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symbols

B(x)

Nomenclature

a boundary value function used in the flexure
problems

Ci(i=l,2,3...)coefficients in the approximate solutions

D

e
eyz,

I
I
Ix, -

J(w)

L(w)
l,m,n

M

ZX

torsional rigidity

components of the strain tensor eij(i,j=z,y,x)
defined on page +ten

energy integral in the torsional problem

Minimum moment of inertla of the cross section
about axes parallel to the x and y directions
respectively.

an approximate energy integral for the torsion
problem which provides an estimate of the upper
bound for the rigidity.

an approximate energy integral forming part
of J(w)

direction cosines of tlie normal to the surface
with the x,y,z directions respectively.

terminal moment or couple acting on the beam
(wing)

the component of load parallel to either the
X or y axes a8 the case may be.

boundary value of the y coordinate for the
sectlion.

strain energy of an elastic body

straln displacements in the x,y,z directlons
respectively

potential energy of an elastic body
potentail energy of the applied torque

an arbltrary function used in obtaining an
eatimate of error in the torsion problem

angle of twist of the beam(wing) in torsion
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an error function used in the torsional
problem

an error function
a stress quantity defined on'page Oigﬁ-‘
modulus of torsional rigidity

Poisson's ratio

normal components of stress in the x,y,z
directions respectively

(1, j=x,y,2)compenent of sh%ﬁr stress acting in a plane,

normal tghthe i axis and directed parallel
to the j axls. .

a stress function used in the flexure problem
torsional shear stress function

shear stress function used in the flexure
problem
=2 =2

indicates the operation e + 55°




Application of the Theory of Elasticity to Thin Wings

Introduction
The increasiné use of thin wings on airplanes with'

operating speeds in the transonic and supersonic ranges
has brought forward the problem of how to conduct the stress
analysis on the structures. As the wings become thinner the
ratio of skin thickness to wing sdction depth increases
and there 1s possibility that the formulas in current use
may not be valid since one of the assumptions employed
in'the process of developing them was that the skin thick-
ness was small in comparison with the dimensions of the
sectlon and the shear was constant across the skin thickness.
In order to derive_new formulas it is necessary to refer
to the princlples of the theory of elasticity. This paper
presents an analysis of the shear and normal stresses in a
cantilever beam under load. Some specifications on the beam
"will be made in order to simplify the developement.
(1) The beam is solid and is the limiting case for a

very thin winge.
(2) The beam has a constant cross section.
(3) The load is concentrated at the free end of the

. beam and 1lies in aplane which is normal to the

longitudinal central axis of the beam.
(4) The cross section of the beam has at least one

axis of symmetry. In this particular case a

lenticular bi-parabolic shape was chosen.



Statement of the Problem

Consider an elastic beam formed from homogeneous andis—
otropic material which is bounded by a cylindrical surface.
~The cylindrical surface is known as the "lateral surtface'"
of the beam. Two planes form the "bases" of the cylinder.
One base is fixed and the other is free but with an applied
load on it. The. cylinder ds assumed to be of length %ﬁ“
with the origin of coordinates at the centroid of the fixed
base. The z-axis 1s directed along the length of the
cylinger parallel to the generators of the cylinder.
(see figure 1) P

Z — - N T

Z ‘ | 2 1™ —— S
Y Ty

?’ f‘?‘yqre /

Then at the fixed end z=0,and z = 1 at the free end. The

x and y axis are chosen as shown so that they are directed
along the principal axes of ipertia of the cross section.
It is assumed that the beam is straight so that the z axis
intersects the centroids of all sections.

The beam 1s considered free o6f body forces (i.e. weight-
less) and the surfaces of the cylinder are free of external
loads. The appliéd load on the beam lies in the plane of
the end z = 1 and will be so distributed that the equilib-
rium conditions of a rigid body will be fulfilled. The
exact stress dilstribution at the ends due to this load is hst
generally known, but this fact will not hinder the develop-



ment of a solution to the problem if the usual procedure
is followed &f applying Saint-Venant's principle which
states that the actual stress distribution over the ends
of a beam, whose length is large in comparison with the
linear dimenslons of its section, has no appreciable in-
fluence on the character of the solution at sections
sufficiently far removed from the ends. Thus any stress
distribution may be prescribed at the ends of the beam as
long as the resultant forces and moments reduce to those
given in setting up the problem.,

The applied load may be considered as being composed
of a force, P, acting on the centroid of the tip end
section and a couple, M, acting about the centroid whose mom-
ent 1s directed along the z axis. This couple results when .
the line of action of the applied load does not paszs through
elastic axis of the sectlion which in this case is also the
centroid by reason of symmetry and its magnitude M 1s equal
to the magnitude of the applied load times the normal
d;qpance from 1ts line of action to the centroidal pointe.
This couple produces twisting of the beam, It wlll be con-
venlent to resolve the force P into two components acting
in the directions of the x and y axes. The component along
the y axis may be called the "1ift" force and the component
along the x axis the "drag! force.

The main pr oblem can now be decomposed into three
elemental parts 1f the principle of superposition is accepted

These elementary problems are as follows:



(1) Solution for the shear stresses resulting from
the torsion pf the beam by the couple M.

