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VANDERBILT UNIVERSITY

SCHOOL OF ENGINEERING
NASHVILLE 4, TENNESSEE

DEPARTMENT OF
HEMICAL ENGINEERING

To the Faculty of the Graduate School of Arts and Sciences
University of Cincinnati
Cincinnati, Ohio

Gentlemen:

I respectfully submit the following dissertation
entitled "Theoretical Aspects of Stagewlise Operations
in Chemical Engineering" in partial fulfillment of
the requirements for the degree of Doctor of Philosophy.

This investigation was originally underteken solely
for the study of the difference equations arising in
binary and multicomponent distillation. Later the topic
was enlarged and generalized to lnclude the other stage-
wise processes of gas absorption and extraction, It is
the primary purpose of this work to present the principles
underlying the graphical and analytical solutions of the
equations which arise in the stagewise processes of
chemical engineering.

Any claim that this research contributes to the
advancement of knowledge in the field of engineering
lies In the method of attack rather than in any particular
results., The specific formulas that have been derived
are simply the results of a conslderable amount of drudgery.
Anyone who masters the fundamental concepts presented herein
can multiply the contents of the pages within this binder
many fold., It is sincerely hoped that this scratch which
has been made on the surface of stagewlse processes will
be steadlly enlarged by future investigators in the years
to come,

Respectfully submitted,

Frank M, Tiller
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ABSTRACT

This dissertation is divided into four parts consisting
of (1) an introduction to stagewise processes; (2) a summary
of investigations appearing in the literature; (3) the de-
tailed application of finite calculus to the stagewilse
operations of extraction, gas absorption and fractionation;
and (4) an appendix containing the elements of the finite cal-
culus and :a few numerical solutions of problems presented
in part (3).

In the introduction emphasis is placed upon the im-
portance and fundamental nature of stagewlse processes.

The natural relationship existing between the finlte calculus
and stagewise operations 1s indicated, and a discussion is
presented concerning the contrast with diffserential processes
as treated with infinitesimel calculus. In part II, the
literature pertaining to stagewise operations is taken up
briefly. Particular emphasis is placed on the types of
equations which have arisen in stepwise operations and their
graphical or analytical solutions. In general, it will be
seen that few investigators recognized the connection be-
tween the equations resulting from material balances in
stagewise equipment and difference equations. The unilon
between the material balances of stagewise operations and the
mathematical methods of treating difference equations forms

the chief subject of this research,
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viii

In part II1 a detasiled application of finite calculus
to chemical englneering stagewlse operations is given. The
chief objective of this third section is to 1llustrate the
power of the methods of the difference calculus for solving
the stagewlse equations. Both graphical and analvtical
methods are presented,

The appendix contains the fundamental elements of
differences, sums and finlte integrals, and the graphical
and analytical solutions of difference equatlons. For the
reader who is not familiar with the difference calculus, it
is recommended that the sectlon be studied prior to reading
Chapter III., In addition part V of the appendix contains
examples of both graphicael and analytical solutions of
problems arising in extraction, washing, gas absorption,

and distillation.
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GENERAL REMARKS CONCERWING STAGEWISE PROCESSES

Chapter I

Among the natural and mathematical processes involving
interrelated variables, those in which the independent
variable exists solely for integral values are termed stage-
wise. These stagewise processes are characterized in that
thelr graphical representation consists simply of a series
of points with abscissas equally spaced along the axls of
the independent variable. Although the independent variable
is restricted to integral values, the values of the dependent
variables are determined oniy by physical limitations.

In the more common stagewlse processes, there is usually but
one discrete independent varisble. In general, a stagewlse

or stepwise process may be consldered as one in which the
variables are incapable of mutually continuous variation.

These processes are 1in contrast to the differential processes
in which the variables are continuous functions of one another.

Distance and time are truly continuous variables of
nature. In moving body problems, the related length and
time may take on infinitesimal Ilncrements, and the processes
are classed as differential. The flow of mass or energy
on a macroscoplc scale is treated as a differential process,
although, when the fundamentally discontinucus nature of
mass and energy is considered, it is seen that certain

processes which appear to be differential are actually
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stepwise in nature. From the practical viewpoint any step-
wise process may be treated as though it were differentlal
if the magnitude of the unit variations in the discrete
variables are less than the 1limit of accuracy c¢f the physlcal
measurements involved in the quantitative measurement of
these variables or if the magnitudes are very small, 1In
general, a stagewlise process can accurately be treated as
differential in nature if the values of the first difference
and first derivative lie in the neighborhood of one another.

Many experiments are carried out in a stagewlse manner.
The observation of data at equally spaced intervals gives
rise to a series of isolated points, althcugh if the process
is differential by nature, a smooth curve is drawn intultively
through the points., Even though such processes may be
differential, they can sometimes be handled mathematically
more easlly by stepwise means. This is particularly true
in the case of the rectification of certain kinds of ex-
perimental data.

Many examples of stagewlse processes arise in pure
and applied mathematics. The value of the sum of the terms
of a finite serles is determined by the integral number of
terms involved. The sum of an arithmetic or geometric series
varles in steps as the number of terms is changed., In games
of chance various problems of stepwise® nature are encountered,

Where a serles of games are played the fortunes of the players
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vary in a discontinuous and stepwisse manner from game to

game, The probability that a player will win or lose a
certain amount of money falls into a doubly stepwise process,
in that the probability is a function of both the player's
fortune and the number of games to be played., These latter
two variables are hoth charecteristically stepwiss quantities,
The installment payment of loans and compound interest
problems fall into the category of stagewlse processes.,

In chemical engineering, two essentially different
types of operations arise as considered from the standpoint
of the relationship of the variables. In the first type
the variables change continuously and differentially, and
material balances lead to differential equations., The
second type is characterized by a lack of cortinuity in the
variables. The independent variable is discrete, and con-
sequently the dependent variable is defined only at 1solated
points. Thils latter type 1s stepwlse by nature, and material
balances lead to difference equations.

Many examples of differential processes are found
among the unit operations. In the flow of flulds, the
transfer of heat, and the absorption of gases, liquid-liquid
extraction, or fractionation in packed towers, infinitesimal
changes of the mutually dependent variables are possible,
and the processes are classed as differential. In such

operations, the laws of continulty dictate the mathematical
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processes to be used,

In contrast to these operations, which are characterized
by differential’ changes in the varlables, are the stagewlise
processes of chemical engineering. The processes termed
stage wise are these in which two or more phases are contacted
in some portion of the process, and after an linterphase
transfer of material and energy has resulted, are then sep-
arated for further contactings. In these operations the
contacting of phases 1s accompllished in successlve stages of
the process., The stages form an arithmetic sequence, and the
discrete number associated with any stage becomes the in-
dependent variable. Only whole stages exist physicsally,
and consecuently the independent variable is defined solely
for integral values, In general the concentrations in the
phasesof the various components are the most important |
dependent varlables, For 2 given set of external conditions

and a given mode of operation, the concentration variables

are uniquely determined by the stage number. Except for

“The term "differential" is applied rather than its
confusing analog "continuous", because many processes,
stagewlse or differential, are operated continuously. Thus
a stagewise process may be continuous with respect to timse.

In this dissertation the term continuous wlll usually be
employed to indicate that the process 1s operated continuously,
while the term differential will be reserved for indicating

the relationships that exist between the fundamental process
variables,
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certain 1limiting conditions, the theoretical values of the
dependent variables change in finite jumps from one stage to
the next, Stagewise processes are not ruled by the laws

of continulty, and the branches of mdathematlcs based on
continuons variablas are of 1ittle use in the sclutions of
the fundamental equations that arise,

In stagewise processes, difference equations usually
arise through the application of the laws of conservation of
mass and energy; and various schemes have been proposed for
solving these equations, Dodge and Huffmanz5 sugge sted for
blnary fractionation with constaat relative volatility that,
if the change in concentration per stage were small, ax/an
could be replaced by dx/dn anq the resulting differential
equation solved, However, the substitution of infinitesimals
for finlte increments is at best an approximation and in
addition can only be used where the number of stages gs
large. Solving the corresponding difference egquation is
goenerally no more difficult and has the advantage of giving
exact solutions,

In the past, it has frequently been the practice in

8
chemical engineering to use algebraic iteration55’82’ 6,88

for solving the difference equations that have arisen. While
the algebraic lterative method ylelds exact solutions to the
difference gquatlons, it 1s sometimes tedious and frecusently

requires considerable ingenuity and intuition on the part of
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the investigator. In the past, the calculus of finitse
differences, though a well known and old branch of mathematics,
has not often been used in the solution of the fundamental
problems arising in chemical engineering even though differencs
equations have been freely sprinkled through chemlcal engineer-
ing literature. In the chapters that follow, the application
of finite differeﬁces to chemical engineering ls presented.

The invention of the stagewlse processes is intimately
associated with the early history of chemical engineering.
The development, near the beginning of the 19th century, of
countercurrent leaching of black ash in the LeBlanc process
for production of sodium carbonate was among the first
stepwise processes applied to a prominent industrial process.
One of the first plate fractionating towers was developed
by Pistorius in 181'7.9 The apparatus was employed for
distilling and conecentrating alcohol in a single opsration.
Condensation was effected by cooling water. The modern
continuous column was developed by Savalle in France, His
ideas were drawn partially from the stills of Coffey and
Cham.ponnois.9 In 1885 Lunge and R.ohrmane"’5 patentad a device
for scrubbing geses which consisted of a tower with a series
of internal plates, At a later date Lung664 described the
scrubber in detail and termed it a "plate tower." The ap-
paratus was probably insplired by the réctifying apparatus of
that day and was similar to the Coffey still., The stagewise
equipment of today, while reflecting modern techniques, is

fundamentally the same as that developed in the last century.
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STIGATLONS CUONCERNELD WiTH STAGEWLSE UrERATIVNS

é Review_gf the Literature

Chapter 11

Part £ Extraction

in extraction processes the ssparation of chemically
difrerent substances is accomplished by selective licuid
treatment. The scope of extraction processes is broad and
in different respects is similar to gas absorption, distilla-
tion, and crystallization. The term extraction generally
includes solvent extraction, washing, and leaching., Recently
- a combined operation of extraction and distillation called
"extractive distillation"” has been described.7 In this
process a simultaneous extraction and distillation are
carried on by adding a third component at the top of the
columm. The effect of adding this third component for ex-
tractive purposes is to change the effective value of the
relative volatility.
The partial Separation of a liquid mixture into its
component parts by a seleétive solvent which 1s immiscible
or partially miscible with at least one component of the
liquid mixture is termed solvent extraction. “‘he use of
solvents in this manner for refining petroleum fractions has
had a marked effect on the petroleum industry in recent
years, Edeleanuz7 was among the tirst to advocate the use

of sulfur diloxide for removing certaln elements of petroleum
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fractions rather than destroy them. He showed that aromatic
and unsaturated hydrocarbons which were the cause of un-
desireable behavior in 1lluminating oil could be sliminated
with sulfur digxide. Many other solvents including propanege,
nitrobenzeneag, chlorexeo, and phenol have been used in the
refining of petroleum. Propane is of particular value as

1t 1s cheap and readily available in petroleum fields. It
has the advantage that by using it at different temperatures
and pressures, it is possible to remove wax, napthenic bodiss,
asphaltic substances, heavy ends, and color bodies. Other
solvent extraction processes such as the use of ethyl acetate
for extracting acetic acid from water are in common use.

The removal of soluble substances from the surface of
insoluble materials by solution in a liquid is termed washing.
If the solute must be removed by a slow diffusional process
from within the solid, as in the beet sugar industry, the
operation is termed lesaching. This latter operation will
not be discussed in this dissertation. The operation of

washing in Dorrz5

countercurrent decantation processes is
common in the chemical industries, In the preparation of
sodium hydroxide from the interaction of lime and soda ash,

a fine precipitate of chalk is produced and the caustic

soda must be washed from the surface of the calcium carbonate
in a countercurrent process.34 Other washing operations

including the production of phosphoric acid through the use

of sulfuric acid,3 the separation of wax from paper, and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the extraction of oil from fish livers74 are well known,

Ham and C064O were among the first to discuss problems
allied to washing in successive stages, Their work was later
taken up by %acMullin and Weber65 who solved a number of

difference equations by successive approximations. Among

the difference equations which arose are the following:

- 2
Fe,,=Fec,+ k Ve, (1)
Fe .=Fec +kVel? (2)
n-1 n n
in which
¢, = concentration in n{th) unit

F = rate of flow
k = specific reaction rate

v

volume of each unit

Hawley43 was a pioneer in the mathematical treatment
of washing processes. He indicated that there was a pro-
fuseness in the use of such terms as lixiviation, leaching,
percolation, decoction, and decantation all of which were
loosely used as synonyms for washing. The problem of
washing a soluble substance (NaCl) from the surface of an
insoluble, impermeable, wettable solid (glass beads) was
treated in detail in hls earliest work. Such torms as
solvent ratio and solvent retalned were clearly recognized
and defined. No formal difference equations were introduced,
but the solutions of a number of different cases were obtained

by algebraic iteration. The problem of batech countercurrent
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10.

extraction without movement of solids was adequately treated
in Hawley's work of 1921. Hunter and Nashso also discussed
the mechanism of batch countercurrent extraction, and
Ravenscroft in a private communication to Baker5 presented
a relationship between the number of units required for
countercurrent extraction both with and without pumping of
the solids.

Mathematical formulas for washing have been given in
papers by Baker5 and Sandersvg. The latter author pfesented

the following second order difference equation
Wx, +WSx, o= (1L + S)W X1 (3)

where W = pounds of water per pound of inert sludge, S =
solvent ratio, and X, = concentration in n(th) stage. In
Sanders! paper a series of equations similar to (3) were
solved simultaneously to obtain the value of x, 8s a function
of n. Graphical plots which could be employed for obtaining
solutions of the resultant equations were presented. Baker
followed an identical procedure but did not set up any

formal difference equations. He suggested graphical solution
of his equations,

Ravenscroft'74 was among the first to present a graphical
solution for the number of stages when the solvent ratio is
not constant, If the density and viscosity of the solution
are appreclably affected by the solute concentration, the

solvent retained by the inert solids may vary from stage to

stage resultling in a changing solvent ratio., Generally it
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might be expected that this sort of variation would occur
when the solute concentration undergoes a large changse.
Data on solvent retained 1s meager both for cases of constant
and variable solvent ratio, and, consequently, it would
generally be necessary to obtain experimental data for most
systems. HKavenscroft'!s method is rather involved and Elgin28
presented another solutlion based upon triangular coordinates
which is similar to the method suggested by Evansgo for
liquid-liquid extractions. Improvements on the techniques
for solution of such problems were given by Tiller89 and
Armstrong and Kammermeyer.l These latter authors developed
simplified procedurss bassed upon a modification of the
McCabe-Thliele method using a curved operating line.

While relatively few publications concerning washing
have appeared, the past several years have witnessed a
great increase in the number of researches dealing with
liquid-liquid extraction., This is partially due to the
wlder utility of solvent extraction in the chemical industries
and also partially because of the large amount of phase
data required for the necessary calculations with ternary
systems. The general theory of both cocurrent and counter-
current eXtraction has been dealt with by wvarious authors.
In general 1t has been necessary to employ triangular co-~
ordinates (equilaterial or right triangular) with weight
percentages for the most general case of solvent extraction.
Simplified procedures have been developed for casss in which

two of the components are immiscible, and analytical solutions
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obtained for those systems having a constant distribution
coefficient.89 As in washing, the analytical solutions of
the difference equations have been obtalned by algebraic
iteration.

Evans30 developed the concept of minimum concentration
and relative efficiency for co_current extraction., Tiller
extended the 1ldeas to countercurrent operation and produced
formulas which were similar to those of Kremser.55 Evans
and Tiller have both shown that for constant distribution
coefricient the ratio of the actual amount of solute ex-
tracted to the maximum amount which could be extracted is
dependent upon the numbers of stages and the solvent ratio
for a glven system and not upon the initial concentrations
of the solvent or solution being treated. The relative
efficiency as defined by Evans and Tiller represents the
ratio of the actual overall efficiency (ratio of solute
removed to solute present) to the maximum overall efficiency.
It is of value in that it shows how closely the efficiency
of an actual process approaches the theoretical maximum
efficlency. The effect on efficiency of adding additional
stages is forcefully shown by relative efriciency cal-
culations. Evans has pointed out that after five stages are
in use, little increase in effliciency can be expected from
adding additional stages. In cocurrent extraction no less
than 94 per cent of extractable material will be removed if

five stages are employed while in countercurrent extraction
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at least 83 per cent of the extractablie material will be
removed with five stages., These percentages represent
operation under the most unfavorable conditions, and in
countercurrent extraction it would be expected that at least
95 per cent of the extractable material would normally be
removed under reasonable operating conditions with five
stages.

In recent years emphasis has been placed upon the
operation of packed extraction columns and a considerable
amount of data has appeared on the variables affecting the
towar capacities%s’gg’vv’as Row, Koffolt, and Withroww
investicsated the effect of various types of packing, bubble
caps, and perforated plates on the system toluene-ben=zoic
acld-weter. These authors correlated their data by plotting
H.T.U.'s against certain of the oﬁerating variables. They
found that Raschig rings and Berl saddbs gave the best
results while a spray column with large drops gave the
poorest results. In between these extremes were spray
columns with small drops, knitted cloth packing, and bubble
caps.

Comings and Briggsl8 carried out solvent extraction
involving the transfer of benzolc acid, aniline, and acetic
acld between benzene and water layers. Wetted wall and
packed towers were used for the experimental work. Mass
transfer coefficients were gilven as functions of the

velocltles of both dispersed and continuous phases. In
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general it was found that the velocity of the dispersed
film had the greater affect on the capacity coefficient.
Determination of accurate equlllibrium data 1s essential
both for performing calculations and for predicting applica-
billity of a given solvent forlextraction purposes., The
International Critical Tables, the Sclence of Petroleum,

6,46,62,95,99

and other publications, contain a large amount

of phase data for various systems. For complex petroleum

mixtures, Dean and Davis2o and Hill and Coats45 have

developed simple and useful methods for representing phase

deta. Tie lines are equally as important as solublility

data and several methods of interpolation have been presented.sz’89
Othmer, White, and Truege:r',72 presented a considerable amount
of data on various ternary liquid systems and discussed

correlatlon and interpolation of the distribution data.

Part II Gas Absorption

In the unit operation of gas absorption, the soluble
components of a gas mixture are dissolved in suitable solvents.
The gas and liquid phases are intimately contacted in either
paqked or plate columns so that there will be ample inter-
facial area for mass transfer. The reverse process in
which a soluble substance passes from a liquid mixture into
a gas is termed stripping. Mathematically, the two processes
are ldentical, By far the greatest amount of work in

the literature has been devoted to packed towsr operation.
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57
Lowis was aemong the first to focus attention on the

mathematical treatment of gas absorption in packed towers,
He utilized the fundamental viewpoint that the rate of
sclution of a soluble cas is proportional to the partial
pressure driving potential. Based upon this concept, Lewis
developed equations relating the gas concentration to tower
height. The solutlons as developed by Lewis are essentially
the same as those presented by later authors. Donnan and
Masson24 continued along lines similar to those used by
Lewlis in the development of theoretical equations using a
slightly different nomenclature and more thoroughly dis-
cussing the limitations,

Lewls and Whitman58 introduced the two film concept
which has since served as the fundamental basis for the
development of theoretical formulae in gas absorption,

The definitions and relations of individual and overall gas
and liquid film coefficlents were presented by these authors.
Fundamentally it was assumed that the rate of mass transfer
was proportional to the concentration gradient expressed

as partial pressures in the gas phase and mass per unit
volume in the liguid phase., Although a tremendous quantity
of work based upon the two-film concept has appeared in the
literature, no direct experimental data has been offerred
to confirm the validity of the assumptions, A similar
situation existed in the field of drying of solids in which
a great deal of theoretical work was done before the

fundamental assumptions were experimentally tested. Sherwood83
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and others assumed that the rate of molsture flow was pro-
portional to the concentration gradient and derived theoretical
equations for moisture distribution curves, Later, other

b

authors1 obtained experimental data and found that the
proposed fundamental assumption governing the rate of moisture
flow could not be justified and consequently that the
theoretical conclusions were unsound, It would appear

that the two film theory of gas absorption should be sub-
jected to the same searching analysis.

3
12 cantelo, Simmons, Giles, and Brill, " and

Cantelo,
Garber35 also have treated the problem of determining the
height of a column as a function of the concentration
varlables and other parameters. These authors followed
procedures similar to those of Lewis57 and Donnan and
Mason24 but were more rigorous in their treatments. Cantelolz
took into account the vapor pressure of the liquid and
Garber used mol fraction units for expressing the equilibria.
This latter procedure led to a rather inveclved expression
requiring tedious calculatlons. Greenberg39 continued the
work of Garber and applied his formulas to experimental
data for the calculation of transfer coefficients.

A number of authors4l’59’82

utilized the procedures
originally developed for diffusional processss by ¥axwell
for application to zas absorption, The original equations
presented by Maxwell for the true diffusion of one gas

through another were utilized for mass transfer through the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17.

films postulated in the Lewis-Whitman two film theory. A
number of equations were derived showing the effects of
different variables on the mass transfer coefficlents.
Gilliland and Sherwood38 described a wetted wall tower
and gave experimental data supporting the deductions drawn
from the diffusion equations,

Chilton and Colburn16 introduced the concept of transfer
units and height equivalent to a transfer unit (H.T.U.).
The relationship between the H.T.U., and the mass transfer
coefficlents was developed. “he methods presented by
these suthors have been an extenslon of the two film theory
and are almost exclusively utilized by present day experimentors.
It has becomse common practice to correlate data in the form
of plots of H.T.U.'s against operating variables.,

Very little published work has appeared on the subject
of gas absorption in plate towers. Graphical procedures
have been based upon the McCabe-Thilele method67 used in
determining the number of theoretical plates in fractionating
columns. Kremsar55 obtained an expression releting the
concentration to the number of plates for cases in which the
equilibria may be expressed by y = Hx where x and y are
liquid and vapor concentrations expressed in mass ratio
units, Souders and Brown88 defined a quantity known as the
absorption factor and which is glven by

absorption factor = Yo ° I
Vo = Hx,
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where X5, Yo» Yy and H are entrance l1liguid composition,
entrance gas concentration, exit gas concentration, and
Henry's coefficient as defined above, This absorption

factor is similar to the efficiencies defined by Evansso

and Tiller.89 Tiller and Tour91 treated two problems in

gas absorption illustrating the use of the calculus of

finite differences. Garber and Lerman36 were among the
first to recognize the value of finite differences in solving
problems in stripping. They obtained and solved a Riccati
difference equation for stripping in plate towers. They

also solved certain equations graphically for which no

analytical solutions could be obtained,

Part IIX Distlllation

Whereas virtually all of the work in absorption has
been confined to packed towers, the reverse is true in
fractionation where the majority of investigations have
been concerned with plate towers, As far back as 1893,
Sor*ele'7 proposed a method for obtaining the number of
equilibrium stages in an alcohol column. %While he suggested
a stepwise algebraic procedure, his method can easily be
adapted to graphical calculations as will be shown in the
chapter on distillation., Contrary to some prevalent im-
pressions, Sorel's procedure readily adapts ltself to
graphical computations without the so-called "usual simpli-

fying assumptions” in which the molal overflow is assumed
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constant. With Sorel's equation, a curved operating line
must be used in conjunction with the eculllbrium curve for
graphical calculations. Hausbrand42 inbfoduced the ‘e ssump-
tion of constant molal overflow and thi's qucept coupled
with Sorel's work forms the basis for the modern theory of
fractionation calculations,

LewisGO was the first to develop a graphical procedure
for obtaining the number of plates by replacing the first
difference by the first derivative., Lewls failed to reslize
that the procedure was not sound except for large numbers
of plates and stated that the equations involving derivatives
were exact as they depended solely upon material balances,
Dodge and Huffman25 recornized the limitations of the Lewis
eguations and obtained analytical solutions utilizing
relative volatilicies, These methods in which derivatives
are substituted for differences have not produced any
simplifications and should be avoided.

