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CHAPTER I  

Harmonic R a tio n a l Functions

A r a t i o n a l  fu n c tio n , Rn ( x ,y ) , ©f th e  r e a l  v a r ia b le s  

x and y , o f  degree n  i s  a fu n c tio n  which, can be ex p ressed  

as th e  q u o tie n t o f  two p o ly n o m ia ls , p (x ,y )  and q ( x ,y ) ,  o f  

maximum degree n ;

«> R’*(^ u ) = £ Z ^ = F I

The r a t io n a l  fu n c tio n , Rn ( x ,y ) , i s  s a id  to  be harm onic 

in  a re g io n  i f  a t  every  p o in t  o f  th e  re g io n  i t  s a t i s f i e s  

i d e n t i c a l l y  th e  L aplace d i f f e r e n t i a l  E quation ;

(2 ) +  U l x  _ 0

3 *  ^ ^

In  t h i s  c h a p te r  we s h a l l  d e r iv e  some o f  th e  e lem en tary  

p ro p e r t ie s  o f  harm onic r a t io n a l  fu n c tio n s ,  p ro p e r t ie s  which 

we can , however, f in d  d isp la y e d  nowhere In  th e  l i t e r a t u r e .

The d isc u s s io n  o f  a s p e c ia l  ease  a f fo rd s  a s im p le , y e t  

p a r t i c u l a r ly  f r u i t f u l ,  In tro d u c tio n  to  th e  s u b je c t .

29  Ag ’41
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We c o n s id e r  f i r s t  harm onie r a t io n a l  fu n c tio n s  in  

which th e  num erator po lynom ial, p , i s  a  c o n s ta n t .  We may 

choose th e  c o n s ta n t to  be u n i ty  w ith o u t lo s s  o f  g e n e ra l i ty

and in  t h i s  case  we c a l l  th e  r a t i o n a l  fu n c tio n  an In v e rse

p o ly n o m ia l.
I - 1

V  ̂ fTx^) s f  » where q(x,y) is  a
po lynom ial, n o t i d e n t i c a l l y  z e ro . We seek  th e  co n d itio n s  

on th e  c o e f f ic ie n ts  o f  q (x ,y )  such t h a t  V i s  harm onic — 

t h a t  i s  to  say , we f i r s t  seek  to  s a t i s f y  th e  L aplace 

D i f f e r e n t i a l  E quation  (2) f o r  an in v e rs e  po lynom ial. We 

f in d  s u c c e s s iv e ly ,

v* = " / ' V *  •

^  ’ - / ■ / ,  >

% I  h  ~ }  >

x f h  ’  / ’ / » •

"^Ef V (x,y) s a t i s f i e s  c o n d itio n  (2 ) ,  i t  i s  ev id en t 
t h a t ,  i f  k  i s  a  c o n s ta n t,  kV (x,y) a ls o  s a t i s f i e s  c o n d itio n
( 2 ) ,  and co n v e rse ly . S ince such a  m u l t ip l ic a t iv e  c o n s ta n t 
k ,  adds no e s s e n t i a l  g e n e r a l i ty ,  we supp ress i t .
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Hence, in this case, the Laplace Equation becomes

* / ' V  7 » j ' / ’Y/ ~  7 n )2

Since q i s  n o t i d e n t i c a l l y  z e ro , we may w rite  th e  l a s t  

i d e n t i t y  in  th e  conven ien t form

(S) 2  ( / »  7 ;  ) -  / ( / „  7 „ ) 5

T h is , th en  i s  a n e c e ssa ry  and s u f f i c i e n t  c o n d itio n  th a t  an 

in v e rse  po lynom ial, q"* , be harm onic.

L et us now assume th a t  th e  in v e rs e  po lynom ial, q**1 , 

i s  harm onic and co n s id e r  th e  po lynom ial, q , i t s e l f .  There 

a re  two eases to  be d isc u sse d : q i s  harm onic, q i s  n o t

harm onic; we postpone th e  l a t t e r  case  and co n s id e r  th e  form er.

I f  th e  in v e rs e  po lynom ial, q”-5-, i s  harm onic, th e n  q 

s a t i s f i e s  c o n d itio n  ( 5 ) .  I f ,  f u r th e r ,  we assume th a t  q i t s e l f  

I s  harm onic, q must a lso  s a t i s f y  c o n d itio n  ( 2 ) .  S ince  con­

d i t io n  ( 2 ) im p lie s  th e  v a n ish in g  o f  th e  second member o f  

c o n d itio n  (S) ,  c o n d itio n  (S) reduces to

t c

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



which yields

(4 ) A  '  * A  > « ■ - ✓ = ? .

I t  i s  to  he n o ted  t h a t ,  s in c e  we a re  d is c u s s in g  fu n c tio n s  

harm onic in  a re g io n , c o n d itio n s  (2 ) ,  (3) and (4) a re  

i d e n t i t i e s  In  (x ,y )  — th e y  must h o ld , and do h o ld , f o r  

a l l  p o in ts  o f  th e  re g io n .

An im m ediate co n c lu sio n  from c o n d itio n  (4) i s  th e  

Theorem: I f  g""  ̂ i s  a harm onic In v e rse  p o lynom ia l, th en

£  i s  a harm onic polynom ial w ith  r e a l  c o e f f ic ie n ts  i f  

and o n ly  i f  q i s  a c o n s ta n t .

The converse theorem  i s  e q u a lly  ev id en t from co n d itio n s

(3) and (4 ) .

S ince harm onie in v e rs e  po lynom ials w ith  r e a l  c o e f f i ­

c ie n ts  a re  th u s  u n in te r e s t in g ,  we adm it complex c o e f f ic ie n ts  

and a ttem p t to  f in d  a n e c e ssa ry  form fo r  harm onic po lynom ials 

whose r e c ip ro c a ls  a re  a ls o  harm onic .

L et s Ao ■* + ■&«, . I t  i s  ev id en t t h a t

i s  harm onic -  any l i n e a r  form s a t i s f i e s  c o n d itio n  (2 ) -  

and i t s  r e c ip ro c a l  w i l l  he harm onic i f  q ^ )  s a t i s f i e s
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condition (4). In this case condition (4) yields

± * Jr,o .

W ithout lo s s  o f  g e n e r a l i ty 5* we may ta k e  b -^  to  be u n i ty  

and ex p ress  as

£') • oJ  H ± ‘ f •

The co rrespond ing  harm onic r a t io n a l  fu n c tio n  i s

, (■>

We in v e s t ig a te  n ex t th e  g e n e ra l second degree 

p o ly n o m ia l,

£ (t> = J -10 'T *■ + + - ,̂x •J + A® 'V + Ao, + &oo.

I f  q (2 ) i s  to  be harm onic, i t  must s a t i s f y  co n d itio n  (2) 

w hich, i n  t h i s  c a se , i s

+ i i ot =  o .

Henee - -  Jrt0 and we have th e  harm onic polynom ial ,

g(t) = J>X4t *  x+&„ *  % -J>z° ^ % 4 &!•> 4 ‘J 4 .

See fo o tn o te  p g . 2'

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



I f ,  f a r t h e r ,  th e  In v e rse  polynom ial '/f** I s  to  be 

harm onic, q ^  must s a t i s f y  c o n d itio n  (4 ) .

We compute

^  = X n *  ~ ^  •j + •)

^ t  .

These q u a n t i t ie s  a re  th e  ones which appear i n  c o n d itio n

(4 ) ;  we s u b s t i tu t e  them in  (4) and have

S&II ~¥ - 2.  ̂oi ~ — *  ̂to ^  ^ 4^(0 ) ,

S ince we have h e re  an i d e n t i t y  in  ( x , y ) , *  th e  c o n s ta n t 

te rm  and th e  c o e f f ic ie n ts  o f  x and y on th e  l e f t  must 

eq u a l r e s p e c t iv e ly  th e  c o n s ta n t term  and th e  c o e f f ic ie n ts  

o f  x and y on th e  r i g h t ;  t h a t  i s ,

1 . ,  = *
and

X n '  -  .

^C ond ition  (4) h o ld s fo r  a l l  p o in ts  o f  a re g io n .
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The corresponding harmonic polynomial is

^ 4 ) = i ac) yjc1' i  iA ,0sn ±

We n o te ,  how ever, th a t  th e  l a s t  th r e e  term s o f  qC&) are  

p r e c i s e ly  b lo q ( D  -  Indeed , t h i s  was to  have been  e j e c t e d :  

s in c e  d i f f e r e n t i a t i o n  i s  a d i s t r i b u t iv e  p ro c e s s , th e  l i n e a r  

term s in  q(2)  have to  s a t i s f y  c o n d itio n s  (2) and (4) 

in d ep en d en tly  o f  th e  second degree te rm s . f h a t  i s  to  sa y , 

a f t e r  we have computed and and s u b s t i tu te d

them i n  (4 ) ,  we have an i d e n t i t y  i n  ( x , y ) . Hence th e  

c o e f f ic ie n ts  on th e  l e f t  must eq u a l th e  co rrespond ing  

c o e f f ic ie n ts  on th e  r i g h t .  But th e  te rm s, b l 0  and b 0 ( , 

which now appear as c o n s ta n ts  in  (4 ) a re  th e  c o e f f ic ie n ts  

o f  th e  l in e a r  term s in  q ( 2 ) .  i f  i d e n t i t y  (4) h o ld s , th e se  

term s must be eq u a l In d ep en d en tly  o f  th e  o th e r  term s -  b u t 

t h i s  I s  m erely a r e p e t i t i o n  o f  th e  argument u sed  in  th e  

d e r iv a t io n  o f  q ( ^ ) .  So we f in d  th a t  th e  in c lu s io n  o f  

l i n e a r  term s in  q ( 2 ) has added n o th in g  new to  our d i s ­

cussion .®  Hence, hav ing  a lre a d y  o b ta in ed  th e  n ecessa ry  

c o e f f ic ie n ts  o f  th e  l i n e a r  term s in  q d ) , we may h e re  

su p p ress  them in  We remove th e  co n s ta n t m u l t ip l i e r ,

In d eed , we s h a l l  l a t e r  show th a t  a sum o f  co n s tan t 
m u lt ip le s  o f  harm onic polynom ials o f  d i s t i n c t  degrees 
whose r e c ip ro c a ls  a re  a lso  harm onic i s  a harmonic p o ly ­
nom ial w ith  harmonic r e c ip r o c a l .
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bgo* h®v® the characteristic second degree polynomial,

(*■) 1- . ' t.

which i s  harm onic ,and  i t s  harm onic in v e r s e ,

/% < * ) 5 * -  !;— 7 ;  *o t i l  Jtj - ‘j

We now co n s id e r th e  t h i r d  degree po lynom ial,

+ ̂ *< + A*  ̂ ^oj *J 3 *

H ere, a g a in  th e re  i s  no lo s s  o f  g e n e r a l i ty  in c u r re d  hy 

th e  om ission  o f  second degree and l in e a r  term s -  s in c e  

th e y  a re  o f  d i s t i n e t  d eg ree s , th e y  must s e p a ra te ly  s a t i s f y  

th e  d i f f e r e n t i a l  i d e n t i t i e s  (2) and ( 4 ) . *  We have a lre a d y  

d isc u sse d  q^®) and q t l ) j  we om it them from q l 3 ) .

S ince q^3 ) i s  assumed harm onic, i t  must s a t i s f y  con­

d i t io n  ( 2 ) ,  which becomes i n  t h i s  case

G A «  -A 1) C-^xi  *  3 ^ 0 1  )  -  ® .

T his i s  an i d e n t i t y  i n  ( x , y ) ;  th e  c o e f f ic ie n ts  must 

s e p a ra te ly  v an ish ; we have ,

i io • J - , .  = '  J -*•» •

*See pp . 5- 7 f o r  a ty p ic a l  argument
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fh e  t h i r d  degree harm onic polynom ial i s ,  th e n ,

£  = <<̂ 3® 'X 'K  ^  - i ^ i o  *  *J + ̂ ® i  .

S in c e , f a r th e r ,  th e  In v e rse  po lynom ial, , / ; " J , i s  assumed 

harm onic, q ^  m ast a lso  s a t i s f y  c o n d itio n  ( 4 ) ,  We compute

f  4  ~ $J l3 a'K (r Jhoz X -  3 A io ^

and

~~^'^0<z'XZ-  b -A}0 * * * - ^ 0  * ^ .

These q u a n t i t ie s  a re  th e  ones which appear In  c o n d itio n  (4 ) ;  

we s u b s t i tu te  them in  (4) and have

-(•'tioX'i * 3 ^03̂  r  ±

Hence, as b e fo re , co rrespond ing  c o e f f ic ie n ts  must be e q u a l, 

and we have

• ^ 0 }  ~ + •

We remove th e  c o n s ta n t m u l t ip l i e r ,  -b 30, and have th e  harmon­

i c  polynom ial

,  I . # « * | tf  :- - i  « ,*  T . v 3

and i t s  co rresp o n d in g  harm onic r a t io n a l  fu n c tio n ,

A  (

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



10

S im ila r ly  we f in d  th e  harm onic polynom ial

J  - ' 'X i  V < — fp f  'X'tj * + (j ^

whose r e c ip ro c a l  i s  a ls o  harm onic.

We c o l le c t  and e x h ib i t  to g e th e r  th e s e  f i r s t  fo u r  

harm onic polynom ials whose r e c ip ro c a ls  a re  a ls o  harm onic:

(o 0 I * «  i . ^  }

f "  * - v ,

/ ’" *  « y  ,

We observe t h a t ,  excep t f o r  th e  c o n s ta n t b^ which i s  o f  

no im portance i n  co n n ec tio n  w ith  c o n d itio n s  (2) and (4 ) ,  

we have

t
>li) r a“}J'

1 1 u  J ,
<*/ r (,) IV

I  J •
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The obvious co n c lu sio n  i s  t h a t ,  in  g e n e ra l ,  we have

‘5> r  = f r i ^  < — / •

As a m a tte r  o r  f a c t ,  we s h a l l  l a t e r  prove th a t  i f  a p o ly ­

nom ial q s a t i s f i e s  b o th  c o n d itio n s  (2) and ( 4 ) ,  i t  must 

be o f  th e  c h a r a c te r i s t i c  form ( 5 ) .  F i r s t ,  th e re  a re  

s e v e ra l  p e r t in e n t  rem arks concern ing  q ^ ) .

