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ON 8OME TRIANGULAR SUMMABILITY METHODS

iQ Given a sequence-to-function transfor-
_mation
e W = Z s, Yol¥) ,

Vzo
‘ where {Vbﬁd} is a sequence of functions defined on a

 fkpoint set E having limit point E not belonging to the
- get, then the generalized limit of the sequence {ﬁy}

‘L//(x)— 5= jeh/mS’
ey

if the left hand 1imit exists. In a recent paper!#

is defined by

Prdfessor Szasz considered the question of selecting a
',kséquence of points (%ﬂ} belonging to the polnt set E,
,'7(;,,;""> }' as M-» o0 , and assoclating with it the

Sequence-tarsequence triangular transformation

(1.2) B, (k) = Zs,z%/zm) M=q13

~defining now the generalized limit of the sequence {&

by | //l/m ('Xm =z $= ;en /*m S,

o H-> 00 |
(It is noted that E,,(x)is defined by taking the first

- n+l terms of the series defining the function Eérﬁia

#* The superscripts refer to the notes and references
at the end of the paper. = .
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. and then,constructing the summability method with the
' sequence {&%}. )
Ag set forth in the aforementioned paper of
Professor Sz@sz, the regularity of either method (1.1)
or (1.2) does not imply that of the other. The conditions
736f~regularity for the sequence-to-sequence transfor-

mation (1.2) are

(1.3) ,&m '%/7%) = 0 /. V‘Qéo@ ,

oo

,_’(1'4) ZM/%()‘M)I < K , K independent of n,
PR ) y-‘.g m
mD00 Voo

The purpose of this paper is 1o consider the
~triangu1ar matrix transformat%pn which results when“
 1“/00 1s taken equal to E'KT%? ; that is when the gener-
- ating process is applied to Borel's‘exponential method.
:Thé generalized limlt of the sequence {%}1& now de-
ifined by

S,
f - v M
. . liad o————— ->w
(1.6) (?671 ,/m S, = 5= /zm e Z 7 ¥/h .
N> 00 Veo
2. The first problem considered for this

- summability method is the determination of necessary
and sufficlient conditions on the sequence of points {x”]

)
X, = © , so that the regularity conditions (1.3),
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‘(11.4), and (1.5) are satisfied. It is easily seen that
the conditions (1.3) and (1.4) are here fulfilled with
every sequence {%m}, so long as 74,,.-'7@ « Therefore,
in order to insure regularity, it remains to choose

the seguence {16,,,] so that
, - Ko —> as m—
e fl)ehe € >X .
S Ve
The fundamental theorem in this section,

solving the problem, is based on the Gaussian 1limit:

, y w /

A - - N

~(4) /me e Z '77’,/ ,/f f/w] .
g X200 Yo t+wik

- The following remarks concerning the function

are easily verified:

1. f’/‘”) /’" ﬂw}

wd-00 '
2. f/o/ 4 ' ,
50 ) - / ffw)-/ ,
4, f{w)?‘ Co‘»fmuom_/y as w it .

(B)

Lemna, The condition

| Y /

(2.2) //‘m KA A— ’%
pa n M=o

1s necessary and sufficient that

(2.1) ;mﬂ“)— "‘”‘Z_ / -—>/ as M=z e

Proof (a) Sufficiency: If M —_ -
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as. m-poo , we have for all positive K, however large

Y =m <= Kim , N> My =n(K)
Ry xm+(—’£)z < -kln+(EF = (7 -5) .
_ Taking now n so large that \an}— ¥ >0 , MmN, ,
~ We have

K

kg 2
Tt K katfy + 5 < m

- It therefore follows that for n sufficlently large

¢m+/<,)¢; <N .
From this last }nequality, we get

X /2 ] )
ehZ Y cetTh - g 6) <

s Zr
‘The assumption that %”‘?év as M —>9© and (A) now

 give

plR) oin fulte)< dom fnlin) < |

Inasmuch as K may be chosen arbitrarily large, 1t

follows from (B) that

¢4Z2h éﬂn/%h) =/ ’

- thus proving the sufficiency of (2.2) for (2.1).

(b) Necessity: Suppose, 6ontrary to (2.2),

A

X -
2 = 4 - oo .
7 d
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- We take firgt the case when A 1is finite. Then for
L v
cany positive € and with a sequence of integers,{)%} s

Oz ¢
depending on & , we have

Yy ~ N 2 (a-€)Vh ) Lol 5, g, T

¢

Writing ¢f=4-¢, it follows that
, ‘ P
ol = L - [r o/)
K% + /g' 7 0& roy, 7 = /loz A4

is positive, we get

SR

Taking i large enough so that ﬁi ¥
P : ) _ v
Hence, since );n,-”w as glr® , with ,/.—. - € =p-2¢

< K, ’/ﬁ;,:. L i>,= 20e)