Graphidal solutions were proposed by Ponchon and

67 and Rodebush.’® The method

Savaritvs, Fouche and Thorman,
of Ponchon and Savarit is the best among these authors and
is recognized as a standard prccedure. In order to utilize
this method it is necessary to have enthalpy data, and
unfortunately as these data are seldom avallable, the method
is not often employed. The most popular graphical method

67

is that of McCabe and Thiele~  1in which a straight operating

or material balance line is plotted on the equilibrium
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diagram and the number of stages stepped off.
The first analytical solution for binary fractionation
3
was obtained by Fenske 1 for infinite reflux ratio. Later

Smoker86

solved the binary eaquatlons with finite reflux
ratio for the case of constant relatlive volatility. By
translating the axes so that the origin of coordinates
coincided with the intersection of the operating and
equilibrium curves, Snoker was able to simplify the difference
equations and solve them by algebraic iteration.

In multicompdnent fractionation, Lewls and Matheson56
revised the Hausbrand squations and obtained solutions by
trial and error subject to Raoult's law representing the

equilibria. Lewls and Cope'>

presented a trial and error
graphical procedure which was ecquivalent to the method of
Lewls and iiatheson. Underwoodgz derived simplified equations
for plate to plate calculations based upon constant relative
volatilitles, His equatlons possessed the advantage of
eliminating the trial and error calculations and 1in not
requiring determination of the vapor concentrations.

Robinson and Gilliland75 modified Underwood's method and

took changing relative volatilities into account improving
the accuracy of the method.

Brown and Souders11

set up a second order difference
equation based on a material balance for a single component
of a multicomponent system. With the simplifying assumptions

that the absorption and stripping factors were constant,
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Brown and Souders produced linear difference equations and
solved them by algebralc iteration. The simplifications
were such that the resulting equations were not trustworthy
and this method has been abandoned,

¥any other authors57’44’48’52 have proposed approximate
solutions and methods for obtaining feed plate compositions
In multicomponent systems, While the various methods yield

correct results, there is no method which i1s free of the

usual objections to approximate solutions.
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EXTRACTION OPERATIONS

Chapter III

Extraction processes are defined as those processes
in which separation of different substances 1ls accom-

plished by se

t-t

gctive 1icuid tresatment. Ths berim exXtractlion
generally includes solvent extraction, washing, and leaching.
The separation of a liquid mixture into its component parts
by a selective solvent which is immiscible or partially
miscible with at least one component of the ligquid mixture
is called solvent extraction., The removal of soluble
substances from the surface of insoluble materials by
solution in & liquid is termed washing. If the solubls
material must be removed from the interior of the inert
substence by & slow diffusional process, the term leaching
is applied,

In solvent extraction, a 1liquid mixture is treated
with a solvent which preferentially dissolves one or more
of the components of the mixture. The solvent 1s recovered
by evaporation, fractionation, steam distillation, decan-
tation, or other separatory processes, Solvent extraction
may be valuable where ordinary fractional distillation is
impractical because of close volatilitles of the substaunces
to be separated. In general, solvent extraction is employed
to separate molecules of similar chemlcal type while dis-

tillation finds use in the separation of different sized
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molecules. In some cases where both distillation and ex-
traction are practical, cost sconomics determine which
process should be used.94 “ven though extractlon must
generally be followed by a distillation process to remove
the solvent, extraction may prove more economical.

Solid precipitetes, formed in liquid solutlons, are
usually wet after filtration or decantation and must be
dried., If the adhering solutlion contains large concen-
trations of undesirable soluble impurities, they must be
removed prior to the drying operation., By treating the
solids with pure liquid in a washing process, the im-
purities mey be reduced to any desired concentration, In
many cases, however, the soluble substance 1s the valuable
madterial. The adhering liquid should then be removed by
washing with the optimum amount of wash liouid so that
final concentration of the solution is not too costly and
too much soluble substance is not lost, Leaching opsrations
involving diffusional processes will not be treated ian this
dissertation,

In any stagewis~ extraction operation, the essential
units are (1) a mixer and (2) a separator. Numerous methods
are available for contacting or mixing the liquids or
liguids and solids. Operation may be batech or continudus,
multiple or differsntial contact, countercurrent or cocurrent.
In batch or multiple contact processes, mixing may be ac-
compllshed by mechanical agitation, compressed air, or other

means, In countercurrent towers, where the light layer
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rises through the heavy layer, mixing may be brought about
by various types of tower packing, special types of bubble
caps, or by spraying one liquid into the other. Phase
separation is frequently effected in settling chambers

but may also be brought about be centrifuging.

Extraction may be carried out in a number of different
ways as outlined in the next paragraphs. 1Included in the
outline are differential contact extraction operations
which are best treated by the methods of the differential

calculus.

Cocurrent Operation

1. Single batch contact. The solvent and material to
be treated are brought together and allowed to remain in
contact until the single batch treatment 1s completed.

2. Contlnuous single contact, Two streams of material
are brought together and sseparated contlnuously.

3. Multiple batch contact with fresh solvent in each
treatment. In this type of operation, the solvent is
divided into & number of portions, sach of which is used
for only one batch treatment and is then discarded.

4, Continuous multiple contact with fresh solvent in
each treatment. This operation differs from the previous
one in that the contacting and separation processes are

continuous.

5. Differential contact?4 Solvent is added in a
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continuous stream to a fixed amount of material, and the

extract is removed continuously and differentially.

Countercurrent Operation

l., Batch countercurrent multiple contact. In thils
system the material to be treated and the solvent pass
through the process in a countercurrent fashion. Operation
is batch in the sense that the solvent and material to bs
treated are not brought together in continuous streams.

The materials are contacted for a sufficient length of
time and are then separated for further treatment.

2. Continuous countercurrent multiple contact. This
process differs from the previous one in that there is a
continuous flow of material from one stage to the next.

3. Countercurrent differential contact.’' The two
liquid phases pass sach other in opposite directions. Flow
depends upon the difference in density of the two phases,
and pumping is impossible, The extraction may be carried
out in either spray or packed towers.,

78,94 The

4, (Countercurrent operation with reflux.
degree of separation may be greatly improved if reflux is
employed in the extraction process, It is more difficult
to produce reflux in an extraction column than in a fractional
distillation column. In changing an extract to reflux at

the top of a column, it is necessary to obtain a reflux

wlth both proper concentration and proper density. Otherwise
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impossible extractions hecome feaslble with the use of

reflux,

Cocurrent Extraction

The term, cocurrent, is applied to extraction operations
in which fresh solvent is employed in each stage. The
original solution is treated with fresh batches of solvent
as it passes from contactor to contactor, and after each
treatment, the extracts are discarded, Compared with
countercurrent extractiqn, greater masses of solvent_are
required to effect a given decrease in concentration.

It is eossential to the success of a solvent extraction
process that on addition of solvent to the solution to be
treated that (1) at least two phases be formed and (2) a
change be sccomplished in the relative proportions of the
substances to be separated. Thus if a two component mixture
is to be separated by the action of a third component, the
addition of the third compcnent must produce a mixture
lying in a two-liquid phase region; and the equilibrium
must provide for a change 1in the relative concentrations
of the mixturs.

The essentlal variables involved in extraction operations
are the inlet and exlt concentrations, number of stages,
and relative amounts of solution and solvents, In the
general case involving three component systems, it is

necessary to use a graphical method on triangular coordinates.
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For the speclal case in which two of the components are
immiscible, the graphical treatment can be simplified, and
under special conditions, analytical solutions may be
obtained,

82
Immiscible Solvents. Published data dealing with

three component systems indicates that virtually all of

them have regions of misclbility. Howsever, in a great many
cases two of the components are nearly immiscible over a
substantial portion of the solubility curve., Examples of
typical systems and the regions of immiscibility (solubility
less than 2% by weight) along with the distribution co-

efficients are given in the following table:

Table I
System Region of
Immiscibility
A B C %#B % B Dist. Temp.
in A in C Coef,

Water Ethanol Benzene -2 35 15 .076 25°C
Water Acetic Acid Isopropyl Ethelﬂz9 20 6 .28 20°¢
Water Acetic Acid Chloroform’ 30 20 .21 18%
Water Ethanol Trichlorethylene6o 30 10 .07 25°¢C

72
Water Acetic Acid n-butyl ether 60 20 .14 25°¢

For these systems 1t 1s possible to carry out simplified
graphical calculations.
Consider the system comprising components A, B, and C

in which A and C are completely immiscible irrespective of
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the presence of B, Suppose C is the solvent that is used

to extract B from the solution containing A and B. The

phase data can be conveniently represented on rectangular
coordinates as indidated in Figure I. with concentrations
expressed in mass ratio units. In the process to be con-
sidered, b 1bs./hr. of A (B-free basis) containing x

1bs. B/1bsfA 1s treated in successive contacts with w 1bs./hr.
of C(B-free basis) containing y_ 1bs. B/1b &C. 1If the

point (xo, Vo) lies below the equilibrium curve, a transfer
of B from the A to the C phase must take place. In Flgure 2,

a schematic diagram of the process is shown. The

DXy bz, OXntl |
{
, | |
l Wyl l W’Yn l wynT 1 ‘vylx '
LXtraczus
Filpure 2

amounts of component B flowing from one stage to the next arse

shown. A material balance over the (n+l)st stage yields

W(Tn41-Yo) = B(xp=X49) (1)

Defining w/b as the solvent ratio, a, and rearranging terms gives

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30.

~
oo
~

(yn+1-yo)/(xn+l'xn) = -l/a

Equation (2) is a difference equation which is exact as
it is solely the result of a material halance. DBecause
three varisbles, x, y, and n, are involved, the difference

- - - - P | caan Y A b 2 T P 9 43
sguation can not be sclved unless thsesrs 1s & known relation

w

between x and y. If it is assumed that the stages are

theoretical, i.e. extract and raffinate are in equilibrium
in each stage and the point (xn, yn) for each stage liss on
the equilibrium curve, a procedure for relating the number

of stages to the parameters and dependent variables can be

deduced.
To locate the point (xl,yl)
Crapnical Zolutlon
Immisclible representing the first stage and
Solvents

successive points (xn,yn), first

construct a line through the

y
point {%x,,7,) having a slope
-1/a. According to Equation (2),
this line must intersect the

Jo

equilibrium curve at (x,,¥;).

This is evident from the triangle
PQR in which
(¥1-75)/(x1-%5) = tan 6 = -1/a (2p)

Having obtalned x,, the same procedure may be used to obtaip

(x2,y2) and in general (xp,y,) from (xn-l’yh-l)‘ The number

of units necessery to produce the desired reduction in
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concentration is given by the number of points on the
equilibrium curve,

The above method can be modified if the equilibrium
relationshlp is expressed by y, = k, X, where kn i1s the dis-
tribution coefficient for the nth stage., Eliminating Yo

1
from (2a) yields

a(kpny) Xn41=Y¥o) = Ep=Xp4 (32)

or

- ay (3b)

xn = (akn +1 o

+1+ 1)Xn

The solution of this difference squation falls under case 3
of section A in Part IV of the Appendix. The operating line
X, VS X, can be plotted as indlcated in Figure 4. The
points (xo,xl), (xl,xz),
(xn,xn+1) all lie on the line
represented by (3b) while the

-4

points (xl,xl), (xz,xz),
Yne1

(x_,x_) lie on the 45° line.
n n

! Ir X, ls glven, xl can be found

" 3b) as the corresponding point

on the operating line as

shown in Figure 4. After

crossing horizontally to the
45° 1ine to the point (x1,%1), the point (xl,xz) can then
be found on the operating line. The total number of steps

necessary to reduce X, to X, is given by the steps or
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o
preferably by the points 1, 2, 3, ...., etc., on the 45 1line.

Constant Distribution Coef‘f‘icientso’82 If the con-

centration data for the systems in Table I are plotted, it

wlll be observed that the data can be approximated by straight
lines as shown in Figure I. For these systems in which the
equilibrium curve 1s straight, and the distribution coefficient
in Equation (3b) is constant, an analytical solution relating
the variables can be obtained., Equation (3b) may be re-

arranged to give
Xp41 - [1/(ak+1)] x, = ayo/(ak+l) (4)

Equation (4) is a first order linear difference
equation with constent coefficients, Flacing thls equation

in standard form gives (See Part III of Appendix)

[? - l/(ak+l)] x, = ayo/(ak+1) (5)

The solution of the reduced equation is C/(ak+1)", and a
particular solution of the complete equation is yo/k
(Equation (33), Part III of Appendix). The sum of these

two solutions is then the complete solution of (4), i.e.

x = 0/(aks1)” + yo /i (6)

If the inltlal concentration is Xos C may be determined by
placing n = O and solving the resulting equation, Determina-

tion of C leads to

X, = (:vto-yo/k)/(etk+1)n + ¥,/ (7)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33.

It is usually desired to know how many contactings are
necessary to reduce the initiel concentration xO to the
final concentration Xy Lecting N be the total number of

units and solving for N gives

log(xy-¥o /%) /(xy-¥, /i)

log (ak+l)

=2
]
o
LN

A differentlation between n and N is made on the basis
that N refers specifically to the total number of units
while n may refer to anyvunit between zero and N, If the
number of units is fixed, the solvent ratio may be determined

from (8) as follows

1/N
X, -y, /k
a+l = (1/k) | = _ -~ (9)
/ xN"yofk
\ \ VS 34
:j:l 13 \
':'*0
o "'L)J '
C. G
g ~<
':' .f’ Q \\
b
) L = < =
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The effect of the solvent ratio and distribution co-
efficisent on the number of required units is shown in
Flgure 5. The product ak is plotted against N for constant
values of the raffinate ratio, r = (x.-y,/k)/(x,-y,/k),
which 1s defined as the rstio of the material remaining
after N treatments that may be removed by further extraction
to the maximum amount of material that could possibly be
extracted with an infinite amount of solvent. It is ap-
parent that for small values of ak, a large number of con-
tactings are required.

Decrease in Concentratlion per Contact. The decreass

in concentration from the nth to the (n+l)st contacting is

simply Xn=Zp+1 = -OX,. Teking the first difference of

X in (7) and rearranging yields

AN
AN
~ N L
<A
r X
lu oo e . ‘! ‘\ ‘\ ~ —
< T N N W o
£ \ AN AN \ =
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N \ NN ~ 1
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n+1

- Axn/(xo'yo/k) = ak/(ak+l) (10)

The cuantity on the left side of the equation represents

the ratlio of the decrease in concentration per contacting

to the maximum possible decrease. In Figure 6 the logarithm
of this ratlo is plotted against n for various values of

ak., With very small values of ak, the decrease in con-
centration per contacting does not drop very much with in-
creasing number of units. On the other hand, for large
values of ak, the concentration drops off very rapidly, and
the change in concentration decreases to a low value in the
first few treatments,

Multiple Contact Washing With Fresh Solvent in Each

Contacting. In washing processes, soluble substances are

removed from the surfaces of insoluble materiasls by liquid
treatment. In the simplest type of process the wet solids
are tr=ated with fresh solvent, agitated and settled, and

the supernatant liquid drawn off. If the treatment is
repeated, the operation becomes multiple contact in nature
eand is similar to the solvent extraction processes previously
discussed.

In batch processes, the wash liquid and solids are
mixed; and after the concentration of solute has becoms
uniform, the inert material is allowed to settle. The
height to which the suspension settles determines the
amount of clear liquild that may be drawn off and the

amount of water held in the interstices c¢f the inert solid,
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The ratio of the mass of liguld on & solute-free basis drcwn
off from the clear layer in a particular contacting to the
mass of pure liquid retained by the solid 1s designated as
the solvent rstio for washing,

In a series of thickeners in which the solids are pumped
continuously from one unit to another, the ratio of the
(mass or volume) rate of clear liquid overflow(solute free
basis) to the rate of flow of liquor (solute free basis)
retained by the solids (underflow) pumped through the
system becomes the solvent ratio, The solvent retained by
the solids is determined by the method of operation and
the physical properties of suspended materlal and wash
liquid. While 1t is desirable to have a low liquor retention
in bateh settlers, enough liquid must be 1aft in the sollds
in continuous thickeners to permit pumping.

If mixing is efficient, the solute is uniformly dis--
tributed through the solvent; and the concentration, y, of
solute in the overflow is equal to the concentration, x,
of solute in the underflow. This corresponds to having a
distribution coefficient of unity, i.e., ¥y = x. Graphically
thls corresponds to having a 45° equilibrium curve in Figure I.

Constant Solvent Ratio. If the solids and adhering

liguid are separated in a similar manner in each trsatment
and the solute concentration does not appreciably affect
the physical properties of the solution, the pounds of

solvent (solute free basis) retained per pound of inert
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solid will be the same in each contacting. Under normal
operation, equal cuantities of liquid are added in each
step of the process; and, as a consequsance, the ratio, a,
of solvent introduced and subseguently drawn off to the
solvent retained is a constant. This condition of con-
stant solvent ratio permits an easy graphical or analytical
solution of the equation. The schematic diagram shown in
Figure 2 may be used for washing provided b represents the
pounds of water (on & solute free basis) adhering to the
surface of one pound of inert material; x and o represent
respectively the concentrations of solution and solvent

in pounds of solute per pound of water; and w 1s the pounds
of wash water added per pound of inert in each stage. Slnce

vy = X, the material balance corresponding to Equation (1)

become s
W(xn-!-l"yo) = b(xn"xnﬂ.) (11)
Rearranging
1 8 ¥q
X 41 T atl X, ta+l (12)

This equation can be solved grappically by the methods
presented in Figures 3 and 4. Equation (4) is identical
with Equation (12) if k is placed equal to unity. The
solutions and discussion of Zquation (4) are applicable to
(12) provided k is placed equal to unity.

While the previous formulas are of limited application
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for solvent extraction because of the assumption of constant
k, no such limitations are invclved in washing. The equations
may be used with confidence. ‘he assumption that the solids
enter the process containing exactly the amount of solvent
retained in succeeding stsges should be carefully examined
befors employing the formulas. The solids may enter with
other than this amount of moisture, in which case the first
stage must be treated separately from the others.

Variable Solvent Ratio. 1f the solvent retained by

the solids varies with the solute concentration, the solvent
ratio will not be constant. The graphical solution must
then he modified for the variation in slope of the con-
struction lines. Consider a system in which the variation
of solvent retained with concentration is known experimentally
as indicated by the b vs x curve in Figure 7. The zero line
for this b vs x curve is constructed along the line y = Vor
As x increases, the value of b also increases, and the
amount of liaquild retained is different 1ﬁ each stage. The
solids enter the process contalning b, (solute free basis)
pounds of liquid per pound of inert with a concentration

Xge The solvent initlslly added 1is eculvalent to LA ( solute
free basis) pounds of liquid per pound of inert with a con-
centration y,. The operation wlll usually be carried out

so that the total amount of solvent is constent in each

stage, i.e., w, + b, = V. A material balance over the first
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contacting yields
(x)=35) [(x)-%5) = -0/,

to obtain x,, & line of slope -b,/Wy is drawn from the
point (x,,¥,) to the equilibrium line. To obtain a line
through (x,,7,) having & slope -b,/w,, the following
procedure 1s followed. Point P is used as s center for
striking an arc of radius wj that intersects a horirontal
line through P at Q. A line from Q to (x55Y,) then has
the desired slope asnd intersects the 450 line at xl. For

the second stage, the construction line has a slope -bl/w1

where bl i1s obtained as a point on the solvent retained

A Sy
. /

. ! . e R I
solite/powsl Liguid
R4 & B
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curve corresponding to Xy 5 and Wy is given by the difference
(V-by). A line having slope -bl/w1 is drewn from the polnt
(xl,yo) to the 25° line which it intersects at Xo. This
graphical process may be czrried out until the desired con-
centration has been reached. Should the process be carriled
out so that the total mass of liguid per stage is not con-
stant, the V line will not be horizontal. ¥When a constant
amount of solvent is added in each contacting, the total
solvent line will bse parallel to and above the b vs X curve.
'When the insoluble materlal enters the washing process
containing undissolved solute, the graphical procedure must
be further modified. If X represents the undissolved dry

salt per pound of inert, define x' as follows
x' = X/o+x (14)

where b represents the pounds of pure liquid retained per
pound of inert and x is

the concentration of

solute in the liquid. When

5 undissolved salts are

i present x will equal the

saturation concentration

xg and x' will equal

PO X/o o+ x After all the

s.

undissolved solute is re-

moved, x' reduces to x,
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The equilibrium curve passes from a 45° 1ine to = straight
horizontal line at y = x, a8 the extract has a saturated
composition regardless of the presence of undissolved salt,
At saturation the liguid retained, bs’ per pound of inert
does not change with changing x' and the h vs x curve changses
shape at x_. If the undissolved salt has no effect on the
retained solvent, the b vs X curve becomes a horizontal line.
Should the undissolved salt also retain solvent, the re-
tained 1licuid line must be modified as indicated by the

line OP. Suppose an inert solid containing Xo pounds of un-
dissolved salt per pound of inert and wet with b (solute
free basis) pounds of =~ saturated liquid per pound of

inert 1s washed in a multiple contact process in which the
total liquid per round of inert in each stage is constant
and equal to V., If undissolved salt remains and the liguid
adhering to the undissolved salts is neglected, a material

balance gives
Wy T ¥ by Xxg+ Xy =Xy o+ (W o+ bs)xs (15)

Rearrangement gives

= = e e (16)
Xy fog = Xg/oy %' - %y b,
(Ypa1 = To)/(x'p4y = ') = by /wy (17)

in which y,,, equals x, while undissolved salt is present
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end x when all solute is dissolved,

n+1
Second Sraphical Solution For Variable Solvent Ratio. The

graphical solution 1llustrated 1in Figure 7 is essentially a
modification of the method shown in Figure 3. A second
method representine a modification of the method presented
in Figure 4 can be developed. Consider a material balance

around an (n+l)st unit as indicated in Figure 9. A solvent

e e

N Y1 e e R . o~

LT A * rtalance ylelds

+ Wn+ (18)

by * Wy T Pppg 1

represents the

where wn+1

S pounds of extract removed per

“Ti+ 4

R pound of inert. & solute

balance gives

“n -
Flgure O Xpby + To¥n+l = *n+1 Pn+l * *n4 W+
If the operation 15 carried out (19)
so that b, + W, . =V, then (18) and (19) can be combined
to give
b V-b
X = 2xx. 4+ >y 20
n+l v B v o} (20)

Since b, 1s a functlon of x , the solution of this equation

n’
falls under case II of section A in Part IV of the Appendix.
A plot of X,41 VS X, 1s made resulting in a curved opsrating
or material balance line corresponding to the straight line
in Figure 4. After this operating line has been plotted,

the procedure is identical with the method illustrated in

Figure 4 of this chapter.
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If the emount of solvent, LAY added to each stage 1s

constant, Equation (20) must be modified as follows

LS. 7 [
Xn+l T w4+ b, 1 w-+ by

A slightly different operating line results from plotting
this equation.

Minimum Concentration., From Zquation (7) it can be

seen that the minimum concentration obtainable is yo/k
which corresponds to the concentration of a solution in
equilibrium with the extracting liquid. To obtain this
concentration the term (ak + 1)N must become infinite.
Thus, either ak or N must be inflnlte; in elther case an
infinite amount of solvent is required. As a finite amount
of solvent is always emplcyed, it is natural to inquire
what minimum concentration is obtainable with some definite
guantity of solvent, Suppose b pounds of A containing bx,
pounds of B are treated with a total of W pounds of C
contalning Wy, pounds of B, Let the solvent be divided
into N equal parts for contacting so that W/N pounds of
solvent will be used in euzch treatment, Defining the
overall solvent ratio as A = W/b, Equation (7) becomes

on replacing a by A/N

_ (%o~ Yolk)
@kﬁ}+ﬁ"
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(22)

+ Yo /i (23)
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The 1limit of this expression as N approaches infinity gives
the minimum concentration x5. To find this limit, place

(23) in the following form

Ade
1o 'L'\'.jo"/&’ _____‘_ia_if_l;—- (23&)
S v, & YN

Allowing ¥ to become infinite in (23a) leads to the
indeterminate form 0/0 which may be evaluated by L'Hospital's
rule to give

-kA

x; = (x, - y,/k)e +y,/k (24)
This is the concentration that would result if the solution
were treated continuously with solvent while the extract
was removed simultaneously. This infinite stage process
correspoads to a differential process and must have the same
solution that results from solving the equations of differential
batch extraction,

To show that this ls true, consider a mixture con-
taining b pounds of A and bxo pounds of B which 1s treated
differentially with a solvent consisting of W pounds of C
and Wy, pounds B, A differential material bslance yields

(x and y in mass ratio units)

-bdx = (y - y,)aw (25)

Rearranging and integrating gives

rs" -y = (26)
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If the distribution law holds and y = kx, integration

produces
-kA
X = (Xo - yo/k)e + yo/k (27)

This is the same expression as derived for the minimum con-
centration in eguation (24). For washing it 1s simply
necessary to place k = 1, If the same total solvent 1s
used in both a multiple contagt process using fresh solvent
and a differential exftraction, the ratlo of the extraqtable
material removed in the first case to the materlal removed
in the latter is identical with the relative efficiency as
given in Equation (28), |

Relative Efficiency?o If the overall solvent ratio 1s

A, the maximum reduction in concentration is Xog = X4 <

(xy = Yo/RI(1 - e'kA) and the actual reduction for N total
units is Xy - Xy. The ratio of thess two quantities is a
méasure of the relative efficiency of the extraction process.

