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It is shown that varymg the wire diameter in a magnet cm.l windmg R
;-3‘1ewds te c011 designs of greater efficiency. Data ere given to obtain
7 ;s\aeh«’ non-uniform mndmgm mth coxmercially availeble wire sizes,
'*'It i& shmm that the maxﬂmum internal temperature riss in such windings
i 13 not grea'ber than for s.lmilar unifam mndlngs wound on rectangular
corss,_ ~ . “
'ﬂm in'teme.)., stead;r-vstate temperatures are given for windings in
E the shape of hollow cyllnders when the resistivity ef the wire is cnnstant
and ﬂten 'bhe *‘resistivﬁ:y of ‘the wire is a linear function of the tem~
pera‘mre. , ’ n
For a tintiing madé up of only two sections of different wire size,
the differsnce 1n the maximum internal temperatures is caloulated when

?

the sectmns of the mnding are interohanged.
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1. INTRODUCTION

Lmo%§&§§é fundamental components of elsctrical structures of all
tyﬁes\a?e wire-wound coils; The purpose of such coils 1s to convert
enéfgy from the form of an electricycﬁrrént to the ferm of a mapgnetic
field. This conversion is necessarily §ocg?pahied by ;effdin losses,

which, in the case of direct current or alterﬁating current of low

frequencies, are confined primarily to I®R losses in the wire of the

coil, The I®R losses appear in the form of Joule heat in the coil
and are 9bjecti§nable for two principal reasons: a) the energy ex-
pended as Joule heat serves no useful purpose, and b) the temperature

in the eoil may rise to & point dangerous to the insulation. It is

i X

therefpreﬁdésirable {o reduce the I%R losses to a minhnwn.’.This end

‘

can b; accqmpiisﬁéd by minimizing the resistance of the wirﬁ,’subjapi
to certein Qoﬁéitiéﬁs that muat nécossarily‘be imposed in order,to
retain the properties af the coil whiéhfeéhéé it to convert electrical
to magnetic energy. | | / ,
At first glence some apélications may appear for which ﬁinimnm
resistance does not represent the optimum condition. For exaﬁple,
the_timérconstant of a coil is givén by the ratio of inductence to

resistance, hence a low resistance would apparently ccrrespond toa -

large time constent, However, upon closer exemination of the facts 1),
it s found'%hht in these cases, too, the energy spent for increased
I”R loss is wasted, end only requires a more powerfui source of electric

‘ energy to suﬁply the same maghetiq effect., In any case, if it were true

\

y?‘bﬁat minimum resistance does not yield the best designs, then one should

add external resistance to the winding, or use éhmap iron wire or light=

weight aluminum in place of the commonly empléyed annemled copper wire,

-1 -
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In general, all ooils can he identified a5 ‘ba_lenging to' aithercr
two classifications: Goils with magaetic path of high permeaioiufyf:gc;e“ :
nir-core o¢ils. The coils with magnetic path of high permesbility lend
themselves readily to a generalizad trea.’ment beomse the magnetic :
effect desired \depends prmcipally. upan the' magna‘hic path, which may
be varied thraugh a wide range without daponding upon the cenﬁgur&tion ‘
of the winding 2). Thus e winding of high effieiency for one par’ticular
epplication is also effiuient for anath@r as long as the magna'hia pa‘bh
consists of materials with high permesbility. Such coils ‘will be-pom— .
sidered primarily in this ps.per. - o P

For coils of this type,’ we shall assume that the flux 1ost through
leskage is negligible (this assumption will be discussed f‘ur‘thor_ in"
section II). That i#, regardlns of how large the lradius of a turn :
of wire surrounding the core onoe completely my be, i‘bs effect in
adding to the magnetic flux in the core muins the same, provided »
the current is constant., Thus the coil ha.s the_property that every one
of its turne. contributes the same amount of megnetic flux.

In an ordinsry coil, wound throughout with wire 'ef‘vuniform dlemeter,
& turn noé.r t_he ontsidcf although contributing no more to the magnetic
effect than a tum Afen the core, has greater length; thus grester re-
sistance. The most efficlent coil, then, would be éng whose turns are
all "inside", that is, 6£xe consisting of a single 1ayet of wire wound
immedidtely upon the‘core'. ‘Llso, ecnsidéring the relation between wire
dismeter and resistence, the most efficient coil would cemsist of 'niro :
of infinite diamster., .‘A practical winding could ‘nct‘pwsibly sa'ﬁisfy the
latter requiremen-t, and, in meny instances 'bhe long, single-layer ccil :

is also impractical.
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By mee.ﬁs of the ¢aleculus of variations, however, it is possible to
calculate the best type of ivinding specifications which are subjeot,‘ha;
practical conditiens. Furthermore, approximations to th;s variationsl

'me‘bhad mey be made to satisf'y additional practical considerations.

‘Many of the familiar formules in coil deSign‘are Sased on expressions
iﬁwaving the ?61ﬁme or the cross-sectional area of‘the winding -only, no d
r§gnrd being g‘i{ren £0 the menner in which this volume is actually filled
with wire. . The common rule is that it does not nake any dii‘i‘eréncé“
whether a mall wire size with low current‘ is used or féwer turns of
e larger wire size with a correspondingly larger current — ~in other
)v"o'rds, the wire diameter cancels out in m;my céses. Hence, one might
think that it makes no difference whether the wire size is changed within
the winding or not. - | »

It is perfectly true thatkthe wire size cancels out provided it is
e constant; thet is, we are free to choose any comstant we wish in these
fumulas, but we cannet expe;at the wire diameter.to cancel if it is not

‘,benstant: throughout the winding. Parts of this paéer are concerned with
fl;he effecté thet such changes in wire size within the winding may have
upon the mgnetlc affeot and the tonperature distribution of the coil.

' 8o far, ontly. the mgnetic effect ef a coil in relation to nm re-
sistance has bean hansidered. Obtainlng the maximum magnetlc effect
with given rmstsnce, or a given magnetic effect with minimum rasistanct, -
is a ueeful d031gn ariterien: I‘or example, in elaotromc cireuits aperating

- with low signal streng"chs;; or in besting equ:.pment where extreme accuracy

ﬁ&ny othér cases, howevér; require n’o»t such'a critioa‘l\ turns to resistance
”rat:m, but rather an. improved tmperature distnbution. For. examvle,

& very pmrful magnetin effect can be prodmed by large curronts in s

-1
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emall winding for a very brief moment. The Jouls heat developsd by the
curreat l1s génerated at such & high rate inside fhe coil that the coil
;{ ’  temperature would rise repidly to a dengerous value if the current were
; ‘kept flowing too‘long. The\winding most efficient in relation to the
btemperature'rise is the one which has the largest rumber of turns within
& given space for a fixed maxﬁmmn tampefature rise at constant current.
Since a ccnstant flow'af current generates heat at a cocnstant rate,
the flow of heat (and the temperature gradient) must proceed from the
inside of the coil towaf@s some heat sink outside. Thus,certain boundary
conditions are imposed which dietate the nature of tﬁe solution. In
brief, the maximum temperatufe rise within the coil can be computed if
the éolution of Poisson’s equation is known fer the special conditions
that srise in practical cases. |
- The:problem of finding the maximum temperature and the tempersture
’ distribution in a windihg has gainad imp0rtanoe recently b& the intro-
duction of siliEOne insulating materials that are able to withstend
much high;r temperatures than weré#cammanly employed before., It is
iﬁpbftant to have correct design date at hand in order te take full
advantlge of these new developments. Mést design formulas are still
based on the assumptlon that the temperature rise within the coil is
not very high- hence, the local changes of resistance caused by the
tamperature field are negligible, except perhaps for the measurement of
the aversage temgeraturg 1ﬁ the winding. Professor M. Jakeb 3) hes made
the‘calculatians which d§ %ake into account local changes of resistance
for wind;ng% shaped like flat plates (on reatanguler corgs) and like
solid cylindersv(on circular cores of vanishinglj small diametefs) with
econstant thermal eonductivity. Jakeb's work has been extended in this

' paper to the precticel cases of windings in the shape of hollow cylinders,

té‘windings which are built up of sections of different wire sizes to
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give the minimum ?esista.nee property outlined in section I/II,\and

to include the possibility of variations in thermal conductivity.
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1. MAGIETIC FIELD DISTRIBULION

In order to have a cledar understandmg of the o.ss\mptions mde in
the treataent of the problems to be presented lator, we ghall discuss
briefly how the‘magnetic offect produeed by a coil is related to the
‘currenf distriﬁutidﬁ in the winding. ‘The general case has been worked
out by F. Bitter 4) for extremely strong megnetic fields, including
heet dissipation problems which need ﬁot be repeated here.

By "megnetic effect" we shall ;nderstand some manifestatlcn ef the
presence of & magnetic field: be it the deflactinn of a beup of chargad
partioles, tha ettraction of an armature to the core of the mngnet or
the 1nduction of an slectric current when the field changes. Quantitatlvely,
the magnetit effect iskms;sured~in te?mslof the solenoidal vect&r"ﬁ,.oalled
the magnetio inﬁucﬁion.~ This veotoryarises‘from‘the combinatiqn of the
vectors W, the magnetizing force, and I, the surface distributien of -
megnetic poles. Phen no ferramagnetie neterials are present in the

system, ﬂhen the vector I is zeroj hence, the magnetic effect is purely

that preduced by the magnetiszing force B, which d@pands upén the current

distribution in space.
© For most practical applicgtions,an sffort is made to obtain as

1arée a magnetic induction as possible with a small magnetiiing force.
This is done by making use»of ferrcmagnetic.matariﬁls-nhién exhibit e
large susceptibility; that is,'materials which cause #‘strong surface
distribution of poles to appear when only avsmallnmagnotizinglforce is
impressed. In effect,‘the magnetic induﬁtion'ﬁ inside ; éaﬁity or small
'ﬁirgap’of the circuit made‘of magnetic naterial is ao~éreat compared wiéh‘l
that over the rest of the vicinity of the coil, that the so-;alled
leskage flux may be neglected entirely. Assuming,fhen,that practically
the entire flux passes through the path of ferromagnetic material, the

magnetizing force ¥ is constant along the magnetic path; and since the
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§iroui_t integral ’o_f the @ugnetizing force teken areéund a gomplete o ’ x
cireuit enclosing each turn of wire iz a congtant fo_r constant curréﬁt,
1t follows thet the electric curremt distribution in space has absolutely
no effect on the degree of megnetixation of the megnetioc paﬁh. Thus, it
hes béén proved that each and everyAtérn:of the coil hes the same effect
in nﬂdiﬁg to the magnetic field/regirdiess of iﬁs‘distance from the
cérevof the cail =), »

For air—ocm eoils, t.he magnetio field ha.a in ganaml & non-uniferm
distribu’bion in epace. It is therefore necessary te gonsider tha
varlations in the magnetlc path s well as the ourrent dlstributiun in

,‘: space f&r each‘ individuql case, Some of the cases most likely to arise -
in pz;doti‘de ere diacﬁsaod ¢t the end of aec‘ation‘ IIT A, "'where the design
crwerian is to maximize the magnetic field on the axis of a long coil
and on the axis of a short ¢oil with the resistance of the winding hald
constant., It is there assumed that the IEW’;f Biot and Savert holdsg
thet isj the field contributed at @ point by a current element I:ds
at aisténce x from the poinfb::}s". |

I 8in © ds
W——————

4 = -

' g ,i}’_?l‘érulcircn}ar-tum of wire of radius x, the field at the center. \/

~of the circle is. “bherdfﬁra . |

Q) Lt p=221
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IIl. 3‘__@. MAXIMUM AMPERE w QE nxm RESISTANCE PROBLEM B
* A, CONTINVOUS SOLUTION *
The Pra‘alem
The }‘irst case to be cons:xdm‘ed is uhe eoil of given dimensions
vhich is to6 have & meximum mmbar of turns fnr e given resistance, or
am\mimm res:mtance for a given ,mber of tm‘?ns. These two reciprocel
problems have the same selu{zion, as is well known from the general theory
‘of the calculus of variations; but the qolution‘is expressed in different

terms for eich; The detqilé of the minimum resistance problem will be

given here.

