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ON SOME TRIANGULAR SUMMABILITI METHODS

1. Given a sequence-to-function transfor­
mation
(1.1) ll/I *) = j f  s, t ' M

where { * « }  Is a sequence^f functions defined on a
point set E having limit point not "belonging to the 
set, then the generalized limit of the sequence ft] 
is defined "by

Jir'h s*jen-/i».sv
if the left hand limit exists. In a recent paper1*, 
Professor SzAsz considered the question of selecting a 
sequence of points "belonging to the point set E,

as 41 <po t and associating with it the 
sequence-to?-sequence triangular transformation

f 1 - 2 ) B J h )  ' t - S ' i s M  , ,
c .

defining now the generalized limit of the sequence 

by J L  M  * S =  Jj£n-/iw. Sv
*+o* 0

( It is noted that Bjt) is defined "by taking the first
n+1 terms of the series defining the function

* The superscripts refer to the notes and references 
at the end of the paper. , v,
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and then constructing the summability method with the 
sequence h i  >

As set forth In the aforementioned paper of 
Professor Szftsz, the regularity of either method (1.1) 
or (1.2) does not imply that of the other. The conditions 
of regularity for the sequence-to-sequenee transfor­
mation (1.2) are
(1.3) ~ 0 -

* * * *  I
a-*) z:\ty (%*) I * K  > K independent of n,

(1.5) y[lw. 2 1   ̂ •
w-̂ oo y* o

The purpose of this paper is to consider the 
triangular matrix transformation which results when 
^(x) is taken equal to 6  ^ is when the gener­
ating process is applied to Borel's exponential method.
The generalized limit of the sequence jĵ J is now de­
fined by ^

a /. v-*/* y  St/ y _>(1.6) Cfi% A *  $, = s • A tm  e  JSl ) ™J n-̂co

2. The first problem considered for this
summahility method is the determination of necessary 
and sufficient conditions on the sequence of points {#,*] 
%  -»> co } so that the regularity conditions (1.3),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 4-

(1.4), and (1.5) are satisfied. It Is easily seen that 
the conditions (1.3) and (1*4) are here fulfilled with
every sequence M -  so long as 0 0  • Therefore,
in order to insure regularity, it remains to choose 
the sequence so that v

The fundamental theorem in this section, 
solving the problem, is based on the G-aussian limit:

(A) J in  S * T? ' -7=5 f  e  J t  B 6 (& ) •
y."*>Qo y<x,'Hortc ~ oo v

The following remarks concerning the function 
are easily verified:

(B)

!. M-») - J m  j H  - o

2. ')) * ,

3 - / w 5 £ mJ m  ' 1

4. j> (w ) T co-h ti»u*vs/y Ql$ w  f

Lemma The condition

(2.2) =  - 0 ° j ~

is necessary and sufficient that

(2-D e ^ Z - T /  - *  I * * « • * " .

Proof (a) Sufficiency: If ^ — oo
pa
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as /ft -*>oo , we have for all positive K, however large
, w *  n 0 z nt/;)

% „ < ■ $ <  * - * * + ( £ ? *  - i f  ■
Taking now n so large that tfri - %  * 0  } M  o »

we have .--------
J  + ^5 + "i * {in' ,

% * + *  [ * * +  %  +  ^  ^

It therefore follows that for n sufficiently large

%  + * ifi£, -= ^

From this last inequality, we get

-  U  < V  - / .
*ifX,

as
give

/H
The assumption that % as /yl-^Oo and (A) now'/W

^ ($ ~ /* ' I

Inasmuch as K may he chosen arbitrarily large, it 
follows from (B) that

yi\Ay\ (̂m.) - I t
thus proving the sufficiency of (2.2) for (2.1).
(b) Necessity: Suppose, Contrary to (2.2),

jtuyn ~ A  y  - OO
\Pn
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We take first the case when Qs is finite. Then for
any positive G and with a sequence of integers, M .