(IX) Solution for the shear and normal stresses re-
sulting from the flexure o0f the cylinder by the
lift force applied at the free end of the beam
while at the other end there acts an equal but
opposite force and also a couple of such magnitude
as to equilibrate the moment produced by the 1lift
force.

(III) Solution for the shear and normal stresses result-
ing from the flexure of the cylinder by the drag
force applied at the free end of the beam with
the same conditions as in (II) above.

fThe solutions are developed along the lines of the Saint

Venant's "semi-inverse! method wherein certain assumptions
are made éoncerning the components of stress, strain, and
displacements, yet leaving sufficient freedom so that they
may satisfy the basic equations of equilibrium and compat-
1bility.t-®-3 1In all of the present cases the basic
assumptions ére
@y = 0, dl”’ =0, Tb;g= 0] (1)
where @, denotes the normal component of
stress in the x direction
<y denotes the normal component of
stress in the y directlon

Ty denotes the component of shear



stress acting in a plane which is normal
to the x direction and directed parallel
to the y axis. Due to symmetry of the

stress tensor VY =
vz

xy ,
Wj.th these assumptions the equations of equllibrium become
o
SzZx =0 (2)
z

a2z - o (3)
Lox + By = - Lo ()

x y

#PgRrERgs3ged acts along the
oTzx s 2 Pg; (4')

z= - e
ox wh%ﬁ the 16#d acts al ong the
' ¥y direction.

Where ® __ and 1‘; z are defined in a similar fashion to that
above oma/ P 1s the component of the applied load
along the x and y directions as the
case may be.
I_is the moment of inertia of the cross
' ‘section about the axis through the
céntroid parallel to the x axis.
I_ 1s the moment of inertal of the cross
section about the axis through the
centroid parallel to the y a.xis..

The boundary conditlions become

T"zxn =0 (5)
'I‘grzn =0 ) (6()_
v L+ ¥m =0 (7)

Where l,m, and n are the direction cosines of the normal

Sto the surface with respect to the x,y,z,axes respectively

The equations for the compatibility of strain may be expressed



~2e

5x= 0
ox 0
(l+0’) Vzoz +"gz_2 =0
Z
2 + S%8 =
(1+0) zjy 5% Oy 0
\7’"‘E"yz =0
. | -
V‘?'j_d o ———
zx I (1+0)
y .
2 =
\vg T;X 0
=y = . _?_.__
Ve I, (1+0)

where oz is normal stress component acting along the z

dieection

=06 + 06 + 0

X

z

when the load acts

along the x directio

when the load acts
along the y direction

o 1s the value of Poissents ratio

v? indicates the operationb-% +5Sx

=
v

{8)
(9)

(10)
(11)
(12)

(13)
(1219

(13')



The three elementary problems will each be treated
differently using a variational method to obtain an
approximate solution whenever an exact solution is not
easily obtained. The proposed treatment 1s as follows:

(I) TUse of the Rajleigh—Ritz, Friedricks and Duncan
methods to obtain a solution to the torsional problem with
estimates of the range%errors.

(ITI) Use of the Galerkin and Duncan methods to obtain
& solution to the flexure problem due to the 1lift force with
some estimate of the range of error.

(IIX) Use of a method developed by Timoshenko to obteain

a solution to the flexure problem due to the drag force. In

as much as the solution is exact there will be no errorse.

I'. The Torsion Problem
Theogz:-

Vhile a complete development of the theory need not be
considered 1t may be helpful to outline the development of
the variational method from the Saint- Venant theory.

It can be shown.z that the torsion problem can be comp-
letely solved if a shearing stress function fycan be found
which satisfies the following conditions

f; = 0 on the boundary C of the cross section (14)
¥ = -2 1in the region R of the cross section (15)
The torsional stiffness of the beam is then expressed

by the relation



/0

D = 2p/ Yax ay | (10)

Where D is the torslional rigidity
L is the modulus of rigldity
,47;~indicates integration over the
region, R, of the cross section

The shearing s’t’resses may be _,_expressed as

ZX Yy
v = - ua—d__ﬁ (18)
zy Jx

VWhere a is the angle of twist evaluated
from @ = ——%— (19)
M being the applied moment

The displacements and strains corresponding to the stresses are

u=-Qqyz (20)
v=azXx - (21)
e .. =aq —-QLZd (22)
Zx v
e = - @ _.a-__{é
zZy ax (23)
Where u is the strain displacement in
the x direction
v is the strain displacement in
the y direction
w ls the strain displacement in
the z direction
€ , e (the components of the strain
NEA zZxX

‘tensor)are defined as

e _ Jw+ ov
Y2 = "5y oz
€ __ Adu oW



In many cases an exact expression for the stress function
f;is not readily obtainable and recourse is had to one of the
Variational methods which will provide an approximate solution
for the stress function. The development used here is that
due to Rayleigh and Ritz.® It i1s necessary to make use of the
" Theorem of Minimum Potential Energy " which states:

i of all displacements satisfying giveh boundary conditions,
fhoéétthat satisfy given boundary conditions make the total
potential energy,V, & minimum."