Anglytiaél Statement

‘The ﬁhysica{l dimensions of the coil are shown in F:.g. 1.

Ainternal radius

‘external radius
length
radius of = luyax* of wire in the coil
y = wire diameter = 1/V§ ’
& = mumber of turns per square ~inch of cross secticn

#

L S o B~
¥

The diameter ¢f the wire y is assumed so small thet there is always
' an infegral number of turms in each la;;{er of length L.‘ Relative changas
in *&he wire size Qre» assumed to be so small that s can be considered ss
s continuous funstion of xt s = g(x). Then the tétal number ef turns
. of the coil is |
(2) : N S L s(x) dax
. , e a _
'If o is the resistivity of the metal in the wire of which the coil
s ‘wuml and 't;he space faé‘cor (atea of metal per square~inch of

“winding cross section), the total resistanoe of the coil is

b | |

- g S 2ne L xs(x) dx

: : L & . :
-8 - ‘
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Fig. | - Magnet Coil
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It will be assumed that o end @ are constant throughout the
winding. '

Necagsary Conditiong

The integral to be made & minimum is (3): subject to the oondition
that integral (2) is to be held comstent. |
‘ Api)lying the method df‘{mﬁltipliers t)c; this isoperimetric prbbloz'nx
and noting that N, L, A are cbﬁsiza_ntg, the ‘probleni is reduced te finding

the miniwum of

. b ‘ : b o
(¢) I = Sagx s"“- As) dx = Sa F(#.s) dx = %%T",AN

This integrel differs from those uauélly enoountered in the
cé.lcultia of variations because the integrand F is a function of x and.

s only, rather than a function of x, &, and s*, Thus,the Euler conditiom

OF d aF) . |
32*:&('5:9 =0

N

becomes simply OF/ds = 0, and the restrictions on the endpoints of ‘the
minimiging function s = s{x) are removed §), This particularly simple
relault ca.n/bga considered s -an extensioﬁ of the problem involving higher
derix‘rat‘iyes B'Y, st'Y, ... s(n) te the case in which the zeréfb de~ |
riva’civew;lé‘ne is present ). The 2n constants of integretion, which
correspond tﬁ ’bhe boundery conditions on the minimizing function,are here
reduced to zero in mmber. IR . S T o

While the problem is therefore simpler thah thosu ord.inarily con=
gidered in the calculus of variations, its solutibn gtill does require
methods more stringent then the theory of ordinary ma,ximﬁ ,aﬁd minima
.aliows. PrOfessor C. W. Mendel, University of Illineis, has epplied
the theory of ordinary mexima a.nd minima to this problem 7) and obtained'
a set of parameters, yilelding the ssme result as Buler's necessary con-

dition when the number of parameters is increased without 1imit &),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ot}zférn“nﬁodeéﬁryéconditions for a "strong" ninimm ,é)’aro"~sa’ciafied
by the [ﬁmctian (x,s) in equation (4) in a trivial sense, 1.2, the
: liierstﬁﬁés E function and the Légéndre condition F:‘s' = 0 are iden-
tioally 26ro; and the Jacobi conditien is'not épplicable since Fs's' = Q,
Thus the minimizing function satisfying all necessary conditions
s biy/as ‘= 0, which gives the following result when solved explicitly

for &:

\

) €O g

" Bufficient Conditions

For the problem of minimlizing the integral

b
I = S F(x,s) dx
)

Bolza ) gives the sufficient conditions

(6) 5o = 0
| B
(m &L >0

Equation (6) is the necessary condition giving the solution (5).
To satisfy (7), the following relation must held
2x>0
This is certainly true inasmuch as the radius of a l;lyer of wire
in the ‘coil is essanﬁially 8 positive guantity. Eqnatﬁpn (7) ,is\therefére

satisfied.

The Solution

It hes thus been shown that both necessary and sufficient conditions
ere setisfied by equation (6) for minimizing the integrel (3) under the
condition that the integral (2) is constant. The multiplie:r Ais

reedily determined, yielding the exact form of the functional relation
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betwesn wire size end redius of the coil .
b

x L loge o

. The total resistance of the coil, wound \vi’ch,kwiro of dismeter as
given by pqixatisn (8), is then C |
2o W°
x L laga -

(9) - Bpin =
 Thie- is the minimm resistance obtainable for a coil of given
gpecificatians . - |
For ths mimm 'tmrns problam, ths omputations are carrmd out
-in sn m&l@gaus mmr, oxoept thet the mimm of mtegml (2) is sought

while (3) is held. constmt. ‘The solution ie given by

() :"s";-i—\/ =z T
> ‘ 2nel logy re
"'yielding the maximum maber of turns ebtainsble /
i ABEL, b
(11) | B - The loge =

In these solutions, the wire size is deteminéd as & qontinuous
funéti’on of x, the redius at which the wire is wound. For any physically
’exfwt‘:‘mg coil it‘ ig eszentially impossible to have the wife size vary
a5 & contmuous funetion because the wire diemeter is & constant in —thc
range of radii which iz bounded by the inside and outside tangents of
the viro‘ i‘taelf. Thise difficulty leads to the paradex pointed out ‘cy
Professar l{endel 7) in that an infinite mmber of cells are &pparently
filled by e finite mmiber of turns ef wire. Of course, avery ‘bhwre’cloally

established paradox must show 1ts effect in 2 practicel appllcatim. ‘
\As will be shown belcrw, hmver, the discrepancy eaused by this paradex

can be neglected in most a,ctual oeil windings. .
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”Equatiéns (8) aﬁd (10Y sth’fhat.the wire diameter varies pro-
pertionally with the square root of the radius. The cloﬁest approximation -
to this theoretical method of winding the coil most efficiently would be

* 0 wind each layer jith 8 different size af wire. While this ié, of courss,
possible, the following censiderations shaw that it is by no means"
necessary to go to such extremes. In Fig. 2 the resistance of windings ,'

~ is plotted vs. the ratio of outside to inside diameters for different
degrees of approximatien of the wire-sizes. The appro;imatingvfunctions ‘
are the best sfeprunctiOns that can be found to replace the‘idéﬁlxoonr'
tinuous‘funotioﬁ given by equation (8) or (10). The curve marked n,¥ i
reprasenté e singlegﬁire size (uniform winding), n = 2 repr@éeﬁfs 6.
winding eomposedlof ui}g 6£‘two different sizes; and S0 on. .The_curfe
marked \nabeg represehts the coendition of contiﬁuoué variation of tﬂe?wira‘.
size as required for the ideal case., It is readily seen"that“only four or‘ 
five changed of wire size are required in mﬁét practieai appliéutions te
obtain a very closé approximation/to the theoretical max afficienoy.“
It is therefore not neceusary to change wire size with every 1ayer (unless
the wire dismeter is unusually large); hence, it is not necessary to take into
consideration the maocumcy im:rsduoed by the p&radox of the dlscontinuous

'function montioned above., |

The data far Fig. 2 were cbtained by oomputing the best step~funotions :
‘whiah satlefy all the necessary oonditions to yield a minimum resiqtaﬂce for

& given number of turns as described in section III B.

Air-Core Coils

The field at the center of a long solemoid may be considered m& being
directed uniformly along the exis of the winding; hence, free Dfrleakgga B
Flux. Thus, the same aquations apply to this point as to all the points

in the high-permeability msgnetic circdits already disoussed.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

Fige. 8 = I®R Loss vs. Thickness Ratio fur Multiple Windings
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For e short solenoid, however, the non-uniformity of the field
must be given special sttention. From equation (1) we derive the
expression for the magnetic field st the center of ’ché winding:

b
H = anLS"%ﬁdx
(Y

i

.

The resist&n§§ of the winding remains as given by‘ equation (3).

Proceeding in a ma.nner‘ m&lagoﬁs to that followed in the solution
of the mir;immfre_s,iiatance problem for éhe‘ high-permeability coils, we
find the function - o

‘ H!;."’b2
o(x) = 3 o A AT

which yields fhe ninimuyn resistesnce obtainable for a given field
n " . R b2 E ‘.
ol Tt I‘" L (v® - a®) '

It is noteworthy that the wire diamgter ineresases pr0portiom11y
with the radius rather than with the square root 3? the radius. A
change in this direction is,of course, Eé‘be preo;oed‘ beceuse the
£ux_*ns pear the axis of the' eoil have graa;:ei' magnetic gffect in addition
to the benefits derived from their decremsed length., In the };igh-
permeability coils, the mgnetic effect of all the turns is the seme,

‘Other special ceses may be solved in & similar fashion, and it
will be f‘ound, in goners.l, thet the most efficient windings are those
that have the property that every turn contributes the seme amount to
“the magnetic f:.eld 1n proportion with the smount of rosis‘bance it

adds to the winding.
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B. DISCONTINUOUS SOLUTIONS

Finite Number _9__{ Changes _g_f_‘_ Tire Size

. The following procedure was first given by Professor G.(W. Mew\:del,
University of Illinois "), who used it to arrive at the result stated
in equation (11) by pessing to the limit n--00. We are now interested
in & finite value of n, say three or four; hence, ws can meke use of the
first part of Prefgssor Mendel's treatment. ,

The notation to be used is evident from Fig, 3. Let the coil be
wound ‘in n "cells®, each cell containing wire of a fi;:ed diemeter,
the dismeter being different for different‘ cells. Let s, be the mumber
of turns per square~inch eross section in the kth cell, Then the total

number of turns in the ceil is given by

de) F =

™M=

Lz -x.q) 8
The total resistance will be
X (’i - é-l> 5

The problem is to held N fixed and make R a minimun, Thie will

My

R =
k=1

be done by varying & first, then varying X, - Using the method of
undetermined multipliers, we find that the wire size is determined as

)] 1 :
T TR L i"k"‘k—l
' b= " |

(13)

which yields the ‘total resistance.

. : . nven‘g. 1
(14) , R mT) Eng e

reT A |

In order to cause this expregsion to become & minimum, we must

determine the get of X, o make the function

- 16 -
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Coil Wound inCells
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p -k : -1
=1 "k 7 M-l

& maximum, subject to the conditions ea=xy< x;< ......<xn=b. We {ind that

the X must be in geemetric progreséion:

k
n_ - b
(16) % = arn 1 k=0,1,2,...n3 r==,

With this set, the wire sizes given by (13) become

. o -
(16‘) sk 5:_1_ .

o | Lnar?® (r -1)

~

i

and the resistance (14) is found to be

B

(17) ‘ R = neN? (r + 1)

I+

*L n(r -1)

In (17) we have an expression for the least resistance obtainable by
using the n different wire sizes given by (16). Fig. 2 is a éraph of
the relation between R and r aé expressed in eqﬁation (17), with various
values of n as a parameter,

The ordinate R L o/Nne N? may be multiplied by I®/I® without
changing its velue. The resulting dimensionless variable is P L x/np A%,
where P is the power consumed as I®R loss and A repres‘ents the mumber of
ampere-turns in the winding.

