘4
aLv‘\— = o -y

r= ’, .
Then 5., <, £ @v., < éw, g */ , with equality
1f A &, 1is an integer.

[ X
If, for some particular index i 4,, £, 18 an integer,
and consequently f;+,=0 » We shall say that the develop-

. _ a
ment terminates. Then, from (4.1-1 ), g-" - 54::, g

and, we obtain, in this case, the flnite contlinued fraction

development of f:

Aanil
&, / 2, / £ L. e + _—
Ho)o2 £, = 3 ” R /B,,,

If at every stage é,, ?; is not an integer, the
development does not terminate. One obtains then the inflnite

continued fraction development of $.

_d__—._—.’/ s __d_'_a;——/—— - PR A
703 £ 7 4, J 4.

Definition 4.1.1 v
The continued fractlon development of a real

number 3, > o according to the algorithm 4/ ( and corresponding
to the given sef..‘{uenc‘e{é} of positlive 1ntegers) will be
called the develvo'pment, of type 3 of the number f: fis saild

to generate the development.
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Theorem 4.1.1

A finite development of type 3 i1s the rational
number 5.,- which generated it.

Proof: The theorem follows immedlately from equation

(4.1.2). For, clearly, there is equality, and as a finite
continued fraction with integral elements certainly represents
a rational number, $_ is rational .

The converse of Theorem 4.1.1 is also true ; namely,

that the development of type 3 of a rational number{ is finite.

Theorem 4.1.2

The development of type 3 of a rational number
f: > © corresponding to the given sequence of positive

integers {Ay} is terminating.

Proof: | Let f; = ?’é , Where ﬁ,, 7,) are posliltive integers,
ﬂz/}?}./. By the algorithm 4.1, we have : &,-= é, S, = é_ﬁ

ifé,g is an integer;or <, = [5,*5]/-/) a,: [5,

otherwise. Then, in either case, 5, Ao

and so ) 7o 7 Je
S )y o £ &, F, - 4, A < jo
From g, = ;’ = Z f’§‘ ) E,-? &, Wwe have = -
’ /
- §— a, 3, - é, /bo = O .
Write: { 7 /p > " o
?o - ét /bv 2 o

Then § - & ? .

If b, g, is an integer, there is equality

in the preceding relations, and in (4.1.4)
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That 18, d:jo - AI /bo = /é, = O J EI =0
and $, = gﬂ- = Z’ . Thus, the development
} ’

2’

terminates.,

Ifﬁ,{ is not an integer, then §,~>o) and /9,

= Q:;,‘A,Po >o0.
From(4.1.4) , o < p. < Ze .

As p, is an integer, /J, 2/. Also, 7, = Pa = /.

We continue wit;hg: - A as wlth E—o, writing

A, = 5,,{ = éa_../.b.' 2'/ {)2_ S, @ A»Jb-g,u)
> a, = [4. §.,]+/ = [25;_?;] + otherwise -
In either case, ézfé £ &, < b, + ! , Gt
2 .
Hil. S o £ a. 3, - b, A < 7,
_ P *x
From %, ~ ‘?’:’ PR $. 20, we have
g-:_ = 2 /?' - A* ;/ = A = o
2. N
where we write, as hefore: Py = ?4 ? - A ys > o
’ 73_ = P, > / .
1r 4. €

is an integer, there 1s ecquality in (4.1.5)
and in the subsequent relations. That is, 4> Z. ~ é,f, =P = o,

. az
and 5,_ = g;“ . The development then terminates ylelding a

finite continued fraction development of type 3 for {namely,
X, .
5: = b6, * 2

Ifé € 1s not an integer, then €. >0 and )b; = &’.,g,— A.P, >o,
From(4.l.5)‘we have: © < b < J> As /5; Lo

an integer,ﬁ Z /. Also, 7; =4 2/. Now j, =/5a from

the preceding . ..:i.. Thus, 0 < p, < P
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In general, it follows as above, that £, - & 2o
- ]

. /.é{“’he’”e A TR A N Y
o é /b\r < jy-/
Write A, = 5, Lo P, < Fr = By,
M/¢ ‘KW K Cv 27)
Po > /b,_ S >f1y > e
P—, > /D/ >P3 > e > /b.zv-/ >

The integers é,,) /f‘y_, are strictly decreasing for » 2 o

and they are nowWw-negative. Hence there exists an index » 2/

gsuch that £, = o , p, = &-» j,,_, = B Pn, = O

Then fﬁ=%—=0,w§v=—%—o"—‘—’=—z—”-

Therefore, the development of §: terminates, and we obtain

the finite continued fraction development of type 3

— Q,/ a:_/ e PR A d‘;,/
N 76, b AL 7 b

This proves 'Ijhegr_em’ll.l.’a.’ .
Let &, >o be rational; §:=§—j& . Write £ = 3. By
Theorem 4.1.2 , the dévelopment of type 3 of i is finite ;
there exists then an index » 2/ such that E':, = 0. From the
algorithm 4.1 and(4.l.6))we obtain the relations
g:t-% > ° 5 pes Q,;W-é,/éw >0,
/£ A o« 2 ZV = S 2/ (/M V=i 3 s )
P = G G b, =o f,, = ;é,,, )
As ?,ﬁk_, , We have the recursion formula for the ,é,, .
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dk v -2 - dy by-/ , ;Am v =7, &, "‘.ﬁ-/
- e fry - bop

This can be written as the system of equations ¥

/DV
o

a, b, = b . o+ P | iR
4; fo = é,_ /b, *+ P’- {ﬁ/)ﬁ >/b3>”'
41/‘7 P » > - . ’ Po >p,_ >P‘/ D ..
d'h'-/ /é,.-3 = é"'-'ﬁ"'" ,L/s_”_', S, = o , G
= Fom - s - L n .
a—" ﬁ"'"‘ ) é-“ k—”_l —79-;—:: T b'n

We can associate the system 4.1.7 with a continued
fraction (c‘e with the continued fraction development of
type 3 of f:-— __P;’ . For, ifv is:any index, th.. then ,

QVf.—-m ‘—‘/Doéy P+ /é, ; |
/

RSN = ak M , M
Fros b P+ P . ,
Pt = & v %,w, I NV SR B
Area b‘, +* v 4
while for = Py Z"’” _ & ,,
/GI,"!“- -b-a, /
: 1 : L= P° = _—'—Z e * f—-—’L—
The last two formulae yield 4 = L £ b

N

which is the development of type 3 of the rational number §: =

From the systexn(tl.l.?)) we see that every common divisor
of py and 2, = j is a divisof of P, , and consequently of
every /)V , (v =/. 2. %,) . Then every common divisor of p.
and /b_, divides ;é,,l and £ _ . However, 1t does not follow that
divides £., or any of the preceding A, , or even that

nh=1

forr (/3,)/0;,), and similarly for /p,,_z K [z'~e) _ that /b,,,l need
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Por= (L0, P)

not divide/é_, or that P .All that can be sald is that

the;-cd-of/., and A» d.:i.vidv—s::&sﬁ,_L and /b,,_,

The following examples will illustrate these remarks.