The relative sfficiency, E is defined mathematically by

n,

By = (x

3 - xN)/(xo - xi) (28a)

(o]

E - /(v + xa) N] /(1-9'kA ) (28b)

1]

A plot of relative efficiency vs kA for constant values of

N is shown in Figure 10, E _ undergoes a minimum when kA

i

has a value of 1,6. This may be shown by setting the
derivative dEy/d(kA) equal to zero and solving for ki,
Investigation of Figure 10 leads to the conclusion that

the use of more than five units should be carefully considered
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s no less than 24 per cent of the extractable material 1is
extracted, and little improvement 1s obtained by adding
more stages.

Overall Efficiency. 'Te relative efficiency affords

gn insicht into the approach to perfection of a given
operation but sheds no lisht on overall recovery. The
overall efficlency, ey, 1s defined as the ratio of material

recovered to the total materizl originally present. Thus

ey = (xo - xN)/xO = (1 - yo/kxo) [\ - N/(W + kA)]

1

(29)

and hence, the overall sfficiency is not indspendant of

X, and y . The maximum overall efficiency, ®;, 1s obtained

when N becomes infinite and is

oy = (1 - yo/kxg)(1 - ™) (50)

From the definitions of ey and By it may be shown that

e, = e;F (31)

n ~n

In addition to Ey, e, is also plotted on Figure 10 for

i
various valugs of yo/kxo. This curve shows a sharp rise
for the region in which kA 1s less than 4., 1t is obvious
that operation with more than five contactings and a value
of kA greater than four should be carefully investigated

since the efiiciency approaches a maximum in this region.

Dilution Ratio. The ratio of the pounds of extractable

material removed to the total pounds of sclvent used is a

measure of the efficiency with which the solvent is employed.
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If all the extracts are combined, the concentration of
extractable material in this totel extract is defined as

the dilution ratio D.

D = b(x, - xy)/Nw = (%, - xy)/Na = (x4 - xy) /A (32)

Countercurrsnt Extraction

In cocurrent extraction relatlive large volumes of
solvent‘are required for effective separation as compared
with countercurrent extraction, Extracts with iow con-
centratlons result; and if evaporation or distillation of
the extract 1s necessary, excessive amounts of heat may be
required. Cocurrent extraction may be of importance when
the solvent 1s cheap, and the soluble substances are of no
value. The extract may then be discarded without economic
loss. If the weak extracts are used for further extraction
in countercurrent operation, a considsrabls saving of sol-
vent results,
In the general case of three component countercurrent50’49’82
extraction where the solvents are partially miscible, the
triangular diagram must be employed to obtain the relation-
ship between the number of stages and the other variables.
If two of the components are immiscible it 1s possible to
obtain giaphical and analytical solutions simllar to those

ov

carriedeor cocurrent operations,

Immisclible Solvents. Consider a system having the three
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components A, B, and C in which A and C are completely
immiscible. Component B distributes itself between the

A and C phases being at least partially miscible with each

of the components A and C. Supposs that C is used as a
solvent for extracting B from the A phase, It is unnecessary
to consider material balances for components A and C because
of their immiscibility. While the problem may be solved

on triangular coordinates, it 1s easlier to employ mass

ratio units on Cartesian coordinates.

In the countercurrent process shown in Figure 11, w
pounds per hour of C containing wyo pounds of B are iatro-
duced as solvent at one end of the process and b pounds per
hour of A containing bxo pounds of B is introduced at the
opposite end, The raffinates and extracts are pumped
continuously through the process in a countercurrent
fashion. Three useful material balances may be written for

SOUST T ATRRENT B{TIACTION

™ - } S,
cxtraccs

Winal gxtract Tresh sclvent
<:::::> <:::::>‘qri||I|" "llll’ ‘|||Iii
b.-
bl ﬁ+l L.

PR RS JU.‘!. ‘u C’n 3 uCi

b‘./;.\.l b ;‘On
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this process: (1) a material balance around the (n+l)st
unit and adjoining stages:; (2) a material balance over the
first n units or from the (n+l)st to the ¥th stage and

(3) a material balance around the entire process. If w/b
1s defined as the solvent ratio, the following equations
are obtained:

a. Material balance around (n+l)st unit

8¥n+l * 4l T 8Tnsz T Xy (33)
or
8(Tpep = Tn4l) = Xpay - % T 84V T AX, (34)
b. Material balance around first n units

ay) + X, = a¥p,y + X, (35)

Voe1 = (L/2)x, + (39 - x,/a) (36)
c. Material balance around entlre process
ay; + Xy = ay, + X, (37)

In general, x and y, are independent of process operation

)
and, hence, fixed, Two of the three remaining quantitiss
must then be specified in order that all variables in (34)
be determined.

Equation (33) can be integrated to give yu4q = (l/a)xn + C
which is of exactly the same form as (36)., It is obvious
that the above constant of integration is simply (yi - xo/h).

A material balance around an (n+l)st and adjoining stages

leads to a second order difference equation, and the first
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integral of this second order ecquation is necessarily of
the same form as the equation obtained directly from a
materlal balance over the first n units or over the portion
of the process including the (n+l)st and W(th) stages.

Graphical Solutions. The number of theoretical stages

required to reduce the initial concentration, x_, to some

o’
predetermined value can be obtained from Equation (36).
This equation, which belongs to the case considerad in
section D in Part IV of the Appendix, contains the three

variables x and n, Before a solution can be obtalned,

n ’ y-n

it is necessary to have a relationship between x_ and Y-

n
If it is assumed that the stages are theoretical, x, and yq
will be in equilibrium. From Equation (36), it can be

seen that Yo+l 1s a linear function of x,. The plot of this
e rvvmer A linear function in Figure 12
3 is termed the operating or
material balance line. The
pOiI}tS (onyyl)’ (x1’y2') ’
(XZ’yS)’ etc., 1lie on this

(X[j P
line while the points (xl,yl),

(xz,yz),l(xs,y5), etc., lie

on the equilibrium curve., If

X, is specified, the point

£ (x,,¥1) can be located on the

Tleoure 12 material balance line. With

¥, the point (x,,y;) is found
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on the equilibrium curve. This procedure can be continued
until the final concentration is reached, The number of
theoretical stages iS.obtained by counting the polnts
(x1,77)s (%5,¥5)s eeees (Xq,¥y) on the equilibrium curve as
each of these points corresponds to a stage.

¥inimum Solvent Ratio. Under usual conditions, the

conecentrations of the feed, x_, and solvent, V,» are fixed.

0’

If it is desired to reduce the concentration to some particular
value Xy there is a minimum

— solvent ratlo with which

the desired separation may

be accomplished. If XN

and J, are specified, the

point (xN,yo) corre sponding

ed

to P in Figure 12 is deter-

mined, Another point on

/ /43 the operating line is (xo,yl)-

xr
\

< X0 As x, 1s predetermined, y,,

. o must be so determined that
Jlgure 18

the solvent ratio will be a
minimum. As the slope of the operating line 1s the recip-
rocal of the sclvent ratio, yl must be so placed that the
slope will have 1ts largest possible value. This value is

determined as the intersection, Q, of the line x = X, and

the equilibrium curve. With this value of Yi» there will be
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an infinite number of theoretical stages. The minimum

solvent ratio is the reciprocal of the slope of the line FPQ.

a min., = (x, - xn)/(y1 - ¥,) (38)
¥inimum Concentration. With given values of x, and y,,
thern is a certain theoreticzl minimum concentration to

which xh can be reduced with a given solvent ratio. The
mninimum value will be reeched when the number of thsoretical

stages becomes infinilte, To

TEOTATTAOIN AN e e e
. N Y T L Y S S

obtain an infinite number of
stages, the operating line and
equilibrium curve must inter-
sect elther at (xn,yo) or

(x ). If the solvent ratio

o’yl
is larger than the reciprocsal

of the slope AQ as is the case

with line AB, the material

< *o balance line intersects the
Dloure 14 equilibrium curve at A; and
the minimum concentration cor-
responds to a solution in equilibrium with the incoming
solvent. If the sclvent ratio 1s smaller than the reciprocal
of the slope AQ, as would be the case with line PQ, the
minimum concentration 1s given by point P. 1In this case,
the outgoling extract 1s in equilibrium with the incoming

solution.
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Constant Distribution Coefficlent. If the equilibrium

curve is straight and k is constant, analytical solutlons
may be obtained, If the substitution y = kx is made,

Equations (33), and (36) and (37) become

% .o - |(ak+1)/ak| x, . + (1/ak)x, = O (39)
x4 - (1/ek) x = (xl-xo/hk) = (ay -7y )ak (20)
akxq + Xy = ay,+X, (41)

The solutions of the second order equation in (39) and the
first order equation in (40) must be the same as both are
derived from the same physical problem.

To solve (39), first place in standard form

2 aE.-I-I ___L__ -
{% - ST E+ ak] X, =0 (42a)
Factoring this equation gives
(B - 1L)(E - 1/ék)xn =0 (42b)

This equation has the roots unity and 1/ak, and, hence,

the general solution becomes
x, = Gy + Co(1/ek)” ak # 1 (43)

In order to obtain Cl and 02, the two conditions; X, =X

when n = 0, and X = (ayo + X

o]

o - %,)/2k as obtained from

(41) must be employed. Thus

=C. +0C
Xy 1 o (444a)
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xy = (ay, + X, - X,)/ak = C; + Cp/ak (44b)

Solving for C1 and 02 glves
C; = (ayq - x,)/(ak - 1) (44c)
Co = {ay, = xplak - 1) - xp}/(1 - ak) (444)

These values can be substituted in (43) to give the complete
answer,

The solution of (40) is given by the sum of the solution
of the reduced equation, c(l/ak)n, plus a particular solutlon

of the complete equation, (ay, - x,)/(ek - 1). Thus
n
x, = C(1/ak)" + (ay, - x,)/(ak - 1) ak # 1 (45)

The constant C in this equation is identical with 02‘
Equation (45) gives the value of X in any nth unit.
Of more interest is the number of units, N, necessary to

reduce x, to x To obtaim this information place n = N,

(o} N
and solve for N.

1 (ak - 1)xo - ayy + Xy 1 kx, - 0y

N =7T""_"""1og ' = log T

log ak a(kxN - yo) + Xy log ak kx, - 7,
(46)

The determination of the value of a from (46) may be carried
out by successive approximations.

Product ak is Unity. If the ocuantity ak is unity,
EBquation (46) reduces to the indeterminate 0/0., While this
indeterminate may be evaluated, 1t 1s better to return to

the original difference Equation (40) which may be placed
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in the followinr form

X, - X = ay - X, (47)
“he solution of (47) subject to an initial concentration of

X is
0

X, = (yo/k - x;)n + X, (48a)

Letting n = N and solvins for | glves

No=(x, - x) (xy - ¥o/k) (48b)

‘inimum Concentration. Salringe for Xy in (46) aives

(ak - Dxo + (y/k) | (i)™ - ak |

- — ak ¥ 1
*N (N+1) 7
(ak) -1 (49a)
1f ak = 1, x; is obtained from (48b)
Xy = (xo + Nyo/k)/(N + 1) (49b)

It is important to differentiate between X and xy. The

variable X, represents the concentration in any arbitrary

stage with & fixed x. 1n Ecuations (49a) and (49b), the

"
variation of X with ¥ and the various parameters 1s given,
It 1s not possible to use this enua~ion to obtain values
of the liould concentrstion in intermediate stages,

The minimum concentration Xy is obtained when N beccmes
infinite., ‘wo different limits ars approached by XN de-
pending on whe“her sk 1s sreater or less than unity. If

q+1
)

sk <1 in (49a) the quantity (ak will approach zero as
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)N+1

N approaches infinity while if ak > 1, (ak approaches

infinity. Thus the minimum concentration is given by

v
[ ]

x, = yo/k ak (50a)

- - <
X, =ay, + (1 - ak)xg ak £ 1 (50b)

Relative Efficiency. The relative efficiency as de-

fined by Equation (28) is the ratio, (x, - xy)/(x, - x3).

As the expression for x, depends on the value of ak, it

i
may be expected that the expression for the relative ef-
ficiency will taske on different forms also dependent on ak.
Substitution of xy from (49) in the defining equation for
the relative efficiency produces

(Xo-Yo/R) [j(ak)N+l -ak:]/ (akN+l -1

N Xo = X

E (51)

where x; 1s given by (49) or (50). If the quantity ak = 1,

Equation (51) must be modified to give

(xo-Yo/R) [N/(N+1ﬂ
Ey = (52)
X, - X4

Substituting the proper values of x; in (51) and (52)

ls2ads to the following set of equations

N+1
(ak) - ak
EB. = ak > 1 . 53
B, = N/(N+1) ak = 1 (54)
1 - (ak)N
EN = W11 ak < 1 (55)
1 - (ak)
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Overall Efficiency. The overall efficiency 1is defined

by Equation (29) and 1is (xo-xN)/xo. The maximum overall
efficiency is ottained when an infinite number of stages

are employed and 1s

o, = 1-¥,/kx, ak > 1 (56)

-

e ak(l-yo/kxo) ak < 1 (57)

i

The actual overall efficiency mey be obtained from Equation

(31) as e E... In Figure 15, the relative efficiency

N T %1%
and maximum overall efficiency are plotted against gk for
varlous valuss of N and yo/kxo. It 1s desirable to have as
high an overall efficlency as is practicable without using

too much solvent. In Figure 15, the overall efficieﬁcy is
obtained by multiplying the relative efficiency times the
maximum overall efficiency. For the maximum overall efficiency
to be high, it is necessary that ak > 1. When ak 1s in the
region of unity, the relative efriciency approaches a

minimum value. Thus it is best to operate at values of

ak larger than unity, the actual value depending upon the
number of units. Above four units, there is not much im-
provement gained in relative efficiency by increasing the
number of stages. The rezion in which operation would

probably be carried out for reasonable efficiencies is

in the shaded area of Figure 15,

Decreasse in Concentration per Contact. It is of

interest to inquire what decrease in concentraticn may be
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obtained in adding additional contactors, i.e., how will

AXy vary with N? The decrease per contact, -zxxN, may be

obtained by differencing ecuation (49) to obtain

-A X (ak)(N+1) (ak - 1)2
L= (W+2) (F+17 (58a)
x, - Y, /k [(ak) - l][(ak) - 1}
and when ak =1
- A.xN
= 1/(N+1)(N+R) (58b)
xO - yo/k

Dilution Ratio. In countercurrent operation, only one

extract is taken from the system; and as defined by Equation
(32) the dilution ratlo simply becomes the extract concen-

tration, ¥y From Equation (37)

vy, = (ay, + x4 - xN)/a (89)
where Xy is given by Equations (49) as a function of N,

Solvent Efficiency.35 In the previous discussion of

efficlency, emphasis was placed on producing a product free
of dissolved material. On the plots of extraction, and
overall efficiency, 1t is easily seen that low recoveries
result with low values of ak. However, small solvent
ratios possess the advantage of producing strong extracts,
Where the solution is to be evaporated and recovery of
solute is important, close attention must be pald to the

extract concentration.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60.

Solvent efficiency is defined as the ratio of the
extract concentration to the maximum concentration it may
have. Obviously, the maximum concentration 1is that con-
centration which corresponds to an extract in eguilibrium

with fresh incoming meterial, The solvent efficlency SN is
Sy = ¥y fkxy =X /% (60)
In terms of other variables
Sy = (ay, + x4 - xy ) [akx, (61)

The solution efficiency is related to the overall efficiency

by
Sy = ey/ak + ¥5/%, (62)

Sy approaches a maximum as N approaches infinity. The

limiting value, S,, approached by the solutlion efficiency as

i’
N approaches infinity is

54 (1-yo/kxo)/ék + yo/kxo ak > 1 (63)

Si =1 ak < 1 (64)

Comparison of cocurrent and Countercurrent Operation,

While countercurrent operation produces a strong extract,
fewer unlits are requlred in cocurrent cperation,. fhe ratio
of the number of units, N, reoulred in countercurrent
operation to the number N' in cocurrent operation for pro-

duecing the same final concentration is
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N 10g(ak+l)logEkxo-yl)kaN-yo)]
Nt  log(ak) logﬂkxo - yo)/(kxN-yoﬂ

(65)

It is apparent that for most cases the term log(ak+l)/
log(ak) will be the controlling factor in (65).

Cocurrent and countercurrent processes can best be com-
pared on the basis of the reffinate ratio, r = (x -y, /k)/
(x,-3,/k), which represents the ratio of the material re-
maining after N treatments that can be extracted to the
total original amount of extractable material. A plot of
N vs ak for various values of r is shown in Figure 5 for
cocurrent extraction., The raffinate ratio for countercurrent
operation can easily be obtained from Equation (49a) by

subtracting yo/k from each side

N+1
Yo (ak-1)xg, + (yo/k) [(ak) e akJ T,
Xy - — = N+1 - (66)
k (ak) -1 k

On simplifyling, this ylelds

X, - Yo/k [ak - i]
X, = yc/k ) (ak)N+l -1

r = (67)

The raffinate ratlio for cocurrent extraction may be obtained
from Equation (7) and is »
r = 1/(ak+1)” (68)

A comparlson of the types of operation is shown in Figure 16.
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Countercurrent Washing. Coutinuous countercurrent

decantation is an important operation 1n chemlcal engineering.
It is an effective method for removing solute from the

surface of inert solids, If the solvent ratio 1s constant
and a uniform concentration is established in each contactor,
the formulas derived in equations (33) through (68) may be
used with confidence if k is placed equal to unity. The
nunber of units reocuired for a definite reduction in con-
centration may be obtained graphically in a manner similar

to the method indicated in Figure 12, If the solvent ratio

1s constant the operating line will be straight with a slope

of 1/a. In all cases the equilibrium curve is a 45° 1line
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starting at the orlgln and terminating at & point repre-
senting the solubility of the dissolved material, If the
1iquid retained by the inert varlies with the concentration,
the operating line will be curved, and this operating line
must be obtained before 1t is possible to carry out graphical
calculations, Frevious investigators nave dsvelopsd

various methods for detsrmining the number of contactings
required for systems in which the solvent retained varies
with the liquld concentration,

Variable Solvent Ratio.1 Consider a portion of the

countercurrent decantation process which includes the

(n+l)st and Nth contactors as indicated in Figure 17. All

streams indicated pertaln to one pound of inert. A
material balance for the

solute may be written

' over this section of the
S process to obtain the
N Weve L AW lu "«
e oy Rl iaie YSd 0 equation of the operating
. ; $lo
line
- ¥ntt
bpXn + Wo¥o = Wpil + byXy
—_—— . —_——
e Ldle solvent e (69)
Ut dUo. bolile A
Another material balance
CLoawe 1Y for the solvent may also

be determined as follows
bn + W, = bN + Wotl (70)

Comblning equations (69) and (70) gives the equation of the
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operating line

bn bNXN - VWig¥o
Ep41 = Xy - - (71)

- n
brl + W, - bN bn + w, - bN

As bn is a function of X alone, this solution of this
aguation falls under case 2 of section A in Part IV of the
Appendix, A curved operating line Xn+1 VS X, a8 calculated
from Equation (71) 1s plotted and the usual stepwise pro-

caedure for determining the number of stages 1s carried out,
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NOMENCLATURE FOR CHAPTER VI

a = w/b, solvent ratio; for solvent extraction, pounds
of solvent (solute free basis) psr pound of solution
(solute free basis); for washing pounds of solvent
(solute free basis) per pound of solvent (solute
free basis) retalned by inert solids

A =N a, overall solvent ratlo for cocurrent extraction,
total pounds of solvent (solute fres basls) used in
all contactings per pound of solution (solute free
basls) or per pound of solvent retained by the inert
solids

b = pounds of solution (solute free basis) per hour or
per batch; pounds of solvent (solute fres basis)
retained per pound of inert solid

= variable b referring to nth unit

b
b, = value of variable b, when sclution is saturated
C = arbritrary constant

D

= dilution ratio, pounds of solute extracted per pound
of solvent

E =1+ A , operator which increases independent variable
by unity

EN = relative efficiency, ratio of mass of material actually
extracted to maximum amount whieh could be extracted
with an infinite number of units

ey = overall efficlency, ratio of material extracted to
total materlial present

0y = maximum overall efficiency

k = distribution coefficient (used only where coefficient
is constant), concentration in solvent phase divided
by concentration in solution phase, concentrations
expressed in mass ratio units

kn = distribution coefficlient in nth stage (used where
coefficient is variable)

n = varlable stage number

N = total number of stages
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(xy-¥o/%) /(%5-75/%) raffinate ratio, amount of material

remaining in solution that could be extracted divided
by total amount originally present that could be ex-
tracted with an infinite amount of solvent

solvent efficiency, ratio of extract concentration to
maximum possible concentration

maximum solvent efficiency obtained wilith an infinite
number of stages

total 1bs. of solveant (solute free basis) per hour
per stage or per batch

pounds of solvent (solute free basis) per hour or per
batch; in washing, pounds of solvent per pound of
inert (used only where gquantity is constant)

value of w in nth stage (used as a variable)

Nw, total pounds of solvent used in cocurrant extraction

pounds of extract (solute free basis) taken from the
nth contactor in cocurrent extraction

raffinate concentration in nth contactor, pounds of
solute per pound of solvent in raffinate; in washing,
pounds of soluble materisl per nound of solvent
concentration from last stage

inlet concentration

concentration of saturated solution

x + X/

pounds of undissolved soluble material per pound of inert

pounds of undissolved soluble material per pound of
inert entering process

extract concentration in nth contactor, pounds of
solute per pound of solvent in extract layer; in washing,

pouands of soluble material per pound of solvent in
overflow

concentration of extract leaving process in counter-
current solvent extraction

inlet concentration of solvent

tan'l(-l/é)
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GAS ABSORPTION

Chapter 1V

The unit operation of gas absorptionaz’96 1s concerned

with the design and performanceze’54’69’71’84’97

of equip-
ment in which removal of the soluble constituents of s
gaseous mixture is accomplished by bringing the gas into
intimate contact with a liquid., If the removal is effected
by contacting the g:zs with a solid, the operation is termed
adsorption., The absorbable gas may range from a mere
fraction of a per cent in the case of undesirable im-
purities up to nearly 100 per cent as in the absorption of
hydrogen chloride. In order for absorption to take place,
1.e., for the soluble gas to pass from the gaseous to
liquid phase, it is necessary that there be a concentration
driving force causing the soluble gas to dissolve. The
condiditons necessary for
absorption are illustrated

on the equllibrium diagram

in Figure 1. Suppose P

of & gaseous mixture of con-

X tact with a liquild of concen-
Plgure L

tration x, As p does not lie
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which lies above the equilibrium

curve represents the coordinates

centration y brought into con-
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on the equilibrium curve, an interphase material transfer
must take place. As P is above ¥, the point corrssponding
to a gas mixture in equilibrium with the 1liquid of concen-
tration x, the gas is richer than thils equilibrium mixture
at M, and, hence, solute must pass from the gas to liquid
phase. During absorption the gas concentration decreases
while the liguid concsntration increases, and the path
followed is along PQ. When Q i1s reached no further mass
transfer takes place as equilibrium is established. The
slope of PQ depends upon the relative amounts of gas and
liguid.

If R repressants the coordinates of the gas and liguid
in contact, the solute gas must pass in the reverse direction
from the liquid to the gas. Thls process i1s termed stripping.
Mathematically absorption and stripping can be treated in
the same manner. In gas absorption, the material balance
line lies above the equilibripm curve while in stripping
it lies below the equillibrium curve.

