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CHAPTER 1

Harmonic Ratiohal Fanctions

A rational function, Rn(x,y), of the real variables

x and y, of degree n is a function which can be expressed
as the guotient of two polynomials, p(x,y) and q(x,y), of

maximum degree n:

— }’4\(’*/%>= vz.»rs'ezrs 'X':és ,
__X« (/x,%) - Z '&'J‘K/Xi‘&K

AL

(1) Rn(lx/%)

The rational function, R,(x,y), is sald to be harmonic
in a region if at every point of the region it satisfies
identically the lLaplace Lifferential Equatlion:

(2) %—R—;‘-i—'é—ﬂf=0.
o 29

In this chapter we shall derive some of the elementary

properties of harmonie rational functions, properties which
we can, however, find displayed nowhere ln the literature.
The discussion of a special case affords a simple, yet

particularly fruitful, introduction to the subject.

29 Ag ’41
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We consider first harmonic rational funections in
which the numerator polynomial, p, 1s a constant. We may
choose the constant to be unity without loss of generality™
and in this case we call the rational function an inverse

polynomial.

| - -1
Let V = irz;;) = , where q(x,y) is a

polynomial, not identically zero. We seek the conditions
on the coefficients of q(x,y) such that V i3 harmonic -~
that 1s to say, we first seek to satisfy the Laplace
Differential Equation (2) for an inverse polynomisl. We

find sucecessively,

NS
1
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<
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H

B 7j173 )
V’X/x = 27—3;«1 —;~}44«)
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*If V(x,y) satisfies condition (2), it is evident
that, if k is a constant, kV(x,y) also satisfies condition
(2), and conversely. Since such a nultiplicative constant,
k, adds no essential generality, we suppress it.
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Hence, in thls case, the Laplace Equation becomes

20700 42y ) 7 (paatg, )z 0

Since g is not 1dentically zero, we may write the last

identity in the coenvenlent form

Y N LR AV R A

This, then is a necessary and suffieclent condlition that an
inverse polynomial, q’l, be harmonic.
Let us now assume that the inverse polynomial, q~1,
is harmonlic and consider the polynomial, g, itself. There
are two cases to be discussed: ¢ is harmonic, q is not
harmonic; we postpone the latter case and consider the former.
If the inverse polynomial, q~1, is harmonic, then q
satisfies conditlon (3). If, further, we assume that q itself
is harmonic, q must also satisfy eondition (2). Since con-
dition (2) implies the vanishing of the second member of
condition (3), condition (3) reduces to

2 t
25 +/7‘o =0 ]
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4

which ylelds

(4) Jo SEig. VAL

It is to be noted that, since we are discussing functions
harmonic in a region, conditions (2), (3) and (4) are
identities in (x,y) ~- they must hold, and do hold, for
all points of the region.

An lmmediate conclusion from condition (4) is the

Theorem: If g~ is a harmonic inverselgplynomial, then

g is s harmonic polynomial with real coeffieients if

and only if g 1s & constant.
The converse theéram is equally evident from conditions
(3) and (4).

8ince harmonic inverse polynomials with real coeffi-
cients are thus uninteresting, we admit complex coefficients
and attempt to find a necessary form for harmonic polynomials
whose reciprocals are also harmonie.

Let 770 By v Ly g v b . It is evident that
q(l) is harmonic =- any linear form satisfies cendition (2) -

and its reciprocal will be harmonic if q(l) satisfies
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condition (4). In this case condition (4) yields
Hy, = % A, )

Without loss'of generality” we may btake by to be unity
and express gq{(1) as
ZU,E /Xi"‘& 'f’e'f .

The corresponding harmonie rational function is

L nq) = ! .
‘a h e 3 ‘!’.l'c} +4},

We investigate next the general second degree

polynomial,

(2)

; = /e'zo /x"+.8,,/x«a+—e.z ‘0‘+’z:¢’y*£w"a+£ao.

1f q(2) 1s to be harmonic, it must satisfy condition (2)
which, in this case, is

2’ezo +2’£’o1. :O.

Hence ﬁoz z —,@ao' and we have the harmonic polynomial,

Z(z)i /gzo 4111"2“ ’ta '—wezo"‘al 446104/-(-,&-0, ‘3 + 'eoo .

¥3ee footnote Pg. 2
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1f, further, the inverse polynomial .}?‘” is to be
harmonic, q(g) mast satisfy condition (4).

We compute

;;L) = ./e“ x -2 ’('7-‘ ‘1' * 100 9

f}:} '= . ’e"“ . 1’“ ‘b’ + 4@,,

these quantities are the ones which appear in condition

(4); we substitute thém in (4) and have

/4414/‘1/5101 "’)eol = t"(zl’lo G f’eu'a +/et§)o

Since we have here an identity in (x,y),* the constant
term and the coefflecients of x and y on the left mast
equal respectively the constant term and the coefficients
of X and y on the right; that 1s,

4, = tidL,

,a” :i’lb,@zo.

B S D WD B o W S Sk B S D S WD D LOR W i el B S BAD b N D B S G (oW G T S G T Wit AN S W TR D PN A SR S D S S W RS W

*Gondition (4) holds for all points of & region.
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The corresponaing harmonic polynomial is

7(“5 Bao x=t2C J,, 4 -4, 9 ot B,k £ ;'1’;,,% tho,

We note, however, that the last three terms of q(z) are
precisely b, q(1) - indeed, this was to have been expected:
since differentiation is a distributive process, the linear
terms in q(2) have to satisfy conditions (2) and (4)
independently of the second degree terms. That is to say,
after we have computed qig) and~qg?) and substituted
them in (4), we have an identity in (x,y). Hence the
coefficients on the left must equal the corresponding
coefficients on the right. But the terms, b,, and b,,,
which now appear as constants in (4) are the coefficients
of the linear terms in g(2). If identity (4) holds, these
terms must be equal independently of the other terms - but
this is merely a repetition of the argument used in the
derivation of g{1)., So we find that the inclusion of
linear terms in ¢(2) has added nothing new to our dis-
cussion.® Hence, having already obtained the necessary
coefficients of the linear terms in q(l), we may here
suppress them in q(z). We remove the constant multiplier,

R otk T A TR OB T ) AU WD R MR U GRS SOU M UD (M Y D WS SR D KR SHR GAR UG W e MR SSR SOP SOB SO W D BIP R VIS W S M R P W W G S M I W M S

*Indeed, we shall later show that a sum of constant
multiples of harmoniec polynomials of distinct degrees
whose reciprocals are also harmonic¢ is a harmonic poly-
nomial with harmonic reciprocal.
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byg, and have the characteristic second degree polynomial,
()

g = 4ztatx%—1l,

which is harmonic,and its harmonic inverse,

I
lﬁ?ﬁg) 3 :

4tt1‘lx% _1‘L

We now consider the third degree polynomial,
2(3)(1"3) = /83. 43_’_/41, 'X"a +/E~,.1,‘Kl‘61{- -/go,s(as.

Here, agaln there is no loss of generality incurred by
the omission of second degree and linear terms - since
they are of distinct degrees, they must separately satisfy
the differential identities (2) and (4).¥ We have already
discussed q!2) ana q(1); we omit them from q!3).

Since g{3) is assumed harmonic, it mmst satisfy con-

dition (2), which becomes in this case

(3£;¢ “’ﬁ.;)fx + (’ezl+3‘eos) =0,

o]

This is an identity in (x,y); the coefficients must

separately vanish; we have,

,e,z="3'e;o ) ’8'21 :'-3.4803.

v G Tuh TID S0 M G T Wb SUD SN POV TN A5 GO0 U5 BUD WAL SN BAS (BN VN S0 A WGh U TUS SO N D e G SUP SIN RS DIR bt R AN D G NP S O IR WD O BN AR S G DU B B S 00

*see pp. 5-7 for a typical argument.
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The third degree¢ harmonic polynomial is, then,
Z“, = /es‘, '«3‘3/803 /X‘ta -Sﬂ” ’X‘-& * +’e05 (a} . -

Since, further, the inverse polynomisal, '/;") ,» 1s assumed
harmonic, q'3) must also satisfy condition (4). We compute

{3)

i«

n

34,4 - 6 hoxy - 3 Ay 4
and
G)

/4

1]

'BIeQQ«z—é/e3ox‘a +3"e’°3‘0t.

These quantities are the ones which appear in condition (4);

we substitute them in (4) and have

2

=3 d K -G g 3oy = £ 304 kT 6 xg T30 hq"

Hence, as before, corresponding coefficients must be equal,

and we have

We remove the constant multiplier, "bSO’ and have the harmon-

ic polynomial
(3)

JrEoateiaty caagt g g0

and 1ts corresponding harmonie¢ rational function,

)
/el. (4,13) T ' -

4": 3"'1% -31%1 ;‘1'33
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Similarly we find the harmonic polynomial

(v)

(74 B ‘
X _"."/¢4‘5% _('42%?-; '/‘4’134-\84
whose reciprocal 1s also harmonic.