Example 4.1.1l.

o = 97
327
Let { = )3 / Z" -

=/3
and let A,’ =2y , vz /. Then 5, =2 .
2, = [-_%7/ *+/ = 6 . 7, = /bo = 37 »
/p’ = a' o T 6, Po = 7&_ 7‘7/ = /7/'

() g: = _ﬁ. = _—

(2] §—:. = ‘.&. = /D_’;_ = :2_..../ &, = /
7= 7, 4 Tl -4
= A - 2 2, = 232
(3) s £s = —~— ; 2
Z o =7/ b, = 6
) £, <= L . A . £ Gy = !
Z¥ Ps 2 5,‘ - s
65- = /0 7‘;{,
bg g—y = /0 - = 2 5, o 0»/%%'
P = ©
' _ Fy ‘/b‘*-/
and the development terminates. Here, 7= 3
Fc fas T2

and neither /5 4 divide each other, nor is either the g.c.d.
of 13 and 37.

Example 4.1.3

Let ?: = "/3;— ; Po = 25, j, = /.

and let B = 3¥ C rz/).
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= P/ - .._._7_
g-/ _§T 25 2 ba- J
Gepn T, w235 -7 29
P - =ﬂ = ok - __g__ﬁ = 6{
g:_ Z:—. - 7
integer. Hence,

Thus $, 15 an integer, and surely 4, S. 1s an

the development terminates, §; =o. 'In this case, » =2 and

divides 274 =4, =/A,. Also,

P—n‘ﬂ- =f1 :7 /
Prir =7 = SR 4. C & 7’/b°=35_:j”“/‘/'
Example 4.1l.3. Ya
et %. = %=z Pe=ba ;o-“/—’w
ot Ml Dbo= 20-7 v 2 oy
7 e ¥ z, = A 242—::.7 + / = 2,
, = 2.2 -~ 22 =/*

-~ - /2 S .

g, = 5 4= . SLW,ZM,%

- L - L= B -3, an Ao
> [

Then 4, £, 1s also an integer $, =o, and ‘the development

terminates.
Here, = =3, /,,, = f=s2 divides 36 4, - 4, but

ﬁ,-z. is not tne;.c-a(. of 723 and 42 ,(O'Ld’m.z% o @k 3, )

Example 4.1l.4. 7 :
This is an example to show that if(/., ,Z,,).—ythen

the successive P" need not be relatively prime,
Let §:=—_§—_‘E ) f,——/é’,jo-—s-;
,[/ g, 5’) =
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v

and let z{,,= /o, r=E/ Then £, = / ,
@, = [4E]+1 =%, 9, = p = /8 at
S = s -8 = 2
And we see that A, = 2 | 7, = /éu
are not relatively prime (}b, ) /bn ) = 2

/&

il

o, 2 Non-Terminating Continued Fractlon
Developments of Type 3

It /o >0 is a rational number, its continued fraction
development of type 3, corresponding to a given sequence of

positive 1ntegersfé} ls obtained from the system of equetions
Q;_ '

= L =
S 2./ /a : b, :'// ’ // -/92. 7‘/3- o

where the 5,, are given positive integers, and the & and /r
are defined successively by /d,, = 5, //,_, if Aﬂ is an
[r =0

integer, and otherwise, 'by

(4.2.2)

[9., + r
As we have already seen (Theorem 4.1.8) the system

(4. Be l) terminates whenzﬂ

ntlf

is an integer, (e when/”, is rational.

If the number/, is irrational, we can evidently apply to
it the same sequence of operations as above, that is, develop/O
into a continued fraction according to the Algorithm 4.1, and
obtain a system of equations similar t0(4.8. l) above. However,
in this case, the sequence of operations, and therefore, the

system of equations do not terminate, but continue on
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indefinitely. For, as/e is irrational, it follows that/?='2§4 - 4,
is also irrational, and similarly, all the/é’ are irrational,

vr2e and.é /% can not be an integer. Thus, the operations

continue indefinitely, and the corresponding system of equations
= Ly ’
/y-/ ) =7, 2, .--

6, + /0..

1s non-terminating.

Theorenm 4.3.1,

The development of type 3 of a real number/€ >0

converges and represents /4 -

Proof: We. assume that/€ is irrational.

The casel/z a rational number is trivial by Theorems
4.1.1 and 4.1.3 , as the development 1is a'terminating one.

Let/g be irrational.” Tnen the continued fraction
development of type 3, according to algorithm 4.1 1s non-
terminating. From(4.2.2) we have
ST e

b,

+ v
b o 4. < A/ ~/ , With strict inequality,
14 V- b v fr=/

then () o - a, ‘Ay/y-/ < / - Alsov/{_,/ay =@, - A,/d,-,) and
thus{4.i.3) ; o < //Z,//Z_, <

From(4.3.2) we obtain
| ( ) e/ L A/, ... +,_f_t_1_ (r21).
g2 e T T Zz Jbe tpp

Denote byi%?zfthe sequence of convergents to‘the

{fyv]l <o

contlnued fraction /-
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Poer - B, = B, - 4

, =

Bv = éy /S,,-, >~ a., 5

, =7, =Sy &
V-2 > 81’--/ P y 2 .

As the B, are positive integers, we have 53, [o £. v —Pmo .
From(4.2.4) we obtain the Well-known relation

/o = (é, #/p,,) ﬂ\,_, * a., Ar-a
/O

é* /‘/7\/ /3,;_/ + 2, 7_9‘__2

= pAn * A (r=2)
/LV 5»-—/ el 5)‘

Then /o B, ~A, - _/py //Q B -A. )) or finally
#.2.5 //5, B, - A, /—" /y //o /gy-; “Av-r/ fo»\, V=o,/ a..
e ApBeA = p e Jp.Be-Ar] <

By (4.2.3 4. 4/ : ey .. GCertalnly then, ).
y ) A /; vesa ertainly then, 1/005,—14v/</a_

and, in either case, //00 B»’/]V/‘ /ﬁ/ﬁ") //a -34‘1/ < /+@o .
. v

As BV foo as v=>~<, it follows that f::; Aé“ =/&
| d

| 4

Thus, the continued fraction development of F” converges

and its value iSﬂ, This proves Theorem 4.3.1.

Remarks From the relations //ﬂ., /5,-,4,/ =/ﬂ,/ﬂ,-, /0, > ¥o,
'ZLyywzo) and /)/04—, < |/ , A=/, 2, -
1t follows that lim Je, B, - A, | =o -
Vv oe
For, let ¢ »0 Dbe a given number arbitrarly small. As /4/, </

there exists an index 7.>0 ; .- »,(e¢) such that
J

//4'/4/) //L-: ﬂ.-.) .. iﬁo < € /ﬁ I R~ <
/f’o Bo-A,| < ¢ for ¥ =7, Zed e
b Jp B-A] =

r—> o0
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Thils yields another proof of Theorem 4.3.1, for we

have /fB A, /4 e for ,xy , and surely then, /fo - _a_/f—’z./ < &

Hence, .,’_Zi;“? ;’v. :/,.