From this last inequality,it follows that

/n m . %”ﬂ/ < Z ﬁ’;
»20; Z Jé,,b.‘//—z;, & )

(A) and (B) now show that

i < pld) = plarae <

which is inconsistent with (2.1).
| If 4 is infinite, the above procedure remains

-the same except that c( can noﬁ be any finite number.
This completes the proof of the necessity of (2.2) for

(2.1).
) \ ‘QoEoDo
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( Note: It is not difficult to see that /Zm /,,, = /p(—a). j

Theorem 2.1 A necessary and sufficlent
’cohdition that the summabllity method defined by (1.6)
e regular is that

= - &0 ) %M X m >“i

/ ”X,m-f)?
@
i The theorem follows immedlately from the
_previous lemmz and the fact that (1.3) and (1.4) are
satisfied.

: As has already been noted, the summability
~method (1.6) is boundedness preserving for all sequences
{xﬂ} s %M ‘?00‘, Theorem 2.1 glves a necesgsary and
‘SUfficient condition for the regularity of the method.
 Nevértheless, if (2.2) is not satisfied by a sequence

of goints {&%} , we may still have a method which 1is
;éonvergence pregerving. In fact, the method may then
be considered almost regular except for a congtant fac-

'tor, independent of the sequence being summed and de-

fpendent only on {%ﬁ]. We proceed to demonstrate these

aSSertions.

‘Lemma A necessary and sufficient condition that
; m ,n: ‘

;(2’-3) j’” /){M) = pf- ”“Z —1—/-/- i A as N> oo
VEY) '

is that
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, (2.4) /m M - __f) x/h -3y 0

I /
where f’[f) = }L , 1.e. f: ﬁ//\) .
(‘Note: If o<A</ , f is finite.)
Proof (a) Sufficiency: We consider first
the case where £ 1s finite. It follows from (2.4) that
for every positive & , however small, there exists an

integer M’:/’lfg{é) g0 that
M- (pre)ii <ty s mo(p-e)in, m> N

Transforming the above insqualities by the same method

'as was used in the proof of the previous lemma in thils
el 3

~section and choosing M so large that /m "'; )y e,

we obtain

| ¥ +(P-¢)[t, f(y 9 (P—;) NS Ly HPre) [ bt = [P+é} (%

Inasmuch as )ém-zaa as M-><@ | we have for n large

enough

X, *(P-26)fn, < ns g, 4 /fm)m :

- From this it }mmediately follows that

L t 5= Fu
é"%”Z‘ V7 < ;4‘ < €77 ;
vy, P24, s 14 (1129,

- letting n become infinite, we get from (A)

pl0-29) 2 ding, < g, < plpe2e
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From the continuity of the function’%ﬁy, the fact that
€ may be chosen arbitrarily close to zero, and the

well known squeeze principle, we sée at once that
/2;,”/”= /’/f);'/i .

The case of Mz+00 was discussed in the first
;1emma in this section. If /Qz-ﬂv , the above proof
remains the same except that}afé 18 to be replaced by
any negative number, large in absolute value. This com-
 pletes the proof of the sufficiency of (2.4) for (2.3).
~(b) Necessity: The necessity of (2.4) for
(2.5) follows easily from (a), the sufficiency; for,
1 5¥ (a), the sequence {J%E;:E} could not have mere than
one limit point,vfinite og?infinite, in order that (2.3)

be satisfied. Again by (a), the one limit point must

Theorem 2.2 A necessary and sufficlent

Q.E.D.

- condition that the summability method defined by (1.6)
be gonvergehce pregserving 1is that
' 1 -N , N
ow = ewit (c-p) e
M=2 0
The theorem follows immediately from the pre-

ceding lemma and the fact that (1l.3) and (l.4) are here
wgatigfied.
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If‘P is finite or egual to +00 , we easlly
see that the triangular summability method defined by

the équation:
én. = e
Jorns A 35)¢

is regular. If ./;):‘-’-Qa , the method defined by the
equation (1.6) sums every bounded sequence to the value
NZero.
We next consider two applications of these tri-

angular matrix transforms.

‘3.;' - The first application discussed is for
analytic functions of a com@lex variable defined by a
power series within a finite radius of ccnvergence. It
‘is;the purpose of this section’to show that, with cer-
‘tain conditions on the sequence of points {xﬁ} , the
aummabilityvmethod defined by (1.6) defines the analytic
¢0ntinuatipn\of the function within the Borel polygon
‘Wwhen applied to the power series.

S Given an analytic function defined by a power
geries in a finite and non-zero radius of convergence:
(,3,1) //5) = Zo'i 4, ;"l /;} < () :
let "=

(32) | Sy /}) = Zﬂ,} 29,03 .

