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Introduction

In the general theory of summability the notion of a 

sequence to sequence transformation arising out of an inf­

inite matrix plays a central role. Thus, if we let

v  - t v •
be an infinite matrix there is defined a transformation of 
any sequence as follows:

Z  = T V *
According to the well known theorem of Silverman and 

Toeplitz (Szasz,l,p.l6)*-, the transform is a regular transform, 

that is, transforms any sequence converging to the value s

into a sequence converging to the value s if and only if

the following three conditions are satisfied:

(*; h m  j *  o j .]-■=■ '
L.^ <SQ 
30

0.1 ( b )  1 .  \a L j I -C-  ■
i) -o

( c ) i - £  *  i. j =  1
j ; o

Thus, in order to define Cesaro summability of order o( 

we consider the function

* The numbers refer to the references in the bibliography.
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06 <* » v

.•x. ^  v _  «»\ y  ?  x ^ O i  * ^ Z _ \  x
ci-x) *■ B - o  (. y  *  *  £ — 7 1

v c
yV\ r£“l

and hence °C <" A
A “  Z _  vA' v'**’ »

then choose ^  *. j

0A ;-,; i e i

<Hj »  ^ A i

o  ^

so that ^  a 5*- *

/

i. ^  J  *

oi
=■ v*°_______-__M  .

fhus the terms in the matrix defining summability

are related in a very specific manner to the coefficients of 

the binomial function.

Now a natural generalization of the binomial function is 

the Hypergeometric function defined as follows* ,

F ( y / r ^ c | 0l /

* " *  « i*-ni(.«»*),., t « w - |) / > ) ( / m ) - - rzi i

y ( ^ i )  * * »
By analogy with summability, therefore, we con­

sider the triangular matrix

J
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where *
<1  ■ ¥9 Z — ®  V* 

L y,e

Thus we shall say that the sequence 1 * 4  is summable 

if ^Vl exists, where*1V V / '< itiS

T?<*
We thus define a three parameter family of summabil­

ity methods. In the sequel we shall study the properties of 

these methods, concentrating on their relationships to the

Cesaro scale of methods and harmonic sugunability, and to the
>

application of the methods to the summation of Fourier series 

We shall coup are our methods with Abel summability and thence 

deduce an elementary Tauberian theorem. Finally in the last 

section we shall set down some as yet unsolved problems and 

conjectures with regard to the method

In connection with the summability method under con­

sideration it is important to note that summability 
coincides with (e,*) summability and that all of the me­

thods fall under the general classification of Norlund
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summability methods.

Article 1. Behaviour of the coefficients fay* and the 

regularity theorem.

In this article we shall investigate monotonicity prop­

erties of the coefficients by' in the Hypergeometric func­

tion. We shall furthermore establish a regularity theorem 
for summabity This latter will be arrived at
through a simple application of the asymptotic estimates for 

the quantities by and 3  y* • These estimates were first 

given by Hill (1). We shall establish these estimates as 

simple consequences of a theorem of Cauchy. We shall have 

occasion to use the following three results*

Theorem 1.1 (Zygmund 1. o.A2).

If A  -  then h  ^
**- n  I 1 1 *

Theorem 1.2. {Polya and Szego l,p.ll)

If the two sums

laf+ ' * % (  j.

both tend to infinity in such a way that

JSl f +  l o j  ^  ^

where k is independent of n and if ftM exists,
M *40 Ou

then
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oo

lire C|j-Cf «•• • ' C-t _  C-H

Theorem 1.3. (Copson, 1.).

The series

converges when ^  f and diverges when %

We suppose now, and subsequently, that • y , * '  are 
positive real numbers.

If we put
V , < W

we find

b  _ b  =  1 f ajft — +- (,°C+/&— V —

which is positive or negative according as the term in brack­

ets is positive or negative.

We consider three cases:

(a). Di -fyS —  ̂  I

It is clear in this case, by considering the linear 

function
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that ^^"” ^ > 0  for all sufficiently large n.

(b). ~sr-i

Here similar considerations show that b  . — \L ^  ®Alt l
for all sufficiently large n.

■(c). -=°

In this case the term in brackets becomes 

rtfi-V •= +i (^-i)

which is positive for £ f and negative for

oro<oKt a 7 ) .

We have thus proved the following theorems 
Theorem 1.1.

