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1

Introduction

In the general theory of summability the notion of a
sequence to sequence transformation arising out of an inf-
inite matrix playé a central role, Thus, if we let

ﬂé,‘-_j“ ) b= 80,3
be an infinite matrix there is defined a transformation of
any sequence {5*(3 as follows:
0o v
*3; = ZQ’MV Sv
V=g

According to the well known theorem of Silverman and
Toeplitz (Szasz,l,p.16)%*, the transform is a regular transfarm,
that is, transforms any sequence {Sd converging to the value s
into a sequerice ;ﬁ" \,:é converging to the value 8 if and only if

the following three conditions are satisfied:

: 2
@) hm Ly =9 3= 033,

L= "0
ol C_ L 143
| A L - “‘
0.l (b) Z_ ‘@LJ\ 1
. d":o

Thus, in order to define Cesaro summability of order o

we consider the function

# The numbers refer to the references in the bibliography.
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R a"ﬂd*i), e&x*v") 'xfﬂzA x

,"."(t-x) (“”( =L vl w Y

‘0 vz¢
. . « m o of-|
an ence i
A = 2 A
, m V=& .
*#?‘e then choose L~i
| g Aj,-d' PN
v o ¥ f
di) = ALl
P ]
o 5 Led .
so that M -1
' 3
% Z B’y
poment V=0 —
q—m " ol
A :

Thus the terms in the matrix defining (C. y « ) summability
are related in a very specific manner to the coefficients of

the binomial function,

Now a natural generalization of the binomial function is

the Hypergeometric function defined as follows: o

FOGR Y, %) = (7%, ¥, 1) = Z}"

wfxere & (L1 (M+l) - (0(%\"”[‘0 (ﬁ”)iﬂ > = ).
R w
b, = Wl oo s (Xev-1) ! ’

By analogy with (C. f() summability, therefore, we con-

sider the triangular matrix

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



bL,_j L>J
—J
Q.. = s o,
’-J L4-J f
_ e ,
where z’
1‘7,, = Z- bv‘
i V=g

Thus we shall say that the sequence {,S ‘(S is summable

H("(,!:b'x) if ‘fg‘.c V.. exists, where
| o >eC

~M
. XY

o

We thus define a three parameter family of summabil-
ity methods., In the sequel we shall study the properties of
these methods, concentrating on their relationships to the
Cesaro scale of methods and harmonic sugmability, and to the
application of the met:hods to the summation of Fourier series
We shall compare our methods with Abel summabiliby and thence
deduce an elementary Tauberian theorem. Finally in the last
section we shall set down some as yet unsolved problems and

conjectures with regard to the method P (¥ ,ijb’ ).

In connection with the summability method under con-
sideration it is important to note that summability H (% ;‘X ) 2()
coincides with (Q;“) summability and that all of the me-

thods fall under the general classification of Norlund
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summability methods.

Article 1. Behaviour of the coefficients b,/ and the

regularity theorem,

In this article we shall investigate monotonicity prop-
erties of the coefficients b\/ in the Hypergeometric fune~
tion., We shall furthermore establish a regularity theorem
for summabity H{« f f’, ¥). This latter will be arrived at
through a simple application of the asymptotic estimates for
the quantities . bl/ and B v’ . These estihates were first
given by Hill (1). We shall establish these estimates as
simple consequences of a theorem of Cauchy. We shall have

occasion to use the following three results:

Theorem 1,1 (Zygmund 1, p.42).

A~}

o=l X~ m
'.‘._ Q +l PLE d - S ;
If A/n- - ‘—@( ln i(o('*”" l) then P:n o~ r—(,,( ) -

[

Theorem 1.,2. [Polya and Szego 1,p.ll)
If the two sums
.
both tend to infinity in such a way that

1l Flag (4o 13, ] £ K12+ 2k R |

where k is independent of n and if [iM f'f_'-_ exists,
WP a
then
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b S#GateoCe _ fim Cfa
a.
MP e Qta, 4. 4, 3o .

Theorem 1.3, (Copson, 1.).

The series -
w87 1) =] Pr
P ) %
converges when ¥ VX {6 and diverges when Xﬁ-“’(ﬂe .

We suppose now, and subsequently, that X ) F) \0/ are
positive real numbers.

If we put

& -] B i
bM = ”XM_I ﬂmv'/

we find
b&u . T_‘ié"_:'— [_(‘?(ﬁ -7 + (x TF—Y-—\)M]

Mi/”ia-rl
which is positive or negative -according as the term in brack-

ets is positive or negative.