V2o
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'Dependent on the sequence {1(;”} s, We define now the func-
tion |

. F(4m) = F(3) < f-x"“yi’o fﬁ%ﬁ ;

"fha.t is (3.3) gives the application of the summability

fu

method (1.6) to the sequence of partial sums defined in
(3.2). ¥When b@] satisfies the condition (2.2) ,. theo-
‘,’rem‘f‘zf.l implies that /‘;/}) "?//}) as m=>o for /}/4/2,,
As has been anticipated, the object of this sectlon is
_to determine conditions on (d%} so that ﬁ;éﬁdvﬂﬁ)in
a larger domain for 2— s namely the Borel polygon for
“143) . We first set up several formulae relating
‘,more directly to f/}) before stating the main theorem .
in that connection.

Having started with the analytic functionjﬁél
'~ defined by (3.1), let [7 be any closed Jordan curve,
:containing the origin, interior to and on which the

function is regular. Then the following formula 1is

“classical: ,/}/ /

(3.4) dm= .'iL”',‘, 'Z }4”*” }’ ) /m:&/éozjn. R

From this 1t follows that |
S = 2w =2t Ll -4 [ 5)
N mze

mt/
(]
meo /-' W J =

s(3)= 5 | 4{)//% Z/Y

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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'Letting } be interior to /7 , we obtain

/ vH /
_ %/}) ,,m ﬁ{/ G4y - o /7‘2 “an /é_jé

0 5.0 ) - jfg. [}é/g j_f—; /.

Substituting now the formula of (3.5) into

 (3 3), we get v
e L et (LD
- hB)eePZ L@/L’ ,,,,ff % / b
/{éz) o //l ,ZZJ_')l ; ’"‘: VJ

(3~5) -—---' /f‘})I = J'

and so by (2.1)

ey £ G)z fH A0 ST /xm,;)

where / 'Kﬂi /I}}
*“'(3'7) f/lm }) £ Ly * T /(J'J)J Veo }/

‘The problem now is to determine when ,,"‘7/ and I,,, —> 0

as M@ ; clearly 5/})‘9 funder these conditions. The
fundamental stepping stone to the main theorem of this
gection 1s the following result.

Theorem 3.1 If )émfo/n) and if X, 09 | and 1i:

fc’r all _}' on /7 3

. RiE) < ’
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o (2 SRy ) g

-
-
-

j‘/”* ,,?m AF)T 5 JW/

Proof (a) The first step in preparing to estimate
;.//r/y’w}) is to set upan integral representation for
/ Standar

the kernel Z_z_é; As has become,in thls case, the
. yg‘

'f;starting point for the conversion is the equation:
‘ "ttt A '
_[{ é 3‘} K=00 ... .

It follows from this equation tha.t

”’fT/ = mlz_-%j/ e S
| ;f:/ fafo' [Zﬁzﬁy//f%m-/’/f
(3.9 Z . ,ﬂ// et (prt)" A8, m20

f"

Subs‘bituting ¢ .__}— in (3.9) and then setting (3.9)
into (3.7), we obtain

' Y e n
»(3 .10) j:% T /’f/;'/f)%.' {%[(%lﬁ)g—fﬁ}/f.
~¥Write now

“‘;,(;3.“11) I = e / /-i+ f)e"/f :

Clearly, it 1s gufficient to show, with the
’hypothesis, that :rm-—>0 uniformly as to J’ ’ _j'
:“c:m'/7 » a8 M 292, in order to prove the theorem. It
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is to the estimate of J:n/ that we now turn our atten-
tion.

(b) ~ We proceed to prove that if ¥ = a/ﬂ}/ﬂ"’?’;
and if (3.8) 1s satisfied for all J on /7, then
J;; -2 0 as s, - % , uniformly as to }.

Firstly let us notice that s;nce /7 is a
~cloged Jordan curve containing the origin and the point
}, , the hypothesis on the real part of 2/] implies
‘that there exists an £, €70 , such that for all }‘

V on ﬁ we have

:"(",3.12) %/ ) ;- € ' .

Write

,(3.13) 7/3.
T mf (tratyr it Q) e A

]

w = ouip , ~ < /- &

By a change of variable, U = f"‘“’y Y, » we obtain

-)éu, /’ (u"é%n P)é-uﬁfm /%

(324 j;, MKM / (i) ™ S
(3.14") . £ m//-ﬂ)fl @ _(tn);,‘yﬂ[t
(3.1 T i 4% (t+i%6)"

1}

m
‘With another change of variable, we now interpret the
formulsa (3.14') for j;b as a complex integral. Let
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‘8= 0+:.7 be a complex variable; set §= ¢+ Hg’,@ . Then
(3.14') becomes

| o Y (1<) (Xn B P (18 ‘
e > .5
(3.15) J_ = s”e /(r

m av! wz-u¥ I
j/ _ e’xm /"“}7"1,,‘@/ .S"" —J‘/ ’
' =

‘ ‘Awhere C is the straight 1ine path in the s-plane, paral-
lel to the axis of reals; O: ca(lfw”%n@-’? Orit B .
,‘Let‘ﬂl = e/(/) be a portion of this path;ﬁ/-‘ Y ¢ l@'é,,-a’ U-k L

and define

o | b (104 L B '
 (3.16) jn ({,/) = & 5’"6”‘?&

/
.
6)
‘It is quite evident that

(3.17) T :’ U /V)