We collect and exhibit together these first four

harmonic polynomials whose reciprocals are alse harmonic:

2(‘, H] ~ f't‘\k ‘fze,

b

(2) = 4:- tz‘«‘,‘* ,“’- s

=0
1]

(3)

§ = ade3a’y3 ag®s ac&’ R

(v)

and o

L4

= 4‘/;‘_4"43% -64t¢a; ¥ ‘/r.'/X%! +t.b

We observe that, except for the constant by which is of

no importance in connection with conditions (2) and (4),

Z(z) s [ sz")

Zn) - [ Zn)] ,

Z(tll [ Z(;)JV )

we have

it

()

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

10



The obvious conclusion is that, in general, we have

N R ¥ AT

As a matter of fact, we shall later prove that if a poly~
nomial q satisfies both conditions (2) and (4), it must
be of the characteristic form (5). First, there are '
several pertinent remarks concerning q'¥),

1f we define q'¥) by (5), we have

-1

i,(f) = »&(4f“3)‘& )

"

>

(&) ‘ . ke
71 fbé(«f‘-%).

e
o o b (xsig)

L]

and B » ‘ -2

It 1is evident that gl¥), so defined, does satisfy both
conditions (2) and (4).
We note that 1fka polynomial, q(n), and its inverse,

;/}uq , are both harmonic, it 1s a necessary consequence

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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that q‘n} be completely® homogeneous of degree n. For,
as was evident in the derivation, each coefficient 6£
q{?) mst be a non-zero multiple of the leading coeffi—
cient; hence 1f just one coefficient vanishes, the
polynomisl is identically zero.

Now, since each polynomial qtk) z (x = iy)k,(k = 0,
1,2, + + +,n), is analytic and harmonic, we may express
the most general harmonic rational function whose numer-
ator 1s a constant and whose denominator is itself

harmonic as

O ks
. X, =
(6) 4 Ec’t*(«t“ﬂ"

There are here two propositions to be proved:

1% If a function satisfies the conditions of the
preceding paragraph, it must be of form (6).

22 1If a function is of form (6), i1t does satisfy
the specified condlitions.

We prove these in order.

L N R i bl R R R N N X o

*We shall say a polynomlial is eoggletelz homogeneous
of degree n if every term is of total degree n and if no
term of total degree n is wanting.
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13

12 We have seen that if a polynomial satisfies both
conditions (2) and (4), then it must be completely
homogeneous. Hence we may write the denominator of the

corresponding harmonic ratlional function in the form

o S R) 9 -
We find now the conditions under which g, so defined, is
harmonic; we apply condition (2), and compute

(%)

n-2 . .
Fay 2Z edngud g oo R

4y
and
| ™) LI “my g-2
= Z '3(3"“) au-'. . X .
7‘\‘\ = 4,9 x)

Iin 7;;’ we set Y- -3 -2 ’ -3' B X ] ’ and have

() n-a N-Y-2

rzo (re2)(r+) a,‘,_z,rﬂ A 9 .

‘the summations which appear in (2) have now the same index

)
range; we change the index in zf“ from v to 5 and add

()

these expressions for Z"": and 7“ , obtaining

R D ol (O O TC LI Pl

40
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Condition (2) implies the identical venishing of this sum

and hence the vanishing of each coefflelent. That is,

(-5 )mmgm) Bacs g+ (G ad(542) Bafy i = 9,

We reecast this equation into the convenient form

L (=340

(7) R L Gr1) (5 +2) BRI

This is the condition that a polynomial be harmonic. We

examine a few of the coefficients of q(®) in more detail.

Using (6) we have, successively,

- ‘K("‘-", ?
au;g'z = -,_T_ 4\)0 )
- - plm-12)
a".gls - ‘ . 3 «&'I)I )
- (m-2)(-3)
e AL

N{wti)(mre)(m13) Qo o
) !

J
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Ronegyy = = M;s)(:‘-vz a

AA~§)3

. (- :)(u 1)(- 5)(«~4)

LI
A 3 e/ =41 .

We note that each coefficient is a non-zero multiple* of
the second preceding coefficient: that each coefficient
with an even second subseript is a multiple of the leading
Acoeffieient, an,0, and that all the other coefflclents are
maltiples of the second coefficlient, 8ne1,1" It 1s clear,
then, that a homogeneous harmonic polynomial is uniquely
determined when the coefficients of any two terms of
unequal parity are givena#

We now insist that q’l also be harmonic -- that q
satisfy condition (4). We compute

) T (g @ a™TET
X —_5__0 M-ﬁ)‘s ‘%
and . ;
= . “ - -/
9 Z ’V w-y 4 X ‘%1

*Non-zero because j ranges only up ton - 2.

#For example, to find the homogeneous harmonic poly-
nomial of fourth degree with the two prescribed coeffi-
clents: a3z 7 = 3 and ag 4 = 2, we find successively,
using (7), & 5 = -3, ag g = =12, 84 o = 2; and the
polynomial 1is} ?

o
7‘ s 2x¥ +3x '6 -/1-1('“" ~3K~3, LR

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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16

() '
In 7% we set v=4y-+ , 4~>V+ and obtain
(=) - n
= L M-Fr-1 ¥
f‘a Yzl_o ( "'l) aa.-y_,),_‘_l « ‘a .

We now change the summation index in 7;“ from r to 1§
and substitute these expressions for 2, and 7;”in
condition (4). Again the identity of two sums of products
of discreet powers of x and y implies the identity of

coefficients of corresponding products. Hence we have

t - ¢ - a . .
(1 -H) a‘“‘;”"s“ + (M 1) RN S
This we write in the convenlient form
+ ¢ (n-73)
R I Ty me

(jzoJ’Jl;"')“"},

which is the condition that, for a harmonic polynomial g,
q’l be harmonic.

We note that condition (8) implies condition (7),
which is to be expected since condition (7). was an essen-
tial simplification in the derivation of condition (8) --
condition (7) permitted the transition from condition (3)
to condition (4).

An exhibition of the first few coefficients computed .
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using (8) shows immediately that (8) is a binomlial-

expansion coeffiecient relationship. We have:

+ ¥
auq,, = - J qMIO (") )

+ } ]
“«»1.,1 = - roll PV (") )

= 7!(M~') (él)
-2 a hat L )
G.. I A ) oY) <3
sl 3 ' - -2+ 3 a:“,o ( )'

Yhese are evidently coefficients in the expansion of
(x = iy)®. our cbnelusien is that if a poljnomial, Qs
and its reeiprocal, g~l, are harmonic, then ¢ is essen-
tially an integral power of (x * ly). Hence in the
general case ¢ must be a sum of constant mmltiples of
integral powers or (x * 1y); that 1s, of the form (5).
29 we now show explicitly that the funetion
defined by (5) is harmonic.

' n
Y SRR NI
then . -2 Se-
fau b Eﬂ &(&d) /Lk(xi'('%) 7.)
and

. st ke
i{o.k(ﬁﬂ)lh(4tca)

=9

o*

of
4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



hence q is evidently harmonic. Further,

and

so that g, = f¢ J« end condition (4) is satisfied,
hence hy(x,y) = q~t is harmonic.

we turn now to the postponed case,* in which ¢-1
is harmoniec and g 18 not harmonic, and vattempt to find
a8 necessary form for q. Since q"l ies assumed harmonie,
it is evident that condition (3) is the identity which
will be the basis of our investigation.

Let i"’ w44, + 4. . Since

- - o » condition (3) reduces to

fre* fyq

ety =0

~which ylelds p - ¢ ¢4, , so that q{1) vecomes

J

Eut this 1is precisely the linear polynomial we derived
in Case 1!#

f:l: /k’f"ca 1"/5, ¢

*or. pg. 3

#As it must be, since any linear form is harmonic.
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Let ;(')3/5;. x‘.f,@,,zx?(,d”%‘. *

We compute successively,

(a)

Ix = 26,,X +4, 4

)

Z,:‘; S »@‘,, X ~+ Zgotz

J

-

(9%

)l: "/‘Lz:x'. +4£:o'@u xg 4"8“ ﬂt
J

(35) = £, x> 4 b4aly, xq + 94y
J

(»)
Zxk = Z‘on
(-)A -

44

We substitute these quantities into identity (3) and

equate corresponding coefficients, obtaining

tt

(Buothes) 4o = v by, 44,

(ze,.o f'ﬂoz ) )é?,'

i

"’éu('éch-got))

s
-~
&
™~
o

L3 “0’1 + L"'eot

B L e e R R R o P R R R X

¥pgain, we may suppress the linear terms without
loss of generality. Cf. pg.7
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The second cf these conditions yields either -@n=° R
or MBor: -8y . The latter of these two possibilities
implies thatfq(z) is harmonioc; hence, we reject it add
continue with £, =0 . But the first equation then yields
etther f.a: 34,, , which we must reject because it fails
to satisfy the last equation, or b,0=6 . Now 4,=4,,=0
implies J4..:0, hence q(2) 1s identically zero, or else
(returning to Lo, : - 510 ), g 1s harmonic! We find more-
over, that if 4. * ’@zo, then B, = tz<4, so that q®
has the necessary form |

Z“) s (#¢ t"a)'_'

We shaell not include here the similar computations
for the polynomials q{3)end qf{%4). The derivation, although
straight-foreward, is quite burdensome. Our coneclusions

were pointed: we found that necessarily

(1)

X T (’Y't('-\.l)s’
304;

These polynomials are qulte evidently harmoniec -- in each

= (/xft(a\q.

case we have found the assumption that the inverse poly-
nomial q'l is harmonic implies that the polynomial q is
necessarily harmoniec! |

We conjecture that, in every case, if an inverse

polynomial is harmonic then so is the polynomial itself.
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We have found no further evidence to support this
conjecture, nor have we been able to prove or disprove it
in general. ZEssentially, the problem is readily phrased
in the question,

"Is there uny non-hasrmonic polynomial solution of

the differential identity

We may now dismiss the subject of general harmonic

functions
«KM('V,:‘) = w
J~ %)

with a few remarks.

