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ABSTRACT

The effects of downward gravity wave reflection from 

atmospheric structure and horizontal winds; the geometry of the 

wave source and observation region; and the relative importance of 

the horizontal and vertical transport are being investigated for 

several different but often used gravity wave models. A quantitative 

study is also made on the relative importance of the purely 

gravitationally induced compression (G.I.C.) due to fluid particle 

altitude change and the actual wave compression which can occur at 

a fixed altitude in a gravity wave.

We have found that (1) for large scale gravity waves, the 

downward reflection from atmospheric structure is sufficiently large 

as to warrant the use of gravity wave models which propagate 

primarily along the horizontal directions and are stationary along the 

vertical direction; (2 ) for small and medium scale gravity waves the 

stationary model is required only for high altitude sources; (3) the 

horizontal wind have a profound effect on the downward reflection; 

(4) in the presence of waves the vertical density transport of the 

minor species which produce the airglow predominate over the 

horizontal and vertical velocity transport; (5) the results for density, 

pressure and temperature variations show that the G.I.C. effect 

predominate (>95%) for v/c < 20% where v is the horizontal phase 

velocity, and the relative importance depends strongly on frequency 

for wave periods less than 1 0  min. , but becomes totally independent
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of the frequency for periods greater than 2 0  min. ; (6 ) the

temperature measurements can be quickly converted to height 

variations wherever the G.I.C. effect predominates. In addition, the 

total kinetic energy density can be simply expressed in terms of 

height variation and, whenever the G.I.C. predominate, can be very 

easily obtained from temperature measurements.
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CHAPTER 1

INTRODUCTION

After Hines wrote his classic paper "Internal Atmospheric 

Gravity Waves at Ionospheric Heights" [Hines,1960], extensive work 

began to study the sources of Atmospheric Gravity Waves (A G W ) 

and the role they play in the atmosphere.

AGW play an important role in various Airglow emissions 

especially in the middle atmosphere. Airglow emissions are being 

used as a remote sensing probe to study temperature profiles and 

fluctuations in the atmosphere, and to deduce the spatial and 

temporal variations of the concentration profiles of the various minor 

constituents. As the AGW propagate in the atmosphere, they affect 

the concentration profiles of various species and though give rise to 

fluctuations in the steady Airglow emissions.

Experimentally, several observational techniques with the aid 

of satellites, radars, lidars and rocket soundings etc. are used to 

measure temperature fluctuations in the atmosphere and to detect 

concentrations of minor constituents. Also wind velocities are 

sometimes measured using several radar techniques. All these data 

are studied and analyzed by scientists who try to model the 

atmosphere by establishing temperature , density , pressure and 

constituency profiles. In this modeling one tries to explain 

experimental data and to use it to trace back to the sources of the 

AGW and to predict their effects on the atmosphere.

1
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Studies in the middle atmosphere takes into consideration both 

the chemistry and the dynamics. Chemistry is important due to the

fact that the AGW influence the photochemistry by changing the

concentrations of the chemically active constituents and also by

changing the neutral temperatures and thus the temperature- 

dependent rate coefficients of certain chemical reactions. Dynamics, 

which is the topic of the following chapters, has to do with the

mechanisms of propagation of the AGW in the atmosphere and their 

effects on the mesospheric optical emissions. Through these optical 

emissions, temperature fluctuations and kinetic energy densities are 

calculated, they are important components in studying stability and 

turbulence in the middle atmosphere.

Optical emissions of various wavelengths, generated by the 

decay of various atmospheric constituents, are affected by the 

propagation of the AGW in the atmosphere. To study this effect and 

compare it to experimental data, certain assumptions have to be 

made in order to solve the hydrodynamic equations. Each set of 

assumptions forms a model through which atmospheric gravity 

waves propagation is studied.

Chapter 2 gives a detailed look at four different models which 

are used to calculate various responses in density and temperature 

fluctuations of the minor constituents due to gravity waves . In 
comparing the four models, Ozone (O3 ) was chosen, since it is a minor

constituent with a layered structure in the mesosphere see Fig. (1), 

and, together with the Hydrogen, provides the primary mechanism 

for producing the Hydroxyl (OH) infrared emission, in which this

2
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particular emission has received considerable attention in recent 

airglow publications, (Hatfield et al 1981; Myrabo et al 1983; 

Myrabo and Deehr 1984; Schubert and W alterscheid 1985; 

Walterscheid et al 1986; Taylor and Hapgood 1988 ). The effects of

the AGW on the Ozone layer using the four models is described in

detail in Chapter 3.

The four models discussed in the next chapter are:

(a) Hines model , with an infinite, unbounded, isothermal

atmosphere.

(b) Hines model with a rigid ground boundary condition.

(c) The COSPAR model of YU et al (1980), which is based on the

COSPAR atmosphere (1972), and is a numerical model with a

rigid ground boundary condition.

(d) The COSPAR model with wind profile.

Model (a), the simplest and most popular one has been used in 

a number of theoretical papers. (Porter et al 1974; Dudis and Reber 

1976; Chiu and Ching 1978; Weinstock 1978; Schubert and

Walterscheid 1985; Walterscheid et al 1986 ).
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Model (b), which includes the rigid boundary condition, is 

complementary to model (a), and has not yet been studied in the 

literature. It has some convenient features and it is being used 

presently in studying the non-linear response of the AGW ( Isler et 

al 1988 ). One nice feature of this model is that it is a standing wave 

model in the vertical direction, and when used to calculate the higher 

order responses in the atomic oxygen emission due to a linear 

gravity wave, by Isler et al (1988), a linear divergent term appeared, 

when the brightness was calculated by integration of the intensity of 

the emission using model (a), and was avoided when model(b) was 

used.

Model (c), is a numerical model based on a full wave treatment 

with reflection and transmission at all height levels and with a 

ground and upper boundary conditions. It was used by Hatfield 

(1981).

Model (d), is basically the COSPAR model (c), with the addition 

of a Zonal wind profile. This model has not been studied before.

Atmospheric Gravity Waves (AGW) are clearly to play an 

important role in the middle and upper atmosphere, and this arises 

the question about their origin. Chapter 4 investigates whether the 

geometry of the AGW sources is significant for the choice of a 

particular model to work with. By geometry of the source is meant 

whether the source is above or below the observation region. All 

these models have in fact been used in their monochromatic forms,

4
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this implies that the source is far away from the observation point. 