Since body forces are assumed to be non-existant the total
potential energy is

V=U+W (24)
VWhere U 1s the strain energy
W is the potential energy of the
applied torque

Now U —/(‘zx x zy zy) aT
A aa,a.m (v 9* ax &y (25)
Wherijé: denotes integration over the volume
in the beam

(thﬁz indicates 6;5L7)2+ 6;513J2

AndV‘I=//(@’u+ Y V) dx dy
=~ 2 pa? /R dxdy (26)

at the end z = 1

So V=Hu GQ/Z/A&V-%z - 4_1[]& dy (27)
Inasmuch as the quantity(%'u az/i?is constant it will

be convenient to drop it and consider the minimizing of the

"energy integrall



I= 2. :]d.x é . .
/AEWE) -af lax ay instead (28)
Now let the approximate torsion stress function be of the
N
= c t
form ﬁpn :2; 353 (®7)
Vihere s are constant coefficients
fi(x,y) are arbitrary functions which
must vanish on the boundary C
Substitutingthis approximatenfunction into 028) yields
In(c.;.:,cg‘,‘»;,f) v c,) %[(ng)z-zuén] dx dy (30)
In practise the expression is minimized through evaluating
the coefficients cy by means of the relations .
: =0 (1=1,2,-=-~- N) (31)
Once the ei's are determined,%h is established.
Since 9; is an approximate function it will be in
order to investigate the magnitude of the errors involved
in the approximatibn. The development follows along the lines
set out by Friedricks and Duncan.‘lEstimates will be obtained
of the error in the torsional rigidity D, and in the
torsional stpéééffunctioann.‘
The relation between the energy tntegral and the torsiomal
rigidity may be seen from the following
I =f/§|;(7,¢)~-4ﬂdx dy
whichcan be written, by application of Green's theorm, as
— 7 .¢’ ~ A g {
Lo Pgres S ay - gffgtancy  (52)
Since Vﬁjﬁ-= -2 in the region R of the section
And j”= 0 on the boundary C of the

section the result is

/2



I = -2ffR5”dx ay - (33)
however D = 2M R[dx dy |
so that D = -pT (34)
It is possible to show that the approximate value In
always exceeds the true value I. First the error function

0, (x,¥) must be defined
oxy) = Pxy) - Lixy) (35)

whence I WR 7(¢- cﬁl) 2 -4(51’-0?1) dx dy
Rearranging terms
I, =//d (v&)? - af ax ay - %\7¢.og}dx dy
2
M/‘Bo/ndxdy +/fR(Vo/I’1) dx dy (3 6)
Again using Green's theorem
- 2
In—-I-%Cofn%gds —/fRCan ;éldxdy
+ 4/ 20, dx dy 1-/fR( Vo )? ax dy
However o/ n vanlshes on the boundary C and
v:¢f= - 2 in the regilon R

I+ /[ (Vo) ax ay

> .
or In I

It 1s seen from this that D = - I, will always fall

Therefore I,

short of the exact value, D, and may be considered a lower
bound to the true value. To estimate the range of error an

upper bound to the true value must be obtained.

Consider the inequality

(v@)2 - af 4 (v w)? -4x¢+4x +a2(x )

+ 2 —f—'—( (w ﬁ-‘f = 0 (38)

The equality will hold if and only if ’

dZ _ Jdw '
2xandd-{§-—-ax (39)

EE: 27

13



If the expression is integrated over the region R, the
last three terms become :
J . [ 09 _ dwdb
//ﬁ4ax(xlf’)dxdy 2 /7% (w Y) ),(w {&dxdy
y‘x(ﬁdy+%/‘ W(-Q)——dx-i-a-—-dy)

=4fx¢dy+2jéwdq’- ’

Since ? vanishes on the boundary C the remaining terms are<4CO'

Jfl; [(Vi”)” - 45!’] dx dy +_/f [(vw)“ - 4x n’-w+ 4x?| dx dy > +o

Define J(w-) = - /a [(vw)® - ax d—y-’- 4x? | ax dy (41)
then I(¢) - Jw)= Q0
end T(P)= I(w) (42)

The eguality holds only if theconditions (39) are aatis-
fled. If Jn(w) = -ffR I:(an)"‘ - 4x%—‘;,ﬁ’= 4x2] dx dy
is the approximate function, it mugt be maximized so that
it will approach fhe minimum of I({) in value. Noting that
onlj the first two termg involve Wn(x,y) let
| L (W) = -/A [(an)z - 4x‘3——)-‘;—,° dx dy (43)
Then_it will only be necessary to maximize Ln(w).
'Assume W, =4_j2,jl_; Ki ?,1 (x,7) - (44)
Wihere ?1(x,y) may be the real and imaginary parts
of (x + iy)". It is not necessary to
inguire into the boundary conditions
on i(x,y) since only bounds on the
er ror in Jn(w) are involved.
If a term of the form w = erys be substituted in (43)

and the maximizing condltion

2Law) = o (45)

/4



be imposed, it will be found that K = 0 unless b.oth r and 8
are odd. Accordingly the terms for 3i(x,y) will be of the
type xy, xay-§3x, etc.