Wie observe, first, that if we separate into real
and pure imaginasry parts any inverse polynomial in the
complex variasble, we obtain a pair of harmonie rational
funetions. That the derived functions are harmonic
follows from the analyticity of an inverse polynomial;
‘that the derived functions are rational is a consequence
of the separation process.

A few examples illustrate the technique.*

R e R R R R R e ke i ]

3

To separate a complex rational funetion into real
and pure imaginary parts, mltiply numerator and denomi-
ator by the conjugate of the denominator.
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We have:
( wgt
At 4k+<
- X .
= - ¢ 4
X"+¢Q" «a.*‘bt.
Hence each of = ’ 4 1s harmonic.
4‘{"4‘ 4&_'1%

I - ( | x - C']) *
(eee'q)” 7y —

—‘L‘—:-lt— —1‘:——5—2‘—- L]

o

(Xz*‘a‘)a. (x:“a;)!.
Hence each of x—tj—._ ’ —:‘-3- v is harmonic.
(xttq®) (x ey

The utility and importance of this process of
deriving harmonic rational funetions from rational
functions of the complex variable will appear in the
next chapter when we discuss approximations by harmonic

functions.
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Chapter II

The Theory and Method of Approximation

In this section we shall discuss eritically the
theories and methods of approximation by sequences of
polynomials and rational funetions in the complex vari-
able and by harmonic polynomials, in order to show their
relationship to the corresponding theory of approximation
by harmonic rational functions. The theories in all these
cases are to a large extent analogous. However, each type
of approximation has its own peculliarities and it is not
at all, much less a priori, true that a theorem in one of
these fields of approximstion has necessarily a complete
analogue in another field; or, if it has, that the corre-

sponding theorem has content; or, that it may be proved
by the same, or even by similar, methods. Illustrations
for these remerks will appear later.

In any discussion of the theory of approximation
(whether by sequences of polynomials, harmonic polynomials,
rational functions, or harmonie rational functions) there
are three general toplics to be considered:

1° the possibility of approximation,

2° the degree of approximation, and

3° the possible overconvergence of the sequence of

approximating functions.
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a4

We shall center our remarks, then, on these topics
and indicate the analogies and contrasts existing among
the various flelds of approximation.

Because the development of the theory of approxi-
mation by sequences of harmonic rational functions has
been a relstively new project, that theory is much less
compléte than 1s the corresponding théory for other types
of functions. Except for early, widely scattered, and
highly specialized results, there has been a noticeable
trend in the development of the theory of approximation,
as will be evident from the following remarks. It is
natural, because of 1lts inherent simplicity and general
utility, that the theory of polynomial spproximation
should have been first considered by many of the early
workers in the field of approximation and that the
theory of polynomlal approximation should have been
rather fully developed well in advance of the more
general theory. Results concerning approximation by
sequencés of polynomials have been extended to more
general results coneerﬂing approximation by sequences of
rational funections. On the other hand, general results
concerning approximation in terms of polynomlals have
been modified to more special results concerning approxi-

mation by sequences of harmonic polynomials. There are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



25

thus two obvious avenues of attack on the problem of
approximation by harmonic¢ rational functions: we can
specialize the theorems on approximation by rational
functions or we c¢can generalize the theorems on approxi-
mation by harmonic polynomials.

In the first place, we can explode the common, but
‘naive, notion that all properties of approximating har-
monic¢ functions can ensue immediately from the use of
so simple a device as the separation, into real and pure
imaginary parts, of an spproximating function of a complex
variable. A most startling illustration of this fact has
been furnished by Walsh and Merriman.% They have shown
that the orthogonality of a set of polynomials {fk(3)§
in the complex variable simultaneously on an infinite
family of level curves Cp does not necessarlily imply a
similar orthogonality for the set of harmonic polynomials
obtained by separating the complex polynomials into real
and pure imaglnary parts. In fagt,,some of the sets of
harmonic polynomials so obtained are orthogonal on no
level curve of the family! The further condition neces-

sary here to insure the subsistence of the orthogonality

B G OB e R SN WY M R T G D S G gt s M VG U G (R G G B AN G S S S U B B0 WP B S W W e . G B S G A P NS W o WS S W W G G e

*Walsh and Merriman, Note on the similitaneous
orthogonality of harmonie polynomials on several curves,
Duke Mathematiecsal Journal, Vol. 3, Ne. 2, June, 1937,
Pp. 279-288.
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property is that the integral

Jffc Fa(3) h(3) G3) | Ay

vanish for 4 x4 and be real for f=4L ., We note
that this further condition is in no respect a consequence
of the assumption of the orthogonality on C of the set
§'fuz(i)} R

Thus in many casés new methods vare needed in the study
of approximation by sequences of harmonic functions. 4an
excellent iliustration of the changed techniques required
to establish new results concerning other types of approxi-
mation -~ results obtained by analogy from a theorem
already established in the field of polynomial approximation
-=- 13 afforded by the comparison of the following three
theorems: the first (and original) dealing with polynomials,

- MDD W TS W M WG S S S W SR D M GEE THS NS SIS G WAL BN T WS GED B R GRS GUN SR G VED SNE S T NeR W W W D AR SEN W S W SRS M W W B R S e W O

*More than incidentally, they also establish the
Theorems If the set of polynomials §{).(;)} is cannonical on
C with respect to t to a | a porm function n(z), and if the integral
~l vanishes for ki3 but. not for Jg-,e, T, then an arbitrary
function £(2z) analxtic on and within C may be uniformly
__Qproximated on and within C b by a series

;(3) o 3‘20 ag }:'3(3))

where

fe“a) +;(‘)) nG) ”’7/[(.”’6'(6)]1"(6’ dy .
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the latter two (analogles of the first) dealing with
harmonic polynomials and rational functions respectively.

 Theorem An:* “Let C be an arbitrary closed limited point
set (not a single point) of the z~plane, whose complemen-

tary set with respect to the entire plsne is simply con-

nected. Let w = ¢(2) be a function which maps conform-

ally the exterior of C onto the exterior of the unit

circle in the w~plane so that the points at infinlty .

correspond to each other. Let Cr denote the curve

[P(3)] =R > 1 , that is, the transform in the

z-plane of the eircle _|w| = R.

1f the function f(z) is analytic on and within Cg,

then there exist gg;ynomials pn(z) of respective degrees

n,(n=0,1,2,. . J, such that the inequalities

(1) ‘)‘(3)“ kn(wd)’_f.—":’-;‘ , R2>1

amaraue A Onaitte  Gw— S

% ‘
Walsh, On the overconvergence of sequences of poly-

nomials of best approximation, Transactions of the American

Mathematicel Society, Vol. 32, No. 4, pp. 794-795.
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If the polynomials pn(z) are given so that (1) is

valid for every z in C, then the seguence {fﬁu(})}

converges everywhere interdior to Cr and uniformly on eny

closed point set interior to Cg, and thus f£(z) is sna-

lytic throughout the interior of Cg."

Several proofs of thié theorem may be found in the
literature: Walsh™ credits S. Bermstein, M. Riesz, Faber,
Fe jer, and Szegg with varlous parts of the theorem.
Essentially, the proofs involve a generous use of Cauchy's
integral formula. Since we are here interested in a
comparison of general methods, we shall accept [heorem Ap
and turn to its analogue for harmonlic polynomials.

Theorem Ay, # "Let C be an arbitrary closed Jordan region

of the (x,y)-plene, and let w = ¥(z), z = x +1iy, be a

function which maps conformally the exterior of C onto the

3

W S—— ——————— S ————————— W  tebeo————

exterior of the unit circle in the w-plsne so that
points at infinity correspend to each other. Let Cr

denote the curve lp(z)l =R, R > 1, that is, the trans-

G G G A N T B G G B B A B G QD R e S S B Tt B B B S O B S G B G S G G S S B G e W R

*For detailed references see Wealsh, Sitzungsberichte
der Bayerlschen Akadamie der Wissenschaften, 1926, pp. 223~
229,

#Walsh, On the degree of approximation to & harmonie

funetion, Bulletin of the American Mathematlical Society,
Sept . -0315 . 192‘7 ? pgo 591 .
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form onto the z~plane of the cirecle |wl=R.

A necessary and sufficient condition that an arbitrary

function w(x,y}, defined in C, be harmonic in (the closed

region) C is that there should exist harmonic polynomials
Pnix,¥) of degree n, m = 0,1,. . .) and numbers M, R > 1,

such that the lnequalities

(2) ‘ ’M("‘z‘a) - //’n(/x"a)l E %1

where M and R are constants, that 1s, independent of n

and of X,¥, and where R > 1, should be valid for every
point (x,y) in C.

1If the polynomials pn(x,y) are given so that (2) 1s
satisfled for every (x.y) in C, the seguence _§bx(%9)]

converges everywhere interior to Cp and uniformly on any

closed point set interior to Cr, so the function u(x,y)
#

is harmonic throughout the interior of Cg.
If u(x,y) is given harmonic in the closed region

interior to Ce, the polynomials p,(x,y) can be chosen to
satisfy (2) with R = ¢ for (x,y) in C."