In gas absorption and stripping, there are generally
an inert gas and inert liquid which act as carriers for the
soluble material. Between the inert components comprising
the gas and liquid phases, there is a unidirectional mass
transfer of the solute, In this respect, gas absorption
differs from fractionation where there is a mass transfer
simultaneously in two directions from both vapor to liquid

and liguid to vapor. Distillation operations are carried
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out with substances having volatlilities not too far apart
while in gas absorption the solute usually has a much greater
vapor pressure than the liquid in which it dissolves. There
is no distinct borderline betwsen gas absorption and fraction-
ation,

Gas absorption is similar to solvent extraction, par-
ticularly for the case involving immiscible solvents. In
both extraction and gas absorption, there 1s a unidirectional
transfer of mass from one phase to another, the only differencs
being in the state of the phases, The mathematical treat-
ments of the two operations are identical, ifany of the
solutions obtained in the previous chapter can be used for
gas absorption with simple changes in notation.

Equilibria. Underlying the concept of theorsetical
stages in absorption is the basic liquid-gas equilibria.

For graphical computations, the analytical representation
of the data 1s unimportant. Howsver, in developing formulas
relating the number of .plates to the operating variables,
the mathematical form of the data determines the functional
nature of the solutions. Certain forms lead to cumbersome
expressions while others lead to simple formulas, In this
dissertation equations for theoretical plates employing
Henry's and Raoult's laws and modifications will be used.
In general Henry's law can be represented as
(Concentration in gas) = H (Concentration in liquid) (1)

where various types of units can be employed for expressing
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concentrations., In general, those units should be used which
most nearly conform to the experimental data for the system
when H 1s treated as a constant., Usually Equation (1)
can normally only be employed in the dilute range regardless
of what units are used, If molar ratio units are employed
(1) takes the f.‘ormga

y=Hx (2)
where X and y are respectively mols of solute per mol of
liquid and mols of solute per mol of gas., If mol fraction

21
units are employed in (1), the equation becomes

y/(1+y) = H x/(1+x) (3)

For small values of x and y, (2) and (3) are approximately
the same as the denominators approach unity as x and y
approach zero, Normally equations of the form of (2) and
(3) only hold in dilute rangss, and it makes but little
difference what units are used.

The gaseous concentration can be represented in terms
of partlal pressures and the liquid concentration as mol
fraction, X, or mols of solute per cubiec foot, e¢. In the

first case, Henry's law becomes

p=HX (4)
Dividing through by the total pressure P gives
p/P =Y = (H/P)X (5)

where Y 1s the mol fraction in the gas., This is essentially
the same as (3) except that H has been replaced by H/P., If

the liquid concentration is expressed as mols/cubic foot,
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(1) becomes
p = He (6)
If p and ¢ are eliminated in terms of x and y, Equation (6)
changes to
Py/(1+y) = Hp x/(1+x) (7)
where ¢ 1s the liquid density in mols/cubic foot. If the
density 1s essentially constant (7) is of the same form as
Equation (3) except that H is replaced by Hp /P.
If Raoult's law can be used to represent the data, the
relationship betwsen gas and liquid concéntration is
p = PV X (8)
where Pv 1s the vapor pressure. This is equivalent to
Henry's law in (4) if H is replaced by the vapor pressure,
It 1s apparent that for the forms presented, only
Equations (2) and (3) need be considered as the others re-
quire no more than modification of the constants in (2)
and (3).

Determination of ths Number of Theoretical Plates>o’SS

The functional form of the enalytical expressions for
the number of theoretical plates depends upon the form in
which the equilibrium is expressed. When the equilibrium
is expressed as in Equation (2), the resulting formulas
are relatively simple; however, the use of Equation (3)
for expressing the equilibrium produces a cumbersome ex-
pression, Determination of the theoretlcal plates will be

taken up first using Equation (2), second using Equation (3),
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and last expressing the ecuilibrium graphically.

91

Molar Ratio Units in Henry's Law. Consider the

tower rsopresented in Figure 2. The geas enters at the bottom

at a rate of G pound mols per hour of carrier gas with a

SONETTAN ToOER
- LN
Frofet Llgoild At gas
J B Qe 30
T
-1
- v Y A A B fomr
—t - lu\)ld/&..‘ . y.r ~ C: l-/ . :JD.}.S/(‘AI'Q
tnorl Ilquld ‘{‘ Tnert gas
Tise 1 T
t In
n Sl f
v Iim i -
i
e
Lot Livgnid Inict gas
SULe X Site ¥
Loure I

concentration of yo mols of solute gas per mol of carrier
gas. The absorbent liquid entsrs the top at a rate of L
pound mols of pure solvent per hour containing X, mols
solute per mol of liquid., If it is assumed that only the
solute undergoes an interphase transfer, it i1s unnecessary
to write material balances over the inert components. 4n
overall material balance yie;ds

L(x; - x,) =6(y, - ¥y) (9)
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where the symbols are indicated in Figure 1. A second
material balance over that portion of the process including‘

the (n+l)st and top or NWth plate produces
Gy, = ¥y) = L(x,4 - Xg) (10)

Solving for y,

¥, = (L/8r 4 + (7y - (L/G) x) (11)

By means of Eouation (9), it can be seen that the last term
in (11) is also equal to y, - (L/G)xl. If the last term
in (11) is replaced by this value, an equation results
which 1s 1ldentical with the eguation obtained from writing
a material balance over the first n stages.

A material balance over the (n+l)st and adjoining

stages gives

L(xp4g = Zp41) = G(¥pyy - ) (12)

which can be wrltten in the alternative form

LAx,,1 =GAYy, (13)
Integrating
v, = (L) =, 5 +C (14)

The constant in this equation is necessarily identical
with the constant in Equation (11). As pointed out in the
previous chapter, a material balance over any nth and
adjolning stages produces a second order equation which
may be integrated once to glve a first order equation

identical with the equation obtained from writing a material
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balance over the first n units. Equation (14) is a first
order difference ecuation involving the three variables,

X, ¥, and n, Before a solutlon can be obtained, it is
necessary to obtain & relationship betwesn x and y and then
gliminate one or the other from (14). If it is assumed
that the plates are theoretical, i,e., vapor and liguid on
any plate are in equilibrlum, the necessary relationship
can be obtained from the previous section on ecuilibria,

If Henry's law in the form of Eguation (2) is assumed, then

X can be replaced by yn+l/H

n+l

Yo = (L/HG)yp41 + (¥y - g. Xo) (15)
This is a first order linear difference equation and cuan be
solved by the methods presented in the Appendix, First,
place in standard form
Vou1 - (HG/L)yn = Hx_ - (HG/L)yN (16)
Second, consider the reduced equation in E form
(E.- HG/L)y, = O (17)
The general solution of the reduced equation is C(HG/L)n
provided HG/L # 1. Third, to the solution of the reduced
equation must be added a particular solution of the complete
equation. Thls is obtained by letting Yn+1 =7, = K.

n
Solving for K gives

Hx, - (HG/L)yy
K = (18)
1 - HG/L
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The desired solution is the sum of (18) and the general

solution of (17)
Hx, - (HG/L)yy

¥, = C(HG/L)B + (19)
1 - HG/L

It remains to determine the value of the arbitrary constant
from known conditions, When n =0, y, = y,, and (H6/1)° = 1,

hence from (19)
Yo - Hxy + (HG/L)(yg - wy)
C = (20)
1 - HG/L

From an overall matsrial balance, it is evident that Vo = ¥n =
(L/'G)(xl - xo). Eliminating Yo - Iy from the numerator of
(20) and placing the resulting expression for C in (19)

ylelds the solution

y0 - Hxl n
Al (He/L)" + {Hx, - (BG/I) y,}/(1 - He/L) (21)

The final object is the determination of the total number,
N, of stages necessary to reduce the vapor concentration
from yo to Iye Thls may be done by placing yh = Yy and

n = N and then solving for N to obtein

1
N = ———— log(yN - on)/(Yo - Hxl) (22)
log HG/L

If HG/L = 1, N becomes indeterminate in (22) and it is
necessary either to evaluate the indeterminate form or

else return to the original difference equation. If this
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latter procedure is followed, Egquation (16) becomses

Yo+l = Y AV, = BX, - Ty (23)
Integration of this eguation produces
v, = (Ex - yy)n + C (24)
To obtain C let n = 0, then
Vo = (Hxy, - yy)n + 3, (25)

Thus for this particuler case in which HG/L =1, y, is a
linear function of n, To obtain the total number of stages

let n = N and Yo = Ty then

Yo = TN
N = ——— HG/L =1 (26)

Ty - HXg

When HG/L = 1, the operating line is parallel to the equi-

1ibrium curve.

21,91

Mol Fractlon Units ln Henry's Law. If Henry's

law in the form of Equation (3) is used, the analytical
solution for the number of stages becomes more involved,

Returning to Equation (11), x must be eliminated by

n+1

means of Equation (3). Solving for x in (3) gives

y
X = (27)

H+ (H - 1)y

Elimination of Y from (11) by means of (27) leads to

T Yorr L
- + - =X 28
;)H + (H - 1)yn+l In= G %o (28)

yp 7
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Multiplying this equation out ylelds

Tp Tn41 = Hpey + BY, - D =0 (29)

where A, B, and D are defined by

L/G(H - 1) + yy - (L/6)x,

A
£3

B=H/H - 1)
H L
D=—_ - =X
-1 yN g ©

Equation (29) is a Riccatli difference equation which arises
frequently in chemical engineering unit operations. Analytical
and graphical solutions of Kiccatl's equatlion are presented

in Parts III and IV of the Appendix. In one of the analytical
methods, the constant term D is eliminated by & substitution,
Physically, this substitution for the elimination of the
constant term amounts to moving the origin of coordinates

to the intersection of the material balance and ecouilibrium
curves. To find the intersection, Equations (11) and (27)

are solved simulteneously after dropping the subscripts n

and (n+l) in (11). The following value, y', is obtained

for the y coordinate of the intersection

1/2

2y' = A - B + L(A - B)z + 4D] (30)
On meking the substitution, u, =y, - y', the constant term
disappears in the new equation, and a form results which

can be reduced to & solvable linear equation

Uy W + (¥ - Au 4 + (3" + By, =0 (31
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Dividing through by u, u 4 zives

1 1t A
y'+B 7
un+1 Y

+1 =0 (32)

Making the substitution v, = 1/un and placing the resulting

equation in standard form gives

y! - A 1
v g ——— Y = o — (33)
n+l y'+Bn y' + B

This is a first order linear equation whose reduced solution

A - yr|n
is C | ~————— provided (& - y'y(B + 3y') #1. A particular
y' + B

solution of the complete eguation is 1/(4 - B - 2yf). Thus

the complete solution is
A -yt B
v =C|———| +1/(A - B - 2¥y! 34
n 5 /( y') (34)
Replacing v by 1/(yn - y') and solving for the arbitrary
constant C which is then substituted in (34) gives

1 1 A -7 g
1/(y, = 5") =[: - , +1/(a - B - 2y'")
]

o-y' A -B -2y

where A, B, and y' are as previously defined. 1In this
equation v, represents mols of solute per mol of inert
carrier gas, 1In order to obtain the total number of stages,
let n = N and Yn = Yy Denoting the quantity under the square

root sign in (30) by S, and solving for N in (35) gives
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1 (Vo-¥') (¥'-7n-9)
N = log
log (A-y!')/(B+y') (yy-v') (y'-5,-8) (36)

If A-y!

B+y then (36) becomes indeterminate, and it is
necessar& to return to (32) or (33) to obtain a solution.
For this special case, Equation (33) becomes

Av = -1/(y'+B) = 1/(y'-2) (37)
Integrating

v, =n/(y' - 4) +C (38)

Replacing v by 1/(yn - y') and determining C gives

1/(y, - ¥ =n/(y' - 2) +1/(y, - ¥") (39)
Letting n = ¥ and solving for N to obtain the desired

result ylelds

N=(y'-a)/(yy-7") - (y" =-8)/(y, -7¥") (40)

Minimum Concentration., For every set of cperating

conditions, there is a definite minimum value to which

Yy can be reduced. As yN monotonically decreases with N,
the minimum Ty is approached as N approaches infinity. 1In
Figure 3, the method for obtaining the minimum concen-

tration graphically is shown. The minimum concentration

v for a given slope of the
, - - operating line is obtained
hl when N becomes infinite. Three
3 2 different cases arise in each
{' of which the operating line
?L;.:; 3 , must intersect the egquilibrium
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curve for N to be infinite. If the ratio of L/G is large
indicating a large rate of flow of liquld as compared to
gas, it is methematically possible for the gas to leave in
pquilibrium with the liquid. This is shown in Figure 3
for the operating line AD, which has a steep slope and con-
sequently a large L/G. The point of intersection of the
line x = X with the eaquilibrium curve is the only point at
which an operating line with a slope corresponding to AD
can intersect the equilibrium curve. Thus the y coordinate
of point A represents the minimum concentration in this
case, 1f the slope of the operating line is somewhat
less corresponding to EB, the intersection is obtained
when the operating line becomes tangent to the equilibrium
curve, and the y coordinate of A corresponds to the minimum
obtainable concentration. If L/G is small, the slope of
the operating line is small, and the intersection will be
at F with the minimum concentration at C, In this casse
the exit liquid leaves in equilibrium with the incoming gas.
Analytical expressions for the minimum concentration
can be obtained from the ecquations previously developed.

From Equation (22) Yy 1s determined as
y, (1-HG/L) + Hx, [(L/H)™ - 1)

(L/E)® - 1

Iy

'y

(41)

This equation gives the variation of the exit gas concen-

tration with changing number of plates. It does not show

the plate to plate variation which is obtained from Equation (21)
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for a fixed value of N, If L/H5 = 1, y, s obtained from
(26)
yy = (NHxg + o) /(N + 1) (42)

If L/HG 2 1, the minimum value, y,, obtained from
(41) and (42) as W approaches infinity is
y; = Hx, L/HG 2 1 (43)
If L/HG < 1, the minimum concentration is gilven by
y; = (L/G) %5 = Jo(L/HG - 1) (44)
If the first cass for L/HG > 1, the gas leaves in equilibrium
with the 1liguid, while in the second case there is insuf-
ficient liquid to dissolve all the gas present, and con-
sequently the pas cannot leave in equilibrium with the in-
coming 1iquid, However, in the latter case the liquid
becomes saturated and leaves the tower in equilibrium with
the incoming gas.
In Equation (35), it is not possible to solve for
¥y, &s the variables cannot be separated, However, the
minimum concentratlon can bs
obtained from a consideration

44n of Figure 4., When the slope

of the operating line 1s
greater than or equal to the
slope of PQ, the minimum con-

centration 1s given by P. Vhen

B SRRR

the slope of the operating

line 1is less than PQ, the minimum
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concentration is found at point R. Thus

Hx L H + (H-1)y
y, = ° -2 2 (45)
i1 - (H-D)x G — 1 - (H-1)x
(o] (o}
(L/G¢)y L H + (H-1)y
v, = (L/e)x, + 7, - . - < o (48)
L H + (H-l)yo G 1 - (H-l)x0

88
Efficiencias. The overall efficlency as defined in

the previous chapter is given by
oy = solute removed / solute originally present = (yo-yN)/yo
(47)
For a given L/G, the maximum overall officlency is obtained

when Ty reaches its minimum valus, Yy Thus

o5 = (¥p = 71)/7, (48)
where e, is the maximum overall efficilency. If Y3 is

obtained from Equations (43) and (44), ey becomes

o, =1 - on/yo L/GE2 1 (49)

e, = (L/HG)(1 - on/yo) L/HG < 1 (50)

If the minimum concentration as given by Equations (45)

and (46) is employed, then

ey =1 - mx/|1 - (B-1)x5 | v, L/ Z[H + (H-l)yo] /[p-(5-1)x )
(51)
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°, = (L/86) |1/ (H + (H-l)yo] - xo/yo} L/G <[H+(H-1)y;j /[1-(H-1)x;j
(52)
The relative efficiency as defined in the previous
chapter represents the ratio of the amount of solute that
1s removed to the maximum amount that could be removed if
an infinite number of stages were employed. Thus if EN is

the relative €ficlency

Ey = 00y, - y)/6lyg - ¥3) = (34 = 7)) /(55 = 73)
(53)
From the definitions in (47), (48), and (53) 1t is apparent

that

oy = 9 EN_ (54)

Substitution of y, from (41 or (42) and y; from (43) or (44)
in (53) leads to
(L/ac)" - (1/Ho)

By = L L/EG > 1 (55)

B, = N/(N+1) L/HG =1 (56)
1 - (L/HG)N ‘

Ey = L/8G (1 (57)

1 - (n/me)V

The graphical representation of this set of equations is
simllar to the plot of Figure 15 given for the efficiencies
in the chapter on extraction and will not be duplicated hers.
As it is not possible to solve for yN ig Equation (36),

formulas similar to (55), (56), and (57) cannot be obtained

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



for the case in which the Henry's law 1s used with mol
fraction units.

3
Height Equivalent to a Theoretical Plate.'7 The per-

formance of packed towers can be expressed in termsU%he
mass transfer coefficient, (1b. mols)/(hr.)(sq. ft.)(unit
of concentration driving potential), the height of a transfer
unit, H.T.U., or the height equivalent to a theoretical
plate, H.E.T.P. The relationships between these quantities
is of value in that the relationships indicate that under
certain conditions it is possible to obtain the height of
a packed tower with the methods developed for stagewise
operations, When this can be done, the easler graphical
stepwise procedure can be substituted for the lengthier
differential graphical integration.

If it is assumed that the equilibrium is expressible
as y = Hx and that the rate of mass transfer for gas film

controlling is

T cyvr

. P ;“iiﬁ " (1b, mols)/(hr.)(cu.ft.) = K,a(y-Hx)
b (58)

X A & a material balance over the dif-
ferential height in Figure 5
givess8

1 . G dy = Kzas(y-Hx) dh (59)

= where S is the cross sectional
area and Sdh 1s the differential

volume., A material balance over
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the top h feet yields

&y - yy) = Lix - x;) (60)
and over the entire tower
G(YO - YN) = L(xl - xO) (61)

Eliminating x hetween (59) and (50) and integrating over
the entire tower, and using Equation (61) gives
G/s

h = In(yy - Hx ) /(7, - Hx, ) HG/L # 1 (62)
KGa(HG/L-l) '

If HG/L = 1, Equation (62) becomses

G/S

h = —— (yy - Jo)/(yy - Hry)  HG/AL =1 (83)
Ke®

The H.E.T.P. is the height required to produce a given
separation divided by the number»of theoretical plates
required for the same separation, i.e., H.E.T.P. = h/N.
Using h from (62) and N from (22) produces

(G/S) 1n(He /1)

H.E.T.P., = L/HG # 1 (64)
KGa(HG/L-l)

with h from (63) and N from (26)

H,E.T.P. = (G/S)/KGa L/GH = 1 (65)
The number of transfer units, (T.U.)OGbased on the

overall ges film is
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N
(‘I’.U.)OG =\dy/(y - Hx) (66a)
Yo
= ————— 1In(y, - Hx,)/(y, - Hxp)
HG /L-1 N orf o 17 (66D)
= (y. - ¥ /(y, - Hx ) L/HG =1
N 0 N o] (66¢)
o hatsht sguivalent to one transfer unlit hased on the
overall gas film is
(H.T.U.)OG = (T.U.)OG/h = (G/S)/KGa (67)

In the above expressions only the overall gas film coefficient
has been employed. Corresponding eguations can be written
involving the overall liquid film coefficient, KLa, the gas
film coefficient, kGa, and the liquid film coefficient, kLa.

The relationship between these quantities 1382

1/KGa = 1/kqa + Hfk;a (68)
1/KLa = 1/HkGa + 1/uxp8 (69)
Kra = HKGa (70)

If subscripts 0G and OL represent overall gas and

overall liquid film coefficients, it can be shown that17

(H.T.U.)OG = (H.T.U.), + (HG/L)(H.T.U.)L (71)
(H.T.U.)OL = (H.T.U.)p + (L/HG)(H.T.U.)G (72)
(H.T.U.)OL = (L/HG)(H.T.U.)OG (73)

From Equations (64) and (65) it 1s apparent that if
the transfer coefficient and H.T.U. are constant the H.E.T.P.

will be a constant and independent of gas concentration
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provided the equilibrium curve 1s straight. As these
equations are of value primarily in dilute regions, 1t is
in this region that the H,E.T.P. could be used with con-
fidence in predicting tower helghts. The relationship

between H.E/T.P. and H.T.U. is

H.E,T.?P.

(H.T.U.) 5 1n(HG /L) /(HG/L-1) HG/L # 1 (72)
4

H.E.T.P.

(H.T.U.) HG =1
06 =t

The H.E.T.P, and (H.T.U.). ., are exactly equal when the

oG

operating line is parallel to ths equilibrium curve as

can be seen by letting HG/L approach 1 in (74). Eouations

(74) and (75) can also be coupled with (71) and (73) by
imi i .T.U. .

eliminating (H.T.U )OG

Efficlencies in Packed Towers. While operations carried

out in packed towers are not classified as stagewise processes,
the values of minimum concentration and the exprsssions for
efriciencies obtained for packed towsers ars of intersest
inasmuch as they are related to similar material previously
given for plate towers. The final concentration as a

function of towsr height can he obtained from Equations

(62) and (63). Equation (62) can be rearranged to give

hKsa(HG/L - 1) h 1n(HG/L)

= = 1n(yyHi, )y, (1-HG/L) -Hx +(HG/L)y
G/S H.E.T.P, ' /ﬁo ’ N]

(76)

where K, a is eliminated by Equation (64) and Xy from an
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overall material balance. Solving this eguation for ¥y

and noting that h/H.E.7T.P. = N leads to an equation which

is i1dentical with (41). In order to obtain the minimum
value of Iio h is allowed to approach infinity, and as this
is the same as letting N approach iafinity, exactly the same
equations are obtained for the minimum concentration with
packsd towers as are obtained with plate towers. The maximum
overall efficlency for packed towers is also identical with
the expressions for plate towers given in (49) and (50).

The sesquations for relative efficiency are ldentical with
(55), (56), and (57). To place in a more convenient form

for packed towers, N may be replaced by

N =h/(H.E.T.P.) = h(1-H3/L)/(H.T.U.) 1n (L/HG) (77)

and as bfH.T.U.)o. = (T.0.) 4,
N = (T.U.)OG(l-HG/L)/ln(L/HG) L/HG # 1 (78)
N = (T.0.)pg L/HG = 1 (79)

Using the relationship

)og(1-HG/L) /in(L/HG) _ e(T.U.)OG(l-HG/L)

(z/u) T (80)

and substituting in (55), (56), and (57) gives

(L/HG)[Q(T.U.)OG(l-HG/L) _ ﬂ

>
(7.0, Vog(1-G/5) Lae s 1o (en)

(L/HG) e -1

=
1}

(1.0 5o AT 0 g + 1) L/HG = 1 (82)

1 e(T.U.)OG(:L-HG/L)

S (1./fc)e( T+ U+ Jog(1-HG/L) L/HG < 1 (83)
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The 1imit approached by E as L/HG approaches zero is unity
regardless of the number of transfer units as can be seen
from Equation (83).

The limit of E as L/HG approaches infinity must be
obtained from (81). Allowing L/HG to approach infinity
leads to an indeterminats form which may be evaluated to
give E =1 - e'(T'U'L? The graphical representation of
the relative and overall efficiencies for packed towers
is 11lustrated in Figure 6. The curves are of exactly the
same form as those presented for the relative and overall
efficiencies in the section on countercurrent extraction
in the previous chapter. These plots and Zquations (78)
and (79) show the similarity between the number of plates
and the number of transfer units and the dependence of
the relative efficienclies on these quantitises. If it is
desirable to gbsorb as much of a solute material from a
gas mixture as 1s practicable, the overall effieciency should
be high and the plots in Figure 6 indicate that L/HG should
be greater than unity. 1In order to have a large relative -
efficiency when L/HG is greater than unity, there should be
at least three transfer units based on the overall gas
film concentration driving potential, However, after five
transfer ui1lts have been reached, there is little improve-
ment in the tower efficiency with the addition of extra

transfer units due to greater heights,
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NOMENCLATURE FOR CHAPTER VII

a = packine coefficient, square feet of area for mass
transfer per cublc foot of tower volume

A  =1L/G(H-1) + Yy * (L/G)x,

B = H/(H-1)

c = liquid concentration, pound mols solute / cubic foot

C = arbitrary constant

D = ﬁ-%- (yy - % X,)

e = overall efficiency for packed tower h feet tall

8y = maximum overall efficiency, packed or plate tower

ey = overall efficiency for N stages, mass of solute re-
moved /mass of solute originally present

E = relative efficlency for packed tower h feet tall

E = relative efficiency for N stages, mass of solute

N removed /maximum mass which can be removed with fixed

L/HG and an infinite number of plates

G = mols inert gas per hour (pounds may also be used).

h = tower héight in feet measuring down from top
H = Henry's constant = concentration in gas/concentration
in 1liquid

k;a = gas film mass transfer coefficient, based on concen-
tration driving force across gas film, (pound mols)/
(hour)(cubic foot) (unit of gas concentration driving
force based on molar ratio units)

K;a = overall gas film mass transfer coefficlent, based on
overall gas fllm concentration driving force, same
units as kGa.

kLa = liquld film nass transfer coefficient, based on concen-
tration driving force across liquid film, (pound mols)/
(hour)(cubic foot)(unit of liquid concentration driving
force based on molar ratio units)
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KLa = overall liquid film mass transfer coefficient, based
on overall liguid film concentration driving force,
same units as kLa.