If are positive real numbers then a nece-

ssary and sufficient condition that be ultimately mon­

otonic increasing is that one of the following holds

ib| ^ ^ - 1 = 0  ^  O ' l p 1 0,r

A necessary and sufficient condition that be

ultimately monotonic decreasing is that one of the following
holds >

(a.) — V --| >̂0

and either 0 ^  >|^or ^
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We proceed now to the proof of the theorem which gives 

us the desired central asymptotic estimates for and .

Theorem 1.5.

(a .) ,  b *  a /

' (XI

r w

r«Q
lb). B  A/ 

n

n < ) r ( j b )  s

Proof:
The first part of the theorem follows immediately from 

theorem 1.1 when we note that

b.A*-
£ '  £ '  ^yH At sv%>

K f -X-l

A TF\

For the proof of the second part of the theorem we use
theorem 1.2, setting ^ ,

#b&-*-/
c b a  ^  ^  ’
a*- y- ) y

Thus

i bf+ ^ + -
(r̂ eo r +, „ .m r

_d2L
*  rvf-ti)

, Y—
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where we have made use of the well known facts that

J- /  ^
This completes the proof of the theorem.

We turn now to the proof of the following important 

regularity theorem.

Theorem 1.6.

If °(jJbj )f are all positive real numbers and if ^  f& j 
then the method /■/ (^fij^)is regular.
Proofj

Here we need only verify that the conditions 0.1 are 

satisfied. This however, is an immediate consequence of 

theorem 1.5 and our theorem id thus established.

In connection with theorem 1,6 it is important to re­

mark that in accordance with theorem 1,3 the method 

is regular even when , This is an interesting

case from the point of view of consideration of the question 

of when the method thus defined will sum any divergent seq­

uences. In this connection see Piranian (1). We shall con­
tent ourselves with a study of the method for

Y  ~ Thus in the sequel we assume %  S Qt-)rjb unless

otherwise specified.
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Article 2. Summability,

In this article we shall concern ourselves with the 

two parameter family of summability methods 

We shall, in particular, be concerned with a comparison be­

tween (Cj j) and H 0t̂  If) summability. Since these two met­

hods coincide when it is natural to expect an inclu­

sion theorem centering about . In this direction we

have the followings

Theorem 2,1, ■

If |5 -sf then any sequence which is sumraable

^-)i]is summable H 0n the other hand if j*> ^

then every sequence summable /"/(/^ tf) is sumraable (Cj ^  •
Proofs

We note first according to theorem 1,4 that in this

case

• V ?  lf f > A  t it .
How let ' . Q0 ■

■ ^  a  *> =  V  :
M
X s v -

^ t /

q r  — 2L
At ”* y»o
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have

<y = C v ' + 0 ^ - ^ 1'v-i , =  °

and hence ^
7L j■0 =  L. Vy-

*• . v = e
Therefore

y  f e - v  -  b̂ -V-, V Y t |Vjv; ■?_, -  b .,

^  =: fc i - C  v

We have thus expressed the sequence as a trans­

form of the sequence Hence in order to prove the

first part of the theorem we need only show that the Sil­

verman Toeplitz conditions 0.1 are satisfied.

For the first of these conditions is readily ver­

ified and the remaining two are equivalent since kt-/

Hu'b

f 4^ = /
t  — 1 3 2 — ■ '  ^

which establishes the result*

On the other hand if ^  we have
2$

H
^ | -'X MjtO <J£>

/H »© v" r
-O |_yC / f o X t )  ‘— /A‘

Ai
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Hence |

y ~  T  i M i ) ? * 1 ~  Z  -m  ^
v*s©

g
<vl

Setting ^

_ ! — --------------- = .  ZL P«* j
u - y M i j . K * )  **■•>

we have o
JL. T  P . ■'“V ^  • 

f  ^  TIT, •—  M ~V Y* *  / = o  '

?  ^  =s F O , / * , ^

M *- ©
Hence ^

, =  ZL b « - v  P-
V sO

and ~l
p  _  , _ Z . f e . - r P -
fM y ^ o

Moreover m -I ^
i Z f c . f rfi a  I - z—  zH-Y-/ 7 

ys .fi

Subtracting these last two equations we find,

B, P -  •
VZo

Since, however, and in this case D >  ̂  ^ , we find Apjr *-r
by mathematical induction that

|2h *2. 0  ) -*» ^  '  *

Since in addition

, „  I -  Z f e ^ P r
fW  1 /*©
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it follows that
*■ /* * '

Hence

T  1M & - /  »  X -  Py ^  I
v t r — 7 T T  Kse> ^>Wt  )

and
Jdl. <5
/t44/ *

These, however, constitute verification of the Silver

man Toeplitz conditions which completes the proof of the

theorem.