This is not a bad assumption since the waves, if for example one 

assumes a tropospheric source, have to travel hundreds or thousands 

of kilometers horizontally before reaching to the mesosphere, which 

is the observational region of interest between 80-100 km. A 

comparison between a low altitude and a high altitude source is done 

in Chapter 4 which leads to the conclusion that the best way to study 

the effects of the AGW is to use a linear combination of two models, 

one is a traveling wave and the other is a standing wave model.

Introducing background winds in a model, seems to be closer to 

reality and has a drastic effect on the results. Although several 

problems appear as a result of introducing the background winds, 

since wind shears caused by height variation of the background 

winds can cause gravity waves with certain phase velocity 

propagating upward to be reflected backward or get absorbed by the 

mean flow when it gets closer to a wind shear. A detailed look at 

what happens to the wave as it approaches a wind shear is discussed 

in Chapter 5 with an identification of the regions of phase velocities 

where heavy downward reflection or absorption can occur as a result 

of approaching a wind shear critical layer.

Chapter 6  discusses the variation in temperature, pressure and 

density due to the propagation of AGW in the middle atmosphere. 

These variations are induced by two mechanisms :

1- The Gravitationally Induced Compression (G.I.C.)

2- The Wave Induced Compression.

5
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The two effects can be separated, and the results can be 

applied to the density, pressure and temperature variations, so as to 

find the relative importance of the (G.I.C.) compared to the wave 

compression in order to deduce the regions of phase velocities where 

the wave compression part can be ignored. In those regions, using 

only the (G.I.C.) enables us to express the total kinetic energy density 

in terms of height variations, which in turn can be obtained easily 

from temperature measurements.

6
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Chapter 2

GRAVITY WAVE MODELS

2.1 Basic Hydrodynamics

The basic differential equations which govern the propagation 

of the Acoustic-Gravity waves in an isotropic, adiabatic and non- 

viscous atmosphere, are as follows:

^  = -p V .u
Dt (2 - 1 )

~  = - - V P - g
Dt p  (2 - 2 )

DP _  c2 Dp
Dt D t (2-3)

w here

D d _ ^
 = — + M.V
Dt dt

Assuming the background temperature and the horizontal wind 

velocity to be a function of the height z only, and using perturbation 

theory, let
P = Pa +AP  (2-4)
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p  = p 0 +Ap  

u = Vox + Au
(2-5)

( 2 - 6 )

(2-7)w = Aw

where

PD : background pressure 

Po ; background density 

8 : acceleration due to gravity
Vox : background wind along ^-direction, see section 2.5 

u,w : horizontal and vertical components of 

the velocity field, respectively.

AP : perturbed pressure 

Ap : perturbed density 

x,z : horizontal and vertical coordinates 

respectively, z increases upward, 

c : the speed of sound

Assuming horizontal stratification, the monochromatic solution of 

Eq. (2-1) - (2-3) is of the form:

f(x,z,t) «= f(z) exp[ i( f2 t - kxx) ] ( 2 - 8 )

w here
kx : horizontal wave number

8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



42 : doppler shifted frequency
42 = 0)- kx Vox

a  : intrinsic wave frequency

Substituting Eqs. (2-4) - (2-8) into Eqs. (2-1) - (2-3) ,the linearized 

Hydrodynamic equations are obtained:

iG(Ap) = - p aV . u - u .  Vp0 

iQ(Au)  + ( A w ) ^ -  = — ikx(AP)

iQ(Aw)  =
Po

*  Po

d(AP ) 
dz

-g(Ap)

iQ(AP) -  gp0 (Aw) = c2 [i£2(Ap) + u.V p0 ]

(2-9)

(2 - 10)

(2 - 11)

( 2 - 12 )

2.2 (a) Hines Model

In model (a), which is the Hines model (1960). Hines assumed the 

atmosphere to be infinite, unbounded with a uniform background 

temperature, i.e. the temperature does not change with height. Also, 

Hines assumed that there is no background wind.

Under these assumptions the linearized Hydrodynamic Eqs. (2-9) - 

(2 -1 2 ) the wave solutions for the horizontal and vertical velocities 

are obtained in the form (see Hines, 1960) :

9
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Au = a(a>kxc1 )[*? + ( f  - 1) 2  ( jL ) 2  ] V 2

(2-13)

w here

0  = tan x(———-)
2 kzH

7 : ratio of specific heats, cp/cv 

H : atmospheric scale heights
c2

H = —
78

a  : normalization constant 

k2 : vertical wave vector

Notice that Au and Aw differ by a phase angle <j> . Since 7  and H 

are constants within the Hines' background atmosphere, 0 is 

determined solely by the vertical wave length from the wave vector
K .

2.3 (b) Hines model with boundary

Model (b) , which is a semi-infinite isothermal atmosphere with 
no background wind ,VOX=0. It is similar to Hines model atmosphere

10
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assumptions except for the rigid ground boundary which is imposed 

in the model, i.e. , Aw =  0  at z= 0  .

Under these assumptions, the Linearized Hydrodynamic Equations 

(2-9) - (2-12) can be combined into a one second order differential 

equation. For more details see (Yu et al , 1980; Tuan and Tadic , 

1982).

d 2
f  k \  *F = 0

dz2
for z> 0 (2-14)

and satisfies the condition

(2-15)

w here
/  \  

CO

cob — Brunt-Vaisala frequency

The solution to equation (2-14) is given by

1 1
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V  = a \(k , +it})e-**' +(k, - i i 7)e*-2]

From this solution and equations (2-9) - (2-12) the wave solutions 

for the horizontal and vertical velocities are obtained in the forms :

Au = ̂ — ^ \c o s k zz + j-sm kzz]el//2He^°)t ^  
co pg L *z J

( 2 " 1 6 )

Aw = ^ - ( s m k  z )—\ — r̂ - je /'ZHe^ot ^
P ?  ; ( o l - ( o 2

w here Ps : density at sea level

Clearly models (a) and (b) are different due to the fact that the 

ground boundary can produce a standing wave along the vertical 

direction. Both models, of course, produce travelling waves in the 

horizontal direction.

2.4 (c) The COSPAR model

Model (c), is a numerical model with the rigid ground boundary 

condition as in model (b). This model allows for the propagation of 

the discrete or guided and partially guided modes as well as for the 

continous or free modes.

This model incorporates realistic profiles for the temperature, 

mean molecular mass, ratio of specific heats and the acceleration due

12
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to gravity taken from the 1972 COSPAR models and the U.S. Standard 

Atmosphere (1965). The background atmosphere in this model is 

assumed to be stationary in the absence of waves, i.e. there is no 

background wind, Vox = 0.