I f  we d e fin e  q W  by ( 5 ) ,  we have

; ; 4’

f t  • ,

I t  i s  e v id e n t t h a t  q W , so d e f in e d , does s a t i s f y  b o th  

c o n d itio n s  (2) and (4 ) .

We n o te  th a t  i f  a po lynom ial, , and i t s  in v e rs e ,  

' /< - )  , a re  b o th  harm onic, i t  i s  a n e c e ssa ry  consequence
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t h a t  toe com pletely-** homogeneous o f  degree n . F or,

as was e v id e n t in  th e  d e r iv a t io n ,  each c o e f f ic ie n t  o f  

q l n )  m ast toe a non-zero  m u lt ip le  o f  th e  le a d in g  c o e f f i ­

c ie n t?  hence i f  j u s t  one c o e f f ic ie n t  v a n ish e s , th e  

polynom ial i s  i d e n t i c a l l y  z e ro .

Now, s in c e  each polynom ial qlk)  = (x ± iy ) ^ ,  (k = 0 , 

1 , 2 , . . . , n ) ,  i s  a n a ly t ic  and harm onic, we may exp ress 

th e  most g e n e ra l harm onic r a t i o n a l  fu n c tio n  whose numer­

a to r  i s  a c o n s tan t and whose denom inator i s  i t s e l f  

harm onic as

There a re  h e re  two p ro p o s it io n s  to  toe proved:A
1 . I f  a  fu n c tio n  s a t i s f i e s  th e  c o n d itio n s  o f  th e  

p reced in g  p arag rap h , i t  mast toe o f  form (6 ) .

2? I f  a fu n c tio n  I s  o f  form ( 6 ) ,  i t  does s a t i s f y  

th e  s p e c if ie d  c o n d itio n s .

We prove th e se  In  o rd e r .

*We s h a l l  say  a  polynom ial i s  com plete ly  homogeneous 
o f  degree n  i f  every  term  I s  o f  t o t a l  degree n and i f  no
term  o f  t o t a l  deg ree n  i s  w an ting .
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1? We have seen  that; I f  a polynom ial s a t i s f i e s  h o th  

c o n d itio n s  (2) and (4 ) ,  th en  i t  must he com pletely  

homogeneous. Hence we may w rite  th e  denom inator o f  th e  

co rresp o n d in g  harm onic r a t i o n a l  fu n c tio n  in  th e  form

(m) -  v -  * •>'
r~  H i m  o
1 - o

We f in d  now th e  co n d itio n s  under which q , so d e f in e d , i s  

harm onic; we app ly  c o n d itio n  (2 ) ,  and compute

and

• i  i d - . )

I n /v& WS Set » i  1 r  + * » and have

I n  - rcr«) tr«)
r -o *

The summations which appear i n  (2 ) have now th e  same in d ex
c ■»)

ran g e ; we change th e  in d ex  in  from y  to  y and add

th e s e  ex p ress io n s  fo r  and , o b ta in in g

" ^ vo '  y w
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C o n d itio n  (g) im p lie s  th e  i d e n t i c a l  v a n ish in g  o f  t h i s  sum 

and hence th e  v an ish in g  o f  each c o e f f ic ie n t .  That i s ,

( -i •- •> ’< s  ••• ,

We r e c a s t  t h i s  eq u a tio n  in to  th e  conven ien t form

a _  (>»sU>t ' i 'O  „ . .
(7) Ci + •) ( ^ i )

C-j -

T his i s  th e  c o n d itio n  th a t  a polynom ial he harm onic. We 

examine a few o f  th e  c o e f f ic ie n ts  o f  in  more d e t a i l .

U sing (6 ) we have , su c c e s s iv e ly ,

-  .  6 *-•)(* '*) a 
a i " ~ T  * * - • ,  i ,

- y ~-—7  **•*«,» y

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



We n o te  th a t  each c o e f f ic ie n t  i s  a non-zero  m u ltip le *  o f 

th e  second p reced in g  c o e f f ic ie n t :  t h a t  each c o e f f ic ie n t

w ith  an even second s u b s c r ip t  i s  a  m u lt ip le  o f  th e  le a d in g  

c o e f f i c i e n t ,  an>Q, and th a t  a l l  th e  o th e r  c o e f f ic ie n ts  a re  

m u lt ip le s  o f  th e  second c o e f f i c ie n t ,  a ^ ^  I t  i s  c le a r ,  

th e n , th a t  a homogeneous harm onic polynom ial i s  u n iq u e ly  

determ ined  when th e  c o e f f ic ie n ts  o f  any two term s o f  

unequal p a r i ty  a re  g iv e n .^

We now i n s i s t  th a t  q"-5- a lso  he harm onic - -  th a t  q 

s a t i s f y  c o n d itio n  (4 ) .  We compute

T* ( \ n "  1'

and

-  T  C-w-a) a •
~ {To ^  ^

a'-”1 tt
;■» * z  v  •»*"

(*• )

Non-zero because j  ranges on ly  up to  n  -  2 .

^For exam ple, to  f in d  th e  homogeneous harm onic p o ly ­
nom ial o f  fo u r th  degree w ith  th e  two p re s c r ib e d  c o e f f i ­
c i e n ts :  8 3  :  3 and &q 4  s  2 , we f in d  su c c e s s iv e ly ,
u s in g  ( 7 ) ,  &T 3  z -3 , ag ’ o 5  -1 2 , 8 4  0  :  2 ; and th e  
polynom ial i s !  * *

f euiz -/**V  -3 <«̂ s .
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( n )
I n  we s e t  r - ^ - i  , -j -  r-ti and. o b ta in

We now change th e  summation Index in  from r  to  y

and s u b s t i tu te  th e se  ex p ress io n s  fo r  and /^ ^ in

c o n d itio n  (4 ) .  Again th e  i d e n t i t y  o f  two sums o f  p roducts  

o f  d i s c r e e t  powers o f  x and y Im p lies  th e  i d e n t i t y  o f  

c o e f f ic ie n ts  o f  co rresp o n d in g  p ro d u c ts . Hence we have

(-j -ti) a . = ± i (**■-•{ ) v .

T his we w r ite  in  th e  conven ien t form

which i s  th e  c o n d itio n  t h a t ,  f o r  a harm onic polynom ial q,

We n o te  th a t  c o n d itio n  (8 ) im p lie s  c o n d itio n  (7 ) ,  

which i s  to  be expected  s in c e  c o n d itio n  (7) was an e s se n ­

t i a l  s im p l i f ic a t io n  in  th e  d e r iv a t io n  o f  c o n d itio n  ( 8 ) 

c o n d itio n  (7) p e rm itte d  th e  t r a n s i t i o n  from c o n d itio n  (3) 

to  c o n d itio n  (4 ) .

An e x h ib i t io n  o f  th e  f i r s t  few c o e f f ic ie n ts  computed .

(8 ) ± l  ( H -  j )

U  41)

( i

q**l be harm onic.

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



u s in g  (8 ) shows im m ediately  th a t  (8 ) i s  a b in o m ia l-  

expansion  c o e f f ic ie n t  r e la t io n s h ip .  We have:

-+ 7 l i )  ,

I - X )  )

- -- i  ' % . 3—  ^

•i'hese a re  e v id e n tly  c o e f f ic ie n ts  i n  th e  expansion  o f  

tx  t  i y ) n . our cono lusion  i s  th a t  i f  a po lynom ial, q , 

and i t s  r e c ip r o c a l ,  q"*1 , a re  harm onic, th e n  q i s  e s se n ­

t i a l l y  an in te g r a l  power o f  (x ± i y ) . Hence i n  th e  

g en e ra l ease  q must be a sum o f  c o n s ta n t m u ltip le s  o f  

i n t e g r a l  powers o f  (x  ± i y ) j  th a t  i s ,  o f  th e  form 15).

2 ? we now show e x p l i c i t l y  th a t  th e  fu n c tio n  

d e fin e d  by (5) i s  harm onic.

I f
i  5 U t ‘ » ) >

th e n  . Jtc-t

and V . t  IAe-z.
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hence q i s  e v id e n tly  harm onic. F u r th e r , 

and

so th a t  - t * '£^ and c o n d itio n  (4) i s  s a t i s f i e d ,  

hence hn (x,y)  = q” 1  i s  harm onic.

We tu r n  now to  th e  postponed  c a s e ,*  i n  which q”l  

i s  harm onic and q i s  no t harm onic, and a ttem p t to  f in d  

a n ec essa ry  form f o r  q . S ince q " l  i s  assumed harm onic, 

i t  i s  ev id en t th a t  c o n d itio n  (3) i s  th e  i d e n t i t y  which 

w i l l  be th e  b a s is  o f  our in v e s t ig a t io n .

Let ^  * J,to v  - ^ 0 , 3  • S ince

. _ o - c » c o n d itio n  (3) reduces to
6^ ' I n '  t ■

T- 7 » =0
which y ie ld s  - ± <■■&,<> » so th a t  q(-^  becomes

t I .  .

But t h i s  i s  p r e c is e ly  th e  l in e a r  polynom ial we d e riv e d  
#i n  Case 1 1

*C f. pg . 3

#As i t  must b e , s in c e  any l i n e a r  form i s  harm onic.
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Let f %)~ -A* '1ê f % 1 .
We eompute su c c e s s iv e ly ,

? 4 -B-at X  ̂ -B>ii ^  ^

/ »  1
&  tt  K  ~+ * B e » ^

* 1 * 4 -e "  y \

X x  + * f  J 0 % & l t  X  £J
j

! »  - 2 0  ,

h %  '■
X a z.

s u b s t i tu te  th e se  q u a n t i t ie s  in to  id e n t i t y  (3) and 

equa te  co rrespond ing  c o e f f i c ie n t s ,  o b ta in in g

i,. : •'-C +-C ,

C&x. - A, ,  + 4

A gain, we may su p p ress  th e  l i n e a r  term s w ithou t 
lo s s  o f g e n e r a l i ty .  C f. pg . 7 .
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The second o f  th e se  co n d itio n s  y ie ld s  e i th e r  Hr<-° ,

o r  ^  lo . The l a t t e r  o f  th e se  two p o s s i b i l i t i e s

im p lie s  th a t  q^2 ) i s  harm onic; hence, we r e j e c t  i t  arid 

con tinue  w ith  A ,  -o . But th e  f i r s t  eq u a tio n  th e n  y ie ld s  

e i th e r  -£c% - a> which we must r e j e c t  because i t  f a i l s

to  s a t i s f y  th e  l a s t  e q u a tio n , o r ~0  . Now A,, -x 4 Z0 - 0

im p lie s  jL0X '-o. hence q (2 ) i s  i d e n t i c a l l y  z e ro , o r  e ls e  

( re tu rn in g  to  ) ,  q i s  harm onic I We f in d  more­

o v e r, t h a t  i f  Aoi th e n  A i( r so th a t  q ^

has th e  n e c e ssa ry  form

We 3 h a l l  n o t In c lu d e  h ere  th e  s im ila r  com putations 

fo r  th e  polynom ials q (3 )and q ^ . The d e r iv a t io n ,  a lth o u g h  

s tr a ig h t- fo re w a rd , i s  q u ite  burdensom e. Our co n c lu sio n s 

were p o in te d : we found th a t  n e c e s s a r i ly

r -  <*“ v \

These polynom ials a re  q u ite  e v id e n tly  harm onic — in  each 

case  we have found th e  assum ption th a t  th e  in v e rse  p o ly ­

nom ial q“l  i s  harm onic im p lie s  th a t  th e  polynom ial q i s  

n e c e s s a r i ly  harm onic t
We c o n je c tu re  t h a t ,  i n  every  c a se , i f  an in v e rse  

polynom ial i s  harm onic th e n  so i s  th e  polynom ial I t s e l f .
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We have found no f a r th e r  evidence to  su p p o rt th x s 

c o n je c tu re , nor have we "been ab le  to  prove o r d isp ro v e  i t  

i n  g e n e ra l .  E s s e n t ia l ly ,  th e  problem  i s  r e a d i ly  p h rased  

i n  th e  q u e s tio n ,

”I s  th e re  any non-harm onic polynom ial s o lu t io n  o f  

th e  d i f f e r e n t i a l  i d e n t i t y

We may now d ism iss th e  s u b je c t  o f  g e n e ra l harmonic 

fu n c tio n s

w ith  a  few rem ark s.

We o b se rv e , f i r s t ,  t h a t  i f  we se p a ra te  in to  r e a l  

and pure im aginary  p a r ts  any in v e rs e  polynom ial i n  th e  

complex v a r ia b le ,  we o b ta in  a p a i r  o f  harraonie r a t i o n a l  

f u n c t io n s .  That th e  d e riv e d  fu n c tio n s  a re  harm onic 

fo llo w s from th e  a n a ly t i c i t y  o f  an in v e rse  polynom ial; 

th a t  th e  d e riv e d  fu n c tio n s  a re  r a t io n a l  i s  a consequence 

o f  th e  s e p a ra t io n  p ro c e s s .

A few examples i l l u s t r a t e  th e  te c h n iq u e .*

To s e p a ra te  a complex r a t io n a l  fu n c tio n  in to  r e a l  
and pure  im aginary  p a r t s ,  m u ltip ly  num erator and denomi- 
a to r  by th e  co n ju g a te  o f  th e  denom inator.

/ ~  c *'% 1
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have:
— t—  -- V  &

* * ‘‘l  A •*

La \
*'n  J

«  J h -Hence each o f  — ■— , —‘5-" i s  harm onic.