0 % it
depending on £ » we have

%  ' * k  , w . * , - ,  %£*.

Writing it follows that

+ ° %  z  ■

Taking i large enough so that t/5£ + is positive, we get

%  - - « I t  + 4  ^
Hence, since as with A

t

Mi £ , i > %  = z f W  •{/ V f

From this last inequality^it follows that

h ' U ' k f r
(A) and (B) now show that

which is inconsistent with (2.1).
If A is infinite, the above procedure remains 

the same except that oi can now "be any finite number. 
This completes the proof of the necessity of (2.2) for
(2.1).

Q.E.D.
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( Note: It is not difficult to see that
Theorem 2.1 A necessary and sufficient
condition that the summability method defined by (1.6) 
be regular is that

previous lemma and the fact that (1.3) and (1.4) are 
satisfied.

As has already been noted, the summability 
method (1.6) is boundedness preserving for all sequences

sufficient condition for the regularity of the method. 
Nevertheless, if (2,2) is not satisfied by a sequence 
of points , we may still have a method which is
convergence preserving. In fact, the method may then 
be considered almost regular except for a constant fac­
tor, independent of the sequence being summed and de­
pendent only on . We proceed to demonstrate these 
assertions.
Lemma A necessary and sufficient condition that

(2.2) )

The theorem follows immediately from the

Theorem 2.1 gives a necessary and

is that
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-> do(2.4) X  ^  = - f  , %SPh, '

where f(f) - A  . i.e. A  fjti
((Note: If o < \ </ , p  is finite.)
Proof (a) Sufficiency: We consider first
the case where is finite. It follows from (2.4) that 
for every positive 6  , however small, there exists an
integer fi/0 « fjji) so that

n - ( { + ( ) &  i l *  f n - ( f - e ) f a  , .

Transforming the above inequalities by the same method
as was used in the proof of the previous lemma in thisyV 4
section and choosing %  so large that iJm, > —  ) n  >n« j 
we obtain

Inasmuch as as , we have for n largeM
enough

From this it immediately follows that ^

e  Z  ~  * e Z _  ~

letting n become infinite, we get from (A)
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From the continuity of the function flw .  the fact that 
€ may be chosen arbitrarily close to zero, and the 
well known squeeze principle, we see at once that

The case of was discussed in the first
lemma in this section. If jOx~oo , the above proof 
remains the same except that £ is to be replaced by 
any negative number, large in absolute value. This com­
pletes the proof of the sufficiency of (2.4) for (2.3). 
(b) Necessity: The necessity of (2.4) for
(2.3) follows easily from (a), the sufficiency; for,

ft -71/1by (a), the sequence j —— -—  f could not have more than( f o v  J
one limit point, finite or infinite, in order that (2.3) 
be satisfied. Again by (a), the one limit point must 
be “J° .

J q.E.D.
Theorem 2.2 A necessary and sufficient
condition that the summability method defined by (1.6) 
be convergence'preserving is that

y U  \ = r  e p s t  (= «  .
The theorem follows immediately from the pre­

ceding lemma and the fact that (1.3) and (1.4) are here 
satisfied.
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If p  Is finite or equal to +&> , we easily
see that the triangular summability method defined by 
the equation:

- A

is regular. If j )=- oo , the method defined by the 
equation (1.6) sums every bounded sequence to the value 
zero.

We next consider two applications of these tri­
angular matrix transforms.

3. ~ The first application discussed is for
analytic functions of a complex variable defined by a 
power series within a finite radius of convergence. It 
is the purpose of this section to show that, with cer­
tain conditions on the sequence of points f w . the 
summability method defined by (1.6) defines the analytic 
continuation of the function within the Borel polygon 
When applied to the power series.