Let us define now the following paths of

integration: (see also the figure below)
G, Ay +ipy,
= [;(U) oo , y
C4: (’4(0) U“"> U+t‘””'ﬂ

- Then, since §Meg-Y is a regular function of § 1in the
‘ ¢

IA Q) - g

Cyl)
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'finite plane, we have by the clasgical Cauchy theoren
f " /

T, (1) =

P+Q¢K

- By (I-x)

-
-
-

o Ty, :
| [t + LB Y |

: N‘ow

e

[Pl <
1%y = Yo (-
: ,L/:ﬂelct = Yom :) ‘]ol*‘}?}m” .
m! | ’
IQ - 6'1«{""0‘) /Uj‘m s
po, A EHS ' K
% (1-8)
R < e —~; IU-}-WM@I = n(/) as U—e
Hence, letting ()50 , we have SRR N
M (] m I
! lo(v“ﬂ}

1T « %;:’ |7 ()] <
z \/+\/\/V

'xm= a/”l'), and

Using now our agsumption that

the Stirling formula: :

m -
m! ~ e Jarn ’

we have for all positive €& , however small
Myp/ . ymt / ‘
%, /a(»“(s/ < ém'*/ %mr mzn,= 7t
J
mn+ m¢l
‘ €

\/ < 0 5 /n € - ,(/) m->a /Zbr e Smal/

m/ ) ’
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’:Ifnasmuch as (40P = }4 1s bounded for all J on /7,
it is obvious that the above estimate for V holds
uniformly as to _f , ]' on /7 . Now by (3.12) and
(3.13) we also have

€
We e™ .0

L 7
uniformly as to j', _7' on / . Hence we have proven
_ that :};—?0 as M-2?0 uniformly for all_]'on / .
By (3.10) and (3.11) we have iﬂ;—?o as -7

~and this completes the proof of the theoren. ‘
‘ : QoEcDo

Having established theorem 3.1, it is an
immediate consequence that we have f -") é?\, in the
’whole Borel polygon for the function f//;} ; the proof |
*is completed in the same manner as the Borel polygon

theorem,

THeorem 3.2 v If 7ém=o//n«/, then the summa-
vbility method (1.6) sums a power series, Zﬂ,,,} , having
a finite radius of convergence, inside the Borel poly-
gon for the function represented by the series and de-
‘fines in this polygon the analytic continuation of the
‘ ":t“bunction.

Formula (3.6Y gives the expression obtained
when the summability method (1.6) was applied to the
power series (3.1). Theorenm 3.1 gives _fm —>0o .
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;inasmuch as X;‘c o/hJ implies that the set of points
| [xw} satisfies the condition (2.2), it follows that

‘J‘j%b-%D /| as m-»o0 . This completes the proof of
'theorem 3.2, ’

3 | We shall subsequently return to gome of the

fformulae in thils gectlion in order to compare the

methods defined by (1.6) with Borel's exponential

method. In the meanwhile we consider another application

 ¢f;the triangular summability methods defined by (1.6).

f&;‘ The purpose of this section is to apply
 ths summability methods (1.6) .to Fourier series and

td determine when their power, in this case, 18 the
 same as that of Borel's method. That the methods (1.6)
“are equipowerful with Borel's method in this case, if
K= afh), will follow from the results of section 5,
'yhere a more general theorem ig obtained using the for-
mulae of the preceding section. Nevertheless, we pursus
here’an investigation independent of that theorem and
VShall obtain the kernel and Lebesgue constants involved.

The main results of this section are embodied 1in theorems

4.1 and 4.2, ]
. For the Fourier series of a Lebesgue integrable

function, fﬁ&) , of period A7 , we have
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GV AWl 2 G, onrebyommt)s 5 Anld)
(4.2) A%{;a)—%a as /)1—7& t/h/‘/ormj 41‘ £ X

| : An ony
(4.3) / 7 5" Py

smuy )
Setting

S, (1)< ZA,/x/ 59 = S 0)-L Ant®) |

Vzeo

1t follows that
@ SO L0 £ [ gt) wtit st 4
ﬁhere |

(4.5) Plxt) - 4 {//w/f/&-f/-,z//x/]