The linearized Hydrodynamic equations (2-9) - (2-12) are 

combined into two coupled Hydrodynamic equations after (Chimonas 

and Hines, 1986) given by:

&P -ir , * / „ 2  .2 '
dz 0)

T j ' ¥ = —  ( m l - o o 2 ) o

(2-17)

•F
dO + rjO -  ico
oz

K  i  
1? - - ?

w here

O -  cop^Aw

The coupled equations (2-17) are numerically solved using the 

Runge-Kutta-Fehlberg method, (M.J. Marion, 1982) .

The model has to be modified above 120 km , where the thermal 

conduction and molecular viscosity gradually becomes significant.

2.5 (d) The COSPAR Model with Wind Profile

Model (d) is the same as model (c) except that mo the background 

wind is taken into consideration.

13
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In considering the height varying background wind, the Zonal and 

Meridional wind profiles Voz and Vom respectively, of Forbes (1982) 

are used which are based on the mean Zonal wind profile of Roble et 

al (1977); and only the case for 42° N lattitude is considered.

Since the wind which is perpendicular to the direction of the wave 

propagation does not affect the wave itself, so only the effective 

wind acting on the wave has to be considered.

Assume that the angle between kx and the East direction to be 9 

as in Fig. (1.1), the effective wind in the x-direction is :

Combining equations (2-9) - (2 -1 2 ) with this effective wind in the 

horizontal direction , yield the two coupled Hydrodynamic equation 

after (Chimonas and Hines, 1986), as follows:

By solving these coupled equations numerically, using the same 

technique as in model (c) , we obtain Aw and AP , and, through the 

horizontal momentum conservation, Au can be obtained.

Kx ~ Kz cos 0 + Km sin 9

(2-18)

14
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CHAPTER 3

DYNAMIC RESPONSE OF MINOR SPECIES TO AGW

3.1 Dynamical Density Fluctuation

The continuity equation for any species is given by: 

dN
j ' ^ Q - L - d i v i N u )  (3 _ j)

w here

N : Concentration of the species 

Q : Production rate 

L : Loss rate

u : Gravity wave velocity field

Using perturbation, and assuming horizontal stratification as in 

Chapter 2 . The first order linearized form of equation (3-1) is 

obtained in the form (Weinstock 1978; Hatfield et al 1981) :

w here

AN  ; Fluctuation in the concentration produced by AGW 

AQ : Fluctuation in the production rate 

AL : Fluctuation in the loss rate

15
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N0  : Background concentration 

Neglecting Chemistry, and dealing with dynamic only, let's define 

ANd as the density fluctuation from dynamics only to obtain:

N 0 co to dz (0N o dz (3-3)

Thus given any gravity wave model , one can calculate the 

dynamical fluctuation from (3-3).

The first term in (3-3) is the horizontal velocity transport, the 

second term is the vertical velocity transport, while the third term is 

the vertical density transport since it depends on the species density 

profile.

3.2 The Dominance of the Vertical Density Transport

In calculating the dynamical density fluctuation, one finds that 

the shape of the profile is a dominant term in the density fluctuation, 

i.e. , the third term in equation (3-3) is very important. To 

understand this lets consider two cases, the small and the large scale

Small scale AGW

For small scale gravity waves (small horizontal phase velocity 

and small horizontal and vertical wavelengths), kx and kz are both

AGW.

16
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large. The horizontal and vertical velocity transport terms which are 

proportional to kx and kz (see Eq. 3-3 ) are therefore large relative to 

the vertical density transport which does not depend on these wave 

vectors. However, the first two transport terms for models (a) and 

(b) are 180° out of phase as shown below.

Table I shows the horizontal and vertical transport terms for 

both models (a) and (b) .

TABLE I

1 1st term kxAu 1

1 horizontal velocity 1 

1 transport 1

2 nd term oc ^{A w )  
dz

vertical velocity transport

Hines 

model (a)

1 1 

e*
1 1

- ( 1  + ——  ) 
2 kzH ;

Hines plus 

boundary (b)

1 1

cosk.z + ̂ -siak.z  
1 2 z |

-  cos k, z -  — sin k. z2 2 ktH 2

For small scale AGW, 2kz H »  1 and y, «  1 . So, for model
/ K

(a) the horizontal and vertical velocity transport terms are 

proportional to 1 and - 1  respectively, and by the same token the

17
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horizontal and vertical terms for model (b) are proportional to cosk2z 

and —coskzz t which lead to the 180° out of phase.

Thus, in both models the two large velocity transport terms 

cancel leaving the remaining term involving the vertical density 

gradient predominant. For small scale gravity waves, the fluctuations 

of the atmospheric constituents depends therefore more strongly on 

the transport from the vertical density gradient.

Large scale AGW

For large scale atmospheric gravity waves kx and kz are both 

small and the two velocity transport terms for both models are both 

small, and the third term is again left to be predominant. Thus, one 

would expect the vertical density gradient term to dominate for both 

large scale and small scale gravity waves. Models (c) and (d) are both 

numerical models and cannot be placed in TABLE I. The third term 

is still dominant, but it is totally different for guided modes than for 

models (a) and (b).

3.3 A Comparison of the Four Models

Having discussed the general features, we can now apply all

four gravity-wave models to the minor species O3 to determine the 

difference in its response to AGW in the four models . There are in

general two types of gravity waves: (1) those with long periods (> 25

min.) so that the complete spectrum of guided and free modes are

18
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independent of the frequency <o (Yu et al 1980); (2) those with short 

periods within the Brunt period (5-15 min.) for which the spectrum 

of the guided and free modes are dispersive and which are in general 

always fully guided for low altitude sources (Wang and Tuan 1986, 

1988). We will now examine all these differences with specific 

examples.

To be specific, a two hour period is chosen, although our 

discussions would be the same for any long period (>25 min.) waves. 

The phases of the models are chosen so that at t=0 they all start with 

the same phase.

The vertically travelling wave model (a) and the vertically 

standing wave model (b) produce similar responses at t= 0  for small 

scale gravity wave (horizontal phase velocity, vphx=33 m/sec.), (see 

Fig. 2(a) and 2(b) ) Model (c) produces a different response at higher 

altitudes due to the uneven background atmosphere at altitudes 

above 90 km where the vertical wavelength becomes shorter for the 

more realistic model. In general, especially at lower altitudes, there 

is a little difference between Model (c) (Fig. 2(c) ) and the two 

isothermal models. This is because for the small scale waves there is 

far less vertical reflection.