There are several cher ways in which this information may be plotted.
For exﬁple, Fig. 4 shows the resistance of various coils as compared
with the théoretically perfect winding. That is, the ordinate shows whet
the resistance will be if the same size coill, wound vﬁth contiriucusl&
changing wire size, has a resistance of 100 omms. In Fig. 5, the com-
parison is made with the uniform winding; i.e. the resistances are plotted

. of various' coils having the same zize as s 100-ohm uniform winding.
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Fig. 4 - Resistance of Multiple Winding
Compared with Idesl Non-Uniform Winding
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Fige b = Resisbence of Multiple Winding

Cempered with Uniform Winding
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Equations (15) and (16) permit calculetion of the number of turns

per cells

o< Ligtxmo) e T
Thus, we find that in the best steﬁ-function approximetions the rumber
- of turne is the same in every cell.
For the maximum turns problem, the wire sizes and total number of

turns are given by the following formules:

‘ 1 ’ X R
(16) T T EL \/ Tz
' a r”® NPL n ( - 1)
I —
« LRn (r* =1)

(19) - T
| ne {(r® +1)

For this reciprocal problem also, it may be of intérest to éompare
the results contained in equation (19) graphically. Corresponding to
Fié. 2, Fig. 6 gives the\effect thaf a certain number of changes of wire
size haes on the total number of turns of a ﬁinding. In Fig. 7 the
winding efficiency is plotted; that is, the number of turns of a winding
with n chénges of wirse size‘divided by the mumber of turns fhe theo-
retically perfecf winding inuld have, Finally, in Fig. 8 the non~uniform
windinge are compared\with the uniform winding; i.e, the number of
turns of & winding with =n changes”of wire éize divided by the number of

turns of the uniform winding of the séme resistance and same physical

dimengions.

Design for Size

The curves plotted in Fig. 6 may also be used to determine the
physical size reguired for s winding of given number of turns and given
resistence, Fig. 9 is suited egpecially well for obtaining the infor-

mation in this particuler form. It is apparent that for values of
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Fig. 6 - Mumber of Turns vs, Thickuess fativ for Multiple Windings
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Fige 7 = Mumber of Turns of Multiple linding

Compared with Ideal NonwUmiform Winding
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Fig. 8 = Rumber of Turns sf Multiple Winding
Compared with Uniform Winding
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Flge 9 = Thickness Ratio vs. Musber of Durms for Multiple Windings
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4 HB()/ L R in the neighborhood of one, the ratio of outside to in-
gide dismetersis of a’critical nature for the uniform winding. From

the family of curves represented in Fig. 9, nemely
‘n
n + ﬁrE%f-
4 N
R

it is possible to deduce the eritical points for multiple windings which

correspond to the point 4 N= ¢ = LR for the uniferm winding. These
critical peints‘are readily seen to occur at the values 4 N®B e /IR =n
where n, as before, represents the number of different wire sizes used
in the wiﬁding..‘For practicaily usefﬁl coils, in the range of thickness

ratios 2 to 10, these points are of no gignificence.

. Standard Wire Siges

‘ The equations giving 8, (16) and (18) are of little practical
value because the wire glzes calculated from them are in most cases not
exactly those commercislly available. We are therefore faced with a
new problem: Given a required number of turns ¥ and a set of available
wire sizes 8o how is a coil of given dimensions to be wound

have the least resistance?

Following the method of multipliers as before, we write

n ‘ n
o= j—ﬁ.& - 3 ,: - -
R ~ Zklﬂa’i S RUL SRV L L;(xk Ter) &
The 8, 2re kncwn'constants,\and we have decided on the mmber of
cells n, Hence,we wish to find the set X, which will minimize R;

that is, make the partial derivative of R with respect to x, vanish,

Thus,xk must satisfy the following set of eguations:

= M a . =' ' _
& 2np (8 + 5,90 7 k=1,2,3,e000e0"1
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The index k ranges enly from 1 to n~l because we have already de-
fined x, = & end x, = b.
Determining the multiplier M, we find that in order to satisfy

equation (12), x, must have the values

W
= 3 k= 1,2,5 ooon"l
*x D ng + sk+15 , ’

‘ : N
?herex W= Tt esy - bsn

and .n . ‘ I
D :EE: ( By _ k ) A S SR
3’ .
1 ‘ Bk + Bk*l sk + sk-l Bo 8

=1 n+l

It may be helpful for practical applicetions to determine fhe
number of turns per cell. We find that the innermost cell has the

number of turns

L Ws
Ny m-Lasl

that each of the other cells has the number of turns

LW P *x
Nk = _—__.D (8 e - ) H k= 2,3.4,.0.11"1
k

kil %k T kel
and that the outer cell has the number of turns

.

LWesy

¥ = Lb sn =
, COE

n
Thegs eguations are rather complicated in the form given above for
any érbitrary set of wire sizes. Fortunstely, commercéial wire sizes
ere standardized in a geomet?ic progression; that is, the bare wire
diameters pf successi§e~AWG nmuibers are in the same ratio. By assuming
that %he space factor is the seme for all the wire sizes to be used in
the winding, we find that the folléwing equation may be written:

Byl
By

(20) = v 3 k=2,%,4,...0

where v is a constant,
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Thus we find .

(21) ' S T ‘%‘ V(k*l) 3 k= 1,2,3,...n~1; vwhere q =8, v
¥, = L(VE =~ & 8y)
(22) Nk = L E (V - l) 3 k = 2,3,4,-.-!1-1

o= L(bsn - E)

1

’ kil N
where B * eIy T TeeL)(wAI) (Tt %8 T b5y

The total resistance of the winding will then be
N 7 L a .
(23) R{ = *£" -[E (v = 1)(n = 1) =~ a®s% + b%i]

Bquations (21), (22), and (23) give the design data necessary for
solving the minimum resiskance problem, using standard wire sizes.
The following equétions are the corresponding results for the

maximum turns problem:

xk = % V(k+1) H k = 1,2,3,...11-'1

¥, = L{(vB =~as)

.Nk = L B (v - 1) 3 k = 2,5,4,-0011“1
. N = L (b s, =~ B)

N = L[B(v1)(z-1) = asy + bs_]

where B = (_ﬁ_‘% + a®%s2 -b’”s") 1 )
nel B/ - 1) (v - 1)

. Rectangular Cores

In practiecal applications, coils are frequently wound on rec-
tengular cores, as shown in Fig, 10. The increase in length of the
outer layers is not as great as it is in the case of windings on &

cylindrical core.

¢
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Winding on "Rectangular Core
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. The results of computations mede in a manner analogous to those
above are as follows:
Minimm resistance problem, continuous solutien {x = O refers to turns

on the core, x = b to turns on the outside of the winding)

s(x) = .1 . N ; jgf-ﬁg
J+x b T
Llcge(l-bg)»

a

resulting in the minimum resistance

2 e N2

B b
& L loge (1 +-j-)

min

For the meximm turns problem

s(x) = }. \/o( = : 2y -
J*x 27 pL logg (1 +3)

yielding the meximum mumber of turns

, =R L by
Nm m logg (1 + -3-)

. o
Using a finite number of wire sizes in geometric progression

aceording to equation (20), the results of the minimum resistance problem
for a winding on a rectangular core are as follows:

xk - 2;'- V(k+l) - j H k= 1,2,3.--.!1"1

Nl = L (v P - j Sl)
Nk = LF (V -~ l) H k = 2,5,4,0--011"1
N L[(b+j) s - F]

R = -“&E-I-‘ [F2 (¥ -1)(n=-1) - 3268 + (b + j)2 si]

]

1

where F o= m [%*‘ jsl - (b + j) Bn]
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Sﬁﬁilarly, the results for the meximum turns problem with wire

gizes in geometric progression for a winding on a_recténgular core are:
x, = %v(k+1> -3 k=1,2,3,...0~1
N, = L{(vH=~3jsy)

N = LH (v=1) ; k= 2,3,4,0.n=1

Nn = L [(b + 3) B, - H]

B o= L [E(w1)(a-1) - 5 ey ¢ (b + 3) u ]

) % R
where H \/[J\(_’L

A RECRRT e o

Sample Design
Core diameter...e..ee..o 1", & = 0.5
Qutside diameter...sseve 6", b = 3.0
Number of turfiseeceesess K = 2400
Length.l..&"l....‘l".‘s‘s", L= 3.5

Insulation on wire: Enamsl SCC.

Design for minimum resistance, using as many standard wire sizes
as practical,

First it is necessary to obtain the approximate range of wire sizes
to be used. To do this, we substitute in equation (8) to find the value
of s at x=a (inside) and x=b (outside). We find s(a) = 764; vs(b) = 127,

A table of wire sizes (Fig. 11) shows that there are nine sizes in -
this raﬁge. All nine cgould, of course, be used; however, as Fig. 4
shoﬁs, three or four different wire sizes are sufficient to obtain a
good approximation to thé ideal winding at the thickness ratio r = 6.
We shall try four wire sizes: n = 4,

If we were not restricted to standard sizes, we would now use
egquation (18) to determine the optimum wire sizes for this winding.

‘ :
Thus, we would find s, = 606, 8, = 588, 855 = 248, end s, = 158,

The standerd wires actually available, as listed in Fig. 11, that come

closest to this set are AWG ¥os. 19, 17, 15, and 13, with an average
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Fig. 11

ENAMEL SCC WIRE TABLE

&2

AWG No. r:;:rgfr Diameter }J| Space Bize
ineh inch Factor| Ratioc
8 ¥ o v
12 151 .08081
13 | 162 | .o7ise .669
wu 198 .06408 §\\1.54
15 250 05707 || .640 ’/f |
16 806 .05082 ::>1.49
17 372 .04526 .599 A
) 18 454 .04030 \\\1.45
18 563 03589 || 4560 /
20 725 .03196
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value of v = 1,51, Formulas (22) now give the winding schedule:
N, = 679 turns of No, 19 wire, Ny = N3’= 555 turns of No. 17 and No., 156
wire each, N, = 612 turns of No, 13 wire.

From equation (23) we find that the resistance of this winding will
be R = 6,38 ohms., If only one wire size had been used, the winding would
either consist of 2400 turns of No. 15 wire, with an outside diameter
of 6.48" and a resistence of 7.47 ohms, or of No. 16 wire, giving an
outside dismeter of 5.48" with a resistance of 8,14 ohms.

The theoretically perfect winding weuld have a resistence of

6.29 ohms, as computed frem equation (9).
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IV, TEMPERATURE RISE CALCULATIONS

.. A. INTRODUCTION

In the present work, only»ateady stete conditions are included.
It is assumed in all cases thaf eQuilibrium has been established; that
is, the deri?ativg of the temperature with respect to time is zero at
‘evary point in tﬁe win&ing. %hié restfiction is beiie&ad to be not
unreasonable, inasmuch as the criteria of maximum safe temperatures
in magnetvooilé;afe usuAIIy baaed on oontinueﬁs'duty.‘ Far intermittent
operation, the established prac‘bioe is to reduce the operating ocm-
ditions to the aquivalent conditiens at ccntinuaua dnty (Soo,tor
example, data glven‘by Moses 1),

‘Since transient tgmparature‘changos are»aiiminated frOm}§ansiderb
ation, it is hn@ necessary o have‘any information about the specific
“heet of the coil. The only data'required are the rate with which heat
is ganerated and the rate with uhieh heat is condueted away, at every :
point within the winding.

From the microseopic vieupeint{ the strgctu:e of the coil.exhibits

. drastic &isooﬁtinuities as far as both heat-generationvand heét conductiuﬁ‘J

are concernsdj for the ‘eopper alene is the source of heat, none bsing
generated in the inaulating spaces, and the electrical inaulatiun re~
presents & rosistance to heet cOnduotiOn several hundred times as
great as that cf the capper in the wire. Houerr,‘QOnsidering the coil
‘as 2 macroscopic entity, it .can be supﬁosed to have & m}l—defined L
averagetvalue.of heet generated per unié‘volume‘por unit time ' and
alse of héat condubted per unit cube ber degree temperature differsnce
per unit timeL"Thekfonmer iz a function of current, wire sise;énd i

- resistivity, and is found to be '
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(28) ¥ T

=

where I = current (emperes)
g = number of turns per square-linch of erosc section = l/':',(8
@ = resistivity (ohm~ingh)
o = gpace factor (cross‘section’afea of copper divided by area of
winding).
Expressing this quantity as a function of the ampere~turns A of
the winding, we cen write for a uniform winding (if s is constant):

. 7 =
(26) Q=% Iﬁﬁ(b - a)?

