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THE DETERMINATION OF ORBITS

‘Introduction

The use of modern, commercial, calculating machines for
astronomical computations has introduced a transiticon from
yfhevolder methods of logarithmic computation to methods that
permit the most efficient use of the machines. With respect
to the orbits of minor plénets and comets, any lmprovement
i\‘x'f'barhvich will facilitate deriving the orbital elements and eph~
;ém6rides is especially pertinent if the increasingly large
numbers of newly disgscovered bodles are to be followed and

observed.

The problem of orbit determination has held a conspicuous
position in the development of both mathematics and astronomy.
‘ﬂéwton's discovery of the law of universal gravitation and his
.davelopment of the calculusg provided the necessary mathemat-
iﬂal equipment for solving this problem. His own methods of
solﬁtion, however,vwere not highly satisfactory, as is implied
tbyvhis statement, "This being a problem of very great diffi-
eulty, I tried many methods of resolving it." In collabora-
 tion with Newton, Halley computed the parabolic orbits of

twenty four comets, by a "prodigious amount of labor." Im~

provements were made by Euler in 1744 and Lambert in 176l1;
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‘each discovered, independently, the equation of parabolic
motion in terms of two radii, the chord, and the time inter-
val. Lambert also gave the generalizetion to any conic
gsection. The mathematical theory of the motion of celestial
bodies was developed extensively by La Grange and La Place,
thofneither greatly improved the actual methods for obtaining
an orbit. In 1797 Olbers published his unsurpassed method
for a parabolic orbit. It remained for CGausgs, stimulated by
the loss of the first minor »plenet, Ceres, in 1801, only a
few months after its discovery, to produce a practical and
general method of deriving an orbit from three observations.
This splendid work clearly bears the imprint of his genius,
‘and practically marks the end of an epoch in the history of

orbit determination.

Within recent times Harzer and Leuschner have worked the
Le Placian method into a practical form; Cowell has introduced
,numérical.integration of the coordinates for highly disturbed
bodies, such as Halley's comet and the outer satellitesg of
Jupiter; and Gibbs, using vectorg, has given a valuable ap~
prbkimate formula for the triangle ratios. Current writers
Jhave, in various ways, transformed thesge methods in order to

. B
~make them more effective for mechanical computing.”

The*papers of G. Merton (Monthly Notices of R.A.S. 85,693),
R. T. A. Innes (Monthly Notices of R.A.S. £89,422), and
K. Stumpff (Astr. Nachrichten, 5828 and 5855) may be cited.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The present paper hag a double purpose: to develop a
‘method of orbit determination, especially adapted to machine
computation; and to apply the method to the determination of

an improved orbit of the minor planet, Biarmia (1146),.

. Part I

A New Method of Orbit Determination

The Fundamental Hquation

The determination of the orbit of a celestial object
moving under the sun's gravitational attraction involves the
 simu1taneous satisfaction of two sets of conditions, the dy=-
,namical and the geometric. The geometric conditions provide
thét the theoretical positions c¢f the object Computed from
the orbit shall agree With its observed pogitions on the
éelestial sphere. The dynamical conditions, which impose the
law of gravitation, are contained in the vector equation*

3tp - “k*(1L 4+ m) p
LEA ) (1>

This equation, with a slight modification of notation, is
given by Drand: Vectorial llechanlics, Art. 182, The heavily
inked letters ( ¢ ) denote vectors.

n

Since thies ig a differential equation of the second order,

two constants of integration must appear in the solution.
The initial conditions, which determine the wvslues of these
constants, are obtained from the observed pogitions of the

object, i.e. the geometric conditions.
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The solution is readily obtained by means of Taylor's
gseries. The nature of the problem leaves no gquestion as to

the continuity of the functions involved. ZLet the time

L]

interval be counted from some origin of time, t,, in units

of l/k mean solar days (k is the Gaussian constant), and
neglect m, the mass of the object relative to the sun. Then

at any other epoch of time, t,, the position vector of the

object, referred to the sun as origin of coordinates, 1is

+3

d
d

LR

* o3
T n +

3 .3
- K dr,
R =R ISRt oraet t 3Taw

(G|

‘where T = k(tz —~ t,). The solution is completed by substi-
t@ting for the differential coefficients their valuees as de-~
rived from the differential equation and its successive de-

rivatives. Thus

3 - 3 3 d
gtn - hn’ gtn - - £3%% u %*?% P, etc. The result is
S a v |
. d
n=0n oG

where £ = 1 - T/2r® 4+ 1 /2rt -~ ..., and g =T - T0/6n’ + ...
’The censtant vectors, f and %% ; which are the two constants
of integreation required in the solution, are the position
,Vector and velocity vector, respectively, of the object at the
’epéch ty . VWhen these are known, the solution is complete,

vgnd the position of the ohject may be determined for any epoch

of times, past or future.
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It is apperent that the solution is also complete and
fthevposition is determined for any time, if the position
vectors at two epochs are given, except when these vectors
are parallel, for the solution mey be written as

in _ B -fn
dat 7 z

 Then, if B, and | are known, the velocity, %% ; required at
 t, to produce r, is uniquely determined, except when g = 6.
In this exceptional case the position vectors are parallel,
and the sector-triangle ratio is indeterminate. In the de—
velopment which follows, instead of the position and velocity

vectors at the same epoch, the solution is based upon the po-

“sition vectors at two epochs.

Comparison of Observations

The method here adopted for comparing observed and com~-
puted positions is one which has only recently come into use.
:It’consists'in dividing the two smaller geocentric rectangular
ﬁcoordinates of the object by the largest. These quotients are
’simple functions of the observed right ascensioh and declina-~
tion, and when the computed values agree with those derived

~from the observations, the solution is complete.

This procedure iz equivalent to using the ratios of the

“direction cosines. In order that the ratios shall never ex-

~ceed unity, the following criteria determine which coordinate
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“ig to be taken as the divisor.
Case 1: If ~1< tana <1l and -1 < scce tand <1, let

tand = (y + ¥)/(xz + X), A} = secatand = (z + Z)/(x + X),

"

,Ax
Py =secd secd 2 p/(x + X), By = 44X - Y, By = A'X - Z,

_Cé‘,se 2: If -1 < cot«cl and -1 < cscd tand<l, let

A& scota = (x + X)/(y + Y), Aj = csca tand = (z + Z)/(y + Y),
By = osca secd = f/(y + ¥), By = AY - X, By = AJY - Z.

Cage 3: If neither of the above conditions age satigfied, let
Ay = cosd cotd = (x + X)/(z + 2), A} ssind cotd = (y+Y)/(z+2),
K *escd = f/(z + Z), By = AyZ - X, B} =A}Z - Y.

fhe solar coordinates (X, Y, Z) should include the topocen-

~7tbic corrections, so theat porallax is completely eliminated

ffom>the start.

The effect of using these A's and B's is to eliminate
- the third order determinants which are inevitable when the
“direction cogines are used. The evaluation of a third order
’deﬁerminant by means of a computing machine is, 2t best, four
~ cdmp1ete operations. The usgual method is to expand by minors,
“Whiéh involves the evaluaticn of the three separate second
dfder minorg, and the sum of the »nroducts of these by their
 reSpective coefficients. Innes' method (loc. cit. p 429)
~requires the evaluation of ten third order determinants. In
Merﬁon's method (loc. cit. p 695) the solution of his equa-
tions (9) is equivalent to 2 determinant solution. IHis own

- discussion which follows the equations bears testimony to
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‘their undegsirable form. Furthermore, the evaluation of a set
Qf direction cosines requireg four entries into tableg of the
“trigonometric functions and two multiplications by a common
multiplier. IExactly the same operations will yield the A's
‘(these are all that ere necessery for the comparison of an

observation), and, in addition, an explicit expression for P.

The following development is given for the first case
~only, the other two being analagous. For convenience, the
subscript x is omitted. In terms of the adopted notation:

r* = (1 4+ £ +A"7%)x* + 2(AB + A'B")x + B* + B

(2)
v= Ax + B, 2z s A'x + B'
so that, at the instant of an observation, the radius vector
and its components are exnlicit functions of the x-coordinate
:alone, anc¢ the observation is élways exactly represented.
;Since two radius vectors are sufficient to determine the
prition'of the object for all times, the present method will
depend upon the determination of an xy, end x, as the inde-
pendent variables at the epochs t, and t,, respectively, such

that the position at any third epoch, t;, is satisfactorily

represented.