As expected from the previous general analysis, the horizontal 

and vertical transport terms are large for all models and 180° out of 

phase (see Fig. 3(a) , (b) , (c) ). In all cases the vertical density 

gradient then is left to dominate.

Consider now the time evolution of the wave; after one ninth of 

a cycle later (<ot=40°), the responses to the travelling wave model (a)

19
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and the vertically stationary model (b) begin to differ but not by 

much (Fig. 4(a) and 4(b) ) . The difference becomes drastic when we 

approach the quarter cycle (wt=80°) ,(see Fig. 5(a) and (b) ). This 

means that the heavy downward reflection from the base of the 

thermosphere can make a big difference in the response.

Model (d), which includes the background wind is only used in 

the comparison of large horizontal phase velocities due to the 

singularities which occur at small horizontal phase velocities.

For large scale gravity waves (vphx =260.9 m/sec) and hence 

long vertical wavelengths ( Figs. 6 (a) and 6 (b) ) the horizontal and 

vertical velocity transport are small in magnitude, as expected from 

previous analysis and are too slowly varying along the vertical (due 

to long vertical wavelength) to affect the dominance of the vertical 

density transport (Figs. 7(a) and 7(b) ). Thus the vertical density 

transport dominates for gravity waves of both small and large scale 

sizes. For model (c) , Figs. 6 (c) and 7(c) shows a completely different 

response, which is not surprising, since at this height range the 

gravity wave is essentially evanescent for this model in contrast with 

the other models. Thus, for large scale gravity waves, the isothermal 

models given by model (a) & (b) are not valid. Figs. 8 (a) and 8 (b) 

shows the effects of wind on gravity waves with relatively high 

horizontal phase velocity. In Fig 8 (a) the wave is propagating along 

the direction of the wind, while in Fig. 8 (b) the wave is propagating 

in opposite direction to the wind. The results are totally different 

from the windless cases . Fig. 9(a) and 9(b) shows that the wind has a 

strong effect on all three transport terms. However, a comparison of
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Fig. 9(a) and Fig. 8 (a), Fig. 9(b) and Fig. 8 (b) together with a 

comparison of Fig. 7(c) and Fig. 6 (c) shows that for all these cases the 

vertical density transport term remains the dominating term.

Figs. 10(a), 10(b), 11(a) and 11(b) show the time evolution 

differences between models (a) and (b) for the high horizontal phase 

velocity 260.9 m/sec. The results show that, as in the low phase 

velocity case , the difference becomes only seriously significant for 

cot=80° or near the quarter of a cycle.

Figs. 12(a) , (b) , and (c) show the difference between models 

(a) , (b) , and (c) for a short period ( 6  min.) and a small horizontal 

phase velocity (58.03 m/sec), which is a fully guided mode. The 

guidance in this case is produced by the variation in the Brunt- 

period curve as a function of height (Wang and Tuan 1985, 1986, 

1988), which unlike the usual structural guidance, is the only 

mechanism that can produce fully guided modes. Clearly the 

isothermal models cannot produce such guidance because the Brunt 

period does not vary with height . Whilst the COSPAR model (c) , 

shows a significant difference from models (a) and (b) at high 

altitudes. Figs. 13(a) , (b) and (c) again show the dominance of the 

vertical density transport in all three models. Figs. 14(a) , 14(b) 

, 15(a) and 15(b) shows the time evolution of the 6  min. , 58.03

m/sec horizontal phase velocity wave.

Figs. 16(a) , (b) and (c) is another comparison between models

(a), (b) and (c) for a short period ( 6  min.) and a medium horizontal 

phase velocity (176.47 m/sec), which is again a fully guided mode. 

Figs. 17(a) , (b) and (c) again shows the dominance of the vertical
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density transport. A look at the effects of horizontal winds on the 

COSPAR model are shown in Figs. 18(a) and 18(b). A comparison of 

these two figures with Figs. 8 (a) and 8 (b) would seem to show that 

the wind effects are similar, i.e. when the wind is along the same 

direction as the wave propagation , and the doppler shift is toward 

the lower frequency and longer period end, the variation with height 

are much smaller and less pronounced This is because at the longer 

period end the waves are trapped over a much greater height range , 

whilst the opposite is true when the wave is propagating against the 

horizontal wind direction. Figs. 19(a) and 19(b) shows the effect of 

wind on all three transport terms. Figs. 20(a) , 20(b) , 21(a) and 

2 1 (b) again shows the time evolution of this 6  min. , medium 

horizontal phase velocity, (176.47 m/sec) wave.

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4

SOURCE GEOMETRY OF AGW

4.1 Potential Sources of AGW in the Atmosphere

Atmospheric Gravity Waves are considered as a coupling 

mechanism between various levels of the atmosphere. The AGW 

generated by various low altitude and high altitude sources , affect 

the chemistry and dynamics of the mesosphere. Several potential 

sources of the AGW had been proposed, such as the jet streams in 

the troposphere and stratosphere, thunderstorms in the troposphere, 

hurricanes , earthquakes , magnetic storm fluctuation in the intensity 

of the auroral electrojet which operates through two mechanisms, 

Joule Heating and Lorentz force, which generates large scale AGW, 

(Chimonas and Hines , 1970), There are also artificial wave sources 

such as bomb detonations.

However, it is very hard to link specific waveforms observed in 

the middle atmosphere with a definite source , since the wave 

travels hundreds or thousands of kilometers horizontally in the 

course of its upward propagation , before it's observed . Recently, 

there has been some success in linking certain wave-like structure 

with tropospheric weather systems. (Taylor and Hapgood, 1988 ; 

Taylor, 1989).
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4.2 AGW Models and Source Location

Among the four Gravity Wave Models discussed in Chapter 2, 

none of these models contain an explicit source of the AGW. In this 

section, an investigation on whether the source geometry (i.e. , 

whether the source is below or above the observation region), gives 

any preference for a certain model, specifically, with a certain source 

geometry, whether to use a model with a ground boundary or 

without.

As mentioned before, all these models have been used largely 

in their monochromatic form. This in turn tacitly assumes that the 

observation point has to be sufficiently far away from the source to 

allow the waves to acquire their asymptotic periods. One can show 

(Francis , 1974), through using Green's Function and an explicit

source, that, in a semi-infinite isothermal atmosphere with a rigid 

ground boundary , both the direct and earth reflected waves should 

form an upward travelling wave along the vertical direction above

the altitude of the source in the far regions where the waves acquire 

their asymptotic periods, phase velocities and wave lengths. A

travelling wave model in the vertical direction is then more

appropriate to use, such as model (a). Below the source height and 

again in the far region the direct and earth reflected waves travel in 

opposite directions along the vertical and must produce a null point 

for the vertical velocity at the ground level. A standing wave in the 

vertical direction is then more appropriate for use. As an example, 

for field observations in the height range of 80 to 1 0 0  km, model (b)
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should be used for the high altitude sources (e.g. the auroral 

electrojet), whilst model (a) should be used for low altitude sources 

(e.g. the jet stream), see Figs. 22(a) and 22(b) .

