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Apubllc‘echeolp of that state. He attended ncarly four yearu at
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“englneor but 1ater Wlth the purpose of preparlnv for the teachlng
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until he received the dcgroo Maater of Arts, 1n 1900 Ho remalned
the followrne year as profo sor of mathomctlc and phy 1ca1 ecicnoo.w
'“In 1904 he accepted the offor of a p031tion as professor of meth—‘~
cmetlcs and physmcal eclcnoe in Lebanon Univcrsity.- -
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. waztlng and entcred the &ra&uate School of the University of

‘Clncmnnaul to reeume hie studzes.' -
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The .present dieeu sion Will begin With & statement of others in
~this field and Mlll be followed by a classification of Singular |
pointe Then will be given the reasoning which leads to the. results'
~of the writer. R
The theorem of Laurent which gives the development of & fwnotion.
in pOSitive and‘negative powers of the variable is of fundamental
importance in the study of functions having singular points It ap-t'
peare that Weieratrase was the firet to make extensive use of the
theorem for this purposeilt is well known that there were other
strone contiibutors to the theOiy of essential gi ngular pOints In .'
In a menoirQ(z)?Weieretrees used the classification referred to a
‘bove and showed the difference in the forms of the function in th
‘neighborhood of the two kinds of points.he also proved 8 theorcm
of which mention will be made later.
. Mittag-Leffler{o),disciple-oi Weierstress,extended‘the work of. -
his master to the case of fnnetions‘having'En infinite numherhof'“
Hessential singular point° bLt only a finite number in a finite"
part of the plane He gave a cla ifieation of functions and their
eingular pOints mhieh has been used by later writers

Picerd (4) diseuesed lincar differential equations havong doubly f'

'periodic eoeffieients and arrived at an expression representing a---r

function which is doubly periodic: and has an’ eseential singular

point in the period perallelogram His method in ‘brief was as foll
lows: Take the equation o 3_,_7)_‘:3 +Q'X =0 :
o e,

,(1) See amchard Theorie des lmﬂts 3>h3wlrer$Essehtxels Ini‘ro a’uEL;on Parrs

| ) /bexandluhj B’erlm /974 ECdENorma[ ere ‘
(3) Ac't&M&"h EZ Com/: Y'E)’Ld , 1882, C
| LD C°W rend. , /s'gro, TR
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whore I’,Q -are dou‘oly periodlc :f'uné‘t:.ons in x. Its solution is

-f P
= VO [

| where '\/f(X) is doubly perlodlc The ﬂnﬂ?ess:.on on the rlght is a i‘unc-
tion of the kind indicatoed. R o | .
Af)pell (5) take ‘up ‘the questlon "n‘connectlon m:Lh ‘Lhe abel:.an
by ﬂtl’ie/hld of e( u,,l_x‘,_,-:--_,u ) | wh:Lch is a i‘anct-‘ on o:f P v‘rriubles
having the pern.ods of 'bhe normal abelian in'tegrals u(x,y) I.ete(u.)
‘b8 the above i‘une‘t:.on where p equals unitgénd wr:.'be with Hez'mite, _ |
Z(w) ﬁ'— ,203 6( ) ‘ﬂ’wj""'—;‘ s joj Q(w) DU B |

o) _" A euu) ------- |
,Z w) T T

- — o

' '.Ehen he shows that & doubly periodic :mnctlon f(w) havim the points
* ae,oeres of degree n}, (V 1 2 e oo), no poles and one essen— o
tial s:mgular pelnt a., in tho pcrlocl perellelo ran, wlworc '11m w a,
and A any cons*ban’c .me.y be WI’l't"uGIl infthe i’orm | - |

o) L “’7” Nz

@(w) /47{ } e Yoz |

6w - a,)

Guiehard in his Thoorie deﬁ’P01nts Slh’VllOru Lsscntla %f%egins
with the theorem of Laulont montwoncd sbovc an tbo otwrtlng pornt
of hi° troatucnt of the CﬂOLal thcorg_oi‘31n nlar p01noo.ne first

"takes up( Part I) the general theor&ﬁand gives two methoas of ex~-
pressing the functlon in the region of a singular p01nt of any kind’
':By one of the methods the function is expressed as the sum of two

others one containing negatmve powers of the variable and the other

positive powers of the var:Lable

) Comnporenct, /o725 Acta Math, 1,

(a) TM Ponio, /853, ’Qf““"‘"—ﬂ““/@w‘gwwf
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.'This he”daiis‘%he‘aéaompoéitian”1n’sﬁns{Sﬁbh“a“aéaéﬁpoéitiénfﬁA§”'«
aiWays beinade’for each‘singular point of the function. By the oth
er methed the function is. expressed as the product of two others
in the region of a singular point One factor contains nhe negative

. dpowers of the variable and the othcr the’ positive powers of the H
variable (1) This he’ call& the decompOSiticn in products. this de-v:‘
composition is not always unique but serves to definethe singular

‘points of the iunction In Part. II he takes up simply periodic -
functions and shows how to express them by the aid of the exponen- ,
tial The third end last Part of his work is concerned with doubly o
periodic functions (2). He shcws by the use of the ;C function of
Hermite that one may form an aux111iary functions(called the interu,

‘ mediary function, having an aSSigned Singular pcint and Which is |
doubly periodic except as to an added constant for one of the perﬂﬂ& .
Funotions of this type are designated by II Having constructed a , |
set of these functions corresponding to ang set of singular points;”t
he then shows thet o S o |

FYw).WU~&)+ﬂabaﬂ+'m—fﬁYw-&U ﬁnnfn[,»

(a;;ei,;——--,a/) being the S1ngu1ar p01nts in the period parallelo-
rgram) is doubly periodic 1P the sum cf the residues of the singula‘f
points is zero ’ ' o 'f . R “‘; ‘
Aoccrding to the product method the intermediary or'II‘-functiongp‘wt
" are so constructed as ‘Do doubly pcriodic except as to 8 ccnstant |

Pactor for one of the pericds.

(2) @mc)\md pp.ll-16 .
) on . pk 67efsey
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Havang obtained a set of thes fuhctions eorresponding to any set df

singular points ‘he forms
TCW) 77(00 a.) 77(w az).----- ./T(w a,)

where a4, aé; l---,a/ are the singular points. mhis expression is
the doubly periodic Pungbion 1P the following conditions are satis—/
fied; viz. | | .