_ i _  „ /  \ /
^ ' v ' '  c n - . 'y ' - y

K ■ H *" XHHenee each o f  ----- *—. , — ■■■■■*— ia  harm onic.
6 *1<V > ^  +*3%)

The u t i l i t y  and im portance o f  t h i s  p ro cess  o f

d e r iv in g  harm onic r a t io n a l  fu n c tio n s  from r a t io n a l

fu n c tio n s  o f  th e  complex v a r ia b le  w i l l  appear in  th e

n ex t' c h a p te r  when we d isc u ss  approx im ations by harm onic

f u n c t io n s .
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C hapter I I  

The Theory and Method o f  A pproxim ation

In  t h i s  s e c t io n  we s h a l l  d isc u ss  c r i t i c a l l y  th e  

th e o r ie s  and methods o f  approx im ation  by sequences o f  

po lynom ials and r a t io n a l  fu n c tio n s  in  th e  eomplex v a r i ­

a b le  and by harmonic po ly n o m ia ls , i n  o rd e r  to  show t h e i r  

r e la t io n s h ip  to  th e  co rresp o n d in g  th e o ry  o f  approxim ation  

by harm onic r a t io n a l  fu n c tio n s . The th e o r ie s  in  a l l  th e se  

ca ses  a re  to  a la rg e  e x te n t ana logous. However, each  ty p e  

o f  approxim ation  has i t s  own p e c u l i a r i t i e s  and i t  i s  n o t 

a t  a l l ,  much le s s  a p r i o r i , t r u e  th a t  a theorem  in  one o f  

th e s e  f i e ld s  o f  approx im ation  has n e c e s s a r i ly  a com plete 

analogue in  an o th er f i e l d ;  o r ,  i f  i t  h a s , th a t  th e  c o r r e ­

sponding theorem  has co n te n t; o r ,  th a t  i t  may be proved 

by  th e  same, o r  even by s im i la r ,  m ethods. I l l u s t r a t i o n s  

f o r  th e se  rem arks w i l l  appear l a t e r .

In  any d is c u s s io n  o f  th e  th e o ry  o f  approxim ation  

(w hether by sequences o f  p o ly n o m ia ls , harm onic po lynom ials , 

r a t i o n a l  fu n c tio n s , o r harm onic r a t io n a l  fu n c tio n s ;  th e re  

a re  th re e  g e n e ra l to p ic s  to  be co n s id ered :

1 ° th e  p o s s i b i l i t y  o f  app rox im ation ,

2 °  th e  degree o f  app ro x im atio n , and 

3° th e  p o s s ib le  overconvergenee o f  th e  sequence o f  

approx im ating  fu n c t io n s .
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We s h a l l  © eater our rem arks, th e n , on th e se  to p ic s  

and in d ic a te  th e  an a lo g ie s  and c o n tra s ts  e x is t in g  among 

th e  v a rio u s  f i e ld s  o f app rox im ation .

Because th e  development o f  th e  th e o ry  o f  ap p ro x i­

m ation hy sequences o f  harm onic r a t io n a l  fu n c tio n s  has 

been a r e l a t i v e l y  new p r o je c t ,  th a t  th e o ry  i s  much le s s  

com plete th a n  i s  th e  co rrespond ing  th e o ry  fo r  o th e r  types 

o f  fu n c tio n s .  Except fo r  e a r ly ,  w idely  s c a t te r e d ,  and 

h ig h ly  s p e c ia l iz e d  r e s u l t s ,  th e re  has been a n o tic e a b le  

tre n d  in  th e  development o f  th e  th e o ry  o f  approx im ation , 

as w i l l  be e v id en t from th e  fo llo w in g  rem arks. I t  i s  

n a tu r a l ,  because o f  i t s  in h e re n t  s im p l ic i ty  and g e n e ra l 

u t i l i t y ,  t h a t  th e  th e o ry  o f polynom ial approxim ation  

shou ld  have been f i r s t  co n s id e red  by many o f  th e  e a r ly  

w orkers i n  th e  f i e l d  of approx im ation  and th a t  th e  

th e o ry  o f  polynom ial approxim ation  shou ld  have been 

r a th e r  f u l l y  developed w e ll i n  advance o f  th e  more 

g e n e ra l th e o ry . R e su lts  concern ing  approxim ation  by 

sequences o f  polynom ials have been ex tended  to  more 

g e n e ra l r e s u l t s  concern ing  approx im ation  by sequences o f  

r a t i o n a l  fu n c tio n s . On th e  o th e r  hand , g e n e ra l r e s u l t s  

concern ing  approxim ation  in  term s o f  polynom ials have 

been m odified  to  more s p e c ia l  r e s u l t s  concern ing  ap p ro x i­

m ation by sequences o f  harm onic po ly n o m ia ls . There a re
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th u s  two obvious avenues o f  a t ta c k  on th e  problem  o f  

approx im ation  by harm onic r a t io n a l  fu n c tio n s : we can

s p e c ia l iz e  th e  theorem s on approxim ation  by  r a t io n a l  

fu n c tio n s  o r  we can g e n e ra liz e  th e  theorem s on ap p ro x i­

m ation by harmonic p o ly n o m ia ls .

I n  th e  f i r s t  p la c e ,  we can explode th e  common, b u t 

n a iv e , n o tio n  th a t  a l l  p ro p e r t ie s  o f  approxim ating  h a r ­

monic fu n c tio n s  can ensue im m ediately  from th e  use o f  

so sim ple a dev ice as th e  s e p a ra t io n , In to  r e a l  and pure 

im ag inary  p a r t s ,  o f  an approxim ating  fu n c tio n  o f  a complex 

v a r ia b le .  A most s t a r t l i n g  i l l u s t r a t i o n  o f  th i s  f a c t  has 

been  fu rn is h e d  by Walsh and M erriman. They have shown 

th a t  th e  o r th o g o n a li ty  o f  a s e t  o f  polynom ials 

i n  th e  complex v a r ia b le  s im u ltan eo u sly  on an I n f i n i t e  

fam ily  o f  le v e l  curves Gjj does n o t n e c e s s a r i ly  im ply a 

s im ila r  o r th o g o n a li ty  fo r  th e  s e t  o f  harm onic polynom ials 

o b ta in e d  by s e p a ra tin g  th e  complex polynom ials in to  r e a l  

and pure im aginary  p a r t s .  I n  f a c t ,  some o f  th e  s e t s  o f  

harm onic polynom ials so o b ta in ed  a re  o rth o g o n a l on no 

le v e l  curve o f  th e  fam ily  I The f u r th e r  c o n d itio n  n eces­

s a ry  her© to  in s u re  th e  su b s is te n c e  o f  th e  o r th o g o n a li ty

Walsh and Merriman, Note on th e  sim ultaneous 
o r th o g o n a li ty  o f  harraonie polynom ials on s e v e ra l  cu rv es , 
Duke M athem atical J o u rn a l,  V ol. 3 , No. 2 , Ju n e , 1937, 
p p . 279-288.
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property is that the integral

v an ish  fo r  A ^  f- and he r e a l  fo r  At =. X  . we n o te  

th a t  t h i s  f u r th e r  c o n d itio n  i s  in  no r e s p e c t  a consequence 

o f  th e  assum ption  o f  th e  o r th o g o n a li ty  on 0  o f  th e  s e t

Thus i n  many cases new methods a re  needed in  th e  s tu d y  

o f  approx im ation  hy sequences o f  harm onic fu n c tio n s . An 

e x c e l le n t  i l l u s t r a t i o n  o f  th e  changed tech n iq u es  re q u ire d  

to  e s ta b l i s h  new r e s u l t s  concern ing  o th e r  ty p es  o f  a p p ro x i­

m ation  — r e s u l t s  o b ta in ed  by analogy  from a theorem  

a lre a d y  e s ta b l is h e d  i n  th e  f i e l d  o f  polynom ial approxim ation  

— i s  a ffo rd e d  by th e  com parison o f  th e  fo llo w in g  th r e e  

theorem s: th e  f i r s t  (and o r ig in a l )  d e a lin g  w ith  po ly n o m ia ls ,

&More th an  in c id e n ta l ly ,  th e y  a lso  e s ta b l i s h  th e  
Theorem* | f  th e  s e t  o f  polynom ials \ i s  can n o n lca l on
C w ith  r e s p e c t  to  a norm fu n c tio n  n ( z ) . and i f  th e  I n te g r a l  
~ ~ j  v an ish es  fo r  \  7 jl b u t no t f o r  J&» Jt ,  th e n  an a r b i t r a r y  
fu n c tio n  f l z )  a n a ly t ic  on and w ith in  C may be u n ifo rm ly  
approxim ated on and w ith in  C by a s e r ie s

where
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th e  l a t t e r  two (an a lo g ie s  o f  th e  f i r s t )  d e a lin g  w ith  

harm onic polynom ials and r a t io n a l  fu n c tio n s  r e s p e c t iv e ly .  

Theorem Ap ; # “Let C be an a r b i t r a r y  c lo sed  l im ite d  p o in t 

s e t  (n o t a s in g le  p o in t ) o f  th e  z -p la n e . whose complemen­

ta r y  s e t  w ith  r e s p e c t  to  th e  e n t i r e  p lan e  i s  sim ply  con­

n e c te d . L e t w »• J E M  be a fu n c tio n  which maps conform­

a l l y  th e  e x te r io r  o f  £  onto th e  e x te r io r  o f  th e  u n i t  

c i r c l e  i n  th e  w-p lan e  so th a t  th e  p o in ts  a t  i n f i n i t y  

co rrespond  to  each o th e r . Let £ r denote th e  curve

_  » t h a t  i s . th e  tra n sfo rm  in  th e  

z -p lan e  o f  th e  c i r c l e  Iwl « B.

I f  th e  fu n c tio n  f (a )  i s  a n a ly t ic  on and w ith in  Cjj, 

th e n  th e re  e x i s t  polynom ials pn (z) o f  r e s p e c tiv e  degrees 

n , (n « 0 . 1 . 2 . .  . such th a t  th e  in e q u a l i t i e s

a )  | f t y -  ,  R > 1 ’

where M i s  independen t o f  n and o f  z ,  a re  v a l id  fo r  every  

z i n  C.

W alsh, On th e  ©verconvergence o f  sequences o f  p o ly ­
nom ials o f  b e s t  app rox im ation , T ra n sa c tio n s  o f  th e  American 
M athem atical S o c ie ty , V ol. 32, No. 4 , pp . 794-795.
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I f  th e  polynom ials pn (z) a re  g iven  so th a t  ( 1 ) i s  

v a l id  f o r  every  z in  C. th e n  th e  sequence { 1*-*f  ̂

converges everywhere i n t e r i o r  to  Cfa and u n ifo rm ly  on any 

c lo se d  p o in t  s e t  i n t e r i o r  to  C#, and th u s  fCz) i s  ana­

l y t i c  th roughou t th e  i n t e r i o r  o f  C g .,f

S ev e ra l p ro o fs  o f  t h i s  theorem  may he found in  th e  

l i t e r a t u r e :  Walsh* c r e d i ts  S . B e rn s te in , I .  E ie s z , F aber,

F e je r ,  and Szego w ith  v a rio u s  p a r t s  o f  th e  theorem . 

E s s e n t ia l ly ,  the  p ro o fs  in v o lv e  a generous use o f  Cauchy’s 

in t e g r a l  fo rm u la .' S ince we a re  h e re  in t e r e s t e d  in  a 

com parison o f  g e n e ra l m ethods, we s h a l l  accep t Theorem Ap 

and tu rn  to  i t s  analogue fo r  harm onic po ly n o m ia ls .

Theorem "Let C be an a r b i t r a r y  c lo sed  Jo rd an  re g io n

o f  th e  ( x .y ) - p la n e . and l e t  w » *P(z). z g x l y « be a 

fu n c tio n  which maps confo rm ally  th e  e x te r io r  o f  C onto  th e  

e x te r io r  o f  th e  u n i t  c i r c l e  in  th e  w -plane so th a t  th e  

p o in ts  a t  i n f i n i t y  co rrespond  to  each o th e r . Let Cr 

deno te  th e  curve ly ( z ) I  -  R. R > 1 . th a t  i s . th e  t r a n s -

*For d e ta i le d  re fe re n c e s  see  W alsh, S itz u n g s b e r lc h te  
d e r B ayerischen  Akadamie d er f is s e n s c h a f te n ,  1926, pp . 223- 
229.

^W alsh, On th e  degree o f  approx im ation  to  a harmonic 
fu n c tio n , B u l le t in  o f  th e  American M athem atical S o c ie ty , 
S e p t .-O c t .  1927, pg . 591.
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4  n e c e ssa ry  and s u f f i c i e n t  c o n d itio n  th a t  an a r b i t r a r y  

fu n c tio n  u ( x .y ) . d e fin e d  in  C, be harm onic i n  ( th e  c lo se d  

r e g io n ) C i s  th a t  th e re  should  e x i s t  harm onic polynom ials 

Pv»(x.y) o f  degree n , b  s  0 .1 . .  . ,). and numbers M, R > 1 . 

such th a t  th e  in e q u a l i t i e s

(2 ) | = jfvt

where M and R a re  c o n s ta n ts , th a t  i s , independent o f  n 

and o f  x ,y ,  and where R > 1 . should  be v a l id  f o r  every  

p o in t  (x .y )  in  C.

I f  th e  polynom ials Pw (x.y) a re  g iven  so th a t  (2) i s  

s a t i s f i e d  f o r  every  (x .y )  in  C, th e  sequence 

converges everywhere i n t e r i o r  to  0 o and u n ifo rm ly  on any 

c lo se d  p o in t s e t  I n t e r i o r  to  C^, so th e  fu n c tio n  u (x .y )  

i s  harm onic th roughou t th e  i n t e r i o r  o f  Gc.mmmmm • ■ • ■ ■ n l iW lM iM M M M M  m h m M h *  ■ h m m i m m i M i i i m m i

I f  u (x ,y )  i s  g iven  harm onic in  th e  c lo sed  re g io n  

i n t e r i o r  to  Gy, th e  polynom ials p^ tx .y )  can be chosen to  

satisfy (2) with R - f  for (x.y) in C.”