Properties of the Coordinates

Consider the difference tables in which the three helio-
~centric rectangular coordinates of the object are given at

~.equal intervale of the time. Let the notetion be:
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Argument Coordinate end Diff 4th Diff
Lo Xo A':,
b %, A A
t, X, A A':
by %y £Q

and gimilarly for y and z. The differences may be evaluated
from the fundamental differential equation of motion by a
method similar to that used by CGibbs, and later by Cowell

and Crommelin.” Since x is a continuous function of the time,

J. W. Gibbs, "On the Determinstion of Elliptic Orbits", Nat.
“Acad. of Science, IV 8th mem., 1888;

Cowell and Crommelin, "The Orbit of Halley's Comet from 1759
to 1910", Greenwich Observations, Appendix, 1909.

S ' > 3 4

let x =g, + T + a2, T+ 2,7+ a,T + «..

where the unit of T is k(ta- t, ) = k(t, - t,), etc. Then, if
X = Xy when T=0, when T= -1, xex,, and when T=1, X =2X%;.

Thus: Xoz 8 - 8 + 8 - 85 + 8 - «..
"'EX. - "‘2&°
X‘: aq + ~al + 8., + a; + 34 + e

1

A‘ 28.,_ + 28.“ '+ LI

Similarly A?‘ 24 a, + 120 8, + ... Also, by comparing the

coefficients with Taylor's series and the differential equa-

-
s

“tion of motion, a,:1 {d*x -~ T a,. Writing x, for a,,
‘ 2¢(dt?

X=a, £e 1

and substituting for a,, a,, stc. glves:
"o L 3
Al - Tx /v + /12 A - e (3)

L W e Y 1

i

Fy
—TX;

_L {v _ — ;J
| +{r,,-r’,,T]3+le" "’+[zq + (g - )P ’

2 Tr'x, 1w

+--‘f?—'~."‘é'Al + 4 e
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Expend the brackets by the binomial theorem, and collect. Then
"o 1> /.9 w W oW 24

A 22t %, =21 )T /00 4 () 4 AN -eAv)/12 4 3] [T/ o4 Ll
W b vl ” . f e )

A =,T‘%/r; + A‘/lz + 3 [ (np, -~ 1y )z~ {1, - r, )};,]T /o o+ o (4)

ulmllﬂf expressions for the corresponding differences in the ¥

cand z tables, and the differences opposite t, in each table,

~are derived in exactly the same mammer.

In the cace of three observations separated by suffi-
ciently small time intervels, let *, be the tiuwe of the first
Observation, ty of the third, and't; of the intermediate one.
Let (ty- t)/{ta= t;)en, 1 ~n=m, &(t,- t, )=T. Using

- Everett's interpolation formula™ and the values of the dif-

This is 2 recent, and not well known, formula, given by
Everett in the British Associstion Report for 1900. It is
easgily derived by substituting for the odd differences in
“Bessel's formula in terms of the even differences of the two
ad301n1nﬁ row Putting m 1 - S the result is:
Xp =M X, = (m A+ Eu(m) A= e 4

= tn x, - ua(n) A. + ;u(n, Ve e,
where L(n“,=m(m" l’)(m - 2%)o 0. (m* ~ i*) /(21 + 1)!

~ferences derived in (3) and (4), the value of the x-coordinate

at the intermediate epoch, t;, is ziven by

BN x; = {m 4+ m(l - m*) K, [l + (7 - 3m*) YJ X,
e 6 A0

2 ) bid 3 >4
and z, wrere I, = T* /1“"- s, (31, 2). Terms
of the sizxth order have been nreglected, and also the term,

‘33 [&1- 1 )x;- (r, - 7, hQJTI/n“, ir the fourtlh diffevence.

‘thig term is inappreciable, for r 18 resrly constant, so that
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gthe formila includes most of the effect of terms to the fifth*

\Bbth AV and A include part o:f 4y 1in Bessel's formula

order of differences. The formula is esgpecially convenient in
practise, for the Zverett iInterpolation cqefi ents may be
taken from tables® (these will change in value only once, when
,ﬂhe correction for light time is applied), l/r3 may be taken

from a table®™ with the argument rz, and (7 - 3m‘)/60 is tabu-

Chappell: A Table of Coefficients to facilitate Interpolation
by means of the TFormulae of Gausg, Bessgel, and Iverett. Lon-
don, 1931. ,

Thompson: Table of the Coefficients of Lverett's Central-~Dif--

ference Interpolation Formula. Londen, 19Z1.

Comrie: Planetarg Coordinates for the Years 1800 -~ 1940. Lon-
~don, 1933. Table X gives 1/r3.

lated in the adjoining TADLG I. All the TABLE I
- . _ 2
terms in the formule are positive and ad- m L 3m
S 80
ditive.
.0 L1187 5
.1 .1162 —1;
.2 L1147 T2
Triangle Rstios 3 W11l22 "0
.40 .1087 ~Ag
5 L1042 gé
Let the expression (5) for the cocr- .6 .0987 oL
a7 .09..44 ;7)%
dinate x,, eand the similar expressions 8 .0847
- o .o762 90
h o . &~ _(95
for y; and z,, be written as 1.0 .0667

s Mz o+ N =z,

A R
My +NV,

ot

]
1]

=l
"
P
[0}
-

)
i s
Z; s Mz, + I z,.

- These equations are equivalent to # = M n + N B . IHowever,

~when & vector, £ , ig expregsed in terms of two other vectors

~by such a relationship, then Il and N are the ratiog of the

e

P T‘] and [r‘z r , r'espectively

Trs » ] [Pss T

areas of the trisn
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11

for the vector product ©, x & =ik x R, cr

ryr; sin (v, - V') . _ryr sin(v;
rur, Sin(v, - v, J» °nd simllariy K2 r;r,sin(

VTl nrOATITY . ORT TEENOTINATY LR T ONRT O COTT I SEOUT T T \ - T T
TILUS, M AN I\: Al-ﬁ_; uAPnnf) \Jivb O.L Linid J.,x,‘s.liiuuuu i ;iICS, EA.CIi II\:

O TERMS OF ThZ TIME AND OULY OHE BEXPLICIT INDEPENDENT VAL IAD“L.

The gimaltaneous usge of two radii implicitly includes

the effect of the derivative of a gingle radiug, go that the

»

higher powers of the time may be included directly in the ex-

pressions for M and I, instead of having to derive approxzimate

valueg or add correction terms. The usual expresgions, to

@D

~termg of the fourth powers of the time, bul involving only

‘one radius, may be found in wvarious standsrd works.” In the

- See Terton {Joc. cit.) p €94,
o first approximation only terams to the second nower of the time
may he included, and the complexity of subsequently including

hirher power terme ig evident from the formulee. The Cibh's

jav]

~ratios offer glishtly higher degree of annroximation, bdbut

they involve three radil and Jo not admit of such simple

A

 dllfOT ntial coefficients as will be given for i and N. The

ol

Writer hae heen uneble to find expressions for the triangle
ratios which prove to be equally ag effective in the actusl
. determination of orbite from short =rcg ag the exprescions

cgiven in (5).
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General Sclution

By the formulae thug fer developed, x, and x, remain

I
ag unknowng, and two observations are always exactly catis-
fied., It 1g to be rnoted that this ig the least possible

=

“number of unknowng, gince a differential equation of the sec-

ond order is being sclved. The efficacy of the completed
method will show thset the choice of unknowns to which the

pFOWlem hags been reduced 1is a very expeditious one.