From (4.2) and the fact that the methods (1.6)
are boundedness preserving and linear (therefore preserv-
:ing convergence-to zero and uniform convergence to zero),
fwe obtain the same results by applying (1.6) to {?ﬂ%& as
_from applying it to {S (ﬂ} Write

l

‘ (4-6 7; (xm/ {) € Z,’_l_ —'-—'—U X) Il:

co

SN T AT - e 2_ '{—7—[)‘/% "‘*Z_ ﬁVxIX)—f{x}]& - €

Vzo /,
"f/!)e %m& )
- m# v/ ,
where
8 = e S 2 (s)1y) - f/ﬁ/}l

V’o
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If {x,,,] satigfies the condition (2.2), it fol-

~ lows immediately from the lemma on page 4 that

v

-t & K
M2 G = ol as mwee

Vel

E It therefor*e remains to investigate U,; . By (4.4)

U- e""*Z"' ’/ Wi ¥) sl t swot
(4.9) %/ It ot (> ”““’f x}ﬂ/f :

| We now prove the theorem :

V/:

Theorem 4.1 If the Fourier series in (4.1)

: is summable by Borel's exponential method, and if
m, .
then Um z o[l) as m>w .

-]Prcof (a) In estimating U,,., , we shall first

-X Son
. transform the kernel &€ ”'Z——-”—fr—" We have

Ve

: 174
o M’JLuuﬂV %n C)L.{"nizl' v L¢.} .

Vzy

Hence, by (3.9), with f’:f %, s we have

',"“‘(#.,10) Z_ M'/t B J.{ (wxme Ve /v} s {Zm}

V=
(#a12) ,..__/ (vr1e’) e A .

Writing f < ewte (St , and meking the substitution

U= U+, ot in the integral defining Z, , we obtain
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ut/. M N '” .u fﬁﬂ‘@f
Z = &= / (uu‘z;,.m.t) % AL
m = ot et
With another change of variable, we now interpret the
~above formula for ZM ag a complex integral. Let S-07 ‘7

be a complex variable; set §= uriy wét Then
“Unll-tot)s L, st
| ¢ P tih oy
‘ (4 12 Z = — .Y’" A/:y
m n/! ¢

~where [) is the straight line path: 7, (et+ tg,,mf SRR

Following through the analysis of pages 15 and 16 with
gz twt / B=smt , we replace the path of integration
[) in (4.12) with the straight line paths (see figure
below) G! ot LBt > 0 and

0 = oo

C S
r
- We thug obtain )
¢m(/—am‘i 1"(1?th ©
= o
Zm oy (f ff s7e /(f'
: G %
Y, (1w t)+ - AR B
Zn .. Yoll-t)t (L, st el cot)f“‘m‘f'_” fs”‘e 5 e

+ Py
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o b (ant) e
(413 A, =e A (1, st +°ﬂ[?m}‘)

where

k(1 caf) t 7, St
(4.14) j) - et )t /5”'5"‘,{.?
" ” n! A
(b) With the above expression for An, , we have
1T LT -, (1-ant ) 7
o) U, g ttjotsee ™ sup irder I (4] it

From the formula (4.14) for ?h , 1t follows that with

k'the change of variable §= A(m‘!‘ﬂu«nﬁ we have
-Z (/-mt')fct It

- n et el st ) i)
2, //L/ 7, £ A ‘8(«{'}?./)
j’ c({g,,mﬂ(nr!)«&)f % (AT tE T, wt) -M&M ,
- Now 7‘4,"’7‘” ; therefore we may assume that Z«“ Z 2

~Hence, 1t 1s easily seen that if 0J€ )\ ¢ *x% s then

N ot t X=X 0t 5, :

Therefore

g My

(4.16) )PM, f A A _m/ A _f__L
/

Hence, if W*/) " VAT (114

':’(4.17) /)71‘/) = a(/n'ﬂ) Qo H->i /

1t follows that 7/»: o//) sy as M 2o , uniformly as to 't
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L
Inasmuch as (4.17) implies that .)%;:I is bounded as M 7o°
it follows that we may replace (4.17) with

, ("4-’17') (614) = o(ﬁ) as M ee .

It is clear that this condition is satisfied if €%, ¢ MY/
m>%, s which 1s the hypothesis of the theorem.
Returning now to the formula (4.15) for 12;,

we have

j (s18) Uy *"/ qflw/uf—fe’“”w it 1), umchrmd

 The integral occurring in (4.18) is essentially the
thransform of Fourler series by Borel's exponential method;
~hence, by assumption, it is o(/ as M->2 . This com-

rletes the proof of the theoren.
- ' Q.E.DQ.

Formulae (4.15) and (4.16) also prove the
kfollowing theorem concerning the Lebesgue constants

involved in applying the methods (1.6) to Fourier series.