*1f u(x,y) were not originally defined in the whole
region being considered, we now define u(x,y) in the new
points by harmonic extension - that is, by the convergent
series of harmoniec polynomials.
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The first part of Theorem Ap, is an lmmediate
consequence of Theorem Ap if we employ the following
device: wu(x,y) being harmonic in the closed region
interior to C, there exists there a function v(x,y)

conjugate harmonic to u(x,y)¥ and hence a funetion

F(-a) = M(’X, 43) -+ 6‘7)’(4(,1)

analytic in the same closed region. Now, by Theorehv
Ay, there exist polynomials pn(z) such that (1) holds
for 2 in C and R = ¢ . 1he real part of F(z) - pn(z),
whieh is u(x,y} - gn(x,y) where q 1s a harmonic poly-
nomial of degree n, cannot fall to satisfy (l)’hence
(2) is established. The proof of the rest of Theorem
Ahp may parallel precisely the proof of Theorem Ap
with the one lmportant change in fundamental tool from

D A NS . R s WD WO G BN S W S D TS G S T S W W P S B R A W R A D G s SV S W G A W Gen W IR S A S NS R s e

#*
In fact, we may define v(x,y) by
NG DI P
- o« @
| "v(«,‘a) = [(0,0) ( 7 Ade + 3_';41) te,
where C 1s an arbitrary constant.
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Cauchy's integral formmla to Green's integral formala.™
Since Green's integral formmla does require the existence
of a derivative along the normal to the boundary of the
reglon at every point, it 1s clear that we need here a
definite restriction on the regidn C.# However, this
restriction is not so severe as might be expected, as

is evident from the following 111ustration.%

P R e e g e R R e e R R X e e R

* ,
For comparison, we exhibit together Cauchy's
integral formula (1) and Green's integral formula (2):

| o ¢
(1) {'('g):ﬁépt-saI?}“c)t’“F
(2) A(,,,'%) : 1—"—,[,“.(;‘7) %7% o‘d‘7 (/x,%)ou C) (§,7) 0 f’)

where G(x,y) is the Green's function for the region C
bounded by P . We note that the simple rational function,
1/t-2), in Cauchy's integral corresponds to the normal
derivative of Green's function, 96/08, in Green's integral.
in this latter case, it 1s certain that we have a formidable
complication: mnot only does a Green's function not exlst
for some regions, but whenever it does exist, it 1s not an
elementary function even for the simplest region. To
require further that the normal derivative of the Green's
function exists at every point of the boundary of C
certainly does not ease the situationl!

#Such as, for example, that the boundary of C have
a continuously turning tangent. However, this condition
could be lightened 1f conditions on u(x,y) were corre-
spondingly strengthened., Cf. Kellogg, Transactions of
the American Mathematical Society, Vol. 9, 1908, pp. 39,51.

#Cf. Walsh, Journal fur Mathematil, Vol. 159, 1928,
pg. 203. v
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Let C be the most general closed region such that

an arbitrary function, analytic interior to C and contin-
wous in the cerresponding‘closed region, can be approxi-
mated uniformly in the closed region a3 closely as
desired by polynomials in the complex variable.* It has

been shown that C 1s not the most general reglon such
that an arbitrary function harmonic interior to C and
continuous in the ecorresponding closed region can be

approximated as closely as desired in the closed region

by harmonic polynomials.# In brief, uniform approximation

- D W G D SO W P T S WD WS S R VR S WD U G G S S GRS NG Mt Lap W M T NS A AR WD S M NS W R R S W NS B D O T R A S T W W

*It is not yet known what this most general region C 1is.

#In thls connection it is interesting to note that
Walsh has shown by the following example that it 1s not
true that an arbitrary function continuous in a limiTed
closed region and harmonic interior to the region can be
uniformly approximated in that reglon as closely as desired
by a harmonic rational function. "Consider the region C
formed from the circle x° + y© < 1 by cutting out the line
segment y = 0, -3 ¢ x £ %; let f(x,y) be the funection
harmonie interior to this region, continuous in the closed
region, zZero on the circumference, and unlty on the line
segment. “The function f(x,y) cannot be uniformly approxi-
mated in the closed region. For the approximating functions
have only isolated.-singularities, are continuous without
exception in the closed region (else are not uniformly
bounded), hence are harmonic in the elosed region. These
approximating functions can be uniformly approximated as
closely as desired in the closed region C by harmonic poly-
nomials in (x,y), so f(x,y) can also be uniformly approxi-
mated in C as closely as desired by a harmonic polynomial
in (Xx,y). But if such a polgnomial d ffers from f(x,y) by
less than € for points on x© + y2 = 1, that polyngmia
differs from zero by less than € for all points x~+y<{ 1,
which is a contradiction for x =y = O if €< 3. Cf. Walsh
Bulletin of the Amerlcan Mathematical Soclety, July-August,
1929, pp.520,521.
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to harmonic funetions by harmonie polynomials is "less
restricted” than uniform approximation to analytic func~
tions by poljnomials'in the complex variable.

We consider now the extension by analogy of Theorem
Ap, coneerning approximation by sequences of polynomials,
to Theorém Ay, concerning approximation by sequences of
rational functions. We may diswiss the proof of Theorem
A, with the remark that, since a polynomial is a rational
function all of whose poles lie at infinity, the only
complication which might arise would be connected with
the loecation of the poles of the approximating rational
functions. In general, we assume the poles all lie in a
region having no point in common with the region S in
which the approximation occurs;* then, in S, Cauchy's
integral may be employed and the proof follows that of
Theorem Ap. Thus we may establish the

Theorem Ap:” "Suppose £(z) is an analytic function whose

singularities form a set E one of whose derivatives E(k)

is empty. Suppose C is & closed point set with no point

W w——

in common with E. Then there exists a sequence of

rational functions y;(z) of respective degrees n whose

T N e S VI S M O A UER W SR NP G W U IS ST GOSN SN G WO R AR S SUN G AN W N S G W s AR B G S S S Aub WL U M T T g S TE W W D G o

#* :
An assumption which effectively clears the problem.

#Walsh, Acta Mathematica, Vol. 57, pp. 415-419.
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oles lie on E such that for an arbitrary R we have

@ - RG] s gE 5, 3 emC

where M depends on R but not on n."

If the sequence rn(z) converges so that (3) is

valid for all 2z on C, where M depends on R but not on n,

then the sequence r,(z) converges and f£(z) is analytic

at every point of the extended plane except the limlt

points of the poles of the functions r,(z) and except

points separated from C by such limit points. Convergence

is uniform ‘;_13 any'g;osed region C' containing no such
1imit point, and for z on C' an inequality of form (3)
holds for an arbitrary R prcvided that M (depending on R)

is suitably chosen.

Even though theorems Ap, Ahp’ and A,, have appeared
sebarately and at dlfferent times in the literature, the
correspohdenees among them are not at all subtle: each
theorem is a recast of the polynomial theorem into the
vocabulary and concepts of the new apprcximatibn field.

The slight changes in the essential hypotheses appear
quite incidental in these cases. In more general resulta,*

D N VIR VYD R i T SEp Bl G S P M e AW G G TR S S S USRS T G R N0 N i Nk W Gy T R WD GUS NOR M W W B o - - .

*That is, in theorems based on weaker hypotheses.
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however, the changes in hypotheses necessary for adapting
polynomial approximation theorems to other fields of
approximation are mich more pronounced — 1t 1s in such
cases, in fact; that the analogy fallis to exist - or if
it does, to be amenable to the same proof.

In this same conneection,® it is most gratifying to
note that in approximeting a function f(i), analytic in;
a closed, limited region C whose complement f(z) has just
one singularity, sequences of polynomlals behave quite
differently from sequences of rational funetions. Natural-
1y, the singularity is a definite bound to the extent of
the region of convergence of the approximating polynomials.
On the other hand, 1f we pick., the poles of the approxi-
mating rational funetions to lie on the singularity of
f(z),# then the sequence of approximating rational func-
tions converges on the entire plane with the exception of
the singular point.

Each of the theorems A Ahp: and 4, contains an

p’
existence theorem - each asserts that under certain
rather general conditions there does exist a sequence of
approximating functions - these conditions are, however,

¥6f. Walsh, Acte Mathematica, Vol. 57, pg. 414.

#As we may.
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not the most general of their kind, as we shall see later.
The existence of a sequence of approximating functions
depends, in general, on two types of conditions: the
properties of the function® being approximsted and the
properties of the point set# on which the approximation
is to occur.

There are many different existence theorems for each
of thg fields ef‘approiimation - the theorems differ es-
sentially because of the slight differences in their
respective hypotheses. It is not desirsble here to exhibit
a list of such theorems. A single example, concerning
rational functions, is typical of them all.

Theorem: If a function f(z) is analytic in k m tuallx

exclusive regions Sq, So, . . .,%k)gg the extended plane
each bounded by & finite number of non-intersecting con-

tours, then there exists a sequence of rational functions

whose poles lie on the boundaries of the §J, which converges
to £(z) 1lnterior to the Sj, uniformly on any closed set

interior to thelﬁj.%

D L e e X R R R R e R R R W N T P Y A 2

*Such as analytieity, harmonicity, continuity, existence
and continuity of derivatives of the first and higher orders,
locatlion of zeros and poles, etc.

#Such aS'bonndedness, closure, connectedness, compact~
ness, ebtc; types of boundary if a region: Jordan ecurve,
analytic Jordan curve, ete; characteristics of point set if
a curve: Jordan arc, analytic curves, ete.

%Walsh, Interpolation and Approximation, American
Mathematical Society Colloquium Publieations, Vol. XX, 1935,

pg. 12.
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The problem of determining the most general conditions
under Which there exists a sequence of approximating func-
tions of one of these types has not yet been solved ==
indeed, 1t is not even known that such a solution exists.