1. fhe suntf the ordoers of both the singular points and the z6T08
"in the period parallelogram met vanish.‘\’ ’

2. The ‘sum of the products of the singular points by their affixed _
zeros shall differ from the remaining singular points onlu by multi-‘
ples of the periods These conditions constitute a generalization'

of the theorems of Liouville on the elliptic functions (1)

M, N oud..m(t

2 27) m) W“-—T]]—P(m),w&w Jo,0 M

lGuichard then discusses two expreSSions ,vi“.:

focti iy

which he says may bevemplopeditolconstruct’directly the doubly_perh

‘odic functions. . . . o ,..i,l | | |
It remains to mention the works of Pascal. and Cazzaniga in this
field (&:’.Both men studied substantially the -same . problem. Pascal
stated his problem thus: On a Riemann surface of deficiency one, .
pte construct in the form of an infinite produot a doubly periodici
function F(u) having the periods 2@ 20" g0 that in the fundamental

parallelogram it admits an infinite number of zeros u WUy -e—.um;-—f
arrenged in.o simple‘seriesphaving & single limit point;*for‘sim;i |
(WDGwscehard s P17 ~20,

(Q)lo\scai, In Row. Jee, L chde)r 311-313,1814; Cilza.uigae ,6d/>er in Atb
Ace. Ior)no,33 1998,
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plicity say at the origin;'snd’whiohnedmits’Only'one*essential“sin%-‘“
“ular point.He obtained a solution as the ‘product of primary faetor
of ‘the form ‘

’/7 {nw- ww)m):.“éQk(ff {W‘KW“ o = i +nO") } a/w(

ot THLw) o mn m”="o MMK ’

‘where" Qk(w)_. Llw,
\——

wwmre P (Wagw)

‘l: 0, R - being the Weiorstrassian ‘Punotions.

.Chumm) ﬁ
Pc om )f’ rmm)w '

"Cazzaniga obtained a’ solution in'a way which he*elaimS‘is'nofe‘e“"
natural and which posseses more points of: symmetry. Kis primary:ﬂ

‘Pactors-ere of the form = L o o
(rw-')}

O(W=Wa) {"‘“ME(UJH/; P£w)-/3 3—P(“*)+4"+—‘W F““)

L T(wy

*whefe?n;}nz}7¥4;;u;}*-;*is*s?Simpleiseiies~hsving*theEorigin’asia'
‘limit point. R b R
. Art. II Limit Y01nts. Classification of I S
Singular Points '

o o 1‘,‘

‘‘‘‘‘‘

points i e. if‘a set of points can be. put into one to one. oorrespond-
-ence ‘with the series of natural integers,. we shall call such an as-
semblage a simply. infinite assemblage or set.If suech a. set have a -
1imit -point as defined below we shall call it the limit point of a
simply infinite set If a set contain a doubly infinite number of in-
dividual points ,we shall call it e doubly infinite set or assemblage _
Suoh a set. is obtained if to eaeh integer of the nstural series we - o

assign\a\simplyminfinite set of individual points as defined above ‘

(1) thtor, Cvene wl S/LI ,6/: :.u»:ua’ Acta Md.'lh Volj{lbﬁ 3// .a.zs’.
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and take the abgregate of points thus obtained The limit point of "’
. such an assemblage or’ set will be called the 1imit point of a doubly
,infinite set . s ;” B o
A limit point may be definnd as a point such that within a oirole‘
of arbitrarily small radius having the point as a center there is 51~*t'
ways at least one other point belonging to the set (1) ” |
If at’ a point dza function has an infinity of finite muItiplicity
we say'alis a pole of the function In suoh 8 cage & rmltiplier of tﬂs_f
form (u-a) where n is a finite positive integer W1ll render the Pane-
tion finite at’ 04 n being equal %o the order of the pole If the funo—w
tion is such that it.beoome infinite at an isolated pointAand that a‘
multiplier of the form (u-an where n is infinite is reqnired to ren-
der the funotion finite at a;we shall oall thn point aJan infinity :
of simply infinitemultiplicity If a funetion i such that at an iso~r
lated p01nt @8 multiplier of the form (u-a) Whereqm,qn&u:is re—ﬂt"
quiréd to render the funetion finite we shall say the function has
| an infinity of doubly infinite multiplioity at a/and so on The abso;
'lute velue nf the funetion beoomes infinite for some path of approad\fp
of the variable to the singular point when it is an eseential singu“«
lar point.(2 ). o t"
| If a’ funetion is defined by an etpression of the?form

I ANDVIN

¢(W) = '4‘4" '("4 w™ "" +AM IW+B+Blw—a +F’-(ZUL-&_)‘L+“H+BM(M la: ') +Iu|_ .

t

where n is 2} positive integer and ﬂﬁ,a%, ———— a/ --- is an infinite:

,m.
set having s single limit point & then a/is a non-isolated essential:f
s:mgular point, for it is a limit point of poles oqu(u») (3 ¥, |

AN
(1) Osqdod, Leh»bwchde\- Funktionen Theorie, I /03-1 &owrmi CauygD Mll :
Y"“*hq Theory of Sets, puro, , « CZI }/10‘ -

L) , ‘
( FOHYU\ T;\eny of Fu.nc't;ons Second ed, Ib P ‘ ' - | o
(3) Tdrs,'ﬂt, ,6/; 78, 78,766, / ‘ v =

R
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' 1 =+
A w+B"‘Bwa,+B'(Ub ),_ o+ Bm(u,. a.)m |

The function Fruy = A WA 2+ | .
where m is anpositive integer has an isolsted singular point at u=a,
Forf(w)has an in:f‘inity of infinite multiplicity at u=a, Both¢ and. f

 are wholly indeterminate at u=a. Fullcr etplanation will be give
‘this subject later.Sufficient has been sugges tea to indicate the
meaning of the following clasSification of the singular points of

funotions.
‘.2;3;' classification of Singular Points

- I.A singular point of class one is a polar singularity,i e. an ini’in—
ity of i’inito mltiplicity. | | |
II A singular point of class two is either a limit point of sinmilar
points of class one or an ini’inity of simply infinite multiplicity. |
III A singular po:.nt of class three is ‘oither a Timit point of: singu ‘

' larities oi’ class two or an ini’inity of dou'bly infinite multiplicity o

"]SI A singula.r point of class n is either a limit point of singulariti
‘fties of class n-l on an ini’inity oi‘ n—l}-ply infinite multiplioitya
A1l gingular points for which the intoger n'is finite belong to
the first genre of s:mgular points, When n 'becomes infinite T%eye
158 beguw cm«ew‘che second, gen ve.See ArtX, Inthe gecond -
397\76 ‘f he (2 ldBS‘eS aYe Y*ela.,t ed 'tb one ano‘ther m the same .
way as )nthef;rst 3eme h o | a |
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Functions_are”élassifiéd‘acsdfdiﬁo:uo their oingular p01ntsi5f::
highedb'éiéSf'and genre in tho plane PYe follons
I. “unctions of class Zero have no szngular poznts.
FI, runctions ﬂg olass one have only polar n1nf*ulur1‘mo|s
,II. fwnotions of class tnvohave ingular pomnts of clasa tno bvt

no higuér, wnd. may have sinmular u01nt 'of cluss ono. o

- . Iunotions of class have sin~ular pOints of. cWass n - ,ana nay . have
sinwulur pointd of 1ower classeg, out no hl”AOr. ‘ -
This. claSSification does not have roferoqce to any naruica1uf gart
of the 91930 but rather no‘ﬂholoplsnn,Iﬂ ainmItag.bbginnnisvspeai—
fied the function may bhﬂof 1gwer class than for the whole plane, ac-
cording to the naturec of the singular. points in the region considere& ¥
IIn all cages tho‘clqss of,a“singular:p01nt_coxresponds;to thatlof”it;”l
characteriStic.funCtion (see,Art. III)’-ﬁkorrcspondence‘between~fhe‘
.class of .a s1ngu1ar point and the transcendental character of. its ‘