‘ThGCrem 4,2 If the sequence of poiﬁts
 sa£isfies the condition (4.17'), then the Lebesgue con-
‘stants determined by applying the summablility method
f(i.6) to Fourier series are asymptotic to those obtalned
by epplying Borel's exponential method thereto.

k We conclude this section with some remarks

concerning the application of (1.6) to the Fourier seriss
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of continuous functions, when the sequence of pointS'{¥ml
satisfies the condition (4.17').

i. Theorem 4.2 implies that the Lebesgue con-
stants obtained by applying (1.6) to Fourier series tend
to infinity. It follows therefore from a general theorem
'due to Lebesgue that there exists a continuous function
whose Fourier series is not summed by (1.6).

| ii. C. N. Moore has given an example of a
 0ontinuous function whose Fourier gseries 1s divergent
but which can nevertheless be summed by Borel's exponen-
 tial method to the value of the function. By theorem 4.1,
:this gseries is also summable by the method (1.6) to the
véiue of the function.

iii. In the paper referred to in the preceding
- paragraph, Professor Moore also notes that Borel'é
;ﬁethod does not sum the example given by Fejér éf a diverger
?ourier series of a continuous function. Using formula
5(4.18); we see that the method (1.6) likewise will not
(sum Fejér's example, for certain sequences {ﬁ»] satls~
fying (4.17'). For if (1.6) 4id sum the series for all
ksequénces {%wl satisfying (4.17'), then it would follow

from (4.18) that the series were also Borel summable.
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5 ‘Wé now return to the formulae of sesction
‘;three in order fé*;‘obf;ain some comparison resuits regard-
, ing the methods (1‘.6)‘ and other summability methods,
'whén’ aﬁplieé to power geries with a non-zerolradius of

convergence,

~ Theorem 5.1 If %Msa/w) , %,~2% , then

the triangular method (1.6) is at least as powerful as
| Borel's exporential method in summing power series with
& non-zero circle/ of convergence., |

Eroof Let 73{}, )d) represent the expression resulting
‘j'frokm the application of Borel's exponential method to

the power series
(3.1) Zﬂ”}m = 2//}/ / /;,/ <N .

-~ Let /7 be any cloged Jordan curve:containing the origin

“and the point }« interior to and on which the function
7[/}} is regular. Then

. o H )
o.1)  Blyy)= f0) “,éz,'/é” a 8

‘Recalling now that F/}, /1’,&} represents the application
~of (1.6) to (3.1), we have |

| A%
,‘(‘:5.‘2) F/},%J’/w/%}//,m///) ”)/ .77/}1/ 5

‘Where
P" 6-754\/" %y)fé’ae':% } Q ; ]6“2/

-
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Now from the estimates on page 16, 75 o/// as 422,

uniformly as to J’ ., f on /7 . By the lemma on page

4, ;”._;/ as #->2 , Therefore it is immediate
that 1 o B(3,%) exists, then Lo Fl 1) exists
Xox N2

and has the same value. This completes the proof if
is a regular point of the function //jf/

If } is a singular point, replace//}///ﬂ‘ in
(5.1) and (5.2) with

). }/ﬁ/]

7, 2
SO
“Where /7 now is a curve containing the origin, interior

to and on which the function'//]} is regular. The re-

mainder of the proof now follows easily.
Q.E.D.

| (Remark: We cannot conclude from formulae (5.1)
and (5.2) that if L //}/ 4/ exists for a particular
sé@uence {XM], thenm-(";.l) is Borel summable at the point

. But Z. /r/},)’w) existing for all sequences {X»} ,
%.zo(n) , implies that (3.1) is Borel summable.)
'Gbrollag If 34, 1is summable by Borel's exponen-
tial method, and if for some K >0 , 4, ¢ ﬂ//{%
then Z &, 1is summable by (1.6) when Xm= oln).

The corollary can be considered as a Tauberian

‘paraphrase of theorem 5.1. The Tauberlan condition

"QV: 0//(") implies that Zﬂ,}‘/ has a non-zero radlus
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of convergence; hence by theorem 5.1, if ,Aﬁ; 29?2'z)

X <> 00
}exists, «¢éz’/’/’lh/ exists and has the same value,
7(/" S0 .

HWe next proceed to demonstrate that the summa-~
bility method (1.6) does not include the method of

arithmetic means, regardless of the sequence {X”} .

‘iheéfem 5,2 (C,1) summability is not included
| in the method (1.6) for any sequence {%;} .

f?gggz For certain sequences (%;} , the theorem is
ijiﬁm@diate from the results of sgection 4 concerning
"Fburier series, However, we use here a general method

:invoking the Silverman-Toeplitz conditions for regularity.

- Let 2 S ¥ 4

X
t - m  od
"= E %’ ) 7o
- L
A T R LTS TP
fGlearly

5,= (v#)o, - L/d;;/ ) V29, o, =0

1, _ n );f .
e f/n/ = % -—1;7 [.(Vf/}():" 1/0:_/] .