We indicate now several of the various measures of the
degree of approximation of a sequence of functions ~- the
various messures of the discrepancy between any one of the
approximating functions and the function being approximated;
for example, the inequality which appears in Theorems Ap,
Apgps and A, is a'typa of measure of approximétion for the
funetions being consicdered -~ at no point in the region does
the value of the approxzmatlhg function differ from that of
the approximeted function by more than M/RR. We may, in
brief, classify the types of "best approximation" by
measures of the degree of approximation 1) in the sense of
‘'chebyeheff, 2) by line integrals over the bgundary of the
region on which the approximation occurs, 3) by surface
integrals over the region being considered, and 4) by line
integrals taken over the unit eircle in a new plane, after
conformal mapping of the original region onto the interior
of this eircle. We define these concepts in turn.

1) The ‘fchebycheff approximating function Trn(b) vve‘f
degree n is such that
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is not gresater than
mel*f(a)f 1»“(5), 5 3 M C)

for any other approximating function p,(z) af;degree n
of the type being considered.” It is known that the
Tchebycheff polynomlal exists ana is unique. <The
Ycehebycheff rational function likewise exists bubt is

not unique.#

2) We may exhibit together the functions of best
approximation in the sense of measure by line and surface

integrals. A sequence TT ,(z) shall be saild to be a

sequence of best approximation in the sense of least pth

powers (as measured'by a line integral) if
4) P
( [ ’ ‘F(‘a) - T’;(a); n(a) do

A generalization of this concept by the inclusion
of a positlve contvinuous norm function n(z) concerns

Mox “Vl(:‘)|(§(5)~ﬂ~.(6)|, )M c.

#Illuminating examples of vhis lack of unigueness
may be found in Walsh, The existence of rational functions
of best approximation, Transactions of the American
Mathematical Soclety, Vol. 33, No. 3, pp. 676-679; and in
Walsh, Interpolation and Approximation, American Mathe-
matical Soclety Colloquium Publications, Vol. XX, 1935,
pg. 3566.
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is not greater than the corresponding expression

fplﬂp - 7..(;))4;(4)»0

formed for any other approximating funetion q,(z) of
degree n where p is an integer greater than unity, and
n(s) is an arbitrary function positive and continuous on
' , the boundary of the region of approximation.
3) Similarly the sequence 77, (z) of spproximating
functions 15 sald to be a sequence of best approximation
to £(z) in the sense of least pth powers (as measured by

a surface integral) if

(5) [/’{(5) - ]T,‘(é)’ 'Vl(}) 0‘.5
c

is not greater than the corresponding expression
//Jﬂ%) - Z.(a)l (4] A9

formed for any other approximating function gn(z) of

degree n of the type being considered, where C is the

region of epproximation; n(z) is any positive contin-

uwous funetion, and 3 1s the area of the region C.

In each of these cases it has been shown that the
polynomial of best approximation exlists and is unique;

the rational functionhs of best approximation exist®

B BE e 7 u e G G SR G S UGN RS WU BNG D U M T AT R G SN G AN O BN SO e B G e T SO B R G NP W e Sun Sen Su0 G S T T SN B W W G G B S

*That is, provided there is et least one rational
function for which the defining integral (4) or (5) exists.
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but are not unique.

It 18 to be noted that measurement of degree of
approximation by a line integral taken over the boundary
f of the region, implies that the boundary /” is a recti-
fiable curve. Thls 1s a restriction which we may circum-
vent by mepping the interior of f onto the interior of
the unit circle in the w-plane and then measuring the
degree of approximetion by a line integral over the cir-
cumference of the unit circle. Here again, the polynomial

of best approximation exists and is unique; here, again,

the rational function of best spproximation exists® but

;g not unique.

It sometimes happens that not only does a sequence
of approximating functions converge to a given funetion
with a certain degree of approximation in a given region,
but that the sequence converges to the function in a
larger region containing the given region in its interior.
We have already had several examples of this phenomenon:
Theorems Ap, Anp, and Ay contain specifié conditions under

. B S e SN Bt B Wt A A W S R e Sl A Gt Gl et S S O MRS GO0 BN Bt G U S G0N e B W W Ot A e S W R B A W S RGN B B W A

# .

As before, the rational function of best approxi-
mation exists only if there is at least one rationsal
function for whieh the defining integral exists. There
is a further necessary condition here -+ that the poles
of the rational functions lie in & closed point set
which contains no point of the boundary  corresponding
to more than a finite number of points of |wi = 1.
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which overconvergence always occurs; we have seen that a
sequence of rational funetions, for example, may converge
uniformly throughout the entire plane except for one point.
On the other hand, it ias evident that a sequence of poly-‘
nomials can approximate uniformly a continuous functlon,
not a constant, on no unlimited point set, for on any

sueh set the polynomial becomes infinite.

There are many scattered theorems relating to over-
convergence of sequences of polynomials, harmonic poly-
nomials, and rational functions. Here again, we shall
exhibit just one example which is typical of the others.

Theorem: "Let V,(z) be 2 seguence of rational functions

of respective degrees n such that we have for z in an

arbitrary closed Jordan region C

(6) I}Yg) - Vu(3) | < L ML

{l
'
2

If the poles of Vn(z) lie in the closed set D,

where D has no point in-common with C, then the seguence

Vn(z) converges uniformly for z in Cr, where R _< 2.

T A————  WO———— o Wowa— —

Vn + 1(2) - Vn(z) 1s of degree n + 1, with its poles in D,

then the seguence Vn(z) converges uniformly for z in Cn,

where R (€ .,
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1f (6) is velid for z in C and if there exists a
sequence V' (2z) of functions such that V!, (z) - V,(z)
is a rational function of degree n with its poles in D,

if we have

(7) Iﬂé)'_ \/,,'(3)‘ < L;Z_n ) ] - e,

end 1f the seguence V' (z) converges uniformly for z in

» where R <8 (R may or may not depend on the sequence

3

V', (2)), then the seguence Vn(z) also converges uniformly
nik

for z in Cg.

We include this particular theoremt on approximation
for two reasons. First, the theorem indicates one of the
directions in which Theorem A, (and Apand Apy,) may be
extended: to obtain successively more énd more general
results on overconvergence, we postulate more and more
stringent conditions on the approximated and approximating
functions.# Second, the theorem is basic in the corre-
sponding discussion of the possibiliﬁy of overconvergence
of sequences of hermonic rational funetions, which we shall
consider in greater detall ln the next chapter.

S BT TN G G A e G T G WSt BN MM R G e s T B S e W G S A AR S M e M TR e P T A et T s B e G G ten At B e W e e i S e e e S

Walsh, American Journal of Mathematies, Vol. LIV
No. 3, 1932, pg. 563.

#or. pg. 306
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We have not included theorems concerning approximsastion
by sequences of harmonie rational functions for the reason
that existing resulbts are rather unsatisfactory. Though
they are, in the main, analogous to those concerning
approximation by sequences of rational functions and
approximation by sequences of harmoniec polynomials, they
are in no sense complebe, nor are tlhiey as yet unified.

For the sake of completeness, howe?er, we include a
theorem, proved by Osgood, which furnishes a very powerful
tool in the study of approximation by harmonic rational
functions, especlally in 1ts relation to the corresponding

- study for rational functions.
Theorem:* Given u(x,y) a harmonic rational function, define

) da Juw
v(«,%):'f (~()~%A«+%ﬂ)+(‘_5

(s,0)

then

fG) = wlxg) + £ v (xy)
i3 a rational function of z.
S | SSTSSMIVSTLT | ee—— — —
Using this result, we have for the theory of approximation
by harmonic rational functions a tool completely analogous
to that used in the study of approximation by harmonic
polynomials (compare pg.30 and footnote).

W JUD G VY UGB NS W WS WG TR W S S W S D S W T NE IWG SNS WHE MD VNS G WD MU TS Wed D wu el S G M W S6 S L WS S U i W M e Bae P e A W W WP RS et

*
Osgood, Funkitionentheorie, Vol. I, Leipzig, 1912,
pg. 680. ’
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Chapter III

On the Overconvergence of Sequences

of Harmonic Rabional Funetions

Walsh®* has considered the general problem of the
overconvergence of sequences of rational functions and
has suggested the application of similar techniques to
the eonsideration of the overconvergence of sequences of
harmonic rational functions. in this chapter we shall
carry out the proposed investigation in detail.

We consider a sequence of harmonic rational functions
hp(x,y) which converges, with a certain degree of approxi-
mation, to a given harmonic function H(x,y) on a given set
C. We show that the sequence may necessarily converge to
B(x,y), or to its anslytie extension,oh a larger point set
eontaining € iu"its interior.

Let C be an arbifrary cleosed Jordan region of the
extended (x,y)-plane and let D be an arbitrary closed
point set having no point in common with C. Let w =9¢(z),
z = x + 1y, be a function which maps conformally the
complement of C onto the exterlior of the unit cirecle,

jw) = 1, in the w-plane so that the peint (x,,yo) of D

B A SN S G W G B et B W GEn St G S TS GNP S Gt M N U LUE N Gl SN GED AN M G G SN G W AN T W e D G N GUE BeR SN e G TR O S e D S U A e A

*smericen Journal of Mathematics, Vol.LIV, No. 3,
July, 1932, pp. 559~570.