■^f u (x ,y )  were n o t o r ig in a l ly  d e fin e d  i n  th e  whole 
re g io n  b e in g  co n s id e red , we now d e f in e  u (x ,y )  in  th e  new 
p o in ts  by harm onic ex te n s io n  -  th a t  i s ,  by th e  convergent 
s e r ie s  o f  harm onie p o ly n o m ia ls .
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The f i r s t  p a r t  o f  Theorem A^p i s  an imm ediate 

consequence o f  Theorem Ap i f  we employ th e  fo llow ing  

d e v ice : u (x ,y )  "being harm onic i n  th e  c lo sed  reg io n

i n t e r i o r  to  C, th e re  e x i s t s  th e re  a fu n c tio n  v (x ,y )  

co n ju g a te  harm onic to  u (x ,y )*  and hence a fu n c tio n

=>u.Oxl «a) +

a n a ly t ic  in  th e  same c lo sed  re g io n . low , by Theorem 

Ap, th e re  e x i s t  polynom ials pn (z) such th a t  (1 ) ho lds 

fo r  z in  G and H m f  . The r e a l  p a r t  o f  F (z ) -  pn ( z ) ,  

which i s  u (x ,y>  -  qn(x,y) where q i s  a harm onic p o ly ­

nom ial o f  degree n , cannot f a i l  to  s a t i s f y  (1 )̂  hence

(2) i s  e s ta b l i s h e d .  The p ro o f  o f  th e  r e s t  o f  Theorem 

A^p iaay p a r a l l e l  p r e c i s e ly  th e  p ro o f o f  Theorem Ap 

w ith  th e  one im p o rtan t change in  fundam ental to o l  from

In  f a c t ,  we may d e fin e  v (x ,y )  by

where C i s  an a r b i t r a r y  c o n s ta n t.
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Cauchy’s I n te g r a l  form ula to  Green’ s in te g r a l  fo rm u la .*  

S ince G reen’ s in t e g r a l  form ula does r e q u ire  th e  e x is te n c e  

o f  a d e r iv a t iv e  a long  th e  norm al to  th e  boundary o f  th e  

re g io n  a t  every  p o in t ,  i t  i s  c le a r  th a t  we need h e re  a

r e s t r i c t i o n  i s  n o t so sev ere  as might be expected , as

For com parison, we e x h ib i t  to g e th e r  Cauchy’ s 
in t e g r a l  form ula (1) and Green’ s in te g r a l  form ula (2 ) :

where G (x,y) i s  th e  G reen’s fu n c tio n  fo r  th e  re g io n  C 
bounded by P . We no te  th a t  th e  sim ple r a t io n a l  fu n c tio n , 
l/(t-z ), i n  Cauchy’s i n t e g r a l  co rresponds to  th e  normal 
d e r iv a t iv e  o f  Green’s fu n c tio n , in  G reen’ s i n t e g r a l .
I n  t h i s  l a t t e r  ca se , i t  i s  c e r t a in  th a t  we have a fo rm idab le  
co m p lic a tio n : n o t on ly  does a Green’ s fu n c tio n  n o t e x i s t
f o r  some r e g io n s ,  b u t whenever i t  does e x i s t ,  i t  i s  n o t an 
e lem en tary  fu n c tio n  even fo r  th e  s im p le s t re g io n . To 
r e q u ir e  f u r th e r  th a t  th e  normal d e r iv a t iv e  o f  th e  G reen’s 
fu n c tio n  e x i s t s  a t  every  p o in t  o f  th e  boundary o f  C 
c e r t a in ly  does n o t ease  th e  s i t u a t i o n  I

^Such a s , f o r  exam ple, t h a t  th e  boundary o f  G have 
a co n tin u o u sly  tu rn in g  ta n g e n t .  However, t h i s  c o n d itio n  
could be l ig h te n e d  i f  c o n d itio n s  on u (x ,y )  were c o r r e -  *' 
3 p ond lng ly  s tre n g th e n e d . C f. K ellogg , T ra n sa c tio n s  o f  
th e  American M athem atical S o c ie ty , V ol. 9 , 1908, p p . 3 9 ,5 1 .

$C f. W alsh, Jo u rn a l fu r  M athem atik, V ol. 159, 1928,
p g . 203.

d e f in i t e  r e s t r i c t i o n  on th e  re g io n  C .^  However, t h i s

i s  e v id e n t from th e  fo llo w in g  i l l u s t r a t i o n . ^

( 1 )

(2 )
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Let C be th e  moat g en e ra l c lo sed  re g io n  such th a t  

an a r b i t r a r y  fu n c tio n , a n a ly t ic  i n t e r i o r  to  C and c o n tin ­

uous in  th e  co rrespond ing  c lo se d  re g io n , can be a p p ro x i­

mated u n ifo rm ly  in  th e  c lo sed  reg io n  as c lo s e ly  as 

d e s ire d  by polynom ials in  th e  complex v a r ia b le . * I t  has 

been  shown th a t  C i s  n o t th e  most g e n e ra l re g io n  such 

th a t  an a r b i t r a r y  fu n c tio n  harm onic i n t e r i o r  to  C and 

con tinuous in  th e  co rresp o n d in g  c lo se d  re g io n  can be 

approxim ated  as c lo s e ly  as d e s ire d  i n  th e  c lo sed  re g io n  

ky harm onic p o ly n o m ia ls .#  I n  b r i e f ,  un ifo rm  approxim ation

* It. i s  no t y e t known what t h i s  most g en e ra l re g io n  G i s .
#“ In  t h i s  co n n ec tio n  i t  i s  i n t e r e s t i n g  to  n o te  th a t  

Walsh has shown by th e  fo llo w in g  example th a t  i t  i s  n o t 
t r u e  th a t  an a r b i t r a r y  fu n c tio n  con tinuous i n  a limiTJecE 
c lo sed  re g io n  and harm onic I n t e r i o r  to  th e  re g io n  can be 
u n ifo rm ly  approxim ated in  th a t  re g io n  as c lo s e ly  as d e s ire d  
by a harm onic r a t io n a l  fu n c tio n . “C onsider th e  re g io n  G 
formed from th e  c i r c l e  x2  + y2  < 1  by c u t t in g  o u t th e  l in e  
segment y - 0 , = x  = l e t  f (x ,y )  be th e  fu n c tio n
harm onic I n t e r i o r  to  th i s  re g io n , continuous In  th e  c lo sed  
re g io n , zero  on th e  c ircu m feren ce , and u n i ty  on th e  l in e  
segm ent. The fu n c tio n  f (x ,y )  cannot be u n ifo rm ly  ap p ro x i­
m ated i n  th e  c lo sed  re g io n . For th e  approx im ating  fu n c tio n s  
have o n ly  i s o l a t e d  s i n g u l a r i t i e s ,  a re  con tinuous w ithou t 
ex cep tio n  in  th e  c lo se d  re g io n  ( e ls e  a re  n o t u n ifo rm ly  
bounded), hence a re  harm onic i n  th e  e lo se d  re g io n . These 
approx im ating  fu n c tio n s  can be u n ifo rm ly  approxim ated as 
c lo s e ly  as  d e s ire d  i n  th e  c lo se d  re g io n  C by harm onic p o ly ­
nom ials i n  ( x ,y ) , so f (x ,y )  can a lso  be un ifo rm ly  ap p ro x i­
mated in  G as closely as d e s ire d  by a harm onic polynomial 
I n  ( x ,y ) .  But i f  such a polynom ial d i f f e r s  from f (x ,y )  by 
le s s  th an  € fo r  p o in ts  on x2  t  y2  -  l ,  th a t  polynom ial 
d i f f e r s  from zero  by le s s  th a n  e f o r  a l l  p o in ts  x 2 + y 2 < 1 , 
which i s  a  c o n tra d ic t io n  fo r  x * y :  0  i f  < < i .  C f. Walsh 
B u l le t in  o f  th e  American M athem atical S o c ie ty , Ju ly -A u g u st, 
1929, p p .520,521.
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to  harm onic fu n c tio n s  by harmonic polynom ials i s  " le s s  

r e s t r i c t e d ” th an  uniform  approx im ation  to  a n a ly t ic  func­

t io n s  by polynom ials in  th e  complex v a r ia b le .

We co n s id e r  now th e  ex te n s io n  by analogy  o f  Theorem 

Ap, concern ing  approxim ation  by sequences o f  po ly n o m ials , 

to  Theorem Ar , concern ing  approx im ation  by sequences o f  

r a t i o n a l  fu n c tio n s . We may d isw iss  th e  p ro o f  o f  Theorem 

Ar  w ith  th e  rem ark t h a t ,  s in c e  a polynom ial i s  a r a t io n a l  

fu n c tio n  a l l  o f  whose p o le s  l i e  a t  i n f i n i t y ,  th e  o n ly  

co m p lica tio n  which m ight a r i s e  would be connected  w ith  

th e  lo c a t io n  o f  th e  p o le s  o f  th e  approx im ating  r a t io n a l  

fu n c tio n s .  I n  g e n e ra l ,  we assume th e  p o le s  a l l  l i e  in  a 

re g io n  h av ing  no p o in t  in  common w ith  th e  reg io n  S in  

w hleh th e  approxim ation  o c c u rs ;*  th e n , i n  S , Cauchy*s 

I n te g r a l  may be employed and th e  p ro o f  fo llow s th a t  o f  

Theorem Ap. Thus we may e s t a b l i s h  th e  

Theorem Ar>:  ̂ "Suppose f (2 ) i s  an a n a ly t ic  fu n c tio n  whose 

s i n g u l a r i t i e s  form a s e t  1  one o f  whose d e r iv a t iv e s  

i s  em pty. Suppose C i s  a c lo se d  p o in t s e t  w ith  no p o in t 

in  common w ith  E. Then th e re  e x i s t s  a sequence o f  

r a t io n a l  fu n c tio n s  v^(z) o f  r e s p e c t iv e  degrees n  whose

*•
An assum ption which e f f e c t iv e ly  c le a r s  th e  problem .

#W alsh, Acta M athem atics, V ol. 57, pp . 415-419.
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D o les l i e  on E suCh th a t  fo r  an a r b i t r a r y  R we have
■»" i ■——n «*.»■» «*■>» mmmrn— mmmmm «i—»» ^i .nnw mimoiw *mMn» HMD *milw MMMMM

(3) | / / j )  -  rM (^)I ± ? ;

where M depends on R b u t n o t on n . lf

I f  th e  sequence rw (z) converses so t h a t  (3) i s  

v a l id  fo r  a l l  z on G, where M depends on R b u t no t on n , 

th e n  th e  sequence r n ( z ) converses and f  (z) i s  a n a ly t ic  

a t  every  p o in t o f  th e  ex tended p lan e  excep t th e  l im i t  

p o in ts  o f  th e  p o le s  o f  th e  fu n c tio n s  r n (z.) and excep t 

p o in ts  se p a ra te d  from C by; such l im i t  p o in t s . Conversence 

i s  un ifo rm  i n  any c lo se d  r e s io n  C1 c o n ta in in g  no such  

l im i t  p o in t ,  and fo r  z o n C 1 an in e q u a l i ty  o f  form (5)

h o ld s  f o r  an a r b i t r a r y  R p ro v id ed  th a t  M (depending on R)

i s  s u i t a b ly  chosen*

Even though theorem s Ap, A^p, and Ar  have appeared 

s e p a ra te ly  and a t  d i f f e r e n t  tim es in  th e  l i t e r a t u r e ,  th e  

correspondences among them a re  no t a t  a l l  s u b t le :  each

theorem  i s  a r e c a s t  o f  th e  polynom ial theorem  in to  th e  

v o cab u lary  and concepts o f  th e  new approx im ation  f i e l d .

The s l i g h t  changes i n  th e  e s s e n t i a l  hypo theses appear 

q u ite  in c id e n ta l  i n  th e se  c a se s . I n  more g e n e ra l r e s u l t s ,

*That i s ,  i n  theorem s b ased  on weaker h y p o th eses .
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how ever, th e  changes In  hypo theses n ec e ssa ry  fo r  ad ap tin g  

polynom ial approxim ation  theorem s to  o th e r  f i e ld s  o f  

app rox im ation  a re  maeh more pronounced — i t  i s  i n  such 

e a s e s , in  f a c t ,  th a t  th e  analogy f a i l s  to  e x i s t  -  o r  I f  

i t  does, t© be amenable to  th e  same p ro o f .

I n  t h i s  same co n n e c tio n ,*  i t  i s  most g r a t i f y in g  to  

n o te  th a t  i n  approxim ating  a fu n c tio n  f ( z ) , a n a ly t ic  in  

a c lo se d , l im ite d  re g io n  C whose complement f ( z )  has ju s t  

one s in g u la r i ty ,  sequences o f  po lynom ials behave q u ite  

d i f f e r e n t ly  from sequences o f  r a t i o n a l  fu n c tio n s . n a tu r a l  

l y ,  th e  s in g u la r i ty  i s  a d e f in i t e  bound to  th e  e x te n t o f  

th e  re g io n  o f  convergence o f  th e  approxim ating  polynom ials 

On th e  o th e r  hand, i f  we p ic k , th e  p o le s  o f th e  ap p ro x i­

m ating r a t io n a l  fu n c tio n s  to  l i e  on th e  s in g u la r i ty  o f  

f ( z ) , #  th e n  th e  sequence o f  approx im ating  r a t io n a l  func­

t io n s  converges on th e  e n t i r e  p lan e  w ith  th e  ex c ep tio n  o f  

th e  s in g u la r  p o in t .

Each o f  th e  theorem s Ap , A^p, and Ar  co n ta in s  an 

e x is te n c e  theorem  -  each a s s e r t s  t h a t  under c e r t a in  

r a th e r  g e n e ra l c o n d itio n s  th e re  does e x i s t  a sequence o f 

approx im ating  fu n c tio n s  -  th e se  c o n d itio n s  a r e ,  however,

*Cf. W alsh, Acta M athem atics, V ol. 57, p g . 414.

^As we may.
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n o t th e  most g e n e ra l o f  t h e i r  k in d , as we s h a l l  see  l a t e r .

The e x is te n c e  o f  a sequence o f  approx im ating  fu n c tio n s  

depends, i n  g e n e ra l ,  on two types o f  c o n d itio n s ; th e  

p r o p e r t ie s  o f  th e  fu n c tio n *  b e in g  approxim ated and th e  

p ro p e r t ie s  o f th e  p o in t s e t^  on which th e  approx im ation  

i s  to  o ccu r.

There a re  many d i f f e r e n t  e x is te n c e  theorem s fo r  each 

o f  th e  f i e ld s  o f  approx im ation  -  th e  theorem s d i f f e r  e s ­

s e n t i a l l y  because o f  th e  s l i g h t  d if fe re n c e s  i n  t h e i r  

r e s p e c t iv e  h y p o th e se s . I t  i s  n o t d e s ira b le  h e re  to  e x h ib i t  

a l i s t  o f  such  theorem s. A s in g le  exam ple, concern ing  

r a t io n a l  fu n c tio n s , i s  ty p ic a l  o f  them a l l .