The above result, namely 1lim /f’ B, - Av} = © ghows

v P oo

tha.tﬂ ls irrational. For, as the sequences {EV} , {Av}

congist of integers, we have by the Irrationality Criterion

1+ &/ (b) )/o‘éo , /zdj/o ta - .
4. 3 Approximation Properties

Let/a, >0 be irrational or rational, and let the
development of type 3 ofﬂ be: (corresponding, to the gilven
gsequence of positive integers 5.,)

‘/’ 3:/ e = _2_—'—L + a)_/ a P
/ /é’ /éy

= dy#-/ _/__ -+ 41«-/:— /
/y /bkv‘-l‘ : A*‘/;«

. a, /

/é, /'/y
A

If/ﬁ,, is rational, the development@.'&.l) is a finite
one. There exists an index » such that 4,,, =o. Alsoﬂ >0

for O £ VvV £ -

Otherwise,/, is irrational, and(4.:3.1) does not ter-

minate, Then /V 20 for v 2 o

,F'Pém (. 3./ ) ’«
/a = (é* ’/[v)#V -/ # d'/_qi:f' = /Vﬂk-/ > /4P
A, # ,/&v B, *+ 2 8?';2- ﬁ B,_/ 7> 5»

tnt | po B A = 2] pe B = A ]

Tk 3 |
(%a;)len | p. —g%ﬁ/ = f.té’—vs’ﬁ-’//o—_g%/ L G2e).
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As /,,/4 </, (v21) , 0of every two successive indices

¢, ¢*7/, there is at least one, say ¥ (r<¢ et )  gueh
that /,, < /. If /,, £/ , then surely
. Av / < - /4\«" /
, - A , A as S, > B, .
}/ . BV // /9? -1 ’ ’

This occurs atleast once for every two suecessive indices.

57\« ~1

If /4, >/ , we can not say that &, - //

From (4.%.3), namely , &, /v v-! yv_, ,
/S’V
we obtain a sufficient condition that B < s
‘Theorem 4.3.1 -~ 4
Let o with convergents /,-3‘\"}
v v ’
and denote by 57, / , the error - sequence

corresponding to the development of type % of

Then, a sufficient condition that @,, < G-,

for a particular index V is that
4.%.3 b, b, 2 7
Proof :
From (4.3.3) page 99, , as
_ Q. p >4
= el £ Kty ( Ga 2., 20)
/ é‘,+/ 4/""" év-/-/ J / +* Pl
Then / /9, -y Z _d__\,*, /9,,-/ < X s, Bp-l
épf-/ BV ék-f/ Ay By-/
/3,~, 41«*/
or Ky_‘gﬁ“— < P < / ) by hypothesis.
B_ut, from (4.3.3) , é’,, = /f’v_éé:_ 67‘,-,, . Hence 5,, £ 67,,-,
Theorem 4.3.23 Let 4, >o have the development of type =
— a,/ a./ ., Axn. '
/o /é, + 75; + { S }

A sufficient condition that 5’» <. 9‘,-, for a certain index v

is that a, =2 =2 .
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Proof : y
We have /, < —_ and
v =/
Bt L By L B
v fk-l F—;_r = év =/ -y f+ /0"" &, By )
I P S R
SO th&t " v 8‘,-/ < 8‘_-/
3 (a. —/) A, ., * P, Py =N

Then, as a. =22, a -/ =2/, and so ﬂw_ﬂ_?:" < /.

Hence, from the relation 9»' = /’B—-—/-si'-" B , We have G, <60
L

Exanple 4.%.1

The following is an example of a development
of type 2 of a number / > o for which there are
infinitely many indices v such that 5» > & .

Let /% -/ + /5 ,and let B, =/ . rT i

It is easily verified that the development of type 3 of /o

is purely periodic with a two - term period. We have

- &/ + ___/ /___ 3 4___/ Lol R + &y, /
/" 7 7 /7 /7 /-——5“‘4/"”
with a,, . = * Zaw =1, b, = o (r2y)

ﬁ'” b /c = 1+ /5 > 3
/zy-, )
We have : //p_ - ?;,V / /” Z?,,, //% _ ﬁé:;t /

ﬁ.
;,
A

and B:y = 82?'/ + glv‘z 4 T’}len ga,, 4‘— 2 B.:.V’I
\ 2e Bar- 3 Aa,- 3
= / . o, S av > av-/ = = D>/,
(equality if v )i Als / » ol
- Aav — =
Therefore , /ﬂ /%V/ BN //% - é%? / for v=y, 2,

Indeed, A oy Lo > 2

W —Doc 63‘, -, )"
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Chapter 5

5.1 Algorithm ,
Let §: > o0 be a glven number, and

let { Cy } be a given sequence of positive integers.

write b, = [ g, 7 = o r <. Is an integer,

S >/, then b, = S. , and we say that the develop-
ment terminates. Otherwise, we define /0., by the relation :
/.,-5-5,; Then 0</o</‘

The integer 5, is defined to be the largest integer x
such that [ ?c/, ] = = [C'/ﬁ.] . Hence [(b, +/)/o] >[t$,/ao]
and b, 2 ¢, The integer &, is unique as o </o < /.
It follows then that [ ( b, w)/o J=0v+[bp] |

Write &, = /+[15,/o] [(A +/)/] ?/}.

and define f,_ by the relation : _&o,_
Then § > @, | as o</</ 1t (4,+1)/
is an integer, then from the above, (5,’*/)/)- , and
. Q '
2R 5,+/ . But §:= = . Hence &, = b, +1.
e /e
and , is an integer. The development then terminates, and
&y
. = ~
we have g:- éo é, Py
Otherwise, (é +/)/ is not an integer, and
consequently, b, 5—,] . This can be seen as follows :

From a, = 6,/4 _7 - / = [(é,f-/)/.j

b, Ao < a, <(gs,+,}/., , e o b, & ;—o‘ éj”

A - I = &
Hence 5 = 2z _7 = [ 57] ) as 5, /P
Also, from the relation b, +/ > 2 , as o </’, </
we obtailn b Z =,

7
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We contimue as before with $, , writing g, = b, +//
with o0 < / </ Define A. to be the largest
integer x such that [ X/ ] = [apA ]

Hence | (b, *’)/] b;/, ], and A, 2 ¢.. It follows,
as O < /0, / that [ (b *’/)/ ]= 7+ [b>/”']-
Write a@. = /* [‘5 -/ ] = [(4 +/)/7 , and define S-

by . = —471 5 . > 4,. If (6»‘/)/0 is an
integer, then = (% f/)/a ) /—;k -7,

and &, = b, +/ is an integer. Accordingly the develop-
ment terminates. Also, as .- b+ > &, by 24 .