#By the extended plane we shall mean the whole finite
plane closed by the addition of the point at infinity.
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corresponds to the point w = oo .* Let Cp(x,,y,) denote
the curve in the (x,y)-plane whose image in the w-plane
is |w] = R > 1. 8Since the boundary of C corresponds to
the unit eirele, |\wj a 1, it is e¢lear that the closed
regions bounded by the various curves Cr(x,,y,) have the
région C in common when the point (x,,y,) varies over D,

and may have an even larger point set in common. We

denote this common peint set by Cy.

w-~ ,Jm

T O G W WSE R R PSS WS WD SIS SR Al W ) BR) S GE WD N S S U S W B PR S D WS B Mg G G A B MmO W W S s W M U R S 0P

*In as much as a Jerdan region 1s simply-connected
and we have established the correspondence of a pair of
points, one in each plane, the function w = ¢ (z) has a
single valued inverse z = Y (w) which maps conformally
the exterior of the unit ecirele, |w) =z 1, in the w-
plane onto the complement of C in the (x,y)=-plane so that
the point w = o= corresponds to (xy,y¥,). (C. Caratheodory
"Conformal Representation', Cambridge Tracts in Mathematics
and Mathematical Physics, No. 28, pg. 70.)
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In establishing the principal theorem, we shall
have need of two lemmas, which we now state and prove.
Lemma L. If hn(x,y) is a harmonie rational function of

degree n* whose poles lie in D and if we have

(1) [hulrq)| &M, fulry o,

then we have also

Let the points (Xy,yk), tk = 1,2, . . .,n), be the

roots of P2 4 'x"s =0 ; these points
r+s tu rs

are the poles of hp(x,y), lie in D, and need not be
distinect. Further, since some of these points (xk,yk)
may also be roots of I Q

Ltm ey 4
are only apparent poles of h,(x,y), hu(x,y) need not have

/x{ta .0 and hence

n poles; if there are fewer, the reasoning is simplified.

G G BN e B S W WS A G N D S PRGN G TS W W e G TS A S A W B NGNS B G IR G G W W A A S T WD GNP D G SN T O G T S .

#*
We express h,(X,y) as

= £ m
»h”"a’ T dimen Rom™ [s

Z 4 /Xroks

risey 79
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Let w = ¥(z), 2z = x + 1y, be a function which maps the
complement of C onto the exterior of the unit cirele,
iwjs 1, so that the point z, = X + 1y of D corre~
sponds to w s °o .
Except for this pole of the first order at (X, 7)) s
the function Y, (2) is analytic exterior to C and con-
tinuous in the corresponding c¢losed reglon if 1t 1s

suitably defined on C itself. Consider, now, the function

_,&M(m) , '3 “../)C'l"l.'(a )
G 4GG) - . (5)

which 1s snalytic exterior to C, except possibly for
branch points, and continuous in the eorresponding closed
region. Heneé, the modulus of this function cannot be a
maximum exterior to C, unless the modulus is everywhere
constant.* Purther, as the point (x,y) approaches C, the
modulus approaches a limit not greater than M, for the
modulus of each Y, (z) approaches unity and on C inequality

B T D W e B S D G VD M A TS B S WD W M P P S TR B SR R VT D T M T G W DO R D BT B WS R S R R TS e W D SR R S e

*According to the Principle of Maximum, if a function
f£(z) 1s analytie in a region E of the extended plane, then
the modulus |f(z)| cannot have a proper maximum interior
to R and ¢an have an improper maximum interior to R only
if £(z) is identically constant in R.
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a's

(1) holds. That is

»&M('r,o&)
‘e.(s) P,,(b)" ‘ea(s)

(3)

s
<

for (x,y) on the boundary of C. Now, applying the
Principle of Maximum we have successively, | ¥x(3)| =/
on C, inequality (3) is valid for (x,y) on C, and inequal-
ity (3) is valid for (x,y) exterior to C. Since the curve
CR(xk,yk) corresponds to (w| = | Pe(z)] = R,.we have

[ 4.(3) | €R
throughout Cp exterlor to C. Hence from (3) we have
"&u(q‘:%)’ € M Rn

for (x,y) on Oy exterior to C. But O contains C in its
interior and hy(x,y) has no pole in Cg, so (2) is valid
for (x,y) everywhere in Cg -

Using the same notation, we now state and prove a
general mapping theorem.
Lemma II. 1If C is a Jordan region and 1f the point set
D (baving no point in common with C) 1s a Jordan region

bounded by a curve which can be denoted by C ¢ (%),
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Y = x + 4iy,(where 3 is some point of D), then the point
set CR i3 the Jordan region which contains ¢ and is bounded
by the curve C, (}), where

(RS +1)
(R+S>)

Y =

Let w= ¢ (2}, z = x + 1y, be a function which maps

the complement of C onto the exterior of |w| = 1 so

that the point z = Y corresponds to w = eo . Then the
function

' = (« "7—:“’) - [.' — ‘P(}J ‘efj_)_l
Cur - ) [ e - 96 ]

maps the exterior of C onto the exterior of (w!|

b
|
-

so that the point Zy = X3 + 1y; corresponds to‘w' z % ,

*6f. 11lustration on next page. An auxiliary closed
curve Q has been exhibited in the complement of C in the
(x,7)-plane and its images have been exhibited after
mapping. Note that there is an essentlial distinetion
between the exterior of (w| = 1 and the exterior of

lw'l =1 - unless, of course, the points z; and ¥
coincilde.
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It is clear from the map that the conditions

lw/| % 8 , [ €(3,)] 2 8§ s 2, in
the closed region not containing C bounded by C S (%),
z, in D, are all equivalent. It is further evident that
all points z not in GR can be expressed by the conditions

[ - €, ) ¢
(4) 3 ¥G) 1 > R , | Y| 2§,
‘((3)“9(5')

or by the equivalent conditions

(5)

where w- ~€()) , W 'P(s.) .
Conditions (5) considered as restrictions on w, are

not difficult to transform. We have

( ,._w,w

?
w—-u"

hence

! ] oy
w'w - ww, = | WY,
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and w(w' - )= 1 +w ,
so that w = e
w’-fw,
We may now write (5) in the form
{
w, w' +l Pl
= ’w l: R}'
(8) A W'+ W ) )
| w, [ 2 ¢ 1

We note in passing that these really are the condltions
that a point z lie exterior to Cp, for the point z, does
correspond to a point lying outside or on I|w| = g
since z, 1lles inside or on C ¢ (}) which is the map of

jw| = ¢, hence lwll = I‘V(zl)l 2 Q . Purther,
the reglon ({(w'l > R > 1 1is the map‘cf the complement
of Cr and hence does contaln all points corresponding to
those which are exterior to CR‘
We return now to (6); w' and wy are arbitrary, subject o
the conditions indicated, and we seek the locus of w. The
transformation in (6) maps the unit ecircle Iw'l=- 1 and

its exterior onto |wi = 1 and its exterior, so we
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obviously have I|w| > 1, since we are concerned only
with lw'] > 1. Let us set Iw'l =R 2 R, [w| = e

By (6) ‘we have

(U—J,G"-H)

R
w =
(&' +w,)
hence
¢ —_—

wo = | ww ti L W+

w'+ W, o'+ ow,
s Wb Bw tww tw @
‘ I+ 5’-“-;/_‘_0‘,1“"_"“"&-;;
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But W, w W w is real, for if
w, T U, + Vv, y AU, T U -cv, N
and '
4 4 ¢ '4 — 4 ' /
AN T W fte v ) Ay = L -V s
then

w'wl*w' ‘;’_I - ( u'-fc'v,)(ﬁ.'-f ‘avl)_‘_(“‘_‘tv‘)[“l_‘-bl)

u
»

(v, -v, v’)

Hence we may wrlte
ROCY +2x ¢s

R, +2x +6§°

Let us consider the function

,. RUQ“+2x +1
7 =
( ) ") R't 42 x -f?"'
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The numerator 1s greater than the denominator, for since

]
8. »i and R*=1 >0 , we have

¢ (R"-1) » R -1

which ylelds

R, S 41 > R™+¢,° )

so that

R,‘?,’fz xt1 > R, “+2« +?,l‘

For - %R, ¢ x

ud

¢. R,

s the denominator
of (7) is positive, and vanishes only for

e = "g(ﬂ,‘* 90 t)

which does not exceed -R§ . Since (R, -%,) 20 , we have

2

R) -2R|?l +Q11 >o

hence

th'felt?‘—‘ a‘ngl,zR§’

which implies the results just stated. We now show that
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J¢

the curve represented by (7) is an equilateral hyperbola.

We have

’

"x(%, +x -rgl") : R'® Y tak 1ty

%K‘a -2 +(R:fﬂz)&a = Rl‘ ?,t"f'/

alxq-x 4 (“‘ *?)3 RS
ety (R Yy 0] = RS-0t R

t 2
e W) (yer) S WA

~1f we set 2

we have the normal form of the equilateral hyperbola

2X/£a( - .
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Hence (7) represents the equilateral hyperbola whose
asymptotes are the lines:

R, +S.°
2 )

i

‘?"le’-"’x g ?l R!

For x-= R,§, the function (7) has the value

(R,g,+l)L/(R,f- %) -

which is the minimum in the strip under consideration.