Theorem: I f  a fu n c tio n  f  (z) i s  a n a ly t ic  in  k m u tu a lly

e x c lu s iv e  reg io n s  Si . Sc>. . . ..S y  o f  th e  ex tended  p lan e  

each bounded by a f i n i t e  number o f  non- in te r s e c t in g  con­

to u r s ,  th e n  th e re  e x is ta  a sequence o f  r a t i o n a l  fu n c tio n s  

whose p o le s  l i e  on th e  b o u n d aries  o f  th e  S^, which converges

to  f ( z )  i n t e r i o r  to  th e  S j , u n ifo rm ly  on any c lo se d  s e t
&i n t e r i o r  to  th e

*Such as a n a ly t l e i t y ,  h a rm o n ic ity , c o n t in u i ty ,  e x is te n c e  
and c o n t in u ity  o f  d e r iv a t iv e s  o f  th e  f i r s t  and h ig h e r  o rd e r s ,  
lo c a t io n  o f  zeros and p o le s ,  e t c .

^Such as boundedness, c lo su re ,c o n n e c te d n e ss , compact­
n e s s , e t c ;  types o f  boundary i f  a re g io n : Jo rd an  cu rve ,
a n a ly t ic  Jo rdan  cu rv e , e tc ;  c h a r a c te r i s t i c s  o f  p o in t  s e t  i f  
a cu rve: Jo rdan  a r c ,  a n a ly t ic  cu rv e s , e t c .

^W alsh, I n te r p o la t io n  and A pproxim ation, American 
M athem atical S o c ie ty  Colloquium  P u b lic a t io n s ,  V ol. XX, 1935, 
p g . 1 2 .
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The problem  o f  d e te rm in in g  th e  most g en e ra l co n d itio n s  

under which th e re  e x i s t s  a sequence o f  approxim ating  func­

t io n s  o f  one o f th e se  types has no t y e t been so lv ed  — 

in d e e d , i t  i s  n o t even known th a t  such a s o lu t io n  e x i s t s .

We in d ic a te  now s e v e ra l  o f  th e  v a rio u s  m easures o f  th e  

degree o f  approxim ation  o f  a sequence o f fu n c tio n s  — th e  

v a rio u s  m easures o f  th e  d isc rep an cy  between any one o f  th e  

approx im ating  fu n c tio n s  and th e  fu n c tio n  b e in g  approxim ated; 

f o r  exam ple, th e  In e q u a l i ty  which appears in  Theorems Ap, 

A^p, and Ar  i s  a type  o f  measure o f  approx im ation  f o r  th e  

fu n c tio n s  b e in g  co n s id e red  — a t  no p o in t in  th e  re g io n  does 

th e  v a lu e  o f th e  approx im ating  fu n c tio n  d i f f e r  from th a t  o f  

th e  approxim ated fu n c tio n  by more th a n  M/Rn . We may, in  

b r i e f ,  c l a s s i f y  th e  ty p es  o f  “b e s t  approx im ation” by 

m easures o f  th e  degree o f  approx im ation  1 } i n  th e  sense  o f  

T chebyeheff, 2) by l i n e  in te g r a l s  over th e  boundary o f  th e  

re g io n  on which th e  approx im ation  o c c u rs , 3) by  su rfa c e  

in t e g r a l s  over th e  re g io n  b e in g  co n s id e red , and 4) by l in e  

I n te g r a l s  tak en  over th e  u n i t  c i r c l e  i n  a new p la n e , a f t e r  

conform al mapping o f  th e  o r ig in a l  re g io n  onto  th e  i n t e r i o r  

o f  t h i s  c i r c l e .  W© d e fin e  th e se  concepts in  tu r n .

1 / The T chebyeheff approx im ating  fu n c tio n  o f

degree n i s  such th a t

>»t^ I tf j)  -  T T ^ ) |  , } C ^
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i s  n o t g r e a te r  th an

>***/ f y ) -  j>J%)} ,  } "+

f o r  any o th e r  approxim ating  fu n c tio n  pn iz )  o f  degree n 

o f  th e  type b e in g  co n s id e red .*  I t  i s  known th a t  th e  

T chebyeheff polynom ial e x i s t s  ana i s  u n iq u e . The 

T chebyeheff r a t io n a l  fu n c tio n  lik e w ise  e x i s t s  b u t i s  

n o t unique

2) We may e x h ib i t  to g e th e r  th e  fu n c tio n s  o f  b e s t  

approx im ation  in  th e  sense o f m easure by l i n e  and su rfa c e  

i n t e g r a l s .  & sequence JTn (z )  s h a l l  be s a id  to  be a 

sequence o f  b e s t  approx im ation  in  th e  sense  o f  l e a s t  p “  

powers (as m easurea by a  l i n e  in t e g r a l )  i f

m. g e n e ra l iz a t io n  o f  t h i s  concept by th e  in c lu s io n  
o f  a p o s i t iv e  con tinuous norm fu n c tio n  n (z )  concerns

vk<mc (>r(})ll - rr~U)\ 5 \ ^ c .
A
^ I llu m in a tin g  examples o f  t h i s  la c k  o f  un iqueness 

may be found in  W alsh, The e x is te n c e  o f  r a t i o n a l  fu n c tio n s  
o f  b e s t  approx im ation , T ra n sa c tio n s  o f  th e  American 
M athem atical S o c ie ty , V o l. 33, Ho. 3 , pp. 676-679; and in  
W alsh, I n te r p o la t io n  and A pproxim ation, American Mathe­
m a tic a l S o c ie ty  Colloquium  P u b l ic a t io n s , V ol. XX, 1935, 
p g . 356.
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is not greater than the corresponding expression

f r I ^  ~

formed fo r  any o th e r  approx im ating  fu n c tio n  qn (z) o f  

deg ree n where p i s  an in te g e r  g r e a te r  th a n  u n i ty ,  and 

n (s )  i s  an a r b i t r a r y  fu n c tio n  p o s i t iv e  and con tinuous on 

P , th e  boundary o f  th e  re g io n  o f  approx im ation .

3) S im ila r ly  th e  sequence '7T (z-) o f  approxim ating  

fu n c tio n s  i s  s a id  to  be a sequence o f  b e s t  approxim ation  

to  f ( z )  i n  th e  sense o f  l e a s t  p fch powers (as m easured by 

a su r fa c e  in te g r a l )  i f

<5> jf Iffj) - >«f>)

i s  n o t g r e a te r  th an  th e  co rrespond ing  ex p re ss io n

f f j fV-  h Ci> l ^ ! * S
formed fo r  any o th e r  approx im ating  fu n c tio n  qn(z) o f  

degree n o f  th e  type b e in g  co n s id e re d , where C i s  th e  

re g io n  o f approx im ation ; n (z )  i s  any p o s i t iv e  c o n tin ­

uous fu n c tio n , and S i s  th e  a re a  o f  th e  re g io n  C.

In each of these cases it has been shown that the 
polynomial ©f best approximation exists and Is unique;
th e  r a t i o n a l  fu n c tio n s  o f  b e s t  approx im ation  e x is t*

*That i s ,  p ro v id ed  th e re  i s  a t  l e a s t  one r a t io n a l  
fu n c tio n  f o r  which th e  d e f in in g  i n t e g r a l  (4) o r  (5) e x i s t s .
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I t  i s  to  be n o ted  th a t  measurement o f  degree o f  

approx im ation  by a l in e  in t e g r a l  tak en  over th e  boundary 

C o f  th e  re g io n , im p lie s  th a t  th e  boundary f1 i s  a r e c t i ­

f i a b le  c u rv e . This i s  a r e s t r i c t i o n  which we may circum ­

v en t by mapping th e  i n t e r i o r  o f  f' onto th e  i n t e r i o r  o f  

th e  u n i t  c i r c l e  in  th e  w -plane and th e n  m easuring th e  

deg ree o f  approx im ation  by a l i n e  i n t e g r a l  over th e  c i r ­

cum ference o f  th e  u n i t  c i r c l e .  Here a g a in , th e  polynom ial 

o f  b e s t  approxim ation  e x i s ts  and i s  un ique ; h e r e , a g a in , 

th e  r a t i o n a l  fu n c tio n  o f  b e s t  approx im ation  e x is ts *  b u t 

i s  n o t u n iq u e .

I t  sometimes happens th a t  n o t o n ly  does a sequence 

o f  approxim ating  fu n c tio n s  converge to  a g iven  fu n c tio n  

w ith  a c e r t a in  degree o f  approx im ation  in  a g iv en  re g io n , 

b u t t h a t  th e  sequence converges to  th e  fu n c tio n  in  a 

l a r g e r  re g io n  co n ta in in g  th e  g iv en  re g io n  in  i t s  i n t e r i o r .  

We have a lre a d y  had  s e v e ra l  examples o f  t h i s  phenomenon: 

Theorems Ap, Ajip> and Ar  c o n ta in  s p e c i f ic  c o n d itio n s  under

As b e fo r e ,  th e  r a t io n a l  fu n c tio n  o f  b e s t  ap p ro x i­
m ation e x i s t s  on ly  i f  th e re  i s  a t  l e a s t  one r a t io n a l  
fu n c tio n  f o r  whieh th e  d e f in in g  in t e g r a l  e x i s t s .  There 
i s  a f u r th e r  n e c e ssa ry  c o n d itio n  h e re  th a t  th e  p o le s  
o f  th e  r a t io n a l  fu n c tio n s  l i e  i n  a c lo sed  p o in t  s e t  
w hich c o n ta in s  no p o in t o f  th e  boundary co rrespond ing  
to  more th a n  a f i n i t e  number o f  p o in ts  o f  |wl « 1 .
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which overeonvergenee always o ccu rs ; we have seen  th a t  a 

sequence o f  r a t io n a l  fu n c tio n s , fo r  exam ple, may converge 

u n ifo rm ly  th roughout th e  e n t i r e  p lan e  except fo r  one p o in t . 

On th e  o th e r  hand, i t  i s  ev id en t th a t  a sequence o f  p o ly ­

nom ials can approxim ate u n ifo rm ly  a continuous fu n c tio n , 

n o t a c o n s ta n t, on.no u n lim ite d  p o in t s e t ,  fo r  on any 

such s e t  th e  polynom ial becomes i n f i n i t e .

There a re  many s c a t te r e d  theorem s r e l a t in g  to  o v er­

convergence o f  sequences o f  p o ly n o m ia ls , harm onic p o ly ­

no m ia ls , and r a t io n a l  fu n c tio n s .  Here a g a in , we s h a l l  

e x h ib i t  j u s t  one example which i s  ty p ic a l  o f  th e  o th e r s .  

Theorem: "Let Vn (z) be a sequence o f  r a t io n a l  fu n c tio n s

o f  r e s p e c tiv e  degrees n such th a t  we have f o r  z i n  an 

a r b i t r a r y  e lo sed  Jo rd an  re g io n  C

(s )  I f f } )  -  V U j)  | t  1

I f  th e  p o le s  o f  Vn(z) l i e  in  th e  c lo se d  s e t  3D, 

where D has no p o in t i n - common w ith  C, th e n  th e  sequence 

¥ „ (z )  converges u n ifo rm ly  fo r  z i n  C^, where R <> .

I f  (6 ) i s  v a l id  fo r  z in  C and i f  th e  fu n c tio n  

Vn + i(z) - Vn(z) i s  o f  degree n 1 . w ith  i t s  p o les  i n  3D, 

th e n  th e  sequence Vp(z) converges u n ifo rm ly  f o r  z in  C^, 

where R <. f  .
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31 W l M  J&1M  lo i .  z iR-.C s M  i l  IJhszg e x is  t  s & 

sequence V*n (z) o f  fu n c tio n s  such th a t  V(n (z) -  Vn (z) 

i s  a r a t i o n a l  fu n c tio n  o f  degree a  w ith  I t s  p o le s  i n  f), 

i f  we have

<*> I f t y  -  ✓ „'< ,) | = f *  ,  J -  c ;

and i f  th e  sequence V*n (z ) converges un ifo rm ly  fo r  z i n  

Sn> where R < ^ (R may o r  may n o t depend on th e  sequence 

VyB( g ) ) .  th e n  th e  sequence V ^(z) a ls o  converges un ifo rm ly  

fo r  z i n  C g .”*

We in c lu d e  t h i s  p a r t i c u l a r  theoreifl on approxim ation  

fo r  two re a s o n s . F i r s t ,  th e  theorem  in d ic a te s  one o f  th e  

d i r e c t io n s  i n  which Theorem Â , (and Apand ABp) may be 

ex tended: to  o b ta in  su c c e s s iv e ly  more and more g e n e ra l

r e s u l t s  on overconvergence, we p o s tu la te  more and more

s t r in g e n t  co n d itio n s  on th e  approxim ated and approxim ating
&fu n c tio n s .^  Second, th e  theorem  i s  b a s ic  i n  th e  c o r r e ­

sponding d is c u s s io n  o f  th e  p o s s i b i l i t y  o f  overconvergence 

o f  sequences o f  harm onic r a t io n a l  fu n c tio n s , which we s h a l l  

co n s id e r  i n  g r e a te r  d e t a i l  i n  th e  n ex t c h a p te r .

W alsh, American Jo u rn a l of M athem atics, V ol. LIV,
Ho. 3 , 1932, p g . 563.

^C f. pg . 36
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We have no t in c lu d ed  theorem s concern ing  approx im ation  

by sequences o f  harm onic r a t i o n a l  fu n c tio n s  fo r  th e  reaso n  

th a t  e x is t in g  r e s u l t s  a re  r a th e r  u n s a t i s f a c to r y .  Though 

th e y  a r e ,  i n  th e  m ain, analogous to  th o se  concern ing  

approx im ation  by sequences o f r a t i o n a l  fu n c tio n s  and 

approx im ation  by sequences o f  harm onic p o lynom ials , th e y  

a re  i n  no sense com plete, nor a re  th e y  as y e t u n i f ie d .

For th e  sake o f com pleteness, how ever, we in c lu d e  a 

theorem , proved by Osgood, which fu rn is h e s  a v ery  pow erfu l 

to o l  i n  th e  s tu d y  o f  approx im ation  by harm onic r a t io n a l  

fu n c tio n s ,  e s p e c ia l ly  i n  i t s  r e l a t i o n  to  th e  corresponding  

s tu d y  f o r  r a t i o n a l  fu n c tio n s .

Theorem:* Given u (x .v )  a harm onic r a t io n a l  f u n c t io n . d e fin e

, , ^  A* + is- A ,) + c . .

th e n
f ( ^ )  ~ U.C'Xj'fi) t i  v( i<,  <q) 

i s  a r a t io n a l  fu n c tio n  o f  z .