The heat oonducfivity of & body compesed of.round copper bars
imbedded in.insulaﬁing material has been the subjeét of a th?oreticul
investig#tion‘mﬁae by Professor A.D. Moore 12), Profassér Moore states

. that the eurv@# shown in Fig. 27 of his book were derived by graphical

field mapping of an sdequate number of cases and using the assumptioﬁ
that copper is an infinitely good heat conductor. This assumption

holds very well for ordinary insulating materials, as the following
list of heat conductivities shows:
. Relative Heat Conductivities

AiFeeserevesseecnes 1.0 = 0,000566 watts/°Ceinch
COTEODa s eevnrannnss 1a9 st 0% 38)
Bilkescesssesacsesa 240
Paper..'f..'......... 5.8 : .
Paraffineesessecss 1142 '
GlasBeserersecnrss 59

. COPPeTsseessses 17400

In ény cass, scme effective value of heat conductivity x - may

; be assigned to a given coil datermina& by experimental or theoretical
methods, “ |
 Thus, the steady-state temperature distribution in s coil must
#atisfy Poisson's equation: o

’
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g2 = -8
(26) ‘ AVl %

Simple as the eguation appears, its solution for a body éf general
shape, satisfying a set of genqral boundery conditions, 1s extremely
complicated; and no attémpt will be made here to establish such a
general solution.

However, when certain special ceses are considered, in particular.
cages that are apt to arise in practical applications, very useful -
particular soluctions can.be found readily. The special csses to be

considered are: (Illustrations in Fig. 12)

Thin, long, hollow oylinder (or thin, short, hollow cylinder
with ends thermally insulated). ‘

Thick, long, hollow cylinder (or thick, short, hollow cylinder

with ends thermally insulated). This inecludes asva special case the
long, solid cylinder,

Thick, short, hollow cylinder with inside thermally insulated,

ends and outside face at temperature zero.

Ventilated winding, built up of thin, long, hollow cylinders

with ventilating ducts separating'secticns of the winding 1%).

Two sets of boundary conditions will be applied to the first two
cases: a) Inside of winding thermally insulated, outside face at

temperature zero, i.e,

(2) (E)pg =03 1(b) =0,
and b) both inside and outside faces at temperature zero, i.e.
(b) I(a) = (k) = O.
For the boundary eonditions to be used, the assumptions made are
not well justified in all cases. As experiments sghow, and Prqfessor

Moore's work indicates, no serious errors are made in assuming that
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ordinary insuleting materials represent the case of perfect thermal
ingulation at the ends of an encloged coil, or at the inside of the
winding ﬁhcn the coil is wound upon an insulating spool, even when
these parts are relatively thin,

At the outside surface @f the ccil, the temperature is assumed to
be vniform (the temperature zero is chosen merely as s ccnvenient
reference level for small temperature rise). Thir assumption holds
only under very special conditions., In the experiments conducted at
the Applied Science Laboratory, special cere wes taken to insure ade-
quate oirculatioh in the bath in which the windings were tested.
However; as the dats giveh by Stewart and ®hitman 15) indicate, the
surface te@perature of a coil is in general not easy to predict.

When the surface tewmperature is known, the calculations of internal
temperature rise above the surface temperature will, of course, give
the actual internal temperatures. It will therefore be assumed here
that the surlece tempersiure is known by experiment 16) or can be
calculated from date as given,for example, by G.L. Moses 17).

Every type of winding listed on page 36 will be discussed first for
relatively small internal temperature rise, then for large temperature
rise, the distinction beinp made on the basis of the following qon—’
siderations:

The heat generated per unit volume per unit time, as given by
equations (24) and (25), is & function of the resistivity of the wire.

As used in the equations in this paper, the qusntity e is the re-
sistivity of the metal in the wire, s constant at constant temperature.
For small teméerature rise, e is assumed t§ remain constant as far

28 its effect on § in Poisson's equation is concerned, but it is
gssumed to be a linear function of the femperature as far as resistance

measurements on the winding are concerned. In other words, in the
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treatment of smell temperature rise, @ is given the quality of being
both constant end variable, an inherently contradictory hypothesis‘

For large temperature rise, this sssumption becomes untenable,
and the curves in Fig. 17 and Fig, 18 shOW'exaétly to what degree
the temperature calculations based on this simplifying, but contra-
dictory, hypothesis are in error.

As experimental results show (see section V), it als¢ becomes
necessary 1o include another effect at large tempersture rise under
éertain cenditionst The temperafure coefficient of thermal conductivity.
This effect is difficult to treat in a general manner because the
thermal conductivity K is an average conductivity for the heterogensous
winding, thus‘being a function of the materials used in the winding
as Wellkas of the arrangement of these materials in space. One possible
direction of attack is to assume that the thermal conductivity is a
linear function of the temperature, and thus enters the equations
in a menner similar to the electrical conductivity of the wire.

A further classification to be made in the following calcﬁlations
is whether the winding is uniform (i.e. wound of & single wire size)
or non-uniform in the sense of having variable wire size according to

. equation (8).
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B. TEMPERATURE DISTRIBUTIONS

MAXIMUM AND AVERAGE TEVPERATURE RISE

Thin Long Hollow Cylinder

ex) SWALL TEMPERATURE RISE. The solutiocn of Poisson's equation (28)
for the various cases listed on page 36 gives the point-by-point tem-
perature distribution/throughout the coil. This is more information
than the designer requires ordinarily because the design criterion is
usually oue of maximum temperature rise; hence,it is only necessary to
find an expfession for the relation between the maximun internal tem~
perature rise and the physical characteristics of the winding.

Another gquantity of practical importance is the average temperature.
The average temperature is defined as the temperature to which the entire
coil would have to be raised in order to have the same increase in re-
sistance as it actually has in the temperature field created by the
Joule heat. The average temperature is & quantity that can be measured
easily on an existing coil. Thus, one of the resulte of practical sig-
nificance derived from this work is the relation between maximum tem-
perature, a quantity difficult to measure, and the averege temperature,
easily obitained experimentally.

The winding contained in the space of a thin, long, hollow cylinder
represents one of the applications found frequently in.coil design.

It epproaches the ideal condition of having all the turns "inside" (see
page 2), The flow of heat in this type of winding tekes place in the
radial direction only. Since the radius of every turn of wire in the
winding is large compared to the thickness of the winding, the tem-
persture distribution is the samé as that in the straight portioné of
the winding on a rectangular core (ﬁith ends thermally insulated);
hence, the seme ac in a flat plate of the seme thickness (b - a) as

the thickness of the hollow cylinder.

- 40 - !
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For thia case Puisscm's equation (26) reduces ta the ordinary

R differential equation

” fr . .8
(27) = g

Bquation (24) shows that Q is independent of x for the winding
of uniform wire size (s = constant). K is assumed to be comstant; hence,

~ the general solution of (27) is given by
(28) "T(,x')’ - - %ng+0'x+c" |
Applying the set of béundary conditions 8) to determine the

cunstants C' and C“, ‘we ab‘cain ‘the temperature distribution irl a thin,

'long, hollGW'cylinder, in whxch heat is being generated uniformly:

R T € '%-—(b”-t-Za.x-lxg-zab)
The maximum tsmperature rise will occur at the inside of the
mndzng, whera
. = = -1..9. - 2
(30) $m = T(a) 5% (v a)

V'I'he' rate 6f heat generation depends upoun the current ard tﬁ\e number
of turns in the winding according t& equation (25). It is pc}'ssible to
substitu"ce‘ the number of ampere-turng A in place of the éurrent and
some of the other cﬁﬁstanfs in equa.tion' (30). As s result we find the

’maximm temperaturs riée_ as & funetion of the number of ampere turns,

independent of the wire size or the thickness of the winding:

e
- Tk I _ |
" Thie is plotted in terms of the dimensionless variable 2«KI®T/pA2 = 1

, in Fig. 18.

To ‘obtain the average temperature rige, we shall proceed from the

1

bagic¢ ideas involved in the expe;rixﬁontal measurement of this quantity.
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Pige 13 » Swall Maximm and Average Tempsrature Rise for
Uniform and Idezl Non=Uniferm Windings
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The resistence of a metallic conductor is a linear function of the
temperature in the ronge of ordinary temperatures for electrical equipment.
This fact is used to dedﬁct the changes in femperature of a winding by
thc'chan;cs in its resistsnce. Let us assume that the re-
sistence of & winding is R olms at T °C_ end R, ohms at the ten-
perature T, °C. Then the following equation is found to be true for
copper wire in the temperature renge O to 100 °C:

R - Ry T - Tq
24 =
(22) Ro 2846 + Tg

The difference T - T, is the sverege internal temperature rise
of the winding. |

‘Tie may think of e given winding as being subdivided inte = nmumber
of sections, each having its own resistance dR and its own tem-
perature T. Thus we may write an equation like (32) for every one
of the elemental sections that make up the winding.

AR - dRg  _T =T
dR, 234.5 + Tg

(33)

where T, is the same for all sections (i.e., the température of the
cold ceil), but T varies from section to section according to the
distribution of the temperature field. Vhen the coil is cold, its
resistance is given in the limit by the integral
R = (g
But when current is flowing in the winding, its total resistance
will be v
ﬁ=SdR
Hence, substituting in equation (32) and using the relation

established by equation (33), we have

S (T - o) dRg
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If we assune that the reference temperature at the surface of the
eoil, T,, is constant, then the expression for the aversge internal
temperature rise reduces to the following:

(34) ‘ T ST = \,

SdR
For a winding which approx1mates tﬂe shape of e flat plate, the
resistance of an élemental section is proportionsl to the thickness
bf the section:
dR = p dx ; p = -.constant

Substituting this velue for dR and the expression in (29) for T

in equation {34), we cbtain the result

- 1Q,
T -g-K-:- (b a)z

Expressed in terms of the ampefe—turns of the winding, this ig

T . L A%
(35) T 2x K 1I”

This is plotted as 2«KIPT/pA% = 2/3 in Fig. 13.
By compering equations (31) and (35), we find that the maximum

internal temperature rise exceeds the aversge temperature rise by

B e
and that they are in the‘ratio 3:2.

It is standard praectice at the present time to allow a flxed tem~
perature difference of 10°C between T, end T for many design calculations 18),
T@is arbitrary figure may be compared with the actual temperature difference
to be axyectéd fioﬁkthe above calculations, end from those to be applied

to the other special cases that follow.

If the inside of the thin hollow cylinder is cocled to the same
temperatura as the outside face, boundary conditions b) are applied

to determine the constents C! and C" in the general solution (28):
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2x) = 33 (ax+bx - - ab)

o

The maximun temperéture will be the. temperature at the center

of the coil x = 3 (b + a), where

. 19 e 42
(36) LU 5 S L AT &
In Fig. 13 this is plotbed as 2eKL?T/pA® = 1/4.
Substituting the proper values in equetion (34), we obtain the

average btemperature rise in the winding:
\ - 1@ Q_A®
(37) T = mgl-2® = T3

which is shoen in Fig. 13 as 2«KLRT/(PA% = 1/6. The difference

between the meximum and eversge temperature rises will be‘
P T = ..2}_3(1)..&)2 R
i 4 K 24 o K IR
@). LARGE TEMPERATURE RISE. As was pointed ou’c' on page 38,
the change of -electrical condustivity with temperature must be taken
© into account if the internal temperasture rise is large. As g good
approximetion, we may use the relation givén by equation (32). Thus .
the rate of heat generation cen be written as a linear function of

the temperature riset

(38) 3. e
S IPs?p p_A%? .
where w* & K TAKIR (b - a)® i

.-
To + 254.5

w2

In these expressions, « is the space factor of the winding,
@ the resistivity of the copper in the wire at temperature Ty °C,
and T, is the temperature at the surface of the coil.