Given an analytic function defined by a power 
series in a finite and non-zero radius of convergence:

/(j) - , Ijhn,
let
<3-2> s j ) ) - ± a . ^  t
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Dependent on the sequence |^] , we define now the func­
tion «/

<3.3) F(),pJ  e F J } ) - ^ t ^ A
/'s’o

that is (3*3) gives the application of the summability 
method (1.6) to the sequence of partial sums defined in 
(3.2). When (%̂ J satisfies the condition (2.2) theo­
rem 2.1 implies that p  for
As has been anticipated, the object of this section is 
to determine conditions on M  so that in
a larger domain for ^ , namely the Borel polygon fop 

. We first set up several formulae relating 
more directly to before stating the main theorem 
in that connection.

Having started with the analytic function 
defined by (3.1), let P  be any closed Jordan curve, 
containing the origin, interior to and on which the 
function is reghlar. Then the following formula is 
classical:

From this it follows that
= J.. f & T l 1

AJ3>t J-

w  - ' T L & n p '
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Letting ^ be interior to P , we obtain

(3.5)
U ) h

Substituting now the formula of (3*5) into 
(3*3) 9 get . * u ss //y) 1

\  t i -  e ^ i F f  -  & i  U f t  ¥

(3.6)
77, n  M  ^

and so by (2.1)

(3.6’) F" (j) ' 7(*«,)))

The problem now is to determine when  ̂ an(i x . - > *
as/tf*^#; clearly ^/^J-!^)under these conditions. The 
fundamental stepping stone to the main theorem of this 
section la the following result.
Theorem 3.1 If °(n) and if °° , and i:
for all J* on P
( 3 - 8 )  * 1
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“ “  ^  rt- tMt -rii. A AI
$-• I s - W  /J

Proof (a) The first step in preparing to estimate
is ,fc0 se'fc up .an integral representation for

the kernel /_ ~>7T»/. As has become, in this case, the 
M s, J A

starting point for the conversion is the equation;

V-3tKl - f  4 * 6 ' *  J f  f e O / W

It follows from this equation that
2 - J M  J 2- m!> T 7? r -£■2 -t? ' t : £ L f a C < S V <

(3.9) J l - f /  * - % / J  e'* (t>+t) V t  .
/'so *

Substituting in ( 3 - 9 )  and then setting ( 3 . 9 )

into ( 3 . 7 ) ,  we obtain

(3-10) ^  {^rf(^  ̂ y t V r  ■
r

Write now

t 3 - u )  x  - c ( ^ + * y ^  •

Clearly, it is sufficient to show, with the 
hypothesis, that 0 uniformly as to y . y
on T  , as /Yl-*? oo , in order to prove the theorem. It
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is to the estimate of that we now turn our atten­
tion.
(b) We proceed to prove that if ^  s P*)
and if (3*8) is satisfied for all J on P , then
"J" 0  as //I* -7 , uniformly as to _/* .

rtFirstly let us notice that since / is a 
closed Jordan curve containing the origin and the point 
y  , the hypothesis on the real part of tyy implies 
that there exists &n £ , £ 7 0 , such that for all J" 
on f  we have

< e(3.12)

Write
(3.13) y/> = u> • o(+ i j9  ̂ o( </- 6

Then
j*

stfJ Jo

By a change of variable, V» ~ , we obtain

^ ’7jir£ /u

™  z  C  («* w r * "(3.14.) \ r  U+a..zYt-(ttl̂ dt
' *  41 j Jo<%„

With another change of variable, we now interpret the
formula (3.14') for Pi as a complex integral. Let
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§ «■ <T+ i>'t be a complex variable; set . Then
(3.14-’) becomes . ,

c(3.15) rrv /TV I s m e - s m s

'A * syi( '■'g
where C is the straight line path in the s-plane, paral­
lel to the axis of reals; C: at I %n@ CP+ i %, ft 
Let e, * m  he a portion of this path;

, u w " “  P  w A  

Jc,W)

and define

(3.16) 'J _ e
/» ' ' ov

It is quite evident that 
(3.1?)