L = mols of inert liguid per hour (pounds may also be
used)

n = plate number counting up from bottom

W = total numbsr of plates

P = partial pressurs

P = total pressure

PV = yapor pressure

p = liouid density, mols/cubic foot

8 = tower cross-sectional area, sq. ft.

u, =y, -7

v, = 1/a,

X = liquid concentration h feet from top of packed towsr,
mols of solute per mol of inert liquid

x, = liguid concentration on nth plate, mols of solute
per mol of inert liquid

X, = inlet liquid concentration at top of tower

X, = exit liquid concentration from bottom of tower

X = mol fraction in liguid

v = gaseous concentration h feet from top of packed tower,
mols of solute per mol of inert gas

y = gassous concantration arising from the nth plate,

n mols of solute per mol of inert gas

Jo = inlet gas concentration at bottom of tower

Yy = exit gas concentration from top of tower

2
y'! = A -B +[§A - 8)2 + 4ﬁP/ , ¥ coordinate of intersection
equilibrium curve and operating lins

y4 = minimum concentration obtalnable with an infinite
number of plates.
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Y = mol fraction 1n gas

H.E.T.P. = height ecuivalent to a theoretical plate

H.T.U. = helght of a transfer unit

T.U. = number of transfer units defined by Equation (66a)

Subscripts
n = plate number
N = top plate

0 = inlet stream

G individual gas film
0G = overall gas film

L = individual liguid film

0oL overall liquid film
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FR-CTLONAL DISTILLATION

Chapter V

Fractionation4’75’96

is that operation in which a
simultaneous iaterphase counterflow of two or more chemical
components takes place between intimately contacted liguid
and vepor phases as the two phases pass countercurrently
through a contalning vessel., The particular frazctionator
governs the manner in which the vapor and ligquid phases

are contacted and may bring the phases into either differen-
tial or stagewise contaczt.v5 The usual stagewise fraction-
aeting column conslsts of a vertical towsr equlpped with
suitable means for bringing the liquor into intimete con-
tact at intervals throughout the tower. Plates that retain
1iquid and have various types of_vapor risers and liquid
downcomeré are normally employed, and the term plate tower
is usedAto describe thls type of unit. In fractloneting
columns, the feed is introduced at some intermediate point
where 1t mixes with the liculd already present. Vapor is
produced in a boiler at the bottom of the column and rises
to the first plate where it gives up its latent heet and
produces more vapor which in turn passes to the next plate.
At the top of the column the vapor 1s condensed, part of
the condensate belng returned to the column to form the
liquid phase and part being drawn off as product. Two

streams are involved, a licuid phase produced at the top of
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96.

the cclumn and augmented by the feed at an intermedieate
point and a vapor phase produced at the bottom of the tower
in the boiler. In some columns used for sepearating multi-
component mixtures, side streams are involved in addition
to the product and bottoms,

Heat and materlael balances and phase data are necessary
for develorment of design eocuations relating the varlables. In
the following material, binary systems will be treated

first followed by :ulticomponent systems.

Binary Systems

Material Balances. A plate fractionating column is

shown schematically in Figure 1. For convenience it is
divided into first, the enrichment section which includes
the vapor from the feed plate and the remainder of the
column above the feed plate and including the condenser;
and, second, ths exhausting ssction which includes the
boiler, the column below the feed plate, and the liquid on
the feed plate. The plates are numbered as indicated in
Figure 1, Subscripts m and n are used for plate numbers in
the exhausting and enriching sections respectively. The
plates are numbered down from the top in the enriching
section and up from the bottom in the exhausting section.
The resulting difference equations are easier to handle
when thls numbering mathod is used in preference to the

usual way of numbering plates up from the bottom in both
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enriching and exhausting sections. A number of different
material balances can be written including (1) a balance
around the entire process, (2) a balance in the enriching
section includine the nth plate and the remainder of the
colurn above the nth plate, and (3) a balance over the
first m plates in the exhaustlng section.

(1) Materiel Balasnce Around the Entire Process.

Designating ¥, D, and W as mols per hour of feed, distillate,
and waste respectively, a material balance over both com-
ponents glves

F=D+W (1)

and over the more volatile component

XfF = XdD + xw"!‘J (2)

where X, X49 and X, are respectively the mol fractions of the

F, D, and W streams.

(2) XMaterial Balance in Enriching Section. The only

stream entering the section of the tower including and above
the nth plate is the vepor from the (n+l)st plate while
liquld leaves both as distillate and overflow from the nth
plate. Thus

Vn+1 - Ln + D (3)

and over the more volatile component
Tn+1 Vn+1 = ann + de (4)

where x, and y, are the molar concentrations of the more
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volatile component in the ligquid and vapor respectively on
the nth plate.

(3) MWaterlial Balance in Exhausting Section. The

only stream entering the mth plate is the liquid from the
(m+1)st plete while vapor leaves the mth plate and 1liguid

leaves the boiler., In terms of both components

or for the more volatlle component

xm+1 Lm+l = yme + xww : (8)

Equations (3) and (4) and Ecuations (5) and (6)
can be combined to give the following equations of the

operating lines. Eliminating V,4+ between (3) and (4)

Ln

Y = ——— x_+ Dx (L + D) 7
n+l Ln+D n d/ n (7)

and for the exhausting section, elimination of Vi glves

Lm+l

Im = Xpa1 = Wxg/(Lpgq - W) (8)

L -W

m+1l

Defining the reflux ratio as Rn = Ln/D’ Equation (7) becomes

R

Yoel = = X, + xq/(R 1) (9)
Rn+l

This equation involves the four variables Xns Yns R,, and
implicitly n. Before a solution can be obtained for this

equation or for Equation (8), it 1s necessary to eliminate
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two of the variables. This can be accomplished by & heat
balance which will relate R, to X, and by assuming that the
plates are theoretical, l.e., ¥, 1s related to xn by equi-
librium data., Equation (9) can then be reduced to a form
containing only x, and n,

Heat Balances. The heat effects involved primarily

consist of (1) latent heat of vaporization, (2) heat of
reaction (if any), (3) heat of dilution, and (4) sensible
heat due to the difference in temperature of the streams
leaving the various plates. An exact solution requlres a
knowledge of the thermodynamic properties of the system.
Where the complete thermodynamic data are not avallable, the
best assumption is that the major part of the heat transfer
i1s effected by the latent heat of vaporization. If all other
heat effects are neglected and hn represents the average
molar latent heat on the nth plate, a heat balance around

the nth and (n+l)st trays gives

ByVn = BppVan (10)
Assuming no heat losses, it is apparent that the total
latent heat given up from plate to plate is constant and
must equal the total heat rsmoved in the condenser which is
hIVi. Thus

V

n+l = BV (11)

hV =h 1V

nn n+1

From Equation (3) and the definition of the reflux ratio

Vi =Ly +D = (R, +1)D (12)
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Eliminating Vy from (11) and solving for Vo4, &lves
V41 = M (Ro + 1)D/hpyy (13)

where at & given pressure, hn is a function of the com-
position of the licuid on the (n+l)st plate. Eouation
(13) gives one of the relations necessary for the elimination
of either L, in (7) or Rn in (9). Elimination of Vh+1

between ETouations (3) and (172) yields

L, = hy(Ry + 1)D/hy4 3 = D (14)

In the exhausting sectlon heat to the tower is
supplied from the boiler. =n equation similar to (11)

can be written as follows
- - 1 t
hme - hm+lvm+1 - h1 Vl (15)

where the primes are used on hl' and Vl' to differentiate
from the corresponding values in the enriching section.

From (15) and (5) there results
Lps1= By Vy'/h + W (16)
This equation can be combined with Equation (8).

The thermal condition of the feed determines the
relationship between the vapor flows in the enriching and
séxhausting sections., The thermal propertles of the feed
may be represented by g which is defined as the ratio of

the heat necessary to vaporize one mol of feed to the molar

latent heat. The heat produced in the boiler augmented or
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decreased dus to the condition of the feed must be removed

in the condenser, Thus

h,! Vl' + hf(l-q)F = h.V; = hl(Ro + 1)D (17)

1

Eliminating hy' Vl' from (16) gives

L, = [?1(35 +1)D - ho(1-0)F | /n_+ W (18)

Graphicel Solution of Binary Fractionation Eguations.

For the enriching section, the value of L in (14) can be

substituted in EBouation (7) to yield

R +1-h _/b
(¢ n+l
Vi1 = x, + Xghpe/h(Ry + 1) (19)

(R + 1)
0

Elimination of L ., between (8) and (18) produces

(R, + 1)D - (l-g)fhe/h; + ¥Wh /h NE
ym = ' xm+1 -
(R, +1)D - (1-qF)hf/h1 hl(Ro+1)D-hf(1-qF)
(20)

If 1t is assumed that the plates are theoretical, Equations

(19) and (20) cen he solved graphicslly to give the relation

ship between the liguid and
vapor concentrations and the
plate number. These equations
fall under case 3 of Part IV

of the Appendix and their
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solutions are indicated in Flgure 2. In (19) all quantities
except X, Yn+1? and hn+1 are known constants. In order to
plot the operating line it is necessary to solve (19)

for X, in terms of y and the molar latent heat of vapori-

n+l
ration on the (n+l)st plate, ho.q

X, :[(RO + 1)¥p41 - X4 hn_,_l/hﬂ/(Ro + 1 - hpyy/h) (21)

Assuming values of Tnt1r Xpep 2R be obtained from the

equilibrium curve. If the latent heat is an additive function

of the 1iquld composition or some other known function,

h,,] can be obtained; and then x_  can be computed from (21).

In this manner the curved operating line can be constructed,

and the usual stepwlse procedure cives the liquid and vapor

concentrations as a function of the plate number. A similar

procedure can be employed in the exhausting section,
Although molar units have been used as a basis for

the material and heat balances in the previous discussion,

the equations and procedures are equally applicable to

pound units. In fact, where latent heats and equilibrium

deta are avallable in terms of B.T.U. per pound and mass

percentages, pound units are easier to use.

Approximate Graphicual Solution.67 Under certain con-

ditions, the graphicesl procedure of the previous section can
. be modified and simplified to give straicht operating lines.
If the molar latent heats remain constant in distillation

where only latent heat is of importance, the terms hn+l/h1’
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hm/hl, and hf/h1 become unity; and Equations (19) and (20)
become

yn+l = Rxn/(R + 1) + xd/(R + 1) (22)

Ju = (RD + qF) X;.q/(RD + oF - W) - Wx,/(RD + qF - W)

(23)

These are the equations of straight lines, and the method

of Figure 2 reduces to the well known McCabe-Thiele solutior1.67
In general, molar latent heats are not equal, but can be
made approximately so by assigning an arbitrary molecular
weight to one of the components, Even with such closely
related compounds as benzene and toluene, the molecular
welght of one should be modified several per cent for best

results.

Binary Equilibrium Relationships. Before an analytical

solution of the fractionation equations can be obtained, it
is necessary to determine a functicnal relationship betwesn
the equilibrium values of the licuid and vapor concentrations.
If 1t is assumed that the relative volatility,& , is constant,
a condition rarely met, the following relationship between
x and y can be developed
& X
y = —— (24)
(«-1)x+1
A two parameter scuation can be generalized from this ex-
pression, and for certain reglons of concentration the

generalized expressed may more accurately represent the
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data than (24). ‘Thus

y =ax/(px+1) (25)
represents a2 form similar to (24) in which ( A- 1) has been
replaced by P . Ecuation (25) will not satisfy 5he condition
that x = 1 when y = 1, and cannot be used in the ragion

closs to this point,

When x is very small, Equation (24) reduces to

y =« X (26)
and when x approaches unity
1 oL =1
y=7 X+ (27)

Analytical Solutions.86 Subject to the assumption

of constant molal overflow, the relationship between the
number of theoretical stages and other variables can be
determined hased on the squilibrium relationships presented
in Equations (24) through (27).

If the eguilibrium relatiocnship takes the form of
(26) for the dilute or stripping region, ¥, can be eliminated
in (23) to give

ax = (RD + qF)x_./(RD + qF - W) - Wx /(BD + oF - W) (28)

Rearranging this eguation and placing in standard form

(RD + gqF - W)

- dxp = Wx,/(RD+qF) (29)
RD + gF

X
m+1

The complete solutlon of this linear first order dirference

equation is
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(RD + 2F - F )\.'(:] wxw
< ‘

(30)

RD + qF (1-A){RD + gF) + W

With most systems under normal operating conditions,
Equation (30) could oaly be ussed for the lower section of
the tower and would not be applicable at the feed plate.
Actually this esuation would »e employed to calculate the
number of remeining plates, after having reached a point
with a graphical procedure where Equation (26) would ac-
curately represent the data and the graphical solution had
become tedious. Assuming that the concentration on the lith

plate from the bottom is x the constant in (30) can be

W’
detsarmined. Thus

M
C = (%, - K")/(r") (31)
where K' and r' are defined by
K' = we, [1-<)(ED + gF) + W) (32)
r' =«(RD + qF - W)/(RD + qF) (33)

substituting (31) in (30) gives
- e . ym /M . .
x (xM K')(r') + K (34)

The concentration on the first plate is given by X+ Thus
v

to obtein M from (34) let m = 1 and X, = X, then

1 \
M = ————— 1o - k) /(x, - X!
o g (x, ) /(x,, )

In the concentrated reglon, Equation (27) can be

employed to represent the equilibrium relationship. Combining
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1 & =1 R

~
o~
2+
l.
[
e
]
~
XL
i
l._l
et
~
(W3]
-3
g

The complete solution is

LR] "

This ecuation would be employed in & manner similar to (32)
except that it would be applicable only to the concentrated

region near the top of the tower. To evaluate C, place

n=0and x = x,, then
n d
_ n
x = (xd -K) r +K (39)
where K and r are defined by
K = [okxd - (ok-l)(R+1)] /E(l-ok) + 1] (40)
r = AR/(R+1) (41)

If XN reprasents some known concentration on the NVth

theoretical plate from the top, the number of plates in the

section in which the liquid concentration varies from Xy to
Xq may be obtained from (39)
1 .
N = — log (xy - K)/(xd - K) (42)

Equations (35) and (42) are solutions applicable to only a

small concentration range in which the equilibria can be
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represanted by (28) and (27). They possess the advantage
of being simple and, consequently, useful where applicable.
ror small relative volatilitles, they can be employed over
relatively wide concentration ranges.

The solution of the fr.ctionation equations in con-
nection with the use of Eguation (24) 1s considerably more
involved than the solutions just presented. Before taking
up the general czse, ths equations for infinite reflux
ratio will be considered., If R is Infinite, the matsrial

balance equations reduce to

Va1 = % (43a)

(43Db)

regardless of whether the molal latent heat in constant or
not. Eouations (43a) and (43b) are identical, and only
the solution of (43a) will be considered. Eliminating
yn+1 producss

o(xn+1/ [( o'\-l)xn+1 + ll =X (44)

Multiplying out and gathering terms
(d.—l)xnxn+1 -« Xpyy T X =0 (45)

(45) is a Riccati difference equation and can be solved by
Method 4 presented in Fart III of the Appendix., Dividing
through by XnXn+1 and rearranging terms

1 1

- &
b's X

= (1-L) (46)
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This equation is linsar in l/xn and its solution 1is

1fx, = CA” 41 (47)
As X, = X when n = O, C may be determined to gilve

1/x%5 = (1/xg - 1) A" e (48)

At iafinite reflux ratio, it is dssired to know how many

stages ars rsouired o reduce X, to x,. Thus
1

n = Py 1og[xd (1 - xw)/xW (L - xd)] (49)

For finite reflux ratio,86 elimination of the vapor

concentration from Equations (22) and (23) yields

R

= — x, + Xg/(R+1) (50)
(& -1)x 4 +1  FH i

d Xn4sq

X _ RD + gF y
(A-1)x, +1 RD + qF - W

el - ‘-wa/(RD + qF - W) (51)

Multiplying these equations out and gathering terms produces
XpXnel + AXpyq +Bx, +G =0 (52)
XpXpey + A'xm+1 + B'xm + G!' =0 (53)

Where the constants are deflned by
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A = x3/R - A(R+1)/R(<K -1) (54a)
B =1/(A-1) (54b)
G = xd/a(o(- 1) . (54¢)
A =1/( k- 1) (552)
B' = -Wx_/(RD + gF) - &(RD + qF - W)/(« -1)(RD + QF)

W (55b)
Gt = - #x, /(RD + aF}(A -1) (55¢)

Equations (52) and (53) are Riccatl difference equations

with constant coefficients. T[he solutions are presented

in Part I1I of the Appeandix, and the solution of similar
eguations for gas absorption have been obteined in Chapter 1IV.
The procedure consists in making the substitution x, = l/un + k

where k 1s a root of the following eguation
k® - (A +B)k+R=0 (56)

Then Equation (52) can e reduced to

w4 +[(A -k)/(B-k)] a, = 1/(B - k) (57)
The general solution of (57) 1is
u, = C [(k-A)/(B-k)]n+l/(A+B-2k) (58)
Replacing u by l/(xn + k) and solving for C subject to

X, = %q gives

1/(x,-%) = [1/(xd-k) - 1/(A+B-2k)] [(k-A)/(B-k)]n + 1/(A+B-2k)
(59)

To obtain the total number, N, of plates in the enriching
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section x, 1s placed equal to x, and n = N, then

1 1/(xp-k) - 1/(A+B-2k)
lo

N =
log(k-A) /(B-k) : 1/(xg-k) - 1/(A+B-2k) (60)

For the exhausting section ths total number of units, ¥, is
given by an expression identicel with (60) except that k,

A, and B are replaced by k', A', and B' and Xg
by Xge ks the feed plate is counted twice, the total

is replaced

theoretical plates in the column is given by
theoretical plates =N + M - 1 (61)

Graphical Solution with Constant Relative Velatility.

Bouation (57) serves as the basis of a simple graphical
solution of the binary ffactionation equations with constant
relative volatility. If U, and U, are roplaced in terms

of x., (59) becomes

= 1/(B-k) (62)

__i_.+ Em&)ﬂBﬂdl

Xp417K K

The graphical solution of this equation falls under case C
of Part IV of the Appendix. A plot of 1/(xn+1 - k) vs

1/(x, - k) gives a straight line with slope (A-k)/(B+i) and
intercept 1/(B-k) as indicated in Figure 3. Knowing the
initial composition x,, the point 1/(x1-k) can be located on
the operating line. Froceeding from 1/(x;-k) horizontally

to the 45° 1ine and then vertically to the operating line
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the point 1/(x5-k) is located.
GRAFPUICAL SOLUTION

RICCATI Z=GUY

vod
——~y

This procedure can be con-

tinued until the valvue at the

feed plate is located. A sim-

/fég ilar procedure can be employed

to determine the number of

1/{ zn+~k)

theoretical plates in the ex-

hausting section. This method

\

has the particular advantage

that only straight 1lines need
be plotted for determining the

number of theoretical plates.

Multicomponent Fractionationlg’sv’48’56’75’92

Both rizorous stepwise and approximate analytical and
graphical methods are avallable for determining the number
of theoretical plates in the fractionation of multicomponent
mixtures. Up to the present time, no exact analytical
solutions have been developed except for infinite reflux
ratio. In the following sections a discussion of eguilibris
in multicomponent systems will be followed by graphical
and analytical methods for determination of the number of
theoratical plates,

22,75

Equilibria in ilulticomponent Systems. If the

relative volatilities are constant, it is possible to

obtain analytical relatlonships between the vepor and liguid
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concentrations., If Xy and ¥4 are the liguld-vapor concen-
trations of the ith component of an s component system and
dij 1s the relative volatllity of the ith component with
respect to the jth component, then by definition of the

relative volatlility

oy =Ty (1-xj)/x1(l-:rj) (63)

ij
From the definition in (63) it is apparent that « 1% =
O‘ij d‘jk' If the first component is the most volatile,
and the volatility decreases with increasing subscript 1,
the relative volarility of the ith component with respect
to the first component becomes

Ayq = Tp(1-x,) /% (1-74) (64)
There are (s-1) equations of the form of (64) forming a
set of simultaneous equations involving the wvariables Xys Xpyees
xg and yq, o eee¥ge Solution for V3 in terms of the liquid
concentrations from the (s-1) equations involved in (64)
gives

S
I FE VRS P (65)

where I indicates a summation on 1 between unity and s. For
the intermediste component of a three component system, (65)
becomes

yz = d\zsxz/( 0(15 Xl + 0(25X2 + XS) (66)

Material and Heat Balances in Multlcomponent Systems.

The material and heat balances which arise in multicomponent
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fractionation are identical with the equations presented
for binary fractionation. Assuming constant molal overflow,

a combined material and heat balance for the ith component

yields
:--------R b d + x /(R+1) (87)
yi,n+1 D41 i,n i,d
RD + qF
Vg m Sl Xy, mel - WX, /(ED + oF - W) (68)

’ RD + qF“i‘J

where the first subscript refers to the particular component
and the second subscript refers to the plate number. Thers
are s eguations of the form (67) and also of form (68). These
actually constitute & set of simultaneous difference equations.
If the vapor concentration is eliminated from (67), a typical
equation without the vapor concentrations for the ith com-

ponent results
8 R
o is xi,n+1/f°‘15 Xi,n+l © 1 X op Xy g/(R+1) (69)

31
Infinite Reflux Ratio. If R is infinite, (69) reduces to

S
o(isxi,n+1/§°<is *$n41 - Fi,n (70)

and for the jth component

s
*js xj,n+l/§ °<jsxn,n+1 = %5,n (71)

Dividing (70) by (71) gives

A15%,m41/%5, a1 T %1,0/%5 (72)
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Eguation (72) is linear in Xi,n/xj,n and can be rearranged

into standard form

*1,n+1 i,n g (73)

oL, . X,
xj’,n+1 ij Ji,n
The solution of this equation is

n

X3 /%5 0 = (% g/%y @) (1/&y5) (74)
Solution for N, subject to xi,mﬁbfxi,w/xj,w gives
1 Xs X3
1,d%j,w
N = log —2 ds (75)
10g d\ij XJ ’dxi’w

There are (s-1) independent equations of the form of (74).

If 1 is taken with reference to the most volatile component,

it is possible to solve for the individual liquid concen-
trations in terms of the plate number and product cowpositions.
Treating the (s-1) eguations of the form of (74) as simul-
taneous eguations in the liculd concentration variables, therse

results
n

s n
xi,n = xi,d(dli) /E xi,d("(ﬁ.) (76)

For a three component system, (76) takes the forms
n

-— n

= % n n n
*om = *¥g,a%12 /(%) g+ %3 a%12 + x3,a%q3 ) (77D)
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n n n
%3, = *3,a%13 /é‘l,d + Xp gRip t Xz gX13 ) (77¢)

Hith Equations (75) and (76) it is possible to predict
either the total number of plates for infinite reflux ratio
or the theoretical plate to plate compositions.

Graphical Solution of Multicomponent quations.44 With

the help of the eouations just developed for infinite reflux
ratio, it 1s possible to develop a graphical procedure for
determining the number of plates in multicomponent recti-
fication. If the vepor liguld eguilibria for any component
is known, the stepwise cCabe ~ Thiele procedure for ob-
talning theoretical plates can be used. In the following
saction, an approximate graphical method for determining
the number of plates will be developed.