In Fig. 22(a) we show the corresponding asymptotic wave 

propagation for a low altitude source (12 km). The field of 

observation is located in a height range in which model (a) is valid. 

Whilst, in Fig. 22(b) we show the gravity waves in the asymptotic 

region for a high altitude (120 km) source. The field of observation is 

within a height range in in which model (b) is valid. In general, when

(b) is the more appropriate model, it is actually more realistic than 

(a) (Francis , 1974), since the ground reflected wave has a

considerable longer distance to travel and has therefore more time to 

settle into its asymptotic conditions (i.e. more likely to be 

monochromatic).

In practice as already mentioned model (b) has far more wider 

applications than so far mentioned. For field observations below 100 

km, which includes most of the observations we deal with here and 

in real atmosphere , there exists heavy downward reflection from 

two regions; the sudden sharp rise in the temperature above the 

base of the thermosphere and the heavy inhomogeneous dissipation 

at much higher altitudes. These two regions may be considered as 

providing implicit sources (as opposed to explicit sources we have so 

far been discussing). Thus, even if an explicit source is way below a 

field point so that model (a) should work , we would also need (b).

To estimate the relative importance of models (a) and (b) in the 

region below 1 0 0  km, we will primarily focus on horizontal phase
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velocities below 250 m/sec, which allows the reasonable 

approximation that the atmosphere is relatively uniform below 1 0 0  

km and that downward reflection occurs only above this region. The 

wave solution below 1 0 0  km generated by a low altitude source is 

given by:

•F o e  e ik*2 +  R e ~ik*z

= a  + R) e ik*z -  2iRsm(kzz) (4.1)

w here

R: complex reflection coefficient with phase angle 0 

|1 + /?| = (l + 1/?|2 + 2 |/?|cos 0 ) 1/2 

\2iR\ = 2|/?|

The first term in (4.1) is the upward travelling wave, model (a) 

while the second term is the vertical standing wave, model (b). Thus, 

we can in general split the solution generated by a source from 

below into a travelling wave and a stationary wave model. Within 

the limits of the approximation just mentioned, we can use the 

values of I R| and 0 from Francis' paper (1973 b) and obtain Fig. 23, 

which shows the relative amplitudes of model (a) and model (b). As 

can be seen in the Fig. 23, model (b) becomes more important than
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model (a) above 195 m/sec. Below this velocity both models are 

important, with (a) slightly favored.
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CHAPTER 5

FILTRATION OF AGW BY TO WIND SHEARS

5.1 Windy case

As we have seen in Chapter 3 , the presence of the wind alters 

the response to gravity waves drastically in all cases. The individual 

transport terms are also affected. However, the vertical density 

transport remains the dominating effect. The critical layers from the 

horizontal winds, which often have very large velocity gradients 

along the vertical direction, can produce heavy downward reflection 

and thus may invalidate the use of model (a) for certain propagation 

directions.

5.2 The Critical layer due to Horizontal Wind

The critical layer, is the layer where the doppler shifted 

frequency 12 0. The doppler shifted frequency is given by:

£2 = co
'  V  N

1 ----22-
\  V  P><*

and, if the horizontal phase velocity of the wave in a layer is equal to 

the horizontal wind velocity , then in that layer the doppler shifted 

frequency goes to 0. Fig. 24 shows what happens to a gravity wave
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when it rises to a height level where £2 = 0. The figure shows 

numerical calculations done at half-kilometer intervals. We have to 

choose the relatively slowly varying zonal wind profile at lower 

altitudes so that the calculations are numerically feasible. The critical 

layer is analogous to an infinite quantum potential barrier through 

which penetration is impossible. Consider what happens to a wave 

packet propagating upwards, theoretically the wave packet will 

never reach the critical layer in a finite time, because the group 

velocity approaches zero as the wave packet approaches the critical 

layer, which means that the atmospheric wave is either reflected or 

absorbed.

Currently, we are studying the reflection and absorption of the 

wave as it approaches a wind critical layer, in order to determine 

under what conditions the wave is reflected and under what 

conditions it will be absorbed.

In Fig. 25, the shaded regions shows, those directions of the 

wave propagation of waves with horizontal phase velocity less than 

the horizontal wind velocity, inwhich the wave is absorbed or 

reflected due to the wind critical layer. Three horizontal phase 

velocities are used, vphx = 20 m/sec, 45 m/sec and 70 m/sec are 

chosen. Thus, within those regions, there is heavy downward 

reflection. The wind speeds can rise up at 20 m/sec pr km, a drastic 

change. Over a vertical distance of 3-4 km the wind speed become 

greater than the horizontal phase velocity and the solution to the 

hydrodynamic equation vanishes. In the unshaded regions mainly in 

the West directions, the waves do not face a critical layer and so the
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propagate freely to the upper atmosphere without being reflected or 

absorbed by the wind shear. This is because the horizontal winds 

that were used in plotting Fig. 25 shows that the winter wind 

velocity is higher towards the east direction, which could change 

seasonally, i.e. in the summer.
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CHAPTER 6

FLUCTUATION MECHANISMS IN HYDRODYNAMIC VARIABLES

DUETOAGW

6.1 Gravitational versus Wave Compression

Several observational techniques have revealed spectacular 

wave-like structures in the Mesosphere and the Ionosphere. 

Photographs of Noctilucent clouds at a height of about 80 km, shows 

wave-like structures (Witt,1962). Hydroxyl (OH) airglow observation, 

which are used as a remote sensing mechanism to measure 

temperature variations in the Mesosphere, have shown images of 

wave-like structures in the OH emission intensity (see e.g. Peterson 

and Kieffaber, 1973; Moreels and Herse, 1977; Crawford et al, 1978: 

Peterson, 1979; Armstrong, 1982; Taylor, 1986; Taylor et al, 1987).

Theoretical studies have revealed that such wave-like 

structures are a result of AGW propagating through the emission 

layer (Francis, 1975; Fredrick, 1979; Hatfield et al, 1981), which in 

turn give rise to variation in the temperature, pressure and density. 