Thus Poisson's equation reduces to the following form:

2 .
g-ig- + VAT = - WR
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The soluticn of this equation is.given by trigoncmetric functions,
as shown by Jakob 3). It will be shown later that the ideal non-uniform
winding satisfies.the same equation; thus, all the data plotted in Fig, 18
can be arplied to this case.

Then one side of the winding is thermally insulated (boundary
condition a), it is evident from the symmetry of the system that,
the tempereture distribution in the windineg is the same as in halfl
the winding twice as thick with bounaary condition bj.

For an acfually~existing coil, the thermal conductivity K
cannot elweys be assumed to be & constant, as indicated by experime?ts
(see section V). Assuming 1/K to be o lingar functicn of the tem-
perature, equation {38) takes the form of a second order differential

equation ¢f the second degree:

» ’ &

(39) %xfg-=-uT2j-vT—w
1288

where w X To

5= B
Mo - B

v o=

2 Ty + 234
(Ty + 254.E

1

u o= — < w
1T + 224.5)(To ~ ()

In these expressions, K, and @q sare the thermsl conductivity
and electrical resistivity of the coil at the surface temperature Ty °C;
@ is the tomperature at which 1/K would become zero, if exfrapolated,
corresponding to =234.5 °C, the temperature et which e would becocme
zero for copper.

The solution of equation (39) is the same that wnuid be cbtained
if the electricel cornductivity were a quadratic functien of the tem~
perature and the thermal conductivify a constant., This solution has

, been found to ccntain elliptic functions, as published by E.S. Davies 19),
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It is not a simple solution, and in view of the fact that the tem-
perature coefficient of the thermal conductivity of the heterogeneous
winding is not generally known in the first place; there is little
gain in working out the theoretical solution over an empirical answer

found from measurements on actuasl coils,

Thick Long Hollow Cylinder

o) SMALL TEMPERATURE RISE.

‘1. Uniform Winding. For the thick hollow cylinder, it
bécomes necessary to consider the changes introduced by thevincfeasing
radii of the tﬁrns in the winding. Agein we will assume heat flow in
the radial direction only (long cylinder, or ends thermally insulgted).
Thus' equation (26) may bs replaced by the ordinary differential equation

43T 147 _ _Q
(40) = ' in i

For the uniform winding (constant wire size), the general solution

of this equation is

(41) Wx) = -2 + C loggx + O

1N ]

Applying boundary conditions a) +to determine the constants,

the temperature distribution in the winding ig found to be
e 1908 g2~ 2 a5 10g, 2
T(x) T¥ (b X 2 a® logg - )

The meximum temperature will appear at the inside of the winding:
P AR r® - 1.2 loger
ey i CICR )

(42) T, = Zl-% (6% ~ o8 - za%log, 5
where r = b/a, The relation given by.equation (42) is plotted in
Fig. 13 as the curve marked "uniferm a)".

The average temperature can be computed again from ecuation (34);
however, the guantities dR and di are no longer directly pro-

portionel. They satisfy the relation
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i

dR = px dx; where p = constant,

Thus the average temperature is found to be

1 Q 4 a4 b PA2 rg - 3 4 T———-—'r 4 il loge r
Tz i (bR - 2 - o =
T 8 ¥ (b Se® ¥ b2 - a2 loge a ) = 8o K12 (r = L)%

Fig. 13 shows this curve, marked "uniform a)".
By meking the change of variable sz = a/% and letting the inside
radius & approach gzero, we arrive at the special case of the thick

solid cylinder, with maeximum temperature rise

=1Q2=._£___FAZ
Tm Zfifl) 4 o K

and the average temperature rise

Both these temperature rises are indicated at the right-hand margin

T =

oof 1

of Fig. 13.
The fact that the maximum and averagé temperatures are in the ratio
of 3:2 for the thin cylinder and in the ratio 412 for the long, solid

cylinder,'is stated by Jakob 8),

Using boundary conditions b) to determine C' and C" in equation (41),

we find that the temperature distribution is

) 2 - pR
(43) x) = 23 (2o g B2, R
4 K b x
log, e

The radius of ths maxlmum temperatﬁre level surface is readily
determined by setting the derivative of T with respect to x equal
to zero. The value of x at thg point of meximum temperature ik given
by the formula

2 = bR - a2 :
o 2loge§& ‘
Rather than trying to substitute this value in algebraic form

in equation (45), it is usually easier to evaluate x numerically,
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and to substitute the mumber in (4%) to obtein the maximum temperature
rise T . The relation between T and r is,plotted in Fig. 13, marked
“yniform b)". -

To calculate the average bemperature rise, we meke use of equations

(34) and (43) and find

ré - 1
i r2+1-——-——-—-
- 1 bR - g% 2
3 A v SRR o o Ry o o 2l
Ofp =

also plotted in Fig.vls, ®uniform b)".

2. Fon-uniform Wiﬁding. In the ideal solution of the minimum
reéist&nce'problem, given by equ#tion (5), the ﬁire diameter is found
to vary in proportionm to the square root of the radius. Substitixting
this result in the expreésion for the rete of heating (24), we find
thgt Poisson's equation fgr the thick long oylinder reduces to the

ordinary differential equation

£, 14, EEe [
= x dx * 4a K

which has the general solution

2 12 '
x) = - HL€ L 2 (loge x)3 + O loggx + O

With boundary conditibns &), the particular solution becomes

e_42

(44) (x) = %
20K IR (logg = )2

b b x
loge -x~ : 1°g6 —-;5'

This formula was obtained by substituting the value of A from
equations (5) and (8). It yields the expression for the meximum tem-

perature riée. at the inside of the winding:

A R e £

This temperature is seen to be independent of the thickness ratio

and is represented in Fig. 13 by a straight horizomtal line, "non-uniform a)".
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To oompute the average temperature rise, the relation between dR
and dx must be known for the non-uniform winding. Since the wirse
dismeter increases proporticnally with the square root of the radius,
we find that this relation is

dR = p-gé,d.x F p = constant
Hence, the average temperature is found to be
AS
T« K IF

The graph of this equation is also shown in Fig. 13.

=

(35)

For boundary conditions b), the temperatufe distribution is

given by the equation

AR 12 b X
I(x) = Fgy— 1% 7 loge 3
The level surface of maximum temperaturs has the radius
x = Va.B

whers the meximum tempersture is

- A3
(36) ST, s "f‘—fﬁ's« %

The average temperature is found to be

= s

(37) T = ET&-TW

These squations, too, are plotted as straight lines in Fig. 13.

From the graphs fepfesenting these quantities in Fig. ls,bit is
evident that the difference in temperature rise of the non-uniform
winding as compared with the uniform winding is insignifioant forlthe
winding coecled both inside and cutside; however, for the practically
important case of cooling from the outside only, there appesars a distinct
"advantage for the uniform winding. Nevertheless, the ideal non-uniform
winding is in no case hotter than a uniform winding of the sa;r;xe numbe;f

of ampere~turns wocund on a rectangular core.
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Although only the maximum end averasge temperatures ere of practical
importance, it may be illuminating to compare some of the complete tem-
perature distributions discussed so\far. For the purpose of comparison,
we shall cheose windings of the same thickness (b - &), but not
necegsari]y of the same thickness ratic r = b/a. Thue, all the
windings to be compared contain the same numbér of turns, but the
furns differ in curveture. One might form the mentel picture of =
shiftiﬁg exist Close to the inside turns for large values of r;
removed te infinity for r = 1,

Fig. 14 shows the temperature distribution for uniform windings
with boundary conditions a). Fig. 15 is & graph of the distribution
in non~uniform windings, also with boundary conditions a). In Fig. 18
the curves of Fig. 14 and Fig. 16 are superposed for the purpose of
corparison, and the positions of the axes of the ﬁindings have been
indicated. The equation for the flat plate is the member common to
both families of curves shewn in Fig. 16. It represents the highest
spaéé average temperature. The distributions in Fig. 15 s&ll have the
same average temperature, in spite of the fact that they differ con-
siderably in appearance. The reason for this unusual behavior may be
found in the fact that the averaze temperature is not a space a&erage
but is weighted with the distribution of resistance in spece.

In the discussion of the minimum resistance problem (section III),
it wa; found that only four or five changes in wire size are necessary
to obtain & close approximation to the ideal case of continuously
varying wire size. From the experiments performed on é coil with four
different wire sizes and a thickness ratio of about 5%, it appears
that the same rule applies to the temperature distributions; that is,
the data plotted in Fig; 20 show that a coil of four wire sizes exhibits

substantially the came temperature distribution as the theory predicts
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for a winding with continuously varying wire size. Hence,the curves in
Figs 16 represent the temperature distribution to be expected in a

practically useful approximation to the winding of minimum resistance.

@) LARGE TEMPERATURE RISE,

1. Uniform Winding. For cylindricel windings, Jakob 2)
gives the results spplicable only to the solid cylinder {for which the
thickness ratio r is infinite). Awe gshall compute here the solutions
that apply to long hollow cylinders with thickness ratios between one
and infinity. | .

Poissonks equation in cylindrical coordinates, with heat generated

as a linear function of the temperature, becomes (equation 38)

_—

A particular solution is given by T = - w2/u®, and the solution
of the reduced equation

a1 1 ar 2 m
== T re vt o

is expfessible iﬁ terms of Bessel functions of the first kind of zero
order (Jg,), and of the second kind of zero order (Y,). The compléte
solution is therefore
(45)  Mm) = ot Ig(m) ¢ O Yo(m) - X

For boundary conditions a), the constents C! and C" are such that
the tempe?ature distribution in the coil may be written in the following

forms

e - B [1<au> Yo(m) - Jo(xu) Yi(su) _ 1]

J,(au) Yc(bu) - Jo(bu) Y, (au)
The point of maximum temperature rise is at the inside of the

winding, where
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= + 97 3 2
T = T(a) = (Tg 204.5)‘{ Ne u (Jp(an) To(bu) = dolbu) Yplaw)} %}

In this expression let

a Ve

(46) = gu =
L(r-1) V <K (T, + 234.5)

Then bu can be replaced by ro, where r is the thickness
ratio r = b/h. The formula for the maximum temperature rise may thus

be vwritten

2

(47) T = (To * 234.5) [n T, 0] To(re) = 9o(ra) 550} ~ 1:(
Sinée_all of the physical constants of the system appear in the
erguments of the Bessel functions, further simplification is difficult;
hence, the following steps will be taken to demonstrate the dependence
of meximm temperature rise on the physical constents of the winding.
In the discussion of small temperatﬁre rise, the maximum tem-
perature eppeared on the ordinate in Fig. 13 1in the dimensionless
variable 2«KIPT/@A®. Thus to each value of T there corresponds
a8 set of physical constants of the winding for each thickness ratio,
For exsmple, for g uniform winding with boundary conditions a) and
thickness ratio r = 4, the constants of the winding must be such
that the equation 2mKl‘ﬁ'fﬁ’}/(bA2 = 0.68 is satisfied. The maximum
temperature rise T& is primed to indicate that it is not the actual
‘maximum tempersture but the maximum temperature as computed from
equation (42) - with the assumption that the temperature rise is

small. Thus we find that o is given by the expression

)

o = _{\f 2 Ip .,
3y 0.68 (T, + 232.5)

¢ is therefore a function of Té and T, where T is the maximum

tempersture rise in the winding when the effect of local changes in
resistance is neglected, and Ty is the temperature at the surfece of

the coil. If we letb Tm be the actusl maximum temperature in the
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s

~winding, a graph cén be drewn of T vs. LA pr@vided To is known.
Usually in electrical apparatus, the value of T, is specified. It
will be assumed here as 40 °C ahove an smbient tempersture of 20 °C.
Hence,we can substitute To = 60 in equations (46 and (47). The
resulte of these computations are plotted in a sét of»gfaphs in Fig. 17,
-each curve representing a different thickness ratio of thevwinding.