We obtain, in the above case, the continued fraction

£ = b 4 755—'}——/ + /—Z—:JM , with 5, > 2, , %.2a.
otherwise, (%»+’)/  1s not an ilnteger, and it follows
that A = [ 5.]  por, from @.: [bp] 41 = [ (& *’)ﬁ],
b,/ﬂ, < d. < (b, +/)/0, , and b, < /g/‘ < b, #1
or A, <« &, < b,#4/. Hence b, =[5, ].
Also, A, +, > & > as 5 and A, > as-

Write &, = 4, ¢ f,_ . Then from the preceding. 6 © 4/*
We continue the sequence of operations defined above
with f; replacing /, , and C3; replacing Ca -

»

In general, ¢ < /4., < / , and ﬁu is the largest

integer x such that [ %ﬂ. ] = [ Cons [ j B, 2 Cas.
Then [( s *’)/—n ] 1+ [ A -,,,,/” ] Write &,,, = /7 [A,,,,/ 7
and define ?,,,, by 5 —d"/"—*‘/‘

It ( 21 *’)ﬁ» is an integer, then &.,., = 1,,.,+’)/” and it
follows that §.1—,¢-, = (5,,,., ’”) , &an integer. The
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development terminates. We note that as o <ﬂ </,

g-n-f-/ > 4., .. and from §:+, = ‘/>‘»+1 4—/' we obtain é‘h*' > 7
The number f.o then has the development
Bre, |
iy o = Ao + a,) e G ., + ”
5.1.1 <. s Ve i Yy
with é, > A, s y o= s.oa, et

Otherwise,(éiu‘*’) - is not an integer, and it follows
that 4 < .., <4, *L and b,., = [ 5. ] 4. 2a.,
Then write f:ﬂ = é,,,', +/,,,,, , and o Kﬂ,, < /;
and continue as before.

We note once more that, as ?:-v;?f and © < /Z“' </

We have S, > @y . Also, as b, = [{] ) b, > dv,(V‘—/,a"')'
( This last inequality holds when §: is an integer, for in

this case, $,=54, */, and as £, > a4, ., 5, 2 4,

~ If at every stage, (ﬁ, */ )/y is not an integer, the
development does not terminate, ana one Obtains an infinite
continued fraction development for <.

5.1. ~~ b, * a./ . &/ 4
1.2 % / b, / b

with 5., > 4, (v*/)  ana with integral elements 4., 8, .

As a special case of the above algorithm, we note that
1_'4/&,7#/ =/,

as o < .-, <71 , and we obtain the regular continued

Y

it ¢, =7, (b=s a,--+ ) then a,

fraction development of g, .
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Definition 5.1.1

l. The development of a real number
§. >o according to the algorithm 5.1 , and corresponding

. to the given sequence of positive integers {cm} is called

the development of type 4 of the number <. . g, is said
to generate the development.
. ¢,/
2. Acontimed fraction b + ;%;— # ++c', terminating

A,  such that

J

or not, with positive integral elements &,
b, > a, , (rss,2--) will be called & continued fractlon of

type 4. In the terminating case, the final A, > £,

Theorem 5.1.1

A finite development of type 4 1is the
rational number ?: which generated it.

Proof '
The proof is immediate from the algorithm 5.1 and

the relation (5.1.1). For there is equality, and as the finite
continued fraction (5.1.1) has integral elements, . it
represents a rational number.

The converse of this theorem 1s also true.

Theorem 5.1.3

The development of type 4 of a rational
number < , corresponding to the given sequence {cn}
of positive integers ) 1ig terminating.

Proof :
Let f: be rational. By the algorithm 5.1, we

have : b. <[ &1 , §. = 8. +/2. . If <. is an integer,

/q,=-o , and the development terminates with the equation
£ = b, |
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Otherwise, © 4/., L0/, ﬂ - £.- 4, is rational, gnd we
write £- - /,J where ﬁ, s 7. are positive lntegers,

. 2/ 72/. hs o, </, 14 po < Fe

2 °o . Next, write :
(1) a, = / + [5'//”07 = /4 [é,/,7 , Where 5, is the
largest integer x such that [ 74/0 ] = [ /, ]. Then

(38) &, - [(6,_4-,)/4,7 = ) 4 [b,/o];

2,

and we write §, = 76—0’- . Thus g, = b, s 7
and E: = a,/ > 2z, | From (1) and (2) above
é,/, 4/ z, < G *’)/° '
' There is equality in this relation if (4, /)/, is an
integer. Then &, = (5,*/)/”0 and S, = —/Q—o- = b +7.

Thus, f,- is an integer and the development ends. Otherwise

(é -/-/)/o is not an integer, and it follows that

b, < /-i—’ < b, +1 ~and so A, "-“/—;-_7

Write /0,.— f,';é, . a</ﬂ, </, 8o that §:=é'*/"
Now 2, = % - b, = <, jp-; L, fo  _ _%_D_:_

where we write © p, - &, Fo - 6,/b, ; 7, = Po

As 0 £ 2 < /. /I ¢« p < G, v /£ P <po,

Also, from before, , 2 pf, < /-, Thus,
) & /b, < /bo < /b_./ , We have then @
g_- - A. o+ —‘2/ éo - [ ;: 7
, s,
’ - , B /
é/':[é—:] , ‘gjrél +/l J 04ﬁ<,
e TR N VA
We continue with /2, as with o , to define

A, by means of the sequence f c, }) and 80 on.
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In general, we have

5:1" tS_,.;-/ﬂ1 ) o ‘/‘n </ P 5w=1—§;],

N - A, e 27
5.1‘3 /dm _j_: ) Fm a,, 2-‘" ﬁ
. 71' = P_,'_I 2 v ,
I 6Pt G o 2 p < e (mre ),

From (5.1.3), it follows that 2, > /2, > B > >8> 2/
As the /Q, are positive integers and are strictly decreas-

'ing , it follows that either ,

(a) there exists an index X  such that B, >2 and

(4, *’%/ﬂq = (5, *’j é%%?m is an integer, or
(b) there exisﬁs an index yZ such that /;“7 = /.
In the case (a), éﬁ;*’)/4%, an integer, then, as
a
A, = (54 */)/A—; s we have f: ‘-'/:‘A“ = é +/, an lnteger.

Hence the development terminates, and the theorem is proved.

X Fg-/ -
= = =
Otherwise, (b) /2,, (;) and‘KZ-, o j*“/
> ) = —_— k
Z,,., /. Then, from %/a, 2 » and the above, f'/k_— a, 2/“-,,

Thus, g;k is an integer, and the development terminates.

Tnis proves Theorem 5.1.3

5.3 Non - Terminating Continued Fractions of Type 4
It i? is rational, its continued fraction

development of type 4 is terminating, by Theorem 5.1.3 . We

saw there that the development ended when §i~ is an integer.

If now the nﬁmber ‘5: is irrational, it follows that all the

. complete quotients §: are also irrational. For, from
§: = bo +» Eil 4 i s A/ " __a_i—/-
/‘6: /br'/ /§—V
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we have, as before, that if { is irrationagl, so is f:,
and conversely. Therefore, the development of an irrational

number f: > o i1s non - terminating.