/

'* U*>°°
Let us define now the following paths of 

integration: (see also the figure below)
-* 0

C* C3(u) ■. 0-*{J ,
Cr - C < (0) :  U + U + I M

Then, since sTe'3 is a regular function of S in the
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finite plane, we have by the classical Cauchy theorem

I ' M ) * - A
J* 3 Cy /

W  -

H* & ____  .

Now

_______
(Tul

f l i iI J, S^e-s/s
J

|/2j £ — -y— • = *(7) U->C/h/:
Hence, letting (J—^no , we have . , , ,

i - r  i /  £  / )l *•>
S X *  l ^ ( u)l *  —  J   W * ‘>l * t

V->o* m  •

= \/-V \a/
Using now our assumption that ^  ' tf/W » and

the Stirling formula:
/ ^  t v  >. ■'

CO,! rYl e  j£7J0V
$

we have for all positive 6 , however small

t £ "  l * + ' ? r H  < ^  w ” " t l r X * * !
J

i / m +l .A**
V  ~   —  -  0 ( i)  /o r  £ SOTfJ! t

m l  > J D
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Inasmuch as oHi is bounded for all J” on P ,

it is obvious that the above estimate for V* holds 
uniformly as to i  . y  on P  , Now by (3.12) and 
(3*13) we also have

W &  e ' * ”* *,(,)

uniformly as to r - t on I . Hence we have proven 
that “S p *  0 as uniformly for all J* on P  .

By (3.10) and (3.11) we have '"7"" 0 as ,
and this completes the proof of the theorem.

Q.E.D.
Having established theorem 3*1, it is an 

immediate consequence that we have in the
whole Borel polygon for the function ; the proof
is completed in the same manner as the Borel polygon 
theorem.
Theorem 3.2 If ^  c>(nj , then the summa-

CO
bility method (1 ,6) sums a power series, 2 . M  , having 
a finite radius of convergence, inside the Borel poly­
gon for the function represented by the series and de­
fines in this polygon the analytic continuation of the 
function.

Formula (3.61) gives the expression obtained 
when,the summability method (1 .6) was applied to the 
power series (3.1). Theorem 3*1 gives — *0—  fK
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Inasmuch as ^  * o(^') implies that the set of points 
1%*} satisfies the condition (2 .2), it follows that 

/ as 00 . This completes the proof of
theorem 3 *2 .

We shall subsequently return to some of the 
formulae in this section in order to compare the 
methods defined by (1.6) with Borel's exponential 
method. In the meanwhile we consider another application 
of the triangular summability methods defined by (1 .6).

4. The purpose of this section is to apply
the summability methods (1.6) .to Fourier series and 
to determine when their power, in this case, is the 
same as that of Borel's method. That the methods (1.6) 
are equipowerful with Borel's method in this case, if 
^ 2= o(y\) , will follow from the results of section 5, 
where a more general theorem is obtained using the for­
mulae of the preceding section. Nevertheless, we pursue 
here an investigation independent of that theorem and 
shall obtain the kernel and Lebesgue constants involved. 
The main results of this section are embodied in theorems 
4.1 and 4.2.

For the Fourier series of a Lebesgue integrable 
function, , of period Air , we have
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(4.3.) { M  ̂  ̂  + 2 - (a,*, u * m t ^

(4.2) A^(p) & OlS sYl-X*, Uw}omJy £S X •

<*-a  t  - * / > :::, ^  , ♦ . <

S„ (t) -. £  A,M , f,*M z&t*)-± Am (*) ,
Setting

*„ t‘l ■-.t/*0
it follows that

i1T
(■

where
(4.5) • j  {

From (4.2) and the fact that the methods (1.6) 
are boundedness preserving and linear (therefore preserv­
ing convergence to zero and uniform convergence to zero), 
we obtain the same results by applying (1 .6) to as
from applying it to { & » )  • Write

where

jit

(4.8) U  = e - K  j ?  ' ^ M ) K
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If M  satisfies the condition (2.2), it fol­
lows immediately from the lemma on page 4 that

s. ,,
e 2- ~ (  -  •(■>) m

tSiJW

I't therefore remains to Investigate t X  • By (4.4)

t j 5 if cdl*sw'-t/{' o

(4.9, xjm - &  ■

We now prove the theorem :
Theorem 4.1 If the Fourier series In (4.1)
is summahle by Borel1s exponential method, and if