The usefulness of this set of data may be illustrated By the
followingyexﬁmple: A uniform winding (boundary conditions a) of
thickness ratio r = 3 has such a configuratiocn that the maximum
temperature rise as determined from equation (42), or Fig. 13, i=s
T! = 67 °C. Cofresponding to the abscissa T! = 67 in Fig. 17,
the correction factor Tm/Ti is seen to fall between 1.20 for the
solid cylinder, and 1.24% for the flat plate. The winding of thick-
ness ratio’ r = 3 should thereferé have-a correction factor of epproxi-
metely 1.22. Thus the actual meximum temperature rise in the winding
will be 1.22 + 67 = 82 °C. Since the surface temperature was assumed
to be 80 °C, the "hot spot" in the coil will reach a temperature of
60 + 82 = 142 °C. 1If the change in resistivity of the wire had been
neglected, the computed meximun temperature in the winding would have
been 60 + 67 = 127 °C. i

Jékob 3) has shown that the ratio of meximum to average tem-
perature rise is practically the seme in large temperature rise problems
as was found for small temperature rises (equations 31 and 35, 36 and
37, ete.). This is true becsuse the shape of the tempersture distri;
bution curve is enly slightly steeper for large tempserature rise than '
it is for small temperature rise. Thus we sghall assume for practical
purpeses that the fraction Tmi is the same for large and small

temperature rise problems.
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Figs 17 =i Correction Factor for lerge Maximum Temperature Rige
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Assunming variable thermal conductivity in thick-cylinder problems,
as was done for the thin-cylinder winding on page 46, would lead to
an even more complicated solution than was found by Davies *®) in the
cage of the thick plate, No computations will be made here for variable

thermal conductivity. A few experimental data for this case are given

in section V.

If the inside of the winding is cooled to the same temperature Ty
as the outside, boundery conditions b), applied to the general solution
(45), give the temperature distribution
2(x) = g;{(mbu) = Yo(a)] Jo(r) + (dn(au) - Jo(bu)) Yo(ama) _ 1}

Jolau) Yo(bu) = dg(bu) Yo(au)
To find the radius of the surface at which the maximum temperature
will occur, it is necessary that the derivative of T with respect

to x wanish. The resulting equation must be solved for X,

[tolo) = Yolaw)] dy(xw) = = [Jolen) = Jo(ou)] Yy(xw)

2. Non-uniform Winding. For the thick, long, hollow cylinder,
equatior (40) applies; however, Q/K is now given by the function

Q . uk w
I - =Tt

2
where wR = L. & T
K I# (loge 2 )?

g - we
N PR X7

Thus Poisson's equation becomes
o N
4 Ix

A particular solution is azain = - w2/u®, Added to the solution
of the reduced equation, which hsppens to be Euler's equation

. |
X S+ x &+ WP =o,

!
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the complete solution is

%ol %

(x) = ¢! sin (u log, x) + C" cos (u logg x) =

'Boundary conditions a) serve to determine the constants:

)
) . ’ v o

cos (U loge

x) = (T, + 234.5)

ploieix

cos {u loge

The point of maximum temperature rise is at x = a,‘where ‘

T, © (T, + 234.5) [sec (v logg r) = l]‘= (T, + 234.5) {sec A V(Er l - 1}
/ LgdAK (T +234.8)

Hence, it is seen that the meximum temperature in the ideal non~
unifc;rm winding is independe:qt of the thickness }atio, that it is only
& function of the surface temperature Tq. fig. 18 is e graph of
the ratio Tm/Té for‘various values of T4, where Ii is the
meximum temperature és-computed from equation (31).

Since the temperature charscteristics of a cylindrical non-uniform
winding and of a uniform winding in the shape of a flat plate are aiike,
the data given in Fig. 18 apply to both types of wihdings, as was noted
already on page 46. Thus, for example, if the meximum temperature rise of
a uniform winding on & rectanguler core is computed to be 80 °C according
to equation (31}, the correction factor for a sgurfece temperature of
To = 680 °C is seen to be 1,30. Hence,the actual temperature rise will
be 1.30 * 80 = 104 °C. In computing T! from equation (31), it is necessary
to use the registivity 14 which corresponds to the surface temperature
of the eoil, 80 °C in this example.
| For the purpose of comparison, the curve for a solid cylinder wound

of uniform wire size, with T, = 60 °C, has been drawn in Fig. 18.

Boundary conditiong b) lead again to equations somewhat more

compliceted. The temperature distribution is found to be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Fige 18 = Corrsetion Factor for large Haximum Temperature Rise

in Tdeal YoneTnifers Windings
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(x) = _E:_ { (sin (u loge b) = sin (u 1§ge 8)] cos (u loge x)
gin (u loge y )

(cos (u loge a) - cos (u loge b)] sin (u loge x) . }

sin (u lage% )

The point of maximum temperature, X is given by the solution
of the following equation:
. [éin (u loge b) = sin (u logg a)] sin (u log, xm)

= [cos (u logg &) =~ cos (u loge b)] cos {u loge x)

Thick, Short, Hollow, Cylinder

ol ) SWALL TEMPERATURE RISE.
1, Uniform Winding. For a coil with eunds held at tem-
perature Zeré, Poisson's equation (26) must be solved in two dimensions

since heat mey flow in an axial direction as well as radially outward.

¥r o, 1T T . _8Q
x OX dF K

The solution of this equation in closed form is not usually given
because separation of the varisbles is impossible.  However, M. Jakob
and K. Homburg §°) have listed some data relating the average and
maximum tempera;:ures of the winding. In the notetion of th:':s peper,

Jakob 3)° gives the following table for windings shaped like flat plates:

L/(b-a) = o0 10 5 2.5 1.5 1.0
| /T, = 2/8 .625 .58 52 485 4T7B

The complets température distribution for any specific case may
be obtained by an application of the relexation method or similar
‘spproximating device used in ihe' solution of partial differential
unatiOHSo }

- 2. Non-uniform Winding. The fraction Q/K takes the form
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Q g A% L
S “KIJB (loge§)2 x2

for ideal non-uniform windings; thus Polsson's equation may be written

(s6) FoiRcE-E o

where k is a constant. In this equaticn, too, separation of. the

variables is imposcible; hence, an approximating deviee must be used

to obtain a solution.

| Since an experiment was performed to check the temperature dis-

tribution in & non-uniform ﬁinding {see section V), we shall compare

the experimentsl results with those determined by the relaxation method

as follows. :
The difference equation oorrespOn&ing to the differential equation (48)

is given by

. 1 h h®
(49) ri,j - — [(1+;) _tri,,l.j + Ti—-l,j + Ti’JH + Ti’j_l + k;—]

4 4 -
x

where 1 is the index of the gridpoints in the radial (x) direction,
and j the index in the axial (z) direction, with h as the separation
of the gridpoints. The grid of experimental data is shown in Fig. 21,
and it is possible to show that the experimental results egree fairly
well with the difference eguation (49). It is thus evident that the
relaxation method yields the correct representation of the temperature
field, although in meny cases the amount of time spent on the theo-
retical solution might be used better in performing experiments on the
physical system.

@) LARGE TEMPERATURE RISE.

The only difference between the equations for small and large
temperature rise is in the form teken by Q, which is now to be con-
sldered as a function of T. The partial differential equatioﬁ in this

form ias still non-homogeneoug; hence, sgparation of the veriables is
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not possible. Speciél cases can be solved again by the relexation method,
but there are probably too few applications to warrant working out a
sufficient number of examples “to plot the results that could be useful

in general for either uniform or non~uniform windings.
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C. THE MINIMUM TEUPERATURE PROBLEM

Continuous Selution

In section III'A the minimum resistance problem was stated and
golved. It was found that when the wire size is a certain function
of the radius, a winding is obbteined ﬁich has a \1ower resistance
than any other winding of the same siizé and same number of empere-turms.
The question now arises whether it ié possible to determine a
functional relstionship between wire size and radius which will meke
the‘ internal température rise smaller than that of any other winding
of the seme size and seme nmumber of smpere-turns.
We shall discuss this problem for the thick, long, hollow
cylindrical winding, with boundary conditions a)., To this winding
we may apply equation (405.‘ The discussion of thé data g;ive%x by
Moore (page 35) aésures us that the thermel conductivity X is a
constant if wire sizes with the same space factor are used. From
equation (24) it is seen that Q depends on =x implicitly through the
function s = s(x). Substituting the value of Q from equation (24)

end performing the first integration on equation (40), we find

o R P ind 2 e
™= oaKxSxadx*x

Applying the condition that the inside face of the winding is
thernmally insulated, we obtain the particular solution of the tem~

perature gradient

\ R e O G<x>]
where G(x) = Sx 5% dx
The second V:'Lntegra‘cion.gives the temperature distribution after
8 constant of integration has been detemined from the boundary

conditionss

b
(x) = %—I% S ggc-x—)- dx = G(a) loge;-
% .

-85 -
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From this solution, the maximum temperaturc rise it found to be -

b
. I= a{x) b
T - T(a) = -%—i- Sa —%—l dx - G(a) logg E:‘

As & matisr of incidental interest, we may ask what the function
s(x) musﬁ be in érder to make this meximum temperature rise an un-
conditional minimum. A simple calculation shows that the only solution
would be & = 0O; i.e. an infinitely 1érge wire diameter.

To include the condition that the number of ampere-turns is to

be A, we mske use Of.‘ lLeaprangien multipliers agein to write

b b
.
r o« LI 9% gx - (a) loge 2| + A& - AIL g dx
m & K . % a &

By applying the methods of the caleulus of variations already
Justified in section IITI A, it is found that the following equation

nust be satisfied by the function s(x) as a necessary condition:

b t a ‘ x
(50) Sa 115 S x s(x) dx dt - (1oge§)8 x s(x) dx = 7\<>2<2{3LI(10--3L)

Whether any solutions of this equation exist has not been determined

so far,
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D. TEMPERATURE DISTRIBUTION IN MULTIPLE WINDINGS

“In section III B it wes found that the ideal continuous
solution can be approximafed with good accuracy by & discontinuous
step~function (Fig. 2) in the minimum resisiance problem.

&ince Lthe search for the continuous function s(x) which satisfies
‘equation (50 is proving te be a difficult task, it may be more
fruitful to investigate the possibility of finding step=-function
approximations for the temperabure probiem.before the continuous
solution has béén established.

As’a'practical digression, we shall discuss later the ventilated
coil, in which the effect of the temperature rise has been separated

~ from the magnetic properties of the winding by local cocling. Any
method of reducing the tempersture in the céil, by radial or axial
vents, or by cocling from the ends, will naturally éerve to loosen
the tiles betwsen tempersture and magnetic sffectx\ As wes stated
on peges 3 and 4, we could produce powerful msgnets very easily if
it were pessible to carry mwey the Joule heat.

The most extreme condition that is lisble to be found in practical
cases is the long coil which is cooled only at the outer surfacse; that
is, the coil's core and ende are ihermally insuiated. This set
of boundary conditions will be applied to a thick winding on a rec-
tangular‘core and ﬁo'a thick winding on a cylindrical core. In the
former, the various sections of the coil, wound of different wire
sizes, posaess temperature distributions like those in thick, flat
plates.

The simplest case for which & step function may be a solution

is & winding made up of two gsections or cells, the one next to the

core with 8 +turns per square inch, and the outer section with

- 87 =
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s/v' turns per square-ineh, where v is the size ratio as defined in
aqu’atioﬁ (20).‘ 7 |

' We can determine the temperature distributién within each section
By the use of equations of the type derived in section III B if the
boundery conditions for each section were known.,

Thus, the géneral procedure indicated for finding the temperature
distribution in the entire co0il is to set up the particular solutions -
for the two sections and then to connect them by virtue of the fact
that the tempereture is & continuous fyncticn and the rate of heat
floﬁ'mnst be continuous acress the boundary between two sectionss that
is, T as weli‘as dT/Bx,is the same at points in the immediate neighborhood
on both sides of a boundéry.