From the algorithm 5.1 applied to the irrational

number E: , We obtain
5.8.1 €. o~ br Bl o,

/ b,
with the additional relations
bv > 72 v = 2 L., . 5“ A
i ’ S v = v -/ 4/@-'
/V"l = i '/ 0 « >
Ey /2
: b

S > a. 2

’

A

£ /7
’

Theorem 5.23.1

(a) The development of type 4 of an irration-
al number S, >o converges and represents &, -
(b) Conversely, an infinite continued fraction of type 4

converges and repregents an irrational number.

Proof : &
- Let (5.3.1) ; £, ~ 4. * 7__/ .
From the algorithm 5.1 , <. = 4. 7 L, 4 @l
/é, / f:
$. A, » A, s
and §, = ’ Zn “n . Then
f:, B—u-v/ > a4 B—;.-a.
| E - Ane, / - @, Py e e &, Lo E
/8’"-' (§: /5_.._, +~ &, 6—;,—:—) 8»-/
As £, > 4. we have
5.2.3 §: - /4J.-l < «, 0,_ v 4“'
} 6—»-/ / B_._, ‘Eﬁ‘/
Also, as A > &, for ., -/, 2 ... we have
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B, =4, B.., + a. Boen 2 &, B, -, ( equality only if v=/).

and thus, B, > &, &.-, ' &,
As the elements «., b, are positive integers, we
have : B, > B.., > - >5, > B, . Hence B. 1o 2 nvu.
Therefore, | €, - Az / < = and 4l An. . £
B B... S 5

Hence, the development (5.3.1) converges and represents f:

We can then write equality in (5.3.1) , namely ,
g: 3 é. B Q'__/ A d”’/ >

/6, / b
(b) Let (5.8.3) A, » 4/ ., &=/ 4.
/b/ ‘ /b»

be an infinite contimued fraction of type 4 . As (5.3.3)

has positive elements, we need only prove that

Mena n  _ An ] v :
Patend //8, /_48:_1 / = 0 in order that (5.23.3%) converges.
Now /ﬂh - _’_‘Zz;/ / = A, @y Gn and as 5, > .
., B 3 o
it follows as above that B, > @, @ - 4 , and
A . L )
B, 7 oo as r—> o= . Thus /——: '/;:-,//‘5»-/
and clearly, ;'4_';”';_ /—/’3;4—"- - _4_1_// = 0 . Therefore,
(5.3.3) converges. Call its value S . That is, write :
a 2.
E < b+ [”;,: ], . We prove next that S, 1is irrational.
- 4 Qas [,
The contimed fractions T 7 o , are
6)‘,‘/

all of type 4 , (A=o0,7 a ) , and by the preceding, they

L e
are all convergent. We write then : ;\- - b, + [ f_zf'.’7 ‘
bV A+
(>\ = /l 2[ -.;),
Then, ;: = éo > d,/ " T . a_"/
;éi / ?‘A
and 7 = £ 4, =+ 4z x> , (xz/),

- a4 EA-L

N
B
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K 4
It follows then that (a) /§: By, - A/ = £ ] & By Ares }
and (b) |£ By, -A4,,]= S% o T2 for reyia
{j f: Lo Sy

Also, as &, > <., we have /&, Ba. - Au | <1

and () |§ By, ~As | ¢ | E£Bss-Aiu] tor 2-3, 3 ...
Hence, by the Irrationality Criterion 1.8.1 a , page 3 7. €0,
we have that Se is irrational.

This completes the proof of Theorem 5.3.1

Theorem 5.3.3 A
Each convergent El to the contimed fract-
ion development of type 4 of &, > o
<, / 7Ny '
2 = + + st T _
5.8.7 <. 4. 75 B (terminating or not)

is a closer approximation to $o than the preceding convergent.

Proof : L, +. ) . =
Write £, - At So t o SR

Then S, = bo+_ %! , ... + Ew and, as on pagell?
o T + =K ’ pag ’

we have : 5.« E£5., 4+ Guss An ) | and

{;;—LB,, t Loy, 5'»-/
1B §s - Au | ¢ Gzu ) BLE - dw | e

As g ., s4. >a,, 6 Ve have | Bu&o - An|<|B & Al

or &, - gh / - g’"' /5 A /'and certainly, as
) " - we have finally,

~.
B.,, = é‘h B’h-/ + d» B—»-a. > 8"" ’

|6, - 42 < & -t | i

This proves Theorem 5.3.3
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Chapter e
6.1 Algorithm | »
The following was suggested by Dr. W.C.Taylor.
Let %. >o be & given real number, and suppose that
{:{, /x)f is a given sequence of strictly monotonic increas-
ing functions, for as=0, 4, 2, .... | The integer <, 1is
defined uniquely by : / (c. ) £ &, < A (o +1)
1t £ (x) has an inverse 7{-,/31) , €. 1is defined as

Co = [7{’/{)] Clearly, this 1s equivalent to the preceding
definition. For then : €., € 7{ [{) < Co #/

and thus Ale, ) £ S, < Alc.+).

If 'f: = 7{(c‘a) , the development terminates . Otherwise

7/[0“) < & < £, (. ) and we continue by writlng :
€ = £ le.) # Alcr) = Al
’ s,
This defines the number f; . Evidently, £ >/. We

continue with {‘: as with f': before, replacing 7{/x)
by 7 (x) . Thus, the integer ¢, 1is defined by the
relations : A (¢ ) ¢ < < A (e r).

1r 3,‘ = 7((@) , the development terminates, and we have :
o= Aay s Flozd-Filed

# (e, )
Otherwise | 7,/( ¢ ) < & <« 7[ (c,¢s) , and we continue by
writing, as before , § = 71/(4 ) o+ A lcr) - £(c) .

s

* p
See Q. Szasz (1) "Lectures on Continued Fractions",
University of Cincinnati, 1940.- 41 , Ledture 13.
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Clearly, §. >/ , and so on, with ¢, and A ’x)
replacing §—, and 7[,/x) respectively. If, for a
certailn index 2o - Z,[/(—'n) 5 €~ an integer, the
development ends. We obtain in this case the finite continued

fraction development of £, - / / 7/ /
74,[6‘0-;/)— 74[4'0) ) (c'_v‘/)— s (0,
8.1.1 : 7{(; +* 7 - '
f: ™ ( ) / %/c‘,) / 7{” (c,')

If for every index v, ,7,,/[6',) x £,

, Where ¢ is

an integer, the development does not terminate, and one

obtains an infinite development for 3R , hamely ,
6.1.3 oA A (e.) » Ao Cars) - Aole) ! .
| £ (e)
We note that for Z{./x) = x , »=0,/ 2. -

the above yields the regulat continued fraction development
. r
of f_o , While for /M/x) = x M=o, s, 2, 0

#< an integer , we obtaln the Appell development (type 1 )of 5..