We considqr three cases:

(a). o<.+/a—aﬂ—- ) 7@

It is clear in this case, by considering the linear

function °((§-—X + (0<+/3 —Y—-I) X
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that b, =8, >0  for all sutficiently largs n.
(v). App-¥-L <O

h <0

Here similar considerations show that © o,

My i
for all sufficiently large n.

(). oktp- (=0

, vIn this case the term in brackets becomes ‘
op-¥ = XB-%f 1 =la-1) (p-1)
which is positive for 0(2',[5 2 | and negative for N?li 3‘?‘ ‘)

or'o<°(<\, P7] .

¥We have thus proved the following theorem:

Theorem l.4.
If 0() “ ) X are positive real numbers then a nece-

ssary and sufficient condition that {k& be ultimately mon-

otonic increasing is that one of the following hold:

() OH]G -¥—l >0

, - ' (<) <L | -
(b) o(f{&—lf——\:o ana ¥ >‘,(3) | or « /F’
A necessary and sufficient condition that {I?M be
ultimately monotonic decreasing is that one of the following

hold:

(@) of+f-¥-1 40

by Kyf-¥-l =0
' and either 0 & 0{‘-‘) {{b>l, or °(>'J°<,?~‘ l,
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We proceed now to the proof of the theorem which gives

us the desired central asymptotic estimates for b« and ﬂm,

Théorem le5.
,,(_’,/()-—3’—' "[X)
(@), b, ~ ™ ri) r(ﬂl
| Tkl a
e LT Yy
TR rlvﬁ,@*f

" C(‘Xﬂ_ﬁ Y= o()—/&
| r(=)rip) LZ ?

The first part of the theorem follows immediately from

theorem 1.1 when we note that

AP ' (¥ ,VLOH' -¥=1

bm-f = “-—;-—" I () T(A) /@
| AM
For the proof of the second part of the theorem we use

theorem 1,2, setting

: a AHp -¥-/

M‘; M ) /"' ' ¢ ' Q(f '[ ; 2,
Thus ‘ E(a)‘ M. /g KLD{.’/&
'm bﬁ-'b,ﬁ' 4 bM. - W) r[f) r["(y'é)

Tix) I (;@). )
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where we have made use of the well known facts that
M dP-Yi 3 Y 8
Z Y P ~ r(ocf/b—a'),,,ﬂﬂ Yt
Ve | J '
é 7 A ﬁ-rr?,m. .
This completes the proof of the theorem,
We turn now to the proof of the following important

regularity theoren,

Theorem 1.6.

1 X / /5 ;& are all positive real numbers and if ¥s 94-]"@ ;
then the metilod H (o(’f@( )is regular,
Proof: ’

Here we need only verify that the conditions 0.l are
matisfied. This however, is an immediate consequence of

theorem l.5 and our theorem id thus established,

In connection with theorem 1.6 it is 1:hportant to re-
mark that in accordance with theorem 1.3 the method H (¢ ,P ,X7
is regular even when Z‘?“‘f‘F s This is an interesting
caéé from the point of view of consideration of the question
of when the method thus defined will sum any divergent seg-
uences, In this connection see Piranian (1). We shall con-
tent ourselves with a study of the method H & ) F,b/) for
¥ ot ﬂ Thus in the sequel we assume § < 0<+/3 unless

otherwise specified,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Article 2. H(/ /e,a/) Summability

In this article we shall concerp ourselves with the
two parameter family’ of summability methods H (l /FJX ).
We shall, in particular, be concerned with a comparison be-
tween (C )} and H (I }3 Y )summabillty. Since these two met-
hods coincide when p =¢ it is natural to expect an inelu-
sion theorem centering about Fa: ¥ . In this dn.rection we

have the :t‘ollowmg~

Theorem 2, 1. ,
P}Y then any sequence g_ %J which is summable
CC ”.’LS summable HU b’). On the other hand if /54 ¥
| then every sequence summable H(li/e )is summable (,C- ' .
Proof:

We note firét according to t.héorem l.4 that in this

case
b, T if/?;;- . b~1' 1f!@4)/
- Now let \ T on V'
vFéif,ﬂ,: 3“ | 2?@
75

Te= Yoo o

il

T = ;—QQVS(-

; __f_c.)_______________..