‘characueristic function Will next be establéshed .
- o - Art,III. Ordcrs of. iransoendenuals. RO ‘
It is clear from. the. preceding definitions thau either a lim@tvpmiﬁti"
. 0f a simply infinite. assemblage of singular point of”class)one‘or e
- an infinity of simply‘infinite multiplicity is necessafy and«sufficeﬂt
to constitute 8 singular p01nt of class two . This assumes that
transcendental characuer of the function in. the n01ghborhood of . both :
kinds of singular points is the same .The Iarst*case is. the non- iso-“
lated singular point ,the second the isolated 81ngu1ar point
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. Weierstrass proved the folloWihv theoreri:In the neighborhood of an
1solated essontialuslnsular no:nt the fun0ulon upproaohes arbiurarlly
near to everJ a581vned value (i) In other words if a circle of arm—
urar11J small radlus oe dravm abouu the isolated singular p01nt as a‘
: centor there exist always points within this 01rcle for rhlch the re-“
latlon f(x) A<e€ hold.s where f(x) is ‘the i’unctlon,Ma constant value |
\and € an arbltrarlly smaal quantlty(z ), The Pollowing moro doflnlte o
5theorom was obyained by Picard whlch statoes that in the clrclo thore.
exist en infinite number of points for Whioh the equation fbo A |
is rigorously true, save for two valuos at most of A, v1z. A=o0 and
‘A-uo,(? ) THo exoeptional case where A=oo correspond to the multi-
pllOlty clause of the forowoing doflnltlons ,Art”TI
Vunctlono whlch have essential singular p01nts are calWed transcend-
ontal Comoleuc indoternlnation of tho funotlon is charactorlstic of
'all essential 31n:u1ar p01nus,(# ).The function becones 1nf1n1ue at
‘oan essontlsl singular p01nt for at least ome path of approach of the
"varlablc to the p01nt (5 ).1t appoars that for a’ singular pomnt of
5~cla°s two the f0110w1n~ condltlons exist smmuluaneously,Via.
(a) Bither a'is a limit point of singular points of olass one or a
is an inflnlty of simply infinite multlpllclty (b) simply‘infiniteA
'assemblage of roots for the oquatmon;ﬁ%) A in a small o*rcle of-
contor'L,A arbitrary except‘as 50 value mentioned abovo (c): Complote
‘*ndetormlnaulon of tho functlon within this clrclo The same oonditio h

exist at a szngular point of class: throe where a- smmple inflnlty is

(1) W daliians, Ges. Werke, t.T; b 1220 Osgood /azc,v 'F'a)-syfk ps9,
(-’L)/?)mwud: I, pit,

(3) 12'card , Conch Rend,, | 552 Osgood, 264 &W”Sd‘ /9“3‘ F"oysgt@Hw‘i 60 |
(% Osgaod b2t ] Gouma‘t NIER Torsy‘tk Y 54,‘
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"o

to be replaced by 8 double 1n¢1n1yy anm uhO 1ndetermwnatwon 1s of .
tho socond order atad. ”ﬁese nay be DrLGflJ mncorporabea ,n tno fo¢-‘
loklng UHUOrOQ,',~fﬁ&FiA has an n-ply.1nf1n1te.essemblago}of roqte -
‘ e,ooute'o as a lim*t po*nt for erbitr shah7g vulues of a‘,t hes the same
infiniuJ of roots for 911 values of n‘, s comnlbtelJ _ndcuermln te
cat g end has a for a Sanular no*nt OL cl os_nLl.f , ( N
We nmay give a characterlstic propcrty of transcendental functlons
. Whlch w1ll be made fundamental in further developmente For breV1ty
| shall call this propertJthe dwem{,}.}ce.nucendentul the Lerm 1oi‘ezun~
solely to the,trenscendental charactor of the function .For this
reason_we,ehell‘wrifc the tei@ tgggs;gggg;/ﬁovdistinguieh;it frem
the ordinary use of the.wordait is,thie}tranecendeqtaliem that is in-
sisted upon in what follows ,i, | | |
Consider (1), EYw)— K.,where F is an algebraic polyn1mia1 of degree m
in u. Thls equation hes n roote to Whlch there correepond n points 1n
_the-plane Again suppose (2) fw) =K. ,wherenf is of degree n in u,’
This equetlon has n roots to whlch there correspondn points in the ‘
plene.Write egein (3) f(ﬁ'(w ))~ K formed by put‘bing ¥(u) for u in f(u)
Thie equetmon(ﬁ) has men roots to Which thcre correspond nen p01nts in
the plene.In all these equations X ie supposed to be any definite : K
Ivelue Now. iﬁ ¢*den0teeae polynomiel of degree p.”hen the equatlogﬂ?zyﬁ)
edmits RN p roots correepondmng to men. 4 pointe in the plane Further
ptheee relatlons hold however wreat the integers m,n,p becomeﬁ We
ehall assume then to ‘hold when m ,n »p become infinite if F §f ,¢

\ repreeenE ;¥finite functions i e. when they are, tranuoendental inte-
. '\ \

\

Sral functions.
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1L

Under this hypothesis when m=o° Eq. (l) admits a 81mple infinity of

roots 1n the whole plane There rmst be a limit point somewheke and

in this case it is known to be at 1nfinity.(i ) . The point at infinity'

1s said to be a singular point of_class two. The exponential is one of'

‘the simplest examples of such a function When m=n==® eq. (5) admits a

double infinity of roots in the whole plane.The limit point of this

assemblage is'st‘infinity'snd‘infinity is a singular'ﬁoint of class
three.A simple erample of such & function 1se ).?inally ﬁhen m=n
=P= aaeq. (4) admits a triply infinite assemblage of roots in the
‘whole plane havrng its limit point at infinity Whlch is a singular
point of clegs four}.A smmple example of sueh a function 1se§§l”¥2f),
This method of reasoning moy be extended to functions having singu-
"lar points of any class at infinity._:
The function represented by eq. (1) when m—ao is taken as. the type
of transcendental functions of trans ordor one Such a function belong
“to the class of Simple transcendental functions The funftlon of eq.
(3). when n= n—co is doubly transcendental and is typical of functions

of trans—o&dor two, and S0 nn.;«‘

‘ It is now seen thst the class of singular p01nt is one greater than :

the trans order of the function in the immediate neighborhood of the
singular point '

It is eV1dent1y possible to place tbe singular voint at any finite

point by the transformation‘u—w Y .This transformation . cannot affectj'

the the degrj or the trans—order of the funotion. It follows that -

\ s g singular point of cluss two at u'= a.

(45 \hexers‘tmss, Werke, Bd.TIT, bloo- Tovsyth . bh S"M:(‘S‘eg.

(25 Thi sT ovvwe will b e wsed withowt the cwrpes, bui 'S alwa.gs Té be int er}ne‘ced
es w-ritten above o |
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‘,Similarlyﬂp(wl:a-).has a singular point of classi'thr'oe .a‘b\l‘ul'nu: 8.
Qﬁ(f'(F'E‘LE) has a singular point of class. four at =8, | ,

Let ¢(w) (P(u') (}(u) """“4)(“’) denote simple transcendental :f‘unctio
i.e. f&mc‘aions of ‘brans order one and. class two at u a, They may be

alike or different a'b pleasure The functions, . . ..
('4) ¢l U.. a. .