6.2 Developments Corresponding to Llnear Functions

In this section , we conslder the developments
obtained for a real number <. >o  when the linear function
Fx) = ax + B , @ >0, 1s taken as the sequence of
functions {7,{,, /x)} in the Algorithm .1 . That is,
Atx)y « ax B8 for v= oo s, a oo
The assumption & > © 1s made in order that //x) zax+ b
be strictly increasing. In the following, we shall show that
in studying these developments, we need only consider the
class of funetions Arx) = ax + 5 satisfying

€.3.1 0 < a+ b £ /.
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First, we prove two lemmas -«

Lemma 68.3.1

Two linear functions
7
. >0
/,/x)=d><+6 ) /;/y).-_- ax + b (4 )

vield the same development of a number <, > o (corresponding
' J

to the algorithm 6.1 ) if and only if é.,_a: 6 is an
integer K ; b-b" = a r.
Proof :

From the algorithm 6.1 , the development of 5.

corresponding to £ (x) e $eim zf(c'o) " TC/.""*’)"H‘")/,‘,..
. ’ / 4 ()

or, as A (x) = Ax + 5

a [ ~ al >
/ac,+4 Jac, t4

€.3.3 §: o lc, + b5 +

where the ¢, are integers , ,=0, 7/ 2, -
Similarly, the development of N corresponding to
Alx) =ax + 4" is ¢

‘ L a/ . .
£.2.3 7 ! I A S~ 3 S
f:/u 7 45 +/di’,-fé' /ai’;_»‘-é’

where the 2, are integers , v =92 7.

If the developments (6.3.3) and (6.3.%) are the same,

then we must have : a7, »5b = Gec, +5b /P‘\*“’,/a“‘

Then 2 (7, -¢) = 6-4 and Y.-& - Aa—.éf

As 7, , ¢, . are integers _é_é.‘,__-—é—-, must be an integer.
Conversely, assume that _b_é-:_é’ is an integer. From the

algorithm 6.1 , we have : ); & = (dc, + 6 ) + % ;
(1 ) ‘2
4 . , la
£, (@ 7. +6') =
with & >/, < >/ . The integers C,, ¥, are defined by:

c€ = [ATUEHN] 5 Te= [A(5)].
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Now 7{-;%) = &Z_("_’S) ; 7{-/>() - &[/7“69

so that : ¢, = / ;;a:-é ANy s‘:&-é']

Write éiéjé S Crp e 2 f 2 Then

$ - 47 -4 b-4" /

L = E:‘d_, * _a—__é = C‘o o+~ éa——é + /0°

Hence 7, = <, + _é;_’—_é_’ ) and 80 @ % »4°'= ac, + 4.
From (1), p.1l6, we have ‘S’T = < . It follows by

complete induction that @& 7 = &' aec, + 6 , (v<o/2.--).
Hence the developments (6.3.23) and (6.3.3%) are identical.
This proves the Lemma 6.23.1
We call /, (x) and {(k) -equivalent, J/x}N){_/x)
if ff”/;@:{’/,,} s a2 and 7,/-/» = A

2 P = 2

an integer.
# ! '

Lemma 6.23.23 ‘
Let //w) s Ax + A where 4 > 4 > /.
Then all the numbers f‘) )< §< b , have the same develop-

ment, namely : S, -~ ( arb) + -~ a / f/a./é -
G+ L —

Proof :
Let &, > o be such that / < $, < 4
We have ¢, = [/'/f‘)] [ £. - ‘57 -/
as o 2 €. -4 > _-—é ==/, Then 7[/&):_4;_,,.540
a_ “ ‘
and{ﬁ/—a-f,{)/-‘g_@— , £ >/
Now & = —= , and as £, »/ £ < 2 ;
So *ta-b ’ / +a—b
§,-6 « —2— _ 4t « 2-8-absb?
/G -4 /A a4
£ - 4 < (a-8)(r-8) < o as 4 -4z , /-b<co.
/A -4
Thus, /) ¢« & <« 4 and §7 has the same properties as Seo
It follows by induection that all S v 2 have the
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same-properties, namely : / < £ <« 6 for V=7’ % '

& /

Hence, §. ~ (-a +4) A -

Clearly, by the above, all S, / < 5 <5, nave the
same development corresponding to the function Fix)e ax+ 4,

a > b6 >/ . This proves Lemma 6.3.2

In view of this Lemma, we shall exclude the development

corresponding to a linear function 7[/><) = dx +5
with a2 6 > / . Hence, we assume that either & < b
or b £/ or both.

Theorem 6.3.1

Corresponding to the linear function

(a>0) and where a< 44 if b >/,

Ftx) = ax+b ,
used in the development of a real number' 5 >o according
to the algorithm €.1 , there exists a linear function

Fix) = o'x +6-«  with o© < @ #2547 <7

and such that 7{ x) ~ £, /x) + 1.e. thé two functions
vield the sanme develldpment of €. .

Proof :

- The proof is divided into three parts.

1° . Conslder the case where //x} =ax -6 |, and a-= 6.

Then by the assumption above the theorem, o £ & ¢/

The function # (=) = &ax ; 4‘.»;0 is the desired one.
4 ) - é,_ — o &
For, as 54 = o, éﬁ_ = ;_é = /. and by Lemma 68.23.1,
//x/ " ,{/x). Also, as a4’ = a’ , we have

o ¢ a+b’ < /-
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2° Consider next the case where, in the function

7//)4) s ax +b , we have é > a > o.
Let m be the largest integer such that A € (o*)a
Then 20 = / and om-oa < b £ (nrr) .

7

Write 4 = b - Gn+4/)a. Then '5@”'5/= 21, +/, 18 an integer.

We show next that ¢ <« a4 » 4 <« /.

From the definition of m : O < b-2ma £ a.
(a) Supposé now that «a £ /. Then © < b -2ma £/
But @6 = @ +b-06nis/)a= b-ma Hence o <a+b'cy.

(b) Suppose that « > /. Then either &- 2a >/

or £- Mma £ /- Assume that A- 22 > /, and write
é: = A- 2ma . Then a = 5, > /- Also éa__b' = 72

is an lnteger, so that the developments of . corresponding
to thefunctions 75/><) = ax +5 and A/x) = dx + B,

are the same. But from Lemma 6.2.23 , and the remark on p.l1ls,
this case, namely, =« > 54, > / is excluded. Therefore, we

must have O < bH-2mwa £ /. Accordingly, O < a «5'<

and the function #/x) = ax + 4 is the desired one.

30 Consider the case where 4 > 5 .(a>o). The case
4 >/ 1is ruled out. There remains then the casés to consider
where (a) o < £ £/ and (b) 5 £ 0.
(2) Write A= 4 -a . Clearly, éz‘__é/ is an
integer, so that Lemma 6.3.1 1s satisfied. Alsg, a =& =4
and clearly, o < a+6é "2 . The function ffx)—- ax +5 .

with A= 4- 4 is then the required one
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Consider next the possibility (b) S <, , & ~©
First, let « >/ We need consider only those &
for which o > 4 > /-« | and 4 4 -« . For, other -
wise, —a £ b £ /- 4 and so 0< a b £/,
and we would would choose 5 =~ 4.