B,&L_
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=10~

Ve have

, v P AW
Se= (AT, -V T ) =
and hence
,23 T Z_ b ﬂ_(\f-%-l V'M@ =
VY= ©
Therefore-

| %"1 mﬁ:ﬁ; %‘_V_, )(YH\E\(_ j 7= b, = °
(r. ,‘:.'  \/:a‘ M"M’W ’

A

We have thus expressed the sequence {Q;;& as a trans-
form of the sequence {,T/u} . Hence in order to prove the
first part of the theorem we need only show that the Sil-

verman Toeplitz conditions 0.1 are satisfied.

' For p’;«w&( the first of these conditions &s readily ver-
pa)
ified and the remaining two are equivalent since b - ?4_ Y-i

\M«v‘- M'V—l)(vﬂ) - & =/
V-eb ’)3 e ﬁ/‘4'
which establishes the result,

On the obther hand if {QL h/ we have

0o ‘
. . N G A
7 T ) ¥ = X %;;

MN=0 el
| o 3 S
50 B %M;F.(/}/z,‘,tﬂ/”() Prampt

M
M =0
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Hence n el M
wi"? (apl) Y™ = cx ,,:.,Z—;U:‘ bt

Setting : o |
{ — = Z Pu¥
(1-)FC 4, %, %) M= .

we»have | %_ B‘_vf]?) U‘\—( '

M, =0
Hence Mmoo
| Z-_ bm«V F‘(
V=0
and ; M-/ 1
-1 - Z—- bM-Y PV
?M \(:0
Moreover |
N
0 = |- 28 . Fv
l Y=0 A=

Subtracting these last two equations we find,
m-1
FL‘ — Z_ E—bﬂ_‘v’_'m bMv—V] PV' .
Y=o ' ‘

Since, however, and in this case D >b s We find
(eh Ay M=t '

by mathematical induction that

o &
PM?’O) Msﬂl‘,z‘x

Since in addition A=)

PM. = ,"‘ ZbM‘\fPV

: Y=o
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ol 2

it follows that
‘ o-‘-‘PMé ".) ,14-.-,0)\)11"'

5w

Hence
i o
R YZ '&‘%ﬁ“ /
- T =0 '
2 M) 1
and '
vl .

These, howevef, constitute verification of the Silver
man Toeplitz conditions which completes the proof of the

theorem,

Article 3. A comparison of H{"g /@)_( ) summability with (C , 0(\)
summability.

In this article we wish to extend the theorem of the
previous article to integral values of °< greater than 1.
In this connection we note that the essential feature of the
proof of theorem 2,1 was the monotonicity of the bV o An
-analagous result is contained in the following lemma.

Lemma 3.1,
If k is any positive integer and if F’ >¥ then the
ktth differences of the coogficientﬁ in
'F(K, [b)é/,?f) = ngébvx :
are all positive with‘t.he exception of a finite number at

-most,
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Proof:
We writ ' | i 6. v o=
bw'z Y‘ MI | Yo ]
Set Mol o |
k-1
V™ AM
L = e
M ,'X.M"'f ,
'
Oﬂ“ = A -2
A A)"M; AM ~ My M
' | K-~ !
o= P
-
N %&7
M-
A’w #/“’L - M-E = 12/:1 (.F—X)
“ Y “f/“_a_ m-| ‘

’ o

: _y-vet)

4 ﬁ»f«‘ _¥) | 1), '(F ¥l
L= B f
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Now acccrding to a formula of Bosanquet (1l,p.4l),

A W z_( AT A

Hence in our case | \ v~
AK ﬁ-(\() pm—\f-) (@-3) (F__{ \/"\f“)A}u-v’ *

N

Setting f’ Kb/;yft >0 and noting that /e“

,the above sum becomes

s T ( ){3”"‘"/‘/‘”) V“*’)A

4 A o) il
=ikl “"’ ‘ ~V4i| e 2 \ ‘
/;SM 2 /t/ /M T M- \/,' (/6*\7\4 ""2)»4;@%‘/{4

and as n becomes infinite, this tends to '

| L =1) o ol -V : /4
A et ) = (7).

":-'0 ) M >®.r"

Hence as’n becomes infinite, - 1€ . /‘)
£ (g e = T 16D
‘M=

Bu%_( ) Z(k—~>(/\é/£)

E ()i ot = E (4 LY

T LR

A
mo\/;u

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



;15-

ikk—\/ 4>:(ﬂ+‘<))

i(:«)( )/( 491 >0
Bavat i e rt) K %

‘;[‘;( ) /4 J }/u M\(

tends to a positive lim:.t as n becomes infinite and there-
fore may be negative for at most a finite number of values

of n. "Th‘;'.s completes the proof of the lemma.