+*/ x.-*'*/ , k  / * « /  ,
then U  » M  as /y;-z> &>

Proof (a) In estimating X L , we shall first 
transform the kernel 6 *2- — rrr** have

i ( * 2 L * lut tl*(T*-2. - P T -  -- J -  e * Z .
t/zo V. k’-o

Hence, by (3.9), with ’%/H, , we have

(4.io,

(4.11, Z , » h h  / 7  W ; V  V v
0

Writing 6^' fast? C$4*t , and making the substitution 
'He. fat in the integral defining 2 #,, we obtain
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?  -  J  e / u

With another change of variable, we now interpret the 
above formula for ^  as a complex integral. Let $* 0V 4 ̂  
be a complex variable; set Then

(4.12) 7 *------------- ; 7 S^'Yj
nv( Jc

where (? is the straight line path: ^  i J ^ U n ^ 00 * 1

Following through the analysis of pages 15 and 16 with 
cfs e&fc f fin t , we replace the path of integration 
C  in (4.12) with the straight line paths (see figure 
below) i %U*t -> ^  ^

0 -y> Oo

We thus obtain

*■ * £  w   ( ( ' { I  * ■ *

y  _ g-Th ii-co tlt iltK toP  Ps* e -$ y s
rt -f    " ' 4*

nv! L>
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(4.13) A, ym  j  j
where

(4.14, ^
X n  \

(b) With the above expression for > we have

<4-16> t l ; S { h S ’p,t

From the formula (4.14) for 'V , it follows that with 
the change of variable $x \(c£@ftlUHtf), we have

2 . -  — * ------ 1  r ;A  - A ' - " ' *

•~/n
Now "i ^ qq ; therefore we may assume that X. ^  ̂' r% /f*
Hence, it is easily seen that if ^  1 i % , then

"y. t * f  + u > t $ 0

Therefore

<*•■« „  - £ " 2 1
W ?  ^ i ) m/ r~ ----Hence, if X J  ■

< 4 - 1 7 >  dJr)*" - * ( M  ^  ■ ,
it follows that o(l) t Q.& , uniformly as to "Ẑ,/w '
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Inasmuch as (4.17) Implies that is hounded as
it follows that we may replace (4.17) with

(4.i7‘) ' * (fa) as

It is clear that this condition is satisfied if ep» *

(fi , which is the hypothesis of the theorem.
Returning now to the formula (4.15) for Tl.

we have

(4. is) tfc l r f o I  t ,e ( am t i t +9(,)t mtfornb

The integral occurring in (4.18) is essentially the 
transform of Fourier series by Borel's exponential method; 
hence, by assumption, it is o(l) as . This com­
pletes the proof of the theorem.

%.E.D.
Formula# (4.15) and (4.16) also prove the 

following theorem concerning the Lebesgue constants 
involved in applying the methods (1.6) to Fourier series. 
Theorem 4.2 If the sequence of points
satisfies the condition (4.17*), then the Lebesgue con­
stants. determined by applying the summability method 
(1.6) to Fourier series are asymptotic to those obtained 
by applying Borel's exponential method thereto.