~Applying now the method of partial summation to the above

~formula, we get
s _ 6 _ 2
(5.3) t,=¢ Z(W}G' [—’ M//,Jf (’”’") 2yl (=2 ¢

‘where
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v/
By, = € 13) [ B _] ;
My / /[ /V//// , Ve m-r

(5.4) oy )
Ion = € “é;’{/i)é:

In order that the transformation (5.3) of {6;.,} be

regular, it is necessary and sufficient that

(a)Zn:» Ayy = Z ()| = —— V’/]} P /417‘// -me %,

I/za ///
. %Vﬂ
« ,,é;”w ,”é:f Ty 20, vegsn
| ) -g;
(o) fm;—';:/d,w:e XMZ(WP; ";/I+ (ong, 0//)

| (a) is satisfiled if {Im} satisfies the con-
dition (2.2). 1In fact, let us admit those sequences {).’,m}
satisfying (2.4) with }0>—oa. Then, for some K, X < 'hfkﬁ
(p) is easily seen to be satisfied for any
sequence {)lm} AL
Contrary to the first condition, (¢) cannot
‘~ "be' satisfied. if there exists a constant K, such that
7‘/n S M+Kfm , M >0 . To prove thls, we consider two
‘céses: |
: (Z,i) Suppose gy < X,rw Then

i;‘::‘e‘5“22j x*r/ﬂ@/ Yu| + €7 (m) 1¥

/m/

- _ "Xmi }5 [{ [y,q)],; f‘xm /?}I-H)/k

veo

_fp~7‘m§'";’/m.)m» XMI.”7 Y sdum)
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o = 2l g2 ot
m! =, =
. vzo
‘zg-)/m‘ /4 75; *
m! -/

xl/”

)l/f > 0 ) attaing its maximum when X is equal

It is easy to see that the function

',tcf and 1s a monotonically decreasing function of X ,
)[7 /4 . Now for some fixed K, we have. %sm%k[ﬁ.

Therefore

f ‘;Zg‘/)ﬂ-/(ﬁn‘m‘ /M*X%/M ) /
" m/ '

From Stirling's formula, we get

e (e i) o - K/ ket
gy vz e )

‘ Inasmuch as

Vv

w .
Y K
(/ A ) e -2z e
,ilé‘ see that, for the case beling considersd, /7)1/ is of
t.he order W as M- @ ,
" (41) Suppose: ﬂﬂ)XM Let/ﬂ’-’[}(] Then

: ; = "/VWZ m« [/7,/ /W//_} +e ,Z,,,VZ ”[(W/}'X} /M
Vg ;
‘ f ﬂ?e M - /// [x ﬁ/»‘//} u&f [(Vf/’ f_e Xm /”H

| 6’ [/ ___._% i —Xm«"%
f * m W){ /Z”r‘///}* < yZT/?‘;
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<X ] Y/ ;
T -0 ™ )4,.. /%ém
g”‘ 2 5_‘; Ayl s /,,,,/)Z»/

y 2

z Veo V./
-, ‘ .
2 R
p X
'We have already noted that for x> /)70 , X
'is a decreasing function of X . From the fact that
M € Yy < 4# , it now follows that |
| LU (up) 0! g

%m > //(// e .. _ W

L 24
Aga.in using 8tirling's formula, we have

y"~‘r~/ya//ﬂﬁﬂ£’{{:/ o / /’{,,/ [/7
Tl “Var //’77/]6’ ~ Nazr

Hence, for this case, we see that ;,,,, is of the order

m 4 Xﬁa“?m *

Combining the results of (i) and (11), we see

that (c) and (a) are incompatible for the same sequence
‘fyo‘ff points {%/n} . This completes the proof of the theorem.
e |  Q.E.D.

We next show, by means of an example, that
the method (1.6) is not included in convergence, for
lany sequence {X}

4
Examgle The method (1.6) sums the sequence 5y:/~/
: /

1/"'”/4.2, , to the value zero, Xy =7 @ .
Proof One method of demonstration wouid be to use
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. ’f‘ormula (3.9). However) we use here a more dirsct method
independent of that formula. Let

t,,b ’/’”Z [”/ )4»

{//

V?p
Ve proceed to show that fln 20 as 72X ) —Zoo,
We recall that the maximum of the function
oL
€ 7 ( ¥»0 ), is attained when Xzff . By

Stirling's formula, it is easy to see that this maximum

0/7’) 4// as f —> g . Therefore

‘ X P |
| “xf ,
'(5,,’5) ;’,d;/g e 57 =7, 17// Mt/t?’//f//mf

‘ Consider now two casges:
(1) Assume that )Y 24 . Then the terms of the

gummation M [ ///

4
%/m - "‘"‘_/l/on
e, = 2 0

Vzp

are increasing in absolute value. Inasmuch as the terms

arezalso alternating in sign, we have

|z Ve o Fm

m
m/ ’