" We are now in a position to give the following gen-

eralization of theorem 2.l. |

Theorem 3.2.
If k is any positive ini;eger then any sequghce {SM%

summable (Q k) is sunmable } k (b X)for any /@2@?

Proof: ) v
, If @,a/ then the method Hiﬁlex |is identical with

~ the method (C) k ) and we therefore suppose F?Y .

Set ’M Ak4 S
’M : V= © M=

AK

A

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-lb-

q;‘l. = :{;%—YSV
Hence M GD

® & Z_ Sm %M

E;_QAM (I‘M% = b__x)\( MmO

o0
and 0 B
ﬁ A

5 o K ) Z:SM ,

Z—U«; ﬁMY ' F( )/é’b/' PYEY
i . o . 3
o€ oy

3 (K, 3,7, x) LR TuX o,

m 3 X 0 7() FUS [P o

PR

Therefore M ‘ Y A ’“‘r

Amovv
- k&
M . N

and we nedd only show that W, is a regular transform of {"L} .
First since Dm 50 , it follows that for each fixed
him AK b"g; A i
N->p0 M‘V' Y ~ O
" Moreover Bu ._k*"

Z Z_A » v e (!-—X) F (K, x;/gs
A - Fl o) = i-f’ X"

| — %

and therefore
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m X
7 8 b A =]
N © TbM

It reinains only to verify that K

2 K K ' 13

T A j N LYY
= , =0 «
w B T e Tq,

According to the lemma A Dy >© for all but a finite

number of values at most. Hence for n large we write

M K i /l
Z [AK by | A,.W - 7.+ Z
Y=o T

X
where the first sum is over those values for which B bV 20

K
and the second over those for which A \'J\(‘ <0 .

We have " y ,\K "
M S
S b AL, 5 APy g D
, TZ) — N=0 ‘%M
=0 M )
_ Puo—a 1
= o,
J+ o)) = 0L
K
A | X
since - for 2 and the last sum
Ly wp

contains a finite number of terms independent of n,

This completes the proof of the theorem.
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Article 4. Comparison with Abel Summability. A Tauberian

theorem,

In this article we shall compare the relative sirength
of Abel and H(’( [4 XD summabillt.y, and prove an elemsn’c.ary

Tauberian theorem. We shall need to use the following theorem.

Theorem 4.1, (Szasz,l,p.20). -

Let oo : : ® N
g(of) Zba™, hl= 2

be convergent for |y < | . Let ANy 29 and i‘\rﬁa diver-

gent and suppose b f_‘é‘,ﬂ_. exists, Then
Npa

Lim Zy—q—:hm Uy
#i1-0 NIX) n%-'-—v‘i"

Using this result we can now prove the following theorem.

Theorem 4.2.

Any sequence S_é“} summable H("(,/G 5’ Ké'd‘fﬁ is

summable by Abel's method.

Proof
We havé
i B Sv
Tn = Vo ___—
.

8

and hence AL

~ e ‘ \ Z-va-?c
7 a2 A

- )

i.e.
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; R
0O ' 2 _%%M X
I s = M2 o

e %— Ou X
Therefore M=

Z "

M

, -, 2 At'_; o~
{1 =x Z:o&ux W

If now, in theorem 4ol we choose L= &1. A);A_:-'ﬁm,wa
can then easily prove convergence of the series involved by
using the ordinary ratio test and the fact that ,{’EL T
exists, The other hypotheses are satisfied in virtue of our
fundamental estimates for ?3,,4, , and the theorem is thas

proved.

The following Tauberian theorem is now an immediate con-
sequence of the corresponding theorem for Abel summability

and theorem L.2.

Theorem 4.3. '
i
if {&,\g is summable H{Nl/@’éf)) 5'50(7/5 and if ‘SM”"S@—F O (7‘1)

.theﬁ ‘{sm:g is convergent,

Article 5, Application of H(a(lﬂib’) summability to Fourier

geries

In this article we shall consider the question of
whether the Fourier series of a continuous is summable M x ,/(}, 4 ),

To this end let fS‘bl) be a continuous periodic function of
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period A7 , oo

) ~ 2% T ;L:I-{GVMVZ MVMV?)