Since R, 2 R and $.2 ¢ » We have

-
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Returning, now, to the expression just preceding (7),

we find X RQ +/ '

bl R+¢g ’

hence we have shown that the complement of Cg lles in the
Jordan region not containing C bounded by the curvé Cy( ‘g),

v: (RS+1)/(R+%) and the -Lemma is established.
Reciprocally, let z be given in the Jordan region not
containing C bounded by this curve C,(3); we shall show
that z belongs to the complement of Cr. When this situ-
ation is transformed to the w-plane it reduces to the
following: given |w| 2(Rg¢+)(R+¢) , find w and w'
which satisfy

/

. w

(6) w W
w 't wy

If |wlZR s (6) 13 evidently satisfiled by w' = w, W ==o.
2

In the remaining case R > |w]| _Z(Rg+|)(R+g)

we define the constant § , by the equation

i (RSQ,+!)

RANNGET)
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Since 3.t > RSt , we have in turn

(Re.+)(B+8) ~Re+ ) R+S)

(R+S)(R+8) =9
(R'L-I)(?,"?) 2 0.
(R48:) (R + )
Now, since R -1 >0 and (R—+?,)(R+g) > 0 .

we have § 2§ . FPuarther, (6) is satisfied 1f we set

w o= €, w (R+3,)
! _ (R?.f’)
and
r . RORS. )
~ w(R+S,)

for on substituting these values in the right member of (6),
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we have

3w (R+8,) R(RS, +1)

+ |
(R$:+1) w(RrR+3,)
J
RCRS, +1) o S.w (R+§)
w(R+¢) Rs.+)
whieh yields
_wlRe +)"(r+g,)
RORS, ¢+ ¢, (R+¢,)° |w ™
We now use the definition of §, , we have
w (R “(Rt
¢ t) (R13,) W

R(R%, +0° + 9, (R+9)(Rg )

Finally we have w1 =5, and |w'l=R ,

and Lemma II 1s complete.

Using Lemma II, wé prove
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Theorem 1. Given a harmonic function H(x,y), let hn(x,y)

be a sequence of harmonic rational functions of respective

degrees n such that we have for (X,y) in an arbitrary closed

Jordan region C

N
<

(8) | HCx ) - Lu(xq4)]

A. If the poles of the functions hn(x,y)} lie in the

closed set D, where D has no point in common with C,

then the sequence bn(x,y) eonverges uniformly for (x,y)
in Cp, where R < § . .

B. If (8) is walid for (x,y) in C and if the function
b, +1(X:IZ = h (x,7) is of degree n + ] with its poles
in D, then the sequence h,(x,y) converges uniformly for
(x,y) in O, where R < S

C. If (8) i1s valid for (x,v) in C and if there exists
a sequence h'n(x,y) of harmonic rational functions such

that h'n(x,y) - bn(x,y) is 2 hermonic rational function

of degree n with its poles in D, if we have

it

(9) | Hilxng) -Li(xq) | & F= >
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‘

for (x,y) in C, and if the sequence h', (x,y) converges
wniformly for (x,¥) in Gg, where R¢§ (R may or may
not depend on the geguence h'n(x.y)), mmgwm
hn(x,y) also converges uniformly for (x,y) in Cg.

We prove the three parts of Theorem I in order.

A. We have the inequalities, valid for (x,y) on C

‘ H(""a) “’au(')‘,‘a)’ ‘i i;.“
and
™
‘ H('r,ub) - 1‘,‘,,(7,'3) l = ET“ )
Hence

[Herg) = L (o) | * 1 H (g - 4, ()] 8 (14 d),

The left side of this inequality is not less than

| #exq) - L (rg) L., (ng) ‘”(*ﬂa)l ’Mm,“"a"u"a)’ |

30 we have also

18, (g -A.(xq)] ‘%‘(*é) ,

-t

fr () e
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The harmonic function h, _ ,(x,¥) - h,(x,y), when expressed
as the quotient of two polynomials 1s of degree 2n + 1, so

Lemma I ylelds, for (x,y) on Cg,

g = Aelug) s S R™T7 ¢ mrlie ) ()

If,now, R <%' , we have R¥ ¢S " and("?,a)“<w<l for .4,
hence the sequence h“(x,y) does converge unifcrmly for (x,y)
on Cr, and part A of the theorem 1s established.

B. It follows from the'proof‘just given that if

hy 4 1(%X,¥7) = hy(x,¥y) is of degree n + 1, with its poles

in D,* we nave for (x,y) on Cr»
,\4 —[' P
£, (5 -Aulrg) | & g (123) R

W R FR S S T W I S U SO WY W S BOp Sy GllS WL W NS T W VD SO0 G GNN AR WY WHE S SUR S TN SN BNE B UW S Wem ate SR VIR A S b A WD D o WO IR WS G W

Consider, for example, the sequence of harmonic ra-
tional functions in which esch approximation differs from
the preceding by the addition of a single harmonie¢ rational
function of degree corresponding to the index of approximation:

’eo(r"é) = A, )
/Q‘,(’Xléa) - & + 4, —

. . k“
b —_ )
= he tQ, T+ -+ QL o
Lo lg) 7.7 3
Riloay = 2, +a, B 4 ... Q. = 7
fs{l ‘a) a /] i[ L4 + Z’s M'rl f‘_',

It is elear that the difference

\/&Mh(xNa\-za“(’)‘,‘*b\ = a...“ %3—41/

is a harmonic rational funection of degree n + 1.
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‘he right member is not greater than

b

MRGr L)) MR (ivd) K

for R<¢S and %>R ; hence h,(x,y) does converge
uniformly under the prescribed conditions and part B of the
theorem 1s established.

C. 1f both (8) and (9) are valid, we obtain similarly for
(x,5) on C,

a2 M

————

,/eh(r,.%) —1.,:(1,«3)1 L’ g™

and Lemma I yields for (x,y} on Cy

2 M "

| . - R\™
[ 2. (x, ) k(g F T R = 1M(§')

thus 4if R<¢S , then @)‘k K, for all ~ >Z | and the
sequence h,(x,y) - h',(x,y) converges uniformly for (x,y)
on Cgz. By hypothesis, the sequence hi,(x,y) converges
uniformly for (x,y) on Cg, hence hn(x;y) also converges

uniformiy for (x,y) on Cg, and Theorem I is complete.
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We turn now to the more complicated situation in
which the complement of C is not simply cennected.

Again, let C and D be arbitrary closed point sets
with no common point. We now make the further assumption
that the Dirichlet problem (for arbitrary boundary values)
has a solution for every region S(x',y') defined to be the
totality of points which can be joined to the point (x',y!).
of D by broken lines not meeting C. Such a totality of
points forms an open reglon whose boundary consists
entirely of points of C. For, since C and D are closed
and have no common point, (x!,y') cannot be a boundary
point of C. Hence there exists about (x!,y') an open
circular region X! of which no inner point is a point of C.
Every inner point of K' can be joined to (x',y') by a line
segment not touching C and so must belong to S(x',y').
Consider now each boundary point (x",y") of K!: either it
is a boundary point of C or there exists about it an open
circular region K" each of whose inner points can be joined
to (x",y") by a line segment not touching €, and hence can
be joined to (x!,y!) by a broken line segment not touching
C. Evidently each of these open regions K" belongs to
S(x?,y'). Now consider each boundary polnt (x''!,y''!) of
each region K": either it is a boundary point of C or
there exists about it a region Kt't, - - -« , It is clear
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that the region S(x',y') does result from the continuation
of this process, that it is open, and all of 1ts boundary
points are points of C.

Let w = ¥(z), z = x + 1y, be a function which meps
conformally the fegion S(x',y') onto the exterior of the
unit cirecle, |w| = 1, in the w-plane so that the point
(x',y') corresponds to w = oo .” Let Cr(xt,y") denote
the curve or curves in the (x,y)}-plane whose image in the
w-plane is |wl =R 71.# Let SR(x',y') denote the
eomplement in the (x,y}-plane of the set [¥(z)| » R, 1,
so that Sg(x',y') is closed, bounded by Cg(x',y'), and

*The hypothesis on S(x',y!') is sufficient to insure
the existence of such a mapping function even though it 1is
not uniquely defined., However, the econformal mapping may
not be smooth.

#The point set Cp(x',y') is uniquely defined.
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aontainé C. Let Cr denote the point set common to all
the point sets Sp(x',y') when the point (x',y') takes
on all possible positions in D; the given set C evidently

<

N ‘.«7"
]
B
<
i

4:;&‘
: q-;:gh
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In establishing the generalized theorem we shall
have need of a lemma more general than Lemma I. We now
state and prove
Lemma III. If h,(x,y) is an harmonle rational function
of the real variasbles (x,y) of degree n* whose poles lie

in D and if we have

(1) gy [t m fa Gy w O

then we have also

| ﬂn(ﬂq)/ < P1R“’ %L(&z)fu CR'

Let the points (xy,yy),(k = 1,2,. . .,n) be the poles
of h,(x,y), all 1ying in D, but not necessarily a2ll dis-
tinet. Let (xy,w),{k = 1,2,. . .,m) be the poles of
hy(x,y) which lie~in/S(x1,yl). Let w = ¢, (z), z = x + iy,

(k =1,2,. . .,m) be the functions which map the region
8(x4,y;) onto the exterior of the unit circle, iw] =1,
so that the respective points (x,¥),(k = 1,2,. . .,m),

GV A O S SR WS NS R G A M B BN M N B A (PR W WS D B GNS S G G G M S UG S UM e ND D T G W B G G e M Sur SISO WS B B W e R S S

*bff footnote pg. Y&
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of D correspond to w z o0, Consider, now, the function
’ﬁu(r,‘a)