Let then,: & > / 0 > b > /&

2

This 1s the exceptional case. For, by writing b, = a* 4,

we have é—ﬁ—_—'——é =/ . Also, as © 2 b > /—a,
we have & > a» & > so that a > A, >/,

2

which 1s the exceptional case.
Next consider &4 >/ | b € —a. We can not have

equality, for if A= -~a4 <-/ then by writing

b,= br2a = a | we would have @& = 5, > /,
b, - b

a_
must have & < - & (a>/). Let m be the least integer &~

= 2, and this 1s the exceptional case. Thus, we

such that 56 »?a > . Then b+ ma > a 2 b+ (rmerl)a .

and clearly, as 5 < -, 9m =2 3. Write B, = b+ ma
Then as b'a—_ =3 B3 i8 an integer , the development of
corresponding to /%) = ax + 4 and 'j'/*)" ax + 8,
are the same. Now 54, >a > / , and by 2° (b) ,there
exists a number 24 such that é;éjé/ is an integer
end © < «»4 </ . The function # /x) = ax 448,

is the desired one.
The only remaining case to consider is that where & <o
and 0 < « £ /. If —a& < A <o then 6 < arb £a=</,
/

and the choilce of 5 " b would suffice. Assume then that
b < - L& £ O
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Let m bs the least integer ¢ such that
br (F+7)a >0. Then B +ma > a > brtbn-,)a
and we have 0 < b # (ms,) & £ a Write 6= 4,ima
Then ’0<é—+é'éa </, and éi.é- me 1s an
integer. The required function is then Aex) = ax +8 f

This completes the proof of Theorem 6.3.1
Remarks :
In studying the developments of & real numbers
f: <E—>a , by the algorithm 6.1 , and corresponding to the
linear function //x ) = ax + L 5 we can restrict our -
selves to the class of linear functidns F/x) = ax =4

Where &>o0 and o < @+ é £/ , by Theorem 8.2.1

Definition €.3.1

The development of a number <. >e into
a continued fraction by the algorithm 6.1 , and correspond -
ing to the linear function Fix)y = ax + b where & 20,

0 £ a+b £/ , Will Dbe called the development of type 5 of f:

Let £. >0 and let Srw) = ax + 8.
If we develop St: into a continued fraction by the
algorithm 6.1 , we have : Co = [/-,/sf) = [ ia_lf]
Then (. may be positive, zero, or negative. Also, A
£ = (ac +» 6) +§5_"— , §.>/. AS_F,>/,§:>4"5,
and E—_’—&:—é > / . Hence, we have: ¢, ‘[7[-(5)]=[ z;fé]}’,
and by the asme argument, we have ¢, = / for v =/. 2, -~
Consequently, #7¢,) = ac,»4 > a+8 >o, so that the
continued fraction development of type 5 of $L: , namely :
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& / -+ @ / B
6.3.4 %, A @acarb s oo T T4
has positive elements. (C‘ c, » & may be £ o)

Definition 6.3.23

A-continued fraction

] / a /
6.3.5 ac, # 5 £l s+ &l +
7 /Jac, ~ b /ac, +b

terminating or not, such that the ¢, are positive integers,
¢, > for ,=/.3, - while ¢, may be a negative

integer or zero, and , in addition, a >0 , o0 < & b £/
will be caled a contimued fraction ® of type 5. If (8.3.5)

is terminating, and n 1is the final index, then ¢, 2 2.

Theorem 6.3.3

. A contimsed fraction of type 5 (6.3.5)

converges, and if it is a development (8.23.4) of the
number f? , then it represents .
Proof : A-

Denote by { = the sequence of convergents

to (6.3.5). Evidently, we need only consider the case where

(8.2.5) is non - terminating. As (6.2.5) has positive

elements, it is sufficient to show that b /gil - Ay /=o.
" Bnes

D P oo

in order to prove convergence.

We have [ A2 - Ay ) . _ 2 ( Let »=2)
B’y‘ 51—' B,,_' B’H‘I
"~ , L2 N4
Write «.:= —%— . Then f(i—:—'- = & 5. é_ - &5,
s Ba_ > a?” B B B—..s-l
From B,,, = (dc,, «+4)8B. » a B. -, A we obtain
B s
L = g (4—(' e, 78) Bu > 4 4 (axb)larh)
& 5"’” B, &G
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since 5., = (&(‘,‘ £b)8,., r 4 5:.-; >(&_+A) Vs Sy

2. .
Thus : Baus > ) 4 @-"’5) and
a B, ., A
& B’h-/ < / - (é. 7"5) >
7B e * larhb)’
Write s = /- (4] Then we have
ar (aré)
M"’"‘_/ = & /D < P> < / for > ?" 2z -
6(71 6-..&1 _ -7 a
and 50, a‘nf/ r’d /L",aa. 5 Uwe, < /2 '/946
Clearly, as o < & </, e u,, = o . That 1s,
M T Poo
é: : ﬂh _ ,4,,_,/ - 4,' ﬂ'h - O -
A TP oo / B ... T e Do @w /5::'

Hence the continued fraction (£.3.5) converges.

If (6.3.5) is the development of the number &, then

2
/
| - . . =(cc, b )+ & / s * & .
from the algorithm, we have : $. = (¢, ~4) e =
< >/, Indeed , £, > f(a) = Zc., +Fb -
We have : £, = ‘m A+ & A , and
{a P ) + A Bw-x d_"
, = Ax-s _ a” < ——
/ g = ] = B (Er B »250s) /R B
In the preceding paragraph, we showed that f_::w 66/3 = o-
Hence 4,—»;, 'f;’;/ = 3. , and the contlnued fraction

development (6.3.4) represemts S$. , 3 =

In the following paragraphs, we specialilze the class

of linear functions used in the algorithm 6.1

Consider those linear functions 7/}” - ax » 5
with d >0 , © < a+5 ¢/ and such that & x *5&
takes on each of the integral values 1, 3, 3, .... for

integral values of x . This is the class of functions
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//k) = ﬁ where 2 = / is a positive integer.
PThis can be verified as follows

The slope of a line belonging to the class described

above must be 27'/., , m a positive integer; -~ =/
Write //x) = L #5 Then, by assumptlon,
o <« = £ b £ 7 That is, 7//,);_4/_;4,5 £ /.

Then, of the m wvalues 1, 28, ... m , there is exactly one

say p , for which /(,b) =/ /£ p € 7 . That is,

£ = - -2 L an-
L + b =/ and so A /- L= __/;p—f
/ -
Thus, Ax) = 5o % + L )
Now f = (/_)_ﬂ/_;”—z?) G = am-p is an integer, (0= m

Hence, by Lemma 6.3.3, the functions //x) = ;/ x + b )

# (x) = ;;,7/" x are equivalent

Theorem 6.3.2

The development of type 5 of a rational
number {,— corresponding to the sequence of functions
{A, /x)) , /,,, Ix) = —éﬂf— where the &., are positive
integers for *=90 /. 2, ..+ &, 2/, 1s terninating.