For binary systems there is but a single equilibrium
curve for each pressure. Hence, the vapor concentration
1s a single valued function of the corresponding liquid
concentration, IHowever for multicomponent systems, speci-
fying & value of a liquid concentration Xy does not in
itself uniquely determine the vapor concentration y3+. There
must be (s-1) liouid concentratlions known at constant
pressure in order that the vapor concentrations be definitely
fixed, Thus it is possible to have different values of s
in equilibrium with liguid having a constant value of xy.

In the fractionation of multicomponent systems under

fixed conditlons in plate Lowers, there are & series of
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equilibrium curves for the verious components, i.e., plots
of ¥y n VS Xy - Physically these ecuilibrium "curves"

are hut 2 series of points as no values of Xy and yy can
exist for other than integral values of n. However for
interpretative purposes, it is of value to draw a smooth
curve through the points, The Xi,n - Yi,n curves are
affected by bouandary concentrations, relative volatlilitiles,
and the reflux ratio., For a given system and a given sst

of exit concentrztions, there are an infinite number of
equilibrium paths or curves to be followed on the equillbrium
surface depending on the reflux ratio, It is a matter of
speculation as to the extent of vsriation in the equilibrium
curves due to the reflux ratio, relative volatilities, and
boundary concentrations. One of the objects of this section
is the determination of the effect of these parameters on
the equilibrium paths taken. It will be shown that for

some three component systems the reflux ratio does not
appreciably affect the ecuilibrium paths of certain com-
ponents while for other systems, the sctual equilibrium
curve for any reflux ratlo may be approximated.

To determine the equilibrium paths, recourse to
platewise calculations 1s possible. If the relative
volatilities are constant, cqnsiderable simplification in
the calculations can be made. Underwood®? derived ex-
pressions with which 1t is possible to make plate to plate

calculations without resort to a trial and error process.
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Treating Equation (69) as a set of simultaneous equations
in x5 p4s 1t is possible to derlve expressions relating
’

Y trati X, to the concentretions x
the concentration i+ 1 e 1,n

Xg,ns +ee . FOT the enriching section

A3 (Rxy n + X5 g)

X =
1i,n+l
’ 2oy (R,

n + xi,d) (78)

4

In the stripping section the equations become

(R + qF - w)d;‘sxi,m WJE-W
r

x - + (79)
i,m+l (R + qF)§,(isxi n R + gF
b4

These equations are in a form most convenient for making
calculations starting at either the top or the bottom of
the tower. With Equations (78) and (79), it is possible
to determine the path of the vapor llquid equilibria as
affected by the various parameters,

Three Component Systems, For the most volatlle com-

ponent of a three componeht system, Equations (64) and (78)

become
o 2%
1
v, =o( " (80)
13%1 +%gz¥Xe + %3
Rxl,n + xl’d
X1,n+1 -

R(xy,n +%1p Xg n +R13%s n) + (X3 g +&yp%p g +{15%5 )

(81)
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On the busis of these ecuabtions and simliliar equations for
the other components, preliminary calculations were made

for a hypothetical system to obtain information as to the
variation of the equilibrium curve with reflux rutio,
Assuming product concentrations at the top for a system in
which 211 relstive voiatilitiss were constant stepwlse
calculations were made down the towsr for various raflux
ratios. The computations were continued into the region
near minimum concentration for the enriching section only.
The first system considered was one in which &5 = 2,d 3 =
4’X1,d = 0.90, Xp.4 = xS,d = 01057 In Figure 4, a p.rtial
summary of the results is indicated in the form of plots of
liquid concentration of the most volatile component vs plate
number for reflux ratlos varying from 0.5 to infinity.
Similar curves for the vapor concentration are not shown.
While these curves vary widely, the data may be correlated
in the form of vapor vs liquid concentration plots. In
Figure 5 the x - y plots for the least and most volatils
components are shown. The data for these components
correlate inté epparently smooth curves; but as illustrated
in Figure 6, the vapor liquid paths for the intermedisate
conponent consist of a serises of distinctly different curves.
As the variations from the mean curves are slight for the
first and third components, these curves may be used as a
basls for approximate yet accurate graphical lcCabe - Thiele

calculations, If the equilibrium data for this system were
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obtained for a single reflux ratio, the resulting x - y
plot would be sufficiently close to the irue equilibrium
curve to vermit accuraste determination of the number of
plates.

For systems that can be treated in this manner, it
is desirable to discover an easy method for obtaining the
equilibrium curve and to know what the maximum variation is.
In Figure 7 an exaggerated picture of the equilibria for
the most volatile component is shown. For each reflux
ratio, the squilibrium curves approach & limit which represe
the minimum concentration obtainable with the given reflux
ratio. Thls point repressnts the intersection of the
opereting line and the equilibrium surface. The locus of
the points of minimum concentration will be called the
"minimum concentretion curve." This curve passes through
the terminal points of the equilibrium curves for each
reflux ratio, and represents the boundary, above which no
equilibrium curve will lie. The curve for infinite reflux
ratio forms the lower boundary of these same curves. Thus
if the equations for these limiting curves are obtained,
it 1s possible to predict the maximum variation in the x - y
curves.

In the following paragraphs, eqguations ﬁill be derived
for predicting the maximum variation of the eguilibrium
curves with reflux ratio. The results obtained will apply

guantitatively only for systems having constant relative
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volatilities., However, it should not be construed that the
method proposed 1s more exact for systems in which all
relative volatilities are constant than for systems in
which the relative volatilities are not constant., GCom-
parison of ideal and non-ideal systems can only be obtained
by examining actual calculations., 5Systems having constant
relative volatilities are chosen because analytical ex-
pressions may be obtained for the desired curves.

Minimum Concentration Curve. For a given reflux

ratio the intersection of the operating line of Equation (81)
and the equilibrium surface of Equation (80) represents

the point of minimum concentration. To obtein the inter-
section for a three component system, ecuate the wvapor con-

centrations in Equations (80) and (81) as follows

X3 Xy _B v xg (82)

d13 x] +<x25 Xy + x5 R+ 1
* 23 *p . Mot (85)

d13x1+o423x2+x3 R+ 1
X, i} Rx5 + *3.d (84)

Aqz Xy +<X23 x2 + Xz R+ 1

Subscripts representing plate numbers are dropped as unnecessary
in the region of minimum concentration, i.e., Xn = Xp4)

as n avproaches infinlty. Dividing Equation (82) by Equations (83)
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and (84) respectively ylelds

Rxgy + xz,d (85)

Xq Rxl + Xl,d

174
I
i

(86)
X Rxz + x3’d

Elimination of the parameter R between these two ecuations

glves

0(12 (°(13 - 1) x2,d i]:. =O<15 (°<12 - 1) x3,d —X_]; .1
o & , N,
13 ™12 | F1,4]] %2 13 "%12 \"1,a| (%5
(87)
Defining the coefficients of xl/x2 and xl/:‘c:5 as A and B
leads to
A xq/x5 =B xl/x3 + 1 (88)

If x2 is eliminated by means of Xyt X5 + Xz = l, an ex-

pression results in which X, can be obtained as a function

of x4 and the various parameters. Rearranging terms after

elimination of X5 leads to the cuadrstic expression

xsz + [%1 + A+ B)x1 - 1] Xz - B(xy - xlz) =0 (89)

Solving for Xz yields

2%z =1 - (1 + A + B)x1 - \ﬂzl + A + B)x1 - ﬂz + 4B(x1 - xlz)
(90)

The plus sign is chosen because Xz approaches uanity as X
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approaches zero. An enalogous procedure produces a similar

expression for x

2 B )
! 2
2%y = 1 - (1 - & - B)x1 - Bl - A - B)x1 - % - 4A(xl - Xy )
(91)
i1t is sasy to demoustralse that the two cuantitics uunder the
square root signs in Equations (90) and (91) are equal. To
obtain Yl as a function of Xy alone, the values of X5 and
Xz from Equations (90) and (91) may be substituted in
Equation (82) to give
L5 ¥
2[:115/2 - Aoz = 1+ (g = 1)(A + B)J Xy = (55 = 1)C
(92)
where
Azl s = 1) b'd
R (K15 = 1) | X3 9 . 13'712 3,d

(Ao = 1) | %1 g (K15 - 4g3) |%1.q
2 2 , 2 ) 2
c® = ﬁl + A + B)xl- ﬂ + 4b(xl- xl) =[§ 1 -4 - B)xl- q -4A(xfxf)

Infinite Reflux Ratio Curve. The x components of the

equilibrium curves at infinite reflux ratio can be obtained
from Equations (77) as a function of the plate number. ‘then

R is infinite the material balance equations becomse

1,040 T F1,n (932)
v = X (93b)
2,n+1 2,n

Y3,m41 = *3,n (93¢)
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With these ecuations or with Touations (85), (66), and (80)
the vapor concen'rztions can be obtained for infinite reflux
ratio, and the ecuilibrium curves can be obtained.

Deviations in Eouilibrium Curves. With the equations

+hat have been developsd, it is possible to determine the
maximum voeriation in the eguilibrium curves. To do this,

X - y date for the minimum concentration curve as calculated
from Ecuation (92) will be compered craphically with the
corresponding dats for the infinite reflux curve as de-
termined from Equations (77) and (93). The decrease in
concentration per plate at infinite reflux ratio may be
rather large in certain concentration regions, and in such
casas the points will be spaced rather far apaert. To in-
crease the number of points for plotting the infinite reflux
curve, fractional valuss of n will be used. Use of fractional
plates does not imply that concentrations sxist for other
than integral plate numbers; it is simply a practical ex-
pedient for aiding in plotting the infinite reflux curve,

In Figure 8 the calculated data for three systems are shown.

In each system the exlt concentrations ars : = 0.90,

*1,d
x =X = 0.05. The relative volatilities for the three
2,4 3,d

systams are raspectively: for A,<x12 = 4<,<>{L.5 20; for B,

12 = 1.25, 0(13 = 1.75. The

curves marked Al, Bl, and Cl refer to the most volatile com-

o1g = 2,Xy3 = 4; and for C,

ponent, and the curves marked A3, B3, and C3 refer to the

least volatile component. From these curves 1t is easy to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.7

0.6

0.5

0.4

VAPOR CONGCENTRATION

0.3

0.2

0.1

o MINIMUM CONCENTRATION CURVE
OINFINITE REFLUX CURVE
OFIRST PLATE

B . e

2l

-o—9

| e

"

02 O

3 0

4 05 06 07 08 O

LIQUID GONGENTRATION

Figure 8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



c P e e vy, - v, oy e =g
1 . . o,

NIMUM CONCENTRATION CURVE

-INITE REFLUX
ST PLATE

CURVE

Lo O

rfz;:::f::-d?"‘.

;
4
i
/ |
{

0. 02 O

3 04 O

S 06 07

LIQUID CONCENTRATION

Figure 8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.0

0.S

08

07

06

05

O4

3

02

ol

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

e Dol R SR SN

P SN S N

¢ o~ g
AR EE I S

e MINIMUM CONCENTRATION CURVE 17

O INFINITE REFLUX CURVE v

OFIRST PLATE s
7 §
7 //
Ry
< s
/
s f/
P A
/////
////
w7 /
v'/ /\ /
VA
AR /
/ / /
/
7/
; '/

o) 02 03 04 05 06 07

LIQUID CONCENTRATION

Filgure 9

0.8

0.9



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



129

R ke e e L e B R oL R

IR TSN PR AU S R

fUM CONCENTRATION CURVE 17
ITE REFLUX CURVE e /
T PLATE pre 4
i /i
Y /
7 s

~ L7 A
/ /J
) J
7/
7
%"b
a |
o s
7/
," [,
7
// 7
7 7
" o
//)"/
r/”’
/qr,
o
=

| 02 03 04 05 06 07 08 09 10
LIQUID CONCENTRATION

Flgure 9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



130,

nnnnn

curves, The maximun percentare deviation determianed as the
difference in y for the two curves divided by the average y
is in the nei~hborhood of 4% for the most volatile com-
ponent., While the deviations in the dilute resion for the
least volatlle componsni are not large, the percentage de-
viation greatly increases in the more concentrated re=ion
near the point (1,1). However this resion, in which the
greetest variation occurs, will usually be in the exhausting
ssction, and a different minimum concentration curve would
be in effect. Thus the difference in the two limiting
curves for the l1sast volatile componsent will be less than
indicated in lFigure 8 in the concentrated region. For these
systems 1t would probably be best to use an equilibrium
curve for the most volatile component for approximate
MeCabe-Thiele calculations.

The effect of the product compositions on the squilibrium
curves 1s shown in Figure 9., The relative volatilitiss for
these systoms are:\lz =2 andc\13 = 4, The product compo-
sitions for the two systsms are: for A, X1,4 T 0.50;
xg’d = xs’d = 0.25; and for B, xl,d = xs,d = 0.25, and
Xp g = 0.50, It is apparent from the curves that there is
little variation bstween the minimum concentration and
infinite reflux curves for these systems., 1In Figurse 10,

the varlatlon in the equilibrium curves for the system:
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~12 = B, %13 = 4, Xy 4 = 0.90, X 4 = 0.099, and x, 4 = 0.001.

The deviation in these curves is greater than for the pre-
vious systems., In the previous cases, the inflnite reflux
ratlio curve could be used as the ecuilibrium curve for com-
putation of the number of theoretlical plates at any reflux
ratio bhecause of the small deviations bstween the minimum
concentration and infinite reflux ratio curves. However,
for the system shown in Fizure 10, the deviations are too
great to use either the minimum concentration or the infinite
reflux ratlo curve for any arbltrary reflux ratio. However,
these limiting curves can be used as guldes along with the
operating line for drawing approximate equilibrium curves
as indicated for two different reflux ratios.

The Stripping Section. The wminimum concentration and

infinite reflux curves may be determined for the stripping
section in a similar manner to that employed in the enriching
section. If the vapor concentrations as obtained from the
operating line and the sauilibrium curve are placed equal to
each other for all three componeats and R + qF 1s eliminated,

the following equation results
E xy/x5 =G xl/x;5 + 1 (94)

where the coefficients E and G are defined as

Nyg - 1 (ﬁxz’ww . oly3(ngg = 1) ( XS,W)

E = ) > =
%25 - 1 xl,wk *13 "1z 1w
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Thus Equation (24) is of the same form as Zquation (14)
for the enriching section. If Xy Or X3 is eliminatad from
Rouation (94), a ouadratic expresslon results and ths
solution is analogous to those presented in Eguations (90)
end (91). The constants A and B are replaced by E and G
respectively.

The infinite reflux ratio curves are identlcal for both

enriching and exhausting sections.

System Benzene - Tolusene - Xylene.75 The results of

the previous sections can be applied to systems in which
the relative volatilities are not constant, There the
minimum concentration curve is difficult to obtain, the
infinite reflux ratio curve may still serve as an ap-
proximation of ths equilibrium curve. When the relative
volatillties are not constant, the infinite reflux ratio
curve must be obtained by plate to plate calculations. For
systems in which all the components are distributed betwseen
distillate and bottom, it makes no differsnce whether cal-
culations are started at the top or at the vottom. The
same infinite reflux curve serves as &n approximation in
the exhausting secbtbion as well as in the snriching section
even though the minimum concentration curves differ in the
two sections,.

Roblnson and Gilliland proposed the following proﬁlem:
A mixture containing 60 mo0le per cent of xylene is to be

frectionated into a product containing not over 0.5 mole per
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cent of benzene. The xylene is to drop to & negliglible
value in the overhead distillate, and the product will con-
tain 99.5 molse per cent of benzene, A reflux ratio of 2

is used and the feed enters the column at its bolling point.
On the basis of constant —olal overflow, Raoult's law, and
experimental eouilibrium data, Robinson and Gilliland found
by stepwise calculetions that 16 theoretical plates were
required.

For the same system plate to plats calculations similar
to those of Robinson and Gilliland were made at infinite
reflux ratlo in order to obtaln an approximate x - y curvs.
These calculations yielded only four points in the range of
X between 0.1 and 0.8 for bencene, the most volatile com-
poneant. To actually construct a curve through such few
points 1s at best hazardous, and it is advantageous to be
able to determine additional points on the curve in the
uncertain ranges. Since some data ars availabls, an
accurate mzans of interpolating between the known points
is desirable. While many interpolation formulas are avail-
able it was found that the following empirical formula 1s

sultable for interpolation purposes

y = | (95)
M -1)x -1
or solving for M
y(1 - x)
Mz —_— (96)
x(1 - y)
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The quantity ¥ 1s defined as the interpolation coefficient.
Hhile ¥ depends upon the liguid concentration, it varies
but slightly in this problem.

The method of procedure was to determine if for known
values of x and y prsviously obtained by the stspwlise cal-
culations. A plot of ¥ vs x made possible a determination
of ¥ for intermediate values of x, and then the corresponding
values of y were calculated from Eguation (96). It should
be noted that this interpolation formula 1s only valuable
when the variation in il is not large over the desired range.

Since no xylene appeared in the distillate, the plate
to plate calculations were made from the bottom up. The
rasults of calculations for this system are shown on
Figure 8. ‘The variation in ¥ was 10%, and the interpolation
coefficient method was used with confidence. The inter-
polated points are shown, and it is apparent they are very
helpful in accurately constructing the curve. Some of the
equilibrium data calculated by Robinson and Gilliland for
R = 2 are shown on the plot, and 1t i1s avparent there is
not a great variation in the equilibrium curves calculated
by the two procedures. If the value of the reflux ratio had
been larger this varlation would have become less., Using
the approximate ecuilibrium curve, 17 theoretical plates
were obtained by the ilcCabe-Thiele method which compares
favorably with the 16 plates as reported by Robinson and
Gilliland.
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NONENCLATURE FOR CHAPTER V

Relative volatility in two component system

Relative volatlility of ith component with respect to
Jth component

38, C, B, ¢, K, r, A', ', ¢', K', r' Constants defined
X

in text.
Mols of distillate per hour

Wiols of feed per hour

ilols of 1liguid reflux per hour for constant molal overflow

Mols of liquid reflux per hour leaving mth plate in
stripping section

Same for nth plate in enriching section
mols of reflux per hour roturned to colurn from condenser

Interpolation coefficient or total plates in stripping
section

Total plates in enriching section

Ratio of heat needed to convert one mol of feed into
saturated vapor to molal latent heat

Total number of components

Reflux ratio for constant molar overflow
Reflux ratio on nth plate, ratio of L, to D
Reflux ratio at condenser

Mols of vapor per hour in exhausting section leaving
mth plate

Hols of vapor per hour in enriching section leaving
nth plate

Mols of bottoms per mol of product

Mol fractlon of ith component in liquid
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70l fraction of ith component in liguid on nth plate

Xi,n

Vs 1ol fraction of ith component in vapor

i n Mol fraction of ith component in vapor on nth plate

’
Subscripts

i 1, 2, .... s Subscript denoting any component

m Plate number counting up from boiler in stripping
section

n Plate numbher counting down from top plate in enriching
saction

d Product

s As subscript denotes least volatile component
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DIFFERENCE CALCULUS

Appendix Pert I

8,68,89,91

The calculus of finite differencss is con-

corned with the ratio of finite increments A y/Ax of
mutuelly dependent varisbles, while the infinitesimal
calculus dezls with the limlt of thls ratio 23 A x becomss
infinitesimally small. In many practical aspects, the
operations of finite calculus arse analogous to the operations
of differential calculus., The opserations of differentiation
and integration have close parallels in differencing and
summation, The solutions of difference equations are

similar in many aspects to the solutions of differential

equations, These similarities make possible the rapid

mastery of the elements of finite calculus.

The First Differencs

The first differenge (sometimes termed the difference

quotient) of a function, f(x), is defined by

Ay f(x +Ax) - f£(x) ' (1)

———

—

AX AX

This may be compared with the first derivative which is
defined as the 1limit to which the first difference approachss,

provided the limit exists, as A x approaches zero, Thus

d
1im ﬂ:._z

X=20AX dx

It 1s apparent that no guestion of limits is involved in the
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first difference defined by Touation (1) as both A y and & x
are finite quanticies, It should be noted that & x represents
a constant difference of the independent variable. The
guantities Ay and O x are actual algebraic quantities of
finite magnitude in contrast to the infinitesimals dy and
dx. Thus the first difference is a true fraction while the
first derivative 1s not a true fraction but rather a limit.
The cuantity, A /Ox, is analogous to the differential
operator d/dx. ‘hs velus of A x may be taken as any constant
value.

In stagewise processes, the increment, Ax, will be
unity as it corresponds to the difference between successive
stages x and (x+1). IfAx is identically unity anddy is

the corresponding increment, Equation (1) becomes

8y = £{x+1) - £ (x) = 7,7 - ¥x (2)

The notation y_ = f(x) and Vsl = f(x+1) is used for con-
veniencs and simplicity. WithAx = 1, the operator A /Ax is
replaced by A . The opsration of obtainingly as in (2)

by subtracting Yy from y is termed differeuncing. The

X+1
dependent variable, y, need not be a continuous function of
x for the difference to exist, It is only necessary that
it be defined at the points x, (x+1), (x+2), etec.

Interpretation of the First Difference. If the vapor

concentration of the more volatile component in a binary

fractionation 1s plotted against the plate number, & series
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of isolated points is obtained as indicated in Figure 1.
“hile a smooth curve may be drawn through these points as
indicated by the do:ted line, no concentrations exist
betwesn theoretical plates, and the parts of the curve
batween intecral values of the plate number have no physical
significance. The change in vapor concentration from plate
to plate is represented by

Ay, = Tq41 - In ) (3)
This is simply the difference or increment in concentration
between the nth and (n+l)st plates, and is identical with
the first difference é&yn/axn as defined in the difference
caleulus. In this case A n = (n+l) - n =1 and A.yn/Axl
becomes A Tne

. The first difference is numer-
VAFOR CONCEINIRATINN

VS. FLATW NIMRER

lcally equal to the tangent of
the angle between a line
\ passing through the points

o (x, yx) and (x+1, ) and

Yx+1
N the x axis. W#Whereas the
derivative represents the in-

stantaneous rate of change at

L the point (x, yx), the dif-
ference corrssponds to the
average rate of change in the interval x and (x+l1).

Rule for Obtaining Differences

A simpls three step rule for computiag differences can
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be developed from Bauation (2):
(a) Compute the function at x+1, i.s., wherever X
occurs in f(x), replace it by (x+l).
(b) Compute the function at x, i.e., as it stands.
(c¢) Subtract (b) from (a).

Hicher Differences

The second difference is defined &s the difference of
the first difference and 1s represented by A.zyx. The
nth difference 1s gciven by Axnyx. Higher differences way
be obteined in terms of the dependent variable from

Bguation (2). Thus

ABy =A(y_, -¥) =y, -y, (4a)

= Ix+2 - BYX+1 + ¥x (4b)
Te third difference 1s given by
3
Ay = Yeun - BYg4n + O¥gyp = Vx (5)

Ls an example of the differences of an explicit function

[rd

oo 3
of x consider the successive differences of Vo =%

Ay, =ax® = (x41)0 - %% = 5x° 4+ 3x + 1 (6a)
Azyxzzs(x+1)2-+3(x+l)-+].- (3x2~+3x + 1) (6b)

= 6x + 6 (6c)
0%, =6 aty, =0 (6d)

£11 higher differences than the third are zero.