R4 N LY
SH= 1T+ gr(“W'f*JV )

It is well known then that

S.x) = &+ f?(%f%) Igu(t‘)d»t |

M, 1T J_‘”_ "
ffhere “ __dm LM&)'E
Dit) = T+ Z;MV“: )= ek
Writing "

.; ~ buSv (X

B -
we have \
‘,TE;, . = A ) %;Ltf?v (if?)6£1?

Q;.(;(SES-.«}LIZW n_vz;:'; bm—rgwf(&x)dj‘ . 5;_.”.;; -s'
Talr) - x) = 75, § Pl kalt)E
where

o(t)= $a+t) +0xt) -25().
We now introduce the notions of a positive or quasi-

positive kernel.

The function Kﬂt(f is said to be a positive kernel

if the following conditions are satisfieds
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5.0 K (t] 20 jgvfﬁte-.'rr.

() = o Vot

5.2 mu’)-—:}o where o< PLELT

T
5.3 -‘ﬂlrl??l.(aa(’f)#C/

‘The kernel is sald to be gquasi-positive if 5.2, 5.3,

are satisfied and in addition

-
{ it = 001,

The essential result concerning such kernels is given

in the following theorem,

Theorem 5.5 (Zygmund,1,p45).
Tf %(x’ is continuous at the point x and if Ku (f) 4

is positive or quasa.—positn.ve, then

j‘éli‘ I\Muf)dl""'c

In the case of H@() Acﬁ summability we have the following

initial easily proved theorem:

Theorem 5.6.

\ Y Ye
If the coefficients b v of F(Q(/ JX,/‘( )/X< ?ﬁare

monotonic increasing then the Fourier series of any contin-
uous function S?(%) is summable H (‘5,,5’6':1}.0 the value —&-(7() .

Proof:
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We need merely show that the kernel K (¢ ) is positive.
Condition 5.3 is clearly satisfied. In order to verify the .

remaining two conditions we write,

- , | -~ ‘ - o

where nt ){
- ® Sin a3
| Aoy o L(nlt S a

og(f) = Z;;ﬁv ) = 4 NRIUIE A

Hence since b YZ_ b\{_" it follows that KM(‘H 20,

Next since

G (] ¢ up | o<PeEET,

M i T J ’

e have

v L —-I-— {% T -b = j?a_
k;«.(f) < B, i&n"‘& &;'a(b‘f ""') ;{E;wﬁm"ff—;

and condition 5.2 is satisfied., This completes the proof

- O(‘)J

of the theorem.

The situation when the bV are monotonic decreas-
ing is not quite so simple, but the result remains true. In
order to establish the result we shall need to use the follo-~

wing lemma,

Lemma 5.7.

It ¥ AP h, ¥ R
= ‘ -LEY . #@:-.L"L‘ 1 0,
IFMJ;@,XIG 7f < \7-~f» , E#
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Pi‘oof:
We make use of the following easily verified identity:
Y —fC '
F(o(,p, ¥,2) =0-%) ﬁ(x—w 4,7, x)
Since, however ¥-— (¥ )— (a”'ﬁ) --—(X-o(« ﬂ >0 ,
series for (b’—a( 3"‘ JYX) is absolutely convergent for \X\Q\

Fepr) < Ch-n ™7

The lemma then follows i‘rom the monotonicity of the b‘( and

and hence

continuity considerations.

As a second tool we shall need the following result on

- power series, due to Szego (1).

Theorem 5.8.
If fg-lZ) «Z.C\/Z- is convergent for |Zl<| , if &, >0,

if Z_Cv is divergent, and if %_ﬂ 1\ , then

Yep (4 o

\ *.c'z_f.c.c "LM" 42\3—(2)( \“Z_ 4:] 2-—-’:’ .

We proceed now to the proof oi‘ the following theorem:

Theorem 5.9.
It y<Atf and h/\lo > then the Fourier series of

any continuous function —g—(‘ﬁ) is summable H(‘S!@,b' ) to the

value ;S-(;L) -
Proof:

We show that in this case the kernel \}‘ {{) is quasi-positive.
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Conditions 5.2, 5.3, are satisfied as in the proof of

the previous theorem. We need only show that condition 5.4
holds. |

Now in this case

k»ult} = 17-13‘.,“ %:.5 Q"*’V ‘[)V lt)
and hence . "
* b AR s By

Tt & 2 v £ () 5 Bua

b,

L Ime,
On the other hand "‘;t o e'LLv.»f-%_ ) £
Vo “-v D

2___ u U (t) = OQ;.} o §
Yl — ﬂsp\ .Li:w ) -L\/t

P L(Mfii)t Z_bve'

L ddm L E .