Article 3. A comparison of j-f summability with ^ )

summability.

In this article we wish to extend the theorem of the 
previous article to integral values of greater than 1. 

In this connection we note that the essential feature of the 

proof of theorem 2.1 was the monotonicity of the by* • An 

analagous result is contained in the following lemma.

Lemma 3.1.
If k is any positive integer and i£ then the

k*th differences of the coefficients in

are all positive with the exception of a finite number at 

most.
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Proofs

w l t #  A  k m  b e

I i
l :  v h  -
^  yf ' M. I 'QM-.qM - /
vu

Set

r  _  A * ' '
M, AL

*6 -  s r ^M  V/U -f

~ ^  A

*  1 - f  .fcH „ A
A  aTm =  A *  '  V »  ~

I
*
* /<■ A
4^/r^i ~ /*

 ̂ gfi. J?*»rl

’  **'*■M  »  jSsi _  & - < ■  _  &-*- r fl_
& - I  ^*<-1

K 1 UL ss ££3- —  =• V"
^  AA W* V "  “AH —

»
*
#

V
> H

Y
A  i f ,

fei-y-i- (|3-y) lp-*'-’^>' '^f‘

<$m - i

1)
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Mow according to a formula of Bosanquet (l,p.41),

= t ak' V ^ .
V»d?

Hence in our case m \

^ - £ « >  f e r
Setting |5«.'y==/̂  and noting that  ̂/M. > /

the above sum becomes y  j,

h4-Y <

the above sum becomes ^

But
A . , 1 iy'” 1 M . . . t u - Y * l ) /'.-i-i](/«-Zj.,(*-YH

. (/1 - * ‘1 *  V I -----

and as n becomes infinite, this tends to 

) <* ^

Hence as*n becomes infinite,

/ s j  f M - u '  7

y* i Co
and 50 v—  / k \

vM
06
Y

yH^-0 Vjtp

'  * /H = r©
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Hence

Y=d

and therefore, if J4 ^ &

Y - r  ■ ■

Hence

Vb-K r/n~&
tends to a positive limit as n becomes infinite and there­

fore may be negative for at most a finite number of values 

of n. This completes the proof of the lemma*
i

We are now in a position to give the following gen-
:eralization of theorem 2.1*

Theorem 3.2*

If k is any positive integer then any sequence 

summable Cs k) is summable 
Proof;

If then the method H M . « i e  identical mthr
the method (d jc) and we therefore suppose joJ> 5 .

Set ^  kH
<p « X.  Am j V

yte ^ ____
j g — tmmm i  H i m i  m i. m U-111. . . . . . . . . . . . . . . . . . . .

ANV i
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Hence
06

pOand ~ . m .

t  r  fl ar'1* -  f ( V » ^  - i ® /ML  yU "*1

do

Z .  * *

4s\
M=0

, QO fc «vi
^  .* ... . . v l f  n  V

CO Jq

/ \ k  cr tK A ft) Z— m̂  ^(l — 3f̂  F ( |C//3 )ri M , o ~

M - Q
Therefore /H v . A K *v

^  A P A  * /7 u  /M-y v
«■ i r ~

K//VL-

and we nedd only show that is a regular transform of { < i .

First since v n , it follows that for each fixed N7*

hr, A K b ^ A ?  _  D
A-*oO ---£-1   —  0
Moreover (

A\~Q  / - ©

and therefore

F(.fcr|3 , % * ) =  .J ^ ~  *  
i - x
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M  ' . %
x .  a  a y ^  i

V = o  ftA t
It remains only to verify that ^

i i £ ^ M V * o n )
v.a ' ''-a 0At K

According to the lemma A for all but a finite'V
number of values at most. Hence for n large we write
M  . . K  / sr-//
r  [»"'■»' »  x .  + 1

tjj
^  k k Uwhere the first sum is over those values for which A  Dy

and the second over those for which A^ V> y“ ® •
have ^  VC II

£ _ 1. a I
v t .  ^  '  y ~  *

3m _  a. X
J f

[ -f o(/j —  0 il) •
K

since ^  ̂  for fo >  ̂  and the last sum
T3ai

contains a finite number of terms independent of n.