The intermediate observation will now be employed to
~determine the wvalues of x, and
~cbnditi0n€ of each observation, ss expresfed in (2), with
“the dynamicel relationships anong the three positions, as

&~

. expressed in (8), gives:

. & rr f r \ A -
vo= A (Nx, o+ Vx, ) o+ 3 o= M{A,x o+ B) o+ {4, + 3Ba)
1 wrf oo .. ™ 1 At
z, = “.(hx, + Nx,) o+ B o= M{alx o+ BY) o+ N(Alx, + 3B)),
or
M(A, - A;)Xu + N(A; -~ A, )*:1- = B, - D ~NB (,-7)
s 1 1] ™
M(a! - a1z, o« W(A! - Al)x, = B! - U DB - W B :
ALL CI THE COHDITICNS OF 7TiE CENIRAL SCLUTICH AnL cou-

TAINED IN TEIS SIMPLE PAIR O BQUATICHE. The I and N provide
b.that the hellocentric rectangular coordinates of the middle
‘place are derived from those ¢f the firet and third nlace ac-
Ubdrding to the law of gravitation, and that the three radius
lvactors shall be coplanar; while the A's and B's insure that

~all three observations are exactly represented. It will he

shown later that, for minor planets, the deterainant of the
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~goefficients can not vanish. While it may appear that the
x, and x, are involved in the M and N, respectively, in a
'bOmplicated manner, nevertheless, the solution may be readily
derived by the following iteration nrocess. One rational
vgﬁe33“will displace the entire preliminary solution of other
,orbit methods. Tor 2 minor planet, assume initial values of

N

r,i 2.5 =2 r,, with which approximate valueg of M and N may be
computed. Solve the equations (7) for x, end x,, then the
equation (2) provides improved values of r, and r,, with which
the process is repeated. In general, this method will con-

- verge rapidly, for the errors in the approximate values of the

rrﬁs enter the expressions for M and N with very small coeffi-

clents, since YM _m(l - m*) TV (~3) IN _ n(l - n*) T*(-3)
dr; T 6 ¥ dn T 6 r

Thig iteration process neglects the effsct of the vari~:
:ations of x, and %, on M and N, reSpectively, in the success-
~ive approximations. Since M and N are each explicit functions
of a single variable, these effects may be easily taken into

account by performning a differential correction upon the first
approximations of =z, and x,, obtained as above. This greatly
increases the répidity of the convergence of the solutions,
and is usually the wmost practical method of solution when the

eries expansions for I and N can be used. From the direct

0
o
n

differentiation of equations (2) and (5)

(L+A"+4" )x + (A, B + A'B') ax,
T
(L+Ag A3 )+ (4,8 + AMD)) dx,.

n

‘dr{
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m*) KJYI + Af+ Afz)x.+ (L,B, + A'B")
2 L r

-m (1

i

3

dx,

1]

daM

| S

dN = -n(1

n*) 1J(1 + A+ A1%)x,+ (A,B, 4 A;e,')] dx,
ey

o) 1

In order to simplify the notation, these expressions will be
written as: dM= ~If dz, and dll = - dxq» The corrected values
of x, and x, must satisfy the equations

' Aa[(f‘ﬁ +aM) (= + dx, ) 4 (0 4 aN) (x, + dx
o d )

2 )+ X,;]-"-'
N + dN)(y;‘f'

(M o+ aM) (y, + + dy. ) + ¥;
AMLOT + ) (x+ dx ) 4 (N 4+ AN) Gt dm) + K]S
(M o+ M) (z + céz, ) + (W + dl)(z + dz;) + Z;

Now y= Ax + B, dy=A dx; z=A'x + B', dz s A' dx. Substitute
and transpose:

,~[(A-AL (0 = Tx, ) - W8] ax, + [(4,- 4) (0 - Fx,) - T 5] ax, =
| (A = A Mx, + (Az- ﬁL)NXz + MB, + B, - B.]

| (8)
 [Uw..A{\(M - by ) - M By dx, + [(al- A - V\l) - N B} ax, =
| - [/(A"* ADMx, 4+ (A~ Al )Ny.,_ # U3+ By - B}]

where terms of the form (&, - AL)E(dx) have been neglected.

This completes the development of the method to be used
- when the observations are separated by sufficiently small

time intervals. For minor planete 1t will be applicable-to

observations extending over an intervel of about forty days.

- Comet Orbits

The case of comet orbits, however, involves additional
“considerations. During the period of observation, the helio-
centric digtance of a comet 1s mores probably one unit thanh

2.5 units, as was assumed for minor plenets; and in the large
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Jmajority of comet orbits, the eccentricity is very nearly
 unity. The smaller heliocentric distance not only reduces
“the time interval in which the series for M and ¥ will con-
Hﬁerge, but it introduces a more gerious difficulty, as will
ba,shown from a theorem of Lambert on the curvature of the
‘ a§parent path. Becausge of the nearly parabolic nature of
~the orbit, it is customary to derive a preliminary orbit that
iS~exactly narabolic, and thereby simplify the ephemeris com-
putation. Thies is attained by imposing the Euler-Lambert
equation of parabolic motion as one of the conditions of the
‘:splution, and neglecting one of the observed coordinates‘of

~the middle observation.® The resulting representation of

'ﬂLeuschner s method forces a parabolic velocity, and neglectsi
;the declination of the first observation.

 this neglected coordinate is an index to the validity cf the

Lambert's theorem on the curvature of the apparent nath
states thet the heliocentric distance of a celestial object
is greater than, less than, or equal to the earth's helio-’

~centric distance, according as the anparent path ig convex.
~toward the sun, concave toward the sun, or at an inflection
e ' '
o 1 Al ‘,'
.. point. TNow the determinant |1 A 4 ig pogitive, zero,

o l .A.; 1“1.: .
-~ or negative, according asg the middle observation lies shove,

6n, or below the greast circle on the celestial sphere Joining
, .Y, 7.
Ve g . A A‘b L A_.ib'
the two cuter observations. Also, the determinant |1 A, 4
LEE 1 A A

is positive, zero, or negative, according as the gun lies
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‘above, on, or below the same great circle at the time of the
middle observation. Therefore, if the two determinants have

githe same sign, the object is farther from the sun than the
earth is; if they have opposite signs, the object is closer

jtq*the sun than the earth is; and if the first determinant

f[vﬁnishes, the object is at the same distance from the sun as

the earth is, or moves in the ecliptio.* But the first deter-

This last statement is not apparent from the bheorem, but the
“proof of the theorem breaks down if the object moves in the
‘ecliptic. From geometiric considerations alone, it is obvious
‘that the statement is true.

Pminant is easgily reduced to the determinant of the coefficients
- of the equations (7) of the general solution, except for the
~non=-zero factor, MN. Since, with only one.known exception,
b,the minor planets all lie outside of the earth's orbit, Lhe
: ,éQuations of the general solution cannot be indeterminate,
'f uh1ess the object moves in the ecliptic, in which case the

problem cannot be solved by any method.®

This is due to the fact that the determination of the plane

of the orbit eliminates only two of the six unknown elements,
‘while each observation then furnishes only one polar coordinate
‘in the plane, so that a fourth observation is necessary in

order to derive the remaining four elements.

None of the methods for determining a parabolic orbit

 «¢are at all comparable in elegance, simplicity, and utility

té the general solution which is developed above. This is
”,/due to the fact that the parabolic hypothesis imposes a

' different type of analytic condition which must be used
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gimultaneously with the condition of gravitation. In his

' prevision of Olber's methodf B. Stroemgren has constructed a

Publikationer og mindre Meddelelser fra Kgbenhavns
QObservatorium. No. 66. ‘

r'ndmggram which gives a first approximation to p. This crude
 gﬁaphibal value is probably as satisfactory as one which is
~obtained from computation. Mebton (loc. cit. page 702)
‘Writes down five equations, numerically eliminates all but
152 and ros and then solves}by trials for the first approxi-

mation.

Parabolic Solution

A method of determining a parabolic orbit, following the
pattern of the general solution above, will now be developed.
: First apply Lambert's test to the observations, as this in-
' ~dicates the approximate magnitude of the comet's heliocentric
~distance, and whether or not the general equations (7) are

" indeterminate.* The determinants are easily evaluated in the

Tt may be noted that, since the A's and B's were derived from

- the solar coordinates, when the heliocentric distance of the
object approaches one astronomical unit, the solution is
necessarily indeterminate, because the real solution is con-
founded with the extraneous solution of the earth's orbit.
This is not a fault of the present method; the same difficulty
occurs in other methods also, although the reason is not so
‘apparent.

following forms: (Al - Ai) (Aé - A{) - AAi - A:{)(A2 - Ai),
| B ! t 1 - s .
- and (AlAz AzAl)Xi+ (Al Az)Yi+ (A2 Al)Zi, respectively

If the general equations (7) are not indeterminate, their
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f>solution will yield approximate values of x; and X,, just as

1
in the case of minor planets, except that the agsumed values
of r should be in accord with the indications of Lambert's
test. The difficulty arises when the equations (7) are in-

~determinate and the apparent path is nearly along a great

 circle, for "it is the curvature of the apparent path upon

‘which one chiefly relies for the determination of the geocen-

iric distance"® or the rectangular coordinate. In this case

~ Crawford, Determination of Orbits etc. page 117,

"Labproximate values of x; and xp are obtained by putting r = 1
in the equation (2) which connects r and x, and solving the
'VQQuadratic for x, rejecting the value which 1s the negative of

 the solar coordinate. A better approximation may be obtalined
k‘gby solving the equations (7) for x; and Xy, using several
~érbitrary values of r, and interpolating the results for the

values of Xy and Xo which will reproduce themselves.