But since ' Q Zf\ 42\Z]| we have

M LvE
\%J’" Hf)] - \zm_l_t-\ Z’b

We now notice that the conditions of theorem 5.8 are

L 4

satisfied, for

t“i" bﬁv‘l bwﬂ - 0( - ;z - %M{{a’w—t o<"‘1 .
| M-—;( %»ﬁ_t“’”l ¥on @"“),’
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Thus we need only Show that

) (at n=1) (pra=1) () = (1) (b)) (RH4) 29
On simplification the left hand side reduces to
m (A u ) \p*ﬂ") Fa-l) (ﬁfrl) ()

If we consider
% (u) = wlirw) (o-7) pl ) (pt 4ot vt
we find | |

a(u] =& (p—¥r<-1)

Since the coefficients are monotonic decreasing, we
hawe, in accordance with theorem 1.4,
p-YtrA- £0

In case inequality holds we conclude that the quadratic
polynomial ﬁ(u,) has a maximum value and must therefore be
negatively ultimately. Szego's theorem then holds with the
constant 2 possibly replaced by a larger constant., If

equality holds the function %(u, is linear and has the form:

4(1) =( =) (0) (24 +¥) < uzo.

where we have again used theorem 1.4,

Hence inpither case, using theorem 5.8 and lemma 5.7, we

have for o_‘Si' <
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T8,k W] & G 1Py, "7{ ..Ltf”‘“ﬁ ¥
S "‘«1— '"""""’“""’ aat ’J
4nd therefore | < {:
r ok ;ﬁ%
Jlk,,‘tf)]d* = j [hattl| & ¢ jlmé)y&
o © A
AN
T |
£ 0oy SllKMrlef
A4 Tl/
N SR P«
« OU)Yt C% S'It at

This completes the proof of the theorem,
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Article 6. H ( ! /8) /@+ / ) Summability.

,' ‘Throughout the féregoing we have been considering pri-
marily the caée of summability H(o(,’)/s):)/) with G/ L oLt ﬂ“
According to theorem 1,6 however, the method is regular for
P " /@ We‘ note moreover, that summability H( ,/ ] ; 2)
coincides with harmonic summability. This suégests that a
natural generalization of harmonie summability would be sum-
mebility f a' !3’ ,61-)) . The possibility that we can thus
generate a genuine scale of summability methiéds is obviated

by the following theorem:

 Theorem 6,1,
| If 16 20  then each member of the one parameter
family of summability methods (] J /6/ ,Af)} is equivalent to

harmonic summability.

Proof:
We shall establish the theorem for f’?.l and indicate
the necessary alterations for the case pél .

Note first that
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Hence for a given sequence Lng let

L5 sy
Pe W -

AM Vo MY+
A _ L 5 AS
Im = ﬁM Z:OM"VT!@

It follows then that

b
Z A ™= FQ,LY ) %_?S;ux“
M =0

M=o

%0 oo
A < " . AA
Z BuTuaxt= FUppe,A) ZSu*
and hence that FU 12 2) o0 D D vy
08 ' YV TuX

agane G
M=o "F/{GH’X‘

and

0o
25 om . EURLY X 2 AL K"

M=
Thus if we set

‘ A

Flpprd 2
FlLp,pe12) = 7 x|

FUL,2, %) M=0
we have
¥ p V) - /
Q= ‘;{’ 2 ﬁu‘vpv v, =7 Z‘PM-'Y ANy
N7 V::;a J 15/‘1 \/-*—‘-'D
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Hence in order to establish the theorem we need only

show that each of the following two sets of conditions hold:

Lo
%jiVi&-VZOU)I %"‘"‘?O

AM
and
ﬁM V=o MY ) /BM 4

We shall prove the second of the two first, To this end
we have
FU L0t = FUILLR) 2— P'“x
Hence A

b _ 5 B

St V=0 MYt |

i.e.
po_ 7:_.&
P = ;/31:/:4 Cv= “"v“
Horeover M)
Lo v fe
Y - Yoo M"Y
pim-] |

Multiplying the first of these relations by /6 pm-] ? the

second by ™ and subtracting, we have

A S

and hence

" v
Pu = %IE«%TVM
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. -]
| Simce, however, Pbs / y PI = f(";_',') , it follows by induc-
tion that F“‘?‘O y M= A0, Having established this
it is now clear that

,&/ 4L ;@
- < -0, |, &) o=
@510 é{w‘ ”M ) 1%

- Hence _
M" ) An ‘
T Pty . 2 Prhey =
¥=0 13 - v=o Ry
and ™ :

. M M ' O
We have thus proved that if iom.g is harmonically summable

it is %ummable }Hllloj/ofi)for any pg_ !l .