Once the value for the maximized function J‘n(w) is
found the true minimum I(¥ ) can be located between the
upper bound I and the lower bound Jn(w). In turn the bounds
on the true value, D , of the torsional rigidity will be
determined. '

The limits to the error in jﬁn may be found as follows:

define an error function €(x,y) by the expression

€(x,y) = v* SDn + 2 ~ (4 6)
Let fy= .2_"’26—9;11

then v2&'= -2 so that ¥= ¢

and 4 = =g g (47)

Nowr let e’M and € ‘be the maximum and minimum values

n
for €(x,y) respectively either in the region R or on the

boundary C. :
define ~j]nM = —2;%1/
then S*(F, - fg)=€, -€=o0 (48)

However the following may be used:
Lemma: If z vanishes on a closed curve ¢ and if v~ 2z
is everywhere positive (negative) within a,
then z 1s everywhere negative (positive)

within @, so that jﬁn -~ &;1 everyvhere. (49)
- = NI

In a similar fashion if ;[ o
e 26 g

then iﬁnnz % everywhere (50)



/6

And combining (49) and (50)

(1 -@)f-.sg =@ - %’1—)? -~ (51)
And the upper and lower bounds to the error in the
- approximation _%Z.can be assigned whehever éﬁ and E;
have been determined. This does not provide information
as to the exact location of,?i within the bounds nor
does it give any indications as to the limits of errors

on the stresses.

Computation

The section boundaries are expressed as shown in figure 2.

3% x%)

. 2_ xz
: Y 5@«/@ 2.
As: the first approximati&g consider the stress function
2 4
% = ci(y® - k%% 2k EE) . (52)
R = ¢,® 2 4 5 + 10k4xO 32k¢
then (v 4 ) (4y% + 16k x o o2
and I, f/l;[clz(ofy + 16k¥x? + L0k X7 1°k .3_1;_,21_
~4c, (y® - k®b® + 2k®x® (53)




‘7
b

s
= = - lok
fo{cl [s'b“‘bz S

s o el [}
- 3§k x“(b~-x )] -4c, [3—183(""'3”)3 - ¥Pb(DbR-x?)

muq

-~
xz) + lgk Xé(ba-xe)

o
I = a2 + 250 4 128
e e T3 (54)

Minimizing and dropping the constant coefficients
2 _
3L, _ ¢, [192+250k ]+ o4 _ o

a
+ 2K° x2(b2-x") - k x‘l(ba—xz)] } dx

3C, 315 105
or Gy = - g3 s . | (55)
= (5%gpe) (KPpP-y 2 B opeye) (56)

To estimate the error in the rigidity compute

D, ‘=2uffR9Pl dx dy

= 2“‘3+4k‘ VT we oy K5 ounnt) ax ay (57)
= 8@(3_‘_41{ fl}b&:sb(b.. -x2)= 3—]53'(b2 .,,:-)3_‘_ ]é d(bz_xa)
(b2 -x )]

81 (3725w) [‘ETE k"’b{l

= igg (3+4k2)uk3b4[ which is fhe lower bound on D. (58)
In computing J(w) choose as a first approximatlion

wy, = K, (xy) (59)

and thenl(w) = - /7 I{[Kla(x2+y‘°‘)-4K1x2+4x‘°j] dx dy (60)

in this instance it will be most convenient to treat
Jy(w) as a whole vather than separating it into the
expression L, (w) and the term in 4x®
b k .]
= . 2 | £ g2(pR.x2 2.
Jy(w) % {Kl [b X~ (b~=-x") +-3:.-63-(b =x?)
-(41{1-4)1;1@('02 - )}



12’4

= - 4xb4 [Klz(y—{—o—;}i’ﬁ) S(Kl - 1)] (61)
Maximizing
and K, = 7—_'_1'%3{-2 (62)
Substituting in and reducing

Ty (w) = %% (—_*_J—gl—{-z)kab which is the upper (63)

bound for D.
In order to see the possible error in D, let k = .1
and evaluate. It 1s seen that °
2.40601 pk®b¥ < D=2.41055 yKk®b¥ and the maximum error
in the estimate of D will be .0094 % (64)

To estimate the error in ﬁl consider

2 2
E=veg,42m=2 - (3_*__-3_4?)(2 +4K? - 12§ \
- In the region (65)
_%)6/' =0 andﬁis independent of y
.%%= (33-41{")( 2’41{ >—X)= 0 or x =0

.'. the maximum E in the fegion occurs at x=0

On the boundary, & will be a maximum again at x = 0

since the expression for € is independent of y. In the
evaluation the vertices must be considered.

The values for€ become

In the region when x = O, €=2 - (3 - 4ka)(4k2+2 )i’ (66)
At the vertices (+ b,0), - (52 - o) (o7)

then if k¥ = ,1 the values are as follows

GM = 4.10526 at the vertices

ém = -,01316 in the region

so that (1 - .05205155_;515_(1 + .“DooO)f_ (68)



It may be seen from (66) and (67) that as the wing
section becomes thinner (k -—O0) the error apyppgcﬁe§3?§¢§g

Two other functions were investigated to deﬁehMgne -;”f
whether or not a better approximation could be oh ainad by
the use of more terms. The functions ahd the estimates of
errors for (k = .1) are as follows

(a) Fa_ = (03 +0ax®)(y® - k%% + 26°x% - £X (69)

/7

_ k2(11 + 4k®)
where Cl == [3—,*_4%{'2 + 33(34.993 k¥ 4+25.,9421k ""o']
k®(3=4k")