(‘?‘) ¢:. (u- —Qta.)

C— ‘ .
R L

'(%;}'5"95‘;{,—-——-“,’_"2;1;}__"}‘ N

/3

all have. singular points. of class. .two- a,t 8) 98,y mmm=,8 respective13<

z!
From the above reasoning and the. definitﬁons already given we infer

U“’ ¢’p@’q/( w—w)

that any. i’unc'bion 1ike 3

will have & singular point of clascm atu= g,forfg “is of ‘brans"-‘ '
order two. p,q being any ‘of the integers 1,2 o,-—-—\--'---,n ' .Aﬁy‘func-\

tion 1ike E("") _ ¢p(¢7/($6r(‘u’—“_9_‘)))

will have & singular point of class four.at w =.g, for.its trams-or-

Y

der is three.We nay now form a function having any given distributio

of singular points as follows: Write.
. / ~
Ola—z) *-”m)
¢W(¢r(w &y, “ (w)

. ¢(¢ ----- i) e Bl
‘U )‘,) . P 7

"Ml /‘
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KA

having singular pointa.of.oless one ,two,----- n. at the points g, ,a,,

e—f—j;gnq‘respeoﬁive1y~.Now,form any_integral polynomial involvingw
these functions,say -

Flw). = K { =g, * Flw) E,(“):‘:*‘T.,‘)f(w)} |
This is the general expression required.THe simplest examples of it
oFw) =

where s, p denote sum and pro&uct respectively We shall now put each

¢‘ equal to ‘the ezponentlal functlon of the corresponding argument '

and. change 7 '!:o F. Write o y o IR 'e““‘wfg,,m |
— Ww-Rgs & ... c :
L ; ; eu";—-“"a“
2 | 2

Fcu) -3y, ,+e @’H—"'--H-F ef

ew Q*km
F—, ._“ - —ﬂ 2 . = e mmans : .‘ ! e¢
( w) = w Q“oc, € ’ e

In these equations the first subscript disﬁingulshes the a's and the
second indioates the class of singular point ’

It may be shown as follows that the S1ngu1ar p01nts defined by a
—_l
function like - ee““—"—'

is isolated: The function must teke tho value infinity for at -least

one path of the variable to the 'singular point. The equation
- |

w-&
e —_
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has no roots near = a.It follows that there is no Singular point :

near u=g. Call -J—._U Then thc equation e}{: do '“ has 1o roots for

U;é ® ,i. e. i’or u;é a. It follows that tho point i’or Whlch the :funct:.on
: takes the value infinity is isolatea and consequently for both the

functions . ﬁaefcfr.f ounsl fg ,2;,? o

‘the point g is an isolated singular point; (1),

We shall next explain the meaning of the term characteristic func
tion of a. 81ngu1ar point There are two methods-of" defining singular
points by characteristic functions (2Y. By the first thbhod the func—
-tion is expressed .as the sum of. two others’ in the regioniof a singu-
lar point a say in the form o

77Qou) - 73(uJ a) -+ C?CLu a;))

where @ defines the 31ngular point g of the function F and is called

the characteristic funetion o:f the singular pomt (:3) while P ha.s no
singuler po:.nts near g It is seen 'bhat Q 'is that part of the Laurent
serics which contains 'bhe negative powers oi’ 'bhe variable (4) The "
) trans order of Q determines the class oi’ ‘bhe singular po:mt .Accord-—
ing to 'bhe other method the funvtion 1s exprcssed as the product of

two 6thers in 'bhe neighborhood of the sino'ular poin‘b Writc .

,T"(u,) P(u, —¢) - Q(w-a)(w @)™ ‘.,(.5‘)f-"
| | o
Now Q G-¢ dei’ines the singulur point a. T has no zerors"nsaxouﬁ-"‘
THe class of the charscteristic i’unction is 't:he same as the: class ‘

é he singular point which it defines.

(1) %rsytho ph 1814, e L

(2) @u.»chcwd hp //—/6‘ F'orsx'th /a /65*

B Rowrsat, pp 01112 5 Forsythybp 108 awdksosn

(4) Cotll,wldlso primel pal Pa.)-'t asls fheS)hgwl.a.r [0077\7' & .

@) Simeens speeral w se.)'s made ofthe.faetm-tww) T we S}mll:clw&e ) t;rn P

Reproduced with permission of the copyright owner. Further reproductlon prohibited without permission.



I'b is this f‘unctlon tha Q(u,icL) which de'bermines the number of roots
of £ in the nelghborhoocl oi’ the sm{_ular po:mt a. For y(w—a.) becomes
vanlshlnfly .Jmall ;of‘u near _a or approaches a constant not "era.We |
have 'bhen nrtually Q —'K whnne K is wholly arbitrary.The other singu-" ‘
1ar points of F mst be singular po:m"bs of P not oi’ Q. !Dhe i‘u.nc‘bion
F?WJ*AOUJ+74% +o-.+AM-,w+&+B’,w+B vt it By
whéro n. ,n ‘are pos:t_tlve *n‘begers has a sm{;ule.r po:mt of . class one .
8t u= O For ‘bhe series oi‘ negat:.ve powers 1s i‘:mite end of tra.ns or-
der zero in "u!'} .The series positive powers is characteristic of a
s*ngular point of olass one a‘c :mfn.nity For *Lh:.s geries is of trans- -

order mero in w. Again suppose /"{W) = @ W+ '4°+'4 A e

Where the SGI‘:LOB A +A w+uu—{-A w"‘+un : , o Ls zm 1n:t’initc ser:ms
(convcrgent) of trzms order one at u~°° We may wr:.te I‘ as ‘bhe product '

oi’ two factors thus

L A 1t A wM"f'“’ ---
F(W) e“’oe Aot futetrinet = QZW) p(W)

L B
Now'ewis of tra.ns—orcler one .at u=0/and is characteristic of & ~singu"- -

- lar point of 'Lv'o at u=0. mhe other i‘ac:bor is of 'Lrans—order two end -
is characteristlc oi’ a s:mgular point ol class three a‘L infinity.
The derivative of a function 1s':_oi’jl;he same jbrans-_é.:glcr‘as tho
Tunetion ﬂi’tscli;.l‘!gw_ consider A end 6 two ;t\lncti‘ohe.l oper_ét‘ions‘ éuch' |
thatﬂ)x(e(u) )=u. X and 8 é,re each to be regarded és ‘the inverse of
the other. Suppose 6 18 of trans -order one,we shall def:me X &8 being
of trans-—order mn.nus one.If @ is of tra.ns-order 'two o must be o:’.’

'Lrans or‘der\ m:. us two, etc.Denote - by the result of n successive.