These approximate values must then be improved in such a
way as to satisfy the Euler-Lambert equation of parabolic
.m@tion and one of the equations (7), the choice being made on
the basis of which equation has the larger coefficients. The
_orbit is exactly parabolic if
0 = Sg - Sg = R(xl,xz)
~where R(xl,xg) represents the residual which results from the
’~substitution of approximate wvalues of x; and Xgs Sg =
)2

ox%
+ (22 - zl) .

» (%$)2(rl + rz)? and Sg = (xz - xl)2 + (yz - ¥y
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. %®he subscripts, d and g, indicate the dynamical and geometric
values of the chord, respectively. Sd is Encke's modified
form of the Euler-Lambert equation.
¢.f. Bauschinger, Bahnbegtimmung, page 194.

The increments, dx; and dx,, to be added to x; and Xg)
regpectively, are obtained from the simultaneous solution of

R(xy,%5) + )R dx; + )R dxg = 0

and one of the equations (8), depending upon which of the

equations (7) is used. By partial differentiation

3= 2t s o) —g—ﬁ-)— + 2flese) (o 4 S+ (- ) S

. Letting =/, 08 T e )]~ TP dn

34"& () "l (/l»f/h.)“ ah'l ‘
JSubstitute this and the values of the differentials obtained

from equations (2).

g _‘g_%g(ﬂ"-rﬂ,)[z.(n 3)13’?)]}:(“‘&‘*41”)%:+(R03| + quzx')'} + 2‘[(4‘;—/[,')1- (%l_- %,)H, -+ (’yy'/}ﬁ) lq:l]

A

‘ ; -3-%:-0\#/{,)[2 (n S);‘3"lj[fl th Hi)}t + {AJ‘M;‘B’/}} ’2[(4‘1-'4") +‘%’ %)H:."' (%"7’) H;J

';fThe computation is facilitated by the use of existing tables.®

~ .Stracke, Tafeln zur Theoretischen Astronomie von J. Bauschinger.
. Table 26 gives (n%) with the argumentn . nis derived with the
aid of Comrie's Table X, loc. cit.

Long Time Intervals

The only case not yet considered is when the time inter-

‘],ﬁal is so long that the series expansions for M and N do not

;chonverge to the desired degree of accuracy. In such a case,
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3ﬁa§proximate values of xl-and Xy are almost invariably known
from a preliminary orbit. Therefore, regardless of whether
~the final orbit is to be a general solution which satisfies
,both’coordinates bf the middle position, or a parabolic
'S@lution, the preliminary orbit will leave small residuals

k‘of the form

,'Ai(observed) - Aj (computed), and Aj(observed) - A4 (computed),
br Sdg- Sg. Two equations of the form

R(wy,w,) + JR dwy + JR dwg = O
W1 awz

‘determine the corrections, dwy and dwz, which will remove
 the residuals. The observations will often fall into more
vfthan one of the three classes defined on page 6, so that

the independent variables will not always be the same coordi-
‘Dnate, therefore w may be x, y, or z. For the general solution,

kthe equations reduce to
[Alweh )R, ) doy +[ A (i, 05 #h) =R ()] dor, = b [A:lobserved) =A;(wr;,m]],
, _,\,[RE(wh,m)-H;’ W.‘,hf;ﬂdwﬁ +[/%¢1 (w,, +14)‘HZ(VC)W§)]0(W; 2 h[fqg (shserved)- (M,W;)J.
‘kahe ierm h ie an arbitrary small increment; say .0l or .001,

and from the form of the coefficients it is apparent that
 three separéte solutions have to be carried thru, and then
the partial differential eoefficients are determined numeric-

‘ally. The same method is applicable to a parabolic orbit.

The use of differential correction equations analagous

'to equations (8) would require a knowledge of closed forms

N
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~ for dM = )M dw; + )M dwy, and AN = )N dwy + )N dwg, since the

——

geries expansions (of which M and W are only the first terms)
are no longer valid. But the closed forms of M and N (page 11)

7,are~obviously very complicated functions of w, and w so that

; 1 2’
the partial differential coefficients would be cumbersome.
,,;HGWever, the following method may be employed for obtaining
- the numerical values of the partial differential coefficients

in any particular case. The development is given in full

generality.

Let LY (w = x, y, or z) be the rectangular coordinate
lfWhich is the independent wvariable of the first observation,
 :simi1arly w, for the second observation, and, to avoid any
k  ambiguity, let w in each of the three observations be the

coordinate which is the independent wvariable of the third or
-1 th bbservation. The 1 th observation is no longer necessarily
o intermediate in time between tl and tz. It is best to attach
the subscripts 1 and 2 to the two of the three observations

‘whose radiids vectors from the sun are most nearly perpendicular,

and attach i to the remaining observation.

The following operations involve only differentiations

~and substitutions. If M = :g%,

rs p ot ' rs q st T r ¢t

Maakip-aﬁ-kﬁ
pdt gt 1r oot s ot/ .

M. 9pdp, pae_palgr palys

H
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From page 11, M = rarisin(v,- v;), and N - r;r sin(v,;- v, ).
rr;sin(v, - v, ) r.r, sin{v, - v, )

Noting that the coordinates of the first observation are in-

dependent of those of the second, it follows immediately that

M | A | damln-ry) [ damlr=r;) rn
w7 M[/t. wi * anlan) dwn winlr-vi)  dw T o,
S ) wn (=) dwr wn (Vi) dwn (9)
éﬂ;NLLMg, L Ownleen) L dewlser)
v Ao walnen) dw wn(n-r) 0w
oN N [_L_Q&LJr [ dam{rivn) | Qi) _ 1
&w’; A b amliren)  dwny wn () dwn M gy
For Jr; substitute dr; dw; (k = 1 6r 2). Since w;= Mw,; + Nw,
WK dw\, aw: 1 1 2’
AW, e AW, \M )W, N (10)
bWR M Wk-t— W, ’)WR-'- N c)WR+ WLW;

'where one term always vanishes because of the independence

of Wl and Weoe

' i
Since sin V = (1 - cos®V)Z, )sin V _

1 (-2cos V) jcos V
, 0 W T2 (L-cos*VIh )W,
or Jsin V _ _ cos V. Let j = 1 and k = 2, or viee versa.
W, = cot V-_gﬁﬁ:——_
‘Then cos (vj - Vi) = Xy + TV * 299, and
. T %
Nid ,
) ponl - -ry) . (”‘«,T,,f + gJ%“ + i ﬁ*) N (VG = U')a%
0wy Ny Moy
v.where dr, , dx,, 4y, , and dz, are obtained directly from
dlw,t dw, dw, dw,‘

yvéquations (2) or the analagous equations in the other two cases

. defined on page 6.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



v Tv / Up=tn) WY \

s
\

«.s.g\vvﬁﬁﬂﬁg?rwmafﬁ \sép\a T{?.

vy v? )
?ﬂ,? 7o b g )] (=) 20

np !y ?-ES‘LIHZ ing
& g

o e ),

Wy g..s ¢ ) v e
wﬁesﬁmﬂ?ﬁf Py Xﬂq Sl ) V- (s T b ) )P W=y

x<:\

Yo g ¥yt
ﬂkavlﬂ%? - 1) ..<nﬁ$é+%§+ %\

N e ﬁ&m&lﬁ.s,.%

Yoty ¢

J\%

e ) v

«E.;1ﬁl:&f.s\zof«ké&lgff ?s\v ﬂﬁsk,ﬁglnmi " U g

w0

vy ¢

[

I R T a,,mmﬁgi T TRl

£

;*Q

oo 4 - “5 ,\f.\;%ﬁé Tolazapye

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



24

and the similar expressions for %M and )N. While this may
W, 0 w,
appear to be an imposing array of terms, yet everything is

readily reduced to its numerical value, except )w; . Sub-
w
'stituting for this the expression given by (10) produces a

pair of 81multane0us, linear, algebraic equations in /M and

OW,
»%g, from which their numerical values may be obtained.
w
Similarly, the values of )M and )N are obtained from the other

W, W,
pair of equations.