Dirferences of Elementary Functions

In this section the differences of some of the elementary
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functions will be obtained.
Constant., ‘he difference of Jy =¢ is zero

The Linear Function, ax. Differencing ax gives

A(ax) = a(x+l) - ax = a (7)
Factorials. ‘the quantity x(n) (read x factorial
n power) plays an analogous role in finite calculus to that
of the simple power function x" in the differential celculus.
Its definition is given by
x(n) x (x-1)(x-2) .....Lx - (n-lﬂ (8)

Factors = 1st,2nd,3rd .vveeesees. nth

Thus the (n) indicates that there are n factors involved.
The last factor in Eouation (8) can be written as (x - n + 1).
If x = n, the cuantity in (8) reduces to the simple factorial

encountered in elementary alzshra, i.e.,

al®) o n(n-1)(n-2) ...... (n-n + 1) =an! (9)

)
The first differsnces of x is

Ax(n) = (x+1)(n) - x(n) (102)

which on factoring yilelds

(Zx+l) - (x-n+1)] (x)(x=1) .... (x-n+2)
' (10Dp)
(n=1)
= nx (11)
The results of Equation (11) are similar to the derivative

of x&,

Exponential Functlons, Exponentials of the form a* are

of considerable importance in the theory of difference
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ecuations., The first difference of a¥ 15

x + X
Aa =a L a = (a-1) a’ (12)

The second difference is
2
A% a¥ = A(a-1) a¥ = (a-1)° &% (13)
Repetition of this process gives

N (a-l)n a” (14)

Trienometric Functions

Sine. The difference of sin Uy whers Uy is an

arbitrary function of x is

Asin u, = sin U, - sin u, (15a)
= sin (u, +Au,) - sin u, (15b)
sin [(u + 2 —z—] sin [(UX+‘§‘) s
(15¢)
Expanding the sine functions and combining terms
Auy Aug
Asinu_ =2 sin —— cos (u, + —5—) (154)

Cosine. 1In a manner similar to that for the sine, it

can be shown that

A.ux A ux
Acos u, = -2 sin *E- sin (ux +<—§~) (18)

Tangent. To find the difference of tan u

A tan u, = tan ux+l - tan u, (17)
sin ux+1 sin u,
= - (183)

cos ux+l Cos U.x

sin (ux+1 - ux)

= (18p)
COS Uy COS U,
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sin & u,

A tan u = (18c)
X cOosS WU cOoS u
X X+

Inverse Tangent. Differencing tan "t uy gives

-1 _ -1 ~1
A tan u, = tan v ou o - tan = u_ (19a)
21 A Uy
A tan'1 u_ = tan (19v)
1l + Uy Uyxyq

Summary of Differences., In the following table a

list of the more common differences and comparisons with
corresponding or similar derivatives is given. The symbol

D is used for d/dx

Difference Derivative
Ac =0 De =20
Aax = a d ax = a
Ax(n) =n x(n'l) Dx" =n xn_l
aa® = (a-1) o% D a* = (1n a)a®
X
A2* = 2% Do = o
x + 1 1
Alogx=log———;—-—— DlnA—-J-{
_ Aux LUy _
Asinux—esin—é—cos(ux+—2—) D sinu=cosuDu
A au
Acosux=-2sin—-§sin(u +—--Z“) Dcosu=- sinuDdDu
2 X 2
s;:i.nAux 5
Atanux= D tan u = se¢ uDu

coOs u cos u
X X+]1

Differences of Sums, Products, and Quotients. The

difference of a sum of several functions is the sum of the

differences of the functions, i.e.,
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A(ux+vx+wx) = A u, «mvX +wa (20)

The difference of the product of two functions is given by

A(uX Vx) = Uyql Vyyq - Uy Yy (21)

This ecuation can be placed in the alternative forms

A (ux Vx) = Ay v A uy (22)

A (uX vx) = v, & ux+ux+lAvx (23)

Expansion of the differences in (22) and (23) will show
that both are equal to (21)., The similarities and dis-

similarities between (22) and (23) and the corresponding

d dv du
derivative — (uv) = u — + v — should be noted.
dx ax dx

A similar procedure for ux/vx gives

A— T - — (24)

Combining over a common denominator and adding and sub-
tracting u v, from the numerator ylelds
Uy VyAuy - uyAvy

A — = (25)

Vx \'2

x Tx+1
This corresponds to the derivative

d u v du/dx - udv/dx

—_ = (26)
dx v v2
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Reciprocal of Ay /Ax ., In the differential calculus,

frequent use is made of the fact that dx/dy is the reciprocal
of dy/dx. A similar relationship does not hold in the

finite calculus. This 1s due to the way the differences
Ay,/Ax and Axy/ Ay are defined, 1In either case, the
difference, Ax ordy, of the varilable serving as independent
variable 1s taken as constant and equal to unity. Thus

in one case A y =1 and in the other A Y4 is a variable

quantity depending upon A x, In general

Ay, # 1AX, (27)
Another useful relation of differential calculus,
d d d
— f(y) = — f(y) _Z similarly has no corresponding analog
ax dy dx

in the finite calculus., If the functions are of such a
nature that it is impossible to solve explicitly for the
dependent varlable, no general method for obtaining the
difference similar to the above method for derivatives
exlsts, Thus if

x =1 (y,) (28)

and it is impossible to solve for Yy in terms of simple

functions of x, the difference must be obtained as

(x41) = x = £ (y,,4) - £ (¥) (29)
whence
1 =1 (v, +oy, ) - £ () (30)
It is not possible to say x =_2 f (y)4&7Y
Ay AX
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Definition of the Operator E. The defining ecuation

for the first difference can be placed in the form

Y1 = Tx YAV, (31)
If A is treated as a symbol of ouantlty yy can be factored

~ive

P . -
in Zguation (31) to 2

¥

x+1 = (1 +8) yx (52)

The symbolic quantity (1 +A) is important and 1s defined

as E; thus

Vx4l = BV, (33)
BEquation (33) may be considered as the defining equation
for E. In words, E is that operator which increases the
independent variable by unity.
Repetitlion of the operation glves
] - g2 = 34
EEyy =EVy = Vxsp (34)
In general
n
E¥x = Txn (35)
- -
and LA S (36)
The operator E may act on an expliclt funection of x, thus
Ex = (x+1) (37)
and
-2 .
E "~ x = (x-2) (38)
Use of the Operators & and E, Solving for A in terms
of E yields
A=E -1 (39)
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The operators & and E may be treated exactly as algebrailc
quantities. As an example of the use of (39) the third
difference of y, will be obtained., Since A =E - 1

A%y, = (B-1)" g, = (E

Sy

- 3E® + 38 - 1) v,

™

>

- 3¥pa0 + SV,

P4

This is the same result obtained in Equation (5). In general
the nth difference of yx is given by

Aty = (E- 1)y (40)
This equation shows that the coefficients of the vzrious
terms in the expansion of A>nyx are the same as the binomial

coesfficients from the expansion (2-1)",
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FINITE L:dTEGRATION AND SUMMATION

Appendix Part II

Introduction. In the previous chapter, the differences

of various functions have been found. In this chapter the
inverse proecsss of finding a function whose difference is
known will be investigated, The inverse process, termed
finite integration or sumiation may be carried out in
several manners, While no general method exists for finding
the finite integral of a function, many simple forms may

be obtained by inspection,

Symbol of kinlte Integration. For the finite inte-

gration of f(x) the following notation is used:

f(x)A x (1)
The reasons for using T will appear subsecuently. The symbols
used in Equation (1) are guite similer to the differential
integration signgf(x)dx. For the usual casge in whichA x = 1,
Equation (1) becomes

Zf(x) (2)

For the present, Equation (2) will be referred to as the
finite integral or simply inteecral of f(x).

Constant of Finite Integration, If F(x) is the integral

indiceted by (2), then F(x) + C is also an integral if C
is such“ﬁuantity that A C = 0., Any constant satisfies this
condition, and, in addition, any function of x that takes
on the same value at x, x+1, x+2, etc., will also satisfy

the requirement that A C = 0. In general, functions with
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periodAx, i.,e., C{x+Ax) - C(x) = O may be treated as constants

s + = £ - C ‘-:.
integretion, If & x =1, then Cx+1 % Mus be zero,

Integration of Elementary Functions

Zzero. As the difference of a constant is zero, con-

versely the inteerral of zero is a constant.
20 = C ‘ (3)
Constant. By inspection it is appsarent that the

integral of the constant, a, is given by
Ta = ax + C (4)

FPactorial Powers, From Ecuation (11) of Part I of the

-1
tppendix, the difference of x(n) is nx(n ) thus

’

() _ X4

rx = ———— + ( (5)
n+l

Equation (5) holds for all values of n except n =-1. The

finite integration of 1/x has not heen carried out in terms

of simple functions, The quantity £(1/x) is termed the psi
function snd various tables of numerical values are available.66

Exponentials, From Eguation (12) of the previous

chapter A aX = (a-1)a™ and hence
X a®
ra’ = —— T+ c (6)

Sine. To obtain the sum of sin ax, note that Equation

(15d) of Part I of the Appendix zives oa placing u, = ax

a a +17
Asin ax = 2 sgin — sin (ax +

Integrating this equation as it stands gives
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T A sin ax = sin ax = 2 sin(a/é) T sin [ax + (a+ﬂ)/2} + C
The preceding equation can be placed in the form
) 1

£ sin {ax + (a+ﬂ)/%i = 2 oin (23] sin ax + C (7)

-

As it is £ sin ax that is desired, {(7) must be modified to

aive
1
Y sin ax = sin (ax - (a+M)/2| + C (8)
2 sin (a/2)
Cosine. A procedure similar to the above produces
1
L cos ax = E:os ax - (a+1'1)/2] + C (9)
2 sin (a/2)

In the preceding tricnometric functions, it is not necessary
that ax be in radian'. measure.
Summary of Integrals. 1In the following table a com-

parison of finite and differential intezrals is given.

0 = C go dx = C
fa = ax + C gadx =ax + C
Zx(n)z x(n+1)/(n+1) + C gxndx = xn+1/(n+l) + C
ra* = aX/(a-1) + ¢ gaxdx =a*/ln a +C
1 a+T -1
£ sin ax = ~—————g sin (ax - —_—) gsin ax dx = — ¢08 ax + C
2 sin _ 2 a
2
1 a+Tr 1
L cos8s ax = — cos (ax - —) Sfos ax dx =— sin ax + C
2 sin 3 2 a

integrals of Sums and Products. The integration of the

sum of several functions is the sum of the integrals of the

functions,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



155 L]

Z(u, + v+ wx) = Iu, +va + Iw, +C (10)

The intecral of a constant times a function is the

product of the constant and the integral of the funection.
Ta u = a)’:uX + C (11)
Summation

In the first part of this chapter it has been demon-
strated that it is sometimes possible to obtain a funetion
whose difference is known by a process that is the inverse
of differencing. ‘he method has been termed finite inte-
gration. It will now be shown that the desired answer may
be obtained as the sum of a serles.

To discover a means for finding Yy from the equation

AYyx = ug, place the équation in the following form:

yX+1 = yx = ux (lza)

As this equation holds for any valus of x, consider the

equations
yx - yx-l = uX-l (12b)
Tx-1 = Tx-g = Ux_2 (122)
To+2 = Ja41 = Ha41 (12d)
ya+1 - Ya = u.a (126)

If these equations are added, the left hand side telescopes

into y, - yg and
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Vx = Ta t g * Ugq3 + eeee ¥ Ux o + Uz (13a)
X-1
= i uX + y’a (100)

to test (13b) to see if it is =ruly the desired solution,

olace (13b) in Eouation (1Ra). 1I1f y, = C, then

Y41 S C + g + eevs +uy o+ ux g + Uy

Iy = C+uy + «o00 + Uz + uyx.y

by subtracting y, from y,,q there results Ay, = uxg and,
thus, it is definitely shown that Ecuations (13) represent
the required solutlon., In general the constant C is un-

necessary and will he omitted leaving

xX-1

V. = § u, (14)

Equation (14) states that T, 1s glven by a sum on u

starting at some fixed lower limit and ending at the upper

limit, x-1. It is impossible for the upper 1limit to be x

instead of x-l1l. 1In Equation (14) x and a must both be
integral,

From the results of this section, it is apparent that
L is descriptive of the operation carried out. Symbols
suggested by other authors are A%, P-l, and S.

Connection between Summation and Finits Integration.

As two differént methods have yielded two different solutions
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to A I = Uy these solutions must be equivalent. Because
of this it is possible to obtain values for the sum of a
finite number of terms for many differsnt seriss. If the

integral of Uy, obtained by the inverse process is F(x), then

-
Sl

§ u, = F(x) +C (15)

The constant C i1s determined by the value of the lower
1iw1it a on the sum, If 1t is desired to 1include uX a s* the
last term in the summatlon instead of Uyp_1 in (4), then x

must be replaced by x + 1 giving

X
Yu, = F(x+l) + C (16)
a

Summatlion of Factorials, If the general term of a

series is of a form that 1s directly integrable by the
mathods presented in Chapter III, the sum may be readily
found. Consider the sum of an arithmetic series

8% =1 +2+3+ ..., +X (17)

The general term is x and integration gives

x-1 %x(x-1)
IX=LX+C =——— +( (18)
1 2

The right hand member gives the value of the sum of the
first x-1 terms if C 139 properly evaluated. In order to
include the x(th) term, 1t is necessary to change the limit

on the sum from x-1 to x as indicated in Equation (i8).
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This glives
(x+1)(x)
X =z ——————— + C (19)
2

145}
i
MM

To evaluate C, a value of x mmust be substituted. Let x =1,

then

[
[AV)

and ¢ = 0, If x = 2 is substituted, the equation becomes

3 =34+ C., Thus

2 (20)

Many other series with factorials for the general term can
be evaluatsd in a similar manner,

Sumnation of Exponentials, Geometric series actually

consist of exponential terms in the form a*. The sum of

2° + 2l + 2% 4 23 ..+ 2" may be obtained by integrating

2x, thus

1+24+4+8,,,2%1 =5 2% +¢ (21)
0

In order to include the x(th) term, replece x by x + 1,
then

1+2+4+ ,.,.+2°=x2%=02 +C (22)
To evaluate C, let x = 0. Then 1 =2 + C and ¢ = -1. Thus
X
2 -1 =z3 2% (23)
0 .

Craphical Interpretation of the Sum. A graphical

picture of the sum as presented in Eguation (14) is of
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interest in comparison with graphical differential integra-

tion. .Just as a differsntiel intesral can be represented
&s the area under a continuous
curve so can a finlte integral
be represented as the area
under a stepwise curve. 1In

[ ] Figure 1, a plot of stk vs X

X3 1s shown. As indicated by

Eguation (14), the sum of Axyx

- or uy from 1 to x-1 1s a
V1 oure - solution for yx. As each rec-
tangle in Figure 2 has an area
equal to the corresponding term in Equation (3), Yy is given
by the area under the stepwise curve shown. It should be

noted that in order to include Uy 19 it 1s necessary to

draw the curve up to x.

The Definite Sum

The finlte integration formulas previously presented
have been indefinite intesrals in the sense that the value
of the constant is arbitrary and the variable is not fixed.
If 1limits of integration or summation ars placed upon the
fanctlion, 1t becomes possible to dispense with the arhitrary
constant, 1In Equatlon (14) the limits on the sum correspond
to a deflnite integral with a variable upper limit. The

definite sum 1s defined by the followving three equations
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b
Tugx = ug + «see T Up a<db (24a)
a
b
L u, = Uy a=> (24Dp)
a
b
T U = -Uy = ... = Uy a>b (24c)
a

Connection between Definite and Indefinite Sums. If

the indefinite interration of U, produces F(x), then

x-1
Tu =Fx)+C= I uy (25)
p
where p is a fixed lower 1imit., If it is desired that the
upper limit equal b, it is necessary to place x = (b + 1)

wherever it occurs in (25). Thus

b
F(b+l) + C = T u, = Uyt Upig Foavee F U F UG Foaees gy
p
(26)
Now consider the same integral with the upper limit equal
to (a-1), then
a-1
Fla) +C = T wup =uy +Upyy + eeee + U 3 (27)
p
Subtracting (27) from (26) cives
b
§ u, = F(b+l) - Fla) = uy + ... + uy (28)

t 18 of utmost importance to notlice that the upper 1limit

to be substituted in the integrated form is b+l and not b.

The following notation will be employed for convenience
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b - b+1
T uy = F(x)J = F(b+l) - F(a) b2>a (29)
a a -

Because of the definitions in (24a,b,c), Ecuation (29)

is valid only when b 2> a, If b < a, then
b
Tux = -Z ux = = [F(a+l) - F(b) (30)
a b

Rearranging (30) gives

b
T ux = F(b) - Fla+l) b< a (31)
a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



160.

DI FFERENCE EQUATIONS

Appendix Part III

A difference equabion,8’53’66’68’70’81’89’91 involves
a relationship of diﬁferences,ésyx,szyx and the variables
x and y. The order of an eqgustion is ecual to the order
of the highest difference involved while the degree is the
powsr to which the highest difference is raised. The problem
encountersed 1s, given a difference equation of the form (1)
F(X,54,0F% 000 ) =0 (1)
to obtain a complete primitive, It is obvious that (1)
can be expressed in another form in which the differences
are replaced.by successive values of the dependent variable
Tx» yx+1, oo
(X, Jxs Tgqyps vo¢ ) =0 (2)
As an example of the genesis of a difference equation,
consgsider the primitive
y=Ca” (3)
where C 1s an arbitrary constant and a some fixed number.
To obtalin the difference ecuation for (3), it is necessary
to difference (3) with respect to x
Ay, =C (a - 1) aX (4)
and then eliminate C between (3) and (4) to obtain (5)
which is free of the arbitrary constant
Dy, =(a-1) 7y, (5)

Where two arbltrary constants are involved, it is necessary
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to obtain another equation involving the second difference
in order that both constants can be eliminated. In general
an nth order equation results from the elimination of n
arbitrary constants from a complete primitive. It 1s the
objective of this chapter to present methods for solving
difference equations similar to (5) in order to obtain the
primitives such as (3).

The Linear Difference Equation of rFirst Order. An

equation in which the dependent variable and the various
differences occur only in the first degree is called linear.
The linear equatlon may be expressed in either the form (1)
or (2). While both forms are employed, the latter is
generally more useful. 'the complete linear equation of
the first order has the form
Yx+41 — Px Tx = Q4 Px-}/O (6)

The general solutlon of this equation 1s that function
of x containing one arbitrary constant which when substituted
in (6) produces the identity Qx = Qx' The general solutionzg’89
consists of the sum of the general solution of the reduced

equation

Vx4l = Px¥x =0 » (7]

and any particular solution of the complete Equation (6).
To show this, let u, be the general solution of the reduced
equation, i.e,, contalns an arbitrary constant in addition

to satisfying (7), and let cy be a particular solution of
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the completse solution,

If it cen be shown that Ix = uy +cg is a solution
of (6), then that is sufficient for it to be the general
solution bhecruse the reneral solution is any solution con-
taining an arbitrary constant such as u, contains, Sub-
slitubting yy, = uy + c, in {8) yisids

Y. - Py =(u

x+1 xYx x+1 qux) * (cx+1 - chx)

The quantity (uyi; - Px%) equals zero by definition, and
(cx+1 - chx) equals Qx' Hence, ux + cx is the general
solution of (6).

To obtain the azctual form of the solution of (6)

first consider the reduced equation
Yx+1 - Px¥yx = 0

and as this ecuation holds true for all values of x
Ix = Px-l Ix-1

Yx-1 = Fx_g Vx-2

"ultiplying all these ecuatlons together and eliminating

yl! yz, oo Yx_l E.'iVGS

x-1

162‘

(9a)

(9v)

(10)

where TU Py =P.Py .... Fy ; and y = C. This may then be

0]
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viewed as the solution of the reduced ecuation where Yo
is simply some arbitrary constant. 1If Py is constant, the
solution is Ve = ¢ p*,
The solution of (8) may also be determined by first

teking logarithms and placing in the form

108 Jx41 - l0g yx = log Py (11)
Letting u, = log y,, Eouation (11) becomes

Au:‘c = log P, (12)

and the solution is obtainable when (12) is summable.

Equation (12) is ecuivalent to

L log,P
¥x = C a catx o C ¥ log Px (13)

which is the same as (10).
To obtaln a particular solution of (6), let ¢ become

an arbitrary function ¢, in (10), then substitution in (6)

produces
X xX-1
cx+1\no— Py - Pxeyx t; Py = Qx (14)
x=-1 X
As P, TV P_=T1TP
x X o X
Qx
Con = C. = (15)
x+1 x T3
TP
5 X
Summation of (62) gives
x-1
c, = I Ox (1s8)
0 X
ﬂ'Px
0
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and the particular sclution 1s

x-1 x-1

y,= W P, £
X0 * o

X

o:@xl‘o
T P

The general solution of the first order linear eguation

become s

X X

xX-1 x=-1 X1l /x
y,=c¢ T P_+ YT P_ T [Q TFP] (17)
x 0 0 o L%o %

If P and  are constants, Ecuation (17) becomes

x-1 -X

X-1_ o p¥iqp TP (18a)

Tx c Px + PX rqQeP

¢ P* + Q/(1-P) (18b)

The Linear Equation with Constant Coefficients., The

general linear equation of nth order has the form

i=n

ifb Py ¥x+1 = Ox Py # 0 (19)

where 3 represents a sum on i from O to n and is used to
avoid confusion with T which represents the inverse operation
of A, The terms Py are a series of unrelated constants
with P, = 1. The general second order equation of the form
of (19) is

Ix+2 * P1V¥x41 * Po¥x = & (20)

The terms in Ecuation (19) involving Yx+j may be re-
placed by Eiyx, thus (19) becomnes
i=n 3

S P,Ey, =Q 21
i=0 i X X ( )
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As ¥, is cormon to all the terms on the left of (21), it

can be factored out to give

£(E)y, = O, (22)
where
i=n i
f(E) = S PiE (23)
i=0

The function f(E) is a rational and integral function of

E of degree n and can be factored into n factors of the
form (E-ri) where the constants, ry, are roots of the
auxilliary equation f(r) = 0. Thus f(E) can be broken down
as follows:

n
£(E) =Y (E-2;) (24)
1

1y

jsare not necessarily real or distinct,

Equation (19) becomes

where all the r

(25)

— Ao

(E'ri) yX = QX

In & manner analogous to that used for the first
order linear eguation, it can be shown that the general
solution of (25) consists of the general solution of the
reduced equation plus any particular solution of the com-
plete equation. The general solution of the reduced
equation is a linear combination of n linearly independent
solutions.35

To explicitly solve (25), it is first necessary to

obtain the linearly independent solutions of the reduced
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pouetion. OConsider the c2se in which the roots of f(x) = 0

are all real and unequal, then the reduced form of (25) is

By first consideriag the solution of

(E-ry) y. =0 (27)
it is possible to obtain a set of linearly independent
solutions, If the solution to (27) is obtained, it will
also be a solution of (26) because further operations of the
factors, (E-rl) (E-rz) etc. on (E-ry) ¥x = O will still be
zero. From Eguation (18b) it is seen that the solution of

. - . X
(27) is y = r;".

As r; can be any of the n roots, there
are obviously n solutions of the form rix. fhese solutions
form a fundamental set since Casorati's determinant vanishes

for finite x. Hence the general solution of (26) is
n
Vg = i Cy ry (28)

Should any of the roots be repeated, it is necessary
to consider

(E-r)"y =0 (29)

where r 1s repeated m times. To solve this it should be
noted that

(E - r)m yx - rx+mAm (r-X yx) =0 (30)

Hence
1 X
)

Vg =(0g #Cy X+ eou Cpg X0 7)1 (31)

Should the roots be complex, the solution ziven in
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Bquation (28) is best modified by changinz the exponentials
to sines end cosines., Consider a pair of roots of the

form (d:j P i), If the roots are placed in polar form, then

i -iex
oy (4B 4oy (a- P =0 7™ 4oy )

(32a)
2 2

where r2 = A +-@ and tan @ = @/& . Expanding (32a) gives

cq rxelgX + C, rx e-lGX = rx (A sin 6x+B cos 6x) (32v)

where A = ¢, + Cy and B = i(c., -~ ¢ If the roots are re-

1 1 2)'
prated m times, A must be replaced by (Ao + Ax + A2x2 + .0

m-1
Am-l X

) and B by a slmilar term.

Having obtalned the general solution of the reduced
equation, it is then necessary to obtaln a particular
solution of the complete eguation. With certain forms of

Q, & particular solution is easlily obtainable while with

others it i1s net., If Q is constant, 1t is auparent that

n n
y = Q/ S P = cons't S P % 0] (35)

is a solution for substitution of this valus of v, in (25)
produces an identity, Special methods for obtaining
particular solutions will be considered after the solutions
of several equations have besn taken up.
Example 1. Vet + Syx_l + 2yx =12
4

First step; FPlace the reduced eqguation 1In standard E form

2

(B” + 3B + 2) Jx =0
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Second step: ind the roots of the auxilliary equation

r2 + 3r + 2 =0

These roots are -1, and -2,
Third step; Factor the ecuation to obtailn
(E + 1) (E + 2) ¥ =0

Fourth step; The general solution of the reduced eguation

is a linear combination of (-1)x and (-2)x. Thus

7y (reduced) = ¢;(-1)" + ¢y (-2)*
Fifth step; To find a particular solution of the
complete equation, let Yy be a constant. Then
Vx = ¥x41 = Tx4g = K and
K + 3K + 2K = 12
K=6"
The general solution of the complete equation is
Yo = ¢y (-1)* + c2(-2)x + 6
Example 2. Consider a case in which there are repeated

real roots,
V43 * Vxeg *+ 3yx+1 t¥x =0

Flacing this equation in standard E form gives

3 2 - 3 .
(B¥Y + 3" + 3E + 1) Y = (E + 1) Y = O
The solution is
— 2 X
Y, = (c1 +e, + ¢z X Y(-1)

Example 5. Consider an equation having imaginary roots.