We conclude this section with some remarks 
concerning the application of (1.6) to the Fourier series
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of continuous functions, when the sequence of points 
satisfies the condition (4.17').

i. Theorem 4.2 implies that the Lebesgue con­
stants obtained by applying (1.6) to Fourier series tend 
to infinity. It follows therefore from a general theorem 
due to Lebesgue that there exists a continuous function 
whose Fourier series is not summed by (1.6).

ii. G. N. Moore has given an example of a
continuous function whose Fourier series is divergent 
but which can nevertheless be summed by Borel's exponen­
tial method to the value of the function. By theorem 4.1, 
this series is also summable by the method (1.6) to the 
value of the function.

iii. In the paper referred to in the preceding
paragraph, Professor Moore also notes that Borel's
method does not sum the example given by Fejer of a divergei 
Fourier series of a continuous function. Using formula 
(4.18), we see that the method (1.6) likewise will not 
sum F e a r ’s example, for certain sequences satis­
fying (4.17'). For if (1.6) did sum the series for all 
sequences satisfying (4.17'), then it would follow
from (4.18) that the series were also Borel summable.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 2 5 -

5. We now return to the formulae of section
three in order to obtain some comparison results regard­
ing the methods (1.6) and other summability methods, 
when applied to power series with a non-zero radius of 
convergence.
Theorem 5.1 If \ * o M  , , then
the triangular method (1.6) is at least as powerful as 
Borel’s exponential method in summing power series with 
a non-zero circle of convergence.
Proof Let .represent the expression resulting
from the application of Borel’s exponential method to 
the power series

(3.1) = //}) , / / / * *

Let P  be any closed Jordan curve containing the origin 
and the point ^  , Interior to and on which the function

is regular. Then , „ ,

V/
{())

(6.D d(jjx) = 0 )  ~jni Jf %

Recalling now that represents the application
of (1.6) to (3*1)» we have

<5.2)

where
t 0^- °-
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Now from, the estimates on page 16, ?- oO) as j

uniformly as to J  on P  . By the lemma on page 
4, ^  -f j as , Therefore it Is immediate
that if siw B  PjX) exists, then y/m F  fa, x„) exists 
and has the same value. This completes the proof if r  
is a regular point of the function f(i).

Ir }  is a singular point, replace in
(5.1) and (5.2) with

« .  j.. / j J i  / jv- m  Jr j,} J
where P  now is a curve containing the origin, interior 
to and on which the function -̂ (l) is regular. The re­
mainder of the nroof now follows easily.

Q.E.D.
(Remark: ¥e cannot conclude from formulae (5.1)

and (5.2) that if F exists for a particular
sequence fe). then (3.1) is Borel summable at the point

existing for all sequences 
&>•(*) , implies that (3-1) is Borel summabla)
Corollary If is summable by Borel's exponen­
tial method, and if for some K >0 , ' $(/<) ,

then is summable by (1.6) when ofa).

The corollary can be considered as a Tauberian 
paraphrase of theorem 5.1. The Tauberian condition 
A,- 0(k") implies that J? ^ has a non-zero radius
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of convergence; hence by theorem 5.1, if s L. s  Virf 
exists, exists and has the same value,

rtH-'JOe

We next proceed to demonstrate that the summa- 
bility method (1.6) does not include the method of 
arithmetic means, regardless of the sequence 
Theorem 5.2 (C,l) summability is not included
in the method (1.6) for any sequence { & }  •
Proof For certain sequences M  , the theorem is 
immediate from the results of section 4 concerning 
Fourier series. However, we use here a general method 
invoking the Silverman-Toeplitz conditions for regularity. 
Let 3- st % 0

yt’Q * • / 9

' *Th ( s° *s' * / / n v o  .