This completes the proof of the theorem.
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Article k. Comparison with Abel Summability. A Tauberian
theorem.

■*.

In this article we shall compare the relative strength 

of Abel and j-j ^  tfjl summability, and prove an elementary 

Tauberian theorem. We shall need to use the following theorem.

Theorem A.l. (Szasz,l,p.20).

T<*+ °0 ^  . v tr At- ^
- ZL Vu* , Mx- *-----At ; m ~0

be convergent for <£ j . Let /lf̂  > 0  and diver-
\ li.gent and suppose | exists. Then

J ,fM flTT =  l,rn
Using this result we can now prove the following theorem.

Theorem A.2.

Any sequence summable

summable by Abel’s method.

Proof
We have

£  k - A
=  & Z —

A .
WOand hence ^  „ m .

21 ariT J '
SI-9

i.e.
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(I _x ) X _ V * ' '  =
M * °  -If now, in theorem 4»1 we choose *>(, /̂ c=~ w®J

can then easily prove convergence of the series involved by 

using the ordinary ratio test and the faot that jj*. < &  

exists. The other hypotheses are satisfied in virtue of our 

fundamental estimates for , and the theorem is thus

proved.

The following Tauberian theorem is now an immediate con­

sequence of the corresponding theorem for Abel summability 

and theorem 4.2.

Theorem 4»3.

If summable and if

then C M  is convergent.

Article 5. Application of summability to Fourier

series

In this article we shall consider the question of 
whether the Fourier series of a continuous is summable H  ft,A 

To this end let m  be a continuous periodic function of
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period ATT , <*> <1

* «  ~  iV +

<V = T? [ f M ' * i-'r k d i  

^  , t *
"tr

i i U ) ^  A
L

't ./*(
It is well known then that

"here ~ ' v  , s j n ^ i X L

~  u 'n ± *
Writing ^, z_ i^AW
C C W  - y^° — ^

^  7Twe have

f l  f c ~ U H
-rr

_i_
-  itAl. ._„.

and If

< & ( * ) - £ / * )
where
!>(£) =  f  (jfft-) + £ ( * - * ) -J-jrti) v

We now introduce the notions of a positive or quasi­

positive kernel.

The function is said to be a positive kernel

if the following conditions are satisfied*
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5*1 K j i /  >  o J 'TTst £.TT.

5.2 f w h e r e  MM (f) ^

5-3 rf — 77
The kernel is said to be quasi-positive if 5.2, 5.3,

are satisfied and in addition 
TT

5.4. J- =  00) ,
-TT

The essential result concerning such kernels is given 

In the following theorem.

Theorem 5.5 (Zygmund,l,p45).

If is continuous at the point x and if ^

is positive or quasi-positive, then

ta* J  $ t-t) KM i i ) d f - z o

In the case of j-j summability we have the following

initial easily proved theorem;

Theorem 5.6.

If the coefficients tfy. of
jBonotonlc increasing then the Fourier series of any contin­

uous function ft*) is summable H the value itx).1
Proof;
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We need merely show that the kernel is positive.

Condition 5.3 is clearly satisfied. In order to verify the 

remaining two conditions we write,

=  j r  f - b _ Y v ^ t )  =  %  f  h- ‘ ° >

where t,

X L ^ / W  4  *. if
"** frzC) V

Hence since by£- it follows that ^  ® *

Next since

■ % v » '  i  i t * I  J

we have / ^

and condition 5.2 is satisfied. This completes the proof 

of the theorem.

The situation when the by- are monotonic decreas­

ing is not quite so simple, but the result remains true. In 

order to establish the result we shall need to use the follo­

wing lemma.

Lemma 5.7.

It «  Ktfftj lV ̂  , then
_Lir ‘

J
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Proof:
We make use of the following easily verified identity:

- y - x )

Since, however Y — (Vvi)—  ($*"$) — — ’ the

series for is absolutely convergent for jx\ ̂  1

and hence Y-«*-/S
t  e - M  p .

The lemma then follows from the monotonicity of the and 
continuity considerations.

As a second tool we shall need the following result on 

power series, due to Szego (1).