Ce = b2 (34.9935k +25.9421K~~ %)

2.40520 pk®b Y <D= 2.41055 pk°b? (70)
(1-.3225)45 ¢ o (1+.0452) ¢ (71)
2, 4
(0) Loy = (@ + p23" )(y - ¥%p? + 2kx® - EE) (72)
where @, = M3fty - ZA=h,
4A1A2 -A.BAa
- AAy S 2A5A -
¢z = ¥7p2 [4Alﬁz — R4 ]

90212 2 ok*=
Az = o7§o7§ 382%%25 —
A, = _2048 _40960k*
10395 135135

ba

4y = }.%8
Ao = _2048
10395
and  2.400016 pkfbt = D < 2.41055 pk®b” @3)
(1 - .05238) ¢ < _{@),s (1 - .03314) ¢ (24

From these results 1t may be -seen that in this particular
case no benefits are derived from the additionsl tedious
calculations required to solve for the higher apprdximation

functions.
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Returning to the first result the shear stresses become

<2

— (o]
& = - ey . (75)
S N . (70)

Acontour of the stress function éﬁl is shown in flgure
three for a value @f k = ,1. The stress functions are shown

in figure fbom#s for values of k = .1 and .05.

II. Flexure due to Lift Force

Theory

In addition to the baslc assumptions (1) set forth
previously the terminal load is presumed to act so that at
any section the resulatant of the shear stress distribution
will be statically equal to the applied load while the
normal stress will behave in the same manner as ii the leain‘
were bent by a couple of magnitude equal to the product of
the load times the distance from the load to the section

under consideration. The latter behavior is simply expressed
- P - Z
= - CfI )y (77)

X
The solution therefore is concerned mainly with the behavior

as: o,
of the shear stresses which together with the expression
above must satisfy the equations of equilibrium and compati-
bility set forth in the beginning. It 1s seen that owing to
the assumptions made the relations (2), (39, (5), (6), (8),
(9), (10) and (11l) are identically satisfled

»0

4
Consider the following relations

Nox T& E- (78)
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Y =P (- Jf , 1= _ 2
ve ‘T;{ax 3 2075) (79)

Vhere ¢(x,y) is some stress function.

If these relations are substituted into (7) the result is
d¢ _ ax [l . ox* ]
ds ds 27 ~oTT + o)

using the relations
= .97 = 4dx
/g as * ™

ds

(80)

Since the origin of ccordinates was chosen at the centroid
of the section it may be shown by use of Green's theorem
that the integral ﬁ" dx taken cyclicaliy around the com-
plete boundary 1s zero. Therefore it 1s possible to integrate
equation (80) to get a single-valued boundary value for
which may be deigna;:ed as %B .

% = %‘_4/;2 dx - aqxl_-l-?‘) + constant (81) |
where the limits A and P are arbitrary.

If equations (78) and (72) are substituted dnto equa-
tions (12') and (13!') it is seen équationé of compatibility

require that
V?¢ = 0 everywhere within the boundary (82)

So that if a function ¢(x,y) is found that will satisfy
equations (81) and (82) the flexure problem is solved.
Consider the section as shown in figure §. If p and p!

—
ANS

/Tya/e 3. Y—‘_—
| Yy



be symmetrically placed points on the boundary then

fv(ds)ds=/y( )as

and from the equation (81) it.1s seen that j; {{), (83)

where % and / represent values of [ on the boundary

at points p and p! respectively. Now let t be the value of
vy at the boundary and let

_EE X 2 o(xa - 'b")
B(x) = zﬁ S (84)
- 8o that )’ﬁ = / = B(x)x=p if the constant of integration(85)

P oBe

is equal to ,m).

Let {2 be another stress function defined by
0= JoB(x) (86)
It is seen that o vanishes everywhere at the boundary by
virtue of equation (85). Also by equations (82) end (86)
there is obtained the relation
v+ S8 =0 | (87)
And now the flexure préblem resolves itself into find-

ing a function £2 which vanishes on the voundary and satisfies
equation (87) everywhere inside the boundary. The expressions

for the shear stresses become

= P _JQ
szx Ix JdY (88)
e o [reg )
x ,

In practice an exact expression for the function N 1s
difficult to obtain in many cases so that a varliational
procedure offers the most expedient method of soﬂ.ution.

L=

Assume a series function of the form —Q (t2n y2n) Zc f (m,y)

24



where n is any integer

It is seen that this satisfies the condition that{2 vanishes
on the boundary. However, the function will in general not
exactly satisfy the conditlion specified by equation (87).
If the difference due to substitution of the exact and the
approximate functions in equation (87) is called the error
function € (x,y) = V’f.(ln + —%i—g— (91)

In the method proposed by Galerkinzﬁit'is poesible to
evaluate the coefficients c, such that the petential

i
energy is minimized by means of the set of N conditions

VC7; € (x,¥7) fi(x,y) dx Ay = 0 (1 = 1,2,¢ec000e0.N) (92)
This method eliminastes the necessity for the evaluation of

an energy integral and its derivatives.