There is nothing which precludes allowing wy, Wg, and wy
,1 ~t£fﬁ1, fz’ and fi,”reSpectively, so that this procedure is
also applicable to the classical method of the wvariation of
geocentric distances. The only differences occur in the ex-
pression for Jw., Instead of ﬁl- Mw, + N wy, now |
: ‘(hifi W;) _Bg(hlfl - W) + N(hzfa - Wz) where h = 1, m, or
h (the direction cosines) and W = X, Y, or Z (the solar

coordinates). Then, corresponding to equation (10),

(2&) w2l (phs ) M bif, (phoW)gn, (1)

“which is to be substituted for(%g;. Cbviously hi will be the
- W

~largest of the three direction cosines of the 1 th observation.

The derivatives dx, dy, and dz are merely the direction
dw dw dw

cosines, and dr _ p~ 1X - mY - nzZ .

v dw ~ ' r

So far as the present writer has been able to ascertain,

~ no means of obtaining the partial differential coefficients,
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other than that of the numerical method described on page 20,

has ever before been given.

COLLECTION OF FORMULAE
and

SUMMARY

A. General Solution
(Short Time Interval)
(A I) Observations
The data furnished by the three observations to be used
. are tl, ti, tz;&l,«i,xz;Jl,Ji,Jé; where the t's are reduced
:  to decimal parts of a mean solar day, and the right ascensions
and declinations are referred to some convenient mean equinox.
Thé geocentric solar coordinates at the instants tl, ti, and
 ib2 must be interpolated from the values tabulated in the eph-
-emeris. These are most readily obtained by using Everett's
" @6dified formula and Table XVIII of the British Nautical
~ Almanac. Parallax is completely eliminated by applying the
‘topocentric corrections to the geocentric solar coordinates,
'thﬁé obtaining the solar coordinates referred to the point of
"f0béervation. These corrections are most readily obtained by
Vﬁhe method which Bower describes in the Lick Observatory
b‘f'?.by;,Bi:;.'l»letin No. 445. For the Standard Equinox of 1950.0, let t

. be expressed in decimals of a julian day, and let L be the
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east longitude of the observatory, expressed in decimals of a
circle. Then € = L + 1.0027 3780 3094 (t -~ 2428250.0),
AKX = A cos 6, AY = A sin 03 AZ and A are constants for the

. observatory.

For each observation® A = tana , A'= seca tand , Pracased,

1§ fTEése are for case 1, defined on page 6. For the other two
'~ cages it is necessary, in what follows, to interchange x and y,
or x and z, respectively.

Bz-AX ~Y, B' = A'X - Z.
r2 = (1 + AR + ASR)xE + 2(AyBL+ AJBE)x+ (BZ + Bl®), (k =1, 2)

o v t 1 '
,p__ (A1 - Ai)(Az - Ai) - (Al - Ai)(A2 - Ai).

~,f (A II) Preliminary Solution

nz (ty - tl)/(tz -t),m=z1-mn, T=k(t, - t, ).

:5k~: .01720210 (Gaussian constant), or if the masses of the
‘four inner planets are supposed to be centered in the sun,

k= .01720215. X = T%r;%; use Comrie's Table X.

1 - 12 fg =
Assume rq i 2.5 I rgy for the initial values of the K's.

- - 2 - 2 — - -

M o= [%lgv - o ) + %}Kl m(16 m2) +m, C =B, -MB -N B
N = [KZ(V ~ 3n2) & {]Kz n(l - nf) +n, C'= Bf - MBS - N B}
g 0 —%

%) = C(A} ~ A}) - C'(A, ~A), x5 = C'(A, ~A;) - C(A} ~ Af).
M D N D
5 (A III) Improved Solution, Method (a)

From the formulae of (A I) derive new values of r%

- ‘and r%, and repeat the solution of (A II) until a pair of

" values of M and N reproduces itself.
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. Method (b)
Alternatively, differential corrections of the first

- values of x, and X, may be determined.

M=z (1 +A +A")x + (AB +A'B)) Eym(l -~ m*),
___ n 2
Nz (1 +Ar +a1%)x + (A,B + AB!) K,m(l -~ m*);

e o C .
 EAl Al - Tix,) BlM]dxl + BAE AN - Tx,) BZNdez
.ot t 1 1 1 1 1
2B} - (A} - AD)Mx, - (A} - Al)Nxk, - MB! - NBJ.

 :apply the correction for planetary aberration,
| t(true) = t(observed) ~ .005771p.
Then,using the corrected values of M and N, the right members
of the above equations will need to be recomputed to determine
. the final corrections, but the coefficients on the left will
-not need revision unless the corrections have been very large.
’fThuS are determined the X5 Tys 295 Xgs Vo and z, which

satisfy the three observations.

(A IV) Conversion of Elements
To transform to the usual orbital elements, refer the
rectangular coordinates to the ecliptic:

X =%,V =Yy Cos€é + z gine, z = z cose =~y sine.™

 <£715 the mean obliquity of the ecliptic; its trigonometric
functions are tabulated in Comrie, Table I.

}j;The components of a vector normal to the orbit plane are:

13ﬁ~: V1Zg = Z1¥gs Yy = 21Xy = X2y Zpy = XY - YXpe
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2 4 z2 = 82, where S is the double~area of the triangle

%2
Ep ¥ In * In

formed by the two outer radii and their chord.

The sestor-triangle ratio is needed, and it is obtained

 by the classical Gaussian method.¥

‘Except for some rearrangement, the formulae which follow may
 be found in various standard treatises. c¢.f Gauss, Theoria
- Motus Corporum Coelestium, section 88; Bauschinger, Bahn-
bestimmung, page 154; Watson, Theoretical Astronomy, page 247;
also a short paper by Innes, R. A. S. Monthly Notices, vol. 90,
page 810.

&os(vz% Vi) (XXg + ¥1Vg 4 2125)/T Ty,
H2 = 2(riro + X X, + Yo * Z1%5)s 5/6 + § = 1/3 + (r)+ rz)/BH,
m? = T2H"3, h = mz/(5/6 + 3 +£), where § = 0 as a first
j épproximation‘and thereafter it may be taken from tables wi th
'  £he argument x = m2/9F - j. (Stracke, loc. cit. Table 19b)
The sector-triangle ratio,tﬁ, satisfies the equation
%2(%.- 1) - hy - h/9 = 0. For smell values of h, this may
. be solved by using Smiley's table (it is printed in Innes'
- paper) or Stracke's Table 20 or 21. In the absence of suitable
niables, the equation must be solved by Newton's method of
successive approximations. After y, is found, p = (8 l/,/T)z,
  ekc0s vy = p/rl - 1, e cos vy = p/r2 -1,

e sin v; = e cos vy cos(v, - v,) - e cos vy

sin(vg - vp)

e 8in vp = e cO8S V; - & CO8 Vg, cos(vy = vl)
sin(vg - vq)
a = p/(1.- e®), k a~3/2 = M (in radians per day)
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sin E; = (1 - e®)% e sin vy, cos E; = e cos v + 62
: e(l + e cos vy) ell + e cos vy}

E; - e sin Ey = My; sin i = (x% + y%)%/s, cos i = zn/S
sinfl = x,/S sin i, cosN = -yy/ S sin i, sin uy = Z;/r;sin i,

cos uj = (Eicosﬂ.- §isinll)/rl, sinw = sin u; e COSV] - Cud 6]
i S

1 ;cdqu = (e cos vy cos u; - e sin vy sin ul)/e.
~ In these forms, the formulae exhibit the extent of the in-
determinacy which is YW\ inevitable from the nature of the

orbit, or the available data.

B. General Solution
(Long Time Interval)
When the series expressions for M and N do not provide a
“gufficient degree of accuracy, it is necessar& to use‘closed
forms. (B I) is the same as (A I), and preliminary values of
:the coordinates are generally known, so that (B II) is un-

necessarye.

'ikf(B I1I) Improved Solution

Choose as tl and t2 the observations which will make
f'cos(vz - vl) most nearly zero. With the preliminary wvalues
kvbfithe coordinates, derive Y,, p, e, M , My, (cos E; - e),
- s8in E;, (cos E; - e), sin Ege The last two quantities should

agree with the corresponding values obtained by solving

,;’Kepler's equation: E2 -~ e sin E2 = Ml + /A(tz - tl). This is
ﬁractically a perfect chéck, as almost every type of error

which can be made in the computation up to this stage will
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 show its effect upon one or both of these quantities. Also
derive (cos E; - e) and sin E; from Ej-e sinE;z My - u{t;-t;).