U sing t h i s  r e s u l t ,  we have fo r  th e  th e o ry  o f  approx im ation  

by harm onic r a t io n a l  fu n c tio n s  a to o l  com plete ly  analogous 

to  th a t  u sed  in  th e  s tu d y  o f  approx im ation  by harm onic 

po lynom ials (compare p g . 3 0 and fo o tn o te ) .

Osgood, F u n k tlo n en th e o rie , V ol. I ,  L e ip z ig , 1912,
p g . 680.
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Chapter III

On th e  Overconvergence o f  Sequences 

o f  Harmonic K a tio n a l Functions

Walsh* has co n s id ered  th e  g e n e ra l problem  o f  th e  

overconvergence o f  sequences o f  r a t io n a l  fu n c tio n s  and 

has su g g ested  th e  a p p l ic a t io n  o f  s im ila r  tech n iq u e s  to  

th e  c o n s id e ra tio n  o f  th e  overconvergence o f  sequences o f  

harm onic r a t io n a l  fu n c tio n s . In  t h i s  c h a p te r  we s h a l l  

c a r ry  o u t th e  proposed  in v e s t ig a t io n  in  d e t a i l .

We co n s id e r  a sequence o f  harm onic r a t i o n a l  fu n c tio n s  

h ^ X jy )  which converges, w ith  a c e r t a in  degree o f  ap p ro x i­

m atio n , to  a g iven  harm onic fu n c tio n  H(x,y} on a  g iven  s e t  

C. We show th a t  th e  sequence may n e c e s s a r i ly  converge to  

H (x ,y j , o r  to  i t s  a n a ly t ic  e x te n s io n ,o n  a l a r g e r  p o in t  s e t  

co n ta in in g  *C i n  i t s  i n t e r i o r .

Let C he an a r b i t r a r y  c lo sed  Jo rd an  re g io n  o f  th e  

extended^ (x ,y } -p lan e  and l e t  D be an a r b i t r a r y  c lo sed  

p o in t  s e t  hav ing  no p o in t i n  common w ith  G. L et w » f ( z ) , 

z r  x + i y ,  be a fu n c tio n  which maps con fo rm ally  th e  

complement o f  C onto  th e  e x t e r io r  o f  th e  u n i t  c i r c l e ,

|w | a 1 , In  th e  w -plane so th a t  th e  p o in t (x 0 ,y 0 ) o f  D

^American Jo u rn a l o f  M athem atics, Vol.LIV, No. 3 , 
J u ly ,  1932, ppi 559-570.

$By th e  extended p lan e  we s h a l l  mean th e  whole f i n i t e  
p lan e  c lo se d  by th e  a d d i t io n  o f  th e  p o in t  a t  I n f i n i t y .
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corresponds to  th e  p o in t  w :  <w ,*  L et 0R(xo ,y o ) denote 

th e  curve i n  th e  (x ,y )  -p lan e  whose image i n  th e  w -plane 

i s  | i |  s B > 1 , S ince th e  boundary o f  C corresponds to  

th e  u n i t  c i r c l e ,  |w | « 1 , i t  i s  c le a r  th a t  th e  c lo sed  

re g io n s  hounded by th e  v a rio u s  curves CR(x0 ,y 0 ) have the 

re g io n  C i n  common when th e  p o in t  (x 0 ,y 0 ) v a r ie s  over D, 

and may have an even la r g e r  p o in t s e t  in  common. We 

deno te  t h i s  common p o in t s e t  by CR.

In  as much as a Jo rd an  re g io n  i s  s im ply-connected  
and we have e s ta b l is h e d  th e  correspondence o f  a p a i r  o f  
p o in ts ,  one in  each  p la n e , th e  fu n c tio n  w « f  (z )  has a 
s in g le  v a lu ed  In v e rse  z m f  (w) which maps confo rm ally  
th e  e x te r io r  o f  th e  u n i t  e i r c l e ,  Iwj -  1 , i n  th e  w- 
p la n e  onto  th e  complement o f  0  i n  th e  (x ,y )-p la n e  so th a t  
th e  p o in t w » oo co rresponds to  (x« ,y0 ) .  (G. C aratheodory
”Conformal H e p re se n ta tio n ” , Gambridge T ra c ts  in  M athem atics 
and M athem atical P h y s ic s , No. 28, pg . 7 0 .)
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In  e s ta b l i s h in g  th e  p r in c ip a l  theorem , we s h a l l  

have need, o f  two lemmas, which we now s t a t e  and p ro v e . 

Lemma I .  I f  l% (x ,y ) i s  a  harm onic r a t io n a l  fu n c tio n  o f  

degree  n* whose p o le s  l i e  I n  P and I f  we have

( 1 ) = N  , C ,

th e n  we have a lso

12 ) I I •= J ^

L et th e  p o in ts  ( x ^ y ^ ) ,  (k s  1 ,2 ,  . . . , n ) , be th e  

ro o ts  o f  X  'Kr^  -  o ; th e se  p o in ts

a re  th e  p o le s  o f  hn l x ,y ) , l i e  i n  D, and need n o t be 

d i s t i n c t .  F a r th e r ,  s in c e  some o f  th e se  p o in ts  (Xj^y^) 

may a ls o  be ro o ts  o f  X  <K . ^  m**. 0 and hence

a re  on ly  ap p a ren t p o le s  o f  h jjlX jy ), need n o t have

n p o le s j  I f  th e re  a re  few er, th e  re a so n in g  i s  s im p lif ie d .

We ex p ress  as

51 X  SK r  u 1s
r'+stw * «
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L et w s ' f ( z ) ,  z s  x + i y ,  be a fu n c tio n  which maps th e  

complement o f  G onto th e  e x te r io r  o f  th e  u n i t  c i r c l e ,  

lw |* 1 , so th a t  th e  p o in t  = xk + *yk o f  ® c o r r e ­

sponds to  v  i  °<» «

Except fo r  t h i s  p o le  o f  th e  f i r s t  o rd e r  a t  ( x ^ y ^ ) ,

th e  fu n c tio n  (z) i s  a n a ly t ic  e x te r io r  to  G and con­

tin u o u s  i n  th e  co rrespond ing  c lo se d  re g io n  i f  i t  i s  

s u i t a b ly  d e fin e d  on C i t s e l f .  C o n sid er, now, th e  fu n c tio n

which i s  a n a ly t ic  e x te r io r  to  G, excep t p o s s ib ly  fo r  

b ranch  p o in ts ,  and con tinuous i n  th e  co rrespond ing  c lo sed  

re g io n . Hence, th e  modulus o f  t h i s  fu n c tio n  cannot be a 

maximum e x te r io r  to  C, u n le s s  th e  modulus i s  everywhere 

c o n s ta n t .  F u r th e r , as th e  p o in t  (x ,y )  approaches 0 , th e  

modulus approaches a l im i t  no t g r e a te r  th a n  1 , fo r  th e  

modulus o f  each f K(z) approaches u n i ty  and on C in e q u a l i ty

*A ccording to  th e  P r in c ip le  o f  Maximum, i f  a fu n c tio n  
f ( z )  i s  a n a ly t ic  i n  a re g io n  R o f  th e  extended p la n e , th en  
th e  modulus |f ( z ) (  cannot have a p ro p er maximum i n t e r i o r  
to  R and can have an Im proper maximum i n t e r i o r  to  R on ly  
i f  f ( z )  i s  i d e n t i c a l l y  c o n s ta n t i n  R.
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(1) h o ld s . That i s

(3) /  ^  )

I  *,'»><’,(})••• < ( } > )

f o r  (x ,y )  on th e  boundary o f  C. How, app ly ing  th e  

P r in c ip le  o f  Maximum w© have s u c c e s s iv e ly , I I ~ I

on 0 , in e q u a l i ty  (3) i s  v a l id  fo r  (x ,y )  on 0 , and in e q u a l­

i t y  (3) i s  v a l id  fo r  (x ,y ) e x te r io r  to  0 . S ince th e  curve 

CR(xk ,y jc) corresponds to  |w| :  | {2 )j = H, we have

I v * )  l t  «

th ro u g h o u t CR e x te r io r  to  C. Hence from (3) we have

I t  m K*

fo r  (x ,y )  on Ojj e x te r io r  to  C. But G^ co n ta in s  C i n  i t s  

i n t e r i o r  and hn (x ,y ) has no p o le  in  C r, s o  (2 ) i s  v a l id  

f o r  (x ,y )  everywhere in  CR .

U sing th e  same n o ta t io n ,  we now s t a t e  and prove a 

g e n e ra l mapping theorem .

Lemma I I .  I f  G i s  a Jo rdan  re g io n  and i f  th e  p o in t  s e t  

P (having  no p o in t in  common w ith  C) i s  a Jo rdan  re g io n  

bounded by a curve which can be denoted  by 6   ̂ (M ,
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i  = x  + i y ,  (where $ i s  some p o in t o f  D), th e n  th e  p o in t  

s e t  Cjj i s  th e  Jo rdan  re g io n  which co n ta in s  C and i s  hounded 

by  th e  curve Gv (£)> where

„  =  ( i ? w i  ,

( R + ? )

L et w * f  (z} , z -  x  + i y ,  he a fu n c tio n  which maps 

th e  complement o f  C onto  th e  e x te r io r  o f  Jw | ~ 1 so

th a t  th e  p o in t  z r  )  co rresponds to  w r  °<> . Then th e  

fu n c tio n

maps th e  e x te r io r  o f  G onto  th e  e x te r io r  o f  |w*j a 1, 

so th a t  th e  p o in t z^ a x^ + ly ^  corresponds to  w* = 0 , 0  .*

C f. i l l u s t r a t i o n  on n ex t p ag e . An a u x i l ia r y  c lo sed  
curve Q has been  ex h ib ited . in  th e  complement o f  G in  th e  
(x ,y ) -p la n e  and i t s  images have heen e x h ib ite d  a f t e r  
m apping. Note th a t  th e re  i s  an e s s e n t i a l  d i s t i n c t io n  
betw een th e  e x te r io r  o f  lw\ « 1  and th e  e x te r io r  o f  

|w ’ | a 1  -  u n le s s ,  o f  c o u rse , th e  p o in ts  z^ and Jf
c o in c id e .

/ ( l -  ur, u r )  __ 
(w> -  w , )
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O , ■») - p

 ̂h ~  0 0  )
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It is clear from the map that the conditions
, z , i nI = S , I « ( } . ) !  s  s

th e  c lo se d  re g io n  n o t c o n ta in in g  G hounded hy  C ^ O ) ,  

z t i n  E, a re  a l l  e q u iv a le n t.  I t  i s  f u r th e r  ev id en t th a t  

a l l  p o in ts  z  n o t I n  CR can he ex p ressed  hy th e  co n d itio n s

o r hy th e  e q u iv a le n t co n d itio n s

(5)
I -  co, ur

ur

where , to; - .

C ond itions (5) co n s id e red  as r e s t r i c t i o n s  on w, a re  

n o t d i f f i c u l t  to  tra n s fo rm . We have

ur
I -  ur, €* 

w  -  cdr,

hence

Ur ur -  ur
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5Z

and ur (  u r ' -  us  )■= / -t ux1 ur.
• 7

. , , I -t us ' usso th a t  >***■ = '--------  •
u r  ' - f  u r ,

We may now w r i te  (5) in  th e  form

| M-' t l  R > | ,

I u/,  / I  ?  > I .

We n o te  i n  p a ss in g  th a t  th e se  r e a l l y  a re  th e  co n d itio n s  

t h a t  a p o in t  z l i e  e x te r io r  to  Gr , fo r  th e  p o in t z t does 

co rrespond  to  a p o in t  ly in g  o u ts id e  o r  on |w | -  ^

s in c e  z t l i e s  in s id e  o r on  C ^ 0 )  which i s  th e  map o f

|w | -  ^  j hence (w^| -  | = 9 . F a r th e r ,

th e  re g io n  | w11 > R > 1  i s  th e  map o f  the  complement

o f  Cr and hence does c o n ta in  a l l  p o in ts  co rresp o n d in g  to  

th o se  which a re  e x te r io r  to  CL.It
We r e tu r n  now to  (6 ) j w* -and w^ a re  a r b i t r a r y ,  s u b je c t  to  

th e  c o n d itio n s  in d ic a te d ,  and we seek  th e  lo cu s o f  w. The 

tra n s fo rm a tio n  i n  ( 6 ) maps th e  u n i t  c i r c l e  lw*l -  1  and 

i t s  e x te r io r  onto  lw | * 1  and i t s  e x t e r io r ,  so we

( 6 ) sur -
ur, ur +i 

Ur1 + ur,
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o b v io u sly  have Iw I > 1 , s in c e  we a re  concerned o n ly  

w ith  Iw11 > 1 . L et us s e t  I w* I i  R, = R, |w^ J -  ^ 

By (6 ) we have

-   ̂ ( oT & ' )
( u7' + U>, )

hence

= A * ?.* + ur> + u>l .
ft,1 + &  + Lu, ^  1 + f /
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S t

But u»,«>'+ ur, w  is real, for If

o r ,  -  U, + 1 V ,  X u ,  ~ u i -  <■' V t

and

then
' ‘ ' f  w  f +  w ,  u »  * -  (  u ,  -f X a '- *  < * v 0  +  i r 'J

= X { u , u ‘ - v ,  T,')'

Hence we may w rite
/ ? , * ? , *  t  TL X -t (

ur lo -

L et us co n s id e r th e  fu n c tio n

f?,* -f ? ,*
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The num erator i s  g r e a te r  th an  th e  denom inator, fo r  s in c e  

> I and f t , % " * > °  t we have

> f t , 1 - 1 ,

which y ie ld s

* . V + »  > ,

so th a t

ff ,* ? ,1 ** *+ / > v \

For -  ^  ft, t  * f t ft i > th e  denom inator

o f  (7) i s  p o s i t iv e ,  and v an ish es  o n ly  fo r  «■* -

which does n o t exceed -R  ̂ . S ince ( R f , we have

f t *  - *  K . ? ,  + > O ,

hence

R I  a  * . * ,  * t / ? ?  ,

which im p lie s  th e  r e s u l t s  ju s t  s t a t e d .  We now show th a t
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th e  curve re p re s e n te d  by (7) i s  an e q u i l a t e r a l  h y p erb o la , 

have

I
)

V x  t  r » ) * « . r  a . ; ,

I f  we s e t  ,

we have th e  normal form o f  th e  e q u i l a t e r a l  h yperbo la

i  A '  -  K .
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Hence (7) r e p re s e n ts  th e  e q u i l a t e r a l  h y p erb o la  whose 

asym ptotes a re  th e  l i n e s :

For ;

which

S ince

X +
R, +1-

y'tyj, y

)***£ ?,R,

- th e  fu n c tio n  (7) has th e  v a lu e

(R , ? . + 1)  ■ / / ( / ? ,  f f , j  1

i s  th e  minimum in  th e  s t r i p  under c o n s id e ra tio n . 