-

i LT
/fm/ff”’”—gﬂ% ) Fom 2
~ (;;11,) Assume that )g;z <. Then

O a0 4 Y VY4 v
exmf :Z(-M,:’ Z )k, _g-g,,,.e;/—//m
Nz = v/ = —=_ v/

= W/ vzt :
The ‘terms of the alternating series in the right hand

v
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‘member of the above equation are decreasing in absolute

m#/ Mm
/ )[ < _{(L”J—
”’»%v

- ")[m | ( :
Combining the estimates of (i) and (i1) with
(6.5), it follows immediately that Z;: a//, W20, by
Q.E.D,

Yalue; therefore

’
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NOTES

l.(p.2, 1.,10) 0. Szasz, Some New Summability Methods
,,With Applications, Annals of Math., v. 43(1942).
;22;(p.3, 1.4) In this paper, the problem was»considefed
for Abel and related summability methods.
'3.(p.3, 1.5) It will be noted, however, that if the
first method is boundedness preserving, then the assoclated
triangular methods are also boundedness preserving for
all sequences [)54‘} , L=oF .
4.(p.4, 1.9) A short proof of this limit theorem may
fbé given using the theory of Fourier transforms. We also
fﬁefer to: (a) the 'central limit theorem' in the book of
Uspensky on the théory of probability, (b) POlya-Szego,
Aufgaben und Lehrsatze aug der Analysis, (c¢) M. Xac,
“Note on the partial sums of the exponential series,
Univ. Nac. Tucumén, Revista A.3(1942).
' 6.(p.5, 1.8) The purpose of the preceding lines was to
‘transform the inequality with which we started, thus
‘obtaining M in terms of X, - This will be the method
of attack used throughout section 2.
‘6.(p.10, 1.17) For an example of analytic continuation by
,tfj.angular summabiltiy methods see R. G. Cooke, On lower
'sémi—matrices, Journal of the London Math. Soc., 14(1939).
7.(p.14, 1.8) As a matter of fact, the hypothesis that
R (}/)' ) ¢/ and the fact that /7 contains the origin
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;,imply that /7 must also conmajil}/. We understand by
‘the interior of /1, the finite region bounded by /q .
fiS.(p.l7, 1.14) See Borel, Lecons sur les séries dlvergentes
, 9;(p.19, 1.7) The use of the modified partial sums 1nstead
“of'the ordinary partial sums has become quite common in
thé literature,
110.(p.23, 1.20)For the asymptotic expansion of the Borel-
Lebesgue constants éee L. Lorch, The Lebesgue Constants
for Borel Summability, Duke Math. Journal, 11(1944).
f?ll.(p.24, 1.6) H. Lebesgue, Sur les Intégrales singuliéfes,
kAnhalesxde Toulouse, 1(1909).
;kié.(p.24, 1.8) C. N. Moore, On the Application of Borel's
’,Method to the summation of Fourier:Berlies, Proceedings
- of the National Academy of Sciences, 11(1925). See also
 Hardy, Remarks 6n gome points in the theory of divergent
1 §eries, Annals of Math., 36(1935), Hardy and Littlewood,
‘ ane new convergence criteria for Fourier sgseries, Ann.
ffdella Bcuola Norm. di Pisa, 3(1934).
 13;(p.25, 1.20)This formula follows from the formula on
' 1ins 2 of page 16 and formulae (3.6), (3.7),(3.10), (3.11).
,;1#.(p.26, 1.7) It is possible to give power series which

;;aré«Borel summable at singular points.
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PROBLENMS

'l. ; The comparison of Borel's exponential method
:With (1.6) in the case of power series with a zero radius

of convergence. In other words, the comparison for a

— — /4
,’seriesza/ s Where /Z://f_‘://-:w for all k}o .

2‘; The development of Tauberian theorems for the

methods (1.6). It is not hard to see that the convergence
, . |

“eondition an’ a/ﬂl 4/011 Borel's method may be extended to

(1.6).

3. The 'triangulation' of the class of Borel-Sannia
k‘\"ziiiathods, in particular Borel's integral method written
E,a‘s‘a series-to-function transform. There is a marked
difference between the resulting methods when the pro\cess
‘, is applied to Abel summability written first as a series

, 1
and then as a sequence transform.

4. The comparison of the triangular methods
,!obtainsd by the application of the process to the Borel-

\

Bannie methods.

5. The comparison of (1.6) with Euler's method.

f*‘,’f.'he open/case would be the serles Zd,/ where

[ L4
relating (1.6) to Euler summability would be desirable.

s@for all A >0 . A generel formula

Such a formula exists betwesn Borel's exponential method
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and Euler summability.

6. The application of Borel's methods and the

“triangular methods to asymptotic series.

 7. The study of Borel's and the triangular methods

in connectlion with the Gibbs phenomenon for Fourler seriles.

Some unpublished results have been obtained
;,for the above problems. It 1s the intention of Dr. Szasz
f[and the writer, either individually or Jjointly, to

thoroughly consider them.
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