Clearly
S„ = ( v h) <5̂  - U (T^/ j i/ ̂  0̂  <c, - °

41 y  '  r'/r

Applying now the method of partial summation to the above 
formula, we get

where
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(5,4) 4«* 5 <?■•**

In order that the transformation (5.3) of he
regular, it is necessary and sufficient that

(a ) i  4 ,, - £ ] 4

(b) r ^ ■* jj*-~ ~I Q l/cO/Z--'
/J!-'?* 1 £  (w)! J J S ' J

(0)
(a) is satisfied if f x j  satisfies the con­

dition (2.2). In fact, let us admit those sequences M  
satisfying (2.4) with f p - &> . Then, for some K, n + k  Jn

(h) is easily seen to be satisfied for any

[ % * }  »

Contrary to the first condition, (c) cannot
sequence \1L f

be satisfied if there exists a constant K, such that 
%/n ̂  /M.>0 . To prove this, we consider two
casesj
(i) Suppose rm 6 Then

f *  =  e'x,m ĵ1 -Zz IM-Ll + e'x*
f / ii

—  f ly»+/)

Vio /777(

f y * h l  ry ̂  l / H  -
- _ \ p^ T - ( u.a \ X* 1
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'   —  '  7
j*It is easy to see that the function g %

( y>/ j} y 0 ) attains its maximum when X  H
t0/  and is a monotonlcally decreasing function of X  ,
¥" y j° • Now for some fixed K, we have, ■<
Therefore

> °LC • m- (/?#■*■ AJ^J /
/ '     ", — / •

M,/

From Stirling’s formula, we get
g-m-Klw . [fti+it / /)n, /■'' K y ^

 ^ 7  " i Z i r  3  ■ ( " * /  •
Inasmuch as

kJZ,/' k  f *
e  V + & )  , * * * * '

we see that, for the case being considered, b  is of
the order fifti as /fit —? ca .
(ii) Suppose / p i y ^ .  Let/#*[?„]• Then

i/ <̂ *7 */ ̂  /tti-l y V ./ /
JW  =  < ? 'X* Z  f  r * - Z  } + * ’* • £

l/zt> r. t/ẑ  /
V i/ ^ ^  , i/

r ^ y  4  / v ^  ^  j l  . . . . .................... ..... ...

^  ir/ ' /)
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9  > j M e  ^  tfa ?  ~rrr ~ -£■ p  ~)CWe have already noted that for %7> 70 » JC C

is a decreasing function of JC . From the fact that 
, it now follows that

7n %
/9Cf

Again using Stirling’s formula, we have

nr /  / iM ,— -- ^“T---  A/ j j ± .  l  + J - \ U
y U /  ' <$JT ( V /  ^ ^

Hence, for this case, we see that is of the order

Combining the results of (i) and (ii), we see 
that (c) and (a) are incompatible for the same sequence 
of points • This completes: the proof of the theorem,

Q.E.JD.
We next show, by means of an example, that 

the method (1.6) is: not included in convergence, for 
any sequence *

, (/Example The method (1.6) sums the sequence $ z I-/J 
./ j. ^ J
- ' • * to the value zero, S/n— ^ 0 0  •

Froof One method of demonstration would be to use
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formula (3*9)'. Howeve:^ we use here a more direct method 
independent of that formula. Let

rt
We proceed to show that i o a,s /ft -'7<x>. ./ r/n
■ p We recall that the maximum of the function 

( *>/o ), is attained when Xz-f • By 
Stirling's formula, it is easy to see that this maximum 
is 0 ( ~ \ ^  = 0&) as . Therefore

A ,(5.5) X-*»so

Consider now two cases:
(i) Assume that “ft ^  ftv . Then the terms of the 
summation ^  , W , </

/>**t = #  W  &■
C  W  j y /

are increasing in absolute value. Inasmuch as the- terms
are.:also alternating in sign, we have

^ s s r /  ,  xr
Vso Vf / . ^ //■

/4/
(ii) Assume that ^  c^f. Then

= f  trite t i X  „ n / y «  v» -2. =e
i/

ts/K m /  ■ y-MV
The terms of the alternating series in the right hand
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member of the above equation are decreasing in absolute 
value; therefore

£ S2-  S *£-
y'M+i ■ ' fcn¥i)/ 'pi/

H J  s * * ’**--£? 1
Combining the estimates of (i) and (ii) with

(5.5), it follows immediately that 2 ^ - o{/)f
Q.E.D,
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MOTES