(

’ ( \;’

i
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operatlons of x on an argument and by e the result of m successive
, operations o:t’ e on &he arg'ument Then 1f (4) fow = elﬁ(w))
- it follows that“ (3) JZnyul/; r~p9(¢wd/ o
“wbere p,,q are positlve 1ntegcrs If ¢(u) in (23 lb of trano-orderl
A‘"ero f(u) io‘Of trans order T and (f(u ) *s of trans order r—p
. When the trans order of 8 functlon T 1is known, and if '
F = o) Heew "X F(w)) ¢(w), o
- where ¢(u) is of trans order P 1ower than f(uJ For illustration }
j.suppose F(u) is a function of trans-order flve 1n u- and suppose -
‘also 9 ,ea are oach of tranu-ordcr one but dliferent from esg cl#th—
v er and Trom e e may ertc 'Fvud- 9(9(%1u¢U | | |
"‘V‘Then X(F(Uv)) 9(92(w)) is ix i‘unctlon of trcmo-order *Lwo. "‘he appllca—\
\‘tlon of X to any functlon re&uces 1ts trans—order by one for each
_‘successive applieation Simple examples of such functions are the’w‘
@ exponentlal and 1ogarithn'and the trlgonomctric functions and their _

818
inverses the clreular functlons . Suppose agaln that fh”)-‘fl (KQU)

’Zﬁau,,£ﬁ7 f?ad = 59(61(“4)1 L e R

whele Q »9y . 8re dcflnod as above Thisvmakes the trans-ordcr oﬂ fa@
three. Bhen 1og f(u) is a functlon of tranu-ordcr tWO ,“A ‘

- In view of these cpn51QQrat10n§,t@g,logay}thwlq fppgy}qnqwil}_bp
, reg&rded as of tranc-order minus one;since'we huvo ﬁlready ddfined:
its invors e ﬁheuoxporentlal as, of tza é-ordc; one (Plus one).

Functlons whose fundanenual conutluoinon i ,ndwcauod oy..‘q-

Sinply 1n;1n¢uo 5unnuu10n of powers of the vazﬂaQTO.

Simply 1n inite producu of factorv of flnite degree,

VL
, Aan uet of equlvalcnu oper tﬂonu on the varlable,
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are to be regarded as functions of trans-order one:Functions whose
fundomental construction is indioatod‘by ~ |
noublyhihfiﬁite surmation of powers of the variable,
Doubly infinitoTproduot of factors of finite degree,
Any set of oqulvalent ‘operations on. tho varlable, |
are to be regarded. as ‘unotions of’ tranu-ordor two ,etc. When two\
functions are related by an inverse rolationshlp in the sense ex-\ )
| plainod above one, may chosen o8 positive trans-order when no crite—
rion is decisive.Dhe other will then be’ rega:deo,as of negative tranéé~
rdory When a funcfion has no‘known-invérse”~a‘sinilof choioe nay bo
mede: tentativoly A function which is composed of other functiona in |
a Pinite number of operations takes its trans-order' fron that con- -
stituent which iS'of~highest trans—order..Sogfar-as ﬁhla,papor;is {
conoerned the last statement applies only to integral élgebraio func-
tions of the afguments,”no assumption‘being'made as tonother'formo.
In the 1ight‘of‘the'preceding‘disCussionxwe'shall now copsider”the»

Welerstrassian ‘functions 6(u) and p(u). We know that :
w” = wmw+zﬂw

Tw) :‘wﬁﬂ‘(/—%’)“ otr+4li5) LJ w—ﬁuw ml o o, *L’“-Z sl
- o o S o , aﬂ7éth': o
This Pfunction. 1s of trans-order three, (l) Por it is determined by - |
the doubly infinite produot of the exponential of a finlte expres—~'
sion in u. Tog 6(u) is of tr&ns—ordor two . Now ouuj%} ““"';Z:?‘
is also of trans-order two. It follows that
a—_i,éo Cw) = pw) |
iB a func kog\gf trans-order two.We know that - a.isfohoiacterisﬁioo -
(4) \ﬁM ( e,—lLau M W%W%W%j
‘ Mamw%. ﬁummzfz&. The egpaliirn

‘FY“J —'}<.A-épuaouaé AJLMAMQ ¢L?27Q%,44?%LM*42ﬁeﬂpa4&~ZZﬁhHﬂg”»

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of the singular point of p(u} at the origin It is of trans-order
’zero indicating a. singular point of class one. Thisxagrees with the
. knowm. facts The other part of p(u),vv. :_ (u)- W is of trans order
two and. characterizes a singular point of class three at infinity.

'l‘he i‘unction ep has a singular point at the origin whose character--

W—éz. '

istic fmotion 1s €©* .Dhis is of class two The expressione
'characterizes a smngular point of class four at infinity.

\  The general formula of Mittag-—Lef:fler, :f(u) G(u) +2 G: (- "'k)"f(“)
:(1) i8 of. trens order one in Gy which defines the Singular points _
‘of f but GK may be. 80 chesen as to make the singular points of any
v;:class G has no singular points and £ ensures oonvergence ofé{'“"'}. |

:For this purpose it is necessary to construct GK of trans-order one

TJK-

flower than isndesired of f(u) As an example, consider Gy(w) = fiZK/‘
a function of trans-order one_.It is convergent and féG' is con-
:vergent 80 fk is not needed in the development If uy has a limit
point any" ‘where in the plane it is a singular pOint of class three
for f(u) ‘For f(u) is ofbtrans-order two in the neighborhood of such
. point y ’., , ’,‘ _ o .‘ . S
: The functione in Art. I. belong to the second class of the'two'
zparted?olassification;which appéars“to'be"the°intent of their authors
‘no attempt”at‘furthcr*classification being made oﬁ‘them Guichard"dis
sed the general theory of all classes of Singular points but aid
;not particularize with regard to any definite set of corresponding
”functions o . R S,
/ [Art. IV giocussion Extended to Doubly Periodic Functions
Let f(u) be any doubly periodic funcoion ‘whose' only singular points
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in the: finite part of:the. plane are. poles.”We mey, write
f(w) Q(u, a.)+7(w 4—) md. f Q,(O;*{z) P(w 2)

where Q,, Q are of trans—order zero and g,iszthe pole in the fund- :

amental parallelogram Now consider any functlonal operatlon 6 . of
O rolissece Zann Moo rr g S
trans-order one and wri %e

Ve T e e T e ;
LENEVER] NS S (:tl.:_’.“}.w.," Sl L oo 1‘.“‘“ s

f(w)) G{Q,(u a,)+73(u, &)} oundk e(f(u,)) e“q(w m) Tj(w a)f
i Thesegfunctlons may be put 1n the Forn.: resPectively 0

f(w)‘ (q, a,,)-f"P(u’ “) C‘MGL f(‘*‘) = Q (bu-a.) P(('V'a')

where QL, Qz; are of trans order one inLAﬂ¢L indicating,a eingular

e
R AN

‘p01nt of class two at g Let % be another functional operatlon of

trans -order one and write
Pl 6Pt ot )= B[R PO

which can be put in the form resPectlvely

f (w)= Q W~ aL)'*‘-P W"L) Motf(w) — (cc- a.) 7J(w a)