R, > r  and  ̂ > we have

f l.f -  */- > iT f  */
R. + ?, ~ R f  t
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R etu rn in g , now, to  th e  ex p re ss io n  ju s t  p reced in g  (7 ) ,

we f in d  ^f? <? + /  .
) I -  R -t <; ’

hence we have shown th a t  the  complement o f  %  l i e s  i n  th e  

Jo rd an  re g io n  n o t c o n ta in in g  G hounded hy th e  curve C^( ^ , 

( « ? * ' ) / (  £  ̂  ̂ ) and th e  •Lemma i s  e s ta b l i s h e d . 

R e c ip ro c a lly , l e t  z he g iven  in  th e  Jo rdan  re g io n  no t 

co n ta in in g  0  bounded by t h i s  curve C^( )  ) ; we s h a l l  show 

th a t  z be longs to  th e  complement o f  Gjj. When t h i s  s i t u ­

a t io n  i s  tran sfo rm ed  to  th e  w -plane i t  reduces to  th e  

fo llo w in g : g iven  j ur | l  ( R y + »)(/=? + %) * f in d  w and wf

which s a t i s f y

wf W + /
( 6 ) ~  ' ------

Ur 1 + ur.

I f  !«**!- R , (6 ) i s  e v id e n tly  s a t i s f i e d  by w* * w, ŵ  »•<». 

I n  th e  rem ain ing  case B> l ^ l  | ( R ?  + l ) ( R  + y  »

we d e f in e  th e  co n s ta n t , hy th e  eq u a tio n

(, I ? ? , * ' )
' 1 = ( R+ s )

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Since ~  ^ ^ , we have la turn

K ?*±L _  R ? - H _  > o ,

f l + ? ,  *  + ?

( i ? r . - » X iN O  - ( R ? t i  )f r + i I ,  0 
( r + ? . K r  + %)

( <*■ - ' ) ( ? . - ? )  l  o  

CR ^ )  C r  +  %)

How, s in c e  f? t ~ / > o  and (R - + ? , ) (  R 4  ^ ) > 0

we have f  ( 2 . F u r th e r , (6) l a  s a t i s f i e d  I f  we s e t

ur  ~ ut { G ^ i i  >
( * ? . * ' )

and

'  -  K ( K ? . + i ) .uy , -v
ur(  R + S J

f o r  on s u b s t i tu t i n g  th e se  v a lu es  in  th e  r ig h t  member o f  ( 6 ) ,
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we have

/ ? ( < ? ? . • » / )  

«• ( R + s , )

?,<*• ( R t f , )

(R ?.  + o

which y ie ld s

or( /??, f  i) u ( r  y-<f, ) 

f i (  R f ,  f / > 1 -f < ? , ( R  -f- ? , ) 2 | u r

We now use  th e  d e f in i t io n  o f  ? , » we have

t . r c R ^ j  <  _ ^

* ( R f ,  t o 1 + ? , ( R + ? , ) 0( » ? r , » ) *

F in a l ly  we have I I -  S , and t ' / - R 

and Lemma I I  i s  com plete.

U sing Lemma I I ,  we prove
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T h e o ^ m i .  Given a harm onic fu n c tio n  H (x .y ) , l e t  hn ( x ,y ) 

be a sequence o f  harm onic r a t io n a l  fu n c tio n s  o f  r e s p e c tiv e  

degrees n such th a t  we have fo r  ( x .y ) In  an a r b i t r a r y  c lo s e d  

Jo rd an  re g io n  C

(8) I i  - p  ,  S > i .

A. I f  th e  p o le s  o f  th e  fu n c tio n s  h n (x .y )  l i e  i n  th e  

c lo se d  s e t  J), where D has no p o in t i n  common w ith  C, 

th e n  th e  sequence hw(x .y j  converges u n ifo rm ly  fo r  (x .y ) 

in  Cj ,̂ where ft < %

B. I f  (8 ) i s  v a l id  fo r  (x .y )  in  C and i f  th e  fu n c tio n

fen + ! ( * ,??  . - .V £  a i l  M  &£ degree a^fcJL 4M  BQlSS.

i n  D, th en  th e  sequence h ^ fx .y ) converges tmiforml-v fo r  

(x .y )  i n  Gg, where R <■ S •

C. I f  (8 ) i s  v a l id  f o r  (x .y )  i n  C and i f  th e re  e x i s t s  

a sequence h ^ t x .y )  o f  harm onic r a t io n a l  fu n c tio n s  such 

th a t  h tw(x ,y )  -  hr>(x ,y )  i s  a harm onic r a t io n a l  fu n c tio n  

o f  degree n w ith  i t s  p o le s  in  D, i f  we have

M
(9) | H {*, - f"  ’
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1 1 1

f o r  (x .y )  in  C, and i f  th e  sequence h ^ tx .y )  converges 

u n ifo rm ly  f o r  i x .y j  £ji where ft < ? (R may o r  may 

S S l t o g M  2 a  g..§,flU,9nce h»n (xJlil ) , tfe§a tjae sequence 

h rt(x .y ) a ls o  converges u n ifo rm ly  fo r  (x .y )  in  Gjj .

We prove th e  th re e  p a r ts  o f  Theorem X in  o rd e r .

A. We have th e  in e q u a l i t i e s ,  v a l id  fo r  (x ,y )  on C

| H U , )  - - 4 .  U < j )  I i  j L
and

I | =

Hence

I h A , ( . 0 ) I + I w u . , )  | ) l  ‘  7 ^ ( | 4 f ) .

The l e f t  s id e  o f  t h i s  in e q u a l i ty  i s  n o t le s s  th an

So we have a lso

= ^ ( 1 ^ )  ,

A  ( X / .
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harm onic fu n c tio n  h^ + ^ ( x ,y ) -  h ^ X j j ) ,  when s t r e s s e d  

as th e  q u o tie n t  o f  two polynom ials i s  o f  degree 2 n  + 1 , so 

nemma I  y ie ld s ,  f o r  (x ,y )  on C^,

U M  K K ( t t  ! ) ( « ' ) *

I f ,  now, R < ? 1 , we have R*< ? *■ ana (R̂  ) < K <• I f o r  >i>A

hence th e  sequence h H(x ,y ) does converge u n ifo rm ly  fo r  (x ,y j  

on Or , and p a r t  J. o f  th e  theorem  i s  e s ta b l i s h e d .

B. I t  fo llo w s from th e  p ro o f  ju s t  g iv en  th a t  i f

ha  ^ i ( x ,y )  -  h j^X jy) i s  o f  degree n -f 1 , w ith  i t s  p o le s

in  ©;,* we have fo r  ( x ,y } on Or ,

I I  » T*  ̂  ̂ ^
/a* +/

C onsider, fo r  exam ple, th e  sequence o f  harm onic r a ­
t io n a l  fu n c tio n s  i n  which each approxim ation  d i f f e r s  from 
th e  p reced in g  by th e  a d d i t io n  o f  a s in g le  harm onic r a t io n a l  
fu n c tio n  o f  degree co rrespond ing  to  th e  in d e x  o f  approx im ation

> *5 ) r ^ • )

n 0 t  4 , j f )

-• •* a ~ f -  5

D /  10/ l^ -a  )*a f  /
^  i • • • -t ~  i ~>tt g

I t  i s  c le a r  th a t  th e  d if fe re n c e
J* i /

i s  a harm onic r a t i o n a l  fu n c tio n  o f  degree n  + 1 .
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The right member is not greater than

f o r  M  ^ and * >-? ; hence h^ix,-?} does converge

un ifo rm ly  under th e  p re s c r ib e d  c o n d itio n s  and p a r t  B o f  th e  

theorem  i s  e s ta b l i s h e d .

G. i f  b o th  (8 ) and (9) a re  v a l id ,  we o b ta in  s im i la r ly  f o r  

(x ,y )  on G,

sequence hn (x ,y )  -  h*n (x ,y j converges u n ifo rm ly  fo r  (x ,y j  

on CR . By h y p o th e s is , th e  sequence h*n (x ,y ; converges 

u n ifo rm ly  f o r  (x ,y ;  on GR, hence h^ix ,?}  a ls o  converges 

u n ifo rm ly  fo r  (x ,y /  on CR, and Theorem I  i s  com plete .

and iierama I  y ie ld s  fo r  (x ,y )  on GR

Thus i f  , th e n  ( | ) < K, f o r  a l l  ^  > & , and th e
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We tu rn  now to  th e  more com plicated  s i tu a t io n  in  

which th e  complement o f  C i s  n o t sim ply  connected .

A gain, l e t  C and D he a r b i t r a r y  c lo sed  p o in t s e ts  

w ith  no common p o in t .  We now make th e  f u r th e r  assum ption 

th a t  the. D ir ic h le t  problem  ( fo r  a r b i t r a r y  boundary v a lu es)  

has a s o lu t io n  fo r  every  re g io n  S t x ^ y * )  d e f in e d  to  be th e  

t o t a l i t y  o f  p o in ts  which can be jo in e d  to  th e  p o in t ( x * ,y * ) 

o f  B by  broken l in e s  n o t m eeting  C. Such a t o t a l i t y  o f  

p o in ts  forms an open re g io n  whose boundary c o n s is ts  

e n t i r e ly  o f  p o in ts  o f  C. F o r, s in c e  C and D a re  c lo sed  

and have no common p o in t ,  (x* ,y*) cannot be a boundary 

p o in t  o f  G. Hence th e re  e x i s t s  about (x* , y * ) an open 

c i r c u la r  reg io n  K* o f  which no in n e r  p o in t i s  a p o in t o f  G. 

Every in n e r  p o in t o f  K* can be jo in e d  to  (x* ,y*) by a l i n e  

segment n o t touch ing  G and so must belong  to  S ( x f , y ’ ) .  

C onsider now each boundary p o in t  (xM, y M) o f  K*: e i th e r  i t

i s  a boundary p o in t  o f  G o r  th e re  e x i s t s  about i t  an open 

c i r c u la r  re g io n  Kw each o f  whose in n e r  p o in ts  can be jo in e d  

to  ( x ^ y " )  by  a l in e  segment n o t tou ch in g  G, and hence can 

be jo in e d  to  (x*,y*) by a broken l in e  segment no t to u ch in g

C. E v id e n tly  each o f  th e s e  open re g io n s  K" belongs to  

S(x* , y » ) .  Mow co n s id e r  each boundary p o in t  (x** *, y ’ *1) o f  

each  reg io n  Kw: e i t h e r  i t  i s  a boundary p o in t  o f  C o r

th e re  e x i s t s  about i t  a re g io n  K*1 ‘ , -  ** -  . I t  i s  c le a r
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t h a t  th e  re g io n  S(x* , y f ) does r e s u l t  from th e  c o n tin u a tio n  

o f  t h i s  p ro c e s s , t h a t  i t  i s  open, and a l l  o f  i t s  boundary 

p o in ts  a re  p o in ts  o f  C.

r

L et w s f ( z ) ,  z a x -t i y ,  he a fu n c tio n  which maps 

confo rm ally  th e  re g io n  S ( x , ,y«)  onto  th e  e x te r io r  o f  th e  

u n i t  c i r c l e ,  |w | * 1 , in  th e  w -plane so th a t  th e  p o in t

( x ' , y ' } co rresponds to  w -  . L et C j^ x ^ y * )  denote

th e  curve o r  curves In  th e  (x ,y ) -p la n e  whose image in  th e  

w -plane i s  |wl s  R > 1 . ^  Let  SR(x*,y>) denote th e  

complement in  th e  (x ,y )-p la n e  o f  th e  s e t  ( ' f ( z ) l  > R > 1 ,  

so th a t  SgCx* , y * ) i s  c lo se d , hounded by C j ^ x ^ y * ) ,  and

*The h y p o th e s is  on S (x > ,y ‘ ) i s  s u f f i c i e n t  to  In su re  
th e  e x is te n c e  o f  such  a mapping fu n c tio n  even though i t  i s  
n o t u n iq u e ly  d e f in e d . However, th e  eonfonnal mapping may 
n o t be smooth.

#fhe p o in t  s e t  Cji (x 1, , y , ) i s  u n iq u e ly  d e f in e d .
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co n ta in s  C. Let G& denote th e  p o in t  s e t  common to  a l l  

th e  p o in t  s e ts  S ^ x ^ y 1) when th e  p o in t  {x* , y ! ) ta k e s  

on a l l  p o s s ib le  p o s i t io n s  i n  D; th e  g iven  s e t  C e v id e n tly  

belongs to  Gjj.
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In  e s ta b l i s h in g  th e  g e n e ra liz e d  theorem  we s h a l l  

have need o f  a lemma more g e n e ra l th a n  Lemma I .  We now 

s t a t e  and prove

Lemma I I I .  I f  h n(x ,y ) i s  an harm onle r a t io n a l  fu n c tio n  

o f  th e  r e a l  v a r ia b le s  (x ,y )  o f  degree n* whose p o le s  l i e  

i n  D and I f  we have

( i )  I I = M , A hy  ̂ t  )

th e n  we have a lso

I ( r , <j ) I i  h  /? * ^

Let th e  p o in ts  (x^,yjj.), (k -  1 , 2 , .  . . , n )  be th e  p o les 

o f  h j j tXjy) , a l l  ly in g  in  B, b u t n o t n e c e s s a r i ly  a l l  d i s ­

t i n c t .  L et ( x ^ ,y ^ ) ,( k  z  1 , 2 , .  . . ,a )  be th e  p o le s  o f  

h^IX jy) which l i e - i n  S f x ^ y ^ ) .  Let  w * f k ( z ) , z = x + i y ,  

(k s  1 , 2 , .  . .,m) be th e  fu n c tio n s  whieh map th e  re g io n  

SCx-j^y^) onto  th e  e x te r io r  o f  th e  u n i t  c i r c l e ,  |w| s i ,  

so th a t  th e  re s p e c tiv e  p o in ts  (xjj.,yfe) , ( k  -  1 , 2 , .  . . ,m) ,

C f . fo o tn o te  pg .
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of D correspond to w z  00  • Consider, now, the function

f.f}) « > ) • • •  O } )

which i s  a n a ly t ic  in  S (x ^ ,y 1 ) ,  excep t p o s s ib ly  fo r  b ranch  

p o in ts ,  and which has a s in g le  v a lu ed  modulus i n  s (xi» y i )»  

Hence th e  modulus o f  t h i s  fu n c tio n  cannot be a maximum in  

S ( x i ,y i ) ,  u n le ss  th e  modulus i s  everywhere c o n s ta n t 

F u r th e r ,  as  th e  p o in t  (x,y)  approaches th e  boundary o f  

S ( x , , y ,  ) th e  modulus approaches a l im i t  no t g r e a te r  th an  M, 

fo r  th e  modulus o f  eaeh f  ̂ ( z )  approaches u n i ty  and on G, 

and hence on th e  boundary o f  S ( x , , y , ) ,  in e q u a l i ty  (1) h o ld s . 