(cos E,~- e)sin E;,
(cos E,~ e)sin E,

M _ (cos E;~ e)sin E.
= (cos E, - e)sin B,

(cos E;- e)sin E, .
(cos E, - e)sin E,

. (cos E -~ e)sin E;

A = ® T{cos E ~ e)sin &,

:fSimultaneously with this solution, compute twé other solutions,
one in which W; is given a small arbitrary increment, say .0lzh
or 001 = h, while uz ig held fixed, and another in which Wo is

,,given the increment while w; is held fixed. In each of the

' £hree sets, compute A = My, + Ny, + Yyand A' = Mz, + Nz, + Z

Mx, + Nx, + Xi Mx, + Nx; + X
The corrections to w; and W, are then determined by:

;[R i th, ) - ~( iy wi ] o + [ R (wr, 5.4 -H~(%WJM = h[cobserved)-Ailun, ]
»[H w.-rh,w; ,)w*ﬂdw""[ﬂ wiywr )= B (0 ], LR (observed) = A fwr ]

*K~The conversion to the usual orbital elements is the same as in

"(A 1v).

C. Parabolic Solution

If a parabolic orbit is to be derived, (C I) will be the

 gsame as (A I).

(0 II) Preliminary Solution
' . s = o ' !
Compare D with D = (AlA' - A A )X + (Al'Az)Yi+ (Ae'Al)zi‘
h If they are of opposite sign, r is less than 1l; if they are of
f£7the;same sign; r is greater than 1; and if D is nearly zero, r

1kvis nearly 1. In the first two cases, Xq and X, may be found
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as in (A II), using values of r which are in accordance with
the indications of the test. In the last case, X and X, mey
ba:obtained from

(L + A" + A™)x" + 2(AB, +A!B!)x, + (BY+ B =1)z0

0,

(1 + A + AM™)xE + 2(A.B. + AlB!)x, + (B 4 B!"- 1)
'\rejéct the root which is the negative of the solar coordinate.
A‘eloser approximation may be obtained by solving as in (A II)
~with several arbitrary values 6f r; two or three will usually
bé‘sufficient. In general, some of the resulting #alues of r
 wil1 be greater than, and others less than, the assumed values
upon which they are based. Interpolate to the point at which

‘ythe assumed value would also be ihe value resulting from the

’ Vsolution, and use these as the initial values of X, and xz

ﬁi;This method is used in the illustration whichaglven belowe.

'k,(C:III) Improved Solution

With the initial values of X4 and Zgs compute
‘kjy,: AXx +B, zzB&"x+B] iz 2T(ry + rz)"5/2, and take (n§)
Hf,from Stracke's Table 26. The differential corrections of
f   x1 and x, are determined by the equation of (A III b) which

;~has the larger coefficients and the following equation:

v‘ {(A.%J[Z nS) =3 WJ[Q"A' A, /»/L.,+(H.B,+ﬁ, B/ﬂ-ﬁ-l[[/h'%, +(7>-7.)ﬁ,+(7>-/y,)ﬁ,]} ., +
~1:{()gmz)[z(nf)‘-sn‘][(”f*?*”*' ot (BBt A5) -2[4p ) 1 (g It -7,)/;]}0%

g g (8T
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- (C 1IV) Conversion of Elements

bRt

This part of the work is the same as (A IV), except

- that for a parabolic orbit the following simplifications

~obtain: p = 2q = Filg ~ (x1%5 + ¥1Yp + 2123)  ang y, 1s not
G ry +rg - H

S 1
‘needed. tandv, = (ry/a - 1)%, and the time of perihelion

. passage is given by ty -z qs/z(tan%vl + & tan3%vl).
k 3

D. Nearly-parabolic Solution

- When the orbit is nearly, but not exactly, parabolic,
~ some of the formulae given in (A IV) are of little value, or

:QVen~meaningless. Various methods™ for dealing with this

 The classical methods of Bessel, Brunnow, and Gauss are given

- in Oppolzer, Lehrbuch zur Bahnbestimmung I, page 55. Two new

- methods have appeared in R. A. S. Monthly Notices, wvol 93,

. page 33 and page 777. The Marth modification of Gauss'

- method is given in Astronomische Nachrichten, vol. 43, page 1l5.
. The present writer has computed tables of the natural values

- of the quantities used in the Gauss-Mabth method, Table

- ¢lass of orbits have been given. Over a century of time, how-
. ever, does not seem to have affected the general superiority of

. the method devised by Gauss.

The quantities, Ys P> and e, are derived just as in (A IV).
Then, using the formulae which accompany Table , find T, the

‘time of perihelion passage, and tangv,, tan%vz.

tan%V¢)(l + tan%v;tan%V;)V:

o= {taniv,
tansv, ) (I + tangv,tansv, )y}

(tanzwy

tankv, ) (1 + tanivi taniv, ).
taniv, ) (1 + tensv,tantv, Jy} .

oy o {tanzvg
i (tanzv,
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These are also the closed forms of M and N for the parabola 1if

the y's are set equal to unity.

Alternatively, Lambert's generalized equation may be used,

‘with the consequent elimination of Yoe The equation is

e mato 3 a
. - - =Tl n+% - n+%
‘ ,6’1{‘(‘02 t,) = g;o C, & [(rl + Ty + 8) g, ¢+ s) :) s

~ where C, = 1, C; = 3/40, C

= 9/896,... C,

2
2 2413 5...(2n-1}
; 1 4 6 (2ianel3) 2
The upper or lower sign is to be used according as sin(vz—vl)70

L
2

or,sin(vz—vl)<(L When the rectangular coordinates at two
epochs are known, the equation reduced to a power serles in
1/a which may be solved by Newton's method of approximation.

‘Then Gyz1-T1L*P2-8 ¢, =1-71L+Tz+8,
e 2a, 28

"j¢os(E2 - El) T GG, x {(l - G%)(l - G%i}é, where the upper or
lower sign is to be used according as l/a is positive or nega-

tive (corresponding to an ellipse or hyperbola, respectively).

- b = (X]%9 * Y1V t+ 2925) L , 2zl - p,
- - - a
ry +ry - Vo 1+ cos (v, vl{ﬂﬁf + cosiEz 1“

and the rest of the work proceeds as before.

ILLUSTRATIONS

The general method for short time intérvals will now be
iilustrated by observations of the minor planet 1909 HC.
' These have been chosen in order that the present method may
" bé’directly compared with the classical methods that have

1 {been in use. The same example is given by Williams*, using

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

bdth the La Placian and the Gaussian methods, and by Crawfordf
~using Leuschner's method. The latter, however, is only a
,differential correction of é previoms solution. For an
illustration of the parabolic orbit method,Jthe observational

‘material of Merton's example® will be used, again for the

f'Williams, Calculation of Orbits etc. pages 132 and 1l62.
- Crawford, loc. cit. page 170. Merton, loc. cit. page 713.

 'purpose of comparison. The work is arranged to follow the

order of the Collection of Formulae.

Orbit of 1909 HC

(A 1) Observations

1910 G.M.T. Nov. 7.8205 Nov. 26,7480 Nov. 48.6262

‘o0 (1910.0) 30 50' 2443 30 13' 03%0 49 54°' 19%5

-4 (1910.0) 25 11 10.5 22 29 31.3 20 14 51.9
o SN ~.7000687 -.4306907 -,0628371
Y -+ 6429399 ~+8143496 -.9007098
.z ~-,2789211 ~. 3532745 -¢3907417

(These include the topocentric reductions,
the computation is omitted.)

A 067123 .056215 .085826
Al «471329 414703 « 370230
P 1.107545 1.084038 1.069784
B .5959492 .7901383 .8953167
B! ~+.0510416 .1746658 3674775
r§ = 1.2266565 x% + 40318890 x; + +3577607
rg = 1.1444364 xg + 4257853 X, + «9366317
»»Al - A4 .010908 A, - Ay .029611
L 1 v 1 -
,32 Al . .056626 AL - Al . 044473

D -.00216186
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(A II) Preliminary Solution

(A III)

T 7019437
m «5361555
mlewd 4063672
(13m)fo0 1022

K 031534
M «5381698
C 0524100

X,  2.791774

n
ml l'"%
l7"3n‘j/60

K.
N
C 1
X

«4927250
« 4638445
.080675

.1058

. 031534
.4657642
0309770

2.611798

Improved Solution, Method (a)

re 10.007351

K, .015564
M .5371481
C .0538715

x,  2.860654

nz
Ky
N

Ci
Xy

0.8588757

.015917
«4648119
0312748

2.696278

Correct for planetary aberration.