- The functions Qa’ Qa are of trans oraer “two indicating a smnguler
point of class three at 8. |
Since the 9'8'transcendentalnintegral operations onotheir respeo#
~tive ergunents‘it is evidentothat'f » £, are. doudbly periodic .By _
fhis method we may gradually construct a function that is doubly per
+lodic and ‘has a singular point of any class at the point a.From now
on we shall be- concerned with the special case where’ each & is replac&!
by the exponential‘funct;on;mhe question of eonvergence does not re-.
quire speoial’treatment-for the exponential series is coﬁ#ergent and‘
onc valued. For these reasons. the fodlowing dieoussion will be very -
‘8inmple and qultelsymnetrical It is evidently possible to make use
of otheL simple transcendental funotﬂons It. haEﬁbeen shown that the
Slngular points of the exponential are isolated
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I. Write W, (u)— ep (~1 It follows without difficulty that:
1 Wy (u) . is doubly periodic in the seme periods ag p(u)
'2._Wi(u) hag' zeros at the zeros of p(u) | ,
5; W, (u) has singular points of class two at the poles of p(u)
1§EEE§§§ For é%sz.is“of,trans ordor one in wu.
4: W, (u) has no poles inffhe poriod porallelogram.‘
5, Wm(uy,’is'fihito one'valued*and‘oontindous exoept at the
singularfpoints:mehtionéd iﬁ ﬁSTfal o
6. Ww(u) has a singular point of class Pour at infinity. for
&Pk : -

Wg of trans-order three in w.,
II. Next write Wg(ur-' /=5sz As. above we may assert'
1. Wefu) is doubly periodic in the some periods as p(u)
2. Wfu) has zeros at the zeros off p(u). | |
3. W (u) has Singular points of class three at the poles of p(u)
| For ‘éew‘ is of trans-order two inm w. . ‘
4“:W3(u)hasAho”poles inythe period'pdrollelogram;
5. Wg(u) is finite one valuod and oontinuoﬂs except at the

31ngular points mentioned in (3),

6. Wa(u) has a singular point at infinity of class five/ For

plw-g
e is of trans-order four in u.
\5"_ ...-—\—-——-—_._ N B ﬁ(w) :
N. Finally write W, (u)= € 1” .1 As abovo we have:

1. Wye(u) is doubly periodic in the’ same periods as p(u)
2. W:(u) has zoros at the zeros of p(u). |
3. W (u) has siokular points of class n at the POlen of- p(u)
oo £

. For \ \ewl.‘ \ ' o s : s TN
‘ 165 ' is of trans-order'n—l in u. )

4. Wﬂ(d)'has no poles in the period parallelogran.
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.- B W&(u}”le.finite one valuea~and.continuous‘exoeptiaﬁpthe’singu-

lar boints)mentionod'in‘(s)" ' ﬂ '
:.6 W, . (u) has a 31ngular polnt of olass n-2 at 1nf1uity . FO?

b<w~~ | |

ee"_ - is Of'ﬁrans—order n-1 in u,

l”He W-funotions are to be regarded as fundanental in the present
dlscus31on. They Wlll be used in the constructlon of more general
‘functlons. If in p(u) u—g is put for u,the poles of p(u) and all
the 51ngular points of the W-functlons are placed at the point &
in the ‘undamental parallelogram s beinv any arbitrary pomnt.Fur-ﬁ
ther S1nce any elliptic function haV1ng the same periods as p(u)
may be expressed ratlonally through p(u) and plu), it follows that
Punctions may be formed in an anslooous mannex which have 31nwular
points &istrlbutod Wlth no morec restrlctlon than the poles of the

'elliptlc functions. This fact will bo symbollzed as follow
- '. (w), p(w}) (w
W (w) ’R(P . f )

/

(w) (w)) w o -
W(_w) R(P ‘ )P_—-i = g,_,eeﬂ' ')—-1—1}- Az, ,
where £(u) is any elllotic funotion havéng the perlods of p{u) and
_Where Ris a rational function of its arguments.The index 8 denotes
2 more general functlon than V.. 3Wm(u) will have zeros at the zeros

of £ and singular p01nts of class two at the poles.of £, but no pole,

22

1t is noted that Wy, () takes every velue & sinmple infinity of times

~ . \{\ .
\ he poriod parsllelonrsm in virtue of the ossential singular-

point/
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This is analogous tonthe property of elliptoc Punctions.With the

- 1atﬁer the number is Tinite and equal to the’ numbcr or multiplicity.

23

of ‘poles. Tt 19 in all caseu determlned by the charactellotlc funct*

tions .of the olnwular 901ntq in the period parallelogram.
- Art. V‘Derivatlves of the W-functions
For use in the derlvatlves of the % functlons the follow1ng de-_
rivative of p(u) are 1nserted ‘
‘1.,13'—4:9—8,,13 8
2. 1" = 60 B,
5’137 12pp A,gl,; M%MWW |
" where p is used for brevity for p(u) W will also be uscd for wiu).

- Write = eﬁ—i‘.

W,:u“= ep' ,0' = (W 'H)P

wgu = <Wm+ L)W ep —Agz)

[i}
Wy,

H

/(.

v, = | 6}(VV9_+1){I?P P’-—/L/’CP P- //2_5»:.) jz} v

In’ general the. n-th derivatlve ney be expressed in the form

ﬁ:ﬁ W, = (M/2+1)R(/°,P)

Whele R denotos e ratﬂonal intogral functlon of its arguments -

S ke,
Wri‘be V'g e P‘ 1_ = W" 1

(//V +1) (W +1)p'
- <W+i)<w,,+1)iw #2) - p* Lo J

/u —(W+i)( L+1)[’W +1)(P} 6P -1 qe) = p+/gpp %21/"4-/210/"]' |

In general it is seen. that

(//{/ +1‘) liw |)W -9.)"" M’LJP)p}
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2

where R is & rational 1n’ccgra1 L‘unctlon of its arguments.

Ar'b VI- EXPTGSSiOHS °f Wq, tLruug,h Infinite series and

I:n:[‘1 nite Iy oﬂv ctp

'l“ Writé‘ \‘Q: -.j_ I'tis Jmowm "ahat at an ordinary:-point by Taylorus (1)
theoren S o o

P = ,o(a) +;>ca)(w—&)+-—— ~-,b(cch;:«:) o

Hence - Wq,"f'.i‘“ =ep(a.)+ P{of):_(‘“f.f“‘.)-f.'"?' ."","*'p{’“"/w “) Foms 77— MMCW—AJ (-7-) ‘

Expanding_e{é é.é gn‘,expon:en'b:".gl‘,‘ we obtain
S P ' ¢ : oo iE .- R 00 M,

1 3 C om
MNy= P+ v Gt Bt = 26_/% @)

| L . /
’Wl‘e::pandcd' by Taylor'.s ‘theorenm gives. . -

m)
”‘@.) +W(QJ (W a') +~""“ +%(&)(w a‘)-f- Nl...f .’L( )(“ZMf) (8)

TR Mt“

T -4 2
-erlte p = ‘ujz'*' 2 Z {(wzmw_zy\(og‘- (WDO}”" m«.;éo(‘/)

m = ~0 Marew

. = (w - co' by -
| Whence W +1 w’ﬂ;fZ’Z 77{ Tameenin )‘ (,zmw‘f?“faj)/,q wﬂ(” )

Substitutlng the values of P. from (4) ‘in (2) ‘gives .