The variations are in general due to two mechanisms . One is the 

gravitationally induced compression (G.I.C.), which is an adiabatic 

expansion and compression process caused by the altitude change of 

a fluid parcel, while the other is the wave compression which occurs 

at a fixed altitude by the propagating wave.

3 1
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The two mechanisms can be separated, and the regions of 

dominance of one over the other is investigated . If, for certain types 

of AGW, the G.I.C. effect can cause most of the fluctuations, so that we 

can neglect the wave compression, then very simple formulas can be 

developed to calculate the density, pressure and temperature

fluctuations, as well as to make quick estimates of the gravity wave

param eters.

6.2 G .I.C. Mechanism

The G.I.C. mechanism is an adiabatic process of expansion and 

compression, which takes place when a parcel of air is displaced by a 

vertical distance , h , in a hydrostatic atmosphere. At every instance 

in the vertical motion the pressures of the parcel and of the

environment for a given level are assumed to be equal. The adiabatic

assumption is reasonable, since the heat conduction processes in the 

atmosphere (turbulent diffusion, radiation, molecular conduction) are 

in general slow compared to convective movements.

When the parcel of air is displaced by h, its density is changed 

by Apa . This density change is produced by two changes:

1- Change in the background pressure, AP, where

AP =  It =  c2Ap 
dz
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Aps : density variation due to change in background 

pressure.

2- Change in the background density, Apc , where

Assuming a uniform isothermal background atmosphere with 

scale height II, one can calculate the net density change ratio to the 

background density as follows:

A Pa = APs A Po 

Po Po Po

c*Po dz po dz

1 t  h■h +
yH H

dPwhere we used the Hydrostatic Equation : — -  = - p og
dz

A Pa ( r - i
Po I  r  .

A
H (6 . 1)
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w here

H  p ,  *

6.3 A Comparison of the G.I.C. and the Wave Compression

In a Gravity Wave with angular frequency co , the vertical 

displacement h can be written up to the first order as:

h=w/ico where w is the vertical velocity field

Using the polarization relation of Hines’ (1960) for Ap/p0  , one 

can show that up to the first order (see Appendix I):

Ap 

P o ( ¥ J M
*Pa , Apc

P o  P o

(6.2)

w here

u : horizontal field velocity 

v : horizontal phase velocity

Apc/po = (v/c) 2 (u/v) = density fluctuation due to wave 

compression.
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From equation (6.2), the G.I.C. term Apa/p0  0 as g -» 0 since 

I I = c 2 / y  g . This implies that the only term left in equation (6.2) is the 

wave compression term Apc/p 0  .

So for g 0 , we obtain:

A p A p c MV
P o

S->0 '
P o c2

//v| (v/c) C0

c2| [(f)2 -- f
c l“l

For a derivation of equation (6.3), consult with Appendix IV.

At interest here is the relative importance of the G.I.C. (Ap_/p_)
5. '

as compared to the wave compression (Ap /p ). As one can see fromc o
equation (6.2), both the G.I.C. and the wave compression depends on 

(v/c) implicitly through h and u, and in order to remain well below 

the Lindzen (1981) criteria for gravity waves saturation, one should 

choose lul < v (see Fritts,1984).

In general, since both Ap and Ap are complex quantities with
a C

different phases, considerable interference occurs between the two 

terms and, only if one has a magnitude of at least 4 to 5 times 

greater than the other, can one then neglect the smaller of the two.

To make quantitative comparison between Ap and Ap , a plot
Si c

of lAp 1/lApl and lAp 1/lApl as a function (v/c) is done.
cl C
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In general, for any k , we have:

Ap

Iz
Y

Apc
Ap

(R e(t , ) ) 2 + ( 1 7  + Im (* ,)r  

(Re(*, ))2 + [ £  ( - T - l ) +  V + Im(K  )]'

2 1 1/2

1/2
(6.4)

IJ
For the case when kz > 0 , (see Appendix II) that:

Apa ( r - i ) [ i - ( v / c ) 2]
1/2

Ap _ ( r - l ) - ( f t > / cob)2{ \ l c ) 2 _

APc 1 ~(O)fC0b)2 1/2

f V
Ap . ( y - l ) - ( f l ) / (ob)2{ \  l c ) 2 _ l c

(6.5)

(6.6)

Thus, in general IA p a I/I A p I begins with the value unity (i.e. 

density variations are due entirely to G.I.C. compression) at v/c=0 , 

while lApcl/IApl begins at zero (i.e. no wave compression). As can be 

seen from equations (6.5) and (6 .6 ) , when v/c increases, the 

behavior of lApal/IApl and lApcl/lApl depend entirely on to/cob f°r anY 

value of v/c.
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For long period gravity waves where eo «  o>b , we may neglect 

the terms involving (o/a)b for both lApal/lApl and lApcl/lApl. So for long 

periods we can write:

As can be seen from equations (6.7) and (6 .8 ) lApal/lApI drops 

from unity as v/c increases, while IApcl/IApl increases linearly with 

v/c.

Fig. 26 shows this behavior for long period gravity waves t> 20  

min. Actually, there is little variation with period from 20 minutes 

on up and a plot for t  = 1 2 0  min. falls exactly on top of the 

corresponding curves for 20 minutes . Both curves are plotted from 

equations (6.5) and (6 .6 ), but there would have been no difference if 

we had used equations (6.7) and (6 .8 ). For t=10 min. , (Fig. 27) , 

lApcl/lApl begins to deviate from a straight line but only slightly, 

while IApal/IAp I drops somewhat less as v/c increases showing an 

increase in the importance of the G.I.C. relative to the wave 

compression for a given phase velocity. Furthermore, the crossover 

between the G.I.C. and the wave compression remains fairly constant 

at between v/c _ 55% to 60% . In general, for AGW with frequencies

(6 .8 )
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in this range (i.e. , x = 1 0  min.) , if we use the approximate criteria

that lApal/lApcl has to be greater than a factor of 5 , then v/c has to

be less than 15%, or the horizontal phase velocity has to be less than

45 m/sec. This covers a fairly large range and includes most of the

observed mid-altitude small scale gravity waves from airglow data.

The vertical thin line indicates the position where kz =0 • ^  1S
easy to show from the Hines' dispersion formula that kz = 0

corresponds to :

c
(6.9)

2
To the left of this vertical line kz >0 and the gravity waves

1 .2  n
may propagate freely. To its right * and the gravity waves are 

evanescent in the vertical direction, although it still propagates along 

k x . The dotted lines represent the evanescent region. At v/c = 1 , we 

have the Lamb mode for which there is no vertical motion and 

variations in density are caused entirely by wave compression, an 

exact reversal of what happens at v/c = 0 . The same reversal occurs 

in all figures.