Proof : P
Let <. = 7= (ﬁ, P .are positive integers

/b 2/ h?/}. We note first that 75-’/><) = @, X
By the algorithm 6.1 , we have : <o = [ A (£)] =] a.Pp ]

If & = 4—/;/—?3 5 (a’a/s, - c‘:,ﬁw)/t.he development ends, and
—_ P = <.
we have . _ ,% =
OtheI‘WiSe, ( Z & o _/Eo < e, * / s and
P

o
o

(1) o < a,p, - ca/é < P,
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2 . £
‘ g e L »
and we contimue by writing : g, = s @, 7 =
¢ £ > /)
F . G A= o f _ ~ =)
Then f.I/ Pes /7’ ’ ‘ and ‘>;; b & . Ao - P’ ) Pz

where we have written ﬁ:. = 4. p - < yz
Clearly from (1) ( bottom of p. 124 ) pH, > P 9
and again we have &, > /.

- _ — a' P,
As before, write €, © [7{ (s, )/ ’/ A /- Clearly

¢, z2a . r ¢, < ‘i/—‘,;{—)’ , o 4.f mE P =0, the develop-

4 ? = ___’i-’— = C‘/_
ment terminates with the equation , y = .,
Also, as £, >/ , C. 2> &,

Otherwise, we have : ¢, < &, -—? < &, *+ 7, and go
(3) o <« a, p -e, p, </bz. . , £
| We continue by writing : £, = —;E = <a, 7 ;‘;
£ > /. Then & = —L2 o P with

Q,//— C.P;_ Ps

-a, b - c .
/3 #. < From (2), it follows that
Ps > s > 0, and so £ £ >/

~a
We continue then with <. in placé of 5. R and
o (%) = 4_:' x in place of #A /x). p
In general, for an arbitrary index v = /. 5:" ) 7—?:"'/
(2) Arss = R fos T Sy 200
and ir Fvs, 7 ° 2 Fv T [ay—é%]?aw’ and §, =L >/

=
We have then that : /¢ >/>.' > Pa> o > P >P > >0,

The integers /b, are non - negative and are constantly

decreasing. Hence, there exists an index > = © such that

P‘”*:’ = a”/bm“ C,,P”*’ = O
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ten o, = ZxL2 L [A(L)] - L)

i XV

and the development terminates. We obtain for $. the finite

6.207 f‘; = _-—L = Z-"_ ° o B
A /5 JFS /2/—,6_,,
with ¢, =&, for | 4 v <£ -y and <, > Z..,

This proves Theorem €.23.2

With the continued fraction development (6.3.7), we

can associate the system of equations ( from (3) page 135 )

a,/b,, = c‘a/b, +/b=
&, P, = cyﬁ;— */93

£.3.8
&a/&‘h = _’if”ﬁw,&/ i 2 f‘h*’-‘ =9
where the «, ) /&3‘/ < are positive integers, fy >R 2,
and ¢, =‘[~—-7£—«4/; "_7 > 4y y 2y £ 7' and G >4

From (6.2.8) , we obtain immedlately that :

6.3.9 Bofy _ o o+ 21 . A/ 4. o+ Zn/[.

/o , -y / = / €n

One can obtain this directly from (6.3.7) by an

equivalence transformation, namely

A /
2: §: = Yo Eo = /,& o 2,0 Z d,__/ A e R 2:_, 2: a. ., /
Vel &, /3/; - = P
& /a/v Z‘Z
where we choose 2, = &, cfor ypeo, /. 2, > .

We have already noted that the ¢, , 4y are positive
integers, and also that ¢ 2= @, , (v-oe, 4r B ime) [ G a,

It follows that the contimed fraction (6.3.9) is of type 4.
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+*
Indeed, (6.3.9) 1s exactly Leighton's " Proper Continued

Fraction Development " of the number < - gfﬁ?l
corresponding to the given sequence of positive lntegers {G%}
Thus we see that the development of type 5 of a number 5. >
corresponding to the given sequence of functlons {’f; /%)]
PRI Ei" %  where #- =/  are positive integers,
1s ( except for an equivalence transformation ) the proper

continued fraction development of the number 52 correspond-

ing to the glven seguence of pogitive integers {adﬁlf

Let the glven sequence of linear functions be :
A ix) = §L‘ x s (=) with q a positive
integer, djvé /.  Then, by Theorem 6.3.3 , the development
of a rational number f: corresponding to this particular

sequence of functions 1s terminating. However, 1f we take
/

A (x) = E%- x * 2=, (»n20), where 2? >o and b

/
are integers such that o < E;— *—v;é <

it does not follow that a rational number §: will
necessarily have a terminating development corresponding to

7//¥) = -i— b4 # "—{— ’
Z ~

In this connection, we prove the theorem

+ Leighton, W . American Mathematical Monthly, May 1940,
vol.47, no.5, page 374.
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Theorem 6.2.3%

A L WA
£ frx)= g %+ F, o< 5tz £
where 7 >0, and p are integers, and if, in addition, _?/_:__/

is an integer, then the development of type 5 of 5, = //b}
/

= h

corresponding to A = g *x * 7-4 is periodic with a
one - term period. It 1s purely periodic if p 1is positive,
and the period begins after the first term 1f p 1is negative.

Proof

Assume first that - (a) p 1is positive , 2 >°-
Then as j 2/
We have 7 /x) = j/?“;é) and so, ¢, = /_///ﬁ)_]
c. =[5Cp-#)] = gp+[ £/
Now as _Z/’i—{ is an integer, it follows that Z —'PZ]: ——;PL/—.
Thus, Co. = 7; -~ -;/—ﬁ—:—i 5 and so, by the algorithm,
L

& = = L4 ep- F2L} L L 5 or

pogltar- 2 e o

- . / ; A

S Bl S

/ - L _ = o -
and = c F ; g, = P <

A / H
and o < j "'7; £/, we must have/bea.

Hence, the development of g, = ﬁ > o is purely periodic
with a one - term period.

(b) Assume next that p is negative. . =, = /p/ .
/ /

Then as : 0 < 3~ 5 £, we must have
}P ) > ;3 ‘Thus, _ﬁ—pi’— can be an integer only if

j + ) = -/ . Assume then that _?7)’_‘_/_ = =/ As S, - //’/,
wenave .= [Fun)] <[ glp -] g /rl-[-2]
and as ?—/—;—L = -/, "_Z_ = /4 /‘;/“ P
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and finally ¢ < ’752 < 1, /F <o)
Thus ¢, = ?//’/ , and so S, = /P/=
~ A -
/P/::(j /ID/'—%—-" p)"' ﬁ/é:
- . . 5
B /F>} TP ! ? £ and
£ = -—£ - 1PL > .
7 ¢
/ = - <
Then ¢, =[7(—§£" ‘P“L)]-[/P/-_z.]) and as 0 < _; /,
= /-
e, /P / / ‘ZL
It follows that : ¢, = %—P—/ = (? IP] - 75) T
£, = -2 = LA
7 7
/Pl
Thus SO P _E{ b and the development
of type 5 of £ =Pl is periodic from this point on,

and with a 6ne - term period.

This proves the Theorem 6.3.3 .
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