: o0 - K ‘ ]
W = th ‘f‘ é Z {(w amw-, anlo’)L (zrmwunw') U ‘ ((c)

- s~ M= m ‘ ‘ . |
‘Equations ( (5) , (6) reveal Jche trans-order of the :E‘unct:.on bt

: equation (5) disguises ‘che trans-order by the oharacter of the coef-
ficients.” We w111 now show how W, may be expa.nd.cd. directly in &
“gories frmm the definitlons of Art IV, We know that

P = gt 4:W‘+Au~ #oommm e A M e

Where\ tho A?’s are k'novm functions of the invara.ants 84, ,g;3
‘ ‘,_.\ o L

N\

(1) T}?AS re)aers t he 'Cau,o)uj-ldy oY —H\eo)-em. |
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Paking the ‘eqfuation\ .

o Pw)
| Wo,'."' G -1 |
and using ‘bhevabove series we may write
1 v o i ‘
yw A ,
W—f-i = WL ’e"‘é"la‘,.--‘---o eMW.-__-_-__\_,

_Wthh may 'bo oxpandcd in an 1ni’:|.nite series of pos:.tive and. negative

powcrs o:f:‘ u .It is evident i’rom ’chis series that UL is an even func-

tion. In faot all tho W—functions are cven fl‘his series enables us to

| oxprcss Wq, in the form

/’h(w) Q,( w’-)'f‘P(Wl)

The i‘unc‘bion Q 1is characteristio oi’ the singular poin't at the origin
P is characteristic of the singular ;point at infinity. In the above.

development in series thc coei’ficien‘bs are mown functions of the
| invariants 39, ,g,_‘1 According to the decomposn.tlon in products 'bhe
expressiong o@% w: eA 3! +41W ¥ ma
fining the singular p01nts -For.we may wri‘ce L
o= e ghoihele Qe - Plwd.
: Art, VII 'Relations among the W-functions
Fron the dei’initions of Art IV. wo may write
Log(u/q..ﬂ) = Pl | ‘
Log(W,+1) = W, |

| "L‘d'g.(me) = .,
. 4 R }V-l-i .
Also, p-W, =M Wfﬂ \ j{/ /é" - '&77 W *1 -

."\

. From ‘bhe equations of Art. V . it appears that no alo*ebraic rclaﬁr

}tion correspénding to the eq)ualaw @) P = l//° ;‘P 3‘7
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. (9) constitute a set of factors de- o



exigts forhany of the W-functions and consequently thcre'is no alge-
' braic addition theorem.This is what might be. expected,for with Weler-
strass the study of elliptic'functions‘was one important‘diviSion of

his study of 211 funotions having algebraic addition theoiems. The
following theorem due to him shows that functions like the = W+funo-

tions are not- ihcluded in his ‘categcry:wAné.lytic functions which
possess algebraic addition theorems are either, |
1. Algebraic functlons of the variable ,say'u, or
2 Algebralc functions cf-eqﬁ' where ) is a period, or
| 5 Algebraic functions of p(u) and p(u)
For purposes of calculation thc addition theorem of p(u) nay be
used for the W-functlcns For ‘ | B

WL(W +V') eP(w-fV‘)

B AP
M/Lw—i-\r) = ee ——1-'1_ ,

%kiﬁply transcendental reclation corresponding %o eg. (a) moy easis
1y bve obtained as follows:We have L | I
o) M = (ht) P, S

From equations (a) and. (b)

4P Fo P - 73"ﬁ%f:zjj

Call ene of the roots of thie cubic in r, F ( W;)chd note that
Togt WAL= P | | | o

WG then have o E ) I ‘
e +1) - 67*7(%_“%) -

where F, is algebraic in its arguments. F, is of trans order @ﬁg in ’

[\

u, bcin \a\value of p. 'Equation (c) is a rclation of trans—crder one .

\\\\‘3
‘betwoen Wi_and W'.
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7

If we talko o AP | |
W‘.}.j_ e :_1,_7_J befwb /’1/3~— (% +1)’Z‘7”+1)p
By ueing (a) there‘results

- W')L o _ 3— 3 _ .
[k + D) Lolhy+2)] ™ A

Calling one root of this cubic in p, Fi(WQJ?W;) wo obtain as before’

‘where F is an algebralc function of its arguments Here again EL Being
a value of p.is of trans order two in u. The eq.(d) is a relation of
trans order two between Ws and Wa . In general it appears that e re—d
lation of trans order n-l existe between W and W
Ve note w1th Weierstraee thet the functlons '
1. Ratlonal functions of the variable‘,eay u,‘ 
- 2. Rational functions of the e1ﬂu 7, e ‘
3. Rational functions of p(u) and p(u) ;_. .
are such that between eaeh of them and its first derivative there ex-,
ists an algebraic relat1on, . e. of trans-order zero. The degree of |
this relation depends on the degree of the ohuracterietio functions
of the singular points in the region concerned From eq. (o) it is
seen that betwwen W, and Wzvthere cxists a relation of trans—order
one in Wz‘and W{,.Thie cofreéponde to'a 81ngu1ar point of class two
in the period perallelogram. Similarly 1t is seen that a relation of
trans-order en-l exists between Win and W . eorresponding toea slngu—
lar po1nt of clase n in the period parallelogram. L
Liouville gave a classificatlon of funetions based of their tran—
\

seendentel chareoter as follows: If'u WV ,w ,--- are algebraic fwne-

v

B \x- \o “A\
i \
'

I
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_tions of x, then all algebraic functions of
| . u-,v oW - L |
“Log 1, log v,Log w;.--f-
B ST S n
are transcendental of the firet~ kind If u ,v ,w y ===~ BTO trane'
scendentals of the first kind then all algebraic funetions of
Log w ,Log v! ,Log w, ) -_:if_'”f"ﬁ;‘”
e

] Sk | :
ew,,ew e, el are transcendentals of the secend kind, ete. d)

‘A comparison oféhis classifioatlon with the one of Art “IIT. shows
apreement S0 far a8 the exponential is concerned .-With regard %o f
the logarithnic function they agree except as to: tne ‘g8ign of the.
trans- order, which in this ‘paper -is to be regarded as nogative~"'**'

‘ . Art.VIII. Tunotions with given Singular Points
Attention will now be :given o the- formation of doubly" periodin
functions-haV1ng prescribed singular points (isolatod~and non-isolataﬂ

. in the period parallelogram. Let it ba' proposed to eonsiruot 8 func-
tion having isolated Singular points ,say g, qb,w
b, .bz,—-— of class two d d '--Aef elass k Write;u",i‘ i;}

Rz

- ofvclass one,

P(.W &,) ) P‘-“" ""a.) :—V"‘""“ .
WI(W b))l/{/(w "é'))""—"‘v‘i

l

1
3

Wylwnde) s Wlamgy ===
These ‘functions. define the- requirod gingular points and are doubly

periodic ..It 18 only necegsary to form. integral polynomials of them
The- simplest ﬁill be of. the form '

@) Cocbls Jowrmat, Vols, 12 and 13,
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(1) V(w) = P(w a—,)+/3(w guz)»f... +W(wb +W(w,bl)+u.+wk(w 2()+W -ott).,.....
(l)‘t‘P-Vk-(w)":_P(w-'&:)'P‘“'j-gi) W‘W 6). W(w bz)"' W(“"ELI) M/(W-dn)“"“