Computation:

‘; N 2 4
Consider the equation{=(c,x+c;x®)(k*p*-2l*x ’3-|'k'-i -y2) (93)

b=
then € =V, + —% d®B
=G, [20—; x% -(2k®12k®) x:,
+ Cp [42—-2 x° -(2+40k? )x3+0k2b2x-bxyzj

+ 2 l.;"z x® -(2k®+ l+a) x
= A1x5+A" "’+A3x+A4xy (94)
where A; = 42-]‘520=3
4z = 2‘0—501-(2+4Ok2)02 + 2k"3
A, = -(2+12k")C; + Ok®b*C, -(2k%+ Tro)
A, = -6Cp
The first Galerkin equation 1s
| o/fR Ay [kzb’*x‘ 2k?x 9-:%-, x°-xby? ]
+Az [k~b~x -2k*x6+ %zf - x'y%
+A, [k2b2x~-2k2x"+_kb’f6+ 5% ax & (95)

- . k’) 2]
+A, [k“‘bzx’ay -2k2xy2+ 3; - xzyi']

b
0"'-:/ A]_

° 13
+ Ap k"bx*'(b“ 20-2£'x°(b2-a“ )+—3'X (b~ -x?)& 3b x “(b2-x )]

1

(ke o

k .
k"bxé(bg-x )- 2ﬂte(b2-t )-P— x'°(b“°‘-xz )~ 355 (b2-x® )"’]

-

de
+ A Lk""bx (p®-x® )-2——x (b~;~c )-n—gx (bR-x= ) -3—‘0-:,—::”(*02 2)1

S .
+ A, %xz(b?-xz)s gl; x Y(b2-x z)a,Bbsxé(ba %2)% 5b5 %2 (b%-x2)®

Upon further integz;ation, clearing, and dropping of common *rctz
factors the expressioﬁ i'esgl't:s as

= 15A,b% + 394,b% + 1434, + 104 kib® (96)
The second Galerkiﬁ Equation is
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0 =;[ R[ Al[k2b2x9-2k2X‘°+ lé_:xw_xeya ]
+Ago [k"'bzx‘ -2k?x% + l.éwa x°-xty?]
+, [ 0o 2utxt s %; x@_x,y, - axdy  (97)
| FAy [kzbax"y -2k*x® y"'-l- 2_<4 }T;l
b 1@ 3 5
0= Ay k®ox®(bR-x )-:-— x'(b2-x?)+ bax (pR-x “)";L}?-slfg(bz-xg)a

() 8 . - :
+ Ap [kabx (b2-x )-2——x6(b2 -x?)+ x“(bg-xz)- gsgxe(b~-x2)°

b ‘
+ A, kabx4(b2-xz)-2——X"(b2-x2)+ K x%(b%-x?)- 1B{b:s"X"(bz-xz):El

-
+ LB{ x* (bR-x® )%= 21}; x®(b2-x )"-i-:;-lg—s-xe(bz-t )8-§}§¢.x“(b2-xzb)
5b%

Again integrating, clearing and dropping common factors
= 35A4,b"% + T5A:.b% + 1954, + 104,k%b? (98)
Before using equations (96) and (98) to obtain values

for the coefficients C; and C,; it will be convenient to let
B
Al = —;' Cz

b&
B ’ B"
Az -EQ.C,_ + B,Cz +E‘§;-

(99)
Ay = B,C, + B, b*%C, + B,

Ay = BgCp



Where .B; = 42k*

B, = 20k®

B3_= - (2+40Kk®)
= 2

B, 2k

I-s5 = - (2+12k®)
= 2

By 6k
= - 2y O

B7 - (2k=+ l+c)

Ba = "6

Then equation (96) becomes
0= [39B2 + 143.B5]Cl_ + [lSB,_ + 39B, 4143136 + 101:2138] b=C,
+[39B , 143137] (100)
or further condensing
0 = G,C, + sz?e;,,_+ Gy (101)
Where G, = =(286 + 9306k%)
G, = =(78 + 1o8k?)
(o]

o, (208k® + 143 -

Tn o similar feshion it is found that equation (98) may
be condensed into f?e the following
0 = H,C, + sz‘_’-c:.,2 + 113 (102)
Where H, + -(390 + 840k®)
He = -(150 + 456k?)

= - 2 9
Hy = -(240k% + 195 435

From the equations (101) and (102) 1t is seen that

GqHa=GsH
H o+ g, (SaBa=Gally
C, ==~} 3 2$G2H1 2 GaHe

Hy

28
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1 GIHQ - G‘ Hl .
Cz = =zl Gng — Gle) . (104)

In order to estimate the error involved in using the
approximate stress function the maximum and minimum values
of € must be found. Again the investigation is carried oub
in the region, on the boundary and at the vertices.

In the region the maximizing conditions are

§€§ = 2A,Xy so that y = 0 is a solution (105)
0 =2_§’c = 5A1X“ + 3A2x2 + A3 ++ A.}.yz
...f * ey —
and solving %2 = “3820" ~ VOA® - 20A:4, .

104,

or in more convenlent form +
(X)® = =34z0° - 1o, 557 = 20A,b“A,,

b T0A, 0" (106)
On the boundary ‘
- - k2
€= px¥+ Aax® + Ayx + Ax(KPbP-2k x4 —agg (107)

and maximizing.