In order to prove the converse we consider

. wve %
| - FUuLLyx) - LG xt = Z'—/?’M?CM

f(l’/o,!&ﬂ’ x) - m=0" | e
whence o
F'“;,ﬂ//)ﬂ' A) "’F“/I/ 2)9(} = Fuj/bl(&‘”) X) }-;—T a

and hence

M ) fﬁ | ;’l

s _L = ey
Therefore

| M A

f =

M(/)”,,), — ?‘/5? =Y ‘

(nth) ()
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and 3 :m P N
mleel L al
i) fwrr) Y
Moreover el
n.
,_,._Ll-&—-—)—' Z_‘ [b"(“l“""’ v
= (1) m =

Multiplying the first of these relations by %—i‘; | ) s the

second by; s and subtracting we have

f/ﬂ [M‘”

.

(M"” /’-M it M’ ) ‘ | '
E”“T(bfl Z,/G \—(‘(Hmol—v) (w{)) MWM‘“‘}(@%M'J

Upon reduction the numeratior of the term in brackets is

found to be
. a. o, B ‘ . "
=t ) gy ) = (4% () g —1- )
For fixed n this is a linear function of \Y‘, & <m-| .

#When Y:=] it has the value

J-Ma“‘}'zﬁ/l(ﬁb", +ﬁ gp"fl)/_o M= ',2) PR ﬁZ-/o

whereas for Y M—} it has the value

Mbjﬁt +M/5 1_/@51 = 0 M=, Z;’/" ® [b | '>O -

Hence since a simple computation shows that vh,, - ( +l ) ) p J

i that % = -l % M=

it follows by induction ’ha ?-0. l/ th__ QM__D) M=), 4t

It is consequently clear that

O £ n,, 4 ~HUL
iee. i’“rﬁ Wv\

‘?M’i é— l/ /‘1:-"—0} )/11 - “f
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M
o E_JZV\ Bq-v = @; L wn - &T ﬁV “éH—V]

- M
= Liba- Lty Gl

— k;@,« — = 6(1)

P

the last step following since Al ﬁfuj are asymptotically a .
‘ | o
constant multiple of log n by theorem 1.5.
Thus any sequence summable H |/ a2] is
mate WU, pri), 6
harmonically summable and the theorem is established for
&z |. In case /3«.‘. [ the technique of the above proof is

merely reversed. We prove on the one hand that pMi o, M=l 2y

and on the other hand that F, 20, m =0, )0« -

)
The details are quite similar to the above and need not be

repeated here, This completes the proof of the theorem,

In the remainder of this article we shall consider the
relative strength of harmonic and hypergeometric summability
for ¥ L l/b « In this direction it is known that any
sequence which is harmonically summable is (C) 9()
summable for any positive & .(Riesz,1). We shall generalize
this result. #e shall need to make use of the following
lemma, stated by Kaluza (1), Szego and Davenport (1), and

established indepemdently by the author.
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Lemma 6.2,

= - |
Let MZ @, x™ be convergent for x| «] with AZ@:diver_

=20 . =
gent, and suppose %, 20, 0;“:‘- . Dy, ,
Th A T
hen
® v

g—' = *-‘;dv’i ;

‘%.‘_xM =} ’

Map

where (&,20 and ‘?_d\/:l‘.
;'.'
Using the lemma we can now prove the following theorem:

Theorem 6,3.

If {SM:& is harmonically summable then ib&z is summable

H(Ki 'é’j for any “'/4,8/ for which ¥ & 0("’/6 .

Proof:
Let
« M v
T = % M—VH]
AM V:DM-
A4
l s L

. where

“ &
=21 B =20
T V=0 /7 Vo
Exactly as in the previous theorem we find

g

AA
Ty = “‘5" 7 b, ﬁﬂ—-VTM-V‘
M V=0
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where
%_ P 2x™ = F(*,/&,)f'ﬂ )
V= F(l,l/’\, X)

the function F(I,1,2,X) satisfies the hypothesis of lemma 6.2.