The general- elliptic i_’unction may be writtédn

CGW (’LI)G\(W"“-L) """ G—(w KL,M)
Flob) Tl b T ba)

| f<w>. —' N ) [ S L, O Pw«m')J

- o [Peo- P[P e ]~ [P PUhy)]

and the general V- func‘bion may be written o
?Vou) = {f(w) W (we,), Hyme), -~y My -, )}

where R denotes an integral algebralc func'blon o*’ its arguments

and Wherc the isdlated ‘singular _points in the })01‘10(1 parallelogram

are b, by, - b of. the i’irst class, ¢, ¢, ——-,% of the sec-

ond class; 4, d.)_j,ﬂ ,-'-—-‘,—— o d, of ole.ss n, . ’ _ ‘
A function Py which is doubly periodic and has 8 non—isolated
ws:.ngular point mn the per:v.od. parallelogrsm may be written as fol—

lows: "Jrite K é P“" a.,,,_) )

F(w)

where X, is @onstant and 8,, 84, ---=,8,,---- is a simply.in:‘f’inite' d

series of points he.ving the ‘~point.§ as a limit point‘ The point a.
is then a non-isolated singular point of clas two being a linmit
| point of poles of the func"aion Similarly wrlte '

W, (w-by)
o = 1,3 Moot

where l), y by, =~ - b,.,-- have a limi‘b roint b. The point b is a non-

‘ isolated singular point of class 'bhree, being a limit point of

singular points of class two. F, +Fg
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except the poles ‘and singula&; points indicated above; and con—"
gruent points in the plane. A funotion haVing 8 non-isolated singu-

lar point of any class nay be expressed as follows

,;,_'(w)_,.: /ng /t/_,iv m):

e

where‘g ’ YL' ===y Vo

‘——have anlimit point . The point is.a'singu—
- lar point of class n. \ o 'M | -
To obtain functions havinv isolste& and non~isolated Singular
it is only necessary to incorporate the F functions and the V-func-

tions in algebraio polynomials. These may be symbolized as follows
W, = Riyg AT F’(w>}
m, P .

where the Yeffxhami subscripts n , p assume any positive integral '

values . at_will The 31mplest examples of this are

—

where r , 5 assunme any or all positive integral values not exceed- -
ing n , p respectively. . | |
| Art. IX. Chsnge of Notation.‘;
We nay pass to other notations of elliptic functions. For example '

we have

plw) = ﬁaf,-——r—s:ﬁ V"3 ) buve\uu__ Vo= t/e.;e rw,
' ‘ R e e e e’ ’
Naw W (_W) — Aw) e € SNTMSQ_ B N o
g % € - 1 = € T« P g -ez.w;Z = C e5M Ve,- & ! L

%(w),/oaj",
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Jg (0} has singular points at the zeros of sn ¥ and since theseare
of the’ flrst order there are two:such. singular p01nts in the perl-'
od parallelogram. lb(u) has zoros at ‘the poles of" sn v. We have by

differentiation;" '
e, -Cs

A ’ -Z,C’,(e e.?) Sm Ve eslu"C/YlI/Q, ey wvobwbe: EJ'“’
Jwr-«ﬂw-—~,l K %' A

Remerk: One cuold equally well begin wmth 6 f:fl,) and construot o
a. set of functions cozr05pond1ng to the w-funotlons and in a man—

ner similar to the abovo'pass to the Welerstrassian notation.

Art.'l. Further Gencralizatlons
"The que tion now arises how may thms Gtscussion be extendod to
the second genre It is the purpozb to’ indicatchero only very brief-
ly how this may be done. Assume @(u) to be the function of hlghest

class in the first gonre. Then -
_X w = !

is the first ,lowest class, function in the second genre.

A practical difficulty exists in the nature of the infinite'integorl

‘but once. in the realm of the 1nfinite , these quantlties may have
some 4of the charaoteristlcs of ordlnary numbers in themr relatlons
among, themselvas Following this idea we may write

- g—iéf(:)j_

.
’ \
’

\ “

’ \
’ \
. . \

.'¢(W) R S ——-j'—lj &y
o

(/ ‘

Y

l
N
A
l

,.-.\.......

W(%W&vf)ﬁ‘ﬁw.l
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where It becomes infinite. Then, having thus defined i)(u) , 1t plays
a role in the second. gcnre exactly similar to that of p(u) in the
first ~genre. It ig seen that
1. X, (u) ¢M is doubly perlodic in the same porlods as %(u)
and consequently in the same perlods as p(u)
2l ¢, (n) has zeros at the /eros oi’ p(u)
5 X, (n) has singular points of class one gezire two at the pole
of. p(u) i
4. X, (u) has no poles.
_ 5. x, (u) is finite one walued and continuous at all jpoints
except the singular pointn. |
6. X, (u) has a singular point of olass three gonre two at in-
finlty. |

(w)
‘“,ed’-‘-”-

Write X{\&.UU) :".; ‘ N _.-:1‘-1 ._;o o

This i"unctlon, . |
1.Is dou‘bly perlodic in the same perlods as p(u) .4
2.Has zeros at the zeros of p(u). _
N 3. /H‘as singﬁla;; points at fho poles of P(u) of class n.g‘enre'
two_.' - ‘ o |
4 Has zio ~pb‘es

§ ;I{s finlte one valued and cont:.nuoﬂ.s except at the singular
i |

"l,, VY
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poihts. ‘
6. Has a singular point of cla n-—2 genre two at infin:.ty.

-1In a manner exactly analoo‘ous ‘bo that,employed wmth the - funo-

tlons 'bo form the V-:E‘unctions we may form the functions

ts_Y,:(w),:i g{X(w L) +_X(bu o) —+ ,.,,\_,_X (w— )} )

) _/) 2, ----m
S ) ‘ ) t
m’ﬁ.«maw Mw‘a—m ém L ) s om,

P =l ~=mup,

My ==+

and —Y(W) / {X(W oLM) X(w brm) P :Y: (- o(.'p)}
Iﬁ'&’eneral o | | SO

YYw) R{X,)Xw““— XM_{

where R is an 1ntegra1 algebra:.c f‘unction o:f irs arguments. We may

now form . . o
Ym(w) : R{Xm )ertﬁ)-‘--"':-X-.I)AWM ) 'W”";’J ==, M-/"L J f } |

which has sihguiar points of variaus classes in both the first and

second genre,}an(t where R denoteos an integral algebraic function of

its arguments.

Fron the definition equations we lmayll write at once:
.@(W)‘:- ‘ (X:""i)
X(“‘) <X1 + 1)

X (g,%,) = ,@?-(vaf"l') :
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Adding these equations gives | . '
D+ T+ +X () =L32(X,+1) Lor2)- o (X r1)}

: (w)
Difforentiating X, (u)= e’ -1 we obtain

=X, +4)§5
O%L::LXFX" (X 1) (P +¢5") ey

| Similarly

4 ¥,=X,+)(X, +1)§
4 X=X, (X+1)2(X+i)¢+cX+i)¢+(X,+z)¢"]

In general yjust as with the W-f\mctlons we have -
| ‘ I (n)
o(_wrw X"'QK{Y X- """X,) @ ¢ j

whore R denotes annintogral algebraic function of its arguments.

March ,1910/
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