P 2.3930

t, 7.8067

T . 7019007
m .B361516
mli-wll +083672
b -me/tu . 1022

ne  10.487137

K, .014507
M .5370767
c .0539779

X 2.865700
re 10.522738

K, «014433
M « 05370719
C . 0539885

X,  2.866056

pr 2.,8172
1, 48.6099
e . 4926646
“n » 4638484
mliwe 4060675
(13%5r 1058
ne 10.404623
K, .014680
N 4647405
c! .0321974
X, 2.702459
ne 10.445444
K, . 014594
N . 4647353
c! ,0312990
X, 2.702897

X 20789857

Pu 2.5574
t, 26.7332

¢

These values are final, for, with the series expansions

of M and N, they represent the intermediate observation exactly.

f$; With the values of M and N given by Williams, the residuals are

 only 074 and 0'1.

‘golution will also be illustrated.

The alternative method of improving the
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v ‘(A III) Improved Solution, Method (b)

p'd 2.791774 2.811798

rne 10.007351 rf  9.858757

K, .015564 K, .015917

M 5371481 N .4648119

i .001022 i . 000941

.005219 dx, + .012848 dx, = .0015663; -.0000079
(F) .030307 dx, - .020908 dx, = .0003486; -.0000021

(F = .614502, the elimination factor)

.023843 dx, = .0017805; -.0000092
dx, = .074677; -.000385
dx, = .091574; -.000458

X, 2.866451 X, 2.703372 X, 2.796268

Correct for planetary aberration.

P 2,3994 3 2,8248 p.  2.5644

t, 7.8067 t, 48.6099 t, 26,7332

T . 7019007 72 . 4926646

m 5361516 n . 4638484

w (e 063672 wl==Ye 060675

(-3wPpe  +1022 (-3 .1058

ne 10.528043 ne 10.451481

K .014422 K, .014581

M .5370712 N 4647345

Recompute the right members of the above equations
and solve for the final corrections to x, and x,.

X, 2.866066 X, 2.702914
The discrepancies among the various solutions indicate
‘the range of values which will give a satisfactory represen-

’ tation of the three observations.. The results are

X, X

©.866056  2.702897  Method (a)

2.866066 2.702914 Method (b)

2.866145 2.703045 Williems, La Placian method
2.868029 2.,703042 Williams, Gaussian method
2.866001 2.702814 Crawford, Leuschner's method.
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The conversion to the elliptic elements involves nothing new,

g0 that these computations are not given.

From the number of figures employed, it is evident that,
;«cémpared with the other methods of solution cited above, the
present method reduces very materially the amount of computation
'jnecessary to obtain ﬁhe solution. For instance, the work of
,(A III) is equivalent to the entire example given by Crawford,
and the residuals here removed are even larger than those of

| w:hia problem. A more careful inspection emphasizes the fact
“that the operations involved in the computations are also much
ksimpler, so that the solution is obtained with greater ease

and less probability of errors,

Orbit of Comet 1925-~¢

(C 1) Observations
~.1925 April 5.0000 9;5000 14.0000

e (1925.0) 3360 39" 429 3370 47! 54%4 339° 03' 16Y3
4 (1925.0) 16 30 08,1 21 17 30.8 26 24 27.5

X « 9678457 « 9465962 « 9197381
Y «23299043 » 3011409 « 3675075
z «1010649 « 13062569 «1594120
‘A ~«431456 -+408124 -+ 382773
‘A « 322654 «420928 « 531705
P 1.135896 1.159201 1.195501
B ~«6505771 ~. 6874695 -+"71956584
B! .2112144 2678229 . 3296173

]
2y
"

1.2902599 xf + .6976891 x, + .4678621

r? = 1.4292254 x2 + .90L3734 x, + .6264119.
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Ay = Ay -.023332 Ay - Ay .025351

SR A - t o oat

Y, .098274 A2 Al .110777
D -.0000933 D - 156843

. (C II) Preliminary Solution
| From Lambert's theorem, 1t is obvious the r exceeds 1,
, but'D is very small; therefore derive prelimimary solutions

with r = 1.0, 1.1, 1.2, respectively. The results are:

r (assumed) 1.0 1.1 1.2
% ~-1.031 292 1.213

Xl. ~s 976 0201 10021
o .884 1,792
', . 930 1.743

The result of using r = 1 is approximately the Eabth's

 ¢Qprdinate, and the real solution lies between r

- l.1 and
r = l.2. Using simple proportions:
X = 0292 4 (1.100 - .884)(1.213 - .292) = .538
: (lol - 0884:) - (102 - 10792)
. Xp = .201 4 (1.100 - .930)(1,021 - .201) = .397.
(l‘l - .950) - (102 - 10743)
‘~<(C~III)kImproved Solution
T .154819 T2 0239689
m +500000 n .500000
Cmlewd ,0625 mliwe . 0625
(3w .1042 (-3 w0 .1042
Cox 538000 X « 397000 X, - X, =«141000
v, -.8827000 ¥, -.871519 y. -y, 011181
oz . 384802 z, . 540704 Z,- 7, +155902
. p2 1.216676 12 1.209515 s2 .0443114
. 1.103030 n 1.099780 & |
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Vr + r, 1.484187

N +0947084

K| .017860 K, .018019 (n&) .0947439
M .501118 N .501128 o
M .002871 N .002844 Sg  +0435569
; -.049701 dx. + .054451 dx, = 001255
(F) -.209699 dx, + .106508 dx, = .000755

(F = -.511239, the elimination factor)

« 057505 dx, = .000869
dx. = ,015112
dXz = 036842

Correct for planetary aberration.

X, .553112 X, .494585 X, 433842
Pi 1.7276 P 1.6706 p 1.6182
1, 4.,99003 1, 9.49036 t, 13.99066
T .154830 Te .0239723
m .499998 n .500002
mlwidls - ,0625 w3 0625
(-0m¥se 41042 (33060 +1042
S T L «DB3112 X, e 433842 X, =~ X, =.119270
¥, -, 889220 V. -.885621 y, -~ ¥, 003599
Z .389678 Z, 560293  zZ,~ z, .170615
n? 1.248494 n? 1.286472 sg . 0433478
r 1.117360 r 1.134227
r, + 5 2.251587 Yo + 1, 1.500529 " .0916541
K .017184 K, 016429 (n¢) 0916863
M .501074 N .501031
o .002742 i .002564 sg .0426174
(F) -.049673 dx, + 054534 dx, = =-.000002
- ~.149507 dx, + .042031 dx, = 000730
(F = -.770727, the elimination factor)
=.111223 dx, - = .000732
dx, = =.008577
dx, = -.006027

The final values are Xj = « 546535 and Xo = «427815; the

';Q residuals are entirely removed.
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Part II
The Orbit of Biarmia (1146)

The minor planet, Biarmia (1146), was discovered by
:  Dr. G. Neujmin at the Simeis Observatory on May 7, 1929.
At!the present time, the available observations extend over
ian entire revolution around the sun, and the object has
 déviated considerably from its preliminary orbit. At the
~ suggestion of the Astronomisches Rechen-Institut of Berlin,
‘an improvement of the orbit, including all the observations
,and the perturbations by Jupiter and Saturn, was undertaken.
’«gThe observations, reduced to the Standard Equinox of 1950.0,

'f:are given in Table II.

Elements of the preliminary orbit were furnished by the
n  3echen—Institut. These elements represented the positions of
 gl929 very well. The first step in the work was to compute
:‘approximate perturbations from 1929 to 1930, and adjust the
~pfbit to represent the 1930 observations along with those of
 1§29. Then this adjusted orbit would be sufficiently accurate
ﬁto;allow the computation of the complete perturbations for the
 3whole interval of time involved. Also, at the time that the
,wbrk was done, there were only three known observations after
1930, so that the final result would depend largely upon the

“jSingle observation of 1934.
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In the following work, the perturbations are taken into
'account by using Encke's method® of computing the perturbation

'in each of the rectangular coordinates. These are then to be

‘This method is developed in various standard works. See
. Watson, loc. cit., page 429. The formulae are given in
vcsmrie, loc. cit., page 154.