Theorem 5.8.
If is convergent for j , if

^  1 C/ is divergent, and if %±J f  , then
Vfcfl 4̂.

c i-j 4 * lj-W| } * - £ / .
We proceed now to the proof of the following theorem:

Theorem 5.9.
If and , then the Fourier series of

any continuous function is summable H L̂ jX'} to the

value Jj. (xjf 

Proof:

show that in this case the kernel k ( £ j is quasi-positive
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Conditions 5.2, 5.3, are satisfied as in the proof of 

the previous theorem. We need only show that condition 5*4 

holds.

Now in this case
j *•*»-

and hence a* .
"  b . J W ) \  , 2_

H
<c 4/**- .N*

On the other hand ^
r H- e  >*- /t i .m-v

e  y~o

x^""

But since | ̂  Z.| ^  V 2-1 we have

1 . ^ * 1
We now notice that the conditions of theorem 5.8 are 

satisfied, for ^

W * -  b  b ■= &  _  ° C - i l V £  %  fa
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Thus we need only show that

M  1‘H4-/) yt«-l)Uk*)' -.-"'(j't-n-I )L<tM ) if**)
On simplification the left hand side reduces to

-u - K ) ^ - r )  ft*)
If we consider

^(u,) ^  i/s--r) M - O i f r * }

we find

j ~~^S)

Since the coefficients are monotonic decreasing, we 

hswe, in accordance with theorem 1.4,

£±G

In case inequality holds we conclude that the quadratic 

polynomial has a maximum value and must therefore be
negatively ultimately. Szego's theorem then holds with the 

constant 2 possibly replaced by a larger constant. If 

equality holds the function ̂ (u,i is linear and has the form:

^ M- ) = ( i - o< )  ( i - / 0  < 0  / u > 0

where we have again used theorem 1,4.

Hence iryfeither case, using theorem 5*8 and lemma 5*7, we 

have for q  <=Jf
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i r 4 , K j t )u q  | p ( v , c LK)
l - e

And therefore 

TT

6H1

. ^Cr/&
i t )  '

Z  C
■ir

X
■ .'H J*

cs
KnUll if* j- j

ji *
vu

rr
/ />

—  c~,44. t  J

V C-i
t t Q M

o C \ )  t  ^
1  a.

M

ec+ja-ar 
-  -  ( 5 ( l ) .

/K

This completes the proof of the theorem.

Y-«rp-l
t ' t

J
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Article 6. j-| j Summability.

Throughout the foregoing we have been considering pri­

marily the case of summability H  *

According to theorem 1.6 however, the method is regular for 

note moreover, that summability f*"/( ) / 5.)

coincides with harmonic summability. This suggests that a 

natural generalization of harmonic summability would be sum­

mability £f jSjfifi ) • The possibility that we can thus
generate a genuine scale of summability meth&ds is obviated 

by the following theorem:

Theorem 6,1.

If ^  then each member of the one parameter 
family of summability methods H  is equivalent to
harmonic summability.

Proof:

We shall establish the theorem for ^ J and indicate 

the necessary alterations for the case <./ .
Note first that

03 £ i

i*) ~  ̂ ~o

y 1/
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Hence for a given sequence let

XT -M A I - iX _
yi-v-il

1 M V—o

—i  ■

vt
. -S f>sr

a  l~
l̂ vi V̂ -0M-V-ffb

yq.

/^0 W l , t>  -

where
,—i—  sfk. *c rJ—

K--
It follows then that

* am
2 1  1 -SmX
/H»C MS-O
00 f9o

and hence that , *£> ^

?  4  ^  M  P W * L
-  f u ^ M  * =D

“ 4 Oorfl,/= zti,fi>P!t*L  *L-Am K *
Jl—  <*• i— I I I a  v )  M'^-P
if*© FU/'j */ */

j

y*1

Thus if we set
oo

FU,i»i7x) ^1-0
we have

/A H,

0 X , =  ]j- * f  S r / ~ - ^ v/H »•=&© yq
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Hence in order to establish the theorem we need only
show that each of the following two sets of conditions hold: 
■ AA.