For a thick plate we have the temperature distribution given by

equation (28)
T(x) =
and the temperature gradient

2 B

For the inner section, the temperature gradient is gerc at the
boundary x = a. Thus comstant €] is immediately determined, and we
can write the expression for both the temperature and the temperature

gradient at the boundary x = Xx,:

2 g%
T(xy) = -g-i—?—s-(zaxl - xE) +

a7 - . LIRS -
('a';xl o & (xq ?)

]

Since tempersture and heat flow across the boundary x = x; are
gontinuous, we can express these quantities in terms of the constants

of the puter section:
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. ' a . ’
=) = "'%;‘I‘;‘% xf + Chx o+ O
dT - I® g% :
(Ex_)xl o %\—E-W *a v

These equations serve to determine C4 explicitly and C§ in
‘cqrmsv of C}

g = f—-—-—-—-(;& “m e o)

i Isa
. C] = C§ - -ga—x-’—-(xf

Now we make use of the condition that the temperature at the outside

x=b is zero,to determine {}

’g__rﬁss(b + 2x;b - 2ab -£§E)

Thus, we can find C"' ~and have therefore a complete knowiedge
of the temperature distribﬁtion in the two-section winding.
In this discussion we are mainly interested in the maximum tem-
perature rise, which is the temperature at the inside faee of the winding.
. It is noteworthy that we cannot find this tempersture unless Ci is
Jnown, which in turn depends upon the boundary condition at the outside
face. If we were to follow through the“ step~by=-step solution asg ebove

.

for a eoil of many sections, the work involved in the computations would
become too cumbersome to be presented here in detail. However, since
we are only. interested in the maximum temperature,, the general case of

n sections can be expressed in the formule

' ' . =1 S
. 2 b - .
. PR B Z X T %

?m g—;—r [az - 28b + m + (va - 1) - .-.——.-.—v—.zf_——. ]

For the case of the two-section winding (n=2), this becomes

’ (51) T #%I;-; [(b-a)é\ + L‘%’l('b-xl)ﬂ]
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I v=1 (uniform‘winding), T, reduces to the value derived in
equation (30). It is readily apparent that v>1 results in a smaller
value of Tm, and ﬁ~<1 in a greater value of Tﬁ then for the unifomm
windinge This condition is o be expected inasmuch as v>1 represents
& wire of lower resistance per unit length in the outer section; hence,

- less power expended in thekentire coil for the same currenmt.
In order to exsmine the reletion between the maximum tempersture rise
and the magnetic efféct of the winding, we make use of the éxpression for

the number of ampere-turns of a coil wound in two sectionst

(52) - - A = ILe(xl-a+3:-gJ‘)

If A is to be held constant, then x; and v must satisfy the
relation esthblishgd by (62), hence we may eliminate either xy or
v between equations {51l) end (52), with the result that T, oan be

found as a function of xy%

(53) R S [Mzﬁa)(b-a-i—‘ﬁ) : (Tﬁ—;)ﬂl

VWhen we try to determine what value of x; yields the loweét
maximum temperature rise, we arrive at the conclusion that the minimum
value of I occurs at one of the e;xdpoints of the interval asx,.&b. \
In practical terms, this mesns that & single wire size rill>a1wuy§ giﬁa
the lowest maximﬁm‘temperature rise for.ga long coil wound oniavréctanguiér
core. | | \

It may still be desirable to use twe different wire sizes in a.goil,
perhaps to aveid having a special wire gize manufaéﬁured for a particular

.apflication. As has been stated qualitativély by Moore 21), it is best
to wind the thick wife near the core in order to have a lower maximﬁm
température. Equation (53) may be employed to determine Quantitatively
the difference in meximm fempefature to be expected when the thin wire

is near the core as compered with the winding which has the thick wire

1
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near the core. Tor a winding on the flet part of & rectangular core,
the ampere-turns as well as the power loss are the same whether the
thin or the thick wire is placed near the corej hence, for this case
we nay choose the configuration of lowest maximum tempereture without
affecting the power loss or number ofkampere-turns in any way.

We find that the difference of the two meximum temperature rises

is given by the following expression

(50) m -1 = EEE (bex) (s -e) (® -1

wharé Tm is the msximum tempersture rise in the two-section winding es
computed in other cases in this peper, énd Tmi is the maximum temperature
rise in a winding obtained by interchanging‘the two. sections. It is
obviocus from this equatien thet the temperature rise is greater when the
thin wife‘is wound near the core (v>1), as vould be expected.

For a winding which is ventilated equally inside and outcide, the
meximum temperature rise is of course the seme whether the sections are
interchanged or not; and for a winding which is cooled at its ends, the
tgmperature rise is lese then for one not cooled in that memner, Hence
equation (54) mey be used as the criterion for the upper linit of tem-
perature rise difference to be expected wheﬁ the sections mre interchanged.

The ratio of the megnitudes of these maximum temperatures illustrateé
perhaps a little betier what the effect of interchanging thé two sectiona.
ig. This retio of the terperature risés is‘givenvby the following

expression

T 4
i _(b~a)® + (x3=-8)% (v°=1
TIE (b-a)® v2 -'.;(Lb--x,‘)xa (v -1

m

For the case in which the two sections ere of equal thickness, that

is x; = (b+a)/2, the formule reduces to the following value

i, 43 »
T TV T , -
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If v = 1.5, this ratio is }/1.48 or approximately 2/3.

Thug, the effect of interchanging the twe sections is to reduce the .
maximur tempersture rise by a factor of 1.48, It is readily apparent
that for large values of v, the temperature reduction obtained by
interchanging two sectioms of equal thickness on a rectangular core
approaches the factof 3.

We can expect the cylindrical windiﬁg to have somewhat different
properties, because an interchange of the sections does alter the power
loss in the coil if the numbher of ampere-turns is held constasnt. In
partieular, if the thin wire is near the coré, then the total'powér
consumed by the coil is less than when the thick wire iS near the core.
Thus we may expect to find less difference in the maximum temperatures
when the secticns are interchangeds énd under certain conditions, the
winding with thin wire near the core may be the cooler one. »

Proceeding as before, with the exception that the differential
equation now is given by (40), we find the maximum temperatufe rise

at the core of the two-section winding as a function of v and x5:

1% g2 | bR =B b b
(55) Tm = (;OQK [ -~ < + X?_ - 9. + gxg-——?—- loge - 2&310ge ;:]

The number of smpere-turns is thé seme as in equation (62). Hence,
eliminating v between (52) and (55), the meximum temperature fisé as
a function of x; 1s given by
T S i il L AR R

4o v '

(b=-x)°

b .
+ x3(1+2 loge ;1) - e3(1+2 1°$e§ )}‘

(56) T

The derivative of this expréession with respect to x; yields a
complicated equation when set equal to zero, and we shall not attempt
. to solve it for the value of Xx; which results in the lowest maximum

temperature rise. However, we mey use equation (56) to find the difference
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in the maximum temperature rises when the sections of the winding are
intqrohanged. Here, toc, we are lead to very unwieldy equations, but
by making the asgumption that‘the two sections are of equal thickness,

we can derive the following formule:

op -pBBs% F-1 » 2D 48100 B o (p- 2]
LR - Sl (‘*b)‘ loge 353 - 48% loge o - (b-a)

The ratio of Tm to tm hes also been computed for the special

A

i
‘ cuaé of two sections of equal thickness. It i6 given by the following

sy .

equation:

:mi-‘ | 4 v2 r® « (r+ 1)2(v2~ 1) (1 + 2 loge 54?11 -4 [1 + 2 logg r]

T, 4 1R 4 (rel)® (va-l)[lleoge\?%‘lf] -4v[1+2%0g 1]

where r = b/a is the thickness ratio of the winding.

As e numerical example shows, for v = 1.5, and a thickness rati&
of T =3, interchanging‘the sections of the winding reduces the
maximun tempefature at the core by the factor 1.36, if each of the
sections occuples helf of the a#ailable cross-section of the winding.
This is smaller then the factor found for a similar interchange on a

 rectangular core (page 72), as was expected.

Ventilated Winding

If one has no particulér applications in mind, it is only possible
to derive solutions of & rather geneml neture, as those found sbove,
Posgibly oﬁa aepplication arising frequently among the cases that have
not been discussed so far is the ventilated coil %),

We assume that a windingkis built up of a series of thin, long,
hollow cylindrical sections of several dismeters, one inside another
(see Fig. 12). The spaces between the cylinders, the ventilating ducts,

" are to be filled with circqlating fluid so that the tempe;ature may be
assumed constent at both®mmer and outer surface of esach section.

Bince it is assumed that the iﬁdividual cylinders are thin end long, the
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solution to.this case applies equally well toka ventilated winding on
e rectangular core (i.c. the thick plate solution),

The desipn criterion arises from the followlng considerations:
There cxists a meximum safe bemperature teo which the winding may be
heated. For maxirum ef{iciency, each section of the winding should
Abe hented to thet temperature -~ if it remained cooler, mnore wire
could be put inte the available space and thus the magnetic effect
could be increased, if the tempersoture woulé rise sbove the maximum
safe limit, the winding might be hhrmed.

As an exemple, we will assume thet a winding of four sections is
to be constructed, with ﬁire sizes that are in geometric progression.

" Following the notation of Fig. 12, and observing that equations (24)

and (30) epply to each section, we can write four eguations

_e 1% g8 _ é . % s% . _ s
L s A T ™n %ﬂ“("ﬁ X - d)
A o N RN B o SRS
n_ TBEL K Ve *m no PR K 3

These equations contain the seven unknovms X; Xp Xz 51 Sg Sz 84-
Viith the assurption thet the wire sizes are in a geometric progression
of known ratic v, we can write three more equations, thus completing
the set of the required seven equations. The width of the ven%ilating
ducts d is essumed known, being defined by the flow requirements of the
cooling fluid. The solution of the set of equations is then given by the
following formulass |

- (v®+v2 +v)a + b - 34
(v+1) (v +1)

c(v@+vR)a + (v+1)b + (O +v2~2v~-2)4d
T G (Ee )

. = v3a + (WRW+v+1)b + (2v3«v®~va=1)d

@ (v +1) (v® + 1)

Xy

Xz
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2 (v+1l)(vw+ 1) 2 KT .3 - 51 - 51
S S TR paE L e A i A

For a ventilated winding composed of just two sections, the sclution

is given by the following equations:

va+b-d By 2 (v + 1) 2 & K T
E_.Lo = m
TURA IO R TFE SR TIRTR T \/ 2 .