Thus if we let y
l - ;{
Fiaa = 2— Y

we have

> por’ = z,\o Pl %-?—d«“ )

V=
and hence

"
Pu = 00— d b%-‘f

’ v

Moreover by defmltlon

0 = f;’;‘,“‘ Z"M vl

Dividing the flrst of these relations by bM the second by ;‘};ﬁ J

we have

E L
=)

\ M-Vt Bu

Now consider X :
M| b 4 . MEL M Ld’fm—-’) )
T T T (Atm-l) (fotm-L
M DM M ( ) (ﬂ ¢

On reduction the numeratipq of the right hand side becomes

m A (xtp=2) +m(dB =1+ (x=1) (B=1)

which is positive for n sufficiently large, say for 4. M.

We consider two cases:
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Case 1. 'M =0 -
In this case we have

ap o oml ook s Vo s Wy

e in -~ R )

woen © T e T T T e

Hence since fp=| we have, by induction

0 < pM_{ bM,/ ,Mt;-D’], Z,.u,o

Thus
Z M Ay 7 By 21
¥Y=0 ¢ 0 T

B, =2 T B
and

b ¢ 5o
M QM /

which establishes the theorem in this case,

A

case II. M o,

We introduce an intermediate summability method defined
as follows;
Let

)
nlx) = Z,-{%u x

where we shall define “ﬁ‘Mshort,ly, and let

Tm Y=o
where M
_ +
Ta= 7V

If ;’n lg‘ Wa  exists we shall say that the sequence  is
oo ‘

summable T. We proceed now to choose EM . To this end let
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L e
t‘*"’mu M=V M) WAy e

Now choose +ﬁ“{20 so that

;é@ﬁ. < fﬁﬁ+1 i jﬂﬁl, . .%;Ii_
o LR B T

This choice is clearly possible since it requires merely re-—

1

«placing M by a larger number., Having fixed #f—! choose */:"__&

so that

Era i‘ﬂ-l | éﬂ_,t by-z .
¥e continue the process and thus define ‘EMso that

t, = "l—'”f h

M= o T

where

h

M,
and moreover

tu < #&H M=% e
Bar T 0

_{ffi 4 bu Mm=|, Ayee s
'km—; b;M“I R f

It is immediately verifiable that summability T is a
regular method. Moreover since by definition the function /7.(;')4)
satisfies the hypothesis of lemma 6.2, we can prove, exactly

as in case I that any sequence summable T is summable H(og {bj d/ )
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far\}k;xtﬁ,. Thus in order %o cémplete the proog of the
theorem we need only show that any seguence summable harmonic-
ally is summable T.

In the usual fashion we find

o = Y=o i%V"%q‘({[—;
where

oo by
éa o = FlI,1,3,%)
But

v ‘ “b ‘ {: M-l Y
5 | N _ ' hex .
V=o (r t ) a* = FU"’,L’?Q tE
Hence | QL.V\VX

Ald) o | + v=o
FU 4,4 COF L&)

and therefore

{M < ¥ L\'\v(lf Zd ) = 0¢)
Y=o |

, Thus igg.rfp 0 . and

B_, ;_ i MQU}) .ﬁ

Ve
and this completes the proof of the theorem.

Article z; Conclusion,
Several questions remain unsettled. First a study of the

relative strength of sumability H &i& A ) and g ¥] would

be valuable, Secondly since f&¢ is asymptotically a constant
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miltiple of ;uoqﬂh%,fbr éfZJKU@ it is reasonable to expect

a close relationship between summability h‘(o() 2, 5‘) | XS /;‘7 )
and summability (l. 0(7/3 - ) « It may even be true that the
two methods ore gquivalent. Along thes lines it would be of
interest to have an extension of theorem 6,1, in the more genersl
case of summability H(O(, ﬁf"’fﬂ ). Moreover the case b’ ;&1‘-({3)

is of some interest as haé already been mentioned in article 1.
A1l of these questions are now under consideration by the

- author,

More generally the \ study of inclusion theorems for Norlund
summability methods seems to have been somewhat neglected. It
is clear that the problem is bound up with the quesf.ion of the
behaviour of the coefficients in the power series represent- .
ing the reciprocal of a given analytic function. This latter
question is of course related to the allied topic of the zeros

of analytic functions.

The most becent work on the general problem of Norlund
summability has been done by Riesz (1), Hayashi and Izumi (1),
and Piranian (1). Finally, since the completion of this paper
a new book on divergent series by G.H.Hardy has appeared. This
book contains a section of Norlund summability in which the

techniques used closely resemble those of this paper.
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