~added to the corresponding solar coordinates before the oscu-
lating orbit is compared with an observation. All the required
data relative to the perturbing planets are contained in
Comrie, loc. cit. The coordinates of the perturbed body are
"obtained with sufficient accuracy by the formula:
w=P, X +Q,Y, (w=2x,9, 2),
 where X and Y may be taken from Tables of X and Y Elliptic

| Redtangular Coordinates, Appendix to Circular No. 71 of the

.. Union Observatory of South Africa.

The following data were derived from the preliminary
1‘“elements:

Epoch of Osculation = 1929 July 8.0 = J.D. 2425800.5

P, = 0.192662 P, = =3.009347 P, = -0.460515
Qg = 2.904675 Qy = 0.104122 Q, = 0.534799
M, = ~7964137 404 = 7939970

gmwhe approximate perturbations which were obtained at intervals
gfﬁdf 40 days by numerical integration are given in Table III.
,;"The values of the perturbations at the epochs of observations

 ;”NQs. 1, 14, 18, and 20 were obtained by interpolating directly
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TABLE III

Date 107 107 107

J.D. 2425680.5 ~275 ~356 ~165
5720.5 ~118 ~153 74

5760.5 ~29 ~37 ~19

580045 0 0 0

5840.5 ~28 37 -19

5880.5 -111 ~147 ~77

5920.5 -240 -333 -172

5960.5 -406 ~588 ~301

600045 ~601 -898 458

6040.5 -829 -1239 -638

6080.5 -1107 ~1589 -838

6120.5 -1464 ~1931 ~1056

616045 ~1041 ~2258 ~1295

6200, 5 -2575 . -2578 -1562

6240.5 ~3408 ~2914 -1862

6280.5 -4474 ~3297 -2205

632045 -5799 ~3771 -2598

Obs. No. 1 ~67 -87 -43
" "1 ~12 ~15 -8
u " 18 ~4041 ~3144 ~2070
" " 20 ~4052 -2148 -2073

 from the integration table.*

- A table of the necessary coefficients is given in the Lick
Obgerve tory Bulletin, No. 445.

From the preliminary elements and these approximate
perturbations, the following two rectangular coordinates were

derived: Epoch 1929 Aug. 2.84237, y; = -2.2630761,
1930 Oct. 15.85139, X5 = 2.8422631.

 These were used as the bagis of an orbit which represented the

il'observation of 1929 May 7 within one second of arc, so that no
7.U6djustment of the orbit was needed. The observation of 1930

Oct. 16 was used as a check.
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By choosing 1930 Oct 31.0 as the osculation date, the
~perturbations for the whole revolution can be conveniently
;.répresented without the necessity of a further rectification.

A new integration table was computed from the following basgic
elements:

Epoch of Osculation = 1930 Oct 31.0 = J.D. 2426280.5

Py = 0.199182 P, = -3.007625 P, = -0.459238
Qp = 2.996289 Q. = 0.114106 @, = 0.552284
My, = 81915849 80m = 142810881

The 80-day interval is sufficlently accurate when the object

~is not in the neighborhood of perihelion.

The two 1931 observations were represented as soon as
- the perturbations of those epochsg were derived. The represen-
 tatlons showed a discrepancy between these two observations. .

~Later correspondence proved this to be an error of 997 in the

~ declination of observation No. 25.

The basic elements for the perturbations beyond 1931 were
 ‘-improved slightly, so as to give a better representation of
~obgervation No. 26. The improvéd velues are:

Epoch of Osculation = 1930 Oct 31.0 = J.D. 2426280.5

11

Py = 0.196057 P -3.006267 P, = -C.459688

y
Qy = 2.995146 Qy = 0.110997 Q, = 0.551523
M, = 81925016 8OM = 149820908
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After the perturbations for the whole revolution were
kﬁown, it was pessible to compare all the observations with
},the osculating orbit. The scant observational material after
 i930, and the evi@ent discrepancy between the two 1931 obser-
Vvﬁations, led to the decision to base the final orbit upon one
~ﬁbrmal place of 1929, another of 1930, and the single obser-

1xVatidn of 1934. The following normal places were formed:

1929 May 12.0 1929 June 7.0 1930 Oct 12.0
fObs. Nos. 1 - 8) (Obs. Nos. 7 - 11) (Obs. Nos. 15 - 24)
Ay = 3137061 Ay = .4019128 Ay = 3506663
A§ = ,1592116 A§ = .0761710 Ay = .2840656.

By ﬁsing the second and third normal places, the corresponding
- radius vectors from the sun are most nearly perpendicular.
~The resulting elements which satisfy the observation of 1934
are:

Epoch of Osculation = 1930 Oct. 31.0 = J.D. 2426280.5

Py = 0.197020 Py = -3,006406 P, = -0.459528
Qg = 2.995275  Qy = 0.111964  Q, = 0.551691
M, = 819230477 80 M = 149819509.

In order to obtain a slightly better approximation to the
f.perturbations, and especially to provide an adequate check

fupon the numerical computations, all the perturbations were
 11fecomputed from this last set of elements, they are given in

_ Table IV.
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TABLE IV
Date 107 107 107
 J.D. 2425720.5 ~5712 ~2046 -2286
5760.5 ~5357 -1983 ~2001
5800.5 -5037 ~1437 -1777
5840.5 -4632 -1102 ~1579
5880.5 -4100 ~1106 -1379
5920.5 ~Z464 ~1062 -1168
5960.5 -2787 -985 ~048
6040.5 -1551 -688 -536
6120.5 ~673 -334 -228
6200, 5 -168 - 86 - 54
6280.5 0 0 0
636045 -182 - 92 - 48
6440.5 ~768 ~404 -185
6520.5 -1816 ~1029 -406
6600.5 -3353 -2105 -709
668045 -5356 ~3798 -1090
6760.5 ~T743 -6286 -1536
6840.5 -10369 -9734 -2025
6920.5 -13026 ~14272 -2518
700045 -15446 ~19966 ~2958
7080.5 -17318 -26766 -3262
716005 -18338 ~34442 ~3321
7240.5 -18314 -42488 -3016
7280.5 -17936 ~46388 ~2693
7320.5 -17403 -50010 -2250
736045 -16862 ~53178 ~1697
7400.5 ~16552 -55701 ~1069
7440.5 -16825 ~57408 ~434
7480.5 -18170 -58201 85
7520.5 -21203 -58146 305
756045 -26627 -57606 ~36

A final correction, using the revised values of the per-
! turbations, gave the following rectangular coordinates. These

:jprqrm the basis of the adopted osculating orbit.
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Epoch of Osculation

t

X,
¥
.

iHonu

1929 June 7.0

~0.7460529

—

2.1521461
0.4868893

49

1930 Oct. 31.0 = J.D. 2426280.5

t, = 1930 Oct.
X, = 2.8452414
y. = 0.9515113
z, = 0.6630990

12

.0

: The residuals of Table II were obtained from this set of

elements.

The epoch of esculation was then transferred to 1934

March 24.0 and a new integration table of the perturbations

wasg started.

Epoch of Osculation

>
-

0.177150
3.001833
48987498

P
QY
40ﬂ

y

1934 Mar. 24.0 =

= =3.012403
0.092275

11

792908879

Py

@y

The bagic elements for this table are:

J.D. 2427520.5

11

~0.462860
0 548344

The following ephemeris for the 1935 opposition was ob-

jyktained by interpolating with the equations (5) of Part I

 }; betWeen the rigoﬁrously computed positions of Aug. 26.0 and

‘ Oct. 5.0-
) EPHEMERIS

1935 U. T. « (1925.0)

Aug 26.0 o3l 19 2758
Sep 3.0 23 14 08.3
Sep 11.0 23 08 30.2
Sep 19.0 235 03 01.6
Sep 27.0 22 58 08.4
Oct 5.0 22 54 13,8

£(1925.0)

09
17
10

51

25
58

J Og“
30
32
39
09
58
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The elements which were forwarded to the Rechen-Institut

obtained for the osculation epoch of 1936 Feb. 2.0, and

educed to the equinox of 1925.0. The final results are:

Epoch of Osculation = 1936 Feb. 2.0 = J.D. 2428200.5

X,  2.8611909 x! ~0.0415971

Y.  0.8736664 y!  0.5626359 (1950.0)
z, 0.6516328 z!  0.0849139
ab.  0.1641772 bQy  2.9103789
aP, -3.0117294 bQy 040780960 (1925.0)
aP, ~0.4619993 bQ,  0.5251379

M 768761045 1 179221278

M 0918491037 w 59,031784 (1925.0)
e + 2449668 £l 215.328814
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