Placing in standerd E form gives
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(B +28 - 2) y, =(BE+1-1)(BE+1+1) yg=0

The modulus of the complex number (1+1) is d 2 and the
argument is © = tan™> 1 =T/4. Thus the solution is
2
y = zx/ [A sin (Tx/4) + B cos (Trx/4)1

Particular Solutions. In the previous section the

solution of the reducsed linear equation with constant
coefficients has been considered in detall. To obtain the
complete sclution, it is necessary to find a particular
solution of the complete equation, Several methods for
obtaining particular solutions will now be presented. The
methods are analogous to those used in differential eguations.

Undetermined Coefficients. This method will work

whenever successive differencing of the right hand member
of the complete equation eventually causes repetition of
the form of the function without rezard to the constant
multiplier, Examples of functions which are amenable to

treatment by thlis method are

Function Differences (disregarding constants)
1st 2nd ard
a2 a”
x(z) X 1 0
sinT x cos'Tx sin Tx

On the other hand los x, 1/x, and x" where n is not integral
cannot be treated by the method of undetermined coerficients.
Two examples will be taken up to show the mechanism

of the method. In the first case, no function on the right
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hand side corresponds to any part of the general solution

of the reduced solution. Thus consider the eoquation

- L(2) X
Tx41 = x =X + 3

The reduced solution is ¢2*., To obtain a particular solution,

form a table of the functions on the right hand side and

all differences having different function form. Thus

Function Difference
1st 2nd Srd
3x 3%
x(g) X 1 0

There are four diiferent functions in the table, and a
particular solution of the form

Bx(z) + Cx + D(1)

Ve = A3 +
will be assumed in which the undetermined coefficients A4,
B, C, and D must be found. Placing this equation in the

original difference ecquation gives

as® 4 B(xe1) ®) 4 o(x+1) + D - 283% - 28x %) 20x - 2D = x(2)4 3%

Equating coefficients of 1like terms gives

3% 3A - 24 =1

x2: B-2B=1

x B4+C+2B-20=-1°%
constant terms - D+C-2D=0 Z

1, B=-1, C =-2, D = -2,

Solving these equations gives A

The complete solution is
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yx=C2x+3x-X\2)-2x-2

In the second type, a function on the right 1s of the
same form as part of the reduced solution. In this casse,
all the functions and thelr differences appearing on the
right hand side thet are the same as any part of the reduced
solution must be multiplied by the least power of x that

wlll make them different. “Thus suppose x(z)

(3)

were a solution

(3)

and the term x appeared on the right. Then x and the

2
successive differences x( ), x and 1 would have to be

multiplied by x°

in order that no part of the particular
solution would be the same as the reduced solution,

Consider
x
yx+l - 2yx =2
The reduced solution is C2X and the particular solution is

Ax2X, 7o find A, substitute in the difference equation
A(x+1)2x+l - 2ax2®

Dividing out 2%

2A(x+1) - 2Ax

"
[

A=1/2
The complete solution 1s
v, = C2% +1/2

Symbollc iethods, Symbolic methods may be employed

when Q has the form r.a* ir r, 1s a rational and integral

function of x. Consider Equation (22) with Q = xa®, then
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1 x
= xa 34
v, 5] (34)
It can be shown that
1
v = &t x (35)
f(axr)

n
Breaking f(aE) =1T (aE-ri) into partial fractions gives

1 c
y Zax + 2 +..-.]X (56)

ar =- rl alk - r2

Consider a typlcal factor

Ci _ Ci 1
— X T X (37)
aE - 1y a - 1 1+an/f(a-r;)
Expanding
22
c A a“A
NCHNRN N
ag - ry a - r, & - r; (a - ri)2
(38)
(‘-ix
= — (39)
a - Ty

Thus the particular solution is

n
_ X
J, =% 2 fci/(a - ry) (40)

Riccati Difference Eaguation. The Riccati difference

gocuation with constant coefficients arises sufficlently

often to deserve spacial attention, It has the general

form

Vi1 Ix + Ayx+1 + Byx +D =0 (41)
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This eouation can be recuced to a linear equation of the

— = % and

Ux

choosing k so that the constant term in the new equation

first order by meking the substitution y, =

drops out. It cuan also be solved by making the substitution

Vx+]
Y = X - A which changes 1t to a second order linear
VT
equation., Making the first substitution givés
ool i -k | +a4 1 -k}-&B}_-k +D =0
u u ’ u
x+1 X x+l x
J (42)
Chooss k such that
¥? (A +B)k+D=0 (43)
Then
1 + Ak , Bk - o (44a)
Uzt 1 Yy U+l Ux
and
A-k 1  (44p)
u + o— = ——
X+l Bk Ux Bk
"hs zgeneral solution of this equation 1s
k-] * 1
Uy = C |— + (45)
B-k A+B - 2k
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GRAPHICAL SOLUTIONS OF DIFFYERENCE EQUATIONS

Appendix Part IV

Those difference equations that cannot be solved
analytically reguire graphical solutions., In some practical
cases where involved calculations to a considerable degree
of accuracy must be made in analytical formulas, graphical
methods may permit of shorter solutions. In general all
the difference equations that arise may be solved by graphil-
cal methods or by stepwise calculations, Solutions of

various types of ecguations will be considered.
67

A. Equations SE the Form yy,3 - Pyy = Q

Case 1, P and Q Constant., Although this equation can

be solved analytically, the sraphical solution will also be

T considered, In Figure 1, the
stralght 1line V1 = Pyx + Q,
termed the operating line, and

(0.3 Gy a 45° line through the origin

(550 N are constructed. The points
)

lying on the operating line are

(v,5 ¥1)s (71, ¥p), ote. vhile

the polnts (yy, ¥1), (g, ¥5), «v.
(yx, yx) 1ie on the 45° line.

A horizontal line drawn from (yo, ¥1) intersects the 45°

line at (yl, yl). Then having y,, 1t 1s possible to obtain

Yo from the operating line. This process can be continued
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until the desired value of Tx is reached., The value of x
is determined by the number of points on the 450 line,

Case 2, P and Q runctions of yy. qy4 solutionl of this

——s — ——

equation differs from the sclution of the previous equation
only in that the operating line
is no longer straight. It is
obtained from the equation

Yrep = Pyg)ye + Qlyg) (1)
Jo To find values for plotting the
operating line, different

values of v, are chosen and the

corresponding values of V41

are computed from the equation

of the operating line.

Case 3, P and Q Functions of yy4q. This case is

——— —

treatequraphically in exactly the same manner as ths
previous case. In obtzlining points for the operating line,

i1t is necessary to solve for Ty to obtain

Yy = [yx+1 - yx+1>] /2( 400 (2)
Values of y, 1 &re chosen first and the corresponding values
of Ty computed.

Case 4, P and Q Functions of x. To solve this typ936

—_2

of equation it is neces=ary to construct a series of operating
lines corresponding to x =0, 1, 2, 3, etc. In Figure 3,

the following operating lines are shown
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STTLL, T A x4l Po Tx * % (3a)
f;; Ter1 SF1 Tx + (3p)
a
- ;5?;/g9 coens
%A 41 = Py xS (3c)
} where PO is the value of P
L~
4 computed for x = 0. If y_ is
- known, y, cen be found on the

. ; x = 0 operating line. Then
| | after obtalning (yl, yl) on the
450 line, the value of Vo is found on the x = 1 operating
line and so on until the desired Vx 1s reached. Sometimes
in practice these operating lines all emanate from a single
point which makes their construction relatively simple.

Case 5, P and Q Functions of x and y,. If P and Q

—— — " —— et

are fuanctions of Yo or ¥ in &dditlion to x, the operating

x+1
lines of the previous case will all be curved and individually

treated as the operating lines in Case 2 and 3,

Case 6, P and Q Functions of x, Yy and Yx+le If it

— — —— ——

is not possible to reduce this type to one of the previous
cases, the only alternative is to solve the equation by
trial and error in a stepwise manner. This case is seldom
encountered in practics.

B, Summation of Ayx

A ——————————— —— e ——

Case 1, Ay, = f(x). If it is not possible to integrate

the function directly, ¥, can be obtained in two ways,
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e . - - _ < s N
First,& y, can be replaced by Tx41 v, and the equation
placed in the form

yX""‘l = yx=f(X) (4’)

This eouation falls under Case 4 of the previous section with
P=1and §@ = f(x). Sscond, the methods for summation from

Part II of the Appendix may be used, thus

X+1
Ty = g £(x) (5)

This summation can be carried out by actual addition of
f(o) + £f(1) + «... + £(x-1) to obtain Vo

Case 2, Ay, = f(y.). This ecuation reduces to Cass 2

of the previous section

Case 3, A¥x = f((X 4 ¥4). This equation reduces to

Case 5 of the precious section if Any 1s replaced by

Ix+1 = Ix*
‘ C. The Riccati Equation

At the close of the last chapter, it was indicated
that the Riccati souation
T Ix41 * B Tgyy *BYx +D =0 (8)
where A, B, and D are constants, was of considerable im-
portance and analytical solutions were given. Various
ways for solving Eguation (6) sraphically will be considered.
dethod 1. Ecuation (6) can be placed in the form

B D
yx:'-
A+yx A+yx

+

Yx+1 (7)
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The solution of this ecuatioa fells under the classification
of Case 2 in 3ection A,

#ethod 2. 1In rthe previous chapter two diff'erent
substitutions wers employed for reducing the Riccatl equation
to a linear form., The first substitution, which produced
a first order equation, is especially well adapted to

rraphical calculations, ‘Thus, making the substitution

1
Uy = —— (8)
Yx - K
where k is siven by
2k = - (A+B) ¥ d (A+B)2 - 4D (9)

This value of k represents the intersection of the operating
line from (7) and +he 45° line. The substitution of (8)

in (6) leads to

k+A
Uygyp + —— U, = - 1/(k+B) (10)
k+B
or
1 + k+A 1 - _1 (11)
Yx+1 - K k+B y,-k k+B

Thus if 1/(yx+1 - k) is plotted against 1/(y - k), a
solution can be obtained according t¢ the method of Case 1
in Section A,

Method 3. Solving for y in (6) glves

X+1

Yx+1 = = (Byy + D)/(y, + &) (12)
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Dividing the denominator .into the numerator ylelds

Ygqp = (8B = D)y, + A) - B (13)

Adding A to each side

Veqp t A= (4B - D)/(y, + A) + (A - B) (14)

In Figure 44, the gzraphical solution of this ecuation is
indicated for AB - D 0. The stralght line rspresents a
plot of (y,,q + A) vs 1/(yx + A) while the rectangular

hyperbola represents a plot of (y + A) vs 1/(y + 4).

N e .
; ~ S ey

(1/u,, 4 (4o, {ug
- U’u‘l“‘h T
U ':—l
e ¥
b . .
2l N » (009
- 1
¥ W
o .
< v
~ -
{u M, (u‘O ‘/”‘D " e ,
— U, H) g — u/u,,)uq
(&, 4 {4
A i { +\ e et s
= Ly GEl Ly ra)
A - -
S Soure 4D

1f y, is known 1/(yo + A) can be calculated and y, A
obtained from the straight line plot at point P. Knowing
¥y + A, the reciprocal 1/(y; + A) can be found on the
hyperbola at Q. Proceeding in a stepwise manner, it is
possible to obtain the successive valuss of Yx- In Figure
B, the solution 1s shown for the case in which the slope
of the operating line is positive. The order of the steps

taken are indicated by 1, 2, 3, stc,
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Method 4. If D is zero the equation can be placed
in a form which falls under Case 1 of Section A. Dividing

throush (6) by (Byx yx+1) and assuming D = 0 zives

1
Y.

- v e
i A

]

(15)

+
W ke
‘4"’“
w I+

This equation 1s linear in 1/yx and can be solved by the
methods previously developsd.

-Pv':Q

=
D. Egquations of the Form Uyppq x

PR —

Equations of this form involve the :hree variables,
u, v, and x, pefore a solution for u and v in terms of x
can be obtained, it 1s necessary to have a relationship

hetween u and v, If u is a
GRAPHTOLL O21ITLON

[ RN
meTiy Y ™A TIT T
T8 VARTABLES

function of v as indicated in
Fizure 5, and the straight

line u - Pv = Q is plotted

assuning P and Q to be constant,

1 {(Vo,ud a stepwlise solutlon for u and
v in terms of x can be obtained.

The points (u;,vq), (uy, v2) cee

v (ux,vx) lie on the curve u = f£(v)
Flgure 5 while the points (uy,v,),
(uz,vl), “se (ux+1,vx) lie on
the stralght operating line. If v, is known, the point
(ul,vo) i1s obtained from the operating line. Having W, v

is found on the curve u = f(v)., With vy, Up may be found
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and so on until the desired values of u and v are obtained.
The value of x is glven by the number of points on the
curve u = f(v).

If P end Q are not constant, the operating line is
curved and may be obtained by the methods given in Section 4.

E. Second Order Equatlons

Whereas the filrst order equations generally require
one operating line, higher order equations require morse
than one operating line 1if solved according to the methods
presented in this section. The second order equation to
be considered may be placed in the linear form

Ygpo P P Ty T 2 V¢ =R (15)

wher> P, Q, and R may be constants or functions of x and Yy
In Figure 6, the graphical solution of this equation for
constant P, Q, and R is illustrated. 1In order to solve a
second order equation for a
particular case, it is necessary
to have two known values of Ty
such as 75 and Yy In Figure 8,

the lines, (R - Qy) represented

. y, by AC, the 45 degree line, and

X+2 v 4

2 third line R - (Q + P)y

represented by AB have been con- -

structed, The difference
oure 6 between the lines AB and AC is

Py corresponding to the sscond
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term in Equation (16). ﬁith Y, the point (-Qy, + R) is
located on line AC at (1). 7he line (2-2) corresponding

to (-Pyl) is added to (-Qy, + R) by drawing a line parallel
to AC from (2) to (3). The ordinate of point (3) is

(R - Q¥y - Pyp = y5). Uith Yo and J1s» ¥z may be found in

a similar manner, GContinuing this construction, the relation
between y, and x may be obtained.

If p, Q, and R are not constant the lines AB and AC
become curves, A discussion of the various cases which
might arise would simply be an extension of the methods
presented under Sechion A,

F, Third drder Equatlons

The methods developed 1n Section E can be employed
for solving higher order ecustions of the same general type.
Consider the equation

Vx+3 * P¥gip * @Wxiq * B¥y =8 (17)

in which P, Q, R, and S are
constants. Suppose that or Y1

and Yo are known values located

as indicated in Figurs 7. According
to the way in which the lines

are drawn @ and R are negative

while P and S are positive. To

obtain Ye43 &8 glven by Equation

yxsyx~;9§x~2 (17), the distances (1-1) and

e L ea. I
Saare o
(=

(2-2) are added to give (1-3)

and then (44) is subtracted to
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zive point 5 whose ordinate 1is Vae Contlnuation of this

process will yield successive values of Vyr
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NUMERICAL EXAMFLES

Appendix Part V

In order to illustrate the principles that have been
presented in this dissertation, representative numerical
sxamples will be preseanted, The followling 1ist contains a
description of the problems to be presented with references

to the mathematical principles presented:

Prob. Type Page Mathematical Type Page
No.
1 Cocurrent ex- 27 Linear equation, const. 164
traction coef,
2 Countercurrent 63 on-linear equation, 175
wa shing with ver- graphical solution
iable solvent
ratio
3 Gas absorption, 84 Linear Equation, const. 164
applications of coef.
H.E.T.P,
4 Binary fraction-~ 101 Non-linear equation, 178
ation, variable graphical solution
reflux ratio
S Binary fraction-110 Ricecatl ecuation, 177
ation, constant graphical solution
relative volatil-
ity
Problem 1
Statement: A solution containing 0,15 pound of acetic

acid per pound of water is to be treated with isopropyl

ether which is nearly immiscible with water for removal cf

the acid at 20°C.

tration is to be reduced to 0.05 pound per pound of water,
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calecunlate +the following:

1. .inimum amoant of solvent required per pound
of original solution

2. TNumber of stages recuired with an amount of
solvent 40% greater than the minimum

35, Relstive efficiency

4, Overall efficiency

The following phase data are available:z9

Lbs. acid/1b. water, x 0.0197 0.0398 0.,0827 0.1290 0.1790

Ibs. acid/lb. ether, y 0.00493 0.0103 0,0227 0.0379 0.05658
While the problem can be solved grephically, an analytical

calculation based upon a constant valus of the distribution

coefficient 1s sufficiently accurate. As determined by the

above data, k equals 0.289 lbs, acid/lb. water/lbs. acid/lb.

ether,

Part 1. The minimum amount of solvent will be used

when the final concentration coincides with the minimum
concentration given in Equation (24) Chapter III. Solving
for the overall solvent ratio, A, with Yo = 0, ylelds
A= (1/H) 1n (xo/xi)
= (1/0.289) 1n (0.15/0.005) = 11.78
This represents the pounds of ether required per pound of
water. The pounds of ether per pound of original solution
is given by A
A' = (0.85)(11.78) = 10.0
Part 2. As 40% sreater than the minimum is to be

employed and this solvent is to be divided equally between
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N stagses

From Equation (8), with y, =0

N

log (x4 /%y)/log (ak + 1)
lor (30)/log (6.28%a + 1)

Solving these two ecuatioans simultaneously for N ylelds a
value betwsen 5 and 6, and as N must be integral, a value
of 5 will be used., 'This reoculres a readjustment of a, 4,
and A' which gives 3.37, 16.85, and 14.32, respectively.

The relative efficiency can be calculated or more
easily obtained from Figure 10, Chapter III, which yields
Eg = .977.

The overall efficiency based upon Equation (29),

Chapter III, becomes

® (%5 = xyg)/x, =1 - 0.005/0.15

N

.967

Problem 280

Statement: One ton per hour of meal containing 800
pounds of oll and 50 pounds of benzene 1s to be washed in
a countercurrent process with 1310 pounds of benzene con-
taining 20 pounds of o0il, The meal 1s to leave the process
containing 120 pounds of oil per ton of meal after the
benzene is distilled. The benzene retalned by the meal
varies with the solvent ratio as follows:so
Lbs. 0il/1b. benzene, x O 0.111 0.250 0.427 0.667 1.000

Lbs. benzene/lb.meal, b 0.5 0.505 0.515 0.530 0,550 0.571
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Lbs. 0il/1b. benzene, x 1.500 2,333

Lbs. benzene/ 1b. meal, b 0.595 0.620

Calculate the followlng:
1. Concentration of excract

2. Concentration of liguid adhering to meal
removed from process

&, umber of stages.

A schematic dlagram of the process is shown on Figure

1. To obtain answers to parts 1 and 2, 1t is necessary to
write severazl material halances.

QOverall solute balance

Based upon one pound of meal

0.40 + 0.01

0.06 + wlxl

wlxl = .35
Overall solvent balance

0.025 + 0,655 = Wy + by
By obtaining by, Wy and X, can be found, The cuantity,
bN’ may be obtained from the plot of bx vs x on Figure 1.
As byxy = 0.06, %y = 0.136 and b = 0,443, This gives
W, = 0.237 and %7 = 0.148, The values of Xq and Xy are

N
the regquired values for parts 1 and 2.

To obtain the number of stages, the proper values are

substituted for w_, by, xy, and y, in Equation(7l), Chapter III.

This yields
b, 0.05

= — %, .
T+l T o218 B b+ 0.212
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This equation coupled with the b-x date 1s sufficient for
construction of the rraph of the operating line in Figure 1.
Starting the stepping off process at Xy, continuing to xy,
produces three points on the equilibrium curve. Adding

one to thls for the first stage gives a total of four units
reguired for the separation.

Problem §

An ammonia-air mixture containing 6% ammonia by weight
is to be scrubted in a packed tower with pure water. The
tower handles 2220 1bs./hour of gas and operates iso-
thermally. ‘The following information is available:

1. Water rate = 400 1bs./(hr.)(sqg.ft.)

2, ‘Tower dlameter = 2 ft.

3. 99.67 of ammonia to be removed

4, Eouilibrium data expressed by y = O.OO4’7x4
where y = 1lbs. NHz/lb. alir, and x = 1bs.

HHS/lb . water
5. H.E,T.P. =9 f¢t.
Based on these conditions, calculate the required tower
heizght.

In order to calculate the number of theoretical
plates, it is necessary to obtaln the cuantities x,, x,
Yo» YN, L, and G as defined in Chapter IV.

The inlet concentration Yo is given by

Y, = -06/.94 = 0.0638 1bs. NHz/lb. air

The exlt concentration is

¥y = (1 - 0.996)(0.0638) = 0.000255 1lbs. NHz/lb. air
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The exit liguid concentration can be obtained from
a meterial balance. Thus

XN = (G/L)(yo - yN)

(2220/400 )(0.996)(0.0639) = 0.111 1bs.
NHz/lb. water

From Eouation (22), Chapter IV

loz 0,000255/ (0.0638 - (o.oo47)(o.111ﬂ

log {0.0047)(2200) /400
= 1.145 |
Therefore the required heilsht is given by
h = (1.145)(9) = 10.32 ft.

Problem 4

An ethanol-water mixture containing 20j% by weight of
ethanol is to be fractionated into an overhead product and
bottoms containing 85% and 1% by weight respectively of
ethanol. Assuming that the feed 1s at its boiling point,
the reflux is returned =zt its boiling point, the vapor
rising from the pot 1s saturated, and that the molar latent
heats are not conscsnt, calculate the number of plates
requlred for the separation, "he reflux ratio at the top
of the column is to be 2 pounds of reflux per pound of product.
Neglecting all heat effects except the latent heats,
Equations (19) and (20) of Chapter V and the grsphical
methods presented for the solution of these equations can
be used. The eocuations for the enriching and exhausting

sections become
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Xn =
854 - hn+1
854y, + 0.0341h
*m+1 =

854 + 3.41
In the first ecueticn for the operating line in the enriching

i of is assumed and x is taken from
section, a value Y41 i n+l -

the ecuilibrium curve. Znowing X the latent heat,

n+l’
h,.1, can be obtained (assuming it varies linearly with the
concentration) and a value of X, celculated. A similsr
procedure may be used for the exhausting section. Cal-
culations baséd on these procedures lead to the following
values for the operating lines:

Enriching section

Xn 0.785 0.701 0.671 0.656 0.611 0,578 0.542
Yp+1  0.809 0.767 0.754 0.740 0.731 0,719 0.7056

X 0.406 0.952 0.289 0.218 0.133
T+l 0.655 0.635 0.81%2 0.586 0.555

Exhausting section

Xp+1 0.054 0.066 0.091 0,107 0.123 0.135 0.158 0.176 0.190
Yo 0.085 0.185 0.265 0.912 0.360 0.298 0.463 0.516 0.555
A plot of these opersting lines and the ecguilibrium curve

are shown in PFigure 2. Approximately 8 theoretical plates

are required.
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Problem &

Consider = hypotheticeal binary system consisting of
4 and B in which the relative voleatility of A with respect
to B ise( = 2. What 1s the minimum number of plates
necessary to produce e separation in which the top product
contains 99 mol per cent of A and the bottom product con-
tains 1 mol per cent of A. Assume that the molal latent
heats of A and B are equal.

For infinite reflux retio, the binary eguation for
constant relative volatility reduces to

X4y = (K= 1) X xn+1 + X

Placing this in a form eguivalent to Equation (11) of Part IV
of the appendix gilves

Vo4l 2vn = <1

where v, = l/xn. This equation can be solved either ana-
lytically or graphicelly. The graphical solution is in-
dicated in Flgure 3 and 1s equivalent to the solution pre-
sented in Part IV of the Appendix, 'The oparating line is
plotted with a slope of 2 and a y-intercept of - 1. The

limits on v corresponding to X, = 0.01 and 0.99 are v, = 100,

n
and 0.0101 respectively., Slightly more than 13 theoretical
stages are required in the graphical solution. An analytical

solution gives 13.24 utilizing Egquation 49 in Chapter V.
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