That i s ,

1 *. ■>1 I t

ao)  I */»,,)••• *-<*<*) /  • '

f o r  (x ,y )  on th e  boundary o f  Sfx-j^y-^). To be s u re ,  ^ ( z )  

i s  n o t p ro p e r ly  d e fin e d  on th e  boundary o f  s (xi> y i ) »  bu t  

as (x ,y)  approaches th a t  boundary , ^ . ( z )  approaches u n i ty  

and h M(x,y)  i s  co n tin u o u s: t h i s  i s  th e  sense in  which we

The fu n c tio n s  w r  i j ^ 35) ueed no t be s in g le  v a lu ed . 

#C f. fo o tn o te  pg . Hi
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i n t e r p r e t  th e  in e q u a l i ty  (1 0 ). I t  fo llo w s th a t  (10) i s  

v a l id  th roughou t th e  reg io n  S (x-^, y ^ ) ,  a re g io n  in  which 

th e  fu n c tio n  i s  a n a ly t ic  ex cep t p o s s ib ly  fo r  b ranch  

p o in ts .*  S ince th e  curve corresponds to

Iw | s  | f  jj.(z) | r  R, we have

I V * > l  § *

th roughou t th e  re g io n  common to  S(x 1 #yj_) and GR. Hence 

from ( 1 0 ) we have

I ! « ( * , • * )  I t  M  R "

f o r  (x ,y )  in  th e  reg io n  common to  S (x j,y ^ )  and Cg.

S ince m < n , we have e s ta b l i s h e d  In e q u a l i ty  (2) fo r  

th e  reg io n  common to  GR and S ix -j^y^). i n  a  s im ila r  manner 

we show th a t  (2) i s  v a l id  in  th e  re g io n  common to  CR and 

any S(xk ,y k ) co n ta in in g  p o le s  o f  h ^ X jy )  .#

We denote by  £  th e  s e t  complementary to  th e  t o t a l i t y  

o f  th e  reg io n s  S fx^yjj.) c o n ta in in g  p o le s  o f  h j^ X jy ) .

S ince  in e q u a l i ty  (2) i s  v a l id  on th e  boundary o f  each 

reg io n  S (x ^ ,y k ) , I t  i s  v a l id  a t  each boundary p o in t  o f  £  . 

Again, s in c e  th e  fu n c tio n  *k<*> , (k r  1 , 2 , .  . . , n ) , i s

^Compare p g . H i

$ In  th e  s im p ler case  in  which th e  complement o f  C was 
sim ply  connected , th e re  was on ly  one such re g io n  S fx^yj;.)
-  nam ely, th e  complement o f  C.

Reproduced with permission of the copyright owner. Further reproduction prohibited w ithout permission.



a n a ly t ic  th roughout 2  , in e q u a l i ty  ( 2 ) i s  v a l id  a t  each 

p o in t  o f 2 1  , and in  p a r t i c u la r  i s  v a l id  a t  each p o in t  

common to  CR and 21 . But we have a lre a d y  shown th a t

in e q u a l i ty  ( 2 ) i s  v a l id  a t  each p o in t o f  CR no t in  21  

( th a t  i s ,  a t  each p o in t o f  CR ly in g  in  a re g io n  S tx ^ y ^ )  

c o n ta in in g  p o le s  o f  l% (x,y)), so th e  p ro o f  o f  Lemma I I I  

i s  com plete.

Using Lemma I I I  we can now e s ta b l i s h  a r e s u l t  

analogous to  theorem  I  b u t much more g e n e ra l .  In  t h i s  

case  C and D a re  a r b i t r a r y  c lo sed  p o in t s e ts  w ith  no 

common p o in t . such th a t  th e  M r i e h l e t  problem  ( fo r  

a r b i t r a r y  con tinuous boundary v a lu e s)  has a s o lu t io n  

f o r  every  re g io n  S f x ^ y 1) d e fin e d  as th e  t o t a l i t y  o f  

p o in ts  which can be jo in e d  to  a g iv en  p o in t (x1, j*)  o f 

D by broken l in e s  no t m eeting  C.

Theorem I I . Given a harm onic fu n c tio n  H ( x , y ) , l e t  

hn (x .y )  be a sequence o f  harm onic r a t io n a l  fu n c tio n s  

o f  re s p e c tiv e  degrees n such th a t  we have fo r  (x.y)  

on G

| I r
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A. I f  th e  p o le s  o f  th e  fu n c tio n s  h n ( x fy) l i e  in  D,

th e n  th e  sequence hr. (x .y)  converges u n ifo rm ly  fo r  (x,y)

on CR, where

B. I f  <8_) i s  v a l id  fo r  ( x . y ) in  C and i f  th e  fu n c tio n

^n  + 1 {*>l)  " i s  o f  degree n _ *_ l, w ith  i t s  p o le s

in. D, th e n  th e  sequence hw( x , y ) converges u n ifo rm ly  fo r  

(x .y )  in  Gr , where R < ^ .

G. I f  (8) i s  v a l id  fo r  (x .y )  on G and i f  th e re  e x is ts  

a. sequence h 1̂ ( x . y ) o f  harm onic r a t io n a l  fu n c tio n s  such 

th a t  h 1̂ ( x . y ) -  hn(x . y ) i s  a harm onie r a t io n a l  fu n c tio n  

o f  degree n w ith  i t s  p o le s  in  B, i f  we have

1

M

and i f  th e  sequence h»r>(x , y ) converges u n ifo rm ly  fo r  

(x ,y )  i n  GR, where R c S , (II may o r  may n o t depend on th e  

sequence fa^gt e . y ) )» th e n  th e  sequence h n ( x .y ) a lso  

converges u n ifo rm ly  fo r  (x .y )  on Cr .

We prove th e  th re e  p a r t s  o f  Sheorem IX in  o rd e r .

A. We have the in e q u a l i t i e s ,  v a l id  fo r  (x ,y )  on G
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7 3

I H f K y )  -  I t

and

I H (*/ ~ ^  ‘j )  | = y ~ i i  •

Hence i

I HC*,^) I -t I ( * , ^ )  -  I = y - ( /  ^ )  ,

The l e f t  s id e  o f  t h i s  in e q u a l i ty  i s  n o t le s s  th a n  

I j )  - H f r, ^ ) | =

So we have a lso

( * /^ )  ~ y ^ ( / y i j  ; /*■ k  V  ^  ^ *

The harm onic fu n c tio n  4  ^(Xjy) -  h ^ X j y ) ,  when ex p ressed  

as th e  q u o tie n t o f  two polynom ials i s  o f  degree 2 n 4  1 , so 

Lemma I I I  y ie ld s ,  fo r  (x,y)  on Or,

. t
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I f ,  now, R ' f  ^  we have R2 < $ and

fo r  n  > X, hence th e  sequence hn (x ,y ) does converge 

m niform ly fo r  (x ,y)  on C*, and p a r t  A o f  th e  theorem  I s  

e s ta b l i s h e d .

B. I t  fo llow s from th e  p ro o f  j u s t  g iv en  th a t  i f

hjj + -j^Xjy) ” ^n (x »y) I s  o f  degree n * 1 , w ith  i t s  p o les

in  D,* we have fo r  (x,y)  on % ,

fo r  R and n > 1; hence hn ( x , y ) does converge n n ifo rm ly  

tinder th e  p re s c r ib e d  co n d itio n s  and p a r t  B o f  th e  theorem  

i s  e s ta b l i s h e d .

C. I f  b o th  (8) and (9) a re  v a l id ,  we o b ta in  s im ila r ly  

f o r  (x,y)  on G,

The r i g h t  member i s  no t g r e a te r  th a n

and Lemma I I I  y ie ld s  fo r  (x ,y )  on Or

C f. fo o tn o te  p g . H
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Thus i f  S <? , t h e n ( | ) >'< K, f o r  a l l  n >.£ , and th e  

sequence hn (x ,y ) -  h*n (x,y)  converges u n ifo rm ly  fo r  

(x ,y )  on CR. By h y p o th e s is , th e  sequence h ' n (x,y)  

converges un ifo rm ly  fo r  (x ,y )  on CR, hence h ^ X j y )  

a lso  converges u n ifo rm ly  f o r  (x,y> on CR, and Theorem 

I I  i s  com plete.

We conclude our d is c u s s io n  o f  th e  overconvergence 

o f  harm onic r a t io n a l  fu n c tio n s  w ith  a d em o n stra tio n  th a tl
a theorem  o b ta in ed  by analogy may be much le s s  p o te n t 

th a n  i t s  so u rce . W alsh, i n  d is c u s s in g  approx im ation  by 

r a t i o n a l  fu n c tio n s  r n (z)  has e s ta b l is h e d  lemmas o f  which 

our lemmas I I  and I I I  a re  an a lo g u es . He s a y s ,*  f,I f  th e  

p o in t  s e t  C o f  Lemma I I I  a c tu a l ly  s e p a ra te s  th e  p la n e , 

and i f  th e  v ario u s  reg io n s  In to  which G se p a ra te s  th e  

p lan e  a re  known to  c o n ta in  r e s p e c t iv e ly  s p e c i f ic  numbers 

o f  p o le s  o f  r n (z) le s s  th a n  n , th en  i t  may occur th a t  a 

sh a rp e r  r e s u l t  th a n  Lemma I I I  can be e s ta b l is h e d ,  w ith  a 

co rresp o n d in g  a p p l ic a t io n  more g e n e ra l th a n  Theorem I I I . # ” 

He g iv e s  th e  fo llo w in g  sim ple i l l u s t r a t i o n  o f  h i s  rem ark.

Lemma IY . Let C be an a r b i t r a r y  Io rd an  curve in  

whose i n t e r i o r  th e  o r ig in  l i e s . I f  r ? n (z) i s  a r a t io n a l  

fu n c tio n  o f  z o f  th e  form

W alsh, American Jo u rn a l o f  M athem atics, Y o l. LIV, 
No. 3 , J u ly  1932, pg . 567.

^C f. p g . 36
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and i f  we have fo r  z on C

|r .« (j) | = M ,
th e n  we have a lso

h » ( j ) l  t h f t *
fo r  z on Cjj, where D c o n s is ts  o f  th e  o r ig in  and th e  

p o in t a t  i n f i n i t y .

l e  s h a l l  n o t concern  o u rse lv e s  w ith  th e  p ro o f o f  

t h i s  lemma; l e t  us co n s id e r  th e  co rrespond ing  theorem  fo r  

harm onic r a t io n a l  fu n c tio n s .  C e r ta in ly  the  analogue e x i s t s  

-  we m erely  s e t  z = x 4 i y  and z + c’ °- 'x, and

s e p a ra te  r g n (z} in to  r e a l  and pure im aginary  p a r t s ,

4  • t b a a

o b ta in in g  two sequences o f  harmonic r a t io n a l  fu n c tio n s  fo r  

which th e  analogy o f  Lemma IV h o ld s . But b e fo re  we draw 

any f u r th e r  co n c lu sio n s l e t  us examine one o f  th e  harm onic 

r a t io n a l  fu n c tio n s  o f  t h i s  sequence, say -4v (x, ; we have

I t  i s  s u re ly  ev id en t th a t  th e  com plexity  o f  th e  fu n c tio n s  

h2n(x ,y ) f o r  la rg e  n i s  tremendous -  and y e t th e  so u rce , 

r 2n(z)» was so s im p le ! I t  m ight be though t th a t  perhaps 

some o th e r  analogy e x i s t s  -  t h a t  h e re  in  th e  f i e l d  o f  

harm onic r a t io n a l  fu n c tio n s  we m ight have a fu n c tio n , 

s im ila r  to  r 2 n (z)» in v o lv in g  n e g a tiv e  powers o f  x and y .
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Such i s  n o t th e  ca se : th e re  i s  no f in ite -s u m  o f  c o n s ta n t,

n o n -ze ro , m u ltip le s  o f  n e g a tiv e  powers o f  x and y which i s  

harm onic. For i f  th e re  were such a f i n i t e  sum, th e re  

would he a term  c o n ta in in g  th e  l a r g e s t  n e g a tiv e  power o f  x , 

say  x ”^ j a f t e r  d i f f e r e n t i a t i o n  tw ice  w ith  r e s p e c t  to  x , 

t h i s  term  would c o n ta in  x~*-2 anu n0 o th e r  term  cou ld  con­

t a i n  t h i s  f a c t o r .  Hence i f  the ,sum  i s  to  s a t i s f y  th e  

L aplace E quation  fo r  a l l  p o in ts  o f  a p o in t  s e t ,  th e  c o e f f i ­

c ie n t  o f  the  term  in v o lv in g  th e  h ig h e s t  n e g a tiv e  power o f  

x must v an ish . Hence th e re  i s  no g r e a te s t  n e g a tiv e  power 

o f  x i n  th e  sum, lik e w ise  th e re  i s  no g r e a te s t  power o f  y , 

th e  sum I s  i n f i n i t e  and so does n o t s a t i s f y  th e  c o n d itio n s  

o f  th e  theorem .
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