As x -» tb , (xb is the Brunt period), both lApal/lApl and lApc l/lApl 

increases with v/c, (see Figs. 28 and 29) in such a way that the G.I.C. 

compression continues to dominate over a much greater range of 

horizontal velocities. In fact, in Fig. 29 where x=5.2 min., the G.I.C.
ry

continues to dominate all the way to the vertical line (kz = 0 ), where
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v/c _ 42% corresponding to a horizontal phase velocity well over 120 

m/sec; a strictly medium-scale gravity wave (Francis, 1975). Thus, as 

the gravity wave period approaches the Brunt period, the G.I.C. 

dominates over a larger range of v and hence a larger range of 

wavelengths.

The pressure variation can be easily shown to be the same as 

Apc . By using the linearized momentum conservation equation, it can 

be shown that, for monochromatic waves,

A P  = v p o u

or
A P  _

so
\AP\ . \APc |

c2|4p| \Ap\ (6.10)

From Figs. 26-29, one can see that there is little pressure 

variation produced by the wave compression for small scale gravity 

waves. Only as the scale size of the gravity wave increases does it 

become important. Thus, for small scale gravity waves (v < 45 

m/sec), the pressure variations are relatively insignificant.

6.4 Temperature Fluctuations

The temperature variations may be easily obtained from the 

linearized perfect gas law given by:
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Using equations (6.2) and (6.10), we obtain,

To \C )  p 0

Thus for small scale gravity waves (v «  c),

AT Apa ( y - l ) h
T„ p c yH (6.13)

From equation (6.13), one can see that the temperature 

variation is opposite in phase to the gravitationally induced density 

compression. Let's define

Z, Tc T0

w here (6.14)

Tc Pc To C

Again as in equations (6.5) and (6 .6 ) it is possible to show that 
for k} > 0  , (see Appendix 111),
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1 - ( V / c ) 2
1/2

(6.15)

AT l - ( y - l ) ( c Q  / wb)2( v / c )2 (6.16)

Thus, once again, for v/c =0 , IATal/IATI = 1 and IATCI/IATI = 0, 

and that in the low phase velocity limit (small scale gravity waves), 

the temperature variation is caused entirely by the adiabatic 

expansion and compression of an air parcel oscillating in the vertical 

direction (G.I.C.) . For long period gravity waves (© «  cob) > equations

(6.15) and (6.16) can be simplified to:

Comparing equations (6.17) and (6.18) with equations (6.7) and 

(6 .8 ), one can see that for long period gravity waves lATal/lATI 

behaves the same way as IApal/IApl in (6.7), whilst IATCI/IATI has a far 

more gradual slope than lApcl/lApl. Thus, for temperature variations,

(6.17)

(6.18)
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the G.I.C. effect predominates over a greater range of phase 

velocities.

All this can be seen in Fig.30, which shows the behavior of 

IATal/IAT! and IATCI/IATI for gravity waves from 30 min. and up. Once 

again, a plot of both curves at x = 1 2 0  min. can be exactly 

superimposed over the curves for x = 30 min. . This is similar to the 

behavior of the curve of density variations (Fig. 26), which has a 

lower limit at x =20 min. Again, for t  > 30 min. there is no significant 

difference between equations (6.15), (6.16), (6.17) and (6.18) .

Figs. 31, 32 and 33 show the behavior of the temperature 

variations for t  = 10, 6.4 and 5.2 min. respectively. The big difference 

between these temperature variations and the density variations 

given by Figs. 27, 28 and 29, is that for the temperature the effect of 

the G.I.C. is even much more important than the wave compression 

effect. For instance, at x = 6.4 min. , the wave compression effect 

overtakes the G.I.C. effect at v/c = 0.72 for the density variation, 

whereas the G.I.C. effect remains predominant in the corresponding 

temperature variation all the way to the vertical line (kz = 0). For 

both, however, the G.I.C. effect dominates all the way in the 

propagating region when x = 5.2 min. , approaching the Brunt period.

The dotted curves in all the Figures on the right hand side of 

the vertical line correspond to the evanescent waves with purely 

imaginary kz . In this region one can no longer use the relatively 

simple expressions given by (6.15), (6.16), (6.17) and (6.18) , which 

were derived for real kz . Instead one has to work with the general 

polarization relations given by Hines (1960).
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From the above discussions, it is clear that comparatively small 

scale gravity waves with horizontal phase velocities less than 45

m/sec can be considered to be purely under the influence of the

G.I.C. . This will allow us to make simple conversions from the

measurement of temperature fluctuations to height fluctuations.

Thus,

AT &ra _ ( y - l ) \ h \
T0 T0 r  h

So, using the usual values for y, H and T0  , we obtain the 

approximate conversion that a 1 0 ° variation in temperature 

corresponds approximately to a height variation of 1 km. at 90-100 

kin. altitude.

6.5 Time-Averaged Kinetic Energy Density

The time-averaged kinetic energy density, K.E. , is given by :

Ar.£.= I p „ ( H 2 + H 2) (6.20)

Using the polarization relations and Hines' dispersion relation, 

one can show (see Appendix IV ) that:

4 3
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K .E ^ - P 'C o W h ?
4

!-(&>/ wb)2( \ / c)‘ 
1 - ( v / c ) 2

(6.21)

For large scale gravity waves, where v -» c , the denominator in 

equation (6.21) can be much less than the numerator. This is 

especially true for long period gravity waves. Thus, the K.E. can be

much greater than ^ p oG>l\h\2 . On the other hand, for small scale 

gravity waves (v «  c), the K.E. is very accurately given by :

k .e .= ± p X V ' \ 2 (6-22>

It is interesting to note that equation (6 .2 2 ) is true irrespective 

of the frequency of the small scale gravity waves. Since (6.22) is also 

the K.E. for the natural Brunt oscillation of a parcel of air, we may 

conclude that the total K.E. of the small scale gravity waves at any 

frequency is equivalent to the natural vertical atmospheric 

oscillations with the same vertical displacement. Here, the G.I.C. 

approximation for the density, pressure and temperature variations 

are also good. Using equations (6.19) and substituting it in equation 

(6 .2 2 ) we get:

K . E .  _ 1 
P. ~ 4

r r  1 M o ■ - I f ' - ) A T
2

= 0.875
A T

l r - 0 ' t o 4 v r - i J T a T 0
(6.23)
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w here

P0  : background pressure energy.