- 2€ _ 4 rgon, Bk° 4
= %; Shyx ' H3Ax"+A Ay (k2b2-04 k*z®+ £ )
uhich vields K2 -

2 _ =(34,-0441?)H/(345-6A,K?)2-20( 4, + B"A)(A 5 FAk*b? )
* 100y + k7 g,)

or more conveniently

X_y= = =b%(34.-0A4k")- \/ (342b°=0A4K7D? )= 20(A, B #icPb4, ) (A +A4kPb?)
% 10(1\;,_13‘J + A K°D)

(108)
To obtain explicit values for the error estimate 1t is

necessary to specify the parameter k and the value foro.
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Let kX = .1, 0 = .28. Then it is found that the maximizing
conditions yield

In the region
=0

olH

= + .2374377 and + .0053766
so that the values for the errror are

6

-y _ .
5 = ¥ 7.99011 x 10 %na $6.307950m 10 respectively

On the boundary

% =3 .567446 and imaginary values
with the result that .
€ - ¥3.28770 x 1075

At the vertices (+b,0) the error is

§ = +[(2-8K%) (eatbien) + 7% ]

= + .0002009
Tt is seen that 6& = .0002b and € = -.0002b. In general
it is not expected that the shear stresses will be maximum
at the vertices so that the error inflwill be in most cases
iless at the critical points in the section.
As a matter of interest the results obtalned for the first
approximation to the correct function may be noted.

=2
The function was{2 = c;x(k®*b® - 2k=x® + X x4 -y%) (109)

b2
2 g
Oon solving @, = - | 0% * 1135

72K* + 22 (110)
. = 2 kz k2 3
and €= - [(2 + 12k*)e, + (2k* + FE)_IX + Ea»-(}.szal + 2=,1X (111)

b
maximizing '% = *{R2+12k2)a1 + (2KkR+ =2

1+o (112)

6k=(10c, + 1)



Evaluating for X = .1 and o = .28

In the region
6

5= j .0002059
At the vertices
% = + ,018447

So that €, = .018447band 6_ =-.018447b.

In ﬁhéscase the use of a higher approximation function
was very helpful in incresassing the accuracy of the solution.
It may be noted, at thes point, that other functions were

investigated of the form .
)L = c(tz-yz)

(o]
L' = (cy + cex)(t® - y®)

z.
) '5= (ca + eax®)(£® - 7°)
81, = (eax + cay®) (87 - 3°)
The results indicated that the only suitable type of

function for use in this method of solution for the section
i=1 )
This should slso hold true for other sections which are

was one of the form{l = (t% - y®) cixi where 1 is odd. (113)
symmetrical about the x-axis.
The complete solution may be summarized as follows

2
L, = (eax + 02x%) (K7D 2k%x% + £ox*- ¥2)  (114)

VWhere _
c, = - | (RoK%+ 13T§3 (25 + 76k?) (osk25200k4L325k2T§3
+
26 + 56k (65 + 140k%)(65+728k2+1488k?)
~ _ 1 [ 65r2-2601* -3251K22
Cs = 52| SEiroantrroey T

and for k¥ = .1, 0 = .28 the error in the approximate solution

is related to the exact solution (21, by the relation
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is related to the exact solution{2by the relation

(2~ ,0001b ¥ )= < (L% + .0001b#) (115)
Inasmuch as the exact value for f was not determined
values for the épproximation torsion stress function izl
may be used in its place.

The stresses are as follows

o, = - _____P(%-z)x (110)
X
av
Tox = = ?IE- [2clxy + ﬁczx"’y_] ‘ (1179;‘
X .
. =2
Nz = - % [%(kzbz - 2k*x® + %23:4- v2)
N ‘ - k24 (118)
21,2 2.2 J -
+(’,{(kb-bkx+bx2y)
+C, (3kPbPx % 10k%x* + Lpx © -3x2y2ﬂ
where I_ = %Bk%" (119)

The curves for-(2, o,, T, and 'l‘sr , &re shown in figures

Sixe and =7.: for a value of k =.1

III. Flexure due to Drag Force

Theory
In the previous developement for flexure due to the 1lifsé

force consider the effect of expressing the stresses as °

=(‘2’_¢. - Px*= ;

zx 9 BTy + £(y) (120)_
= .Je

Tyz T Tox (121)

where ¢ 1s a stress function and .f(y)



is arbitrary for the case when the load acts along the x-axis
againt he equations i(2),(3),(5),(0),(8),(9),{10) ana (11)
are identically satisfied. If these relations (120) and

(121) are substituted into the compatibility equations (12)
and (13) there results

2 2
ﬁ(ﬁ% + 98) =0 (122)
D (2 %0y _ P (o Xf(y)
7 §= * 55 y(l+cr) 57" (123)
and these conditions wlll be satisfled if
= _ _ a (y) + ,
(&_" yﬁ.&) (l+o ¥ C | (124)

It is possible to show that C represents a twist in the
beam due to the applied load not passing through the
elastic axis. However, in the formulation of the problem
the flexure load was chosen to act through the elastic
center so that there will be no twist and thus C = 0
Substituting (122) and(l23) into the remaining boundary
condition (7) it is seen that the condition now appears as‘
e e N (125)
Thus the function ¢ is coypletely specified by the
equations (124) and (125). By éné method of solution it
will be convenient to shoose the arbitrary function f(y)
in such a way that
L x2 - £(y) =0 (120)