These formulas give the winding schedules that insure the same

Xy ¥

meximum temperature rise in each section, but nothing has been sald
about the relation betwsen megnetic effect and maximum temperature rise.
Assuming that the duct width d is unalterabie, we still have a
cholce in seleoting the ratio of the wire sizes v. If v is equal to
- one, the sectionsiof the winding are all wound with the same wirs sizeé
v>1 represénts the case of thicker wire for the outer sections, and
v<1 means that thinner wire is used in the outer sections.
| Vhen we try to compute the number of esmpere-turns of the winding,
we find that it is independent of the wire size, being given by
equation (36) for each of the sections of the winding. Since the
values of T, are the same for all the sections of the winding, the
values of A nmust be the seme &lso} hence, the total number of smpere-
turns of the winding is equal to the value of A found from equation (36)
multiplied by the number of sections of the winding.
| The fact that the equations are independent of the wire size leaves
us free to choose eany size we wish, and we are therefore able to make
" use of the results obtained in section III of this paper; that is,
we can select the wire sizes which meke the resistance of the winding
a minimum for a given nuﬁber of turns.
\ Probably the eimplest way to obtain the winding schedule in its
finel form is to work with the design criterion that every section of

the winding should have the same resistance.
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V. EXPERIMENTS

Introduction

The practical value of the equations presented in this peper rests
.on the validity of the assumptions made in their derivations. The logic
of the mathematical steps taken is simple to check; and unless errors
have slipped in, there is little doubt that the equations obtained in
section IV are the correct solutions of Poisson's équation with the
appropriate boundary conditions. ‘

A,lgrge number of assumptions mﬁst be made in order to connect the
mathematical structure with an existing physical system, both in the
premises and in the results, and these comnecting links are not sharply
defined, being broadened by limits of accuracy of ths éxperhnental
measurements.,

There is,of coursey,little doubt that Poisson's equation applieg to
the flow of heat, even in the heterogenecus medium represented by a coil
wound of insulated wirs, so that if results are obtained which do ndt
agree with the theory, the investigetion of the‘cause for this dis-
crepancy should be focused on the marner in which the mathematical
structure is linked to the physicel system.

Consider, for example,the quantity Q. The heat generated per unit
volume per unit time in the winding as given by equation (24) depends upon
the current, the number of turns in the unit volume, the resistivity‘of
the metal id the wire, and‘the space factor,

 An armeter measures the current with a maximum sccuracy of 0.5 °/,,
thus the square of thé current is known within 1 °/,. The number of turns
per square-inch ¢f winding cress—secti§n depends for its accuracy on the
count of the turns and en the‘méasureants of inside and outside diameters
( and length of the windings Simce the outside surface of e layer<wound

winding is not circular in oross section, an average value ¢f the diameter
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muiﬁ: be ‘chésen,%hus giving the value of & with a ‘probable aceursay of
not mofe, then 1 ./o; The resistivity mey be assumed td be that of l}igh-
"g‘:»'-a;dqy oeppér, with a va}.ﬁer of e"v of o.ssé zhiorehm-inch at 20 °C. & is
th“e retio of metal crosg-section to tetal orosé-,—seétion, ;vhi{ch depends
‘again on the léngth and dismeters of the coil, as weli 88 on the aséumption
that the wire has the éo;rsc‘g AWG dismeter, anci ic oircular in cross section.
In ‘v:’.éﬁ of the fl'acft‘l thet some sxﬁretchin‘g of the wire takes place .in winding
‘a 'éoil it is likely that the value df‘Am ig off by a few parcent, and that
even, the value of (J might be affscted by the cold—wnrking of the metal.
| 'f;'hus the quantlty Q alone ca.rmet be detemined wry accura'bely —
and -it is &mbng the va.ria.bles eonsidared adequa-bely d.-ei‘ined in thiswork.
The o‘cher varmbles whioh are dafmed with considerable accuracy are measurei-
‘ men’cs of length and measuremon’cs of temperature by themaceuples.’ The
\ ,s.s!umptions made in ad@pting the various bmmdary candi‘cmns have already
i been dlsoussed on pagea 36 and 38,
The weakest 1ink appears to reude in the sverage thermal conductivity
K; This quantity depends an the materials used in the windmg es well as
oni their dxstri’ml’clen in space, and one of the purposes of the experiments
performed, at ’che ﬁ.pplied Science Labom‘bary was to de-tarmine the ranga
-of K under several conditions —— with the assumption that all the other
variables wers’ cgntmlled tc a reas;mable degree. and that the theoretical

~

work done was cerrect. : S P x

- xamp brafux‘u- Hiéigribut'icnc

In orde!' to establish that the tha,cn-y daes give ccrrec-b results, it
W, decided to check the -tex@erature dls’crlbu'bicn in & winding.
" Co:.l Ha. 1 is a th:m, lemg, hollow cylindrical winding. It consists
: af 1391 tums of AWG Ne. 26 Fomex inaula'ted *wire in ten layera wound

’ upen &n eluminum tube z% ~in ds.ameter. ,The'vinding is 2,607 long and
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0.161" thick., Thus,tho thickness ratio is T = 1,18, which is sufficiently
close to 1.00 for a winding with bouﬁdary conditions b) 80 that the
temperature distribution is essanﬁiallly the same as in a flat plafe.

Nine thermocouples are placed in/ the winding, one each between
successive iaysrs. The‘ couples are located at different distences from
the ends of the winding in order that the temperature distribution in the
édil will not be disturbed too xﬁuch’near the points where the temperature
is measuied. The thermosouples are made of 0,001" copper and 0,001* cen-
stantan wire. The soldered junctions average 0,0045" in diamﬁetér, the
smallest being 0.005*; and the lairgest 0,005", except»one, which meagures
0,008" in diameters. / | |

This coil was tested with a current of 1.80 emperes at a éurface\
temperature of 66.8 °C in a keraseﬂa bath. The ‘cempémtufe distribution

‘ indi%s;;:ed by the nine thermocoupdes is shown in Fig. 18, The curve - drawn
in ?ig. 19 is the best (least squares) fit to the experimental date.

Since the internal temperaturé rise was small, no correcticn‘faotcr
'ms.s‘ applied. - Since the space factor of the winding is o« = 0.660, and
the resistivity of copper at 66.8 °C is (3 = 0,802 micfohm-inch, the

dverage thermal conductivity of Coil Ro. 1 is found from equation (36)

 to be K = 0.0242 watts/°C-inch.

~

In see;bicn' II it was found that the optimum Vnux\nber of turns was
approximﬁted ratlier closely by a few changes of wire size. The same
approximation appears to hold for the temperature distribution also,
as 1s shown by the measurements on Coil Ho. 2: ? k

Goil No. 2 is a thick, short, hollow cylindricel winding with the

following specifications:
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a = 0.876" b e2.060"  r=5.48 L 2.00%

- Wy = 307 ‘turns AWG ‘Hoi:RO Formex insulatedlwir"sg ,‘ |
- | ’ Xy = 0,565"

N, = 348 turns AWG Wo. 18 Fommex insulated wire, i
g ' | Do g , X, = 0,880

Wy # 352 turns AWG Ne. 16 Formex insulated wire,
7 X5 = 1.368"

N, = 316 turns AWG No. 14 Formes insulated wire

F = 1323 turns.

36 iren—cogstantan thermocouples (AWG FNo 30) are placed in the winding,
gpaced equa,lly' in both radial and axial directions in a plane containing
the sxis of the winding. |

The _coii wae tested with currents of 1.5 and‘ 2.5 amperes while
themﬁ}.ly ingulating woeden ends and core meintained heat flow in the
radial direction outmrd only. There wes some heat flow in the axial
direction as indicated by & slightly ‘lower reéding of the outexfthem.o-—
~oouples. The poinfs plotted in'Fig.léG represént the maximum tempersture
_in each row of six thermocouples. |

The curve shown in Fig. 20 is the best (least squareé) fit to the

' axperiment;al date indica’cad by crosses, according to eguatien (44).

It eorresponds to the value K = -0.0466 watte/*C~inch since the space
‘kfactor of the ecoil is‘ A = 0,704, and the resistivity of the copper at
“\the‘ surface temperature 50“(3 éuring the 1.5 ampere test was . Q@ = 0.6897
‘micrahm—in’ch. \ ’ |

For the large tengporature correction, e factor of 1.07 should be
‘applied :m order to give. the propei- value of the maximum temperature rise.
This is ségn to agrée with the correction facter given in Pig. 18 at a
temperature fise of about 25 °C.

Coil ‘No.;jz was ép’erated at 2.0 and 3.5 amperes as & short winding,
that is, with ends and outsids surface _at-bath temperature. .
| Pig. 21 shows the'velues of T/I"‘ ag indicated by the thermocouples.

The figure above the line at each gridpoint wes obtained with a current
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of 3.5 amperes. The number below the line at each gridpoint carresgonds
to the 2.0 emperes tesf. ‘ |
o Since the maximum tmperature“riée\during the 3.5 amperes test was
ykel‘boukt 50 °C,'it is scen from f‘ig. 18 that a correction factor of 1.2 |
: Vshould be applied to the maxinﬁm temperature m;aaasuremént. Comparison of
the maximum tempereture risesv in Fig. 21 shows that the factor actually
ofigserved we.s 4.44)3.73 = 1,19. This shows that the general trend is
predicted by the theory with fair aét:urex.cy.' | | _
) ‘Fig. 22 is a three-dimensional graph of the data obtained %n the
2.0 emperes test, illﬁstrating the genergl shape of the temperature field,
Heving thus established the fact that the témperature,,distribution
within a windifag ‘is reprasented ac#uractely by the theory ft;r uniform
and non=uniférm windings, it is only nécessary to check the meximum tem-

perature rise in a winding fe; all further tests.

Aversge Thermsl Conductivity

- Coile No. 3, 4, and 5 were wound with only two thermocouple junctions
‘in the winding ~ one at the point of maximum temperature, the other at
the outer surface. The speclflca.twns of these 00115 are given in the

following table:

Coil No Wire Bize a b L. ¥ r A
- AWG inch inch inch ‘turns
3 . 2 420 .816 2,00 672  1.94  .684 \
4 22 .245 .46l 1.81 561 1.88 720 .

5 a2 " o245 .5?5 1.?9 768 2.26 730
The coils are mund i@ wooden ceres, with thiék wooden ends, so that
they satisfy boundary condi’qmns a) fer long,, thick, hollow cylinders.
Pig. 23 shows ’c.he vahxe ebtained for the average ﬂaemal conductivity
of these coils in a kerosene bu.th. , 'i!’he data. mdiea’ced 'by circles and dots
were tbiained by selving equation. (42) for K when the measured values

of Tm ‘are used. This is ealled-the. "unqorrécted" set of date  becauss
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~86Q

eauatlan (&3} 15 based on the theory of small tsmperature rise, and yill‘
be stric'bly .applicable only at the origin I% = 0. The data indio&ted
by crosses and triéngles were obtained by gubstituting in equati&n (42)
the measureéAvalueﬁ éf:'T divided by‘the a@pf@priate corredtion factor
"vfram Fig. 17 or Fig. 18. This "corrscted" set'ef data is seen}tc vield
an appr@xzmatsly oonstant value of K at all temperatures. In order
- --tﬁ check ths relatinn between thermal oanéuctivity end temperature, an
'*,experzmenb was made umth s;all internal temperature rise at vnrlous bath
- temperatures., The resulta. plctted in Fig. 24, confirm.the theory that
K is a;cénEtant when the coil is inmersed in keresens.

The' scepe of these exparlments was llmlted by the fact that the haat
distortinn temperature of Viﬂyl Formel Resins is about 76 °c 2%),; hence,
nc-part cf the wzndlng was penmltted to become heate& above thig temperature.

With the windlngs 1n air, the avaraye thermal conductlvity was computed
from equatian {42) with meesured values of T ,substituted. The data,
plotted in Fig. 25, 1nd1cate clearly that the thennal conductivity of
the w1nding in air ig not oaustantg henice, that equatxdn (42} does not
apply. As would be expected. the‘c@nductlvity increases with increasing

'temperature 13) hewaver, tha témperature ceefficlent of the average
thermal conductiviny &f the coil is very difficult to predletx thus, it is
_ not passible t0 substltute the eorrset function for K = K(T) in Poisson's

'equatlan and cbtaln Y solutiﬁn¢ As was pointed out on pago 46, even a
linoar relatlon betuben l/k end T would rasult in elllptic functions.

-Fige. 26 shows ths exgorimental setup in. the tests made oen Coil No. 2.

" The themcéeuple pmmtlau were moasurod with & Leeds and Northmp '

Twpe K potenticmeter, with & Wbsten l mY met@r serving es a g@lvanometer

(5 -ohms internal reaistanca)

~
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Fig. 26 = Experimental Set-up
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