S.-V =
and

\  J - 1M  K - ' t ' *  0 l l ) ) ^  °  *v~e> v-w
We shall prove the second of the two first. To this end 

we have ^

f  CI./VHl,*) = FU,IJ,z)tLf+x*-.
Hence

•'H o) .
P> y  £ y i

friM ys 0
i.e. /M ^

#  T ”

Moreover
i6 ■ y  ." j?JL.

dimaim a ̂

®  ~  /dfrn-i t
Multiplying the first of these relations by * tiie
second by -l“~—  and subtracting, we have

A * 1* . |

j k ~  , Pv L  l(5+n)^-v)
yvi"l Y~0

^ f V H

'Y’x-0

and hence
Ai~l
T  ^  ----------

B t  ~  y ~  {p+M)(Ai-v)\f2Jt ̂  ?
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A-l
Since, however, pp^ /y pt -a. J77~h it follows by induc­

tion that pn~£o j 4-t-ly • . Having established this
it is now clear that

fy Z. y) 4. ^  I M  -®y 1/ * ‘ '^  ' p H  ^ + v M  /
Hence

I ' W k v .
V* P 1̂ U  ^and

■ P h  Z. -“j" — O

We have thus proved that if is harmonically summable

it is summable f°r any J •

In order to prove the converse we consider

O A M -  =

whence

p d , ^ !  *>■*) ■ = - ■ 1A *) i = r H *

and hence
4 4

a L  -  T  ■ V
j f c  -  * + ,  £ 7  A * *

Therefore

^  A- ' /ly* 
/l4   '2——' fit Ai~ /

U / t f )
/-/
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and (Vt
MjjtAL. _  L .  ^ r J . ny

^  VH '
Moreover ,

0 _  t d l l & d L  _

iMtfi-/) m  r-t *

Multiplying the first of these relations by *7— -7 , , the
* l M i H

second by ~l ’ , , and subtracting we have

(m - i) A a a ■y p  ^  — “y£, v MitAijb-'Itjfrs
Upon reduction the numeratior of the term in brackets is 

found to be

) [m p  -v) ~ [ h  1| )(/M -  / - v) .

For fixed n this is a linear function of Y, / - ̂  '
Mien Yrz| it has the value

J U S  U t  (/ M )  +/&((>-£) ■*- ^  l> h * ' ' ft*-) *
whereas for Y=/N—} it has the value

^  ̂ —/H, H/^ ffh ̂  > 0  *4* J, */ *' ’ j
  -

Hence since a simple computation shows that !X̂  —  j J

it follows by induction that f* — | €.  -----•> <4 0  w - j z,1 ' ■fe> 'j f t -  p " 1 ' '  '
It is consequently clear that 

i.e.

tjg if, ̂
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Hence

-  H  -  0 (1 )
qM.

the last step following since ̂  are asymptotically a

constant multiple of log n by theorem 1.5*

Thus any sequence summable \-j [1^ ̂ l)j P  I 

harmonically summable and the theorem is established for 
jh'zz j In case jb <  / the technique of the above proof is
merely i*eversed. We prove on the one hand that ±  Q 1 M*\, I,

and on the other hand that > 0^ m  *■ '

The details are quite similar to the above and need not be 

repeated here. This coupletes the proof of the theorem.

In the remainder of this article we shall consider the 

relative strength of harmonic and hypergeometric summability 
for jb . In this direction it is known that any

sequence which is harmonically summable is G =,<) 

summable for any positive ,(Hiesz,l). We shall generalize 

this result. We shall need to make use of the following 

lemma, stated by Kaluza (1), Szego and Davenport (1), and 
established independently by the author.
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Lemma 6.2.
Oo <&

Let be convergent for | j with Zfkdiver-
M*o * ^  ^ 6

gent, and suppose ^  2- © , x  JS±Ldk. *
Then Oo /
L -  —  ] —  T  rf/7f .

where fil/XO and %
Vi,

Using the lemma we can now prove the following theorem:

!\r\ “M.

Theorem 6.3.

If is harmonically summable then is summable

for any for which .

Proof:

Let ^
X -  ?

f =  -L- X _ W v -
M  Q m

where
,  ^  _l_ u  . 5  l
^  = X  V-tl 04! " 4 -V=© / vso
Exactly as in the previous theorem we find 

M

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where •.
E  ,
v=o F ( i; l,S
Slnca ^

^ * '77* *̂1, ̂ •- "
M  + l M t t "
the function satisfies the hypothesis of lemma 6.2.