C(y) ly) - Panly)

which is analytlic in S(xl,yl), except possibly for branch

» 3y Xty

points, and which has a single valued modulus in S(xl,yl).
Hence the modulus of this function cannot be a maximum in
S(x1,¥1), unless the modulus is everywhere constant .
Further, as the point (x,y) approaches the boundary of
8(x,,y,) the modulus approaches a limit not greater than M,
for the modulus of each ‘fk(z) approaches unity and on C,
and hence on the boundary of S(x,,y,), inequality (1) holds.
That 1s,

A.. (r,9)
'P.(Y,ta) e 'IDM('X,%)

<

(10)

for (x,y) on the boundary of S(xl,yl). To be sure, VEJZ)
is not properly defined on the boundary of S(xl,yl), but
as (x,y) approaches that boundary, Vk(z) approaches unity

and h,(x,y) 1s continuous: this is the sense in which we

A O . WG S W S W S W . G T T SSS SOR W W OW S W Mab W GG T O IS P G 000 G e A S G W RN G ST M G W N B N SR G BE B

*Ihe functions w = fk(z) need not be single valued.
#Cf. footnote pg. %7
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interpret the inequality (10). It follows that (10) is
valid throughout the region S(xy,y;), a region in which
the function 1s analytic except possibly for branch
points.* Since the curve Cp(xy,y;) corresponds to

fwl = IYR(Z)ll = R, we have
1)1 ¢ R

throughout the region common to S(x;,y;) and Cr. Hence
from (10) we have

|—&,ﬂ(¢,~a) l tMRT

for (x,y) in the region common to S(x;,y;) and Cg.

Sinee- m ¢ n, we have established inequality (2) for
the region common to Oy and S(xy,y;). In a similar manner
we show that (2) is valid in the region common to Cy and
any 8(xy,¥)) containing poles of hn(x,y).#

We denote by } the set complementary to the totality

of the regions 8 (xy,¥y) containing poles of hn(x,y}.
Since inequality (2) is valid on the boundary of each
region S(xy,yy), 1t 1s valid at each boundary point of ¥ .
Again, since the function “fy.(z),(k = 1,2,. . .,n), is

*compare pg. %7

#In the simpler case in which the complement of C was

simply connected, there was only one such region S(x,y})
- namely, the complement of C.
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analytic throughout ¥ , inequality (2) is valid at each
point of ¥ , and in particular is valid at each point
common to Cz and ¥ . But we have already shown that
inequality (2) is valid at each point of Cp not in Z
(that is, at each point of Cy lying in a region S(xy,¥i)
containing poles of hn(x,y)), so the proof of Lemma III
is complete.

Using Lemma IiI we can now establish a result

analogous to Theorem I but much more general. In this

S S—— S M— S

common point, such that the Dirichlet problem (for

arbitrary continuous boundary values) has a solution

for every region S(x“,y') defined as the totality of

points which ean be joined to a given point (x',y!) of
D by broken lines not meeting C.
Theorem I1. Given a harmonic function H(x,y), let

hy(x,y) be a sequence of harmonic rational functions

of respective degrees n such that we have for (x,y)

on C
| m
(8) lH(m%) —zﬂn(x,bb)l = sty F e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

71



72

A. f the poles of the functions h,(x,y) lie in D,

then the sequence hpn(x,y) converges uniformly for (x,y)

)
on Cp, where R < 72,

B. If (8) is valid for (x,y) in ¢ and if the function
by o, 1(%¥) - h,(x,7) is of degree n + 1, with its poles
in D, then the sequence hj(x,y) converges uniformly for

(x,¥) in Cr, where R < S,

C. If (8) 1s valid for (x,y) on C and if there exists

a sequence h'n(x,y) of harmonic rational functions such

that h'p(x,y) = hy(x,y) 1s a harmonic rational funetion

of degree n with its poles in D, 1f we have

“
(9) ‘H('r,%)- /&:(1,%)“5 ’I;‘w )(/",‘b)w‘\c)

and if the sequence h'j,(x,y) converges uniformly for

(x,7) in Oy, where R <% ,(R may or may not depend on the

sequence h'n(x,y)), then the sequence hn(x,y) also

converges uniferml_y for (x,y) on Cg.

We prove the three parts of Theorem II in order.

A. We have the inequalities, valid for (X,y) on C
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, H(’X/‘a) */KM(«,%) l

e =
oS
and _
| . M
[H gy ~ Ao, ()| & S0
Hence

| H(ay) -«&M(r,.a)‘l t1h.,, (5q) -Hlrq) |

M { '
— +!
The left side of this inequality i1s not less than

| («"3) _l“(y',a) + 4, (7‘"3) -H( Y. y4 NE M“S-."‘J)'Q(&o)l,
So we have also

| &, (x 4) -/L..(r,%)l : -?M (u—g) ) /~(X«q)a~«¢.

The harmonie funetion h, 4 3(x,y) - h,(x,y), when expressed

as the quotlient of two polynomials is of degree 2n 4 1, so
Lemma III ylelds, for (x,y) on Cg,

| . M T H
u-“,,(x,la)—,ﬂ&(x,%ﬂ < §~(|+-§)R

[~

CHIN

3
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n
2 R
If, now, R S % we have R€<$ and (—f ) < H «1

for n > 2, hence the sequence h,(x,y) does converge
uniformly for (x,y) on Cg, and part A of the theorem is
established.

B. It follows from the proof just given that if

hy ¢ 1(%,¥) = h(x,y) is of degree n + 1, with its poles

in D,* we have for (x,y) on Cg,
Moo () = Aalnigy | % G (1o )R

The right member is not greater than

MR (e £)(%) ¢ MR (15) K

S S

for R ¢S snd n » Q; hence h,(x,y) does converge uniformly
under the prescribed conditlons and part B of the theorem
is established.

C. If both (8) and (9) are valid, we obtain similarly

for (x,y) on C,
‘ | M
,L‘“(%%) -,ZM («u»a)l E ¢~
and Lemma III ylelds for (x,y} on Cy

[ £iCrq) —,Q.f(r,‘b)l < %‘ ~ zm(sﬂ)

5
Cf. footnote pg. ¢3
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Thus if R ¢S , then(%)"g K, for all n >£2 , and the
sequence hn(x,y) - h'n(x,y) converges uniformly for
(x,y) on Cz. By hypothesis, the sequence h',(x,y)
converges uniformly for (x,y) on Cg, hence hn(x,y)
also converges uniformly for (x,y) on Czs and Theorem
II is complete.

We conclude our discussion of the overconvergence
of harmonic ;ational functions with a demonstration that
a theorem obéained by analogy may be much less potent
than its source. Walsh, in discussing approximation by
rational functions ry(z) has established lemmas of which
our lemmas II and III are analogues. He says,” "If the
point set C of Lemma III actually separates the plane,
and 1f the various regions into which C separates the
plane are known to contain respectively specifie numbers
of poles of r,(z) less thén n, then it may occur that a
sharper result than Lemma III can be established, with a
corresponding application mbre general than Theorem III.#"

He glves the following simple illustration 6f his remark.

Lemma IV. Let C be an arbitrary Jordan curve in

whose interlor the origin lies. If ro,(z) is a rational

function of z of the form

-w - -
an(}) = “—n'}, +Q_M'i”’,...+a-,*'+ €4 +4, % + .-« + an_"s‘”‘.‘, 4“3“’-

e i O G S B . P Gyt G G A W R N G OSSN R S B S U BNS WS e D G TER G A S Ty WA Y W G B R G T SR W W W e B A

*
Walsh, American Journal of Mathematies, Vol. LIV,
No. 3, July 1932, pg. 567.

#Cf. pg. 36
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and if we have for z on C

"hn(s)’ £ 04,

then we have also

lra(3)] £ MR™

for z on Cr, where D consists of the origin and the

point at infinity.
We shall not concern ourselves with the proof of
this 1émma; let us consider the corresponding theorem for
harmonic rational functions. Certainly the snalogue exists
- we merely set z = x + iy and ay sy ¥ 5“£ and
separate rgn(z) into real and pure imaginary parts,

Fan(3) = Al (x g + 4 Aan (509) , thus
obtalning two sequences of harmonic ratiohal functions for
whieh the analogy of Lemma IV holds. But before we draw
any further conclusions let us‘examine one of the harmonic

rational functions of this sequence, say'.ﬁ;(mz); we have

3+

' ' af 2 ) _ " i "
S e
Xt4q®) XPdgr

+4, + a,k -.'—a:'.t {a;(x‘-.a')na;'xg.
It 1s surely evident that the complexity of the functions

hy, (x,y) for large n is tremendous - and yet the source,
ron(z), was so simple! It might be thought that perhaps

some other anslogy exists - that here in the fleld of

harmonic rationsl functions we might have a function,

similar to rg,(z), involving negative powers of x and y.
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Such is not the case: there is no finite sum of constant,
non-zero, multiples of negative powers of x and y which is
harmonic. PFor i1f there were such a finlte sum, there
would be a term containing the largest negative power of x,
say x'k;'after differentiation twice with respect to x, |
this term would contain x"X-2 and no other term could con-
téin this factor. Hence ;f the sum is to satisfy the
Laplace Eguation for all points of a point set, the cooffi-
clent of the term involving the highest negative power of
x must vanish. Hence there is no greatest negati?e power
of x in the sum, likewise there is no greatest power of y,
the sum is infinite and so does not satisfy the conditions
of the theorem. |
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