2T
Compultation

The beam section now appears as in figure eégﬁf
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| P
The right half of the boundary is
| 2 _b_ _ .2 _
- i X -7 P =0
The left half of the boundary is
; x® + E y-Db2=0
X @ar‘e &,
Using the previous relationship as a guide choose a function
—- oP 2 b - h=2
¢ = 2(1+0)1 [x Ix 7V b:]y (127)
and by equation (126) let
- _P b 2 :
£3) =g [+ By +v7] (128)
The shear stresses may be evaluated to give
_ P 2, (1-0)b _ _ 2]

WWhere the + sign indicates the

Piﬁ% or half of the
le vigh

boundary respectively
ﬁ%ﬁ—(xyg (130)
VWhere I =T1e kbt (131)
These expressions mult satisgy all the equations of
equilibrium and compatibility&l&'s) if they constitute exact

solutions. It is easily seen that
Py

(2) _f"* = 0 is identically satisfied
‘ i
(3) = 0 is identically satisfied
)
¥} v
(4) aS'-zx +%yz = - l;_(};l is required
x ¥ y
‘=P oP -P
or (2x) = =——==—(x) = == (x)
+ +
2(1+0)T, (1+0)I, I,



The boundary conditions

(5) T;xn = 0 is identically satisfied

(6) T’yzn
(7) T; 4

0 is ldentically satisfied

+
R

yzm =0
dx _
T’ . as = 0

is required

"

!
N*%
[
o] Q
s

1
ULW
"

]

|

oP
W(st) .
P 2 Al+g)b v - bﬂ

Zx "2(1-'»‘0),1y [x - k

R
289 gig
ol

>
i

)

, 2o(§y) -
[(x%- Zy-0°) + o]
2kx

b

. dy _ P
ST

zx

The compatibility equations

e _
(8) g2 =o0
20 _
(9) “a%: =0
(10) (1+0) w3, + 53—2 =0

(11)  (1+0) 0* 2 +§§Sy =0

and (12) V’zT’yz =0 are rdenticslts M?stéa/

2 rv = - P i
(13) v T __Iy(1+o) is required

- P
2Zl+o$Iy (2) =

- b®) on the right half of the boundary
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P - ___P
" (o), I, (1+0)

In addition to the above conditions it 1s seen from
inspection thaE[)f‘T' dx dy = 0 so that, as expectéd, there .

is no resultant_ side force? And

S P ax ay = {4ff["x 1°)byb2_]dxdy}i§-l-;a—yi;

~2p
= '('lTo'Ti; [—]3(1+o )kb“]

= +P

So the sum of all the vertical shear forces is equal to the
applied load. The sum of the moments of éll the shear forces
should be zero and it is seen that for the right half of the
section; M u{?ygright(n) + T’ x) dy dx

(1+o)%ff{ f-h) (1+o)b b:] y + [OXY]‘ I» dy dx = 0
and the same holds true for the left half. Thas the
expressions for the shear stresses satisfy afll conditions
and are the exact solutions. The plots for the strass
function ¢ and the stresses O, T;x, T;z are shown in figures
nine and ten for k = .1l.

It should be mentioned ﬁhat this method does not yield
any wobthwhile results in the problem of the flexure due to
the 1ift force. If for that particular case -

f(x) = P [ =(b=2-:3 “)] 2 then the equation (125) will be
satisfied if x and y are reversed.
Now let ¢ = -2—(5_’_1:_——0)—I—£y2_ %—:—(bz-xz)z] x
then T, = [xg]

Ao



“#/

= 1 2 . k® 4

and Téfz = oTTF5) _:1%_ [(k~b2 - 7%) = (2+40)Kk*x* +(1-40)p= XJ
x

On substitihtion into the equilibrium and compatiblility

equations it is found that equations (7) and (13') will not

be satisfied.
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Summary :

In cases where a more accurate knowledge of the stresses
in a cantllever wing with a terminal load is required than
can be ascertalned by the ordinary formulas, it is necessary
to use the procedure of the Theory of Elasticity in realizing
a solution. The general problem is divided into three
elemental problems which may be solved independently. In in-
stances where an exact solution is not easily realized,
variational methods may be employed to yleld a solution with
as high a degree of accuracy as may be desired. Each sol-
ution consists of expressions for the shear and normal
stresses for:-gach!alemental problem. Having these it is
possible by use of the principle of superposition to evalu-
ate the combined stresses at any point in the wing so that
the critical stress regions may be determined and provided
for in the design.
| While the discussion in this paper was concerned with a
solid wing loaded by a concentrated force at its tip, it 1is
possible to extend the treatment to the case of a hollow
wing with distributed loading. |

The solution for the torsion problem was developed using
the assumption that cross-sections can warp, in the z-direct-
ion. However, at the center section or wing root, no warping
can occur due to the symmetry present there and the center
section will remain ﬁlane. Therefore the torsionél stress
solution fall down at or near the root so that further theo-

retical developement is necessary to provide a differant and
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and suitable solution.

It appears that much work still remains to be done to
adapt the principles of the Theory of Elasticlity to the
stress analysis of wings for high speed aircraft. However,
it is anticipated that as the need arises the necessary -

development will becarris edont.
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