Thus, a measurement of the rotational temperature variation 

can immediately yield the total kinetic energy density at any 

frequency for small scale gravity wave. In fact, (6.21) shows that 

the K.E. depends strongly on the frequency only for large scale 

gravity waves where v -> c .

6.6 Applications

To specifically apply the above analyses, three sets of observed 

data are chosen. Two sets of data involve gravity wave parameters 

well within the limits for the validity of the purely G.I.C. , while the 

other set is with parameters above the borderline.

The first set were data taken from Taylor and Hapgood (1988). 

The observed data include a gravity wave with a horizontal phase 

velocity of v = 21.7 m/sec, a horizontal wavelength of = 26 km, 

and a period x = 2 0  min.

Using: g = 9.8 m/sec2

H = 6.56 km 

y = 1.4

tb = 5.1 min. (the Brunt period) 

c = 300 m/sec ( the speed of sound)
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Substituting these values in equation (6.12), with the help of 

Hines polarization and dispersion relations, one obtains:

—  =4.364a'10_2|/*| 
^ 0

(6.24)

where Ihl is expressed in km. Using the G.I.C approximation, one 

obtains:

The error from using (6.25) is only 0.2% .

The second set were taken by Clairemidi, Hersh and Moreels 

(1985). They measured gravity waves with horizontal velocity 

v=15.6 m/sec and a period of 48 min. The full temperature 

fluctuation without approximation is given by:

Compared witli the G.I.C. approximation given by (6.25), gives an 

error of the order of 0 .1 %.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

4.355xl0~2\h\
O Y

(6.25)

—  =4.36A-10'2|h| (6.26)

4 6



The third set of data were taken by Witt (1962). The gravity 

wave observed had v = 75 ni/sec, and A,x = 50 km and the rest of the 

parameters are the same as the first data set. One obtains:

= 4.5a'10 '2|//| (6.27)

Thus the error from using the G.I.C. approximation is about 3% , 

which is somewhat a larger error, and it is understandable because 

at 75 m/sec horizontal phase velocity is somewhat above the 45-50 

m/sec upper limit that was mentioned earlier as the safe limit for 

using the purely G.I.C. approximation Actually in this example there 

is considerable interference between the G.I.C term and the wave 

compression term.

AT
T0
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Appendix I

Equation (6.2) can be derived by using the usual expression for 

Ap/p0  , from Hines paper (1960), given by:

P o
co2k, + i /  (A l)

w here /  = «e/2Hei(0*-k*x-kzZ)

Eliminate © by using ©=kxv and substitute in for the scale 

height H=c2/yg to obtain:

P o
k2kzv2 + ik2c2 1 v2

H  2 He2 f  (A2)

By adding and subtracting
2 f y-_O  

k W  j
inside the square brackets in

(A2), one obtains:

Ap
k 2k,y2 + ik2c2 2 V y - l ^  

yH He2 2 ' /  (A3)
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Introducing the vertical displacement field,

h=^=iky\i-(*)2]f 
ICO |_ \ c  J  J

One get

A p  =

P o

' y - l ' h_
H

+ k l v 2 r ) g _  
2  J c 2 f

Finally, from Hines (1960), use u = k2xc2\ \ k z - i (  1

obtain:

A p  =

P o

f y-_r

 ̂ r  >

h u \— I—j-
H c2

which is exactly equation (6 .2 ).
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(A5) 

- y / 2 ) g / c 2] f  to

(A 6 )
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A ppendix II

Equations (6.5) and (6 .6 ) can be obtained as follows. Use 

equation (A4):
Apa f  y -  

J  )
l - l/l

f r -
H

( c 2 ^
  12

VV J
®2|/ | (A7)

Using (Al), eliminating kx and g and substituting in rj = (y/2 -  1) g/c2  , 

to obtain:

4 p f 4 - i )
Po 1 2 { \  y  ) H , v 2 J

i2 -11/2 ,
+ V J  }  ® I / I  (A8 )

Using the dispersion relation (Hines, 1960), and letting e = (c2 /v2) - 1, 

so one have:

2 _ O ) l - ( 0 2 G ) l - ( D 2 (Q2b - G > 2 2

V 2 "  c 2  ----------  V
(A9)

where r]2 = - -  2 ̂

Thus,

( ? )*
4 p

{
2 2

€ +
1/2
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or

A P a W ) 2 ^
A p

1/2

(A10)

Using aob (y  l)g l c  an(j divide it from the numerator and

denominator, one obtains:

A P a
A p

(r-i)
/

(r-i)
f  \ 2  /• \ 2  co

\°>bj

1/2

( A l l )

which is exactly equation (6.5)

To compute IApcl / lApI , note that:

(A12)

Where again , the polarization relation for u from Hines (1960) was 

used. Substituting for rj one gets:

~ ~  = - j j f a x C 2 [K + m ] } f  (A13)
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Using (A8 ) and (A13), one gets:

A p

11/2

k] + n'-

Using (A9) we obtain:

Ape
e > l - < o 2  „

c2 E
A p ^ - e - n 2 + ( ^ + n ) 2

so

Ape K * / J  1

A p

which is equation (6 .6 )
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Appendix III

Using equations (6.12), (A4) and Hines polarization relation for 

u (Hines 1960), one can obtain:

AT = (y - l> V
~2 /  (A16)

Since

obtain:

ATa _  Apq 
T0 Po , one can use equations (A7) and (A 16) to

AT
AT

( y - l ) ( k 2y 2g / c 2)e

( r - l ) ^ v 2 [ ^ + ( > ? - ( « / c 2 )e)2]  (A17)

Using again the dispersion relation for kz, equation (A9) , to obtain:

Ar„
AT i - (r -1)(%6J (%)2

1/2

(A18)

Equation (6.16) can be similarly obtained. The denominator is the 

same as (A18) as expected , but the numerator is given by 

l(y-l)uv/c2l which is identical to (A15) except for the additional (y-1) 

factor.
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A ppendix IV

The K. E. Density is given by:

K.E.= \ Po! ^ + W 1)
(A19)

From Hines polarization relations (Hines, 1960), and the 
definition of t| , one can write:

u = cokxc2[kz + ir j \ f (A20)

so

< ! - ( % ) ]  ( A 2 2 )VJC

From the dispersion relation

( k f
>

_  <*>b ~  0> 
~  © 2

(A23)

JL = (Y ) <  
I A J  VcJ (o

- < » b
2 (A24)
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Hence,

u\2 + \yv\2 = \w\2
- 1

H%f] (A25)

The total K.E. then becomes:

K.E.= ± p 0a l\h \2
(A26)
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