1.(p.2, 1*10) 0. Szasz, Some Mew Summabillty Methods 
with Applications, Annals of Math., v. 43(1942).
2.(p.3, 1.4) In this paper, the problem was. considered 
for Abel and related summability methods.
3.(p.3, 1.5) It will be noted, however, that if the 
first method is boundedness preserving, then the associated 
triangular methods are also boundedness preserving for
all sequences ty*) , f

4.(p.4, 1.9) A short proof of this limit theorem may
be given using the theory of Fourier transforms. We also 
refer to: (a) the * central limit theorem* in the book of 
Uspensky on the theory of probability, (b) P6lya-Szegb, 
Aufgaben und Lehrsatze aus der Analysis, (c) M. Kac,
Note on the partial sums of the exponential series,
Univ. Nac. Tucuman, Revlsta A.3(1942).
5.(p.5, 1.8) The purpose of the preceding lines was to 
transform the inequality with which we started, thus 
obtaining (fi- in terms of . This will be the method 
of attack used throughout section 2.
6.(p.10, 1.17) For an example of analytic continuation by 
triangular summa'biltiy methods see R. G-. Cooke, On lower 
semi-matrices, Journal of the London Math. Soc., 14(1939).
7.(p.14, 1.8) As a matter of fact, the hypothesis that

and the fact that P  contains the origin
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imply that P must also contain 1/ . We understand by
fl ftthe interior of / , the finite region bounded by / .

8.(p.17, 1,14) See Borel, Lecons sur les series divergentes
9.(p.19, 1.7) The use of the modified partial sums instead 
of the ordinary partial sums has become quite common in 
the literature,
10.(p.23, 1.20)For the asymptotic expansion of the Borel- 
Lebesgue constants see L. Lorch, The Lebesgue Constants 
for Borel Summability, Duke Hath. Journal, 11(1944).
11.(p.24, 1.6) H. Lebesgue, Sur les Integrales Singulieres, 
Annales de Toulouse, 1(1909).
12.(p.24, 1.8) C. N. Moore, On the Application of Borel's 
Method to the summation of Fourier-Series, Proceedings
of the National Academy of Sciences, 11(1925). See also 
Hardy, Remarks on some points in the theory of divergent 
series, Annals of Math., 36(1935), Hardy and Littlewood, 
Some new convergence criteria for Fourier series, Ann. 
della Scuola Norm, di Pisa, 3(1934).
13.(p.25, 1.20)This formula follows from the formula on 
line 2 of page 16 and formulae (3.6), (3*7),(3.10), (3*11).
14.(p.26, 1.7) It is possible to give power series which 
are Borel summable at singular points.
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PROBLEMS

1. The comparison of Borel's exponential method
with (1.6) in the case of power series with a zero radius 
of convergence. In other words, the comparison for a 
series , where 7 ^  ~ for all /C> O

r

2. The development of Tauherian theorems for the
methods (1.6). It is not hard to see that the convergence 
condition Borel's method may he extended to
(1.6).

3. The 'triangulation' of the class of Borel-Sannia
methods, in particular Borel's integral method written
as a series-to-function transform. There is a marked
difference between the resulting methods when the process
is applied to Abel summability written first as a series

\and then as a sequence transform.

4. The comparison of the triangular methods
obtained by the application of the process to the Borel- 
Sannia methods.

5. The comparison of (1.6) with Euler's method.
The open case would be the series where
sfyyn =• 0° for all A  0 . A general formulaA
relating (1.6) to Euler summability would be desirable.
Such a formula exists between Borel's exponential method
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and Euler summability.

6. The application of Borel’s methods and the
triangular methods to asymptotic series.

7. The study of Borel’s and the triangular methods
in connection with the Gibbs phenomenon for Fourier series.

Some unpublished results have been obtained 
for the above problems. It is the Intention of Dr. Szasz 
and the writer, either individually or jointly, to 
thoroughly consider them.
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