Thus if we let
- L - —  =  I —  '2_dy)Cf
P V M i * )  fcf
we have

^  f ~X> i . sf ^

Z E I ' V a 7 -  2 _  toy-^ 0  -  '
V’-a- (? /=.£
and hence /t>L

F" ■* Fh -  .
Moreover by definition

\ Q  dsj
I  /  , . ..jhuui m il f l— «

6 =  *+ l yE^-V+l
Bividing the first of these relations by b* the second by 

we have
fi» ( H t X -  —JSi -  T
■ £  ' k  { ^  b-  >>M. *«l
Now consider
m i  i w  _  , f ± { ^ t ^ LL
M ^  M i ,

On reduction the numeratocq of the right hand side becomes

44 ^ [%+fl-x) ̂  " 9 4“ (^~0 ^ )
which is positive for n sufficiently large, say for 4* M  . 
We consider two cases:
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Case I.
In this case we have

*±l_ _  „ *S- .. . 'tS-i- >_ V a=ii bM-a. _  )0M-r
"  M' ] M ' * '  ^  V t  W  ^  '

Hence since j£)0=. V we have, by induction 

0 6. ~ bM  At » 0/ L; * «. *
4

Thus

£  I M  < 9 u - _  f .  M « - *  =  i
v=o ^
and j

4 0 ^

which establishes the theorem in this case*

Case II. f l > o .

We introduce an intermediate summability method defined 
as followsj 
Let rP

where we shall define 7? shortly, and let 
yVl.

«** -  = r
)m  Y4© J

where

Xt -  Jb'^v
If /iwh u?>i* exists we shall say that the sequence is

d -i-
summable T. We proceed now to choose , To this end let
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Mow choose ^ 0  so that 
«-i

-C ^fltl and 1 p £ L . ^  • ^ L
T H  ^ - j  tl-l #

This choice is clearly possible since it requires merely re­

placing by a larger number. Having fixed choose

so that

4  M d i t t i i k l -

We continue the process and thus define i ^ s o  that
Iir —  -i h 4.VH - Af+/ > M J

where
N-l • h -5.0 ,

• V  - 0
)

and moreover

<

H*.A
~fcU*A.

JL 4 ik-
i rM.~"\

M  ~ t, ̂  ‘ '
1

 ̂ /H-S-I , 2-; ' * ' »

It is immediately verifiable that summability T is a 
regular method. Moreover since by definition the function /U'Jdj 
satisfies the hypothesis of lemma 6.2, we can prove, exactly 
as in case I that any sequence summable T is summable
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for Thus in order to complete the proof of the
theorem we need only show that any sequence summable harmonic­

ally is summable T.

In the usual fashion we find 
} AA.

where
^  A  I * )  —

But Or1, v
_  r  (J- ± u \ ,v V _  p n  i a. X ) + X - ' v ( • 

Alt) ■=- Z _  l y n  *  m 1 ' '
Y~ o

Hence j&rl , yr

a m  _ ■ =  | -V- J r M

F O . i /W  F  (V-
and therefore

O t v l  ^  - 0 6 )

„Thus M ±  0 and
J m .

/*•& w v ) M  0
and this completes the proof of the theorem.

Article 7. Conclusion.

Several questions remain unsettled. First, a study of the 

relative strength of summability and H ^ j  would

be valuable. Secondly since ft* is asymptotically a constant
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multiple of Jb\ for it is reasonable to expect

a close relationship between summability (T) ^

and summability (^C^ * It may even be true that the
two methods ore equivalent. Along thes lines it would be of 

interest to have an extension of theorem 6*1, in the more general 

case of summability jj j. Moreover the case

is of some interest as has already been mentioned in article 1. 

All of these questions are now under consideration by the 

author.

More generally the study of inclusion theorems for Norlund 

summability methods seems to have been somewhat neglected. It 

is clear that the problem is bound up with the question of the 

behaviour of the coefficients in the power series represent­

ing the reciprocal of a given analytic function. This latter 
question is of course related to the allied topic of the zeros 
of analytic functions.

The most tecent work on the general problem of Norlund 

summability has been done by Riesz (1), Hayashi and Izumi (1), 

and Piranian (1). Finally, since the completion of this paper 

a new book on divergent series by G.H.Hardy has appeared. This 
book contains a section o£ Norlund summability in which the 
techniques used closely resemble those of this paper.
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